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These notes describe some of the homotopy theory surrounding Davis-
Januszkiewicz spaces, moment-angle complexes and their generalizations
to polyhedral products. These spaces are defined by gluing together prod-
ucts formed from pairs of spaces (X, A), where the gluing is determined
by the faces of a simplicial complex K. The emphasis is on determining
homotopy types — of the spaces themselves, their suspensions and their
based loop spaces — and showing how these homotopy types depend on
a beautiful interplay between the topology of the pairs (X, A) and the
combinatorics of the simplicial complex K.
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1. Introduction

Toric topology is at the nexus of a wide range of mathematical subjects:
algebraic topology, symplectic and algebraic geometry, combinatorics and
commutative algebra. Homotopy theory has proved to be very useful in
analyzing the fundamental spaces of toric topology: Davis-Januszkiewicz
spaces DJg, moment-angle complexes Zx, and their generalizations to
polyhedral products (X, A)¥. All three are defined in terms of products
of topological spaces glued together at intersections as determined by the
faces of a simplicial complex K. The topology of these spaces is fascinating,
involving a beautiful interplay between homotopy theory and properties of
simplicial complexes.

The purpose of these notes is to give an introduction to the homotopy
theory surrounding Davis-Januszkiewicz spaces, moment-angle complexes
and polyhedral products. In one direction, methods and tools are developed
that give the reader a grounding in the techniques that have led to the main
advances in the homotopy theory of toric topology over the past decade. In
another direction, these methods are applied to address important questions
and conjectures in homotopy theory.

The main goals are to identify the homotopy types of the spaces DJ,
Zx and (X, A)X, the homotopy types of their suspensions XD.J, X2k
and ¥ (X, A)X, and the homotopy types of their based loop spaces QD.Jk,
QZx and Q(X, A)X. General formulas for the homotopy type of X(X, A)%
and Q(X, A)X will be discussed in Theorems 4.5 and 9.4 respectively. The
homotopy type of (X, A)¥ itself is more subtle, and only special cases will
be considered. The loop space decomposition of (X, A)X is used in the
latter part of the notes to address problems related to major questions in
homotopy theory: Barratt’s conjecture, the elliptic-hyperbolic duality in
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rational homotopy theory, and Moore’s conjecture. Along the way, various
open problems will be pointed out in the hope of provoking interest.

2. Davis-Januszkiewicz spaces, moment-angle complexes
and polyhedral products

The two fundamental objects in toric topology are Davis-Januszkiewicz
spaces and moment-angle complexes. They were first constructed by Davis
and Januszkiewicz [10] but were reformulated more conveniently by Buch-
staber and Panov [5,6]. For a positive integer m, let [m] = {1,...,m}.
Let K be a simplicial complex on the vertex set [m]. Let 7™ =[], S* be
the m-fold torus and let BT™ = Hfil CP® be its classifying space. For a
face 0 € K, let

CP>xifieo
DJ, _ilj[ly;- where Y, = {* i o
The Davis-Januszkiewicz space DJg is defined by
DJx = | DJ.. (2.1)
ceK

Observe that DJg is a subspace of the product HZ’;I CpP=.
The moment-angle complex is constructed analogously. For a face
o€ K, let

A D?ifico
Zo _il:[lYi where  1; = {81 if i ¢ .
The moment-angle complex Zy is defined by
Zyi = U Z,. (2.2)

ceK

Observe that Zg is a subspace of the product H:i1 D2, There is a canonical
action of 7™ on [[1", D? given by letting the circle in coordinate i of T™
act by rotation on the disc in coordinate i of [];", D?. This induces an
action of T™ on the subspace Zx. The orbit space of this action on Zg
is DJg . Thus there is a homotopy fibration sequence

T™ —s Zy — DJx — BT™. (2.3)

The analogous definitions of DJg and Zx suggest that there is some-
thing more functorial going on that ought to be investigated. The general-
ization was formulated independently in unpublished notes by Strickland



Combinatorial and Toric Homotopy Downloaded from www.worldscientific.com
by UNIVERSITY OF SOUTHAMPTON HARTLEY LIBRARY on 02/02/18. For personal use only.

4 S. Theriault

and by Buchstaber and Panov [5], and first seriously investigated by Bahri,
Bendersky, Cohen and Gitler [1]. The generalization is called a polyhedral
product.

Let K be a simplicial complex on m vertices. For 1 <14 < m, let (X;, 4;)
be a pair of pointed CW-complexes, where A; is a pointed subspace of X;.
Let (X,A) = {(Xi, A:)}™, be the sequence of CW-pairs. Regard each
simplex (face) o € K as being identified with the sequence (i1,...,ix)
where 41, ..., are the vertices of o and i1 < -+ < 4x. Let (X, A)? be the
subspace of [[:", X; defined by

X;ifieo

The polyhedral product determined by (X, A) and K is

(X, A7 =]]Yi  where Y= {
i=1

m
(X, 4% = |J X, 47 <[] x
ceK i=1
In particular, if each pair of spaces (X;, A;) equals (CP*°, %) then the
polyhedral product (X, A)¥X is the definition of the Davis-Januszkiewicz
space DJg. If each pair of spaces (X;, 4;) equals (D?,S') then the polyhe-
dral product (X, A)¥ is the definition of the moment-angle complex Z.
Thus determining homotopy theoretic information about polyhedral prod-
ucts in general lets one deduce properties of Davis-Januszkiewicz spaces
and moment-angle complexes.
To get a feeling for polyhedral products, we consider several examples.
Let I be the unit interval and let A and B be pointed topological spaces.
The reduced join of A and B is the quotient space

AxB=(AxIxB)/~

where (a,1,b) ~ (a/,1,b), (a,0,b) ~ (a,0,b') and (,t,%) ~ x for all
a,a’ € A, b, € Bandt € I. It is well known that there is a natural
homotopy equivalence A * B ~ YA A B.

Example 2.1: Suppose that K is m disjoint points. Then the faces of K
consist of the emptyset and the vertices. Since the emptyset has no vertices,
from the definition of a polyhedral product we obtain

(X, A = A x - x Ay,

Since the face {i} consists only of one vertex, from the definition of a
polyhedral product we obtain

(X,A){i}:AlX"'XA,;_1XXZ‘XA7;+1X"'XAm.
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As Ay x -+ x A, is a subspace of (X, A){i} for all 1 <14 < m, we obtain
m

(X,A)K:UAlX---XAi_lXXiXAi+1X-'-XAm.
i=1

In particular, if each A; equals the basepoint, then Ay x---x A, = *xX---X*,
which equals the basepoint in the product. So

<L@K:Gx@
=1

Example 2.2: Changing the pairs of spaces (X;, A;) can have a dramatic
effect on the homotopy type of the polyhedral product. For example, if K
is two disjoint points then as in Example 2.1 we have

(K,A)K = X1 x Ay U A1 x X5
where the union is over A; x As. This may be better represented as a

pushout
A1 X AQ E—— A1 X X2

L

X1 x Ay — (X, A)K.

If A} and Aj are the basepoints in X; and Xy respectively, then (X, x)% ~
X1V Xs. But if X7 and X5 are the reduced cones on A and As respectively,
then as we shall see in Section 6, the pushout becomes that for the join

A1><A2*>A1 XCA2

| !

CAl X AQ *>A1 *AQ.
That is (CA, A)K ~ A} x A,.

Example 2.3: At the other extreme, if K = A™~! is the full (m — 1)-
simplex, then ¢ = (1,...,m) is a face of K, so from the definition of a
polyhedral product we obtain

(X,A)7 =X X+ X X,

As (X, A)7 is a subspace of (X, A)¥, and (X, A)¥ is a subspace of [/, X;,
we obtain

(X, A2 =Xy x - x X
Note that this holds regardless of the subspaces A; in the pairs (X;, 4;).
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Example 2.4: Seemingly small changes in the simplicial complex can also
result in dramatic changes in the homotopy type of the polyhedral product.
Consider the simplicial complexes

2 3
2 3
A 2©4
1 3 1 4 1 5

K Ky K3

It is not obvious simply from the definition of a polyhedral product, but
in these cases it turns out that Zx, ~ S° Zg, ~ 83 x $% and Zg, ~
(83 x §*)#5 where # is the connected sum operation.

3. Fundamental properties of polyhedral products

In this section five fundamental properties of polyhedral products are dis-
cussed: functorial properties, retractions of (X, A)¥ induced by full sub-
complexes of K, how pushouts of simplicial complexes induce pushouts of
polyhedral products, fibrations and homotopy fibrations, and an elementary
loop space decomposition.

3.1. Functorial properties

There are two ingredients in defining a polyhedral product, the sequence of
pairs (X, A) and the simplicial complex K. Both have functorial properties.

Proposition 3.1: The polyhedral product (X, A)X satisfies the following:

(a) if there are maps of pairs (X;, A;) — (X[, A}), for1 <i <
m then for any simplicial complex K on the vertex set [m]
there is an induced map of polyhedral products (X, A)K —
(X7, A

(b) if K and L are simplicial complexes on the vertex sets [m]
and [n] respectively and there is an inclusion of simplicial
complezes K — L, then for any sequence (X, A) of n
pairs of pointed, path-connected CW -complexes there is an
induced map of polyhedral products (X, A)¥ — (X, A)L.

Proof: Let o be a face of K and recall that (X, A)7 =[], Y; where Y; =
X;ifi€oand Y; = A; if i ¢ 0. The maps of pairs (X;, 4;) — (X[, AL)
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therefore induce a map of products

HY — HY’ = (X', A,
Taking the union over all o € K we obtaln a map
(X, 4% = | J (X, 47 — [ J (X, 4)7 = (X, 4K
oceK ceK
This proves part (a).
For part (b), let o be a face of K. Since the map of simplicial complexes
f: K — L is an inclusion, o is also a face of L. Write ok, o, for o viewed

as a face of K or L respectively. The map f sends the vertex i € [m] to
f(@) € [n], so we obtain a map of products

X, A7 = 1Y — [[Yre) = [] V5 = (X, 47"
i=1 i=1 j=1

Taking the union over all the faces of K, we obtain

X% = J x4 — [J x4y — [ @xXAa7"=(X 4"
oxEK ox€EK o €L
(|

Example 3.2: Regarding CP! as S2, there is an inclusion S? — CP>.
This induces a map of pairs (52, %) — (CP>, ). Taking m copies of the
same pair, by Proposition 3.1 (a) and the definition of DJk, there is a map
of polyhedral products (S2, *)% — (CP>, %)X = DJg.

Example 3.3: Let L be a simplicial complex on the vertex set m and let K
be the set of vertices of L. Then there is an inclusion of simplicial complexes
K — L. In the case of (X, ), by Example 2.1, (X, x)% =\/", X;. So by
Proposition 3.1 (b) we obtain a map of polyhedral products \/!*; X; —
(X, %)L

3.2. Retractions of (X, A)¥X induced by full subcomplezxes
of K
There are distinguished subcomplexes of a simplicial complex K which play

a special role in the homotopy theory of polyhedral products.

Definition 3.4: Let K be a simplicial complex on the vertex set [m]. If
I C [m] then the full subcomplex K; of K is defined as the simplicial
complex

K= U{J € K | the vertex set of ¢ is in I}.
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Example 3.5: Let K be the simplical complex on 4 vertices pictured as
follows:

K

It ={1,2,3}, I = {1,3,4} and I3 = {3,4} then the full subcomplexes
Ki,, K1, and K, are:

1 1

3 3/\4 3e 'y

K Ky, K;

1 3

The definition of K; implies that the inclusion of K into K is a map of
simplicial complexes. So by Proposition 3.1 (b) there is a map of polyhedral
products (X, A)%1 — (X, A)X. However, projecting from [m] to I does
not induce a map of simplicial complexes K — K. Yet on the level of
polyhedral products, such a projection does exist. If I = {i,...,4x} for

1<ip <o <ip<m,let XT=T["_ X, .

Proposition 3.6: Let K be a simplicial complex on the vertex set [m]
and let (X, A) be any sequence of pointed, path-connected CW -pairs. Let
I C [m]. Then the following hold:

(a) the inclusion X' — [[iL,X; induces a map
(X, A)Er — (X, A)K that is the same as that induced
by the inclusion of simplicial compleres Kj — K;

(b) the projection -, X; — X' induces a map
(X, A)F — (X, A)<;

(c) the composite (X, A)51 — (X, A)K — (X, A)X1 is the
identity map.
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Proof: Let f: I — [m] be the inclusion. Then f induces a map of prod-
ucts f: X1 — [T, X; by sending the i‘"-factor of X! to the f(i)-factor
of H?il X;. For 0 € K, write ok,,0x for o viewed as a face of K1 or K
respectively. Write |I] for the cardinality of I. Define a map of products by

‘I‘ |I| m
X A7 =]vi — [[ Vi = [[¥ = (X, 4)7%.
i=1 i=1 j=1

Taking the union over all faces in K, then exactly as in the proof of Propo-
sition 3.1 (b), we obtain a map of polyhedral products

(X, A — (X, A)F,

Notice that this is exactly the same construction as in the proof of Propo-
sition 3.1 (b), so the map just produced is the same as that induced by the
inclusion of simplicial complexes K; — K.

Next, for I C [m] there is a projection

m 7]

i=1 j=1
For any subspace (X, A4)° = [[I~,Y; of [[\-, X;, we obtain a projection
onto Hljlzll Y;. Notice that if o is a face of K then Hlfz‘l Y, = (X, A)7%1,
and if ¢ is not a face of K; then 7 = 0N K7 is a face of Ky, so the projection
induces a map from (X, A)?% to (X, A)7. Taking the union over all the faces
in K we obtain a map

(X, A" — (X, 4.

Finally, as the composite X! — e, x, — X7 is the identity
map, the constructions of the maps in the composite (X,A)75r —
(X,A)°x — (X, A)?%r imply that this composite is the identity map.
Taking the union over all o € K shows that the composite (X, A)%1 —
(X, K — (X, A)X1 is the identity map. O

Proposition 3.6 is often very valuable in helping to determine features
of the homotopy types of polyhedral products.

Example 3.7: Return to Example 3.5. The full subcomplex I3 of K con-
sists of two vertices. So by Example 2.2, (CX | X)IS ~ X3%Xy. Therefore, by
Proposition 3.6 (c), X3 * X4 retracts off of (CX, X)¥. In particular, in the
case of the moment-angle complex Zy, we have X3 = X; = QCP>® ~ §!,
so we obtain a retraction of S® off of Z.
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3.3. Pushouts of simplicial complexes induce pushouts of
polyhedral products

Let K be a simplicial complex on the vertex set [m] and suppose that there
is a pushout of simplicial complexes

L —— K>

L

Kl — K.

That is, K = K; Uy, Ks. To compare the polyhedral products for L, Kj,
K5 and K we should really consider each of the four simplicial complexes
as being on the same vertex set [m]. This may introduce “ghost” vertices
if, for example, L has fewer vertices than K. Let L, K; and K, be the
simplicial complexes L, K7 and K, regarded as simplicial complexes on
the vertex set [m]. Then K = K1 Uy Ko.

Proposition 3.8: Let K be a simplicial complex on the vertex set [m).
Suppose that there is a pushout of simplicial complexes

L —— K,

L

K1*>K

Then there is a pushout of polyhedral products

(X, A)F —— (X, A)K=

L

(X, K — = (X, A)K.

Proof: Since K = K; Uy, Ky and K is finite, the simplices in K can be
put into three finite collections: (A) the simplices in L, (B) the simplices
in K; that are not simplices of L and (C) the simplices of K> that are not
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simplices of L. Then we have

SNCOREE)
ECYRCEY
(U)o (0)

By definition, for any simplicial complex M on the vertex set [m],
(X, M =, (X, A)7. So in our case, we have

(X, A)F = | J(x,4)
oceA

(xmK=Oﬂxmau MAW»(LMXMW)
o’'eB

o'"eC
In particular, since (X, A)F = (X, A)K1 0 (X, A)X> we have

(X, A)% = (X, AR Uy e (X, A)F

which implies the existence of the asserted pushout. a

Example 3.9: Let L =0, and let K; = {1} and K3 = {2} be single points.
Then K = K7 Uy, K5 is two disjoint points. By definition of the polyhedral
product, (X, A)L = Ay x Ay, (X, A)Fr = X; x As, (X, A)F> = A; x X,
and (X, A)% = X; x Ay U, x4, A1 X Xo. So (X, A)X is the pushout of
(X, A)Kr and (X, A)X2 over (X, A)L. Note that this is exactly the same as
Example 2.2.

3.4. Fibrations and homotopy fibrations

The next fundamental property is how the polyhedral product behaves with
respect to fibrations of pairs. Proposition 3.10 was proved in [11] in the



Combinatorial and Toric Homotopy Downloaded from www.worldscientific.com
by UNIVERSITY OF SOUTHAMPTON HARTLEY LIBRARY on 02/02/18. For personal use only.

12 S. Theriault

special case of m copies of the same pairs, and stated in the more general
case of m different pairs in [1].

Proposition 3.10: Let K be a simplicial complex on the vertex set [m].
Suppose that for 1 < i < m there are maps of pairs p;: (E;, E}) — (By, B;)
such that the restrictions E; — B; and E] — B; are fibrations with fibres
F; and F] respectively. Then there is a fibration

(E,F)" — (B, B — ] B
=1

Proof: By Proposition 3.1 (a), the maps of pairs (F;, E}) — (F;, F) in-
duce a map of polyhedral products f: (E, E')X — (B, B)¥X. The definition
of the polyhedral product implies that (B, B)X = By x --- x B,,.

First consider the fibre F' of f, that is, the collection of points in
(E, E")¥ that are sent to the basepoint (*,...,%) € By X --- x B,. No-
tice that for any o € K, f restricts to a product map

BBy =] — [ B = (BB
=1 =1

where Y; = E; if i € K and Y; = E} if i ¢ K. Thus the fibre of f7 is the
product of the fibres of the maps in the m coordinates. That is, the fibre is
[1%, Z; where Z; = F; if i € 0 and Z; = F if i ¢ 0. In other words, the
fibre is exactly (F, F’)?. Now for the fibre of f as a whole we have:
F={(z1,....,2m) € (B,ENS | f(z1,...,2m) = (*,...,%)}
={(@1,...2m) € |JEE) | f@r,. .. omm) = (x,...,%)}

ceK
= U {1,y xm) € (B, EN | flog, .o yxm) = (6, .., %)}
ceK
S U Layak
ceK
= (F,F)*.

It remains to show that the map (E, E’)X — B; x --- x B,, has the
homotopy lifting property. But each of the pairs (E;, E}) — (B;, B;) is a
fibration and so has the homotopy lifting property. A product of fibrations
is a fibration, so the map (E, E’)? AR By x --+ x B, has the homotopy
lifting property. Finally, since the map (E, E')X — By x --- x B,, is the
union of the maps f7, it too has the homotopy lifting property. O
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We will now use Proposition 3.10 to produce explicit fibrations between
polyhedral products. The argument roughly follows [1]. For a pointed, path-
connected space X let PX be the path space of X. That is, if zg is the
basepoint of X and 0 is the basepoint of the unit interval [0, 1], then PX
is the space of all pointed, continuous maps f: [0,1] — X such that
£(0) = zo. The evaluation map e;: PX — X is defined by e1(f) = f(1).
It is well known that there is a fibration

QX — PX 25 X,

Consider the pair (X x PX, PX) where PX is the subspace of X x PX
given by pairs (f(1), f). Observe that there is a fibration of pairs

(PX,0X) —— (X x PX,PX) ZXX% (X x X)
where 7 x is the projection. Proposition 3.10 therefore implies the following.

Proposition 3.11: Let K be a simplicial complex on the vertex set [m] and
let X1,...,Xm be pointed, path-connected spaces. Then there is a fibration

K m
(PX, QX)¥ —— (X x PX, PX)¥ T, TT X,
=1

Next, observe that there is an equivalence of pairs
(X,+) & (X x PX, PX)

where & is defined by k(z) = (x, f;) for f,: [0,1] — X the constant map
fo(t) = x for all t € [0,1]. Consequently, for any simplicial complex K,
there is a homotopy equivalence (X, *)X ~ (X x PX,PX)X. Thus from
the fibration in Proposition 3.11 we obtain the following.

Corollary 3.12: Let K be a simplicial complex on the vertex set [m] and
let X1, ..., X, be pointed, path-connected spaces. Then there is a homotopy
fibration

O

Example 3.13: Take each X; = CP>. Then (X, %)X = DJg, implying
that (PX, X)X ~ Zg.
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Finally, it is common to replace path spaces with cones. For a pointed,
path-connected space X, let C X be the reduced cone on X, defined by

OX = (X x 1)/ ~

where (z,1) ~ (2/,1) for all z,2’ € X and (zo,¢) ~ (x0,0) for all ¢ € [0, 1].
Observe that there is a homotopy equivalence of pairs (CPX,QX) —
(PX,QX) given by dilating the cone on PX. Notice that the inclusion
of QX into CPX factors through CQX, and the dilation of the cone in-
duces a homotopy equivalence of pairs (CQX,QX) — (CPX,QX). Thus
there is a homotopy equivalence of pairs (CQX,QX) — (PX,QX). So
Corollary 3.12 can be rewritten as follows.

Corollary 3.14: Let K be a simplicial complex on the vertex set [m] and
let X1,...,X,, be pointed, path-connected spaces. Then there is a homotopy
fibration

O

Example 3.15: Including the wedge into the product, there is a homotopy
fibration

Fpn— \/ Xi — [] X
i=1 i=1
which defines the space F),,. This homotopy fibration can be modelled
by polyhedral products. Let K be m disjoint points. By Example 2.1,
(X, %)% =V X;, so the inclusion of the wedge into the product is mod-
elled by the map (X, )% — [, X;. By Corollary 3.14, the homotopy
fibre of this inclusion is (CQX,QX)X. That is, F,,, ~ (CQX,0X)X. In
Proposition 7.1, the homotopy type of (CQX, QX)X will be determined.

3.5. An elementary loop space decomposition

Let i be a vertex in K. Including {i} into K gives a map of simplicial com-
plexes {i} — K. This induces a map of polyhedral products (X, *){} —
(X, *)X. By the definition of the polyhedral product, (X, *)%t} = X;. So
the previous map of polyhedral products is just the inclusion of the -
coordinate space, X; — (X, x)%. Therefore, when included into [/~ X;

we obtain the inclusion of the i!" factor. In general, (X, %)% is not an
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H-space so we cannot take the product of these coordinate inclusions.
But after looping there is a product, so multiplying together the maps
QX; — Q(X, %)X for 1 <i < m we obtain a right homotopy inverse for
the map Q(X, )& — [[i~, QX;, implying the following.

Lemma 3.16: The homotopy fibration in Corollary 3.14 splits after loop-
g, resulting in a homotopy equivalence

QX ) ~ (ﬁ 0X;) x Q(COX, 0X)K.

i=1

O

Example 3.17: Let K be two disjoint points. By Example 2.1, (X, x)X =
X1V Xy, and by Example 2.2, (CQX, QX)¥ ~ QX; x QX,. In this case
Lemma 3.16 recovers a result of Ganea [14],

Q(Xl \/XQ) >~ QXl X QXQ X Q(QXl * QXQ)

An important special case is for Davis-Januszkiewicz spaces and
moment-angle complexes. Noting that QCP>* ~ S!, Example 3.13 and
Lemma 3.16 combine to immediately give the following.

Corollary 3.18: Let K be a simplicial complex on the vertex set [m]. Then
the homotopy fibration Zx — DJx — [[2; CP> splits after looping,
giving a homotopy equivalence

QDJk ~ (J[5") x Q2k.

i=1

4. The homotopy type of (X, A)¥

This section considers the homotopy type of (X, A)X. It turns out that
this decomposes very neatly as a wedge of summands. The basic idea is to
generalize the wedge decomposition for (X x Y'). Recall the following.

Lemma 4.1: Let X and Y be path-connected, pointed CW -complexes.
Then there is a homotopy equivalence

DX XY)~EXVIY V(SXAY).
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Proof: Including the wedge into the product there is a cofibration

XVY —- X XY —XAY.

TOj
Notice that the composite X VY —— X x Y PO,k equals the pinch

map onto the left wedge summand, and XVY —— X xY POy s the
pinch map onto the right wedge summand. As X x Y is not a co-H-space,
the two projections cannot be added to produce a left homotopy inverse
for the inclusion X VY — X x Y, but after suspending this can be done.
Thus the homotopy cofibration XX VXY — S(X xY) — X AY splits
to give a homotopy equivalence (X xY) XX VYIY V (EX AY). a

Iterating gives the following.

Lemma 4.2: Let Xi,...,X,, be path-connected, pointed CW -complezes.
Then there is a homotopy equivalence

Qg

DXy XX X)) Vo OEX,AAX

1<iy <--ip <m

O

In terms of polyhedral products, X; x - - X X,, = (X, A)A™ " Notice
that the faces of A™~! are in one-to-one correspondence with the sequences
(i1, ..y i) for 1 < iy < -+ < i < m, and each such face corresponds to
the polyhedral product X;, x --- x X;,. Thus, if 0 = (iy,...,4) is a face
of K and we write

XN =Xy A AKX

%)
then the homotopy equivalence in Lemma 4.2 can be rewritten as
S(X1 % x Xp) = \/ DX (4.1)
ceK

Therefore it could be expected that, at least in the case (X, *)%, we should
have 3(X, )X consisting of those wedge summands in (X x --- x X,,,)
that correspond to the faces of K. In fact, this is exactly what happens.

Proposition 4.3: Let K be a simplicial complex on the vertex set [m] and
let X1,...,X,, be path-connected, pointed CW -complexes. Then there is a
homotopy equivalence
DX, 6K~ \/ X
ceK
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Proof: Let o = (iy,...,ix) be a face of K. By definition of the polyhedral
product

(X, %)7 = ﬁ Y;
i=1

where V; = X, if i € 0 and Y; = x if i ¢ o. That is,

k
= H X
j=1
Therefore, by (4.1) there is a homotopy equivalence

o~ \/ EggAﬁ

TEOD

On the other hand, observe that any proper sub-product of (X, )7 =
H§:1 X, is the polyhedral product of a corresponding proper sub-face of K.
Write do for the union of proper sub-faces of . Then there is an identifi-
cation of quotient spaces

k
(X, %)/ H (union of proper sub-products)
1

o
=Xy, A A X

By Lemma 4.2, the quotient map (X, )7 = X;, x---xX;, — XjA---AX;,
has a right homotopy inverse after suspending. Thus there is a homotopy
equivalence

Y(X,#)7 = N(X, 57V (2X, A AXG) = DX, %) VEXNTL (4.2)
Comparing the two homotopy equivalences for ¥(X, x)? we obtain

)27~ \/ =X (4.3)

TEDT
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Now consider the string of equivalences

DX, 0K =2 ( U (X,*)">

ceK
~ (J B(X.5)°
ceK
~ | (B(X, )% v (5Xi, A A X))
ceK
oceK
~ \/ ZX;, A A X,
ceK

The first equality holds by definition of the polyhedral product, the second
holds because the reduced suspension over a union is homotopy equvalent to
the union of the reduced suspensions over each term in the union, the third
holds by (4.2), the fourth holds because the decomposition for ¥ (X, %)
in (4.3) is in terms of proper sub-faces of o which are otherwise accounted
for in the union, and the fifth holds because the terms in the fourth line
intersect only at the basepoint. The string of equivalences as a whole gives
the asserted homotopy equivalence. O

Example 4.4: Let K be the following simplical complex on 4 vertices:

1

2
K

The faces of K are the vertices {1}, {2}, {3}, {4} and the edges (1,2),
(1,3), (1,4), (2,3) and (2,4). For a vertex {i} we have XU = X; and for
an edge (i,) we have X = X; A X,. So by Proposition 4.3 there is a
homotopy equivalence

(X, ) 22X, VEXy, VEX3 VEX,V (2X; A Xo)V
(X1 AX3) V(EXT A XYV (X2 A X3)V (2X2 A Xy).
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Proving a decomposition for (X, A)¥ in the general case is a bit more
involved because the subspaces A; of X; need not be points. But the idea
behind the argument remains the same. Instead of proving the general
statement we will just state it. This requires some notation.

Let K be a simplicial complex on the vertex set [m] and for 1 <i <m
let (X;, A;) be pairs of pointed, path-connected CTW-complexes. Recall that

m

(X, A7 =]]v: where V= {

i=1

X;ifie K
A ifid K

and the polyhedral product is

(X, A% = | X, 4)7.

ceK

For 0 € K, let

(ﬂ)(’:/\yi where Y; {Xi ific K

A ifi¢ K

x4 =Jxa,

ceK
Another way to think of this is to recall that (X, A)¥ is a subspace of the

product []:~, X;, and (ﬂ)K is the image of (X, A)®X under the natural
quotient map [[/~, X; — AL, X

Let I C [m]. By Proposition 3.67 there is a map of polyhedral prod-
ucts (X, A)X — (X, A)X7. Composing, we obtain a map into a smash
polyhedral product,

K

(X, 4)% — (X, A% — (X, A)

Such a composition exists for each I C [m]. Suspending, these can be added,
giving a composition

Kr

H: (X, A)F \/ (X, A% — \/ = (X, A)
m] 1C[m]

Bahri, Bendersky, Cohen and Gitler [1] proved the following.

Theorem 4.5: Let K be a simplicial complex on the vertex set [m] and for
1 <i<mlet (X;,A;) be pairs of pointed, path-connected CW -complezes.
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The map

— Ky

H: (X, A — \/ S(X,A)
1c[m)

18 a homotopy equivalence. O

Further, in the special case when each X; is contractible, Bahri, Ben-
dersky, Cohen and Gitler show that: (i) if I € K then the smash polyhedral
product (K, A) o is contractible [1] ; and (ii) if I ¢ K and I = (iy,...,1x)
then there is a homotopy equivalence (ﬂ) "o (K1 A Al ) where

= /\;?:1 Aj;; [1] . Changing notation a bit, write the pairs as (C X, Xj),

_— K ~
where CX; is the reduced cone on X;. Now (CX, X) ' YK A XT)
and we obtain the following.

Theorem 4.6: Let K be a simplicial complex on the vertex set [m] and for
1 <i<mlet X; be a pointed, path-connected CW -complex. Then the map
H specializes to a homotopy equivalence

S(CX, X)X — \/ £(CX, X) o \/ S2(Kq| A XD
I¢K I¢K

]

For the moment-angle complex Zx, each pair is (D?,S'), which is
homeomorphic to the pair (CS!,S'). As each X; = S!, we have X! =
/\;?:1(51)1-]. ~ SF If I = {iy,...,ir}, let |I| = k. We obtain the following
corollary.

Corollary 4.7: Let K be a simplicial complex on the vertex set [m]. There
is a homotopy equivalence

Zx — \[ S
I¢K



Combinatorial and Toric Homotopy Downloaded from www.worldscientific.com
by UNIVERSITY OF SOUTHAMPTON HARTLEY LIBRARY on 02/02/18. For personal use only.

Toric Homotopy Theory 21

Example 4.8: Return to the simplicial complex K in Example 4.4:

1

K

The missing faces of K are (3,4), (1,2,3), (1,2,4), (1,3,4), (2,3,4) and
(1,2,3,4). The full subcomplexes K; of K on these vertex sets are:

1 1
3e o4 3 4
2 2
K3,4) Kq,23) K24
1 1

w
'S
w
'S

2 2

K13, K13, K234 =K

First, observe that |K(34| = S° and [(3,4)] = 2 so SHI*2|K;| in this
case is S*. Second, observe that |K(j23)| = S' and |(1,2,3)] = 3 so
SHI+2| K| in this case is S6. Similarly, K(; 2,4) contributes an S to £ 2.
Third, observe that |K(;34)| is contractible, so YII+2| K| in this case
is *. Similarly, K 34) contributes a point to XZ. Finally, observe that
K230 = StV S and [(1,2,3,4)] = 4, so SU+2|K | in this case is
S7 v S7. Hence there is a homotopy equivalence

Y2 ~8tv S0y SoyvsTy ST
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5. Building simplicial complexes and polyhedral products
vertex by vertex

Having determined the homotopy type of (X, A)¥, we now turn our at-
tention to the homotopy type of (X, A)X itself. One approach to this is
to build up the simplicial complex one vertex at a time and examine the
affect on the homotopy type of the corresponding polyhedral product. This
approach has had good success [17,18,19,21,22,13].

5.1. Building simplicial complexes

Let K be a simplicial complex on the vertex set [m]. For a vertex v € K,
the star, restriction (or deletion) and link of v are the subcomplexes

starg(v) = {r e K| {v} U7t € K};
K\{v} = Kjmp (o} = {7 € K [{v} N7 =0}
linkg (v) = starg (v) N K\{v}.

The join of two simplicial complexes K7, Ko on disjoint index sets is the
simplicial complex

Ky« Ky ={01Uo2|0; € K;}.
From the definitions, it follows that stary (v) is a join,
star g (v) = {v} * linkg (v),
and there is a pushout of simplicial complexes
link g (v) — starg (v)
i l (5.1)
K\{v} K.

Example 5.1: Let K be the simplical complex on 4 vertices:

1
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The star, restriction and link subcomplexes for the vertex 1 are:

1

3 4 3v4 3e o4

star g (1) K\{1} link g (1)

Notice that star (1) is clearly {1}*linkx (1), and K is the union of starx (1)
and K\{1} over linkg(1).

A family of simplicial complexes whose polyhedral products have been
studied by this vertex-by-vertex approach is shifted complexes.

Definition 5.2: A simplicial complex K is shifted if there is an ordering
on its vertices such that whenever o € K, v is a vertex of o, and v/ < v,
then (o —v)UV € K.

Equivalently, regard the faces of K as sequences (i1, ..., %) where 1 <
i1 < -+ < ix < m. Order the faces by saying that (j1,...,5:) < (i1, .-,
if t < kand j; < 41, -+ ,j: < 4. Then K is shifted if, whenever o
(i1,...,1k) € K, then 7 € K for all 7 < 0.

25

~—

Example 5.3: Consider the three simplicial complexes

1 1 1
3 4 3 4 3 4
2 2 2
K Ky K3

The simplicial complex K is shifted using the given ordering of the vertices
(1<2<3<4),asis Ko. However, K3 is not shifted under any ordering of
the vertices. In the given ordering, as (1,3) € K3, if K3 were shifted then
(1,2) would also have to be in K3, which it is not. Under any reordering of
the vertices, the vertex 4 would have to be connected to two other vertices
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by an edge: the only choices that could lead to a shifted complex are 1
and 2. But then 3 also has to be connected by an edge to 1 and 2, and now
we are back to the description of K3 with its given ordering of vertices,
which is not shifted.

Another useful collection of examples is given by the full ¢-skeletons of
the (m — 1)-simplex.

Definition 5.4: Let K be a simplicial complex on the vertex set [m]. For
0 <t <m—1, the full t-skeleton of K is the subcomplex K; consisting of
those faces o € K on t + 1 vertices for ¢t < k.

For example, the 0-skeleton of K consists of the vertices, the 1-skeleton
consists of the vertices and edges, and the (m — 1)-skeleton is all of K.

Example 5.5: For 0 <t < m— 1, the full t-skeleton A"~! of the (m —1)-
simplex A™~1 is shifted. The shifted property is a consequence of the fact
that the symmetric group on m letters acts freely on AZ’“l by permuting
the vertices.

5.2. Building polyhedral products

Let K be a simplicial complex on the vertex set [m]. We will fix the vertex
m for convenience. By (5.1) there is a pushout describing K as the union of
starg(m) and K\{m} over linkg (m). As for Proposition 3.8, to compare
the polyhedral products for the four simplicial complexes K, linkg (m),
starg(m) and K\{m}, we should really consider each simplicial complex
as being on the vertex set [m]. This changes nothing for K and starg (m)
as their vertex sets are already [m] but it introduces a ghost vertex {m} for
linkg (m) and K\{m}. Let linkg(m) and K\{m} be the simplicial com-
plexes linkg (m) and K\{m}, regarded as simplicial complexes on the ver-

tex set [m]. By Proposition 3.8, the pushout of simplicial complexes in (5.1)
induces a pushout of polyhedral products

(X, A)hnkk(m) (17 A)Starx(m)

| l (52)

The spaces and maps in (5.2) can be better identified. First, the defini-
tion of the polyhedral product implies that

(X7A)hnk;<(m) _ (X’A)hnkx(m) x A,



Combinatorial and Toric Homotopy Downloaded from www.worldscientific.com
by UNIVERSITY OF SOUTHAMPTON HARTLEY LIBRARY on 02/02/18. For personal use only.

Toric Homotopy Theory 25

(X, A)fMmE — (X, )R\ A,

By Proposition 3.1 (b), the inclusion of simplicial complexes link i (m) —
K\{m} induces a map of polyhedral products

g (X’A)linkx(m) N (X,A)K\{m}.

Including the ghost vertex at m, the map linkyx (m) — K\{m} therefore
induces the map of polyhedral products

(X, )k (x, gylinkm) g, PLX, AN ¢ A, (X, ARV,

Second, the definition of the join of two simplicial complexes implies
that if K = K; % K5 then there is a homeomorphism

(X, )% = (X, )" x (X, 4)".
In particular, since starg (m) = linkg (m) * {m}, there is an identity
(X, A)starK m) ~ ~ (X, A)hnkK(m) % X,

We may also regard linkg(m) as linkg(m) * @), where @) corresponds to
the ghost vertex at {m}. The inclusion linkg (m) — starx(m) therefore
induces a map of joins

linkg (m) = linkg (m) * ) — linkg (m) * {m} = starx (m).
Thus linkg (m) — starg (m) induces a product map
(X A)hnkK % A 1><1m (X A)hnkK(m) % X

where 1,, is the inclusion of 4,, into X,,.
Combining these two observations, (5.2) can be rewritten as follows.

Proposition 5.6: Let K be a simplicial complex on the vertex set [m]. Let
(X, A) be a sequence of pointed CW -pairs (X;, A;) for 1 < i < m. Then
there is a pushout of polyhedral products

1><1m

(X’A)link‘x(m) % A (X A)Z’LnkK(m X X

- |

(X, A)FMmE A, (X, A)X
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An important special case is that for (CX,X). Then the map
(CcX, X)hnkK(m) x X im (CX, X)hnkf((m) x C'X,, is equivalent, up to ho-
motopy, to the map (CX, l)hnkK(m) x X —5 (CX, X)hnkK(m), where 7,
is the projection onto the first factor. Thus Proposition 5.6 specializes to
the following.

Corollary 5.7: Let K be a simplicial complex on the vertex set [m]. For
1 <4 < mlet X; be a pointed CW -complex. Then there is a homotopy
pushout

(CX,K)linkK(m) X Xom m (C’X,X)lka(m)

U |

(CX, X)EMmE < X, (CX, X)¥.

O

In principle, if the homotopy class of the map j is known then it should
be possible to identify the homotopy type of (CX, X)¥. This is essentially
the approach taken in [18,19, 21, 22] in order to identify the homotopy type
of (CX, X)X when K is a shifted complex. In that case, the map j is null
homotopic. The next section reviews the homotopy theory needed to handle
the case when j is null homotopic. In cases when K is not shifted the map j
may not be null homotopic, but the same principle should apply. However,
this is largely unexplored territory.

6. Identifying the homotopy type of certain pushouts

We begin with some definitions. Let I be the unit interval. Let A and B be
pointed topological spaces. Recall that the reduced join of A and B is the
quotient space

AxB=(AxIxB)/~

where (a,1,b) ~ (d/,1,b), (a,0,b) ~ (a,0,b") and (*,t,*) ~ x for all
a,a’ € A, b,/ € B and t € I. Ignoring the relation (x,t¢,%) ~ * for the
moment, the unreduced join can be pictured as follows:

INIAN
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where the middle square is A x B, with B running horizontally. Notice that
the top part of Ax B is CA x B, where C A is the unreduced cone on A, and
the bottom part of A B is A x CB. These are glued together in the middle
at A x B. The reduced join has the same description, using the reduced
cone. Thus there is a topological pushout

AxB—AxCB

T

CAx B—— AxB.

Since CA and CB are contractible, the maps A x B — A x CB and
A x B — CA x B are equivalent, up to homotopy, to the projections
Ax B 5% Aand A x B =2 B respectively. The contractibility of CB
also implies that the homotopy class of the map A x CB — A x B is
determined by the restriction to A. The commutativity of (6.1) implies that
this restriction equals the composite A < A x B — CAx B — Ax B.
The latter is null homotopic since it factors through C'A. Therefore the map
A x CB — Ax B is null homotopic. Similarly, the map CAx B — Ax B
is null homotopic. Putting all this together we obtain a homotopy-theoretic
version of (6.1).

Lemma 6.1: There is a homotopy pushout
AxB—"5A
o,
B—"—>AxB

where m and mo are the projections onto the first and second factors re-
spectively. (I

The (right) half-smash of two pointed spaces C' and B is the quotient
space

CxB=CxB/~

where (x,b) ~ *. In particular, if io: B — C x B is the inclusion of the

second factor, then there is a cofibration B 2, 0x B — C % B. In what
follows it is better to regard this cofibration as a pushout

B— >«

| | (62)

CxB——CxB.
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With Corollary 5.7 in mind, we now prove a key lemma that identifies
the homotopy type of certain pushouts.

Lemma 6.2: Suppose that there is a homotopy pushout

AXBLA

|

CxB——Q
where wy is the projection. Then there is a homotopy equivalence
Q~(AxB)V(C x B).

*X 1

Proof: The map A x B 255 C x B is equal to the composite A x B 2
B 2 C x B. Thus, using Lemma 6.1, the homotopy pushout in the state-
ment of the lemma may be written as an iterated homotopy pushout dia-
gram

-
3
S
%D;
*

-
S
-

CxB——Q.

For the bottom square, since the map B — A B factors as the composite
B — x — A x B, using (6.2) we obtain an iterated homotopy pushout
diagram

B * AxB

o

CxB——=(CxB——Q.

The right square immediately implies that Q@ ~ (A * B) V (C x B). a
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7. A strategy for identifying the homotopy type of
(CX, X)K for certain K

Consider the homotopy pushout

(07X7 X)hnkl((m) X Xm M (CX,K)hnkK(m)

. |

(CX, X)FMm 5 X, (Cx, X)F

from Corollary 5.7. If the map j is null homotopic then Lemma 6.2 implies
that there is a homotopy equivalence

(CX, X)X ~ ((cx, x)lmketm) 5 X, ) v (CX, X)M\M™ % X,,). (7.1)

Notice that on the right side both linkg(m) and K\{m} are simplicial
complexes on the smaller vertex set [m — 1]. This suggests an inductive
procedure.

What is needed is a family X of simplicial complexes such that, if K € I
is on the vertex set [m] then: (i) the vertices of K may be ordered so that
the map (C’iX,K)hnkK(m) -1 (CXx, X)K\{™} is null homotopic, and (ii)
both linkg (m) and K\{m} are in K. In particular, property (ii) implies
that both link g (m) and K\{m} have property (i), so that they also satisfy
homotopy decompositions as in (7.1), and these decompositions can then
be substituted into that for (CX, X)X. Iterating, we would obtain a fine
decomposition of (CX, X)¥.

It would be even better if an extra condition were satisfied. It is well
known that if C is a co-H-space then there is a homotopy equivalence
C x B ~CV(CAB). So if (CX,X)¥\{"™} was a suspension, then (7.1)
refines to a homotopy equivalence

(X, X)F~(CX, X)linketmx, yvex, X) K\ (ox, X)FMmIAX,,).
(7.2)
In general, there is a homotopy equivalence A x B ~ YA A B. So if
(CX, X)5\ "} was a suspension, then not only does (7.2) hold, but it im-
plies that (CX, X)¥ is also a suspension. Again, as K has one more vertex
than K\{m}, we are in the position of producing an inductive procedure.
Let’s carry this through with an example to see the strategy in action.
For m > 1, let K,, be the simplicial complex consisting of m disjoint
vertices. There is a trivial case: as K has 1 vertex, by definition of the
polyhedral product (CX, X)X+ = CX; and so is contractible.
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Proposition 7.1: If m > 2 then there is a homotopy equivalence

(X X x \f Vo G-DEXL A A,

j=2 \1<i;<---<i;<m

Proof: The proof is by induction on the number of vertices. As K5 has 2
vertices, by Example 2.2 there is a homotopy equivalence (CX, X)¥2 ~
X1 % Xo ~ X X1 A Xa, as asserted. Suppose that the homotopy equivalence
in the statement of the Proposition holds for K,,_;. Consider the pushout
of simplicial complexes

linkg, (m) —— starg,, (m)

| |

K \{m} ——— K,,.
Since K, is m disjoint vertices, starg, (m) = {m} and K,,\{m} = K,_1.
So linkg, (m) = starg,, (m) N K, \{m} = 0 and the pushout of simplicial

complexes above is the pushout

) ——— {m}

|

Km,1 E—— Km .
Note here that () is regarded as a simplicial complex on the vertex set [m—1].

By Corollary 5.7 there is a homotopy pushout

™1

(CX,X) x X, (CX,X)"

]

(07Xa X)Km_l X Xpy —— (Cl’ X)Km'

We aim to show that the map j is null homotopic. For the sequence of
CW-complexes (CX, X) the definition of the polyhedral product implies
that

(CX, X)" = X1 x -+ x X1

Since K,,—1 is m—1 disjoint vertices, the definition of the polyhedral prod-
uct implies that
m—1
(CX,K)Km*l = U Xix---xX;_1 xOCX; X Xi+1 X - X Xppo1-
i=1
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Further, the definition of the polyhedral product implies that the map
(CX,X)" L5 (CX, X)®¥m—1 is the inclusion. In particular, j factors as
the composite of inclusions

j: Xl Xoee XXm_1 HCXl XXQ Xoee XXm—l
m—1
— U X1 Xoewe XXl'_l XCXl XXz'+1 Xoewe XXm_l.
i=1
Since C X is contractible, the first map in the composite for j is null ho-
motopic in the first coordinate, so j is homotopic to the composite
roj
X1 XX X1 p—5]X2 X oo X X1
— X1 XX X1
. m—1
i) U X1 Xoee XXi_l XCXl XXi+1 Xoeee XXm_l.
i=1
Repeating this argument for each coordinate 2 < i < m — 1 we obtain a

rO
factorization of j through the map X1 x---x X,,_1 p—>J * = X1 XXXy,

implying that j is null homotopic.
Thus by Lemma 6.2 there is a homotopy equivalence

(CX, X)Fm = (CX, X)" % X)) V ((CX, X) 571 30 Xi).

Since (CX,X)%Xm-1 is a suspension by inductive hypothesis, there is a
refined homotopy equivalence

(CX, X)5m ~ (CX, X)" % X,,) V (CX, X)Em=1 v (CX, X)Km=1 A X,,).

Substituting in the inductively assumed homotopy equivalence for
(CX, X)¥m-1 using the fact that (CX, X)? = X x---x X,,,_1, and using
Lemma 4.2 to decompose (CfX,X)@ * X ~ B(CX, X)w A X, we obtain
the asserted homotopy equivalence for (CX, X)&m. a

It may be worth noting that in terms of the strategy for identifying
the homotopy type of (CX, X)X, if K is the family of simplicial complexes
consisting of disjoint vertices, then the argument for the proof of Proposi-
tion 7.1 shows that as K,,, € K we have: (i) the map (CX, X)link}f(m) SR
(CX, X)"\™m} i null homotopic, (i) linkg, (m) and K,,\{m} are both
in K, and (iii) (CX, X)lBkx(m) ig 5 suspension.

Proposition 7.1 generalizes a result of Porter [35]. His work long pre-
dates the notion of a polyhedral product but in modern language he proved
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Proposition 7.1 in the case of (CQX,QX)%=. It also desuspends the ho-
motopy decomposition of £(CX, X)X in Theorem 4.6.

This leads to a natural question. For which simplicial complexes does the
homotopy decomposition of ¥(CX, X)X in Theorem 4.6 desuspend? The
case when K is shifted was done in special cases of (CX, X) in [18,21] and
in general in [19, 22]. In [23], a desuspension was proved for a strictly larger
family of simplicial complexes called sequential Cohen-Macauley. In [3, 23]
it was shown that a desuspension exists if and only if (CX, X)¥ is a co-
H-space, and near characterizations of when this occurs were given. The
strategy for desuspending the decomposition in Theorem 4.6 in the shifted
case was exactly the strategy that we have been working with: the shifted
property implies - after some work - that there is a reordering of the vertices
with the property that the map (CX, X)hnkf‘ (m) 1, (CX, X)K\m} is null
homotopic, and it is not difficult to see that the shifted property is inherited
by both linkg (m) and K\{m}. We record the outcome without proving it.

Theorem 7.2: Let K be a shifted simplicial complex on the vertex set [m]
and let Xq,...,X,, be pointed, path-connected CW -complexes. Then the
homotopy decomposition in Theorem 4.6 desuspends to give a homotopy
equivalence

(CX, X) =~ \/ B(K; | A XT).
I¢K
O

In the special case of the moment-angle complex Zy, we obtain the
following corollary.

Corollary 7.3: Let K be a shifted simplicial complex on the vertex set [m].
There is a homotopy equivalence

Zx —> \/ S K.
I¢K

O

In particular, as in [1], if K is shifted and I C [m] then the geometric
realization |K7| is homotopy equivalent to a wedge of spheres. So when K
is shifted Zx is homotopy equivalent to a wedge of spheres.

Example 7.4: Return to Example 4.8. It was shown that if K is the
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simplicial complex

then there is a homotopy equivalence
YZx =8tV Sivisty STy ST

By Example 5.3, K is shifted. Let’s go through the argument to desuspend
the homotopy equivalence for X Zk. It is clearer to do the more general
(CX, X) case as that more naturally keeps track of coordinate. Recall from
Example 5.1 that the star, link and restriction of K for the vertex 1 are the
simplicial complexes:

3 4 3v4 3e o4

L]
2 2 2

starg (1) K\{1} linkg (1)

However, as will be more clear by the end of the next section, the fact that
the missing face (3,4) of linkk (1) is also a missing face of K\{1} implies
that the map (@,X)linkk(l) —s (¢X, X)X\1} s not null homotopic.
Instead, we consider a different vertex. Note that choosing the vertex 2 as
the starting point gives star, link and restriction diagrams similar to those
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for 1. So instead let’s start with vertex 3. Then we have:

1 1
o1
3 4
2 2 >
starg (3) K\{3} linkx (3)

Note here that link x (3) must be regarded as a simplicial complex on the ver-
tex set {1,2,4}, the same vertex set as K\{3}. Let L be linkg (3) regarded
as a simplicial complex on the vertex set {1,2}. Then (CX, X)IinkK(g) =
(CX, X)) x X4. As L is two disjoint points, by Example 2.2, (CX, X)) ~
X1 * X5. Therefore
(Cx, X)Ikx() = (X, % X,) x X,

Observe next that the full subcomplex of K\{3} on the vertex
set {1,2} is Al so the map linkg(3) — K\{3} factors as
the composite linkg(3) — Al — K\{3}, implying that the
map (CX, X)Hnke® 2, (cx X)K\3) factors as the composite
(cx, x)link«(®) 5 (cx x)A" — (CX, X)K\3}. But by the defini-
tion of the polyhedral product, (CX, X)Al = C'X; x CXs is contractible.

Therefore j is null homotopic. Thus by Lemma 6.2 there is a homotopy
equivalence

(CX, X)K ~ ((CX, X)Re®) 5 X) v (CX, X)KVE) 0 Xy),
We have already mentioned that (CX, X)linkx (3) ~ (X % X3) x X4. Thus
(O, X)IKK®) 4 Xy o (X0 % Xo) % Xo] * Xs.

Using the fact that A+« B ~ YA A B and Lemma 4.1 to decompose the
suspension of a product, we obtain homotopy equivalences

(Ox, X)Ike®) 4 X, ~ B[(ZX; A Xo) x Xa] A X3
~ (22X A X)) VEXLV (22X A Xo A X)) A X3
~ (Z2X1 A Xo A X3)V (2X35 A Xy)
V(Z2X A Xo A X3 A XY).
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On the other hand, as we will see in the next section, (CX, X)¥\3} ~
X1 % Xo* X4~ 22X A Xo A X4. Thus there is a homotopy equivalence

(CX, X)EMB) 5 Xy ~ (22X A X A Xy) V(32X A Xo A X3 A Xy).

Hence there is a homotopy equivalence

(CX, X)X ~ (22X AXo A X)) V(EX3A X))V (22X A X A X3 A Xy)
V(Z2X] A Xo A X3) V(22X A Xo A X3 A Xy).

In particular, in the case of Zx each X; = S!, so we obtain a homotopy
equivalence

o= VA SAVA SAVACERAVACLS

as desired.

8. Higher Whitehead products and minimal missing faces

Consider the homotopy fibration
(COX, QX)X — (X, )" — J[ X
i=1

from Corollary 3.14. At this point the homotopy type of (CQX,QX)K
has been identified for various simplicial complexes K. However, nothing
has been said about the homotopy type of the map (COQX, QX)X —
(X, x)X. This is the problem addressed in this section. In [20, 16, 24] it has
been determined that Whitehead products and higher Whitehead products
play an important role. In particular, the existence of nontrivial higher
Whitehead products in (X, *)% corresponds to the existence of minimal
missing faces in K. We begin with a discussion of the standard Whitehead
product.

8.1. Whitehead products

One way of defining a Whitehead product is as the adjoint of a Samelson
product. Let Y be an H-group, that is, Y is a homotopy associative H-
space with a homotopy inverse. Let ¢: Y x Y — Y be the commutator
of Y, defined pointwise by ¢(x,y) = zyx~1y~!. Observe that the restriction
of ¢ to the wedge is null homotopic, so ¢ extends to a map

c:YNY —Y.
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By Lemma 4.1, the quotient map ¥ x Y — Y A'Y has a right homotopy
inverse after suspending. Therefore the homotopy class of ¢ is determined
uniquely by the homotopy class of €. Let a: A — Y and b: B — Y be
maps. The composite
(a,b): ANB Y AY -5 Y

is the Samelson product of a and b. In particular, ¢ itself is the Samelson
product of the identity map on Y with itself. The Samelson product has
many useful properties, including the fact that if x € H,.(A) and y € H.(B)
are primitive then ({a,b)).(z,y) = [a(x),b(y)], where [-, -] is the graded
commutator in the homology algebra H,(Y").

Now suppose that X is a space and there are maps f: ¥A — X and
g: B — X. Let f: A — QX and §: B — QX be the adjoints of f
and g respectively. We may take the Samelson product ( f ,§): ANB —
QX. Its adjoint is a map

[f.g]: SAAB — X

called the Whitehead product of f and g.

Whitehead products play a crucial role in homotopy theory. One key
context in which they arise is the following. Let X and Y be pointed,
simply-connected spaces and consider the inclusion X VY — X x Y. By
Proposition 7.1, the homotopy fibre of this inclusion is homotopy equivalent
to ZOQX A QY. Ganea [14] proved a much sharper result by identifying the
homotopy class of the map from the fibre to X VY. Let i, : X — XVY and
ir: Y — X VY be the inclusions of the left and right wedge summands
respectively. Let evy, and evg be the composites evy: ZOX — X &
X VY and evp: 2V =5 Y 5 X VY respectively, where ev is the
canonical evaluation map.

Theorem 8.1: (Ganea) Let X andY be pointed, simply-connected spaces.
Then there is a homotopy fibration

SOXAQY Ll vy L x Y
0

One consequence is the following. In general, let F: X — QXX be the
suspension map, which is adjoint to the identity map on ¥X. If X = XA

and Y = $B then the composite TA A B —E2E, w054 A np Lomeenl

Y AVEB is homotopic to the Whitehead product [if,, i), and the homotopy
cofibre of this map is XA x ¥B.
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8.2. Higher Whitehead products

Attaching by a Whitehead product is what is needed to produce YA x ¥ B
from X AVX.B. Theorem 8.1 says that there is a generalization when looking
at the homotopy fibre of any wedge into a product. To get higher versions of
Whitehead products, we should look at what is needed to produce [~ , X4,
from the fat wedge on ¥ Aq,...,3A,,, and then generalize by looking at the
homotopy fibre of any fat wedge into a product. To make this precise some
definitions are needed.

Definition 8.2: For spaces X1, ..., X, let FW(1,...,m) be the subspace
of X1 x -+ x X,, defined by

m

FW(l,...,m):UX1x~-~xX,»_1x*xXi+1x--~me.
i=1

The space FW (1,...,m) is the fat wedge of X1,..., Xp,.

By analogy with Theorem 8.1, a higher Whitehead product should
be defined via the homotopy fibre of the inclusion of FW(1,...,m) into
X7 x -+ x X,,. To do so, it is easier to phrase this homotopy fibration
in terms of polyhedral products. Let 9A™~! be the boundary of A™~1.
Note that 9A™~! is the full m — 2-skeleton of A™~!. Therefore, compar-
ing the definition of the polyhedral product for (X, i)Amfl and that for
FW(1,...,m) we obtain

FW(1,...,m) = (X, """

So by Corollary 3.14 there is a homotopy fibration

(COX,0X)?2" " — FW(1,...,m) — [] X.. (8.1)
i=1

Thus we want to identity the homotopy type of (CQX, Qix)im""*ll We will
do this in the more general case of (CX, X)@A""ﬂ.

Lemma 8.3: For k > 2, there is a pushout of simplicial complexes

OAF—T — OAR—T k(] 41}

| |

AF-1 0Nk,
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Proof: If K is a simplicial complex on the index set [k], regard the faces
of K as subsequences (i1, ...,4;) where 1 <i; < --- < ip < k. Observe that
A* has as faces all subseqences of {1,...,k + 1}, and OAF has as faces all
proper subsequences of {1,...,k+1}. In particular, OA* is the union of: (i)
all subsequences of the form (i1,...,4) where 1 <i; < --- < iy <k — that
is, those subsequences corresponding to A¥~1 and (ii) all the subsequences
of the form (41,...,4p, k+1) where 1 < iy < --- < iy < k but at least one i; is
missing — that is, those subsequences corresponding to OA*~!x{k+1}. The
intersection of the subsequences in (i) and (ii) consists of all subsequences

of the form (i1,...,4) where 1 <i; < --- < i, < k and at least one ¢; is
missing — that is, those subsequences corresponding to JA*~1. This proves
the lemma. O

Remark 8.4: The proof of Lemma 8.3 shows that the pushout in the
statement of the lemma is the usual star-link-restriction pushout in the
case of K = OA*. That is, stargar = OAF 1 % {k + 1}, linkgar = OAF~!
and (OAF)\{k + 1} = AL,

Remark 8.4 implies that, by Proposition 5.6, there is a corresponding
pushout of polyhedral products

1Xtm

(X, A2 5 A, (X, AP X Xy,

J{jxl l (8.2)

(X, A2 x A, —— (X, A)72",

Consider the special case of (X, *). Then (X, E)A’ﬁl = X1 X x X,
(X, )" = FW(1,...,k), and (X, )" = FW(1,...,k + 1). Phrased
in terms of a larger vertex set, diagram (8.2) implies the following.

Lemma 8.5: Let {i1,...,ix} be a subset of {1,...,m—1} with the property
that 1 < iy < --- <1 <m — 1. Then there is a pushout

FW(il,...,ik)HFW(’L&,...,Z%) XXm

| |

Xil Xoeee ><_X’“v HFW(Z‘l,...,’L‘k,m).
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Remark 8.6: Lemma 8.5 has a direct proof as well. By definition of the
fat wedge,

ij+1x...x...Xikme

k
FW(iy,...,ig,m)= UXilx X Xy xax X
j=1

U(Xiy XX X5, X o).

Notice that the first term in this union is FW (i1, ..., ix) X X, the second
term is Xi1 X oo X Xik,
FW (iy,...,i). The asserted pushout now follows immediately.

and the union is taken over the common subspace

Next, consider the special case of (CX, X). By (8.2) and Corollary 5.7,
for m > 2 there is a pushout of polyhedral products

(07X7K)8A'm72 > Xm 1 (CX,X)BANL72

| l (5.3)

(CX, X)A" " x X, — (CX, X)?2" ",

Lemma 8.7: For m > 2 there is a homotopy equivalence

(CX, X)P2" 7 o Sm=IX A A X

Proof: The proof is by induction on the number of vertices. When m = 2
then OA! is two disjoint vertices, so by Example 2.2 we have (CX, X)OAI ~
¥ X1 AX5. Assume inductively that (CX, X)‘rmmf2 ~ Y 2X A A X 1
By Example 2.3, (CX, X)A" T = CXyx---xCXyn_1 = *, so the homotopy
pushout (8.3) is equivalent to the homotopy pushout

(Em 72X A A X 1) X Xy ——= S 2X A A Xy

X |

X (CX, X)78"",

Therefore, by Lemma 6.1, there are homotopy equivalences

(CX, X)P2" ™ (B 2X A A X)) % Xy = S X A A Xy O

By Lemma 8.7, the homotopy fibration (8.1) can be rewritten as a ho-
motopy fibration

QX5 % QX 25 FW(L,... m) — X1 % -+ % Xom
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for some map ¢,,. This lets us define higher Whitehead products.

Definition 8.8: For 1 <1¢ < m, suppose that there are maps f;: X; — Y
for some space Y. Suppose also that there is an extension of the wedge

Vi, X; Vo y o a map f: FW(1,...,m) — Y. Then the composite

QXp %% QX 25 FW(L,...,m) -5 v
is a higher Whitehead product.

Observe that if m = 2 then f = f1V fo and ¢5 is the ordinary Whitehead
product [evr, evg]. So the homotopy class of f o ¢y is determined by the
homotopy classes of f; and fa. However, if m > 3 then there may be
different choices of an extension f of \/Z';l fi, so the homotopy class of
the higher Whitehead product f o ¢,, need not be determined only by the
homotopy classes of f1,..., fm.

8.3. Relating higher Whitehead products to minimal
missing faces

Let K be a simplicial complex on the vertex set [m]. We use the homotopy
fibration

from Corollary 3.14 to establish a correspondence between the minimal
missing faces in K and nontrivial higher Whitehead products on (X, *)¥.
This requires some definitions.

Definition 8.9: Let K be a simplicial complex on the vertex set [m]. A
subset o = (i1, ...,1i) of [m] is a missing face of K if o ¢ K. It is a minimal
missing face if any proper subset of o is a face of K. Equivalently, o is a
minimal missing face of K if do C K but o ¢ K.
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Example 8.10: Let K be the following simplical complex:

1

The missing faces of K are
MF(K)={(3,4),(1,2,3),(1,2,4),(1,3,4),(2,3,4),(1,2,3,4)}.

As (3,4) is a proper face of (1, 3,4), (2,3,4) and (1,2, 3,4) which is missing
from K, none of (1,3,4), (2,3,4) or (1,2,3,4) are minimal missing faces.
The complete list of minimal missing faces of K is

MMF(K) = {(3,4), (1,2,3), (1,2,4)}.

Let K be a simplicial complex on the vertex set [m]. Recall that K, is
the simplicial complex consisting of m disjoint points. Including the vertices
into K gives a simplicial map K,,, — K. This induces a map of polyhedral
products (X, *)Km — (X, %)%, By Example 2.1, (X, %)%= = /", X;, so
the inclusion of K,, into K induces a map

m
Fr: \/ Xi — (X, 0.
i=1
Lemma 8.11: Let K be a simplicial complex on the vertex set [m]. Then
o= (i1,...,i) is a minimal missing face of K if and only if the composite
\/f:1 X, = VL X; Lom, (X, %)% extends to a map FW (iy,... i) —
(X, %) but does not extend to a map Hle X, — (X, %K.

Proof: By definition, ¢ = (i1,...,i) is a minimal missing face of K if
and only if do C K but ¢ ¢ K. That is, if and only if there is a map
of simplicial complexes do — K which does not extend to a map ¢ —
K. By definition of the polyhedral product, (X,*)¥ is the union of the
coordinate subspaces formed from the faces of K. That is, X; x---x X, is
a coordinate subspace of (X, ¥)¥ if and only if the face 7 = (j1, ..., ) € K.
In our case, since o is a (k— 1)-simplex, the simplicial map do — K exists
if and only if every coordinate subspace of the fat wedge FW (i1, ..., i) is



Combinatorial and Toric Homotopy Downloaded from www.worldscientific.com
by UNIVERSITY OF SOUTHAMPTON HARTLEY LIBRARY on 02/02/18. For personal use only.

42 S. Theriault

in (X, *)%. That is, if and only if there is a map FW (iy,...,ix) — (X, %)
extending the inclusion of the coordinates \/?=1 X;, — (X, %)*. Further,
the simplicial map do — K does not extend to a simplicial map o — K
if and only if Xy, x -+ x X}, is not a coordinate subspace of (X, i)K. That
is, if and only if the map FW (i1, ...,i;) — (X, %)X does not extend to a
map X;, X -+ x X;, — (X, x)K. O

Let o = (i1,...,i;) be a minimal missing face of K. By Lemma 8.11,
there is an extension of the composite \/;?:1 X, = Vi, X; Lom, (X, %K
to a map f: FW(iy,...,ix) — (X,*)®. Define the higher Whitehead
product w(o) by the composite

w(o): QX # - % QXy, 25 FW(iy, ... ix) - (X, ).

In the next Proposition the equivalence in Lemma 8.11 is rephrased in terms
of the existence of nontrivial higher Whitehead products.

Proposition 8.12: Let K be a simplicial complex on the vertex set [m]
and let (X, %) be a sequence of pointed CW -pairs. Then o = (i1,...,ix) is
a minimal missing face of K if and only if the higher Whitehead product
w(o): QX - x QX SN FW(iy,... i) N (X, %) is nontrivial.

Proof: Suppose that w(o) = f o ¢y, is nontrivial. Since ¢y, is the homotopy
fibre of the inclusion FW (i1, ...,ix) — X;; X+ x X

fo¢i implies that there can be no extension of FW (i1, ..., i) N (X, )&
to a map g: X;, X -+ x X;, — (X,*)%. For otherwise f o ¢, would
factor through two consecutive maps in a homotopy fibration and so be
null homotopic. Therefore, as f does not extend to g, by Lemma 8.11 o is
a minimal missing face of K.

Conversely, suppose that w(o) is null homotopic. We wish to show that o
is not a minimal missing face of K. This case is trickier for the following
reason. If each X;; is a suspension, X;, = EX{J_7 then the composite

ir» the nontriviality of

X xew Xl 5 QRX] x - x QEXL 25 FW (i, ..., ip)

is the attaching map for the product XX/ x---xXX/ , where E = Ex- - -xE.
Therefore, f extends to g in this case if and only if f o ¢y o E is null
homotopic. In particular, if w(c) = f o ¢y, is null homotopic then fo¢poE
is null homotopic, implying that f extends to g, and so by Lemma 8.11, ¢
is not a minimal missing face of K. However, in the general case X;, may
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not be a suspension, so the product X;, x --- x X;, may not be the cofibre
of a map into the FW (i1, ...,im).

Instead, for each 1 < j < k, let g;: S — X, be the inclusion
of a bottom cell. Let FIWW(S) be the fat wedge on S™ X --- x S™. By
Proposition 3.1 (a), the polyhedral product is natural with respect to the
maps g;j, SO we obtain a homotopy fibration diagram

QS™ %0k Q§M 2

FW(S)

k n;

Hj:l S ’
a lFW(gl,u-,gk) ll’[_’fl 9; (8.4)

QX % A QX —2 FW iy, .. i) — [T, X,

where G = Qgq * - - - % Qg

Now suppose that w(o) = f o ¢y, is null homotopic. Then the composite
fo¢roG is null homotopic, implying by the homotopy commutativity of the
left square in (8.4) that foFW (g1, ..., gr)odk is null homotopic. Notice that
this is also a higher Whitehead product fogy, where f = foFW (g, ..., gx).
Since each S™ is a suspension, by the argument above, the null homotopy

for f o ¢ implies that o is not a minimal missing face of K, and we are
done. a

Example 8.13: Return to Example 8.10. By Proposition 8.12, the min-
imal missing face (3,4) corresponds to a nontrivial Whitehead product
QX3 * QX4 — (X, *)%. The minimal missing faces (1,2,3) and (1,2,4)

correspond to nontrivial higher Whitehead products QX7 * QX5 % QX3 s,

FW(1,2,3) — (X, and QX; * QX, + QX4 25 FW(1,2,4) —

(X, %)

To close this section we return to the homotopy fibration
(COX, 0X)K 2 (X, %)X — [, Xi and state some results. In [20]
it is shown that if K is an “M F-complex” and each X; is a suspension,
then (CQX, QX)X is homotopy equivalent to a wedge of iterated suspen-
sions of the spaces Q2X; and the map ¢ is a wedge sum of: higher Whitehead
products, one for each minimal missing face of K; and iterated Whitehead
products formed from one higher Whitehead product and possibly multiple
copies of the coordiate inclusions X; — (X, *)¥. A similar statement is
proved for the moment-angle complex Z§ even though X; = CP> is not a
suspension. In [24] many of these results are generalized to the case when K
is shifted.
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9. A decomposition of the based loops on a polyhedral
product

In this section we turn to investigating the homotopy type of Q(X, 4)¥. We
prove a new integral homotopy decomposition for (X, A)¥ that holds for
any simplicial complex K. A different, much finer homotopy decomposition
of Q(X, A)X can be found in [40]. The advantage of the cruder homotopy
decomposition proved here is that the factors are easy to identify in terms
of other spaces.

Let K be a simplicial complex on the vertex set [m]. Recall from (5.1)
that there is a pushout of simplicial complexes

link i (m) — starg (m)

]

K\{m} K

where star (m) = linkg (m) * {m}. Define a new simplicial complex K on

the vertex set [m] by
K = K\{m} * {m}.

Observe that there is an inclusion of simplicial complexes K\{m} — K
given by including the join factor, so as star(m) = linkg (m) x {m}, there
is a pushout map

K — K.
Observe also that K\{m} is the full subcomplex of K on the vertex set
[m — 1]. That is, K\{m} = K\{m}.
Now turn to polyhedral products. By Proposition 5.6, the pushout of
simplicial complexes in (9.1) induces a pushout of polyhedral products

1Xam,
_—

(&7A)link;<(m) x A,, (X7A)hnk}<(m) % X,

ljxl l (9.2)

(X, A)FMmE x4, ————— (X, A)F

where 4,, is the inclusion. To relate this to (X, A)?, observe that the defi-
nition of the join of two simplicial complexes implies that if K = Ky x Ks
then there is a homeomorphism

(X, A = (X, A5 x (X, A"
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In particular, as K = K\{m} x {m} there is a homeomorphism
(X, A)F ~ (X, )\ x X,

We follow Félix and Tanré’s idea [13] of mapping all four corners of the
pushout (9.2) into (X, A)X and taking homotopy fibres. Mather’s Cube
Lemma [30] will help identify the homotopy types of the fibres.

Lemma 9.1: (Mather) Suppose that there is a diagram of spaces and
maps

E

F
NN

G———H

|
A—|—B

N N

C— D
where the bottom face is a homotopy pushout and the four sides are obtained

by pulling back with H — D. Then the top face is a homotopy pushout. O]

Consider the map (X, A)X — (K,A)? ~ (X, K\ x X, Com-
posing from all four corners of the pushout (9.2), we obtain homotopy
fibrations

G X Yy ——— (X,A)linkx(m) X Apm ﬂ) (X7A)K\{m} % X,
Vo (L A A, L (g X,
G —— (X, ARkt o x0T, (x, A)FMmY X,

Fro —— (X, A)F —— (X, A)FM™ < X,

where G, is the homotopy fibre of (X, A)hnkK(m) SN (X, A)K\{m}, Y,, is

Tm

the homotopy fibre of the inclusion A,, — X,,, and F,, is defined as the
homotopy fibre of the map (X, A)% — (X, )\t x X,.. By Lemma 9.1,
we obtain a homotopy pushout

G xY,, —G,,

]

Yo, — F,.
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We claim that the maps G,, X Y;, — G, and G,,, X Y, — Y, in (9.3)
are projections. In the first case, the map is induced from Lemma 9.1 by
the homotopy pullback diagram

G X Vi — (X, Alinke(m) o4 o (X, A)K\mY « X,

T

Gy —— (X, A)linke(m) o x, o (X, AYK\ME X,

The maps in the right square are defined coordinate-wise, so the homo-
topy pullback is homotopy equivalent to the topological pullback obtained
by turning both (&,A)hnkK(m) — (X, )8\ and A, — X, into
(strict) fibrations. By doing so the map of fibres is also defined coordinate-
wise, implying that G,, x Y;, — G,, is homotopic to the projection.
Similarly, the map G,, x Y,, — Y,, is the projection. Therefore (9.3) has
been more accurately identified as the homotopy pushout

G X Yoy —> Gy
o
Y, —— F,,.
Hence, Lemma 6.1 immediately implies the following.

Lemma 9.2: There is an integral homotopy equivalence

F,, ~ G, +Y,

We take this a step further. Consider the homotopy fibration
Fo — (X, A% — (X, ) < X,

Since K\{m} and {m} are the full subcomplexes of K on the vertex sets
[m — 1] and {m} respectively, by Proposition 3.6, the polyhedral products
(X, A\ and (X, AU = X, both retract off (X, A)¥. In general,
these retractions cannot be multiplied together in (X, A)%, nor multiplied
with the image of the map from F),,, because (X, A)¥ is rarely an H-space.
But after looping this can be done. Thus, if p is the loop multiplication on
(X, A)X | then the composite

0X,, x QX, )M QF, — QX, A)F x QX, X x Q(X, A)K
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is a homotopy equivalence. Combining this with Lemma 9.2, we obtain the
following.

Proposition 9.3: Let K be a simplicial complex on the index set [m]. Then
there is an integral homotopy equivalence

QX, AKX ~QX,, x QX, AN 5 QG % V).
O

Since K\{m} is a simplicial complex on the index set [m — 1], Propo-
sition 9.3 can be applied again to decompose Q(X, A)¥\™} Tterating, for
1 <i<m,let Ry_; be the restriction of K to the index set [m — i]. Note
that R,, = K. For 1 < i < m, let L,,_; = linkg,,_,.,(m —i+ 1). Then
there is a star-link-restriction pushout of simplicial complexes

mei 4>me1' *{m—z+ 1}

| |

Ry i —————— Ri—iq1-

Let G,,_; be the homotopy fibre of (X, A)fm—i — (X, A)Em—i and
let Y,,—; be the homotopy fibre of the inclusion A,, ; — X,,—;. Then
iterating Proposition 9.3 gives the following.

Theorem 9.4: Let K be a simplicial complex on the vertex set [m]. Then
there is an integral homotopy equivalence

QX, A ~ (ﬁQX) X (ﬁQ(Gi *Yi))
0

Remark 9.5: Theorem 9.4 is completely general, and says that the homo-
topy type of (X, A)X depends only on the spaces X;, the homotopy fibres
of the inclusions A,, — X,,, and the homotopy fibres of the link-restriction
maps (X, A)l — (X, A)%i. So again we see the importance of knowing
the homotopy class of the link-restriction maps.

Remark 9.6: Since G;+Y; ~ XG; \Y;, each of the factors Q(G; +Y;) in the
homotopy decomposition for (X, A)¥ is a loop suspension. A great deal
is known about the homotopy theory of loop suspensions. In particular, the
Bott-Samelson Theorem states that if R is a field then there is an algebra
isomorphism H,(QXY;R) = T(H,(Y;R)), where T(-) is the free tensor
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algebra functor. Thus, from Theorem 9.4 and the Kunneth isomorphism,
there is an algebra isomorphism

HL(X, A" R) = <<§H*<9Xi;R) (®T (G YiR) ).

i=1

Also, James [25] shows that there is a homotopy equivalence

YOTY ~ \/ yy ™,
n=1
where Y™ is the n-fold smash product of Y with itself. Thus, after sus-
pending the homotopy equivalence for Q(X, A)X and using James’ result
together with an iteration of the fact that (X xY) ~ XX VIY V(EXAY),
we obtain a wedge decomposition for ¥Q(X, A)X in terms of suspensions
of iterated smash products of the spaces QX; and G; A'Y;.

We mention two cases of Theorem 9.4. First, in the case (X, *)¥, the
homotopy fibre Y; of the inclusion * — X, is QX;. Thus we obtain the
following.

Corollary 9.7: Let K be a simplicial complex on the vertex set [m]. Then
there is an integral homotopy equivalence

K~<f[1§zxi) (HQ mx)
0

Second, in the case of (CX, X), since CX; is contractible, the term
QCX; in Theorem 9.4 is contractible, and the homotopy fibre of the in-
clusion X; — CX; is homotopy equivalent to X;. Thus we obtain the
following.

Corollary 9.8: Let K be a simplicial complex on the vertex set [m]. Then
there is an integral homotopy equivalence

Q(Cx, x)K ~HQG * X;).

i=1

O

As special cases of Corollaries 9.7 and 9.8 we obtain homotopy decom-
positions for the loops on the Davis-Januszkiewicz space and the loops on
the moment-angle complex. In the first case, each pair (X, *) is (CP, %),



Combinatorial and Toric Homotopy Downloaded from www.worldscientific.com
by UNIVERSITY OF SOUTHAMPTON HARTLEY LIBRARY on 02/02/18. For personal use only.

Toric Homotopy Theory 49

and QCP*> ~ S, In the second case, each pair (CX;, X;) is (D?,S!). In
particular, in the first case we have G; * QX; ~ G; * S' ~ ¥2G; and in the
second case we have G; x X; ~ G; x ST ~ 22G;.

Corollary 9.9: Let K be a simplicial complex on the vertex set [m]. Then
there are integral homotopy equivalences

o (i)« floe)

i=1

and
OZy ~ H 032G,
=1

O

Remark 9.10: Specializing Remark 9.6 to the case of QZk, for any field
R there is an algebra isomorphism
H,(QZx; R) = R)T(H.(SGy; R))
i=1
and a homotopy equivalence for XQZx in terms of suspensions of iterated
smash products of the spaces 2G;.

10. Exponents and Barratt’s conjecture

The homotopy decomposition in Theorem 9.4 is provocative. It is often the
case in unstable homotopy theory that properties of a space Y are studied
by considering properties of QY. For example, if Y is simply-connected
then the homotopy groups of QY are the same as those for Y but shifted
down one degree. One advantage of QY over Y is the loop multiplication,
which better allows for the possibility of a homotopy decomposition into
simpler factors. If Y = XY” then the situation is greatly improved, as in
Remark 9.6. Thus Theorem 9.4 suggests that there may be properties of
(X, A)X that may be better discerned by looking at Q(X, A)X.

In this section and Section 13 we describe applications of the loop space
decomposition, although none is fully explored and many open questions
remain. In this section we discuss a connection with homotopy exponents
and Barratt’s conjecture, and in Section 13 we discuss connections with
rational homotopy theory and Moore’s conjecture. To consider homotopy
exponents we begin with some definitions.
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Definition 10.1: Let X be a path-connected, pointed topological space
and let p be a prime. The homotopy exponent of X at p is the least power
of p that annihilates the p-torsion in m,(X).

If the power of p is finite, say r, write exp,(X) = p". If there is no such
least power of p, write exp,(X) = co.

Definition 10.2: Let X be a path-connected co-H-space and let p be a
prime. The space X has co-H-exponent p” if the degree p” map on X is null

homotopic but the degree p”~! map is not.

For example, for m > 2, let P™(p") be the Moore space, defined by the
homotopy cofibration

gm—1 p_r> gm-1 __, Pm(p'r')-

Observe that if m > 3 then P™(p") ~ LP™~1(p"), implying that P™(p")
is a co-H-space. By [32] the degree p” map on P™(p") is null homotopic if
p" # 2, and if p” = 2 then the degree 4 map on P™(2) is null homotopic
but the degree 2 map is not. Therefore the co- H-exponent of P™(p") is p”
if p" #2, and is 4 if p" = 2.

Definition 10.3: Let Y be a path-connected H-space and let p be a prime.
The space Y has H-exponent p" if the p"-power map on Y is null homotopic
but the p"~!-power map is not.

Note that if Y has H-exponent p” then exp,(Y') < p”. For the p"-power
map on Y induces multiplication by p” on homotopy groups. However,
if X has co-H-exponent p” then the p"-power map on 2X may not be
null homotopic. This is due to the nontrivial difference between the loops
on the degree p” map and the p"-power map; this difference exists by the
distributivity law and may be difficult to control (see [9] for an excellent
discussion of the distributivity law). Barratt [4] conjectured that, in fact,
while the difference may be complex its effect on exponents is minimal.

Conjecture: (Barratt) Let X be a space with co-H-exponent p”. Then
the p"t'-power map on 22X is null homotopic.

Barratt’s conjecture is known to be true only for certain Moore spaces.
If p is odd and r > 1 then the conjecture holds by [33]. If p =2 and » > 6
the conjecture holds by [38]. For p = 2 and 2 < r < 5, upper bounds on the
homotopy exponent of P™(2") are known [38]. The most interesting case
is P™(2). Barratt’s conjecture predicts that exp,(P™(2)) = 8. However,
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there is no known upper bound on the homotopy exponent of P™(2). That
is, as far as anyone knows, there could be torsion of arbitrarily high order
in 7, (P™(2)).

We will use polyhedral products to extend the range of spaces to which
a positive resolution of Barratt’s conjecture would apply.

Proposition 10.4: Let K be a simplicial complex on the vertex set [m]
and let p be a prime. Let Xq,...,X,, be co-H-spaces with co-H -exponent
bounded above by p". If Barratt’s conjecture holds, then the p"t1-power map

on Q?(X, A)X is null homotopic, and consequently exp,, ((X, A)EK) <prtt

Proof: In general, if X is a co-H-space and Y is a space then Y A X is
also a co-H-space with comultiplication given by the composite

YAX Sy A(XVX) S (YAX)V (Y AX)
where ¢ is the co-multiplication on X . Therefore, if the degree p” map on X
is null homotopic then so is the degree p” map on Y A X.

In our case, by Corollary 9.8 there is a homotopy equivalence
QCX, X)K ~ [T, Q(G; * X;). Looping, we obtain a homotopy equiv-
alence of H-spaces Q%(CX, X)X ~ [[i~, Q*(G; * X;). Therefore the p"+1-
power map on Q2(CX, X)X is null homotopic if and only if the same is true
for each factor Q2?(G; x X;). Since each co-H-space X; has co- H-exponent at
most p”, the same is therefore true for each G; A X;. So Barratt’s conjecture
implies that the p™*l-power map on Q3(G; * X;) ~ Q3(XG; A X;) is null
homotopic. O

Since Barratt’s conjecture holds for Moore spaces P™(p”) where p is
odd or where p = 2 and r > 6, Proposition 10.4 also holds in these cases.

11. Elliptic and hyperbolic spaces

Félix, Halperin and Thomas [12] proved the remarkable fact that a finite
dimensional path-connected, pointed space X either has finitely many ra-
tional homotopy groups or the total number of rational homotopy groups
in dimensions m < n grows exponentially with n. That is, there is no space
whose rational homotopy groups have polynomial growth. Plainly put, ei-
ther X has very few rational homotopy groups or it has an awful lot. There’s
no middle ground.

It is natural to ask which spaces fall into which category. It helps to
give the two options names.
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Definition 11.1: A finite dimensional space X is elliptic if it has finitely
many rational homotopy groups. Otherwise X is hyperbolic.

The canonical example of an elliptic space is a product of spheres. The
canonical example of a hyperbolic space is a wedge of two spheres (hyper-
bolicity is proved using the Hilton-Milnor Theorem). In what follows we will
give a simple way of identifying a large number of hyperbolic polyhedral
products.

Observe that if K # A™~! then it has a missing face, and so it has at
least one minimal missing face.

Lemma 11.2: Let K be a simplicial complex on the vertex set [m] and
suppose that K # A™71. Let 0 = (iy,...,ix) € MMF(K). Then QX;, *
% QX,, is an integral retract of (CQX, QX)K and Q(QX;, * - x QX;,)
is an integral retract of (X, x)K.

Proof: Since o = (i1,...,4) is a minimal missing face of K, we have
o ¢ K but 9o C K. In particular, the full subcomplex of K on the vertex set
I = {iy,...,ir} is K; = do. So by Proposition 3.6, (CQX, QX1 retracts
off of (COX,Q2X)X. On the other hand, by Lemma 8.7, there is an integral
homotopy equivalence (CQX, QX )51 = (COX, QX)%7 ~ QX;, *---xQX,, .
Thus QX;, *--- x QX;, is a retract of (CQX,QX)K.

By Lemma 3.16, there is an integral homotopy equivalence (X, x)% ~
[T, X, x Q(CQX, QX)X Therefore the second assertion of the lemma
follows from the first. O

Theorem 11.3: Let K be a simplicial complex on the vertex set [m] and
suppose that K # A™™ Y. Let 0 = (i1,...,ir) € MMF(K). Suppose that
(X, %) is a sequence of pointed CW -pairs where each X; is simply-connected
and rationally nontrivial, and suppose that the rank of }NI*(QXZ-].;Q) s at
least 2 for some 1 < j < k. Then (X, *)¥ is hyperbolic.

Proof: To show that a simply-connected space Y is hyperbolic it is equiv-
alent to show that QY is hyperbolic. By Lemma 3.16, there is a homo-
topy equivalence Q(X, ¥)X ~ [T, QX; x Q(CQX, X)X, So to show that
(X, ¥)X is hyperbolic it suffices to show that (CQX, QX)X is hyperbolic.
Further, by Lemma 11.2, QX;, *---*QX,, is a retract of (CQX, QX)X so
it suffices to show that QX;, *---* QX is hyperbolic.

By hypothesis, each X;; is simply-connected and rationally nontrivial,
so the rank of H, (02X;;;Q) is at least 1 for each 1 < j < k. Therefore,
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as at least one of these ranks must be strictly greater than 1, the rank of
J’EI*(QX,»1 k- x X, ;Q) is at least 2. In general, a co-H-space is ratio-
nally homotopy equivalent to a wedge of spheres. As QX;, *---* QX;, ~
YEIOX Ao A QX it follows that QX -+ x QX,, is rationally ho-
motopy equivalent to a wedge of spheres. As the rational homology of this
space has rank at least 2, QX;, *--.x QX is rationally homotopy equiv-
alent to a wedge of at least 2 spheres. But a wedge of 2 or more spheres is
hyperbolic, and so 2X;, *---x QX;, is hyperbolic. O

Theorem 11.3 is a mild generalization of a result by Félix and Tanré [13],
which considered the case when each X; equals a common space X. How-
ever, the methods are very different. Félix and Tanré used a Sullivan min-
imal model argument which gives only rational information. The proof of
Theorem 11.3 used a minimal missing face argument which gives integral
information, from which rational information can be deduced. This dis-
tinction will be important in the next section when we consider Moore’s
conjecture.

Theorem 11.3 implies that if (X,*)¥ is elliptic for K # A™~! then
each QX; must have at most one generator in reduced rational homology.
That is, each Q2X; is either rationally contractible or rationally a sphere.
So while Theorem 11.3 identifies many hyperbolic spaces, it does not apply
at all to the case of DJx = (CP>, )X since each QX; equals QCP>® ~
S1. Bahri, Bendersky, Cohen and Gitler [2] considered the case of Davis-
Januszkiewicz spaces and showed that DJg is elliptic if and only if it is a
product of spheres and discs.

12. Moore’s conjecture

There is a major conjecture in homotopy theory which relates the notion
of a space being elliptic or hyperbolic with homotopy exponents.

Conjecture: Moore Let X be a finite CW-complex. Then the following
are equivalent:

(a) X is elliptic;
(b) X has a finite homotopy exponent at every prime p;
(¢) X has a finite homotopy exponent at some prime p.

Moore’s conjecture is known to hold in a limited number of cases. El-
liptic spaces with finite exponents at all primes include spheres [26,41],
finite H-spaces [28], H-spaces with finitely generated cohomology [8], and



Combinatorial and Toric Homotopy Downloaded from www.worldscientific.com
by UNIVERSITY OF SOUTHAMPTON HARTLEY LIBRARY on 02/02/18. For personal use only.

54 S. Theriault

odd primary Moore spaces [33]. Hyperbolic spaces with no exponent at
any prime include S™V .S™ by the Hilton-Milnor Theorem, torsion-free sus-
pensions [36], and two-cell complexes [34]. There are also partial results.
In [31] it was shown that if X is elliptic then it has an exponent at all
but finitely many primes, and in [37] it was shown that if X is hyperbolic
and H,(Q2X;Z) is p-torsion free then, provided p is large enough, X has no
exponent at p.

The methods used in Theorem 11.3 to show that (X, %)X is hyperbolic
given certain conditions on the spaces X; do more. We will use them to
given examples when Moore’s conjecture can be resolved. The statement is
about hyperbolic spaces, so Moore’s conjecture takes the form: if a space Y
is hyperbolic then it has no exponent at p for any prime p. In this context
the proof of the following lemma is immediate.

Lemma 12.1: Given the hypotheses of Theorem 11.3, if there is a space Y
which retracts off QX;, *---xQX,;, and Y has no exponent at any prime p,
then (X, %)X has no exponent any prime p. O

For example, if S™ v S™2 retracts off QX;, * --- x QX;,_ then (X, )%
has no exponent at any prime p. We give two examples where this occurs.

Example 12.2: Take X; = S™ for each 1 < i < m, where n; > 2, and
consider the CW-pairs (S™, x). By [25], there is a homotopy equivalence

DS~ \/ st (12.1)

i=1

Tterating this homotopy equivalence implies that Q5™ % ... % QST ~
YE-1QS i A -- - A QS™ix is homotopy equivalent to an infinite wedge of
spheres. Consequently, 25™1 % - - - % 5™ has no exponent at any prime p
and so the corresponding polyhedral product (X, *)% has no exponent at
any prime p.

Example 12.3: Take X; = CP" for each 1 < i < m, where n; > 1, and

consider the CW-pairs (CP™ ). It is well known that there is a homotopy
equivalence

QCP™ ~ S! x Q92+,
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Therefore, by Lemma 4.1 and (12.1), there are homotopy equivalences

YOCP™ ~ B(S* x Q8%+
~ ¥8t v EQs T v (B8t A QST

~ S2 V. (\/ S2ni+1) vV (\/ S2ni+2)'
i=1 j=1

Iterating this homotopy decomposition, QCP™i1 x- - - x QCP™ is homotopy
equivalent to an infinite wedge of spheres, and so has no exponent at any
prime p. Therefore the corresponding polyhedral product (X, %)% also has
no exponent at any prime p.

13. More on elliptic and hyperbolic spaces, and Moore’s
conjecture

In this section we use the homotopy equivalence

m

QX A)F ~ (HQX) x (ﬁQ(Gi ﬂ@)

in Theorem 9.4 as a tool to further investigate whether polyhedral products
are elliptic or hyperbolic, and whether Moore’s conjecture holds. Two initial
observations are as follows.

Lemma 13.1: Let K be a simplicial complex on the vertez set [m] and let
(X, A) be a sequence of pointed CW -pairs. Then the following hold:

(a) if any one of X1, ..., X, is hyperbolic then so is (X, A)K;

(b) if any G; NY; is rationally nontrivial and has the property
that one of G; or'Y; has two or more generators in rational
homology then (X, A)X is hyperbolic.

Proof: Part (a) follows immediately since each QX; is a retract of
Q(X, A)X implying that the rational homotopy groups of X; retract off
those of (X, A)X.

For part (b), in general, if X is a co-H-space with n generators in
rational homology then X is rationally equivalent to a wedge of spheres,
one for each generator. In our case, each G; *Y; ~ X.G; A'Y; is a co-H-space
and so is rationally equivalent to a wedge of spheres. Rationally, there is a
Kunneth isomorphism, so

H.(G; NY;;Q) = H,(Gy;Q) @ H,(Yi; Q).
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By hypothesis, G; A'Y; is rationally nontrivial, which implies that there is
some nontrivial class in ﬁ*(Gi AY;; Q). The Kunneth isomorphism there-
fore implies that there is at least one nontrivial class in each of H,(G;; Q)
and H,(Y;; Q). Thus if at least one of H,(G;;Q) or H,(Y;;Q) has two or
more generators then so does H,(G; A Y;;Q). The same is then true for
ITI*(EG’i AY;;Q), and so £¥G; A'Y; is homotopy equivalent to a wedge of at
least two spheres, implying that it is hyperbolic. O

Lemma 13.1 indicates that the property of being elliptic is pretty re-
strictive. If (X, A)¥ is elliptic then each of X1, ..., X,, must be elliptic, and
no G; A'Y; can have more than one rational homology class. To have one
rational homology class implies that G; A Y; is rationally a sphere, which
further implies that both G; and Y; are rationally spheres. This restriction
on GG;, which is the homotopy fibre of a link into a restriction, is particularly
severe.

We will give a more explicit description of a large family of hyperbolic
spaces in Propositions 13.7 and 13.10. The idea is to relate the minimal
missing faces of linkg (v) to K\{v} in order to identify nontrivial ratio-
nal homotopy classes in one of the spaces G;. Recall from Section 8 that
MMF(K) is the set of minimal missing faces of K.

Lemma 13.2: Let K and L be simplicial complexes on the same vertex set
[m] and suppose that K is a subcomplex of L. If MMF(K) C MMF(L) then
MMF(K) = MMF(L).

Proof: We aim for a contradiction. Suppose that ¢ = (i1,...,ix) €
MMF(L) but ¢ ¢ MMF(K). Since o is a minimial missing face of L, by
definition we have do C L. This implies that every proper face of o is
a face of L. On the other hand, since o is a missing face of L it is also
a missing face of the subcomplex K. Therefore some proper face 7 of o
must be in MMF(K). By hypothesis, MMF(K) C MMF(L), implying that
7 € MMF(L). But we have already said that every proper face of o is a
face of L, and so cannot be a missing face, and therefore not in MMF(L).
This is a contradiction. a

Remark 13.3: In Lemma 13.2 it is important that K and L have the
same vertex set. For if K is two disjoint vertices v; and wve, and L is three
disjoint vertices v1,vy and vz then (vg,v3) € MMF(L) but it is not in
MMF(K) since 3 is not even a vertex of K.
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Lemma 13.4: Let K and L be simplicial complexes on the same vertex set
[m] and suppose that K is a subcomplex of L. If MMF(K) = MMF(L) then
K =1L.

Proof: Suppose that K # L. Then there is a face 0 € L such that o ¢ K.
Therefore o is a missing face of K, and so either ¢ € MMF(K) or some
proper face 7 of o is in MMF(K). If ¢ € MMF(K) then by hypothesis
o € MMF(L). But then o is a missing face of L, a contradiction. If 7 €
MMF(K) for some proper face 7 of o then, by hypothesis, 7 € MMF (L) as
well. But then 7 is a missing face of L, implying that ¢ is a missing face
of L, a contradiction. O

Suppose that K is a subcomplex of L. A minimal missing face o of K
is said to be filled in inside L if o € L. Specialize to the case of (X, ).

Lemma 13.5: Let K be a simplicial complex on the vertex set [m]. Let v
be a vertex of K. Then precisely one of the following hold:

(a) linkg (v) is a full subcomplex of K\{v};
(b) there is a minimal missing face in linky (v) that is filled in
inside K\{v}.

Proof: Suppose that linkg (v) is not a full subcomplex of K\{v}. Then
it must be shown that linkk (v) has a minimal missing face that is filled
in inside K\{v}. First we refine the problem. Let I be the vertex set of
link g (v). This may be a proper subset of the vertex set of K\{v}. So
let R(v) be the full subcomplex of K'\{v} on the vertex set I. Observe that
a minimal missing face of ¢ is filled in inside K\{v} if and only if it is filled
in inside R(v). So it is equivalent to show that linkx (v) has a minimal
missing face that is filled in inside R(v).

Suppose not. Then every minimal missing face o of linkg (v) is also a
missing face of R(v). But then o is a minimal missing face of R(v), for
every proper face of o is in linkg (v) and so must be in R(v) since linkg (v)
is a subcomplex. Therefore MMF (link ¢ (v)) € MMF(R(v)). By definition of
R(v), both R(v) and linkx (v) have the same vertex set, so by Lemma 13.2
MMF (linkg (v)) = MMF(R(v)), and therefore by Lemma 13.4, linkg (v) =
R(v). That is, linkg (v) is a full subcomplex of K\{v}, a contradiction. O

Guided by the two options in Lemma 13.5, we consider conditions that
guarantee that certain polyhedral products are hyperbolic by studying how
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the combinatorics of K influence the homotopy type of the homotopy fibre
of the inclusion of (X, A)hnkK(”) into (X, A)X\¥} Let v be a vertex of K.
Define the space G(v) and the map g(v) by the homotopy fibration

Glo) %% (2, 4RO s ()0,

Lemma 13.6: Let K be a simplicial complex on the vertex set [m]. Suppose
that v is a vertex of K such that linkyk (v) is a full subcomplex of K\{v}.
Then the map g(v) is null homotopic, implying that there is a homotopy
equivalence

QX A)FMY ~ o(x, A)links @) G).

Further, if linkgx (v) is a proper full subcomplex of K\{v} and u;,, ..., u;,
are vertices of K\{v} but not of linkx (v), then Hle QX;, retracts off G(v).

Proof: Since linkg (v) is a full subcomplex of K\{v}, by Proposition 3.6,
(X, Alinkx @) jg 4 retract of (X, A)K\*}. Therefore the map g(v) is null
homotopic, and the asserted homotopy equivalence for Q(X, A)%\{*} fol-
lows immediately.

For the second statement, let u be a vertex of K\ {v} that is not a vertex
of link g (v). The full subcomplex of K\{v} on the vertex set {u} is just the
single vertex u. So by Proposition 3.6, (X, A){"} retracts off of (X, A)K\v},
But by definition of the polyhedral product, (X, A)1*} = X,. Therefore,
X, retracts off (X, A)¥\Mv} but it cannot retract off of (X, A)hnk’((”) since

this is a subspace of H X;. Thus QX is a factor of Q(X, A)K\{"} but not

=1

1FU,v
a factor of Q(X, Ak« (®) implying that QX is a factor of G(v). As this
holds for each of the vertices uj,,...,u;,, the product Hle QX, retracts
off G(v). a

Proposition 13.7: Let K be a simplicial complex on the vertex set [m).
Suppose that v is a vertex of K such that linky (v) is a full subcomplex of
K\{v}, and suppose that wj,,...,u;, are vertices of K\{v} that are not
in linkg (v). If X1,...,X,, are pointed, simply-connected CW -complezes
such that the rank of fI*(Hle QX,,; Q) is at least 2 and QX,, is rationally
nontrivial then (X, )X is hyperbolic.

Proof: By Lemma 13.6, Hle QXj, retracts off G(v). So if the rank of
H*(]_[f:1 QX;,;Q) is at least 2 then the rank of H,(G(v); Q) is at least 2.



Combinatorial and Toric Homotopy Downloaded from www.worldscientific.com
by UNIVERSITY OF SOUTHAMPTON HARTLEY LIBRARY on 02/02/18. For personal use only.

Toric Homotopy Theory 59

Therefore, as X, is rationally nontrivial, the rank of H,(G(v) * QX,; Q)
is at least 2. Since G(v) * QX is a suspension, it is rationally homotopy
equivalent to a wedge of spheres, and as the space has rank at least 2 in
rational homology, this wedge is of at least 2 spheres. Therefore G(v)*QX, is
hyperbolic. By Theorem 9.4, Q(G(v)*QX,,) retracts off Q(X, *)%, implying
that Q(X, %)X is hyperbolic. a

Remark 13.8: The proof of Proposition 13.7 implies more. Since
Hle QX, retracts off G(v), there is a retraction of E(Hffl QX,,) NQX,
off of G(v) *Q.X,,. So if a wedge of spheres retracts off X(][,_; 2Xj;,) AQX,
then G(v) *QX, has no exponent at any prime p and therefore neither does
(X, *)X, implying that Moore’s conjecture holds in this case.

The second case is when, for some vertex v of K, there is a minimal
missing face of linkg (v) that is filled in inside K\{v}. For this case we spe-
cialize to (CX, X) so that a product of cones, which is contractible, shows
up at the right point. By definition, if o = (41,...,4x) is a minimal missing
face of linkg (v) then do C linkg (v). The full subcomplex of linkg (v) on
the vertex set {i1,...,4x} is therefore do. Therefore, by Proposition 3.6,
(CX, X)% is a retract of (CX, X)hnkf‘(”). Since Jo is the boundary of a
simplex, by Lemma 8.7, (CX, X)%7 ~ X;, *---* X;,.

Lemma 13.9: Let K be a simplicial complex on the vertex set [m]. Suppose
that v is a vertex of K such that there is a minimal missing face 0 =

(i1, ... i) of linkk (v) that is filled in inside K\{v}. Then there is a lift
G(v)

/ Jse

for some map \ which has a left homotopy inverse.

Proof: Since o is a minimal missing face of linkg(v) we have do C
linkg (v). Since o is filled in inside K'\{v} there is a commutative diagram
of simplicial complexes

0o — linkk (v)

|

o —— K\{v}.



Combinatorial and Toric Homotopy Downloaded from www.worldscientific.com
by UNIVERSITY OF SOUTHAMPTON HARTLEY LIBRARY on 02/02/18. For personal use only.

60 S. Theriault

Now take polyhedral products with respect to (CX, X) to obtain a com-
mutative diagram of polyhedral products
(07)(7 X) ( )hnkK(v)

|

(CX, X)°

(13.1)

-~

( X K\{v}

As mentioned prior to the lemma, (CX, X)%7 ~ X; *---% X;,. Since o is
a simplex, by Example 2.3 (CX,X)? = CX;, x---xCX,,,s0 (CX,X)7 is
contractible. Thus from (13.1) we obtain a homotopy commutative diagram

Xip xox X;, — (CX, X) link ¢ (v)

|

*

-

(CX, X)K\v),

Therefore, as there is a homotopy fibration G(v) 9t (CX, X)hnkf{(“) —
(CX, X)K\Mv} the map X;, % --- % X;, — (CfX,X)hnkK(“) lifts through
g(v) to a map A: X;, *--- % X;, — G(v). Since the map X;, * --- x
X, — (CX, X )hnkK(”) is induced by the inclusion of the full subcom-
plex do into linkg (v), by Proposition 3.6 it has a left homotopy inverse
t: (CX, X)hnkK('“) — X, *---* X, . Therefore t o g(v) is a left homotopy
inverse of A. a

Proposition 13.10: Let K be a simplicial complex on the vertezx set [m].
Suppose that v is a vertex of K such that there is a minimal missing face
o = (i1,...,1) of linkx(v) that is filled in inside K\{v}. Suppose that
X1,..., X are pointed, connected CW -complexes such that each X;, for
1 <j <k and X, are rationally nontrivial, and at least one of these spaces
has rank 2 in rational homology. Then (CX, X)X is hyperbolic.

Proof: By Lemma 13.9, X, *---% X, retracts off G(v), and so X, *-- -
Xi, * X, retracts off G(v) * X,. The hypotheses on the spaces X;, and
X, imply that X;, *---* X;, * X, is rationally nontrivial and has rank at
least 2 in rational homology. Therefore G(v) * X, has rank at least 2 in
rational homology. As G(v) * X, is a suspension, it is rationally homotopy
equivalent to a wedge of spheres. The fact that H,(G(v)*X,; Q) has rank at
least 2 implies that this wedge is of at least 2 spheres. Therefore G(v) * X,

is hyperbolic.
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By Theorem 9.4, Q(G(v) * X,) retracts off Q(CX, X)X so as G(v) * X,
is hyperbolic, so is (CX, X)X. a

Remark 13.11: As in Remark 13.8, the proof of Proposition 13.10 shows
that if a wedge of spheres retracts off of G(v) * X, then (CX, X)X has no
exponent at any prime p, implying that Moore’s conjecture holds in this
case.

Propositions 13.7 and 13.10 should be regarded as a starting point for
investigating whether polyhedral products are elliptic or hyperbolic. A key
feature is that this is done by first determining integral results, and then
deducing the rational information about ellipticity or hyperbolicity. The
integral results have the advantage that they are well suited to going further
to address Moore’s conjecture. Much remains to be done in this direction,
and we close with some questions.

Problem 13.12: Determine which polyhedral products (X,*)% or
(CX, X)X are elliptic and which are hyperbolic.

One way forward in Problem 13.12 is to look for two rational classes
in H,(G(v) * QX,; Q) (or H,(G(v) * X,;Q)) not by looking for one non-
trivial class in H,(G(v); Q) and two in H,(QX,;Q) (or H.(X,;Q)) but
to look for two nontrivial classes in H,(G(v); Q) and one in H,(2X,;Q)
(or H,(X,;Q)). For example, if linkx (v) has at least two minimal missing
faces filled in inside K\{v} then Lemma 13.9 gives two retractions off G(v),
and these are independent since they correspond to independent full sub-
complex retractions off of (CX, X )hnkK ). So one is left having to deal
with the cases where, for every vertex v in K, linkg (v) has 0 or 1 minimal
missing faces filled in inside K\{v}.

This perspective is particularly important because Propositions 13.7
and 13.10 do not give any information at all about the case of DJg =
(CP>=, %)X or Zx = (D? SY)X. In the latter case, for example, the join
terms X;, *---* X;, are just single spheres. However, Bahri, Bendersky,
Cohen and Gitler [2] considered the case of Davis-Januszkiewicz spaces and
showed that DJg is elliptic if and only if it is a product of spheres and
discs.

Another problem is to consider what happens in the more general case
of (X, A)X.

Problem 13.13: Determine which polyhedral products (X, A)X are elliptic
and which are hyperbolic.
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It may be helpful to approach Problem 13.13 by considering more fami-
lies of special cases, such as when the CW-pairs (X;, 4;) have the property
that the homotopy fibre Y; of the inclusion A4; — X; has at least two gen-
erators in reduced rational homology, or some other special property. Many
interesting pairs fall into this case, such as (CP™,CP*) for 1 < k < n < co.

As for Moore’s conjecture, the key idea behind showing the nonexistence
of an exponent at any prime p in all the cases we considered was to find a
wedge of two spheres retracting off G, *xQX,, or G(v)* X, for some vertex v.
The same method should work if the spaces X; are taken to be torsion-free
suspensions by using Selick’s result [36]. It is natural to ask for a solution
more generally.

Problem 13.14: Determine whether (X, )X, (CX, X)X, or (X, A)¥ sat-
isfies Moore’s conjecture.

14. Further problems

In these notes three trends have emerged regarding the homotopy type of
polyhedral products (X, A)%: (i) many of the results apply only for the
cases of (X, x) and (CX, X), which happily gives results about the Davis-
Januszkiewicz space DJg and the moment-angle complex Zg; (ii) knowing
the homotopy class of the map (K,A)hnk’((”) AN (X, A)K\{”} is very
helpful, and (iii) most of the results mentioned are of the form - for certain
simplicial complexes K the space (CX, X)X is homotopy equivalent to a
wedge of suspensions of iterated smashes of the spaces X;.

Let’s address these trends in turn. First, identifying the homotopy types
of DJk and Zk are crucial, which is what motivates the generalization to
identifying the homotopy types of (X, *)¥ and (CX, X)X. However, there
are other interesting polyhedral products and very little has been done to
determine their homotopy types.

Problem 14.1: Identify the homotopy type of (X, A)X for pairs of spaces
(X, A;) where neither X; nor A; is contractible.

Of course, this will probably involve specializing to certain pairs with
special properties, and certain simplicial complexes. But at this point al-
most nothing is known so any progress would be interesting. A curious case
to begin with may be pairs (CP",CP¥*) for 1 < k < n < co.

Second, the homotopy class of the map (X, A)hnkK(”) L5 (X, A\
played a pivotal role in the strategy for identifying the homotopy type of
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(CX, X)X for K shifted in Section 7, and it played an equally important
role in identifying hyperbolic polyhedral products in Section 11. Moreover,
knowing the homotopy class of j informs on the homotopy type of its fi-
bre G(v), which appears in the homotopy decomposition for Q(X, A)¥.

Problem 14.2: Find other sequences of pairs (X, A) and simplicial com-

plexes K for which the homotopy class of the map (X,A)lmkf{(”) NN
(X, A)K\{”} can be identified, and use this to determine information about

(X, A)F and Q(X, A)*.

In particular, a better understanding of the map j would help resolve
the problems already stated regarding the elliptic-hyperbolic dichotomy and
Moore’s conjecture.

Third, most moment-angle complexes Zx and polyhedral products
(CX, X)X are not homotopy equivalent to wedges of suspensions of it-
erated smashes of the spaces X;. In particular, it is known [3] that if K is a
polytopal sphere then Z is a manifold, and so cannot be homotopy equiv-
alent to a wedge of two or more spaces. In particular, if K is the boundary
of an m-gon then by [7,29] there is a diffeomorphism

ZK ~ ZL:_gl(Sk X SM+2*k)#(k_2)(TI?:12) (141)

where # is the connected sum operation. This generalizes to K being the
dual of the boundary of certain higher dimensional polytopes. Further gen-
eralizations were proved in [15]. This raises several questions.

Problem 14.3: The diffeomorphism with the connected sum in (14.1) was
proved using geometric methods. Is there a homotopy-theoretic way of rec-
ognizing a space having the homotopy type of a connected sum?

Problem 14.4: If K is as in (14.1) then what is the homotopy type of
(CX, X)X in the case of more general pairs (CX;, X;)? While not a man-
ifold in general, it would appear to be a useful generalization.

Problem 14.5: What other homotopy types can be realized by a moment-
angle complex or a polyhedral product?

Some initial progress has been made in Problem 14.3: in [16] it was
shown that Whitehead products play an important role in the homo-
topy class of the map Zx — DJg, and in [39] an intriguing connection
was made between the homotopy type of the moment-angle complex Zx
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in (14.1) and the homotopy type of m — 2 disjoint points. Nothing is really
known about Problem 14.4.

For Problem 14.5, we mention two examples. In [16] it was shown that
there is a 6-vertex triangulation K of RP? with the property that Zx has
the Moore space P?(2) as a wedge summand. In particular, there is a non-
trivial Sq! operation in the mod-2 cohomology of Zg. In [27] it was shown
that there is a 9-vertex triangulation L of CP? with the property that Zj,
has X'9CP? as a wedge summand. In particular, there is a nontrivial Sq?
operation in the mod-2 cohomology of Z. Connected to Problem 14.5 then,
is the following problem.

Problem 14.6: For which simplicial complexes K does Zx have nontrivial
Steenrod operations in mod-p cohomology? In particular, for which simpli-
cial complexes K does Zy have mod-p torsion in cohomology?
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