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Continuous Spontaneous Localization (CSL) is one possible explanation for dynamically induced col-

lapse of the wave-function during a quantum measurement. The collapse is mediated by a stochastic

non-linear modification of the Schrödinger equation. A consequence of the CSL mechanism is an

extremely tiny violation of energy-momentum conservation, which can, in principle, be detected in

the laboratory via the random diffusion of a particle induced by the stochastic collapse mechanism.

In a paper in 2003, Collett and Pearle investigated the translational CSL diffusion of a sphere,

and the rotational CSL diffusion of a disc, and showed that this effect dominates over the ambient

environmental noise at low temperatures and extremely low pressures (about ten-thousandth of a

pico-Torr). In the present paper, we revisit their analysis and argue that this stringent condition on

pressure can be relaxed, and that the CSL effect can be seen at the pressure of about a pico-Torr. A

similar analysis is provided for diffusion produced by gravity-induced decoherence, where the effect

is typically much weaker than CSL. We also discuss the CSL induced random displacement of a

quantum oscillator. Lastly, we propose possible experimental set-ups justifying that CSL diffusion

is indeed measurable with the current technology.

I. INTRODUCTION

The Schrödinger equation does not explain the appar-

ent collapse of the wave-function during a quantum mea-

surement, nor the observed absence of macroscopic po-

sition superpositions. Since the inception of quantum

theory, various explanations have been put forth to ex-

plain these observations. These explanations can be

broadly divided into two classes. The first class con-

sists of those which modify the interpretation and/or

mathematical formulation of quantum theory without

altering any of its experimental predictions. These in-

clude the Copenhagen Interpretation, Bohmian Mechan-

ics, the Many-worlds Interpretation, Decoherence-based

explanations (typically accompanied by additional as-

sumptions such as the environment being an open sys-

tem, or the many-worlds assumption), and the Consis-

tent Histories formalism. The second class of expla-

nations demonstrate the collapse of the wave-function

as a dynamical process by suitable modification of the

Schrödinger equation as a system approaches the macro-

scopic regime, while ensuring that the modified equa-

tion reproduces all the successful experimental predic-

tions of quantum theory. Prominent amongst this second

class are Stochastic non-linear and non-relativistic mod-

ifications of the Schrödinger equation, such as gravity-
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induced wave-function collapse, and the model of Con-

tinuous Spontaneous Localization (CSL) [1, 2]. For a

review, see [3, 4]. The subject of the present paper is a

feasibility study for carrying out a possible experimental

test to confirm/rule out the CSL model.

The most important prediction of the CSL model is

the breakdown of quantum linear position superposition

in the limit of approach towards the macroscopic regime.

Effectively, what this means is that as objects with large

and increasing masses are considered, say for instance an

object with mass 109 amu, the superposition life-time be-

comes smaller ultimately rendering the superposition of

states essentially unobservable. Thus for high-mass ob-

jects, a traditional double-slit experiment would not ex-

hibit fringes, but instead show the classical double hump

pattern corresponding to a classical probability distri-

bution. The experimental verification, or otherwise, of

this breakdown of superposition predicted by CSL is one

of the motives for world-wide ongoing experiments in

molecular interferometry, and optomechanics [4]. More

recently, new ideas for testing and putting bounds on

CSL have been proposed - these include tests of CSL-

induced spectral line broadening [5] and bounds deduced

from heating of an atomic Bose-Einstein Condensate [6].

The surge of interest in testing CSL in different ways

serves as a premise for witnessing stronger bounds on

the CSL model in the coming years.

Another important prediction of the CSL model, which

is a consequence of its stochastic nature, is a very tiny vi-

olation of energy-momentum conservation. In order that

the energy violation does not contradict known physics,

significant bounds have been placed on the rate constant
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λ of the CSL model, which is one of the two new fun-

damental constants introduced in the model, the other

being a critical length scale rC , assumed to be of the or-

der of 10−5 cm. In their original work - the GRW model

- Ghirardi, Rimini and Weber [7] assumed that λGRW

should be 10−16 sec−1. This is approximately the min-

imum value required in order to explain the dynamical

collapse of a wave-function. The CSL model, which is an

improvement over the GRW model, takes λCSL to be1

10−16 sec−1 or 10−17 sec−1. More recently, Adler has ar-

gued, based on analysis and interpretation of latent im-

age formation in photography, that the minimum value

of λ should be as high as about λADLER = 10−8 sec−1.

Arguments coming from the non-observation of energy

violation set an upper bound on λ at roughly 10−8. The

strongest direct experimental upper bound coming from

laboratory experiments on interferometry is 10−5. For a

detailed recent discussion on these bounds see [4].

The tiny energy-momentum violation predicted by

CSL also implies that the stochastic kicks experienced by

an isolated object will induce a random walk. In prin-

ciple, under completely ideal conditions, this diffusion

should be experimentally detectable. In practice though,

such an experiment is extremely difficult and challeng-

ing to carry out due to the inevitable presence of various

other competing sources of random diffusion. Principal

amongst these are (i) thermal Brownian motion (recoil

due to emission, absorption and scattering of photons)

induced by interaction with photons present in the am-

bient medium, and (ii) Brownian motion induced by col-

lisions with molecules of the gaseous medium in which

the object is immersed. It is also important to note that

if the CSL effect does not occur (λ = 0), intrinsic quan-

tum Brownian motion (time evolution of the expectation

value of the position operator) could nonetheless domi-

nate over thermal and gas effects, and care must be taken

to avoid mistaking it for the CSL effect.

In an important paper in 2003, Collett and Pearle

(CP) [9] argued that for a particle of suitable size and

shape at low temperatures and under extremely low pres-

sures, the CSL diffusion dominates over thermal Brow-

nian motion and gaseous diffusion. Quantum Brownian

motion, which would occur if λ = 0, was shown to be

sub-dominant to the CSL diffusion. CP presented their

analysis of a CSL translation diffusion for a sphere and

the CSL rotational diffusion for a disc, both having physi-

cal dimensions of the order of the CSL localisation length

rC ∼ 10−5 cm. They showed that, assuming the standard

1 It has been brought to our attention by Pearle [8] that he prefers
λGRW = λCSL = 10−16 sec−1, as used in his paper [1]. To our
understanding, the paper [2] works with λCSL = 10−17 sec−1.

parameter value λGRW , the sphere CSL diffuses over a

distance of the order of its size in about 20 seconds, and a

disc undergoes a rotational CSL diffusion of about 2π ra-

dians in approximately 70 seconds. In order to have the

CSL effect dominate over thermal diffusion and gaseous

diffusion, CP proposed that experiments could be car-

ried out at the liquid Helium temperature 4.2 K and an

extra-ordinarily low pressure of < 5× 10−17 Torr. Under

these conditions, the mean collision time of air molecules

with the sphere/disc is shown to be about 80/45 minutes,

consequently allowing adequate time for observation of

the CSL effect. In that paper, as well as on subsequent

occasions, Pearle has emphasized the importance of car-

rying out such an experiment. Yet, to the best of our

knowledge, an experiment of this kind has not yet been

initiated/undertaken. In our opinion, one possible reason

for this could be the extremely low pressures suggested

- 10−17 Torr has been achieved once in the laboratory,

however, reproducing the same is as an extra-ordinarily

difficult task. This acts as a worthwhile reason for ex-

perimentalists to hesitate in pursuing these experiments,

despite the fact that in significance, such an experiment

significantly rivals the highly successful interferometry

experiments for testing the CSL models.

The purpose of our present paper is to revisit the anal-

ysis of Collett and Pearle, for three reasons. Firstly,

we incorporate a more general treatment of the thermal

Brownian displacement by including recoil due to emis-

sion and absorption of photons in addition to recoil due

to scattering. As it turns out, the recoil due to emission is

typically dominant over absorption and scattering. Sec-

ondly, as has already been emphasized by Adler [10], for

the higher value of the fundamental parameter λADLER

proposed by him, the extreme requirement on pressures

required for detection of CSL effect is eased. We examine

this quantitatively, and show that there is a gain in pres-

sure by almost six orders of magnitude, bringing the value

of the new required pressure to around 10−11 Torr, which

in principle is more easily achievable in the laboratory.

Thirdly, we observe that the requirement of an extreme

pressure of 10−17 Torr comes about by demanding that

the time between collisions of the diffusing particle with

air molecules be of the order of tens of minutes, whereas

the CSL diffusion time is of the order of tens of seconds

(even lesser for the disc, by allowing the observed rota-

tional diffusion of the disc to be in the experimentally

measurable range of ∼ 10−3 instead of 2π radians). It

seems to us that this large ratio (few times 10) between

gaseous diffusion time and CSL diffusion time is not nec-

essary from the viewpoint of carrying out a conclusive

experiment to detect CSL, and a ratio of ∼ 10 or less is

adequate for a plausible statistical analysis of the mea-

surements, and lowers the requirement on pressure to a
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more feasible value of ∼ 10−12 (pico) Torr, as we demon-

strate.

Thus in Sections II and III of this paper, we borrow

some of the results of CP, and recalculate the require-

ments on pressure and temperature, in the light of the

two motivations presented in the previous paragraph: the

higher value of λ argued for by Adler, and the lower ratio

between gaseous diffusion time and CSL diffusion which

we think should be adequate. We show that the require-

ment on pressure is considerably eased, making it more

likely that an experiment could be carried out. We do

this both for the translation of the sphere as well as for

the rotation of the disc, and conclude that measurement

of the CSL rotation of the disc is a promising experiment

to initiate. We carry out the analysis under the assump-

tion that we are in what CP call the ‘impact realm’,

where we can talk of individual collisions of the diffusing

particle with the air molecules during the time interval

of observation.

The random motion of a localized quantum mechanical

particle is influenced by three possible sources: (i) ther-

mal radiation at an ambient temperature T , giving rise to

thermal Brownian motion, (ii) Brownian motion induced

by collision with the molecules of the gas surrounding the

localized particle, and (iii) CSL diffusion caused by mo-

mentum gain during stochastic wave-function collapse.

Given the size and shape of the particle, one can write

down a mathematical expression for each of these dif-

fusions. In order for CSL diffusion to be detectable, it

should dominate over the thermal motion and over or-

dinary Brownian motion. Furthermore, it can be shown

that the stochastic CSL induced wave-function collapse

produces localization of the particle over a time interval

shorter than the CSL diffusion time under consideration

[9]. Also, intrinsic quantum Brownian motion is shown

to be sub-dominant when compared to CSL diffusion [9].

The Brownian motion induced by interaction with

the ambient thermal radiation occurs due to absorption,

emission, and scattering of photons, which in turn de-

pend on the internal and external temperature of the

diffusing object. By requiring that the thermal motion

of the particle be a certain fraction of the CSL diffusion

in a given time, we fix the internal and external tempera-

ture of the object. We then fix the pressure by requiring

that the time of measurement of the CSL displacement

be shorter than the time between two successive collisions

of the particle with gas molecules by a certain factor.

Gravity induced wave-function decoherence [11–14] is

also known to produce random diffusion, though the ef-

fect is considerably weaker than CSL. In analogy with our

analysis for CSL, we also work out prospects for detec-

tion of gravity induced diffusion, while also emphasising

that our estimates for the gravity models are only demon-

strative. We do not go into issues relating to additional

length cut-offs that need to be introduced in gravity-

based collapse models [15] so as to avoid conflict with

observations. The role of such cut-offs is still an open is-

sue under debate (see for instance the recent discussion in

[16]) and the estimates provided by us could well change

upon a more detailed analysis.

In Section IV, we explore a new system, the CSL “diffu-

sion” of the quantized oscillator built upon the idea that

CSL induces a secular increase in the mean energy of the

oscillator [17]. This energy increase translates into a dis-

placement of the mean position of the oscillator, which

in classical terms means an enhancement of the ampli-

tude of oscillation. We show that under certain assump-

tions and suitable conditions, the CSL displacement of

the quantum oscillator may be measurable.

In Section V, we put forth possible experimental set-

ups, and justify that CSL diffusion is measurable with

present technology. In particular, we discuss how the

required internal and external temperature as well as very

low pressures can be achieved in the laboratory.

In summary, we hope that the considerations we

present in this paper will encourage experimentalists to

seriously revisit the proposal of CP, consider setting up

experiments with the rotational disc and re-examine on-

going quantum oscillator experiments from the viewpoint

of detecting CSL diffusion.

II. THE CASE OF A SPHERE:

TRANSLATIONAL DIFFUSION

Consider a quantum mechanical spherical object of ra-

dius R, whose wave-packet is assumed to be localized by

the CSL mechanism, and which is immersed in an am-

bient gaseous medium of temperature Te and pressure

P .

Collett and Pearle show that the thermal displacement

of a sphere of density D (expressed in gms/cc) is given at

temperature Te by equation 4.9 of [9] (hereafter referred

to as CP) as -

∆xRAD,CP ≈ 8D−1(Te/T0)
9/2(t/105)3/2cm (1)

where t is in seconds and T0 = 300K is the room temper-

ature. This effect however has been calculated solely on

the basis of recoil induced due to scattering of photons,

in effect, assuming that the object is a perfect reflec-

tor/transmitter. A more general treatment would take

into account also the recoil due to emission and absorp-

tion, as discussed for instance in [18]. For our analysis, we

estimate the thermal displacement of a sphere according

to this more general treatment.
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Assuming a start from rest at time t = 0, the thermal

displacement at time t is given by [18]

〈x̂2(t)〉 =
2Λh̄2

3M2
t3 (2)

where Λ is the so-called localization parameter which in-

cludes contributions from scattering, emission and ab-

sorption of thermal photons. These contributions are

respectively denoted by Λsc, Λe and Λa, so that Λ =

Λsc + Λe + Λa, with the individual components being

given by

Λsc =
8!×8 ξ(9)cR6

9π

[

kBTe

h̄c

]9

Re

[

ǫ− 1

ǫ+ 2

]2

(3)

Λe(a) =
16π5cR3

189

[

kBTi(e)

h̄c

]6

Im

[

ǫ− 1

ǫ+ 2

]2

(4)

Here, ξ is the Riemann-zeta function and the dielectric

constant ǫ is assumed to be of the order of unity. In

the subsequent estimates, the contribution from the real

and imaginary parts of the fraction (ǫ− 1)/(ǫ+2) on the

right hand side of the above two equations will be set

to one. The internal temperature Ti is a measure of the

internal energy (coming from rotational and vibrational

degrees of freedom) of the bulk object and will in general

be different from the ambient radiation temperature Te.

The internal temperature plays an important role in the

following discussion, and taking it into account makes

our analysis different from that of Collett and Pearle.

In order to get a fair estimate of the relative impor-

tance of emission-induced recoil with respect to scatter-

ing and absorption, we take ratios from the above two

equations (ignoring numerical coefficients). From this,

we obtain

Λe

Λsc
∼

(

h̄c/kBTe

R

)3 (
Ti

Te

)6

,
Λa

Λsc
∼

(

h̄c/kBTe

R

)3

(5)

The thermal wavelength h̄c/kBTe is of the order 1 cm for

a temperature Te = 1K, and we will work with a particle

size R ∼ 10−5 cm. Thus we can rewrite these ratios as

Λe

Λsc
∼

(

105

Te

)3 (

Ti

Te

)6

,
Λa

Λsc
∼

(

105

Te

)3

(6)

It is evident that if the external temperature is equal to

or less than the room temperature, scattering can be ne-

glected in comparison to absorption. Furthermore, if the

internal temperature is greater than (of the order of) the

external temperature, emission dominates (is of the or-

der of) absorption. Hence, in the following estimates, we

will only consider recoil due to emission, and effectively

set Λ = Λe.

Thus, the radiation induced displacement may now be

written as

∆xRAD =

√

2

3
Λ1/2
e

h̄

M
t3/2 (7)

and using the expression for Λe from equation (6) we get

∆xRAD = 6.35× 10−20D−1R−3/2T 3
i t

3/2 (8)

where D is the density of the particle in gms/cc. We note

that this expression differs from the one due to CP (as

depicted above in equation(1)).

Now if we fix Te at the room temperature i.e. 300

K, we find that the lowest permissible value of Ti is ∼

76.3 K. If Ti is less than this then the scattering effect

becomes stronger than emission. On the other hand, if

we take Te = 100 K, then we can lower Ti upto 14.7

K. In the following calculation, we shall fix the external

temperature Te at 100 K.

The CSL-induced translational diffusion, according to

equation 4.5b of CP, is given by

∆xCSL = λ1/2

[

h̄2ft3

6m2a2

]1/2

= 20λ1/2t3/2 (9)

where t is in seconds and m is the mass of a nucleon. The

symbol a stands for the CSL critical length, which as we

noted above, is usually denoted by rC . The function

f(R/a) has an analytic form as in equation A9b of CP,

and is equal to 0.62 for R = a. Also, here we have set

R = a = 10−5 cm.

By demanding that the radiation-induced diffusion

∆xRAD be a fraction ǫ of the CSL-induced translational

diffusion ∆xCSL, we see that

Ti ≈ 6.8× 106(ǫD)1/3R1/2λ1/6 (10)

Using D=1gm/cc, R = 10−5 cm and ǫ = 0.1, we obtain

Ti = 21.5 K for λGRW = 10−16 sec−1

= 463 K for λADLER = 10−8 sec−1 (11)

The top panel of figure 1 shows the dependence of inter-

nal temperature Ti on the fraction ǫ for different values

of model parameter λ.

At an external temperature Te and pressure P , the

mean time between two molecule-sphere collisions is

given, in the impact realm, by (equation 4.6 of CP)

τc ≈ 2(Te/T0)
1/2(P pT )−1 sec (12)

where the pressure is given in pico Torr (pT ).

If a CSL displacement ∆xCSL ≡ l takes place in a time
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tCSL, we want tCSL to be a fraction χ of τc. Therefore,

P = 0.82 T 1/2
e χλ1/3 1

∆x
2/3
CSL

pT (13)

For Te = 100 K, χ = 0.1 and ∆xCSL = 10−5 cm we have,

P = 8.2× 10−3 pT for λGRW = 10−16 sec−1

= 3.8 pT for λADLER = 10−8 sec−1

The time tCSL for λADLER and ∆xCSL = 10−5 cm

is about 10−2 sec. Table I shows the values of tCSL for

a few different choices of parameters. Figure 1 middle

panel shows the dependence of pressure on fraction χ.

The quantum Brownian motion of the sphere can be cal-

culated in accordance with equation (3.4) of CP and the

discussion in section IV(A) of CP. The same is displayed

for select parameter values in Table I and is clearly less

important than CSL diffusion.

Thus, in a nutshell, we notice the following significant

difference from the inferences of CP: by taking the ther-

mal displacement to be a tenth of the CSL displacement,

the CSL displacement itself to be about 10−5 cm, the

CSL diffusion time as one-tenth of the gaseous collision

time (rather than something much lower), and λ equal to

λADLER, we get the required external temperature to be

∼100 K, internal temperature ∼400 K, and the required

pressure to be about 10−12 Torr. These appear to be fea-

sible choices for an experiment, achievable with current

technology.

Gravity Induced Diffusion

In the model of Karolyhazy, the gravity induced dis-

placement of an isolated solid object, after it has per-

formed a large number of expansion-reduction cycles, is

given by [13]

∆xgrav ∼
1

10
ac

( t

τg

)3/2

(14)

where ac denotes the critical coherence cell length and τg
is the corresponding decoherence time. By demanding

this to be a fraction ǫ of the thermal displacement, we

get the internal temperature to be

Ti = 1.16× 106(ǫD)1/3

√

R

τg
a1/3c (15)

Now, for an object of density D = 1 gm/cc and radius

R = 10−5 cm, we have ac = 10−5 cm, M = 10−14 gms

and τg ∼ 1000s and this is the micro-macro transition
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FIG. 1: CSL diffusion of a Sphere: Relative significance
of thermal and CSL displacements constrains the
internal temperature Ti, plotted here vs. the fraction
ǫ = ∆xRAD/∆xCSL [top]; Relative significance of gas
collisions and CSL displacement constrains required
pressure P plotted here vs. the fraction χ = tCSL/τc
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choices: ADLER, GRW, and the two gravity models by
Diosi-Penrose and Karolyhazy
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∆xCSL(cm) tCSL for λGRW tCSL for λADLER tKarolyhazy tDP tQBD

10−5 13 0.03 6.3× 103 3× 103 17× 102

10−4 63 0.13 3× 104 1.4× 104 17× 103

10−3 292 0.6 1.4× 105 6.3× 104 17× 104

10−2 135 3 6.3× 105 3× 105 17× 105

TABLE I: Displacement time tCSL for a sphere (R = a) in sec, for different displacement values and models. The
time for quantum Brownian motion tQBD exceeds tCSL and tGRW but is comparable to or dominant over the

displacement time in gravity models.

region in the Karolyhazy model. Putting these values

in the above equation, we get, for ǫ = 0.1 and D = 1

gm/cc, Ti = 1.16K. This means that to test the gravity

models, we cannot keep Te as high as 300 K because then

scattering will dominate. So we assume a lower value, say

Te = 1 K.

As before, by writing tgrav = χτc where τc is the mean

molecule-sphere collision time, we find the pressure to be

P (pT ) = 0.03χT 1/2
e

( ac
∆xgrav

)2/3 1

τg
(16)

From this expression, again using the same parameter

values, we get, for ∆xgrav = 10−5 cm, Te = 1 K and

χ = 0.1,

P = 3× 10−6pT (17)

which is an extremely stringent requirement on the pres-

sure.

This result can also be obtained by first working out

an effective value λ = λK for the Karolyhazy model, by

comparing it to CSL, and then using λ = λK in the above

CSL analysis. For this, we note that ∆xgrav has the same

time dependence as ∆xCSL, and comparing the two we

can write

20λ1/2
gravt

3/2 =
1

10
ac

( t

τg

)3/2

(18)

Putting R = ac = 10−5 cm and τc = 1000 sec, we get,

λK = 10−24 sec−1 (19)

This value represents an effective λ parameter equivalent

to the CSL λ parameter for an object of density 1 gm/cc,

and is significantly lower than the CSL value.

A similar calculation can be done for the Diósi-Penrose

model of gravitational decoherence. Collett and Pearle

in their paper [9] discuss the case of gravity induced dif-

fusion using Diósi-Penrose model (see their appendix E).

By comparing the equilibrium size of a wave packet with

CSL results, they have calculated an effective λ for the

Diósi-Penrose model as λDP = Gm2/ah̄, where m is

the nucleon mass. Taking a = 10−5 cm they estimate

the effective value to be λDP ∼ 10−23sec−1. If we use

this value in (10) and (13) keeping the other parameters

same, then the temperature and pressure for the trans-

lational diffusion of a sphere come out to be Ti ∼ 1.5K,

P ∼ 3.8× 10−6pT .

Figure 1 bottom panel shows the relative magnitudes

of the CSL type random diffusion for different models.

Clearly, gravity induced diffusion is considerably weaker

than the CSL effect.

We observe from Table I that quantum Brownian dis-

placements are comparable to or dominant over gravity

diffusion, suggesting that even at such low pressures it

may not be possible to detect gravity induced random

walk. It is important to know the magnitude of the quan-

tum Brownian motion which would occur if CSL were

to be false. For instance, if the two Brownian motions

were comparable (CSL and pure quantum) then a detec-

tion would not be able to discriminate between the two.

In the case of gravity induced decoherence, the quan-

tum Brownian motion could be suppressed by going to a

higher mass, since it scales inversely with mass. Thus if

we say raise the size by one order of magnitude, to 10−4

cm, the mass goes up by three orders, to 10−12 gms [1012

amu]. It can be shown for the Karolyhazy model that

λgrav changes very weakly; hence gravitational diffusion

is not significantly affected. The required pressure goes

down by another order of magnitude. Thus the quantum

Brownian motion is sufficiently suppressed - by three or-

ders; and in principle gravity diffusion can be detected

by going to very very low pressures (about 10−7 pT).

Similar conclusions hold for the DP model.

III. THE CASE OF A DISC: ROTATIONAL

DIFFUSION

We consider next the rotational diffusion of a sus-

pended disc of radius R and thickness b ≪ L. The ther-
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mal angular displacement for a disc can be estimated by

taking the translational thermal diffusion expression for

the sphere from Eqn. (8) and dividing by the radius L

of the disc, to get:

∆θRAD = 6.35× 10−15D−1R−3/2T 3
i t

3/2 (20)

The CSL rotational diffusion of the disc is given by

(CP equation 6.5)

∆θCSL ≈ 0.018f
1/2
ROT t

3/2 ×
λ1/2

10−8
(21)

where fROT (γ, β) is a function of γ ≡ L/2a and β ≡ b/2a,

b being the width of the disc. For b ≈ 0.5a and L ≈ 2a,

fROT ≈ 1/3, and here we work with this value.

By assuming ∆θRAD = ǫ∆θCSL we get for the tem-

perature

Ti = 5.47× 106(ǫD)1/3R1/2λ1/6 (22)

Again for the same parameters and ǫ = 0.1 we get,

Ti = 17 K for λGRW = 10−16 sec−1

= 365 K for λADLER = 10−8 sec−1 (23)

Fig. 2 top panel shows the dependence of internal tem-

perature on the fraction ǫ.

The mean time between two molecule-disc collisions is

given, in the impact realm, as above (CP equation 6.7)

τc ≈ 1.03(Te/T0)
1/2(P pT )−1sec (24)

By repeating the calculation as in the case of the sphere,

we find the required pressure as

P (pT ) = 616χT 1/2
e λ1/3 1

∆θ
2/3
CSL

(25)

Keeping other parameters same as before and taking

∆θCSL = 1 milli-radian, we get,

P= 0.3 pT for λGRW = 10−16 sec−1

= 132.7 pT for λADLER = 10−8 sec−1

In the case of a rotating disc, and for λ = λADLER, the

required pressure is about 100pT , which is clearly a much

favourable situation compared to the sphere. The time

tCSL for λGRW is 0.2 sec, and for λADLER it is 4× 10−4

sec. Figure 2 middle panel shows the dependence of the

pressure on the fractions χ, and Table II shows tCSL for

a range of parameters.

Once again, we conclude that by keeping the CSL dis-

placement low, at about a milli-radian, and demanding
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FIG. 2: CSL diffusion of a Disc: Relative significance of
thermal and CSL displacements constrains the internal
temperature Ti, plotted here vs. the fraction
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pressure P plotted here vs. the fraction χ = tCSL/τc
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∆θCSL(rad) tCSL for λGRW tCSL for λADLER tKarolyhazy tDP tQBD

10−4 4.5× 10−2 10−4 21 10 0.1

10−3 0.2 5× 10−4 97 45 1

10−2 1 2× 10−3 452 210 10

TABLE II: Displacement time for Disc in sec, for different displacements and different models. The time for
quantum Brownian motion tQBD exceeds tCSL and tGRW but is comparable or dominant over the displacement time

in gravity models

the CSL displacement time to be about a tenth of the

normal Brownian displacement time, and assuming λ to

be λADLER, the required pressure is about 10−10 Torr,

which is achievable.

As for the gravity diffusion given by the K-model, by

using λ = λK and Te = 1K, we obtain a very low internal

temperature of about 1K and a very low pressure of about

10−4pT .

For the DP model we use Eqn (22) and Eqn (25) again

with Te = 1 K and λDP = 10−23sec−1. The estimates for

internal temperature and pressure for the case of a disc

using Diósi-Penrose are: Ti ∼ 1.18K, P ∼ 1.33 × 10−4

pT.

Figure 2 bottom panel shows the relative magnitudes

of the CSL type random diffusion for different models.

Clearly, gravity induced diffusion is considerably weaker

than the CSL effect.

We observe from Table II that quantum Brownian dis-

placements are comparable to or dominant over gravity

diffusion, suggesting that even at such low pressures it

may not be possible to unambiguously detect gravity in-

duced random walk, unless we go to a higher mass and

size, which lowers the required pressure even further.

IV. THE CASE OF A QUANTUM OSCILLATOR

We now address the question of how the CSL stochastic

kicks could be looked for in the dynamics of an oscilla-

tor. According to Adler [17], the secular CSL induced

increase in the energy of an oscillator is given as a func-

tion of time by

δECSL =
ηh̄2t

2m
(26)

η is the stochasticity parameter, which can be expressed

as:

ηGRW =
m

m0
η0 = η0N (27)

[Equation. (2) of [19]] where m0 is the nucleon mass,

η0 = λGRW /rc
2 = 10−6 cm−2 sec−1, and N is the num-

ber of nucleons in the oscillator with localisation param-

eter rc. For the CSL model [17], [4]

ηCSL = κN2/3D4/3
(

πrc
2
)

−1/2
(28a)

κ =
λ

(4πrc2)
3/2

(28b)

Here we assume the nucleon density, D same as in [17]

i.e., 1024 cm−3 Also, we see that the change in energy

δE is independent of the oscillator frequency. (A word

about notation: we have switched from the symbol λ to

η, in order to be consistent with the notation used by

Adler, so as to avoid confusion which could arise when

the reader compares our equations with those in Adler’s

paper).

Now, from the partition function for a quantum har-

monic oscillator,

(29)
Z = exp [−(1/2)βh̄ω]

∞
∑

n=0

(−nβh̄ω)

=
exp [−(1/2)βh̄ω]

1− exp(−βh̄ω)

where β = 1/kT , its mean energy is given by

Ē = −
∂

∂β
lnZ = h̄ω

[

1

2
+

1

exp(βh̄ω)− 1

]

(30)

Considering as an example a time t = 1 sec, ω = 10

GHz and η = ηGRW , we obtain for a 1012 nucleon sys-

tem, from equation (26), δECSL ≃ 3.3× 10−37 ergs. For

the same choice of parameters, the first term of Eqn.

(30) i.e. h̄ω/2 has a value of ∼ 10−17 ergs, while the

second (temperature-dependent) term is ∼ 10−50 ergs at

temperature T = 1 mK. Hence, this term can be com-

fortably neglected for the purpose of comparison except

at extremely high temperatures.

[The situation for the oscillator should be contrasted

with that for the rotating disc: in the latter case, the

equivalent frequency for a quantum mechanical displace-

ment (assuming no CSL effect) as given by ω = dθ/dt is

of the order of 10−3 Hz (see the discussion at the end

of Sec. VI B in [CP]). In contrast, the frequency of
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Mass (amu) ω (Hz)

103 106 109

106 1.6 ×10−9 6.5 ×10−7 4.1 ×10−4

108 1.2 ×10−9 5.7 ×10−7 3.8 ×10−4

1010 9.6 ×10−10 5.1 ×10−7 3.5 ×10−4

1012 8 ×10−10 4.7 ×10−7 3.3 ×10−4

TABLE III: Ambient Temperature (in K) for oscillator

10 GHz for the quantum oscillator considered above is

higher than this by about fourteen orders of magnitude,

which explains why the zero point energy of the quantum

oscillator dominates over the CSL energy gain, unlike in

the case of the disc.]

The above exercise shows that at temperatures close to

zero, the internal energy dominates over the CSL gain,

the former being about 18 orders higher in magnitude

than the latter. Moreover, the internal energy of the

oscillator increases as temperature goes higher, and thus

it may be nearly impossible to detect the CSL energy

gain of a quantum oscillator experimentally.

However, we also put forward the possibility that if

an experimental setup could be devised such that the

temperature-dependent term of the oscillator energy be

solely measured, that is, the zero point energy back-

ground h̄ω/2 is subtracted, then one can detect the CSL

induced energy gain of the oscillator at easily attainable

temperatures.

In such a scenario, by requiring that the mean oscilla-

tor energy be a fraction ǫ of the CSL gain (26), we get

that

h̄ω

[

1

exp(βh̄ω)− 1

]

= ǫ
ηh̄2t

2m
(31a)

T =
h̄ω/k

ln
(

2mω
ǫηh̄t + 1

) (31b)

For t = 1 sec, ω = 10 GHz as before, ǫ = 0.1 and

η = ηGRW , we obtain the desired temperature to be ∼ 2

mK.With ηCSL, the value turns out to be 3 mK. However

here, due to measurement uncertainties, we must take

care that the CSL energy observations should be done

for time intervals that are greater than the experimental

resolution, that is

tCSL ≥
Q

ω

where Q is the quality factor of the oscillator. With the

previous value of ω and Q = 105, tCSL should be ≥ 10−5

sec.

Next, in order to estimate the pressure P of the am-

Mass (amu) ω (Hz)

103 106 109

106 3 ×10−4 0.0063 0.1576

108 2.69 ×10−4 0.0059 0.1515

1010 2.42 ×10−4 0.0056 0.1461

1012 2.21 ×10−4 0.0053 0.1412

TABLE IV: Ambient Pressure (in pico Torr) for
oscillator

Values used: ǫ = 0.1, χ = 0.1, time of evolution t = 1
sec, density D = 1024 g/cc, λ = λGRW = 10−16 sec−1

bient medium, we require that the time tCSL over which

we observe the secular heating, should be a fraction χ of

the time between two collisions of an ambient molecule

with the oscillator (assumed to be a plate with area A).

Using Eqns. (26) and (31a) to compare with the time

τc between collisions

τc =
1.3× 10−9

A
(T/T0)

1/2
(PpT )−1 (32)

we obtain the relation

P pT = χǫ
1.3× 10−9ηh̄

2mωA
(T/T0)

1/2 × [exp (βh̄ω)− 1]

(33)

So, for Adler’s representative choice of 1012 nucleons,

ηGRW = 106 cm−2 sec−1, plate area 10−12 cm2, ω = 10

GHz, ǫ = 0.1, χ = 0.1 and T = 1.6×10−3 K, the pressure

comes out to be ∼ 0.3 pico Torr. Because the pressure

now depends linearly on η, we see the dramatic result

that if the value of the stochastic parameter λ were to

be raised to the value λADLER (higher by some eight or-

ders of magnitude) the required pressure would only be

about 10−5 Torr. The CSL energy gain would be about

10−29 ergs in 1 sec. In classical terms this corresponds

to a displacement of about 10−18 cm.

Tables III and IV show the required temperature and

pressure as a function of oscillator mass and frequency.

It is clear that higher mass and higher frequency are

ideal from the point of view of achievable pressures and

temperatures. On the other hand, the CSL energy gain

and the positional displacement will be higher for lower

masses. The CSL energy gain rises inversely as mass,

and the positional displacement also rises inversely as

the square root of mass. Thus for a 10 GHz oscillator

of a million amu, the positional displacement would be

about 10−15 cm, and the required pressure and tempera-

ture are roughly in the pico-Torr and micro-Kelvin range

respectively.

In the next section we now discuss how the required

internal and external temperatures, and the low pres-
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sures, can be attained in laboratory experiments, using

currently available technology. In so doing, we conclude

that detection of random diffusion constitutes an achiev-

able test for confirmation / refutation of the GRW and

CSL models.

V. CONSIDERATION OF EXPERIMENTAL

REALISATIONS

Here we discuss the possibility to perform anomalous

Brownian motion tests with existing technology and find

quite plausible solutions. From the theoretical estimates

performed above, it is clear that we need relatively large

particles (of various shapes). Interestingly, experiments

favoured in recent years to test collapse models require

the generation of a spatial superposition state of a mas-

sive object [20, 21], realising a quantum state of clear

Macroscpicity [22]. CSL models then predict that this

quantum superposition will be destroyed by a yet un-

known mechanism of collapse. Here we have investigated

a different effect, which is a heating effect and its de-

tection requires us to avoid other heating effects from

dominating. The latter effect (i.e. CSL heating) appears

to be easier to be realised in experiments with existing

technology, as we shall discuss in some detail now. A

similar and related experiment also targeting the CSL

heating effect has been proposed recently by two inde-

pendent studies [5, 23, 24], as well as by heating of an

atomic Bose Einstein Condensate [6]. So we expect more

experimental possibilities to open up, if more and more

experimentalists get interested in the test of CSL models

and similar effects.

A. General conditions:

The requirements on pressure are achievable in ultra-

high vacuum experiments such as usual in surface science

or cold atom experiments where pressures of 10−12 Torr

are routinely achieved. It requires a procedure called the

‘bake out’ to achieve a vacuum below 10−9 torr. The

whole vacuum chamber with all internal parts has to be

heated to temperatures of around 150 degree Celsius for

one to two weeks. While this requires a careful selection

of materials and vacuum components, it is a standard

procedure and a lot of relevant knowledge exists. Record

low pressures of 5·10−17 Torr have been reported [25],

but are not achievable in common experimental configu-

rations.

The temperature requirements represent a more severe

constraint to the experiment. Temperatures in the range

below room temperatures for both internal and external

degrees of freedom are needed, depending on the specific

model under test. In general, cryogenic technology is

commercially available down to some 1 mK in dilution

cryostats. However such cooling techniques, while affect-

ing all degrees of freedom of a particle/structure, require

direct thermal contact of the body to cool with the cold

finger of the cryostat or to rely on very slow thermal

radiation exchange between the cold cryostat and body

to cool, if levitated. The latter setting results in an ex-

tremely small cooling rate, which is not practical.

It is clear that test of the CSL heating effect, at least

for the GRW parameters, requires cooling of the levitated

object. On the first hand, predominantly the external,

centre-of-mass motion has to be cooled to make the CSL

Brownian motion a visible effect. Luckily, recent progress

in experiments has shown optical cooling to about 10 mK

of the centre of mass motion for 100 nm sized particles.

Lowest temperatures so far have been achieved by para-

metric feedback cooling, where the position of the particle

is optically tracked and the intensity of the trapping laser

is modified accordingly [26, 27]. Feedback cooling can be

done to affect all three degrees of centre-of-mass motion.

A somewhat different technique is optical cavity cooling,

where the centre of mass motion is coupled to the light

mode in the cavity and the natural cavity decay therefore

also cools the particle’s motion. Three different experi-

mental configurations have shown the proof of principle

of cavity cooling in one dimension of the motion [28–30].

Now the cooling rate has to be improved and the other

two degrees have to be affected as well. For the test of

CSL heating, the achieved 10 mK are already sufficient

(see Figs. 1 and 2 above).

The bigger problem is the cooling of internal degrees of

freedom of levitated particles; by internal degrees of free-

dom we mean vibrations, rotations and electronic excita-

tions.There has been no demonstration of any technique

so far. Under vacuum, internal and external degrees of

freedom are not coupled. So cooling the external degrees

of freedom has no significant effect on the internal tem-

perature. However, there are some promising first ideas,

which have been proposed, such as cavity cooling which

links to internal degrees of freedom [31] or the so-called

Raman cooling of solids with a specific internal structure,

so that the optical field can directly extract phonons from

the internal thermal distribution.This technique might

be applicable to nanoparticles. Experiments with par-

ticles on substrates have been performed already [32].

Cooling the internal degrees of freedom is the biggest ex-

perimental challenge remaining. However from our esti-

mates with equations (11) and (23) we seem to be able to

perform the test of CSL heating with Adler parameters

without internal state cooling.
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B. The choice of the system:

In technical terms, we need a mechanical harmonic os-

cillator with a high Q factor, which means that a once

excited oscillation goes on for a long time without damp-

ing, in other words without heating from an external heat

bath. For such an undamped oscillator we expect a nar-

row spectral line associated with the mechanical oscilla-

tion: Q = ω/δω, with δω being the width of the spectral

peak. We want to avoid any external heating, which is

larger than the incredibly small CSL heating effect. That

makes the experiment challenging, but it seems feasible

with existing technology.

This means that all methods with suspended objects,

even if the suspension is as small as a nanowire, do not

seem too promising. The Q factor for the mechanical

oscillation for suspended devices can hardly be better

than 106 which seems to rule out mechanically clamped

systems, like micro- or nano fabricated cantilever struc-

tures. However we do not want to exclude this possibility

in general as success maybe possible with very sophisti-

cated structures such as for instance phononic crystal

structures [33], which reduce thermal dissipation to a

minimum. In general, quantum optomechanical systems

show very promising features for tests of non-classical be-

haviour at mesoscopic scales, but mostly are realised in

clamped geometries [34]. A more natural choice seems

to be levitated objects, which do not have any clamping

losses nor any dissipation through mechanical links.

There are plenty of noise effects which could easily heat

the system under consideration more substantially than

the desired CSL heating effect. Such noise effects include

vibrations generated by the experimental environment by

vacuum pumps and compressors, electrical read out noise

for detectors such as photo-diodes or Squid position sen-

sors, intensity and frequency noise of the trapping laser

(in case optical levitation is needed), heating by absorp-

tion of trapped laser photons by the particle, which will

heat up the internal temperature etc. For each experi-

mental configuration such systematic effects have to be

carefully checked. This again is an argument for experi-

ments with levitated particles, but also here a vibration

of the trap itself (which will be realised by lenses, mir-

rors or magnetic coils) will need critical assessment and

carefully engineered solutions. All systematic noise ef-

fects can be quantified by their effect on the Q-factor or

on external and internal temperature.

From our analysis above we see that the particular

shape of the particle is important for the observation of

the CSL heating/diffusion effect. The disc geometry gives

more promising results. A technical difficulty, which we

would like to mention here, is that trapping and levitat-

ing a shape different from the sphere has to be thought

in careful details. For instance the trapping of a disc,

which is free to rotate around the axis crossing the flat

diameter of the disc, is quite tricky. In general, Earn-

shaw’s theorem has to be fulfilled for stable trapping and

to build a trap for a sphere is straightforward, while the

trapping of asymmetric shapes such as a disc is more ad-

vanced. Somehow, the symmetry of the trapping field

has to be designed for the symmetry of the particle to be

trapped. Also for each shape of the particle chosen the

CSL heating effect has to be recalculated, which can be

difficult in detail. We mention this, to emphasize that

such experimental details can be non-trivial.

Optical levitation or tweezing has a long and suc-

cessful history with plentiful applications in physics,

chemistry and life sciences [35]. The majority of such

experiments are performed with particles in solution. Re-

cently and as already mentioned above different cool-

ing/stabilisation techniques have been demonstrated in

vacuum as small as 10−6 mbar. The Q factor predicted

is as high as 1012 at ultra-high vacuum, but needs to be

shown by experiment [36].

One limiting effect, which is expected to reduce Q is

the absorption of photons from the trapping laser. This

effect can be reduced with the right choice of material

of the particle. At the moment the lowest absorption

cross section is predicted for a silicon nano particle in a

laser dipole trap at 1550 nm [29, 37]. While this heating

process can be minimised, there will always be heating

of the internal temperature, which would limit ability to

observe the CSL heating in the experiment.

This means the trapping and cooling of the external

centre of mass motion are possible, but the effects, in-

trinsic to the optical levitation, of heating by absorption

and the cooling of internal states is still problematic.

Magnetic levitation: To overcome this absorption

heating problem magnetic trapping at very low temper-

atures has been proposed [38]. Magnetic levitation has a

long history as well for ultra-precise sensing and metrol-

ogy, including gravitational effects [39]. Such magnetic

levitation set-ups seem to have many favourable proper-

ties for the test of small effects such as the CSL heating

effect. The low temperatures will also help to reach very

low pressures, as the cold surfaces of the solid parts of

the experiment will adsorb atoms and molecules, which is

known as cryogenic pump. Ion trap experiments are

also promising for CSL tests, however it will be challeng-

ing to build a stable Paul or Penning ion trap, where the

noise in the trapping field is smaller than the CSL heat-

ing effect. That seems challenging. For instance for a

Paul trap, micro motion effects will have to be balanced

almost perfectly or separated for the CSL effect in the

frequency domain. In general, magnetic levitation seems

to be seen as the method with the lowest systematic noise
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generated by the trap [40], which would be the preferred

way to perform CSL tests.

While the test of gravity induced collapse models is

clearly out of reach for experiments with levitated par-

ticles, the test of CSL effect with Adler as well as with

GRW parameters seems feasible.

VI. CONCLUSIONS

It is important to emphasise that while quantum the-

ory is extremely successful and not contradicted by any

experiment, there is a vast range in the parameter space

(objects of masses ranging from 105 amu to 1018 amu),

over which the theory has not been tested. Precision

tests of quantum theory in this range are of great impor-

tance, from the point of view of confirming the theory, or

finding new effects. The theory of CSL provides a signif-

icant benchmark against which quantum theory can be

tested, because it makes experimental predictions which

are quantitatively different from that of quantum the-

ory. This in itself, apart from testing CSL as a possible

explanation for collapse of the wave function, is an im-

portant motivation for carrying out experiments of the

kind suggested in this paper.

During the last fifteen years or so, experiments to test

quantum theory in the mesoscopic regime have been pick-

ing up momentum, especially as new ideas have been put

forth with regard to quantum systems and techniques to

be used. The lead provided by breakthrough experiments

and subsequent advances in molecular interferometry has

been supplemented by significant advances in optome-

chanics and cooling of optomechanical devices. Progress

has been made towards generating Schrödinger cat states

for ever larger systems, with increasing position separa-

tion amongst the superposed states. In addition, new

ideas for testing CSL have been proposed, such as spec-

tral line broadening, and constraints coming from heating

of atomic BECs.

Our proposal here, based on a re-analysis of the earlier

work of Collett and Pearle, suggests to look for the effect

of CSL heating in the random diffusion of the affected

mesoscopic object, here assumed to have a size of 100

nm = 10−5 cm, and hence a mass of about 10−15 gms.

This set of parameter values appears to provide tem-

perature and pressure requirements which are achievable

with current technology. We thus hope that our work

will encourage experimentalists to set up experiments to

look for CSL diffusion. In combination with experiments

in matter wave interferometry, optomechanics, and fre-

quency domain tests of spectral line broadening, tests of

random diffusion could serve to put stronger bounds on

departure from quantum theory, in the near future.
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[6] F. Lalöe, W. J. Mullin, and P. Pearle,

arXiv:1409.5388 (2014).

[7] G. C. Ghirardi, A. Rimini, and T. Weber, Phys. Rev. D

34, 470 (1986).

[8] P. Pearle, Private Communication (2014).

[9] B. Collett and P. Pearle, Found. Phys. 33, 1495 (2003).

[10] S. L. Adler, J. Phys. A 40, 2935 (2007).

[11] F. Karolyhazy, Nuovo Cimento 42A, 390 (1966).

[12] F. Karolyhazy, A. Frenkel, and B. Lukács, in Quantum
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