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ABSTRACT. By using the notion of polyhedral products (X, A)%, we
recognise the Bestvina-Brady construction [4] as the fundamental group
of the homotopy fibre of (S*, %)X — (S, %)X = S, where L is a flag
complex and K is a one vertex complex. We generalise their construction
by studying the homotopy fibre F of (S*, )% — (S*, %) for an arbitrary
simplicial complex L and K an (m—1)-dimensional simplex. We describe
the homology of F', its fixed points, and maximal invariant quotients for
coordinate subgroups of Z™. This generalises the work of Leary and
Saadetoglu [13] who studied the case when m = 1.

1. INTRODUCTION

Some of the interesting and well-studied properties of geometric groups
are their homological finiteness properties |5]. For a finite flag complex L,
Bestvina and Brady [4] constructed a group Hj, which is type FP(Z) but not
finitely representable. The homological finiteness properties of the group Hy,
are determined by the homotopy type of the underlying simplicial complex
L. Their construction led to many exotic examples where different finiteness
properties were achieved by varying the homotopy type of L. To a finite flag
complex L, a right-angled Artin group, G, is associated. The kernel Hy, of
the map ¢: Gy — Z which maps the generators to 1 is now known as a
Bestvina-Brady group. One of the main results of their work shows that Hp,
is finitely presented if and only if L is simply connected.

Leary and Saadetglu [13] studied (co)homological properties of the groups
H; using techniques from algebraic topology. They recognised the con-
struction of Bestvina and Brady as a pullback. Specifically, for a simplicial
complex L, Leary and Saadetglu construct an H-space T, C (S')™ whose
fundamental group is the group G7. The multiplication map on S' reduces
to u: Ty, — S which in turn induces the map ¢ on the fundamental groups.
The pullback of the universal cover of S* along u, denoted T7,, is thus a space
whose fundamental group is Hy. In this way, the techniques from CAT(0)
geometry used by Bestvina and Brady are bypassed in favour of methods
from algebraic topology which are more effective in studying homotopy and
homological invariants. Notably, the Leary-Saadetglu approach allows one
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to define an analogue of the Bestvina-Brady group Hjp for any simplicial
complex L. B

In this paper, we recognise that this pullback T7, is the homotopy fibre of
a map between the polyhedral product (S*,*)* and S'. In the early 2000s
the unified description of moment-angle complexes and Davis-Januszkiewicz
spaces [6] led to the definition of polyhedral products which brought homo-
topy theoretical techniques into the study of toric topology. The moment-
angle complex Zx associated to a simplicial complex K is a topological
analogue of a projective toric variety, and the Davis-Januszkiewicz space
DJ(K) is its homotopy orbit space. As such, the study of polyhedral prod-
ucts links topology, geometry and combinatorics. Questions such as how
to combinatorially decompose the suspension of a polyhedral product [1],
how to desuspend such a description [7-11] and how to combinatorially
describe when the moment-angle complex is a co-H space [2,3] are some
examples of work in the area. These results are obtained by studying ho-
motopy fibrations of polyhedral products. Previously, these homotopy fi-
brations were constructed by considering homotopy fibrations of topological
pairs and passing to polyhedral products by fixing a simplicial complex K.
For example, the inclusion ¢: (CP*>, %) — (CP*°,CP*°) and a simplicial
complex K on m-vertices induce the homotopy fibration sequence

(D?, Y% — (CP®, %)X — (CP>,CP™)* = BT™

where the total space is the Davis-Januszkiewicz space DJ(K) and the ho-
motopy fibre is the moment-angle complex Zx. This highlights the fact that
DJ(K) is the homotopy orbit space of Zx by T™-action.

In this paper we take a novel approach by fixing a topological monoid
(X,A) and studying the properties of the homotopy fibre of (X, A)* —
(X, A)X induced by a simplicial map f: L — K of finite simplicial com-
plexes. When K is a vertex, f a constant map and (X, A) = (S, %), the
fibre specialises to Leary and Saadetglu’s space T}, and therefore captures the
Bestvina-Brady groups. With (X, A) = (S, %) we extend the results of [13]
to the case where K is an (m — 1)-simplex for m > 1, and f: L — A™~!
is a simplicial map. In this case the homotopy fibre is denoted by TV( £.L)-

Our goal is to gain a combinatorial description of T, (f,r) in terms of the
underlying information of L and f.

Our main theorems are Theorem and Theorem which, for a sim-
plicial complex L and a simplicial map f: L — A™~! show that there is a
short exact sequence which computes the homology of the homotopy fibre
1\t,) where the other terms in the sequence are expressed in terms of L and
the map f.

The description of homology we obtain lends itself nicely to understanding
the action of the fundamental group of (S')™. For the group Z™ and its

coordinate subgroups, we compute the fixed points of the homology of T( £.L)
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in Proposition and describe the maximal Z;-invariant quotient groups
under strong conditions on L.

To clarify the techniques of the paper, in the final section we provide
some examples. We explicitly calculate the homology of f( 7.1 for a chosen
simplicial complex L, and several different maps f: L — A!. For these
particular examples, we give the homotopy type of T, (f.L)-

2. POLYHEDRAL PRODUCTS

An abstract simplicial complex K on a set of vertices V(K) is a collection
of subsets I C V(K) such that if I € K then any subset of I belongs to K.
We assume that the empty set () belongs to K and K is a finite complex. We
may also denote the vertex set of K by [m] ={1,2,...,m} if |[V(K)| =m.

For a simplicial complex K on m vertices and an m-tuple of topological
pairs ((X1, A1), ..., (Xm, An)), define the polyhedral product (X, A)X as

(X, A% = [ J (X, 47
ceEK
where (X,A)° = HYZ and Y, = {
i=1

X; ifieo

For example, when K is an (m—1)-simplex, (X, A)X is the m-fold product
X1 x++-xX,,. When K is a disjoint union of m points, (X, *)¥ is the wedge
X1 VeV X,

Let g;: (X;, A;) — (Yi, B;) be a map of topological pairs. Then the prod-
uct map g1 X ... X g [[; X — [[; Y restricts to a map

gt (X, AN — (¥, B)F

and (g o h)x = g« 0 hy.
A simplicial inclusion ¢: L — K induces a map of polyhedral products

et (X, A)F = (X, A)K

which is also an inclusion of topological spaces. Therefore, we can consider
the polyhedral product construction (X, A)K as a functor of two variables:
topological pairs and continuous maps between them, and simplicial com-
plexes and simplicial inclusions.

When all topological pairs are the same, that is, when (X;,4;) = ... =
(X, Am) = (X, A), we denote the polyhedral product (X, A)% by (X, A)X.

The next property of polyhedral products is the one we are most con-
cerned with in this paper. Let X be a commutative topological monoid,
and A a sub-monoid. Assume that f: L — K is a simplicial map between
simplicial complexes on vertex sets [m/] and [m], respectively. Then the map
f: X™ — X™ defined by f(x)y =1 | f()=; Ti restricts to a map

(2.1) (X, AF - (X, 4K,
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From now on, we denote both the map between simplicial complexes and
the induced map between polyhedral products by f.

3. THE SPACE f(f,L) AND ITS HOMOLOGY

In this paper we study a polyhedral product (S', ) as a functor of
simplicial complexes L and arbitrary simplicial maps keeping the topological
pair (S, %) fixed. We denote (S, *)” by Ty, to make the notation closer to
the one used by Bestvina and Brady [4] and Leary and Saadetoglu [13].

For any simplicial map f: L — K, we study the homotopy fibre of the
map

f: TL — TK

where f is the map defined in for the topological pair (S!, *) using the
multiplicative structure on S'. A homotopy approach allows us to define
the homotopy fibre for any simplicial complexes K and L and any simplicial
map, generalising the Bestvina-Brady construction which is a special case
when L is a flag complex, K a vertex and f the constant map to the vertex
K.

In particular, when K is an (m — 1)-simplex A™~! we study the ho-
mology and homological properties of the homotopy fibre CF( 7,0 of the map
Ty, — (S1)™ induced by a simplicial map f: L — A™~!. This space can be
obtained, as it was in [13] for the case K = A, by pulling back the universal
cover of T = (SH)™ via f,

Tifpy —R™

|,

T, — I (stym.

The fundamental group of (S1)™ acts on the universal cover R™, and hence
acts on T{7,7,). We denote by G the free abelian group m((5)™) = Z™, and
by G its jth coordinate subgroup with generator z;. Finally, for I C V(K),

denote
G] = H G]’.
JEV (KNI

In this section, we compute the homology of T (f,0) With coefficients in
an abelian group. At this point, we assume the coefficient group to be an
abelian group A and omit it from the notation. We begin by computing the
cellular chain complex of Ty 1) in terms of the augmented chain complex

(CH(L),dyp) of L. To do so we recall a cellular structure of Ty, C (S1)™ as
written in [13].

Let the unit circle S' come with a CW-structure consisting of one 0-cell
and one 1-cell (a 1-dimensional cube). For V = V(L), let T'(V') denote the

product T(V) = [T ey S* & (S")™" with a cubical product C'W-structure.
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In this CW-structure on (S l)m/ the n-cells are in bijection with n-element
subsets of V. If o C V, the closure in (S1)™" of the cell corresponding to o
is equal to (S, *)?, and consists of all the cells corresponding to subsets of
o. There is a bijection between simplicial complexes whose vertex set is con-
tained in V' and non-empty subcomplexes of T'(V') (see for example [12]). A
non-empty simplicial complex L corresponds to the complex Ty, = (S!, *)~.

For the remainder of the paper, we fix L to be any finite simplicial com-
plex, K =A™ m>1 and f: L - A™ 1.

Proposition 3.1. The cellular chain complex C*(T(f,L)) s 1somorphic to
Z[G] ® Cf (L) with differential

d(l X Vi, - - 'Uin) = Z(—l)k(l — Zf(k)) X vig - - %\’Lk R T
k=0

Proof. Since T, (f,L) 1s defined as a pullback of the universal cover over (S Lym

along the map f: T, — (S!)™, we need to lift the cellular structure of
T7,. The cubical n-cells in T7, with opposite faces identified are in bijective
correspondence with the (n — 1)-simplices in L. An (n — 1)-simplex "1 =
{vo,...,vp—1} in L lifts to a free G-orbit in Tv(f,L). After lifting, the ith
opposite pair of faces are not identified but differ by the translation action
of zf(;). Note that for j € V(K), all f71(4) opposite pairs of faces differ by

the translation action of z;. The n-cells of T( f.1) correspond to G x {on 1|

o™t € L}. To give a G-equivariant bijection between n-cells of T (r,r) and
G x {o"" 1| 0" € L}, we choose a representative of each orbit as follows.
Fix a O-cell, 7, in T(y 7). In each orbit of higher dimensional cells, pick the

orbit representative that has 7 as a 0-cell, but does not have 2]717' as a 0-cell

for any j € V(K). Thus Cn(f(f’L)) is isomorphic to Z[G] ® C7_|(L).
To describe the boundary map d of C’*(f( #,1)), it suffices to specify what

happens on Z[G] ® C; (L). For this, we lift v; and then take its boundary.
In this way, we see that d(1 ® v;) = (1 — 24(;)) ® 0. The boundary map of

C, (f( #.1)) now follows. O

For a vertex v; € L, note that d(1 ® v;) = (1 — z5(;)) ® (). Associated to
vi, the generator zy(;) is called the weight of v;.

Corollary 3.2. For any simplicial complex L and any abelian group A,
Ho(T(1,0); A) = Z[G v (1)) © A

Proof. Denote by Ay a copy of A generated by 0. As Zy (f(f’L); A) =Z[G]®
Ay and BO(TV(LL); A)= @ (1-2)Z[G]® Ay, the result follows. O
JEF(V(L))

Recall that for any subset I C V(K) the restriction of K to I is called a
full subcomplex and is denoted K. For our complex L, we denote by L;-1(;
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the full subcomplex of L on all the vertices mapped by f to j € V(K). Using
the full subcomplexes L;-1(;), the cycles and boundaries of Ty ) admit a
decomposition that allows a nice description of homology.

Definition 3.3. For z € C';‘(Lf_l(j)), define the image of the coning ver-
tices of x to be

conelm(z) = {i € V(K)\ {4} | Fv € f7'(i) such that va € C;\, | (L)}.

Let a geometric cone be a chain x such that conelm(x) is non-empty.

For a fixed j € V(K), the module X;(L) N C;f (Ly-1(;) where X can
be either boundaries or cycles in L will be decomposed by collecting chains
whose geometrical representatives are coned off by vertices of L which are
mapped into I. Notice that the module Z,f (L)NC,F(Ly-1(;)) is just n-cycles
on Ly-1(;). The boundaries B,} (L)NC,F (L s-1(;)) might contain B, (L;-1;))
as a proper subset, that is,

B;(L) N CJ(Lffl(j)) =

(x € Zf(Ly-(j) | v € By (Lg-1(5)) or conelm(x) # ().

Here we emphasise that some boundaries which lie in the full subcomplex
L-1(jy are boundaries of chains in L which are not strictly in L-1(;). See
Example 2 in Section [5] for an illustration.

For some boundary b € B} (L) N C,f (Lg-1(;) which is not a boundary
of a chain in C;,(Ls-1(;)), and some chain ¢ € C;f (L), we have dp(cb) =
dr,(c)b+ cdr,(b) = dr(c)b. In order for b to be a boundary of ¢b, ¢ has to be
a vertex.

Definition 3.4. For a fized j € V(K) and any subset I C V(K) \ {j},
define the module geoCone! Z;F (L F-1()) as a module complement of

(x € Zy(Lp-1(5)) | I S conelm(x))

(3.1)

3

m
(x € Z (Ly-1¢;y) | I C conelm(x)).
For boundaries, define
geoConeIB:(Lf_l(j)) = B (L)NC,f (L 1)) N geoConeIZ+(Lf 1))
If any integer multiple of a chain represents a geometric cone, the original

chain is a geometric cone as well. This observation implies that for I C
V(K)\{j} the module

(x € Z+(Lf 7)) | I & conelm(z))
is a pure submodule of the finitely generated free abelian group
(x € Z;_(Lf—l(j)) | I C conelm(x)),
so the module complement geoCone’ Z:+ (Lg-1(;)) exists. Notice that the

chains in geoCone! Z; (L F-1(j)) represent geometric cones over I, but there
might be chains in Z;f (Ls-1;) that are geometric cones over I and not
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elements of geoCone! Z;H (L §-1(j)). For instance, the sum of two geometric
cones for disjoint cone images .J, J' properly containing I can be a geometric
cone over [.

It follows from the definition that

zZr (Lp-1(5)) = @ geoConeIZTf(Lf_l(j))
1CV(K)\{5}

as well as
geoConeIBf{(qu(j)) C geoCone! Z;F (Lg-15))-
For I # () and = € Z(Ly-1(j)) with conelm(x) = I, there exists a coning

vertex v € f1(I) such that va € C;, (L). Then di(vz) = dp(v)z —
vdr(x) = x. This implies that

geoConeIZ;{(qu(j)) C B (L)NCH (Lp-1(5))

and thus geoCone’ Z,7 (L;-1(;)) = geoCone’ B (L-1;)) for non-empty sub-
sets I of V(K) \ {j}. This proves the following statement.

Lemma 3.5. For a fized j € V(K),

BHL)N C;(Lf—l(j)) = EB geoCone! B (Lp-1(5))-
ICV(K)\{5}

In the case where the boundaries of the subcomplexes determine the
boundaries of Ty 1), the decomposition using geometric cones allows us to
compute homology.

Theorem 3.6. For any simplicial compler L, any abelian group A, and
n > 1 assume that
(32) By (L)NCyy(Lpry) = Byy(Ly1), 1<j<m.

Then there are short exact sequences of Z|G]-modules:

(3.3) 0= N = Hy(T(5.0y; A) = Z|G] @ Hyo1(L; A) = 0

(3.4) 0—Q— Huy(T(51);A) - M —0
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where
N :@ ( Z[G[u]] & geoCone B (Lf_1(j))>
J=1 M Icv(E)\{5}
M :@ < [Glu]] ® geoCone! Z (L ))>
Jj=1 M IcVEN\{G}
T Cone! ZT (L, 1,
QZ@( D (1 - =zle) o B0 Znaally 1<]>>>
=1 geoCone' B, 1(Lf,l(j))

J ICV(K)\{j}i€lUj

Zmlxled
@ | Z[G)®@ ——=
Byt
and Zﬁ“’jed, Bmlxed are modules representing contributions of cycles and bound-
aries from all szmplzces of L that are not fully contained in a full subcomplex
Ly-1(jy for some 1 < j <m.
IfA = R is a ring and Hn_l(L; R) is projective, the first sequence splits.
Further, the second sequence always admits an R-module splitting.

Proof. We begin by describing the cycles Z,, = Zn(f( #,1)) and boundaries
B, = Bn(f(f,L)) of f(f,L). Recall that the chain complex on f(ﬁL) is
C*(f(f,L)) >~ Z[G] ® CF |(L). For a vertex v; € L, recall that d(1 ® v;) =
(1 — zf()) ® 0 and the generator zy(;) is the weight of v;.

Given a cycle in f(f,L), > pil(z1,. .., 2m)) ® 0;, we have that ), 0; is a
cycle in L. However, given a cycle ¢ € Z,(L), it is not necessarily the case
that 1 ® ¢ is a cycle in Z,,. To rectify this, we need to include weights. The
weights are determined linearly by the differential. For example, let o be a
cycle in L given by vjvs + vav3 + vzvr. Then the associated cycle in T(; )
is given by (1 — Zf(g)) ®vivg + (1 — Zf(l)) ® vovg + (1 — Zf(Q)) & v3v7.

In the case that all of the weights are the same, that is, (1 — z;) ® o,
we can factor out the weights so that 1 ® o is a cycle in T(; 1). The above
observations imply that

Zn 2 Z[Gl® ZF | (L).

In particular, the cycles have the following decomposition
%@ Zy_(Lyiip)) @ (Z[G] © Z75eY)

where Z2%ed is the Z-module complement of DL, (Zy_1(L-1(5))) inside
Z:_l(L). It consists of cycles on vertices mapped by f to more than one
vertex in K.

We can further decompose Z,,—1(L¢-1(;)) using geoCone Izt 1(Lf 1(j)) by
taking into account the existence of geometric cones over cycles in Lp-1(j).
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1 S @ @ Z[G] ® geoCone Z!_| (L ;- 1)) | @ (Z[G] @ Zyed).
J=1 \ICV(K)\{j}

By assumption (3.2]), the geoCone decomposition of cycles induces the
following decomposition on boundaries

= @ < P Ppu-=z@e geoCOHeIBI_l(Lfl(j)))

J=1 MICV(K)\{j}1€lUj
@ (Z[G] @ Bmixed)

where BMed ig the Z-module complement of DL, (Bi_((L)NCy_(L-1(5))
inside B;f | (L). It consists of boundaries with vertices mapped by f to more
than one vertex in K.

We define Z|G]-modules B], and Z/ such that B, C Bl, C Z,, and B,, C
Z), C Z, which induce short exact sequences

B, ~ Zn
(3.5) 0—>B—n—>Hn(T(f7L))—>§—>O
z! ~ Zn

n

and prove the theorem.
Let B], be

m
Glo [ (B (Li-1(;) @ B

J=1

and define Z/, as

Zl = 691 ( @ ( @ (1-2)Z[G]) ® geoCone! Z (Lf 1(]))>
=

ICV(E)\{j} i€lUj
@ (Z[G] ® Zmixed),

By calculating the quotient groups in (3.5)) and (3.6]), we obtain the first
two sequences in the statement.

The Z[G]-modules and maps that appear in the short exact sequences
also admit an R-module structure which commutes with the G-action. If
H,_1(L; R) is R-projective, then Z[G] ® H,_1(L; R) is R[G]-projective, and
so the first short exact sequence of R|G]-modules splits. O

One important instance where the boundaries of the subcomplexes deter-

mine the boundaries of T( L) 1s when L is a disjoint union of Ly-1(; for
I1<j<m.
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Proposition 3.7. If L is a disjoint union of Ly-1(;) for 1 < j < m, then
sequence (3.4]) reduces to the short exact sequence
(3.7)

m

0—>@z J@Hn 1 (Lp-1(j)) = Ha(T(.1): A) = D ZIGOZ 1 (Ly1(5))
j=1

P'roof. When L is a disjoint union of subcomplexes Lg-1(;), there are no
simplices on vertices which are sent to different vertices in K. Observe fur-
ther that the only non-trivial geometric cone is over I = () and is this case

geoCone@Z:Lll(qu(j)) = Zrtl(Lf—l(j)) as well as geoConemBTffl(Lf—l(j)) =

Bl _((Lg-1(j))- 0

In the general situation, where B, (L-1(;y) C B, (L)NC;f (Ly-1(;)), there
may be boundaries of L supported by chains C;f (L ;- 1(j)) that are not bound-

aries in Ly-1(;). In this case, the geometric cones are not sufficient for de-

scribing the boundaries of T, (f,0)- Geometric cones only detect the weights
2 where [ # j. To determine whether boundaries with weights z; exist,
we need a finer decomposition of the boundaries of L in Ly-1(;. This ﬁner
decomposition will be determined by an algebraic condition on geometric
cones.

Definition 3.8. Let j € V(K) be fized. Assume that B,f (Ly-1(;)) is a direct
summand of Z,5 (Ly-1(j)-

For any subset {j} C I C V(K), define the module algConeIB;f(Lffl(j))
as a module complement of

(@€ B (Lp-1(j)) | I\ {j} & conelm(x))
m
(z € B (Ly-1(j)) | I\ {j} C conelm(z)).
Now for )0 #1 C V(K)\{j}, the module algConeIBjL'(Lf_l(j)) is defined

as a module complement of
(z € B (L)NCy (Ly-1(;)) I S conelm(x) or
x € Bf (Lg-1(j)) with conelm(z) = I)
m
(x € B (L)N C+(Lf 7)) | I C conelm(z)).

Furthermore, note that algConemB;f(Lf_l(j)) is the trivial module.
For cycles, define the algebraic cones as follows. For ) # 1 C V(K), set

algCone[Z:(LfA(j)) = algConeIB;f(Lffl(j))
and let algCone@Z;lIr (Lg-1(5)) be a module complement of

@ algConeIZ;f(Lffl(j))
P#AICV(K)

— 0.
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) +
m Zn (Lffl(j)).

The decomposition given in (3.1)) can be refined in terms of algebraic
cones as
BY(L)N C;_(Lffl(j))
(3.8) = (v € Z (L)) | © € By (Lg-1(;)) or conelm(zx) # )
= ®ICV(K) algConeIB,J{(qu(j)).

Furthermore, the assumptions of the definition imply that B,} (L)NC; (L s-1(;))

is a direct summand of Z,} (L s-1(;)) so the module complement algCone® Z: (Lp-1(5))
is well-defined.
Just as for the geometric cones, for algebraic cones, we have that

algCone]B+(Lf 1)) C algConeIZ+(Lf 1))

for all I C V(K).
Algebraic cones allow us to further decompose the homology of T{y 1.

Theorem 3.9. Let R be a PID and let n > 1. For any simplicial complex

L such that f[n_l(Lfﬂ(j);R) is projective for each j, there are short exact
sequences of R|G]|-modules:

(3.9) 0= N = Hy(T(;1; R) = Z|G) ® Hy—1(L; R) — 0
(3.10) 0= Q — Hy(T(y1;R) =+ M —0
where

N :@ @ Z[é,] ® algConeIB:_l(qu(j))

M :@ EB Z[G] ® algCone’ Z;'_ | (Lj-1(;))
Jj=1 \ICV(K)

m
-&( © Pu-z
Jj=1 \ICV(K) i€l

Zm_lxed

algComelZJr 1(Lg-15))
algCone (L 1))

®ZIG]l®

mixed
B n—1

and Z™xed pmixed grise from terms with mived weights. If f[n_l(L;R) is
projective, the ﬁrst sequence splits. Further, the second sequence always
admits an R-module splitting.

Proof. As in the proof of Theorem we seek descriptions of the cycles
and boundaries of Ty 1) and to define Z|G]-modules Z}, and Bj, such that
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B, C B, C Z, and B,, C Z| C Z,. Recall that the cycles Z, = Zn(Tv(ﬂL))
decompose as

o= @ (26 ® 21 (Ly-13) @ (ZIG) ® Z;25)

where Z[G] @ Z™%ed is the Z[G]-module complement consisting of cycles on
vertices mapped by f to more than one vertex in K.
Notice that the condition of B, (Ls-1(;)) being a direct summand of

ZH(L F-1(j)) is satisfied because of the projectivity of the homology of the

Lg-1(;) complexes. Therefore we decompose Z,,—1(Lg-1(;)) using algCone’ Z 1 | (Lg-1(5))-

Zn=2P | P zlGl®algCone’Z} |(Ly-1;) | ® (ZIG] @ Z3F).
j=1 \UCV(K)

Similarly, for boundaries B,, we have

< @ @ 1-2)Z[G]® algConeIBﬁLl(Lf‘l(j)o

ICV(K) i€l
@ Z[G] Bmixed

where Z[G]®B™X¢d is the Z[G]-module complement consisting of boundaries
on vertices mapped by f to more than one vertex in K.

We define Z|G]-modules B!, and Z/ such that B, C B!, C Z, and B,, C
Z! C Zp which induce short exact sequences

(3.11) 0—>B—’,1—>H(T )—>ﬁ—>0
: B, n\+(f,L) B!
z! -~ Zn
(3.12) 0— B, — Hn(T(f,L)) — ZTL — 0.
Let B], be
B, =Z[G]& | (B} (L)NC_Li1(;)) @ By
j=1

and define Z/, as

m
Zl :@ ( @ (@(1 - 2)Z[G]) ® algConeIZ;_l(Lf1(j))>
Jj=1 MICV(K) iel
@ (Z[G] ® Zmxed),
Clearly B, C B!, C Z, and B, C Z C Z, and we can rewrite the short
exact sequences of (3.11]) and (3.12)) as in the statement of the theorem.

The decomposition in equation (3.8) and the fact that B] = Z[G] ®
By,—1(L) are useful for calculating the quotients.
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The Z[G]-modules and maps that appear in the short exact sequences
also admit an R-module structure which commutes with the G-action. If
H,_1(L; R) is R-projective, then Z[G|® H,_1(L; R) is R[G]-projective, and
so the first short exact sequence of R|G]-modules splits. u

We remark in the situation where the assumptions of both Theorem [3.6]
and Theorem are satisfied, the sequences and are identical,
although the sequences and are only isomorphic. In all cases, N
in sequence can be rewritten as

m

P P zIGil ®algCone’ B (Ls-1 ()
Jj=1 \ICV(K)

which is exactly the term N in sequence (3.9).

4. GROUP ACTIONS ON HOMOLOGY OF T; )

In this section we identify the points in Hn(f( #,)) which are left fixed by
the action of the group G and its coordinate subgroups, and compute their
maximal invariant quotients. We also give a combinatorial description of

the rank of H,(T{s ))-
Theorem [3.9] facilitates the following computation of fixed points.

Proposition 4.1. Let n > 1. When K has only one verter,
H(Ti5.1))" = B (L)

When K has more than one vertez, and the assumptions of Theorem[3.6 or
Theorem [3.9 are satisfied, then

Hn(f(f,L))G :@ (algConeV(K)B;f_l(Lffl(j))> .
j=1

Proof. Since the fixed point functor is left exact, the short exact sequence (|3.9))
induces the exact sequence

0= NY = Hy(T(;0))¢ = (Z[G) © Hyor (L) — ...
from which the statement follows. O

Corollary 4.2. Let L be a disjoint union of Ly-1;) for 1 < j < m. The
non-trivial G-fized points exist only in the case when K has one vertez, that
15, m=1,

Hy(Tiy.1)" = B4 (L).

Proof. When L is a disjoint union of L;-1(;) complexes, there are no geo-
metric cones. The only non-trivial algCone are over the singleton set {j}. In
Proposition the only summands are algCone over the whole set V(K).
Therefore V(K) = {j} for some 1 < j <m. O
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Proposition 4.3. When the assumptions of Theorem or Theorem [3.9
are satisfied, then the Gy-fived points of Hn(T(y 1)) are given by

Hy(Ti;)% =P | P ZIG1) @algCone’ B (Lj-1;)
Jj=1 \ ICV(K)
Lel

Proof. From the short exact sequence (3.9)), the G-fixed points are isomor-
phic to N, O
Corollary 4.4. Let L be a disjoint union of Ly-1(;) for 1 < j < m. Then
the Gy-fized points in Hn(f(fyL)) are given by

Hn(f(f,L))Ge = [@l] & B:—l(Lf—l(l))'

Proof. When L is a disjoint union of complexes L;—1(;, the only non-empty

cone over Lg-1(;) is from the singleton set {7}, and Proposition reduces

to the statement here.

Turning our attention to invariant quotients, the homological decompo-
sitions of T 1) we obtained are not sufficient for calculating them for gen-
eral complexes L. However, we can generalize the results of Leary and
Saadetoglu [13] to L being a disjoint union of Ly-1;.

Proposition 4.5. Let L be a disjoint union of Ly-1(;) for 1 < j <m. Then
the largest G-invariant quotient of Hn(f(f,L)) is

Hn(T(f,L))G = Zn—l(L)-
Proof. To compute the maximal G-invariant quotient of Hn(f(va)) start
with the exact sequence
0— B, = Z, — Hn(f(ﬁL)) —0

and apply the right exact invariant quotient functor Hy(G; —). One obtains
an exact sequence

Now by the short exact sequence (3.7)), we get that Z,,_1(L) is a quotient of
Hn(T( £.1))- O

Proposition 4.6. Let L be a disjoint union of points. Then the maximal
Gi-invariant quotients are

Ho(T(y1))e, = { ?éf(vw))] ifte f(v(L)

otherwise
Hl(f(f,L))Gl = Z[G)) ® Zo(L)
Hi(T(j1))c, =0 fori>2.
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Proof. Since L is a 0-dimensional simplicial complex, H;(T(s)) = 0 for
i>2.
To compute Gj-invariants of Hy (T y, 1) consider the exact sequence

0—+B,—>Z; —~ Hi(T(ﬁL)) —0

and apply Hy(Gy;—). Since there are no non-trivial boundaries in the
1-chains C;(L), we obtain an isomorphism

0— Z[G\'@] X Z()(L) — Hl(f(f,L))Gg — 0.

To see that Z[@g] ® Zy(L) is the maximal quotient notice that Hl(Tv(va)) =
Z[G] ® Zy(L) which projects down to Z[Gy] ® Zo(L).
By Corollary Ho(T(4,ry) = Z[G¢(v(1))]- Now the Gj-invariants can be

calculated directly.
O

Similarly to 17, the Betti numbers of T, (f,1) involve combinatorial features
of L. To determine them precisely, these need to be weighted by the group
G.

To an n-dimensional simplicial complex K we associate a face vector
% = (fo, f1,..., fn), where f; is the number of i-dimensional faces of K.

L, 1,,
Denote by f; 1719 the face vector of L.

Proposition 4.7. Let L be a disjoint union of connected simplicial com-
pleves Ly-1(jy, 1 < j < m such that H.(L; R) = 0 for x > 0 over a ring R.

Then for n > 0, the rank of Hn(f(f,L); R) is

_ m n Lo 1.
rank Hn(T(f,L)) _ Z ’Zm—l‘ <Z(_1)n+lfl_f1 1(J)> )

j=1 1=0

Proof. Since H,(L; R) = 0 for * > 0, sequence (3.3)) implies that for n > 1

Ho(T(s,1)) = D (Z[@j] ® Bi—l(Lfflm)) :

j=1
From sequence (3.7)),
H\(T(yr) = P (Z[@j] ® ZSF(Lf—l(j))) :
j=1

Since Ly-1(;) is a connected full subcomplex of L, ﬁ*(qu(j)) = (0. This
implies that

m m

Ha(Tp 1) = @ (2G5 @ 251 (Lpr)) 2 P (265 @ Bii(Ly)) -

j=1 j=1

(4.1) Ca(Lg-1()) = Z3_(Lg-1()) ® Zy (Ly-1(5)-
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Since Z;(Lffl(j)) is a free R-module, by iterating equation (4.1)), the rank
of Z,F(Ly-1;)) is given by

n

rank Z, (L 1)) = Z( )n+éf 1)
=0

5. EXAMPLES

In this section we present several examples to illustrate key technical
points. By working with a single choice of simplicial complexes K and L
but various maps f, we highlight the role of the map.

Let L = {0,{v1},{va},{vs}, {v1,v2},{ve,v3}} and K be a 1-simplex on
the vertex set {a,b}.

V1 V3 b

a
V2

For all choices f, following Proposition the groups C*(T( f,1)) are iso-
morphic to Z[Z, x Zy] ® CF | (L; R).

Ezample 1. Let fi: L — K be given by fi(vi) = fi(v2) = fi(vs) = a. The
differential is given by

dl®@v)=d(1®uvy) =d1®uvs) = (1—24) @0
d(l & 1)1’[)2) = (1 — Za) X (’UQ — 1)1)
d(1 @ vav3) = (1 — z4) ® (v3 — v2).

The non-trivial groups of cycles and boundaries are
Zy :<1®®>g Z[Z, x Zp] @ Ry
(1= 22) ®0) = (1= 20)Z[Za x Zo] ® Ry
(1® (vg—v1),1® (v3 —v2) = Z[Zy X Zp] @ (Ryy—v; D Rus—v,)
(
=(

(1—24) ® (v2 — 1), (1 — 24) ® (v3 — v2))
1= 24)Z[Z4 X Zp| @ (Ryy—v; © Rug—v,)

1

and hence
HO(f(h L)) = Z[Zy] ® Ry and Hl(f(h L)) = Z[Z] @ (Ruy—v; ® Ruz—vy).
A simple computation following Corollaries [£.2] and [£.4] shows that
H(Tg,,0)% "% = 0, Hu(T (g, 1))* = 0, and Ho(T(p,,1))%" = Ha(T(p,,1))

which can also be seen directly from the homology calculation.
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Moreover, following Proposition [4.5{the maximal (Z, x Zp)—invariant quo-
tient is

Ho(f(th))zaxzb = Ry, Hl(Tv(fl,L))zaxzb = Ryy—v, @ Ryg—u,-

In general, the homotopy type of T( 7,1 is difficult to determine. In this
case, however, the complex L is the pushout of the inclusions Ly < L; and
Ly — Lg, where Ly = {0,{v1},{va}, {v1,v2}}, Lo = {0,{v2}} and L3 =
{0, {vs}, {va},{vs,v2}} which allows us to explicitly calculate the homotopy
type of T, (f1,1)- The corresponding polyhedral products are T7,, = St x 83,
Ty, = S3 and Ty, = S3 x Si. Now T}, is a pushout of the inclusions of 77,
into Ty, and T7,. After finding the homotopy fibre of the restrictions of f;
toTr,,Tr,,Tr,, we have the following commutative diagram

QS) x 5§ OS5} S} x Si
Ty, \ Ty, / T,
Slx S}

where the vertical maps are homotopy fibrations. Because we are working
over a constant diagram, the homotopy colimit and homotopy limit com-
mute. Therefore, ’f( f1,1) is the homotopy colimit of the diagram QS; x (S«
* — S1) and thus

f(fl,L) ~ (Sl V Sl) X QSl

Since all the vertices of L are mapped to the vertex a in K, the map f;
factors as the constant map to {a} composed with the inclusion map of the
vertex a into K. It can be shown that the homotopy fibre of T, — S! is
S1v St The effect of having a ghost vertex in f(L), that is, a vertex whose
pre-image by f is empty, is that a factor of Q5! appears in T (f,)- This can
be seen in homology by the existence of Z[Z;)].

Ezample 2. Let fo: L — K be given by fa(v1) = fo(vs) = b, fa(v2) = a.
The differential is given by

dl®uv)=d1lus)=(1—2)20
d1®wg) = (1 —2,) ®0

d(1®@vive) = (1 —2p) @ua — (1 — 2z4) @ 13
d(1 ® vovg) = (1—Za)®1}3—(1—2b)®v2-
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The non-trivial groups of cycles and boundaries are
Zo =(1®0) = Z[Z, x Z;) ® Ry
={(1—24)®@0,(1 —2z) ®0)
=(1® (v3—v1),(1 —2p) ®v2 — (1 — 24) @ v1)
Bl = ((1 = 24) ® (v3 = v1), (1 — 2) ®v2 — (1 — za) ® v1)
and thus the non-trivial homology groups are
Ho(T,.1)) = Ry and Hy(T(s, 1)) = Z[Zs] ® Ry, -

In this example, we have Lf = {v2} and L~ ) = = {{v1},{vs}}.
There are no non-trivial boundarles in either of these full subcomplexes.
However, the cones are detecting boundaries in L. Here,

geoCone{a}Bar(Lf;(b)) = algCone{a}Bar(Lf;(b)) = Rys—u,

and all other cones over the boundaries are trivial. The generator (1 — z,) ®
(v3 — v1) of By is an example where a chain vs — v; is a boundary of L
contained in L ) but itself is not a boundary of L 1) Notice that the

generator (1 — zb) ®wvy — (1 — z4) ® v1 is an instance of a cycle with mixed
weights from Z[G] ®@ Zgixed,
The fixed points are given by

Ho(T{g,,1))% % = Ho(T(1,,1))** = Ho(T(1,1))%* = Ho(T(1,.1))
H; (T(fz,L))Z“ =H1(Ti,,1))

and all other groups are trivial.
The homotopy type of Ty, 1) can be determined in the same manner as in
Example|ll Here, the restrictions of fa to 17, and T}, are identity maps and

1\f,,1) is the homotopy pushout * < QS} — *. Therefore Tv(f%L) ~ YOSt

Ezample 3. Let f3: L — K be given by f3(v1) = b, f3(va) = f3(v3) = a.
The differential is given by

dl®uv)=(1-2)20
dl1®@v) =d(1®uv3) =(1—2,) R0
d(l@vive) = (1 —2) @ua — (1 — 2z4) @ 11
d(1 @ vavg) = (1 — z4) ® (v3 — v2).

Then
=(1®0) 2Z[Z, X Z)) @ Ry
=((1—24)®0,(1 = 2z,) ®0)
=(1® (v3—v2),(1 —2p) ®vg — (1 — 24) ®vy)
Bl = {((1—24) ® (v3—v2),(1 —2) @va — (1 — 2z4) ®v1)
and thus the homology groups are

Ho(Ts,.1)) = Ry and Hy(T(s, 1)) = Z[Zs] ® Ruy—u,-
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In this example, we have Lf:;l(a) = {{v2,v3}} and Lfgl(b) = {{v1}}. There

is a non-trivial boundary v — vy in L £ a)" Here,
3

geoCone@BJ(Lf;(a)) = algCone{“}Bar (Lfg—l(a)) =Rys—v,

and all other cones over the boundaries are trivial.

The results of the fixed point computations are the same as in the Exam-

ple

Since T, (f3,1) is the homotopy pushout of QSI} — % and the inclusion

QSEQ — S} x 83, we have Ty, 1) ~ Q8" x S™.

10.

11.

12.

13.
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