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ABSTRACT 

Time domain aeroelastic analysis has high computing costs when using computational fluid 

dynamics. These costs become prohibitive when the structural model undergoes large changes from 

the baseline design, as within an aircraft design process. To overcome this realistic challenge, we 

have developed, implemented, and demonstrated an efficient method that is robust in the presence 

of global modifications of the structure. The method consists of: a) a reduced order model of the 

linearized Navier-Stokes equations generated around an aeroelastic equilibrium that depends, in turn, 

on the structural model; b) an approximate structural dynamic reanalysis method valid for global 

modifications of the structure; and c) a mechanism to exchange information between fluid and 

structural solvers without need for calculating at each iteration of the structural design an eigenvalue 

problem of the modified structure. The resulting aeroelastic reduced order model is demonstrated 

for the AGARD 445.6 wing, and material properties are varied up to 100% from their original values. 

It is found that: a) predictions of the time domain aeroelastic response and of the flutter speed are 

accurate for all modifications of the structure; and b) the computational efficiency of the proposed 

aeroelastic reduced order model is linearly proportional to the number of structural configurations 

considered. The method, therefore, is ideally suited for optimization and uncertainty studies. 

 

Keywords: reduced order model, proper orthogonal decomposition, computational fluid dynamics, 

global structural modification, flutter boundary, time domain analysis. 

 

1. Introduction 

Aeroelastic analysis in the transonic regime is a critical aspect of today’s aircraft design process. In 

transonic flow, linear aerodynamic theories fail due to the presence of flow nonlinearities (e.g. shocks, 

separation). Computational fluid dynamics (CFD) has become a feasible alternative [1, 2] to linear 

methods for the capability to model flow nonlinearities. This comes at the price of high computing times, 

and CFD-based aeroelastic analysis is generally restricted to few flight conditions and mass 

configurations [3, 4]. 
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To overcome the costs involved in solving complex fluid models of large size, researchers have 

developed CFD-based unsteady aerodynamic reduced order models (ROMs). These models extract key 

data of the fluid systems to generate a low dimensional system that retains similar accuracy of the full 

order model while reducing significantly the costs. System identification [5-7] and proper orthogonal 

decomposition (POD) are among the most popular ROMs for nonlinear aeroelastic analysis. For example, 

Dowell [8] and Lucia [9] demonstrated the use of ROMs to investigate transonic limit-cycle oscillation 

(LCO). Reference [10] documented a ROM for gust analysis in the transonic regime, providing a fast 

identification of the worst-case gust. The POD method, in particular, has been successfully applied to the 

aeroelastic analysis of turbine blades [11, 12]，helicopter rotor blade [13], wings [14-16] and complete 

aircraft configurations [17, 18]. More recently, the POD has been exercised for transonic aeroelastic 

analysis [19], active aeroelastic control [20], LCO control [21], gust response analysis [22], and transonic 

flutter suppression with control delay [23].  

The largest efforts in the ROM community are addressed at improving the model predictions at a 

fixed flight condition for a frozen aeroelastic model configuration. Changes to either flight conditions 

(e.g. Mach number, angle of attack) or model configuration (e.g. mass, geometry) are neglected for the 

difficulty of accounting for these effects within a single ROM. The limited body of work on this topic 

consists of the following publications available in the open literature. Epureanu [24] and Lieu [25-27] 

used ROMs to predict the transonic aeroelastic response with variations of the free stream Mach number 

and angle of attack. Chen [28] proposed a nonlinear POD technique, Chen [29] discussed a support-

vector-machine based ROM, and Chen [30] presented a linear parameter-varying (LPV) method valid 

for bounded changes of the flow conditions. Winter [31] presented a novel aerodynamic ROM approach 

for predicting generalized aerodynamic forces (GAF) based on local linear neuro-fuzzy models 

considering variations of Mach number. Even fewer studies have shown the ability to capture changes in 

the mass and stiffness distribution of an aircraft structure within a single aeroelastic ROM. As the aircraft 

design process proceeds, with the outer shape being frozen at the early stages, the structural model 

undergoes multiple changes to guarantee the design target loads are met. Structural modeshapes and 

associated frequencies are dependent upon the mass and stiffness distribution, and this should be 

correctly included in an aeroelastic analysis, Hayes [32]. When a structural modification is made, the 

structural model need to be updated and the new modeshapes and frequencies recalculated. In an 

aeroelastic analysis, the influence of changes in the structural model will also propagate to the fluid 
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solution, with both mean and unsteady flow components depending upon the structural model. One 

approach to update the aeroelastic ROM, referred to as the direct method herewith, is the regeneration of 

the model. For every change of the structural model, this entails calculating: a) the new set of modeshapes 

and frequencies; b) the mean flow solution that guarantees the aeroelastic equilibrium for the modified 

structure; and c) the ROM around the new equilibrium position. To overcome the related computational 

expense, Fenwick [33] used a linear interpolation on a set of available ROMs to obtain a new ROM 

without regeneration. This approach was shown for the flutter boundary prediction with changes to the 

local mass distribution (e.g. fuel load distribution). Voss [34] used several synthetic modeshapes that 

were chosen to exhibit all realistic structural modes. Various unsteady CFD computations were run to 

generate the ROM database, including dependencies on Mach number, reduced frequency and 

modeshapes. Zhang [35] demonstrated a method to obtain a new ROM using an existing CFD-based auto 

regressive with eXogenous input (ARX) model based on radial basis function (RBF) interpolation for 

local changes of the root boundary condition. Winter [36] presented two novel CFD-based ROMs robust 

to variations in the structural modeshapes due to additional lumped mass. 

Most of the studies in the previous paragraphs neglected the case where structural modifications are 

made at global level, and instead focused the attention to local structural modifications. Global changes 

to the structural parameters are routinely done in the aircraft design process following optimization and 

trade-off studies. As the first step, the global level analysis initializes all the global quantities and 

responses, and then provides information to the local level sub-problem. At the global level, wing 

modifications consist generally of changes to the mass and stiffness distribution to meet the design target 

loads [37, 38]. This specific problem calls for an efficient ROM formulation that can investigate the 

impact that structural modifications have on the aeroelastic analysis, uncertainty quantification, and 

optimization design. 

The novelty of the work detailed in this paper is the development and implementation of a time 

domain aeroelastic ROM valid for global modifications of the structure. The methodology avoids the 

computational burden traditionally associated with direct methods that solve a normal mode analysis at 

each modification of the structure. On the contrary, the proposed methodology leverages on a structural 

dynamics reanalysis that provides a rapid approximation of the dynamics of the modified structure, and 

this feature is embedded within a CFD-based aeroelastic ROM, referred to as the approximate method. 

The paper continues in Section 2 with a description of the aeroelastic ROM generation. Section 3 
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provides a background knowledge on the structural dynamics reanalysis for global modifications of the 

structure, and discusses the introduction of this feature within the CFD-based aeroelastic ROM. Section 

4 presents the impact that global structural modifications of the AGARD 445.6 wing have on the time 

domain aeroelastic response and flutter boundary. Furthermore, this Section quantifies the advantages, 

measured in terms of accuracy and computational cost, of the proposed approach compared to the existing 

one. Finally, conclusions are given in Section 5. 

2. Reduced Order Model of Large Scale Aeroelastic System 

2.1 Flow and Structural Solvers 

The nonlinear aeroelastic system is formulated using the two-field arbitrary Lagrangian-Eulerian 

(ALE) approach. The governing equations are 

( )
( )

d

dt


 

A w
F w 0                                                           (1) 

  Md Dd Kd f                                                            (2) 

where Eq. (1) represents a finite volume discretization of the ALE non-dimensional conservative form 

of the Navier–Stokes equations. Here, A is a diagonal matrix containing the cell volumes, F is the 

nonlinear numerical flux function, w is the vector of conservative flow variables, and d is the vector of 

structural displacements. Eq. (2) is for a finite element discretization of the structural dynamic equations. 

M, D, and K are the mass, damping, and stiffness matrices, respectively. f is the vector of aerodynamic 

loads calculated at the structural grid points, derived from solving Eq. (1). 

The CFD solver employs Cartesian grids, using a multi-block structured cell-centered finite volume 

discretisation, and the second-order Van Leer scheme [39] is used for the spatial discretization. The dual 

time-stepping [40] and Lower-Upper Symmetric Gauss-Seidel (LU-SGS) implicit method [41] are used 

for time integration. 

A modal representation of the structural model is assumed, without restricting the validity of the 

approach presented herein. Using generalized (or modal) coordinates, u, the structural displacement field 

is expressed in the canonical form, , where
1 2[ ,  ,  ...]Φ   denotes the modal matrix. Using 

generalized coordinates, Eq. (2) becomes: 

gen     M u D u K u f                                                         (3) 

where TM Φ MΦ , TD Φ DΦ and TK Φ KΦ are the generalized mass, damping and stiffness 

matrices, respectively. 
genf is the vector of generalized aerodynamic forces: 

d Φu
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T

gen f Φ f or for the vector element i: i i

gen pq c d  sf S                            (4) 

where i

genf is i-th generalized aerodynamic force, q is the free stream dynamic pressure, and 
pc is  

pressure coefficient. 

2.2 Coupling algorithm 

A time domain, fully-implicit, loosely-coupled partitioned approach is employed for the unsteady 

fluid-structure interaction (FSI) analysis. The process is depicted in Fig. 1. A converged steady-state flow 

solution is used to initialize the FSI loop. The transfer of the aerodynamic loads from the fluid to the 

structural field, and the transfer of the structural displacements from the structural to the aerodynamic 

field are performed using the infinite plate spline (IPS) method [42]. The radial basis functions (RBFs), 

combined with the transfinite interpolation (TFI) algorithm [43], are then used to warp the fluid volume 

mesh, based on the new deformed surface grid obtained by mapping the structural displacements onto 

the fluid surface grid. The iterative process continues until the change in the structural displacements 

between two consecutive iterations is below a given threshold, or the maximum number of iterations is 

reached. The coupled aeroelastic solver has been exercised on several two and three-dimensional 

aeroelastic models. The reader is referred to [19, 23, 44] for more details. 

 

Fig. 1 Schematic of the fluid-structure coupling algorithm; ‘CSD’ indicates computational structural 

dynamics. 

2.3 Unsteady Aerodynamics Reduced Order Model 

The POD method is the method of choice to provide a compact description of large scale 

computational models as in the case of unsteady transonic flows for aeroelastic analysis [45, 46]. To start 

with, the unsteady flow equations are linearized around a mean solution (equilibrium). The linearized 

flow solver is then used to obtain the POD snapshots for the generation of the unsteady aerodynamics 
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ROM. Denoting , ,  w u u  small perturbation around the equilibrium 0 0 0, ,w u u
, one obtains the 

linearized flow equations: 

( + )   0A w Hw E C u Gu 0                                                 (5) 

where 

0 0 0( , , )





F
H w u u

w
     

0 0 0( , , )





F
G w u u

u
 

0





A
E w

u             
0 0 0( , , )





F
C w u u

u  

The matrix H is the gradient of the numerical flux function with respect to the vector of fluid variables. 

Matrices G and C are the gradients of the flux function with respect to the generalized coordinates and 

their velocities, respectively. Finally, the matrix E indicates the gradient of the cell volumes with respect 

to the generalized coordinates. Note that the matrices G, E and C need to be re-computed if the structural 

parameters are modified. 

The linearization of the structural dynamic equations around the equilibrium point is: 

0 0s  Mu D u K u P w
                                                         (6) 

where 

0 0 0( , )
int




f
K u u

u       
0 0 0( , )

ext

s


 



f
K K w u

u  

0 0 0( , )
int




f
D u u

u       
0 0 0( , )

ext




f
P w u

w  

The terms

ext



f

u and 0D
are neglected to analyze the system stability, which is studied as an eigenvalue 

problem: 

0 0 Mu K u P w
                                                             (7) 

Using the linearized flow and structural equations derived in Eqs. (5) and (7), the generalized 

eigenvalue problem is: 

( )i i N Θ q 0
                                                             (8) 

where indicates the i-th eigenvalue and the corresponding eigenvector, and 

0

 
 
 
  

H    (E + C)    G

N -P       0          K

0          I           0
, 

 
 
 
  

A  0   0

Θ 0   M 0

0   0   I
, 

 
 
 
  

w

q u

u
. 

It is worth noting here that the unsteady flow equations are described by a ROM obtained from a 

i iq
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POD of the linearized fluid equations. The POD method aims at reconstructing the behavior of the overall 

system using an orthogonal basis set with a much smaller number of degrees of freedom. Denote
{ }k
x

, 

for 1,2,3k m , a set of m snapshots, where
k

x  belongs to an n-dimensional space. The POD method 

searches an m-dimensional proper orthogonal subspace,
n mΨ R , where 𝑚 < 𝑛 , to minimize the 

mapping errors fromΨ  

1 1

min
m m

k T k k T k

k k 

    
Φ

G x ΩΩ x x ΨΨ x                                         (9) 

whereΩ is an arbitrarily chosen subspace, which satisfies H Ω Ω I . The minimization problem is 

equivalent to 

   
2 2

2 2
1 1

, ,
max

k k
m m

k k 

  
Φ

x Ω x Ψ

H
Ω Ψ

, H Ω Ω I                                  (10) 

where the


indicates an averaging operation, and
 , 

indicates an inner product operation. The 

constraint optimization problem in Eq. (10) is transformed into the following Lagrange equation 

     
2 2

1

, 1
m

k

k

J 


  Ω x Ω Ω                                                 (11) 

Solving the partial derivative of the objective function
( )J Ω

with respect toΩ gives 

  2 2Hd
J

d
 Ω XX Ω Ω

Ω
                                                    (12) 

where
1 2{ , , } n m

m

 X x x x R  is a matrix with columns equal to the m snapshots. One finds that the 

solution to Eq. (12) is: 

   0T ξ XX I Ψ                                                            (13) 

The above equation involves the solution of a large-scale eigenvalue problem of the POD kernel, 

H n nXX R . Because and H
X X have the same eigenvalues, Ψ  is obtained from the following 

equation: 

1/2

T



 




XX V VΛ

Ψ XVΛ
                                                              (14) 

where 1 2[ , , , ]mΨ ψ ψ ψ , 1 2( , )mdiag   Λ , 1 2 ,..., m     . The value of i represents the 

contribution of the i-th snapshot to the original system. In practice, the generation of an aeroelastic ROM 

includes the first r POD modes, 1 2[ , ,..., ]r rΨ ψ ψ ψ , that retain most of the energy of the original 

system. By projecting the full-order series
1n

x onto the r POD modes, a model of size r is obtained 

H
XX
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T T

r r r r r

ext

r r

  




x Ψ AΨ x Ψ By

f CΨ x
                                                      (15) 

where 1

0

 A A H ,  1

0 + B A E C  G ,  
T

y u  u , C P . Here, A, B, and y can be considered as the 

system inputs, and the ext
f is the system output. 

The above steps outline the process of generating an unsteady aerodynamics ROM for given 

modeshapes. The resulting aeroelastic model is obtained by coupling the structural dynamic equations, 

Eq. (7), with Eq. (15) for the ROM of the fluid. 

3. Aeroelastic Reduced Order Model in the Presence of Global Structural Modifications 

3.1 Approximate structural dynamic reanalysis method 

In any optimization activity involving changes to the structural model, the modal characteristics of 

the structure (frequencies, damping, and modeshapes) change. Generally, modal characteristics are 

obtained from a normal mode analysis (eigenvalue problem), which may become computationally 

expensive for a large-scale system if repeated for many optimization evaluations. To overcome this 

challenge, several methods, commonly classified into two categories, were proposed to ease the 

eigenvalue reanalysis for the modified structure [47]. The first category includes direct methods, 

commonly based on the Sherman-Morrison-Woodbury (SMW) formula [48], that are applicable for large 

but local (or low-rank) modifications. The drawback of these methods is that they are limited by the scale 

of the problem or rank of the modification, and are not adequate for global modifications of the structural 

parameters. Direct methods also suffer from high computational costs. On the contrary, the second 

category collects approximate methods [49-51] that aim at obtaining the frequencies and modeshapes for 

the modified structures without resolving an eigenproblem each time. The advantage in doing so is a 

significant reduction of the computational costs as well as an extended applicability of the methods for 

global (or high-rank) modifications of the structures. The extended Kirsch combined method [50, 52] is 

an efficient approach for the case of large modifications of the structural parameters. More details 

relevant to this work are given in the remainder of this section. 

Consider initially a structure with a nominal stiffness matrix, , and mass matrix, . 

Frequencies,
0

i , and modeshapes, 1 2

0 0 0[ ,  ,  ...]Φ   , are calculated by solving the generalized 

eigenproblem: 

0 0 0 0 0

i i iK M 
                                                             

(16)
 

0K 0M
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that is referred to as the original problem (indicated by the subscript 0). When the structural parameters 

are modified, the stiffness and mass matrices are perturbed into the form 0  K K and 0  M M , 

respectively. The terms K and M are the perturbations to the original stiffness and mass matrices. For 

the modified structure, the eigenvalue problem becomes: 

 
i i iK M                                                                  (17) 

where i is the i-th eigenvalue of the modified structure, and i is the i-th eigenvector of the 

modified structure. 

The extended Kirsch combined method uses the second-order eigenvector terms [53] as the 

basis vectors in the following modeshapes reduced basis: 

i i i

B z                                                                 (18) 

where 

1 2,  ,  i i i

B
      0

i                                                           (19) 

3 1

0 1 2(z ,  z ,  z )i i i i T  z R                                                     (20) 

1 0 0 0 0 0 0 0 0 1

1, 0 0

1 1
[( ) ( ) ] [( ) ]

2

n
i s T i i s i T i i i

i s
s s i


  

      


 K M M Z                           (21) 

2 0 0 1 1 0 0 1 0 0

1, 0 0

0 1 1 0 1 0 0 0 2

1
[( ) ( ) ( ) ( )]

1
[( ) ( ) ( )]

2

n
i s T i i i s T i i s

i s
s s i

i T i i T i i i i

 
  

      


     

 K M M M

M M M Z

      

      

                    (22) 

The terms 
1

i and
2

i are the i-th first and second-order eigenvectors of the modified structure, 

respectively. The coefficient vector, i
z , consists of three (unknown) elements for a second order 

perturbation. Substituting Eq. (21) and Eq. (22) into Eq. (18), Φ can be written as 

1 1 1

0 0 0 0

1 1 2

0 0 1 1 0

1 1 3

0 0 2 2

... ...

... ...

... ...

T
i i

i i

i i

     
     

      
     
     

0 0 0 0 z 0 0

Φ 0 0 0 Z Z 0 0 z 0 Φ Z

0 0 0 0 Z Z 0 0 z

   

 

 

                    (23) 

where 

1 1

0 0

1 2

1 1

1 3

2 2

...

...

...

T
i

i

i

   
   

    
   
   

0 0 z 0 0

Z 0 Z Z 0 0 z 0

0 0 Z Z 0 0 z

 

                                          (24) 

Substituting Eq. (18) into the eigenvalue problem for the modified structure Eq. (17), and pre-multiplying 

by ( )i T

B , one obtains: 
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0 0( ) ( ) ( ) ( )i T i i i i T i i

B B B B  K K z M M z                                       (25) 

Adopting the short-hand notation 

0( ) ( )i i T i

R B B K K K                                                     (26) 

0( ) ( )i i T i

R B B M M M                                                     (27) 

it is apparent that Eq. (25) reduces to a set of three equations 

i i i i i

R RK z M z                                                            (28) 

Once the coefficient vector i
z  is found, the coefficient matrix Z is recovered from Eq. (24), and the i-

th eigenvector of the modified structure is recovered from Eq. (18). Finally, the i-th eigenvalue of the 

modified structure, i

K , is computed using Rayleigh quotient: 

0

0

( ) ( )

( ) ( )

i T i
i

K i T i


 


 

K K

M M

 

 
                                                   (29) 

The steps involved in the extended Kirsch combined method are presented in Algorithm 1. 

Algorithm 1 Extended Kirsch combined method 

1 For the original structure, solve the eigenvalue problem, Eq. (16); 

2 

For the modified structure, identify the perturbation matrices such that 0  K K  and 

0  M M ; 

3 Calculate first and second-order perturbations of the eigenvector, using Eqs. (21) and (22); 

4 Form the stiffness and mass matrices,  and , using Eqs. (26) and (27); 

5 Solve Eq. (28) for the coefficient vector i
z ; 

6 

Calculate coefficient matrix Z and i-th eigenvector of the modified structure, using Eqs. 

(18) and (24); 

7 Obtain approximated eigenvectors of the modified structure using Eq. (18); 

 

3.2 Aeroelastic ROM for the Modified Structure 

In Section 2.3, the unsteady aerodynamics ROM is derived assuming the structural model is frozen, 

with nominal modeshapes 0Φ . As the matrices of the linearized flow solver, Eq. (5), depend on the 

generalized coordinates, the unsteady aerodynamics ROM shall be regenerated at each modification of 

the structure. To this goal, it is convenient to write the physical displacements as 

i

RK
i

RM
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0 ( )d Φ Zu                                                                  (30) 

where the vector b u Zu  is denoted as the vector of basic generalized displacements. The introduction 

of this quantity becomes useful in the calculation of the matrices of the linearized flow solver: 

0 0 0 0 0 01
( , , ) ( , , ) b

b



 
  
 

F F
G w u u w u u ZG

u Z u
 

0 01 b

b



 
  
 

A A
E w w ZE

u Z u
 

0 0 0 0 0 01
( , , ) ( , , ) b

b



 
  
 

F F
C w u u w u u ZC

u Z u
 

In state space form, the unsteady aerodynamics ROM in the presence of structural modifications is 

written as 

T T

r r r r r b

ext

b r r

  




x Ψ AΨ x Ψ ZB y

f ZC Ψ x
                                                    (31) 

where 1

0

 A A H ,  1

0 +b b b b

 B A E C   G ,  
T

y u  u , b bC P . This set of equations is accompanied 

by the structural dynamic equations of the modified structure: 

ext Mu Ku f                                                                (32) 

where 0 0 0( )T T M Z Φ M + M Φ Z , 0 0 0( )T T K Z Φ K + K Φ Z . In the specific case of no structural 

modifications, =K 0 and =M 0 , Z becomes the unity matrix, and Eqs. (32) and (33) are equivalent 

to Eqs. (15) and (7), respectively. The vector of generalized aerodynamic loads, ext
f , is derived from the 

unsteady aerodynamics ROM. Without the need to re-compute a new POD basis for every structural 

modification, the calculation of ext
f  is inexpensive as it is obtained from a ROM that intrinsically 

accounts for global modifications of the structural model. 

A schematic of the algorithm is illustrated in Fig. 2. Within a design environment, the structural 

parameters are modified iteratively. In this case, the proposed algorithm allows computing rapidly the 

generalized aerodynamic loads without re-computing, for each structural modification, the POD basis 

which is used to generate the unsteady aerodynamics ROM. 
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Fig. 2 Schematic of the aeroelastic ROM in the presence of global structural modifications. 

The steps involved in this process are detailed in Algorithm 2. 

Algorithm 2 Aeroelastic ROM for the modified structure 

1 For the original structure, generate the unsteady aerodynamics ROM; 

2 Calculate coefficient matrix Z using the extended Kirsch combined method; 

3 Perform transformation of coordinates to calculate the basic generalized displacements, bu ;  

4 Calculate the generalized aerodynamic force coefficients, ext
f ; 

5 Couple fluid ROM, Eq. (32), with structural dynamics, Eq. (33) for the modified structure. 

 

4. Numerical results and discussion 

4.1 Validation of Aeroelastic ROM Solver 

The first step is to establish the validity of the proposed aeroelastic ROM in predicting the flutter 

boundary for the AGARD 445.6 wing. The comparison is made with results obtained from the large-

scale aeroelastic model, which employs the CFD solver rather than the unsteady aerodynamics ROM, 

and with experimental measurements [54]. The AGARD 445.6 wing model has a quarter-chord sweep 

angle of 45 deg, panel aspect ratio of 1.6525, and taper ratio of 0.6576. The symmetrical NACA65A004 

airfoil section is used, governing the thickness distribution of the wing in the span-wise direction. The 

wing material has a density of 381.98 3Kg/m . The elastic moduli in the span-wise and chord-wise 

direction are 3.151 and 0.416 GPa, respectively, and the shear modulus is 0.4392 GPa. The Poisson’s 



13 

 

ratio is 0.31 [55]. The structural model, shown in Fig. 3(a), consists of 231 nodes and 200 elements. 

A multi-block structured mesh was employed for the flow predictions, consisting of 61 

computational nodes around each airfoil section and 20 nodes along the wing semi-span, as shown in 

Fig. 3(b). The spatial convergence of the CFD mesh was analyzed in Zhou [23], where a good agreement 

of the results for both the medium and fine grids was documented. The total number of grid points on the 

medium grid, herein used, is 223,146 ( 99 49 46  ).  

Fig. 4 shows the flutter boundary predictions from the large-scale aeroelastic model and the 

aeroelastic ROM. The ROM results are in good agreement with the reference numerical data for the 

entire range in Mach number (0.499 to 1.141). Physical effects, such as the transonic dip of the flutter 

speed, are correctly identified [56]. The accuracy of both methods was evaluated over the years in a 

number of aeroelastic studies [19, 23, 44]. 

(a)  (b)  

Fig. 3 AGARD 445.6 wing: (a) structural model, and (b) surface CFD mesh. 

 

Fig. 4 AGARD 445.6 wing: flutter boundary; experimental data from Ref [54]. 

4.2 Validation of Structural Dynamic Reanalysis Method 

For exemplification, the structural model of the AGARD 445.6 wing is divided into four span-wise 

sections, as shown in Fig. 3(a). Each section consists of 50 structural elements of identical material 

properties, but material properties at different sections may be different. To obtain global variations of 
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the mass and stiffness distribution, material properties are assumed to vary as 

Section 1, (1 3 )1 0E E  ,  (1 3 )1 0     

Section 2, (1 2 )2 0E E  ,  (1 2 )2 0     

Section 3, (1 )3 0E E  ,  (1 )3 0     

Section 4, 4 0E E ,   4 0   

where and are the Young’s modulus and density, respectively, of the baseline (original) structural 

model. It is worth observing that the choice above is used for demonstration purposes and shall not be 

taken here as a limiting case of the present method. On the contrary, material properties may be thought 

to vary independently on every single structural element, as commonly practiced in an aeroelastic 

tailoring study. To assess the accuracy of the ROM in analyzing the modal characteristics of the modified 

structural model, two criteria are introduced. The first criterion represents the error of the modal 

frequencies: 

i i

A E

i

E

f f
Error

f


                                                              (34)

 

where i

Ef denotes the exact modal frequencies, which are computed with a direct full modal analysis, and

i

Af denotes the approximate modal frequencies obtain by the Extended Kirsch combined method. The 

second criterion is the Modal Assurance Criterion (MAC), defined as: 

2

MAC( , )
( )( )

T

E A

A E T T

A A E E


Φ Φ

Φ Φ
Φ Φ Φ Φ

                                               (35) 

where EΦ represents the exact modeshapes (direct full modal analysis), and AΦ represents the 

approximate modeshapes (Extended Kirsch combined method). For a perfect match between the exact 

and approximate modeshape, the MAC is 1. 

Three cases for the modified structure are considered: 1/12,  1/ 6,  1/ 3  . Fig. 5 illustrates the 

modeshapes for the original (AGARD 445.6 wing) and modified wing models. For conciseness, only the 

case with the largest structural modifications ( 1/ 3  ) is reported. Modal information for the modified 

structure was obtained using the direct full modal method, which provides the exact reference data, and 

the approximate method based on the extended Kirsch combined approach. The first four modeshapes 

are identified to be the first bending, first torsional, second bending, and second torsional modes. 

Quantitatively, the errors between approximate and exact solutions are summarized in Table 1 for the 

three values of the modification parameter,  . For all cases, the error of the modal frequencies is well 

0E 0
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below one percent. For the MAC, values near unity indicate a good to excellent agreement between the 

modeshapes of the approximate and exact solutions. The comparison conveys the good predictive 

capability of the Extended Kirsch combined method to provide approximate modeshapes and frequencies, 

which are accurate for fast engineering applications, without resorting to a direct full modal analysis for 

each modified structural case. 

Table 1 Frequencies from direct and approximate structural reanalysis methods for the modified 

structural model of the AGARD 445.6 wing. 

Parameter Mode 
Frequency [Hz] 

Error [%]   MAC 
Exact Approximate 

1/12   

1 10.208 10.207 -0.005 1.0000 

2 41.228 41.232 0.010 0.9999 

3 50.756 50.792 0.071 0.9998 

4 95.962 96.034 0.076 0.9991 

1/ 6   

1 10.854 10.856 0.021 1.0000 

2 42.457 42.470 0.030 0.9998 

3 51.819 51.930 0.220 0.9993 

4 96.633 96.873 0.248 0.9970 

1/ 3   

1 11.933 11.943 0.082 0.9999 

2 44.354 44.398 0.101 0.9994 

3 53.591 53.894 0.565 0.9991 

4 97.712 98.412 0.716 0.9911 

 

(a)  (b)  (c)  

       Mode 1 1f =9.460              Mode 1 1f =11.933              Mode 1 1f =11.943  

               

Mode 2 2f =39.707              Mode 2 2f =44.354             Mode 2 2f =44.398 

             
Mode 3 3f =49.510             Mode 3 3f =53.591            Mode 3 3f =53.894 
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Mode 4 4f =95.134             Mode 4 4f =97.712            Mode 4 4f =98.412 

Fig. 5 AGARD 445.6 wing: first four modeshapes. In (a), original structural model. In (b), exact solution 

(direct full modal method) and, in (c), approximate solution (extended Kirsch combined method) for the large 

structural modification case ( 1/ 3  ). 

4.3 Aeroelastic Predictions in the Presence of Global Structural Modifications 

The proposed approximate aeroelastic ROM valid for global structural modifications consists of 

two building blocks: the unsteady aerodynamics ROM and the structural reanalysis methods. Having 

validated these building blocks, we turn our attention to aeroelastic predictions in the presence of global 

structural modifications.  

Fig. 6 reports the time history of the generalized aerodynamic forces (GAF) computed at 

Ma 0.960 and AOA=0 deg for two speeds ( 340V  m/s and 375V  m/s). Two sets of data are 

compared. One set is representative of the large scale aeroelastic model, whereby the CFD solver is used 

for the aerodynamic predictions and the modal properties of the structure are re-computed at each 

structural modification. In the figures, data are labelled ‘Exact Model’ from here onwards. The second 

set of data is for the aeroelastic ROM, which employs a POD-based ROM for the aerodynamic 

predictions and the approximated reanalysis method is used to account for the influence of structural 

modifications. In the figures, these data are labelled ‘Approximate ROM’ from here onwards. A close 

inspection reveals that results from the direct and the proposed approximate ROM methods are in 

reasonable agreement for the case of the largest structural modification ( 1/ 3  ). A similar agreement 

was found for the smaller structural modifications, but results are not reported herein for brevity. 

   

(a) GAF, first bending mode                       (b) GAF, first torsional mode 
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(c) GAF, second bending mode                    (d) GAF, second torsional mode 

Fig. 6 Generalized aerodynamic forces for the largest structural modification ( 1/ 3  ) at 

M = 0.960, AOA = 0 deg . 

To demonstrate further the predictive capability of the aeroelastic ROM, two typical aeroelastic 

responses (decaying and diverging) are compared in Figs. 7 to 9. Each figure corresponds to a different 

structural modification case, and the freestream speed (or equivalently the dynamic pressure) was chosen 

to observe a stable and unstable aeroelastic response. It was found that the aeroelastic ROM is capable 

to predict the loss of the system stability for all structural modification cases. The ROM predictions 

follow closely those of the large-scale aeroelastic model. 

   

(a) Generalized displacements, first bending mode (left: 290V  m/s, right: 320V  m/s) 

   
(b) Generalized displacements, first torsional mode (left: 290V  m/s, right: 320V  m/s) 
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(c) Generalized displacements, second bending mode (left: 290V  m/s, right: 320V  m/s) 

   
(d) Generalized displacements, second torsional mode (left: 290V  m/s, right: 320V  m/s) 

Fig. 7 Generalized displacements for the smallest structural modification ( 1/12  ) at two freestream speeds; 

flow conditions: M = 0.960, AOA = 0 deg . 

   

(a) Generalized displacements, first bending mode (left: 315V  m/s, right: 345V  m/s) 

   
(b) Generalized displacements, first torsional mode (left: 315V  m/s, right: 345V  m/s) 
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(c) Generalized displacements, second bending mode (left: 315V  m/s, right: 345V  m/s) 

   
(d) Generalized displacements, second torsional mode (left: 315V  m/s, right: 345V  m/s) 

Fig. 8 Generalized displacements for the medium structural modification ( 1/ 6  ) at two freestream speeds; 

flow conditions: M = 0.960, AOA = 0 deg . 

   

(a) Generalized displacements, first bending mode (left: 340V  m/s, right: 375V  m/s) 

   

(b) Generalized displacements, first torsional mode (left: 340V  m/s, right: 375V  m/s) 
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(c) Generalized displacements, second bending mode (left: 340V  m/s, right: 375V  m/s) 

   

(d) Generalized displacements, second torsional mode (left: 340V  m/s, right: 375V  m/s) 

Fig. 9 Generalized displacements for the largest structural modification ( 1/ 3  ) at two freestream speeds; 

flow conditions: M = 0.960, AOA = 0 deg . 

Finally, we employ the aeroelastic ROM to investigate the impact that the structural modification 

has on the flutter speed. The flutter problem is solved through an eigenvalue analysis, tracking the 

freestream speed at which the eigenvalue with the largest real part crosses the imaginary axis. Results 

are illustrated in Fig. 10 for the three different levels of structural modifications ( 1/12,  1/ 6,  1/ 3  ). 

The overall behavior is captured reasonably well, also away from the flutter occurrence, by the aeroelastic 

ROM. It is not unexpected that the predictions degrade for increasing structural modifications. 

 

Fig. 10 Dependence of the system eigenvalue with the largest real part on freestream speed 

( M = 0.960, AOA = 0 deg ). 
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A quantification of the error introduced to predict the flutter speed using the aeroelastic ROM is 

presented in Table 2. Reference data are taken from the large-scale aeroelastic model, as already pointed 

out. Although the discrepancy between the two methods increase for increasing level of the structural 

modifications, it is worth observing that the maximum difference is limited to about 2% for the largest 

modification ( 1/ 3  ) of the structure. 

Table 2 Flutter speed obtained by direct and approximate method at Ma=0.960. 

Parameter 
Flutter speed (m/s) 

Direct method Approximate method Error (%) 

1/12   309.2 310.8 0.518 

1/ 6   327.2 330.7 1.070 

1/ 3   357.7 365.6 2.210 

 

4.4 Computational Costs 

A final consideration is for the computational cost associated with the analyses presented in this 

work. All analyses were performed on a Windows 7 system PC with Intel® Core(TM) i7-2600 CPU (3.40 

GHz, 8 cores, but only one core used) and 16 GB RAM. The timing in Table 3 is given for this type of 

machine, but here it is of great interest to analyze the speed-up of the approximate aeroelastic ROM in 

comparison to the aeroelastic ROM that solves the structural eigenvalue problem and a new set of POD 

modes at each structural design iteration. For the direct method, a set of POD modes is generated for 

each structural modification, requiring about 16h per configuration. The response in the time domain is 

inexpensive. For the three structural modifications, the aeroelastic model employing the direct eigenvalue 

method required about 48h. In contract to this, the set of POD modes is calculated only once for the 

approximate aeroelastic ROM. Subsequent steps, as detailed in Algorithm 2, have negligible 

computational costs. For the three structural modifications, the approximate aeroelastic model required 

about 16h.  

The computational efficiency of the approximate aeroelastic ROM derives from calculating only 

once the set of POD modes. With the ability to treat efficiently modifications to the structural model, the 

computational advantage of the approximate aeroelastic ROM becomes more significant the more 

changes to the structure are considered. Within the work presented in this manuscript, the speed-up of 

the approximate aeroelastic ROM compared to the direct model is about three, which is proportional to 

the number of structural modifications. However, within an industrial design process, it is reasonable to 
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consider about 1,000 structural modifications and 20 values of the freestream dynamic pressure to assess 

the aeroelastic stability. With information reported in Table 3, the direct method would require over 16 

thousand CPU hours (this consists of 16ℎ × 1000 and 1.75𝑠 × 20 × 1000, totaling 16,009.72ℎ), 

whereas the approximate aeroelastic ROM just over 26 CPU hours (16ℎ × 1 and 1.79𝑠 × 20 × 1000, 

totaling 25.94ℎ). The expected speed-up is proportional with the number of structural modifications, 

making the proposed approximate aeroelastic ROM adequate for optimization and uncertainty studies. 

Table 3 Computational costs of direct and approximate aeroelastic ROMs. 

Method Process CPU time 

Direct 

Generate set of POD modes, per case 16h 

Calculate time response, per values of dynamic pressure 1.75s 

Three structural modifications  48h 5.25s   

Prototype problem with 1,000 structural modifications and 20 

values of dynamic pressure 
16,097.22h 

Approximate 

Generate set of POD modes for original structure 16h 

Compute Z with Extended Kirsch combined method 0.76s 

Calculate time response, per values of dynamic pressure 1.79s 

Three structural modifications 16h 18.39s  

Prototype problem with 1,000 structural modifications and 20 

values of dynamic pressure 
26.16h 

 

5. Conclusions 

The work summarized in this manuscript discusses an efficient aeroelastic reduced order model in 

the presence of global modifications of the structure. Structural properties are subject to large variations 

from the initial configuration, in a similar manner to the iterative changes explored within the aircraft 

design process. The computational challenges that arise when dealing with this problem are two-folded. 

The first challenge concerns with the calculation of the time domain aeroelastic response using 

computational fluid dynamics. This task is computationally intensive for the stringent stability limits 

imposed by the fluid system, even assuming the most favorable situation where the structure is frozen. 

The second aspect arises when the structure undergoes iteratively large changes from the initial design, 

adding extra costs that easily make the total computing cost prohibitive for routine applications. 

The manuscript proposes a method to overcome the problems highlighted in the previous paragraph. 

The method builds on various elements, which are described, validated, and demonstrated throughout 

the manuscript. Two algorithms are given, and it is the hope these will support the application of the 

methods to other engineering fields. The method consists of: a) a proper orthogonal decomposition of 
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the linearized Navier-Stokes equations, calculated around an aeroelastic equilibrium point, in turn, 

dependent upon the structural model; the decomposition allows reducing the size of the fluid system; b) 

a structural dynamic reanalysis method that allows calculating the frequencies and modeshapes of the 

modified structure without solving the corresponding eigenvalue problem at each change of the structural 

model; the method builds on the extended Kirsch combined method; and c) a mechanism to exchange 

information between fluid and structural solvers without need for calculating at each iteration of the 

structural design an eigenvalue problem of the modified structure, or a new set of modes for the 

fluid decomposition. 

Results were obtained for the AGARD 445.6 wing. Material properties of the structure were varied 

up to 100% of their nominal values. After a validation of each constitutive element, the proposed 

aeroelastic reduced order model was tested for predictions of the time domain generalized aerodynamic 

loads and displacements, and of the flutter speed in the presence of global modifications of the structure. 

The comparison was made with a standard aeroelastic reduced order model which solves for the structural 

eigenvalue problem and for a new set of modes for the fluid decomposition at each structural design 

change. For the prototype problem, the proposed method was found to retain high efficiency and good 

accuracy in comparison with the standard model. The computational efficiency of the proposed method, 

which generates only once the set of modes for the fluid system, grows linearly with the number of 

structural changes. It is therefore ideally placed for applications in optimization and uncertainty analysis. 

A final observation is for the reduced order model of the fluid system. The proposed method is not 

restricted to a specific type of aerodynamics, such as proper orthogonal decomposition as in this case. It 

is, on the contrary, a general-purpose approach that may be coupled with alternative reduced order models 

of unsteady aerodynamics. 
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