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Dynamic response analysis has potential for increasing fatigue life of the components in the transmission of
a multi-stage main transmission system. The calculated data can demonstrate the influence of shaft torsional
stiffness on dynamic characteristics of the system. Defining key shafts corresponded by each branch of the
system and analyzing its sensitivity are important for the design of four-stage deceleration helicopter.
Lumped mass method is applied for dynamic modelling and Fourier method is used to solve differential
equation of the system. Results of the analysis indicate key shafts can be designed carefully to improve the

performance of the transmission system.

1. Introduction

Helicopter transmission dynamic analysis is
important to helicopter vibration system
because helicopters has long transmission
chain. Lumped mass method has been
developed to establish the vibration based
model. Various dynamic factors, such as time-
varying meshing stiffness, clearance, and
synthetic transmission error, are taken into
account in each branch of the system. Fourier
series method is applied to solve differential
equation of motion, so dynamic response
influenced by shaft torsional stiffness is
calculated to analyze vibration characteristics.
Sensitivity analysis method is developed and
implemented in four-stage main transmission
system to detect the key shaft.

The four-stage main transmission system
has potential for carrying heavy load compared
to other reducer system, and it is particularly
relevant in complex dynamic behavior in three-

engine helicopters. The system structure is
extremely complicated, it has multiple
branches of input and output, along with long
transmission chain which includes numerous
gears and accessories[1]. Therefore, it is urgent
and meaningful to analyze and study its
vibration characteristics, predicting dynamic
response and detecting key shaft might protect
the whole system from further damage.[2-3]
The input speed and torque are greatly high in
this system which could lead to transmission
failure. Several studies have concluded that
transmission malfunction caused helicopter
accidents under severe working condition [4-5].
In this case, key shafts should be predicted
accurately and designed carefully.

For helicopter main transmission system,
scholars established the complex multi-shaft
system based on finite element method [6], and
analyzed the influence of meshing stiffness,
installation angle, spiral angle and bearing
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stiffness on the natural characteristics[7]
through numerous methods, such as impedance
matching method[8] and whole transfer matrix
method[9-10]. The shaft sensitivity analysis
dates back to 1980’s. These studies explored
the sensitivity of torsional modes and
maximum torsional torques to turbine-
generator shaft mechanical parameters [11-13],
which provided references for detecting key
shafts in this paper.

The main part of four-stage transmission
system is planetary gear chain of main
transmission system. In 1990’s, the effects of
meshing conditions on dynamic behavior in
torsional model was analyzed [14]. The
influence of the ring support stiffness on free
vibration was discussed, and potentially
dangerous frequencies for sun gear-planet and
planet-ring gear contacts were determined [15-
16]. In addition, the natural frequency and
vibration mode sensitivities to system
parameters were investigated for both tuned
(cyclically symmetric) and mistuned planetary
gears [17]. Other studies of planetary gear
dynamics include mesh stiffness variation and
load sharing [18-19], influence of free vibration
[20-21], and tooth crack detection [22-24].
These studies are not meant to provide multi-
stage dynamic analysis; indeed, some research
crosses into one or two stages analysis.

In general, most studies focus on planetary
chain system or the components of helicopter’s
main reducer. Few of them involve the whole
transmission system of helicopter and the

researches on the impact of torsional stiffness
of shaft on the dynamic response are rarely
published yet. Therefore, in the paper, first of
all, dynamics modeling is conducted on the
four-stage helicopter transmission system; the
differential equation of system vibration is
deduced; the dynamic response corresponded
by each DOF is calculated; Then, the influence
of the changes of torsional stiffness on
amplitude of dynamic response is explored.
Finally, the key shafts affecting each branch of
the helicopter are analyzed by sensitivity
analysis method, and theoretical support could
be provided for the design of the helicopter.

2. Four-stage Helicopter Main Reducer

and Transmission

The model of four-stage
helicopter’s transmission system is shown in
Fig.1 [1, 25]. The model configuration is based
upon EH101 helicopter. As shown in the figure,
the system has three same input branches,
namely j branch (j=1,2,3). Each branch has 5
gears, which is 61, 6-...6s. The rotational DOF
of each gear pair is listed in Table 1. All shafts
are numbered in Table 2 and its torsional
stiffnesses are defined and calculated as:
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FIGURE 1: Model of three-engine helicopter’s transmission system

TABLE 1: Name of torsional DOF

DOF Name DOF Name DOF Name
. . . Gear 9
1 Gear 1 (First Engine) 10 | Gear 5 (Second Engine) | 19 . .
(Tail Transmission)
. . . . Gear 10
2 Gear 2 (First Engine) 11 Gear 1 (Third Engine) 20
(Sun Gear)
. . . . Gear 11
3 Gear 3 (First Engine) 12 Gear 2 (Third Engine) 21

(Planet Gear 1)




. . . . Gear 12
Gear 4 (First Engine) 13 Gear 3 (Third Engine) 22
(Planet Gear 2)
. . . . Gear 13
Gear 5 (First Engine) 14 Gear 4 (Third Engine) 23
(Planet Gear 3)
i . i Gear 14
Gear 1 (Second Engine) 15 Gear 5 (Third Engine) 24
(Planet Gear 4)
. Gear 6 Gear 15
Gear 2 (Second Engine) 16 . 25
(Synthesized Gear) (Planet Gear 5)
. Gear 7 Gear 16
Gear 3 (Second Engine) 17 . L 26
(Tail Transmission) (Planet Gear 6)
. Gear 8 .
9 Gear 4 (Second Engine) 18 . L 27 Planet Carrier
(Tail Transmission)

TABLE 2: Name of shafts

3. Transmission Model

Based on the description, the four-stage
deceleration helicopter transmission system,
with 3 branches in the 15t and 2" stage, has 27
generalized coordinates X (rotational DOF)
shown in matrix:

x={0,60,65,6,6%,6,,6,,04,0,,0

O

pi

The expansion formula of transmission
error and time-varying meshing stiffness is
shown in Fourier series under fundamental
meshing frequency:

k(t) =k,, +k, sin(ot + p)

e(t) =e, +e,sin(ot + @)

ey (1) = Ay sin(at + o) + Eysin(wt + g + ) 2
+ Egsin[ot + ¢, —27(i-1) / N + o]

Eepi t) = A:pi sin(wt + %pi) + Epi Sin(wpt + i — a)

27(i-1)/ N -a]

+E sin[aot + o, -

The relative displacement of each gear
pair along the meshing line is defined as

Shaft Shaft name Torsional Calculated Value
number Stiffness (Nem/rad)
A Input shaft Kin 30x 10
B Gear 2 and Gear 3 connecting shaft kos 60X<10*
C Gear 4 and Gear 5 connecting shaft Kss 30x10*
D Gear 7 and Gear 8 connecting shaft kzs 60X<10*
E Tail shaft Kout 20x10*
F Sun gear input shaft Kes 90x10*
follows:

Xaib(t) = ga - eb Ty —€ap (t)

>(spi )= QSI’S - Hpirpi - espi ®

Xcpi = epi Toi = gc T = €epi ®)

3)

Dynamic meshing and damping forces of
each gear pair are defined as follows:

Fa o0 =ke oXq 50 v,y
Fspi n= kspi ® Xspi +Cspi ® xspi
I:cpi = I(cpi ®) chi +C (t)x

(4)

cpi cpi

According to the derivation, the
differential equation of the four-stage main
transmission system can be deduced through
Newton’s law, as shown below:

1) Differential equation of motion for three
input branches:
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2) Differential equation of motion for tail
branch:
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3) Differential equation of motion for

planetary output:
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In addition, after the decomposition and
recombination, differential equation can be

expressed with following matrix-vector form:
[M]{X}+[C]{X} +[K]{X} ={F} (8)

External excitation and dynamic response
are in k'™ order Fourier series [26]:

{Fk ={A} sinot+{A} cosot

{Ax}, ={B,}, sino,t+{B,}, cosayt ®©)

here { B1}x and { B2}« could be solved by the
following equation:

-ax[C] }{{Bl}k}:{{ﬂ}k}
—o M1+ KT [{B2) ] [{Ach
(10)

The dynamic response of the system is

linear superposition of the results corresponded
by each order:

5 {{B}, sinot+{B,}, cosoyt} (11)

k=1

{—wf[MH[K]
a’k[C]

{Ax(t)} =

4. Calculation and Discussion

4.1 Model Parameters and Dynamic Response
Calculation A set of basic parameters are
extracted from a geared system, listed in Table
3. Gear number is based on Table 1. In addition,
the maximum output power of three engines are
1000kW, 1500kW, 2000kW respectively.
Maximum output speed of the engines are
20000r/min.

Table 3: Gear parameters of four-stage main transmission system

Tooth Face | Transmission Initial phase Initial phase
Module | width error of transmission error of meshing
number .
(mm) (nm) ®) stiffness (°)
Gear 1 30 4.5 40 50 0 0
Gear 2 85 4.5 40 50 0 0
Gear 3 40 5 60 30 20 20
Gear 4 90 5 60 30 20 20
Gear 5 25 4.75 40 40 30 30
Gear 6 142 4.75 40 40 30 30
Gear 7 40 5 35 20
Gear 8 60 5 35 20
Gear 9 70 5 40 40 20 20
Gear 10 68 5 40 40 20 20




Gear
11-16

37 5 40 30

Psp1 = 0,
Psp2 = 240,
¢sps = 180,
Pspa = 150,
@sps = 180,
Pspe = 240

Psp1 = 0,
Psp2 = 60,
@sps = 120,
Pspa = 150,
@sps = 180,
Pspe = 240

The dimensionless amplitude is used to
compare and understand how each gear
response is affected by the system dynamics.
Here, the dimensionless response amplitude is
defined as the ratio of dynamic response to the
amplitude of Gear 1, so all gears could be
directly compared with system input gear.

By Fourier series method, the torsional
displacement of each DOF can be obtained, as
is shown in Fig.2. It indicates that the response
of each gear pair is in the performance of
periodic change under many dynamic factors

like time-varying meshing stiffness and
transmission error.
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Fig.2(a) and Fig.2(b) show response of
first stage gear pair, due to transmission error,
they have slightly response difference. Fig.2(c)
and Fig.2(d) show response of second stage
gear pair, Fig.2(e) and Fig.2(f) show response
of third stage gear pair. Fig.2(g), Fig.2(h) and
Fig.2(i) show response of gear pairs in tail
branch. Fig.2(j), Fig.2(k) and Fig.2(l) show
response of gear pairs in planet train. The
response amplitude increases constantly along
with transmission path, in this case, Fig.2(l)
shows the largest response amplitude.
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FIGURE 2: Dynamic response of gears in helicopter transmission system




4.2 Analysis of Dynamic Response Influenced
by Torsional Stiffness of Shafts The input three
branches are the important branches of the
four-stage transmission system. The structure
is the same, but the internal excitation and
external excitation are of difference, so their
response amplitudes are distinctive.

Moreover, response amplitudes vary with
torsional stiffness of shafts , as is shown in
Fig.3. According to Fig.3(a), the response
amplitude of three input branches decrease
with the torsional stiffness of shaft A, but the
change rate is very large when the torsional
stiffness is less than 9x10* N-m/rad. But when
the input shaft torsional stiffness is more than
4x10° N-m/rad, the change rate is small and
tends to be stable. With respect to the other two
shafts of the input branch (shaft B and shaft C),
it can be seen from Fig.3(b)-(c), the response
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amplitudes of the three branches are also
reduced with increasing torsional stiffness,
however, the decline rate is relatively stable
with no obvious turning point. Based on
Fig.3(d) and Fig.3(e), the torsional stiffnesses
of two shafts in tail branch have no effect on
the three-branch input response. From Fig.3(f),
it can be seen that the response amplitude of
three input branches decrease linearly with
input shaft of sun gear, and the amplitude of 3
input branch is the largest and 2" one is the
smallest.

It can be seen from Fig. 3 that response of
the 3 input branch are larger than the other
two branches due to the different magnitude of
the external excitation. Therefore, when
designing the 3 input shaft, the shaft with
larger torsional stiffness should be selected.
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FIGURE 3: Response amplitude influenced by torsional stiffness of input shafts
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transmission system has multiple branches of
input and output, and the dynamic response in
key branches of the transmission chain is
normally different. Response amplitudes of key
branches vary with torsional stiffness of shafts ,
as is depicted in Fig.4.

The carrier shows the maximum
amplitude and varies intensively with torsional
stiffness of shaft F. The response amplitudes of
three input branches decrease obviously due to
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the rising stiffness of shaft C. The tail branch
decreases obviously with the torsional stiffness
of shaft D. In conclusion, the response
amplitude of each branch decreases with
increasing torsional stiffness, The reduced
amplitudes are related to their sensitivity
coefficients, so sensitivity calculation and
analysis are required to be carried out.
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FIGURE 4: Response amplitude influenced by torsional stiffness of shafts in the system

4.3 Key branches influenced by torsional
stiffness of shafts Sensitivity analysis is
generally used to study the key variables in the
system of many uncertainties. In this paper,
based on the mutative torsional stiffness of the
shaft, sensitivity analysis is used to find the key
shafts which affect the response characteristics
of each branch. The sensitivity coefficient of
the shafts is analyzed in calculation to provide
engineering reference for the design of
helicopter’s shafts in four-stage main
transmission system.

The sensitivity of each branch’s response
X(t) corresponds to torsional stiffness k is
defined as [27]:

(X' =x)/x
(k"'—k)/k

Xz x100% (12)

where x and x’ are corresponding response
amplitude before and after the change of
stiffness k; k and &’ are the torsional stiffness
values before and after the change respectively.

In Fig.5(a), for the input three branches,
their sensitivity to the shaft C is about 49% (2"
input branch has maximum sensitivity); their
sensitivity to the shaft B is approximately 30%
(3 input branch has maximum sensitivity);
their sensitivity to the shaft A is nearly 11% (2"
input branch has maximum sensitivity). So
shaft C is the key shaft of the input branches. It
could also been seen in Fig.5(b) that tail branch
has the highest value in sensitivity with shaft D
(45%) and with shaft E secondly (38%),
however this branch has little sensitivity with
shafts of input branch (shaft A, B, and C ),
along with shaft F in the planet system. Fig.5(c)
depicts that planetary system has 75% sensitive
value with shaft F, which makes it a key shaft
to this branch. In general, the shaft within each
branch is more sensitive to the branch itself and
less sensitive to other branches according to the
Fig.5.
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FIGURE 5: Sensitivity of shafts in the system

5 Conclusion

In this paper, a new dynamics model of four-
stage helicopter transmission system is
proposed and the differential governing
equation of system vibration is derived as well.
Based on the governing equation, time-domain
dynamic characteristics are obtained by
employing the Fourier series method.
Moreover, this paper presents the influence of
the changes of torsional stiffness on dynamic
response.

The analysis results based on the ideal
modal enable us to draw the following
conclusions:

(1) The output response of carrier and tail
branch are relatively larger, which is
related to the increasing torque in the last
stage. In other words, the last stage should
be designed carefully.

(2) The response amplitudes of the three input
branches decrease as the increase of
torsional stiffhess of the input shaft in the
system. The 3™ input response is larger
than the other two input branches, so when
designing its input shaft, a shaft with
larger torsional stiffness should be taken
into consideration.

(3) The amplitude of response of each branch
is on the decrease when torsional stiffness
rises, and the decrease magnitude is
associated with its sensitivity coefficient.
When the stiffness increases to a certain
value, the response amplitude tends to be
a stable value.

(4) The key shaft of the three input branches
are C-shafts; the tail branch response is the
most sensitive to the D-shaft, and the E-
shaft is the second; the planetary chain
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system shows more sensitivity to the F-
shaft. In addition, the shafts within the
branch responses to much larger value of
sensitivity, and is of lower sensitivity in
other branches.
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c(t) mesh damping
[C] damping matrix
internal diameter of the shaft
D external diameter of the shaft
e  ttransmission error
ea dynamic transmission error
em Static transmission error
[F] external excitation matrix
F(t) dynamic forces of each gear pair
G  shear elastic modulus
j  number of input engine (j=1,2,3)
[K] stiffness matrix
k  meshing stiffness
km average variable meshing stiffness
ka maximum variable meshing stiffness
[M] mass matrix
N number of planet

r  radius of base circle

T torque
X(t) relative displacement along the
meshing line
X dimensionless displacement along
the meshing line
X  relative velocity along the meshing
line
o pressure angle
£ initial phase of meshing stiffness
6 rotational DOF
¢ initial phase of transmission error
o fundamental meshing frequency
Subscripts
c carrier
in input branch
r tail branch
pi planet gear i(i=1,2...6)

S Sun gear
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