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a b s t r a c t

We theoretically investigate the cavity QED of graphene embedded in an optical cavity

under perpendicular magnetic field. We consider the coupling of cyclotron transition and a

multimode cavity described by a multimode Dicke model. This model exhibits a super-

radiant quantum phase transition, which we describe exactly in an effective Hamiltonian

approach. The complete excitation spectrum in both the normal phase and superradiant

phase regimes is given. In contrast to the single mode case, multimode coupling of cavity

photon and cyclotron transition can greatly reduce the critical vacuum Rabi frequency

required for quantum phase transition, and dramatically enhance the superradiant emis-

sion by fast modulating the Hamiltonian. Our work paves a way to experimental explo-

rations of quantum phase transitions in solid state systems.

© 2017 Elsevier Ltd. All rights reserved.

1. Introduction

Cavity quantum electrodynamic (QED) describes the light-matter interaction in the quantum level which has been a

fascinating topic. The excellent control and manipulation of the light-matter interaction can pave the way to fundamental

studies and applications in quantum devices, such as plasmonic polaritons in graphene systems [1e3]. Recently, the physics of

a collection of N two-level atoms interacting with the same quantum field of a photonic mode described by celebrated Dicke

model has stimulated great interests [4e13]. The Dicke model predicted a second-order quantum phase transition at

particular coupling strengthUc in the N/∞ limit [14]. Such model allows us to investigate the superradiant (SR) phase of the

systemwith a macroscopically excited and highly collective state that possesses the potential to be super-radiant. However, a

more realistic model has to incorporate the quadratic field term A2(A is the vector potential of electromagnetic field) which

was absent in the Dicke Hamiltonian. Meanwhile, it was shown that the quantum phase transition disappears in presence of

the A2 term as a consequence of the Thomas-Reiche-Kuhn (TRK) sum rule for the oscillator strength [15]. Therefore, systems

such as cyclotron transition of two-dimensional electron gas, coupled with a cavity resonator and semiconductor inter-

subband transition coupled with a microcavity photonmode were shown to present large diamagnetic term (A2 term) which
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prevents quantum instability from happening [16], [17]. In contrast, two dimensional atomic materials such as graphene

imbedded in an optical cavity resonator shows a superradiant quantum phase transition because of negligible A2 term

resulting from peculiar honeycomb structure of graphene [18], [19]. However, such systems are only described within the

normal phase scope presently, the physical properties of graphene system beyond the quantum critical point have not yet

been addressed. In this paper, we present a microscopic theory to describe the physics of graphene imbedded in a one

dimensional (1D) optical cavity under a perpendicular magnetic field. We calculate the complete excitation spectrum in both

the normal phase and superradiant phase regimes. The results show that multimode coupling of cavity photon and cyclotron

transition, in contrast to the single mode case, can greatly reduce the critical vacuum Rabi frequency required for quantum

phase transition, and dramatically enhance the superradiant emission by fast modulating the Hamiltonian. We want to

emphasise that although the debate about graphene superradiant phase exits in single cavity mode case [18] [24], the

conclusion can be robust via considering the multimode cavity modes in this paper [21].

The paper is organized as follows: In Section II, we develop the general theory of the coupling between a multimode

optical cavity with cyclotron transition and establish the effective Hamiltonian below and above quantum critical point. In

Section III, we discuss the excitation spectrum below and above quantum critical point. The superradiant quantum phase

transitions in the cases of multimode and single cavity mode coupling are analysed. Finally, conclusions are drawn in Section

IV. Additional theoretical derivations are presented in Appendices A-B.

2. Physical system and effective Hamiltonian

In the vicinity of the two inequivalent Dirac points K and K 0, the low energy Hamiltonian can be written as

HL ¼ ZvFðzkxsx þ kysyÞ where siði ¼ x; yÞ are Pauli matrices, vFz106m=s is the Fermi velocity and z ¼ ± is the valley index. In

this work, a static and uniform magnetic field B is applied along the z axis perpendicularly to the graphene plane. As long as

the lattice constant a is much smaller than themagnetic length l0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Z=ðeBÞ
p

, we can perform the Landau-Peierls substitution

which replace Zk with P ¼ Zk þ eA0 where A0ðrÞ ¼ ð&By=2;Bx=2;0Þ is the vector potential in symmetric gauge. This yields

the Landau level (LL) states in conduction band in K and K 0 valleys as 4
y
n;l;K

¼ ði〈n& 1; lj; 〈n; ljÞ=
ffiffiffi

2
p

and

4
y
n;l;K 0 ¼ ð〈n; lj;&i〈n& 1; ljÞ=

ffiffiffi

2
p

respectivelywhere n and l are good quantum numbers of LL states in symmetric gauge, and the

LL energies in conduction band as En ¼ Zu0

ffiffiffi

n
p

where u0 ¼
ffiffiffi

2
p

vF=l0. Each LL has degeneracyN ¼ 4S=ð2pl20Þwhere S represents

the surface of the graphene layer. Note that here we take the spin and valley isospin degeneracy into account. We further

define the LL filling factor as v ¼ rS=N þ 1=2 [18] where r is the electron doping density. In this paper, for the sake of

simplicity, we consider the case of integer filling factor with the Fermi level being in the conduction band. As we deal with the

coupling between the light and high filling factor of LLs, we have to take into account the system at cryogenic temperature.

Therefore, we assume cryogenic temperature in the rest of the calculations of this paper to ensure the cyclotron transition

energy is larger than thermal energy. The loss of graphene will not influence the excitation of spectrum of polariton. But large

loss will prevent from observing the spectrum of polariton. The considered cryogenic temperature can ensure the loss smaller

than Rabi frequency in our considered parameters.

In this work, we consider 1D optical cavity (Lx[Lz[Ly) with graphene monolayer placed in the middle at z ¼ Lz=2 as

depicted in Fig. 1. This permits us to treat the continuous dispersion along the x axis while keeping a few modes along z axis

and neglecting all the modes along the y axis except the lowest one. The vector potential AemðrÞ of cavity field can be written

as

AemðrÞ ¼
X

q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Z

2ε0εuq

s

%

uqaq þ u*qa
y
q

&

(1)

where ε is the cavity dielectric constant and operators aq are the photon annihilation operators with corresponding wave

vector q written as q ¼ ð2pnx=Lx;0;pnz=LzÞ, the mode spatial profile uq reads

uq ¼
ffiffiffiffi

2

V

r

exp

(

i
2pnxx

Lx

)

sin
%pnz

2

&

ð0;1;0Þ (2)

Note that only the photonic modes with nz being the odd integers will be coupled to the LL transitions. The cavity modes

frequencies are given as

uq ¼ c
ffiffiffi

ε

p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

(

pnz
Lz

)2

þ
(

2pnx
Lx

)2
s

(3)

The interaction Hamiltonian for the cavity-graphene system is given as Hint ¼ evFAem,s. Here we investigate the coupling

between the cavity modes and the cyclotron transition between the last occupied LL n ¼ v& 1 and the first unoccupied one

n ¼ v, and the second quantization form of interaction Hamiltonian reads (see Appendix A)
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Hint

Z
¼

X

q;l

Uq
ffiffiffiffi

N
p

%

a
y
q þ aq

&%

c
y
v;l
c
v&1;l þ c

y
v&1;l

c
v;l

&

(4)

where the vacuum Rabi frequency Uq ¼ evF
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

N
ε0εuqVZ

q

and V being the cavity volume.

In order to bosonize the LL band excitations, we apply the Hosltein-Primakoff representation [20], where the effective

Hamiltonian associated to the system reads

H

Z
¼ uegb

ybþ
X

q

uqa
y
qaq þ

X

q

Uq
ffiffiffiffi

N
p

%

ayq þ aq

&%

by
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

N & byb
p

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

N & byb
p

b
&

(5)

where ueg≡u0ð
ffiffiffi

v

p &
ffiffiffiffiffiffiffiffiffiffiffi

v& 1
p

Þ being the transition frequency between two nearby LLs.

This is a multimode Dicke model which can be solved both in normal and SR phases [21]. Below the critical point (normal

phase), the effective Hamiltonian in normal phase is obtained as

HNo

Z
¼ uegb

ybþ
X

q

uqa
y
qaq þ

X

q

Uq

%

a
y
q þ aq

&

+

by þ b
,

(6)

Then the excitation spectrum of uj is given by solutions to the equation as

4ueg

X

q

uqU
2
q

u2
q & u2

j

¼ u2
eg & u2

j (7)

Note that the excitation energies uj are real only for h≡gc=g>1 where g≡
P

qU
2
q=uq and gc≡ueg=4. The value of h ¼ 1

separates the normal and SR phases. The summation of all the coupling photonic modes in g shows that critical Rabi

frequency required for quantum phase transition can be reduced by coupling matter to a multimode cavity compared with

single cavity mode case.

Above the critical point (h<1), we displace the Bosonicmodes in Eq. (5) by ~aq ¼ aq±
ffiffiffiffiffiffi

aq
p

and ~b ¼ bH
ffiffiffi

b
p

, and eliminate the

terms in Eq. (5) that are linear in the Bosonic operators by choosing b ¼ N
2 ð1& hÞ and aq ¼ 4bðN&bÞU2

q

Nu2
q

. Note that we obtain

exactly the same values of aq and b regardless of which sign of the operator displacements we choose. The effective

Hamiltonian above the phase transition point becomes

Fig. 1. Sketch of a one dimensional cavity embedding graphene sheet, a uniform and static magnetic field B is applied along the z axis, more information of such

1D cavity can be found in Ref. [17].
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HSR

Z
¼

X

q

uq~a
y
q
~aq þ ~ueg

~b
y
~bþ

X

q

~Uq

%

~ayq þ ~aq

&%

~b
y þ ~b

&

þ f
%

~b
y2 þ ~b

2
&

þ const (8)

where ~ueg ¼ uegð&h2þ6hþ3Þ
4hðhþ1Þ , ~Uq ¼ Uqh

ffiffiffiffiffiffiffi

2
1þh

q

and f ¼ uegð&3h2þ2hþ1Þ
8hðhþ1Þ .

Then the excitation spectrum ~uj above the critical point is given as

4
+

~ueg & 2f
,

X

q

uq
~U
2

q

u2
q & ~u2

j

¼ ~u2
eg & 4f 2 & ~u2

j (9)

Note that beyond the transition point, the parity symmetry of the system has become spontaneously broken. In normal

phase, the parity operator reads PNo ¼ exp½ipðbybþP

q
ayqaqÞ+ and it commutes with normal phase Hamiltonian ½PNo;HNo+ ¼

0 satisfying parity symmetry. In SR phase, parity symmetry is broken ½PNo;HSR+ ¼ 0, and system obeys a new parity symmetry

½PSR;HSR+ ¼ 0 where PSR ¼ exp½ipð~by~bþP

q

~ayq~aqÞ+.

3. Results and discussions

In Fig. 2(a) and (b), we show the complete spectrum of themagnetopolariton both in normal and SR phases as a function of

doping density r andmagnetic field strength B respectively. In Fig. 2(a), the SR phase transition occurs at rc ¼ 2:42, 109cm&2

Fig. 2. (a) Normalized frequencies of magnetopolariton both in normal and SR phases as a function of doping density r with B ¼ 8mT and critical density for phase

transition is rc ¼ 2:42, 109cm&2 . (b) Normalized frequencies of magnetopolariton both in normal and SR phases as a function of magnetic field B with doping

density r ¼ 2:40, 109cm&2 and the critical value of magnetic field for phase transition is Bc ¼ 8mT . (c) The scaled ground state energy both in normal and SR

phases as a function of doping density r with B ¼ 8mT . (d) The scaled ground state energy both in normal and SR phases as a function of magnetic field B with

doping density r ¼ 2:40, 109cm&2. The rest parameters are Lz ¼ 100mm, Lx ¼ 25Lz , Ly ¼ Lz=5 and uc ¼ 4:7THz being the lowest lying cavity mode frequency. With

these parameters, only one branch of magnetopolaritons shows up (as shown in Fig. 2. (a)e(b)) and this result is obtained with a cutoff value of nz <7.
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Fig. 3. Normalized frequencies of magnetopolariton for multimode versus single-mode as a function of doping density r. Parameters for multimode case are

B ¼ 8mT , Lz ¼ 100mm, Lx ¼ 25Lz , Ly ¼ Lz=5 and uc ¼ 4:7THz being the lowest lying cavity mode frequency. For the single mode case, the photonic mode frequency

u ¼ uc ¼ 4:7THz. The critical density for phase transition in the multimode case is rc ¼ 5:32, 109cm&2 , this result is obtained with nz ¼ 1. Note that the critical

density for the single mode phase transition is rc ¼ 4:38, 1011cm&2 which is around 100 times larger than the critical density in multi-mode case.

Fig. 4. (a) The scaled mean photon number as a function of doping density r with magnetic field B ¼ 8mT . (b) The electronic inversion as a function of doping

density rwith magnetic field B ¼ 8mT . (c) The scaled mean photon number and the electronic inversion as a function of the magnetic field B with doping density

r ¼ 2:40, 109cm&2 . The rest parameters are Lz ¼ 200mm, Lx ¼ 50Lz and Ly ¼ Lz=5.
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and in Fig. 2(b), the SR phase transition occurs at B ¼ 8mT with our considered parameters. By analysing the behaviour of the

excited state energy relatively to the ground state in the vicinity of the critical point, we find uj - jr& rcjzv , here zv ¼ 1=2 is

the critical exponent, the first derivative of the excited state energy with respect to the doping density is
duj

dr
- jr& rcj&1=2

which diverges at the critical value, this marks the second order quantum phase transition. Meanwhile, we calculate the

scaled ground state energy as EG=ðNucÞ ¼ &ð1& hÞ2Zueg=ð4hucÞ shown in Fig. 2(c) and (d) where we scale this quantity by N

followed by normalizationwith respect to the lowest lying cavitymode frequency uc≡cp=ðLz
ffiffiffi

ε

p Þ. As we can see in Fig. 2(c) and

(d), the system indeed shows a qualitative change in the ground state at the phase transition point beyond which the system

tends to stabilize itself into the SR phase.

Fig. 3 shows themagnetopolariton frequencies calculated from the cases of multiple cavitymodes coupling and only single

mode coupling as function of doping density. The result shows that the critical doping density required for SR phase transition

is much smaller in multiple modes coupling than that in single mode coupling. This implies that we should consider a

multimode cavity to experimentally observe the SR phase transition.

In Fig. 4, we plot scaled mean photon number a ¼ P

q〈a
y
qaq〉 and electronic inversion 〈byb〉 ¼ b. This figure clearly illus-

trates that, in the normal phase, the system is only microscopically excited, whereas above a certain critical doping density

both the field and electronic ensemble acquire macroscopic excitations. In Fig. 4(c), since the degeneracy N ¼ 4S=ð2pl20Þ has a
linear dependence of the magnetic field B, therefore, we get the nearly linear dependence of the scaled quantities a and b.

Noted that photons in the ground state of SR regime are virtual and they cannot be escaped from the cavity in the case of time-

independent Hamiltonians [23]. So multimode coupling of cavity photon and cyclotron transition can dramatically enhance

the superradiant emission if we fast modulate the Hamiltonian compared with single mode case. For Fig. 5, we plot the

normalized magnetopolariton frequency versus the cavity thickness Lz. uc≡cp=ðLz
ffiffiffi

ε

p Þ is the lowest cavity mode frequency

which depends on the cavity thickness Lz. Note that for large cavities, the frequencies of the cavity modes become continuous,

in such scenario, we cannot discard some higher order modes frequencies when we calculate the magnetopolariton fre-

quencies. Therefore, the results become inaccurate for larger cavities. Fig. 5 is plotted with a cutoff range with Lz <400mm.

4. Conclusions

In conclusion, we theoretically present the excitation spectrum of graphene embedded in an optical cavity under

perpendicular magnetic field. We consider the coupling of cyclotron transition and a multimode cavity described by a

multimode Dicke model. The model predicts a superradiant phase transition will occur in graphene while such quantum

phase transition does not exist in conventional semiconductors. The complete excitation spectrum in both the normal phase

and superradiant phase regimes is given. In contrast to the single mode case, multimode coupling of cavity photon and

cyclotron transition can greatly reduce the critical vacuum Rabi frequency required for quantum phase transition, and

dramatically enhance the superradiant emission by fast modulating the Hamiltonian.

Appendix A. . Second quantization of interaction Hamiltonian

As wementioned before, the interaction Hamiltonian can be written as Hint ¼ evFAem,s, projecting this Hamiltonian in LL

basics of conduction band, we obtain

50 100 150 200 250 300 350 400
0.00

0.25

0.50

0.75

1.00

j/
c

Lz(um)
Fig. 5. Normalized frequencies of magnetopolariton both in normal and SR phases as a function of cavity dimension Lz with B ¼ 8mT and the doping density is

rc ¼ 1:06, 109cm&2 . The critical value of cavity dimensional for phase transition is Lz ¼ 150mm. The other parameters are Lx ¼ 25Lz , Ly ¼ Lz=5.
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Hint ¼
X

n;l;n0;l0

evF
2
ð〈n; ljAemjn0 & 1; l0〉þ 〈n& 1; ljAemjn0; l0〉Þcy

n;l
cn0;l0 (A1)

where Aem is given in Eq. (1). Bearing in mind that we are dealing with the cyclotron transitions between the last occupied LL

n ¼ v& 1 with the first unoccupied one n ¼ v, therefore the Hint can be simplified as

Hint ¼
X

l;l0

evF
2
〈v& 1; ljAemjv& 1; l0〉

%

c
y
v;l
c
v&1;l0 þ c

y
v&1;l

c
v;l0

&

(A2)

Since we are dealing with low energy cavity modes, the LL mixing can be neglected [22] and we apply the formula

〈n; ljexpð & iq$rÞjn0; l0〉 ¼ exp
%

& jqj2l20
.

2
&

cn;n0 ðql0Þcl;l0
+

& q*l0
,

(A3)

where cn;n0 ðql0Þ≡Qðn& n0ÞGn;n0 ðq*l0Þ þQðn0 & nÞGn0 ;nðql0Þ and

Gn;n0ðql0Þ ¼
ffiffiffiffiffiffi

n0!
n!

r

(&iql0
ffiffiffi

2
p

)n&n0
X

n0

j¼0

n!

ðn0 & jÞ!ðn& n0 þ jÞ!

%

& jql0j2
&j

2jj!
(A4)

Note that q ¼ qx þ iqy and QðnÞ is Heaviside step function. Thus we have 〈v& 1; ljexpð±iqxxÞjv& 1; l0〉 ¼ dl;l0 thanks to this

condition jqjl0≪1. Finally we arrive at

Hint

Z
¼

X

q;l

Uq
ffiffiffiffi

N
p sin

(

pn3
2

)

+

a
y
q þ aq

&%

c
y
v;l
c
v&1;l þ c

y
v&1;l

c
v;l

&

(A5)

We notice that only cavity modes with n3 being odd number are coupled with LL transitions. At last, sinðpn3=2Þ can be

absorbed in photon creation and annihilation operators by transformation sinðpn3=2Þðaq þ a
y
qÞ/ðaq þ a

y
qÞ due to the fact that

sin
%

pn3

2

&

¼ 1 or sin
%

pn3

2

&

¼ &1.

Appendix B. . The spectrum of magnetopolaritons

As wementioned before, Eq. (7) together with Eq. (9) gives the complete spectrum of the magnetopolaritons in the system

for both normal and SR phases. The condition Lx[Lz allows us to make replacement:
P

q
/

P

nz

R

gnz
ðuÞdu where

gnz
ðuÞ ¼ uεLx

pc2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

u2
ε

c2
&
%

nzp
Lz

&2
r (B1)

being the density of the modes, therefore Eq. (9) becomes

e2v2FuegLxNh

2pc2ε0ZV

X

nz

Z

∞

0

dy

y2 þ unz

¼
u2
eg

+

& h2 þ 2hþ 1
,

2h2
& ~u2

j (B2)

where unz
≡
n2
zp

2

L2z
& ε~u

2

j

c2
and y≡

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

u2
ε

c2
&
(

nzp
Lz

)2
s

. In order to perform the integration in the left hand side of Eq. (B2), we consider

the situation unz¼1 >0, therefore we have
R

∞

0
dy

y2þunz
¼ p

2
ffiffiffiffiffiffi

unz

p , thus the spectrum of magnetopolaritons can be obtained under

condition unz¼1 >0 which being plotted in Fig. 2(a).

The same technique applies in the calculations of magnetopolaritons in normal phase.
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