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Current civil aircraft are significantly quieter than the civil aircraft of the 20th century.
But the overall impact of aircraft noise has not been reduced by the same token because
the number of aircraft operations has been steadily increasing. So to compensate for
the increase in aircraft operations and reduce the overall impact of aircraft noise, we
must design quieter aircraft.

The noise generated by the jet leaving the engine exhaust is the dominant source
when the aircraft is taking off, so its reduction will lead to significant reduction of
the total aircraft noise. The current engine design employs decades of research on jet
noise, so noise technology has reached a mature state. Thus to further reduce jet noise
we must assess the impact of once secondary elements or employ disruptive designs.
These assessments would have such a large design space that it is not possible to rely
on experimental campaigns and scaling laws, hence the need to develop numerical
methods to predict jet noise.

This thesis studies methods to predict jet noise that use an acoustic analogy and
information from a steady RANS solution of the flow to compute turbulence two-
point statistics. RANS-based methods rely on empirical modelling but may provide the
optimum balance between computational cost and generality needed by the industry
to design the next generation of jet engines.

The goal of the thesis is to reduce the empiricism of RANS-based prediction whilst
keeping the low computational cost. The contributions of the thesis are summarised
in three aspects: (1) introduce a model for the additional sound source in hot jets, (2)
formulate the empirical model of turbulence statistics in frequency domain, and (3)
compute the effect of turbulence anisotropy on jet noise directivity.

The contributions of the thesis update an existing prediction method (C. R. S. Ilário
et al. Prediction of jet mixing noise with Lighthill’s acoustic analogy and geometrical
acoustics. J. Acoust. Soc. Am., 141 (2), 2017.) which can be applied by industry, and
provide background for further research in academia.
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Chapter 1

Introduction

The noise generated by turbulent air jets became a significant engineering problem in

mid 20th century when jet engines started replacing propeller engines as power plants

in civil aircraft. The jet engine was superior to propeller engines in many aspects—

e.g., higher efficiency at high speed—but it was noisier than the propeller engines. The

excessive noise levels of the early jet engines put its widespread application at risk.

Research efforts in academia and industry increased the understanding of jet noise

and enabled changes in the engine to reduce jet noise. These design changes make

current civil aircraft approximately 20dB quieter than the early jet-powered aircraft

[1]. Adding a secondary stream to the jet engine—i.e. changing the design from a

turbojet to a turbofan engine—achieved most of the noise reduction. The turbofan

engine is quieter because it issues a jet at lower speed than the turbojet engine for the

same thrust. The thrust is kept by adding a secondary gas stream with lower velocity

but larger area. The lower-speed jet is quieter because it generates less turbulence

when it mixes with the ambient air.

Reducing jet noise with the turbofan design increased the relative contribution of

other noise sources. The sources of aircraft noise may be split between engine sources

and airframe sources. The engine sources are further split into fan, compressor, com-

bustor, turbine, and jet sources. Table 1.1 shows typical levels of acoustic power emit-

ted by these noise sources from a modern wide-bodied aircraft. Fan and jet are the

most significant noise sources at takeoff and approach. The fan is significant at both

takeoff and approach; it is secondary at takeoff and dominates at approach condition.
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The jet has a minor impact at approach condition, but dominates at takeoff condition,

being 2 dB above fan noise. So despite the reductions of jet noise since the first jet

engines, jet noise dominates noise emission at takeoff condition.

TABLE 1.1: Breakdown of noise sources of typical wide-bodied civil aircraft (adapted from
Astley et al. [2]). Measured power level in dB with arbitrary reference level.

Takeoff Approach

Fan 21.2 23.0

Compressor 0.0 14.2

Combustor 9.9 10.8

Turbine 10.8 17.5

Jet 23.0 9.3

Engine total 24.5 24.8

Airframe 10.8 18.9

Aircraft total 24.7 25.8

Despite modern civil aircraft being considerably quieter than their predecessors,

the overall effect of noise continues to grow because of the increasing number of

aircraft operations. Given the current trends of increase in air traffic [3], quieter aircraft

are needed to keep the overall impact of aircraft noise at the same level.

International regulating bodies enforce the need of reducing aircraft noise via the

certification process for aircraft models entering the market. The certification process

considers the aircraft noise that affects people outside the aircraft, not the passengers

and crew. So the aircraft is certified for operating conditions when it is closer to the

airport: during takeoff and approach. Jet noise is significant at takeoff condition, so it

is imperative that it is reduced to comply with future noise certification levels.

Given the advanced status of the technology, the noise reductions needed to comply

with these regulations will rely on more subtle design modifications than applied so

far. Design changes such as chevron nozzles or non-concentric dual-stream designs

could achieve the desired noise reductions. Additionally, it is necessary to assess the
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impact on jet noise of other elements of the aircraft such as pylons, the bullet in the

core stream, close-coupled wing, and flap. So to reduce jet noise it is necessary to

predict the effect of design changes on jet noise, whether the changes are intended to

reduce noise or are related to other aspects of aircraft design.

Purely empirical analysis cannot be used to predict the effect these changes be-

cause of the large parametric space, and scaling laws based on previous design cannot

be used either because of changes in the mechanisms of noise generation. So it is nec-

essary to reduce the empiricism of jet noise prediction used by industry whilst keeping

a low computational cost.

1.1 Jet noise prediction

Ongoing research efforts since the first jet engines entered into service increased our

understanding of the jet noise problem and enabled technological solutions to mitigate

jet noise. Jet noise, once a single dominant noise source in aircraft, is now one among

many sources of aircraft noise. Yet, predicting jet noise is still a challenge.

It is possible to predict jet noise from first principles by solving the complete set

of equations of fluid motion via direct numerical simulation (e.g. Freund [4]). But this

approach is limited to simplified geometries and to low Reynolds numbers due to the

high computational cost. Large eddy simulation is a cheaper alternative than direct

numerical simulation that computes all necessary features of the flow to predict jet

noise.

Large eddy simulations are practical for realistic geometries and Reynolds num-

bers, but are still too computationally expensive for day-to-day industrial applica-

tions. Large eddy simulations are therefore restricted to applications in the research

environment—e.g., Wang, Naqavi and Tucker [5] and Tyacke, Wang and Tucker [6].

The challenge that remains is to compute jet noise from first principles and with low

computational cost.

Lighthill [7] presented a theory that enables prediction of jet noise based on first
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principles. Lighthill’s formulation is based on a rearrangement of the equations of

fluid motion that enables the prediction of the acoustic farfield of a turbulent flow if

information about the turbulence in the jet is available—an approach referred to as an

acoustic analogy. Lighthill [7] applied his theory to show that the total sound power

emitted by a jet scales with the eighth power of the jet-exit speed.

The scaling of noise power level with the eighth power of jet-velocity predicts the

overall noise reduction of turbofan engines when compared to turbojets. The scaling,

however, does not predict the effect of complex geometries, e.g., chevron nozzles or

dual-stream jets with a hot core. To analyse these effects spectral information about

the acoustic farfield is necessary, which in turn requires information about turbulence

statistics in the jet plume.

A numerical solution of the Reynolds-averaged Navier–Stokes (RANS) equations

may be used to compute information about turbulence in the jet plume. Numerical

RANS solutions are implemented in commercial solvers with different turbulence

models, but most often used model for jet noise modelling the k–ε model, where k

is the turbulent kinetic energy and ε the turbulent dissipation rate. Standard RANS

k–ε solvers can deal with arbitrary geometries and operating conditions, giving a de-

scription of the mean flow and turbulence in the jet plume. The information about

turbulence statistics provided by a RANS k–ε solution, however, is not enough to

predict the acoustic farfield spectrum using an acoustic analogy.

The limited information from RANS k–ε must be supplemented with models for

turbulence two-point statistics and empirical coefficients to predict jet noise. An early

example of this approach was presented by Khavaran, Krejsa and Kim [8] to predict

noise from isothermal jets. They used the acoustic analogy by Lighthill [7] to model

the sources of sound and supplemented the formulation with the theory by Lilley [9]

to account for the propagation of sound through the jet mean flow. The accuracy of

the predictions with this so-called RANS-based scheme was remarkable, given the

non-linearity of the problem and the limited information from the RANS solution.

Khavaran, Krejsa and Kim [8] modelled the turbulence two-point statistics using

an empirical model of space-time velocity correlation (also referred to as velocity
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cross-correlation). The space–time correlation model assumes locally homogeneous

and isotropic turbulence and a Gaussian function is used to compute the decay with

time and with space separation. The scaling parameters of the space–time correlation

model—of magnitude, time, and length—are related to the scales provided by the

RANS k–ε solution.

In the remaining of this section the review focuses on the research group where this

thesis has been developed. Previous work are briefly described to give an overview of

the current method presented by Ilário et al. [10]—the starting point of this thesis. A

wider review of the literature on jet noise prediction is presented in Chapter 3.

Self [11] presented a model based on Lighthill’s acoustic analogy that accounts for

frequency-dependent scales of turbulence as measured by Harper-Bourne [12]. Self

[11] modelled the turbulence two-point statistics in frequency domain to explicitly

account for frequency-dependent scales. This formulation explicitly models the de-

pendence with frequency of the turbulence length scale.

Self and Azarpeyvand [13] also considered frequency-dependent scales, but instead

of an explicit frequency-dependence, they redefined the time scale based on an analy-

sis of the turbulence wavenumber spectrum. The new time scale needs less empirical

parameters than the time scale used by Self [11]. Self and Azarpeyvand used the model

by Khavaran et al. as the basic framework—i.e. using Lighthil’s acoustic analogy for

sources and Lilley’s equation for propagation—, but changing the definition of the

time scale.

Ilário et al. [10] used the time scale by Self and Azarpeyvand [13] to model the

momentum source of Lighthill’s acoustic analogy. The resulting prediction scheme

was validated for hot and isothermal jets, but the empirical coefficient must vary with

jet temperature.



6 Chapter 1. Introduction

1.2 Contributions of the thesis

This thesis improves a RANS-based prediction method by presenting the following

extensions to the method by Ilário et al. [10]:

1. A new source term, related to enthalpy fluxes, is introduced in the method to

predict noise from hot jets.

2. Reformulate the source model to use a frequency-domain model of turbulence

statistics and introduce models for the turbulence autospectral density and for

the spectrum of coherence length scale.

3. Analyse the effect of turbulence anisotropy on the farfield directivity.

The first contribution has been implemented in the prediction method and validated

with farfield predictions. Contributions 2 and 3 are presented as a first step towards a

reformulation of the prediction method to use a frequency-domain model of turbulence

statistics.

1.3 Thesis outline

The rest of the thesis may be split into four parts. First, Chapters 2 and 3 present the

background. Second, Chapters 4 and 5 introduce the models developed in the thesis.

Third, Chapters 6, 7, and 8 present numerical results to assess and apply the new

models. And fourth, the numerical data used in this thesis are presented in Appendix

A and B.

Chapter 2 derives an acoustic analogy using the continuity, momentum, and energy

equations. The base, or ambient, flow is assumed at rest and homogeneous, so the

formulation is referred to as no-flow acoustic analogy. Chapter 3 reviews RANS-based

prediction methods and gives more details about the contributions of the thesis.

New models developed during this work are presented in Chapters 4 and 5. Chapter

4 extends the source model of Ilário et al. [10] by including a model for the enthalpy
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source. In Chapter 5 the source model is reformulated using a model for the cross-

spectral density instead of the cross-correlation. An existing empirical model for the

cross-spectral density is extended by proposing new models for the turbulence au-

tospectral density and for the spectrum of coherence length scale.

The numerical results in Chapter 6 validate the new model for the enthalpy source.

A scaling law for the farfield mean square pressure and predictions of farfield au-

tospectral density are compared with farfield measurements. Chapter 7 validates the

extensions of the empirical model for the cross-power spectral density. Unsteady data

from large eddy simulations of isothermal and hot jets are used to validate the model.

In Chapter 8 the unsteady turbulence data is used to compute the effect of source

non-compactness and source anisotropy.

Chapter 9 discusses the achievements and limitations of the thesis. Suggestions to

overcome the limitations and extend the scope of the thesis are presented.

Appendix A presents information about the large eddy simulation [14] used in

this thesis to analyse turbulence statistics in the jet plume. Appendix B describes the

RANS simulations [15] used to predict the farfield noise with the scheme presented in

Chapter 4.
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Chapter 2

Background theory

Turbulent flows have a wide wavenumber-frequency spectrum, of which acoustic fluc-

tuations are one component. Acoustic fluctuations are distinct because they are non-

dissipative and non-dispersive, and propagate to large distances from the region of

turbulence. This possibility to propagate is due to a relationship between a physical

property of the fluid and the specific wavenumber-frequency component of sound. It

is as if for the particular wavenumber–frequency of sound the fluctuations hit a reso-

nance of the fluid, so the fluctuations can propagate to large distances.

With this view of aerodynamic sound there is no specific mechanism of sound gen-

eration in turbulent flows. Sound is but one component of the wavenumber-frequency

spectrum of turbulence, so it is “generated” as any other component of the spectrum—

i.e. via non-linear interactions of the turbulent fluctuations in the flow. Thus the goal

of this thesis is to model the acoustic component of the turbulence spectrum in order

to predict jet mixing noise.

Section 2.1 presents an acoustic analogy that relates mathematically the farfield

acoustic spectrum to the wavenumber-frequency spectrum of turbulence. This is the

fundamental theory of aerodynamic sound used in the remaining of the thesis.



10 Chapter 2. Background theory

2.1 No-flow acoustic analogy

An acoustic analogy is a rearrangement of the equations of fluid motion that distin-

guishes turbulent and acoustic fluctuations in the flow. The acoustic analogy presented

in this section results in a non-homogeneous wave equation for a homogeneous fluid

a rest. The resulting acoustic analogy is referred to as a no-flow acoustic analogy

because the fluid is considered quiescent for the acoustic operator. The formulation

differs from the one presented by Lighthill [7] by using energy equation—Lighthill

used only the continuity and momentum equations.

The non-homogeneous terms of the wave equation are equivalent sources of sound.

There remains, however, ambiguity in the definition of these equivalent sources. Other

acoustic analogies—e.g., those by Lilley [9] and Goldstein [16]—result in different

equivalent sources. Despite the ambiguity, the acoustic analogy has been validated

to predict aerodynamic sound hence its application as the fundamental theory in this

thesis.

In the acoustic analogy by Lighthill the continuity and momentum equations are

rewritten as the non-homogeneous wave equation for a hypothetical homogeneous

medium at rest. The resulting forcing term is a field of equivalent sources related

to non-linear fluctuations in the flow. Another ambiguity in the definition of these

equivalent sources arises: the turbulent and acoustic field are present in the field of

equivalent sources.

An important difference between turbulent and acoustic fields enable practical ap-

plication of the acoustic analogy: the turbulent field is in general confined to a smaller

region of space than the acoustic field. Therefore, the acoustic analogy can be applied

to compute the acoustic field in a region where turbulence has already decayed. That

region coincides with the acoustic farfield of traditional acoustics, thus enabling fur-

ther simplifications of the acoustic formulation. Moreover, for aircraft applications we

are often interested in computing the noise in the farfield, where the noise affects a

large number of people outside the aircraft and where certification measurements are

taken.
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It should be noted that to apply an acoustic analogy it is considered that the acoustic

field does not affect the non-linear source field, so that the equivalent sources can be

computed independently of the solution of the acoustic field.

2.1.1 Derivation of the wave equation

The derivation starts with the equations of fluid motion. These equations are derived

from the assumption of the fluid as a continuum, followed by the application of the

conservation of mass for a portion of fluid, the application of Newton’s second law,

and the application of the conservation of energy. As molecular diffusive effects are

small in high-Reynolds-number flows, the fluid is herein assumed inviscid and with

zero thermal conductivity. So the continuity, momentum, and energy equations reduce

to the Euler equations. They can be written in the so-called conservative form as

∂ρ

∂ t
+

∂ρUi

∂xi
= 0. (2.1)

∂ρUi

∂ t
+

∂ρUiU j

∂x j
=− ∂ p

∂xi
, (2.2)

and
∂ρh
∂ t

+
∂ρUih

∂xi
=

∂ p
∂ t

+Ui
∂ p
∂xi

, (2.3)

in which ρ is the density, Ui is the instantaneous velocity vector, h is the enthalpy, and

p is the pressure.

The acoustic field can be computed by solving Eqs. (2.1), (2.2), and (2.3). A general

analytical solution for these equations has not been found, and numerical solutions

are expensive. Therefore, another way to predict the acoustic field without solving the

equations of fluid motion is sought. This can be done by manipulating the equations

of fluid motion in the form of an acoustic equation.

In the derivation of the no-flow acoustic analogy the equations of fluid motion are

rearranged as a single scalar equation that describes the development of acoustic field.

The manipulation is split in two steps. First, the momentum and continuity equations

are combined into a non-homogeneous equation, resulting in a forcing term related to
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fluctuating momentum fluxes and a non-barotropic forcing term related to thermody-

namic fluctuations. Second, the energy equation is used to rewrite the non-barotropic

term in terms of enthalpy.

The equations of continuity and momentum (Eqs. (2.1) and (2.2)) can be com-

bined because the term ρUi appears in both equations. However, it is the divergence

of ρUi that appears in the continuity equation, whereas it is the time derivative of

ρUi that appears in the momentum equation. Assuming that the order of derivation is

interchangeable, the equations can be combined by taking the time derivative of the

continuity equation and the divergence of the momentum equations. This is also con-

sidered in the traditional derivation of acoustics, but the equations are linearised first;

in the acoustic analogy, the non-linear terms are kept and considered as equivalent

sources of sound.

Taking the time derivative of the continuity equation (∂/∂ t (2.1)) and the diver-

gence of the momentum equation (∂/∂xi (2.2)) yields, respectively,

∂ 2ρ

∂ t2 +
∂ 2ρUi

∂ t∂xi
= 0, (2.4)

and
∂ 2ρUi

∂xi∂ t
+

∂ 2ρUiU j

∂xi∂x j
=−∇

2 p, (2.5)

in which ∇2 ≡ ∂ 2/∂xi∂xi is the Laplacian operator. The divergence of the momentum

equation is a scalar equation, so it can be now combined with the time derivative of

the continuity equation.

Combining Eqs. (2.4) and (2.5) and rearranging the terms yields

−∇
2 p =

∂ 2ρUiU j

∂xi∂x j
− ∂ 2ρ

∂ t2 . (2.6)

The left hand side of Eq. (2.6) differs from the wave operator only by a−2
0 ∂ 2 p/∂ t2.

Therefore it is a matter of adding this term to both sides of the equation to make the

left hand side the wave operator for an homogeneous medium at rest. Such additional

term is ad hoc, arbitrary, but nevertheless exact. The non-homogeneous wave equation
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in the form of a no-flow acoustic analogy is

1
a2

0

∂ 2 p
∂ t2 −∇

2 p =
∂ 2ρUiU j

∂xi∂x j
+

∂ 2

∂ t2

(
p
a2

0
−ρ

)
. (2.7)

Equation (2.7) is the wave equation for a homogeneous medium at rest with two

source terms. The first source term is related to non-linearities in the flow, and the sec-

ond one to departures from a barotropic state of the flow; they are assumed the sources

of aerodynamic sound. The two independent source terms are related to fluctuations

of momentum fluxes and non-barotropic fluctuations of the thermodynamic state of

the fluid.

The dimensional analysis of the momentum term presented by Lighthill [7] predicts

that the total noise power emitted by a turbulent jet scales with the eighth power of the

jet-exit velocity. That agrees with measurements of jets with the same density as the

ambient medium. The non-barotropic term, however, is not in a convenient form for

analysis, as it is due to a difference of two small quantities.

Morfey [17] rewrote the non-barotropic term in a more convenient form and showed

that its power output scales with the sixth power of the jet-exit velocity. The combi-

nation of the eighth-power momentum term with the sixth-power non-barotropic term

predicted the observed trends of noise output from jets with density different from the

ambient medium—i.e. cold or hot jets, and jets of a different gas.

In the derivation of this thesis the energy equation is used to rewrite the non-

barotropic source term of Eq. (2.7). Lilley [18, 19] showed that using the energy equa-

tion enables writing the non-barotropic term in terms of fluctuating fluxes of enthalpy.

The following steps of the derivation use the energy equation (Eq. (2.3)) and an

equation of state for the fluid to rewrite the non-barotropic term. The term Ui∂ p/∂xi

in the energy equation is rewritten using the momentum equation. This can be done

by multiplying the momentum equation (Eq. (2.2)) by Ui. So the energy equation

(Eq. (2.3)) may be written as

∂ρh
∂ t

+
∂ρUih

∂xi
=

∂ p
∂ t
−ρ

DUiUi/2
Dt

. (2.8)
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Assuming an ideal gas, the equation of state is given by

ρh = p
κ0

κ0−1
, (2.9)

in which κ is the ratio of specific heats of the gas, which is assumed the same for

the jet and the homogeneous medium, and the subscript 0 denotes the value for the

hypothetical homogeneous medium. Using the equation of state to rewrite ρh in terms

of p in Eq. (2.8) and combining the terms on ∂ p/∂ t yields

1
κ0−1

∂ p
∂ t

+
∂ρUih

∂xi
=−ρ

DUiUi/2
Dt

. (2.10)

Also for an ideal gas, it follows that

κ0−1 = a2
0/h0.

Using this relation for κ0−1 in Eq. (2.10) and dividing by h0 yields

1
a2

0

∂ p
∂ t

=− 1
h0

(
∂ρUih

∂xi
+ρ

DUiUi/2
Dt

)
. (2.11)

Taking the time derivative of Eq. (2.11) and combining with the time derivative of

the continuity equation (2.4) yields

∂ 2

∂ t2

(
p
a2

0
−ρ

)
=− ∂

∂ t

[
∂

∂xi
ρUi(h/h0−1)

]
− 1

h0

∂

∂ t

(
ρ

D
Dt

UiUi/2
)
. (2.12)

By using the energy equation to the derive an acoustic analogy it is possible to

rewrite the non-barotropic term, ∂ 2 p/a2
0−ρ∂ t2, as the contribution from an enthalpy

and a kinetic energy term. The form is more convenient because the non-barotropic

term is rewritten as fluctuating fluxes of enthalpy, which have a similar form of the

momentum source term, and a material derivative of fluctuating kinetic energy.

Considering that the sound generation is due to local imbalances of fluxes of en-

thalpy or kinetic energy, it follows that the contribution from the kinetic energy term is

smaller because it is related to a material derivative. Therefore, the the kinetic energy
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term is discarded (a simplification also considered by Lilley [18, 19]).

Using the result of Eq. (2.12) after neglecting the kinetic energy term, the no-flow

acoustic analogy used in this thesis takes the final form:

1
a2

0

∂ 2 p
∂ t2 −∇

2 p =
∂ 2ρUiU j

∂xi∂x j
− ∂ 2

∂ t∂xi
ρUi(h−h0)/h0. (2.13)

This equation was derived from a rearrangement of the equations of fluid motion

and an equation of state for an ideal gas, and identifies two sources. Both sources are

related to fluxes of fluid properties, one related to fluctuating momentum fluxes which

has a quadrupole order, and another related to fluctuating enthalpy fluxes which has a

dipole order.

The acoustic problem of Eq. (2.13) is stated for an ideal homogeneous acoustic

medium at rest with an imposed source field. Such source field results from an ex-

act manipulation of the equations of fluid motion, but it is still taken as an arbitrary

imposed field. The arbitrariness is evident in that the source field accounts for non-

homogeneities of density, whereas the acoustic medium is homogeneous. Such ar-

bitrariness was highlighted in the step when a−2
0 ∂ 2 p/∂ t2 was added to Eq. (2.6) to

write Eq. (2.7). Such duality (homogeneous acoustic medium with non-homogeneous

source field) highlights the underlying assumption of the acoustic analogy presented

in this Chapter that the source field and acoustic medium are treated independently.

Regarding the acoustic field as homogeneous allows the use of the free-field Green’s

function to solve the acoustic problem stated in Eq. (2.13). In the next section the

farfield solution of the wave equation for these two sources is used to compute the

acoustic farfield generated by turbulent flows.

2.1.2 Solution for farfield pressure

The wave equation is now used to compute the pressure generated by a finite region of

turbulence. Figure 2.1 depicts a jet flow which represents such finite region of turbu-

lence. The coordinates in the figure represent the source location by x and the location
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of the farfield observer by r.

The linearity of the wave equation (Eq. 2.13) allows the farfield pressure to be

written as a sum of the contributions from the different source terms. Writing pm for

the farfield pressure generated by the momentum term, and ph for the farfield pressure

generated by the enthalpy term, the farfield pressure may be written as

p(r, t) = pm(r, t)+ ph(r, t). (2.14)

nozzle

r

x

jet plume

x1

x2

x3

FIGURE 2.1: Coordinate system showing locations in the source region, x, and in the
farfield, r.

The solution of the wave equation of the no-flow acoustic analogy (Eq. (2.13)) can

be written in integral form with the free-field Green’s function. So the solution for the

acoustic field generated by the momentum and the enthalpy terms are, respectively:

pm(r, t) =
∫ 1

4π |r−x|

{
∂ 2

∂xi∂x j
ρUiU j

}
d3x, (2.15)
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and

ph(r, t) =−
∫ 1

4π|r−x|

{
∂ 2

∂ t∂xi
ρUi (h/h0−1)

}
d3x, (2.16)

in which |r−x| is the separation between source and observer, and the terms inside the

curly brackets are evaluated at the source location x and retarded time t−|r−x|/a0.

These solutions are simplified by application of farfield approximations.

The usual farfield approximations are presented in three steps. First, because the

source terms are non-zero only in a limited region of space and after integrating by

parts, the space derivatives can be moved out of the volume integral. So Eqs. (2.15)

and (2.16) are written:

pm(r, t) =
∂ 2

∂xi∂x j

∫ 1
4π|r−x|

{
ρUiU j

}
d3x, (2.17)

and

ph(r, t) =− ∂ 2

∂ t∂xi

∫ 1
4π|r−x|

{ρUi (h/h0−1)}d3x. (2.18)

This approximation is valid when r is taken in a sufficiently large distance where the

source terms, effectively the turbulent kinetic energy, have decayed to low enough

levels.

Second, the distance between source and observer is simplified. For the term defin-

ing the decay of pressure amplitude with distance, |r− x|−1, the distance between

source and observer is simplified to r ≡ |r| on account that r� |x|. For the retarded

time, however, it is necessary to keep differences within the source region to account

for phase differences between the sources. Therefore, the approximation is less re-

strictive and amounts to

|r−x| ≈ r− r̂ixi,

in which r̂i = ri/r is the unity vector in the direction of the observer.

The two simplifications of |r−x| are used to rewrite Eqs. (2.17) and (2.18)

pm(r, t) =
1

4πr
∂ 2

∂xi∂x j

∫ {
ρUiU j

}
d3x, (2.19)



18 Chapter 2. Background theory

and

ph(r, t) =− 1
4πr

∂ 2

∂ t∂xi

∫
{ρUi (h/h0−1)}d3x, (2.20)

in which the retarded time for the terms inside the curly brackets is t− (r− r̂ixi)/a0.

With the third simplification, the space derivatives in the source coordinate are

written in terms of time derivatives—this is possible on account of the approximations

made to the retarded time, see Howe [20]. So the equations for the acoustic field due

to the momentum and enthalpy terms are written as:

pm(r, t) =
r̂ir̂ j

4πa2
0r

∂ 2

∂ t2

∫ {
ρUiU j

}
d3x, (2.21)

and

ph(r, t) =
r̂i

4πa0r
∂ 2

∂ t2

∫
{ρUi (h/h0−1)}d3x. (2.22)

This third step changes the signal only of the equation for ph. For the momentum term

the result is positive because the signal is changed twice. For the enthalpy term the

signal change is performed only once so the equation changes from negative to its

final positive form.

Introducing the velocity component in the direction of the observer Ur = r̂iUi, the

tensor operations in Eqs. (2.21) and (2.22) show that the source terms must be com-

puted in the direction of the observer (as written by Proudman [21]). That is,

r̂ir̂ jUiU j =U2
r (2.23)

and, by definition,

r̂iUi =Ur. (2.24)

Despite resembling an index notation, Ur is a scalar. The following definitions of

the source terms and the resulting equations that contain Ur, therefore, are also scalars.

Using the notation for Ur, the momentum and enthalpy source terms for an observer

at r can be written as

qm
r = ρU2

r , (2.25)
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qh
r = ρUr(h/h0−1). (2.26)

The definition of the source terms in Eq. (2.21) and (2.22) yields

pm(r, t) =
1

4πa2
0r

∂ 2

∂ t2

∫
{qm

r }d3x, (2.27)

ph(r, t) =
1

4πa0r
∂ 2

∂ t2

∫
{qh

r}d3x. (2.28)

In which the terms in the curly brackets are computed at location x and retarded time

t− (r− r̂ixi)/a0.

Equations (2.27) and (2.28) show that the solution for the momentum and enthalpy

sources are similar. The main difference is the efficiency of the source terms, with the

term 1/a2
0 for the momentum quadrupole and 1/a0 for the enthalpy dipole.

2.1.3 Equation for farfield autospectral density

The time evolution of the farfield pressure can be computed by the solution of the

non-homogeneous wave equations (Eqs. (2.27) and (2.28)) if the evolution in time

of the sources is known. Sarkar and Hussaini [22] presented a numerical solution of

these equation for isotropic turbulence, and Freund [4] did so for a jet of Reynolds

number 3600. These numerical solutions have deterministic information about the

sound sources and the acoustic field; however, they must be treated statistically for

comparison with experimental data. Hence the application of the no-flow acoustic

analogy to describe the acoustic farfield in statistical terms.

The pressure in the acoustic farfield can be described by its autospectral den-

sity. The pressure autospectral density forms a Fourier pair with the pressure auto-

correlation, so it can be computed by

Spp(r,ω) =

∞∫
−∞

p(r, t)p(r, t + τ)exp(−iωτ)dτ, (2.29)

in which the overline indicates time average.
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Decomposing the pressure field in contributions from the momentum and enthalpy

terms, the pressure autospectral density is the sum of the contribution from the mo-

mentum source term, form the enthalpy source term, and from the cross-term between

the momentum and enthalpy sources. The momentum and enthalpy sources are as-

sumed statistically independent, so the cross-term is neglected and the farfield spec-

trum is written as

Spp(r,ω) = Sm
pp(r,ω)+Sh

pp(r,ω), (2.30)

in which Sm
pp is the farfield spectrum due to the contribution from the momentum

source and Sh
pp is due to the enthalpy source. The contribution from the momentum

and enthalpy terms to the farfield spectrum can be analysed independently. This is

done by using the farfield solutions for pm and ph given by Eqs. (2.27) and (2.28) to

compute the pressure autocorrelation as:

Sm
pp(r,ω) =

∞∫
−∞

pm(r, t)pm(r, t + τ)exp(−iωτ)dτ, (2.31)

Sh
pp(r,ω) =

∞∫
−∞

ph(r, t)ph(r, t + τ)exp(−iωτ)dτ. (2.32)

The following derivation is analogous for the momentum and enthalpy terms, so

only the derivation for the momentum term is presented.

The pressure autocorrelation in the farfield is computed using the farfield solution

for pm (Eq. (2.27)):

pm(r, t)pm(r, t + τ) =
1

16π2a4
0r2

∂ 4

∂ t4

∫∫
qm

r (xA, tA)qm
r (xB, tB)d3xAd3xB (2.33)

in which tA = t− (r− r̂ixA
i )/a0 and tB = t− (r− r̂ixB

i )/a0 + τ . (See Ffowcs-Williams

[23] for a similar formulation.)

Assuming stationary turbulence, the time average on the right hand side of Eq. (2.33)

is independent of time translations. Introducing the separation vector, s = xB−xA, and
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adding (r− r̂ixA
i )/a0 to both tA and tB yields

pm(r, t)pm(r, t + τ) =
1

16π2a4
0r2

∂ 4

∂ t4

∫∫
qm

r (x, t)qm
r (x+ s, t + τ + r̂ · s/a0)d3sd3x,

(2.34)

in which the superscript A is now dropped, and d3s = d3xB.

The space–time correlation of the momentum source term is introduced,

Rm
r (x;s;τ + r̂ · s/a0) = qm

r (x, t)qm
r (x+ s, t + τ + r̂ · s/a0), (2.35)

so Eq. (2.34) is rewritten as

pm(r, t)pm(r, t + τ) =
1

16π2a4
0r2

∂ 4

∂ t4

∫∫
Rm

r (x;s; r̂ · s/a0 + τ)d3sd3x. (2.36)

The autospectral density of the contribution from the momentum term, Sm
pp, is com-

puted by taking the Fourier transform of the pressure autocorrelation (Eq. (2.36)):

Sm
pp(r,ω) =

ω4

16π2a4
0r2

∫∫∫
Rm

r (x;s;τ + r̂ · s/a0)exp(−iωτ)dτd3sd3x, (2.37)

in which ω4 results from taking the Fourier transform of a fourth-order time derivative.

The change of variable τ∗ = τ + r̂ · s/a0 is introduced, which results in dτ∗ = dτ ,

so the integral on the right hand side of Eq. (2.37) may be written as

Sm
pp(r,ω) =

ω4

16π2a4
0r2

∫∫∫
Rm

r (x;s;τ
∗)exp [−iω (τ∗− r̂ · s/a0)]dτ

∗d3sd3x. (2.38)

The change in variable changed the argument of the exponential: now the term r̂ ·s/a0,

related to differences in retarded time, appears explicitly. In this form the effect of

retarded time differences, which leads to source interference, appears more explicitly.

The integral with space separation in Eq. (2.38) can be written as a Fourier trans-

form. The Fourier of the space–time correlation is

F [Rm
r (x;s;τ

∗)] =

+∞∫
−∞

Rm
r (x;s;τ

∗)exp(−iωτ
∗)dτ

∗, (2.39)
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so Eq. (2.38) is

Sm
pp(r;ω) =

ω4

16π2a4
0r2

∫∫
F [Rm

r (x;s;τ
∗)]exp

(
i
ω

a0
r̂ · s
)

d3sd3x. (2.40)

The derivation for the enthalpy source is analogous to the one for the momen-

tum term. The resulting equation for the contribution from the enthalpy source to the

farfield autospectral density is

Sh
pp(r;ω) =

ω4

16π2a2
0r2

∫∫
F
[
Rh

r (x;s;τ
∗)
]

exp
(

i
ω

a0
r̂ · s
)

d3sd3x, (2.41)

in which Rh
r is the space–time correlation of the enthalpy source.

The application of the no-flow acoustic analogy shows the relationship between the

farfield acoustic spectrum and turbulence two-point statistics (the Fourier transform

of space–time correlations). This thesis presents methods that use empirical models to

compute turbulence two-point statistics. The background theory of turbulence statis-

tics needed to apply such empirical modelling is presented in the next section.

2.2 Statistical description of turbulence

Describing turbulence in statistical terms was a major breakthrough in our understand-

ing of turbulence in the early 20th century. A statistical description of turbulence is ap-

plied to study fundamental aspects of turbulence and to develop low-order models of

turbulence. In this thesis such statistical tools are used to model turbulence two-point

turbulence statistics.

Statistical quantities are defined in Sections 2.2.1–2.2.3 and are used to analyse

numerical data and to propose empirical models of turbulence statistics.
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2.2.1 Correlation function

The correlation function measures the degree of relationship between two signals. The

signals can be of two different variables or the same variables computed at different

locations. The latter case is considered in this thesis, and so the correlation function is

referred to as the space–time correlation.

The space–time correlation of the velocity fluctuation ui computed at x, with space

separation s, and time separation τ is

Rii(x;s;τ) = ui(x, t)ui(x+ s, t + τ), (2.42)

in which the overline indicates time average. In the definition of the correlation and in

the remaining of the thesis index repetition does not indicate summation.

The space–time correlation of the squared velocity fluctuation is necessary to model

jet noise; it is defined as

Riiii(x;s;τ) = u2
i (x; t)u2

i (x+ s; t + τ). (2.43)

2.2.2 Integral length scale

The turbulence integral length scale represents and average size of the turbulent eddies

with different wavenumbers. The integral length scale does not represent the size of

the largest due to the randomizing nature of the smaller eddies. (It is shown in Chapter

7 that the largest coherence length is scale is almost an order of magnitude larger than

the integral length scale.) Batchelor [24] gives the definition of the integral length

scale for velocity fluctuations in isotropic turbulence as

Lii(x) =
+∞∫
0

Rii(x;s1;τ = 0)ds, (2.44)

in which s = |s|.
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The definition is herein generalised for the anisotropic turbulence in jets by consid-

ering the separation in the direction of the mean flow whilst accounting for different

velocity components. Assuming that the main direction of the mean flow is aligned

with the axis x1, the integral length scale in jets is defined as

Lii(x) =
+∞∫
0

Rii(x;s1;τ = 0)ds1. (2.45)

The integral length scale depends on the location in the jet and the velocity component.

For instance, the integral length scale for u1 is L11 and the integral length scale for u2

is L22.

The integral length scale of u2
i is

Liiii(x) =
+∞∫
0

Riiii(x;s1;τ = 0)ds1. (2.46)

Taylor’s hypothesis

The integral length scale requires an integral with space separation. High space reso-

lution is difficult to achieve either numerically or experimentally. So it is more conve-

nient to rewrite the definition in terms of an integral with time separation. This can be

done by assuming that a space separation in the direction of the mean flow is equiv-

alent to a time separation multiplied by the mean flow velocity, i.e. s1 = τU1. Such

assumption is referred to as “Taylor’s hypothesis”.

Assuming Taylor’s hypothesis is valid, the integral length scale ui may be computed

by

Lii(x) =U1(x)
+∞∫
0

Rii (x;s1 = 0;τ)dτ. (2.47)

and the integral length scale of u2
i is

Liiii(x) =U1(x)
+∞∫
0

Riiii (x;s1 = 0;τ)dτ. (2.48)
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2.2.3 Cross-spectral density

The cross-spectral density gives the level of correlation between two signals at a given

frequency. For the application in this thesis, the cross-spectral density is computed

between the signal of the same variable shifted in space; so, for instance, the cross-

spectral density of ui is the cross-spectral density between the values of ui at different

locations in space. The cross-spectral density of ui is thus the Fourier transform of its

space–time correlation:

Cii(x;s;ω) = F [Rii(x;s;τ)] . (2.49)

And the same definition is applied for the cross-spectral density of u2
i :

Ciiii(x;s;ω) = F [Riiii(x;s;τ)] . (2.50)

The cross-spectral density is a complex-valued variable, so it may be decomposed

into magnitude and phase. The cross-power spectral density of ui may thus be written

as:

Cii(x;s;ω) = |Cii(x;s;ω)|exp [−iφii(x;s;ω)] , (2.51)

in which φii(x;s;ω) is the phase delay at ω between the signals at x and x+ s.

The phase is computed from the imaginary and real parts of the cross-spectral

density as:

φii = arctan
[
I [Cii]

R[Cii]

]
, (2.52)

in which I [Cii] is the imaginary part of Cii and R[Cii] is the real part of Cii.

The magnitude of the cross-spectral density can be decomposed in the autospec-

tral density of the signals and the coherence between them. For that, the coherence

function of ui is introduced:

γii(x;s;ω) =
|Cii(x;s;ω)|√

Sii(x;ω)Sii(x+ s;ω)
. (2.53)
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Using the definition of the coherence function, the cross-spectral density of ui may

be written as

Cii(x;s;ω) =
√

Sii(x;ω)Sii(x+ s;ω)γii(x;s;ω)exp [−iφii(x;s;ω)] . (2.54)

And analogously for u2
i :

Ciiii(x;s;ω) =
√

Siiii(x;ω)Siiii(x+ s;ω)γiiii(x;s;ω)exp [−iφiiii(x;s;ω)] . (2.55)

Decomposing the cross-spectral density into autospectral density, coherence, and

phase enables an independent analysis of these three components. Developing an em-

pirical term for each term is easier than for the complete cross-power spectral density

directly, so the decomposition aids modelling jet noise.
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Chapter 3

Review of RANS-based prediction

methods

The first RANS-based methods to predict jet noise were presented in the early 1990s.

Since then much progress has been made in the theory of aerodynamic sound and in

the empirical description of turbulence statistics. This chapter highlights some of this

progress by describing different jet noise prediction methods.

3.1 Prediction methods in the literature

The review of the methods aims to highlight the following aspects: (1) choice of acous-

tic analogy and resulting model for the sound sources, (2) empirical model for turbu-

lence two-point statistics, and (3) scaling relations between the empirical models and

the RANS k–ε solution of the mean flow. These three aspects focus only on the mod-

elling of the sources of sound, because aspects of flow–acoustic interaction are out of

the scope of the thesis. All methods are applied to predict the noise of subsonic jets;

some methods for isothermal and hot jets, others only for isothermal jets. The methods

reviewed in Sections 3.1.1–3.1.5 are grouped by research groups.
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3.1.1 Khavaran et al.

Khavaran, Krejsa and Kim [8] presented one of the earliest RANS-based prediction

method of the kind studied in this thesis. The sources of sound were described us-

ing the acoustic analogy by Lighthill [7] and modelled using an empirical model of

velocity space–time correlation. The correlation model is based on an assumption of

locally-homogeneous and isotropic turbulence, so that a Gaussian function is used to

model the decay of correlation with space and with time separation. The correlation

model takes the form:

Rii(x;s;τ) = Rii(x;0;0)exp
(
− τ2

τ2
0 (x)

)
exp
(
− |s|
`(x)

)
, (3.1)

in which τ0 is a time scale and ` is a length scale. The model assumes isotropic turbu-

lence, so it does not change with component of velocity nor direction of separation.

Khavaran, Krejsa and Kim used the solution of the mean flow with a RANS k–

ε model to compute the scaling parameters of the empirical space–time correlation

model. The space–time correlation model needs a scale of magnitude, one of time,

and one of length. These parameters are related to the turbulent kinetic energy, k, and

turbulent dissipation rate, ε , both computed from the RANS k–ε solution of the flow.

The scales of magnitude, time and length are related to the RANS solution, respec-

tively, by:

Rii(x;0;0) = αkk(x), (3.2)

τ0(x) = ατ

k(x)
ε(x)

, (3.3)

and

`(x) = α`
k3/2(x)

ε(x)
, (3.4)

in which αk, ατ , and α` are empirical coefficients. The scales given by Eqs. (3.2)–(3.4)

are hereafter referred to as the “traditional RANS scales”.

Khavaran [25] studied the effect of turbulence anisotropy on the jet noise. He as-

sumed turbulence axisymmetric and accounted for differences in the intensity and
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length scale in the axial and transverse directions. Considering anisotropy improved

the predictions for low polar angles by accounting for the larger intensity and length

scale in the axial direction.

Khavaran et al. [8, 25] modelled only the momentum source of Lighthill’s acoustic

analogy, so the model was limited to isothermal jets. Khavaran, Kenzakowski and

Mielke-Fagan [26] extended the model for hot jets by modelling the enthalpy source

of the acoustic analogy by Goldstein [27]. Khavaran, Kenzakowski and Mielke-Fagan

assumed that the momentum and enthalpy sources are statistically independent.

The model for two-point statistics of the enthalpy source is the same used for the

momentum source, with only changes in the scaling parameters of magnitude, length,

and time. But the empirical model was updated from the Gaussian decay used by

Khavaran, Krejsa and Kim [8] to an exponential decay to match the measurements by

Bridges and Wernet [28].

Khavaran, Kenzakowski and Mielke-Fagan [26] related the magnitude of the en-

thalpy source to the mean square value of temperature. Their model needs a spe-

cialised RANS solver because the temperature mean square is not computed by stan-

dard RANS solvers. The specialised solver needs further empirical calibration, thus

increasing the empiricism of the prediction method for hot jets.

3.1.2 Tam et al.

Tam and Auriault [29] used the linearised Euler equations as an acoustic propagator

with a forcing term. The forcing term is derived after an analogy with the kinetic

theory of gas and is related to the turbulent kinetic energy. The linearised equations

are written in an adjoint form [30] and the solution is given in terms of the two-point

statistics of the source term.

The two-point statistics is computed using an empirical model for the space–time

correlation of the source term. The model considers a Gaussian decay with space

separation and an exponential decay with time—written as space separation via an

implicit assumption of Taylor’s hypothesis. The Gaussian decay is written in a moving
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frame, thus accounting for effects of turbulence convection. The empirical model has

been validated with the measurements of velocity space–time correlation by Davies,

Fisher and Barrat [31], but there is no confirmation that the same behaviour is observed

for space–time correlation of the source term by Tam and Auriault.

The correlation model used by Tam and Auriault can be written as

Rqq(x;s;τ) =Rqq(x;0;0)exp
(
− |s|

U1τ0

)
exp
[
− ln2

`2

[(
s1−U1τ

)2
+ s2

2 + s2
3

]]
, (3.5)

in which Rqq is the space–time correlation of the source term, and U1 is phase velocity

of the turbulent fluctuations in the axial direction. The phase velocity, length scale (`),

and time scale (τ0), vary with location in the jet.

The limitation for cold to moderate temperature jets in the formulation by Tam and

Auriault was removed by Tam, Pastouchenko and Viswanathan [32]. The extended

formulation changed the correlation model to match the experimental data of Doty and

McLaughlin [33]. The modified model for the space–time correlation needs additional

empirical coefficients, but improved farfield noise predictions for hot jets.

3.1.3 Morris et al.

Morris and Farassat [34] compared the model of Tam and Auriault [29] with a model

derived from Lighthill’s acoustic analogy which is similar to the model by Khavaran,

Krejsa and Kim [8]. Morris and Farassat showed that the differences between the

approach by Tam and Auriault and the model based Lighthill’s acoustic analogy are

mainly due to differences in the statistical description of turbulence. Morris and Faras-

sat presented an acoustic analogy derived from the Euler equations which is similar to

the formulation used by Tam and Auriault [29].

Morris and Boluriaan [35] extended the model based on the Euler equation pre-

sented by Morris and Farassat [34]. In the main body of the paper the source two-

point statistics are computed by a model for the turbulence space–time correlation.
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The correlation model is similar to the one used by Tam and Auriault [29]—convected-

Gaussian decay with space separation and exponential decay with time separation and.

In the appendix of the paper, Morris and Boluriaan [35] applied the model of two-point

statistics in frequency domain presented by Harper-Bourne [12].

Raizada and Morris [36] applied from the outset the frequency domain model

sketched by Morris and Boluriaan. The model extends the one by Harper-Bourne

[12] by computing the autospectral density from the Fourier transform of a model

for the autocorrelation—Harper-Bourne computed the autospectral density indirectly

by matching the source distribution to measured data.

The autospectral density in Raizada and Morris [36] is modelled by a Lorentzian

function, which is the Fourier transform of an exponential decay of the autocorrelation.

The coherence decay is assumed to take a Gaussian form in the transverse direction

and an exponential form in the axial direction, as proposed by Harper-Bourne [12].

The effect of phase is modelled by relating the phase velocity with the mean flow

velocity and accounting for frequency-dependence as in Harper-Bourne [12].

Raizada and Morris corroborates the suggestions by Harper-Bourne [12] and Self

[11] that modelling the two-point statistics in frequency domain makes it straight-

forward to model the observed frequency-dependence of the coherence length scale

and convective velocity. The scaling parameters are related to the RANS solution via

traditional RANS scales and empirical coefficients are calibrated with farfield data.

3.1.4 Self et al.

Self [11] modelled the momentum source term from Lighthill’s acoustic analogy in

frequency domain. The frequency-dependence of the turbulence length scale and of

convective velocity observed by Harper-Bourne [12] were explicitly modelled. In Self

[11] the jet is modelled as a line source, taking into account the growth of the shear

layer width with axial coordinate. Self [37] extended the model by using information

from a RANS k–ε solution of the jet, thus computing the three-dimensional source

distribution in the jet.



32 Chapter 3. Review of RANS-based prediction methods

Self and Azarpeyvand [13] applied the formulation by Khavaran, Krejsa and Kim

[8], but considered the frequency-dependency of the time scale. They analysed the

model by Self [11, 37] that explicitly considered frequency-dependence of the time

scale and proposed a new time scale to model the frequency-dependence implicitly.

The new time scale reduced the empiricism of the model when compared to Self [11,

37] whilst showing improvements in predictions.

The new time scale was analysed by Azarpeyvand and Self [38] within the formu-

lation by Khavaran, Krejsa and Kim [8]. Azarpeyvand and Self simplified the time

scale whilst keeping the same improvements in the predictions shown by Self and

Azarpeyvand [13]. The simplified time scale implicitly accounts for the frequency-

dependence by relating the process of sound generation to a different range of the

turbulence wavenumber spectrum. The local wavenumber is related to the traditional

RANS length scale, so that effectively the time scale is reduced for regions of smaller

length scale.

The so-called “turbulent energy transfer” time scale can be written as

τ0,TET = τ0

(
`

DJ

)2/3

, (3.6)

in which τ0 and ` are the traditional RANS time and length scales.

Ilário et al. [10] applied the time scale by Azarpeyvand and Self to model the

momentum source of Lightihll’s acoustic analogy. Two-point turbulence statistics is

computed using an empirical model for space–time correlation that assumes a Gaus-

sian decay with space and time separation. The scales of magnitude and length are the

traditional RANS scales, whereas the time scale is the one presented by Azarpeyvand

and Self [38].

Rosa et al. [39] presented a comparison of the formulation by Ilário et al. [40, 10]

with other methods [29, 34, 35] that use the traditional RANS time scale. It was shown

that the formulation by Ilário et al. results in improvements without increasing the

empiricism by using the time scale of Azarpeyvand and Self [41].
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3.1.5 Karabasov et al.

Karabasov et al. [42] applied the acoustic analogy by Goldstein [27] to predict jet

noise. The two-point statistics of the source term was computed with an empiri-

cal model of space–time correlation. The correlation model considers a convected-

Gaussian decay with space separation and an exponential decay with time separa-

tion (in which time separation is written in terms of space separation divided by the

mean velocity)—the same model used by Tam and Auriault [29]. The formulation by

Karabasov et al. does not greatly differ from the one by Tam and Auriault [29] or Mor-

ris and Boluriaan [35]; but a major breakthrough was to use unsteady turbulent data in

the entire jet plume to calibrate the scaling parameters of the correlation model.

The full source tensor was computed by relating the correlation model to different

velocity components and length scales in different directions. With three-dimensional

data available for the three velocity components from a large eddy simulation, Ka-

rabasov et al. computed the effect of turbulence anisotropy in the entire jet plume.

Predictions at the sideline and low polar angle agreed well with farfield data with-

out the need of an additional source—thus contradicting, e.g., Tam, Golebiowski and

Seiner [43] and Jordan and Colonius [44].

Depuru-Mohan et al. [45] applied the formulation by Karabasov et al. to predict

the noise from isothermal jets issued from a chevron nozzle. They showed that the

calibration linking the large eddy simulation to the RANS solution for the baseline

circular jet can be used for chevron nozzles. Thus, it was shown that the RANS k–ε

solution accounts for the most important changes caused by the chevrons.

Semiletov and Karabasov [46] proposed an improvement of the correlation model

used by Karabasov et al. [42]. The model was improved by modifying the exponent of

the exponential argument—1 being an exponential decay, 2 being a Gaussian decay.

The improved model uses a non-integer exponent for the space-separation decay and

better fits turbulence data from large eddy simulation. However, the improved cor-

relation model could not be used in the source model because an analytical Fourier

transform was not found.
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3.1.6 Summary

To summarise the review presented in the previous sections, five aspects of the meth-

ods are compared:

1. Choice of acoustic analogy and resulting source terms.

2. Empirical model of two-point statistics.

3. Scaling parameters of the empirical models (scales of magnitude, time, and

length).

4. Calibration of the empirical models.

5. Operating conditions.

In the following paragraphs these five aspects are listed for each method reviewed

in this chapter.

Khavaran et al.

1. Model momentum and enthalpy sources from Goldstein’s acoustic analogy [27].

2. Compute two-point statistics with empirical model for space–time correlation.

The empirical models assumes exponential decay with time separation and ex-

ponential decay with space separation. The space separation is written in a mov-

ing frame, thus accounting for effects of phase due to turbulence convection.

3. Use traditional RANS scales of time and length. The magnitude of the momen-

tum term is related to the turbulent kinetic energy (the traditional RANS scale),

and the magnitude of the enthalpy source is related to the mean square value of

temperature.

4. Calibration with farfield data.

5. Validated for isothermal and hot jets.

Tam et al.
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1. Model source term of formulation derived by the manipulation of the Euler

equations [29].

2. Compute two-point statistics with empirical model for space–time correlation.

The model assumes an exponential decay with time separation (written as space

separation via implicit Taylor’s hypothesis) and convected-Gaussian decay with

space separation. For hot jets the correlation model is modified with local data

from the mean density gradient.

3. Use traditional RANS scales.

4. Calibration with farfield data.

5. Validated for isothermal and hot jets.

Morris et al.

1. Model momentum term of acoustic analogy derived by the manipulation of the

Euler equations [35].

2. Use empirical model of cross-spectral density by Harper-Bourne [12]. Extends

Harper-Bourne’s model by using a Lorentzian function to compute the autospec-

tral density.

3. Use traditional RANS scales.

4. Calibration with farfield data.

5. Validated for isothermal jets.

Self et al.

1. Model the momentum term from Lighthill’s acoustic analogy.

2. Model two-point statistics with empirical model of space–time correlation. The

model assumes Gaussian decay with time and space separation.
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3. Scales of magnitude and length are the traditional RANS scales. The time scale

is the one by Azarpeyvand and Self [38].

4. Calibration with farfield data.

5. Validated for isothermal and hot jets.

Karabasov et al.:

1. Models the momentum term of the acoustic analogy by Goldstein [27].

2. Two-point statistics computed by empirical model of space–time correlation.

Same model as Tam and Auriault [29].

3. Traditional RANS scales.

4. Calibration with unsteady data of turbulence in the jet plume.

5. Validated for isothermal jets.

3.2 Specific contributions of the thesis

The contributions of the thesis were presented in overall terms in Section 1.2. In this

section the contributions are compared in more details to the methods reviewed in this

chapter. The contributions are grouped in three: sound sources in hot jets, model for

two-point statistics, and effect of turbulence anisotropy.

3.2.1 Source in hot jets

Previous work:

1. Ilário et al. [10] modelled only the momentum source term of Lighthill’s acous-

tic analogy; so predictions for hot jets need temperature-dependent calibration.
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2. Tam, Pastouchenko and Viswanathan [32] ignored an additional source in hot

jets. They used the same source validated for isothermal jets with a different

model for the space–time correlation.

3. Khavaran, Kenzakowski and Mielke–Fagan [26] modelled an additional source

related to enthalpy fluxes. Their model requires a specialised RANS solver to

compute the mean square value of temperature fluctuations.

Contributions of the thesis:

1. Show that the enthalpy source in a no-flow acoustic analogy that uses the energy

equation is equivalent to the enthalpy source in the acoustic analogy by Lilley–

Goldstein [9, 16].

2. Show that a standard RANS k–ε solver can be used to compute the contribu-

tion from the enthalpy source because the fluctuations of the enthalpy fluxes is

dominated by the fluctuations of velocity.

3.2.2 Model for two-point statistics

Previous work:

1. Ilário et al. [10] assumed compact source in axial and transverse directions. The

decay of space-time correlation with time and space separations was modelled

with a Gaussian function.

2. Harper-Bourne [12] introduced a model for the cross-spectral density, splitting

it into autospectral density, coherence function, and phase. However, he did not

provide a model for the autospectral density; instead, farfield data was used to

calibrate the source autospectral density.

3. Raizada and Morris [36] supplemented the model by Harper-Bourne with a

Lorentzian function for the autospectral density. The Lorentzian function results

from the Fourier transform of a correlation model that assumes exponential de-

cay with time separation.
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Contribution of the thesis:

1. Introduce the use of the von Kármán spectrum [47] to model the autospectral

density of turbulence for jet noise modelling.

2. Use a modified von Kármán spectrum to model the spectrum of the coherence

length scale.

3. Show that the effect of frequency-dependence of phase speed may be neglected

for jet noise prediction.

3.2.3 Effect of turbulence anisotropy on jet noise directivity

Previous work:

1. Khavaran [25] modelled anisotropy due to the differences between transverse

and axial length scales, and differences between mean square value of transverse

and axial velocity fluctuations.

2. Karabasov et al. [42] used large eddy simulation data to adjust anisotropic scales

of length and magnitude for the space–time correlation model. However, they

did not present an explicit assessment of the effect of anisotropy.

Contributions of the thesis:

1. Show that the most significant effect of turbulence anisotropy on jet noise direc-

tivity is due to the anisotropy of integral length scale.

2. Use data from large eddy simulation to compute the effect of turbulence anisotropy

on jet noise directivity and compare with farfield measured data.

In summary, the thesis updates the method by Ilário et al. [10] by (1) modelling

the enthalpy source, (2) proposing the use of a frequency-domain model of turbulence

statistics, and (3) using large eddy simulation to assess turbulence two-point statistics

in the jet plume. Additionally, the thesis extends the current knowledge in jet noise

modelling by (1) showing that a standard RANS k–ε solver can be used to model the
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contribution from the enthalpy source, (2) introducing the application of von Kármán

spectrum for jet noise modelling, and (3) using unsteady turbulence data to compute

the effect of turbulence anisotropy on jet noise directivity.
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Chapter 4

Prediction method with model for

enthalpy source

The formulation presented in this chapter extends the source model of Ilário et al. [10]

by adding a model for the enthalpy source of the no-flow acoustic analogy. The new

method is presented in two forms. First, a scaling law is presented in Section 4.1 from

a dimensional analysis of the no-flow acoustic analogy. The scaling law agrees with

previous work in which the momentum source scales with U8
J and the enthalpy source

scales with U6
J .

Second, in Section 4.2, the no-flow acoustic analogy is applied to predict the farfield

spectrum. The formulation is restricted to an observer at 90◦ degrees because of the

neglect of flow–acoustic interaction and the assumptions of compact source and of

isotropic turbulence.

4.1 Scaling laws

A dimensional analysis of the no-flow acoustic analogy is applied to derive a scal-

ing law for the mean square value of the farfield pressure. The dimensional analysis

starts with the equation for the autocorrelation of the acoustic pressure from the no-

flow acoustic analogy (Eq. (2.36)). The acoustic pressure is split into contributions

from the momentum source (pm) and from the enthalpy source (ph). The sources are

assumed uncorrelated so the mean square pressure in the farfield is the sum of both
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contributions:

p2(r) = (pm)2(r)+(ph)2(r). (4.1)

The contribution from the momentum term is given by the autocorrelation of pm

with zero separation (τ = 0 in Eq. (2.36)):

(pm)2(r) =
1

16π2a4
0r2

∂ 4

∂ t4

∫∫
Rm

r (x;s; r̂ · s/a0)d3sd3x. (4.2)

The contribution from the enthalpy term is computed analogously:

(ph)2(r) =
1

16π2a2
0r2

∂ 4

∂ t4

∫∫
Rh

r (x;s; r̂ · s/a0)d3sd3x. (4.3)

Effects of space separation and differences in retarded time on the space–time cor-

relations are neglected from Eqs. (4.2) and (4.3). So the contribution from the momen-

tum and enthalpy terms are:

(pm)2(r)∼ 1
16π2a4

0r2
∂ 4

∂ t4

∫
Rm

r (x;0;0)
∫

d3sd3x, (4.4)

and

(ph)2(r)∼ 1
16π2a2

0r2
∂ 4

∂ t4

∫
Rh

r (x;0;0)
∫

d3sd3x. (4.5)

A dimension for the fourth-order time derivative and volume integral with space

separation must be introduced. The time derivative and volume integral are related to

the scales of time (τ0) and of length (`) by:

∂ 4

∂ t4 ∼ τ
−4
0 , (4.6)

and ∫
d3s∼ `3. (4.7)

With these scales for time and length, Eqs. (4.4) and (4.5) are written as

(pm)2(r)∼ 1
a4

0r2

∫
Rm

r (x;0;0)τ−4
0 (x)`3(x)d3x, (4.8)
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(ph)2(r)∼ 1
a2

0r2

∫
Rh

r (x;0;0)τ−4
0 (x)`3(x)d3x, (4.9)

in which the time and length scales may vary with location in the jet. The directivity of

the farfield is ignored, so the location of the observer is written in terms of the distance

to the nozzle exit only, r ≡ |r|, instead of r.

The space-time correlation of the source terms with zero separation gives the strength

of the source terms. Assuming that the velocity, density and enthalpy fluctuations

are uncorrelated (see confirmation of the assumption with LES data in Fig. 6.7, the

strength of the momentum and enthalpy source terms are

Rm
r (x;0;0)∼ ρ2(x)(U2

r )
2(x), (4.10)

Rh
r (x;0;0)∼ ρ2(x)U2

r (x)
[
h2(x)/h0−1

]
. (4.11)

The thermodynamic variables are now decomposed into mean and fluctuation com-

ponents,

ρ = ρ +ρ
′, (4.12)

h = h+h′. (4.13)

The mean square of these properties give the strength of the sources (Eqs. (4.11) and

(4.11). Assuming that the fluctuations are small, i.e. (ρ ′)2� (ρ)2 and (h′)2� (h)2,

the mean square of density and enthalpy are

ρ2 = (ρ)2 +(ρ ′)2 ≈ (ρ)2 , (4.14)

h2 =
(
h
)2

+(h′)2 ≈
(
h
)2
. (4.15)

The approximate value for the mean square of the thermodynamic variables (Eqs.

(4.14) and (4.15)) are used in the equations for the source strength (Eqs. (4.10) and

(4.11),) so the strength of the sources are:

Rm
r (x;0;0)∼ ρ

2(x)(U2
r )

2(x), (4.16)



44 Chapter 4. Prediction method with model for enthalpy source

and

Rh
r (x;0;0)∼ ρ

2(x)U2
r (x)

[
h

2
(x)/h0−1

]
. (4.17)

The strength of the source terms (Eqs. (4.16) and (4.17)) are substituted in Eqs. (4.8)

and (4.9) to yield the contribution from the momentum and enthalpy sources to the

farfield mean square pressure as:

(pm)2(r)∼ 1
a4

0r2

∫
ρ2(x)(U2

r )
2(x)τ−4

0 (x)`3(x)d3x, (4.18)

and

(ph)2(r)∼ 1
a2

0r2

∫
ρ

2(x)
[
h(x)/h0−1

]2
U2

r (x)τ
−4
0 (x)`3(x)d3x. (4.19)

Equations (4.18) and (4.19) relate the strength of the farfield pressure to the tur-

bulence in the jet plume. Two scaling laws are presented in the next two sections by

providing explicit relations between the scales in Eqs. (4.18) and (4.19) and properties

of the jet. Section 4.1.1 presents a formulation that uses nozzle-exit properties to pro-

vide the scales for the scaling law, whereas Section 4.1.2 presents a formulation that

uses local information about the flow computed from a RANS k–ε simulation.

4.1.1 Scales based on nozzle-exit variables

The dimensions of the integrand in Eqs. (4.18) and (4.19) may be computed from the

nominal nozzle-exit variables. As considered by Lighthill [7], the nozzle diameter, DJ ,

is used for the length scale and the nozzle-exit velocity, UJ , as a velocity scale. So the

scales of length, time, and the volume integral over the jet plume are related to these

scales by:

`∼ DJ, (4.20)

τ0 ∼ DJ/UJ, (4.21)

and ∫
d3x∼ D3

J . (4.22)
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With these scales of length, time, and velocity the volume integral over the jet

plume in Eqs. (4.18) and (4.19) may be written as:

(pm)2(r)∼
D2

J

a4
0r2 ρ

2(U2
r )

2(x)U4
J , (4.23)

(ph)2(r)∼
D2

J

a2
0r2 ρ

2 [h/h0−1
]2

U2
r (x)U

4
J . (4.24)

The mean square value of the squared velocity and of the velocity are related to the

nozzle-exit velocity, respectively, by

(U2
r )

2 ∼U4
J , (4.25)

and

U2
r ∼U2

J . (4.26)

Using these scales for the mean square of velocity in Eqs. (4.23) and (4.24) yields

(pm)2(r)∼
D2

J

a4
0r2 ρ

2U8
J , (4.27)

(ph)2(r)∼
D2

J

a2
0r2 ρ

2 [h/h0−1
]2

U6
J . (4.28)

Scales for the thermodynamic variables are also introduced. The density and en-

thalpy may be related to their nominal nozzle-exit values as

ρ ∼ ρJ, (4.29)

and

h/h0 ∼ hJ/h0. (4.30)

It is more convenient, however, to relate both properties to the nozzle-exit temperature,

TJ , using an equation of state.
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Using the equation of state for an ideal gas, the nozzle-exit density may be written

as

ρJ = p0/RTJ, (4.31)

for which the nozzle-exit pressure is equal to the ambient pressure, p0, and R is the

gas constant.

It is assumed that the ratio of specific heats is constant, so enthalpy differences are

related to temperature differences by

hJ−h0 = cp(TJ−T0), (4.32)

in which cp is the specific heat at constant pressure, and h0 and T0 are the ambient

values of enthalpy and temperature. The ambient enthalpy is related to the ambient

temperature by

h0 = cpT0. (4.33)

The scaling for the density and enthalpy in terms of temperature may now be writ-

ten as:

ρ
2 ∼ (p0/RTJ)

2 (4.34)(
h/h0−1

)2 ∼ (TR−1)2 , (4.35)

in which TR = TJ/T0 is the nozzle-exit temperature ratio.

Using the relationship between the density and enthalpy with the nozzle-exit tem-

perature (Eqs. (4.34) and (4.35)), the contribution from the momentum and enthalpy

terms to the acoustic farfield (Eqs. (4.27) and (4.28)) may be written as

(pm)2(r)∼
D2

J p2
0

R2a4
0r2

1
T 2

J
U8

J , (4.36)

and

(ph)2(r)∼
D2

J p2
0

R2a2
0r2T 2

J
(TR−1)2U6

J . (4.37)
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The mean square pressure in the farfield is computed by summing the contribu-

tions from the momentum and enthalpy sources. Assuming that the contributions are

uncorrelated, the scaling of the farfield mean square pressure with nozzle-exit values

is given by summing Eqs. (4.36) and (4.37), which results in

p2
NE ∼

D2
J p2

0

R2a4
0r2

1
T 2

J

[
αMU8

J +αH (TR−1)2 a2
0U6

J

]
, (4.38)

in which αM and αH adjust the relative contribution of the approximate terms.

The dimensional analysis shows that the momentum source scales with the eighth

power of the jet-exit velocity, the same scaling derived by Lighthill [7], and that the

enthalpy source scales with to the sixth power of velocity, which agrees with Mor-

fey [17] and Morfey, Szewczyk, and Tester [48]. Both sources increase with a power

of velocity, but have different scaling with temperature. The momentum source is in-

versely proportional to the temperature by T−2
J , whereas the enthalpy source scales

increases with (TR− 1)2/T 2
J —the scaling with temperature is different from the one

by Morfey [17], as herein the effect of changes in mean density is accounted for in the

momentum term.

The differences in scaling of the momentum and enthalpy sources explain why

at low speed hot jets are noisier than isothermal jets, whereas at high speed hot jets

are quieter than isothermal jets. For the high-speed jets the momentum term starts to

dominate, so its reduction with T−2
J result in an overall reduction of noise if tempera-

ture is increased. For low-speed jets, the enthalpy source dominates above certain jet

temperature, so the overall noise increases with temperature.

4.1.2 Scales from RANS k–ε

In this section, the scales needed by the dimensional analysis of the farfield mean

square pressure (Eqs. (4.18) and (4.9)) are computed from local information of tur-

bulence in the jet plume. This derivation is similar to the one for the scaling with

nozzle-exit values (Section 4.1.1), but the mean properties and turbulence scales are

related to local information gathered from a RANS k–ε solution of the flow.
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The mean square of velocity squared and velocity are related to the turbulent kinetic

energy (k) via

(U2
r )

2(x)∼ k2(x), (4.39)

U2
r (x)∼ k(x). (4.40)

The length and time scales are related to the traditional RANS scales by:

`(x)∼ k3/2(x)
ε(x)

, (4.41)

and

τ0(x)∼
k(x)
ε(x)

. (4.42)

With the proposed relations for the scales of magnitude, time and length (Eqs. (4.39)–

(4.42)), the contributions from the momentum and enthalpy term are given, respec-

tively, by:

(pm)2(r)∼ 1
a4

0r2

∫
ρ

2k5/2
εd3x, (4.43)

and

(ph)2(r)∼ 1
a2

0r2

∫
ρ

2 (h/h0−1
)2

k3/2
εd3x, (4.44)

in which all terms in the integrand except h0 vary with x. It is assumed that the ther-

modynamic variables have small fluctuations and are not correlated to velocity fluctu-

ations (see Eqs. (4.14) and (4.15)), so their local mean values are used.

The contribution of the momentum and enthalpy terms are summed to yield the

scaling of the farfield mean square pressure with the RANS solution as

p2
RANS(r)∼

1
a4

0r2

∫
ρ

2k3/2
ε

[
αMk+αMa2

0
(
h/h0−1

)2
]

d3x, (4.45)

in which αM and αH adjust the relative contribution from the momentum and from the

enthalpy terms.
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4.1.3 Based on the Lilley–Goldstein analogy

The scaling laws presented in Sections 4.1.1 and 4.1.2 are based on the formulation

presented in Chapter 2. In this section, a scaling law based on the acoustic analogy

by Lilley–Goldstein [9, 16] is presented. The Lilley–Goldstein formulation is first

presented for a parallel shear flow, then the base flow is considered homogeneous and

at rest to derive the scaling law that. The resulting scaling law is then compared to the

one presented in Chapter 2.

Goldstein [16] introduced an acoustic analogy based on the one presented by Lilley

[9]; i.e. the equations of fluid motion (continuity, momentum, and energy) are manip-

ulated so to write a third-order inhomogeneous wave equation. The wave equation

is written for a parallel shear flow as a base flow, thus having the Pridmore-Brown

operator [49] acting on the choice of acoustic independent variable.

The main difference between Goldstein’s formulation and the one by Lilley [9] is

the choice of independent variables and the resulting form of the source terms.

Goldstein [16] defines the modified pressure as

π ≡
(

p
p0

)1/κ

−1. (4.46)

With this modified pressure and assuming a parallel shear flow as the base flow, the

equations of continuity, momentum, and energy can be combined in the form

L0π =
D0

Dt
∂ fi

∂xi
−2

∂U1

∂x j

∂ f j

∂x1
, (4.47)

in which L0 is the Pridmore-Brown operator [49],

L0 ≡
D0

Dt

(
D2

0
Dt2 −

∂

∂xi
a2 ∂

∂xi

)
+2

∂U1

∂xi

∂

∂x1
a2 ∂

∂xi
; (4.48)

D0/Dt is the convective derivative with the mean flow as a parallel shear flow,

D0

Dt
≡ ∂

∂ t
+U1

∂

∂x1
; (4.49)
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and fi is the source vector that combines a quadrupole and a dipole source terms,

fi =−
∂

∂x j
(1+π)uiu j−

(
a2)′ ∂π

∂xi
. (4.50)

To make a comparison with the formulation of Section 2.1, the Lilley-Goldstein

analogy (4.47) is rewritten for a homogeneous base flow at rest. For such a mean base

flow, the mean axial velocity is zero, i.e. U1 = 0, so that ∂U1/∂xi = 0 and D0/Dt =

∂/∂ t. Additionally, the mean sound speed is the ambient sound speed, i.e. a2 = a2
0.

Equation (4.47) is thus written as

∂ 2π

∂ t2 −a2
0∇

2
π =

∂ fi

∂xi
. (4.51)

The modified Lilley–Goldstein analogy in Eq. (4.51) neglects the acoustic–mean flow

effects described by the Pridmore-Brown operator in the left hand side of Eq. (4.47)

and the effects of source convection in the right hand side of Eq. (4.47). The source

vector fi, however, is not changed as it contains only fluctuations of turbulent proper-

ties, not mean properties of the base flow.

For small amplitude acoustic perturbations, the modified pressure is approximated

as π ≈ p′/p0κ0 [16], so Eq. (4.51) may be written as

1
p0κ0

(
∂ 2 p′

∂ t2 −a2
0∇

2 p′
)
=

∂ fi

∂xi
. (4.52)

Assuming the fluid an ideal gas with constant ratio of specific heat (so that a2
0 =

κ0 p0/ρ0) and dividing by a2
0, Eq. (4.52) is written as

1
a2

0

∂ 2 p′

∂ t2 −∇
2 p′ = ρ0

∂ fi

∂xi
. (4.53)

Scaling laws for the contribution from the velocity-quadrupole and temperature-

dipole to the far-field mean square pressure are now introduced. The effect the dif-

ferent multipolar nature of the sources becomes evident. By assuming DJ/UJ a typi-

cal time scale, the contribution to the mean square pressure from the quadrupole and
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dipole sources are multiplied, respectively, by (UJ/DJa0)
4 and (UJ/DJa0)

2 due to the

multipolar nature of the sources (see Morfey [17]).

The scaling laws for the strength of the quadrupole and dipole sources described

in Eq. (4.50)—(1+π)uiu j and (a2)′∂π/∂xi, respectively—are introduced. The qua-

drupole source combines the contribution from the term uiu j which is second order on

turtubulent fluctuations, and πuiu j which is third-order on turbulent fluctuations. It is

assumed that the second-order term dominates, so that the scaling law for the strength

of the so-called velocity-quadrupole is given by

uiu j ∼U2
J . (4.54)

For the scaling law of the dipole source, the gradient is related to a typical length

scale taken as the nozzle-diameter, ∂/∂xi ∼ DJ . The fluctuation of sound speed is

related to the difference between the jet-exit temperature and the ambient temperature,

(a2)′ ∼ TJ − T0. The modified pressure is related to the pressure fluctuations in the

source region, i.e. π ∼ p′/p0κ0. And the pressure fluctuations are related to a typical

density in the source region (ρs) and a velocity scale (here taken as the nozzle-exit

velocity, UJ), i.e. p′∼ ρsU2
J (as in Refs. [17, 50]). Then, the scaling law for the strength

of the so-called temperature-dipole is written as

(
a2)′ ∂π

∂xi
∼ 1

DJ

TJ−T0

TJ
U2

J , (4.55)

in which the density in the source region was assumed to scale as ρJ (hence the 1/TJ

factor).

Using the relations presented in the previous paragraphs, and taking ρ0 ∼ 1/T0, the

scaling laws for the contribution from the velocity-quadrupole and the temperature-

dipole to the far-field mean square pressure are

(pq)2 ∼
D2

J

r2a4
0T 2

0
U8

J ,

(pd)2 ∼
D2

J

r2a2
0T 2

0

(
TJ−T0

TJ

)2

U6
J .

(4.56)
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in which r is a characteristic distance to the farfield observer. Note that the integral

form of Eq. (4.53), written using the free-field Green’s function, results in the addi-

tional factor of D6
J/r2 for the scaling of the contribution from each source term to the

farfield mean square pressure.

Comparison of scaling laws

The contribution from the quadrupole and dipole sources based on the acoustic anal-

ogy described in Section 2.1 and on the formulation by Lilley–Goldstein modified for

a homogeneous base flow at rest are presented in the following table:

(Section 2.1) quadrupole ∼ 1
a4

0T 2
J

U8
J

(Section 2.1) dipole ∼ 1
a2

0T 2
0

(
TJ−T0

TJ

)2

U6
J

(Lilley–Goldstein-based) quadrupole ∼ 1
a4

0T 2
0

U8
J

(Lilley–Goldstein-based) dipole ∼ 1
a2

0T 2
0

(
TJ−T0

TJ

)2

U6
J

The quadrupole of Section 2.1 is different from the quadrupole source based on the

Lilley–Goldstein analogy written for a homogeneous base flow at rest. The formula-

tion of Section 2.1 keeps the mean density in the quadrupole source, so the scaling

law results in a dependence with the nozzle-exit temperature. The scaling law based

on the Lilley–Goldstein analogy moves the density from the quadrupole source to the

acoustic operator; so when writing the formulation for a homogeneous flow, there is a

dependence with the ambient density (hence ambient temperature).

Conversely, the scaling law for the dipole from Section 2.1 and from the one based

on the Lilley–Goldstein-based formulation are the same. Both are related to 1/T 2
0 ,

which results from the mean density in the acoustic operator that is set to the ambient

density when assuming a homogeneous base flow. There is also a dependence with

1/T 2
J in the scaling law, due to the density in the source region that gives the strength

of the turbulent fluctuations in the dipole source.
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4.2 Formulation to predict the farfield autospectral den-

sity

The formulation to predict the farfield autospectrum applies the no-flow acoustic anal-

ogy derived in Section 2.1. The derivation in this section starts with the equations

for the contribution from the momentum and the enthalpy sources to the farfield au-

tospectral density (Eqs. (2.40) and Eqs. (2.41)), and applies simplifications regarding

the turbulence in the jet.

4.2.1 Neglect of shear noise term

In the no-flow acoustic analogy, the momentum and enthalpy sources are related to the

instantaneous velocity. If the velocity is decomposed into mean and fluctuating com-

ponents, the sources may be decomposed into a component with only the fluctuating

velocity and another with the mean velocity. For the momentum term, the decomposi-

tion results in the shear and self noise source terms of Ribner [51]:

qshear(x, t) =U r(x)ur(x, t) (4.57)

and

qself(x, t) = u2
r (x, t). (4.58)

In the formulation by Goldstein [27] as applied by Karabasov et al. [42] the mo-

mentum source is related only to the fluctuating velocity component. The mean ve-

locity is moved to the acoustic operator and is related only to effects of flow–acoustic

interaction.

By comparison with Goldstein’s acoustic analogy, the shear noise sources are ig-

nored so the momentum and enthalpy terms are simplified to

qm
i (x, t) = ρ(x, t)u2

i (x, t). (4.59)
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and

qh
i (x, t) = ρ(x, t) [h(x, t)/h0−1]ui(x, t). (4.60)

4.2.2 Neglect of thermodynamic fluctuations

Some simplifications of the source term were introduced for the scaling law in Section

4.1. The simplifications discarded fluctuations of thermodynamic variables from the

momentum and enthalpy source terms. In this section these simplifications are anal-

ysed in more detail, so that the errors caused by the simplification can be computed.

Momentum term

It is usual to discard the fluctuations of density from the momentum term for isother-

mal jets. This simplification is analysed by decomposing the density into mean and

fluctuating components and writing the mean square value of the momentum source

term.

After decomposing the density into a mean and fluctuating value (ρ = ρ +ρ ′), the

mean square of the momentum term may be written as:

(ρu2
i )

2 = ρ
2(u2

i )
2 +(ρ ′u2

i )
2 +2ρρ ′(u2

i )
2. (4.61)

It is assumed that the density fluctuations and squared velocity fluctuations are

uncorrelated, so the terms (ρ ′u2
i )

2 and 2ρρ ′(u2
i )

2 are neglected.

So the mean square value of the momentum source term may be written as

(ρu2
i )

2 ≈ ρ
2(u2

i )
2. (4.62)
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It is inferred that the analysis for the mean square value is also valid for the instan-

taneous source term. So the simplified momentum term is then written as

qm
i (x, t) = ρ(x)u2

i (x, t). (4.63)

This simplification can also be understood as neglecting effects of compressibility

in the momentum source term. In general, these effects are significant for high Mach

numbers (say, > 0.3). This is the case for the mean velocity field in the transonic jets

studied in this thesis. However, the source term is related to velocity fluctuations. Ve-

locity fluctuations in jets peak at around a fifth of the jet exit velocity, so for subsonic

jets the Mach number related to velocity fluctuations is invariably smaller than 0.3.

Enthalpy term

The simplification of the enthalpy term is analogous to the simplification of the mo-

mentum term: thermodynamic fluctuations are neglected from the source term. This

seems counter-intuitive, given that the source term is related to enthalpy. But the

source is related to fluctuations of enthalpy fluxes, not to fluctuations of enthalpy.

So neglecting thermodynamic fluctuations is equivalent to assuming that the velocity

fluctuations amounts to most of the fluctuations in the enthalpy flux.

With the assumption that density and enthalpy fluctuations are negligible from the

fluctuation of enthalpy flux, the enthalpy term is written as

qh
i (x, t) = ui(x, t)ρ(x)

[
h(x)/h0−1

]
, (4.64)

in which h(x) is the mean local enthalpy.
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Application of simplifications in the source model

With the neglect of density and enthalpy fluctuations from the momentum and en-

thalpy source terms, their space–time correlation are written as

Rm
r (x;s;τ) = ρ

2(x)Rrrrr(x;s;τ), (4.65)

and

Rh
r (x;s;τ) = ρ

2(x)
[
h(x)/h0−1

]2
Rrr(x;s;τ), (4.66)

in which Rrrrr is the space-time correlation of u2
r and Rrr is the space-time correlation

of ur.

The space–time correlation of the simplified source terms are used in Eqs. (2.40)

and Eqs. (2.41) to rewrite the contribution from the momentum and enthalpy source

to the farfield autospectral density as:

Sm
pp(r;ω) =

ω4

16π2a4
0r2

∫
ρ

2(x)
∫

F [Rrrrr(x;s;τ)]exp
(

i
ω

a0
r̂ · s
)

d3sd3x. (4.67)

and

Sh
pp(r;ω) =

ω4

16π2a2
0r2

∫
ρ

2(x)
[
h(x)/h0−1

]2
×
∫

F [Rrr(x;s;τ)]exp
(

i
ω

a0
r̂ · s
)

d3sd3x.
(4.68)

4.2.3 Assumption of compact and isotropic sources

The no-flow acoustic analogy accounts for the differences of time emission within

the jet plume. After integration with space separation, these differences lead to in-

terference between locations that are within a coherent volume of turbulence. Albeit

implicitly, Ilário et al. [10] neglected these effects of interference, which is the same

as assuming the sources compact.
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On the assumption of compact sources, the factor related to retarded time differ-

ences, exp(iω r̂ · s/a0), is neglected. So the equations for the farfield autospectral den-

sity (Eqs. (4.67) and (4.68)) are rewritten as

Sm
pp(r;ω) =

ω4

16π2a4
0r2

∫
ρ

2(x)
∫

F [Rrrrr(x;s;τ)]d3sd3x. (4.69)

and

Sh
pp(r;ω) =

ω4

16π2a2
0r2

∫
ρ

2(x)
[
h(x)/h0−1

]2 ∫
F [Rrr(x;s;τ)]d3sd3x. (4.70)

The sources of noise are also considered isotropic. The assumption of isotropic

turbulence restricts the application of the formulation to an observer at the angle with

which the method is calibrated. As in this thesis the method is calibrated with farfield

measurements at θ = 90◦, the correlations are related to the radial component of ve-

locity. The dependence with r is thus simplified to a dependence only with the distance

to the observer, r ≡ |r|. So the equations for the farfield spectrum are written explic-

itly in terms of the correlation of the squared radial velocity, R2222 and R22, instead of

more general Rrrrr and Rrr.

The contribution from the momentum and enthalpy sources to the farfield autospec-

tral density are:

Sm
pp(r;ω) =

ω4

16π2a4
0r2

∫
ρ

2(x)
∫

F [R2222(x;s;τ)]d3sd3x. (4.71)

and

Sh
pp(r;ω) =

ω4

16π2a2
0r2

∫
ρ

2(x)
[
h(x)/h0−1

]2 ∫
F [R22(x;s;τ)]d3sd3x. (4.72)

4.2.4 Empirical model for space–time correlation

An empirical model for the space–time correlation of u2
2 and u2 (R2222 and R22) is in-

troduced to compute the farfield spectrum. The model assumes locally-homogeneous

and isotropic turbulence, so that the theoretical analysis of correlation by Batchelor
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[24] is applied. The space–time correlation is assumed separable in time and space,

and a Gaussian decay is considered for space and time separations.

Considering a Gaussian decay for both time and separation, the space–time corre-

lation of u2 is

R22(x;s;τ) = σ22(x)exp
(
− |s|

2

`2
h(x)

)
exp

(
− τ2

τ2
0,h(x)

)
, (4.73)

in which σ22(x) = R22(x;0;0), `h is the length scale for the enthalpy source term, and

τ0,h is the time scale for the enthalpy source term. The dependence of the correlation

with location in the jet is via R22(x;0;0) (the mean square value of u2), and the scales

of length and time.

The correlation for u2
2 is related to the correlation for u2 via the theory of homoge-

neous turbulence as done by Khavaran, Krejsa and Kim [8] (see the theory in Batchelor

[24]):

R2222(x;s;τ) = σ22(x)σ22(x+ s)+2R22(x,s,τ)2. (4.74)

In the source model a time derivative is taken of the correlation. Since the term on σ22

is constant with time for stationary turbulence, it can be neglected. The correlation of

u2
r is then written as:

R2222(x,s,τ) = 2σ
2
22(x)exp

(
−2
|s|2

`2
m(x)

)
exp

(
−2

τ2

τ2
0,m(x)

)
, (4.75)

in which `m and τ0,m are the length and time scales for the momentum source term.

The models for the space–time correlation are used in Eqs. (4.71) and (4.72) to

write the contribution from the momentum and enthalpy sources to the farfield au-

tospectral density as:

Sm
pp(r;ω) =

ω4

8π2a4
0r2

∫
ρ

2
σ

2
22F

[
exp

(
−2

τ2

τ2
0,m

)]∫
exp
(
−2
|s|2

`2
m

)
d3sd3x, (4.76)
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and

Sh
pp(r;ω) =

ω4

16π2a2
0r2

∫
ρ

2 (h/h0−1
)2

σ22F

[
exp

(
− τ2

τ2
0,h

)]

×
∫

exp
(
−|s|

2

`2
h

)
d3sd3x,

(4.77)

in which the variables in the integrand—except h0, τ , and |s|—vary with x.

The Gaussian function used in the correlation model is convenient because analyt-

ical integrals are available. So the Fourier transform and volume integral with space

separation can be computed analytically.

The Fourier transforms of the temporal part of R2222 and R22 are, respectively,

F

[
exp

(
−2

τ2

τ2
0,m(x)

)]
=

√
π

2
τ0,m(x)exp

(
−

ω2τ2
0,m

8

)
, (4.78)

and

F

[
exp

(
− τ2

τ2
0,h(x)

)]
=
√

πτ0,h(x)exp

(
−

ω2τ2
0,h

4

)
. (4.79)

The volume integral with space separation in Eqs. (4.76) and (4.77) are, respec-

tively,
+∞∫
−∞

exp
(
−2
|s|2

`2
m(x)

)
d3s =

π3/2

8
√

2
`3

m(x), (4.80)

+∞∫
−∞

exp
(
− |s|

2

`2
h(x)

)
d3s =

π3/2

4
`3

h(x). (4.81)

The results of the Fourier transforms and volume integral in space separation are

used in the equations for the farfield spectrum to yield

Sm
pp(r;ω) =

ω4

128a4
0r2

∫
ρ

2
σ

2
22`

3
mτ0,m exp

(
−

ω2τ2
0,m

8

)
d3x. (4.82)
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and

Sh
pp(r;ω) =

ω4

64a2
0r2

∫
ρ

2 [h/h0−1
]2

σ22`
3
hτ0,h exp

(
−

ω2τ2
0,h

4

)
d3x, (4.83)

in which the variables in the integrand—except h0 and ω—vary with x.

To derive Eqs. (4.82) and (4.83) the no-flow acoustic analogy was applied, the tur-

bulence was assumed isotropic and the sources were assumed compact, and a model

for space–time correlations of velocity was introduced. In Section 4.2.5 the formula-

tion is related to the solution of the mean flow in order to present the last step of the

derivation.

4.2.5 Relationship with RANS k–ε data

The RANS solution is used to gather information about the mean flow and about

turbulence scales in the jet plume. The mean flow properties are given directly by the

RANS solution. The turbulence scales are computed by combining turbulent kinetic

energy and the turbulence dissipation rate.

Three turbulence scales are needed by the source model. A scale of magnitude,

which gives the overall strength of the sources. A time scale, which gives the lifespan

of the turbulent eddies and is related to the characteristic frequency of the emitted

sound. And a scale of length, which gives the size of the elementary source region.

The magnitude of the enthalpy source is related to the the mean values of density

and enthalpy, and the mean square value of velocity fluctuations. Via dimensional

arguments, the mean square value of velocity fluctuations is related to turbulent kinetic

energy, k. The relation is written

σ22(x) = αk,hk, (4.84)

in which αk,h is an empirical coefficient for the magnitude of the enthalpy source.

The mean square value of squared velocity fluctuations, σ2222, gives the strength
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of the momentum source. Via dimensional arguments, σ2222 is related to the kinetic

energy via

σ2222(x) = 2αk,mk2, (4.85)

in which αk,m is an empirical coefficient for the magnitude of the momentum term.

The length scale for the momentum and enthalpy sources are related to their time

scales and turbulent kinetic energy via:

`m = α`,mτ0,mk1/2, (4.86)

and

`h = α`,hτ0,hk1/2, (4.87)

in which τ0,m and τ0,h are the time scales for the momentum and enthalpy sources, and

α`,m and α`,h are empirical coefficients.

The momentum time scale is the turbulent-energy-transfer time scale proposed by

Self and Azarpeyvand [13]:

τ0,m = ατ,m
k2

ε5/3D2/3
J

, (4.88)

in which ατ,m is an empirical coefficient.

The enthalpy time scale is the traditional RANS scale,

τ0,h = ατ,h
k
ε
, (4.89)

in which ατ,h is an empirical coefficient.

The scales of turbulence given by Eqs. (4.84)–(4.89) are used in Eqs. (4.82) and

(4.83) to present an equation for the farfield autospectral density using RANS data.

The final equations for the momentum and enthalpy sources are

Sm
pp(r;ω) =

αk,mα3
`,m

128a4
0r2

∫
ρ

2k7/2
τ

4
0,mω

4 exp

(
−

ω2τ2
0,m

8

)
d3x, (4.90)
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and

Sh
pp(r;ω) =

αk,hα3
`,h

64a2
0r2

∫
ρ

2 [h/h0−1
]2

k5/2
τ

4
0,hω

4 exp

(
−

ω2τ2
0,h

4

)
d3x, (4.91)

in which the time scales for the momentum and enthalpy contributions, τ0,m and

τ0,h, are computed from Eqs. (4.88) and (4.89). It is implicit that the variables in the

integrand—except h0 and ω—vary with x.

The model for the enthalpy source adds three empirical coefficients to the method

by Ilário et al. [10]. The new parameters, however, must be calibrated only for a single

operating condition and are valid, for a given nozzle, in the entire subsonic range

and for different temperature ratios. Therefore, the new model for the enthalpy source

reduces the empiricism of the method for hot jets.
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Chapter 5

Formulation with the

frequency-domain model of

turbulence statistics

This chapter proposes a new formulation for the source model presented in Chapter

4 is proposed in this chapter. The model of turbulence two-point statistics is modified

and a new formulation to predict the far-field spectrum is presented. The new formula-

tion uses a frequency-domain model of turbulence statistics instead of a time-domain

model, and the assumptions about source compactness and isotropic turbulence are

removed.

The frequency-domain model of turbulence statistics used in this thesis is based

on the formulation by Harper-Bourne [12]. Harper-Bourne’s formulation is reviewed

and extended in Section 5.1. Two modifications are presented: (1) application of the

spectrum function by von Kármán [47] to model the autospectral density, and (2)

application of a modified von Kármán spectrum do model the spectrum of coherence

length scales. In Section 5.2 the formulation to predict the farfield autospectral density

is presented with the updated model for turbulence statistics.
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5.1 Empirical model for cross-spectral density

The farfield spectrum was written in terms of the Fourier transform of the space–

time correlation in Section 2.1.3. In Chapter 4 an empirical model of the space–time

correlation was presented; its Fourier transform was taken so the farfield spectrum

could be predicted. In this section, the Fourier transform of the space–time correlation,

i.e. the cross-spectral density, is modelled directly.

The contribution from the momentum and enthalpy source terms may be written in

terms of the cross-spectral density by using the cross-spectral density for the Fourier

transform of the space–time correlation in Eqs (2.40) and (2.41). By neglecting the

shear noise term and the fluctuations of thermodynamic variables from the source

terms, the contribution to the farfield spectrum from the momentum and enthalpy

sources in terms of the cross-spectral density are given by:

Sm
pp(r;ω) =

ω4

16π2a4
0r2

∫
ρ

2(x)
∫

Crrrr(x;s;ω)exp
(

i
ω

a0
r̂ · s
)

d3sd3x, (5.1)

and

Sh
pp(r;ω) =

ω4

16π2a2
0r2

∫
ρ

2(x)
[
h(x)/h0−1

]2
×
∫

Crr(x;s;ω)exp
(

i
ω

a0
r̂ · s
)

d3sd3x.
(5.2)

As discussed in Section 2.2.3, the cross-spectral density of a stationary function of

time may be decomposed into autospectral density, coherence, and phase. Assuming

that turbulence is stationary, the cross-spectral density of ui and u2
i may thus be written

as

Cii(x;s;ω) =
√

Sii(x;ω)Sii(x+ s;ω)γii(x;s;ω)exp [−iφii(x;s;ω)] , (5.3)

and

Ciiii(x;s;ω) =
√

Siiii(x;ω)Siiii(x+ s;ω)γiiii(x;s;ω)exp [−iφiiii(x;s;ω)] , (5.4)
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in which Ciiii is the cross-spectral density of u2
i and Cii is the cross-spectral density of

ui.

The autospectral density varies more slowly with space separation than the co-

herence and phase. So it is assumed that the cross-spectral density varies with space

separation only by the changes in coherence and phase. The cross-spectral density of

ui and u2
i may thus be written as

Cii(x;s;ω) = Sii(x;ω)γii(x;s;ω)exp [−iφii(x;s;ω)] , (5.5)

and

Ciiii(x;s;ω) = Siiii(x;ω)γiiii(x;s;ω)exp [−iφiiii(x;s;ω)] . (5.6)

The three components of the cross-spectral density affect the generation of sound

in different ways. The autospectral density yields the overall strength and spectrum

of the sources; the coherence yields the size of the elementary source region; and the

phase affects the source efficiency and along with the coherence may result in source

non-compactness. These three effects can be identified and modelled explicitly when

considering a frequency-domain model of two-point statistics. The same is not true if

the model is proposed in the time domain; in that case, the three components result

from the Fourier transform of the empirical model.

5.1.1 Phase

The convection of the turbulent fluctuations results in a phase delay between the signal

at two different locations if there is enough coherence between the signals. Harper-

Bourne [12] showed that the phase speed of the turbulent fluctuations varies with

frequency. The phase speed is minimum at low frequencies and grows monotonically

with frequency.

The overall phase velocity, which accounts for an average of all frequencies, was

shown by Davies, Fisher and Barrat [31] to be approximately the mean flow velocity

on the lipline of the jet. The overall phase speed is lower than the mean flow velocity
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in the potential core and higher than the mean flow velocity in the outer shear layer.

The results by Harper-Bourne and Davies et al. have been corroborated by Kerhervé,

Fitzpatrick and Jordan [52] and Morris and Zaman [53].

The largest variation of phase speed with frequency is at the low frequency. At

low frequency the sound sources approach a compact behaviour, so the frequency

dependence of the phase speed have a small effect on jet noise. So it is assumed that

the phase speed is independent of frequency. Additionally, as the strongest sources are

on the lipline, it is assumed that the phase velocity is equal to the mean flow velocity.

In axisymmetric jets the mean azimuthal velocity is zero and the mean radial ve-

locity is negligible in comparison with the mean axial velocity. So the phase delay of

turbulent fluctuations is related only to the mean axial velocity and axial separations.

The phase of ui and u2
i may thus be written as

φii(x;s1;ω) =
ωs1

U1(x)
, (5.7)

and

φiiii(x;s1;ω) =
ωs1

U1(x)
. (5.8)

So far in the derivation of the model for the cross-spectral density it was assumed

that (1) turbulence is time stationary so that the cross-spectral density may be decom-

posed in autospectral density, coherence, and phase; (2) the autospectral density is a

weaker function of space separation than the coherence and phase; and (3) the turbu-

lent fluctuations convect with the mean axial velocity. With these three assumptions,

the cross-spectral density of u2
i and of ui may be written as:

Ciiii(x;s;ω) = Siiii(x;ω)γiiii(x;s;ω)exp
(
−i

ωs1

U1(x)

)
, (5.9)

and

Cii(x;s;ω) = Sii(x;ω)γii(x;s;ω)exp
(
−i

ωs1

U1(x)

)
. (5.10)
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The cross-spectral density given by Eqs. (5.9) and (5.10) is used to write the con-

tribution from the momentum and enthalpy terms to the far-field as:

Sm
pp(x;ω) =

ω4

16π2a4
0r2

∫
ρ

2(x)

×
∫

Siiii(x;ω)γiiii(x;s;ω)exp
[
−i

ωs1

U1(x)

]
d3sd3x,

(5.11)

and

Sh
pp(x;ω) =

ω4

16π2a2
0r2

∫
ρ

2(x)
[
h(x)/h0−1

]2
×
∫

Sii(x;ω)γii(x;s;ω)exp
[
−i

ωs1

U1(x)

]
d3sd3x.

(5.12)

Now to enable the computation of Sm
pp and Sh

pp models for the autospectral density

and coherence are introduced in Sections 5.1.2 and 5.1.3.

5.1.2 Autospectral density

The autospectral density of the turbulent fluctuations in the source terms gives the

energy distribution of the turbulent signal with frequency. The autospectral density of

the source terms are, therefore, the autospectral density of the sound sources. There is

a vast literature on the autospectral density of turbulence, yet the analysis of turbulence

autospectral density for modelling jet noise has been mostly ignored.

Von Kármán [47] proposed a model for the energy spectrum of turbulence that can

be used to compute the turbulence autospectral density for homogeneous turbulence

(see Batchelor [24]). Amiet [54] applied the model by von Kármán for aeroacoustics

applications in which the turbulence is homogeneous. Glegg and Devenport [55] dis-

cussed the application of von Kármán spectrum to model the turbulence in a near-wall

boundary layer. In this thesis, the application of the von Kármán spectrum for free

shear layers is introduced.
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The form presented by Glegg and Devenport for the autospectral density is used:

Sii(x,ω) =
1
π

σii(x)
Lii(x)
U1(x)

[
1+
(

ωLii(x)
2πU1(x)

K
)2
]−5/6

, (5.13)

in which K is the constant

K =
Γ(1/3)√
πΓ(5/6)

, (5.14)

and Γ() is the gamma function.

Contrary to the derivation by Glegg and Devenport [55], the same functional form

is used independent of velocity direction—Glegg and Devenport presented different

formulations for the longitudinal and transverse velocities.

The equation for the autospectral of squared velocity fluctuations u2
i is a direct

generalisation of the equation for Sii and may be written as

Siiii(x,ω) =
1
π

σiiii(x)
Liiii(x)
U1(x)

[
1+
(

ωLiiii(x)
2πU1(x)

K
)2
]−5/6

. (5.15)

5.1.3 Coherence

The coherence is a non-dimensional quantity that gives the degree of correlation at

a given frequency between two locations of the turbulent flow. Harper-Bourne [12]

showed that the coherence decay of axial velocity fluctuations is approximately expo-

nential with axial separation and approximately Gaussian with radial and azimuthal

separations. Harper-Bourne used hot-wire anemometry of a high-Reynolds number

incompressible jet (ReJ ≈ 2× 105, M ≈ 0.18). Morris and Zaman [53] corroborated

Harper-Bourne’s results for an incompressible jet at higher Mach number (M = 0.25).

Proença, Self and Lawrence [56] corroborated the results for compressible jets with

M = 0.6.
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To accommodate the exponential–Gaussian behaviour of the coherence decay, Har-

per-Bourne [12] proposed the following empirical function:

γii(x,s,ω) =

exp

−
√√√√( s1

`ii,1(x,ω)

)2

+

[(
s2

`ii,2(x,ω)

)2

+

(
s3

`ii,3(x,ω)

)2
]2
 , (5.16)

in which `ii,k is the length scale of velocity fluctuations, ui, and related to the space

separation sk. See Fig. 5.1 for the definition of the coordinate systems with the space

separation vector.

φ

θ

r

x1

s1

s3

s2

x

s

x2

x3

x1

FIGURE 5.1: Coordinate systems showing farfield location (r), source location (x), and
separation vector (s).
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The same model is used for squared velocity fluctuation, u2
i , with relevant changes

of length scales:

γiiii(x,s,ω) =

exp

−
√√√√( s1

`iiii,1(x,ω)

)2

+

[(
s2

`iiii,2(x,ω)

)2

+

(
s3

`iiii,3(x,ω)

)2
]2
 ,
(5.17)

in which `iiii,k is the length scale for the coherence of squared velocity fluctuations,

u2
i , related to the separation sk.

In the models of coherence it assumed that the length scales vary within the jet

plume and depend on frequency. Harper-Bourne [12] introduced a model for the spec-

trum of the length scales. A new model for the length scale spectrum which is related

to the autospectral density model is presented in the next section.

New model for the length scale spectrum

The model for coherence decay in Eqs. (5.16) and (5.17) accounts for the frequency-

dependence of the length scales. Harper-Bourne [12] and Morris and Zaman [53]

showed that the spectrum of length scales is flat at low to mid frequencies and de-

cays linearly with frequency at high frequency. The same behaviour is observed for

the length scale with axial, radial and azimuthal separations; but the axial length scale

is larger and its spectrum has a lower cut-off frequency, whereas the radial and az-

imuthal have similar levels and cut-off frequency.

Harper-Bourne [12] proposed an empirical model for the length scale spectrum that

takes an exponential form. For instance, the model for the length scale of u1 with axial

separation is

`11,1/DJ = [1− exp(−St/St0)]/(St/St0), (5.18)

in which St0 is a local Strouhal number defining the cut-off frequency where the spec-

trum transitions to a linear decay. This model fits well hotwire data, but shows no
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relationship with other empirical models of turbulence statistics.

The autospectral density and length scales spectrum have a similar behaviour. They

are flat at low to mid frequencies up to a cut-off frequency when they start to decay.

The decay at high frequency, however, is steeper for the autospectral density. The

model for the autospectral density predicts a high-frequency decay of ω−5/3, whereas

Harper-Bourne [12] measured a high-frequency decay of the coherence length with

ω−1. To use a similar model for both spectra whilst accounting for the different high-

frequency decays, the exponent of the von Kármán spectrum is modified and used to

model the length scale spectrum.

The empirical model for the length scale spectrum based on a modified von Kármán

function is

`ii,k(ω) = Liiα`,k

[
1+
(

ωLiiα`,k

2πU1

)2
]−3/6

, (5.19)

in which Lii is the integral length scale of ui and α`,k is an empirical coefficient.

The model for the length scale spectrum of squared velocity fluctuations is

`iiii,k(ω) = Liiiiα`,k

[
1+
(

ωLiiiiα`,k

2πU1

)2
]−3/6

. (5.20)

The anisotropy of the length scale with direction of separation is computed via the

empirical coefficient α`,k. It is assumed that ui and u2
i are equally anisotropic, so the

same coefficient α`,k is used for the length scales of ui and u2
i .

5.2 Formulation to predict the farfield autospectral den-

sity

The contribution from the momentum and enthalpy terms to the farfield autospectral

density were given in Eqs. (5.11) and (5.12) in terms of the autospectral density, co-

herence, and phase of the source terms. Models for the these three components of the
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cross-spectral density were introduced in Sections 5.1.1–5.1.3, and are in this section

used in the formulation for the farfield autospectral density.

5.2.1 Volume integral with space separation

The inner volume integrals in the equations for the farfield spectrum (Eqs. (5.11) and

(5.12)) give the effective volume of the elementary sound sources. The effective vol-

ume combines the size of the elementary source given by the coherence length scales

with non-compactness effects caused by differences in retarded time and phase delay

within the source volume. The effect of the length scales and non-compactness are

split by computing independently the volume due to coherence decay and defining a

non-compactness factor.

The volume from the coherence decay is computed by integrating the coherence

functions of u2
i and ui:

Viiii(x,ω) =
∫

γiiii(x,s,ω)d3s, (5.21)

and

Vii(x,ω) =
∫

γii(x,s,ω)d3s. (5.22)

The volume integrals in Eqs. (5.21) and (5.22) were computed by Harper-Bourne [12],

yielding the elementary volume of the momentum and enthalpy sources as:

Viiii(x,ω) = π
2`iiii,1(x,ω)`iiii,2(x,ω)`iiii,3(x,ω), (5.23)

and

Vii(x,ω) = π
2`ii,1(x,ω)`ii,2(x,ω)`ii,3(x,ω), (5.24)

in which `iiii,k and `ii,k are the frequency-dependent length scales of coherence for u2
i

and ui.

The non-compactness factor is the ratio between the effective source volume (con-

sidering phase delay and retarded time differences) and the source volume due only

to the coherence decay. The non-compactness factors for the momentum and enthalpy
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sources are

Niiii(x;ω) =V−1
iiii (x,ω)

∫
γiiii(x;s;ω)exp

(
−i

ωs1

U1(x)

)
exp
(

i
ω

a0
r̂ · s
)

d3s, (5.25)

and

Nii(x;ω) =V−1
ii (x,ω)

∫
γii(x;s;ω)exp

(
−i

ωs1

U1(x)

)
exp
(

i
ω

a0
r̂ · s
)

d3s. (5.26)

Considering the coordinate system in Fig. (5.1), the cross-product related to re-

tarded time differences in Eqs. (5.25) and (5.26) is

r̂ · s = s1 cosθ + s2 coss3 sinθ , (5.27)

in which s2 is the radial separation in units of length and s3 is the azimuthal separation

in radians.

The results of the cross-product between farfield location and space separation

(Eq.(5.27)) is used to combine the arguments of the exponentials in Eqs. (5.25) and

(5.26) as

iω
(
− s1

U1(x)
+

1
a0

r̂ · s
)
= iω

[
s1

(
− 1

U1(x)
+

cosθ

a0

)
+

s2

a0
coss3 sinθ

]
, (5.28)

in which the effects of non-compactness in the axial and radial directions are now

distinguished.

The radial non-compactness factor is a more traditional acoustic non-compactness

factor. The acoustic wavenumber in the direction of the observer ω sinθ/a0 is com-

pared to the size of the source region given by the coherence decay with radial sepa-

ration. Owing to the small length scale in the radial direction, the source is assumed

compact in the radial direction.

Assuming compactness only in the radial direction and using Eq. (5.28) to rewrite

the exponential arguments of Eqs. (5.25) and (5.26), the non-compactness factors of
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the momentum and enthalpy sources are given by:

Niiii(x,ω) =V−1
iiii (x,ω)

∫
γiiii(x,s,ω)exp

[
−iωs1

(
1

U1(x)
− cosθ

a0

)]
d3s, (5.29)

and

Nii(x,ω) =V−1
ii (x,ω)

∫
γii(x,s,ω)exp

[
−iωs1

(
1

U1(x)
− cosθ

a0

)]
d3s. (5.30)

The axial non-compactness consists of two effects. An effect related to turbulence

convection given by ωs1/U1 and a more traditional acoustic non-compactness related

to ωs1 cosθ/a0. The former depends on the direction of the mean flow, whereas the

latter depends only on the location of the farfield observer. The volume integrals in

Eqs. (5.29) and (5.30) combine these two effects, yielding the non-compactness of the

momentum and enthalpy sources as [12]:

Niiii(x,ω) =

[
1+
(

ω`iiii,1(x,ω)

U1(x)
(1−M1(x)cosθ)

)2
]−3/2

, (5.31)

and

Nii(x,ω) =

[
1+
(

ω`ii,1(x,ω)

U1(x)
(1−M1(x)cosθ)

)2
]−3/2

, (5.32)

in which M1 is the local axial acoustic Mach number, M1(x) = U1(x)/a0. Note that

this Mach number is not strictly the local Mach number of the flow, but is related to

the phase speed of the turbulent fluctuations (U1) and the process of sound radiation

from turbulence.

The factor (1−M1(x)cosθ) can be related to the traditional convective amplifi-

cation effect of moving simple sources. For the sound sources related to convecting

turbulence, such effect of convective amplification is mixed with the attenuation ef-

fect due to the size of the coherent region of turbulence (the factor ω`ii,1/U1). At

θ = 90◦ the non-compactness factor is only due to the large coherence length scale of

turbulence, as the factor (1−M1(x)cosθ) is identically unity.

The large attenuation due to the non-compactness factor (see Section 8.2) makes
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the the non-compactness factor Nii and Niii vary with ∼ (1−M1(x)cosθ)−3. This

dependence agrees with measured farfield data by Harper-Bourne [57].

5.2.2 Equations for the farfield autospectral density

With the introduction of the elementary source volume, Vrrrr and Vrr, and non-com-

pactness factors, Nrrrr and Nrr, the contribution to the farfield spectrum from the mo-

mentum and enthalpy terms may be written as:

Sm
pp(r,ω) =

ω4

16π2a4
0r2

∫
ρ

2(x)Srrrr(x,ω)Vrrrr(x,ω)Nrrrr(x,ω)d3x, (5.33)

and

Sh
pp(r,ω) =

ω4

16π2a2
0r2

∫
ρ

2(x)
[
h(x)/h0−1

]2
Srr(x,ω)Vrr(x,ω)Nrr(x,ω)d3x,

(5.34)

in which the subscripts rr and rrrr denote the properties are related ur and u2
r , re-

spectively. The models for Srrrr, Vrrrr, and Nrrrr are given by Eqs. (5.15), (5.23), and

(5.31); those for Srr, Vrr, and Nrr are given by Eqs. (5.13), (5.24), and (5.32).

The contribution from the source terms to the farfield spectrum in the form of

Eqs. (5.33) and (5.34) is an important contribution of using a frequency-domain model

for turbulence statistics. The equations in this form show clearly the effect of mean

thermodynamic variables, turbulence autospectral density, coherence length scales,

and source non-compactness.
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Chapter 6

Results — validation of the prediction

method with enthalpy source

Chapter 4 introduced a method to predict the farfield noise of hot jets. The new method

adds a model for the enthalpy source to the source model used by Ilário et al. [10]. In

this chapter the model for the enthalpy source is assessed by using numerical and

experimental data.

In Section 6.1 the centreline decay of the mean axial velocity from large eddy

simulations, from steady RANS solutions, and from measured data are compared.

The goal of the section is to assess the accuracy of the numerical solutions and show

the differences between isothermal and hot jets. The large eddy simulation data is

also used in Section 6.2 to assess some assumptions of the source model. Farfield

predictions are compared to experimental data in Sections 6.3 and 6.4.

6.1 Centreline decay of mean axial velocity

The RANS and LES solutions computed for the nozzle in Fig. 6.1 are compared with

the experimental data by Bridges and Wernet [58]. The axial decay of the mean axial

velocity in the centreline is compared between the numerical and experimental data.

The mean axial velocity gives the overall topology of the jet by defining the potential

core length, and is assumed to be the phase speed of turbulence fluctuations: so the
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mean axial velocity is an important property for jet noise and can give an overview of

the accuracy of the numerical solutions.

FIGURE 6.1: Nozzle geometry used for numerical solutions and for farfield measurements.
Baseline circular nozzle with exit-diameter DJ = 0.1016m.

The mean axial velocity on the jet centreline defines the length of the potential

core. Within the potential core the mean axial velocity is approximately equal to the

nominal jet-exit velocity, but further downstream the mean velocity starts to decay

because of the mixing of the jet with the external fluid. The distance between the

location where U1(x1) ≈ 0.99UJ and the nozzle exit may be defined as the length of

the potential core.

Figure 6.2 shows the centreline decay of U1 from numerical and experimental data.

The downward arrows indicate the approximate location of the end of the potential

core for the hot (grey lines) and isothermal (black lines) jets from the experimental

data. The experimental data show that the potential core of the hot jet is shorter.
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FIGURE 6.2: Centreline decay of the mean axial velocity. Continuous lines, data from
Bridges and Wernet [58] (their setpoints 7 and 46); dashed lines, LES data; dotted lines,
RANS data. Black lines, isothermal jets; grey lines, hot jets (TR ≈ 2.5). All results for

M ≈ 0.9. Arrows indicate the end of the potential core for the isothermal and hot jets.

The shorter potential core in the hot jet may be related to the lower momentum

and higher mixing rate of the hot jet. The lower momentum is due to a lower density

of the jet. The increase in mixing is caused by higher instabilities due to the density

inhomogeneities and increases in vorticity due to the effect of baroclinicity in the

jet (an additional generation term in the vorticity equation). In addition to a shorter

potential core, the higher levels of instability and vorticity in the hot jet lead to a

steeper decay of U1 after the end of the potential core.

The large eddy simulation underpredicts the potential core length and overpredicts

the decay rate of U1 after the end of the potential core. Such underprediction may be

related to the differences in the nozzle design and to the state of the boundary layer at

the nozzle exit.

The large eddy simulation uses a mean profile to model the boundary layer near

walls, so the flow at the nozzle lip is effectively a mean flow. Just downstream the

nozzle lip the flow transitions from the mean profile to an unsteady flow, and further

downstream the flow reaches a fully-turbulent state. The transition from the mean

profile to the turbulent unsteady flow leads to an over-growth of instabilities when

compared to the real unsteady boundary layer. The higher level of instabilities leads to
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overprediction of mixing rate, hence the underprediction in potential core length and

overprediction of the decay rate after the end of the potential core.

A known limitation of RANS k–ε solutions is observed in Fig. 6.2: the potential

core length is overpredicted. It can also be seen that the overprediction gets worse for

the hot jet, and that the transition from the profile in the potential core to the profile in

the fully-developed region is too steep.

The upward arrows in Fig. 6.2 show the start of the fully-developed region of the

jet. In the fully developed region the profiles from the large eddy simulation and RANS

solution agree with experimental data, but the results from the RANS solution are

shifted with axial coordinate.

The potential core length shown in Table 6.1 is used to scale the axial coordinate

for the results in Fig. 6.3. The effect of a different decay after the end of potential core

becomes more evident. It is shown that for the experimental and RANS data scaling

the axial coordinate accounts for the self-similarity between hot and isothermal jets.

The large eddy simulation data, however, do not fully scale with the potential core

length.

TABLE 6.1: Potential core length.

Bridges and Wernet [58] LES [14] RANS

isothermal 7DJ 6DJ 8.5DJ

hot 4.2DJ 3.9DJ 6.8DJ
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FIGURE 6.3: Centreline decay of the mean axial velocity, with axial coordinate scaled by
the potential core length (P). Same results as Fig. 6.2.

6.2 Assumptions of the source model

Neglecting the thermodynamic fluctuations from the source terms and assuming the

momentum and enthalpy sources are uncorrelated are common assumptions in jet

noise models, but they are not so often assessed because of the difficulties in mea-

suring fluctuations of thermodynamic variables in the jet plume. In Sections (6.2.1)

and (6.2.2) the large eddy simulation data for isothermal and hot jets are used to as-

sess these assumptions.

6.2.1 Neglect of thermodynamic fluctuations

The momentum and enthalpy sources consist of fluctuations of velocity and thermody-

namic variables. In Section 4.2.2 the momentum and enthalpy terms were simplified

by neglecting the contribution from density and enthalpy fluctuations. In this section

large eddy simulations are used to compute the mean square value of the source terms

and compute the error incurred by the simplification.
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Momentum term

The exact momentum term is related to fluctuations of velocity and density. It is

usual to ignore density fluctuations from the momentum term for low-Mach number

isothermal jets. It is not evident, however, that the simplification is valid for transonic

Mach number and hot jets. This assumption is assessed by comparing the mean square

value of the exact term, ρ(u2
i )

2, with the mean square value of the approximate term,

ρ
2 (u2

i )
2. Unsteady data from large eddy simulations for an isothermal and a hot jet

with Mach number 0.88 are used.

Figure 6.4 shows the mean square value of the exact and approximated momentum

term on the lipline of the isothermal jet. Results are plotted for the mean square value

of velocity fluctuations in the axial, azimuthal, and radial directions. The mean square

value, denoted by σ , is normalised. Using the approximation to predict the acoustic

farfield would lead to a maximum error of 0.08dB in the prediction of the farfield

mean square pressure.
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FIGURE 6.4: Dashed line, mean square value of the exact momentum term; dots, mean
square value of the approximated momentum term. Results from the LES on the lipline of
isothermal jet (M = 0.88, TR = 1). Values in dB indicate the error incurred on the prediction

of the farfield mean square pressure.

Mixing of fluids with different temperatures increases the error caused by the ap-

proximation, as shown in Fig. 6.5. For a hot jet with temperature ratio of 2.5 the error
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incurred by neglecting density fluctuations is of underprediction of the mean square

value and is as large as -1dB. The underprediction indicates that the density fluc-

tuations increase the strength of the momentum source. The error is, however, only

significant in a small region of the jet, at around a quarter of the potential core length

from the nozzle exit. Overall, the approximation is still assumed valid.
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FIGURE 6.5: Dashed line, mean square value of exact momentum term; dotted lines with
symbols, mean square value of approximated momentum term. Results from the LES on
the lipline of hot jet (M = 0.88, TR = 2.5). Values in dB indicate the error incurred on the

prediction of the farfield mean square pressure.

Enthalpy term

The enthalpy source term is related to fluctuations of velocity, density, and enthalpy.

In Section 4.2.2 the fluctuations of density and enthalpy were neglected from the en-

thalpy term. To assess the effect of such simplification, the mean square value of the

exact enthalpy term, [ρ(h/h0−1)ui]2, is compared with the mean square value of the

simplified enthalpy term, ρ
2(h/h0− 1)2u2

i . The large eddy simulation of the hot jet

(TR = 2.5) and M = 0.88 is used for the comparison.

Figure 6.6 shows that the simplified term overpredicts the exact term. The overpre-

diction is larger in the same region where of maximum error in the simplification of

the momentum term (x1 ≈ P/4), but it is also significant for other axial locations, and

also for the azimuthal and radial components.
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FIGURE 6.6: Dashed line, mean square value of exact enthalpy term; dotted line with sym-
bols, mean square value of approximated term. Results from the LES on the lipline of hot
jet (M = 0.88, TR = 2.5). Values in dB indicate the error incurred on the prediction of the

farfield mean square pressure.

The error in the farfield prediction is small for the isothermal jet, but gets signif-

icant in the hot jet (for both the momentum and enthalpy sources). Nevertheless, the

simplification is considered because the error can be accounted for when calibrating

the method with farfield data. So, effectively, it is assumed that the error scales with

velocity and temperature in the subsonic range, in which the calibration is assumed

valid.

6.2.2 Correlation between momentum and enthalpy sources

It is assumed in the derivation of the source model that the contribution from the

momentum and enthalpy sources to the farfield autospectral density are statistically

independent. To validate this assumption the correlation between the momentum and

enthalpy source terms are computed in the jet plume using large eddy simulation data.

The assessment is done by computing the covariance between the momentum and

enthalpy terms in the lipline of the jet. Figure 6.7 shows results of the covariance of

the approximated source terms in the radial direction; i.e., the covariance between u2
2

and u2.
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FIGURE 6.7: Covariance between u2
2 and u2—the approximate momentum and enthalpy

terms. Continuous line, isothermal jet (TR = 1); dashed line, hot jet (TR = 2.5). Both for the
large eddy simulation of the M = 0.88 jet.

A negligible covariance is also observed if the exact terms are considered. This is

expected because in the exact term the fluctuations are of higher order so the covari-

ance tends to decrease.

6.3 Scaling of farfield mean square pressure

A scaling law based on the no-flow acoustic analogy is used as a first validation of

the enthalpy source model. To derive the no-flow acoustic analogy presented in Sec-

tion 2.1, the non-barotropic term from Lighthill’s equation is rewritten by use of the

energy equation. The derivation follows the one presented by Lilley [18, 19] and the

non-barotropic term is written in terms of enthalpy. A dimensional analysis has been

applied to present a scaling law for the farfield mean square pressure (see Section 4.1).

In this section the scaling law is applied to experimental farfield data to validate the

model for the enthalpy source.
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6.3.1 Experimental data

The scaling law is applied to two sets of measurements taken at the QinetiQ Noise

Test Facility. The facility consists of an anechoic chamber approximately 27m long,

26m wide, and with a height of approximately 15m. The chamber is anechoic down

to approximately 90Hz (see Martlew et al. [59] for more details about the facility).

The datasets are for two different nozzles, both single-stream circular. The mea-

surements taken in 1983 [60, 61] (hereafter referred to as QinetiQ1983) are for a noz-

zle with diameter of 0.0861m, with the microphones located at a distance of approx-

imately 12m from the nozzle exit. The measurements taken in 2009 [62] (hereafter

referred to as QinetiQ2009) used a different nozzle, with diameter of 0.1016m, with

the microphones located at the same approximate distance of 12m. Figure 6.8 shows

a typical set up of the test facility for these measurements.

FIGURE 6.8: Noise Test Facility at QinetiQ. Photo taken for the 2009 test campaign [62].

Both datasets used microphones farther than 120DJ from the nozzle exit; which is

more than the minimum of ≈ 50DJ suggested by Viswanathan [63] to guarantee that

the measurements are taken in the true acoustic farfield.

Given that the engineering application of this study is to model the noise generated

by the jet of aeroengines, care must be taken that effects of Reynolds number are not

significant so the conclusions of the small-scale study can be applied for the real-scale

problem. Karon and Ahuja [64] analysed nozzles with diameters ranging from 0.25
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to 2 inches, in the velocity range related to acoustic Mach numbers from 0.4 to 0.8.

Karon and Ahuja found that “the Reynolds number does not have a significant effect

on jet noise, and jet noise can be scaled from even the smallest of nozzle to larger

nozzles”. Considering that the nozzles used in this thesis are larger than the ones

studied by Karon, hence with a Reynolds number closer to the ones in actual engines,

it is concluded that the effect of Reynolds number will not affect the conclusions of

the study in the thesis.

The two databases in this thesis were taken at the same facility. That raises warning

regarding the generality of the conclusions. For example, Viswanathan [65] discussed

how measurements taken at the Low Speed Aeroacoustic Facility (LSAF) at Boeing

differ from the ones taken by Ahuja and Bushell [66] and Tanna, Dean, and Fisher

[50]. Viswanathan concluded that the differences were due to Reynolds number effects

and to differences in the experimental facilities. The effects of Reynolds number were,

as discussed in the previous paragraph, recently dismissed by Karon and Ahuja [64].

The differences due to experimental facilities were discussed by Harper-Bourne [67].

Harper-Bourne concluded that it is more likely that the differences in the measured

spectra are due to the nozzle geometry and its effects on the boundary layer at the

nozzle exit than differences in the experimental facilities.

Therefore, it is concluded that the experimental data used in this thesis does not

restrict the conclusions in terms of Reynolds number nor experimental facility, but

does limit the conclusions in terms of nozzle geometry.

Results from the QinetiQ1983 dataset

This section presents the results of mean square pressure for subsonic jets. The acous-

tic Mach number varies from 0.5 to 1.0 for isothermal jets, and is extended to 1.5 for

hot jets. The temperature ratio ranges from 1.0 (isothermal) to 2.5. To enable a com-

plete interpretation with the no-flow acoustic analogy, the data is analysed only for a

polar angle of θ = 90◦.

The measured mean square pressure (p2
EXP) is shown in Fig. 6.9. The differences
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between the isothermal (circles) and hottest jets (crosses) are small, with a maximum

difference of approximately 3dB at M = 0.5 and M = 1, but the sign of the differ-

ence is swapped between low-speed and high-speed jets. At low speed the hot jet is

noisier, but at high speed the isothermal jet is noisier. This trend can be explained by

considering how the momentum and enthalpy sources are affected by temperature and

velocity.

The momentum term is reduced for the hot jet due to the lower density, whereas the

enthalpy term increases with temperature due to increases of enthalpy in the jet plume.

The trends indicate therefore that the enthalpy term dominates sound emission at low

speed, whereas the momentum term dominates at high speed. This interpretation also

explains the different scaling with velocity, highlighted in Fig. 6.9; the isothermal jet

scales with U8
J and the hottest jet with U6

J . The effect on intermediate temperatures is

not so clear for the QinetiQ1983 dataset at higher Mach numbers, but it is so for the

results of QinetiQ2009 dataset analysed in the next section.
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FIGURE 6.9: Measured mean square pressure at θ = 90◦ for subsonic jets from
QinetiQ1983 dataset [60]. Circles, TR = 1; dots, TR = 1.5; squares, TR = 2; crosses, TR = 2.5.

Lines show that the hottest jets follow trend with U6
J , whereas isothermal jets follow U8

J .
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Results from the QinetiQ2009 dataset

The same analysis of the QinetiQ1983 dataset is performed for more recent measure-

ments taken in 2009. Narrowband data are also available for these measurements,

which are used for the analysis of the farfield spectrum in Section 6.4. The results

of the QinetiQ2009 dataset show more clearly the effect of intermediate temperature

ratios than the QinetiQ1983 dataset. Figure 6.10 confirms that the hottest jet follows a

trend with U6
J , whereas the isothermal jet follows as U8

J trend. For intermediate tem-

peratures, the trends is between these two extremes.
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FIGURE 6.10: Measured mean square pressure at θ = 90◦ for subsonic jets from
QinetiQ2009 dataset [62]. Circles, TR = 1; diamonds, TR = 1.25; dots, TR = 1.5; squares,
TR = 2; crosses, TR = 2.5. Lines show that the hottest jets follow trend with U6

J , whereas
isothermal jets follow U8

J .

6.3.2 Scaling with nozzle-exit values

The trends with velocity in Figs. 6.9 and 6.10 indicate that the theoretical dependence

of the momentum and enthalpy sources with velocity agrees with experiment. A fur-

ther assessment can be made by scaling the mean square pressure with the dimensional

analysis derived from the theoretical model. This is done by dividing the measured

data (p2
EXP) by the mean square pressure derived in Section 4.1.1 (see Eq. (4.38)),

p2
NE.
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The result of the scaling of the QinetiQ1983 dataset is shown in Fig. 6.11 (a con-

stant factor is used for all cases to shift the dB scale to zero). The empirical coefficients

of the scaling law (Eq. (4.38)) are set to αM = αH = 1. The reduction of density in the

TR = 2.5 jet reduces the contribution from the momentum source by approximately

8dB, which is then balanced by the increase in the contribution from the enthalpy

source. The fact that the range of more than 30dB in the experimental data is col-

lapsed within approximately±1.5dB for both isothermal and hot jets corroborates the

need for an additional source component in hot jet as pointed by Morfey [17].
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FIGURE 6.11: Measured mean square pressure at θ = 90◦ from QinetiQ1983 dataset scaled
by nozzle-exit scaling law (Eq. (4.38)). Arrows indicate location of maximum and minimum

difference from the average of 35.8dB. Same symbols as Fig. 6.9.

The scaling of mean square pressure from the QinetiQ2009 dataset is shown in

Fig. 6.12 (also considering αM =αH = 1). The results for the lowest and highest Mach

numbers being somewhat worse than the results for the QinetiQ1983 data, showing a

maximum deviation from the mean slightly over 2dB. However, the accuracy near the

range of interest for civil aviation, 0.7 < M < 1, is optimum.
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FIGURE 6.12: Measured mean square pressure at θ = 90◦ from QinetiQ2009 dataset data
scaled by nozzle-exit scaling law (Eq. (4.38)). Arrows indicate maximum and minimum

difference from the average of 35.5dB. Same symbols as Fig. 6.10.

6.3.3 Effect of flow factor in hot jets

The worst results of the scaling for the QinetiQ2009 dataset (Fig. 6.12) are for hot jets.

At θ = 90◦ the effect of flow–acoustic interaction is negligible for isothermal jets, but

the effect if significant for hot jets. So a flow factor is applied in this section to correct

the scaling for the hot jets.

The flow factor applied in this section is derived from the high-frequency solution

of the Primdore-Brown operator as presented by Tester and Morfey [68, 69]. To be

consistent with the formulation used by Tester and Morfey, the source description

follows the Lilley–Goldstein acoustic analogy [9, 16]. So, the quadrupole and dipole

sources are the velocity-quadrupole and temperature-dipole presented in Section 4.1.3.

The flow factor is applied as a correction for the nozzle-exit scaling of the mean

square pressure in the farfield. The flow factor for the quadrupole and dipole sources

at θ = 90◦ may thus be written as [69]:

Fq =
ρJ

ρ0

(
aJ

a0

)−4

, (6.1)
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and

Fd =
ρJ

ρ0

(
aJ

a0

)−2

. (6.2)

The flow factors may be written as a function of temperature ratio as:

Fq = T−3
R , (6.3)

and

Fd = T−2
R . (6.4)

The scaling of the farfield mean square pressure accounting for the flow factor is

written as

p2
NE,FF = αqFq(pq)2 +αdFd(pd)2. (6.5)

in which (pq)2 is the scaling law for the velocity-quadrupole,

(pq)2 ∼
D2

J

r2a4
0T 2

0
U8

J ; (6.6)

and (pd)2 is the scaling law for temperature-dipole,

(pd)2 ∼
D2

J

r2a2
0T 2

0

(
TJ−T0

TJ

)2

U6
J ; (6.7)

and αq and αd are adjustable coefficients.

Figure 6.13 shows the scaling of the QinetiQ2009 dataset using the flow factor and

the source terms from the Lilley–Goldstein analogy [9, 16] written for a homogeneous

base flow (see Section 4.1.3). For this scaling the empirical coefficients were αq = 1

and αd = 6.7, resulting in scatter of approximately ±1.0dB after ignoring the outlier

point at M = 0.5. The application of the flow factor and using the quadrupole source

from the Lilley–Goldstein-based formulation instead of the formulation of Section

2.1 reduced the scatter and the trend with Mach number observed in the results of Fig.

6.12.
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FIGURE 6.13: Measured mean square pressure at θ = 90◦ from QinetiQ2009 dataset
scaled with the scaling law that accounts for flow factor of the velocity-quadrupole and

temperature-dipole sources (see Section 4.1.3). Same symbols as Fig. 6.10.

6.3.4 Scaling with RANS k–ε input

Returning to the scaling law discussed in Section 6.3.2, the scaling of the mean square

pressure for the QinetiQ2009 dataset is now computed using information about the

entire jet plume from a RANS k–ε simulation. The solution is obtained from a com-

mercial RANS solver with a standard k–ε turbulence model (more information about

the RANS k–ε solution is presented in Appendix B). The scaled results are the ex-

perimental mean square pressure divided by the mean square pressure scaling from

Eq. (4.45). The analysis in this section is limited to the the cases with temperature

ratio TR = 1, TR = 1.5, and TR = 2.5, and acoustic Mach number M = 0.5, M = 0.75,

and M = 1. The analysis of this section uses fewer cases than the nozzle-exit scaling

of Section 6.3.2, but considers the same range of temperature ratios.

Results in Fig. 6.14 show a collapse of an experimental range of approximately

25dB to ±1.5dB. Although the scatter of the collapsed data is small, there is a trend

with temperature and Mach number. The trend with temperature could be corrected

via adjustment of the coefficients αM and αH , which were considered αM =αH = 1 for

these results, and the trend with Mach number could be corrected with the application
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of a flow factor for the hot jets.
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FIGURE 6.14: Measured mean square pressure at θ = 90◦ from QINETIQ2009 dataset
scaled with RANS-based scaling (Eq. (4.45)). Circles, T = 1; dots, TR = 1.5; crosses, TR =

2.5.

6.4 Prediction of the farfield autospectral density

The method presented in Chapter 4 is used to predict the farfield spectrum for cases of

the QinetiQ2009 dataset. The mean flow for these jets was computed with a commer-

cial RANS solver with standard k–ε turbulence model. The calibration coefficients

of the source model were computed by matching predictions with measurements at

θ = 90◦ of two operating conditions: the highest-speed/lowest-temperature (M = 1,

TR = 1) and lowest-speed/highest-temperature (M = 0.5, TR = 2.5) jets. The experi-

mental data and predictions used for calibration are shown in Fig. 6.15. The empirical

coefficients take the values shown in Table 6.2.



6.4. Prediction of the farfield autospectral density 95

0.1 1 10
St

50

60

70

80

90

S
p
p

[d
B
/
H

z]

M = 1,
TR = 1

M = 0:5,
TR = 2:5

FIGURE 6.15: Farfield pressure spectra at θ = 90◦ used for calibration of the momentum
and enthalpy sources. Black lines, measured spectra; thick grey lines, total prediction; line
with circles, contribution from the enthalpy component. Contribution from the momentum
term not distinguishable from the total prediction for the isothermal jet, and not shown for

the hot jet.

TABLE 6.2: Empirical coefficients.

ατ,m α`,m αk,m ατ,h α`,h αk,h

1.03 0.40 1 0.68 0.53 9.61

The empirical coefficient of amplitude for the momentum term, αk,m, takes the

value 1, which makes this coefficient redundant. Yet, the coefficient is kept in the

model to emphasize that an empirical relation between the magnitude of the momen-

tum term and the RANS k–ε solution is considered.

Figure 6.16 confirm that the momentum source is sufficient to predict the noise

from isothermal subsonic jets. The predictions agree well with measured data, show-

ing the same agreement of the results by Ilário et al. [10].
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FIGURE 6.16: Predictions of the farfield pressure spectrum at θ = 90◦ for isothermal jets.
Thick grey lines, total prediction; lines–circles, enthalpy component; thin lines, measure-
ments. Contribution from the momentum component is not distinguishable from the total

prediction.

Figure 6.17 shows the results for the hot jets with TR = 2.5. It is shown that the

enthalpy component is dominant for all the three jet speed at this temperature ratio.

The increase of the enthalpy source with jet speed follows the experimental trends,

although a slight overprediction at the highest velocity is observed. The overprediction

might be due to the neglect of flow–acoustic interaction effects, shown to be significant

for hot jets even at θ = 90◦ (see Section 6.3.3).
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FIGURE 6.17: Predictions of the farfield pressure spectrum at θ = 90◦ for TR = 2.5 jets.
Thick grey lines, total prediction; dashed lines, momentum component; lines-circles, en-

thalpy component; thin lines, measurements.

Figure 6.18 shows that despite the approximations of the model the error for all

nine cases is within a ±2dB margin. However, these results are limited for θ = 90◦.

For other polar angles, the assumptions about isotropy and source compactness play a

more significant role so the predictions deteriorate significantly.
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Chapter 7

Results — validation of the

cross-spectral density model

This chapter analyses turbulence statistics in the jet plume to assess the empirical

model for the cross-spectral density. Large eddy simulation data for two jets with

acoustic Mach number of 0.88 are considered; one for an isothermal jet and another

for a hot jet with temperature ratio of 2.5.

The empirical method for the cross-spectral density described in Chapter 5 is based

on the model by Harper-Bourne [12]. The results in this chapter validate Harper-

Bourne’s coherence model for transverse velocity fluctuations and assess the new

models for the autospectral density and length scale spectrum.

Sections 7.1 and 7.2 present supporting results for the assessment of the method.

Some assumptions used by the empirical model are assessed in Section 7.1 and In

Section 7.2 the integral length scale—needed by the empirical model of cross-spectral

density—is computed on the lipline of the isothermal and hot jets.

7.1 Assumptions of the model

The formulation using the cross-spectral density removes the assumption of isotropic

turbulence and of compact sources used for the formulation in Chapter 4, but the ne-

glect of the shear source and of thermodynamic fluctuations are still considered. Two
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additional assumptions related to turbulence statistics were introduced: that the au-

tospectral density is constant within a volume of coherent turbulence, and that Taylor’s

hypothesis is valid in the jet lipline. These assumptions are assessed in the following

two sections using unsteady data in the jet lipline from large eddy simulations.

7.1.1 Constant autospectral density within volume of coherent tur-

bulence

The autospectral density is assumed independent of space separation in the model of

cross-spectral density. The simplification may be written as

√
S(x,ω)S(x+ s,ω)≈ S(x,ω). (7.1)

In this section the results from large eddy simulation are used to compute S(x,ω)S(x+

s,ω) and S(x,ω) in order to assess the simplification.

The approximation becomes worse as the space separation increases, but as the

coherence decays with increasing separation the relevance of the error is reduced. So

for a more significant assessment of the simplification, the values are compared for a

separation where the coherence is still significant.

An axial separation of s1 = 0.5D j and radial separation of s2 = 0.1875D j are con-

sidered for a point on the lipline and x1 = 5D j. Figure 7.1 shows that the coherence

of u1 for these axial and radial separation is significant. The vertical line in Fig. 7.1

shows the maximum resolved frequency of the large eddy simulation at St = 2 (more

information in Appendix A).
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FIGURE 7.1: Coherence function of u1 with axial (black line) and radial (grey line) sepa-
ration. Axial separation is s1 = 0.5DJ; radial separation is s2 = 0.1875DJ . Results for the
isothermal jet (M = 0.88, TR = 1). Computed using a time series from LES data on the

lipline and axial location of x1 = 5DJ .

To asses the simplification, the autospectral density of u1 is computed at three lo-

cations: x, x+(s1,0,0), and x+(0,s2,0). Figure 7.2 shows that the approximation

is worse for radial separations, which is expected given the lower coherence for this

radial separation. However, the errors are small enough to be neglected, given the

simplification of the formulation enabled by the assumption.
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FIGURE 7.2: Autospectral density at reference location (dashed line), with axial separation
of s1 = 0.5DJ (black continuous line), and radial separation separation of s2 = 0.1875DJ

(grey line). Results for the isothermal jet (M = 0.88, TR = 1). Computed using a time series
from LES data on the lipline and axial location of x1 = 5DJ .

7.1.2 Taylor’s hypothesis

Taylor’s hypothesis is assessed for the isothermal and hot jets in the lipline. The hy-

pothesis assumes that a space separation of s1 in the space-time correlation is equiva-

lent to a time separation of s1/U1(x).

Figures 7.3 and 7.4 show the results for the isothermal and hot jets, respectively.

The results are computed at locations before and after the potential core of each case,

showing that the hypothesis is valid in the entire region of interest for jet noise (if

assumed the sources are located on the lipline).
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FIGURE 7.3: Space–time correlation of u2
1 in the lipline of the isothermal jet (M = 0.88,

TR = 1) at different axial locations (x1 = 3DJ and x1 = 8D j). Dots, non-zero separation
in time R1111(x;s1 = 0;τ = s1/U1(x)); white-filled circles, non-zero separation in space

R1111(x;s1;τ = 0). Computed using a time series from LES data.
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FIGURE 7.4: Same as Fig. 7.3 but for the hot jet (M = 0.88, TR = 2.5).

By validating Taylor’s hypothesis the integral length scale can be computed using

the correlation with time separation and the model by von Kármán [47], which was

proposed for the unidimensional wavenumber spectrum of turbulence, may be used to

compute the frequency spectrum.

7.2 Integral length scale

The empirical model for the cross-spectral density uses the local integral length scale

of turbulence to compute the autospectral density and the coherence function. In this
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section the large eddy simulation is used to compute the integral length scale on the

lipline of the isothermal and hot jets. The evolution with axial coordinate is compared

between the isothermal and hot jets for the integral length scale of ui and of u2
i .

The integral length scale of turbulence, introduced in Section 2.2.2, is computed

from the correlation function of axial and radial velocity components. With Taylor’s

hypothesis validated, the integral length scale is computed by integrating the correla-

tion function in time with zero space separation.

Figure 7.5 shows the length scale for the axial velocity components. Results are

shown for u1 and u2
1 for both isothermal and hot jets. It can be seen that the integral

length scale grows approximately linearly with axial distance, and that the slope scales

with the potential core length. The level, however, is slightly higher for the hot jet.
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FIGURE 7.5: Integral length scales for u1 (continuous lines) and u2
1 (dashed lines). Com-

puted using a time series from the LES data on the lipline. Black lines, isothermal jet
(M = 0.88, TR = 1); grey lines, hot jet (M = 0.88, TR = 2.5).

Figure 7.6 compares the length scale for the radial and axial velocity components.

The behaviour again is self-similar for the hot and isothermal jets if the axial coordi-

nate is scaled by the potential core length. In the initial region of jet the ratio between

radial and axial components does not follow a particular trend, but downstream the ra-

tio approaches 0.5. It is shown that the ratio between the radial and axial components
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for the squared velocity are slightly closer to unity as the squared velocity is more

isotropic.
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FIGURE 7.6: Ratio of integral length scales between radial and axial components of veloc-
ity. Computed using a time series from LES data on the lipline.. Continuous lines, L22/L11;
dashed lines, L2222/L1111. Black lines, isothermal jet (M = 0.88, TR = 1); grey lines, hot jet

(M = 0.88, TR = 2.5).

7.3 Autospectral density

Taylor’s hypothesis enables the use of a model for the unidimensional wavenum-

ber spectrum of turbulence to compute the autospectral density (or frequency spec-

trum). Thus the empirical function by von Kármán [47], written for the unidimen-

sional wavenumber, k1, can be used to compute the frequency spectrum by writing

k1 = ω/U1. In this section the autospectral density of ui and of u2
i is analysed on the

lipline and compared with the von Kármán spectrum. The results are compared for the

isothermal and hot jets.

Figure 7.7 shows the autospectral density of u1 for different axial stations in the

lipline. The arrow indicates that with growing axial location the behaviour is different

at low and high frequencies. At low frequency, the level of the spectrum grows with

axial coordinate. Owing to the approximately constant turbulent kinetic energy and

mean axial velocity on the lipline, the growth in the low frequency is mostly due to
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the growth of the integral length scale. The effect at high-frequency is also due to the

growth in integral length scale, but with opposite effect. The growth in integral length

scale reduces the time scale which defines the cut-off frequency where spectrum starts

to decay; so the growth in the integral length scale reduces the autospectral density at

high frequency.
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FIGURE 7.7: Autospectral density of u1 on the lipline for axial locations 0.5DJ < x1 < 9DJ .
Solid lines, autospectral density computed from the LES data of an isothermal jet (M = 0.88,
TR = 1); vertical dotted line, highest resolved-frequency of LES. The arrow indicates the

effect of increasing the axial location.

The model for the autospectral density (Eqs. (5.13) and (5.15)) predicts the be-

haviour observed in Fig. 7.7. Figure 7.8 shows the results for the isothermal jet at

different axial stations on the lipline. The agreement is optimum at intermediate fre-

quencies, approximately in the range 0.2 < St < 1. This is also the range of peak jet

noise and where the numerical simulation is of higher accuracy. Results in Fig. 7.9

show that the model is also valid for the hot jet.

For the results shown in Figs. 7.8 and 7.9 the mean square value of turbulent fluc-

tuations and the integral length scale of the source terms were computed locally from

the numerical solution. In a RANS-based prediction scheme, these scales would be

computed from the turbulent kinetic energy and turbulence dissipation rate.
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FIGURE 7.8: Autospectral density of ui (a, c, e) and of u2
i (b, d, f) of an isothermal jet

(M = 0.88, TR = 1). Continuous lines, computed from LES data divided by 5π; dashed
lines, model fit; vertical dotted line, LES cut-off frequency. Black lines, axial component;

dark-grey lines, azimuthal component; light-grey lines, radial component.
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FIGURE 7.9: Same as Fig. 7.8, but for a hot jet (M = 0.88, TR = 2.5).

7.4 Coherence length scale at low frequency

The large eddy simulation has a limited frequency resolution due to grid size and total

running time. The coherence function combines separation in space and time, so the
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short running time limits the computation of coherence to a more narrow range of

frequencies than the autospectral density. Therefore, the large eddy simulation can be

used only to compute the coherence length scales at low frequency.

In this section the coherence is studied in the frequency range 0.28 < St < 0.56.

Despite the limited range, this is the peak frequency of jet noise, so the analysis is

relevant for jet noise prediction.

Figures 7.10 and 7.11 show the coherence decay with axial separation for the axial

velocity component and for the radial velocity component, respectively. The figures

present results for three frequencies in the range 0.28 < St < 0.56 and 10 axial loca-

tions on the lipline. The separation distance for each axial location is scaled by the

local integral length scale. The results show, therefore, that the evolution of the coher-

ence is self-similar with the local integral length scale.
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FIGURE 7.10: Coherence decay of (a) u1 and (b) u2
1 with axial separation on the li-

pline of the isothermal jet (M = 0.88, TR = 1). Results for three frequencies: St = 0.28
(crosses), St = 0.42 (circles), and St = 0.56 (dots). Dashed lines: exp(−s1/9L11) in (a), and
exp(−s1/5.5L1111) in (b). Axial locations are DJ < x1 < 9DJ . Computed using a time series

from LES data on the lipline.
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FIGURE 7.11: Coherence decay of (a) u2 and (b) u2
2 with axial separation on the lipline

of the isothermal jet (M = 0.88, TR = 1). The exponential decay of the dashed lines are:
exp(−s1/12L22) in (a), and exp(−s1/6.5L2222) in (b). Computed using a time series from

LES data on the lipline.

It was shown in Section 7.2 that the integral length scale is self-similar with po-

tential core length for the isothermal and hot jets, and that it grows linearly with axial

coordinate. So from the results of Fig. 7.10 and 7.11 it is concluded that the coherence

length scale also grows linearly with axial coordinate and is self-similar with potential

core length for hot jets.

The agreement of the exponential decay plotted in Figs. 7.10 with the data confirms

the model for the coherence function proposed by Harper-Bourne [12]. The analysis

by Harper-Bourne was, however, limited to the axial velocity fluctuation due to the

limitations of the hotwire equipment. Figure 7.11 shows that the coherence of the

radial velocity fluctuations has the same behaviour, thus validating Harper-Bourne’s

model for the radial velocity fluctuations.

The coherence decay in Figs. 7.10 and 7.11 is scaled by the local integral length

scale of each velocity component. The ratio between the coherence decay and inte-

gral length scale is slightly higher for the radial velocity. For instance, the coherence

length scale for u2
2 is 6.5L2222, whereas for u2

1 it is 5.5L1111. But as L1111 > L2222, the

coherence length scale of the radial velocity is smaller than the coherence length scale

of the axial component.
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7.5 Coherence length scale — model for the spectrum

A model for the coherence length scale spectrum was introduced in Section 5.1.3. Due

to the limited range of the large eddy simulation, it cannot be assessed with numerical

data. The assessment is performed, therefore, using the hotwire data published by

Morris and Zaman [53].

The length scale spectrum was measured by Morris and Zaman for coherence of u1

with axial, radial and azimuthal separations. The measurements were taken x1 = 5DJ ,

which is approximately at the end of the potential core. The prediction with the new

model is shown along measured data of the length scale spectrum in Fig. 7.12. It is

observed that the length scaled with axial separation, `11,1, is the largest; the length

scale with azimuthal separation, `11,3, is the second largest and the radial, `11,2 is

the smallest. The agreement of the new model is remarkable, so its application is

suggested for a prediction scheme.
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FIGURE 7.12: Spectrum of the coherence length scales for squared axial velocity on the
lipline of unheated jet (M = 0.25, TR ≈ 1). Symbols, data from Morris and Zaman [53];
continuous lines, model fit; dashed line, slope at high frequency. `11,1 is the length scale of
u2

1 with axial separation; `11,2 with radial separation; and `11,3 with azimuthal separation.
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7.6 Effect of phase delay

Harper-Bourne [12] observed that the phase speed of turbulent fluctuations vary with

frequency. Yet, it was considered in this thesis that the phase speed can be assumed

independent of frequency and equal to the mean axial velocity, in the form:

φ(x1,s1,ω) =
ωs1

U1(x1)
, (7.2)

In this section this assumption is corroborated using data from a large eddy simulation.

Figure 7.13 shows the real part of the phase of radial squared velocity fluctuations

(u2
2). In Fig. 7.13 (b) it is shown that the phase scales well with ωs1/U1(x1), confirm-

ing an approximate phase speed of U1. The phase delay tends to zero at low frequency,

so that errors in the phase speed are small when the cosine of the phase is taken.
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FIGURE 7.13: Effect of axial separation on the phase of u2
2; results on the lipline and

x1 = 3DJ of isothermal jet (M = 0.88, TR = 1). In (a), the horizontal axis is the Strouhal
number; in (b) it is ωs1/U1. Continuous lines, computed from LES; circles, cos(ωs1/U1).

The vertical line at St = 2 denotes the LES cut-off frequency.

A similar behaviour is observed for the phase of velocity fluctuation, which is rel-

evant to the enthalpy term. The comparison of the phase of u2
2 and u2 at x1 = 3DJ of

the hot jet is shown in Fig. 7.14.
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Chapter 8

Results — applications of the

cross-spectral density model

The formulation based on a model for the cross-spectral density presented in Chapter

5 is applied in this chapter to predict the effects of turbulence anisotropy and of source

non-compactness. In Section 8.1 turbulence anisotropy is computed from large eddy

simulation and the farfield directivity due to anisotropy is predicted using the formula-

tion of Chapter 5. Section 8.2 infers the length scale spectrum in different location on

the lipline from the measurements by Morris and Zaman [53]; the new model for the

length scale spectrum and the formulation based on the cross-spectral density are used

to predict the effects of source non-compactness on the farfield autospectral density.

8.1 Effect of turbulence anisotropy on jet noise direc-

tivity

Jet noise directivity is a result of source anisotropy and the effects of flow–acoustic

interaction. For moderate polar angles (θ ) in the rear arc, say 90◦ < θ < 70◦, the spec-

trum is amplified as the polar angle is reduced but its shape is not significantly changed

(see, e.g., Michel and Ahuja [70]). Below a certain polar angle, however, the spectrum

shape changes: at low to mid frequencies the spectrum continues to be amplified as θ

is reduced, but at higher frequencies the spectrum is significantly attenuated.
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The reduction at high frequency is caused by sound refraction due to the sheared

mean flow. The effect of refraction gives rise to a cone of silence at lower polar an-

gles: a region in the farfield where sound waves are almost completely attenuated. (See

Spalart, Shur and Strelets [71] for a visualization of this effect with large eddy simu-

lation and ray tracing; or Tam and Auriault [30] and Stone, Self and Howls [72] for

solutions of propagation into the cone of silence.) As effects of flow-acoustic interac-

tion are ignored, the directivity is analysed only for frequencies in which the spectrum

shape does not change with polar angle. To use the entire range of available experi-

mental data (30◦ < θ < 90◦) the frequency is limited at St < 1, for which all available

polar angles are outside the cone of silence and the effect of flow–acoustic interaction

is secondary to the directivity [36].

Directivity factors of the momentum and enthalpy sources are defined as the ratio

between the contribution of each source to the farfield at θ and the contribution to

θ = 90◦:

Dm(x;θ ;ω) =
δSm

pp(x;r;θ ;ω)

δSm
pp(x;r;90◦;ω)

, (8.1)

and

Dh(x;θ ;ω) =
δSh

pp(x;r;θ ;ω;)

δSh
pp(x;r;90◦;ω)

. (8.2)

The contribution from an elementary volume of turbulence are introduced as δSm
pp and

δSh
pp. They are computed by taking the formulations for Sm

pp and Sh
pp without perform-

ing the integral over the jet plume.

With the limitation that 0.1 < St < 1, the dependence with frequency can be ig-

nored because at this range of frequency the autospectral density and length scale

spectrum are approximately independent of frequency. By also assuming axisymme-

try turbulence—i.e. u2
2 = u2

3, u2u3 = 0 , (u2
2)

2 = (u2
3)

2, and u2
2u2

3 = 0—the contribution

to θ = 90◦ can be related to the radial velocity component.

Using the formulation based on the cross-spectral density was used for Sm
pp and Sh

pp

(Eqs. (5.33) and (5.34), the directivity factors may be written as:

Dm(x,θ) =
Srrrr(x)Vrrrr(x)Nrrrr(x)

S2222(x)V2222(x)N2222(x)
, (8.3)
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and

Dh(x,θ) =
Srr(x)Vrr(x)Nrr(x)
S22(x)V22(x)N22(x)

, (8.4)

The dependence of the directivity with θ is due to the component r of velocity, which

may be written (after assumption of axisymmetry), as

ur(x, t) = u1(x, t)cosθ +u2(x, t)sinθ . (8.5)

It can be shown that the directivity of the non-compactness factor is secondary [36],

so the analysis in this section considers only the anisotropy of the source autospectral

density and source volume. Using the models introduced in Section 5.1.2 for the au-

tospectral density and in Section 5.2.1 for the source volume, the directivity factors

may be written in terms of the integral length scale and mean square value of velocity:

Dm(x,θ) =
σrrrr(x)L4

rrrr(x)
σ2222(x)L4

2222(x)
, (8.6)

and

Dh(x,θ) =
σrr(x)L4

rr(x)
σ22(x)L4

22(x)
. (8.7)

8.1.1 Comparison with farfield data

The turbulence anisotropy is computed from large eddy simulation using Eq. (8.5) for

ur. So the mean square value of ur and u2
r , σrrrr and σrr, are computed. The integral

length scale is also computed as a function of θ using Eq. (8.5) for ur. The directiv-

ity of the mean square value and integral length scale are computed for a few axial

locations and compared to the farfield directivity of the isothermal and hot jets.

Fig. 8.1 shows that the directivity due to the anisotropy of autospectral density and

source volume follows the same trend as the measured directivity for the isothermal

jet. An exact match is not expected because these results are for only a few locations

on the lipline. The neglect of flow–acoustic interaction effects and the assumption of

axisymmetric turbulence may also explain the mismatch with the experimental direc-

tivity.
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FIGURE 8.1: Directivity at mid frequency (0.1 < St < 1) for isothermal jet (M = 0.88, TR =
1). Black line with symbols, measured farfield data; grey lines, predicted using turbulence
anisotropy from LES data on the lipline. Dash-dot line, x1 = DJ; dashed line, x1 = 5DJ;

continuous line, x1 = 9DJ .

The results in Fig. 8.2 for the hot jet are worse. The causes of mismatch may be the

same for the isothermal jet; but for the hot jet the flow–acoustic interaction becomes

more significant due to sound speed gradients. Additionally, the neglect of thermody-

namic fluctuations from the enthalpy source causes more error than the same simpli-

fication on the momentum term, which may add to the error due to the assumption

about axisymmetry.
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FIGURE 8.2: Directivity at mid frequency (0.1 < St < 1) for hot jet (M = 0.88, TR = 2.5).
Black line with symbols, measured farfield data; grey lines, predicted using turbulence
anisotropy from LES data on the lipline. Continuous line, x1 = DJ; dashed line, x1 = 3DJ;

dash-dot line, x1 = 6DJ .

Despite the mismatches with the farfield directivity, this analysis shows that the

effect of turbulence anisotropy is significant and must be accounted for the prediction

of jet noise.

8.2 Effect of source non-compactness on farfield spec-

trum

The non-compactness is related to differences in retarded time and phase of turbulent

fluctuations within a volume of coherent turbulence. The non-compactness factor of

the momentum source was introduced in Section 5.2.1. For a farfield polar angle of

θ = 90◦ the non-compactness factor of the momentum source is

N2222(x,ω) =

{
1+
[

ω`2222,1(x,ω)

U1(x)

]2
}−3/2

, (8.8)

in which `2222,1 is the coherence length scale of u2
2 with axial separation.
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Figure 8.3 shows that the momentum source becomes more compact at low fre-

quency, as expected. At high-frequency the non-compactness effect is significant but

constant with frequency because the length scale spectrum decays linearly at high-

frequency.

0.01 0.1 1 10
St

-20

-15

-10

-5

0

N
[d

B
]

x1 = 0:5P

x1 = 0:2P

x1 = 1P

x1 = 2P

FIGURE 8.3: Effect of non-compactness factor on farfield autospectral density at θ = 90◦ of
the sound emitted from four source locations in the isothermal M = 0.88 jet. Four different
axial locations are considered, ranging 1/5 of the potential core length (0.2P) to twice the

potential core length (2P); the four locations are on the jet lipline.

The length scale spectrum of u2
2 was computed with the model introduced in Sec-

tion 5.1.3. The spectrum was not measured, but inferred from the measured data by

Morris and Zaman [53] for the length scale spectrum of u2
1. So, there is a certain

inaccuracy on the levels of the non-compactness factor. The behaviour of the non-

compactness factor, however, is more reliable. That is: at low frequency the non-

compactness is small; at high it is frequency constant; and with a transition region

at mid-frequencies.

The mid-frequency range, in which the non-compactness factor transitions from

low to high frequency behaviour, coincides with the frequency range where the farfield

autospectral density is relatively flat. It could be argued, therefore, that the source non-

compactness is a significant factor defining the farfield behaviour in this frequency

range.
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Chapter 9

Conclusion

This thesis contributes to a reduction in the empiricism of RANS-based prediction of

jet noise. The kind of RANS-based scheme considered in the thesis uses an empirical

model of two-point turbulence statistics to compute the sound sources described by

an acoustic analogy. A no-flow acoustic analogy derived from the equations of con-

tinuity, momentum, and energy was applied to model the sources of jet noise. The

thesis extended a method that uses a time-domain model for turbulence statistics, and

described a formulation that uses a frequency-domain model of turbulence statistics.

The thesis presented a scaling law for the farfield mean square pressure, a method

to predict the farfield spectrum, an analysis of turbulence statistics in the jet plume,

and computed the effects of source non-compactness and turbulence anisotropy on the

farfield spectrum. These analyses sketch an overall view of the sources of jet noise in

subsonic jets that can be summarised as follows:

1. The sources of jet noise may be modelled as fluctuations of momentum and

enthalpy fluxes.

2. Fluctuations of enthalpy flux becomes relevant in hot jets (or more generally in

jets with density different from the ambient medium).

3. The fluctuations of momentum and enthalpy fluxes may be simplified to fluctu-

ations of velocity.

4. The contribution from the enthalpy source to the farfield mean square pressure
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scales with the sixth power of jet-exit velocity. The contribution from the mo-

mentum source scales with the eighth power of jet-exit velocity.

5. The empirical model for turbulence spectrum by von Kármán [47] may be used

to model the autospectral density of velocity fluctuations in the lipline of turbu-

lent jets.

6. A modified form of the von Kármán spectrum may be applied to model the

length scale spectrum of the coherence function in the lipline of turbulent jets.

7. The coherence function of transverse velocity fluctuation has an exponential

decay with axial separation.

8. The anisotropy of the integral length scale is the most important effect of turbu-

lence anisotropy on jet noise directivity.

9. Source non-compactness is a major factor for the relative flatness of the farfield

spectrum near peak frequency.

Some of the conclusions listed above corroborate past work, and the ones more

related to the novelties of this thesis are further discussed in Section 9.1. The known

limitations of the thesis are discussed in Section 9.2, and suggestions to overcome the

limitations are presented. Suggestions to extend the scope of the thesis are presented

in Section 9.3.

9.1 Contributions

The starting point of this thesis was the model by Ilário et al. [10]. The extensions to

the model presented in the thesis reduces the empiricism of the method and can be

summarised by the following four aspects:

1. Model the enthalpy source term to predict noise from hot jets.

2. Model the turbulence statistics in frequency domain.

3. Account for source non-compactness.
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4. Account for turbulence anisotropy.

In the remaining paragraphs of this section these contributions are compared to the

model in Ilário et al. [10] and to the literature in general.

Enthalpy source. The model for the enthalpy source removed the need of tempe-

rature-dependent calibration used by Ilário et al. [10]. The strength of the source was

shown to scale with the sixth power of jet-exit velocity, agreeing with the analysis by

Morfey [17]. This trend agreed with experimental data taken in the QinetiQ Noise Test

Facility [62].

The statistics of the enthalpy source term was analysed via a large eddy simula-

tion of a subsonic hot jet (M = 0.88, TR = 2.5). It was shown that the enthalpy source

term—in exact form a combination of velocity, density, and enthalpy fluctuations—

may be simplified to mean enthalpy and density, and fluctuating velocity. The simpli-

fication enables the use of empirical and theoretical analyses of statistics for velocity

fluctuations to model the enthalpy source. So models for the autospectral density and

length scale spectrum of velocity could be used for the enthalpy source. Moreover, a

standard RANS k–ε solution could be applied as it gives information about the scales

of velocity. Compare with the model by Khavaran, Kenzakowski and Mielke–Fagan

[26], which needs a specialized RANS solver to compute the mean square value of

temperature fluctuation.

Turbulence statistics in frequency domain. Modelling the two-points turbulence

statistics is an important aspect of the RANS-based models studied in this thesis. Most

models in the literature compute the source statistics with empirical models of space–

time correlation (e.g., those used in references [10, 26, 29, 42]). In this thesis the

empirical model of cross-spectral density by Harper-Bourne [12] was analysed and

extended.

Modelling turbulence statistics in frequency domain makes straightforward to con-

sider the frequency-dependence of turbulence scales measured by Harper-Bourne [12],
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Kerhérvé, Fitzpatrick and Jordan [52], and Morris and Zaman [53]. The frequency-

dependence of length scales is not necessary to model the noise at intermediate fre-

quencies (say, 0.1 < St < 1), because at this frequency range the length scales are

rather constant with frequency. But at higher frequency the length scales start to de-

cay, so to predict the high-frequency spectrum of jet noise the frequency-dependence

of the length scales is necessary.

By analysing the source statistics in frequency domain, it was possible to distin-

guish between the effects of the turbulence autospectral density, coherence decay, and

phase. The use of the semi-empirical spectrum by von Kármán [47] to compute the

turbulence autospectral density in jets was introduced. The von Kármán spectrum bet-

ter fits the data than the Lorentzian or Gaussian functions that result from the Fourier

transform of the usual models for the space–time correlation. Besides the improved

accuracy of the fit, using the von Kármán spectrum brings modelling the sources of

jet noise closer to more general models of turbulence.

Source non-compactness. The effect of source non-compactness is related to the

spectrum of coherence length scales. It was shown that the source non-compactness

contributes to the relative flatness of the farfield spectrum at θ = 90◦. The conclusion

that the source non-compactness is so significant for jet noise corroborates previous

work by, e.g., Michalke [73] and Michel [74, 75]. It also supplements these previous

work, for they were more focused on the effect of non-compactness in the directivity,

whereas in this thesis the effect on the spectrum was shown explicitly.

Turbulence anisotropy. Turbulence anisotropy was computed by writing the source

term with the velocity fluctuations in the direction of the observer (as Proudman

[21]). Using data from large eddy simulations, it was shown that the largest effect

of anisotropy is of the integral length scale.

The effect of change in mean square value of velocity fluctuations is secondary

to the length scales, notably because the length scale is taken to the third power to

compute the volume of the elementary sound sources. This analysis of anisotropy may
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be compared with the analysis by Khavaran [25], in which turbulence anisotropy is

mostly related to the differences in transverse–axial length scales and of mean square

value between transverse and the axial velocity components.

9.2 Limitations

The work of this thesis is split in two parts: extensions of a prediction method based on

a time-domain model of turbulence statistics, and a formulation based on a frequency-

domain model of turbulence statistics. The former was applied to predict the farfield

spectrum, whereas the latter was presented as a preliminary formulation. A first sug-

gestion is, therefore, to finish the implementation of the prediction method based on

the frequency-domain model of turbulence statistics. Further suggestions are presented

in the remaining paragraphs of this section.

Flow–acoustic interaction. The models in this thesis are based on a no-flow acous-

tic analogy that ignores effects of flow–acoustic interaction. To present a complete

prediction scheme for jet noise, it is imperative to account for these effects. They are

significant in isothermal and hot jet for lower polar angles, and for hot jets even at a

polar angle of 90◦.

The theory to compute the interaction between sound and flow is well established,

but solving the resulting equations are not straightforward if necessary to couple to

a model for the sources of sound. Options to solve for propagation in jet are, for

instance, via high-frequency approximations and ray tracing such as by Ilário et al.

[10] or Stone, Self and Howls [72]; by low- and high-frequency solutions of Lilley’s

equation such as by Tester and Morfey [68, 69], Morfey, Szewczyk and Tester [48],

Bassetti and Morfey [76], and Bassetti [77]; or by the solution of the adjoint form of

the linearised Euler equations as by Tam and Auriault [30], Raizada and Morris [36],

and Karabasov et al. [42].

Some of these different approaches to compute the propagation have been com-

pared by Raizada and Morris [36] and Tester and Morfey [69]. It was shown that
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accounting for propagation effects is necessary to predict jet noise. And that for hot

jets, due to changes in local sound speed and density, flow–acoustic interactions must

be considered for all polar angles.

Analysis of turbulence limited to the lipline. It is usual to assume that the lipline

is the most important region for sound generation because of the higher turbulence

kinetic energy. After the end of the potential core, however, the region of maximum

turbulent kinetic energy tends towards the centreline of the jet. So for a more complete

view of turbulence relevant for jet noise generation it will be necessary to assess the

radial location of maximum turbulent kinetic energy in each axial location and analyse

turbulence statistics on this location.

Limited frequency range. The large eddy simulation has a limited range of re-

solved frequencies. The low frequency limit of St ≈ 0.1 is related to the total simu-

lation time, whereas the highest resolved frequency of St ≈ 2 is due to grid resolu-

tion. This frequency range is enough to compute the anisotropy factors, length scales

at mid-frequencies and the turbulence spectrum at mid-frequencies. The frequency

range, however, is not enough to analyse the autospectral density and length scale

spectrum at high frequency.

A large eddy simulation with higher resolved frequency would enable the spec-

tral analysis for other velocity components. That would extend the conclusions of

Harper-Bourne [12] and Morris and Zaman [53] that were limited to the axial velocity

component.

Additionally, a large eddy simulation for a hot jet with wider frequency range

would enable an analysis of thermodynamic variables. For instance, Lilley [18, 19]

and Khavaran et al. [26] assumed that the velocity–enthalpy correlation in the enthalpy

source term can be split in a correlation of velocity and a correlation of enthalpy. In

this thesis the error of this simplification was computed using large eddy simulation,

but it was not possible to analyse in more detail the spectrum of the enthalpy fluctua-

tions.
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Few studies on the two-point statistics of thermodynamic fluctuations exist due to

the difficulties in measuring thermodynamic fluctuations, so large eddy simulations

of hot jets could greatly advance our understanding of thermodynamic fluctuation in

turbulent jets.

9.3 Extensions

This section presents suggestions for work that was out of the scope of this thesis.

They are related to applications of the prediction method for more realistic cases and

to the empirical models of turbulence statistics.

Dual-stream nozzles. This thesis studied the turbulence and noise of single-stream

circular nozzles. The engines of civil aircraft, however, consist of dual-stream nozzles,

so that the findings of this thesis cannot be directly applied to predict the noise from

aircraft engines.

At first, the prediction method could be applied as it is for dual-stream nozzles.

That would consist of using a RANS k–ε solution of the dual-stream flow and com-

puting the emitted noise. It is expected that new calibration of the coefficients would

be necessary due to the break of self-similarity in the flow.

For a more complete analysis for dual-stream jets, it would be necessary to re-

assess the structure of turbulence in the jet plume using hotwire data or large eddy

simulations. A challenge in dual-stream jets is the presence of two shear layers and

hence two distinct regions of high turbulent kinetic energy. The balance between these

two regions will depend on the area ratio of the streams, the velocity ratio, and the

temperature, all of which will add to the complexity of the analysis.

Installation effects. This thesis focused on the prediction of the farfield noise due to

turbulence mixing in the jet plume. The jet was considered isolated, without any solid

boundaries nearby. For the jet of aircraft engines, however, elements of the aircraft will

affect the jet flow. For instance, for under-the-wing configurations the jet is affected by
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the presence of the wing. The wing creates asymmetries in the jet that may modify the

emitted noise. The model of this thesis could be used along an experimental campaign

to check which aspects of turbulence should be assessed (e.g., Proença, Lawrence and

Self [56]).

Moreover, solid surfaces near the jet add noise sources due to the interaction with

the jet near-field (see, e.g., Lawrence [78]). Part of this thesis was focused on an analy-

sis of turbulence statistics, independent of the noise source model. This analysis could

also be applied to relate the fluctuations in the jet near-field to the turbulent fluctua-

tions in the jet plume.

Length scale spectrum. Amiet [54] modelled the spectrum of length scale from the

von Kármán spectrum of turbulence. Instead of an ad hoc modification of the spectrum

function used in this thesis, Amiet related the autospectral density and the length scale

spectrum theoretically. It is suggested that this is also assessed to model the length

scale spectrum in jets.

Model for wavenumber–frequency spectrum. Modelling the cross-spectral den-

sity instead of the space–time correlation improved the modelling of turbulence statis-

tics and enabled an easiser understanding of the process of sound generation. How-

ever, the wavenumber–frequency spectrum of turbulence is more specifically the link

between turbulence and the farfield noise.

Modelling the wavenumber–frequency spectrum in non-homogeneous turbulence

is not straightforward because of difficulties to measure it. But with the current com-

putational infrastructure, computing the wavenumber–frequency spectrum in jets is

viable. For instance, Sinayoko [79] used direct numerical simulation to analyse the

sources of sound in transitional jets. It is suggested that his work is extended by using

a large eddy simulation of a jet with higher Reynolds number (ideally, > 105) and that

an empirical model for the wavenumber–frequency spectrum be developed.
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Appendix A

Assessment of large eddy simulation

The large eddy simulation for two jets were available for analysis in this thesis. Both

jets use the same nozzle geometry as the one used by the QINETIQ2009 test cam-

paign. The jets have the same jet-exit velocity of 297.7m/s (acoustic Mach number of

088), but differ in temperature. One of the jets is isothermal, and the other is hot with a

temperature ratio of 2.5. Table A.1 presents the operating conditions and information

about the grid.

TABLE A.1: Operating conditions.

UJ UJ/aJ UJ/a0 TR ReJ DJ Grid size

Isothermal 297.7 0.88 0.88 1 2×105 0.1016 47M

Hot 297.7 0.55 0.88 2.7 4×105 0.1016 34M

In this appendix the available data is assessed in three aspects: (1) accuracy of

results for mean quantities and variances by comparison with experimental data by

Bridges and Wernet [58], (2) resolution in frequency and statistical relevance of the

time series, (3) axisymmetry of the results, and (4) physical models of the solution.

More details about the simulation and further analysis of aeroacoustics results have

been presented by Naqavi et al. [14].
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A.1 Physical models

For the solution a mean flow profile is imposed on the internal boundary of the nozzle—

the boundary layer is laminar. Therefore, the development of turbulence takes place

entirely in the shear layer. The Reynolds number being high, this does not impose a

huge limitation on the development of the jet as a whole. But care must be taken on the

analysis of the results for small axial coordinates (the results for x1 < 2DJ , notably).

The boundary layer inside the nozzle is not resolved, but modelled by a mean flow

profile. That puts in question the development of turbulence in the initial region of the

shear layer, where the flow is in a non-physical state: it is the initial shear layer of a

high-Reynolds number jet, but it is related to a mean boundary layer profile. The direct

prediction of the acoustic farfield [14] shows that this effect is not much significant

for the prediction near the peak, but it is shown to be significant for the analysis of the

turbulence structure in the first few diameters of the jet (say, first two diameters).

The simulation does not use a subgrid model, relying only on numerical dissipa-

tion. So the solution for the higher wavenumbers (and higher frequency) of turbulence

should be ignored.

A.2 Available data points

The data is available in blocks of 61 data points. They are so distributed in order to

compute two-point statistics with separation in the axial, radial, and azimuthal direc-

tions. For each block, there are 10 points with axial separation, 40 with radial, and 10

with azimuthal spacing—half of the points are with positive spacing, half with nega-

tive. Figure A.1 depicts a block of points with centre point at x = {3DJ,0.5DJ,0}.
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FIGURE A.1: Block of points used for computation of two-point statistics. For each block,
61 points are available: a centre-point, 10 points with different axial separations, 10 points

with different azimuthal separations, and 40 points with different radial separations.

The blocks are available on the centreline and lipline of the jet. On the lipline,

blocks are available with centre points in 16 different azimuthal locations (equally

spaced in azimuthal angle). Table A.2 shows the axial location of the block centre

point for the isothermal and hot jets. The em-dashes in Table A.2 denote locations for

which no data is available. For the hot jets, data is available for shorter axial locations

to follow the shortening of the potential core length. On the centreline, no data is

available close to the nozzle exit.

TABLE A.2: Axial coordinate scaled by nozzle diameter of block centre points.

isothermal jet

centreline — — 2 3 4 5 6 7 8 9

lipline 0.5 1 2 3 4 5 6 7 8 9

hot jet

centreline — — 2 3 4 5 6 — — —

lipline 0.5 1 2 3 4 5 6 — — —
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A.3 Axial profiles on the lipline

Profiles of mean axial velocity and variance of velocity fluctuations on the lipline are

plotted in Figs. A.2 and A.3. The axial coordinate is normalised the potential core

length (P) of each case (see Table 6.1 for the potential core length of the cases). The

hot jet has a lower mean axial velocity, but higher variance value of axial velocity.

That is a result of additional kinetic energy being drawn from temperature gradients,

instead of just from mean flow gradient as in the isothermal jet.
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FIGURE A.2: Axial profile of mean axial velocity on the lipline. Continuous lines, data
from Bridges and Wernet [58] (their setpoints 7 and 46); dashed lines, LES data. Black

lines, isothermal jets; grey lines, hot jets (TR ≈ 2.5). All results for M ≈ 0.9.
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FIGURE A.3: Axial profile of variance axial velocity on the lipline. Continuous lines, data
from Bridges and Wernet [58] (their setpoints 7 and 46); dashed lines, LES data. Black

lines, isothermal jets; grey lines, hot jets (TR ≈ 2.5). All results for M ≈ 0.9.

Radial profiles at the end of the potential core. The results for the isothermal jet

are taken at x1 = 6DJ , and for the hot jet at x1 = 3DJ; therefore both approximately

at the end of the potential core for each jet. Analogously, the results from Bridges and

Wernet [58] are taken at x1 = 7DJ for the isothermal jet and at x1 = 4DJ for the hot

jet.
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FIGURE A.4: Radial profile of variance of axial velocity at the end of the potential core.
Continuous lines, data from Bridges and Wernet [58] (their setpoints 7 and 46); dashed
lines, LES data. Black lines, isothermal jets; grey lines, hot jets (TR ≈ 2.5). All results for

M ≈ 0.9.. Vertical dashed line denotes lipline.
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A.4 Axisymmetry

Both large eddy simulation are for the same axisymmetric nozzle. Yet, Figs. A.5–

A.11 show that there is a significant departure from axisymmetric in the results. The

thick lines in these figure indicates the azimuthal average of the results. The same

azimuthal averaging was performed for all the analysis in this thesis. For instance, the

autospectral density was the azimuthal average of the autospectral density in the 16

different azimuthal stations. The departure from axisymmetry in the results can be due

to a short simulation time. So that the simulation did not fully achieved a stationary

state.
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FIGURE A.5: Mean axial velocity for the isothermal jet (M = 0.88, TR = 1). Thin lines,
computed values for each azimuthal location; thick line, average at each axial location.
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FIGURE A.6: Mean axial velocity for the hot jet (M = 0.88, TR = 2.5). Thin lines, computed
values for each azimuthal location; thick line, average at each axial location.
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FIGURE A.7: Variance of radial velocity fluctuation in the isothermal jet (M = 0.88, TR = 1).
Thin lines, computed values for each azimuthal location; thick line, average at each axial

location.
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FIGURE A.8: Variance of squared radial velocity fluctuation in the isothermal jet (M = 0.88,
TR = 1). Thin lines, computed values for each azimuthal location; thick line, average at each

axial location.
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FIGURE A.9: Variance of radial velocity fluctuation in the hot jet (M = 0.88, TR = 2.5).
Thin lines, computed values for each azimuthal location; thick line, average at each axial

location.
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FIGURE A.10: Variance of squared radial velocity fluctuation in the hot jet (M = 0.88,
TR = 2.5). Thin lines, computed values for each azimuthal location; thick line, average at

each axial location.
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FIGURE A.11: Variance of radial velocity fluctuation multiplied by enthalpy in the hot jet
(M = 0.88, TR = 2.5). Thin lines, computed values for each azimuthal location; thick line,

average at each axial location.

A.5 Frequency resolution

The frequency resolution (d f ) is related to the size of the time step (dt) and total

number of data points (N) via d f = 1/(Ndt). The time step of the available data is

dt = 0.014DJ/UJ for both jets; and the number of points in the time series is N =
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8400 for the isothermal jet and N = 8700 for the hot jet. The frequency resolution is

d f ≈ 0.008UJ/DJ .

The minimum resolved frequency is zero; and the first non-zero value is approx-

imately 0.008DJ/UJ . The maximum resolvable frequency is fmax = (1/dt)/2, which

leads to a maximum resolved Strouhal number of approximately 36. The first non-zero

resolvable Strouhal number is lower than necessary for the analysis of sound from tur-

bulent jets, but it does not follow that the result is of enough statistical significance at

this low frequency range. The statistical significant is related to the running time of the

simulation. To improve that aspect, the signal is analysed in windows of 512 points,

which gives a minimum frequency for each window of ≈ 0.14DJ/UJ . This Strouhal

number is small enough for the analysis in this thesis, and performing the windowing

improves the statistical significance at this low-frequency range [80].

The maximum resolved Strouhal of 36 is also misleading. This result is computed

from the Fourier-transform of the time series, but it does not follow that the result at

such high frequency is physical. The major limitation is due to the grid resolution and

numerical dissipation in the modelling. It is observed in the statistical analysis of the

thesis that the maximum physical Strouhal number is ≈ 2. These ranges agree with

the analysis by Naqavi et al. [14].

The Fourier transforms to compute the autospectral density or the cross-spectral

density are taken with Welch’s method as implemented in MATLAB. A Hanning win-

dowing and a overlap of 50% are applied to the 512-points windows. The commands

to compute the autospectral density of signal a or the cross-spectral density and coher-

ence between signals a and b are shown in Table A.3; dt is the size of the time step.

Both a and b are vectors with the 8700 points for the isothermal jet and 8400 points

for the hot jet.

TABLE A.3: MATLAB commands for spectral analysis.

Autospectral density pwelch(a,hann(512),512/2,512,1/dt)

Cross-spectral density cpsd(a,b,hann(512),512/2,512,1/dt)

Coherence sqrt(mscohere(a,b,hann(512),512/2,512,1/dt))
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A.6 Conclusions

The data has limitations and precludes definite conclusions about the turbulence struc-

ture and the radiated sound in high Reynolds number jets. Nevertheless, the data pro-

vided a starting point to set up a framework of analysis of turbulence. Further analysis

with higher quality data can be used in the future to reassess the properties analysed

in this thesis.

Though the acoustic farfield prediction is valid for the range 0.1 < St < 2, the

range of confidence for spectral analysis in the jet plume seems more limited. It varies

with location, so it is not certain the quality of the spectral analysis in the jet plume.

Therefore, the shape of the autospectral density and of the “spectrum” of length scales

are based on hot-wire measurements [12, 53, 56]. The LES is hence used only to get

the overall levels of these quantities, which is related to the most energetic range of

frequencies, say 0.2 < St < 1. Important here, and not available from hot-wire, is the

possibility to get the statistics of radial and azimuthal velocity fluctuations—this is

crucial, for the theory predicts that the acoustic farfield at 90 degrees to the jet axis is

related to these transverse velocity fluctuations.

The analysis of axisymmetric jet enables the use of the azimuthal average of the

results, which improves statistical significance.

If more definite conclusions about the structure of turbulence and its relation with

the emitted sound are to be sought, it would be necessary to use a numerical solution

with a wider range of confidence in terms of frequency, and possibly with match-

ing experimental data for the same nozzle and operating conditions. Nevertheless, a

consideration of these limitations of the LES data motivated the use of information in-

ferred from hot-wire measurements, so that a prediction of the acoustic farfield could

be presented.

The large eddy simulation resolves well the frequencies in the range of the most

energetic scales for sound emission. It stops short (at St≈ 2) to be able to compute the

frequency-dependence of the coherence length scales and the decay of the autospectral

density at high frequency. Therefore, the large eddy simulation data data is used with
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more confidence to compute the mean square value of properties, which gives the level

of the autospectral density at low frequency and the length scale at low frequency (low

frequency here is the region where the spectrum is flat). In terms of length scales, very

important here is the possibility to compute the ratio between the statistics for the axial

velocity component and for the transverse velocity components.
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RANS k–ε data

A description of the RANS data used in this thesis is presented in this appendix. The

simulations were previously used by Ilário [40] and made available for this thesis.

The RANS solution was computed used the standard RANS k–ε from ANSYS

Fluent. A 2D axisymmetric grid with 60× 103 cells was used. Compressibility was

considered via a equation of state for a real gas and the energy equation was solved

for the hot jets. The same nozzle of the LES solution and acoustic measurements of

QinetiQ2009 data was considered (a circular D = 0.1016m nozzle).

Remarks:

1. The RANS solution of the hot jet overpredicts the length of the potential core.

2. RANS captures well the mean velocity on the lipline.

3. RANS underpredicts the increase in k levels on the hot jet.

B.1 Grid details

The numerical grid is bi-dimensional and axisymmetric. It consists of 59849 cells.

ANSYS Fluent is used as a solver. Compressibility effects are accounted by equation

of state for a real gas, and the energy equation was solved for the hot jets.
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FIGURE B.1: Domain size for RANS grid.

FIGURE B.2: Detail of the grid near nozzle lip.

B.2 Comparison with LES

The RANS solution is compared with the large eddy simulation by comparing mean

values on the centreline and lipline. Figures B.3 and B.3 show results for the mean

axial velocity on the centreline and on the lipline, respectively. Levels of turbulent ki-

netic energy are shown in Figs. B.5 and B.6 on the centreline and lipline, respectively.
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FIGURE B.3: Mean axial velocity on centreline. Black lines, isothermal jet (M = 0.88,
TR = 1); grey lines, hot jet (M = 0.88, TR = 2.5). Continuous lines, RANS; dashed lines,

LES.
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FIGURE B.4: Mean axial velocity on lipline. Black lines, isothermal jet (M = 0.88, TR = 1);
grey lines, hot jet (M = 0.88, TR = 2.5). Continuous lines, RANS; dashed lines, LES.
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FIGURE B.5: Turbulent kinetic energy on centreline. Black lines, isothermal jet (M = 0.88,
TR = 1); grey lines, hot jet (M = 0.88, TR = 2.5). Continuous lines, RANS; dashed lines,

LES.
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FIGURE B.6: Turbulent kinetic energy on lipline. Black lines, isothermal jet (M = 0.88,
TR = 1); grey lines, hot jet (M = 0.88, TR = 2.5). Continuous lines, RANS; dashed lines,

LES.

B.3 Problem for solution of isothermal jet

To compute an isothermal jet it is necessary to set a temperature at the inlet boundary

condition higher than the external ambient temperature (T0). Near the centre of the

nozzle the air expands because of acceleration and the temperature drops to match
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the desired external ambient temperature—hence an isothermal jet. However, in the

boundary layer inside the nozzle there is no acceleration, and the temperature of the

fluid stays the same as in the inlet condition (the wall is considered adiabatic). Thus

the fluid leaves the nozzle at a slightly higher temperature than the ambient air near

the nozzle wall.

B.4 Operating conditions – isentropic relations for com-

pressible nozzle flows

Consider pr and Tr the reservoir pressure and temperature used as boundary conditions

in the simulation. Then the isentropic relations for a constant ratio of specific heats,

are
pr

pJ
=

(
1+

κ−1
2

M2
J

)κ/(κ−1)

, (B.1)

TR

TJ
= 1+

κ−1
2

M2
J , (B.2)

in which MJ =UJ/aJ is the aerodynamic Mach number, and κ is the ratio of specific

heats.

The operating conditions are usually written in terms of acoustic Mach number, M,

and temperature ratio TR = TJ/T0. The nozzle-exit Mach number can be written as

MJ = MT−1/2
R .

Then the isentropic relations are use to write the reservoir pressure and temperature

in terms of acoustic Mach number and temperature ratio as

pr

p0
=

(
1+

κ−1
2

M2T−1
R

)κ/(κ−1)

, (B.3)

TR

T0
=

(
1+

κ−1
2

M2T−1
R

)
TR, (B.4)

in which p0 and T0 are the ambient pressure and temperature.
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