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ABSTRACT: The study of non-supersymmetric black hole microstates offers the potential
to resolve the black hole information paradox. A system of equations was recently obtained
that enables the systematic construction of non-supersymmetric smooth horizonless super-
gravity solutions, that are candidates to describe microstates of non-extremal black holes.
Within this system we construct a family of six-dimensional supergravity solutions that fea-
ture two topologically-nontrivial three-cycles known as bolts. The two bolts touch at a sin-
gle point and are supported by fluxes. We find that the fluxes on the two three-cycles can be
either aligned or anti-aligned, and exhibit examples of both. We present several examples of
smooth solutions, including near-extremal solutions that have an approximate AdSs region,
and far-from extremal solutions that have arbitrarily small charge compared to their mass.
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1 Introduction and discussion

There has been significant renewed interest in the black hole information paradox [1, 2],

and its implications for the physics of an observer falling into a black hole [3-6]. In String

Theory, black hole entropy is understood as arising from an exponential degeneracy of

internal microstates of strings and branes [7]. This fact alone is not sufficient to resolve the

information paradox. However, there are indications that the gravitational description of

black hole microstates in String Theory may involve non-trivial physics at the horizon scale

that, if sufficiently generic, could resolve the information paradox; for reviews, see [8-13].



These indications are strongest for small two-charge supersymmetric black holes, for
which there is a complete account of microstates [14-17]. However, it remains an open
problem to determine whether such non-trivial structure at the horizon exists also for large
black holes, and when supersymmetry is absent.

Several families of microstates of large supersymmetric black holes admit descriptions
as smooth horizonless solutions to supergravity that have the same mass and charges as the
corresponding black hole, and that have a known description in the holographically-dual
conformal field theory [18-24]. Recent studies have uncovered interesting physics of probe
particles on some of these backgrounds [25, 26], and of the stability properties of some
supersymmetric solutions [27, 28]. There are also large classes of supersymmetric solutions
whose holographic description is not known; for a non-exhaustive sample see [29-33].

However, for non-extremal black holes the situation is far less understood, as the task
of constructing non-supersymmetric supergravity solutions is more difficult than in the
supersymmetric case. For several years, the only known non-extremal black hole microstate
solutions were the solution obtained via analytic continuation of the Cveti¢-Youm black
hole [34] by Jejjala, Madden, Ross and Titchener (JMaRT) [35], as well as generalisations
thereof [36-38]. The JMaRT solution is asymptotically R xS! with the same mass and
charges as a five-dimensional three-charge non-extremal Cveti¢-Youm black hole. The
solution is smooth and horizonless; in its core the geometry caps off smoothly with a single
topologically-nontrivial three-cycle that we refer to as a bolt. In an appropriate near-
extremal regime, the local geometry near the cap becomes global AdS3xS3, with possible
discrete identifications.

In general, by a “bolt” we denote a locus of space diffeomorphic to the centre of R?
times a compact surface (or a discrete quotient thereof), which in this case is a three-sphere.
The terminology is a generalisation of that of [39]. The bolt cycle of the JMaRT solution
is supported by three-form flux that gives rise to the total electric charge of the solution at
infinity. While this structure is analogous to the known bubbling microstate geometries for
BPS black holes, the JMaRT solution can at best be viewed as a very atypical microstate,
given its simple structure and the fact that both its angular momenta are always above
the black hole regularity bound.

To obtain more general families of solutions describing microstates of non-extremal
black holes, one requires a systematic method. In recent work, a partially-solvable system
of differential equations has been constructed, that enables the construction of much larger
classes of supergravity solutions [40—42]. This system consists of a sequence of second-
order linear differential equations defined on a three-dimensional base metric, identified as
the base metric of an auxiliary four-dimensional gravitational instanton. The first layer
of the system, as formulated in [42], comprises the equations for this four-dimensional
gravitational instanton and is the only non-linear layer; all following layers are linear. The
four-dimensional gravitational instanton is auxiliary in the sense that it does not appear
geometrically as part of the six-dimensional metric of the solutions obtained by this method.

Solutions to this system include the JMaRT solution; in this formulation, the first-
layer data of the JMaRT solution correspond to a Kerr-NUT four-dimensional gravitational
instanton. One can intuitively think of the Kerr-NUT two-sphere bolt as providing the seed
for the JMaRT three-sphere bolt.



Starting from the same Kerr-NUT instanton, this system has enabled the construction
of smooth solutions with at least one, and potentially an arbitrary number, of Gibbons-
Hawking centres (nuts) in an axisymmetric configuration [41, 42]. These centres and the
resulting topological cycles, usually referred to as bubbles, are of the same type appearing
in BPS solutions, and indeed become BPS in the appropriate limit. The resulting solutions
then carry an arbitrary number of these “extremal” bubbles together with a single bolt
that is responsible for the additional energy above the BPS bound. We distinguish bolts
from extremal bubbles as follows: a bolt is a rigid three-cycle attached to a specific locus in
space (the centre of R? mentioned above), while an extremal bubble is a cycle that is only
determined by two specific points that we refer to as Gibbons-Hawking centres or “nuts”,!
and is therefore not attached to a fixed surface a priori. Within this system, as formulated
in [42], it appears to be a general feature that bolts arise if and only if they are already
present in the gravitational instanton seeding the solution, whereas nuts appear at poles
of the solutions to the linear equations defined over its three-dimensional base.

Based on these constructions, one can extract a candidate picture of a class of mi-
crostate geometries of non-extremal black holes. This class consists of smooth horizonless
solutions whose topological structure is identified as collections of rigid three-cycles (bolts)
and Gibbons-Hawking centres (nuts), where the former are responsible for the energy above
extremality. This is a direct generalisation of the multi-centre supersymmetric bubbling
geometries, where only nuts arise. For example, the JMaRT solution admits a BPS limit to
a two-nut supersymmetric solution, i.e. with a single bubble, while the solutions described
in [41, 42] admit a BPS limit in which the single bolt becomes an additional non-rigid cycle
attached to two nuts, among the other nuts.

To put this picture to the test, one would like to construct solutions with several
nuts and bolts. Since in the system of [42] bolts arise from the first-layer data, this re-
quires building solutions starting from four-dimensional gravitational instantons containing
several bolts. This is a rather nontrivial task, because very little is known about such grav-
itational instantons with multiple bolts.

However, there is a four-dimensional gravitational instanton solution that contains two
Kerr-NUT bolts, touching at a point along their common axis of rotation [43, 44]. This is
a six parameter solution: the Kerr-NUT bolts carry three parameters each. The solution
has three special points, and it reduces to a three-centre Gibbons-Hawking solution in an
appropriate extremal limit. Unlike the multi-Taub-NUT instantons described in [45], this
solution does not exhibit the lines of conical singularities that are characteristic of unstable
configurations.? Therefore this solution is appropriate for use in the system of [42].

In this paper we construct a family of six-dimensional supergravity solutions based on
the instanton of [43, 44]. The resulting solutions feature two bolts touching at one point,
and supported by three-form fluxes. Upon imposing the R1*xS! asymptotics appropri-
ate for a black hole, as well as smoothness and absence of closed timelike curves (CTCs),

In our solutions, we denote by a “nut” a point whose neighbourhood is diffeomorphic to a discrete
quotient of R*xS'. A more detailed discussion is given in [41].

2Such singularities can be understood as compensating the gravitational forces arising in Minkowski
signature. The instantons of [43, 44] cannot be analytically continued to Minkowski signature.



we find a family of smooth horizonless solutions with the same mass and charges as the
non-extremal rotating three-charge black hole in five dimensions. Our family of solutions
includes additional physical parameters describing the structure of the solution in its in-
terior, in particular the fluxes and topology of the two independent three-cycles. These
solutions have a natural limit to the JMaRT solution, in which one special point disappears
and only a single bolt remains.

We analyse several interesting properties of our family of solutions. In particular, we
find a set of near-extremal solutions that feature approximate AdSs throats. We also de-
scribe a sub-family of solutions that have arbitrarily small charge compared to their mass,
and discuss their regularity. In both cases, as well as in our more general computer-aided
scans of the solution space, we have only found solutions that have at most one of the
two angular momenta within the regularity bound. In many examples the angular mo-
mentum that lies outside the bound, Jy, has a value very close to the bound, with a ratio
% ~ 1079 compared to the allowed maximum, Jmay . This includes the example with
an approximate AdSs throat exhibited in detail in section 4.2.1. These properties are rem-
iniscent of the situation early in the development of supersymmetric bubbling microstate
geometries, which for a small number of centres also exhibit an angular momentum above
the regularity bound. This obstacle can be overcome either by breaking isometries [23] or
by adding more centres (see for example [32, 33] for recent constructions of such solutions).
Since our two-bolt family of solutions is based on only three collinear centres, it is natural
to expect that one cannot bring both angular momenta below the regularity bound; in-
deed the same situation arose in the three-centre solutions of [41]. Based on the success of
supersymmetric solutions when isometries are broken® or more centres are added, looking
to the future we believe that there is cause for optimism on this point.

The paper is organised as follows. In section 2 we present both the partially-solvable
system of [42] as well as the gravitational instanton of [43, 44], before describing the con-
struction of our family of six-dimensional supergravity solutions. We proceed to impose
smoothness on the family of solutions in section 3, leading to regularity constraints in-
cluding those known as “bubble equations”, and we examine the resulting structure of
the metric near the bolts. Using these results, we describe some topological properties of
these solutions and the three-form fluxes supporting the two bolts. Section 4 is devoted to
exhibiting a set of examples obtained by solving the bubble equations for large collections
of the integers parametrising our solutions. We discuss in detail solutions with an approxi-
mate AdSs region, as well as a family of solutions with parametrically small charge-to-mass
ratio. Appendix A contains the explicit expressions for our supergravity ansatz; appendix B
discusses the adapted coordinates near the three special points; and finally, appendix C
includes explicit expressions for the various vector fields arising in our solutions.

2 The supergravity construction

In this section, we describe a partially-solvable system for constructing solutions to six-
dimensional A = (1, 0) supergravity coupled to a tensor multiplet. We then discuss briefly

3Note also the recent work on perturbative constructions of non-supersymmetric superstrata [46].



the structure of a three-centre gravitational instanton recently constructed in [43, 44],
which can be viewed as two Kerr-NUT bolts touching at a point. Finally, we construct
a family of six dimensional supergravity solutions, using this instanton as a base for the
partially-solvable system.

2.1 The partially-solvable system

We consider solutions to six-dimensional " = (1, 0) supergravity coupled to a single tensor
multiplet. The field content of this theory is the metric, a two-form potential, C'; and a
scalar field, ¢. These arise, for example, as a consistent truncation of Type IIB supergravity
compactified on a Ricci-flat four dimensional manifold, and we will have in mind a D1-
D5 bound state on T* or K3. In order to construct non-extremal solutions, we use the
partially-solvable system of [40], in the formulation of [42], for six dimensional supergravity
coupled to np tensor multiplets. Here, we briefly introduce this system given in [42] for
the np = 1 theory in which we work, referring the reader to that work for more details.

The system of equations involves nine functions on a three-dimensional base space.
Two of these functions, V, V, determine the metric of the three-dimensional base space,
as we describe momentarily. The seven other functions are organised in two triplets of
functions, K7, L', for I = 1,2, 3, and another function, M. These functions are organised
into three layers, where each layer consists of linear second-order differential equations
with sources that are determined by the data of the foregoing layers. These nine functions
parametrise the full supergravity solution.

In more detail, the functions, V and V satisfy the following Ernst equations and
determine the three-dimensional base space metric, 7;;, via

2V _ 2 -
2V gyyv, AV =2 _gvvv,
1+VV 1+VV
8(iV aj)V
R(v)ij = Taivve (2.1)

Thus V and V parametrise a four-dimensional gravitational instanton with one isometry.
Note however that the corresponding four-dimensional Riemannian metric is auxiliary in
the sense that it does not appear in the six-dimensional metric ansatz in our supergravity
solutions. Furthermore, there is no physical coordinate associated to this isometry in the
solutions we construct.

For use below, we introduce the Hodge star, x, and the Laplacian, A, associated to
the Riemannian metric v;;. The remaining equations take the following form:

2V

AK] == iVVVK],
%+Ky
ALT=-— _oEVK,; . VKg, 2.2
EWRay J K (2.2)
1+VV

CIJK

where for the model at hand the structure constants, , are given by symmetric per-

mutations of C'?3 = 1, and are zero otherwise. In the order written above, these equations



are a solvable subsystem on the background specified by a solution V, V,~;; to (2.1). Note
that there is a symmetry transformation leaving (2.2) invariant:

Ky %K1+k:17,

1 1 _
LI Lh+ 5C”Kk:JKK + 1C”K kikiV ,

1 1 Vv
M—M+ -kl +-——— VKKK
2" T8I+ VY [RIRE
1 11 1 _
+-(1-= — ) (OB kpky Ko + = CHE krk sk v>, 2.3
1 (-5 ) (e kot + 5 0 bk (2.3

for some constants ky. This symmetry is reminiscent of the gauge and spectral flow trans-
formations present in solvable systems describing extremal solutions.

Given a solution to the system (2.2), the six-dimensional metric, two-form and the
scalar field that solve the supergravity equations of motion are as follows. We write the
metric as

H
ds?=—2 _ (dy+A3

1 o
dt+k) 2+ H Hy [ —(d 02 4~ datda?
T (dt+k)"++/Hy 2(WA'¢+M) +7ijdx $>,

(2.4)
in terms of a function, W, a vector of functions, Hy, and three one-forms, A2, k and w°.

poowo
v HyHyHg

Note the Kaluza-Klein structure, with A3 the Kaluza-Klein gauge field, anticipating our
focus on asymptotically-flat solutions in five dimensions. The forms A% and k decompose as
I

A3 = A3 (dt + w) + o (dyp + w®) + w?, k‘:W(dw—i—wo)—i-w, (2.5)

where A}, o3, u and w, w are respectively three scalars and two vector fields on the
three-dimensional base.

All functions appearing in the supergravity fields are given in terms of the functions
(V,V, Ky, L', M ), as specified in [42] and summarised here. The functions W, p, H; that
appear in the metric are determined as follows:

3 2
_ 1 1V
W=|1+V)M-=Y K;L'+- — K1 Ky K
(0P} Soar ] 2w
1-V 3
+ — KKy KsM+20+ V)L L2 L3 = KiKppo LI L2
1+VV< 1K K3 ( ) ; 1+1 K142
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214+VV ’
1< V-1
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12 ( ) 9 IZ:; I Rvav
1 Vv 1 3
+= — 2K\ KoKs M+ Kp1Kppo L' L2 2.6
21+VV( 5 K1K2 K3 ; 1+1 K142 (2.6)

where we use cyclic notation modulo 3 for the index I. The corresponding expressions for
the remaining quantities appearing in (2.4)—(2.5), as well as all other quantities appearing
in the expressions for the matter fields below, are given in appendix A.



Turning to the matter fields, the scalar field, ¢, corresponding to the Type IIB dilaton,

is given by
H
2 = 1

_E,

The two-form potential, C, is conveniently described in terms of two three-form field

(2.7)

strengths G, = dC,, where the C, for a = 1,2 denote the corresponding two-form po-
tentials. These two field strengths satisfy the twisted self-duality equation

e® *¢ G + €_¢G2 =0. (2.8)

This is equivalent to the equation of motion for the original two-form C'. In this notation,
the anti-self-dual combination of the three-form is part of the supergravity multiplet, while
the self-dual combination is seen as part of the tensor multiplet, together with the dilaton.
We also define the invariant SO(1, 1) metric

oy = (ﬁ’ (1)) , 29)

and its inverse, %, that is useful in writing explicit expressions below.

In terms of three-dimensional quantities, the two-form potentials C', are decomposed
in terms of scalars A?, (3, and a®, where a® are identified as axions in the reduction
to four dimensions, as well as three-dimensional one-forms w®, v, and b,. The explicit
decomposition, assuming axisymmetry as we do, takes the form*

Ca =nap A2 (dy+w?) A (dt+w) +1ap o (dy+w) A (dip+w0°) — B, (dt+w) A(dp+w?)
— Ny W A (dy+w?) +bg A (dt+w) +vg A(dip+uP). (2.10)

The relevant expressions for the fields A{ . al, v,, by and B, in terms of the functions
solving the system (2.1)—(2.2) can be found in appendix A, and are used to compute these
quantities throughout this paper.

2.2 Two-bolt gravitational instanton

In order to construct supergravity solutions of the type described in the previous section,
one starts with a gravitational instanton that solves the nonlinear part of the system
n (2.1). An obvious example of such an instanton is the Kerr-NUT bolt, i.e. the analytic
continuation of the Kerr-NUT black hole solution to Euclidean signature, for which the
horizon is replaced by a smooth bolt. Solutions based on this instanton and generalisations
thereof were constructed in [40-42, 47].

Obtaining more general solutions to the Fuclidean Einstein equations with a single
isometry, or even two commuting isometries, is a difficult task. For our purposes, a natural
strategy is to take a known class of instantons solving the first layer of our system (2.1),
and use them as the basis for solving the remaining layers of equations to find new six-
dimensional solutions.

4In the general case without axisymmetry, there is an additional term, which can be found in [42].



In this paper, we consider the three-centre four-dimensional gravitational instanton
of [44], which can be thought of as describing two Kerr-NUT bolts, touching at a single
point along their common axis of rotation. Note that this more general instanton does not
admit an analytic continuation to Minkowski signature, since the gravitational attraction
would of course lead the resulting pair of touching black holes to merge. Below, we describe
the instanton metric and some of the conditions required for its regularity. Note that
smoothness, including absence of conical singularities, imposes quantisation conditions on
the parameters of the four-dimensional solution. However, we shall not describe these, since
we are only interested in smoothness of the six-dimensional supergravity solution, and in
general, the quantisation conditions are different. We discuss the smoothness analysis of
the full six-dimensional supergravity solution in the next section.

2.2.1 The metric

We now review the four-dimensional gravitational instanton of [44]. The solution is de-
scribed in terms of a quartic polynomial, whose coefficients parametrise the solution, as

P(u) = ap + a1u + agu® + azu® + agu?

=as(u—1t1)(u—1t2) (u—t3)(u—ts), (2.11)
where either the a; or the roots t; can be used as parameters, and the relation between the
two is given by

ap = agtitatsty, a1 = —ay(titats +titatsy +t1t3ts +tatsty),

az = ag(tita +tits + ity +tats +tota +t3ta), a3 =—as(ti +t2+1t3+1). (2.12)

As is natural for an axisymmetric gravitational instanton, the metric is written as
a circle fibration, with coordinate 7, over a three-dimensional base space metric that is
independent of the angle, , around the axis of symmetry. The remaining two directions
along the three-dimensional base are expressed in coordinates x, y, reminiscent of the

adapted coordinate system used for black ring solutions.® The polynomial (2.11) appears
symmetrically for the x and y coordinates, as

X=P), Y=-PQ), (2.13)
in terms of which the metric is given by

F G \? H dz?  dy?
S — il — (RF ([ ) £ XV dp? 2.14
dsji (a:—y)H(dT+Fd(p> +(x—y)3F </@ (X + Y)—i— de* |, ( )

where

F(z,y) =2’Y +y° X,
H(z,y) = (vz —i—y)[(uw —y)(a1 —azzy) —2(1 —v) (ao — a4m2y2)], (2.15)
G(z,y) =X [V2ag+21/a3y3+(2uf 1)a4y4] -Y [(1 —2v )aonVa1x7V2a4$4] ,

5Note that y is completely distinct from the coordinate y used in the six-dimensional metric (2.4).



and where k and v are two additional constant parameters. In this form, where the
fibration is along the coordinate 7, we can read off the relevant Ernst potentials describing
the solution through their definition

Ev+E = A&, — &) = -yl <G d<p> , (2.16)

(x—y)H’ F?2 F

which leads to the explicit expressions

(z—y) vz +y) e —azzy) T4y
= _ = — . 21
E+ 2(w—1)H ¢ 2(v — 1) (va +y) (217)
One can verify that £4 indeed satisfy the Ernst equations,
(Er+E) AEL =2VEL-VEL. (2.18)

Furthermore, it is clear from inspection of (2.17) that there is no complex choice of the
parameters and coordinates that would result in the relation £_ = &£, as would be required
for a Minkowski-signature solution, confirming the fact that this solution does not admit
an analytic continuation to a real pseudo-Riemannian metric.

In view of the presence of the additional isometry along ¢, one can bring the metric
to the canonical Weyl form

2
ds? = (£ + &) <d7‘ + gdg:) + (& +E)H [62” (dz2 + dpg) + p2d502] ) (2.19)

where the Weyl coordinates p, z are related to the z, y coordinates as

s XY _ 2(ap + agzy + asx?y?) + (z + y) (a1 + agzy)
p YR = p) )
(z—y) 2(z -y

(2.20)

while the three-dimensional base space metric %jdxida:j =% (d,22 + dp2) + p?dy? is de-
scribed by the function ,
o= L (2.21)
(z —y)*

Since a zero of the polynomial in (2.11) results in a divergent term in the metric (2.14)
through either X or Y in (2.13), each of the coordinates x, y may only take values in a
range between two distinct, neighbouring roots of this quartic polynomial. Moreover, since
we need both X > 0 and Y > 0 for a regular metric and since asymptotic infinity is reached
by taking both = and y to be equal to one of the roots, it follows from (2.13) that z, y
must take values in two adjacent ranges, which are then specified by three of the roots of

the polynomial [44]. We choose by convention to order the roots t1, ta, t3, so that we have
i<z <tp<y<ty, or t3<y<ty<x<t, (2.22)

and so that t4 is outside this range, i.e. either greater than t3 or smaller than ¢; in the
first case, or smaller than ¢3 or greater than ¢; in the second.® Through (2.20) the above

5In general one could also consider a range that includes infinity, but we shall not do this in this paper.



domain (2.22) is homeomorphic to the half-plane of the Weyl coordinates (p, z), i.e. p >0
and z € R, as we explain in appendix B.

The solution contains three special points in its interior; these are reached when both
x and y reach either boundary of their respective ranges. The locations z; of these points
along the axis of symmetry are given in terms of the roots of the polynomial as follows:

Asympt. infinity: T =ts, y =to,
1
Centre 1: T =1, y=to, a=—g (t1ty + tsty),
1
Centre 2: =1, y = t3, 72 =5 (t1ts + taty),
1
Centre 3: T =tg, y =13, B=—g50 (t1ty + tats) . (2.23)

For later reference, we define local spherical coordinates close to each of these four loci,
namely (r,cosf) for asymptotic infinity and (r;,cos#;) for each of the centres at 21, 2o,
23, as follows:

¥4
r:\/p2+22, COSGZW,

zZ — Z

/2 2 _
=\ p°+ (2 — z)°, cosf; =
’ == VRt (e w)?

, (2.24)

where p, z are given by (2.20), with the choice of branch for the roots such that the special
points satisfy (2.23).
Parametrisation invariance induces the unphysical rescaling symmetry of the system

(:Evy) — (va )\y) , a; — )\Q_iai, t; — )\ti, (2.25)

that leaves invariant the components of the metric in Weyl coordinates. One could therefore
fix this redundancy by choosing for example a4 = 1. However it will be more convenient
for us to keep all parameters free at this stage, and to fix this redundancy at a later point.

2.2.2 Supergravity embedding

In order to use this instanton in the partially-solvable system of the previous section, one
needs to identify appropriate functions V' and V solving (2.1). These are equivalent to the
Ernst equations (2.18), so that V and V! can be identified with the £&+. However the
Ernst equations are invariant under the exchange of £, and £_, and also under SL(2) real
fractional linear transformations, so there is some freedom in this identification. We fix this
freedom by choosing V' to be the simpler of the two functions, and thus related to £_ by
a fractional linear transformation. Then V is related to £, in a similar fashion, explicitly:

~vE_ =0

— &
VD =gty ot 5

= —, V(E) =

(2.26)

The invariance under SL(2) comes from the fact that the Ernst equations (2.18) describe a
non-linear sigma model over SL(2)/SO(1, 1). The choice of parameters in (2.26) determines

~10 -



the asymptotic fall-off, and we shall use it to obtain the appropriate asymptotic behaviour
of the functions V and V needed to obtain asymptotically R"* x S supergravity solutions.

Upon expanding the metric (2.14) around asymptotic infinity using (B.4), we find that
the three-dimensional base becomes the flat metric on R3 for the choice

_ag(ty —t1) (to —t3) (ta — t4)
K= X . (2.27)

Similarly, expanding the functions (2.26) and imposing that V' asymptotes to 1 and that
V vanishes asymptotically, as for the similar three-centre instanton in [42], we restrict the
parameters of the SL(2) transformation to be given by

v+1 . 5
V_157 5—@- (2.28)

azla 6207 ’7:_1_

The rescaled parameter, ) , remains free and replaces the original parameter, v, which does
not appear in the expressions for V, V. Having done this rescaling, we now drop the hat
from ¢ for notational convenience. Explicitly, V and V then become:

T—y

V=1-9¢ ,
r+y

(z —y)(a1 — azzy)
46 (ap — ag22y?) + (a1 —azzy) (6 — Dz + (6 + 1)y)

V= (2.29)

With this choice of V, V, the relevant scale factor of the metric, (1 + VV)_l, contains
simple poles at the three centres, as one may verify by expanding the coordinates (x,y)
to the first nontrivial order in the spherical coordinates (2.24) around each special point;
these expansions are given in (B.4). The corresponding coefficients are proportional to the
three combinations of parameters

p1 = tity — t3ty, p2 = t1t3 — toty, p3 = t1tg — tats, (2.30)

which, together with k given in (2.27), will be useful shorthands in the various expressions
of the supergravity solutions to be constructed in the next section.

As was shown in [44], there exists a limit in which the metric (2.14) reduces to a
three-centre Gibbons-Hawking instanton with charges proportional to (2.30).

2.2.3 The three-dimensional base metric near the nuts and bolts

As described above, the three-dimensional base of the above four-dimensional gravitational
instanton will be the three-dimensional base of the six-dimensional solutions we construct.
We now examine the form of this base metric near the special loci, using the local coordi-
nates defined above. From (2.14) and (2.19), the three-dimensional base metric is given by

ds? = ———
P (z—y)!

In the adapted Weyl coordinates, all the special loci are located along the axis of symmetry,

K2 F dz?  dy? XY 9 9 9 9 9, 9
- 4 L S i ) 2.31
<X+Y>+<x_y)4dtp e*? (dz* + dp*) + p*de (2.31)

at p=0.
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Starting from the three special points z = z; in (2.23), we change to the adapted
spherical coordinates, r;, in (2.24), and use the local expansions given in (B.4) to find the
following form of the metric near each point:

2
d83

= ¥ (dr? + r?d0?) + r?sin® 0;dp* + O(r?), (2.32)

Zi

where the functions €2 are given by
20 2 (1 L.y
et =k 5(1+c0391)+§bA(1—cos01) ,

1 1
o202 _ .2 (2 b2 (1 + cos f2) + 5 b2 (1 — cos 02)) , (2.33)

1 1
o203 _ .2 (2 b2 (1 4 cosf3) + B (1 —cos 93)) ;

and where we use the shorthand constants

_h (ta —t3) (t2 — ta)
ot (ty —t3)(t1 —tg)

whose significance will become clear shortly.

by = 3 (b = t3) (t2 — ta) (2.34)

to(ty —t3) (t3 —ta)’

ba

The two regions between the three special points were interpreted in [44] as two Kerr-
NUT bolts with a common axis of rotation, touching at the nut at the middle point. With
our choice of ordering for the roots in (2.22), the position in the middle where the two Kerr-
NUT bolts touch is always zo. Without loss of generality, we assume the ordering z3 < z9 <
z1, so that the half-lengths of the segments supporting the two four-dimensional bolts are
1 g ( 1 g (

e = = (21— 2) = tr—ta)(t2—t3), =5 (2—2) =

th —t2) (I3 —ta).
; ; L= 1) (t3 — ta)

(2.35)

Since we only use the three-dimensional base of the gravitational instanton, the in-

terpretation of the two four-dimensional bolts is a priori lost, and one must perform the

analogous analysis on the final six-dimensional supergravity solution. Nevertheless, it is

useful to consider the metric near these two regions, as it will be useful preparation for the

supergravity analysis in the next section. We therefore define adapted radial and angular
coordinates around each segment, as

1 1

A= +m), st = 5, (ri=ra),
1 1

o= trs), cosly = 5 (ry —73). (2.36)
2 QCB

In terms of these, the base metric can be expanded around r, = ¢, and 5 = ¢z, leading

to the expressions

2
drs
r?—c2

dr?
(2 02,1222 B
= (re—ci+bicpsin®ly) | 5=
rs—Cg

= (ri—ci+b2ACQAsin2HA) ( +d0§> + (ri—ci) sin?0, de®+0(r3),

—i—d@%)+(7']23—02B)sin203dg02+(’)(r§), (2.37)
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where we used the value of k given in (2.27). This local form of the base metric near each
segment is exactly the same as for a Kerr-NUT instanton, with non-extremality parameters

cay/b2 — 1, c5/b2 — 1 and ‘rotation’ parameters bsc,, bpcy, respectively, thus justifying
the definitions of b,, by in (2.34). The solution is extremal when either by = £1 or ¢, =0
and either by = £1 or ¢z = 0.

2.3 Two-bolt six-dimensional supergravity solution

We now proceed to construct an explicit family of supergravity solutions based on the
two-bolt four-dimensional gravitational instanton. This involves solving the remaining
equations of our system (2.2) on the three-dimensional base space (2.31) described in the
previous section. Obtaining the general solution to this system is beyond the scope of this
paper, as it would involve introducing functions with poles away from the bolts, similar to
the construction of [42] where additional Gibbons-Hawking centres were added to a single
Kerr-NUT instanton. In this paper we restrict attention to solutions where the functions
K, L;, M do not contain additional poles. By doing so, one can assume that the solution
can be expressed in terms of rational functions of z and y.

The simplest solution of the remaining equations of our system (2.2), based on any
given instanton, arises by acting with the symmetry operation in (2.3) on the trivial solution
in which all the remaining functions K, L;, M vanish. This solution depends only on the
two functions V and V that define the gravitational instanton. However, it turns out
that this solution is not general enough to include interesting solutions, so we must obtain
a non-trivial solution to the subsystem (2.2) in this background. As mentioned above,
we assume that the functions are rational in (z,y) coordinates. For extremal solutions,
harmonic functions with poles of high degree tend to produce singular solutions, so we seek
a non-trivial solution with the least possible singular behaviour at the special points. We
find the following solution for the K (which is regular at the special points):

r—y
o K Koo 2.
r=miko K e T T (o e (6 Dar g Y

for three constants mj;. Given this solution, one can solve the remaining equations with
the resulting source. We now act with (2.3) on this solution and describe the resulting
family of solutions. We thus take the solution for the K to be given by

Ki=hi+Kr=hr+miKo+k;V, (2.39)

where the h; and mj are two triplets of constants. Note that we also defined the functions
K, which do not include the asymptotic constants, hy, and which will be useful in writing
the remaining functions in the solution.

The solution for the remaining functions can then be computed straightforwardly, by
solving these equations for k; = 0 in the source terms and then using (2.3) to re-introduce
the dependence on the k7. The resulting solution for the L takes the form

TRy o8 . . ST E) S et NN OUTY
4V 16(a0a§—a%a4)5 ayr —asxry
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where [! are a triplet of constants, and where the term quadratic in the K includes all
terms that depend on k; and can be seen to reproduce the dependence in (2.3). Similar
comments apply to the k;-dependent terms in M, for which we find the solution:

1 - 1 24VV - - - 1 1 ;-
M=—K; Ll -— — K1 Ko K3+ (l+ 1-V —sz>
v b Ty ekt g (ot =V) = o UK
B ;zi)’a% (1—Vlm1m2m3 al+2(m+y)(a0a3—a1a4xy) C(241)
16(apa3—aias)?0? 1+VV a1 —azzxy ay—azxy

where [y and g are constants parametrising two homogeneous solutions of the last equation
in (2.2) that are generic for any gravitational instanton, as they are the same functions of
V and V for any solution to the Ernst equations (2.1).

3 Regularity of the solutions

In this section, we analyse some general properties and specify the constraints arising from
regularity for the family of solutions found in the previous section. The analysis proceeds
in three steps: we study asymptotic infinity in section 3.1, then we examine the structure
and regularity of the solution near the three centres in section 3.2, and around the two
bolts in section 3.3.

3.1 Asymptotic structure

We start by analyzing the asymptotic region and imposing the appropriate fall-off behaviour
for the ansatz quantities, such that the resulting solutions are asymptotically R%*xS!.

Useful redefinitions. In order to analyse the structure of the solution near asymptotic
infinity, we first make a set of gauge transformations and coordinate transformations on the
solution that is obtained by directly substituting (2.39)—(2.41) in the relevant expressions,
in order to obtain standard asymptotic values for the various fields. These operations do
not impose any constraints on the parameters of the general solution, but represent a choice
of gauge that we exploit in setting various asymptotic constants to zero.

We first shift away the asymptotic constants from the off-diagonal components of the
metric and the two-forms C,. Concretely, one can shift to zero the asymptotic values of the
scalars a®, B, and A? in (2.10) by performing a gauge transformation on the two-forms,
leading to the following redefinition of the vector fields

w = w® + A?‘mw + aa|oow0 ,
U(/z = Vg — ﬁa‘oow + Nab ab’mw?) )
by = ba + nap AY|_w® + Ba|_w”. (3.1)
Here, primes denote redefined quantities, while asymptotic values are denoted by ‘OO, and

we use the first Pauli matrix 74, (2.9). Having made these redefinitions, we immediately
drop the primes on the new quantities, and we will do likewise for the following two steps.
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In the same way we set to zero the asymptotic values of A} and o that appear in the
Kaluza-Klein gauge field A% given in (2.5), by performing a diffeomorphism that mixes the
coordinate y with ¢ and v at infinity, leading to the following redefinitions

! 3 b
V= va + | _napw’,

b, = by + A?‘oonab w?
ﬁzlz = Ba — agloonab Ag + A?’wnab ol (3.2)

Moreover, one can shift away the asymptotic constant values of w, w3 and the w® by making
an appropriate diffeomorphism mixing the coordinates ¢, y with ¢, as well as by a further
gauge transformation on the two-forms; we therefore assume that these vector fields vanish
at infinity for the remainder of the paper.

Finally, we consider the freedom of choosing the asymptotic time coordinate as a linear
combination of the coordinate ¢ with one of the compact directions, t = ¢’ + 1), leading
to the field redefinitions

W =w-—yu, wW=pu+yW, o' =aol + AL, vf = vy +br. (3.3)
This freedom, parametrised by the constant -, will be fixed by imposing the asymptotic
conditions below. We once again immediately drop the primes on all the above redefined
quantities.

The explicit expressions for the asymptotic constants appearing in the above redefi-
nitions (3.1), (3.2) are straightforward to obtain using the solution given in section 2.3.
However, these are not illuminating and play no role in the following, so we refrain from
displaying them and henceforth work with the quantities obtained after (3.1)—(3.3) have
been applied.

Constraints on the asymptotic fall-off. We now turn to the constraints imposed by
demanding that the asymptotic structure of the solution is that of a five-dimensional black
hole. Starting from the metric, in order to obtain the desired R*!xS! asymptotics, we
impose that the functions that appear in the metric fall off as
Er
W=t 2liopy,  mp=ly T

r r2

+0(r %), (3.4)

where the E; are positive constants that parametrise the mass and the fall-off of the scalar
fields at infinity, and where £, is a real parameter. For the sake of simplicity, we follow the
same approach as in [41, 42] and fix the asymptotic values of gy, and the dilaton by fixing
the leading fall-off of the Hj functions to be % There is no loss of generality arising from this
choice, since we keep the radius of the y circle general through its coordinate length y ~ y+
27 Ry ; similarly, the asymptotic value of the dilaton e??|, can straightforwardly be scaled
to an arbitrary value using the global GL(1) symmetry of the theory in six dimensions.

Next, we turn to the off-diagonal components of the metric (2.4) that involve the time
coordinate, and impose that they fall off at large r as

B —Jy + J, cost
N 813

Jo sin? 6
8r

+ 0™, w = do+ O(r=?), (3.5)

where Jy, J, are the angular momenta along the corresponding angular directions.
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Finally, the asymptotically-flat five-dimensional solution that is obtained by reduction
on the asymptotic circle has electric charges, @7, which are defined in terms of the fall-off
of the time components of the five-dimensional gauge potentials, A/, as

A{ZZEQ“+CXT7%. (3.6)
4r
Since we are interested in black hole microstate geometries, we wish to constrain the be-
haviour of the matter fields to that of an asymptotically-flat black hole solution. This
requirement imposes the following relation between the electric charges and the quantities
Er defined in (3.4):
Ef - Qi = B} - Q3 = Ef - Q3. (3.7)

This constraint can be understood as an attractor equation for the two scalar fields in five
dimensions, such that their asymptotic momenta are determined by the electric charges
and the mass of the black hole.”

In order to impose the conditions (3.4)—(3.7), one must expand the solution obtained in
section 2.3 near infinity and constrain some of the free parameters. Imposing the asymptotic
behaviour (3.4) results in fixing the values of the parameters hy, If, Iy and qg introduced
in (2.39)-(2.41). We have

1
lo=1'== hr=1, (3.8)

and we shall give the value of ¢y shortly, once we have introduced some more notation. Once
this is done, one finds that p = —y/r?2 + O (r_3) for a constant + that will be given below;
we thus apply the transformation (3.3) in order to remove the O (r‘z) term, obtaining the
desired O (r~?) fall-off in (3.5). The final conditions to consider are (3.7), which read

E%—Q%:E%—Q% = a%g% G ms (my (kg —1) —mgo (k1 — 1)) =0,
2a30 p1p2p3
ajai K2

E3-Q3=F;—-Q; = my (m3 (k2 —1) —ma (k3 — 1)) =0, (3.9)

2436 p1paps
where the constants k and p1, p2, p3 are defined in (2.27) and (2.30) respectively. Since
setting x or either of a; or ag to zero would lead to a degenerate metric, we consider
appropriate restrictions of the my. This leads to two branches of solutions to (3.7):

Rank 1:  m;=mo =0, ma #0,
Rank 3:  my=m(kr —1), (3.10)

where m is an arbitrary constant, and we name each branch by the number of nonzero
components. Note that the Rank 1 branch may be along any of the three directions, but
we choose mg # 0 in order to keep manifest the symmetry between the two two-form poten-
tials (2.10), since it is the vector field A that appears in the six-dimensional metric (2.4).

"Note that the two five-dimensional scalar fields are parametrised by ratios of the H; functions, and
behave as Z—; =1+ % + O(r?) at infinity. This condition is enforced in [48, 49], because Er and Qr
are proportional to the hyperbolic cosines and sines of the corresponding boost/duality parameters d;.
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The other choices with only m; or ms non-zero define a-priori independent solutions that
we have not studied. Henceforth, we will only consider the Rank 1 solution with ms3 # 0
in (3.10), and we leave the analysis of the more complicated Rank 3 branch for future work.

Asymptotic charges. In order to simplify the analysis of the Rank 1 branch, we redefine
kr, 6 and mg in favour of new parameters, qj, £, m, respectively, as follows:

kr = <1+QI71+(]2;1+(1—m)Q3>7

4149243
§=— (aj —t
8ty (a1 —t303) Er1”

mr=|(0,0, t2—3—1 mqs | . 3.11
2
al

Note that in (3.11) both the root, t2, and some of the coefficients, a;, of the polynomial P(u)
in (2.11) appear, for brevity. One can use (2.12) to write (3.11) in terms of the roots t; only.

2

With these redefinitions, the conditions on the solution in section 2.3 are summarised
as follows. The asymptotic constants are given as in (3.8), while (3.4)—(3.5) are satisfied by
fixing the parameter ¢y in the harmonic part of the function M in (2.41) and the parameter,
7, of the transformation (3.3), as

1 8ty 1 £ -1

T ka1 —t3a3 q1q2q3’ (3.12)
y=—1- % ;;;3 (a2 + q1a3+ q2q3) — i(al — t2as) ngjcf .

The leading terms of the R"* x S! metric at infinity are given by
ds? = —dt* + dy® + df + 7 [(dip — cos 0dp)? + df? + sin® Odyp?] | (3.13)

where the metric of the unit S® appears in the square bracket. For later convenience we
parametrize the (standard) lattice of periodicities of these angles by a triplet of free integers
(€1, lo, £3) as follows:®

y ~y+2nh Ry, Y~ 4 dmly — 2wl @~ o+ 2mls. (3.14)

It is conventional to take the fundamental domain of this lattice to be given by the ranges
y € 0,27Ry), ¥ € [0,47), ¢ € [0,27). The asymptotic identifications in (3.14) will be used
below to deduce the corresponding periodicities of the compact angles in the interior of the
solution.

8The integer parameters 1, £2, £3 should not be confused with the parameters I’ introduced in (2.40)
and fixed in (3.8).
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The explicit expressions for the electric charges ()7 and the parameters Ej appearing
in the subleading terms of the H; are given by’

-1 K
qr+19r+2 8tz
2
-1
RS K

Er=4—=—"— 4+ — (a1 —t3a3) qr4+1q1+2 , 3.16
qr+191+2 8752( 203)dr+19r+ (3:.16)

=4 (a1 — tha3) qr1q142 (3.15)

which satisfy (3.7). Similarly, the ADM mass and the two angular momenta defined in (3.5)
take the form

MADM:ZEIa
I
£ -1 K 2
Jypy=—18 — (a1 —1 : 3.17
== (3l B - Ba ) € 317

= — 41 jo — 3 ).
Y qgagsta (a1 — tas) \ 32 1 J

where the shorthand combinations ji, j2, j3, read

. i a
1= t% (3@1 — t%ag) +t1t3t4 (a1 — 3t§a3) — 2#5 H;Sm,
4

. K

Jo = EQ%ngg (a1 —3t3a3) +32 (1o + q1 g3 + q2q3) (€2 — 1),

. as

33:753/%&*4(11Q2m(§+1)- (3.18)

We remind the reader that we use both the ¢; and a; for brevity and that one can use (2.12)
to obtain a fully explicit expression.

3.2 Structure of the solution around the nuts

We now turn our attention to the structure of the solution in its interior, where the two
three-dimensional cycles are localised. These three-cycles arise from the two-bolt structure
of the underlying gravitational instanton, described in section 2.2.

The solution topology is clearest in Weyl coordinates z, p. Consider the spacelike slices
defined by fixing ¢ to be constant. For z different from the special points z; (2.23), and dif-
ferent from z4 = —o00, 29 = 00, these spacelike sections are topologically a discrete quotient
of (zi11, i) x ST x St xR?, where R? is parametrised in cylindrical coordinates with radius p.

In the neighbourhood of z = z; for ¢ = 1,2, 3, the geometry is a discrete quotient of
S' x R%. Recall that we define spherical coordinates r;, §; centred at z = z;, p = 0 for each
region (241, 2i—1), see (B.4). The behaviour of the scaling functions as r; — 0 is

Ni\? i
W = <e_2"i> + 0@ Y, H; = 6—20ih7[ +0O(rY), (3.19)

T ¢ T !

for positive constants N;, hy;, where the functions 2% were defined in (2.33).

9Note that the parameter & corresponds to the parameter & appearing in [41, 42], renamed here to avoid
potential confusion with the coordinate x of section 2.2.
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b, b W,
¢1.:; ¢n 3 "’I’;; ¢1.1 ¢1<1 '4’1

Figure 1. The three angular isometries in each of the three coordinate patches around the centres.

In order to avoid closed-time-like curves (CTCs) near the centres, one must impose the
behaviour p ~ T% near the centres. This behaviour of p is ensured provided that the one-
form w is continuous on the axis; the resulting constraints, known as “bubble equations”,
will be discussed in due course. First however we discuss the geometry near each centre,
assuming that these constraints are satisfied.

To analyze the geometry near the individual centres, we define three different patches
with coordinates (¢r;, dri, Vi), i = 1,2,3, and which together cover the entire space as
depicted in figure 1. Specifically, Patch 1 is valid on the open z-interval (29, 00); patch 2 is
valid on the open interval (z3, z1); and Patch 3 is valid on the open interval (—oo, 22).

To explain our notation let us state here which of the angles shrinks on the axis (p = 0)
in which region, before deriving this behaviour below. Working from right to left, between
z =z and z — 00, ¢r1 shrinks at fixed (¢r1, 11), i.e. the norm of the Killing vector 9/9¢r1
goes to zero. We denote by Bolt A the region between the centres at z; and z9 on the axis.
Here, depending on the patch, it is ¢ or ¢ro that shrinks. Similarly we denote by Bolt B
the region between the centres at zo and z3 on the axis. Here, depending on the patch, it is
¢r2 or ¢prs that shrinks. From z = 23 to z — —o0, it is ¢3 that shrinks on the axis. Thus
our choice of notation should be clear: in Patch i, ¢1; shrinks on the left of Centre 7, and
¢Rr; shrinks on the right of Centre 4, at fixed values of the other coordinates in the patch.

Centre 1. One can compute the behaviour of the various functions in the limit r; — 0,
leading to the following expression for the constant Nj defined in (3.19),

by +d
Ny = Qj (3.20)
2
and the following expressions for the fields w?, w® and o appearing in the metric,
1 0 1—cosf
WOy = 2 <_+0081 N bAdACOSl) do
2 2
1 0
w3|r1:0 = e_zalekARy (;OS ! dQD,
ksR
3 advy
0= — ) 3.21
« ’7"170 bA + dA ( )
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Here b, was defined in (2.34), and we define the constants d, and kaR, via

§+1 as
dy = —€ — to — 1 to (t ty) —
A 13 (b — 1) (11 — t) (1 — Ba3) as (ta — t1)paps + Kta (t1 + t2) ")

kAR, :< & -1 1 agby Q1Q2Q3>
tl — tQ Al (a1 — t% a3) qs 64 tl tz

a
X |:((a3t1 + ay (tl + t2)2) (tl + tg) —al + t% CL3) p1 — ;jtg (tl + tg)lim:|

agba t1 + to 2(§+1)t2(t1+t2) 1 as
— — —— 3.22
8 ity (414 @2) b1 Ay (a1 —t3a3)  ¢3 as i (3:22)
where A is given by

4
Ar=TJti—t). (3.23)

j=1

J#i

We wish to impose that the local geometry be smooth up to possible orbifold singu-
larities. By doing so we will explain the physical relevance of the parameters by, da, ka
defined above. We consider the metric near r; = 0, and we define the Patch 1 coordinates

(61, PR1,%1) Via

1 b N
Y b=+ 2L oy =yop-2 LY (3.24)

¢L1=H§y, i Ity Ry

Then near r; = 0 the leading spacelike components of the metric (at dt = 0) are given by
(recall that hy; are defined in (3.19))

hat < k R )2
ds® = Y_d
Vhi1hoy \ ba + da ¥1

d 2
++/h11 hat <:1 +71(d02 + 2(1 + cos 01)d¢7, + 2(1 — cos al)dﬁﬂ)) . (3.25)
1

One recognizes the spherically symmetric metric on S' x R*, as anticipated above. The
two commuting Killing vectors Jy,, and 0y, have vanishing norm at 7y = 0, and they
generate rotations of rank four in R*, so we label r; = 0 a nut. Let us now analyze the
lattice of identifications of the periodic coordinates.

At 0; = 7, the direction that shrinks is ¢ at fixed (¢g1,1). For the shift ¢r1 —
¢r1 + 27 at fixed (¢Rg1,11) to be a closed orbit, b, and N; must be integers, while for it
to be part of the lattice of identifications induced by the identifications of the asymptotic
coordinates (3.14), k, must also be an integer, which we take to be positive without loss
of generality.

In full, the identifications of the asymptotic coordinates (3.14) induce the following
identifications of the local coordinates (3.24):

V4 b N
b1~ dr1+ 2T, GRi~ dpi + 2mly + 2wl | hy ~apy +Am by — by — 031 )
kA kA k.A
(3.26)
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Thus the local geometry is a Zy, quotient of S! x R*; this is a smooth quotient if and only
if N7 and k, are relatively prime, when the action of the quotient is free. The geometry
is locally identical to that of the orbifolded bolt described in detail in [50], with m, = Ny
and n, = Nj — b, the usual integers characteristic of the JMaRT bolt, and k, the order of
the orbifold quotient.

Centre 3. The structure of the solution near the centre at r3 = 0 is very similar to the
structure at Centre 1, and the analysis is parallel. One can again compute the behaviour
of the various functions in the limit at r3 — 0, leading to the following expressions for the

constant N3 defined in (3.19)
by — dg

N3 = 5 (3.27)
and for the metric fields w®, w? and o3
1 0 1 — cos 6:
w0|r3:0 = 67203 deB o8Oy + s d )
2 2
9% 1+ cosf
w3|r3:0 = e 2 SkaBRyT:sdap )
ks R
3 Bty
—0 = . 3.28
« |r3—0 b — dy ( )

Here the quantities €27 and by were defined in (2.33), (2.34), and we define the constants
ds and kg R, via
§+1
dg = —§ —
" 5 (tl — tg) (t3 — t4) (a1 - t% CL3)

ks Ry :< &-1 1 asbs Q1Q2Q3)x
t3 — 1o Ag (a1 — t% ag) qs 64 to t3

as
<a4 (t3 — ta)p1p2 + K2 (t3 + t2) ) m)

as
X |:((a3 ts + ay (tQ + t3)2) (tg + tg) —ai + t% ag) D3 — ;4t2 (tg + tg) Iim:|

aqbg to + t3 2(f+1)t2(t2+t3) 1 a3
=B em, 3.29
8 lat3 @+ e)ps Az(ar— Bas) gz as (3.29)
where Az is defined in (3.23).
Near r3 = 0, we define the Patch 3 coordinates (¢r3, drs,3) via
Ly bs y N3 y
:—7’ = T =, = 277, 330
®R3 Py b3 = ¢+ . R, Y3 =v¢Y+e+ . R, (3.30)

in terms of which the leading spacelike components (at dt = 0) of the metric near r3 = 0 are

has < ks R )2
ds® = Y_d
Vhighas \ bg — dg ¥s

d 2
+/hiz has <:3 +73(d82 + 2(1 + cos B3)dp%, + 2(1 — cos ag)dqs%%g)) . (3.31)
3

In parallel to the analysis near r; = 0, we find that bg, N3 and kg must be integers. This
time we do not have the freedom to chose kg positive (as we did for k, ), and in all solutions
that we have constructed, kg is negative. We observe that r3 = 0 is also a nut.
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Under the shift of the asymptotic coordinates (3.14), one obtains the shift of the local
coordinates: (3.30)
N b L
Uy ~ A (G + 672 ), Grs ~ Sra+2ml2mli > ¢Rs ~ dr3+2m—, (3.32)
kB kB kB
so that the local geometry is a Zj,| quotient of S' x R* that acts freely if and only if
N3 and kg are relatively prime. The geometry is again locally the same as the orbifolded
bolt described in detail in [50], with mz = by — N3 and ny = —N3 the usual integers
characteristic of the JMaRT bolt, and |kg| the order of the orbifold quotient.

Centre 2. The second centre is the location where the two bolts touch each other, and its
analysis is more involved. One can compute the limit of the various functions near ro — 0
to obtain the following expressions for the constant Ny in (3.19):

bpd — badp

Ny = f = bAN3+bB(N1—bA), (333)

and for the metric fields w®, w? and a3:

1+ 0 1-— 0
w®,,—g = e 22 <bAdA(;OSQ + deB(;OS2> de ,
9. 1+ cosf 1 —cosf
Wama = €200 R (b T g I Y g,
bakg — bk
3 ARB BRA
ro=0 — 5 3.34
06‘2 0 bedA_bAdB ( )

where we use the definitions (2.33), (2.34) for €272 and b,, bs, and (3.22), (3.29) for the
constants d,, dg, ka, ks.
The Patch 2 coordinates (¢r2, ¢Rr2,12) are defined by

k?A90+bARLy kBSD+bBRLy

_ Ry G — b —dybre — dadps.  (3.35
b Fibs L Yo = ¥ —dpdrs —dagrz. (3.35)

dr2

We find that the leading spacelike components (at dt = 0) of the metric near ro = 0 are

has < baks — buka )2
ds® = R d
Viatos \ Y bodn — bady 2

d 2
+ h12 th <:2 + 19 (d922 + 2(1 -+ cos 92)d¢%2 + 2(1 — COS 92)d¢2R2)> . (3.36)
2

Under the shift of the asymptotic coordinates in (3.14) one now obtains

(Y2, ¢r2, PR2) ~ (b2 +47ls, 12, PR2)

3

2 ————— (2(kaN3 + kg(N1 — b ka, —k

TrkaA_kAbB( (A 3+ B( 1 A))7 As B)
{q

2 - -
" Tenba — kabs

+

+ (2(bAN3 + bg (N1 — by)), ba, —bg) . (3.37)
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The local geometry is generally a discrete Z jkyb,—kibs) X Ziged(by ka) qQuotient of S' x R*. To
ged(ba,ka)

demonstrate this, let us use the existence of the SL(2,Z) matrix
Ty A
g= gc (bir A) . , (338)
ged(ba,ka) °4

for some integers r, and s,, to reparametrise the shifts as (¢5,¢]) = ({3, ¢1)g, such that the
identification reads

(Y2, 12, dr2) ~ (VY2 +47la, G2, PR2)

ged(ka,by)

=~ ¥V5(2N3,1,0

oo — by 3 (23, 1,0)
g/l TAbB—SAka

+27
(ng(kA7bA) kgba — kabg

+27

Eg)(—Q(Nl —b,),0,1). (3.39)
The shift in ¢ can be reabsorbed in a shift in ¢ for £ = 0 mod "kl and the
shift in ¢] is trivial for ¢; = 0 mod ged(ba, ka). The order of this finite group is therefore
|kgbs — kabg|. The same construction can be done exchanging A and B. This group reduces
t0 Zjiyb,—k,b,| if either ged(ba, ka) = 1 or ged(bs, ks) = 1. The general condition for the
action to be free and the geometry to be smooth is that the shift in ¢; and ¢3 of the circle
coordinate 9 must not be an integer multiple of 47 unless the shifts of both ¢r2 and ¢grs
are themselves integer multiples of 27, i.e. that any discrete symmetry acting non-trivially
on S3 must act non-trivially on S'. This requirement is equivalent to the conditions that

ged(ka, kg)

gcd(kaNs + k(N1 — bs), knba — kabs )
ged(ba, bg)

2cd(baNs + by (N1 — by), knba — kabs )

€7, (3.40)

€Z.

These conditions may seem rather difficult to satisfy, but we shall discuss explicit examples
in the following. Note that one can reabsorb gcd(ka, k) in the definition of Ry, so in
practice we work with ged(ka, ks) = 1; one can restore ged(ka, kg) through Ry if desired.

3.3 Geometry at the two bolts

We now consider the metric on the two bolts between Centres 1 and 2 and between Centres 2
and 3, denoted as Bolt A and Bolt B respectively. In terms of the spherical coordinates cen-
tered at the bolts defined in (2.35)—(2.36), these correspond to the surfaces r, = ¢, and rg =
cg, respectively. The metric on a spacelike section takes the following form near r, — c,4:

ﬁA
ds?|, = ——— (dy +&®|\ (dy + w°[,) + w¥[s)
V H
+ﬁfﬁ1§f1§ — fi2sin% 6,
Hi\JHFH) W,

- dr?
+\/ HMHZ [biei (7’2—TCQ + d@i) + (2 = 2) dﬁ] , (3.41)
A

A

sin” 6, (dw + wO|A)2

~ 93 -



where Wy, fin and H ; are regular functions of §, € [0, 7] that parametrise the values of
the corresponding functions at r, = c,, as

— WA(GA) _ ﬁ?(QA) o [LA(GA)
W‘TAZCA ~ sintg, ] I‘TAZCA " sin6, M‘TA:CA = M. (3.42)

The corresponding expression near the second surface, at rg = cg, is obtained from (3.41)—
(3.42) by replacing A — B. At these loci, one finds the limiting values

d k
w0|TA=CA = idQOv w3‘TA=CA = RY£d‘10a
0 ds 3 ks
w ’TB:CB = gd@, w |TB:CB = Rygd@, (343)

where the integers by, d,, ky and bg, dg, kg are defined as in (3.22), (3.29) above in the
analysis near the special points r; = 0. We can now check that the metric on the spacelike
section at the bolt r, = ¢, is regular in terms of the coordinate systems defined near both
the first and the second points, (3.24) and (3.35). For this, we use that

k b
dy + wg‘TA:CA = Ryidbel = Ry (kB - bikA) dors,

d b
dip + Py —e, = dipy + <1 + b“>d¢m — dipy + (dB - deA> dbrs,  (3.44)
A A

and the fact that the angles whose Killing vectors have zero norm on the bolt, respectively
¢r1 and ¢r2, only appear in @,

@ ~ —baopr1 >~ —badgra. (3-45)

One may neglect the other angles in the expression of ¢ because their contribution is sub-
leading in (3.41).1° The Killing vector d,,, defines a rank-two action on the R® Euclidean
tangent space, so we refer to this locus as a bolt.

In Weyl coordinates, Bolt A is the surface located on the axis p = 0 with 2o < z < 2y,
and it is described in two patches. We assume that Nj is relatively prime to k5. On the first
patch, z € (22, z1]; ¢r1 is degenerate; (z, ¢r1) parametrise a disc D centred at z = z1; and
Y € [0, m) parametrises a circle S!, where the periodicity of ¥ will be explained
momentarily. The bolt on this patch is the Z |z, quotient of this D x S! by the shift

ged(ka,by)
N b
1~y —Aml——  pi~ dr1 + 2wl (3.46)
kA k'A
Note that since we assume that Nj is relatively prime to k,, for £ = — kA this identi-

ged(ka,ba)
fication means that the periodicity of v is m, as stated above.

On the second patch z € [z9,21), ¢ra is degenerate and (z, ¢r2) parametrise a disc D
centred at z = z9. Assuming that Nj is relatively prime to k,, the shift in ¢} in (3.39)
reduces the periodicity of 1o to m, such that o € [O, m) parametrises a

ONote that ¢r1 # ¢ra, they are only equal up to corrections in terms of the regular angles at the bolt.
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circle S'. Assuming that (3.40) is satisfied so that the orbifold action is free, the bolt on
this patch is then the Z kb, x| quotient of this D x ST by the shift

ged(ka,by)
ng(kA, bA)Ng + (TAbB — SAk'B)(bA — Nl) ’ ng(kA, bA) /

Vg ~ hy+4m Tbn — b 3, Gr2~ QL2+ b — b 3
(3.47)

where r, and s, are defined as in (3.38). The two coordinate sets are related through

bgka — N1k kpby — kb
Y2 =12+ 2 (BAle - N3> b2,  ¢m = %@;2 : (3.48)
A A

In the special case |k,| = |kgba — kabg| the entire bolt is a Z )  quotient of a Hopf

ged(ka,ba)

fibration over S?, which is a lens space.
Similarly for Bolt B, the spacelike metric components near ry = cg are regular in terms
of the coordinate systems defined near Centres 2 and 3, (3.35) and (3.30), and we find

K

d
be ¢L3 )

b
dy + w3|7"B:CB = Ry <k’A — bAkB> d¢R2 =R
B

bB bB
o >~ —bgpra ~ —bsPrs. (3.49)

b d
A + 1O pp—ey = dibo + <dA - AdB) dpre = dipz + <B - 1>d¢L3,

In the coordinates around Centre 2, (3.35), the only Killing vector with a vanishing norm
on the Bolt A is Jy,,, and the only one on the Bolt B is 0y,,, exhibiting that they are
both three-dimensional surfaces in the spacelike section. The topology of Bolt B is similar
to that of Bolt A; in particular it is a lens space if |kg| = |kgba — kabs|.

3.4 Absence of closed time-like curves

The final requirement for regularity is the absence of closed time-like curves (CTCs), which
would render the solutions pathological. The analysis is identical to the one performed
in [41], to which we refer for more details; we simply state the relevant conditions here.
We start with the determinant of the metric (2.4), which must never vanish:

—g = HiHye"p? > 0. (3.50)

Combining this with the requirement that the metric component gy, be positive, and using
the base metric (2.31), one finds the conditions

Hy >0, Hy >0, Hs > 0. (3.51)

In addition, demanding that the gy, and g,, metric components be positive leads to the
condition
HiHpHy — pi* _ w;
W = p2

which implies that the combination on the left hand side must be everywhere positive and

(3.52)

that w, must vanish along the axis of symmetry of the solution, at p = 0. Any regular
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solution must satisfy both (3.51)—(3.52), however as usual it is not possible to solve these
inequalities analytically for the complete family. Instead, we check that these conditions
are satisfied on the particular solutions, as discussed in the next section.

The weaker condition that w, = 0 along the axis can be written down explicitly, using
the analysis near the special points presented above. In particular, the conditions imposed
at asymptotic infinity in section 3.1 ensure that the vector field w, vanishes on the axis
p = 0 away from the bolts. On the bolts this is not true automatically and new conditions
arise by imposing w, = 0 on each of the bolts, which (as noted above) also imply that
TR % at the special points, r; = 0. These two conditions have been assumed in deriving
some of the above results; we refer to them as “bubble equations”, in analogy to the similar
equations in supersymmetric solutions. Their explicit expressions are given by

a(t; —t1)  m L odatl &1
2w =4
Plra=ca < Htl a1 — t% as 4bA §+ 1 quq[_i_l 414243

1 a4(t%—t1) kody+1
8t < t (Q1+Q2+Q3)+4bA 11

<t2—t1q tg(t2+t1)£—|—1> to — t1
- 3
8 alft%ag qs tl

(a1 — t3a3) q1 ¢ CJ3>

asm,

aq (13 — t3 P3 1 dg—1 £ -1

2wyl _ =4 (t5 — 1) 5 : E qarqr+1
B=CB K3 a1 —tyas 4bB E+1 414243

1 a4(t§—t2) K odg—1

+8t2< - (q1+q2+q3)+4bB £ 1

<t3—t2 tg(t3+t2)€—|—1> t3 — to
- Q3+ D)
8 a17t2a3 qs t3

(a1 — t3a3) q1 ¢ Q3>

azm, (3.53)

which must both vanish in order to avoid Dirac-Misner string singularities. We once
again remind the reader that both the roots, t;, and the coefficients, a;, of the polyno-
mial parametrising the gravitational instanton appear in this formula for brevity. One can
use (2.12), (2.27) and (2.30) to express the a;, k and p1, p3 explicitly in terms of the ¢;.

Among the eleven independent parameters of this family of solutions, which one can
take to be a4, t;, qr, m, £ and Ry,ll one is redundant and can be fixed by the reparametrisa-
tion (2.25), and two must be solved for using the bubble equations (3.53). Thus the family
of solutions is ultimately parametrised by eight independent parameters, six of which are
determined in terms of the six integers N1, N3, bs, bg, k4, kg according to the quantization
conditions that have been described in this section. The two real parameters, say qi,qo,
and the six integers above are then constrained by the inequalities (3.51) and (3.52). In
String Theory, say in the Type IIB D1-D5 frame for concreteness, the D1 and D5 charges
as well as the momentum along the y circle are quantized such that all the parameters of
the solution should eventually be integers, however we will disregard the quantization of
charges in this paper.

"¥Where we note that Ry only arises through the periodicity of the y coordinate.
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3.5 Two-form potentials and fluxes

As established in the previous sections, our family of supergravity solutions contains two
inequivalent homology three-cycles defined between the three centres, each of which is
locally a smooth discrete quotient of S' x R%. We can use this fact to compute the fluxes
of the three-form field strengths over the two three-cycles, as follows.

In the adapted coordinates (2.24), (3.24), (3.35), (3.30) around each of the three cen-
tres, a given centre is identified as the origin of R* with the S? coordinates 6;, ¢r;, ¢r;. Since
these coordinates are degenerate at r; = 0, a regular two-form field must vanish identically
along these directions. This implies that a regular two-form with the decomposition (2.10)
can only admit a non-zero component along time and the finite S' fiber over R*, such that
Calr;=0 = Caidt N dip; at r; = 0. We have checked explicitly that the two-form potentials
C, evaluated at each centre r; = 0 admit constant components in the base generated by
dt, dy, di, dp by the wedge product. The corresponding expressions at each centre are
rather cumbersome, so we refrain from displaying them. One can remove the unwanted
constant components through a distinct gauge transformation on each open set centred at
r; = 0, with the difference of these constant values determining the gauge transformation
from one open set to another, and therefore the flux of the bolt cycle linking them, as we
now discuss in some detail.

We define the fluxes, @4 and @QF on each bolt as the integrals of the field strengths
over the surfaces X5, Xy of each cycle, as

Gor QP = —

a — 4.9
47 P

Q=L

= — G, . 3.54

a 471'2 Sa a ( )
To compute this, we note that the bolt A at r, = ¢, can be parametrised in the coordinates
z, py 1, dr1, ¢Rr1 defined in (2.24), (3.24) as the surface at p = 0 and at constant ¢r,1, joining
z = z1 t0 z = z9. The components of the two-forms C,, pulled back to this surface, give

(Cawpdgp A dy + Cayd,dy Adyp + Cagoyd(p VAN dy) = Capy dor1 N din . (3.55)

¢r1=cst

Similarly, the bolt B at rz = ¢ can be parametrised in the coordinates z, p, 13, ¢1r3, dR3
defined in (2.24), (3.30) as the surface at p = 0 and ¢ g3 constant, joining z = 22 to z = z3.
The components of the two-forms C,, pulled back to this surface, give

(Cagpdp A dip + Caypdy A dip + Caydip A dy) = Cappdrs Ndibs.  (3.56)

¢Rra=cst

These coordinates can be used in both cases to compute the flux, since they are well defined
everywhere on the two respective bolts, except at the contact point p = 0,z = 2z9. One
concludes that in both cases one can define the flux integral in the naive coordinates 65,1, ¢
by taking y constant and keeping in mind that the integral is over S3/ Zjy,), respectively
s3/ Zjky)- Denoting the three patches defined in section 3.2 by U; for convenience, the
integrals in (3.54) can be re-expressed in terms of the difference of the values of the two-
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form at the centres as

1 1 1
Q;;:/ dC:/ dca+/ dc,
47T2 YA 47T2 Y aNnU; 4772 EAQ(UQ\Ul)

1 1
= T 5 a - C a - Ca 357
Am? /EAHU1< ot > 42 EAmU1< Uy 2) ( )
2
= T (Casow ,~ Capy 2) ;

where the sign comes from the choice of orientation with z; > zo > z3. On the second line
of (3.57), the second term in each of the two brackets is the distinct gauge transformation
performed in the respective patch U; to set the transformed value of C' along the degenerate
angles to zero at the special point r; = 0. Similarly, one obtains

QF = |k23| (CGW)Q . chjg) : (3.58)

The sum of these two fluxes reproduces the total charge, upon taking into account the
orbifolding of the bolts by |k,], \k:B] mentioned above, as

Q=g [, Ga= k1@ + Iufal. (3.59)

We emphasise that although the description of Bolt A given above implicitly assumes
that the patch U; is maximal (i.e. it only excludes the point (p = 0,z = 22) in X, ), this is
by no means necessary. One can check that in general, on a spacelike section dt = 0, the
following equality holds for the two-forms in the patches U; and Us:

A alQ)
2k,

Cul, !Qad¢ /\dzpf|

(kba — knbg)déra A dis . (3.60)

Noting that the order of the orbifold action in Us is |kgby — kabg|, one obtains the same
result for the flux in either coordinate system. Similarly, one finds

IkBIQ kel Qa

Ca kg

) ——dopr3 Ndipz =

@ (kaby — kba)ddgra A dibs, (3.61)

a

between the patches Uy and Us.

Using the solution of section 2.3 in the expression for the two-form potentials in (2.10)
and imposing the regularity constraints analysed in section 3, one may evaluate (3.57)—
(3.58) to find the following explicit expressions:

i@ =~ (2521 - By (125 2 L8 g,
—;2 (3;t2 (a1 — t3a3) q§1qu1§ +§+1) th%QQm,
ks QT —q~12 < 5;2;31 16HtQ (a1 —t%a:&)%%) (1 ZEEJ—FZ gfi) q2p3
+;2 (3;2 (a1 — t2a3) ngj(-ig +§+1) §t2a—iq2m, (3.62)
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where we use the shorthand expression

4149243
E+1 '

- 1t —1¢
Go=(ts—ts) |(t1 +13) g2 + 5 —— (a1 — t3as) (3.63)

8 to
The corresponding expressions for 5 and Q5 can be obtained from (3.62)—(3.63) by in-
terchanging the parameters ¢; <> ¢2. One can then verify explicitly that (3.59) is indeed
satisfied.

4 Exploring the solution space

In this section, we summarise the conditions on the parameters of our family of solutions
imposed by regularity, and outline a procedure for obtaining solutions to these conditions.
Using this procedure, we then describe in detail a selection of explicit solutions of interest,
representative of our survey of the parameter space.

4.1 Reparametrisation of variables and summary of constraints

As briefly explained at the end of section 3.4, the two bubble equations (3.53) and the six
integrality conditions imposed by smoothness at the three centres in section 3.2 leave the
family of solutions parametrised by these six integers plus two real parameters. Due to
algebraic complexity, one cannot parametrise the solution explicitly in terms of these six in-
tegers. However one can solve explicitly for four real parameters in terms of N1, N3, by, bg,
as we shall describe in this section. The only remaining quantization condition to be solved
implicitly is the condition that k, /kg is rational.

We first recall that the integer quantities b,, da, by and dy depend on the parameters
of the solution as in (2.34), (3.22) and (3.29). Starting from the b’s, one can solve (2.34)
by changing variables to two arbitrary constants si, so as follows, where we immediately
fix the unphysical scaling symmetry (2.25) by setting so = 1 and s1 = s:

B 5152(bas1—bgs2) B s(bys—bg)
ty = — 2 2 2 2 2 ’ (4.1)
bAbB(51+52) 7bA817bB52 bAbB(S+1) —bAS _bB
bas1—b bys—b
t1 = tabsi=tats, ty=to—sa=to—1, ty=tyt ot P22y JASTOD

batbs—1 2 batbp—1

Similarly, the expressions of d, and dg in (3.22) and (3.29) provide a linear system for &
and m that can also be solved explicitly. Henceforth, we assume that (4.1) is imposed in
all relations and that £ and m are solved for similarly, so that the family of solutions is
parametrised by the integers b,, d,, bg and dg (or equivalently the unconstrained integers
ba, bg and N7, N3, through (3.20) and (3.27)), and the real parameters ay, s, q;.

We then turn attention to the two bubble equations (3.53), which are both quadratic
in each of the three ¢j, a fact that remains true even after eliminating £ and m as above,
since (3.22) and (3.29) do not involve the ¢;. It then follows that one can define a linear
combination of the two bubble equations that is linear in g3, which we choose in favour of
the others in order to keep manifest covariance under the GL(1) symmetry of the theory in
six dimensions. Solving this linear equation for g3, one is left with a single equation which
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can be seen to be quartic in a4 (e.g. by computing the resultant of (3.53) in terms of g3
and eliminating £ and m as explained above). We stress that all operations described up to
this point can be done fully analytically and explicitly, since they involve solving at most a
quartic polynomial equation; however we refrain from displaying the relevant expressions
as they are quite involved and not illuminating.

At this stage, the family of solutions is parametrised by the unconstrained integers
ba, bg N1, and N3, and the parameters s, ¢q1, g2. Additional regularity constraints arise
from regularity of the scalar flow near asymptotic infinity, which demands that all Ej
in (3.16) are positive, as well as near the three centres, which implies that the functions
Hy in (2.6) are positive at all three centres. These properties can be checked explicitly
by substituting the results above into the corresponding expressions. Finally, one must
impose the two constraints required for absence of CTCs, given by (3.51)—(3.52), which
are the only conditions that have to be satisfied at all points in the geometry, so that they
can only be checked separately for each candidate solution satisfying all other conditions.
In practice, we find that these conditions either disallow such a candidate or restrict the
allowed ranges of values for the remaining continuous parameters, s, q1, g2, for any given
set of integers, without fixing them to given values.

As a result, all regular solutions we find are parametrised by the integers b,, by N1,
and N3, and the parameters s, ¢q1, g2 within allowed ranges. However, one must still
impose integrality of the parameters k, and kg, which are defined implicitly from their ratio
using (3.22) and (3.29). In practice one needs to fix s such that % € Q, which always allows
for an infinite number of such choices in any finite allowed range for s, although of course
one may be less interested in examples where |k, | and |kg| become unreasonably large.

At this point we also make the choice of convention that t; > t9 which implies s > 0,
so that we focus on the second of the two possible orderings of the roots in (2.22). This
is not a requirement for regularity, but rather a conventional choice one can make without
loss of generality.

4.2 Explicit examples

In this section, we present a number of interesting explicit example solutions within our
family, obtained through the procedure discussed in detail in the previous section. We
first discuss a class of solutions featuring an approximate AdSs region large enough to
contain the two-bolt structure, also providing an interesting particular example of such a
solution, that in addition has one of the two angular momenta below the regularity bound.
We then turn to a sub-family of solutions that allows for a parametrically small charge-
to-mass ratio, describing some of its salient features. We also comment on the properties
of a multitude of other solutions with an intermediate amount of non-extremality with
respect to charge, that we obtained through computer-aided scans of the parameter space
of smooth solutions, however we will not discuss these solutions in detail.

4.2.1 Solutions featuring an AdS3 region

It is interesting to consider the near-supersymmetric regime, and to investigate whether
our family of solutions contains examples with an approximate AdSs region. This would
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suggest the possibility of taking a decoupling limit and investigating the resulting solutions
holographically. The JMaRT solutions [35] can be studied in the near-supersymmetric limit,
which allows for solutions exhibiting an AdS3 near-core region. The decoupled JMaRT
solutions have a now well-understood holographic interpretation [50, 51].

While the complexity of our family of solutions does not allow for a general direct
analysis, it indeed contains solutions with an approximately AdS3xS? region. It would be
very interesting to investigate whether one can take a decoupling limit of these solutions,
whether they can be studied holographically, and whether one can ultimately connect to
recent holographic studies of black hole formation in the D1-D5 system [52-57].

Performing a computer-aided analysis along the lines of section 4.1, one can identify a
plethora of solutions with an approximate AdS3xS? region, characterised as

Ey Ey Ey

E>>1, E:O(l)’ @>>1, (4.2)
where £, was defined in (3.4). These conditions imply that there exists a region E;, Fy >
7> Fj3, |és| where the scaling functions are well approximated by the AdS3xS? solution

_ B Ey

lei 2%7
4r2’ 4r2 7

Hgﬁ s W =

S|

1
3 (4.3)
The solutions of this type are very similar to the JMaRT solutions at large distances and up
to the five-dimensional ergoregion (the ergoregion of the solution obtained by dimensional
reduction on y), where r ~ FE3 > 4|{| and W changes sign, but r > c,,cs. In this
intermediate region the scaling factors behave similarly as for AdSyxS?,

Fq Es B3+ 48 cost

H1 ~ — 2" —F H3 =~
4r2’ 4r2 Ar2 ’

(4.4)
however the geometry is strongly modified by the presence of the ergoregion because ||
is not small compared to F3. This region is itself widely separated from the neighbourhood
of the two bolts, i.e. where {2, 7B ~ O(1). We thus find three separations of scale in such
solutions, where the parameters are such that (Eq, E2) > (E3, |€x|) > (ca,cs). As one
moves from asymptotic infinity towards the centre of the geometry, the different regions

are summarised as follows:

R x St r> Fy,
AdSs x S?, Ei>r> B3,
5D ergoregion , Es>r>cy,
two-bolt region Es>r~2(cy+cp), (4.5)

Such asymptotically-flat examples featuring long throats well-approximated by AdSszxS3
hint towards the existence of a decoupling limit, to which we hope to return in future work.
We now discuss in more detail an explicit example, setting for simplicity

n=q@=c'?, (4.6)
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where c is a real positive constant that serves as an arbitrary length scale. This implies
that the two electric charges are equal, Q3 = @1, and also implies that Es = Fy. Following
the procedure described in the previous section, we start by choosing a set of integers
parametrising the geometry at the three centres, as

by=123,, by=—158, Ny =-9, Ny=-50, N3=—-222. (4.7)

Using the change of variables (4.1) along with (4.6) in the bubble equations (3.53), one
can find a solution for the parameters a4 and g3 that depends on the single remaining free
parameter, s, as described in the preceding section. This free parameter can be used to
tune the ratio k,/kg defined by (3.22) and (3.29) to be a rational number, such that the
conditions described in section 3.2 for the absence of orbifold singularities at the special
points r; = 0 are satisfied. One such choice, that in addition allows for a good approximate
AdSs3 region, is given by

s~ 4.01531 = ky=133, ky=—935,
as ~ —3.00589¢c, g3 ~ 0.000988359¢ /2 (4.8)

where we also give the resulting value for the constrained parameters a4 and g3. We observe
that gcd(N1,ka) = 1 and ged (N3, kg) = 1, and that the two ratios in (3.40) are both equal
to one. One can further check that all the relevant quantities (3.51) and (3.52) are positive
everywhere; thus the solution describes a globally hyperbolic smooth manifold.

With the numerical values above, one can now directly evaluate all physical quantities
for this example solution. Starting from the asymptotic charges, we find that

Ei = B> ~ 8.35107 x 10%¢, E5 ~1.07441 x 105 ¢,
Q1 = Q ~ 8.35106 x 10%¢, Q3 ~ 5.76365 x 10°¢. (4.9)

The resulting ratio E1/E3 ~ 780, together with £, ~ —2.26678 x 10° ¢ (with 4|¢| < E3),
signals a good approximate AdSs region as anticipated above, and thus a near-extremal
solution. This can be verified by using (3.17) to compute the ratio of the ADM mass to

the BPS mass,
M

2.1 Q1]

Similarly, the angular momenta can be also computed from (3.17), in order to compare

~ 1.0003. (4.10)

with the relevant regularity bounds for a non-extremal black hole [48, 49], which read

1
|J¢| < JrJrqax == (\/(E1+Q1)(E2+Q2)(E3+Q3) +;\/(E1+Q1)(E1+1*Q1+1)(E1+2*Q1+2)) ,

2V/2
1
ol < Tnax =5 75 7 (\/(Erczl)(Eer)(Es—Qg) +;\/(EI—QI)<E1+1+QI+1)<E,+2+QI+2)) . (4.11)

For the explicit solution above, we find

J J
|j’| ~1+242311 x10°°, ‘_7“"‘ ~1-220732x 1072, (4.12)

max max
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Figure 2. Examples of integer parameters for various solutions. Left: solutions obtained setting
(N1, ba) = (-1, 3), while scanning for (N2, N3). All solutions have opposite signs of fluxes on
the two bolts. The blue points represent solutions breaking the regularity bound for both angular
momenta, while the green points represent solutions where only the bound for Jy is broken. Right:
solutions obtained setting (N1, mg) = (=3, 7), while scanning for (N2, N3). All solutions break
both regularity bounds for the angular momenta, while the blue (red) points represent solutions
with the same (opposite) sign of fluxes on the two bolts.

so that both angular momenta are close to the bound, but only one satisfies it. This implies
that this solution does not have the asymptotics of a regular five-dimensional black hole,
but corresponds to an over-rotating solution along 1. This is the case for all solutions
considered in this family, which have at least the angular momentum Jy violating the
bound, regardless of whether they contain an approximate AdSs region or not, see e.g. the
left panel on figure 2.
Moving deeper into the bulk, we find that the radii of the bolts are order one in units
of ¢,
ca &~ 4.40073¢, cg ~ 2.5371c, (4.13)

1/2

and are therefore small compared to the asymptotic circle radius R, ~ 140908 c"/ at infin-

ity. We also record the values of the fluxes on the two bolts, as computed by (3.62), given by
=05~ —1.98574 x 105¢, QF = Q5 ~1.17563 x 10%¢, (4.14)

where the two fluxes on each bolt are equal due to the choice in (4.6). Note that the signs of
the fluxes on the two bolts are opposite: this may suggest a microscopic origin as a bound
state of D1/D5 branes and D1/D5 anti-branes. The topology of the solution is such that the
total flux at infinity is much larger than the sum of the fluxes on the two bolt cycles, because
of the fairly large values of k, and |kg| in (4.8), that feed into the expression for global
charges (3.59). The lens-space nature of the two bolt cycles as Zy, x Z, quotients of S? with
a large order ningy generates a kind of “gravitational lens” effect,'? that amplifies the interior
fluxes to produce a rather large total charge compared to the total flux in the deep interior.

More generally, our investigation suggests that it is difficult to find globally smooth
solutions in this family that have no orbifold singularities, and that have an approximate
AdS3xS? throat, without having somewhat large k, and |kg|. We do not presently have a

12Here we do not mean gravitational lensing, in the sense of the bending of light, but rather we are trying
to convey the amplification of the interior fluxes by the topology of the solutions.
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general understanding of this feature, due to the necessity of relying on explicit examples
with particular values of the parameters. However the pattern appears to be that the
condition E; > Fs is only valid on a very small interval for the parameter s, for which the
value of % can only vary by a very small amount. With such a constraint, the available
rational numbers naturally have rather large numerators and divisors.

Our family of solutions exhibits the feature of carrying fluxes of opposite sign on the two
bolt cycles for various choices of integer parameters, not restricted to solutions containing
an AdSs region, see figure 2. It would be very interesting to investigate whether these
flux/anti-flux topological structures can be interpreted as brane/anti-brane bound states
dissolved in flux within string theory, and to investigate the stability properties of such
configurations.

4.2.2 Solutions with small charge-to-mass ratio

We now turn to a discussion of a two-parameter sub-family of solutions, that allows for a
parametrically small charge-to-mass ratio, i.e. for asymptotics deep in the non-extremal
region with respect to charge. This is, in a sense, the opposite regime to the near-
supersymmetric regime discussed in the previous paragraph: there the mass above ex-
tremality was small, here it will be large.

We consider the following set of integers,

ba=14+Ni, bg=—-1—pNi, No=(p—-1)Ni, Nz=-1, (4.15)

=

where p is a rational parameter such that pN; € Z. We further fix g1 = ¢o = ¢ 2 as
n (4.6), for simplicity. One can then solve the constraints required by regularity of the
solution, as summarised in section 4.1, order-by-order in an expansion in N; V4 1t s
straightforward to verify that this expansion is regular for any value 1 < p < %, but the
expressions involved are rather long and not illuminating, so we henceforth concentrate on
the case p = 2 (so that Nj is an arbitrary large integer), and give the various quantities up
to subleading corrections in IV, —1/4

With the values of parameters above, we perform the change of variable

1++5 o
= 2 + 1/47
Nl

(4.16)

where 0 > 0 is a real parameter that is taken to be of order 1 with Ny, whereas IV, 1/4 > 1
Using this, we solve the bubble equations for the scale invariant quantities a4/c and g3 /2,

to find the asymptotic expansions

do 4 B 3+\f —30)52 —3/4
=4(— 3+xf)< % >+N1< +(11v5-39) >+O( ),

1/4 Z 502
1 7+3 3
gsct/? —1+£(3 \f) ( —g ;[

1/4

(19— NG ) ON*™My, (4.17)

which allow us to compute all relevant quantities at leading order in the large N; expansion.
One can check in the asymptotic expansion that the poles of the Hj functions are strictly
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positive at large Ni. One can moreover check all the regularity bounds for a series of
explicit examples with a fixed numerical value of Ny, to find that they are indeed satisfied.
The angular momenta reach the extremality bound from above at large N7, with a strictly
positive O(Nf1/4) correction.

The mass to BPS bound ratio is given by:

M 3 N/t 3
_— = — _ 2
10, 20(5+3\/5) . +80(3+9\/5)

which becomes arbitrarily large as one increases Ni. One may use the scale invariance of

3 1 _
— 55 (4T +21V5) 4+ O(N; Y4y (4.18)

the system expressed through the arbitrariness of the scale, ¢, to rescale the mass to a finite
value at large N, by performing a change of variable ¢ — N 2¢. The resulting electric
charges vanish as Q1 = Q2 = O(N~4) and Q3 = O(N~/2), while the ratio of the fluxes
on the two bolts behaves as

Qr 5—2+5
Qt N/

so that the flux on Bolt B dominates at large N;. While the flux on Bolt A is subleading in
the large N; limit, this bolt is not completely irrelevant, as the geometry near the remaining

o+ O(N?), (4.19)

point away from Bolt B, at r; = 0, is very intricate at large Nj.
1
The behaviour of Ry at large Ny, after the rescaling defined above, is Ry = O(N7?), so
this is a large Ry limit at finite mass. At this point one might imagine that the supergravity
approximation is good everywhere, however it is straightforward to compute that
ka 1 2++5

—1/2 —3/4
=t o N 2 Lo, (4.20)

so that k, and |kg| are necessarily very large positive integers, of the order of ]\711 / 2, SO
one cannot trust the supergravity approximation near the bolts for arbitrarily large Nj.
Moreover, the rescaling to finite mass implies that the characteristic scales of the solution
are arbitrarily small; for example this is in contradiction with the quantisation of the flux
QF ~ Ny ! In order to be compatible with flux quantisation, one should not perform the
above rescaling, and instead keep Nj large but finite.

4.3 General remarks on the solution space

We conclude this section with some general remarks on the properties of solutions obtained
by exploring the bubble equations for various sets of integers. It appears to be a general
feature that all solutions in the family constructed in this paper have at least one of the
angular momenta larger than the black hole regularity bound, i.e. Jy > Ji, ., whereas
J, may either satisfy the regularity bound (4.11) or not. This is similar to the solutions
of [41], which also contain three centres.

We have identified solutions with both aligned and anti-aligned signs of fluxes, for
various regions of the parameter space. We find that the examples featuring the best
approximate AdSs throats — including the one presented in section 4.2.1 — arise for

— 35 —



solutions with opposite signs of fluxes on the bolts. By contrast, the far-from-extremal
solutions we have obtained, including the family in section 4.2.2, all have fluxes of the same
sign on the two bolts. This seems both intriguing and somewhat counter-intuitive, since
one might have expected a priori that solutions featuring fluxes of opposite signs are more
likely to correspond to the far-from-extremal regime with respect to the overall charges.

Note that these observations are heavily influenced by our incomplete understanding of
the solution space; thus we would caution against concluding at this point that there must
be a physical reason for this apparent correlation between degree of non-extremality and
the relative sign of the fluxes on the two bolts (although if such a reason exists, it would of
course be interesting to elucidate it). The family of section 4.2.2 was explicitly motivated by
its similarity to the single-bolt solution, thus allowing for an expansion in a large parameter
and a simplification of the bubble equations. In principle, our scan for solutions featuring
an approximate AdSs throat is more systematic, however the parametrisation of our family
of solutions is in terms of parameters that are not directly physical, so it is conceivable
that a significant component of the allowed solution space may reside in a small corner of
this parameter space that lies outside our scan.

To conclude, we have observed a remarkably rich amount of physics in this family of
two-bolt supergravity solutions. There is much scope for further study, most obviously the
construction of more general classes of supergravity solutions building upon our results.
We hope to investigate these new avenues in future work.
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A Explicit expressions for the supergravity ansatz

In this appendix we collect the relevant explicit expressions for the various fields appearing
in the supergravity ansatz of section 2, as given in [42] and used throughout this paper.
Starting from the vector fields, the expressions for w, w® and w! are determined by the
first-order equations

3
*dw:dM—L ZLIdKI—QMdV ,
1+VV \ &
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VV —2v [ :
*dwoz—(l-i—v)dM_*— (ZLIdKI_QMdV> ZKIdLI

2 1+VV =
1 % 1 K1 Ky K3 2 7
i — d (K1 K2 K3) 4+ - ——=—=>(V2dV 4+ dV) , Al
41+VV(123) 4(HVV)Q( ) (A.1)
1V 1 _
*xdw! = dL’ — = d(Kis1Krpo) + ———— K K V24V 4+ dv) ,
w 214 VYV (Kr41Kr42) 2(1+ VV)? I+1 I+2( )

where the triplet w! contains both the vector field w? appearing in the metric through (2.5)
and the w® appearing in the two-form potentials in (2.10).

Similarly, the one-forms, v,, b, in (2.10) are determined in terms of the functions
appearing in the ansatz by solving the first-order equations

xdb, = i dK, + Ka

T Ryt (V-1)VdV+(1+V)av), (A.2)

*dv, = — — dK, + (V2dV +av) . (A.3)

1+VV (1+VV)2

Finally, the electric potentials A{, the axions a® and the scalars (3, in (2.10), along
with the scalars A3, a3 of (2.5) are given by

1 1V K1 KK V-1
Al= — (201+V)M K;L? + = 2 — K;L' ), A4
t 2H1< Z Ty T T (A-4)
1 V KL
I I
=— (M- i A5
“ HI< 1+VV> (A.5)
H, 1%
= ([P ——— KKy | . A6
2 H1H2( 1+vv ! 2) (4.6)

where we again use a triplet notation to group these quantities where possible.

B Adapted coordinates and expansions at the special points

In this appendix we give some more details on the coordinate changes in (2.24), which are
useful in the expansions around the various interesting points of the solution. We start
by writing down the explicit inverse of r; as functions of z and y given by (2.24) together
with (2.20); this takes the simple form

~ 2(nyr1 +nary +ngr3) +1 y_2(n1r1+n27"2+n37“3)—1 (B.1)
2(firt+ fara+ farg) 2(fir1+ fara + f3r3) '
where the constants n; and f; are given by
n a4 ts3ty —t1to f a4 t3+tg—1t1 — 12
1= - y 1= - y
4 (29— 21) (21 — 23) 4 (29— 21) (21 — 23)
a4 ti1ts —toty ay t1+t3—1to — 1y
ng = — ’ f2 = )
4 (2’1 — 22) (2:2 — Z3) 4 (Z1 — 22) (2:2 — Z3)
a4 ti1ty —tots ag t1+ty—1to — 13
ng = 4 ’ fy=— . (B.2)

4 (ZQ — 23) (23 — Z1) 4 (ZQ — 23) (23 — Z1)
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Note that (B.1) is a change of variables for z(p,z) and y(p,z) where r;i(p,z) =

V(2 = 2))? + p? are not all independent, but satisfy
(23 — 22) 73+ (21 — 23) 13 + (22 — 21) 75 + (23 — 22) (21 — 23) (22 — 21) = 0. (B.3)

The coordinates = and y are determined by inverting (2.20), and the solution is unique up

to the choice of branch for the roots of y/r,2 = £r;. The eight choices of branch correspond
to the eight rectangles defined such that = and y take values in adjacent intervals [¢;41, ;]
if t; > t;y1, and (—o0,t;] U [tit1,00) if t; < t;41. This ensures that p > 0 and z € R.

The line {p = 0, z € (—o00,00)} is mapped to the boundary of one such rectangle
(depending on the chosen branch) in the (z,y) plane. When the function z(z, y) is restricted
to one side of this rectangle, it becomes a monotonic function of either x or y, so we have a
bijection between the boundary of the (z, y) rectangle and the boundary of the compactified
(p, z) half-plane. The change of variables (2.20) therefore defines a homeomorphism from
the rectangle to < x < t1, t3 < y < to (with the point (x,y) = (t2,t2) removed) to the
half-plane p > 0, z € R, and (B.1) is its inverse.

The points common to adjacent rectangles correspond to either (p = 0,z = z;) or the
point at infinity of the compactified (p, z) half-plane. Each one of these four special points
is mapped to four isolated points in the (z,y) plane, so there are 16 special points in the
(z,y) plane. For a given 4, at the four points corresponding to (p =0,z = z;) (i.e. r; = 0),
pairs of branches related by \/7? = +4r; are connected. At the four points in the z-y plane
that correspond to the point at infinity of the (p, z) half-plane, pairs of branches related
by all the r; changing sign are connected. We conclude that the checkerboard of rectangles
of adjacent intervals for (z,y) in R? is homeomorphically mapped to eight copies of the
half-plane p > 0, z € R (plus the point at infinity).

We also provide the expansion of the coordinates x, y, to the first nontrivial order in
the spherical coordinates (2.24) around each special point,

0+1 1
Asympt. infinity: x =ty —ay (t; —t2)(te — t3)(te — t4) 7(:054 + + O <2> ,
r r
cosf —1 1
=ty —ay (t; — to)(ta — t3)(tg — t4) ——— + O =
y=tr—as(ty—t2)(t2 —t3)(t2 — ta) — — + <T2>7
Centre 1: r=1t + h=t2 (cosf1 + 1)1 +O(T%) )
ay (tg — tg)(tg — t4)
t1 — 1o 2
=ty — cosby —1)ry + O (r{) ,
Y=l T =ty s D (1)
Centre 2: T =1t — f1 ~ 3 (cosfy — 1) 7“2‘1‘0(7"%) )
ay (tg — t3)<t3 — t4)
t1—t
Y=ty — 1= 3 (008024—1)7"2—1-(9(7“%) ;

a4 (tl — tz)(tl — t4)
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lo —t3

a4 (tl — tg)(tg — t4)
to — t3

ay (t1 — t2)(ta — ty)

Centre 3: T =1ty — (cosbO3 +1)r3+ O (Tg) )

y=t3+ (coss — 1)rs + O (13) . (B.4)

We note that one may easily generate the relevant expansion to any desired order us-
ing (2.20) and (2.24). We make both explicit and implicit use of these expansions at
various points in the main text.

C Vector fields

In this appendix we present the vector fields supported by the solution given in section 2.3.
These are obtained straightforwardly by inserting the expressions for the functions V, V,
K7, L' and M in the corresponding formulae given in [42]. The result is organised in terms
of a basis of eight independent vector fields; all relevant vector fields may be written as
appropriate linear combinations in this basis.

This basis of vector fields, which due to axisymmetry have only a single component,
along ¢, takes the form

W2 = gy W = s
X Y
W2 = 5 ) W= s ey
2X_ 2Y
W= Q?yQX +$x2Y) d¢
3 3
W= p W= s

4 yrX — 2ty

= 32X 1) (C.1)

There are three distinguished vector fields corresponding to the following conserved currents
in terms of the functions V, V that describe the gravitational instanton,

J— o J— 2 —_ ~ J— i2
wdo = YWV ZVAV oy SV EVEAV gy 2 VRV AV g
(1+VV)? (1+VV)? (1+VV)2
which are given in the above basis by
1 1 1 1 3 3
Q= 750 (6-1D)W; +(6+1)W,) + 553 (6+1HW + (6 —1)W,)) |
1
W = —dag (W‘,,vavyo)fﬁa1 ((®+26-1)W, — (6 =26 - 1)W,)
1
+ 5508 (=26 —1)W2 + (8 +25 = 1)W;)) + Sag W,
A 1 1 1 1 3 3
W:ﬁal (Wx—Wy)—ﬁai{ (Wx_Wy) . (C?))
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From these expressions, one can see that the basis vector fields W2, W;’ and W* can be
replaced by linear combinations of €2, W and W with the remaining five basis elements
in (C.1). We will indeed use these combinations below, in order to exhibit the particular
embedding of the currents describing the gravitational instanton within the supergravity
solution.

With these definitions, we now proceed to display the various vector fields arising from
the solution in section 2.3, in terms of the basis elements in (C.1), starting from the vy,
which read

m:k19+hlw—;%ml (6-DWE+ @+ W) . (C.4)

Similarly, the vector fields w! read

1 1 1 2
wl = C KR ke O~ O K ph e W~ ( CTT R ke +— 2 O K ymye | W
2 4 4 apas—aiay

alcﬂJKh/ (LV1+4mA) 1 a%a% clIK W2

- m —_— mym

4 JIE e Y/ 88 agai—alay TR
a1
46

2
<CIJK(kJ—hJ)kK+‘Zfl‘“QCUKmeK> (WE-w}). (C.5)
apaz—ajay

Finally, we provide the expressions for the vector field w?,

1 - 1 1
w’= (q0+l0—§llk1)(Q+W)+(qo+§CIJKhIthK)Q+(q0+1h1 hah3)W
aoa‘i’ag

160 (aga3—afas)?

1/1 _
+7 (QCUKhIkaK—klkgk;;) W+ mimamz (W) —W,))

1 1
+-a <llm1—4C’IJKh[thK> (W:}—FW;)

4
1 alay 1 17K 2a3a4 —)
B G (e ki —h) b —a4 (w-Lwi-w))
4 apa3 —alay (2 . (ki K)+a0a§—a%a4m1m2m3 ) (Wa v)
atay

40\ 4
1 ata?

a 1
+ L (CIJKm](k:J—hJ)(k:K—hK)—i- 5 )m1m2m3> (W%—Wyl)

2 (aoag —ajas

1
7 Zaa(WE—wh+3a, W2
164 (aoag—a%a4)2m1m2m3 (2a3( o= Wy)+3a

1 aiaj IJK 2
%—gggagag:zéa;(j WMWnJ(kK“—hK>M/. (Clﬂ
3 1

and for the vector field w,

1 1 )
W:_(QO—HO—Ellkj)Q—qOW—l-ZkilkzkgW

1 o2a 1 2a%a
I b S <CIJKmImJ(/€K—hK)+142m1m2m3> (W_i(Wg_Wyl))

4a0a§—a%a4 2 agag—a1a4
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aga?ag

1662 (apat—a2ay)?
1 alal
= l[ o 173
1M < BTy (apai—a?ay)?

mi1moms (((5—1)W£—((5+1)W£)

my m2m3> (W} —I-W;)

2

1
+—= (llm[—4CUKl~c1kJmK— 5 )m1m2m3> (W;—Wyl)

2(apa3 —a2ay

1

2
mi1msoinsg <a3 (W; —W;)+3G4W2>

4
1 ajas

166 (apaZ—a2ay)? 2

—L%CIJKmIkaKW (C.7)
326 apa3 —alas ' '
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