UNIVERSITY OF SOUTHAMPTON

FACULTY OF PHYSICAL AND APPLIED SCIENCES

Electronics and Computer Science

Data-driven control and interconnection

by

Thabiso M. Maupong

Thesis for the degree of Doctor of Philosophy

May 2017


mailto:tmm204@ecs.soton.ac.uk




UNIVERSITY OF SOUTHAMPTON
ABSTRACT

FACULTY OF PHYSICAL AND APPLIED SCIENCES

Electronics and Computer Science

Doctor of Philosophy

DATA-DRIVEN CONTROL AND INTERCONNECTION

by Thabiso M. Maupong

In this thesis we study the design of controllers from data for a class of linear-time-
invariant dynamical systems. We formulate and study conditions under which data
from a system can be used to compute a controller which meets a given performance
specification. Under such conditions we develop algorithms for finding a controller. Our
methods do not focus only on finding control inputs trajectories but one can also find
a representation of the controller under suitable conditions. We also give necessary and

sufficient conditions for determining whether a system is dissipative using data.

Finally, we study the notion of difference flatness for linear systems. We define a flat
system, using trajectories, as a system whose variables admits a partition such that a
subset of the variables are unconstrained, and the other remaining variables are observ-
able from the unconstrained variables. Using this definition we give a characterization
of representations of flat systems. We also study the control of flat systems using the

notion of control as interconnection.


mailto:tmm204@ecs.soton.ac.uk




Contents

Declaration of Authorship xi
Acknowledgements xiii
Notation XV
1 Introduction 1
1.1 Data-driven control . . . . . . . .. .. L Lo 3
1.1.1 A review of data-driven control literature . . . . ... .. .. ... 4

1.2 Goals and contributions of this thesis . . . . . ... ... ... .. ... .. 5

1.3 Outline of the thesis . . . . . . .. .. oL 8

2 Behavioural system theory 11
2.1 Linear difference systems . . . . .. ... o000 11
2.2 Linear difference systems with latent variables. . . . . .. ... ... ... 14
2.3 Observability . . . . . . . . 16
2.4 Controllability and autonomous systems . . . . . . . ... ... ... ... 16
2.5 Equivalent behaviours and annihilators . . . . . . . ... ... ... ... 18
2.6 Inputs, outputs and integer invariants . . . . . . . .. ... 20
2.6.1 Inputsand outputs . . . . . . . . .. ... 20

2.6.2 Integer invariants . . . . . . . .. ... oo 23

2.7 Persistency of excitation . . . . . . . ... .. oL 25
2.7.1 Identifiability . . . . . . . . ... 26

2.7.2  An algorithm for finding annihilators from data . . . . . . . . . .. 27

2.8 SUmmary . . ... .o e e 29

3 Control as interconnection 31
3.1 Introduction . . . . . . . . L e 31
3.2 Interconnection paradigm . . . . . . .. .. ... oL 32
3.3 Full interconnection . . . . . .. ... L L 35
3.4 SUMMATry . ... e 37

4 Data-driven control: prescribed path 39
4.1 Problem statement . . . . . . ... Lo o 39
4.2 Prescribed path solution . . . . . . . ... Lo 40
4.2.1 Implementability . . . . . .. ... o oo 41

4.2.2 To-be-controlled variable trajectory . . . ... ... ... ..... 41

4.2.3 Control variable trajectory . . . . . ... ... ... ... 44



vi

CONTENTS

4.3 Algorithm
4.4 Example
4.5 Summary

5 Data-driven control: general case
5.1 Problem statements
5.2 Partial interconnection solution

5.2.1
5.2.2
5.2.3
5.2.4
5.2.5
5.2.6
5.3 Full interconnection solution
5.3.1

6 Data-driven dissipativity

6.1 Basics
6.1.1

6.1.2  Average positivity and average nonnegativity

6.2 Dissipative systems

6.3 Dissipativity from data

6.4 Summary

7 Flatness and parametrizations
7.1 Introduction
7.2 Flat systems
7.3 Flatness and control as interconnection

7.3.1
7.3.2 Flatness and partial interconnection
7.4 Parametrizations
7.5 Summary

8 Conclusions and future work
8.1 Future work

A Background material
A.1 Polynomial matrices
A.2 Modules and Syzygies
A.3 Principal angles

References

Implementability
Control variable trajectories
Controller identification
Algorithm

Prescribed path problem revisited
Controller identification
5.3.2  Algorithm

5.3.3 Example
5.4 Summary

Nonnegativity and positivity of QdF's

Flatness and full interconnection



List of Figures

3.1
3.2
3.3
3.4
3.5
3.6

5.1
5.2
5.3

Intelligent control . . . . . . . .. L L Lo 31
To-be-controlled system . . . . . .. . ... ... oL 32
Controller behaviour . . . . . . . . ... ... ... . 33
Partial interconnections . . . . . . . .. ... 33
Full interconnection controller . . . . . . . . . . ... ... ... ...... 35
Full interconnection . . . . . . . .. ... ... Lo 35
To-be controlled system . . . . . . ... . L L Lo Lo 67
Example of controlled system . . . . .. ... ... .. ... 67

Impulse responses of the to-be-controlled system interconnected with com-
puted controller (blue) and that of the controlled system(red) . ... .. 68

vii






List of Tables

1.1  Outline of data-driven control features . . . . . . . . ... ... ... ...
1.2 Summary and comparison of data-driven control techniques . . . . . . ..

ix






Declaration of Authorship

I, Thabiso M. Maupong , declare that the thesis entitled Data-driven control and in-
terconnection and the work presented in the thesis are both my own, and have been

generated by me as the result of my own original research. I confirm that:

this work was done wholly or mainly while in candidature for a research degree at

this University;

e where any part of this thesis has previously been submitted for a degree or any
other qualification at this University or any other institution, this has been clearly
stated;

e where I have consulted the published work of others, this is always clearly at-
tributed;

e where I have quoted from the work of others, the source is always given. With the

exception of such quotations, this thesis is entirely my own work;
e | have acknowledged all main sources of help;

e where the thesis is based on work done by myself jointly with others, I have made

clear exactly what was done by others and what I have contributed myself;

e parts of this work have been published as: [44, 45, 47] and [46]

xi


mailto:tmm204@ecs.soton.ac.uk




Acknowledgements

I would like to thanks those people who have supported me during my PhD studies.

First and foremost, I would like to extend my greatest gratitude to Dr. Paolo Rapis-
arda for giving the opportunity to work with him. Paolo has been extremely helpful,
patient and encouraging throughout my studies. Furthermore, he provided a conducive
environment for learning and development of my skills in applied mathematics, writing
mathematics, and presentations. I will always remember all the discussions we have had
on the whiteboard.

I am also grateful to Dr. Chu Bing for the support, discussions during the control
reading group, encouragement and useful comments he suggested during my 9 months
examination. Professor Eric Rodgers for the suggestions during my transfer viva and for
agreeing to be an examiner in my final viva. Professor Harry Trentelman for accepting

to examine this thesis.

I would also like to thank Dr. Jonathan Mayo-Maldonado for not only been a good friend
but for all the discussion we have had and introducing me to power electronics. For his

hospitality and valuable advice during my academic visit to Tecnologico de Monterrey.

I am also grateful to all those who helped me maintain a good social/academic life
during my stay in Southampton. In particular all my friend and colleagues (including

all VLCCC members) in Southampton and back home in Botswana.

To my mother Kegope Maupong, daughter Rafiwa P6p6 Assan, my brother Kabelo
Maupong and my extended family as a whole thanks for the unconditional love, encour-

agement, comfort and for the moral support.

Finally, I would like to thank the Department of Tertiary Education Financing (DTEF)
in Botswana and the Botswana International University of Science and Technology
(BIUST) for the scholarship.

xiii






Notation

AT
det(A)
tr(A)
rank(R)
ACB

Ran
R.Xn

zv
W
contr

W
2

Identity matrix of dimensions n x n.
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B a behaviour.

w(*B) The number of components of an element w in B.

m(‘B) The input cardinality of ‘B.

p(B) The output cardinality of 2B.

n(‘B) The McMillan degree of B.

L(*B) The Lag of B.

1(*B) The shortest lag of B.

I, (B) The projection of B on the subset w’ of its variables

im Image of a linear map.

col(A, B) The matrix obtained by stacking the matrix A over B, if

A and B have the same number of columns.

row(A, B) The matrix obtained by placing the matrix A next to B, if
A and B have the same number of rows.

ker Kernel of a linear map.

col span(A)  Column span of A.

leftkernel(A) Left kernel of matrix A.

row span(A) Row span of A.



Chapter 1

Introduction

In order to effectively design a controller for a dynamical to-be-controlled system one
needs a good understanding of how the to-be-controlled system variables evolve over
time, i.e. the system dynamics. In the so called model-based control this understanding
is given explicitly in the form of mathematical models. Examples of such mathematical
models include first-order state space models, transfer functions and high-order differ-
ential/difference equations. The models are normally derived from first principles, e.g.
Newton’s laws of motion for mechanical systems, Ohm’s and Kirchhoff’s circuit laws
for electrical circuits. After finding equations from first principles, in the case of state
space models, one has to do some mathematical manipulations to, first, introduce an
artificial variable called the state and, second, to describe the to-be-controlled systems
using first-order state space equations. This is necessary because state variables do not
appear naturally when modelling, moreover, it is not always the case that one gets first-
order equations when modelling dynamical systems. Mathematical manipulations are
also needed to obtain rational functions from first principles equations in the case of

transfer functions.

Remark 1.1. It is worth noting that despite its considerable popularity and application
in control, describing to-be-controlled systems using state space models and transfer
functions has got limitations and shortcomings. This fact is well articulated with ex-
planatary examples on pp. 1-3 of [53] for the general case and pp. 1-9 of [48] for switched
systems. One of the shortcomings of state space models is that, when modelling one
naturally gets high-order differential or difference equations while state space models
consists of first-order equations. Both state space models and transfer functions are
also limited in the sense that there is the need to identify system variables as either
inputs or outputs but in reality there are situations in which systems variables cannot
be easily classified as inputs or outputs. For example, take Ohm’s law which states that
the voltage (V') across a resistor (R) is directly propotional to the currunt (/) with the
resistance as the proportionality factor. However, the law does not specify which of the

current and voltage is the input and which the output. Another problem comes from

1



2 Chapter 1 Introduction

the fact that state space models and transfer functions do not take into consideration
that an effective way to device mathematical models is to break down a system into
subsystems, then obtain subsystems models and interconnect them. This is normally

referred to as modelling by tearing, zooming and linking, see [9, 48, 85], where

e Tearing: Viewing the to-be-controlled system as an interconnection of subsystems.
e Zooming: Modelling of the subsystems.

e Linking: Modelling of the interconnections among the subsystems.

O

Model-based control has had a considerable amount of success over the years, this is
evident from the development and use of several model-based techniques such as robust
control, linear quadratic control (LQG), model-predictive control and optimal control.
Moreover, the study of dynamical systems properties such as dissipativity is also based
on models. Such has been the success of model-based control that in the case where
only data from the to-be-controlled system is available, then the control problem is split

into two stages as follows.

1. Model identification;

2. Controller design.

We shall call this the two stage approach to controller design. Step number (1) above is
referred to as system identification in the literature, see [37, 41, 67, 76]. This involves
using data from the to-be-controlled system in conjunction with various mathematical
techniques to infer a mathematical model that best describes the to-be-controlled system.
Once a model is obtained then a model-based control technique is used to find a suitable

controller for the to-be-controlled system.

In recent years, a considerable amount of research effort has gone into the development of
control design strategies which avoid the two stage approach to controller design above.
Most of these methods aim to use data from the to-be-controlled system to directly
design a controller, hence, avoiding the identification stage. In the literature, this is
referred to as data-driven control. Data-driven control, covered in more details in the
next section, is not only suitable for avoiding the two stage approach to controller design,
but also offers an alternative to model-based control in various situations including, but

not limited to, the following.

e To-be-controlled system models are not available. Such models may not be available

for various reasons for example: the system could be difficult or expensive to model;
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some aspect of the system may be difficult to quantify using models; there is a
time constraint in the design of the controller, i.e. there is not enough time to

come up with a suitable model and verify such a model.

e Model shortcomings. Models can have some shortcomings when applied in practice.
These shortcoming could be as a result of excessive assumptions made during the
modelling stage or due over simplification of the model in order to make analysis

easy to follow, see p. 15 of [11].

Data-driven control approaches have also gained more popularity in application. This is
evident from the recent call for a special issue on data-driven control by IEEE Transac-
tion on Industrial Electronics and recent publications in areas such as: real-time, fault-
tolerant controller design for electrical circuits [24]; on-line adaptive control [62, 92];

fault tolerant control design [64]; and filtering [38].

1.1 Data-driven control

Data-driven control, also known as model-free control or data-based control, is not com-
pletely new, see for example papers from the 1990’s [7, 60], in fact it can be argued
that one of the oldest data-driven approaches to control is the Ziegler-Nichols method
for tuning PID parameters. The Ziegler-Nichols PID tuning approach, is a graphical
method where the PID paramters are determined by first connecting the system with
a propotional controller then increasing the propotional gain until the system output
reaches consistent oscilliations. Then the oscillition period and propotional gain are used
to set the value of the gains of the PID. In the literature, there are several definitions

of data-driven control, for example see p. 4 of [22], we state one below.

Data-driven control includes all control theories and methods in which a
controller is designed by directly using on-line or off-line data of the to-be-
controlled plant or knowledge from the data processing but not any explicit in-
formation from mathematical models of the to-be-controlled plant, and whose
stability, convergence and robustness can be guaranteed by rigorous mathe-

matical analysis under certain reasonable assumptions.

It follows from the above definition that in data-driven control, the to-be-controlled
system models are not used in the design of the controller. Moreover, data is not used
to infer any models that describe the system. Rather, data-driven control is a procedure
that derives a control law or a controller for a to-be-controlled system directly from data

and the given performance specification.
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1.1.1 A review of data-driven control literature

We briefly review some of the data-driven control methods for a class of linear time-
invariant systems, see [22] for an exhaustive review. First, in Table 1.1 we give a

summary of some of the characteristics of data-driven control methods.

Features Description
Off-line Data from the to-be-controlled system is stored and the de-
sign of a controller is off-line.

On-line A window of real-time data from the system is used on-line.
Compared to off-line, on-line approaches contain the latest
information about the system.

Iterative A technique is referred to as iterative if the design of a con-
troller involves an algorithm which is recursive.

Finite-horizon | A technique is considered finite-horizon if the designed con-
troller action is defined over a finite time, i.e. if the perfor-
mance criterion is specified over a finite time t.

Table 1.1: Outline of data-driven control features

We now discuss a summary of some data-driven control algorithms and their application,
available in the literature. The first methods are subspace based, that is, the solutions
use numerical tools like: QR-decompositions, singular value decomposition (SVD), linear

operations such as projection and a solution of systems of equations.

e Qutput matching control [39, 40]. The authors present an algorithm for finding
an input trajectory such that the system output trajectory matches a given ref-
erence output trajectory for some initial conditions. The solution is based on the
behavioural system theory [81] and on the assumption that the data is from a con-
trollable system and the input trajectory is persistently exciting (see p. 412 of

[37]) of some order.

e Linear quadratic tracking [39, 40, 54]. An algorithm for finding a trajectory that
minimises a quadratic cost function with respect to a given reference trajectory is
presented. The algorithm also takes into consideration the initial conditions and

is based on the same assumptions as the output matching control solution above.

e Tracking control based on input-output [23]. The authors illustrates, with the
help of an example, an algorithm which uses input-output data from the to-be-
controlled system to find a control input such that the system tracks a given
reference trajectory. In their algorithm the input-output data is used to represent
the dynamics of the system. The data is used to construct a matrix which the
authors call the array matriz. The dimensions of the matrix depend on the order
and relative degree of the system. The solution is based on the assumptions that

the order and relative degree of the system are known a priori, that the given
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data is noise free and comes from a minimum phase system. In common with
the previous two methods the input trajectories are required to be persistently

exciting of some order.

e Markov data-based LQG control [65]. Data from the to-be-controlled system is
used to find Markov parameters [8]. Then using the Markov parameters, the
authors show how to find an optimal control input sequence that minimises a

given quadratic function.

e Model-free Hy, control [95, 93]. The authors present an algorithm for solving the
H control design problem using input-output data. In the first steps of the algo-
rithm, the data is used to find a subspace predictor of the to-be-controlled system.
The predictor is then used to find an optimal control input which minimizes the
H, norm. The solution is based on the assumption that the data has persistently

exciting inputs.

In the following we review a data-driven adaptive control method.

e Unfalsified control [60, 61, 62, 94]. Unfalsified control is an approach whereby
input /output data is used to falsify a control law from a set of available admissible
control laws for a given system. A controller is said to be unfalsified by data
if when such controller and the system are connected in a closed loop, then the
system achieves the required specification; otherwise, it is falsified by data. The
process of falsifying control laws based on data is carried out until an unfalsified

control law is found.

We summaries the techniques covered in Table 1.2 on p. 6.
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Algorithm and Outcomes Requirements Features
Technique
Output matching con- | control inputs 1. Open loop experimental | - Off-line

trol algorithm and

Linear quadratic track-
ing control algorithm

data with persistently excit-
ing inputs

2. Initial condition as prefix
trajectory

3. Reference trajectory

- Non-iterative

- Finite-horizon

A model-less algorithm
for tracking
based on input-output
data

control

control inputs

1. Open loop experimental
data with persistently excit-
ing inputs

2. Order of the system

3. Relative degree of the
system

4. Reference output

- Off-line

- Non-iterative

- Finite-horizon

Unfalsified control controller repre- | 1.Either open or closed loop | - Applicable both
sentation experimental data off and on-line
2. Set of admissible control
laws
3. A set of performance spec-
ifications
Markov data-based | optimal control | 1.Markov parameters - Off-line
LQG control input
2. Performance criterion as | - Iterative
quadratic cost function
- Finite-horizon
Model-free H,, control | future optimal | 1. Experimental data with | - Off-line
control input persistently exciting inputs
- Iterative

- Finite-horizon

Table 1.2: Summary and comparison of data-driven control techniques
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1.2 Goals and contributions of this thesis

We outline the contributions of this thesis.

Note that the goal of the data-driven approaches discussed in the previous section is to
find a control sequence of some sort, except for unfalsified control where the aim is to
use the system data to identify a suitable controller at a particular moment. Moreover,
in all of the the approaches outlined, there is the need to partition the to-be-controlled
system data into input and output trajectories. Hence, these approaches are likely to
have some of the limitations outlined in Remark 1.1, particularly when there is no clear
separation of the to-be-controlled system variables into inputs and outputs, in which

case the approaches will not be applicable.

In this thesis, we aim to achieve the following.

1. Study and develop mathematically sound conditions such that given data from the
to-be-controlled system and some performance specification we are able to compute

a controller, i.e. to find some representation of the controller,

2. develop step-by-step algorithms to compute a controller on the basis of the obtained

conditions.

In order to achieve (1)-(2) above we use the behavioural approach to dynamical systems
as in [39, 40]. However, rather than partitioning the to-be-controlled system data into
input and output trajectories we use the interconnection paradigm (see [50]), therefore,
our approach is based on control as an interconnection between two systems, i.e. the in-
terconnection of the controller and the to-be-controlled system. We develop data-driven
solutions using the two types of interconnections: the partial interconnection, when there
is separation of system variables into control and to-be-controlled variables (see [2]), and
full interconnection, when the control variables and to-be-controlled variables coincide

(see [50]). Our solutions are characterised as follows.

i. Since we use the notion of control as interconnection there is no need to partition
system variables into inputs and outputs. Therefore, our results could be applicable
when there is no clear separation of system variables into input and outputs. Con-
sequently, our solution avoids one of the shortcomings of state space models and

transfer functions outlined in Remark 1.1.
ii. One can find high-order equations that best describes the controller.
iii. The algorithms developed are off-line and non-iterative.

Based on the notion of control as interconnection some of the contributions of this thesis

include the following.
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3. Throughout the thesis we present some results on parametrization of controllers.
Parametrization of stabilizing controllers in feedback control has been studied in
[96] and in the behavioural framework in [33] for full interconnection and [51] for
partial interconnection. In this thesis, among other parametrization, we present
a parametrization of all controllable controllers and also parametrization of con-

trolled behaviours implemented via full interconnections.

4. We also study flat systems (see [14]) in a behavioural system theory setting. We
present a new definition of flatness, then we give a characterization of flat sys-
tems based on the definition. We also study control of flat systems using the

interconnection paradigm.

1.3 Outline of the thesis

The outline of this thesis is as follows:

e Chapter 2. We cover some of the concepts of the behavioural system theory that
are necessary to understand the results presented in this thesis. This includes a
formal definition of linear time-invariant discrete dynamical systems, notions of

controllability, observability, identifiability and persistency of excitation.

e Chapter 3. In this chapter, we review the literature on control as interconnection.
We study the two types of interconnections, i.e. full and partial interconnection.
We also cover the notion of implementability, that is, necessary and sufficient
conditions for the existence of a controller that can be interconnected with a system

to achieve some desired controlled behaviour.

The following chapters contain the main contributions of this thesis.

e Chapter 4. In this chapter, we present the first data-driven control problem. The
problem is a hybrid, since we use both data and system representations to find a
solution to a prescribed path problem. We show how to compute trajectories of
the desired controlled systems using representations and to-be-controlled system
trajectories. We prove sufficient conditions such that the computed trajectory can
be used to find a controller such that the variables of the to-be-controlled system

follow a prescribed trajectory for a given time interval.

e Chapter 5. We provide solutions to two completely data-driven control problems.
In the first problem, given trajectories from of the to-be-controlled system and
desired controlled system we show how to find a controller that when partially

interconnected with the to-be-controlled through the control variables implements
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the given desired controlled behaviour. To find a solution we state necessary and
sufficient conditions for finding a control variable trajectory from to-be-controlled
variable trajectory. The second is the full interconnection case. Again we consider
given trajectories from of the to-be-controlled system and desired controlled system
and show how to find a controller that implements the desired controlled system via

full interconnection. Both solutions are summarised by a step-by-step algorithm.

e Chapter 6. We show how to determine if a system is half-line dissipative using
data. To do this we first cover some aspects of quadratic difference forms (QdFs)
that are necessary to study theory of dissipativity from a behavioural framework

point of view.

e Chapter 7. We study flat systems, focusing mainly on linear flat systems. We
propose a trajector-based definition of flatness, and provide a characterization of
flat systems. We also characterize and parametrize controllers interconnected with
flat systems. We end the chapter by showing the parametrizations of the image

representations of controlled systems.

e The last chapter of this thesis is Chapter 8 where we provide some general conclu-

sions and possible future research.

Appendix A contains definitions of some of the important terms used throughout this

thesis. It also contains some results on polynomial matrices.






Chapter 2

Behavioural system theory

We cover some concepts of the behavioural approach necessary for this thesis, focusing
mainly on linear discrete-time dynamical systems. The material in this chapter is taken
from various sources all of which are referenced within, and some of the terms used are

explained in Appendix A.

2.1 Linear difference systems

Definition 2.1. A dynamical system ¥ is defined by ¥ := (T, W,B), where T is called
time axis, W the signal space and B a subset of WT called the behaviour of the system.

The set T takes its values from R for continuous-time systems, and Z for discrete time

systems.

Definition 2.2. ¥ = (T, W,B) is linear if

1. W is a vector space over R, and
2. B is a linear subspace of WT.

The second statement in Definition 2.2 above is equivalent with 3 obeying the principle

of superposition, i.e.

[wi,wy € B : a, B € R| = [aw; + Pws € B].

Let the backward shift operator
o: W - wT

be defined by
(@f)(t) = f(t+1).
11
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Definition 2.3. X = (T, W,B) is time-invariant if c*B C B for all t € T.

The property of time-invariance implies that if a trajectory w belongs to a behaviour

then the shifted trajectory also belongs to that behaviour as well, i.e.

[w(-) € B] = [w(-+t) €BVteT.

Let to,t; € Z. We define the restriction of B on the interval [tg,t1] by
Bjt,t1] = {w: [to, t1] = W | there exists w’ € B such that w(t) = w'(t) for to <t < t1}.
Definition 2.4. A dynamical system ¥ = (T, W,B) is called complete if

[w € B] — [wHtO,tﬂ € %HtO:m forall —oo <ty <t < OO]

Let w € B, completeness implies that one can verify that w € 9B by verifying that
Wiitg,t1] € Bto,t,] for all to,t1 € Z. X is called L—complete if there exists L € Zy such
that

[w e B] <= [w)pt+1] € Byjte+r) for all t € T . (2.1)

The integer L appearing in (2.1) is called the lag and we shall discuss it in more details

in section 2.6 along with other integer invariants of interest.

In this thesis, we consider linear time-invariant complete dynamical systems with the
vector of manifest variables w, the signal space R¥ and the time axis Z. Such systems are
called linear difference systems. The behaviour 9B of a linear difference systems consists
of all trajectories w : Z — RY satisfying a system of linear difference equations with

constant coefficients
Rrpw(t+ L)+ Rpw(t+L—1)+Rpow(t+L—-2)+ -+ Rw()=0  (2.2)
where Ry, Ry —1,Rr—2,...,Ry € R&¥. Define from (2.2) the polynomial matrix R €

RE¥[E] by

R(f) = RLfL + R[_lfl’*l + RL72§L*2 + -+ Ry.

Then the system of linear difference equations in (2.2) can be written compactly as
R(o)w = 0. (2.3)
Equation (2.3) describes a linear difference system whose behaviour is defined by

B:={w:Z—R"| R(oc)w =0},
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and (2.3) is called a kernel representation, thus we write B = ker(R(o)). The operator
R(o) : (R")" — (R®)”
is defined by
(R(o)f)(t) := Rpf(t+ L)+ Rp_1f(t+ L —1)+ Ry of (t+ L —2) +--- + Ry f(t),

and is called polynomial operator in the shift. The following result holds true, see Defi-

nition A.2 in Appendix A for definition of a unimodular matriz.

Proposition 2.5. Let R € R&*¥[¢] and R(0) : (R¥)? — (R&)Z be a polynomial operator
in the shift. Then R(c) is:

i. injective if and only if R(X) is full column rank for all A € C,
ii. surjective if and only if rank(R) = g, and

i14. bijective if and only if w =g and R is a unimodular matrix.
Proof. See section 4.1.3 p. 231 of [81]. O

Let .Z¥ denote the collection of all linear, closed and shift invariant subspaces of (R¥)Z
equipped with the topology of pointwise convergence. In the following result we give a

characterization of linear discrete time-invariant complete systems.

Theorem 2.6. Let ¥ = (Z,R",%B), then the following statements are equivalent:

. % is time-invariant and complete,
ii. there exists R € R**V[¢] such that B = ker(R(0)), and

ii. B e LY.
Proof. Follows from Proposition 4.1A p. 232 of [81]. O

It has been shown that R € R&*¥[¢] such that B = ker(R(c)) is not unique, this point
shall be covered in more details in section 2.5. We define the notion of a minimal kernel

representation as follows.

Definition 2.7. Let 8 = ker(R (o)) where R € R&*¥[¢]. R induces a minimal represen-
tation of B if

[R' € R&*¥[¢]] and [B =ker(R'(0))] = [¢' > g] .
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The following result holds true about minimal kernel representations.

Theorem 2.8. Let B = ker(R(0)) with R € R&V[¢]. Then R induces a minimal

representation if and only if R is of full row rank.

Proof. See Proposition I11.3 p. 263 of [82]. O

2.2 Linear difference systems with latent variables

When modelling dynamical systems, along with the variables of interest, manifest vari-
ables w, sometimes there is need to introduce some auxiliary variables called latent
(or auziliary) variables and denoted by ¢. We define a dynamical system with latent

variables as follows.

Definition 2.9. A dynamical system with latent variables is defined by a quadruple
Y1 = (T, W, A, Bsyy) with T the time axis, W the manifest variable signal space, A the
latent variable signal space and B ¢, C (W x AT,

B, is called the full behaviour, and consists of all trajectories (w, £) with w a manifest
variable trajectory and £ a latent variable trajectory. Let By, € ZL¥TL then B Full
consist of all trajectories (w,¥) satisfying a system of linear difference equations with

constant coefficients
Row(t)+Riw(t+1)+- -+ Rpw(t+L) = Mol(t)+ MLt +1)+- -+ MpL(t+ L) (2.4)

where R; € R&¥ for i = 0,1...L and M; € R&*for j = 0,1...L". Equation (2.4) is

called a hybrid representation and is compactly written as

R(o)w = M(o)¢,
where R € R&*¥[¢] and M € R&*[¢] are defined in the obvious way. B,y induces the
manifest behaviour B, as we define now.

Definition 2.10. Let Xy = (T, W, A, B ¢,;;) be a dynamical system with latent variables.
Then the manifest dynamical system induced by ¥ is defined by ¥ := (T, W, B) with
the manifest behaviour B defined by

B:={w:T—W|3¢ec Al such that (w,?) € B rui}-

The process of obtaining the manifest behaviour from the full behaviour is called elimi-

nation of latent variables and is achieved by projecting B f,;; onto the manifest variables.
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Let the operator
I, : (W x A)T - WT,
defined by
Iy (w, 0) :=w
be the projection onto the w variables of B f;;. Then manifest behaviour is defined by
B = Ty (B funr),

where IL, (B ¢uy) is the projection of all (w,f) € B ¢, onto the w variables of B ..

Theorem 2.11. Let Xf, = (Z,R", R, B p) be linear time-invariant and complete, then

the manifest dynamical system ¥ = (Z,R¥,B) is linear time-invariant and complete.
Proof. See Theorem IV.3 p. 265 of [82]. O

In terms of representations the process of elimination of latent variable can be carried

out by unimodular matrix multiplication as follows.

Theorem 2.12. Let R € R&*V[{] and M € R&*}[¢] be such that

B = {(w,0) : Z— (R" x RY) | R(o)w = M(c)(}

and let U € R&*8[¢] be a unimodular matriz such that

o[

with M, € R&*Y[€] having full row rank. Define

where Ry € REX¥[¢]. Then the manifest behaviour B is described by

B={w:Z—R"| Ri(oc)w=0}.

Proof. See Theorem 6.2.6 pp. 206-207 of [50]. O
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2.3 Observability

We introduce the notion of observability.

Definition 2.13. Let B € £, with partition of the variables of 26 defined by w =:
(wy,ws), where wy, € (R")% for k = 1,2 such that w = w; + we. Then wy is observable
from wy if

[(w1,w2), (wl,’wé) S %} — [’wg = wé] .

wq is called the observed variable and wy the deduced variable. Definition 2.13 is equiv-

alent to the existence of a polynomial operator in the shift
F(o) : (R™)" = (R™)%,
such that
wy = F(o)wy,

see p.268 of [82].
Observability is characterized in terms of representations as follows.

Theorem 2.14. Let B € £V be described by Ry(o)w; = Ra(o)wy with Ry € REVL[]
and Ry € R&*¥2[¢] then wy is observable from wy if and only if rank(Ra(\)) = wy for
all A € C.

Proof. See Theorem VI.2 p. 268 of [82]. O

2.4 Controllability and autonomous systems

Definition 2.15. B € £¥ is controllable if for any two trajectories wi, ws € B there
exists a t1 € Z, t1 > 0 and w € B such that

w(t):{ wy (1) t<0

wQ(t — tl) t Z tl.

We shall denote by .£¥

Tt the collection of all controllable elements of Z¥. The following

result holds true.

Theorem 2.16. Let B € £7. Then the following statements are equivalent:

1. Be ¥

contr»
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2. there exists an integer 1 and a matriz M € RY*Y[¢] such that

B = {w:Z—>Rw |3 ¢e (RYE such thatw:M(a)e},

3. if R € R&V[¢] is such that B = ker(R(0)), then rank(R(\)) is the same for all
xeC.

Proof. (1) <= (2) See Theorem 6.6.1 p. 229 of [50].
(1) <= (3) See Theorem V.2 p. 266 of [82]. O

From statement (2) in Theorem 2.16, B = im(M (o)) is called an image representation.
Note that in this case, the latent variable ¢ remains unconstrained, i.e. it can be any

value in (R%)Z.

Definition 2.17. Let B8 = im(M (o)) where M € R¥*1[¢], then M induces an observable

image representation if £ is observable from w.

It follows directly from Theorem 2.14 that w = M(o)f is an observable image represen-
tation if and only if rank(M(\)) = 1 for all A € C.

In the following result we give necessary and sufficient conditions for a given R € R&*¥[¢]
to induce a kernel representation of 8 = im(M (o)), see Definition A.23 in Appendix A
for the definition of left syzygy.

Proposition 2.18. Let M € R¥*Y[¢] be such that B = im(M (o)), and let R € R&*¥[¢].

Write R = col(ry,...,rg), then the following statements are equivalent:

1. B =ker(R(0)), and

2. 11,...,1g are generators of the left syzygy of M.

Moreover, r1,...,rg are bases generators if and only if R induces a minimal kernel

representation of B.

Proof. (1) = (2) Since
then
for some latent variable, and

Hence,
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Now since M induces an image representation and ¢ is not restricted, i.e. it can take
any value in (R*)%, then RM ()¢ = 0 implies that RM = 0 for all non-zero £. Therefore,
it follows from the definition of left syzygy that the rows of R are generators of the left
syzygy of M.

(2) = (1) Assume 71,...,7rg span the left syzygy of M. Since B = im(M (o)) then

w = M(o)¢ for some latent variable. Define R := col(ry,...,7g) and compute
R(o)w = RM(0)X.

Since the rows of R span the left syzygy of M then RM = 0 which implies that R(o)w =
RM (o)t = 0, hence, R(o)w = 0.

To complete the proof (Only if) Recall that if r; for i = 1,...,g are bases generators
then there are linearly independent, hence R = col(ry,...,rg) will be full row rank.
Therefore, it follows from Theorem 2.8 that R induces a minimal kernel representation.
(If) From Theorem 2.8 R inducing a minimal kernel representation implies that R is
full rank, hence, the rows of R are linearly independent. Now since the rows of R are
generators of the the left syzygy of M and are linearly independent then they are bases

generators. O

We now consider a special type of behaviours called autonomous.

Definition 2.19. Let B € Z¥. B is called autonomous if for all wy,ws € B,
[wl(t) = U)Q(t) Vi< 0] — [w1 = U)Q] .
For autonomous behaviours future trajectories are completely determined by past trajec-

tories. Autonomous behaviours admit a square and full row rank kernel representation

and they are finite-dimensional subspaces of .Z".

Proposition 2.20. Let B € £¥. Then the following conditions are equivalent:

i. B is autonomous,
ii. B is finite dimensional, and

iii. B admits a kernel representation R(o)w = 0 where R € R¥¥[¢] and det(R) # 0.

Proof. See Proposition 4.5 pp. 241-242 of [81]. O

2.5 Equivalent behaviours and annihilators

The equivalence between two behaviours with different kernel representations can be ex-
plained using module theory (see Appendix A). Let R € R8*¥[¢], then the R[¢]-submodule
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of RY¥[¢] generated by the rows of R is defined by
< R>:={r e R"™[¢] | 3v e R™E[¢] such that r = vR}.

Proposition 2.21. Let B = ker(R;(0)) and By = ker(Ra(0)), where Ry, Ry € R**¥[¢].
Then the following statements are equivalent,
1. %1 == ’32, and

1. < Ry >=< Ry > .
Proof. The proof follows Theorem 35 p. 45 of [9]. O
Let R; and Ry in Proposition 2.21 induce minimal representations, then the following

hold true.

Proposition 2.22. Let B = ker(R1(0)) and By = ker(Rz(0)) where both Ry and Ro
are of full row rank. Then B1 = By if and only if there exist a unimodular matrix
U € R***[{] such that Ry = URs.

Proof. See Proposition I11.3 p. 263 of [82]. O

The following results holds true about image representations.

Proposition 2.23. Let 81,8, € Z£¥ Assume that My, My € R"¥*[{] induce an

ontr:

observable image representation of B, Ba, respectively. Then By = Ba if and only if
there exists a unimodular matriz W € R***[£] such that My = MaW.

Proof. See Theorem 6 pp. 247-248 of [68]. O

In the case where 281 C B, then the following holds true.

Proposition 2.24. Let By = ker(Ra(0)) and B; = ker(R;(0)) where Ry, Ry € R**¥[z1].
Then B1 C By if and only if there exist a matriz F € R***[£] such that Ry = FR;y.

Proof. See Theorem V.5 p. 291 of [82]. O

Let n € RY¥[¢], then n is called an annihilator of w € (R¥)Z if n(o)w = 0. Moreover,
let B € Z% if n(o)w = 0 for all w € B then n is called an annihilator of B, thus we
write n(0)®B = 0. The set of annihilators of B is defined by

Ny := {n € RV¥[¢] | n(0)B =0} .
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Since B € Z7, i.e. B is shift invariant and closed, then for all ny,ns € Ny and a € R[¢]
it follows that ny + no € Ny and an; € Ny, for i« = 1,2. Therefore, Ny is a R[¢]-
submodule of RY¥[¢], henceforth we refer to My as the module of annihilators. The
set of annihilators of B of degree (see Appendix A, Definition A.11) at most j € Z is
defined by

‘ﬁj% ={ne RY>¥[E] | n € Ny and deg(n) < i}

Proposition 2.25. Let B € £" and R € R**¥[¢]. Denote by Ny the module of anni-
hilators of B and by < R > the R[¢]-submodule of RY¥[¢] spanned by the rows of R.
Then < R >= Ny if and only if B = ker(R(0)).

Proof. See p. 169 of [87]. O

2.6 Inputs, outputs and integer invariants

We consider the behavioural definition of input/output systems. We also cover some

integer invariants of interest in this thesis.

2.6.1 Inputs and outputs

Let ¥ = (Z,R" x R"2,9B) and IL,, (B) be the projection of B onto a subset w; of its

variables.

Definition 2.26. Let ¥ = (Z, R"t x R"2,9B). Then wy is called free if I, (B) = (R™)Z.

wy is free if it can take any value in (R"1)Z,
Definition 2.27. Let ¥ = (Z,R"* x R¥2,B) € L1172 ¥ is a input/output system,
E[/Oa if
i. wq is free;
ii. wy does not contain any free components;
If conditions (i)-(ii) above are satisfied, then w; is called the input variable and wy is

called the output variable. Moreover, wy is said to be maximally free. We shall use the

standard notation u for input variables and y for output variables.

To characterize input/output systems in terms of representations first consider the fol-

lowing definitions.
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Definition 2.28. Let ¥ = (Z,R¥! x R¥!,B) € L"1¥2 w,y does not anticipate w; if

[(w’l, wh), (wy,wy) € Qﬂ and [w’l (t) = wf(t) for t < 0] =

[3 wy such that (w},we) € B and wo(t) = wy(t) for t < 0].

Non-anticipating means that it is only the past and not the future of wy that influences

the past of wy. A non-anticipating input/output system is defined as follows.
Definition 2.29. Let ¥ = (Z,R}* x R3*,B) with w; free. X is a non-anticipating
input/output system if wy does not anticipate ws.

We illustrate the notion of non-anticipation and the fact that input/output partitions

are not unique with an example below.

Example 2.1. Consider a dynamical system whose behaviour 8 consists of trajectories

satisfying the following difference equation
wy(t+ 1) +wi(t) + wa(t) —ws(t) =0 for t € Z,
Hence, the system admits a kernel representation

w1
o+1 1 —1| [wa| =0. (2.5)

w3

Now consider the following equation
ws(t) = wi(t + 1) + wi(t) + wa(t)

such that the system admits a representation

wlorn 1] ).

Then both w; and we are free since they are not restricted, hence, it follows from
Definition 2.27 that such partition, ((wy,w2),ws), is a valid input/output partition with
ws as the output. Now notice that ws is influenced by the future of w; and the present

of wa, therefore this input/output defines an anticipating input/output partition.

Now consider
wl(t + 1) + w1<t) = wg(t) — wg(t),

o+1]w =[1 1] [Zj .

hence,
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Such partition, (w1, (w2, ws)), is an input/output as well, furthermore, the (w1, (w2, w3))
partition is non-anticipating since w; is influenced only by the present not the future of

w3 and ws. ]

Let m,p € Z4, in Theorem 2.30 below, we give a characterization of input/output sys-

tems, see Definition A.17 in Appendix A for the definition of proper rational functions.

Theorem 2.30. Let Y = (Z,R®xRP,B) € L™P. Then ¥ is an input/output dynamical
system if and only if

B ={(w,y) : Z— (R"xRP) [ P(o)y = Q(o)u}

with @ € RP*™[¢], P € RP*P[{] and det(P) # 0. Moreover, it defines a non-anticipating

dynamical system if and only if P~1Q € RP*®(§) is matriz of proper rational functions.

Proof. Follows from Proposition VIIL.6 p. 272 of [82]. O
Consider w = [wi,ws...,wy] a vector in RY, partition w := {1,2,...,w} into wy :=
{i1,i2...,in} and wo = {j1,j2...,jp} such that w; N wy = @ and wi Uwy = w.
Define the vectors wy := [wy;, i, . .., w;,] € R® and wy := [wj,, wj, ..., w;,] € RP. Then

w = col(wy,ws) is called a componentwise partition of w.

Theorem 2.31. Let ¥ = (Z,R",B) € £¥. Then there exists a permutation matric
IT € R such that TIw =: col(wy,ws) is a componentwise partition of w such that

Y = (Z,R* x RP,%B) is a non-anticipating input/output system.
Proof. See Theorem VIIL.7 p. 272 of [82]. O

It follows from Theorems 2.30 and 2.31 that input/output dynamical systems are parametrized
by a triple (P, @, II) where IT € R¥*¥ is a permutation matrix that identifies which com-

ponents of w are inputs and which are outputs, i.e.

-l

Now let B = ker(R(0)) such that R € R&*¥[{] induces a minimal representation. In
Algorithm 1 on p. 23, we show how to determine @@ € RP*™[¢] and P € RP*P[{] such

that P~1(Q is matrix of proper rational functions.
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Algorithm 1: Computation of input/output partition

Input : Full row rank R € R&*V[¢{] withw > g
Output 1 Q € R&*[¢], P € R&¥€[¢] such that P~1Q is matrix of proper rational
functions

1 Choose P as a submatrix with maximal determinantal degree among all g X g
nonsingular submatrices of R.

2 Define the components of w corresponding to the columns of P as outputs.

3 Define the remaining components of w as inputs and the corresponding columns of
R as Q.

Example 2.2. We revisit Example 2.1. Notice that from (2.5) the 1 x 1 submatrix of R
with maximal determinantal degree corresponds to wi, hence, having w, as the output

results in a non-anticipating system. O

2.6.2 Integer invariants

We discuss some integer invariants associated with 8 € £V,

e w(*B) : The number of components of w.

e p(B) : The output cardinality, i.e. the number of output variables of B. Let
B = ker(R(0)) where R € R&*¥[¢] induces a minimal representation then p(8) =
rank(R) = g. It follows from Proposition 2.20 that if 98 is autonomous then g = w,
hence, p(B) = rank(R) = w.

e m(*B) : The input cardinality, i.e. the number of inputs of B and is defined by

n(B) :=w— p(B). If B is autonomous then p(B) = w, consequently, m(B) = 0.

e L(®B) : The lag of *B. The smallest integer L such that (2.1) holds. Equivalently,
L(*B) is the smallest degree over all R € R&*¥[¢] such that B = ker(R(0)).

Let B € £¥ and R € R&*¥[{] be such that B = ker(R(c)). Write R = col(r1,...,rg)
where r; € R1¥[¢] for i = 1,...,g. Now, denote by d; the degrees of ; and assume that
r;i # 0 and that the rows of R have been permuted so that 0 < d; < dp < -+ < dg.
Then (di,ds,...,dg) is called the lag structure of R and d; is the called the minimal lag

associated with R. Now define a total ordering on all lag structures by

[(dl,dg,...,dg) <( g,dg,...,dﬁg,)] o
[(dl,dg,...,dg):( . é,...,d’g,)] or [g<g] or

[Elp < g = g'such that dpi1 < d;+1 and d; :d; for i = 1,...,p].
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Definition 2.32. Let R € R&*¥[{] with lag structure (di,ds, ..., dg) be such that B =
ker(R(c)). Then (dy,ds,...,dg) is called the shortest lag structure of B if

[R’ € R& *¥[¢] with lag structure (d}, db, . .. ,d'g/)} and [B = ker(R'(0))] =

[(dl,dg,...,dg)g( ' g,...,d’g,)].

The minimal lag of the shortest lag structure of 9B is called the shortest lag and is
denoted by 1(®8). Notice that the degree of each row of any kernel representation of 8
is at least 1(%B).

In Theorem 2.33 below, we give necessary and sufficient conditions for a kernel repre-
sentation to define a shortest lag structure of 9B, where row properness has been defined
in Definition A.13 in Appendix A.

Theorem 2.33. Let R € R&*¥[¢] be such that B = ker(R(c)). Write R = col(r1,...,7g)
such that 0 < dy < dy < --- < dg where d; = deg(r;) fori=1,...g. Then (di,da, ..., dg)

is the shortest lag structure of B if and only if the matriz R is row proper.
Proof. Follows from Theorem 6, p. 570 of [79]. O

Another integer invariant of interest is associated with a special latent variable called
the state variable. In order to discuss this integer invariant we introduce the notion of
concatenation of two trajectories. Let wy,ws € 9B, the concatenation of wy and wo at

t' € 7 is the trajectory wi Ay wy whose value at t € Z equals

wi(t) fort <t
wy(t) fort >t

(w1 Ap wa)(t) = {

Definition 2.34. Let X, = (T, W, X,9B;). Then z is a state variable if

[(wy,x1), (w2, z2) € Bs|land [t € Z]and [x1(t) = z2(t)] = [(w1, z1) At (w2, x2) € By .
(2.6)

If (2.6) holds, then X is called a state space system and (2.6) is called the state prop-
erty. The value of the state variable z at time ¢ determines whether wi,ws € B, are

concatenable at t.

Ys = (T, W, X,9B;) induces a manifest dynamical system ¥ = (T, W, B) with the mani-
fest behaviour defined by

B := {w | 3 x such that (w,z) € Bg}.

Y is called a state space realization of 3. It is worth noting that state space realization
of ¥ is not unique, this fact is articulated on pp. 565-566 of [79]. This leads us to the



Chapter 2 Behavioural system theory 25

following definition of minimal state space realization for linear time invariant complete

systems.
Definition 2.35. Let ¥ = (Z,R",B8) then X, = (Z,R¥,R® B;) is a minimal state space

realization of X if for any other state space realization ¥, = (Z, RY, RY B Yof X, n<n

The integer n in Definition 2.35 associated with a minimal state space realization of B
is called the McMillan degree and is denoted by n(8).

2.7 Persistency of excitation

In order to introduce the notion of persistency of excitation, we define the following

terms.

Definition 2.36. The Hankel matriz of depth L € N associated with a vector
w(l),w(2),...,w(T), where T'e N > L, is defined by

w(l) w(2) . w(T—L+1)
u(w) = w(:2) w(:?)) oow(T —:L+2) . @)
w(L) w(L+1) ... w(T)

Hr(w) has L rows and T'— L + 1 columns. The Hankel matrix with an infinite number

of columns and rows associated with an infinite vector w is denoted by $(w) € R**°,

Definition 2.37. Let 7" and L as in Definition 2.36. A vector u = u(1),u(2),...,u(T)
is persistently exciting of order L if the Hankel matrix $7(u) has full row rank.

Now, to state the “fundamental lemma” cf. of [89], consider B € Z¥ . with lag L(B),
and McMillan degree n(B). Let IT € R"*¥ be such that ITw = col(u, y) for w € B, where
u are inputs and y the corresponding outputs. Finally, let A € Z, and denote by ’ﬁ%
the module of annihilators of B of degree at most A and by ‘5”(% the set whose elements
are coefficients vectors (see Definition A.9 in Appendix A) of the elements of ‘ﬁ%. That
is, for all r € ‘ﬁ% then 7 € M&, note that 7 has a finite number of entries equal to A.

Lemma 2.38. Let

1. Be ¥

contr’
2. llw = (ﬂ,g) S %”LT]

3. A € Z4 be such that A > L(*B)
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If 4 is persistently exciting of order A + n(*8), then
col span(Ha(w)) = B11,A]

and
leftkernel(Ha () = Ng.

Proof. Follows from the proof of Theorem 1 in [89] pp. 327-328. O

Under the assumption of Lemma 2.38, any A samples long trajectory @' € B3 o] can
be written as a linear combination of the columns of A (w). Consequently, any element
of the subspace spanned by the columns of Ha(w) is a trajectory of By ). From
Lemma 2.38 since leftkernel($a (w)) = N4 it follows that under the assumptions of the
fundamental lemma we can recover from @ the laws of the system B that generated w,

but first we discuss the notion of identifiability as follows.

2.7.1 Identifiability

Clearly from Lemma 2.38 not every w € B[; 1) can be used to recover the laws of B; 7
that generated w. In fact take for example the trajectory w = 0 € B[ 1, it is obvious

that such the trajectory can not be used to recover any laws of B 7.

Let N € Z,, and define the data set 2 := {w',...,w"™} where w* € (R¥)? for i =
1,...,N. In order to formally state the possibility of using Z to find B, we define
identifiability as follows.

Definition 2.39. Let B € (R¥)Z. B is identifiable from the data set Z if the following

conditions holds:

1. Be L

2. 9 €8, and

3. any B' € X" and Z € B — B C V.
In the literature, B satisfying conditions (1) — (3) in Definition 2.39 is called the most
powerful unfalsified model (MPUM) for & in £¥. This is, because from condition (2) B
is unfalsified by 2 and from condition (3) B restricts more than any B’ € £ which is

unfalisified by 2. It has been shown in Theorem 13 p.677 of [80] that MPUM exits for

a given data set.

In the following result we give sufficient conditions for identifiability for controllable

systems.
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Theorem 2.40. Let B € £¥ and w = (u,y) € B where 4 is an input trajectory and

y is the corresponding output trajectory. If B € L% .. and u is persistently exciting of

order at least L(B) + n(B) then B is identifiable from .
Proof. See Theorem 8.16 p. 121 of [43]. O

Following from Lemma 2.38 and Theorem 2.40 we state the following definition which

will be used throughout this thesis.

Definition 2.41. Let w € B|; 1) and A € Z; be such that A > L(B). @ is called

sufficiently informative about B if

1. col span(Ha(w)) = B1,a]»

2. leftkernel(Ha (1)) = NG.

Now, denote by My the set whose elements are coefficient vectors of the elements of g.
Notice that in this case the elements of ‘5"(% have infinite number of entries which are
zero everywhere except a finite number of entries. Sufficiently informative is defined as
follows for w € B.

Definition 2.42. Let w € 8. w is called sufficiently informative about 9B if

1. col span($(w)) = B, and

2. leftkernel($)(w)) = Ngy.

2.7.2 An algorithm for finding annihilators from data

In the literature there are several algorithms for computing a left kernel of the Hankel
matrix, but in this thesis we shall adopt Algorithm 2 p. 679 of [80]. This is because
such algorithm computes shortest lag structure annihilators of 8, and this is necessary

for our results in Chapter 5. For complete readability the algorithm is given on p. 28.

Theorem 2.43. Let w € B. From Algorithm 2 arrange l1,la, ..., ly in a non-decreasing
order and define R := col(ry, ra, ..., rp). Then (deg(r1), deg(r2), ..., deg(rp)) is the
shortest lag structure of B. Furthermore, ji,j3,...,jpth and ji,jo, ..., juth component

of w are outputs and inputs variables, respectively.

Proof. Follows from the proof of Theorem 14 p. 679 of [80]. O
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Algorithm 2: Algorithm for computing shortest lag basis generators of annihilators
of B

Input : W (of dimension w)

Output 171, T2, ..., rp shortest lag basis generators of 91y

Assumptions: Theorem 2.40

1 1. Build the Hankel matriz $H(w)

2 2. Determination of dependency

i. Starting from the first row determine which rows of $(w) are linearly dependent
on the preceding rows.

ii. Step (i) above results in an infinite column vector d whose elements are * and o. A
x signifies that the i*" row of $(w) is linearly independent of preceding rows and a
o in the i element of d signifies that the i*" row of () is linearly dependent.

3. Determination of input and output variables
If i'" row of d has o then there will be o in the (i + nw)"* row of d for all n € Z.

i. Choose j € w, where w denotes the set {1,2,...,w}. If there is a * on each
(j + nw)™" row of d then the j** component of w is an input, otherwise it is an
output.

ii. Denote the indices of the input variables by 1 < j; < jo < -+ < jp < w and the
output variable indices by 1 < j} <j, <... < jl’J <w.
4. Determination of the recursion
i. Choose i € w such that the i*" variable of w is an output.
ii. Let l; := min{k € Z, |the (i + kw)"" element of d is a o}.

iii. (74 l;w)"" row of $H(w) can be written as a linear combination of the rows
preceding it, i.e there exists a coefficient vector 70,7 1,...,7i, € R™¥ such that

L
wi(t +1;) Z Firwi(t + k)t €L
k=0

5. Specification of r1, ro, ..., Tp

i. Define r;(¢) := [0,...,0,1,0,...,0)(6%) = Yj_ Fingk, i € {71152 dpt




Chapter 2 Behavioural system theory 29

2.8 Summary

We have discussed some concepts of the behavioural framework that will be used through-
out the thesis. In particular we defined linear difference system, their representations,

controllable systems and the notions of persistency of excitation and identifiability.






Chapter 3

Control as interconnection

3.1 Introduction

The classical approach to control is the so called intelligent control (depicted in Figure
3.1). Under intelligent control a controller is viewed as a feedback signal processor, with
measurements of the to-be-controlled system sensors being fed as inputs to the controller

and outputs of the controller being fed as inputs to the to-be-controlled system actuators.

exogenous inputs to-be-controlled outputs

Plant

Ineasured outputs
-ontrol inputs from sensor
fo actuators

Feedback
Controller

Figure 3.1: Intelligent control

Despite having its merits and many applications in the literature (see for example [10,
11, 63]), the fact that the intelligent controller imposes an input/output structure gives a
restrictive view of control (see also Remark 1.1 in Chapter 1 why imposing input/output
on the to-be-controlled systems is not always a good idea). Consequently, some control
problems do not adhere to the intelligent control paradigm, for eaxmple see p. 329
of [84], where the door closing mechanism is used to show that imposing input/output
structure is not the most natural framework for control design. More examples of control

problem that do not conform to input/output structure are covered on pp. 5-8 of [2].

31
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Since the 1990’s there has been a paradigm shift, whereby the concepts of the be-
havioural approach to dynamical systems, covered in Chapter 2 and references within,
are applied to control problems. This has resulted in the study of control problems
without the need to impose an input/output structure on the to-be-controlled systems.
Consequently, control is viewed as the interconnection of the to-be-controlled system and
a controller. This is called control as interconnection. Under the control as intercon-
nection paradigm, control is the restriction of the to-be-controlled system trajectories
to a subset trajectories which meets the control objectives. It has be shown that under
suitable conditions the feedback structure of the intelligent control paradigm is a spe-
cial case of control as interconnection, see [84]. Ibid also shows how the door closing

mechanism adhere to the interconnection paradigm.

Since its introduction, the interconnection paradigm has been studied by several authors
and used to solve many control problems including, but not limited to, the following: In
[2, 3, 4] stabilization and pole placement problems are studied in case where the system
variables are partitioned into control variables and to-be-controlled variables; A solution
to Hy control in the behavioural context is presented [69]; [13] the authors presents a
solution to the problem of asymptotic tracking and regulation; In [75] the idea of the
canonical controller is first introduced and is further studied in [26, 88]. For the first
time, in this thesis control as interconnection will be used to solve data-driven control

problems and control of flat systems.

3.2 Interconnection paradigm

Let 3 € .Z° be the to-be-controlled system which consists of two types of variables. The
first variables are called the to-be-controlled, denoted by w, these are the variables we
intend to influence. The second variables are interconnecting variables, i.e. these are
the variables used to interconnect a to-be-designed controller with the to-be-controlled
system, in order to influence the to-be-controlled variables. These variables are called

control variables and are denoted by c, see Figure 3.2.

i Pruni c

Figure 3.2: To-be-controlled system
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Define the to-be-controlled system full behaviour by
Prun = {(w,c) : Z = (R* x R°) | (w, c) satisfy system equations}
and the manifest behaviour, obtained by eliminating the control variables, by
P :={w:Z— R"| 3 csuch that (w,c) € Pru}-
Define a to-be designed control behaviour (depicted in Figure 3.3) by

C :={c:Z — R°| ¢ satisfy controller equations} .

Figure 3.3: Controller behaviour

The interconnection of the controller and the to-be-controlled system through the con-
trol variables, called partial interconnection (shown in Figure 3.4), results in the full

controlled behaviour defined by

’Cfull = {(w,c) L — (Rw X RC) ‘ (w,c) € Pfu” and ¢ € C} = Pfull A C.

e Prun C

Figure 3.4: Partial interconnections

K fun induces the manifest controlled behaviour defined by
K :={w | 3 ceC such that (w,c) € Kruy}. (3.1)

IC defined in (3.1) is obtained by the projection of K, onto the to-be-controlled vari-

ables, i.e. I = IL,(Ksyuu). In this case, C is said to implement IC or K is implementable.
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In Theorem 3.2 we give necessary and sufficient conditions for the existence of a controller
C such that C implement IC but first consider the following definition of the hidden

behaviours.

Definition 3.1. Let Py, € ¥, The hidden behaviour is defined by

N = {w ep ‘ (w,O) S pfull} . (3.2)

N consists of the to-be-controlled variables trajectories that occur when the control
variable trajectories are restricted to zero. Therefore, the hidden behaviour is a sub-

behaviour of the to-be-controlled system behaviour consisting of all trajectories (w, 0).

Theorem 3.2. Let Pryy € L1, P e LY and N € L% as before. A controller C € £°
exists, implementing K € L% if and only if

NCKCP.
Proof. See Theorem 1 p. 55 of [90]. O

The inclusion K C P means that the controlled behaviour K must be a subset of the to-
be-controlled system behaviour P since the interconnection aims at restricting the system
to a certain desired behaviour, therefore that behaviour must be a sub-behaviour of P.
Consequently, K € P is not implementable by any controller. The inclusion N C K is
also important since it implies that whatever controller C is chosen it must be able to

achieve the controlled behaviour of the system when ¢ = 0.

A case of interest in this thesis arises when N' = {0}, see p. 55 of [90]. This means
that the to-be-controlled variables w are observable from the control variables ¢. This
is called full information control. Under full information control, any sub-behaviour of

‘P is implementable.
Full information control is characterized as follows.
Proposition 3.3. Let Pryy and N in Theorem 3.2 and let (w,c) € Pruy. Then the

following statements are equivalent,

1. w is observable from c, and

2. N = {0}.

Proof. See Proposition 3 p. 72 of [70]. O
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3.3 Full interconnection

Let N' = {0}, and any sub-behaviour of P be implementable. In this section we deal
with a special interconnection whereby there is no separation between the control vari-
ables and the to-be-controlled variables, that is w = ¢, hence both P,C € £¥. This

interconnection is called the full interconnection. Define
P:={w:Z — R" | w satisfies the system equations}

and

C:={w:Z — R" | w satisfies the controller equations} .

W | &

Figure 3.5: Full interconnection controller

Under full interconnection, the interconnection of the to-be-controlled system and the
controller through the to-be-controlled variables results in the to-be-controlled variables
obeying both the laws of the system and the controller, see Figure 3.6. Hence, the
controlled behaviour is defined by

K={w:Z—-R"|w €¢PandwelC}=PAC.

Figure 3.6: Full interconnection

Under full interconnection I =P N C as we now state using representations.

Proposition 3.4. Let K, P and C as already defined. Assume that R,C € R**¥[¢] are
such that P = ker(R(c)) and C = ker(C(0)), respectively. If C implements K then

D := col(R,C) induces a kernel representation of K.

Proof. Follows from the proof of Theorem 6 pp. 332-333 of [84]. O

In the proof of Theorem 6 of [84], a procedure for finding C' in the case where R and any

kernel representation of K is known is presented. The procedure uses the Smith form
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(see pp. 390-392 of [27]). Another procedure for computing C' when both R and a kernel
represenation of K are known has been covered in Algorithm 3.2 p. 2183 of [71]. The
solution of [71] uses the Polynomial Toolbox in Matlab. In Chapter 5, section 5.3 of
this thesis we shall focus on finding C' when both R and D are unknown. In order to do
that, under suitable conditions which will be specified, we shall use observed trajectories
from both P and K.

It is worth noting that Theorem 6 of [84] and Algorithm 3.2 of [71] are based on the

assumption that C regularly implements /.

Definition 3.5. Let P,C € Z¥ and K € £ be the controlled behaviour obtained by
the full interconnection of P and C. Then the interconnection of P and C is called regular
if

p(K) = p(P) + p(C).

We give a characterization of regular interconnections as follows, these results we will

be useful in the data-driven results developed in this thesis.

Theorem 3.6. Let P = ker(R(0)) and C = ker(C(0)), where R,C € R**¥[{]. Assume
that K € £ is the controlled behaviour obtained by the full interconnection of P and C.
Then C regularly implements IC if and only if < R >N < C >= {0}.

Proof. By the assumption that C implements K via full interconnection then col(R, C')
induces a kernel representation of /C.

(Only If) Assume that p(K) = p(P) +p(C), then rank(col(R, C)) = rank(R) + rank(C).
Recall that rank(R) and rank(C') are equal to the number of bases generators of < R >
and < C >, respectively. Moreover, rank(col(R,C)) will be equal to number of bases
generators of < col(R,C) > . Therefore, the number of bases generators of < col(R, C) >
being equals to the sum of the number of generators of < R > and < C' > implies that
<R>nNn<C>={0}.

(If) Assume that < R > N < C >= {0}. Then rank(col(R, C)) = rank(R) + rank(C).
From the definition of output cardinality then p(P) = rank(R), p(C) = rank(C) and
p(K) = rank(col(R, C)), hence, p(K) = p(P) + p(C). O

In Proposition 3.7, we give necessary and sufficient conditions for col(R, C) in Proposi-

tion 3.4 to induce a minimal representation of the controlled system.

Proposition 3.7. Let P = ker(R(0)) and C = ker(C(0)), with R,C € R**¥[{]. Assume
that IC € £ is the controlled behaviour obtained by the full interconnection of P and C.
Then col(R,C) induces a minimal representation of K if and only if < R >N < C >=
{0} and R, C are of full row rank.

Proof. (If) Assume that < R > N < C >= {0} and R,C are full row rank. Then
col(R, C) is full row rank, therefore, it follows from Theorem 2.8 that col(R, C) induces
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a minimal kernel representation /C.

(Only if) Assume that col(R,C) is full row rank. Then R and C' are full row rank,
moreover, rank(col(R, C)) = rank(R) +rank(C). Therefore, it follows from Theorem 3.6
that < R >N < C >= {0}. O

3.4 Summary

In this chapter, we reviewed some concepts of control as interconnection, covering both
full and partial interconnections. We covered the notion of regular interconnection for
full interconnection. We gave a characterization of regular full interconnection. Using
the material covered in this chapter and Chapter 2, in the next chapter we develop a

solution to our first data-driven control problem.






Chapter 4

Data-driven control: prescribed
path

In this chapter, we formulate and develop a solution to our first data-driven control prob-
lem. Using partial interconnection, we consider a case where one is given: a trajectory
(w, ¢) from the to-be-controlled system; a to-be-controlled system hybrid representation;
a desired behaviour (i.e. the desired controlled behaviour, denoted by D) kernel repre-
sentation and a desired prescribed path wy,. specified on the time interval o to t1. The
problem is to find a control variable trajectory such that the to-be-controlled variables

trajectory follows the given prescribed path wy,. for the specified time interval tg to ¢;.

In order to find a solution, we first verify that the conditions of Theorem 3.2 are satisfied
using the given representations. Then we use the given trajectories and the desired
behaviour representation to compute a trajectory w/, of the desired behaviour. Then we
state sufficient conditions under which w/, is sufficiently informative about the desired
behaviour. Under such conditions, we then compute a trajectory wy of the desired
behaviour which is equal to the prescribed path on the specified time interval. Finally,
we find a trajectory cq corresponding to wy. Our solution is summarised by a step-by-

step Algorithm 3 on p. 46 and demonstrated using a simulation example.

4.1 Problem statement

Consider a to-be-controlled linear difference system with full behaviour Pr,y € £7*¢
and manifest behaviour P € £¥. Assume that R; € RP*¥[¢], M; € RP*°[{] and Ry €
Re&*¥[¢] are such that

7)full = {(wvc) ’ RI(U)w = Ml(U)C} (4.1)

39
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and
P ={w | Ra(0)w =0} (4.2)

respectively. Now let D € Z¥ be the desired controlled behaviour and assume that
D € R¥*¥[¢] is such that
D ={w| Di(o)w =0}. (4.3)

The prescribed path problem is formally stated as follows.

Problem 4.1. “Prescribed path” problem. Assume that

1. ¢ is observable from w; and

2. D7 P € c‘(]mtr;
Given
o (w,c) € Pruu;

e a prescribed trajectory wpre € Dito,t1] with tg,t1 € N, tg < t1; and

o Ry, M in (4.1) and Dy in (4.3) such that they induce minimal representa-

tions of their respective behaviours.

Find, if it exists, a control variable trajectory cq, such that there exists wq : 7 —
RY such that

a. (wq,cq) € Pruu,

b. Way, 4y = Wpre-

Remark 4.2. We assume that given trajectories are infinitely long, in practical applica-
tions the given trajectories have finite length. The problem of consistency (see [37]), i.e.
the convergence of the identified system to the “true system” as the length of observed
trajectories tends to infinity, is of paramount importance. This is a matter for future

research. O

4.2 Prescribed path solution

In this section we present our solution to Problem 4.1. In order to find ¢4 in Problem
4.1 we first need to verify that D is implementable, i.e. check if conditions of Theorem
3.2 are satisfied. Such verification is outlined in the next subsection. If a controller,
C € £°, exists implementing D then Problem 4.1 has a solution otherwise there is no
solution, moreover, we shall show later that ¢4 a solution to Problem 4.1 belongs to C

that implements D.
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4.2.1 Implementability

By the assumption that c is observable from w then N' = {0}, therefore, we only need to
verify D C P, as we now explain. Recall from Proposition 2.24 that D C P if and only if
there exists F' € R&8**[¢] such that Ry = FD;. Therefore, we need to prove the existence
of F' such that Ry = F' D1, otherwise there is no solution to Problem 4.1. Notice that to

compute Ry from (4.1), one can use the elimination procedure stated in Theorem 2.12.

4.2.2 To-be-controlled variable trajectory

We show how to find wy such that W, 4 = Wpre-

Theorem 4.3. Let D € .L¥

contr

Then there exists a matriz Q € R¥**[¢] such that D1Q = I. Moreover,
im((Iy — Q@D1)(0)) = ker(D1(0)). Define w); by

and Dy in (4.3) induces a minimal kernel representation.

wly == (Iy — QD) (0)w, (4.4)
where w € P, then w), € D.

Proof. The existence of () such that D1Q = I; follows from the fact that D, induces a
minimal kernel representation and that D € £¥ .. consequently, D () is full row rank
for all A € C. Therefore, D1 is left prime, consequently, D1 admits a right inverse Q).
To show im((I; — QD1)(0)) = ker(D1 (o)), we start with the inclusion

im((Iy — QD1)(0)) C ker(D1(0)). For w define

w' = (I, — QD1)(0)w.
Now compute

Dy (o)w" = Dy(0)((Iy — QD1)(0)w)
= Di(o)w — D1QD1(0)w.

Since D1@Q = I; it follows that

Dl(o)w' = Dl(O')U) — Dl(a)w
= 0.
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Hence im((I; — Q@D1)(0)) C ker(D;(0)). To prove the converse inclusion, assume by
contradiction that there exists w’ € D such that w’ & im((I, — QD1)(c0)). Now

(Is = QD1)(0)w" = w' = (QD1)(o)uw’

/
:w,

which implies that w’ € im((Iy — @D1)(0)). Therefore, im((I — QD1)(c)) = ker(D1(0)).
To prove w/; € D, notice that since im((fy —QD1)(0)) = ker(D1(0)) and D = ker(D1(0))
then w), € D. O

Note that even though P O D, P and D need not necessarily have the same input /output

structure, as we now show in Lemma 4.4 below.

Lemma 4.4. Let P = ker(Rz(0)), where Ry € RE*¥[¢] induces a minimal representation
and D C P. Then there exists D' € RE“8X¥[¢] such that Dy := col(Ry, D') induces a
minimal representation of D. Moreover, p(D) > p(P).

Proof. Let Mp and DMp denote the module of annihilators of D and P, respectively. Since
D C P then 9Mp C MNp (this fact follows from the proof of Proposition 2.24). Write Ry =
col(ri,...,7g), since Ry is minimal then 71, ..., are bases generators of 9p. Moreover,
since Mp C Np then there exists 75 ,...7¢ such that r1,...,7g, 75, ... 7y are bases
generators of Np. Define D' := col(rg,q,7g 10, 7¢). Now the rows of Dy = col(Rz, D')
span Jp and form a basis of IMp, hence, Dy induces a minimal representation of D.
Now notice that p(P) = g and p(D) = g+ (t — g) = t, hence, t > g means that D has

more output variables. ]

It follow from Lemma 4.4 that we can define col(u,y) := ITw and col(v’,y’) = IT'w},
where IT,IT" € R™¥ and u, v’ are inputs. Partition II' = col(IT,,, I} ) compatibly with the
partition of I'w), = col(v’,y'). Then the following result holds true about the polynomial
operator in the shift IT) (I, — QD1)(0).

Lemma 4.5. Let II' = col(IT},, IT}) as above and (I — QD1) as in Theorem 4.3. Then
I, (I, — QD) is full row rank.

Proof. Since im((I, — QD1)(0)) = ker(D1(0)), see Theorem 4.3, and «’ is an input
variable for ker(Dj(c)) then I im((I, — QD1)(c)) = (R™P)Z, Now since II/im((I, —
QD1)(0)) = im(I, (I, — Q@D1)(0)) then IT), (I, — QD1) is full row rank. Consequently,
IT, (I, — @D1)(0) is surjective see Proposition 2.5. O

To show sufficient conditions for w/; to be sufficiently infomative about D, first define
F, :=1I, — II,,@D; and denote by Fu the coefficient matrix of F,, with a finite number
of block-columns, see Appendix A Definition A.10 for the definition of the coefficient
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matriz of a polynomial matrix and the right shift of a coefficient matrix. Now, denote
by < F, > the R[¢]-submodule of R1**[¢] generated by the rows of F,, and by Mp the

module of annihilators of P.

Theorem 4.6. Let P € £, and w € P be sufficiently informative about P. If

< Fy, >N MNp = {0} and u is persistently exciting of order at least L(P) 4+ n(P) then u’
is persistently exciting of order at least L(D) + n(D).

Proof. Let L € Z be such that L—deg(F,) > L(D)+n(D). Denote by F, the coefficient
matrix of F, with a finite number L of block-columns. Since v is the input variable of
ker(D; (o)) then it follows from (4.4) that

Therefore, the following equality holds

N1-deg(r,) (W) = COI(O’EF“)k:O,...,Lflfdeg(Fu)f—)L(w)'

Now assume by contradiction that u’ is not persistently exciting, then there exists a
non—zero~vect0r & € RIxX(L—deg(Fu)m(D) guch that dﬁL—deg(Fu)(“/) = 0. Consequently,
acol(oh Fy), o L-1-deg € leftkernel($7,(w)). Now let a € RY**[¢] to be the polyno-
mial vector whose coefficient matrix is &. Since w is persistently exciting and P € £ ..

then leftkernel($(w)) = Mp. Therefore, aF, € Np, moreover, aF, # 0 (see Lemma
4.5), which contradicts < F;, > N Np = {0}. O

Remark 4.7. The lags L(D), L(P) and McMillan degrees n(D), n(P) are not known a
priori. Therefore, all trajectories must be generated with input variable trajectories
that are persistently exciting of some sufficiently high order. Moreover, in the rest of
this thesis any number L greater than L(D) or L(P) shall be chosen to be “sufficiently
large”. O

We now proceed to show how to find wy € D such that wq, = Wpre under the

[to,t1]
assumptions of Theorem 4.6. Let L > L(D) and recall that if v/, is sufficiently informative
then for all w’ € Dy f) there exists v € R such that w’ = Hr(w))v (see Lemma
2.38). Therefore, given wpye € (R¥)04] with 0 < t9 < t; < L, the computation of wg

such that Wdy, 1) = Wre amounts to finding v if it exists such that wgy = $ L(wii)v.

]
Define H := $1, j(w)) € RE%J with J € Z, such that J > L. Define H; as the block

partition of the rows of H from row wty to row wt; and solve for v in

Hlv = Wpre- (4.5)
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If (4.5) has no solution then wyre € D)y, 4,1, therefore, we can not compute wy € D such

that Way, 4y = Wpre- Otherwise, wq € D such that Wayy,, 41 = Wpre is defined by

] ]

wq = H(wy)v (4.6)

where $(w/;) € R*Y.

Remark 4.8. Since J > L then H; has more columns that rows, if v exists such that
(4.5) holds then it is not unique. Let A be the matrix whose columns are a basis of
ker(H;) and © be a particular solution of (4.5). Then the set of all possible solutions for
(4.5) is defined by

S = {0+ Avlv € R&}

where g is the number of columns of A. O

Theorem 4.9. Let w € P be sufficiently informative about P, and < F,, > N MNp = {0}.
Then w!, in (4.4) is sufficiently informative about D. Moreover, if Wyre € Dj[ty,t,] then

wq defined in (4.6) belongs to D with wyy. as the prescribed path.

Proof. The fact that w/; in (4.4) is sufficiently informative about D follows from Theorem
4.6, therefore, col span($)(wy)) = D. Now since wyre € Dj,4,] then v € 7 exists such
that (4.5) holds, therefore, H(w))v = wy. Let Hy as in (4.5) and §H(w})|,,¢,) be the
block rows of H(w/;) from row wtg to row wt1. Then $(w})|,,+,] = H1 which implies that

Wel(t,e) = Wpre- L

4.2.3 Control variable trajectory

Under the assumptions of Theorem 4.9, we now compute a control variable trajectory

corresponding to wy defined in (4.6).

Since ¢ is observable from w, then it follows from section 2.3 in Chapter 2 that there
exists O € R**¥[¢] such that

(w,c) € Prui = ¢ = O(o)w. (4.7)

To find O in (4.7) we use the given hybrid representation as follows.

Since M; and R; in (4.1) induces a minimal hybrid presentation and c is observable
from w, then M;(A) is full column rank for all A € C, hence M; is right prime. Let a
left inverse of M be K € R°*P[¢] and define

0 := KRy,
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then O satisfies (4.7). Consequently, cq corresponding to wy is defined by
Cq ‘= O(U)wd. (48)

Furthermore, if C implements D then ¢4 € C as we show in Lemma 4.11. First we need

the following result.

Proposition 4.10. Let Pryy € £71¢,C € Z° and D € £ as before. Assume that c is
observable from w. If C implements D via partial interconnection through c¢ with respect
to Pruy then for all (w,c) € Py such that w € D then c € C.

Proof. By the assumption that C implements D then
Pfull Ne C= {w ’ d ¢ € C such that ('Z,U7 C) S Pfull} =7D.

Let (w, ¢), (w, ') € Py such that w € D, and assume by contradiction that ¢ € C and
¢ ¢ C. Then by linearity (0,c—¢') = (w, c) — (w, ') € Ppy now by the assumption that

¢ is observable from w then (0,c — ') implies that ¢ = ¢/, hence, contradiction. O

It follows from Proposition 4.10 that under observability assumption a controller that

implements a given desired behaviour is unique.

Lemma 4.11. Let wy defined in (4.6) satisfying conditions of Theorem 4.9 and cq in
(4.8). Under the assumption that ¢ is observable from w, if a controller C implements
D then cq belongs to C. Moreover, cq imposes the prescribed path wp.. on the to-be-

controlled variable trajectory for the time interval [to,t1].

Proof. Since wy € D and by the observability assumption ¢4 is the control variable
trajectory such that (wg,cq) € Pruu. Moreover, since wg € D then it follows from
Proposition 4.10 that ¢4 € C. ¢4 imposing wy,, follows from the fact that ¢4 corresponds

to wy such that Wdy,, ) = Wpre- ]

Remark 4.12. From Lemma 4.11 to use ¢q4 to find C that interconnects with Py, there
are three alternatives to consider. Firstly, in this thesis we covered conditions for identifi-
ability in the case when the input variable trajecories are persistently exciting. However,
in the case that ¢4 has structured inputs, i.e. the input variable trajectories of ¢4 is not
persistently exciting, one can still find the MPUM as explained on p. 288 of [82]. Sec-
ondly, if ¢4 is a vector exponential trajectory then the MPUM can also be computed as
shown on p. 288 of [82]. Finally, if D is implemtatable then it can be implemented by

the canonical controller, see [26, 88] in order to realise wy. O
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4.3 Algorithm

The prescribed path solution is summarised in Algorithm 3 below.

Algorithm 3: Solution for Problem 4.1
Input : Ry, My,Dy, (w,c) € Pruy, to,t1 and wpre
Output Py
Assumptions: Theorem 4.9

1 Verify D C P (See subsection 4.2.1). If D Z P, stop. Otherwise go to step 2.
2 Compute @ such that D1Q = I;.

3 Define v/, := (Iy — QD1 )(0)w.

4 Choose L and J such that L > L(D) (see remark 4.7) and J > L.

9]

Define H := $1, s(w);) and H; as a partition of rows of H from row wty to row wt;.

6 Solve H1v = wy, for v.

3

if no solution for v then
‘ Wyre & D)jto,1,] [No Solution for cg]. Stop.
9 else

10 Build $(w}) € R®*/;

11 Define wq := $(w))v;

12 Compute K such that KMy = I;

13 Define O := K Ry;

14 Compute ¢q = O(0)wg.

o]

4.4 Example

In this section we shall demonstrate Algorithm 3 with a simulation example. The data
generated is finite length 5000, see Remark 4.2. Consider the to be-controlled system
whose full behaviour Py, is induced by

c+3 1 0 1 wy 10
0 3 1 0 01
o+ 3 ) w9y _ c1 . (4_9)
0 0 O-+Z 1 w3 1 0 Co
0 0 0 o+:| |uwa 0 1
N’
Ry My

To eliminate the control variables we pre-multiply (4.9) by

10 -1 O
U= .
[O 1 0 —1]
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Hence, P admits a kernel representation

w1
o+ % 1 —0 — i 0 wa| 0
0 o+ % 1 —0 — % w3 .
Ry Wy
The desired behaviour D chosen is induced by
w
o+ % 1 —0 — % 0 !
1 1| | W2
0 o+ 3 1 -0 — % =0. (4.10)
w
0 0 o+l 1 ’
W4
Dy

Define

{100
o1 o0
then Ry = F' Dy, therefore, D is implementable.

Using rightInverse command in Singular' a right inverse of D; is

240 6 3870 24273 5004 9471
1375 + 137 3151f + 12604 3151S ~ 31510

120 ¢2 124 1935 ¢2 _ 3792 8409 2502 ¢2 _ 2532 5793
Q= 137€ + 1375"‘ 137 _31515 T 31515 T 12604 _31515 - 157555"‘ 31510

120 1935 2502 423
1375 137 31515 + 74556302 ﬁ§ + 3151

120 2 193502 4050 2485  _ 2502¢2 840 6161
1376 T 1375 + 411 —31516 ~ 3151 12604 51518 — 31516 T 6302

and the matrix D, is

—1.752€% — 0.832¢ + 0.022 1.228¢2 4 0.583¢ + 0.686
0.876£3 4+ 0.759¢2 + 1.066¢ + 0.453  —0.614€3 — 0.532¢2 — 0.747¢ + 0.683

—0.876£2 — 0.73¢ — 0.146 0.614£2 + 0.512¢ + 0.102
0.876£3 + 0.87662 + 0.268¢ + 0.024  —0.614€3 — 0.614£2 — 0.188¢ — 0.017

3.34€2 + 1.5864¢ + 1.865 —1.228¢% — 0.583¢ — 0.686
—1.6763 — 1.447€% — 2.03¢ — 0.863  0.614£3 + 0.53262 4 0.747€ + 0.317

1.676% +1.392¢ + 1.28 —0.614£% — 0.512¢ — 0.102
—1.67€3 —1.67¢% — 0.5106 — 0.046  0.614€3 + 0.614€2 + 0.188¢ + 1.02

!Singular is a free and open source computer algebra system for polynomial computations, see [19].
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We generate (w, ¢) by simulating Py, in (4.9) in Matlab. To do the simulation, we find

a non-anticipating input/output partition of Pg,y using Algorithm 1 as

24€2 + 14€ 4 26

—240€2 — 124¢ — 136

2483 + 2682 +9¢ + 1
—12

1206% + 15483 + 7162 + 146 + 1
60£2 + 27¢ + 63

PlQ = 12£2 —1—475 +1 603 + 47_5;8— 126 +1 (4.11)
46+ 1 20£2 +59§ +1
0

L 5§ +1 _

with ci,co as inputs and wi, wo, w3, ws as outputs. Then we generate (w,c) € Pruy
of length 50000 with c1,co a realization of white Gaussian noise process in order to

guarantee persistency of excitation.

Let @T)l be the coefficient matrix of @D; with 4 block columns. Then w/, is given by

H1(wh) = H1(w) — QD1 H1(w).

Choose L = 100, J = 49900 and define H = §, j(w). Let wpe € D with tg =0,t; =7

be chosen as

0 0 —0.3090 —0.4256 —0.7408 —0.7841 —0.8812 —0.8157
|0 01545 02733 05267 0.6490  0.7386  0.7449  0.6821
Yre= o 0 01545 —0.2681 —0.3598 —0.4156 —0.4307 —0.4037
0 0.1545 0.2939  0.4045 0.4755  0.5000 0.4755  0.4045

Define H; as the first 32 rows of H and solve a linear system of equations

Hiv = wpre

for v. Then wy = H(w))v where H(w)) € JR45000x 49900

Now to find ¢g4, the observability map O is computed by finding a left inverse of M; as

100 0
K= .
010 0]
Hence, i
1
11 01
O KR = |° "2 ) . (4.12)
0 &+3 100
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Let O be the coefficient matrix of O with 2 block columns then $);(cq) = OH1(wq) and

Cdjjo 7 is computed as

) | o 0 —0.0129 —0.0223 —0.0300 —0.0346 —0.0359 —0.0336
difo.7) 0.1545 0.3248 0.4633  0.5564  0.5951  0.5755  0.4996  0.3748

To verify that the computed ¢4 impose the prescribed path wpye, we simulate (4.11) with
cq as the input and the output w7 is

0 0 —0.3090 —0.4256 —-0.7408 —0.7841 —0.8812 —0.8157
|0 0.1545 0.2733  0.5267  0.6490  0.7386  0.7449  0.6821
lo.n = 0 0 —0.1545 —0.2681 —0.3598 —0.4156 —0.4307 —0.4037|’

0 0.1545 0.2939 0.4045 0.4755  0.5000  0.4755  0.4045

which is exactly the same as wpre.

4.5 Summary

We developed a solution for a special data-driven control problem where both system
data and representation are used find control variable trajectories such that the to-
be-controlled system follow a given prescribed path within a given time interval. The
problem solved in this chapter, as already outlined, uses both data and representations;

in the next chapter we shall address completely data-driven problems.






Chapter 5
Data-driven control: general case

In this chapter, we develop solutions for two data-driven problems. In the first prob-
lem, we consider given (0, ¢) and Wy from the to-be-controlled system and the desired
controlled system, respectively. The problem is to find a controller that implements
the desired controlled system via partial interconnection. To find a solution we state

conditions under which the given trajectories can be used to find a controller.

The second problem is the full interconnection case. Consider given w and and wy of
the to-be-controlled system and the desired controlled system, respectively. In this case,
the problem is to find a controller that implement the desired controlled system via full
interconnection. We shall demonstrate how one can find such a controller using only

trajectories w and w, under suitable conditions.

5.1 Problem statements

Let the to-be-controlled system full behaviour be Py, € £ vt¢ the desired behaviour
be D € £" and finally, a to-be-designed controller behaviour be C € .Z°. For the data-
driven partial interconnection problem we consider a case where sufficiently informative
(see Definition 2.42) (0, ¢) € Pr, and wy € D are given. Furthermore, in finding a con-
troller that implements D, no representations of Py, and D are required nor will (w, ¢)
and wy be used to find such representations. The data-driven partial interconnection

problem is formally stated as follows.

51
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Problem 5.1. Partial interconnection case. Assume that
1. c is observable from w.
Given sufficiently informative
i. (W,¢) € Pruy and
. Wy € D.
Find, if it exists, a controller C that implements D via partial interconnection with

Pruu-

To solve Problem 5.1 above, we state sufficient conditions under which (w, ¢) € Py can
be used to find ¢4 € C corresponding to the given wy € D. Under such conditions we then
find ¢4 € C and determine sufficient conditions under which ¢y is sufficiently informative

about C such that standard procedures can be applied to find a representation of C.

Now assume that there is no separation between the to-be-controlled variables and con-
trol variables, i.e. full interconnection. Let the to-be-controlled system behaviour be
P € £¥, the desired behaviour D € £¥ and a to-be-designed controller behaviour be
C € Z¥. In common with the partial interconnection, in the full interconnection case
we aim to use only particular trajectories from P and D to find C that implements D.

The data-driven full interconnection problem is formally stated as follows.

Problem 5.2. Full interconnection case. Given
i. weEP,
1. wg € D.

Find, if it exists, a controller C that implements D via full interconnection with

P.

Let ¢ be the module of annihilators of C. To solve Problem 5.2 above, we aim to use

w and Wy to find a set of generators for ¢ under suitable conditions.

5.2 Partial interconnection solution

In this section, we develop a solution to Problem 5.1. The solution is summarised in
Algorithm 4 on p. 60. We start off by verifying that D C P using (w, ¢) and wy. Since
(w, ¢) and wq are sufficiently informative about their respective behaviours then it follows
from Definition 2.42 that the uniqueness of Py, and D, is guaranteed, therefore, we use

the given trajectories to verify that D C P, as we proceed to do in the next subsection.
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5.2.1 Implementability
To verify that D is implementable using observed trajectories we cover some concepts
of angle between behaviours, see section 3 pp. 199-201 of [59].

Define the map
() R"XR" =R

by
(w,w') = w W,
for w,w’ € 13.

Definition 5.3. The angle, ©, between w, w’ € 1§ is defined by

0 if w=0and v’ =0,
w, w' .
© (w,w') = { arccos (W) if w# 0 and w' # 0,
g if (w=0andw #0) or (w##0and w' =0).
From Definition 5.3 if © (w,w’) = g and both w,w’ are non-zero, then (w,w’) = 0.

Hence, w,w’ are said to be orthogonal. Define
w L w s (w,w') =0,

we shall denote by w L w’ two orthogonal trajectories w,w’ € I5.

Definition 5.4. Let B € .Z¥ . and w' € l§. The angle between w’ and B is defined
by
© (w’,‘B) ‘= min © (w',w) .

weBNI

From the above definition the angle between w’ and B can be computed by the orthogonal
™
projection of w’ onto B. Moreover, if © (w',B) = 5 and w’ is non-zero then w’ is

orthogonal to all non-zero w € ‘B.

Now let B, B’ € L% then the angle between B and B’ is defined by

contr»

O (’B, %') = max{ sup © (w, %') , sup © (w', ‘B)} (5.1)
weBNI w €W/l
Notice that angles © (w,B’) and © (w’,B) are bounded between 0 and g, hence,

0<6(B,%) < g Ife(B,%) = g then (w,w’) = 0 for all w € BN and w’ € B'NIE.

This leads us to the definition of the orthogonal complement of 2B as follows,
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BLi={w el |wlw forallweBNI}. (5.2)
We shall denote the orthogonal complement of B by 25°¢.

Proposition 5.5. Let B € LY

contr*

If B¢ is the orthogonal complement of B then

1. 0(B,38%) =

|

2. B e LY

contr»

3. L% =B & B,
Proof. See Proposition 2.8 p. 196 of [59] and Lemma 3.2 p. 201 of [59]. O

Let L € N greater than both L(P) and L(D). Let the Hankel matrices of depth L
associated with w € P and wg € D be H(w) and $H1(wg), respectively. We now apply
the concepts just introduced to the case of interest in this section, that is to determine
if the desired controlled behaviour is implementable. Recall that if @w € P and wy €
D are sufficiently informative then col span($(w)) = P,z and col span($y(wg) =
Dyj1,)- Therefore, to verify Dy 1) € Py, ) one can always show that col span($(1w4)) €
col span($r(w)).

Let @/, @"” € RY and define the angle between @', @” by

0 if @ =0 and @ =0,
~/ "
/] (qj/,ﬂ/’) .— { arccos M if W' # 0 and @w” # 0,
x|
— if (W' =0and w” #0) or (W' # 0 and w”’ =0).
2

Now define the angle between @’ and col span($z(@w")), where @” € RT with 7' > L, by

0 (’[I)/,COI Spal’l(f)L(ﬁ)//))) = min 0 ('Lbl,@/) .
@ ecol span(sHy (@'))

Finally define the angle between col span($1,(w,)) and col span($z(w)) by
0 (col span($p,(w)), col span($Hr(wa))) :=

max { sup 0 (@', col span($)(wq))) sup 6 (@', col Span(ﬁL(w)))}
@'ecol span(sy, (o)) @'ecol span(Hy, (wq))

To verify D C P using w and wgy, we consider the following result. We denote by

dim(col span($r,(w))) the dimensions of col span($(w)).
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Theorem 5.6. Let w and wy be sufficiently informative about P and D, respectively.
Assume dim(col span($H(10q))) < dim(col span($Hr(w))). Then the following statements

are equivalent,

1. col span($H1(wq)) C col span(Hr(w)), and

2. 0 (col span($Hr(w)), col span(Hr(wg))) = 0.

Proof. Since w € P and wy € D are sufficiently informative then col span($p(w)) =
Pip1,z) and col span(9(wa) = Dj1,1))- Therefore, col span($Hr(wq)) C col span($H(w))
implies that Dy 1) € Pj. -

(1) = (2) Assume that col span($y(wg)) C col span($H(w)). Then for all @' €
col span($y,(wy)) then @' € col span($Hy,(w)), hence,

6 (@', col span($H(w))) =0 =6 (@', col span($H(wq))) -

Therefore, 6 (col span($z,(w)), col span($Hr(wg))) = 0.
(2) = (1) Assume 6 (col span($(w)), col span($(wg))) = 0, from the definition of
6 (col span($y(w)), col span(Hr(wy))) then

sup 6 (@, col span(H(@))) =0
@"ecol span($y (wq))
and

sup 0 (@', col span(Hy(wg))) = 0.
@' ecol span(s, (w))

Since dim(col span($1(wg))) < dim(col span($y(w))), then for all w” € col span($Hy(wq))
there exist @' € col span($(w)) such that @' = @”. Therefore, col span($y(wy)) C
col span($y(w)) O

It follows from Theorem 5.6 that if 6 (col span($r(w)), col span($r(w4))) = 0 then the
desired behaviour is implementable, therefore, we can find a solution to Problem 5.1.

Otherwise, there is no solution to Problem 5.1.

Remark 5.7. For easy verification of col span($)z,(w’)) C col span($z(w)) one can com-

pute principal angles between subspaces, see Appendix A section A.3 O

5.2.2 Control variable trajectories

Let L € Z4. Under the assumption that ¢ is observable from w, a L x L real matrix O
such that
HL(¢) = 0H(w), (5.3)
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for all (w0, ¢) € Pruu, is called an empirical observability map. In the following discussion

we show how to compute O.

Let D be implementable. To find a control variable trajectory that corresponds to a
given wy € D, we find O using the given (w0, ¢) € Pyyy. First in the following result,
we prove necessary and sufficient conditions that given w € D one can find ¢ such that

(w, ¢) € Pruu and ¢ belongs a controller C that implements D.

Theorem 5.8. Let Ppyy € L%7¢, D € LY andC € £°. Assume that R,D € R**¥[{], M €
R**¢[¢] and C € R**°[¢] are such that Ppu = ker <|:R(O') —M(U)D, D = ker(D(o))
and C = ker(C(0)). Furthermore, assume that C implements D via partial interconnec-
tion through ¢ with respect to Py and that c is observable from w. Let N € R**[£] be
such that NM = I.. The following statements are equivalent:

1. there exists G € R°**[£] right prime such that Y := NR+GD induces a polynomial
operator in the shift Y (o) such that ¢ = Y (o)w for all (w,c) € Py such that
w € D,

2. there ezists F' € R***[¢] such that NM = I, + FC.

Proof. The existence of N follows form the assumption that ¢ is observable from w,
consequently, M admits a left inverse. Furthermore, let (w,c) € Pyyy such that w €
D then under the observability assumption it follows from Proposition 4.10 that if C
implements D then ¢ € C.

2) = 1) Let ¢ € C, assume that F' exists such that NM = I; + FC, then

(NM)(o)ce= (I. + FC)(o)c.
By the assumption that C = ker(C(o)) then (F'C)(0)c = 0. Hence,
(NM)(o)c=c.

Now, by the assumption that C implements D then there exists w € D such that (w,c) €
P, furthermore, R(o)w = M(o)c. Hence,

c= (NR)(o)w+ 0,
since D(o)w = 0 this implies that G exists such that
c=(NR)(oc)w+ (GD)(o)w.

Therefore, ¢ = Y (o)w. G being left prime follows from; for w ¢ D then D(o)w # 0,
therefore, (GD)(o)w # 0.
To prove 1) = 2), let (w,c) € Ppuy such that w € D. By the assumptions that c is
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observable from w and Y induces an observability map, it follows that ¢ = (NR)(o)w +
(GD)(o)w. Since w € D then D(o)w = 0. Hence, ¢ = (NR)(o)w. Now since (w,c) €
Pruu then R(o)w = M(o)c. It follows that

¢c=(NR)(o)w= (NM)(o)c,
hence, ¢ = (NM)(o)c. Consequently,
(NM — I)(o)c = 0.

Now recall that the controller C = ker(C(c)) implements D and that (w, c) € Pgu such
that w € D then ¢ € C, therefore, C(c)c = 0. Since (NM — I)(c)c =0 and C(o)c =0,
then F' exists such that NM — I = FC. O

We now show how to find an empirical observability map O € R**® using (w0, ¢) € Pruu-

Lemma 5.9. Let col(w,¢) € Pru be sufficiently informative about Pyryy. Let Y €
ReXV[E] satisfy the conditions of Theorem 5.8 and L € Zy satisfy L > L(P), L > L(D)
and L > deg(Y'). Denote by $H1(¢), Hr(w) the Hankel matrices associated with w and ¢,

respectively, both with L block rows and an infinite number of columns. Then a solution
for O € RXL
Hr(e) = 0H(w) (5.4)

induces an empirical observability map.

Proof. Denote by Y the coefficient matrix of Y with finite number L of block-columns.
Under the assumption that Y induces an observability map, then 0:= col(ag?)k:07_._7 -1
is a solution of (5.4), therefore, $(¢) = 0§ (). Now since col(w, €) is sufficiently in-
formative then leftkernel($)(w)) # 0. Therefore, (5.4) has infinitely many solutions.
Let K € RE*® be a matrix whose columns are a basis of leftkernel($7,()). Then the set
of all solutions of (5.4) is defined by

G = {O+KT[T e R},
Let O € G, then O = O + KT for some K and T. Compute

09 (w) = (O + KT)$H ()

= 091, (@) + KTH, ().
Notice that KT$y(w) = 0. Therefore,

05 (W) = 0$H (W) +0
=9r5(e).
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Hence, O induce an empirical observability map. O

It follows from Lemma 5.9 that the Hankel matrix associated with the control variable

trajectory ¢4 corresponding to the wy € D is given by
H1(¢q) = 09 (wy). (5.5)

To show that ¢4 belongs a controller that implement D first we state the following

straightforward result.

Lemma 5.10. Let w € P and wq € D be sufficiently informative about their respective
behaviours. Let L > L(P) and L > L(D). Then leftkernel($r(w)) C leftkernel($Hr(wq))
if and only if D CP.

Proof. Let 9Mp and Dp be the module of annihilators of P and D, respectively. By the
assumption that w are wy are sufficiently informative about their respective behaviours
then leftkernel($r(w)) = ‘517% and leftkernel($)1,(10q)) = M%. Therefore,

leftkernel($r,(w)) C leftkernel($),(14)) which implies that ‘5"(!,:; C Mk, Hence, it is suffice
to prove that 9p C Np if and only if D C P. The rest of the proof follow from the
proof of Proposition 2.24. O

Proposition 5.11. Let col(w, ¢) € Pruy and wg € D be sufficiently informative about
their respective behaviours. Let O satisfying the conditions of Lemma 5.9. Assume that
D C P and that ¢ is observable from w. If C implements D then the control variable

trajectory ¢q in (5.5) belongs to C.

Proof. Let O and K as in Lemma 5.9 and Y satisfying the conditions of Theorem 5.8.
Now since O satisfies conditions of Lemma 5.9 then O = O + KT where T € R**L.

Compute

091, (g) = 081 (g) + KT$H1 (g),

since D C P then leftkernel($,(w)) C leftkernel($)7,(wq)) see Lemma 5.10. Therefore,
KT € leftkernel($1,(wg)). Consequently,

091 (wq) = 0H 1, (Wq) + 0
= $Hr(Ca).
Under the observability assumption, since O is defined by O := col(aé‘%}})k:ow,L_l,

where Y induces an observability map and wgy € D, then it follow from Proposition 4.10
that ¢4 belongs C. 0
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5.2.3 Controller identification

In the following result we prove sufficient conditions for ¢; to be sufficiently informative
about C. Let IT € R*°II; € R**¥ be such that (¢,,¢,) = II¢g and (W, wy) = I1d0g
where ¢, and @, are inputs. Define a partition of II by II =: col(Il,,II,), compatibly
with partitions of ¢4 = (Eu, ¢y). Now let Y satisfying the conditions of Theorem 5.8 and
define Y, := II,Y. Denote by < Y, > the R[¢]-submodule of R'*®[¢] generated by the
rows of Y, and by 9p the module of annihilators of D. Finally, let Y be the coefficient
of matrix of Y with finite number L block-columns where L > L(C).

Theorem 5.12. Let a controller C implements D. Assume that c is observable from w
and let O in (5.4) induces an empirical observability map. Now assume D € L% .., and
let wgq € D and ¢q € C whose Hankel matriz is defined in (5.5). If <Y, >N Np = {0}
and W, is persistently exciting of order at least L(D)+n(D) then ¢, is persistently exciting
of order at least L(C) 4+ n(C).

Proof. Since O induce an empirical observability map and ¢; € C then from Lemmas 5.9
and 5.11
91 (Cq) = 091 (Wq) = OHL(Wq) +0

where O := col(a%ff)k:ow,L,l. Let J € Z4 and define O, € R/mCOXL 1y O, =
col(a%?u)kzop_ﬂ[,_l, then 9 mc)(€u) = Ou$H(Wq). Now, assume to the contrary that ¢,
is not persistently exciting, then there exists & € R*7/™(©) guch that a9 ju(c)(€u) = 0.
Therefore, a0, € leftkernel($(wy)). Now since D € £¥ .. and W, is persistently
exciting then leftkernel($r,(q)) = Mk, hence, a0, € NE. Let a € R'¥*[¢] be the
polynomial vector whose coefficient matrix is & then aY, € Jp. Since ¢, is the input
variable then it is free, therefore, im (Y, (o)) = (R™®))Z hence, Y, is full row rank, which

implies that Y, # 0. Consequently, aY,, € 9p and oY, # 0, hence, a contradiction. [

Remark 5.13. Note that it is not straightforward to verify the assumption of Theorem
5.12 from data. Therefore verifying that ¢, is persistently exciting can be done by
determining which rows of $1,(¢4) corresponds to the input variables (see steps (1)-(3)
of Algorithm 2 on p. 28). Let $y(c)(Cu) be the rows of $(¢q) corresponding to the
input variables, if § j5c)(¢y) is full row rank then ¢, is persistently exciting and vice

versa. O
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5.2.4 Algorithm

The partial interconnection solution is summarized in the algorithm below.

Algorithm 4: Solution of Problem 5.1
Input : (w,¢) € Prun and wq € D.
Output : A representation of C.
Assumptions: Theorem 5.12.

1 Choose L to be sufficiently large (see Remark 4.7).
2 Build the Hankel matrices: $7(w), H1,(¢), H1(wq).
3 Verify D C P (see subsection 5.2.1)

4 if D C P then

5 Solve $1,(¢) = O$H(w) for O;
6 Compute H1,(¢q) = 0N (wy).
7 else

8 L D ¢ P {No solution for ¢4}

9 Using ¢4 and Algorithm 2 compute a representation for C.

5.2.5 Example

Consider a system with a representation in (4.9) and a transfer function in (4.11) and

the desired behaviour induced by (4.10) with a transfer function

[ 36062 4+ 1716 +201

180£3 + 180€2 + 552 + 5
—90£? — 33¢ — 93

90&2 + 6155 +5

PytQy = (5.6)

I 66+ 1 1

Generate (w,¢) and wg both of length 7" = 50000 (see Remark 4.2) by simulation of
(4.11) and (5.6) in Matlab, with inputs (c1,c2 and wy in (4.9) and (4.10), respectively)

a realization of white Gaussian noise process to guarantee persistency of excitation.

Choose L = 100 and build the Hankel matrices 1, (w),$Hr(¢) and $r(w4). Compute
the largest principal angle between the col span($z(w)) and col span($z(wg)). Which
is 1.2363 x 10~'* and is approximately zero, therefore D C P. Solve $1(¢) = O ()
for O and compute H1,(¢q) = OHL(wy). Under the assumption of the Algorithm 4, ¢4 is

sufficiently informative and can be used to find representations of C.
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Find [ € N the lag of C as follows. Compute

pr = rank(9(¢q)) — rank($;-1(¢q))
po = rank($9(¢q))

with t € Z,. Carry out the computation until p; is a non-increasing sequence of non-
negative integers. Then find ¢’ such that p; = py for t > ' then the lag is . For this

example [ = 2.

To find a representation of C, build $;41(¢4). Then compute the singular value decom-
position (SVD) of $;,1(¢4) := ULV . Let r be the rank of $;,1(¢4). Partition U into
[Ul UQ] where U; has 7 columns then U, is the left kernel of $3;,1(¢), and we obtain

a kernel representation of C as

[—0.935602 —0.34300 — 0.0312 —0.0780} [Cll = 0. (5.7)
C2

Cy

For comparison, we use polynomial operations to compute a controller representation
from (4.9) and (4.10). This is done by computing the syzygy of col(Ri, D]) where
D} =1[00 &+ ¢ 1]. We obtain

C1
—02 —0.36670 — 0.0333 —0.0833} [ ] =0. (5.8)
(6]

Cy

Equations (5.7) and (5.8) represents the same behaviour since there exists a unimodular
matrix U € R***[¢] such that Cy = UC1, see Proposition 2.22. In this case U = [1.0688].

5.2.6 Prescribed path problem revisited

In this section, we revisit the prescribed path problem covered in Chapter 4. We consider

a completely data-driven version of Problem 4.1 stated as follows.
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Problem 5.14. “Complete data-driven prescribed path” case. Assume that
1. c is observable from w.
Given
i. sufficiently informative infinite (W, ¢) € Ppyy and W' € D;
it. a prescribed trajectory Wy € Dl[to,tl] with to,t1 € N, to < t1.

Find, if it exists, a control variable trajectory ¢q, such that there exists wq such
that

Q. (ﬁ)d, éd) S Pfull

b. W 1y = Wpre-

We present a solution to Problem 5.14 in Algorithm 5 since all the necessary conditions

have been covered in Chapter 4 and this chapter.

Algorithm 5: Solution for Problem 5.14
Input 1 (W, ¢) € Pruu, W' € D, to, t1 and Wpye
Output t Cg
Assumptions: Theorem 4.9, Lemma 5.9

1 Choose L to be sufficiently large (see Remark 4.7) and J > L.

2 Build the Hankel matrices: $,(w0), H1(¢), 9,7 (0).

3 Verify D C P (see subsection 5.2.1). If D € P, stop. Otherwise go to step 4.
4 Define H; as a partition of rows of $(@') from row wty to row wi;

5 Solve H1v = wWpye for v.

if no solution for v then
‘ Wyre & D)jty,1,] [No Solution for ¢g]. Stop.
else
Build § (') € R®*7;
10 Define wy := H(w0')v;
11 Solve $1,(¢) = O$H(w) for O;
12 Compute $H1,(¢q) = OHL(wg).

© w0 N o

In the following result we prove the correctness of Algorithm 5.

Proposition 5.15. Let (0,¢) € Py and @' € D be sufficiently informative about
their respective behaviours. Assume D C P and that O satisfy the conditions of Lemma
5.9. Under the observability assumption if a controller C implements D then the control
variable trajectory ¢q in Algorithm 5 belongs to C. Moreover, ¢q imposes Wyre 0N Wq

between the time interval to and t;.
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Proof. The fact that ¢4 € C follows from the proof of Proposition 5.11, and ¢; imposing

Wpre ON Wq between the time interval g, follows from the proof of Lemma 4.11 O

Remark 5.16. Note that ¢4 in Algorithm 5 cannot be used to find a representation for

C. This is because there are no conditions under which wg such that u?d‘[to 0 = Wpre 18

]
sufficiently informative about D. O
Remark 5.17. In the case where tg, t; are taken to be tg = 0 and ¢; sufficiently large then
Algorithm 5 can be suitably adjusted that the result is a tracking algorithm, whereby

we find ¢4 such the to-be-controlled system tracks a given trajectory wpye. ]

Remark 5.18. In our solutions to the partial interconnection problems, i.e. Problems 4.1
and 5.1, we assume that the control variables are observable from the to-be-controlled
variables. This assumption allows for the computation of control viariable trajectories
from to-be-controllable trajectories. If we consider the case where such an assumption is
dropped then we would have to develop a procedure for computing control variable tra-
jectories from the to-be-controlled variable trajectories. The development of a procedure
for computing control variable trajectories from the to-be-controlled variable trajectories
, in the case of ¢ not observable from w, is still an open research direction, see [74] for

the design of estimators in the behavioural setting. O

5.3 Full interconnection solution

In this section, we develop a solution to Problem 5.2. We follow the same procedure
described in subsection 5.2.1 to verify that D C P using w € P and wq € D.

5.3.1 Controller identification

Let 91p,91¢ and 91p be the modules of annihilators of P,C and D, respectively. To find
a set of generators of 9 using w and Wy, consequently, finding C we need the necessary

and sufficient conditions in Theorem 5.20. First, we state the following results.

Lemma 5.19. Let rq,...,75 and c1,...,cc be generators of Np and N¢, respectively.
Thenry,...,rg,C1,...,Cc are a bases generators of Np if and only if NpNMNe = {0} and

T1,...,7p and ci,...,cc are bases generators of their respective module of annihilators.

Proof. Follows the same arguments of the proof of Proposition 3.7 O

Theorem 5.20. Assume that full row rank C € R*¥[¢], R € RP*¥[¢] and D € R&*¥[¢]
are such that C = ker(C(0)), P = ker(R(c)) and D = ker(D(c)). Furthermore, assume
that Mp N Ne = {0}. Then C implements D via full interconnection if and only if
Np + Ne = Np.
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Proof. Write C' = col(cy,...,cc) and R = col(ry,...,rp) and D = col(dy, ..., dg). Since
C = ker(C(o)), P = ker(R(c)) and D = ker(D(0)) then ci,...,cc, r1,...,rp and
dy,...,dg are generators of ¢, MNp and Np, respectively.

C(o)
k(o)

R are full row rank and 9tp NNe = {0} then col(C, R) induces a minimal representation.

Since D = ker(D(o)) then
ker(D(o)) = ker ([ZEZ;]) .

Since D is full row rank and col(C, R) induces a minimal representation then it follows

(Only if) Assume that C implements D, then C NP = ker < [

> . Now since C' and

from Proposition 2.22 that there exists a unimodular matrix F' € R8%8[¢], where c +p =

g, such that

D=F ¢

To show the inclusion Mp 4+ N¢ D Np, partition the columns of F' = [Fl F2:| ac-
cordingly with respect to the rows of C and R. Then D = FiC + F>R implies that
we can write dy,...,dg as a linear combination of ca,...,cc and ry,...,rp. Therefore,
Np + MNe 2 Np. To show the converse inclusion, notice that since F' is unimodular then

it admits an inverse, i.e. F~1F = I. Therefore,

C
F'D=
which implies that c,...,cc and ri,...,7, can be written as a linear combination of
di,...,dg. Hence, Mp + N C Np, therefore, Np + Ne = Np,
(If) Assume that Np+Ne = Np, thenfori = 1,..., g there exist my,, ..., me,, my ;... ,m;i €
R[¢] such that d; = my,c1+- - -+me,cc+my 1+ +my 1rp. Define fi, := [my, ... me],

fo, =m0 omg ], Fioi=col(fiy, ..., fi.) and F = col(fay, ..., fa,). Recall that C' =
col(ct,...,cc), R =col(ry,...,rp) and D = col(dy,...,dg), therefore, F1C + F»R = D,
consequently,

C

D:[F1 Fz} i

with [Fl FQ] € Rex(ctp) [€]. Similarly, since 9Mp+N¢ = Np, then there exist my,, ..., mg, €
R[¢] for @ = 1,...,(c + p) such that ¢; = my,di + -+ + mg,dg for j = 1,...,c and
ry = mydy + - + mgdg for 75 = 1,...,p. Define f; := [my, ... mg,], and F' :=

COl(fl, ceny f(c+p)). Then

F'D = ¢

Now, since D, R, C' are of full row rank, and 9p NNe = {0} then c+p = g, and matrices
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C(o)

R(o

that D =P nNC. O

F’ and [F} F5] are unimodular. Consequently, ker(D(0)) = ker([ ]) which implies

To find a solution to Problem 5.2, under assumption of Theorem 5.20, we find bases gen-
erators rq,...7p and ay, . .. ag of 9Mp and Np, respectively, such that (deg(r1), ... deg(rp))
and (deg(ay), ...deg(ay)) are shortest lag structure of P and D, respectively. Then under

the assumptions of Lemma 5.19, we compute basis generators for 9.

5.3.2 Algorithm

Our solution to Problem 5.2 is summarised in Algorithm 6 on p. 66. Note that in

Algorithm 6 we denote by 97 a set of annihilators of C of degree n.
We now prove the correctness of Algorithm 6 as follows.

Proposition 5.21. Letw € P and wq € D be sufficiently informative about their respec-
tive behaviours. Letry,...,rg anday,...,ay in Algorithm 6 be such that (deg(r1), ... deg(rp))
and (deg(ay),...deg(ax)) are shortest lag structure of P and D, respectively. Let C im-
plement D, then N¢ in Algorithm 6 is the module of annihilators of C.

Proof. The fact that (deg(ry),...deg(rp)) and (deg(ai),...deg(as)) in Algorithm 6 are
shortest lag structure of P and D, respectively, follows from Theorem 2.43. Denote by

b, Np and NG the module annihilators of D, P and C of degree n, receptively. From
Algorithm 6 if k = ¢ then ay,...,ay € 9. Hence, 9z = {0}. Now, if k = 0 and

q # 0, then ay,---,ay € I such that ay,---,ay ¢ 95 implies that ay, .-, ay € Ng,

therefore My = {ay,...,ay }. Finally, £ < ¢ means 91}, has more generators of degree
1 q - -

n than 9T3, therefore, some of them belong to 917. Denote by 9% and 917, the sets

whose elements are ay,-- - CNLZZI and 7, ..., 7, respectively. Since ¢ NNp = {0} then

N2 NN = {0}, moreover, N2 N ‘ﬁ% = {0}. Now under the assumption of Theorem
5.20 ’ﬁ]; + Ne = Np the~n NG ~+ Ng = Np. Consequently, ‘51% + N7 = ’5?% Now since
Ne NN = {0}, B +Ng =Np, and 7,,...,7
T
T

. are bases of ‘ﬁ% then the projection

are the coefficients vectors of annihilators of C of lag n.
Hence, M = {u1,...,uz}. O

matrix P exists and alT, 7]

5.3.3 Example

We consider an example of power factor rectification (see pp.53-54 of [25]) using passive
devices like capacitors and inductor. The problem of reducing the reactive power which

arises because of the the phase-shift between the source voltage and current.
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Algorithm 6: Solution for Problem 5.2

Input twePand wyg €D
Output : Ne
Assumptions: Theorem 5.20 and Lemma 5.19

1 Determinations of bases generators of 9p and 9ip

ii

i. Using Algorithm 2 determine shortest lag bases 71,...,7g and ay, ..., as of Np and
MNp, respectively.

i. Define 7q,...,7g and aq,...,a¢ as the coefficients of r1,...,rg and aq,...,a¢
respectively.

i. Define d,, := deg(an,) for m=1,...,t, t:={1,2,...,t} and g:={1,2,...,g}.
Let d = max(dy,...dp).

2 Compute steps 3-4 recursively starting from n = 0 to d.

3 Classifying 7,...,7g and aq,...,a¢ by their lags
i. choose l1,...l}; € g such that 7,,...,7, are all of lag n. If there is no 7,,...,7, of
lagnset k=0.
ii. choose I}, ...l € t such that a,...,ay are all of lag n. If there is no ..., ay,

of lag n set ¢ = 0.

4 Compute coefficients of the elements of 1 as follows

if Kk =g then
¢ =10}
else if £k =0 and g # 0 then
ay,. .., ay are the coefficients of annihilators of C of degree n, therefore

define ‘ﬁg = {alzl, ceey alg}.

else if k < ¢ then Define the matrix A whose columns are 7,,...,7, as

k
T‘Qll e ’I“olk

A=
Fry, - Tmy,
Define P := A(ATA)"1AT;
Define H := [dlll = Pay,...,ay — Pdlé];
Compute x rank of H and compute the SVD of H = UXV ';
Partition U = [U; Us| where U; has x columns;
The columns of Uy, ﬂir, e &;—, are the coefficients of annihilators of C of degree
n, therefore, define N3G := {u1,...,uz};
end ;

5 Specification of D¢

d
i. Define MN¢ := |J Nk

k=0
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Let the circuit in Figure 5.1 be the to-be-controlled system with w = col(iy, iy, s, v),
m(P) = 2 and p(P) = 2. The input/output variables are ig,v and i,,1,, respectively.
To generate w € P with T = 200000 samples, the circuit in Figure 5.1 is simulated
in Matlab Simulink with sampling rate of 50ps. To guarantee that w is sufficiently
informative i; and v are generated by current and voltage sources which are driven by
a random number generator so that both are persistently exciting of sufficiently high
order. The values of R, L and C are 100£2,0.01H and 0.001C, respectively.

Figure 5.1: To-be controlled system

The controlled system, i.e. circuit with the correct power factor, is chosen as in Figure
5.2. wg = col(iz, iy, is,v), with m(D) = 1 and p(D) = 3. To generate wy € D the circuit
in Figure 5.2 is simulated like the one above but this time with only v generated by
voltage sources which is driven by a random number generator. The values of R, L and
C are the same while Ly = 0.001H and Ry = 0.4252().

Figure 5.2: Example of controlled system

Using Algorithm 6, 9tp has 2 basis generators, one of degree 0 and the other 2. 91p has
3 basis generators, one of degree 0, and others of degree 1 and 2. Hence, the generator

of Mp of degree 1 belongs to D¢. Consequently, a controller representation is

1611 +1155 1611 1155 2414 +1155 10180 10180

7
3220 , 266 3220 226 _ 9650 , 452 _ 15l¢ 151] "1 =0 (5_9)
)

We verify the controller above by interconnecting it with the to-be-controlled systems
then comparing the impulse response with that of the controlled system. The impulse

responses coincide as shown in Figure 5.3.
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Impulse Response

Ampltude

o 0.05 0.1 0.15 0.2 0.25 0.3 0.35
Time (seconds)

Figure 5.3: Impulse responses of the to-be-controlled system interconnected
with computed controller (blue) and that of the controlled system(red)

5.4 Summary

We have presented solutions for two completely data-driven control problems. In the
first solution we present sufficient conditions and an algorithm for find a controller when
the plant and the controller interconnect through the control variables and the second
algorithm is when the control variable and to-be-controlled variables coincide. In both
cases we assume that the given data is generated with all input variable trajectories

persistently exciting of sufficiently high order.



Chapter 6
Data-driven dissipativity

In this chapter, we consider a problem of determining whether a linear difference system
is dissipative using sufficiently informative (see Definition 2.41) trajectories from such
a system. In particular, given a sufficiently informative trajectory from a system and a
supply rate, we state a necessary and sufficient condition such that the trajectory can

be used to determine if the system is dissipative with respect to the given supply rate.

First we study quadratic difference forms, QdF. We discuss some theory and notations
of quadratic difference forms and the theory of dissipativity using QdF’s. The material
presented in this section, like in the previous section, is based on polynomial rather than

Laurent polynomials, see Appendix A Definition A.1.

6.1 Basics

Let ® € R"*¥2[(, n] be a two variable polynomial matrix in the indeterminates ¢ and 7

with real coefficients, then

N
O(Cm) =Y By M,
k

,J=0

where N € N and ®;; € R"*¥2. For w; € (R%)%, with i = 1,2, ®((,n) induces a

bilinear difference form
Lo : (R™)Z x (R"2)2 — RZ

defined by

N

69
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Now, let w; = wy = w and ® € R™¥[¢,5]. Then for w € (R¥)%, ®(¢,n) induces a
quadratic difference form (QdF)

Qq : (R")” — R”

defined by

N

Qq;(’w)(t) = Z w(t + k)Tlew(t +])

k,j=0

®(¢,n) is called symmetric if ®(¢,n) = ®(¢,n)" and we denote by R¥1*¥2[¢, 5] the ring
of symmetric two variable polynomial matrices in the indeterminates ¢ and 7 with real

coefficients. ®({,n) is closely associated with the coefficient matriz

(13070 ‘1>0’1 e (I)O,N
(I)I,O (I)l,l c. (I)l,N
é :: . . . ’
@N,O (I’NJ q’N,N
in the sense that
C T
nly
o) = I, ¢ ... NI, ...|®]|
nNIw

Notice that ® is an infinite matrix with only a finite block N x N nonzero entries.

Furthermore, ®(¢,n) is symmetric if and only if its coefficient matrix is symmetric.

Even though @ is infinite, the largest powers of ¢ and n in ®(¢,n) are finite. Therefore,
we define the effective size of ® by

N :=min{N' | ®;; =0 for all k,j > N'}.

We shall denote by ®y the coefficient matrix with effective size N.

Define the map

vV REF[C ] = REF[C, 7]
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by

V@ induces a QdF Qve which defines the rate of change of Qg, i.e.
Qve(w)(t) == Qa(w)(t +1) — Qa(w)(t),

for all t € Z and w € (R¥)Z.

6.1.1 Nonnegativity and positivity of QdF's

In this subsection we introduce concepts of positivity and nonnegativity.

Definition 6.1. Let ® € R¥*¥[(, 7], a QdF Qg is called nonnegative if Qg (w)(t) > 0
for all w € (R")Z and t € Z. If Qg(w)(t) > 0 and if Qg (w)(t) = 0 implies that w = 0 for
all w € (R")Z then we call Qg positive.

We denote nonnegativity and positivity by Q@ > 0 and Qg > 0, respectively.
Proposition 6.2. Let ® € R¥*[¢, 5] with coefficient matriz ® . Then Qo > 0 if and
only if ® > 0.

Proof. See Proposition 2.1 p. 33 of [30]. O

Now let B € .Z". We define positivity and nonnegativity along 8 as follows.

Definition 6.3. Qg is called nonnegative along B if Qp(w)(t) > 0 for all w € B.
Furthermore, if Q¢(w)(t) > 0 and if Qe(w)(t) = 0 implies that w = 0 for all w € B
then Qg is positive along B.

B B
Nonnegativity and positivity along B are denoted by Q¢ > 0 and Q¢ > 0, respectively.

6.1.2 Average positivity and average nonnegativity

We now introduce the concepts of average positivity and average nonnegativity.

Definition 6.4. Let ® € R¥*¥[(,n]. Then Qg is called

1. average nonnegative if > Q¢(w)(t) > 0 for all w € 5 and for all ¢t € Z.

t=—00

2. average positive if Y Qg (w)(t) > 0 for all nonzero w € I and for all t € Z.

t=—o00
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In Proposition 6.5 we state sufficient conditions for average positivity and average non-

negativity.

Proposition 6.5. Let ® € R¥*¥[(,n]. Then

1. Y Qo(w)(t) >0 for allw € 13 if and only if (™%, /%) > 0 for allw € [0,27) .

t=—00

2. > Qa(w)(t) > 0 for all nonzero w € I3 N (R¥)Z if and only if (™%, e/%) > 0
t=—00

for all w € [0,27) and det(®(£71,€)) #0

Proof. see Proposition 3.1 p. 35 of [30]. O

6.2 Dissipative systems

The study of how dynamical systems interact with environment in terms of energy
supplied, stored and dissipated was first introduced in [78]. Dissipativity means that an
increase in the stored energy cannot exceed the supplied energy. Dissipativity is useful
for various problems in systems theory including stability, stabilisability, LQ control,
system identification and model reduction (see [17, 21, 31, 55, 86, 83]). We introduce

some concepts of dissipativity.

Definition 6.6. Let ® € R¥*¥[(,n] and B € £¥ ... Then B is called

1. ®—dissipative if for all w € I5 N B it holds that

> Qa(w)(t) > 0.

t=—00

2. ®—half-line dissipative if for every T' € Z and for all w € (I§ N'B)|_s 1) it holds
that

T
> Qa(w)(t) > 0.

t=—00

Consider a case when some of the supplied energy is stored in the system. The stored

energy is also associated with a QdF defined as follows.

Definition 6.7. Let ¥, ® € R¥*¥[(,n] and B € £ .. be ®—dissipative. The QdF Qg
induced by ¥((,n) is called a storage function for B with respect to Qg if for all w € B
and all ¢t € Z, it holds that

Quu(w)(t) < Qa(w)(t). (6.1)
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Equation (6.1) is called the dissipation inequality, and explains the property that the rate
of change of the stored energy is less than or equal the supplied energy. To account for

the portion of the supplied energy which is not stored consider the following definition.

Definition 6.8. Let A, ® € R¥*¥[(,n] and B € Z¥ .. be ®—dissipative. Qa is called
a dissipation function for B with respect to Q¢ if QA > 0, and for all w € [5 N*B and
allt € Z

S Qaw)(t) = Y Qalw)).

t=—00 t=—0o0

Let B € £}

e @dmit an observable image representation

w = M(o)l (6.2)

where M € R"*[¢] and £ € (RY)Z. Now let ® € R¥*¥[(, 7] such that

> Qa(w)(t) >0 (6.3)

t=—o0
for all w € 1§ N*B and all ¢ € Z. By substituting (6.2) in (6.3) we get
Y. Qa(M(0)0)(t) =0
t=—o00

for all £ € (R*)? N 13. Therefore, instead of studying dissipativity along manifest trajec-

tories we can always study in terms unconstrained latent variable trajectories. Define
' = M(C) " (¢, m)M(n),

then
Qa(M(0)l) = Qo ().
We relate supply rate, storage and dissipation functions as follows.

Proposition 6.9. Let B € Z¥ .. and let ® € RI*V[¢,n]. Assume that B = im(M (o)),
where M € RY*Y(¢] is full column rank for all X € C. Then the following statements are
equivalent:

1. B is d—dissipative;

2. there exists a storage function for B with respect to Qo;

3. there exists a dissipation function for B with respect to Qa;

4. M(e77*)T®(e™99, )M (e7%) > 0 for all w € [0,27).



74 Chapter 6 Data-driven dissipativity

Moreover, let U, A € R¥*¥[(,n] be such that Qg and QA induce a storage and dissipation
function for B with respect to ®. Then there is a one-one relationship between Qy, QA
Qo described by

Quw(w)(t) = Qa(w)(t) — Qa(w)(?), (6.4)

for allt € Z and w € B, equivalently,

-1

¥(¢,n) =
Proof. See Proposition 3.3, p. 39 of [30]. O

Equation (6.4) is called the dissipation equality.

6.3 Dissipativity from data

In this section we develop our results on data-driven dissipativity.

Let B € Z¥ and @ € B[ o] be sufficiently informative (see Definition 2.41) about B
then for all W' € (I5NB)p,c) there exists a € R* such that @' = §(w)a. Let the Hankel
matrix associated with @' € (1§ NB)j9 o) be

w(0) w(l) w(2) a(0) 0 0 0
ey @@ @(3) a(l) a(0) 0
W)= i) w@3) ) a(2) a(l) a(0) 0 (6.5)
(i) Al
Now, let ® € R¥*¥[(,n] and denote by ® the coefficient matrix of ®. Compute
Qa(w')(0) Lo(@',0w')(0)  Lo(w',o*w')(0)
s o Ly(ow',0")(0) Qa(cw’,ocw’)(0) L@(O‘ ’)(0)
D) EHW) = | [ (o2, i)(0) Lo(o,0d)(0) Qo(0®d,o%i)(0)
(6.6)
and the trace of $(w')" ®H(w’)
tr(H(@) T eH(@) = Qu(d)(t) (6.7)

t=0
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From (6.5) H(0') = H(w).A(«), therefore,

tr(H(@) ' 2H(@)) = tr(A(a) (D) " PH(w)A()). (6.8)

From (6.7) and (6.8) @ € B9 o) can be used to determine if B is half-line dissipative

with respect to ® as we state in the following result.

Theorem 6.10. Let B € and ® € R¥*¥[(,n]| with the coefficient matriz denoted
by ®, and © € B|(0,00] Assume that w is sufficiently about B. The following statements

W
contr

are equivalent:

1. B is half-line dissipative with respect to P,

2. tr(A(e) T H(0)TEH (W) A(x)) > 0, for alla’ € R such that $(i0') = H(w).A(a)
and W' € (150 B)[0,00]-

Proof. We proceed to prove (1) = (2) as follows. Assume that B is ®—half-line dis-
sipative and recall that tr(A(a))T$H (@) ®H(d)A(a)) = Qa(w')(0) + Qe (@) (1) + - =
> Qo(w')(t). Now by the assumption that B is ®—half-line dissipative it follows
=0

that io: Qa(w')(t) > 0 for all @ € (I§ N B)|jo,0c) Which implies for all a such that
w = Jﬁ( Ja € (15 M B)|0,00) then tr(A(a)) " 5(@) T ®H(w)A(a))) > 0.

2) = (1) Assume that tr(A(a)' H(w)" @H(w)A(x)) > 0 for all @ such that @' =
H(w )a € (I5NB)j0,0c]- Now since tr(A(a ))TYJ( )15 () A(@)) = Qa (@) (0)+Qa (') (1)+
= 3 Qa(@)(f) then it follows that S° Qa(d@)(f) > 0, therefore, S° Qa(i)() > 0
for alltzosuch that @' = H(w)a € (15N ’Bt)T[gm] which implies that B i;t:}?alf—line dissipa-
tive with respect to the supply rate Q. ]

Since we are dealing with data, in practical terms data is normally of finite length,
therefore, we need to develop dissipativity condition on finite data. First consider the

following definition.

Definition 6. 11 Let B € ¢ € RI*¥[(,n] and L € Zy. B is called ®—L-

contr )

dissipative if Z Qa(w)(t) > 0 for all w € By 1)
t=0
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Now, let " € R~ and define the matrix Asy (o) € R2*E by

a(0) 0 0 0
a(l) a(O
a(2) a(1) a(0)
Ao (a) == a(.L) a(L‘— 1) a(L.— 2) a(‘O) ’
0 o) a(l-1) a(l
I 0 0 0 0‘(.[’)_

Let ® € R¥¥¥[¢, 7], and assume that the effective size of ® is N € Z,. Choose L € Z
such that L > N denote by ®;, the L x L matrix

D o Dg 1 e Dy N Owx (L—N)w
P10 P11 e Dy N Oux(L—N)w

@L - : )
DN Py e PN N Oux(L—N)w
_O(LfN)wa 0(LfN)wa O(LfN)wa O(LfN)wa O(LfN)wa_

Finally, let ' € N, w € B} be sufficiently informative about % and denote the Hankel

matrix of depth L and finite number of columns 2L associated with @ by $r, o1 (w).

Theorem 6.12. Let B € L~

contr*

Furthermore, let L € Z4 w € Bo 1], o and d; as
above. B is ® — L-dissipative if and only if for all
tr(Asr (@) " Hrxar (@) T PLHLxor (@) Azr () > 0.

Proof. Follows the same argument in the proof of Theorem 6.10. O

In the following Proposition we give the relationship between ® — L-dissipative and

®-dissipative.

Proposition 6.13. Let B € Z% .. and L € Z, , & € R¥¥[(,n]. If for all w € [5N*B
and to € Z there exist w' € By, 441 satisfying w(t) = w'(t) for to <t < to+ L such

to+L
that > Qa(w')(t) > 0 then B is P—dissipative.
t=to
to+L [e%)
Proof. Since for all L long samples of w it holds that Y Qa(w)(t) > 0then > Qo (w)(t) >
t=to —00
0, hence, B is ®—dissipative. O

Remark 6.14. A possible future research direction is to investigate if ® — L—dissipativity

can prove ®—dissipativity and to come up with an effective way of verifying conditions
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of Theorem 6.10. We believe a possible starting point would be to consider how to infer

the storage function from data. O

6.4 Summary

We have shown a necessary and sufficient condition to determine whether a system is
dissipative with respect to a given supply rate using data. We have also introduced the

notion of L—dissipative for finite observed trajectory.






Chapter 7

Flatness and parametrizations

7.1 Introduction

The notion of differential flatness for continuous-time system was first introduced in
[14] in 1995. Since then it has been studied by several authors see [12, 15, 34, 35, 66],
and applied to some control problems [29, 49, 66, 97]. Differential flatness or simply
flat/flatness, is a property of systems where by the system variables such as the state,
inputs and outputs variables are parametrized by a set of free variables and a finite
number of derivatives of these free variables. These free variables are called flat outputs
or linearly flat outputs in the case of linear systems. Discrete-time flatness, i.e. difference
flatness, was first studied in [66] then in [6, 16, 28]. In the discrete setting, system
variables are parametrized by flat outputs and a finite number of their backward and/or
forward shifts.

In the behavioural framework flatness is first mentioned in [66] and covered in more
details in [72] for a class of linear time-invariant systems. The author of [72] defines linear
flat systems as systems whose behaviour admits an observable image representation with
the flat outputs as the latent variables and this is proven in Theorem 5.1 p. 54 of [72]. In
the theorem, it is also shown that flatness is preserved under unimodular transformation

of the image representation.

In this chapter, in a behavioural setting, we shall propose a different definition of linear
flatness. The definition is based on trajectories, consquently, we accomodate cases when
there is a partition of manefist variables such that some of the manifest variables are the
flat variables. We also present a characterization of the image and kernel representations
of flat systems, see [36] for characterization for flat outputs. In [36], flat outputs are

characterized by polynomial matrices which the authors calls defining matrices.

We show how given an observable image representation, one can find flat variables by

finding a square sub-matrix of the image representation with a constant determinant. We

79
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then study how our results on characterization of the image and kernel representations of
flat system fit with the notion of control as interconnection. We give a characterization
of the kernel representation of a controller interconnected with a flat system via full
interconnection. The case of partial interconnection is also studied. We prove necessary
and sufficient conditions for the control variable to be the flat variables. Finally, we give
a characterization of all controllers that interconnect with flat systems via the control

variables.

We end the chapter by showing a parametrization of all controllable controlled be-

haviours and all controllable controllers

7.2 Flat systems

Consider a system

z(t+1) = f(z(t), u(?)) (7.1)
where t € Z, x(t) € R® is the state, u(t) € R™ is the input and f: R* x R® — R™
Definition 7.1. The system in (7.1) is called difference flat (or simply flat) if there
exist non-negative integers p, q and functions h : R® x R®+ln _ Re . Rlathm _y po

B : R@tDm _ R™ such that (z,u) satisfies (7.1) if and only if there exists y(t) € R™ such
that

a(y(t)7 ay? U2y7 MR O'qy)
ﬂ(y(t)7 Uy? U2y7 AR 7qu)7

S 08
—~~
~+ (8
— ~—
il

and
y(t) = h(z(t),u(t), ou,o?u, ..., oPu).

In other words, (7.1) is flat if there exists a set of independent variables y called flat
outputs such that z and u are functions of these flat outputs and a finite number of their
backward shifts.

We turn our attention to the concepts of flatness covered in [72]. We state the discrete

version of definition of linear flat behaviours of [72] as follows.
Definition 7.2. Let B € Z¥. B is called linearly flat if there exists a non-negative
integer 1, matrices M € R"¥1[¢] and L € RY*¥[¢] such that

i. B = {w | there exist ¢ € (R*)% such that w = M(0)(},

ii. £ € (RY)Z such that i. holds implies £ = L(co)w.
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From Definition 7.2 linearly flat system behaviours are those that admit an observable
image representation as already mentioned. Furthermore, if i)-ii) in Definition 7.2 holds
then £ is called the linearly flat latent variable for 8.

The following is worth noting about Definition 7.2:

e The definition does not use basic fundamentals of behaviours, i.e. systems are

defined as trajectories not using representation;

e As a consequence of using representations in the definition only latent variables

can be considered as flat variables;

e Controllability is implicitly assumed, since only controllable systems admit an

image representation.

Consider the following example, which we shall also use later in the discussion of our

proposed definition of flatness.

Example 7.1. Consider the example of motorized stage Example 6.2 pp. 168-170 of
from [34]. See Figure 6.6, p.168 of [34] for the positioning system and the parameters;
M moving mass, Mp base mass, k stiffness coefficient and r damping coefficient. The
system has two manifest variable col(x,zp) and the manifest behaviour of the system
is induced

Ri= |ME Mpg + 7€+ k] (7.2)

In order to define flat variable on p.170 the authors introduce a latent variable y such

that now the system admits an observable image representation induced by

L(Mpe +ré 4+ k)
M = [k M o (7.3)
-%€
with the left inverse of M
Li=[1- 46 (Mp—r?) - Mare] (7.4

In this case the system whose behaviour is induce by (7.3) is flat since col(x,zp) is a
function of y and y is free. Moreover, y can be defined as a function of col(z, zp) using
L. O
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We now state our definition.

Definition 7.3. Let B € .Z". Then B is called linearly flat if there exists a partition

of the manifest variables (wj,ws) such that:

a. wy is free,

b. wsy is observable from w;.

From Definition 7.3 it follow that if (a) and (b) holds then wy is called linearly flat

variable.

The following is worth noting the following about Definition 7.3.

ii.

iii.

v.

vi.

Proposition 7.4. Let B € £7. If B is flat then B € L}

It is representations free and the flat variables are not restricted to be the system

latent variables in contrast to Definition 7.2.

It can be shown that Definition 7.2 is a special case of Definition 7.3 where the

system admits a minimal hybrid representation

with R = I, and M () full column rank for all A € C. Clearly, in such cases w is

observable from ¢ and /¢ is free.

The Definition is not such that one need to introduce some latent variable in order
to define flat output as in Example 7.1. Furthermore, in the case where one has to

introduce latent variables like in Example 7.1 then the definition still holds.

Like in [72], the number of flat variables is not required to be equal to the number

of inputs of the system. We shall elaborate on this point later in this section.

. In the case B = (R¥)Z then B is flat if the wy variables are non void, otherwise, B

is not flat.

B is not required to be controllable. However, one can readily see that indeed the

definition implies controllability as we sure in the result.

contr*

Proof. From Definition 7.3, then there a exists a partition of the variables (w1, ws) of

B such that w is free and woy is observable from wq. wo is observable from w; implies
that there exists M € R¥2*¥1[{] such that wy = M (o)w;. Now since w; is free then it

follows from Theorem 2.16 that B € £

O

nir:
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We now present a characterization of the image and kernel representation of flat systems.

Theorem 7.5. Let B € LY .. and assume that M € RY*¢] full column rank for all

ontr

A € C and R € R&Y[E] full row rank are such that B = im(M (o)) = ker(R(o)). The

following statements are equivalent:

1. B is flat,
2. there exists a unimodular sub-matriz U € R¥€] of M and a matriz P € RF—1D>X1[¢]
such that
Myt = | B
P 9

3. there exist Ry € RUYX1[¢] such that [Rl —I(w_l)} induces a minimal kernel

representation of ‘B

4. there exists a partition of R = {R’ R”} , with R’ € R&*Y¢] and R" € R&*8[¢] such

that R" is unimodular.

Proof. We start by proving the equivalence between (3) and (4). (3) = (4) Notice
that [Rl -1 (w—l)] is full row rank, hence, it induces a minimal kernel representation.
Define g := (w — 1), R’ := Ry and R” := —I;. Since R” = —I, then R" is square and
has a constant determinant, hence, R” is unimodular.

The proof of (4) = (3) is as follows. Since R” is unimodular then there exists U’ €
Re*e[¢] such that U'R" = —Ig. Define g =: (w — 1) and R; := U'R’ then

vR R =[R ~Iu),

moreover, |Ry —1 (w—l)} is full row rank, hence, it induces a minimal representation of
B.

Now we prove (1) <= (3). We start with (3) = (1), let w € B and partition w =
col(wi,wy) with respect to the partition of [Rl —I(wfl)}. Then

Rl(U) _I(wfl)} [w1] :0,

w2

hence, wy = Ri(0)w; which implies that wy is observable from w;. Moreover, wy =
Ri(0)w; does not impose any restrictions on wy, therefore, w; is free. From Definition
7.3 then B is flat.

(1) = (3) Let B be flat with a flat partition col(w;, ws) where w; is the flat variable.

(w—1)x1

From Definition 7.3 since ws is observable from w; then there exists F' € R such

that wy = F(0)w;. Therefore,

P —Iu)| ) [Zj =0
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induces a minimal kernel representation of 8. To conclude the proof define R; := F.
We proceed to show the equivalence between (2) and (3).
(3) = (2) Let B = ker ({Rl(a) - W,ID and notice that

I

I
It follows from Proposition 2.18 that [R
1

1 . .. . .
] induces a minimal image representation of

B. Define P := R; then

I )
B —im =im(M(o
( o ) (M(0))
Partition
[M1]
M =
M>

I
appropriately with the partitions of [;] . By the assumption that M is full column rank

I
for all A € C and the fact that two matrices ; and Ml induce an observable image
2
representation of the same behaviour if and only if there exists a unimodular matrix

W € RY1[¢] such that
M1] W

My

I
P

see Proposition 2.23, then I, = M;W. Now since W is unimodular then M; = W~!. To
complete the proof define U := W1,
(2) = (3) Let P be such that

w1

w2

with ¢ € (R*)Z. Then w; = ¢, and this implies that wy = P(c)w;. Therefore,

Plo) ~I] [“”] — 0,

w2

define Ry := P then B = ker <[R1(cr) - wd]) . O

Remark 7.6. Given an image representation B = im(M (o)), finding flat manifest vari-

ables involves finding an 1 x 1 sub-matrix of M with constant determinant. O

Let w € 9B, recall that a partition of the variables of B defined by w =: col(wi,ws) de-

fines an input/output partition if w; is maximally free. Furthermore, let B = ker(R(0))
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where R € R&*V[(] is full row rank, from Theorem 2.30 an input/output partition
is equivalent to a partition of R = [—Q P] with @@ € Re&*"[¢], P € R&*€[¢] and
det(P) # 0.

Corollary 7.7. Let B € £ be flat with a flat partition of variables col(wy,ws) and wq

the flat variable. Then wy 4s mazximally free.

Proof. Since B is flat it follows from Theorem 7.5 that [Rl -1 (w_l)} induces a minimal
kernel representation of 8. Define @ := Ry and P := —I(,_y) then det(P) # 0. Therefore,

[Q P] is an input/output partition, hence, w; is maximally free. O

It follows from Corollary 7.7 that flat variable are maximally free, consequently, the

number of flat variables is equal to the number of inputs.

Example 7.2. Let 8 with a kernel representation

wy
2
1 -1 0
o 2, (7.5)
c+1 oc*+0c —o—1 1| |w;
R Wy

Since rank(R(\)) = rank(R) = 2 then ‘B is controllable, hence we can find an observable

image representation of by finding unimodular matrices

—£—-1 1
U .= $
-1 0
and
000 1
0 01 -
V.= ¢
01 ¢ 1
1 00 & +¢&2
such that
1
URV = 000 .
01 00
Define
0 0 0 1
M=V 00 = 1 -¢
10 & 1
0 1 0 &4¢2
and
_ 0010 v-1_ E1 00 ‘
00 01 1 0 00
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Then B admits an observable image representation

w1
V4
w2 :M(U)H’
w3 52
Wy
moreover,
w1
V4
L) |2 :H
w3 EQ
Wy

Compute 2 x 2 minors of M and the submatrix of M with constant minor is

0 1

Uy = ]

1 ¢

Define

1 0
0 1

M =MU = |
E+1 ¢
£+ 0

Now rank(M’()\)) = 2, hence, B also admits an observable image representation

w1 1 0

wo | 0 1 (41
w3 o241 o [Eg]
Wy o3+ 0

with col(wy,ws) as the flat variables. Notice that B also admits a kernel representation

o241 o =1 0| |we
o3+02 0 0 -1

Finally, notice that m(*8) = 2 and the flat variables are wj, we, hence, the number of flat

variables is equal to the input cardinality. ]

7.3 Flatness and control as interconnection

In this section we study the control of flat systems using the interconnection paradigm

introduced in Chapter 3. We show a characterization of the kernel representation of
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controllers interconnected with flat systems via both full and partial interconnections.

In the partial interconnection we also study full information control.

7.3.1 Flatness and full interconnection

We start with a characterization of kernel representations of controllers that implements
a given controlled behaviour via full interconnection with a flat system. We shall use
P, K and C to denote the to-be-controlled system behaviour, controlled behaviour and

controller behaviour, respectively.

Theorem 7.8. Let P ¢ &Y

oty D€ a flat to-be-controlled system with a flat partition

(w1, wz) and wy the flat variable. Assume that C regularly implements KK C P. Then
there exists
C = [01 o} e R*¥[g], (7.6)

such that C = ker(C(0)).

Proof. Since P is flat with w; as the flat variable then it follows from Theorem 7.5 that

P admit a minimal kernel representation

R(o) -1 [Z;] — 0.

Now, I C P implies that a controller C exists implementing /C, see Theorem 3.2. Let
C = ker(D(o)) where D induces a minimal representation and partition D appropriately

with respect to the partitions of [R —I} , l.e.
—I
K = ker B(o)
Di(o) Da(o)

Since [R —I} and D are full row rank and by the assumption that C regularly im-

plements K then K induces a minimal kernel representation of I, see Proposition 3.7.

Define the unimodular matrix

I 0
U .= .
Dy 1
Pre-multiply K by U
R -1
UK =
C: 0
where C := DsR + D;. Now since U is unimodular and pre-multiplication by a uni-

modular matrix does not change the behaviour then

K =ker(K(0)) = ker(U(o)K(0)).
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Moreover, since C regularly implements K then C = ker ([C’l (o) O} ) O

Let C € £¥ and define a componentwise partition of w € C by w =: col(w1, ws). Assume
that C € R € R**¥[¢] induces a minimal kernel representation of C. Define a partition
of the columns of C' =: |C; (5| appropriately with respect to the componentwise

partition of w.

Definition 7.9. C is said to act only on wo if C7 = 0.

From the above definition, we say C acts only the wy if C admits a kernel representation
of the form ker ([O.Xw CQ(U)D .

From the literature, it has been shown that flatness is useful in solving problems like
reference tracking and motion planning, see p.73 of [36]. Therefore, once the flat output
are obtained the control of the system can be done by restricting only the flat outputs.
Consequently, in the case of flat system covered in this work, if one get a representation
of a controller that interconnects with a flat system such that the controller is not
only acting on the flat output it is then necessary to find a representation such that the
controller acts on the flat output. Moreover, such a representation always exists as shown
in Proposition 7.8. Another case where they may be the need to find a controller acting
on some of the variable is in Example 5.3.3 on Chapter 5. Notice that in the example, in
Figure 5.2 the desired behaviour, the controller is acting only on the variables col(is, v).
From the results of Algorithm 6 the representation of the controller is such the controller
is acting on all the variables, see (5.9). Clearly, in this case for easy synthesis of the
controller it is necessary to find a representation of the controller such that it is acting

on col(is, v).

In the following results we show how to use a kernel representation of P to find a kernel

representation of C, [O. “w CQ(O'):| , given any kernel representation of C.

Proposition 7.10. Let P be the to-be-controlled system and assume that R € RE*V[¢]
is full row rank and is such that P = ker(R(0)). Define a partition of the columns of
R =: [Rl RQ} appropriately with respect to the partition of w = col(wy,ws) above.
Assume that I C P and that C regularly implements K. Furthermore, assume that C
can act only on the wo wvariables. Then for any minimal kernel representation of C,
C = [C{ Cé} € RY[¢] partitioned with respect to the partition of w = col(wi,w2)
with C} # 0, there exists a unimodular matriz U € RETIXE&H)[¢] defined by

U:= fe Ogue
U —I
such that
Ry Ra| R Ry
0 O cr ooyl
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Furthermore, let G € R**€Y)[¢] be such that its rows are a basis of the left syzygy of
Ry
C1

then

R Ry

[o 02}:0 o

(7.7)

Proof. Since both [Rl R2:| and [C{ C’é} induce minimal representation of their re-

spective behaviours and C regularly implements & then it follows from Proposition 3.7

R

C’} C?] induces a minimal kernel representation of K. Now by the assumption
1 2

that C can act only on the wy variables and the fact that pre-multiplication of a kernel

that

representation by a unimodular matrix does not change the behaviour induced by that

kernel representation then U exists such that

Ry Ryl |R1 R
0 Cy| |¢ oyl
. . . . R1 Ry
Now to show the structure of U partition U appropriately with the partition of ool
1 G2
ie.
Ry Ryl |Un Uiz [ R
0 Oy Uy Uzl |C] CY

where Uy € Rng[ﬂ, Uys € RgXt[f], Uy € Rth[ﬂ and Uyy € RtXt[ﬂ. Then

Ry =Un Ry + U2Cy
Ry = U1 Ry 4 Up2Cy
0 = UioR1 + Uy (1.

From first two equations above and the fact that col(R, ") is full row rank, this yields

I, 0
Uy = I and Upz = Ogxs, hence, U = | & &1 From 0 = Uy Ry + UxpC} and
U Us
assumption that C act only on the wy variables then Uss = —I;, therefore, U =
I, 0
Ug g;t . Define U’ := Us, furthermore, define Cy := U'Ry — CY,.
21 —lt

Now to show (7.7), notice that

Ry
1

Otxm = [U/ _It:|

Let M be the R[¢]-submodule of R *(&+%)[¢] generated by the rows of [U’ —It} . Since
all R[¢]-submodules of R'*®[¢] are finitely generated and have a basis, then M has basis
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generators ai,...,ay. Define G := col(ay,...,at), and partition G = [G1 Gg] with
respect to the rows of Ry and Cf. Compute,

{G1 GQ} gi ]gz = [Otxm Gi1Ry + Gzcé} ;
define Cy := G1 Ry + G2C). Hence, C = ker ([Otxm CQ(O')]) ) O

It follows from Proposition 7.10 that to find C' = [C’l O] in Theorem 7.8 it is sufficient
to find a matrix G whose rows are a basis of the left syzygy of col(—1I, D), then C' = GK.

We illustrate the above procedure with an example.

Example 7.3. Let the to-be controlled system with a kernel representation

1 1 w
o+ = 1 -0 — — 0 W
. L 4 1| | =0 (7.8)
= —0— = 2
o+ 3 o 3
w3
be interconnected with a controller
w1
603 24110 2417 170 693 26290 3833 n 170 wa | 0
5000 10000 10000 10000 10000 5000 5000 10000 |ws '
W4
Hence, the controlled behaviour admits a kernel representation
1 1
o+ - 1 —0— — 0 w1
2 4
1 1 w2
0 o+ 3 1 —0-3 =0.
603 24110 2417 170 693 26290 3833 n 170 w2
5000 10000 10000 10000 10000 5000 5000  10000J L*3
:;rD

We aim to find a kernel representation of the controller acting only on the variables ws

and wy4. Define the matrix K as the first two columns of the matrix D, i.e.

1
o+ B 1 )
K = 0 o+ g
603 24110 2417 170

5000 10000 10000 10000

Using Singular we compute the left syzygy of K as

B 24110+1391 170 n 3 +1
~ 110000 " 4865 10000 < 5000 ° "3




Chapter 7 Flatness and parametrizations 91

Consequently, by left multiplying D by G we get a kernel representation of the controller

acting only on w3 and wy as

w1
32902 7670 123 9590 1200 | |we
429 2000 2888 1250 4693 |ws

W4

00 —

7.3.2 Flatness and partial interconnection

Let Pryy € Z¥F¢, in the following result we give necessary and sufficient conditions for

(w, ¢) to be a flat partition with ¢ as the flat variable.

Proposition 7.11. Let Py € L7, ¢ is a flat variable if and only if w is observable

from ¢ and c is free.
Proof. The proof follows from Definition 7.3. O

From Proposition 7.11, clearly not all Py, € £¥1¢ are flat as we discuss. Let P =
Iy (Pru) and N € Z¥ defined by (3.2) be such that A/ C P. If we assume that N
is not trivial then there exists (w,0) € Py, with non-zero w. In this case w is not
observable from c. Therefore, flatness for Py, with flat partition (w,c) and c as the flat
variable is only possible in the case N' = {0}, henceforth we focus on full information
control. Recall that under full information control the to-be-controlled variables w are
observable from the control variables c. Therefore, Py, flat with c as the flat variable is
a necessary condition for full information control. Now we state under which condition

does full information imply flatness.

Theorem 7.12. Let R € R&*¥[¢] and M € R&*°[¢] be such that R(c)w = M (o )c induces
a minimal hybrid representation of Pryy. If w = g and w is observable from c then Py,
1s flat.

Proof. Let w = g then R is square, furthermore, since w is observable from ¢ then R

admits an inverse. Consequently, Py, admits a minimal kernel representation

C
]:O’
w

where F := R™'M. Therefore, it follow from Theorem 7.5 that Prun is flat and c is the
flat variable. ]

Flo) -1
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Under the conditions of Theorem 7.12 we now show a characterization of kernel rep-
resentations of C, a controller that implements some controlled behaviour via partial

interconnection with c.

Theorem 7.13. Let Py € LV be flat with ¢ as the flat variable then there exists

R’ € R&%¢[¢] such that
[R(0) ~L] H —0

induces a minimal representation of Pryy. Furthermore, let Ry € R&*C[{] and Ry €
Re&*&[¢] with Ry unimodular be such that

Prun = ket (|Ri(0) Fa(o)))

induces a minimal representation as well. Let a full row rank matric D € R**¥[¢] be
such that I = ker(D(0)). Assume that K is implementable by partial interconnection
through c with respect to Pruy. Then the following statements are equivalent:

1. C € R**¢[¢], is such that C = ker(C(0)) implements KC,

2. <C >=< DR >,

3. <C >=< DRy;'Ry > .

Proof. The existence of R/, Ry and Ry such that

B ru = ker ([R’(a) —IWD = ker ([Rl (o) RQ(U)])

follows from Theorem 7.5. Now recall that if I is implementable via partial interconnec-
tion of Py with C then K is defined by (3.1). We start with the equivalence between
(1) and (2). (2) = (1) is as follows. Assume that < C' >=< DR’ > . Let (w, ¢) € Pruy
such that ¢ € ker(DR/(¢)) then DR'(¢)c = 0. Since Pjyy = ker ([R'(o—) — Iw]) then

C
=0,
w

[R(o) -1 [

hence, w = R/(o)c. Substitute R'(c)c = w into DR'(0)c = 0 then D(c)w = 0. Now since
K = ker(D(0)) then w € K. Consequently, (w, c) € Pyyy is such that ¢ € ker(C(0)) and
w € K, hence, C implements .

(1) = (2) Assume that C implements K, we need show that C = ker(DR/(c)) then it
follows directly that < C' >=< DR’ >. We start with the inclusion C C ker(DR/(0)).
Let (w,c) € Pgyu such that ¢ € C and w € K. Now since Py, = ker ([R’(a) —IWD

then

Cc
w

R(o) 1] [
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hence, w = R'(0)c. Moreover, since K = ker(D)(o) then D(o)w = 0. Substitute w =
R'(c)c into D(o)w = 0 then DR/(c)c = 0. Therefore, ¢ € ker(DR')(c) which implies
that C C ker(DR'(0)). Now to show the inclusion C D ker(DR'(0)), let ¢ € ker(DR/(0))
and w € ker(D(o)) then DR'(0)c = 0 and D(o)w = 0. Therefore, DR'(c)c = D(o)w

which implies that R'(o)c = w. Hence,

[R(0) ~L] m —0.

Now since Py, = ker ([R’(a) —IWD then (w,c) € Pyyy. Since ¢ € ker(DR/(0)) then
ker(DR/(0)) implements K. Now by the assumption that C implements I then there
exists ¢ € C such that (w,d) € Ppuy. From Ppy = ker ([R’(a) —IWD then w =
R'(0)d and w = R/(0)c. Hence R'(0)c = R/(0)c, therefore, ¢ = ¢’ which implies that
¢ € C. Consequently, C D ker(DR/(0)).

(1) <= (3) Let Ry' be such that Ry 'Ry = I, then

B! |Bilo) Relo)] = |y Ralo) L.

Since Pryy = ker ([Rl (0) Ra (U)D induces a minimal representation and R 1is uni-

modular, then Py, = ker ([R; 'R (0) IWD . The rest of the proof follows from the
same argument used to prove (1) <= (2). O

It follows from Theorem 7.13, that given a desired behaviour that is to be implemented
via partial interconnection with a flat system with the control variable flat, finding a

controller amounts to finding a basis of a module generated DR’

7.4 Parametrizations

In this section, we show a parametrization of the image representation of all imple-
mentable £ € £ . . In the literature, parametrizations has been studied in: [33],
where a parametrization of all stabilizing controllers has been presented for the case of
full interconnection; and [51] where the problem of parametrization of all controllers and

stabilizing controllers has been solved for both full and partial interconnection.

Let P € £%,,; and K C P, we consider a case where the manifest controlled behavior

K is specified by restricting the latent variables, i.e.



94 Chapter 7 Flatness and parametrizations

where M € R¥¥1[¢] induces an observable image representation of P and C' € R¥*}[¢]

induces a minimal kernel representation of the controller acting on the latent variables
of P.

Theorem 7.14. Let M € R¥*}[¢] induce an observable image representation of P, 1 >k
and C € R¥¥[E] be full row rank for all X\ € C. Assume that there exists a unimodular
matriz G € RYY¢] such that CG = [Ik Ol_k} . Define

MG =: [Ml MQ}

with My € R¥>*A9[¢] and assume that K € L

ety 15 implementable. Then the following

statements are equivalent:

1. K is defined by
K :={w | 3¢ such that w = M(o)¢, C(o)l =0},

2. Ms induces an image representation of K,

3. there exist K € R*™Q=9[¢], such that K(\) is full column rank for all X € C, such
that im(K (o)) = ker(C(0)) and K = im((MK)(0))

Proof. We start with the equivalence between (1) and (2). (1) = (2) Define ¢ :=
G~!(0)¢ then
K= {w | w= MG(0)?, [fk ol_k} (o)l = o} .

Now partition ¢ = col(¢}, ¢}) with respect to the partition of [Ik Ol_k] then

therefore, £ = im(Mz(0)).

(2) = (1) Since P = im(M (o)) then w = M (o)l for some latent variable £. Now since
MG = {Ml Mg} then

w= [Ml M2:| G (o).
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Define G~1(o)¢ =: col(¢],¢4y) with respect to the partitions of [Ml Mg} . Since w =
My (o)l for some latent variable ¢ then for all w € K

A

/

M1 M) (@) |, | = Mo

My (o) + Ma(o) [zg —r] =0
-
-0

(M1 2 (o) [

Since M induces an observable image representation then [M 1 M2:| admits a left inverse

=]

Hence, ¢{ =0 and ¢4 = ¢'. Therefore,

G o) = H .

which implies that

gl

Partition the rows of G~! appropriately with respect to the partition of col(0, ), i.e
G~ =col(G7Y, G5 Y. then
0
(o) = L/] .

K:={w|w=M(o)l, C(o)l =0}.

Define C := G7' then

(1) < (3) Since CG = [Ik Ol_k} partition G = [Gl GQ] with G1 € RY¥[¢] and
Gy € R1*(1-K) [€] then CGa = 0. Define K := G2 then it follows from Proposition 2.18
that im(K (o)) = ker(C(c)). The proof of (1) = (3) is as follows. Let the manifest
behaviour of I be

Since im(K (o)) = ker(C(0)) then ¢ = K(o)l', therefore, w = MK (0)?'.
(3) = (1) Let £ = K(0)¢'. Now since K = im(M K (0)) then w = M K (c)¢ implies that
w = M(o)l. Since im(K (o)) = ker(C(c)) then C(0)¢ = 0 then the manifest behavior of
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IC is given by

O]

Assume that P is flat with (wq, ws) as the flat partition of the variables P and wq the flat
variable. We show a characterization of a controller C that implements I in Theorem
7.14.

Theorem 7.15. Under the assumptions of Theorem 7.1/, let w = col(wy,w2) be a flat

partition with wy flat. Then statements (1)-(3) in Theorem 7.1/ are equivalent with,

4. let C" € R¥*Y[(]. Then there exist a unimodular matriz U € R[] such that

C=C'U and
C'(0) 0] [wj —0

implements K.

Proof. Since P = im(M (o)) where M induces an observable representation then

w1 N . Ml(a)
o] = 1]

w2

Now since w; is flat it follows from Theorem 7.5 that M; is unimodular, which implies
¢ = M o)w.

Now we prove (1) <= (4). Since C(c)¢ = 0 then (CM; )(o)w; = 0. Now Define
C':= CM;" then

C'(o)w; =0
which implies
C'(0) 0] !“”] —0
w2
implements K. Now define M7 =: U which completes our proof. O

In Theorem 7.17 we show another parametrization of the image representation of con-
trollable controlled behaviour. First consider the following standard result about left

prime matrices.

Lemma 7.16. Let R € R&¥V[¢] be left prime. Then there exists a matriz R’ € R(¥"8)x¥[¢]

such that col(R, R') is unimodular.
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Proof. Follows from Lemma 8.1.20 p.290 of [77]. O

See Algorithm 2.1 p.2183 of [71] on how to compute R’ in Lemma 7.16.

Theorem 7.17. Let full row rank R € R&V[{] and C € R*V[¢] be such that P =
ker(R(0)), C = ker(C(0)). Assume that P € L3 ..
K e 2. via full interconnection with P. Then, there exists a matriz S € RE—*¥[¢].
with t = ¢ 4+ g, such the matriz T € R¥*¥[¢] defined by T := col(R, C, S) is unimodular.
Let K € R"V[¢] such that TK = I; and partition K = row(N,Q, M) such that N €
R¥*€[¢],Q € R (=8 and M € R™6Y[¢] are all full column rank for all X € C.

Hence,

and that C regularly implements

R 100
cl[v @ M=o 1 0 (7.9)
s 00 I

Then P = im(|Q(c) M(0)]) and K = im(M(0)).

Proof. Since C regularly implements K and both R,C are full row rank then col(R, C)
is full row rank, see Proposition 3.7. Moreover, since K is controllable then col(R, C) is
left prime. Therefore, the existence of S such that 7" is unimodular follows from Lemma
7.16. To show that P = im([Q(c) M(o)]) from (7.9) since R( [Q M]) =0 and R
induces a minimal kernel representation of P then it follows from Proposition 2.18 that

row(Q, M) induces an image representation of P. Now since

R
M =0,

R
and o induces a minimal kernel representation of K then it follows from Proposition

2.18 that M induces a minimal image representation of /. O

We end this section by showing a parametrization of all controllable controller that
implements controllable controlled behaviours. Recall that in Theorem 5.8 both C and
D were not required to be elements of .S .. and £¥

contr contr>
we consider when both C € .Z¢ .. and D € £

contr-*

respectively. In the next result

Theorem 7.18. Let D € £ .. and assume that My € R¥*}¢] induce an image rep-
resentation of D. Under the assumptions of Theorem 5.8, then the following statements

are equivalent:

1. Ce Z:,, implements D,

ontr

2. C = im((NRM:)(c)).
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Proof. Let Py, Y, N,D,G and R as in Theorem 5.8.
(1) = (2) To show C C im((NRM;)(o)) let (w,c) € Py such that w € D and ¢ € C.

Since c is observable from w then

c=Y(o)w
= (NR+GD)(o)w

Now since D € .£"

e, then w = M (o)¢ for some latent variable ¢, consequently,

¢ = (NRM,; + GDM;) (o)L

Now since
D = ker(D(0)) = im(M;(0))

then it follows from Proposition 2.18 that DM; = 0, hence, ¢ = (NRM;)(o)¢. To show
the converse inclusion, let (w,c) € Py such that w € D and ¢ € im((NRM;)(0)).
Since ¢ corresponds to w € D and C implements D then it follows from Proposition 4.10
¢ € C. Hence, C O im((NRM;)(0)).

(2) = (1) Let ¢ = (NRM;)(o)l. Since D = im(Mj(c)) then there exists w € D such
that

= (NR)(o)w +0
= (NR)(o)w + (GD)(o)w,

such that (w,c) € Ppyy. From Proposition 4.10 (w,c) € Pyyuy such that w € D then
¢ € C. Therefore, C implements D. O

7.5 Summary

We have studied flat systems, presented a trajectory based definition of linear flat sys-
tems. Using this new definition we characterized image and kernel representations of
flat system and shown how to find flat outputs given an observable image representation
of a flat system. We then characterized a kernel representation of a controller intercon-
nected with a flat system via full interconnection. We have shown how to find the kernel
representation such that the controller only acts on the flat variables. In the case of
partial interconnection we showed under which conditions are the control variables flat.
Then under such conditions we gave a parametrization of all controllers that acts of on
the control variable. Finally, we gave a parametrization of of the image representations

of all controllable controlled behaviours.
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Conclusions and future work

We have developed new results on data-driven control and flat systems. Our data-
driven results are such that the data is used to find a representation for a controller
that implements the desired behaviour. We have also shown a parametrization of all
controllable controllers and image representations of controlled systems. Finally, we
proposed a trajectory-based definition of flat systems; based this definition we showed a
characterization of the kernel and image representation of flat systems. We also studied

the control of flat systems using interconnection.

In Chapters 2 and 3, we focused mainly on setting up the tools, i.e. definitions and math-
ematical results necessary for the results developed in Chapters 4,5,6 and 7. Therefore,
the material covered in Chapters 2 and 3 is taken from various sources in the literature,
all of which have been referenced within the chapters. In Chapter 2, we covered concepts
of the behavioural framework for linear time-invariant difference systems. Chapter 3 is
dedicated to the theory of control as interconnection. We discussed the two types of
interconnections namely full and partial interconnections. We also studied the notion of

implementability, and regular interconnections.

Chapter 4: Using partial interconnection, we developed a data-driven solution to the
problem of finding control variables such that the to-be-controlled variables follows a

prescribed path for a given finite time interval. The solution is characterized as follows.

e In Theorem 4.3, we showed how to compute a trajectory of the desired behaviour
using a trajectory of the to-be-controlled system. Then in Theorem 4.6, we proved
sufficient condition under which such a trajectory computed in Theorem 4.3 is

sufficiently informative about the desired behaviour.

e Under the assumptions of Theorem 4.6, in Theorem 4.9 we showed how to find a
trajectory of the desired behaviour that is equal to the given prescribed path for

the given time interval. Then, under the assumption that the control variables

99
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are observable from the to-be-controlled ones, we compute the control variable
trajectory that corresponds to it. Finally, in Lemma 4.11 we prove that if a
controller implements the desired behaviour then the control variable trajectory

belongs to such a controller.

e Our solution to the prescribed path data-driven control problem is summarised in
Algorithm 3 on p. 46.

Chapter 5: We covered two completely data-driven control problems. In both problems,
we showed how to find a controller when given trajectories from the to-be-controlled
system and the desired behaviour. For the first solution we use partial interconnection

and is summarised as follow.

e In Theorem 5.8, under the assumption that the control variables are observable
from the to-be-controlled variables we showed a parametrization of an observabil-
ity map such that we can construct control variable trajectories from the to-be-
controlled variable trajectories. Then in Lemma 5.9 we used the Hankel matrices
associated with observed control and to-be-controlled variable trajectories of the
to-be-controlled system to find a real matrix O such that we can compute the
control variable trajectory corresponding to the given trajectory of the desired

behaviour.

e In Proposition 5.11, we prove that if a controller implements the desired behaviour
then control variable trajectory corresponding to the given trajectory of the de-
sired behaviour computed using O belongs to such a controller. Then in Theorem
5.12, we prove sufficient conditions under which such control variable trajectory is

sufficiently informative about the controller behaviour.
e Finally, under the assumption Theorem 5.12 the data-driven partial interconnec-

tion solution is summarised in Algorithm 4 on p. 60.

The full interconnection solution is summarised as follows.

e In Theorem 5.20, we proved necessary and sufficient conditions suitable for finding

a controller from data under full interconnection.

e In Algorithm 6 on p. 66, under the assumption of Theorem 5.20 and Lemma 5.19

we showed how to find a representation of the controller .

e The correctness of Algorithm 6 is proved in Proposition 5.21.

Chapter 6: We presented some results on data-driven dissipativity.
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e In Theorem 6.10, we proved necessary and sufficient conditions under which one
can determine whether a system is half-line dissipative with respect to a given

supply rate using observed trajectories.

e We also introduce the notion of L-dissipativity for finite length observed trajecto-

ries.

Chapter 7: We studied the notion of flat systems and parametrizations in behavioural
setting. We proposed an alternative definition of flatness then characterized flat system
based on the definition. we also studied control of flat system via control as intercon-
nections. Finally we parametrized image representations of all controllable controlled

system and controllable controllers.

e We presented a trajectory based definition of flat systems, see Definition 7.3, and
a characterization of flat systems in Theorem 7.5. We showed that flat systems
admits an observable image and minimal kernel representations with a unimodular
submatrix. Hence, finding flat outputs amounts to finding the unimodular sub-
matrix of the kernel or image representation and the flat outputs are the manifest

variables, corresponding to the unimodular submatrix.

e We then studied control of flat systems. In Theorem 7.8 we showed a characteri-
zation of a kernel representation of controllers that interconnect with flat system
via full interconnection. We showed that using the results of Proposition 7.10 one
can always find a kernel presentation of the controller such that the controller is

only acting on the flat variables.

e Theorem 7.11, under partial interconnection, we proved necessary and sufficient
conditions for control variables to be flat variables. We then showed that hav-
ing control variables as flat outputs, is a necessary condition for full information

control.

e In Theorem 7.12, we stated sufficient condition for full information control to imply

flatness.

e In Theorem 7.13, under the conditions of Theorem 7.12, we showed a character-
ization of kernel representations of controllers that implements some controlled

behaviour via partial interconnection with a flat system.

e In Theorem 7.14, we showed a parametrization of the image representation of the
controlled behaviour in the case where the manifest behaviour of the controlled
behaviour is specified by restricting latent variables of the to-be-controlled system

behaviour.

e In Theorem 7.18, under the assumptions of Theorem 5.8, we presented a parametriza-
tion of the image representation of all controllable controllers that implements

controllable desired behaviours.
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8.1 Future work

In this section we outline possible future research direction.

Consistency. Throughout this thesis, our data-driven control results are based on the
assumption that the given trajectories are of infinite length, but in practice trajectories
are of finite length. As already mentioned in Remark 4.2 the issue of consistency still

remains an important open question for future research.

Let t, N € Z and a finite length N trajectory w. Recall that, a procedure is called
consistent if the system identified using wjy 44y, denoted by %r[t 14N converge to the
“true system”, B* as N — oo. Therefore, we need to study and develop sufficient

conditions for the procedures developed in Algorithms 4 and 6 to be consistent.

The issue of convergence to a true system in a behavioural setting, i.e. without restric-
tion to a particular represenation, has been addressed in [20]. Using the gap matriz,
d(*B1,B2), which measure distance between behaviours, in Theorem 8. p. 1000 of [20]
the authors shows that the Global Total Least Square is consistent as almost surely
for N — oo then it holds that d( r[t,t+N]’ B*) — 0. Note that the gap between be-
haviours has close connection between angle between behaviours, covered in Chapter 5
section 5.2.1, see p. 200 of [59]. Therefore, a possible starting point would be show the

consistence of Algorithms 4 and 6 using angle between behaviours.

In Algorithms 4, the observed data is used to a compute control variable trajectory, using
an empirical observability map, which is then used to find a controller. Hence, it will be
worth studying under which condition does control variable trajectory computed using
an empirical observability map implies that as N — oo the controller will converge to

a “true controller.” We believe a possible solution would be to prove the following.

Conjecture 8.1. Let N and t as before. Assume that P* and D* are the true to-be-
controlled and desired behaviours, respectively. Futhermore, assume that Pﬁt 14+ N] and
|*[t7t+N] are the identified to-be-controlled and desired behaviours from finite length w
and Wq, respectively. Algorithms 4 and 6 are consistent if it hold that as N — oo then
P\Tt,H—N} and D|*[t,t+N] converges to P* and D*, respectively.
Extension to 2D systems. 2D systems have been studied in a behavioural setting,
for a class of linear shift-invariant systems, see pp.11-13 of [56]. Ibid. a 2D system
is defined by a triple ¥ := (T, W,B), where T € Z? is the index set, W the signal
space and B C WT the behaviour. Necessary and sufficient conditions for linearity, shift
invariance and completeness of X are given in Proposition 5. p. 13 of [56]. The class of

linear shift-invariant complete 2D systems with w variables is denoted by IL¥.

Let the backward shift operator
o1 : wWT — wT
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be defined by
Ul’w(tl,tg) = w(t1 + 1,t2)

and the downward shift operator
o9 : WT — wT

be defined by
O'Qw(tl,tg) = ’w(tl,tg + 1)

It can be shown that 2D systems admits a kernel representation of the form
R(o1,02)w =0

where R € R&8*V[{, &) and R&*¥[{;, &) is the ring of polynomial in the indeterminate &;
and &o.

The author of [56] also studies the notions of controllability and observability for 2D
systems. Control as interconnection has been studied in [57], where the notion of regular
full interconnection for 2D systems has been addressed, see Lamma 3.3 p.115. In Lemma
3.5 p.117 of [56], condition of implementability by regular interconnection are given. The

partial interconnection has been studied in [73].

Based on the conditions of In Lemma 3.5 p.117 of [56]. Let P,D € L¥ be the to-be-
controlled system and desired behaviours. Consider the following 2D data-driven control

full interconnection problem.

Problem 8.2. 2D full interconnection case. Assume that
1. P s controllable in the 2D sense
Given
i. weEP,
1. wg € D.

Find, if it exists, a controller C that implements D via reqular full interconnection
with P.

We believe in order to find a solution to the above 2D full interconnection problem, one

needs to address the following:

1. Define the notion of sufficiently informative trajectories in the case of 2D systems.

2. Then provide a characterization of sufficiently informative.
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A possible starting point would be to consider w = w(0, 0), w(1,0),w(0, 1), w(1,1),w(2,0),
w(2,1),w(1,2),w(2,2),w(3,0),... and define

@(0,0) @(1,0) @(0,1) @(1,1) @(2,0) @(2,1)
@(1,0) @(2,0) @(1,1) @(2,1) @(3,0) @(3,1)

H(w) = |@(0,1) @(1,1) @(0,2) @(1,2) @(2,1) @(2,2) (8.1)
@(1,1) @(2,1) @(1,2) @(2,2) @(3,0) @(3,2)

The matrix H(w) consists of the backwards shifts and downwards shifts of w. There-
fore, to address (1) and (2) above one needs to find if possible, conditions under which
col span(H(w)) = P and conditions we can recover the laws of P using H(w). That is,

find a set of annihilators, Mp.

Some of the challenges to this problem includes the fact that even though 91p would be
a finitely generated module, it is not free, see p.18 of [56]. Furthermore, one needs to
formally define some of the concepts of 1D systems like the lag of 95 and lag structure

for 2D systems.

Approximate controller. In all the data-driven algorithms presented we test for im-
plementability, i.e. D C P, and in the case when D € P there is no solution to a given
problem. This leads us to question is it possible to find an “approximate” solutions?
That is, assume that D ¢ P, is it possible to find D’ C P such that we can find a con-
troller that “approximately implements” D. The term approximately implement needs
to be formally defined. We also need to prove under which conditions controller exists
approximately implementing D. Using angles between behaviours one needs to show
that if P, D € £¥ .. and O(P,D) # g then a controller possibly exists approximately

implementing D.

Assume that P, D € and that D € P. Let wy € D, then a possible way of finding

and approximate solution would be to solve the following minimization problem

W
contr

e . 1112
mgléén#ze |lwa — wql iy (8.2)

A solution to the minimization problem in (8.2) has been presented in [42] and [58].
Now let D' be such that w/, € D' and D' C P, then we need to develop and prove
conditions on wg and w such that w/, computed from observed trajectories is sufficiently

informative about D'.

Applications. As shown with the example in Chapter 5 section 5.3.3 a possible ap-
plication of Algorithm 6 is power factor correction. Moreover, as already mentioned

in the Introduction (Chapter 1), data-driven control methods are gaining popularity
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in application, therefore, one of the long-term research objectives is to find a suitable

application for the algorithms presented.

Other developments. Throughout this thesis the data-driven control solutions de-
veloped are based on the assumption that the desired behaviour is controllable, but in
practical application it is not always the case that the desired behaviour is controllable.
For example in a stabilization problem then the desired is autonomous. Therefore, an
open question for research is to develop conditions and algorithm such that given data

from autonomous desired behaviour one can find a controller.






Appendix A

Background material

A.1 Polynomial matrices

Definition A.1. Let I, L € Z. A Laurent polynomial in the indeterminate £ over the

field of rational numbers is defined by
R =R +R& "+ + Ry + Ri&™.

Definition A.2. A polynomial matrix U € R&*8[¢] (or Laurent polynomial matrix
W € Rexg[¢~1 ¢]) is called unimodular if there exists V € R&¥€[¢] (X € R&xg[¢1 ¢])
such that VU = I, (XW = I,).

Unimodular matrices are characterized as follows.

Lemma A.3. A polynomial matriz (or Laurent polynomial matriz) U € R&*8[¢] (W €
R&¥8[¢1 £]) is unimodular if and only if U~! € Re*8[¢] (W1 € R&xe[¢~L ¢]).

Proof. See Lemma 6.3-1 p. 375 of [27] and pp. 575-576 of [79]. O
It follows from the above Lemma that if U is unimodular then det(U) is a nonzero
constant, and for Laurent polynomial det(W) = a&® with a # 0 and d € Z.

Without loss of generality, pre-multiplying a Laurent polynomial matrix by a unimodular
matrix one gets a polynomial matrix. Henceforth, in this thesis we work with polynomial

matrices and we define the rank of a polynomial matrix as follows.

Definition A.4. Let R € R&8*V[¢].

(i) The row (column) rank of R over the field of rational functions is the maximal

number of independent rows (columns).
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(ii) Ris of full row (column) rank if its rank is equals to the number of rows (columns).

We shall denote by rank(R) the rank of R. rank(R) is different from rank(R(\)) which
is the rank of the constant matrix R(\) for some specific A € C. If R is not full row
rank, then it can be shown that there exists a unimodular matrix U € R&*€[¢] such that
R’ := UR has last g — q rows of zeros, where q is the number of rows such that R is full
row rank; this is shown in Theorem 2.5.23 p. 58 of [50].

Definition A.5. Let R € R&*¥[¢]. R is called left prime if there exists a matrix G €
R¥**[¢] such that RG = 1.

G is called the right inverse of R. Left prime matrices are characterized as follows.

Proposition A.6. Let R € R&8*¥[¢] with rank(R) = g. Then R is left prime if and only
if rank(R(X)) = g for all A € C.

Proof. Follows from the proof of Proposition B.8 pp. 176-177 of [52]. O

Definition A.7. Let R € R&Y[{]. R is called right prime if there exists a matrix
G € R**g[¢] such that GR = I,.

In this case G is called left inverse of R, moreover, the following result holds true.

Proposition A.8. Let R € R&*V[E] with rank(R) = w. Then R is right prime if and
only if rank(R(X)) = w for all X € C.

Proof. See Proposition B.8 pp. 176-177 of [52]. O

Definition A.9. Let r = rg 4+ 716+ - + &8 € RVXV[E]. The coefficient vector of r is
defined by

r=1|rg r1 ... r, 0

7 has infinite number of entries, which are all zero everywhere except for a finite num-
ber of entries. We continue to define the coefficient matrix and show how to recover

polynomials matrix from coefficient matrix.

Definition A.10. Let R = Ry + Ri€ +--- + Rp&l € RPX9[¢]. The coefficient matriz of
R is defined by

R:=|Ry Ri ... Ry Opxq
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R has infinite number of columns, which are all zero everywhere except for a finite

number of elements. To recover R from R,

Iq
1€
R=|Ry Ri ... R, 0 :
0 1 L PXq quL
Oq.
We define the right shift of R by
URR2: Oqu Ro R1 RL Opxq ]

Let k € Z then O'ER denotes k right shifts of R.

Definition A.11. Let r € RYV[¢]. Then the degree of r is the highest degree of all the

entries of 7.

We denote by deg(r) the degree r. The degree of R € R***[{] is defined as follows.

Definition A.12. Let R be defined by R := Ry + R1& + - - + Rp&l with Ry # 0, then
L is the degree of R.

We denote the degree of R by deg(R). Let R = col(r1,r2,...,7g) with r; € RM¥[¢] for
i=1,...,g Now let deg(r;) = d; and r; := réifdi + réi_lfdi_l + +++ + 74 and define
L= col(r}il, e ,rsg). L is called the leading row coefficient matriz of R. Similarly in
the case R is written in terms of its column, we can define leading column coefficient

matriz of R.

Definition A.13. Let R € R&*¥[{] be full row (column) rank. Then R is called row
(column) proper if the leading row (column) coefficient matrix of R is full row (column)
rank.

The following result holds about row (column) properness.

Theorem A.14. Any nonsingular polynomial matriz R € R&Y[{] is row (column)
equivalent to a row (column) proper matriz. That is, there exists a unimodular ma-
triv U € R&*8[E] (U € R¥™[E]) such that UR (RU) is row (column) proper.

Proof. See Theorem 2.5.7 p.27 of [91]. O

The notions of proper and strictly proper rational matrices are defined as follows.
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Definition A.15. Let H € R&™(£). H is proper if

lim H(¢) < oo.
E—o0
Moreover, H is strictly proper if
lim H(§) = 0.
E—o0

Properness and strictly proper rational are characterized as follows.

Lemma A.16. Let N € R&"[¢] and D € R™™[¢]. Define
H(¢):=ND™ %

If H is strictly proper (proper) then every column of N has degree strictly less than (less

than or equal to) that of the corresponding column of D.
Proof. See Lemma 6.3-10, p. 383 of [27]. O

It turns out that the converse of Lemma A.16 is not always true, see an example on p.
383 of [27]. Hence the need for conditions on D for H to be proper, such conditions are

stated in the following result.

Lemma A.17. Let H,D and N as in Lemma A.16. If D is column proper then H is
strictly proper (proper) if and only if each column of N has degree less than (less than

or equal) the degree of the corresponding columns of D.

Proof. See p. 385 Lemma 6.3-11 of [27]. O

A.2 Modules and Syzygies

Definition A.18. A module over a ring R or R-module M, is an abelian group (M, +)
such that for all a1, € M and r» € R then a1 + a9 € M and ro; € M for i =1, 2.

Module over a ring is a generalization of the notion of vector space, wherein scalars

belong to a ring instead of being restricted to belong to a field, see pp. 413-414 of [1].

Definition A.19. Let R-module M and g € Z,. An ordered set, {a,ag,...,ag}, of
the elements of M is said to generate M or to span M if every element o € M is a

linear combination of oy, g, ..., ag, ie.

o =r10q + 1o + -+ Tglg,
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for ri,mo,...,rg € R.

The elements aq, as, ...,z € M in Definition A.19 are called generators.

Definition A.20. An R-module M is finitely generated if there exists a finite number

of generators.
Definition A.21. Let R-module M and g € Z;. M is said to be free if there exists a

set of linearly independent generators, a1, s, ...,ag € M. That is,

riay +raag + -+ rgg =0=1r1 =r9 = =15 =0.

A set of linearly independent generators of M is called bases generators. The dimension

of M is defined as the number of basis generators and is denoted by dim(M).

Definition A.22. A submodule N of an R-module M is a non-empty set N' C M such
that n1,n2 € M and r € R then ny +no € N and rn; € N fori=1,2.

N is called an R-submodule of M. Now let R = R[{] and w € Z;. Then all R[¢]-
submodules of R1*¥[¢] are finitely generated and free, see p. 84 of [85].

Definition A.23. Let M be a R[¢]-submodule of R™¥[¢]. The syzygy of M is defined
by
ML= {n e RY¥E] | n(€)m(e)T =0 for all m € M} .

M is also an R[¢]-submodule of R™¥[¢], moreover, M+ N M = {0} and dim(M=*) +
dim(M) = w, see p. 84 of [85].

The term syzygy is also associated with G € R&8*¥[¢] as follows

A = {nl € Rlxg[ﬂ | n1(§)G(E) = 0}7
Ao = {2 € R[] | G(Oma(&)T =0}

Both A; and A are R[¢{]-modules, and are called left syzygy and right syzygy of G,

respectively.

A.3 Principal angles

Let G and 7 be two subspaces in R®, and assume
p=dim(G) > dim(7) =¢q > 1.

for p,q € Zy. Let uy,...,uq be a basis of 7 and vy, ...,v, complemented with p — ¢

vectors be a basis of G.
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Definition A.24. The principal angles 61,02, ...,0, € [0,7/2] are defined recursively

by
cos(0;) = maxmaxu' v =uj v
( k) ueG veT k Tk
subject to
Jul =l =1,  w'u;=0, vy =0,
fork=1,...,qandi=1,...,k— 1.
The vectors uy,...,uqy and vy, ..., v, are called principal vectors, see. p. 579 of [5] and

p. 2009 of [32]. The angles can be computed using singular value decomposition (SVD),
see Algorithm 3.1 p. 2015 of [32]. If the largest principal between G and 7T is zero then
T C G see Theorem 12.4.2 p. 604 of [18].
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