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These notes describe some of the homotopy theory surrounding Davis-
Januszkiewicz spaces, moment-angle complexes and their generalizations
to polyhedral products. These spaces are defined by gluing together prod-
ucts formed from pairs of spaces (X,A), where the gluing is determined
by the faces of a simplicial complex K. The emphasis is on determining
homotopy types — of the spaces themselves, their suspensions and their
based loop spaces — and showing how these homotopy types depend on
a beautiful interplay between the topology of the pairs (X,A) and the
combinatorics of the simplicial complex K.
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1. Introduction

Toric topology is at the nexus of a wide range of mathematical subjects:

algebraic topology, symplectic and algebraic geometry, combinatorics and

commutative algebra. Homotopy theory has proved to be very useful in

analyzing the fundamental spaces of toric topology: Davis-Januszkiewicz

spaces DJK , moment-angle complexes ZK , and their generalizations to

polyhedral products (X,A)K . All three are defined in terms of products

of topological spaces glued together at intersections as determined by the

faces of a simplicial complex K. The topology of these spaces is fascinating,

involving a beautiful interplay between homotopy theory and properties of

simplicial complexes.

The purpose of these notes is to give an introduction to the homotopy

theory surrounding Davis-Januszkiewicz spaces, moment-angle complexes

and polyhedral products. In one direction, methods and tools are developed

that give the reader a grounding in the techniques that have led to the main

advances in the homotopy theory of toric topology over the past decade. In

another direction, these methods are applied to address important questions

and conjectures in homotopy theory.

The main goals are to identify the homotopy types of the spaces DJK ,

ZK and (X,A)K , the homotopy types of their suspensions ΣDJK , ΣZK
and Σ(X,A)K , and the homotopy types of their based loop spaces ΩDJK ,

ΩZK and Ω(X,A)K . General formulas for the homotopy type of Σ(X,A)K

and Ω(X,A)K will be discussed in Theorems 4.5 and 9.4 respectively. The

homotopy type of (X,A)K itself is more subtle, and only special cases will

be considered. The loop space decomposition of (X,A)K is used in the

latter part of the notes to address problems related to major questions in

homotopy theory: Barratt’s conjecture, the elliptic-hyperbolic duality in
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rational homotopy theory, and Moore’s conjecture. Along the way, various

open problems will be pointed out in the hope of provoking interest.

2. Davis-Januszkiewicz spaces, moment-angle complexes

and polyhedral products

The two fundamental objects in toric topology are Davis-Januszkiewicz

spaces and moment-angle complexes. They were first constructed by Davis

and Januszkiewicz [10] but were reformulated more conveniently by Buch-

staber and Panov [5, 6]. For a positive integer m, let [m] = {1, . . . ,m}.
Let K be a simplicial complex on the vertex set [m]. Let Tm =

∏m
i=1 S

1 be

the m-fold torus and let BTm =
∏∞
i=1 CP∞ be its classifying space. For a

face σ ∈ K, let

DJσ =
m∏
i=1

Yi where Yi =

{
CP∞ if i ∈ σ
∗ if i /∈ σ.

The Davis-Januszkiewicz space DJK is defined by

DJK =
⋃
σ∈K

DJσ. (2.1)

Observe that DJK is a subspace of the product
∏m
i=1 CP∞.

The moment-angle complex is constructed analogously. For a face

σ ∈ K, let

Zσ =

m∏
i=1

Yi where Yi =

{
D2 if i ∈ σ
S1 if i /∈ σ.

The moment-angle complex ZK is defined by

ZK =
⋃
σ∈K
Zσ. (2.2)

Observe that ZK is a subspace of the product
∏m
i=1D

2. There is a canonical

action of Tm on
∏m
i=1D

2 given by letting the circle in coordinate i of Tm

act by rotation on the disc in coordinate i of
∏m
i=1D

2. This induces an

action of Tm on the subspace ZK . The orbit space of this action on ZK
is DJK . Thus there is a homotopy fibration sequence

Tm −→ ZK −→ DJK −→ BTm. (2.3)

The analogous definitions of DJK and ZK suggest that there is some-

thing more functorial going on that ought to be investigated. The general-

ization was formulated independently in unpublished notes by Strickland
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and by Buchstaber and Panov [5], and first seriously investigated by Bahri,

Bendersky, Cohen and Gitler [1]. The generalization is called a polyhedral

product.

Let K be a simplicial complex on m vertices. For 1 ≤ i ≤ m, let (Xi, Ai)

be a pair of pointed CW -complexes, where Ai is a pointed subspace of Xi.

Let (X,A) = {(Xi, Ai)}mi=1 be the sequence of CW -pairs. Regard each

simplex (face) σ ∈ K as being identified with the sequence (i1, . . . , ik)

where i1, . . . , ik are the vertices of σ and i1 < · · · < ik. Let (X,A)σ be the

subspace of
∏m
i=1Xi defined by

(X,A)σ =
m∏
i=1

Yi where Yi =

{
Xi if i ∈ σ
Ai if i /∈ σ.

The polyhedral product determined by (X,A) and K is

(X,A)K =
⋃
σ∈K

(X,A)σ ⊆
m∏
i=1

Xi.

In particular, if each pair of spaces (Xi, Ai) equals (CP∞, ∗) then the

polyhedral product (X,A)K is the definition of the Davis-Januszkiewicz

space DJK . If each pair of spaces (Xi, Ai) equals (D2, S1) then the polyhe-

dral product (X,A)K is the definition of the moment-angle complex ZK .

Thus determining homotopy theoretic information about polyhedral prod-

ucts in general lets one deduce properties of Davis-Januszkiewicz spaces

and moment-angle complexes.

To get a feeling for polyhedral products, we consider several examples.

Let I be the unit interval and let A and B be pointed topological spaces.

The reduced join of A and B is the quotient space

A ∗B = (A× I ×B)/ ∼

where (a, 1, b) ∼ (a′, 1, b), (a, 0, b) ∼ (a, 0, b′) and (∗, t, ∗) ∼ ∗ for all

a, a′ ∈ A, b, b′ ∈ B and t ∈ I. It is well known that there is a natural

homotopy equivalence A ∗B ' ΣA ∧B.

Example 2.1: Suppose that K is m disjoint points. Then the faces of K

consist of the emptyset and the vertices. Since the emptyset has no vertices,

from the definition of a polyhedral product we obtain

(X,A)∅ = A1 × · · · ×Am.

Since the face {i} consists only of one vertex, from the definition of a

polyhedral product we obtain

(X,A){i} = A1 × · · · ×Ai−1 ×Xi ×Ai+1 × · · · ×Am.

 C
om

bi
na

to
ri

al
 a

nd
 T

or
ic

 H
om

ot
op

y 
D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 U

N
IV

E
R

SI
T

Y
 O

F 
SO

U
T

H
A

M
PT

O
N

 H
A

R
T

L
E

Y
 L

IB
R

A
R

Y
 o

n 
02

/0
2/

18
. F

or
 p

er
so

na
l u

se
 o

nl
y.



September 21, 2017 Lecture Note Series, IMS, NUS — Review Vol. 9in x 6in 10613-01 page 5

Toric Homotopy Theory 5

As A1 × · · · ×Am is a subspace of (X,A){i} for all 1 ≤ i ≤ m, we obtain

(X,A)K =
m⋃
i=1

A1 × · · · ×Ai−1 ×Xi ×Ai+1 × · · · ×Am.

In particular, if each Ai equals the basepoint, then A1×· · ·×Am = ∗×· · ·×∗,
which equals the basepoint in the product. So

(X,A)K =
m∨
i=1

Xi.

Example 2.2: Changing the pairs of spaces (Xi, Ai) can have a dramatic

effect on the homotopy type of the polyhedral product. For example, if K

is two disjoint points then as in Example 2.1 we have

(X,A)K = X1 ×A2 ∪A1 ×X2

where the union is over A1 × A2. This may be better represented as a

pushout

A1 ×A2
//

��

A1 ×X2

��
X1 ×A2

// (X,A)K .

If A1 and A2 are the basepoints in X1 and X2 respectively, then (X, ∗)K '
X1∨X2. But if X1 and X2 are the reduced cones on A1 and A2 respectively,

then as we shall see in Section 6, the pushout becomes that for the join

A1 ×A2
//

��

A1 × CA2

��
CA1 ×A2

// A1 ∗A2.

That is (CA,A)K ' A1 ∗A2.

Example 2.3: At the other extreme, if K = ∆m−1 is the full (m − 1)-

simplex, then σ = (1, . . . ,m) is a face of K, so from the definition of a

polyhedral product we obtain

(X,A)σ = X1 × · · · ×Xm.

As (X,A)σ is a subspace of (X,A)K , and (X,A)K is a subspace of
∏m
i=1Xi,

we obtain

(X,A)∆m−1

= X1 × · · · ×Xm.

Note that this holds regardless of the subspaces Ai in the pairs (Xi, Ai).
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Example 2.4: Seemingly small changes in the simplicial complex can also

result in dramatic changes in the homotopy type of the polyhedral product.

Consider the simplicial complexes

2

31

K1

1

2 3

4

K2

1

2

3

4

5

K3

It is not obvious simply from the definition of a polyhedral product, but

in these cases it turns out that ZK1
' S5, ZK2

' S3 × S3 and ZK3
'

(S3 × S4)#5, where # is the connected sum operation.

3. Fundamental properties of polyhedral products

In this section five fundamental properties of polyhedral products are dis-

cussed: functorial properties, retractions of (X,A)K induced by full sub-

complexes of K, how pushouts of simplicial complexes induce pushouts of

polyhedral products, fibrations and homotopy fibrations, and an elementary

loop space decomposition.

3.1. Functorial properties

There are two ingredients in defining a polyhedral product, the sequence of

pairs (X,A) and the simplicial complex K. Both have functorial properties.

Proposition 3.1: The polyhedral product (X,A)K satisfies the following:

(a) if there are maps of pairs (Xi, Ai) −→ (X ′i, A
′
i), for 1 ≤ i ≤

m then for any simplicial complex K on the vertex set [m]

there is an induced map of polyhedral products (X,A)K −→
(X ′, A′)K ;

(b) if K and L are simplicial complexes on the vertex sets [m]

and [n] respectively and there is an inclusion of simplicial

complexes K −→ L, then for any sequence (X,A) of n

pairs of pointed, path-connected CW -complexes there is an

induced map of polyhedral products (X,A)K −→ (X,A)L.

Proof: Let σ be a face of K and recall that (X,A)σ =
∏m
i=1 Yi where Yi =

Xi if i ∈ σ and Yi = Ai if i /∈ σ. The maps of pairs (Xi, Ai) −→ (X ′i, A
′
i)
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therefore induce a map of products

(X,A)σ =
m∏
i=1

Yi −→
m∏
i=1

Y ′i = (X ′, A′)σ.

Taking the union over all σ ∈ K we obtain a map

(X,A)K =
⋃
σ∈K

(X,A)σ −→
⋃
σ∈K

(X ′, A′)σ = (X ′, A′)K .

This proves part (a).

For part (b), let σ be a face of K. Since the map of simplicial complexes

f : K −→ L is an inclusion, σ is also a face of L. Write σK , σL for σ viewed

as a face of K or L respectively. The map f sends the vertex i ∈ [m] to

f(i) ∈ [n], so we obtain a map of products

(X,A)σK =
m∏
i=1

Yi −→
m∏
i=1

Yf(i) ↪→
n∏
j=1

Yj = (X,A)σL .

Taking the union over all the faces of K, we obtain

(X,A)K =
⋃

σK∈K
(X,A)σK −→

⋃
σK∈K

(X,A)σL ↪→
⋃
σL∈L

(X,A)σL = (X,A)L.

Example 3.2: Regarding CP 1 as S2, there is an inclusion S2 −→ CP∞.

This induces a map of pairs (S2, ∗) −→ (CP∞, ∗). Taking m copies of the

same pair, by Proposition 3.1 (a) and the definition of DJK , there is a map

of polyhedral products (S2, ∗)K −→ (CP∞, ∗)K = DJK .

Example 3.3: Let L be a simplicial complex on the vertex set m and let K

be the set of vertices of L. Then there is an inclusion of simplicial complexes

K −→ L. In the case of (X, ∗), by Example 2.1, (X, ∗)K =
∨m
i=1Xi. So by

Proposition 3.1 (b) we obtain a map of polyhedral products
∨m
i=1Xi −→

(X, ∗)L.

3.2. Retractions of (X,A)K induced by full subcomplexes

of K

There are distinguished subcomplexes of a simplicial complex K which play

a special role in the homotopy theory of polyhedral products.

Definition 3.4: Let K be a simplicial complex on the vertex set [m]. If

I ⊆ [m] then the full subcomplex KI of K is defined as the simplicial

complex

KI =
⋃
{σ ∈ K | the vertex set of σ is in I}.
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Example 3.5: Let K be the simplical complex on 4 vertices pictured as

follows:

1

4

2

3

K

If I1 = {1, 2, 3}, I2 = {1, 3, 4} and I3 = {3, 4} then the full subcomplexes

KI1 , KI2 and KI3 are:

1

3

2

KI1

1

43

KI2

•• 43

KI3

The definition of KI implies that the inclusion of KI into K is a map of

simplicial complexes. So by Proposition 3.1 (b) there is a map of polyhedral

products (X,A)KI −→ (X,A)K . However, projecting from [m] to I does

not induce a map of simplicial complexes K −→ KI . Yet on the level of

polyhedral products, such a projection does exist. If I = {i1, . . . , ik} for

1 ≤ i1 < · · · < ik ≤ m, let XI =
∏k
j=1Xij .

Proposition 3.6: Let K be a simplicial complex on the vertex set [m]

and let (X,A) be any sequence of pointed, path-connected CW -pairs. Let

I ⊆ [m]. Then the following hold:

(a) the inclusion XI −→
∏m
i=1Xi induces a map

(X,A)KI −→ (X,A)K that is the same as that induced

by the inclusion of simplicial complexes KI −→ K;

(b) the projection
∏m
i=1Xi −→ XI induces a map

(X,A)K −→ (X,A)KI ;

(c) the composite (X,A)KI −→ (X,A)K −→ (X,A)KI is the

identity map.
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Proof: Let f̄ : I −→ [m] be the inclusion. Then f̄ induces a map of prod-

ucts f̃ : XI −→
∏m
i=1Xi by sending the ith-factor of XI to the f̄(i)-factor

of
∏m
i=1Xi. For σ ∈ KI , write σKI , σK for σ viewed as a face of KI or K

respectively. Write |I| for the cardinality of I. Define a map of products by

(X,A)σKI =

|I|∏
i=1

Yi −→
|I|∏
i=1

Yf(i) ↪→
m∏
j=1

Yj = (X,A)σK .

Taking the union over all faces in KI , then exactly as in the proof of Propo-

sition 3.1 (b), we obtain a map of polyhedral products

(X,A)KI −→ (X,A)K .

Notice that this is exactly the same construction as in the proof of Propo-

sition 3.1 (b), so the map just produced is the same as that induced by the

inclusion of simplicial complexes KI −→ K.

Next, for I ⊆ [m] there is a projection

m∏
i=1

Xi −→
|I|∏
j=1

Xj .

For any subspace (X,A)σ =
∏m
i=1 Yi of

∏m
i=1Xi, we obtain a projection

onto
∏|I|
j=1 Yj . Notice that if σ is a face of KI then

∏|I|
j=1 Yi = (X,A)σKI ,

and if σ is not a face of KI then τ = σ∩KI is a face of KI , so the projection

induces a map from (X,A)σK to (X,A)τ . Taking the union over all the faces

in K we obtain a map

(X,A)K −→ (X,A)KI .

Finally, as the composite XI −→
∏m
i=1Xi −→ XI is the identity

map, the constructions of the maps in the composite (X,A)σKI −→
(X,A)σK −→ (X,A)σKI imply that this composite is the identity map.

Taking the union over all σ ∈ KI shows that the composite (X,A)KI −→
(X,A)K −→ (X,A)KI is the identity map.

Proposition 3.6 is often very valuable in helping to determine features

of the homotopy types of polyhedral products.

Example 3.7: Return to Example 3.5. The full subcomplex I3 of K con-

sists of two vertices. So by Example 2.2, (CX,X)I3 ' X3∗X4. Therefore, by

Proposition 3.6 (c), X3 ∗X4 retracts off of (CX,X)K . In particular, in the

case of the moment-angle complex ZK , we have X3 = X4 = ΩCP∞ ' S1,

so we obtain a retraction of S3 off of ZK .
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3.3. Pushouts of simplicial complexes induce pushouts of

polyhedral products

Let K be a simplicial complex on the vertex set [m] and suppose that there

is a pushout of simplicial complexes

L //

��

K2

��
K1

// K.

That is, K = K1 ∪L K2. To compare the polyhedral products for L, K1,

K2 and K we should really consider each of the four simplicial complexes

as being on the same vertex set [m]. This may introduce “ghost” vertices

if, for example, L has fewer vertices than K. Let L, K1 and K2 be the

simplicial complexes L, K1 and K2, regarded as simplicial complexes on

the vertex set [m]. Then K = K1 ∪L K2.

Proposition 3.8: Let K be a simplicial complex on the vertex set [m].

Suppose that there is a pushout of simplicial complexes

L //

��

K2

��
K1

// K

Then there is a pushout of polyhedral products

(X,A)L //

��

(X,A)K2

��
(X,A)K1 // (X,A)K .

Proof: Since K = K1 ∪L K2 and K is finite, the simplices in K can be

put into three finite collections: (A) the simplices in L, (B) the simplices

in K1 that are not simplices of L and (C) the simplices of K2 that are not
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simplices of L. Then we have

L =
⋃
σ∈A

σ

K1 =

(⋃
σ∈A

σ

)
∪

( ⋃
σ′∈B

σ′

)

K2 =

(⋃
σ∈A

σ

)
∪

( ⋃
σ′′∈C

σ′′

)

K =

(⋃
σ∈A

σ

)
∪

( ⋃
σ′∈B

σ′

)
∪

( ⋃
σ′′∈C

σ′′

)
.

By definition, for any simplicial complex M on the vertex set [m],

(X,A)M =
⋃
σ∈M (X,A)σ. So in our case, we have

(X,A)L =
⋃
σ∈A

(X,A)σ

(X,A)K1 =

(⋃
σ∈A

(X,A)σ

)
∪

( ⋃
σ′∈B

(X,A)σ
′

)

(X,A)K2 =

(⋃
σ∈A

(X,A)σ

)
∪

( ⋃
σ′′∈C

(X,A)σ
′′

)

(X,A)K =

(⋃
σ∈A

(X,A)σ

)
∪

( ⋃
σ′∈B

(X,A)σ
′

)
∪

( ⋃
σ′′∈C

(X,A)σ
′′

)
.

In particular, since (X,A)L = (X,A)K1 ∩ (X,A)K2 we have

(X,A)K = (X,A)K1 ∪(X,A)L (X,A)K2

which implies the existence of the asserted pushout.

Example 3.9: Let L = ∅, and let K1 = {1} and K2 = {2} be single points.

Then K = K1 ∪LK2 is two disjoint points. By definition of the polyhedral

product, (X,A)L = A1 × A2, (X,A)K1 = X1 × A2, (X,A)K2 = A1 ×X2,

and (X,A)K = X1 × A2 ∪A1×A2 A1 × X2. So (X,A)K is the pushout of

(X,A)K1 and (X,A)K2 over (X,A)L. Note that this is exactly the same as

Example 2.2.

3.4. Fibrations and homotopy fibrations

The next fundamental property is how the polyhedral product behaves with

respect to fibrations of pairs. Proposition 3.10 was proved in [11] in the
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special case of m copies of the same pairs, and stated in the more general

case of m different pairs in [1].

Proposition 3.10: Let K be a simplicial complex on the vertex set [m].

Suppose that for 1 ≤ i ≤ m there are maps of pairs pi : (Ei, E
′
i) −→ (Bi, Bi)

such that the restrictions Ei −→ Bi and E′i −→ Bi are fibrations with fibres

Fi and F ′i respectively. Then there is a fibration

(F , F ′)K −→ (E,E′)K −→
m∏
i=1

Bi.

Proof: By Proposition 3.1 (a), the maps of pairs (Ei, E
′
i) −→ (Fi, F

′
i ) in-

duce a map of polyhedral products f : (E,E′)K −→ (B,B)K . The definition

of the polyhedral product implies that (B,B)K = B1 × · · · ×Bm.

First consider the fibre F of f , that is, the collection of points in

(E,E′)K that are sent to the basepoint (∗, . . . , ∗) ∈ B1 × · · · × Bm. No-

tice that for any σ ∈ K, f restricts to a product map

fσ : (E,E′)σ =
m∏
i=1

Yi −→
m∏
i=1

Bi = (B,B)σ

where Yi = Ei if i ∈ K and Yi = E′i if i /∈ K. Thus the fibre of fσ is the

product of the fibres of the maps in the m coordinates. That is, the fibre is∏m
i=1 Zi where Zi = Fi if i ∈ σ and Zi = F ′i if i /∈ σ. In other words, the

fibre is exactly (F , F ′)σ. Now for the fibre of f as a whole we have:

F = {(x1, . . . , xm) ∈ (E,E′)K | f(x1, . . . , xm) = (∗, . . . , ∗)}
= {(x1, . . . , xm) ∈

⋃
σ∈K

(E,E′)σ | f(x1, . . . , xm) = (∗, . . . , ∗)}

=
⋃
σ∈K
{(x1, . . . , xm) ∈ (E,E′)σ | f(x1, . . . , xm) = (∗, . . . , ∗)}

=
⋃
σ∈K

(F , F ′)σ

= (F , F ′)K .

It remains to show that the map (E,E′)K −→ B1 × · · · × Bm has the

homotopy lifting property. But each of the pairs (Ei, E
′
i) −→ (Bi, Bi) is a

fibration and so has the homotopy lifting property. A product of fibrations

is a fibration, so the map (E,E′)σ
fσ−→ B1 × · · · × Bm has the homotopy

lifting property. Finally, since the map (E,E′)K −→ B1 × · · · × Bm is the

union of the maps fσ, it too has the homotopy lifting property.
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We will now use Proposition 3.10 to produce explicit fibrations between

polyhedral products. The argument roughly follows [1]. For a pointed, path-

connected space X let PX be the path space of X. That is, if x0 is the

basepoint of X and 0 is the basepoint of the unit interval [0, 1], then PX

is the space of all pointed, continuous maps f : [0, 1] −→ X such that

f(0) = x0. The evaluation map e1 : PX −→ X is defined by e1(f) = f(1).

It is well known that there is a fibration

ΩX −→ PX
e1−→ X.

Consider the pair (X × PX,PX) where PX is the subspace of X × PX
given by pairs (f(1), f). Observe that there is a fibration of pairs

(PX,ΩX) −−−−→ (X × PX,PX)
πX×e1−−−−→ (X ×X)

where πX is the projection. Proposition 3.10 therefore implies the following.

Proposition 3.11: Let K be a simplicial complex on the vertex set [m] and

let X1, . . . , Xm be pointed, path-connected spaces. Then there is a fibration

(PX,ΩX)K −−−−−−→ (X × PX,PX)K
(πX×e1)K−−−−−−→

m∏
i=1

Xi.

�

Next, observe that there is an equivalence of pairs

(X, ∗) (κ,∗)−−→ (X × PX,PX)

where κ is defined by κ(x) = (x, fx) for fx : [0, 1] −→ X the constant map

fx(t) = x for all t ∈ [0, 1]. Consequently, for any simplicial complex K,

there is a homotopy equivalence (X, ∗)K ' (X × PX,PX)K . Thus from

the fibration in Proposition 3.11 we obtain the following.

Corollary 3.12: Let K be a simplicial complex on the vertex set [m] and

let X1, . . . , Xm be pointed, path-connected spaces. Then there is a homotopy

fibration

(PX,ΩX)K −→ (X, ∗)K −→
m∏
i=1

Xi.

�

Example 3.13: Take each Xi = CP∞. Then (X, ∗)K = DJK , implying

that (PX,X)K ' ZK .
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Finally, it is common to replace path spaces with cones. For a pointed,

path-connected space X, let CX be the reduced cone on X, defined by

CX = (X × I)/ ∼

where (x, 1) ∼ (x′, 1) for all x, x′ ∈ X and (x0, t) ∼ (x0, 0) for all t ∈ [0, 1].

Observe that there is a homotopy equivalence of pairs (CPX,ΩX) −→
(PX,ΩX) given by dilating the cone on PX. Notice that the inclusion

of ΩX into CPX factors through CΩX, and the dilation of the cone in-

duces a homotopy equivalence of pairs (CΩX,ΩX) −→ (CPX,ΩX). Thus

there is a homotopy equivalence of pairs (CΩX,ΩX) −→ (PX,ΩX). So

Corollary 3.12 can be rewritten as follows.

Corollary 3.14: Let K be a simplicial complex on the vertex set [m] and

let X1, . . . , Xm be pointed, path-connected spaces. Then there is a homotopy

fibration

(CΩX,ΩX)K −→ (X, ∗)K −→
m∏
i=1

Xi.

�

Example 3.15: Including the wedge into the product, there is a homotopy

fibration

Fm −→
m∨
i=1

Xi −→
m∏
i=1

Xi

which defines the space Fm. This homotopy fibration can be modelled

by polyhedral products. Let K be m disjoint points. By Example 2.1,

(X, ∗)K =
∨m
i=1Xi, so the inclusion of the wedge into the product is mod-

elled by the map (X, ∗)K −→
∏m
i=1Xi. By Corollary 3.14, the homotopy

fibre of this inclusion is (CΩX,ΩX)K . That is, Fm ' (CΩX,ΩX)K . In

Proposition 7.1, the homotopy type of (CΩX,ΩX)K will be determined.

3.5. An elementary loop space decomposition

Let i be a vertex in K. Including {i} into K gives a map of simplicial com-

plexes {i} −→ K. This induces a map of polyhedral products (X, ∗){i} −→
(X, ∗)K . By the definition of the polyhedral product, (X, ∗)K{i} = Xi. So

the previous map of polyhedral products is just the inclusion of the ith-

coordinate space, Xi −→ (X, ∗)K . Therefore, when included into
∏m
i=1Xi

we obtain the inclusion of the ith factor. In general, (X, ∗)K is not an
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H-space so we cannot take the product of these coordinate inclusions.

But after looping there is a product, so multiplying together the maps

ΩXi −→ Ω(X, ∗)K for 1 ≤ i ≤ m we obtain a right homotopy inverse for

the map Ω(X, ∗)K −→
∏m
i=1 ΩXi, implying the following.

Lemma 3.16: The homotopy fibration in Corollary 3.14 splits after loop-

ing, resulting in a homotopy equivalence

Ω(X, ∗)K ' (
m∏
i=1

ΩXi)× Ω(CΩX,ΩX)K .

�

Example 3.17: Let K be two disjoint points. By Example 2.1, (X, ∗)K =

X1 ∨ X2, and by Example 2.2, (CΩX,ΩX)K ' ΩX1 ∗ ΩX2. In this case

Lemma 3.16 recovers a result of Ganea [14],

Ω(X1 ∨X2) ' ΩX1 × ΩX2 × Ω(ΩX1 ∗ ΩX2).

An important special case is for Davis-Januszkiewicz spaces and

moment-angle complexes. Noting that ΩCP∞ ' S1, Example 3.13 and

Lemma 3.16 combine to immediately give the following.

Corollary 3.18: Let K be a simplicial complex on the vertex set [m]. Then

the homotopy fibration ZK −→ DJK −→
∏m
i=1 CP∞ splits after looping,

giving a homotopy equivalence

ΩDJK ' (
m∏
i=1

S1)× ΩZK .

�

4. The homotopy type of Σ(X,A)K

This section considers the homotopy type of Σ(X,A)K . It turns out that

this decomposes very neatly as a wedge of summands. The basic idea is to

generalize the wedge decomposition for Σ(X × Y ). Recall the following.

Lemma 4.1: Let X and Y be path-connected, pointed CW -complexes.

Then there is a homotopy equivalence

Σ(X × Y ) ' ΣX ∨ ΣY ∨ (ΣX ∧ Y ).
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Proof: Including the wedge into the product there is a cofibration

X ∨ Y −→ X × Y −→ X ∧ Y.

Notice that the composite X ∨ Y −−−−→ X × Y proj−−−−→ X equals the pinch

map onto the left wedge summand, and X∨Y −−−−→ X×Y proj−−−−→ Y is the

pinch map onto the right wedge summand. As X × Y is not a co-H-space,

the two projections cannot be added to produce a left homotopy inverse

for the inclusion X ∨ Y −→ X × Y , but after suspending this can be done.

Thus the homotopy cofibration ΣX ∨ΣY −→ Σ(X×Y ) −→ ΣX ∧Y splits

to give a homotopy equivalence Σ(X × Y ) ' ΣX ∨ ΣY ∨ (ΣX ∧ Y ).

Iterating gives the following.

Lemma 4.2: Let X1, . . . , Xm be path-connected, pointed CW -complexes.

Then there is a homotopy equivalence

Σ(X1 × · · · ×Xm) '
∨

1≤i1<···ik≤m

ΣXi1 ∧ · · · ∧Xik .

�

In terms of polyhedral products, X1 × · · · ×Xm = (X,A)∆m−1

. Notice

that the faces of ∆m−1 are in one-to-one correspondence with the sequences

(i1, . . . , ik) for 1 ≤ i1 < · · · < ik ≤ m, and each such face corresponds to

the polyhedral product Xi1 × · · · ×Xik . Thus, if σ = (i1, . . . , ik) is a face

of K and we write

X∧σ = Xi1 ∧ · · · ∧Xik ,

then the homotopy equivalence in Lemma 4.2 can be rewritten as

Σ(X1 × · · · ×Xm) '
∨
σ∈K

ΣX∧σ. (4.1)

Therefore it could be expected that, at least in the case (X, ∗)K , we should

have Σ(X, ∗)K consisting of those wedge summands in Σ(X1 × · · · ×Xm)

that correspond to the faces of K. In fact, this is exactly what happens.

Proposition 4.3: Let K be a simplicial complex on the vertex set [m] and

let X1, . . . , Xm be path-connected, pointed CW -complexes. Then there is a

homotopy equivalence

Σ(X, ∗)K '
∨
σ∈K

ΣX∧σ.
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Proof: Let σ = (i1, . . . , ik) be a face of K. By definition of the polyhedral

product

(X, ∗)σ =
m∏
i=1

Yi

where Yi = Xi if i ∈ σ and Yi = ∗ if i /∈ σ. That is,

(X, ∗)σ =
k∏
j=1

Xij .

Therefore, by (4.1) there is a homotopy equivalence

Σ(X, ∗)σ '
∨
τ∈σ

ΣX∧τ .

On the other hand, observe that any proper sub-product of (X, ∗)σ =∏k
j=1Xij is the polyhedral product of a corresponding proper sub-face ofK.

Write ∂σ for the union of proper sub-faces of σ. Then there is an identifi-

cation of quotient spaces

(X, ∗)σ/(X, ∗)∂σ = (
k∏
j=1

Xij )/(union of proper sub-products)

= Xi1 ∧ · · · ∧Xik .

By Lemma 4.2, the quotient map (X, ∗)σ = Xi1×· · ·×Xik −→ Xi1∧· · ·∧Xik

has a right homotopy inverse after suspending. Thus there is a homotopy

equivalence

Σ(X, ∗)σ ' Σ(X, ∗)∂σ ∨ (ΣXi1 ∧ · · · ∧Xik) = Σ(X, ∗)∂σ ∨ ΣX∧σ. (4.2)

Comparing the two homotopy equivalences for Σ(X, ∗)σ we obtain

Σ(X, ∗)∂σ '
∨
τ∈∂σ

ΣX∧τ . (4.3)
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Now consider the string of equivalences

Σ(X, ∗)K = Σ

( ⋃
σ∈K

(X, ∗)σ
)

'
⋃
σ∈K

Σ(X, ∗)σ

'
⋃
σ∈K

(
Σ(X, ∗)∂σ ∨ (ΣXi1 ∧ · · · ∧Xik)

)
=
⋃
σ∈K

ΣXi1 ∧ · · · ∧Xik

'
∨
σ∈K

ΣXi1 ∧ · · · ∧Xik

The first equality holds by definition of the polyhedral product, the second

holds because the reduced suspension over a union is homotopy equvalent to

the union of the reduced suspensions over each term in the union, the third

holds by (4.2), the fourth holds because the decomposition for Σ(X, ∗)∂σ
in (4.3) is in terms of proper sub-faces of σ which are otherwise accounted

for in the union, and the fifth holds because the terms in the fourth line

intersect only at the basepoint. The string of equivalences as a whole gives

the asserted homotopy equivalence.

Example 4.4: Let K be the following simplical complex on 4 vertices:

1

4

2

3

K

The faces of K are the vertices {1}, {2}, {3}, {4} and the edges (1, 2),

(1, 3), (1, 4), (2, 3) and (2, 4). For a vertex {i} we have X{i} = Xi and for

an edge (i, j) we have X(i,j) = Xi ∧ Xj . So by Proposition 4.3 there is a

homotopy equivalence

(X, ∗)K ' ΣX1 ∨ ΣX2 ∨ ΣX3 ∨ ΣX4 ∨ (ΣX1 ∧X2)∨
(ΣX1 ∧X3) ∨ (ΣX1 ∧X4) ∨ (ΣX2 ∧X3) ∨ (ΣX2 ∧X4).
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Proving a decomposition for Σ(X,A)K in the general case is a bit more

involved because the subspaces Ai of Xi need not be points. But the idea

behind the argument remains the same. Instead of proving the general

statement we will just state it. This requires some notation.

Let K be a simplicial complex on the vertex set [m] and for 1 ≤ i ≤ m
let (Xi, Ai) be pairs of pointed, path-connected CW -complexes. Recall that

(X,A)σ =
m∏
i=1

Yi where Yi =

{
Xi if i ∈ K
Ai if i /∈ K

and the polyhedral product is

(X,A)K =
⋃
σ∈K

(X,A)σ.

For σ ∈ K, let

(̂X,A)
σ

=

m∧
i=1

Yi where Yi =

{
Xi if i ∈ K
Ai if i /∈ K

The smash polyhedral product is

(̂X,A)
K

=
⋃
σ∈K

(̂X,A)
σ
.

Another way to think of this is to recall that (X,A)K is a subspace of the

product
∏m
i=1Xi, and (̂X,A)

K
is the image of (X,A)K under the natural

quotient map
∏m
i=1Xi −→

∧m
i=1Xi.

Let I ⊂ [m]. By Proposition 3.6, there is a map of polyhedral prod-

ucts (X,A)K −→ (X,A)KI . Composing, we obtain a map into a smash

polyhedral product,

(X,A)K −→ (X,A)KI −→ (̂X,A)
KI
.

Such a composition exists for each I ⊆ [m]. Suspending, these can be added,

giving a composition

H : Σ(X,A)K −→
∨

I⊆[m]

Σ(X,A)KI −→
∨

I⊆[m]

Σ(̂X,A)
KI
.

Bahri, Bendersky, Cohen and Gitler [1] proved the following.

Theorem 4.5: Let K be a simplicial complex on the vertex set [m] and for

1 ≤ i ≤ m let (Xi, Ai) be pairs of pointed, path-connected CW -complexes.
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20 S. Theriault

The map

H : Σ(X,A)K −→
∨

I⊆[m]

Σ(̂X,A)
KI

is a homotopy equivalence. �

Further, in the special case when each Xi is contractible, Bahri, Ben-

dersky, Cohen and Gitler show that: (i) if I ∈ K then the smash polyhedral

product (̂X,A)
KI

is contractible [1] ; and (ii) if I /∈ K and I = (i1, . . . , ik)

then there is a homotopy equivalence (̂X,A)
KI
' Σ(|KI | ∧ ÂI) where

ÂI =
∧k
j=1Aij [1] . Changing notation a bit, write the pairs as (CXi, Xi),

where CXi is the reduced cone on Xi. Now ̂(CX,X)
KI
' Σ(|KI | ∧ X̂I)

and we obtain the following.

Theorem 4.6: Let K be a simplicial complex on the vertex set [m] and for

1 ≤ i ≤ m let Xi be a pointed, path-connected CW -complex. Then the map

H specializes to a homotopy equivalence

H : Σ(CX,X)K −→
∨
I /∈K

Σ ̂(CX,X)
KI '−→

∨
I /∈K

Σ2(|KI | ∧ X̂I).

�

For the moment-angle complex ZK , each pair is (D2, S1), which is

homeomorphic to the pair (CS1, S1). As each Xi = S1, we have X̂I =∧k
j=1(S1)ij ' Sk. If I = {i1, . . . , ik}, let |I| = k. We obtain the following

corollary.

Corollary 4.7: Let K be a simplicial complex on the vertex set [m]. There

is a homotopy equivalence

ΣZK −→
∨
I /∈K

Σ|I|+2|KI |.

�
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Example 4.8: Return to the simplicial complex K in Example 4.4:

1

4

2

3

K

The missing faces of K are (3, 4), (1, 2, 3), (1, 2, 4), (1, 3, 4), (2, 3, 4) and

(1, 2, 3, 4). The full subcomplexes KI of K on these vertex sets are:

•• 43

K(3,4)

1

3

2

K(1,2,3)

1

4

2

K(1,2,4)

1

43

K(1,3,4)

2

43

K(1,3,4)

1

4

2

3

K(1,2,3,4) = K

First, observe that |K(3,4)| = S0 and |(3, 4)| = 2 so Σ|I|+2|KI | in this

case is S4. Second, observe that |K(1,2,3)| = S1 and |(1, 2, 3)| = 3 so

Σ|I|+2|KI | in this case is S6. Similarly, K(1,2,4) contributes an S6 to ΣZK .

Third, observe that |K(1,3,4)| is contractible, so Σ|I|+2|KI | in this case

is ∗. Similarly, K(2,3,4) contributes a point to ΣZK . Finally, observe that

|K(1,2,3,4)| = S1 ∨ S1 and |(1, 2, 3, 4)| = 4, so Σ|I|+2|KI | in this case is

S7 ∨ S7. Hence there is a homotopy equivalence

ΣZK ' S4 ∨ S6 ∨ S6 ∨ S7 ∨ S7.
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5. Building simplicial complexes and polyhedral products

vertex by vertex

Having determined the homotopy type of Σ(X,A)K , we now turn our at-

tention to the homotopy type of (X,A)K itself. One approach to this is

to build up the simplicial complex one vertex at a time and examine the

affect on the homotopy type of the corresponding polyhedral product. This

approach has had good success [17, 18, 19, 21, 22, 13].

5.1. Building simplicial complexes

Let K be a simplicial complex on the vertex set [m]. For a vertex v ∈ K,

the star, restriction (or deletion) and link of v are the subcomplexes

starK(v) = {τ ∈ K | {v} ∪ τ ∈ K};
K\{v} = K[m]\{v} = {τ ∈ K | {v} ∩ τ = ∅};

linkK(v) = starK(v) ∩K\{v}.

The join of two simplicial complexes K1,K2 on disjoint index sets is the

simplicial complex

K1 ∗K2 = {σ1 ∪ σ2 | σi ∈ Ki}.

From the definitions, it follows that starK(v) is a join,

starK(v) = {v} ∗ linkK(v),

and there is a pushout of simplicial complexes

linkK(v) //

��

starK(v)

��
K\{v} // K.

(5.1)

Example 5.1: Let K be the simplical complex on 4 vertices:

1

4

2

3

K
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The star, restriction and link subcomplexes for the vertex 1 are:

1

4

2

3

starK(1)

4

2

3

K\{1}

•

•

• 4

2

3

linkK(1)

Notice that starK(1) is clearly {1}∗linkK(1), and K is the union of starK(1)

and K\{1} over linkK(1).

A family of simplicial complexes whose polyhedral products have been

studied by this vertex-by-vertex approach is shifted complexes.

Definition 5.2: A simplicial complex K is shifted if there is an ordering

on its vertices such that whenever σ ∈ K, ν is a vertex of σ, and ν′ < ν,

then (σ − ν) ∪ ν′ ∈ K.

Equivalently, regard the faces of K as sequences (i1, . . . , ik) where 1 ≤
i1 < · · · < ik ≤ m. Order the faces by saying that (j1, . . . , jt) ≤ (i1, . . . , ik)

if t ≤ k and j1 ≤ i1, · · · , jt ≤ it. Then K is shifted if, whenever σ =

(i1, . . . , ik) ∈ K, then τ ∈ K for all τ ≤ σ.

Example 5.3: Consider the three simplicial complexes

1

4

2

3

K1

1

4

2

3

K2

1

4

2

3

K3

The simplicial complex K1 is shifted using the given ordering of the vertices

(1 < 2 < 3 < 4), as is K2. However, K3 is not shifted under any ordering of

the vertices. In the given ordering, as (1, 3) ∈ K3, if K3 were shifted then

(1, 2) would also have to be in K3, which it is not. Under any reordering of

the vertices, the vertex 4 would have to be connected to two other vertices
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by an edge: the only choices that could lead to a shifted complex are 1

and 2. But then 3 also has to be connected by an edge to 1 and 2, and now

we are back to the description of K3 with its given ordering of vertices,

which is not shifted.

Another useful collection of examples is given by the full t-skeletons of

the (m− 1)-simplex.

Definition 5.4: Let K be a simplicial complex on the vertex set [m]. For

0 ≤ t ≤ m− 1, the full t-skeleton of K is the subcomplex Kt consisting of

those faces σ ∈ K on t+ 1 vertices for t ≤ k.

For example, the 0-skeleton of K consists of the vertices, the 1-skeleton

consists of the vertices and edges, and the (m− 1)-skeleton is all of K.

Example 5.5: For 0 ≤ t ≤ m− 1, the full t-skeleton ∆m−1
t of the (m− 1)-

simplex ∆m−1 is shifted. The shifted property is a consequence of the fact

that the symmetric group on m letters acts freely on ∆m−1
t by permuting

the vertices.

5.2. Building polyhedral products

Let K be a simplicial complex on the vertex set [m]. We will fix the vertex

m for convenience. By (5.1) there is a pushout describing K as the union of

starK(m) and K\{m} over linkK(m). As for Proposition 3.8, to compare

the polyhedral products for the four simplicial complexes K, linkK(m),

starK(m) and K\{m}, we should really consider each simplicial complex

as being on the vertex set [m]. This changes nothing for K and starK(m)

as their vertex sets are already [m] but it introduces a ghost vertex {m} for

linkK(m) and K\{m}. Let linkK(m) and K\{m} be the simplicial com-

plexes linkK(m) and K\{m}, regarded as simplicial complexes on the ver-

tex set [m]. By Proposition 3.8, the pushout of simplicial complexes in (5.1)

induces a pushout of polyhedral products

(X,A)linkK(m) //

��

(X,A)starK(m)

��
(X,A)K\{m} // (X,A)K .

(5.2)

The spaces and maps in (5.2) can be better identified. First, the defini-

tion of the polyhedral product implies that

(X,A)linkK(m) = (X,A)linkK(m) ×Am
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(X,A)K\{m} = (X,A)K\{m} ×Am.

By Proposition 3.1 (b), the inclusion of simplicial complexes linkK(m) −→
K\{m} induces a map of polyhedral products

j : (X,A)linkK(m) −→ (X,A)K\{m}.

Including the ghost vertex at m, the map linkK(m) −→ K\{m} therefore

induces the map of polyhedral products

(X,A)linkK(m)=(X,A)linkK(m)×Am
j×1−→(X,A)K\{m} ×Am=(X,A)K\{m}.

Second, the definition of the join of two simplicial complexes implies

that if K = K1 ∗K2 then there is a homeomorphism

(X,A)K ∼= (X,A)K1 × (X,A)K2 .

In particular, since starK(m) = linkK(m) ∗ {m}, there is an identity

(X,A)starK(m) ∼= (X,A)linkK(m) ×Xm.

We may also regard linkK(m) as linkK(m) ∗ ∅, where ∅ corresponds to

the ghost vertex at {m}. The inclusion linkK(m) −→ starK(m) therefore

induces a map of joins

linkK(m) = linkK(m) ∗ ∅ −→ linkK(m) ∗ {m} = starK(m).

Thus linkK(m) −→ starK(m) induces a product map

(X,A)linkK(m) ×Am
1×im−→ (X,A)linkK(m) ×Xm

where im is the inclusion of Am into Xm.

Combining these two observations, (5.2) can be rewritten as follows.

Proposition 5.6: Let K be a simplicial complex on the vertex set [m]. Let

(X,A) be a sequence of pointed CW -pairs (Xi, Ai) for 1 ≤ i ≤ m. Then

there is a pushout of polyhedral products

(X,A)linkK(m) ×Am
1×im //

j×1

��

(X,A)linkK(m) ×Xm

��
(X,A)K\{m} ×Am // (X,A)K .

�
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An important special case is that for (CX,X). Then the map

(CX,X)linkK(m)×X 1×im−−→ (CX,X)linkK(m)×CXm is equivalent, up to ho-

motopy, to the map (CX,X)linkK(m)×Xm
π1−→ (CX,X)linkK(m), where π1

is the projection onto the first factor. Thus Proposition 5.6 specializes to

the following.

Corollary 5.7: Let K be a simplicial complex on the vertex set [m]. For

1 ≤ i ≤ m let Xi be a pointed CW -complex. Then there is a homotopy

pushout

(CX,X)linkK(m) ×Xm
π1 //

j×1

��

(CX,X)linkK(m)

��
(CX,X)K\{m} ×Xm

// (CX,X)K .

�

In principle, if the homotopy class of the map j is known then it should

be possible to identify the homotopy type of (CX,X)K . This is essentially

the approach taken in [18, 19, 21, 22] in order to identify the homotopy type

of (CX,X)K when K is a shifted complex. In that case, the map j is null

homotopic. The next section reviews the homotopy theory needed to handle

the case when j is null homotopic. In cases when K is not shifted the map j

may not be null homotopic, but the same principle should apply. However,

this is largely unexplored territory.

6. Identifying the homotopy type of certain pushouts

We begin with some definitions. Let I be the unit interval. Let A and B be

pointed topological spaces. Recall that the reduced join of A and B is the

quotient space

A ∗B = (A× I ×B)/ ∼

where (a, 1, b) ∼ (a′, 1, b), (a, 0, b) ∼ (a, 0, b′) and (∗, t, ∗) ∼ ∗ for all

a, a′ ∈ A, b, b′ ∈ B and t ∈ I. Ignoring the relation (∗, t, ∗) ∼ ∗ for the

moment, the unreduced join can be pictured as follows:
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where the middle square is A×B, with B running horizontally. Notice that

the top part of A∗B is CA×B, where CA is the unreduced cone on A, and

the bottom part of A∗B is A×CB. These are glued together in the middle

at A × B. The reduced join has the same description, using the reduced

cone. Thus there is a topological pushout

A×B //

��

A× CB

��
CA×B // A ∗B.

(6.1)

Since CA and CB are contractible, the maps A × B −→ A × CB and

A × B −→ CA × B are equivalent, up to homotopy, to the projections

A × B π1−→ A and A × B π2−→ B respectively. The contractibility of CB

also implies that the homotopy class of the map A × CB −→ A ∗ B is

determined by the restriction to A. The commutativity of (6.1) implies that

this restriction equals the composite A ↪→ A × B −→ CA × B −→ A ∗ B.

The latter is null homotopic since it factors through CA. Therefore the map

A×CB −→ A ∗B is null homotopic. Similarly, the map CA×B −→ A ∗B
is null homotopic. Putting all this together we obtain a homotopy-theoretic

version of (6.1).

Lemma 6.1: There is a homotopy pushout

A×B π1 //

π2

��

A

∗
��

B
∗ // A ∗B

where π1 and π2 are the projections onto the first and second factors re-

spectively. �

The (right) half-smash of two pointed spaces C and B is the quotient

space

C oB = C ×B/ ∼

where (∗, b) ∼ ∗. In particular, if i2 : B −→ C × B is the inclusion of the

second factor, then there is a cofibration B
i2−→ C ×B −→ C oB. In what

follows it is better to regard this cofibration as a pushout

B //

i2
��

∗

��
C ×B // C oB.

(6.2)
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With Corollary 5.7 in mind, we now prove a key lemma that identifies

the homotopy type of certain pushouts.

Lemma 6.2: Suppose that there is a homotopy pushout

A×B π1 //

∗×1

��

A

��
C ×B // Q

where π1 is the projection. Then there is a homotopy equivalence

Q ' (A ∗B) ∨ (C oB).

Proof: The map A × B ∗×1−→ C × B is equal to the composite A × B π2−→
B

i2−→ C ×B. Thus, using Lemma 6.1, the homotopy pushout in the state-

ment of the lemma may be written as an iterated homotopy pushout dia-

gram

A×B π1 //

π2

��

A

∗
��

B
∗ //

i2

��

A ∗B

��
C ×B // Q.

For the bottom square, since the map B
∗−→ A∗B factors as the composite

B −→ ∗ −→ A ∗ B, using (6.2) we obtain an iterated homotopy pushout

diagram

B //

i2

��

∗ //

��

A ∗B

��
C ×B // C oB // Q.

The right square immediately implies that Q ' (A ∗B) ∨ (C oB).
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7. A strategy for identifying the homotopy type of

(CX,X)K for certain K

Consider the homotopy pushout

(CX,X)linkK(m) ×Xm
π1 //

j×1

��

(CX,X)linkK(m)

��
(CX,X)K\{m} ×Xm

// (CX,X)K

from Corollary 5.7. If the map j is null homotopic then Lemma 6.2 implies

that there is a homotopy equivalence

(CX,X)K ' ((CX,X)linkK(m) ∗Xm) ∨ ((CX,X)K\{m} oXm). (7.1)

Notice that on the right side both linkK(m) and K\{m} are simplicial

complexes on the smaller vertex set [m − 1]. This suggests an inductive

procedure.

What is needed is a family K of simplicial complexes such that, if K ∈ K
is on the vertex set [m] then: (i) the vertices of K may be ordered so that

the map (CX,X)linkK(m) j−→ (CX,X)K\{m} is null homotopic, and (ii)

both linkK(m) and K\{m} are in K. In particular, property (ii) implies

that both linkK(m) and K\{m} have property (i), so that they also satisfy

homotopy decompositions as in (7.1), and these decompositions can then

be substituted into that for (CX,X)K . Iterating, we would obtain a fine

decomposition of (CX,X)K .

It would be even better if an extra condition were satisfied. It is well

known that if C is a co-H-space then there is a homotopy equivalence

C o B ' C ∨ (C ∧ B). So if (CX,X)K\{m} was a suspension, then (7.1)

refines to a homotopy equivalence

(CX,X)K'((CX,X)linkK(m)∗Xm)∨(CX,X)K\{m}∨((CX,X)K\{m}∧Xm).

(7.2)

In general, there is a homotopy equivalence A ∗ B ' ΣA ∧ B. So if

(CX,X)K\{m} was a suspension, then not only does (7.2) hold, but it im-

plies that (CX,X)K is also a suspension. Again, as K has one more vertex

than K\{m}, we are in the position of producing an inductive procedure.

Let’s carry this through with an example to see the strategy in action.

For m ≥ 1, let Km be the simplicial complex consisting of m disjoint

vertices. There is a trivial case: as K1 has 1 vertex, by definition of the

polyhedral product (CX,X)K1 = CX1 and so is contractible.
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Proposition 7.1: If m ≥ 2 then there is a homotopy equivalence

(CX,X)Km '
m∨
j=2

 ∨
1≤i1<···<ij≤m

(j − 1)ΣXi1 ∧ · · · ∧Xij

 .

Proof: The proof is by induction on the number of vertices. As K2 has 2

vertices, by Example 2.2 there is a homotopy equivalence (CX,X)K2 '
X1 ∗X2 ' ΣX1 ∧X2, as asserted. Suppose that the homotopy equivalence

in the statement of the Proposition holds for Km−1. Consider the pushout

of simplicial complexes

linkKm(m) //

��

starKm(m)

��
Km\{m} // Km.

Since Km is m disjoint vertices, starKm(m) = {m} and Km\{m} = Km−1.

So linkKm(m) = starKm(m) ∩Km\{m} = ∅ and the pushout of simplicial

complexes above is the pushout

∅ //

��

{m}

��
Km−1

// Km.

Note here that ∅ is regarded as a simplicial complex on the vertex set [m−1].

By Corollary 5.7 there is a homotopy pushout

(CX,X)∅ ×Xm
π1 //

j×1

��

(CX,X)∅

��
(CX,X)Km−1 ×Xm

// (CX,X)Km .

We aim to show that the map j is null homotopic. For the sequence of

CW -complexes (CX,X) the definition of the polyhedral product implies

that

(CX,X)∅ = X1 × · · · ×Xm−1.

Since Km−1 is m−1 disjoint vertices, the definition of the polyhedral prod-

uct implies that

(CX,X)Km−1 =
m−1⋃
i=1

X1 × · · · ×Xi−1 × CXi ×Xi+1 × · · · ×Xm−1.
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Further, the definition of the polyhedral product implies that the map

(CX,X)∅
j−→ (CX,X)Km−1 is the inclusion. In particular, j factors as

the composite of inclusions

j : X1 × · · · ×Xm−1 −→ CX1 ×X2 × · · · ×Xm−1

↪→
m−1⋃
i=1

X1 × · · · ×Xi−1 × CXi ×Xi+1 × · · · ×Xm−1.

Since CX1 is contractible, the first map in the composite for j is null ho-

motopic in the first coordinate, so j is homotopic to the composite

X1 × · · · ×Xm−1
proj−→ X2 × · · · ×Xm−1

↪→ X1 × · · · ×Xm−1

j−→
m−1⋃
i=1

X1 × · · · ×Xi−1 × CXi ×Xi+1 × · · · ×Xm−1.

Repeating this argument for each coordinate 2 ≤ i ≤ m − 1 we obtain a

factorization of j through the map X1×· · ·×Xm−1
proj−→ ∗ ↪→ X1×· · ·×Xm,

implying that j is null homotopic.

Thus by Lemma 6.2 there is a homotopy equivalence

(CX,X)Km ' ((CX,X)∅ ∗Xm) ∨ ((CX,X)Km−1 oXm).

Since (CX,X)Km−1 is a suspension by inductive hypothesis, there is a

refined homotopy equivalence

(CX,X)Km ' ((CX,X)∅ ∗Xm) ∨ (CX,X)Km−1 ∨ ((CX,X)Km−1 ∧Xm).

Substituting in the inductively assumed homotopy equivalence for

(CX,X)Km−1 , using the fact that (CX,X)∅ = X1×· · ·×Xm−1, and using

Lemma 4.2 to decompose (CX,X)∅ ∗Xm ' Σ(CX,X)∅ ∧Xm, we obtain

the asserted homotopy equivalence for (CX,X)Km .

It may be worth noting that in terms of the strategy for identifying

the homotopy type of (CX,X)K , if K is the family of simplicial complexes

consisting of disjoint vertices, then the argument for the proof of Proposi-

tion 7.1 shows that as Km ∈ K we have: (i) the map (CX,X)linkK(m) j−→
(CX,X)K\{m} is null homotopic, (ii) linkKm(m) and Km\{m} are both

in K, and (iii) (CX,X)linkK(m) is a suspension.

Proposition 7.1 generalizes a result of Porter [35]. His work long pre-

dates the notion of a polyhedral product but in modern language he proved
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Proposition 7.1 in the case of (CΩX,ΩX)Km . It also desuspends the ho-

motopy decomposition of Σ(CX,X)Km in Theorem 4.6.

This leads to a natural question. For which simplicial complexes does the

homotopy decomposition of Σ(CX,X)K in Theorem 4.6 desuspend? The

case when K is shifted was done in special cases of (CX,X) in [18, 21] and

in general in [19, 22]. In [23], a desuspension was proved for a strictly larger

family of simplicial complexes called sequential Cohen-Macauley. In [3, 23]

it was shown that a desuspension exists if and only if (CX,X)K is a co-

H-space, and near characterizations of when this occurs were given. The

strategy for desuspending the decomposition in Theorem 4.6 in the shifted

case was exactly the strategy that we have been working with: the shifted

property implies - after some work - that there is a reordering of the vertices

with the property that the map (CX,X)linkK(m) j−→ (CX,X)K\{m} is null

homotopic, and it is not difficult to see that the shifted property is inherited

by both linkK(m) and K\{m}. We record the outcome without proving it.

Theorem 7.2: Let K be a shifted simplicial complex on the vertex set [m]

and let X1, . . . , Xm be pointed, path-connected CW -complexes. Then the

homotopy decomposition in Theorem 4.6 desuspends to give a homotopy

equivalence

(CX,X)K '
∨
I /∈K

Σ(|KI | ∧ X̂I).

�

In the special case of the moment-angle complex ZK , we obtain the

following corollary.

Corollary 7.3: Let K be a shifted simplicial complex on the vertex set [m].

There is a homotopy equivalence

ZK −→
∨
I /∈K

Σ|I|+1|KI |.

�

In particular, as in [1], if K is shifted and I ⊆ [m] then the geometric

realization |KI | is homotopy equivalent to a wedge of spheres. So when K

is shifted ZK is homotopy equivalent to a wedge of spheres.

Example 7.4: Return to Example 4.8. It was shown that if K is the
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simplicial complex

1

4

2

3

K

then there is a homotopy equivalence

ΣZK ' S4 ∨ S6 ∨ S6 ∨ S7 ∨ S7.

By Example 5.3, K is shifted. Let’s go through the argument to desuspend

the homotopy equivalence for ΣZK . It is clearer to do the more general

(CX,X) case as that more naturally keeps track of coordinate. Recall from

Example 5.1 that the star, link and restriction of K for the vertex 1 are the

simplicial complexes:

1

4

2

3

starK(1)

4

2

3

K\{1}

•

•

• 4

2

3

linkK(1)

However, as will be more clear by the end of the next section, the fact that

the missing face (3, 4) of linkK(1) is also a missing face of K\{1} implies

that the map (CX,X)linkK(1) j−→ (CX,X)K\{1} is not null homotopic.

Instead, we consider a different vertex. Note that choosing the vertex 2 as

the starting point gives star, link and restriction diagrams similar to those
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for 1. So instead let’s start with vertex 3. Then we have:

1

3

2

starK(3)

1

2

4

K\{3}

•

•

1

2

linkK(3)

Note here that linkK(3) must be regarded as a simplicial complex on the ver-

tex set {1, 2, 4}, the same vertex set as K\{3}. Let L be linkK(3) regarded

as a simplicial complex on the vertex set {1, 2}. Then (CX,X)linkK(3) =

(CX,X)L ×X4. As L is two disjoint points, by Example 2.2, (CX,X)L '
X1 ∗X2. Therefore

(CX,X)linkK(3) = (X1 ∗X2)×X4.

Observe next that the full subcomplex of K\{3} on the vertex

set {1, 2} is ∆1, so the map linkK(3) −→ K\{3} factors as

the composite linkK(3) −→ ∆1 −→ K\{3}, implying that the

map (CX,X)linkK(3) j−→ (CX,X)K\{3} factors as the composite

(CX,X)linkK(3) −→ (CX,X)∆1 −→ (CX,X)K\{3}. But by the defini-

tion of the polyhedral product, (CX,X)∆1

= CX1 × CX2 is contractible.

Therefore j is null homotopic. Thus by Lemma 6.2 there is a homotopy

equivalence

(CX,X)K ' ((CX,X)linkK(3) ∗X3) ∨ ((CX,X)K\{3} oX3).

We have already mentioned that (CX,X)linkK(3) ' (X1 ∗X2)×X4. Thus

(CX,X)linkK(3) ∗X3 ' [(X1 ∗X2)×X4] ∗X3.

Using the fact that A ∗ B ' ΣA ∧ B and Lemma 4.1 to decompose the

suspension of a product, we obtain homotopy equivalences

(CX,X)linkK(3) ∗X3 ' Σ[(ΣX1 ∧X2)×X4] ∧X3

' [(Σ2X1 ∧X4) ∨ ΣX4 ∨ (Σ2X1 ∧X2 ∧X4)] ∧X3

' (Σ2X1 ∧X2 ∧X3) ∨ (ΣX3 ∧X4)

∨(Σ2X1 ∧X2 ∧X3 ∧X4).
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On the other hand, as we will see in the next section, (CX,X)K\{3} '
X1 ∗X2 ∗X4 ' Σ2X1 ∧X2 ∧X4. Thus there is a homotopy equivalence

(CX,X)K\{3} oX3 ' (Σ2X1 ∧X2 ∧X4) ∨ (Σ2X1 ∧X2 ∧X3 ∧X4).

Hence there is a homotopy equivalence

(CX,X)K ' (Σ2X1 ∧X2 ∧X4) ∨ (ΣX3 ∧X4) ∨ (Σ2X1 ∧X2 ∧X3 ∧X4)

∨ (Σ2X1 ∧X2 ∧X3) ∨ (Σ2X1 ∧X2 ∧X3 ∧X4).

In particular, in the case of ZK each Xi = S1, so we obtain a homotopy

equivalence

ZK ' S5 ∨ S3 ∨ S6 ∨ S5 ∨ S6,

as desired.

8. Higher Whitehead products and minimal missing faces

Consider the homotopy fibration

(CΩX,ΩX)K −→ (X, ∗)K −→
m∏
i=1

Xi

from Corollary 3.14. At this point the homotopy type of (CΩX,ΩX)K

has been identified for various simplicial complexes K. However, nothing

has been said about the homotopy type of the map (CΩX,ΩX)K −→
(X, ∗)K . This is the problem addressed in this section. In [20, 16, 24] it has

been determined that Whitehead products and higher Whitehead products

play an important role. In particular, the existence of nontrivial higher

Whitehead products in (X, ∗)K corresponds to the existence of minimal

missing faces in K. We begin with a discussion of the standard Whitehead

product.

8.1. Whitehead products

One way of defining a Whitehead product is as the adjoint of a Samelson

product. Let Y be an H-group, that is, Y is a homotopy associative H-

space with a homotopy inverse. Let c : Y × Y −→ Y be the commutator

of Y , defined pointwise by c(x, y) = xyx−1y−1. Observe that the restriction

of c to the wedge is null homotopic, so c extends to a map

c : Y ∧ Y −→ Y.
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By Lemma 4.1, the quotient map Y × Y −→ Y ∧ Y has a right homotopy

inverse after suspending. Therefore the homotopy class of c is determined

uniquely by the homotopy class of c. Let a : A −→ Y and b : B −→ Y be

maps. The composite

〈a, b〉 : A ∧B a∧b−→ Y ∧ Y c−→ Y

is the Samelson product of a and b. In particular, c itself is the Samelson

product of the identity map on Y with itself. The Samelson product has

many useful properties, including the fact that if x ∈ H∗(A) and y ∈ H∗(B)

are primitive then (〈a, b〉)∗(x, y) = [a(x), b(y)], where [ · , · ] is the graded

commutator in the homology algebra H∗(Y ).

Now suppose that X is a space and there are maps f : ΣA −→ X and

g : ΣB −→ X. Let f̃ : A −→ ΩX and g̃ : B −→ ΩX be the adjoints of f

and g respectively. We may take the Samelson product 〈f̃ , g̃〉 : A ∧ B −→
ΩX. Its adjoint is a map

[f, g] : ΣA ∧B −→ X

called the Whitehead product of f and g.

Whitehead products play a crucial role in homotopy theory. One key

context in which they arise is the following. Let X and Y be pointed,

simply-connected spaces and consider the inclusion X ∨ Y −→ X × Y . By

Proposition 7.1, the homotopy fibre of this inclusion is homotopy equivalent

to ΣΩX ∧ΩY . Ganea [14] proved a much sharper result by identifying the

homotopy class of the map from the fibre to X∨Y . Let iL : X −→ X∨Y and

iR : Y −→ X ∨ Y be the inclusions of the left and right wedge summands

respectively. Let evL and evR be the composites evL : ΣΩX
ev−→ X

iL−→
X ∨ Y and evR : ΣΩY

ev−→ Y
iR−→ X ∨ Y respectively, where ev is the

canonical evaluation map.

Theorem 8.1: (Ganea) Let X and Y be pointed, simply-connected spaces.

Then there is a homotopy fibration

ΣΩX ∧ ΩY
[evL,evR]−−−−−−→ X ∨ Y −−−−−−→ X × Y.

�

One consequence is the following. In general, let E : X −→ ΩΣX be the

suspension map, which is adjoint to the identity map on ΣX. If X = ΣA

and Y = ΣB then the composite ΣA ∧B ΣE∧E−−−−−−→ ΣΩΣA ∧ ΩΣB
[evL,evR]−−−−−−→

ΣA∨ΣB is homotopic to the Whitehead product [iL, iR], and the homotopy

cofibre of this map is ΣA× ΣB.
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8.2. Higher Whitehead products

Attaching by a Whitehead product is what is needed to produce ΣA×ΣB

from ΣA∨ΣB. Theorem 8.1 says that there is a generalization when looking

at the homotopy fibre of any wedge into a product. To get higher versions of

Whitehead products, we should look at what is needed to produce
∏m
i=1 ΣAi

from the fat wedge on ΣA1, . . . ,ΣAm, and then generalize by looking at the

homotopy fibre of any fat wedge into a product. To make this precise some

definitions are needed.

Definition 8.2: For spaces X1, . . . , Xm, let FW (1, . . . ,m) be the subspace

of X1 × · · · ×Xm defined by

FW (1, . . . ,m) =
m⋃
i=1

X1 × · · · ×Xi−1 × ∗ ×Xi+1 × · · · ×Xm.

The space FW (1, . . . ,m) is the fat wedge of X1, . . . , Xm.

By analogy with Theorem 8.1, a higher Whitehead product should

be defined via the homotopy fibre of the inclusion of FW (1, . . . ,m) into

X1 × · · · × Xm. To do so, it is easier to phrase this homotopy fibration

in terms of polyhedral products. Let ∂∆m−1 be the boundary of ∆m−1.

Note that ∂∆m−1 is the full m − 2-skeleton of ∆m−1. Therefore, compar-

ing the definition of the polyhedral product for (X, ∗)∆m−1

and that for

FW (1, . . . ,m) we obtain

FW (1, . . . ,m) = (X, ∗)∂∆m−1

.

So by Corollary 3.14 there is a homotopy fibration

(CΩX,ΩX)∂∆m−1

−→ FW (1, . . . ,m) −→
m∏
i=1

Xi. (8.1)

Thus we want to identity the homotopy type of (CΩX,ΩX)∂∆m−1

. We will

do this in the more general case of (CX,X)∂∆m−1

.

Lemma 8.3: For k ≥ 2, there is a pushout of simplicial complexes

∂∆k−1 //

��

∂∆k−1 ∗ {k + 1}

��
∆k−1 // ∂∆k.
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Proof: If K is a simplicial complex on the index set [k], regard the faces

of K as subsequences (i1, . . . , i`) where 1 ≤ i1 < · · · < i` ≤ k. Observe that

∆k has as faces all subseqences of {1, . . . , k + 1}, and ∂∆k has as faces all

proper subsequences of {1, . . . , k+1}. In particular, ∂∆k is the union of: (i)

all subsequences of the form (i1, . . . , i`) where 1 ≤ i1 < · · · < i` ≤ k – that

is, those subsequences corresponding to ∆k−1, and (ii) all the subsequences

of the form (i1, . . . , i`, k+1) where 1 ≤ i1 < · · · < i` ≤ k but at least one ij is

missing – that is, those subsequences corresponding to ∂∆k−1∗{k+1}. The

intersection of the subsequences in (i) and (ii) consists of all subsequences

of the form (i1, . . . , i`) where 1 ≤ i1 < · · · < i` ≤ k and at least one ij is

missing – that is, those subsequences corresponding to ∂∆k−1. This proves

the lemma.

Remark 8.4: The proof of Lemma 8.3 shows that the pushout in the

statement of the lemma is the usual star-link-restriction pushout in the

case of K = ∂∆k. That is, star∂∆k = ∂∆k−1 ∗ {k + 1}, link∂∆k = ∂∆k−1

and (∂∆k)\{k + 1} = ∆k−1.

Remark 8.4 implies that, by Proposition 5.6, there is a corresponding

pushout of polyhedral products

(X,A)∂∆k−1 ×Am
1×im //

j×1

��

(X,A)∂∆k−1 ×Xm

��
(X,A)∆k−1 ×Am // (X,A)∂∆k

.

(8.2)

Consider the special case of (X, ∗). Then (X, ∗)∆k−1

= X1 × · · · ×Xk,

(X, ∗)∂∆k−1

= FW (1, . . . , k), and (X, ∗)∂∆k

= FW (1, . . . , k + 1). Phrased

in terms of a larger vertex set, diagram (8.2) implies the following.

Lemma 8.5: Let {i1, . . . , ik} be a subset of {1, . . . ,m−1} with the property

that 1 ≤ i1 < · · · < ik ≤ m− 1. Then there is a pushout

FW (i1, . . . , ik) //

��

FW (i1, . . . , ik)×Xm

��
Xi1 × · · · ×Xik

// FW (i1, . . . , ik,m).

�
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Remark 8.6: Lemma 8.5 has a direct proof as well. By definition of the

fat wedge,

FW (i1, . . . , ik,m)=

 k⋃
j=1

Xi1× · · · ×Xij−1× ∗×Xij+1× · · · × · · ·Xik×Xm


∪ (Xi1 × · · · ×Xik × ∗) .

Notice that the first term in this union is FW (i1, . . . , ik)×Xm, the second

term is Xi1 × · · · ×Xik , and the union is taken over the common subspace

FW (i1, . . . , ik). The asserted pushout now follows immediately.

Next, consider the special case of (CX,X). By (8.2) and Corollary 5.7,

for m ≥ 2 there is a pushout of polyhedral products

(CX,X)∂∆m−2 ×Xm
π1 //

j×1

��

(CX,X)∂∆m−2

��
(CX,X)∆m−2 ×Xm

// (CX,X)∂∆m−1

.

(8.3)

Lemma 8.7: For m ≥ 2 there is a homotopy equivalence

(CX,X)∂∆m−1

' Σm−1X1 ∧ · · · ∧Xm.

Proof: The proof is by induction on the number of vertices. When m = 2

then ∂∆1 is two disjoint vertices, so by Example 2.2 we have (CX,X)∂∆1 '
ΣX1∧X2. Assume inductively that (CX,X)∂∆m−2 ' Σm−2X1∧· · ·∧Xm−1.

By Example 2.3, (CX,X)∆m−1

= CX1×· · ·×CXm−1 ' ∗, so the homotopy

pushout (8.3) is equivalent to the homotopy pushout

(Σm−2X1 ∧ · · · ∧Xm−1)×Xm
π1 //

π2

��

Σm−2X1 ∧ · · · ∧Xm−1

��
Xm

// (CX,X)∂∆m−1

.

Therefore, by Lemma 6.1, there are homotopy equivalences

(CX,X)∂∆m−1

' (Σm−2X1 ∧ · · · ∧Xm−1) ∗Xm ' Σm−1X1 ∧ · · · ∧Xm.

By Lemma 8.7, the homotopy fibration (8.1) can be rewritten as a ho-

motopy fibration

ΩX1 ∗ · · · ∗ ΩXm
φm−→ FW (1, . . . ,m) −→ X1 × · · · ×Xm
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for some map φm. This lets us define higher Whitehead products.

Definition 8.8: For 1 ≤ i ≤ m, suppose that there are maps fi : Xi −→ Y

for some space Y . Suppose also that there is an extension of the wedge∨m
i=1Xi

∨m
i=1 fi−−−−→ Y to a map f : FW (1, . . . ,m) −→ Y . Then the composite

ΩX1 ∗ · · · ∗ ΩXm
φm−→ FW (1, . . . ,m)

f−→ Y

is a higher Whitehead product.

Observe that if m = 2 then f = f1∨f2 and φ2 is the ordinary Whitehead

product [evL, evR]. So the homotopy class of f ◦ φ2 is determined by the

homotopy classes of f1 and f2. However, if m ≥ 3 then there may be

different choices of an extension f of
∨m
i=1 fi, so the homotopy class of

the higher Whitehead product f ◦ φm need not be determined only by the

homotopy classes of f1, . . . , fm.

8.3. Relating higher Whitehead products to minimal

missing faces

Let K be a simplicial complex on the vertex set [m]. We use the homotopy

fibration

(CΩX,ΩX)K −→ (X, ∗)K −→
m∏
i=1

Xi

from Corollary 3.14 to establish a correspondence between the minimal

missing faces in K and nontrivial higher Whitehead products on (X, ∗)K .

This requires some definitions.

Definition 8.9: Let K be a simplicial complex on the vertex set [m]. A

subset σ = (i1, . . . , ik) of [m] is a missing face of K if σ /∈ K. It is a minimal

missing face if any proper subset of σ is a face of K. Equivalently, σ is a

minimal missing face of K if ∂σ ⊆ K but σ /∈ K.
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Example 8.10: Let K be the following simplical complex:

1

4

2

3

K

The missing faces of K are

MF (K) = {(3, 4), (1, 2, 3), (1, 2, 4), (1, 3, 4), (2, 3, 4), (1, 2, 3, 4)}.

As (3, 4) is a proper face of (1, 3, 4), (2, 3, 4) and (1, 2, 3, 4) which is missing

from K, none of (1, 3, 4), (2, 3, 4) or (1, 2, 3, 4) are minimal missing faces.

The complete list of minimal missing faces of K is

MMF (K) = {(3, 4), (1, 2, 3), (1, 2, 4)}.

Let K be a simplicial complex on the vertex set [m]. Recall that Km is

the simplicial complex consisting of m disjoint points. Including the vertices

into K gives a simplicial map Km −→ K. This induces a map of polyhedral

products (X, ∗)Km −→ (X, ∗)K . By Example 2.1, (X, ∗)Km =
∨m
i=1Xi, so

the inclusion of Km into K induces a map

Fm :
m∨
i=1

Xi −→ (X, ∗)K .

Lemma 8.11: Let K be a simplicial complex on the vertex set [m]. Then

σ = (i1, . . . , ik) is a minimal missing face of K if and only if the composite∨k
j=1Xij ↪→

∨m
i=1Xi

Fm−→ (X, ∗)K extends to a map FW (i1, . . . , ik) −→
(X, ∗)K but does not extend to a map

∏k
j=1Xjk −→ (X, ∗)K .

Proof: By definition, σ = (i1, . . . , ik) is a minimal missing face of K if

and only if ∂σ ⊆ K but σ /∈ K. That is, if and only if there is a map

of simplicial complexes ∂σ −→ K which does not extend to a map σ −→
K. By definition of the polyhedral product, (X, ∗)K is the union of the

coordinate subspaces formed from the faces of K. That is, Xj1×· · ·×Xjt is

a coordinate subspace of (X, ∗)K if and only if the face τ = (j1, . . . , jt) ∈ K.

In our case, since σ is a (k−1)-simplex, the simplicial map ∂σ −→ K exists

if and only if every coordinate subspace of the fat wedge FW (i1, . . . , ik) is
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in (X, ∗)K . That is, if and only if there is a map FW (i1, . . . , ik) −→ (X, ∗)K
extending the inclusion of the coordinates

∨k
j=1Xij −→ (X, ∗)K . Further,

the simplicial map ∂σ −→ K does not extend to a simplicial map σ −→ K

if and only if X11
×· · ·×Xik is not a coordinate subspace of (X, ∗)K . That

is, if and only if the map FW (i1, . . . , ik) −→ (X, ∗)K does not extend to a

map Xi1 × · · · ×Xik −→ (X, ∗)K .

Let σ = (i1, . . . , ik) be a minimal missing face of K. By Lemma 8.11,

there is an extension of the composite
∨k
j=1Xij ↪→

∨m
i=1Xi

Fm−→ (X, ∗)K
to a map f : FW (i1, . . . , ik) −→ (X, ∗)K . Define the higher Whitehead

product w(σ) by the composite

w(σ) : ΩXi1 ∗ · · · ∗ ΩXik
φk−→ FW (i1, . . . , ik)

f−→ (X, ∗)K .

In the next Proposition the equivalence in Lemma 8.11 is rephrased in terms

of the existence of nontrivial higher Whitehead products.

Proposition 8.12: Let K be a simplicial complex on the vertex set [m]

and let (X, ∗) be a sequence of pointed CW -pairs. Then σ = (i1, . . . , ik) is

a minimal missing face of K if and only if the higher Whitehead product

w(σ) : ΩXi1 ∗ · · · ∗ ΩXik
φk−→ FW (i1, . . . , ik)

f−→ (X, ∗)K is nontrivial.

Proof: Suppose that w(σ) = f ◦φk is nontrivial. Since φk is the homotopy

fibre of the inclusion FW (i1, . . . , ik) −→ Xi1×· · ·×Xik , the nontriviality of

f ◦φk implies that there can be no extension of FW (i1, . . . , ik)
f−→ (X, ∗)K

to a map g : Xi1 × · · · × Xik −→ (X, ∗)K . For otherwise f ◦ φk would

factor through two consecutive maps in a homotopy fibration and so be

null homotopic. Therefore, as f does not extend to g, by Lemma 8.11 σ is

a minimal missing face of K.

Conversely, suppose that w(σ) is null homotopic. We wish to show that σ

is not a minimal missing face of K. This case is trickier for the following

reason. If each Xij is a suspension, Xij = ΣX ′ij , then the composite

X ′i1 ∗ · · · ∗X
′
ik

E−→ ΩΣX ′i1 ∗ · · · ∗ ΩΣX ′ik
φk−→ FW (i1, . . . , ik)

is the attaching map for the product ΣX ′i1×· · ·×ΣX ′ik , where E = E∗· · ·∗E.

Therefore, f extends to g in this case if and only if f ◦ φk ◦ E is null

homotopic. In particular, if w(σ) = f ◦φk is null homotopic then f ◦φk ◦E
is null homotopic, implying that f extends to g, and so by Lemma 8.11, σ

is not a minimal missing face of K. However, in the general case Xij may
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not be a suspension, so the product Xi1 × · · · ×Xik may not be the cofibre

of a map into the FW (i1, . . . , im).

Instead, for each 1 ≤ j ≤ k, let gj : Snj −→ Xij be the inclusion

of a bottom cell. Let FW (S) be the fat wedge on Sn1 × · · · × Snk . By

Proposition 3.1 (a), the polyhedral product is natural with respect to the

maps gj , so we obtain a homotopy fibration diagram

ΩSn1 ∗ · · · ∗ ΩSnj
φk //

G

��

FW (S) //

FW (g1,...,gk)

��

∏k
j=1 S

nj

∏k
j=1 gj

��
ΩXi1 ∗ · · · ∧ ∗ΩXik

φk // FW (i1, . . . , ik) // ∏k
j=1Xik

(8.4)

where G = Ωg1 ∗ · · · ∗ Ωgk.

Now suppose that w(σ) = f ◦φk is null homotopic. Then the composite

f ◦φk◦G is null homotopic, implying by the homotopy commutativity of the

left square in (8.4) that f◦FW (g1, . . . , gk)◦φk is null homotopic. Notice that

this is also a higher Whitehead product f◦φk, where f = f◦FW (g1, . . . , gk).

Since each Snj is a suspension, by the argument above, the null homotopy

for f ◦ φk implies that σ is not a minimal missing face of K, and we are

done.

Example 8.13: Return to Example 8.10. By Proposition 8.12, the min-

imal missing face (3, 4) corresponds to a nontrivial Whitehead product

ΩX3 ∗ ΩX4 −→ (X, ∗)K . The minimal missing faces (1, 2, 3) and (1, 2, 4)

correspond to nontrivial higher Whitehead products ΩX1 ∗ΩX2 ∗ΩX3
φ3−→

FW (1, 2, 3) −→ (X, ∗)K and ΩX1 ∗ ΩX2 ∗ ΩX4
φ3−→ FW (1, 2, 4) −→

(X, ∗)K .

To close this section we return to the homotopy fibration

(CΩX,ΩX)K
ϕ−→ (X, ∗)K −→

∏m
i=1Xi and state some results. In [20]

it is shown that if K is an “MF -complex” and each Xi is a suspension,

then (CΩX,ΩX)K is homotopy equivalent to a wedge of iterated suspen-

sions of the spaces ΩXi and the map ϕ is a wedge sum of: higher Whitehead

products, one for each minimal missing face of K; and iterated Whitehead

products formed from one higher Whitehead product and possibly multiple

copies of the coordiate inclusions Xi −→ (X, ∗)K . A similar statement is

proved for the moment-angle complex ZK even though Xi = CP∞ is not a

suspension. In [24] many of these results are generalized to the case when K

is shifted.
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9. A decomposition of the based loops on a polyhedral

product

In this section we turn to investigating the homotopy type of Ω(X,A)K . We

prove a new integral homotopy decomposition for Ω(X,A)K that holds for

any simplicial complex K. A different, much finer homotopy decomposition

of Ω(X,A)K can be found in [40]. The advantage of the cruder homotopy

decomposition proved here is that the factors are easy to identify in terms

of other spaces.

Let K be a simplicial complex on the vertex set [m]. Recall from (5.1)

that there is a pushout of simplicial complexes

linkK(m) //

��

starK(m)

��
K\{m} // K

(9.1)

where starK(m) = linkK(m) ∗ {m}. Define a new simplicial complex K on

the vertex set [m] by

K = K\{m} ∗ {m}.

Observe that there is an inclusion of simplicial complexes K\{m} −→ K

given by including the join factor, so as starK(m) = linkK(m) ∗ {m}, there

is a pushout map

K −→ K.

Observe also that K\{m} is the full subcomplex of K on the vertex set

[m− 1]. That is, K\{m} = K\{m}.
Now turn to polyhedral products. By Proposition 5.6, the pushout of

simplicial complexes in (9.1) induces a pushout of polyhedral products

(X,A)linkK(m) ×Am
1×im //

j×1

��

(X,A)linkK(m) ×Xm

��
(X,A)K\{m} ×Am // (X,A)K

(9.2)

where im is the inclusion. To relate this to (X,A)K , observe that the defi-

nition of the join of two simplicial complexes implies that if K = K1 ∗K2

then there is a homeomorphism

(X,A)K ' (X,A)K1 × (X,A)K2 .
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In particular, as K = K\{m} ∗ {m} there is a homeomorphism

(X,A)K ' (X,A)K\{m} ×Xm.

We follow Félix and Tanré’s idea [13] of mapping all four corners of the

pushout (9.2) into (X,A)K and taking homotopy fibres. Mather’s Cube

Lemma [30] will help identify the homotopy types of the fibres.

Lemma 9.1: (Mather) Suppose that there is a diagram of spaces and

maps

E //

  @
@@

@

��

F

  A
AA

A

G //

��

��

H

��

A

  @
@@

@
// B

  A
AA

A

C // D

where the bottom face is a homotopy pushout and the four sides are obtained

by pulling back with H −→ D. Then the top face is a homotopy pushout. �

Consider the map (X,A)K −→ (X,A)K ' (X,A)K\{m} × Xm. Com-

posing from all four corners of the pushout (9.2), we obtain homotopy

fibrations

Gm × Ym −−−−→ (X,A)linkK(m) ×Am
j×im−−−−→ (X,A)K\{m} ×Xm

Ym −−−−→ (X,A)K\{m} ×Am
1×im−−−−→ (X,A)K\{m} ×Xm

Gm −−−−→ (X,A)linkK(m) ×Xm
j×1−−−−→ (X,A)K\{m} ×Xm

Fm −−−−→ (X,A)K −−−−→ (X,A)K\{m} ×Xm

where Gm is the homotopy fibre of (X,A)linkK(m) j−→ (X,A)K\{m}, Ym is

the homotopy fibre of the inclusion Am
im−→ Xm, and Fm is defined as the

homotopy fibre of the map (X,A)K −→ (X,A)K\{m}×Xm. By Lemma 9.1,

we obtain a homotopy pushout

Gm × Ym //

��

Gm

��
Ym // Fm.

(9.3)
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We claim that the maps Gm × Ym −→ Gm and Gm × Ym −→ Ym in (9.3)

are projections. In the first case, the map is induced from Lemma 9.1 by

the homotopy pullback diagram

Gm × Ym //

��

(X,A)linkK(m) ×Am //

1×im
��

(X,A)K\{m} ×Xm

Gm // (X,A)linkK(m) ×Xm
// (X,A)K\{m} ×Xm.

The maps in the right square are defined coordinate-wise, so the homo-

topy pullback is homotopy equivalent to the topological pullback obtained

by turning both (X,A)linkK(m) −→ (X,A)K\{m} and Am −→ Xm into

(strict) fibrations. By doing so the map of fibres is also defined coordinate-

wise, implying that Gm × Ym −→ Gm is homotopic to the projection.

Similarly, the map Gm × Ym −→ Ym is the projection. Therefore (9.3) has

been more accurately identified as the homotopy pushout

Gm × Ym
π1 //

π2

��

Gm

��
Ym // Fm.

Hence, Lemma 6.1 immediately implies the following.

Lemma 9.2: There is an integral homotopy equivalence

Fm ' Gm ∗ Ym.

�

We take this a step further. Consider the homotopy fibration

Fm −→ (X,A)K −→ (X,A)K\{m} ×Xm.

Since K\{m} and {m} are the full subcomplexes of K on the vertex sets

[m− 1] and {m} respectively, by Proposition 3.6, the polyhedral products

(X,A)K\{m} and (X,A){m} = Xm both retract off (X,A)K . In general,

these retractions cannot be multiplied together in (X,A)K , nor multiplied

with the image of the map from Fm, because (X,A)K is rarely an H-space.

But after looping this can be done. Thus, if µ is the loop multiplication on

(X,A)K , then the composite

ΩXm × Ω(X,A)K\{m} × ΩFm −→ Ω(X,A)K × Ω(X,A)K × Ω(X,A)K

µ−→ Ω(X,A)K
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is a homotopy equivalence. Combining this with Lemma 9.2, we obtain the

following.

Proposition 9.3: Let K be a simplicial complex on the index set [m]. Then

there is an integral homotopy equivalence

Ω(X,A)K ' ΩXm × Ω(X,A)K\{m} × Ω(Gm ∗ Ym).

�

Since K\{m} is a simplicial complex on the index set [m − 1], Propo-

sition 9.3 can be applied again to decompose Ω(X,A)K\{m}. Iterating, for

1 ≤ i ≤ m, let Rm−i be the restriction of K to the index set [m− i]. Note

that Rm = K. For 1 ≤ i < m, let Lm−i = linkRm−i+1
(m − i + 1). Then

there is a star-link-restriction pushout of simplicial complexes

Lm−i //

��

Lm−i ∗ {m− i+ 1}

��
Rm−i // Rm−i+1.

Let Gm−i be the homotopy fibre of (X,A)Lm−i −→ (X,A)Rm−i , and

let Ym−i be the homotopy fibre of the inclusion Am−i −→ Xm−i. Then

iterating Proposition 9.3 gives the following.

Theorem 9.4: Let K be a simplicial complex on the vertex set [m]. Then

there is an integral homotopy equivalence

Ω(X,A)K '
( m∏
i=1

ΩXi

)
×
( m∏
i=1

Ω(Gi ∗ Yi)
)
.

�

Remark 9.5: Theorem 9.4 is completely general, and says that the homo-

topy type of Ω(X,A)K depends only on the spaces Xi, the homotopy fibres

of the inclusions Am −→ Xm and the homotopy fibres of the link-restriction

maps (X,A)Li −→ (X,A)Ri . So again we see the importance of knowing

the homotopy class of the link-restriction maps.

Remark 9.6: Since Gi ∗Yi ' ΣGi∧Yi, each of the factors Ω(Gi ∗Yi) in the

homotopy decomposition for Ω(X,A)K is a loop suspension. A great deal

is known about the homotopy theory of loop suspensions. In particular, the

Bott-Samelson Theorem states that if R is a field then there is an algebra

isomorphism H∗(ΩΣY ;R) ∼= T (H̃∗(Y ;R)), where T (·) is the free tensor
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algebra functor. Thus, from Theorem 9.4 and the Kunneth isomorphism,

there is an algebra isomorphism

H∗((X,A)K ;R) ∼=
( m⊗
i=1

H∗(ΩXi;R)

)
⊗
( m⊗
i=1

T (H̃∗(Gi ∧ Yi;R))

)
.

Also, James [25] shows that there is a homotopy equivalence

ΣΩΣY '
∞∨
n=1

ΣY (n),

where Y (n) is the n-fold smash product of Y with itself. Thus, after sus-

pending the homotopy equivalence for Ω(X,A)K and using James’ result

together with an iteration of the fact that Σ(X×Y ) ' ΣX∨ΣY ∨(ΣX∧Y ),

we obtain a wedge decomposition for ΣΩ(X,A)K in terms of suspensions

of iterated smash products of the spaces ΩXi and Gi ∧ Yi.

We mention two cases of Theorem 9.4. First, in the case (X, ∗)K , the

homotopy fibre Yi of the inclusion ∗ −→ Xi is ΩXi. Thus we obtain the

following.

Corollary 9.7: Let K be a simplicial complex on the vertex set [m]. Then

there is an integral homotopy equivalence

Ω(X, ∗)K '
( m∏
i=1

ΩXi

)
×
( m∏
i=1

Ω(Gi ∗ ΩXi)

)
.

�

Second, in the case of (CX,X), since CXi is contractible, the term

ΩCXi in Theorem 9.4 is contractible, and the homotopy fibre of the in-

clusion Xi −→ CXi is homotopy equivalent to Xi. Thus we obtain the

following.

Corollary 9.8: Let K be a simplicial complex on the vertex set [m]. Then

there is an integral homotopy equivalence

Ω(CX,X)K '
m∏
i=1

Ω(Gi ∗Xi).

�

As special cases of Corollaries 9.7 and 9.8 we obtain homotopy decom-

positions for the loops on the Davis-Januszkiewicz space and the loops on

the moment-angle complex. In the first case, each pair (Xi, ∗) is (CP∞, ∗),
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and ΩCP∞ ' S1. In the second case, each pair (CXi, Xi) is (D2, S1). In

particular, in the first case we have Gi ∗ΩXi ' Gi ∗ S1 ' Σ2Gi and in the

second case we have Gi ∗Xi ' Gi ∗ S1 ' Σ2Gi.

Corollary 9.9: Let K be a simplicial complex on the vertex set [m]. Then

there are integral homotopy equivalences

ΩDJK '
( m∏
i=1

S1

)
×
( m∏
i=1

ΩΣ2Gi

)
and

ΩZK '
m∏
i=1

ΩΣ2Gi.

�

Remark 9.10: Specializing Remark 9.6 to the case of ΩZK , for any field

R there is an algebra isomorphism

H∗(ΩZK ;R) ∼=
m⊗
i=1

T (H̃∗(ΣGi;R))

and a homotopy equivalence for ΣΩZK in terms of suspensions of iterated

smash products of the spaces ΣGi.

10. Exponents and Barratt’s conjecture

The homotopy decomposition in Theorem 9.4 is provocative. It is often the

case in unstable homotopy theory that properties of a space Y are studied

by considering properties of ΩY . For example, if Y is simply-connected

then the homotopy groups of ΩY are the same as those for Y but shifted

down one degree. One advantage of ΩY over Y is the loop multiplication,

which better allows for the possibility of a homotopy decomposition into

simpler factors. If Y = ΣY ′ then the situation is greatly improved, as in

Remark 9.6. Thus Theorem 9.4 suggests that there may be properties of

(X,A)K that may be better discerned by looking at Ω(X,A)K .

In this section and Section 13 we describe applications of the loop space

decomposition, although none is fully explored and many open questions

remain. In this section we discuss a connection with homotopy exponents

and Barratt’s conjecture, and in Section 13 we discuss connections with

rational homotopy theory and Moore’s conjecture. To consider homotopy

exponents we begin with some definitions.
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Definition 10.1: Let X be a path-connected, pointed topological space

and let p be a prime. The homotopy exponent of X at p is the least power

of p that annihilates the p-torsion in π∗(X).

If the power of p is finite, say r, write expp(X) = pr. If there is no such

least power of p, write expp(X) =∞.

Definition 10.2: Let X be a path-connected co-H-space and let p be a

prime. The space X has co-H-exponent pr if the degree pr map on X is null

homotopic but the degree pr−1 map is not.

For example, for m ≥ 2, let Pm(pr) be the Moore space, defined by the

homotopy cofibration

Sm−1 pr−→ Sm−1 −→ Pm(pr).

Observe that if m ≥ 3 then Pm(pr) ' ΣPm−1(pr), implying that Pm(pr)

is a co-H-space. By [32] the degree pr map on Pm(pr) is null homotopic if

pr 6= 2, and if pr = 2 then the degree 4 map on Pm(2) is null homotopic

but the degree 2 map is not. Therefore the co-H-exponent of Pm(pr) is pr

if pr 6= 2, and is 4 if pr = 2.

Definition 10.3: Let Y be a path-connected H-space and let p be a prime.

The space Y has H-exponent pr if the pr-power map on Y is null homotopic

but the pr−1-power map is not.

Note that if Y has H-exponent pr then expp(Y ) ≤ pr. For the pr-power

map on Y induces multiplication by pr on homotopy groups. However,

if X has co-H-exponent pr then the pr-power map on ΩX may not be

null homotopic. This is due to the nontrivial difference between the loops

on the degree pr map and the pr-power map; this difference exists by the

distributivity law and may be difficult to control (see [9] for an excellent

discussion of the distributivity law). Barratt [4] conjectured that, in fact,

while the difference may be complex its effect on exponents is minimal.

Conjecture: (Barratt) Let X be a space with co-H-exponent pr. Then

the pr+1-power map on Ω2ΣX is null homotopic.

Barratt’s conjecture is known to be true only for certain Moore spaces.

If p is odd and r ≥ 1 then the conjecture holds by [33]. If p = 2 and r ≥ 6

the conjecture holds by [38]. For p = 2 and 2 ≤ r ≤ 5, upper bounds on the

homotopy exponent of Pm(2r) are known [38]. The most interesting case

is Pm(2). Barratt’s conjecture predicts that exp2(Pm(2)) = 8. However,

 C
om

bi
na

to
ri

al
 a

nd
 T

or
ic

 H
om

ot
op

y 
D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 U

N
IV

E
R

SI
T

Y
 O

F 
SO

U
T

H
A

M
PT

O
N

 H
A

R
T

L
E

Y
 L

IB
R

A
R

Y
 o

n 
02

/0
2/

18
. F

or
 p

er
so

na
l u

se
 o

nl
y.



September 21, 2017 Lecture Note Series, IMS, NUS — Review Vol. 9in x 6in 10613-01 page 51

Toric Homotopy Theory 51

there is no known upper bound on the homotopy exponent of Pm(2). That

is, as far as anyone knows, there could be torsion of arbitrarily high order

in π∗(P
m(2)).

We will use polyhedral products to extend the range of spaces to which

a positive resolution of Barratt’s conjecture would apply.

Proposition 10.4: Let K be a simplicial complex on the vertex set [m]

and let p be a prime. Let X1, . . . , Xm be co-H-spaces with co-H-exponent

bounded above by pr. If Barratt’s conjecture holds, then the pr+1-power map

on Ω2(X,A)K is null homotopic, and consequently expp((X,A)K) ≤ pr+1.

Proof: In general, if X is a co-H-space and Y is a space then Y ∧ X is

also a co-H-space with comultiplication given by the composite

Y ∧X 1∧σ−→ Y ∧ (X ∨X)
'−→ (Y ∧X) ∨ (Y ∧X)

where σ is the co-multiplication on X. Therefore, if the degree pr map on X

is null homotopic then so is the degree pr map on Y ∧X.

In our case, by Corollary 9.8 there is a homotopy equivalence

Ω(CX,X)K '
∏m
i=1 Ω(Gi ∗ Xi). Looping, we obtain a homotopy equiv-

alence of H-spaces Ω2(CX,X)K '
∏m
i=1 Ω2(Gi ∗Xi). Therefore the pr+1-

power map on Ω2(CX,X)K is null homotopic if and only if the same is true

for each factor Ω2(Gi∗Xi). Since each co-H-space Xi has co-H-exponent at

most pr, the same is therefore true for each Gi∧Xi. So Barratt’s conjecture

implies that the pr+1-power map on Ω2(Gi ∗ Xi) ' Ω2(ΣGi ∧ Xi) is null

homotopic.

Since Barratt’s conjecture holds for Moore spaces Pm(pr) where p is

odd or where p = 2 and r ≥ 6, Proposition 10.4 also holds in these cases.

11. Elliptic and hyperbolic spaces

Félix, Halperin and Thomas [12] proved the remarkable fact that a finite

dimensional path-connected, pointed space X either has finitely many ra-

tional homotopy groups or the total number of rational homotopy groups

in dimensions m ≤ n grows exponentially with n. That is, there is no space

whose rational homotopy groups have polynomial growth. Plainly put, ei-

ther X has very few rational homotopy groups or it has an awful lot. There’s

no middle ground.

It is natural to ask which spaces fall into which category. It helps to

give the two options names.
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Definition 11.1: A finite dimensional space X is elliptic if it has finitely

many rational homotopy groups. Otherwise X is hyperbolic.

The canonical example of an elliptic space is a product of spheres. The

canonical example of a hyperbolic space is a wedge of two spheres (hyper-

bolicity is proved using the Hilton-Milnor Theorem). In what follows we will

give a simple way of identifying a large number of hyperbolic polyhedral

products.

Observe that if K 6= ∆m−1 then it has a missing face, and so it has at

least one minimal missing face.

Lemma 11.2: Let K be a simplicial complex on the vertex set [m] and

suppose that K 6= ∆m−1. Let σ = (i1, . . . , ik) ∈ MMF (K). Then ΩXi1 ∗
· · · ∗ΩXik is an integral retract of (CΩX,ΩX)K and Ω(ΩXi1 ∗ · · · ∗ΩXik)

is an integral retract of Ω(X, ∗)K .

Proof: Since σ = (i1, . . . , ik) is a minimal missing face of K, we have

σ /∈ K but ∂σ ⊆ K. In particular, the full subcomplex of K on the vertex set

I = {i1, . . . , ik} is KI = ∂σ. So by Proposition 3.6, (CΩX,ΩX)KI retracts

off of (CΩX,ΩX)K . On the other hand, by Lemma 8.7, there is an integral

homotopy equivalence (CΩX,ΩX)KI = (CΩX,ΩX)∂σ ' ΩXi1 ∗· · ·∗ΩXik .

Thus ΩXi1 ∗ · · · ∗ ΩXik is a retract of (CΩX,ΩX)K .

By Lemma 3.16, there is an integral homotopy equivalence Ω(X, ∗)K '∏m
i=1 ΩXi × Ω(CΩX,ΩX)K . Therefore the second assertion of the lemma

follows from the first.

Theorem 11.3: Let K be a simplicial complex on the vertex set [m] and

suppose that K 6= ∆m−1. Let σ = (i1, . . . , ik) ∈ MMF (K). Suppose that

(X, ∗) is a sequence of pointed CW -pairs where each Xi is simply-connected

and rationally nontrivial, and suppose that the rank of H̃∗(ΩXij ;Q) is at

least 2 for some 1 ≤ j ≤ k. Then (X, ∗)K is hyperbolic.

Proof: To show that a simply-connected space Y is hyperbolic it is equiv-

alent to show that ΩY is hyperbolic. By Lemma 3.16, there is a homo-

topy equivalence Ω(X, ∗)K '
∏m
i=1 ΩXi×Ω(CΩX,ΩX)K . So to show that

(X, ∗)K is hyperbolic it suffices to show that (CΩX,ΩX)K is hyperbolic.

Further, by Lemma 11.2, ΩXi1 ∗ · · · ∗ΩXik is a retract of (CΩX,ΩX)K , so

it suffices to show that ΩXi1 ∗ · · · ∗ ΩXik is hyperbolic.

By hypothesis, each Xij is simply-connected and rationally nontrivial,

so the rank of H̃∗(ΩXij ;Q) is at least 1 for each 1 ≤ j ≤ k. Therefore,
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as at least one of these ranks must be strictly greater than 1, the rank of

H̃∗(ΩXi1 ∗ · · · ∗ ΩXik ;Q) is at least 2. In general, a co-H-space is ratio-

nally homotopy equivalent to a wedge of spheres. As ΩXi1 ∗ · · · ∗ ΩXij '
Σk−1ΩXi1 ∧ · · · ∧ ΩXik , it follows that ΩXi1 ∗ · · · ∗ ΩXik is rationally ho-

motopy equivalent to a wedge of spheres. As the rational homology of this

space has rank at least 2, ΩXi1 ∗ · · · ∗ ΩXik is rationally homotopy equiv-

alent to a wedge of at least 2 spheres. But a wedge of 2 or more spheres is

hyperbolic, and so ΩXi1 ∗ · · · ∗ ΩXik is hyperbolic.

Theorem 11.3 is a mild generalization of a result by Félix and Tanré [13],

which considered the case when each Xi equals a common space X. How-

ever, the methods are very different. Félix and Tanré used a Sullivan min-

imal model argument which gives only rational information. The proof of

Theorem 11.3 used a minimal missing face argument which gives integral

information, from which rational information can be deduced. This dis-

tinction will be important in the next section when we consider Moore’s

conjecture.

Theorem 11.3 implies that if (X, ∗)K is elliptic for K 6= ∆m−1 then

each ΩXi must have at most one generator in reduced rational homology.

That is, each ΩXi is either rationally contractible or rationally a sphere.

So while Theorem 11.3 identifies many hyperbolic spaces, it does not apply

at all to the case of DJK = (CP∞, ∗)K since each ΩXi equals ΩCP∞ '
S1. Bahri, Bendersky, Cohen and Gitler [2] considered the case of Davis-

Januszkiewicz spaces and showed that DJK is elliptic if and only if it is a

product of spheres and discs.

12. Moore’s conjecture

There is a major conjecture in homotopy theory which relates the notion

of a space being elliptic or hyperbolic with homotopy exponents.

Conjecture: Moore Let X be a finite CW -complex. Then the following

are equivalent:

(a) X is elliptic;

(b) X has a finite homotopy exponent at every prime p;

(c) X has a finite homotopy exponent at some prime p.

Moore’s conjecture is known to hold in a limited number of cases. El-

liptic spaces with finite exponents at all primes include spheres [26, 41],

finite H-spaces [28], H-spaces with finitely generated cohomology [8], and
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odd primary Moore spaces [33]. Hyperbolic spaces with no exponent at

any prime include Sn∨Sm by the Hilton-Milnor Theorem, torsion-free sus-

pensions [36], and two-cell complexes [34]. There are also partial results.

In [31] it was shown that if X is elliptic then it has an exponent at all

but finitely many primes, and in [37] it was shown that if X is hyperbolic

and H∗(ΩX;Z) is p-torsion free then, provided p is large enough, X has no

exponent at p.

The methods used in Theorem 11.3 to show that (X, ∗)K is hyperbolic

given certain conditions on the spaces Xi do more. We will use them to

given examples when Moore’s conjecture can be resolved. The statement is

about hyperbolic spaces, so Moore’s conjecture takes the form: if a space Y

is hyperbolic then it has no exponent at p for any prime p. In this context

the proof of the following lemma is immediate.

Lemma 12.1: Given the hypotheses of Theorem 11.3, if there is a space Y

which retracts off ΩXi1 ∗ · · · ∗ΩXik and Y has no exponent at any prime p,

then (X, ∗)K has no exponent any prime p. �

For example, if Sn1 ∨ Sn2 retracts off ΩXi1 ∗ · · · ∗ ΩXik then (X, ∗)K
has no exponent at any prime p. We give two examples where this occurs.

Example 12.2: Take Xi = Sni for each 1 ≤ i ≤ m, where ni ≥ 2, and

consider the CW -pairs (Sni , ∗). By [25], there is a homotopy equivalence

ΣΩSn+1 '
∞∨
i=1

Sni+1. (12.1)

Iterating this homotopy equivalence implies that ΩSni1 ∗ · · · ∗ ΩSnik '
Σk−1ΩSni1 ∧ · · · ∧ ΩSnik is homotopy equivalent to an infinite wedge of

spheres. Consequently, ΩSni1 ∗ · · · ∗ΩSnik has no exponent at any prime p

and so the corresponding polyhedral product (X, ∗)K has no exponent at

any prime p.

Example 12.3: Take Xi = CPni for each 1 ≤ i ≤ m, where ni ≥ 1, and

consider the CW -pairs (CPni , ∗). It is well known that there is a homotopy

equivalence

ΩCPn ' S1 × ΩS2n+1.
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Therefore, by Lemma 4.1 and (12.1), there are homotopy equivalences

ΣΩCPn ' Σ(S1 × ΩS2n+1)

' ΣS1 ∨ ΣΩS2n+1 ∨ (ΣS1 ∧ ΩS2n+1)

' S2 ∨ (
∞∨
i=1

S2ni+1) ∨ (
∞∨
j=1

S2ni+2).

Iterating this homotopy decomposition, ΩCPni1 ∗· · ·∗ΩCPnik is homotopy

equivalent to an infinite wedge of spheres, and so has no exponent at any

prime p. Therefore the corresponding polyhedral product (X, ∗)K also has

no exponent at any prime p.

13. More on elliptic and hyperbolic spaces, and Moore’s

conjecture

In this section we use the homotopy equivalence

Ω(X,A)K '
( m∏
i=1

ΩXi

)
×
( m∏
i=1

Ω(Gi ∗ Yi)
)

in Theorem 9.4 as a tool to further investigate whether polyhedral products

are elliptic or hyperbolic, and whether Moore’s conjecture holds. Two initial

observations are as follows.

Lemma 13.1: Let K be a simplicial complex on the vertex set [m] and let

(X,A) be a sequence of pointed CW -pairs. Then the following hold:

(a) if any one of X1, . . . , Xm is hyperbolic then so is (X,A)K ;

(b) if any Gi ∧ Yi is rationally nontrivial and has the property

that one of Gi or Yi has two or more generators in rational

homology then (X,A)K is hyperbolic.

Proof: Part (a) follows immediately since each ΩXi is a retract of

Ω(X,A)K , implying that the rational homotopy groups of Xi retract off

those of (X,A)K .

For part (b), in general, if X is a co-H-space with n generators in

rational homology then X is rationally equivalent to a wedge of spheres,

one for each generator. In our case, each Gi ∗Yi ' ΣGi∧Yi is a co-H-space

and so is rationally equivalent to a wedge of spheres. Rationally, there is a

Kunneth isomorphism, so

H̃∗(Gi ∧ Yi;Q) ∼= H̃∗(Gi;Q)⊗ H̃∗(Yi;Q).
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By hypothesis, Gi ∧ Yi is rationally nontrivial, which implies that there is

some nontrivial class in H̃∗(Gi ∧ Yi;Q). The Kunneth isomorphism there-

fore implies that there is at least one nontrivial class in each of H̃∗(Gi;Q)

and H̃∗(Yi;Q). Thus if at least one of H̃∗(Gi;Q) or H̃∗(Yi;Q) has two or

more generators then so does H̃∗(Gi ∧ Yi;Q). The same is then true for

H̃∗(ΣGi ∧ Yi;Q), and so ΣGi ∧ Yi is homotopy equivalent to a wedge of at

least two spheres, implying that it is hyperbolic.

Lemma 13.1 indicates that the property of being elliptic is pretty re-

strictive. If (X,A)K is elliptic then each of X1, . . . , Xm must be elliptic, and

no Gi ∧ Yi can have more than one rational homology class. To have one

rational homology class implies that Gi ∧ Yi is rationally a sphere, which

further implies that both Gi and Yi are rationally spheres. This restriction

on Gi, which is the homotopy fibre of a link into a restriction, is particularly

severe.

We will give a more explicit description of a large family of hyperbolic

spaces in Propositions 13.7 and 13.10. The idea is to relate the minimal

missing faces of linkK(v) to K\{v} in order to identify nontrivial ratio-

nal homotopy classes in one of the spaces Gi. Recall from Section 8 that

MMF(K) is the set of minimal missing faces of K.

Lemma 13.2: Let K and L be simplicial complexes on the same vertex set

[m] and suppose that K is a subcomplex of L. If MMF(K) ⊆ MMF(L) then

MMF(K) = MMF(L).

Proof: We aim for a contradiction. Suppose that σ = (i1, . . . , ik) ∈
MMF(L) but σ /∈ MMF(K). Since σ is a minimial missing face of L, by

definition we have ∂σ ⊂ L. This implies that every proper face of σ is

a face of L. On the other hand, since σ is a missing face of L it is also

a missing face of the subcomplex K. Therefore some proper face τ of σ

must be in MMF(K). By hypothesis, MMF(K) ⊆ MMF(L), implying that

τ ∈ MMF(L). But we have already said that every proper face of σ is a

face of L, and so cannot be a missing face, and therefore not in MMF(L).

This is a contradiction.

Remark 13.3: In Lemma 13.2 it is important that K and L have the

same vertex set. For if K is two disjoint vertices v1 and v2, and L is three

disjoint vertices v1, v2 and v3 then (v2, v3) ∈ MMF(L) but it is not in

MMF(K) since 3 is not even a vertex of K.
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Lemma 13.4: Let K and L be simplicial complexes on the same vertex set

[m] and suppose that K is a subcomplex of L. If MMF(K) = MMF(L) then

K = L.

Proof: Suppose that K 6= L. Then there is a face σ ∈ L such that σ /∈ K.

Therefore σ is a missing face of K, and so either σ ∈ MMF(K) or some

proper face τ of σ is in MMF(K). If σ ∈ MMF(K) then by hypothesis

σ ∈ MMF(L). But then σ is a missing face of L, a contradiction. If τ ∈
MMF(K) for some proper face τ of σ then, by hypothesis, τ ∈ MMF(L) as

well. But then τ is a missing face of L, implying that σ is a missing face

of L, a contradiction.

Suppose that K is a subcomplex of L. A minimal missing face σ of K

is said to be filled in inside L if σ ∈ L. Specialize to the case of (X, ∗).

Lemma 13.5: Let K be a simplicial complex on the vertex set [m]. Let v

be a vertex of K. Then precisely one of the following hold:

(a) linkK(v) is a full subcomplex of K\{v};
(b) there is a minimal missing face in linkK(v) that is filled in

inside K\{v}.

Proof: Suppose that linkK(v) is not a full subcomplex of K\{v}. Then

it must be shown that linkK(v) has a minimal missing face that is filled

in inside K\{v}. First we refine the problem. Let I be the vertex set of

linkK(v). This may be a proper subset of the vertex set of K\{v}. So

let R(v) be the full subcomplex of K\{v} on the vertex set I. Observe that

a minimal missing face of σ is filled in inside K\{v} if and only if it is filled

in inside R(v). So it is equivalent to show that linkK(v) has a minimal

missing face that is filled in inside R(v).

Suppose not. Then every minimal missing face σ of linkK(v) is also a

missing face of R(v). But then σ is a minimal missing face of R(v), for

every proper face of σ is in linkK(v) and so must be in R(v) since linkK(v)

is a subcomplex. Therefore MMF(linkK(v)) ⊆ MMF(R(v)). By definition of

R(v), both R(v) and linkK(v) have the same vertex set, so by Lemma 13.2

MMF(linkK(v)) = MMF(R(v)), and therefore by Lemma 13.4, linkK(v) =

R(v). That is, linkK(v) is a full subcomplex of K\{v}, a contradiction.

Guided by the two options in Lemma 13.5, we consider conditions that

guarantee that certain polyhedral products are hyperbolic by studying how
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the combinatorics of K influence the homotopy type of the homotopy fibre

of the inclusion of (X,A)linkK(v) into (X,A)K\{v}. Let v be a vertex of K.

Define the space G(v) and the map g(v) by the homotopy fibration

G(v)
g(v)−→ (X,A)linkK(v) −→ (X,A)K\{v}.

Lemma 13.6: Let K be a simplicial complex on the vertex set [m]. Suppose

that v is a vertex of K such that linkK(v) is a full subcomplex of K\{v}.
Then the map g(v) is null homotopic, implying that there is a homotopy

equivalence

Ω(X,A)K\{v} ' Ω(X,A)linkK(v) ×G(v).

Further, if linkK(v) is a proper full subcomplex of K\{v} and uj1 , . . . , uj`
are vertices of K\{v} but not of linkK(v), then

∏`
t=1 ΩXjt retracts off G(v).

Proof: Since linkK(v) is a full subcomplex of K\{v}, by Proposition 3.6,

(X,A)linkK(v) is a retract of (X,A)K\{v}. Therefore the map g(v) is null

homotopic, and the asserted homotopy equivalence for Ω(X,A)K\{v} fol-

lows immediately.

For the second statement, let u be a vertex of K\{v} that is not a vertex

of linkK(v). The full subcomplex of K\{v} on the vertex set {u} is just the

single vertex u. So by Proposition 3.6, (X,A){u} retracts off of (X,A)K\{v}.

But by definition of the polyhedral product, (X,A){u} = Xu. Therefore,

Xu retracts off (X,A)K\{v}, but it cannot retract off of (X,A)linkK(v) since

this is a subspace of
m∏
i=1
i6=u,v

Xi. Thus ΩXu is a factor of Ω(X,A)K\{v} but not

a factor of Ω(X,A)linkK(v), implying that ΩXu is a factor of G(v). As this

holds for each of the vertices uj1 , . . . , uj` , the product
∏`
t=1 ΩXjt retracts

off G(v).

Proposition 13.7: Let K be a simplicial complex on the vertex set [m].

Suppose that v is a vertex of K such that linkK(v) is a full subcomplex of

K\{v}, and suppose that uj1 , . . . , uj` are vertices of K\{v} that are not

in linkK(v). If X1, . . . , Xm are pointed, simply-connected CW -complexes

such that the rank of H̃∗(
∏`
t=1 ΩXjt ;Q) is at least 2 and ΩXv is rationally

nontrivial then (X, ∗)K is hyperbolic.

Proof: By Lemma 13.6,
∏`
t=1 ΩXjt retracts off G(v). So if the rank of

H̃∗(
∏`
t=1 ΩXjt ;Q) is at least 2 then the rank of H̃∗(G(v);Q) is at least 2.

 C
om

bi
na

to
ri

al
 a

nd
 T

or
ic

 H
om

ot
op

y 
D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 U

N
IV

E
R

SI
T

Y
 O

F 
SO

U
T

H
A

M
PT

O
N

 H
A

R
T

L
E

Y
 L

IB
R

A
R

Y
 o

n 
02

/0
2/

18
. F

or
 p

er
so

na
l u

se
 o

nl
y.



September 21, 2017 Lecture Note Series, IMS, NUS — Review Vol. 9in x 6in 10613-01 page 59

Toric Homotopy Theory 59

Therefore, as ΩXv is rationally nontrivial, the rank of H̃∗(G(v) ∗ ΩXv;Q)

is at least 2. Since G(v) ∗ ΩXv is a suspension, it is rationally homotopy

equivalent to a wedge of spheres, and as the space has rank at least 2 in

rational homology, this wedge is of at least 2 spheres. ThereforeG(v)∗ΩXv is

hyperbolic. By Theorem 9.4, Ω(G(v)∗ΩXv) retracts off Ω(X, ∗)K , implying

that Ω(X, ∗)K is hyperbolic.

Remark 13.8: The proof of Proposition 13.7 implies more. Since∏`
t=1 ΩXjt retracts off G(v), there is a retraction of Σ(

∏`
t=1 ΩXjt) ∧ ΩXv

off of G(v)∗ΩXv. So if a wedge of spheres retracts off Σ(
∏`
t=1 ΩXjt)∧ΩXv

then G(v)∗ΩXv has no exponent at any prime p and therefore neither does

(X, ∗)K , implying that Moore’s conjecture holds in this case.

The second case is when, for some vertex v of K, there is a minimal

missing face of linkK(v) that is filled in inside K\{v}. For this case we spe-

cialize to (CX,X) so that a product of cones, which is contractible, shows

up at the right point. By definition, if σ = (i1, . . . , ik) is a minimal missing

face of linkK(v) then ∂σ ⊆ linkK(v). The full subcomplex of linkK(v) on

the vertex set {i1, . . . , ik} is therefore ∂σ. Therefore, by Proposition 3.6,

(CX,X)∂σ is a retract of (CX,X)linkK(v). Since ∂σ is the boundary of a

simplex, by Lemma 8.7, (CX,X)∂σ ' Xi1 ∗ · · · ∗Xik .

Lemma 13.9: Let K be a simplicial complex on the vertex set [m]. Suppose

that v is a vertex of K such that there is a minimal missing face σ =

(i1, . . . , ik) of linkK(v) that is filled in inside K\{v}. Then there is a lift

G(v)

g(v)
��

Xi1 ∗ · · · ∗Xik
� � //

λ

66mmmmmmmmmmmmmmm
(CX,X)linkK(v)

for some map λ which has a left homotopy inverse.

Proof: Since σ is a minimal missing face of linkK(v) we have ∂σ ⊆
linkK(v). Since σ is filled in inside K\{v} there is a commutative diagram

of simplicial complexes

∂σ //

��

linkK(v)

��
σ // K\{v}.
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Now take polyhedral products with respect to (CX,X) to obtain a com-

mutative diagram of polyhedral products

(CX,X)∂σ //

��

(CX,X)linkK(v)

��
(CX,X)σ // (CX,X)K\{v}.

(13.1)

As mentioned prior to the lemma, (CX,X)∂σ ' Xi1 ∗ · · · ∗Xik . Since σ is

a simplex, by Example 2.3 (CX,X)σ = CXi1 ×· · ·×CXik , so (CX,X)σ is

contractible. Thus from (13.1) we obtain a homotopy commutative diagram

Xi1 ∗ · · · ∗Xik
//

��

(CX,X)linkK(v)

��
∗ // (CX,X)K\{v}.

Therefore, as there is a homotopy fibration G(v)
g(v)−→ (CX,X)linkK(v) −→

(CX,X)K\{v}, the map Xi1 ∗ · · · ∗Xik −→ (CX,X)linkK(v) lifts through

g(v) to a map λ : Xi1 ∗ · · · ∗ Xik −→ G(v). Since the map Xi1 ∗ · · · ∗
Xik −→ (CX,X)linkK(v) is induced by the inclusion of the full subcom-

plex ∂σ into linkK(v), by Proposition 3.6 it has a left homotopy inverse

t : (CX,X)linkK(v) −→ Xi1 ∗ · · · ∗Xik . Therefore t◦ g(v) is a left homotopy

inverse of λ.

Proposition 13.10: Let K be a simplicial complex on the vertex set [m].

Suppose that v is a vertex of K such that there is a minimal missing face

σ = (i1, . . . , ik) of linkK(v) that is filled in inside K\{v}. Suppose that

X1, . . . , Xm are pointed, connected CW -complexes such that each Xij for

1 ≤ j ≤ k and Xv are rationally nontrivial, and at least one of these spaces

has rank 2 in rational homology. Then (CX,X)K is hyperbolic.

Proof: By Lemma 13.9, Xi1 ∗ · · · ∗Xik retracts off G(v), and so Xi1 ∗ · · · ∗
Xik ∗ Xv retracts off G(v) ∗ Xv. The hypotheses on the spaces Xij and

Xv imply that Xi1 ∗ · · · ∗Xik ∗Xv is rationally nontrivial and has rank at

least 2 in rational homology. Therefore G(v) ∗ Xv has rank at least 2 in

rational homology. As G(v) ∗Xv is a suspension, it is rationally homotopy

equivalent to a wedge of spheres. The fact that H̃∗(G(v)∗Xv;Q) has rank at

least 2 implies that this wedge is of at least 2 spheres. Therefore G(v) ∗Xv

is hyperbolic.
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By Theorem 9.4, Ω(G(v)∗Xv) retracts off Ω(CX,X)K , so as G(v)∗Xv

is hyperbolic, so is (CX,X)K .

Remark 13.11: As in Remark 13.8, the proof of Proposition 13.10 shows

that if a wedge of spheres retracts off of G(v) ∗Xv then (CX,X)K has no

exponent at any prime p, implying that Moore’s conjecture holds in this

case.

Propositions 13.7 and 13.10 should be regarded as a starting point for

investigating whether polyhedral products are elliptic or hyperbolic. A key

feature is that this is done by first determining integral results, and then

deducing the rational information about ellipticity or hyperbolicity. The

integral results have the advantage that they are well suited to going further

to address Moore’s conjecture. Much remains to be done in this direction,

and we close with some questions.

Problem 13.12: Determine which polyhedral products (X, ∗)K or

(CX,X)K are elliptic and which are hyperbolic.

One way forward in Problem 13.12 is to look for two rational classes

in H̃∗(G(v) ∗ ΩXv;Q) (or H̃∗(G(v) ∗ Xv;Q)) not by looking for one non-

trivial class in H̃∗(G(v);Q) and two in H̃∗(ΩXv;Q) (or H̃∗(Xv;Q)) but

to look for two nontrivial classes in H̃∗(G(v);Q) and one in H̃∗(ΩXv;Q)

(or H̃∗(Xv;Q)). For example, if linkK(v) has at least two minimal missing

faces filled in inside K\{v} then Lemma 13.9 gives two retractions off G(v),

and these are independent since they correspond to independent full sub-

complex retractions off of (CX,X)linkK(v). So one is left having to deal

with the cases where, for every vertex v in K, linkK(v) has 0 or 1 minimal

missing faces filled in inside K\{v}.
This perspective is particularly important because Propositions 13.7

and 13.10 do not give any information at all about the case of DJK =

(CP∞, ∗)K or ZK = (D2, S1)K . In the latter case, for example, the join

terms Xi1 ∗ · · · ∗ Xik are just single spheres. However, Bahri, Bendersky,

Cohen and Gitler [2] considered the case of Davis-Januszkiewicz spaces and

showed that DJK is elliptic if and only if it is a product of spheres and

discs.

Another problem is to consider what happens in the more general case

of (X,A)K .

Problem 13.13: Determine which polyhedral products (X,A)K are elliptic

and which are hyperbolic.
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It may be helpful to approach Problem 13.13 by considering more fami-

lies of special cases, such as when the CW -pairs (Xi, Ai) have the property

that the homotopy fibre Yi of the inclusion Ai −→ Xi has at least two gen-

erators in reduced rational homology, or some other special property. Many

interesting pairs fall into this case, such as (CPn,CP k) for 1 ≤ k < n ≤ ∞.

As for Moore’s conjecture, the key idea behind showing the nonexistence

of an exponent at any prime p in all the cases we considered was to find a

wedge of two spheres retracting off Gv ∗ΩXv or G(v)∗Xv for some vertex v.

The same method should work if the spaces Xi are taken to be torsion-free

suspensions by using Selick’s result [36]. It is natural to ask for a solution

more generally.

Problem 13.14: Determine whether (X, ∗)K , (CX,X)K , or (X,A)K sat-

isfies Moore’s conjecture.

14. Further problems

In these notes three trends have emerged regarding the homotopy type of

polyhedral products (X,A)K : (i) many of the results apply only for the

cases of (X, ∗) and (CX,X), which happily gives results about the Davis-

Januszkiewicz space DJK and the moment-angle complex ZK ; (ii) knowing

the homotopy class of the map (X,A)linkK(v) j−→ (X,A)K\{v} is very

helpful, and (iii) most of the results mentioned are of the form - for certain

simplicial complexes K the space (CX,X)K is homotopy equivalent to a

wedge of suspensions of iterated smashes of the spaces Xi.

Let’s address these trends in turn. First, identifying the homotopy types

of DJK and ZK are crucial, which is what motivates the generalization to

identifying the homotopy types of (X, ∗)K and (CX,X)K . However, there

are other interesting polyhedral products and very little has been done to

determine their homotopy types.

Problem 14.1: Identify the homotopy type of (X,A)K for pairs of spaces

(Xi, Ai) where neither Xi nor Ai is contractible.

Of course, this will probably involve specializing to certain pairs with

special properties, and certain simplicial complexes. But at this point al-

most nothing is known so any progress would be interesting. A curious case

to begin with may be pairs (CPn,CP k) for 1 ≤ k < n ≤ ∞.

Second, the homotopy class of the map (X,A)linkK(v) j−→ (X,A)K\{v}

played a pivotal role in the strategy for identifying the homotopy type of
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(CX,X)K for K shifted in Section 7, and it played an equally important

role in identifying hyperbolic polyhedral products in Section 11. Moreover,

knowing the homotopy class of j informs on the homotopy type of its fi-

bre G(v), which appears in the homotopy decomposition for Ω(X,A)K .

Problem 14.2: Find other sequences of pairs (X,A) and simplicial com-

plexes K for which the homotopy class of the map (X,A)linkK(v) j−→
(X,A)K\{v} can be identified, and use this to determine information about

(X,A)K and Ω(X,A)K .

In particular, a better understanding of the map j would help resolve

the problems already stated regarding the elliptic-hyperbolic dichotomy and

Moore’s conjecture.

Third, most moment-angle complexes ZK and polyhedral products

(CX,X)K are not homotopy equivalent to wedges of suspensions of it-

erated smashes of the spaces Xi. In particular, it is known [3] that if K is a

polytopal sphere then ZK is a manifold, and so cannot be homotopy equiv-

alent to a wedge of two or more spaces. In particular, if K is the boundary

of an m-gon then by [7, 29] there is a diffeomorphism

ZK ' #m−1
k=3 (Sk × Sm+2−k)#(k−2)(m−2

k−1) (14.1)

where # is the connected sum operation. This generalizes to K being the

dual of the boundary of certain higher dimensional polytopes. Further gen-

eralizations were proved in [15]. This raises several questions.

Problem 14.3: The diffeomorphism with the connected sum in (14.1) was

proved using geometric methods. Is there a homotopy-theoretic way of rec-

ognizing a space having the homotopy type of a connected sum?

Problem 14.4: If K is as in (14.1) then what is the homotopy type of

(CX,X)K in the case of more general pairs (CXi, Xi)? While not a man-

ifold in general, it would appear to be a useful generalization.

Problem 14.5: What other homotopy types can be realized by a moment-

angle complex or a polyhedral product?

Some initial progress has been made in Problem 14.3: in [16] it was

shown that Whitehead products play an important role in the homo-

topy class of the map ZK −→ DJK , and in [39] an intriguing connection

was made between the homotopy type of the moment-angle complex ZK
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in (14.1) and the homotopy type of m− 2 disjoint points. Nothing is really

known about Problem 14.4.

For Problem 14.5, we mention two examples. In [16] it was shown that

there is a 6-vertex triangulation K of RP 2 with the property that ZK has

the Moore space P 9(2) as a wedge summand. In particular, there is a non-

trivial Sq1 operation in the mod-2 cohomology of ZK . In [27] it was shown

that there is a 9-vertex triangulation L of CP 2 with the property that ZL
has Σ10CP 2 as a wedge summand. In particular, there is a nontrivial Sq2

operation in the mod-2 cohomology of ZL. Connected to Problem 14.5 then,

is the following problem.

Problem 14.6: For which simplicial complexes K does ZK have nontrivial

Steenrod operations in mod-p cohomology? In particular, for which simpli-

cial complexes K does ZK have mod-p torsion in cohomology?
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