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Abstract

We present an adaptive parallel solver for the numerical simulation of ideal magneto-
hydrodynamics in two and three space dimensions. The discretisation uses a finite vol-
ume scheme based on a Cartesian mesh and an explicit compact Runge—Kutta scheme
for time integration. Numerically, a generalized Lagrangian multiplier approach with
a mixed hyperbolic-parabolic correction is used to guarantee a control on the incom-
pressibility of the magnetic field. We implement the solver in the AMROC (Adaptive
Mesh Refinement in Object-oriented C++) framework that uses a structured adaptive
mesh refinement (SAMR) method discretisation-independent and is fully parallelised
for distributed memory systems. Moreover, AMROC is a modular framework provid-
ing manageability, extensibility and efficiency. In this paper, we give an overview of
the ideal magnetohydrodynamics solver developed in this framework and its capabili-
ties. We also include an example of this solver’s verification with other codes and its
numerical and computational performance.
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1. Introduction

The numerical simulation of plasma plays an important role in astrophysics and
space physics due to its scale variabilities [1]. For studying macroscopic space plasma
phenomena, the ideal magnetohydrodynamics (MHD) theory is a handy tool that treats
the plasma as a perfect electrically conducting fluid under the influence of a magnetic
field [2]. Since the last decades, a variety of numerical algorithms for multidimen-
sional MHD based on finite volume method have been developed, for instances the
ones discussed in [3].
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These algorithm have two significant extensions compared to the primary hydro-
dynamical case: The first is an extension of the Riemann solver used to compute the
fluxes of each conserved quantity, and the second is the method that assures a control
of the divergence-free constraint, i.e., V- B = 0. In general, realistic MHD simulations
in the context of space weather forecast are performed under prohibitive computational
costs, which remains a core challenge to be overcome. Therefore, in practice for mul-
tiscale space MHD applications very efficient frameworks are essential. As proposed
here, a new MHD solver has been developed upon our serial Carmen—-MHD code, cf.
[4, 5] and references therein. The current solver is an ideal compressible MHD model
with finite volume adaptive mesh in two and three space dimensions developed in the
parallel AMROC framework, incorporating recent advances in the area of SAMR.

We organise the content as follows: In Section 2, we describe the governing equa-
tions, the finite volume method, and briefly the main ideas of the block-based adaptive
mesh refinement (AMR) approach as implemented in AMROC. In Section 3, we de-
velop the numerical experiments. Then, we draw the conclusions in Section 4.

2. Numerical methods

2.1. Governing equations

In the solution of hyperbolic conservation laws given by partial differential equa-
tions such as d,q + V - f(q) = 0, different length scales are ubiquitous. It is well es-
tablished that for nonlinear flux functions f(q) even continuous initial data can develop
into discontinuities over time [6]. In particular, we consider the compressible inviscid
ideal magnetohydrodynamic equations, in Cartesian coordinates [2], that describe the
physics of an ideal conducting fluid under the influence of a magnetic field. Basically
this system is composed of the continuity, energy, momentum equations, and induction
equations as
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In the latter, p is the density, u the fluid velocity vector, B the magnetic field vector, and
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E the total energy density defined as E = P ] + % + R where p is the gas pressure
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considering the state equation assuming an ideal gas plasma. All variables depend on
the spatial location x and time 7 and these equations are represented in non-dimensional
form such that the magnetic permeability u is normalised to one.

Due to Gauss’ law of magnetism, this system has also a physical constraint in the
magnetic field, given by V - B = 0. In numerical simulations the divergence constraint
is not always satisfied as first realised by Brackbill and Barnes [7]. In order to min-
imize this effect, several types of corrections have been used, as described in [3] and



references therein. Here, we have chosen a divergence transport approach known as
parabolic-hyperbolic divergence cleaning proposed by Dedner et al. in [8] in combina-
tion with the correction proposed by Mignone and Tzeferacos in [9]. This correction
consists in adding a differential operator D = g + — to the divergence constraint
c c
h 14
of the B field, resulting in a new system composed basically of the continuity, energy,
momentum equations, and the additional equations
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where i is a scalar-valued function, I the identity tensor, and ¢, and ¢, are the parabolic
and hyperbolic constants, respectively. The constant c;, is defined as

Ah
¢, = max [VE, max (|ui| + cf)] , 3)

where Ah = min (Ax, Ay, Az), Ax, Ay, Az are the mesh sizes in each direction, v the
Courant number, y; is the velocity of the i-th component, and c; is the fast magnetoa-
coustic wave of the MHD model. The ¢, value is defined in terms of the parameter

a, = Ah E—Z, where ), € [0, 1], as described in [9]. We also have y denoting the

specific heal; ratio. This system is well known as the Generalized Lagrange Multiplier
(GLM) approach, and it reduces to the usual MHD system when ¢ = 0.

In practical MHD cases, discontinuous shock and contact waves can develop, which
requires the use of shock-capturing methods. In particular, the finite volumes method
have been constructed to handle particularly this behaviour in a robust and oscillation
free way [10]. Since in inviscid problems discontinuities and contact waves are usually
very localised, a local increase of mesh resolution is beneficial to represent these jumps
as accurately as possible.

In the computations presented here, we use a finite volume scheme based on a
Cartesian mesh with HLLD numerical flux introduced by [11] with monotonised cen-
tral (MC) symmetric limiter discussed in [12] and an explicit second order Runge—
Kutta scheme for time integration. We apply the divergence control parameter a, = 0.4
and ¢ = 0 in the initial conditions.

2.2. Block-structured AMR and AMROC framework

The structured adaptive mesh refinement method for finite volume methods intro-
duced by Berger and Collela [13] follows a patch-oriented refinement approach, where
non-overlapping rectangular sub-meshes G, define by G, := Uffi  G¢m the domain
of an entire level with index £ =0,--- , L.

As the construction of refinement proceeds recursively, a hierarchy of sub-meshes
successively contained within the next coarser level domain is created. This method
has become an important mesh adaptation approach for hyperbolic conservation laws.

The characteristic of the SAMR algorithm is that refinement patches overlay coarser
mesh data structures, instead of being embedded, thereby avoiding data fragmentation.
Values of cells covered by finer sub-meshes are subsequently overwritten by averaged



fine mesh values, which, in general, would lead to a loss of conservation on the coarser
mesh. A remedy to this problem is to replace the coarse mesh numerical fluxes at re-
finement boundaries with the sum of fine mesh fluxes along the corresponding coarse
cell boundary, cf. [13, 14].

The recursive nature of the algorithm allows only the addition of one new level in
each refinement operation. The patch-based approach does not require special coars-
ening operations; sub-meshes are simply removed from the hierarchy. The coarsest
possible resolution is thereby restricted to the level zero mesh. It is assumed that all
mesh widths on level ¢ are r,-times finer than on the level £ — 1, which ensures that
a time-explicit finite volume scheme remains stable under a CFL-type condition on
all levels of the hierarchy. The numerical update is applied on the level ¢ by calling
a single-mesh routine implementing the uniform scheme in a loop over all the sub-
meshes. The regularity of the input data allows a straightforward implementation of
the scheme and further permits optimisation to take advantage of high-level caches,
and pipelining, for instance. New refinement meshes are initialised by interpolating
the vector of conservative quantities Q from the next coarser level. However, data in
cells already refined is copied directly from the previous refinement patches. Ghost
cells around each patch are used to decouple the sub-meshes computationally. Ghost
cells outside of the root domain Gy are used to implement physical boundary condi-
tions. Ghost cells in G, have a unique interior cell analogue and are set by copying
the data value from the patch where the interior cell is contained (synchronisation).
For ¢ > 0, internal boundaries can also be used. If recursive time step refinement is
employed, ghost cells at the internal refinement boundaries on the level ¢ are set by
time-space interpolation from the two previously calculated time steps of level {—1.
Otherwise, spatial interpolation from the level £—1 is sufficient.

AMROC implements the SAMR method discretisation-independent in one to three
space dimensions and is fully parallelised for distributed memory systems [15, 14].
With its parallel distribution strategy the overlapping ghost cell regions of neighbour-
ing patch blocks are synchronised over processor borders as boundary conditions are
applied. The communication between processors is achieved through the MPI-library
and a space filling curve algorithm is used for load-balanced data distribution as the re-
finement mesh is evolving during the course of a simulation. The parallel distribution is
accomplished as a rigorous mesh decomposition in entities of the base level mesh, but
note that the workload of all higher refinement levels including time step refinement is
considered [16].

Adaptation along discontinuities can be achieved by evaluating gradients multiplied
by the step size in all directions (scaled gradient). Cell(j, k) is flagged for refinement
if at least one of the three relations

W(Qj16) — w(Qj)l > €, W(Qjxs1) — w(Qjp)l > €,
W(Qjs1ps1) — W(Qjp)l > €”

is satisfied for an arbitrary scalar quantity w, which is derived from the numerical vector

of state Q’() on level £. The constant €” denotes the prescribed refinement threshold.
Central to the block-structured mesh refinement approach is the utilisation of a ded-

icated cluster algorithm to create blocks from individual cells tagged for refinement.
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Table 1: Kelvin-Helmholtz instability: Initial condition for u, and u,.

We use a recursive algorithm proposed by Bell et al. [17] for this purpose. The al-
gorithm starts with the steepest zero crossing and uses recursively weaker ones, until
the ratio between flagged and all cells in every new mesh is above the prescribed value
0 < n < 1. In practice, we use n = 0.7 on the present computations. A buffer zone of
one cell is added around tagged cells to avoid degradation of results from interpolation.
More details about these strategies can be found in [14].

3. Results

3.1. Kelvin-Helmholtz instability

In the context of space sciences, the Kelvin-Helmholtz (KH) instability appears in
many phenomena such as the solar corona, the ionosphere and astrophysical objects.
This instability is a phenomenon which occurs in single continuous fluids with a ve-
locity shear layer or at the interface of two fluids with different velocities [18]. In this
test, in order to study KH symmetry, two velocity shear layers in opposite directions
are inserted at the lines y = 0.5 and y = —0.5. Along with these shear layers, a per-
turbation in the u, component is inserted in order to create a vortex. The perturbations
in uy around y = 0.5 and y = —0.5 are in opposite direction, hence the vortices will
be counter-rotating. The initial configuration is described in [8] by the values p = 1,
p =50, B, =1,u, = B, = B, = 0. The settings for u, and u, are given in Table 1.

The computational domain is [0, 1]x[—1, 1] with periodic boundary conditions and
the computations reach time z.,g = 0.5. The simulation parameters are v = 0.4,y = 1.4.
As refinement criteria for the SAMR algorithm, we used the scaled gradient threshold
e’ = 0.01, as applied to the density field only. Note that in these tests the finest level is
always at a resolution equivalent to a uniform mesh with 20482 cells but the number of
levels used is varied between one and three, using a refinement factor 2 on all levels.

The numerical solution at #.,g obtained for the variable pressure in the case of three
refinement levels running on eight processors is given in Fig. 1 (left). This picture uses
ten contour curves, from minimum value to maximum pressure value. Super-imposed
are the refinement levels of the mesh, where red is the most refined and blue is the
coarsest level. We observe that the refinement zones agree with the isolines and the
symmetry of the instability is almost preserved. Figure 1 (right) shows the distribution
of the cells updated by each processor related to this solution.

The IL! errors for the physical variables p, p, and the maximum of the errors among
all the components of the magnetic field B; and velocity field u; are presented in Table
2. The errors double between the refinement levels for all variables, which is expected
as the computations with higher refinement use consecutively coarser cells on the base
mesh. The errors in the density are the smallest, whilst pressure has the largest ones,
as expected.



Figure 1: Kelvin-Helmholtz instability: Contour plot of pressure with background colour according to re-
finement level (left). Mesh distribution in each processor at fepg (right).

Levels Variables

P p  max(B;) max(u;)

2 0.01 0.65 0.12 0.13
3 0.02 149 0.25 0.29

Table 2: Kelvin-Helmholtz instability: ! errors considering uniform mesh of 20482 cells using two proces-
SOrS.

To verify the scalability of the parallel algorithm, we consider simulations with one
to three refinement levels, where the most refined mesh is 20482 cells for every number
of levels, using 2" processors, with n = 0 to 4. The computational time in minutes of
those experiments are given in Table 3. As expected, considering the uniform mesh
there is a time decay of roughly % between 2" and 2"*! processors. Similar results can
be observed for varying refinement levels.

3.2. Orszag & Tang vortex

This test problem has been introduced by Orszag and Tang [19]. Since then, it has
been extensively used in verification tests of ideal MHD simulations, for instance, in
[20, 21, 22]. Due to its physical characteristics it is also a well-known model for 2D
turbulence, as described in [23] using Fourier spectral methods. In detail, it verifies
the transitions in MHD structures, and consequently how robust the code is at handling
the formation of MHD shocks, shock-shock interactions, and moreover, it helps in the
identification of how significant magnetic monopoles affect the numerical solutions.

The initial conditions are for both cases p = y%, p = v, B, = —sin(y), B, =
sin (2x), and B, = 0. The values for the velocity components are given in Table 4. Note
that in the 3D case a perturbation parameter £, = 0.2 is included in addition into all
components, following the example presented in [24].



Processors
1 2 4 8 16

1 5790 3214 1597 825 573
Levels 2 1187 627 300 165 113
3 411 235 129 82 66

Table 3: Kelvin-Helmholtz instability: Elapsed time, in minutes, of the computations using one to three
refinement levels as a function of the number of processors. Simulations were performed using two nodes in
a cluster with processors Intel Xeon 2.20 GHz with 20 cores each, dividing the processes equally among the
two nodes.

2D 3D
uy —sin(y)  —[1+e,sin(@)]sin()
uy sin(x)  [1+&,sin()]sin(x)
u, 0 &p sin (z)

Table 4: Orszag-Tang vortex: Initial condition for velocity field.

The computational domain is [0, 2] in every direction with periodic boundary con-
ditions until the final time f.,q = 7. These simulations are done using y = %, and
v = 0.4, and 0.3, with scaled gradient threshold applied to the density field of ¢’ = 0.1
and 0.5 for 2D, and 3D cases, respectively.

To visualize the local convergence of the Orszag-Tang vortex, we present a cut of
the pressure field at y = 0.647 and compare it to the results obtained in the literature
(Fig. 2). All experiments were run with a 200? mesh, except the Miyoshi-Kusano one,
which used a mesh size of 1922. The FLASH solutions are computed using the HLLD
flux and the eight-wave divergence cleaning scheme. The Londrilllo-Del Zanna result
uses the third order LF-CENO scheme and staggered collocation for the magnetic field
[22]. The Miyoshi-Kusano results used the HLLD flux and the mixed GLM divergence
cleaning [11] as we do. Our results are obviously in good agreement with respect to
the main structures of the solution.

For the parallel tests, our simulations are performed with one to three refinement
levels, where the most refined mesh is 20482 (2D) and 1283 (3D). In Fig. 3, we present
similar graphs as in Fig. 1 for this 2D case. As desired, the refinement agrees with the
structures present in the solutions, and there is a uniform distribution among the pro-
cessors considering the refinement regions. The errors, using a ! norm in relation with
the solution in a uniform mesh are presented in Table 5. In this case, density and pres-
sure present similar errors and the largest values are for two and three refinement levels.
Again, for three decomposition levels the error roughly doubles in relation to the sec-
ond refinement level. In Fig. 4, the pressure solution and the mesh distribution among
the processors are presented at f.,q. The solution symmetries are almost preserved, as
desired, and the processor distributions follow well-balanced patterns observed already
in the 2D cases.



Figure 2: 1D cut comparison of pressure solutions at y = 0.64 7 at fepg obtained from our simulations
(line) with other simulations: Londrilllo-Del Zanna (cross), Miyoshi-Kusano (dot), and FLASH eight-wave
(circle).

Figure 3: 2D Orszag-Tang vortex: Contour plot of pressure with background colour according to refinement
level (left) and mesh distribution in each processor at the final iteration (right).

The computational time in minutes for 2" processors with n = 0 to 4 of those
experiments are given in Table 6. In the 2D experiments after four processors the
scalability is close to two. In 3D, all experiments present scalability near two, except
for 16 processors, where probably the communication costs dominate due to the small
problem size.

3.3. Shock-Cloud iteration

To check the performance of the numerical scheme when dealing with super-fast
flows, this problem presents a disruption of a high-density magnetic cloud by a strong
shock wave, as described in [1]. The initial condition is constructed by considering two
regions, the first one defines the advancing plasma — which causes the shock — and the
other is a stationary state where the shock advances. These regions are limited by the

Levels Variables

P p  max(B;) max(u)

2D 2 0.62 0.64 0.32 0.23
3 1.24  1.39 0.68 0.48

Table 5: Orszag-Tang vortex: L! errors for 2D cases.



Figure 4: 3D Orszag-Tang vortex: Solution for pressure (left) and mesh distribution in each processor (right)
at fepd.-

Level Processors
1 2 4 8 16

1 1174 632 306 160 98
2D 2 409 240 136 77 41

3 351 176 89 49 29

1 9 69 28 17 11
3D 2 68 41 21 12

3 69 50 20 12 8

Table 6: Orszag-Tang vortex: Elapsed time of the computations using one to three refinement levels as
a function of the number of processors. Simulations were performed using two nodes in a cluster with
processors Intel Xeon 2.20 GHz with 20 cores each. Here, we divided the processes equally among the two
nodes.

domain boundaries and a plane parallel to the yz plane at x = 0.05. Inside the second
region, we define the cloud as a high density region in hydrostatic equilibrium with the
surrounding plasma.

We consider the cloud region as a sphere with centre at (0.25,0.5,0.5) and radius
ro = 0.15. The advancing plasma initial condition is given by p = 3.86859, p =
167.345, v, = 11.2536, vy = v, = B, = 0, B, = 2.1826182 and B, = —B,. The initial
configuration of the stationary state is given by p = 1,u = 0, By = B, = 0.56418958.
The density p is 10 inside the cloud and 1 otherwise. The computational domain is
[0, 1]* with outlet boundaries until the time f.,g = 0.06. These simulations use the

5
parameters v = 0.3, y = =, and the scaled gradient threshold €’ = 8.0.

As in the other two configurations, the simulations were performed with one to
three refinement levels, where the most refined mesh is 1283 cells, using 2" processors
with n from one to three. The pressure solution on the adaptive mesh at f,q is presented
in Fig. 5 (left). We can observe that the symmetry is almost perfectly preserved and
the adaptive mesh refines all relevant structures, particularly the bow shock. The mesh
distribution is well balanced considering, again, the difference in computational costs
required by the adaptive meshes. Similar to the KH instability, density has the lowest
errors and pressure the largest values as usual for these cases. Similarly to the other
configurations, the errors increase when more aggressive mesh adaptation, i.e., a higher



Figure 5: 3D Shock-Cloud interaction: pressure plotted over the adapted mesh (left), and mesh distribution
in each processor (right) at fepg.

Levels Variables

p p  max(B;) max(u)

2 0.04 147 0.07 0.08
3 0.13 6.24 0.20 0.40

Table 7: 3D Shock-Cloud interaction: L! errors.

number of levels, is employed.

The computational times in minutes of those experiments are given in Table 8. We
observe that in these experiments the maximum scalability is near 1.8 for one level and
one to two processot, and it reduces to a factor of 1.2 for level two and comparing the
one and two processor cases.

4. Conclusions

In this paper we presented some widely used verification tests for compressible
ideal MHD in our new MHD solver in the AMROC framework. For one test case with
available results, our solutions are in good agreeement with predictions from similar
codes. Moreover, the accuracy of the numerical solutions also exhibits the expected
behaviour comparing the uniform mesh and the adaptive meshes. Scalability and ac-
curacy of the new MHD solver were particularly investigated. In general, all test cases
show good parallel performance, confirming the quality of the implementation.

Processors
1 2 4 8

1 798 431 24.0 17.0
Levels 2 8.2 6.5 3.4 2.5
3 3.1 2.3 1.5 1.0

Table 8: 3D Shock-Cloud interaction: Elapsed time of the computations using one to three refinement levels
as a function of the number of processors. Simulations were performed in a workstation with processors
Intel Xeon 2.20 GHz with 12 cores each.
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