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Chapter 1
Introduction

The main objects of study of this work are Massey products on Koszul homology. Mas-
sey products were first studied by Massey [34] in algebraic topology but have become
ubiquitous in large parts of topology and algebra. Massey products on Koszul homology
have become a topic of especial interest because of their connection with various cent-
ral problems in algebra and topology. To motivate this work, we will discuss two such

connections, one algebraic and one topological.

We first turn to algebra. Let S = k[z1,...,zy] be the polynomial algebra over a field
k in m variables and let I = (m1,...,m;) be an ideal generated by monomials. In that
case, S/I is called a monomial ring. Given a monomial ring R = S/I, the Poincaré
series of R is defined as -
P(R) = Z dim Torf (k, k)t

§=0
A general open-ended problem in commutative algebra is to describe or compute the
Poicaré series for various classes of monomial rings R. Important progress on this ques-

tion was made by Golod in the 70s when he proved the following theorem.

Theorem. Let R be a monomial ring. There is a coeflicientwise inequality of power

series

(L4+t)m
PR < 1— (3252, dim Tor} (R, k)t — 1)

Moreover, equality holds if and only if all Massey products on the Koszul homology
Tor® (R, k) vanish.

In honor of this theorem a monomial ring R is called Golod if any of the following

equivalent conditions hold.
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1. There is an equality of power series

B (1+t)™
P(R) = 1 — (332 dim Tor} (R, k)t/ — 1)

2. All Massey products on Tor® (R, k) vanish.

However, in general it is hard to verify triviality of Massey products directly. Thus, we
would like to find necessary and/or sufficient conditions for the Golod property that are

easier to directly verify.

Next, we describe how Massey products on Koszul homology turn up in toric topology.
Toric topology studies spaces that admit a ‘nice’ action of the n-torus. An important
family of such spaces are the moment-angle complezes. To fix some notation, let D?

denote the 2-disc and let S' be its bounding circle. Given a simplicial complex A on

vertex set [m] = {1,...,m} and a simplex o € A, define
m
(D8, =[]V
i=1
where
D*ifico
Y, =
Sltifié¢o.

The moment-angle complex Za is defined as
Za = colimyen (D?, S1),

where the colimit is taken over the face category of A. For example, if A is the boundary

of the square

then Za = S% x S3. Moment-angle complexes are related to monomial rings via the
following construction. Given a simplicial complex A on [m], define the Stanley-Reisner
ring (or face ring) k[A] of A by
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Continuing the example of the square above, we get
K[A] = E[x1, x2, x324] [ (w123, T224).

In particular, Stanley-Reisner rings are monomial rings. The relation between Za and
k[A] is described by the following theorem.

Theorem ([8], Theorem 4.5.4). Let A be a simplicial complex on [m]. There is an

isomorphism of graded algebras

H*(Za, k) = TorFlzv-eml (LA k).

Therefore, studying Massey products on the singular cohomology of moment-angle com-
plexes is the same as studying Massey products on the Koszul homology of the cor-
responding Stanley-Reisner rings. The main strategy of this work is to study Massey
products via Ay-algebras. The notion was originally introduced by Stasheff [46] in the
1960s in the context of algebraic topology. In the last few decades A..-algebras have
found applications in various branches of mathematics such as geometry [16], algebra
[47] and mathematical physics [29], [36].

An A -algebra is a graded module A together with linear maps
i A — A

satisfying certain higher associativity relations called the Stasheff identities (2.3.2). A
precise definition can be found in Definition 2.3.1. A rich source of A..,-algebras is the
Homotopy Transfer Theorem (Theorem 2.3.3) coupled with the Merkulov construction
(Theorem 2.3.6). Suppose that A is a dg algebra and let B be a chain complex such that

there exist maps
i
T
57 4D
K~
p

be chain maps such that pi = 15 and ip — 1 = d¢ + ¢d. Define maps
At A" 5 A
by letting Ao be the product of A and setting

Moo= D (1) X (s @ GAr).

s+t=n

Next, define
fn: B®" = B
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by
Mn:po)\noi@m

then Theorem 2.3.6 tells us that the pair (B, {u,}) is an A-algebra. To be able to
apply Asc-algebras to the Koszul homology Tor® (R, k) of a monomial ring R = S/I, we
first need to find a suitable dg algebra and a suitable chain complex to apply the above
procedure to. For this purpose, the Taylor resolution 7' is discussed in Construction
3.2.7. Let E denote the exterior algebra on generators uq,...,u, corresponding to the
generating monomials myq,...,m, of I. Then the resolution 7" has underlying module
S ®i E. In general, T' is not the smallest possible resolution. However, it can be shown
that every monomial ring admits a unique resolution F' that is as small as possible in
the sense that
Tor’(R, k) = F ® k.

In particular, we can apply the above procedure. We prove the following theorem.
Theorem. Let R be a monomial ring and let F' be the minimal free resolution of R.
Fix some n € N. Then the following are equivalent.

1. For every r < n, all ~~-Massey products are trivial.

2. For every r < mn, p, is minimal, that is im(u,) C (x1,...,z,)F.

In particular, R is Golod if and only if all u, are minimal.

The strategy for the rest of this work then is to study the maps p, instead of studying
Massey products directly. To this end, we study minimal free resolutions in more depth.
The following special type of resolution is due to Novik [41]. Given an monomial ideal
I =(m,...,my), we define L(I) to be the set of all lem(m,,,...,m;, ) where 1 <13 <
e <qp<randk=1,...,r.

Definition. A rooting map on L is a map
7 L\ {0} = {m4,...,m,}

such that

1. for every m € L, m(m) divides m

2. w(m) = 7(n) whenever 7(m) divides n and n divides m.

Now, let 7 be a rooting map and let A C {my,...,m,} be non-empty. Define 7(A4) =
m(lem(A)). A set A is unbroken if m(A) € A and A is rooted if every non-empty B C A
is unbroken. Let RC(L, ) denote the set of all rooted sets with respect to L and .
Let F' = Fpo(r,x) be the subcomplex of the Taylor resolution spanned by elements of
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RC(L, 7). Then F'is a free resolution of R. An important special case of this construction

is the Lyubeznik resolution.

Definition. Let I = (mq,...,m,) be a monomial ideal and pick some total order < on

the m;. After relabelling we may assume that m; < mg < -+ < m,. Define
(S) = min{mi | m; divides lem(S)}.

Then 7 is easily seen to be a rooting map. The resolution associated RC(L, ) is called

the Lyubeznik resolution.

If the minimal free resolution of S/I is a resolution associated to RC(L,7) for some
rooting map 7, then S/I is called a rooted ring. Similarly, if the Lyubeznik resolution of
S/I is minimal then S/I is called a Lyubeznik ring. The main theorem of Chapter 4 is
then the following.

Theorem. Let R be a rooted ring with rooting map 7. Then the following are equivalent.

1. The ring R is Golod.
2. The product on Tor®(R, k) vanishes.

3. The ring R is m-ged, that is w(m;, m;) # m;, m; whenever ged(m;, m;) =1

As a corollary, we obtain the following special case.

Corollary. Let R be a Lyubeznik ring. Then the following are equivalent.

1. The ring R is Golod.
2. The product on Tor®(R, k) vanishes.

3. The ring R is ged, that is for all generators m; and m; with ged(m;, m;) = 1 there

exists a my < m;, m; such that my, divides lem(m;, m;).

To study the Golod property more generally, we turn to algebraic Morse theory. Algeb-
raic Morse theory was first developed independently by Skoldberg [45] and Jollenbeck and
Welker [23] based on earlier work by Forman [12] as a way to minimize chain complexes.

A based complex K is a chain complex K together with a direct sum decomposition

an@Ka

a€ly,

where the I,, are pairwise disjoint. We will write a(™ to indicate that o € I,. Let
f: K — K be a graded map. We write fg, for the component of f going from K, to
Kpg, that is fg . is the composition



6 Introduction

Ko — Ko~ Ky —— K

where K, — K,, is the inclusion and K,, — Kpg the projection. Given a based complex
K, define a directed weighted graph G with vertex set U, I, and a directed weighted
edge o — B if dg o # 0. In that case, the weight is dg . A subset of the edges is called
a Morse matching if each vertex is in at most one of the edges, the weights dg, are

invertible and a certain acyclicity condition is satisfied.

Given a dg algebra A, we show that every Morse matching M on the underlying com-
plex of A induces an A-algebra structure on the corresponding Morse complex AM.
Moreover, we show that any two Morse matchings on A give rise to equivalent Aso-

algebras.

In Chapter 6 we apply the combination of algebraic Morse theory and A..-algebras to
Massey products on Koszul homology. We show that the minimal free resolution F' of any
monomial ring R can always be obtained as the Morse complex of some Morse matching
M on the Taylor resolution T'. We also study how A..-structures behave under standard

techniques from commutative algebra such as polarization.

Using these new tools we prove various new criteria for vanishing of Massey products

and the Golod property. The main result is the following.

Theorem. Let R = S/I be simplicially resolvable. Then the following are equivalent.

1. R is Golod
2. The product on Tor® (R, k) is trivial.

3. I satisfies the gcd condition. That is, for any two generators m; and mgy of [
with ged(my, me) = 1 there exists a generator m # mq,mg such that m divides

lem(mq, mg).

4. For u,v € My we have lem(u)lem(v) # lem(uv) whenever uv € M.

The conclusion of the theorem does not hold without the assumption that F' is simplicial

even if we assume that F is cellular. An explicit example is discussed in [25].

Next, we turn our attention to standard matchings. Standard matchings were first
introduced in [22| as a special kind of Morse matching that is compatible with the
product on the Taylor resolution 7. In [22] it is claimed that standard matchings always
exist but a counterexample was found in [25]. The following theorem shows that the

existence of standard matchings is in fact a very strong assumption.

Theorem. Let R be a simplicially resolvable ring and let T" denote the Taylor resolution.
Suppose that T admits a standard matching. Then all higher Massey products on
Tor® (R, k) vanish.
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Though the main part of this work consists of studying the vanishing of Massey products,
our tools are also suitable for finding and computing non-trivial Massey products. As an
example of this, we give some sufficient conditions for non-triviality of Massey products

in low degrees.

Lastly, we present some preliminary work on representability of Massey products. More
precisely, we show that if (a1, ..., a,) is a non-trivial Massey product on Tor®(R, k) and

a € {ai,...,a,), then there exists on Ay-structure {u,} on Tor®(R, k) such that

pn(ar ® -+ ® ap) = *a.






Chapter 2

Aso-algebras

2.1 Differential graded algebras

In this section we develop the necessary background on differential graded (co)algebras.
No claims of originality are made for this section. Indeed, most of what follows is covered
in standard textbooks on the topic like [20], [15] and [50].

Let R be a commutative ring with unit. Unless otherwise stated, all modules are taken

to be R-modules and all unadorned tensor products are taken over R.

Definition 2.1.1. A graded module M is a direct sum

M= M,

PEZL

of modules M,,. An element z € M), is said to be homogeneous of degree p. We write

deg(x) for the degree of a homogeneous element z.

Let M be a module. For n € Z, define a graded module M [n| by setting

M ifp=n

M(n]p, = . .
0 ifp#n

We will identify the module M with the graded module M[0]. In this way, every module

can be considered as a graded module.

Example 2.1.2. Let k[x] denote the polynomial algebra over a field k. Then k[z] is a
graded module with components

k(z], = kaP.

This particular grading is called the standard grading.
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Definition 2.1.3. Let M and N be graded modules. A graded map of degree k from M
to N
fiM—N

is a family
Jo: My = Npyie

of linear maps. We write deg(f) for the degree of a graded map.

Example 2.1.4. Define a map
d: k[z] — k[z]

by setting
d(zP) = pzP~t,

Then d is a graded map of degree —1.

Graded maps of degree zero will usually be called maps or morphisms. The identity map

1pr: M — M is the degree zero map consisting of the identity morphisms
1p: My, — M,

for all p € Z. Composition of graded maps is defined levelwise. That is to say, let
f: M — N and g: N — P be graded maps of degree k and [,respectively Define

gf: M — P

by setting
(9f)p = GptiSp: Mp = Pppjop.

Note that deg(gf) = deg(f) + deg(g). In this way, graded modules and morphisms of
graded modules form a category which will be denote by GrMod. In fact, it is easily
seen that GrMod is an abelian category. Indeed, for a morphism f: M — N define the
kernel ker(f) by

ker(f), = ker(fp)

and the cokernel coker(f) by
coker(f), = coker(fp).

Similarly, for graded modules M and N define the product M x N by
(M x N), =M, x N,

and the coproduct M & N by

(M @& N)p = My ® Np.
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It is easily verified that GrMod together with the above data forms an abelian category.
The category GrMod also comes with a tensor product.

Definition 2.1.5. Let M and N be graded modules. The tensor product M ) N is the

graded module consisting of

(M&N),= @ Mo N,
k+l=p

for all p € Z.

Now, let f: M — N and g: P — @ be graded maps. Define a map
g MP - N®Q

by setting

(f@g)(z@y) = (~1)*FW 9D f(2) @ g(y) (2.1.1)

where z € M and y € P.

Remark 2.1.6. The sign convention in equation (2.1.1) is an example of what is known
as the Koszul sign rule. In fact, all signs in the graded world follow from this rule which
states that if z and y swap then we multiply by (—1)d°8(®) dee(v) Without this sign the

tensor product of two chain complexes need not be a chain complex in general.

Definition 2.1.7. A graded algebra (A, ) consists of a graded module A together with
a graded morphism
AR A— A

called the multiplication that is associative. More precisely, the diagram

p®1
ARARA— AR A
L®p 7
A@A——— A

is commutative.

For convenience, we usually write ab instead of pu(a ® b). Usually, we will assume that

graded algebras are unital. That is to say, there exists an element 1 € A such that
pl®a)=a=pla®1)

for all @ € A. Equivalently, there exists a map n: R — A such that the following two

diagrams commute
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n®l 1®n
RA—ARA A®R— A®A

12
12

The equivalence of the two definitions follows from the fact that n is uniquely determined

by its value on 1 € R.

Example 2.1.8. Let k[x] be the polynomial algebra over some field k with the standard
grading. Then k[z] with the ordinary product of polynomials is a graded algebra.

We will also need to consider morphisms of graded algebras.

Definition 2.1.9. Let (A, u4) and (B, up) be graded algebras. A morphism of graded

algebras
f:A— B

is a morphism f: A — B of graded modules such that the diagram

®
aeal g

HA UB

A

B

commutes. If A and B are unital then we additionally require that

o\

f

A B

comimutes.

Definition 2.1.10. A differential graded R-module (or dg R-module) is a graded module
M together with a degree +1 map

d: M — M

such that d> = 0. The map d is called the differential. If deg(d) = —1, M is called a
chain complex. If deg(d) = 1, M is called a cochain complex.

When the base ring R is clear from the context, we will simply speak about dg modules.



Aso-algebras 13

Definition 2.1.11. Let (M,d) and (N,d') be dg modules. A map of degree k

f:M—>N
consists of linear maps
fo: My = Ny
making the diagram
d d d d
T p+l M, My g —— -
fp+1 | fp l l fp—l
g ekl — Np+k ~ Np+k-1 e

commute up to a sign (—1)F. That is,
df=(-1)"fd
A morphism of dg modules or chain map is a map of degree zero.

Note that in the above definition we assume the differential has degree —1. The cochain
version is obtained by inverting the horizontal arrows. We will denote the category of
dg R-modules by DgModp.

Given a chain complex M, define modules Z,, and B, as follows. Put

Zy, = ker(dp) and B, =im(dp+1).
The elements of Z, are called p-cycles and the elements of B, are called p-boundaries.
Since d? = 0, it follows that B, C Z, for all p € Z. The quotient module
Hp = Zp/By

is called the p-th homology module. Similarly, given a cochain complex M, define modules
ZP and BP as follows. Put

ZP = ker(d,) and BP = im(dp—1).

The elements of Z? are called p-cocycles and the elements of BP are called p-coboundaries.
Since d? = 0, it again follows that B? C ZP for all p € Z. The quotient module

HP = 7P /BP
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is called the p-th cohomology module.

Now, let f: M — N be a dg map. Then by definition f preserves (co)cycles and

(co)boundaries and thus induces a maps

Hy(f): Hp(M) — Hp(N)
in the chain complex case or maps

H(f): HP(M) — H"(N)

in the cochain complex case. It is easily seen that H, and H” are functors. For ease of
notation, we will usually write f, for H,(f) and HP(f).

Definition 2.1.12. Let

be dg morphisms. A dg homotopy from f to g is a map
¢o: M — N
of degree deg(¢) = — deg(d) such that

f—9=do+¢d.
In that case, we will say that f and g are homotopic and we write f ~ g.
Proposition 2.1.13. Let M and N be dg modules. Then the relation ~ is an equivalence
relation on DgModg (M, N).

Proof. Let f be a dg morphism. Then f is homotopic to itself via the homotopy ¢ = 1
and so ~ is reflexive. To see that ~ is symmetric, let f and g be dg morphisms and
suppose that ¢ is a homotopy from f to g. It is clear that —¢ is a homotopy from g to
f. Lastly, let f,g and h be dg maps. Suppose that ¢ is a homotopy from f to g and ¥
a homotopy from g to h. Then

d(¢+ )+ (¢ +)d = do + ¢pd + dip + ¢d
=f—-g+g—h
= f—h
and so f and h are homotopic. O

Proposition 2.1.14. Let
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/

k T h
K—M N—P
~__ "

g

be dg morphisms and suppose that f and g are homotopic. Then fk is homotopic to gk
and hf is homotopic to hg.

Proof. Let ¢ be a homotopy from f to g. Then, since k is a chain map, it follows that
dok + okd = dok + ¢pdk
= (dp + ¢d)k
=(f—9)k
= fk — gk.

Therefore, fk is homotopic to gk. Similarly, since h is a chain map, we have
dho¢ + hod = dhé + h(f — g — do)

= dh¢ + hf — hg — hdé
=hf—hg

and so hf is homotopic to hg. O

Proposition 2.1.15. Let f,g: M — N be dg maps. Suppose that f ~ g. Then f, = g..

Proof. Let ¢ be a homotopy from f to g and let [x] € HM. Compute

(f« = g:)[2] = (f — 9)«[]
=[(f - 9)]
= [(d — ¢d)a]
= [dox]
=0.
Consequently, fi = g«. O
Definition 2.1.16. Let
fiM—>N

be a dg map. Then f is called a dg homotopy equivalence if there exists a dg map
g: N —- N

and dg homotopies

o: gf ~ 1y and V: fg~1pn.
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Proposition 2.1.17. Let f: M — N be a dg homotopy equivalence. Then
fe: HM — HN

is an isomorphism.

Proof. Since f is a homotopy equivalence, there exists a morphism g: N — M such that

fg~ 1y and gf ~ 1. By Proposition 2.1.15, we have
Therefore, f, is an isomorphism. O

Definition 2.1.18. Let (M,d) and (N, d’) be dg modules. The tensor product
M&® N

of M and N is the dg module (M ® N,d") where M ® N is the tensor product of the

underlying graded modules and d” is given by
d"(a®b) =da®b+ (—1)’a@d'b

where a € M, and b € N,.

Let f: A— B and g: C — D be dg morphisms. As for graded morphisms, define a map
f®g: A®C —-B®D

by setting
(f®g)a®e) = (—1)*ED ) f(a) ® g(c)

where a € A and c € C.
We still need to check that f ® g is a dg morphism. So let a € A, and c € Cy, then
d(f @ g)(a®c) = d(fa® gc)
=dfa® gc+ (—1)? fa ® dgc
= fda ® gc+ (—1)? fa ® gdc

=(f®g)(da®c)+ (f®g)((-1)Pa®dc)
=(f®g)dla®c)

as required.

Definition 2.1.19. A differential graded algebra or dg algebra is a triple (A, d, u) where

1. (A,d) is a dg module,
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2. (A, p) is a graded algebra and

3. u: A® A — A is a morphism of dg modules.

Any (graded) algebra can be made into a dg algebra by setting d = 0.

Definition 2.1.20. A morphism of dg algebras
fr(Adp) = (A d W)

is a morphism of dg modules

f:(Ad)— (A, d)

such that
£ (Aup) = (A )

is a morphism of graded algebras.

The category of dg algebras and dg algebra morphisms over a fixed ring R will be denote
by DgAlgp.

Definition 2.1.21. Let A be a dg algebra. A derivation of degree k is a degree k map
f:A—= A

such that
f(ab) = f(a)b+ (=1)"af(b)
for alla € Ay, and b € A,.

The category DgAlgr comes with a tensor product.

Definition 2.1.22. Let A and B be dg algebras. The tensor product A® B is defined to
be the tensor product A®pg B of the underlying dg modules together with multiplication
defined by

(a ® b)(a' ® b//) _ (_1)deg(a’)deg(b)aa/ Qb

In particular, the differential is given by

d(a®b) = da®b+ (—1)3@q @ db.

In later chapters we will also need the dual notions of what has been discussed so far.

Definition 2.1.23. A graded coalgebra (C,A) consists of a graded module C' together

with a morphism of graded modules

A:C—CoC
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called the comultiplication or coproduct such that the diagram

C cel
A 1®A
Cel CCeC

ARl

commutes. We also say that A is coassociative.
Definition 2.1.24. A morphism of graded coalgebras
f:(C,A) = (CA)

is a morphism of graded modules

f:C—=C

such that the diagram

C c’

A/

CeC C'wC’

ferf

commutes.

Example 2.1.25. Let S = k[z] be the polynomial algebra. Then S can be considered

as a graded module
S = @ kx".
n=0

Define a comultiplication
A:S—>5® 8

by setting
Az" = Z a* @ ol
k+l=n

Then (S, A) is easily seen to be a graded coalgebra.

We will also need the dual notion of dg algebras.

Definition 2.1.26. A differential graded coalgebra or dg coalgebra is a triple (C,d, A)

where

1. (C,d) is a dg module,
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2. (C,A) is a graded coalgebra and
3. A: C — C®C is a morphism of dg modules.

Definition 2.1.27. A morphism of dg coalgebras
f: (07 d? A) % (C/? dl? A,)

is a morphism of dg modules

f:(Cd)— (C',d)

such that
f:(C,A) = (C',A)

is a morphism of graded coalgebras.

The category of dg algebras and dg algebra morphisms over a fixed ring R will be denote
by DgCoAlgg.

Definition 2.1.28. Let C' be a dg coalgebra. A coderivation of degree k is a degree k

map
f:C—=C
such that the diagram
C Cel
f fol+lef
c cel

comimutes.

2.2 Massey products and formality

One of the central objects studied in this thesis are Massey products [34] which will
be discussed in this section. If A is a dg algebra, then the homology HA is a graded
algebra which we will think of HA as a dg algebra with trivial differential. Let (A, d) be
a differential graded algebra. If a € A, we write a for (—1)38(@+1g. Let ay, a0 € HA.
The length 2 Massey product (aq, az) is defined to be the product ajag in the homology
algebra H A. Since the definition of higher Massey products is slightly involved, we treat

the triple Massey product separately so the pattern becomes clearer.
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Definition 2.2.1. Let oy, a9, a3 € HA be homology classes with the property that
ajas = 0 = agag.
A defining system {a;;} consists of
1. Representing homogeneous cycles ag1, ai2, ass of ay, g, as respectively.
2. Elements ap2 and a3 such that d(ag2) = apra12 and d(a13) = aj2a93.

Note that the existence of age and ai3 is guaranteed by the condition ajas = 0 = asasg.

The length 3 Massey product (o, s, as) is defined as the set
<041,042,043> = {[C_lOQan + 6_101(113] ’ {aij} i1s a deﬁning system } - 5+l

where s = deg a1 + deg as + deg as.

A Massey product is called trivial if it contains the zero homology class [0]. Note that
in the definition of the triple Massey product age and a3 are not uniquely defined. If

agy also satisfies d(af,) = ap1a12 then the difference apg — agy lies in the indeterminacy

alHdegaz—l—degag—lA + Hdega1+dega2—1a3

of the Massey product and similarly for a;3. Therefore, a Massey product is trivial if

and only if its projection to HA/(«1, a3) is zero.

Example 2.2.2. Let A be the exterior algebra on generators x, y, z of degree 1 and with
differential d defined by

dr =20 dy=10 dz = xy

We claim that

([=], [], [v])

is a non-trivial Massey product on HA. Since > = 0 and zy = dz, we have

2] € (=], [], [v])

and clearly [zz] is a nonzero cohomology class. Consequently, it is sufficient to show that

the indeterminacy of ([x], [z], [y]) is zero. The indeterminacy of the Massey product is
[2]H'A + [y|H" A.

Note that H'A is generated by [z] and [y] as a k-vectorspace. Since [7]? = [y]2 = [2][y] =
0, it follows that
[W|H'A+ [y]H'A=0
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and so the Massey product is non-trivial.
The higher Massey products are defined inductively as follows.

Definition 2.2.3. Let a1,...,a, € HA be homology classes with the property that
each length j — i+ 1 Massey product (a,...,q; ) is defined and contains only zero for
1<i<j<mnandj—i<n—2 A defining system {a;; |0 <i<j<n,j—i<n-—1}

consists of
1. For i =1,...,n, representing homogeneous cycles a;_1; of the homology class «;.
2. Foro<i<j<mn,2<j—1i<n-—1,elements a;; such that

daij = Z ik Q-

i<k<j

Note that the existence is guaranteed by the condition that (a,...,«;) is defined and
contains only zero for 1 < ¢ < j < mn and j —i < n — 2. The length n Massey product

(a1, ..., ) is defined as the set

(a1, ..., an) ={] Z aoiain) | {ai;} is a defining system } C H*t?™"
0<i<n

where s = )" | deg ;.
A Massey product (a, ..., ) is said to be trivial if it contains zero.

Definition 2.2.4. A morphism of dg algebras f: A — B is called a quasi-isomorphism
if the induced map on homology fi,: HA — HB is an isomorphism. Two dg algebras
A and B are called quasi-isomorphic if there exist dg algebras Ag,..., A, with Ag = A

and A, = B as well as a zig-zag

A fi A, f2 mfn—1 A fn A,

of quasi-isomorphisms f;.

One of the main properties of dg algebras we will be studying is formality which we will

introduce next.

Definition 2.2.5. A dg algebra A is said to be formal if A is quasi-isomorphic to its
homology algebra H A considered as a dg algebra with trivial differential.
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Example 2.2.6. Suppose that A is a dg algebra such that H;A = 0 for all ¢ # 0. Then
A is formal. Indeed, let A’ C A be the subcomplex

A= Cker(d: Ag > A_q) ifi=0
0 ifi<0

It is readily verified that A’ is a dg algebra. Plainly, there is a zig-zag
) p
A = A = HyA

of quasi-isomorphisms where 7 is the inclusion and p is the projection.

Example 2.2.7. Let A be a dg algebra such that HA = Z[x] where x is a degree n
generator. Then A is formal. To see this, pick a representing cycle a for x and define a
quasi-isomorphism

[+ (Z[x),0) = (A, d)
by = — a.

Proposition 2.2.8. Let f: A — B be a morphism of dg algebras and let uy,...,u, €
HA be such that (uq,...,up) is defined. Then (f.ui,..., fiu,) is defined and there is

an inclusion

felur, ..o upn) C (faur, ..., faun). (2.2.1)
Furthermore, if f is a quasi-isomorphism then (2.2.1) is an equality.

Proof. For simplicity of notation, we will only consider the case n = 3. Let a,b,c € A

be representing cycles for u, v, w respectively. Choose =,y € A such that
dx = ab and dy = bc.

Then
[we + (—1)*Evay] € (u,v,w).

Since f is a morphism of dg algebras, it follows that

dfz = fdr = f(ab) = f(a)f(b)

and similarly dfy = f(b) f(c). Consequently,

[f(@)f(e) + (=1)%8“ f(a) f ()] € (fou, frv, frw)
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proving the first statement. For the second statement, suppose that f is a quasi-

isomorphism. Then

fe(uHA + HAw) = fu(u) f(HA) + [ (HA) fo(w)
= f«(u)HB + HB f(w)

and so f preserves indeterminacies. So, (2.2.1) is an equality. [

Corollary 2.2.9. Let A be a dg algebra. If A is formal then all Massey products HA

are trivial.

Proof. Since A is formal, A is quasi-isomorphic to HA as dg algebras. The result now
follow from Proposition 2.2.8 since all Massey products vanish in the dg algebra HA
with trivial differential. O

2.3 A-algebras

The notion of an A-algebra was first introduced by Stasheff [46] in the 1960s in the con-
text of algebraic topology. Since their introduction Ay.-algebras have found applications
in various branches of mathematics such as geometry [16], algebra [47] and mathematical
physics [29], [36]. Though the following section aims to be self-contained, more extensive
discussions can be found in Chapter 9 of [32] and in [28]. The exposition below follows
that of [49], |28] and [33].

Suppose we are working in the category of chain complexes and we are given the following

data. Let A and B be chain complexes and let
i
T
el
p

be a diagram where p and ¢ are chain maps and ¢ is a degree 1 map such that pi = 1p
and ip — 1 = d¢ + ¢d. In that case, it follows immediately that ¢ and p are quasi-
isomorphisms. Consequently, if A and B are just chain complexes then from the point

of view of homology they are the same.

In practice, however, it often happens that A comes with additional algebraic structure.
For example, suppose that A is a (graded) algebra. That is to say, A comes with a
multiplication

w:rARA— A
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such that
p(p®1a) = p(la @ p).

Graphically, we can represent u by

and then associativity can be represented as

A natural question to ask is how this algebraic data combines with the above homotopy
data. That is to say, we are interested in the question what (if any) algebraic structure

we obtain on B.

As a start, we can obtain a map
Ha: BB —~ B

by setting
pi2 = pp(i @ ).

Graphically, we have

Since p is associative, one might hope that ps is associative as well. To see if this is the

case, we compute the associator

pa(p2 ® 1) — pa(lp ® p2).

We have
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ip i ip
p p

Therefore, if ¢ and p were inverse isomorphisms then uo would be associative. However,
in our setup ip is not equal to the identity but only homotopic to the identity. The idea
then seems to be that us is ‘associative up to homotopy’. The goal of this section will

be to formalize this idea.

As a first step, define an element us by

oy

We would like to relate us to the associator po(pus ® 1) — (1l ® p2). Recall that if X

and Y are chain complexes, then Hom(X,Y") is the chain complex consisting of modules
Hom(X,Y), ={f: X =Y | deg(f) = p}
together with differential
d(f) = dy f — (=1)%D fax. (2.3.1)

Observe that p3 is a degree 1 element of Hom(B®3, B). A straightforward computation
then shows that
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where d(u3) is computed using (2.3.1). So, the conclusion is that the associator vanishes

on Hom(B®3, B) up to the homotopy us.

Of course, the next question one can ask is how ps and ps are related. By arguing
similarly as above, we see that puo and wps are related only up to a homotopy ups €
Hom(B®4, B) of degree 2. Instead of discussing 4 explicitly, we will skip ahead to the

general case.
Given a planar binary tree T' with n leaves we can define an operation ur: B®" — B
by the following procedure.

1. Apply ¢ at the leaves of the tree,

2. apply 7o u for every vertex that is not the root or any of the leaves,

3. apply p at the root of the tree

and compose according to the tree T. The following picture shows an example of a tree

T and the corresponding operation .

Define a map p,: B®" — B by

where the sum runs over all planar binary trees with n leaves. Then the u, are linear

maps of degree n — 2 satisfying the following relations.
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We make this relation into a definition as follows.

Definition 2.3.1. An A -algebra consists of a graded module A together with linear
maps f,: A¥™ — A of degree n — 2 satisfying the Stasheff identities

3 (1), (197 @ g © 190 = 0 (2:3.2)

where the sum runs over all decompositions n = r + s+ ¢ with r,t > 0 and s > 1 and
where u =7+t + 1.

Before proceeding, we will consider what the Stasheff identities say in low degrees. If
n = 1, then equation (2.3.2) says pujpu; = 0. Therefore, (A, p1) is a chain complex. Next

up, if n = 2 the equation becomes

pipe = po(p1 @ 1+ 1 uy)

and so 1 is a derivation with respect to the multiplication given by ue. Lastly, for n = 3

we obtain
po(l®@po —po ®1) = pps + p3(p1 ®1@14+1Q@um @1 +1Q 1 ).

This means that the multiplication uo is associative up to the homotopy 3. In particular,
if ug = 0 then puo is strictly associative and makes A into a differential graded algebra.

Conversely, any dg algebra can be seen as an A-algebra by setting ui = 0 for all £ > 3.

All A,.-algebras will be assumed to be strictly unital, that is to say there exists an

element 1 € A that is a unit for uo and for all n # 2 we have

whenever some a; = 1.

Definition 2.3.2. Let (A, uy,) and (B,vy,) be two Ay-algebras. A morphism of Aso-
algebras f: A — B is a family of linear maps

fn: A®" 5 B
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of degree 1 — n satisfying the Stasheff morphism identities

ST @ pe @17 = (1) vy(fiy @+ @ fiy) (2.3.3)

where the sum on the left runs over all decompositions n =r+s+tandu=r+1¢t+1
and the second sum runs over all 1 < ¢ < n and all decompositions n = i1 + - -+ + ig4.

The sign on the right hand side is given by

w=(-D( -1+ (g=2)(2— 1)+ +2(ig2— 1)+ (ig1 = 1).

If A and B are unital, we also require that f1(1) =1 and f,(a; ®---®a,) = 0 whenever
n > 1 and some a; = 1. Usually, we will only consider strict morphisms of Ay-algebras,

that is to say morphisms for which f,, = 0 whenever n # 2.

Given an As-algebra A, the homology H A is defined as
HA =Xker py/im p.
From the Stasheff identities (2.3.2) it follows that
s AQA— A

induces a strictly associative multiplication on HA. A morphism f is called a quasi-
isomorphism if fi is a quasi-isomorphism of chain complexes, that is to say that f;
induces an isomorphism in homology. The following theorem is a basic but extremely

useful result relating an A..-algebra to its homology HA.

Theorem 2.3.3 (Homotopy Transfer Theorem [24], see also [37]). Let (4, {un}) be an
Axo-algebra and H A its homology algebra. Suppose that H A is free. Then there exists
an As-algebra structure {v,} on the homology H A such that

1. 1/1:0

2. vy = H(p2)

3. there exists a quasi-isomorphism of A..-algebras HA — A lifting the identity on
HA.

Moreover, this As.-algebra structure on H A is unique up to Aso-isomorphism. Further-
more, if A has a unit then the structure and the quasi-isomorphism can be chosen to be

unital.

In the introduction to this chapter we discussed how A.,-algebras naturally arise by
transferring dg algebra structures along homotopy equivalences. Our next goal is to

formalize this idea. To achieve this goal, we will discuss an inductive construction of
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the v, that is due to Merkulov [37]. Given a dg algebra A, we are interested in the
question of which subcomplexes of A admit an As-structure that is derived from the

multiplication on A. To answer this question, we need the notion of a transfer diagram.

Definition 2.3.4. Let A and B be a chain complexes. A transfer diagram is a diagram

of the form

where pt = 15 and 1 — ip = d¢ + ¢d.

Note that some authors use the term strong deformation retract for what we call a

transfer diagram.

Proposition 2.3.5. Let A be a chain complex over a field. Then there exists a transfer

diagram

1
N

Proof. Write Z,, for the n-cycles of A and B,, for the n-boundaries of A. Since we are

working over a field, all short exact sequences split. From the short exact sequence

Zn An d Bn—l

it follows that
A, =7, B,_1.

Similarly, from exactness of

we obtain

Zn = H, & B,

Therefore, we have a splitting
An = Bn ) Hn ©® Bn—l-
Define the maps i, p and ¢ as follows. Let

i: H, - B,® H,® B,
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be the inclusion and let
p: B, ®H,®B,1— H,

be the projection. Lastly, let ¢ be the composition
¢: Ay 1By 1®H, 1® B, 2— By, 1— B,®H,® B, 1= A,.

It is readily verified that

is indeed a transfer diagram. O

Let A be a differential graded algebra and suppose that B C A is a subcomplex such

that there exists a transfer diagram
i
T
el
K~
p

We can construct an A,.-structure on B as follows. First we define auxiliary maps
An: A" 5 A

of degree 2 — n as follows. There is no A1 but we put formally ¢p\; = —14. The map Ao
is just the multiplication of the dg algebra A. For n > 2, we define inductively

A= (1) o (dAs @ o) (2.3.4)
where the sum runs over all decompositions n = s + ¢t with s, ¢t > 1.

Now, define maps

tn: B¥" — B
by setting

fhn = PAE™.

Note that this construction indeed recovers our informal construction from the beginning

of this chapter. We have the following theorem.

Theorem 2.3.6 ([37], Theorem 3.4). The complex B together with the maps p,, form

an A..-algebra.

For us the most interesting case is when B = HA. By Proposition 2.3.5, there exists a

transfer diagram
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1
N

and so Theorem 2.3.6 gives an A-structure on H A.
Lastly, we have the following proposition.

Proposition 2.3.7 (33|, Proposition 2.3). Let A be a dg algebra over a field and let
1 denote the Aoo-structure on H A obtained from Proposition 2.3.5 and Theorem 2.3.6.

Define maps
fn: (HA)®™ — A

by putting f, = —¢A,. Then f is a quasi-isomorphism of A..-algebras.

2.4 Homotopy theory of A,-algebras

The exposition in this section follows that of [28]. Before discussing the homotopy theory
of Ax-algebras, we will first consider an alternative definition of an A..-algebras in terms

of dg coalgebras.

Let M be a graded module and let

TM = @T®"

n>1

be the reduced tensor algebra on M. Define a comultiplication
A:TM - TM @TM

by putting
A(xy, ... zy) = Z (T1y.ney ) @ (x4 .00y Tp).

1<i<n

In this way, (T M, A) becomes a graded coalgebra.
Given a graded coalgebra C, let Coder(C) denote the set of coderivations of C.

Lemma 2.4.1. Let M be a graded module and let 7: TM — M be the projection.
Then the map
me: Coder(TM) — Hom(T M, M)

defined by m.(c) = 7 o ¢ is a bijection.
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Proof. Define an inverse p of . as follows. Let b € Hom(T M, M) and write b; for the

restriction of b to V&, Define

p: Hom(TM, M) — Coder(T M)

by
n n—i A o
p(h) =D D19 @ b; @ 19 =79),
i=0 j=0
Then p and 7, are inverses and we are done. O

If M is a graded module, then the suspension SM of M is defined to be the graded
module with components
(SM)p = Mpy1.

Now, define a bijection between families of maps
by (SA)®" — SA

and families of maps
s AZ" — A

by requiring that the diagram

A

n

commutes for all n > 1. Here, s: A — SA is the degree —1 map defined by a — a.
Note that the degree of p, is —n + 1 — (=1) = 2 — n. The following lemma is then

straightforward to verify.

Lemma 2.4.2. The following are equivalent

1. The maps ji,,: A" — A give an A,.-structure on A.
2. The coderivation b: TSA — T'SA satisfies b*> = 0.

3. For all n > 1, we have
D bu(1" @by @ 1) =0

where the sum runs over all decompositions n =r+s+tandu=r+t+ 1.

Similarly, we have the following lemma.
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Lemma 2.4.3. Let A and B be Ay -algebras. Then there is a bijection

Aso-morphisms dg coalgebra morphisms
— _ _ .
f:A— B f: TSA—TSB

The main idea of this section is that instead of introducing a notion of homotopy directly
for A-algebras we define the concept for dg coalgebras. Two morphisms of A..-algebras
are then said to be homotopic if the corresponding maps between dg coalgebras are

homotopic in the following sense.

Definition 2.4.4. Let

be morphisms of A,.-algebras and denote by

F

T
TSA TSB
~_ "

G

the corresponding morphisms of dg coalgebras. Then f is said to be homotopic to g if

there exists a morphism of dg modules
H :TSA—-TSB

of degree —1 such that

AH=F®H+H®G and F—G=0bH + Hb.

In that case, we will write f ~ g.

Lemma 2.4.5 ([43]). Let A and B be A-algebras. The relation ~~ is an equivalence

relation on the set of all Ao-morphisms from A to B.

Definition 2.4.6. Let f: A — B be a morphism of A,.-algebras. Then f is said to be

a homotopy equivalence if there exists an A..-morphism
g:B— A

and homotopies
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H:gf ~1,4 and K: fg~1g.

Two Asc-algebras A and B are called homotopy equivalent if there exists a homotopy

equivalence

f: A— B.

Proposition 2.4.7 ([43]). Let f: A — B be a morphism of A-algebras. Then f is a

quasi-isomorphism if and only if f is a homotopy equivalence.



Chapter 3

Monomial rings

3.1 Definitions and examples

Let S = k[z1,...,2,] be the polynomial algebra in m variables over a field k. A

monomial in S is an element of the form

al... am
x T

An ideal I C S is called a monomial ideal if it is generated by monomials. If I =
(m1,...,m,) is a monomial ideal in S and f € S is some polynomial, then f € I if and
only if every term of f is divisible by at least one of the m;. Note that by the Hilbert

Basis Theorem Theorem 1.2 of [11]) a monomial ideal is necessarily finitely generated.

Notation 3.1.1. Whenever we write
I=(my,...,my)

we will always assume that none of the m; divide each other. Indeed, if m; divides m;
then

(mla---amr) = (mla"'aW/L\jv"'am’r‘)
and we can just relabel the monomials.
We have the following lemma.

Lemma 3.1.2. Let I be a monomial ideal. Then there exist unique monomials m1, ..., m,
such that

I=(my,...,my).

Proof. Suppose that

I=(my,...,my)=(ng,...,ng).

35



36 Monomial rings

First note that » = s. Indeed, without loss of generality, assume that » < s. Then there
exists ¢ # j such that n; and n; are divisible some my,. First note that my, is not divisible
by n; since otherwise we would have that n; divides n;. Similarly, my, is not divisible by
nj. Since my, € (n1,...,ny), it follows that there exists some n; such that n; divides my,.

But then n; divides n; as well which is a contradiction. Therefore, r = s as required.

Let i € {1,...,r}. By symmetry, it is sufficient to show that m; € {n1,...,n,}. By the
observation above, there exists some j € {1,...,r} such that n; divides m;. Assume

that n; # m;. Then, again, there exists some k such that m;, divides n;. Consequently,

my, divides m; which is a contradiction. O
Let I be a monomial ideal generated by (unique) monomials my, ..., m,. Then the set
{my,...,m;}

is called the minimal generating set of I.

A monomial z{* - - - 2% is called square-free if a; € {0,1} for alli = 1, ..., m. Square-free

monomial ideals are of special interest because they correspond to simplicial complexes.

Definition 3.1.3. Let [m] = {1,...,m}. A simplicial complex on [m] is a collection A

of subsets o C [m] (called simplices) such that

1. P € A and

2. foe Aand 7 Co then 7 € A.

We will denote by A™ the m-simplex. That is A™ consists of all subsets of [m + 1]. Let
A be a simplicial complex on [m]. A subset o C [m] is called a missing face if o ¢ A.
o is called a minimal missing face if o is a missing face and no 7 C ¢ is a missing face.
We will write mf(A) for the collection of minimal missing faces. Note that a simplicial

complex is uniquely determined by its minimal missing faces.

Definition 3.1.4. Let A be a simplicial complex. Given a subset o C [m], write

Ty = H:CZ

1€0

The Stanley-Reisner ideal of A is the ideal
I=(z,]0¢A).
The Stanley-Reisner ring or face ring k[A] of A is the quotient
kAl =S5/1

where [ is the Stanley-Reisner ideal of A.
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Let A be a simplicial complex. Observe that the Stanley-Reisner ideal is in fact generated

by all X, with ¢ a minimal missing face.
Example 3.1.5. 1. If A = A™~! then clearly k[A] is just S.

2. f A ={{1},...,{m}}, then
E[A] = k[z1, ..., zm]/(xiz; | 1 # j).

3. Suppose A is the boundary of the square labeled as

2 3

Then
E[A] = k[z1, 2, 23, 4]/ (2123, T224).

Theorem 3.1.6 (Stanley-Reisner Correspondence). There is a bijection
{square-free monomial ideals I} <— {simplicial complexes A}.

Proof. Let

I=(my,...,my)
be a square-free monomial ideal. For ¢ = 1,...,r, put
o; = {k € [m] | x divides m;}.
Let A be the simplicial complex with minimal missing faces o; where i = 1,...,r.

Conversely, if A is a simplicial complex then its Stanley-Reisner ideal is a square-free

monomial ideal. O

3.2 Homological algebra of monomial rings

Definition 3.2.1. Let S = k[z1,...,xy] and let S/I be a monomial ring. A free

resolution over S of S/I is an exact sequence

-i»Fni»Fn_l—d>-~—d>F1—d>F0—d>S/I—>0
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where each Fj is a free S-module. Defining a grading on S/I by defining the degree of
each z; to be 1. A free resolution F' of S/I is called graded if each F; is a graded free

module and each d; is a graded map of degree 0.

In the sequel, we will always assume every free resolution is graded and so we will refer

to them simply as free resolutions. As the following construction shows, free resolutions

0 0 0
ker dy ker dj

NN

************************ *F();’S/IHO

always exist.

Pick some epimorphism dy: Fy — S/I where Fj is free. Then pick some epimorphism

1 — ker dy where Fj is also free. Define dy to be the composition
Fi — kerdo — F().

By iterating this process, we obtain free modules F}, and morphism d,,: F,, — F,_1 and

it follows immediately that the sequence
d, dp—1 do dy
-HFHHFn_la---HF1—>FOHS/I—>O
is exact and hence forms a free resolution of S/I.
Definition 3.2.2. A free resolution
d, dp—1 do do
-HFnHFn,l—»--HFl—»FOHS/I—»O
is called minimal if d,, ®¢ 1 = 0 for all n € N.
The following lemma is straightforward but will be used often.

Lemma 3.2.3. Let F' — S/I be a free resolution. Then F' is minimal if and only if

dn(Fn) - (xlv s 7xm)Fn—1

for all n € N.

Proof. Let n € N. Since F,, ®s k = F,/(x1,...,zm)F,, we have a commutative diagram
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1%

F, gk Fo./(x1,...,xm)Fy
d®g 1 d

Fn—l ®Sk ~ Fn—l/(xlw--;xm)Fn—l-

Therefore, d ®g 1 = 0 if and only if the right hand map is zero which is equivalent to
dn(Fn) - (5517 cen axm)anl

as required. O

The terminology may seem strange at first since one would expect a resolution to be
minimal if we pick the smallest amount of generators for F;, in the construction above.

The point of the following lemma is that this is indeed the case.

Lemma 3.2.4 ([11]|, Lemma 19.4). Let

dn dn—l d2 dl dO

-HFnHFn_14>--~4>F14>F04>S/I4>0

be a free resolution. Then F' is minimal if and only if for all n a basis of F},_1 maps onto

a minimal set of generators of coker d,,.

Proof. We have exact sequences

. dp D
imd, — F,_1 — cokerd,,

which induce exact sequences
/

imd,,/Jimd, — F,_1/JF,_1 P, coker d,, /J coker d,

where J = (z1,...,2m,). By Nakayama’s Lemma (Corollary 4.8(b) of [11]), a basis of the
vector space coker d,, /J coker d,, corresponds to a minimal set of generators of coker d,,.
Therefore, a basis of F,,_1 maps to a set of generators of cokerd, if and only if p’ is an
isomorphism. By exactness, p’ is an isomorphism if and only if imd,,/J imd,, = 0 if and

only if imd,, C JF,,_1 as required. O

Since we have
cokerd, = F,,_1/imd,, = F,,_1/kerd,—1 = imd,_1 = kerd,,_»,

it follows that making a minimal choice for the cokernels corresponds to making a minimal

choice in our above construction.

A short trivial compler is a chain complex of the form
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A chain complex is called a trivial complex if it is the direct sum of short trivial complexes.

We have the following lemma.

Lemma 3.2.5. Let R be a monomial ring. Then

1. there exists a minimal free resolution F of R

2. if F' is a minimal free resolution of R and G is any other free resolution of R then

there exists a trivial complex H such that G = F' @& H as chain complexes.

Proof. The first statement follows by Lemma 3.2.4 since we can always pick a minimal
set of generators when constructing free resolutions. For a proof of the second statement
see Theorem 7.5(b) of [42]. O

The following lemma will be occasionally used.

Lemma 3.2.6 ([42], Theorem 7.5(c)). Let R be a monomial ring. Up to isomorphism,

there exists a unique minimal free resolution of R.

Proof. This follows immediately from Lemma 3.2.5. O
Let V be a vector space with basis {u1,...,u,}. The tensor algebra on generators
UlyewnyUp 1S

T(V)=Ever

with multiplication given by concatenation. Let J be the ideal generated by all v ® v
with v € V. The quotient T'(V')/J is called the exterior algebra on generators uq, ..., u,
and is denoted by E(V).

Let S = k[z1,...,zn] and let I = (my,...,m,) be a monomial ideal. As usual, write
R = S/I. The following construction is due to Taylor [48].

Construction 3.2.7. Let E denote the exterior algebra on generators uq,...,u,. The
Taylor resolution T has underlying module S®y E. If J = {j; < ... <ji} C{1,...,r},
then we write uy = uj, - - - uj,. Furthermore, we put mj; = lem(my,,...,m;,). We will
also write J' = {j; < ... <Gi<... < jx}. Define d: T — T by
]
d(ug) = (1) Py

"o
i=1 J

The Taylor resolution admits a multiplication defined by

mrm . o
. sgn(I,J)mi’IU}’uluJ ifINJ=40

0 otherwise

where sgn(/, J) is the sign of the permutation making 7 U .J into an increasing sequence.
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Lemma 3.2.8. The Taylor resolution 7" is a dg algebra resolution of S/I.

Proof. First, we show that T is a complex, that is, d> = 0. Let J = {j1 < --- < jx}.
Given 1 < p < q < k, We will write

Jp’q:{j]_<”'<,]/.]\)<”'<j:]<”'<jk}'

On the basis element u; we have

k
2 1 Mg
Pluy) = Y17 )
mjp
p=0

k

1ypa+l mJ 1)p+a mJ
:ZZ UJpq-i-ZZ —UJa,p.
=0 g<p m jp.a =0 q<p m ja,p

These two sums cancel since after swapping p and ¢ in the second sum it becomes the
negative of the first. Therefore, d> = 0. The fact that the Taylor resolution is a free
resolution follows from Theorem 3.2.14 below. Associativity and skew commutativity
are immediate from the definition of the product on 7. Lastly, we verify the Leibniz

identity. Let I = {]1 << jk} and J = {jk+1 < - 'jk+l}- Then

mrm
d(ur - uy) = sgn(l, J)——Ld(usuy)
mruJ
k—+l1 mem
= > sen(L, J)(~ )PP gy
muJgyr
mrm i mrm
= ngn (1P, J)(—1)P*t D oy + Z sgn(l, JP)(—1)P*! L g
mrryJ mryJjr
p=1 p=k+1
k
Z p+1 ulp UJ+Z q+1 mJu]"UJJq
mrpp mja
p=1 q=1
:d( ) UJ—I-( 1)kU['d(UJ)
O
Example 3.2.9. Let S = k[z,y| and let
_ 2 3
The Taylor resolution of R is
d- d d
0 S —2 3 2.3 L.g R - 0
where
T
y? -y 0 =y x’
d3 = | = da = —y? 0 di= |y
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We note that the Taylor resolution is not minimal in general. Indeed, in the above
example imds Z (z,y)S®. However, the following characterization follows readily from
the definition of the differential d on T', as first observed in Lemma 4.14 of [3].

Lemma 3.2.10. Let I = (mq,...,m,) be a monomial ideal. Then the Taylor resolution
of S/I is minimal if and only if m; is not a divisor of my for all i € {1,...,r} and
JC{L,...,r}\ .

The following construction is due to Bayer, Peeva and Sturmfels [5]. Our exposition will
follow that of Mermin [38|. Let {m1,...,m,} be a set of monomials. Fix some total order
< on {my,...,m,}. After relabelling we may assume that m; < mg < --+ < m,. Let I
be the ideal generated by {mj,...,m,}. Then the basis sets of the Taylor resolution 7'
of S/I form the full simplex A" on {my,...,m;}. Given a subcomplex A C A", let F,
be the submodule of T;, spanned by the n-simplices of A. It follows that d(F,,) C F,,—1
and so (F,d) is a subcomplex of (T',d). We will denote this chain complex by Fa.

Example 3.2.11. Let S = k[z,y, 2] and let
I = (2223, 2322, 2yz, o).

Let A be the following simplicial complex.

z223
2352 TYZ y?
Then FAa is given by:
d d d

0 e - S/I - 0

where
T
Y —x —y 0 x223
— 0 — 0 322
ds = x dy — z ) 2y dy — x°2
z 0 Tz Tz —y TYZ
0 0 0 0 xz y?

Remark 3.2.12. The complex of Example 3.2.11 is an example of a general construction

called the Scarf complex. Given a monomial ideal I = (mq,...,m;), define

A={ICA{l,...;,r}|mr#myforal JC{1,...,r} other than I}.
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Then A is a simplicial complex and the complex Fa is called the Scarf complex of [I.
More details can be found in [5] or [42].

As the following example shows, Fa need not be a resolution of S/1.

Example 3.2.13. Let S = k[z,y] and let
I =(a?zy,1°).

Let A be the following simplicial complex.

The corresponding complex Fa is given by:

0 e

- S - S/1 - 0

where
dy = <x2 Ty y2> .
Since kerd; # 0, Fa is not exact and hence is not a resolution.
However, we have the following theorem which characterizes which simplicial complexes

give rise to resolutions. A simplicial complex A is called acyclic if pr(A; k) = 0 for all
p € N.

Theorem 3.2.14 (|5], Lemma 2.2). Let A be a simplicial complex on the vertex set

{m1,...,m,} and define, for a monomial y, a subcomplex

A, ={J € A|my divides u}.
Then Fj is a resolution of R if and only if A, is either acyclic or empty for all monomials
1.

Definition 3.2.15. Let R be a monomial ring and let ' — R be a free resolution. Then

F is called a simplicial resolution if F' = Fa for some simplicial complex A.

Remark 3.2.16. Note that if A’ C A, then Fas is a subcomplex of Fa. In particular,
since each simplicial complex A is included in the full simplex on its vertex set, each

simplicial resolution of S/I is a subcomplex of the Taylor resolution of S/I.
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The following special type of simplicial resolution is due to Novik [41]. Given a monomial
ideal I = (mq,...,m,), we define the lem-lattice L(I) to be the set of all m; where
J C{1,...,r}. The set L = L([) admits a partial order given by divisibility. Then L
forms a lattice under a V b = lem(a,b) and a A b = ged(a, b). The lattice L has minimal

element 0 = 1 and maximal element 1 = lem(my, ..., m,).

Definition 3.2.17. A rooting map on L is a map
7: L\ {0} = {m4,...,m,}

such that

1. for every m € L, m(m) divides m
2. w(m) = 7(n) whenever 7(m) divides n and n divides m.
Now, let m be a rooting map and let A C {mj,...,m,} be non-empty. Define m(A4) =

m(lem(A)). A set A is unbroken if m(A) € A and A is rooted if every non-empty B C A

is unbroken. The following lemma will be used later.

Lemma 3.2.18. Let J; C --- C Jg C {my,...,m,} be non-empty. Then
rllem(r(h), .., 7(Js))) = 7(Js).
Proof. Indeed, we have
w(Js) | lem(mw(Jy),...,7(Jg)) | lem(J1,...,Js) = lem(Jy)

and so the result follows. O

Let RC(L, ) denote the set of all rooted subsets with respect to L and w. Then RC(L, )
is easily seen to be a simplicial complex on vertex set {mq,...,m,} and we have the

following result.

Theorem 3.2.19 ([41], Theorem 1). Let I = (mq,...,m,) be a monomial ideal and let
L denote its lem-lattice. Suppose that 7 is a rooting map on L. Then the chain complex

Fre(r,x) associated to the simplicial complex RC(L, ) is a free resolution of I.

An important special case of this construction is the Lyubeznik resolution which will be
defined next.

Definition 3.2.20. Let I = (my,...,m,) be a monomial ideal and let < be a total

order on the set {my,...,m,}. For A C {my,...,m,}, define

m(A) = ngn{mz | m; divides lem(A)}.
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Then 7 is easily seen to be a rooting map. The resolution associated RC(L, ) is called

the Lyubeznik resolution with respect to <.

If the minimal free resolution of S/I is a resolution associated to RC(L,7) for some
rooting map m, then I (respectively S/I) is called a rooted ideal (respectively a rooted
ring). Similarly, if for some total order < the Lyubeznik resolution of S/I with respect
to < is minimal then I (respectively S/I) is called a Lyubeznik ideal (respectively a
Lyubeznik ring).

Example 3.2.21. Let S = k[z,y,z] and let I be the ideal generated by m; = zy,
meo = yz and m3 = xz. Order the generators as m; < mo < m3. Let m be the rooting
map of the Lyubeznik resolution as in Definition 3.2.20. Then the rooted sets are {m },

{ma}, {ms}, {m1,ma} and {m1,ms}. So the Lyubeznik resolution is

da dq

52 - 58 - S

where the differential is given by

dy = (my Yz xz)

and
—z —z
dQ = X 0
0 vy

In particular, the resolution is minimal and so [ is a Lyubeznik ideal.

Definition 3.2.22. Let A be a commutative ring with unit and let M and N be A-
modules. Let F© — M be a free resolution of M by A-modules. Define A-modules
Tor;;‘(M7 N) by setting

Tory (M, N) = H,(F @ n).

The following theorem shows that the modules Tor;‘(M , N) are well-defined.

Theorem 3.2.23 (|44], Corollary 6.21). The modules Torf(M, N) do not depend on
the choice of free resolution. That is to say, if F' and G are free resolutions of M then

there exists a natural isomorphism
H,(F®N)= H,(G®N).

Definition 3.2.24. Let R be a monomial ring. The Tor-algebra Tor®(R,k) of R is
defined

Tor®(R, k) = @) Tor}) (R, k)
n=0
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where the product is induced from the product of the Taylor resolution T" of R. More
precisely, if [z], [y] € Tor® (R, k) then their product is defined by

[2][y] = [ay]

where zy is the product in 7.



Chapter 4

The Golod property for rooted rings

4.1 A, -resolutions and the Golod property

In this section we will introduce the Golod property and discuss how this property
is related to Aoo-structures on the minimal free resolution of a monomial ring. We
start off with some definitions. As usual, we write S = k[x1,..., 2] and assume [ =

(mq,...,m,;) is a monomial ideal.

Definition 4.1.1. Given a monomial ring R = S/I the Poincaré series of R is defined
as

P(R) = dim Torf(k, k)t
=0

The fact that dim Torf(k,k:) is finite for all j follows from Theorem 11.2 of [42]. A
general open-ended problem in commutative algebra is to compute the Poincaré series
for various R. A classic result of Serre states that there is always a coefficientwise upper
bound

P(R) < S Ch &) S
1—t(3_;2 ¢ dim Tor} (R, k)t — 1)

(4.1.1)

Proofs of this fact can be found in [19] and [2]. Note that it follows from Theorem 11.2
of [42] that dim Torf(R7 k) is finite for all j € N.

Definition 4.1.2. A monomial ring R is called Golod if (4.1.1) is an equality, that is,

if there is an equality of power series

(14+t)m

P(R) = : :
(®) 1— (332 dim Tor? (R, k)t/ — 1)

(4.1.2)

So, a ring R is Golod if and only if the Poincaré series P(R) of R is maximal. The

Golod property admits an equivalent description in terms of Massey products which

47
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will be crucial in what follows. The Koszul homology of a monomial ring R is H(R) =
Tor® (R, k).

Theorem 4.1.3 ([17], see also Section 4.2 of [19]). For any monomial ring R the following

are equivalent

1. Equality (4.1.2) holds, that is R is Golod.

2. All Massey products on the Koszul homology are trivial.

Let r > 2. Following [26], we will say that a dg algebra A satisfies condition (B,) if
all k-ary Massey products are defined and contain only zero for all £ < r. Recall the

following lemma.

Lemma 4.1.4 ([35], Proposition 2.3). Let A be a dg algebra satisfying (B,_1). Then

(ai,...,a,) is defined and contains only one element for any choice aq,...,a, € H(A).
Before continuing, we recall the construction of the Koszul complex.

Construction 4.1.5. Let F denote the exterior algebra on wy, ..., u,, where degu; = 1.
The Koszul complex Kg of S is the graded module S ®; E together with differential d

defined by
k

d(ug, - ug,) = Z(_l)jﬂggijuil g
j=1

Define a multiplication on Kg by concatenation. Then Kg with this multiplication is a

dg algebra.

Note that if I = (x1,...,xy,) then the Taylor resolution T of S/I reduces to the Koszul

complex.

Given a monomial ring R, the Koszul dg algebra Kg of R is defined to be
Kr=R®; E.
Note that Kg is a free resolution of k£ over S and so we have
Tor’(R, k) = HR®g S @ E) = HR® E) = H(KR).

We say that a monomial ring R satisfies (B,) if the Koszul dg algebra K of R satisfies
(Br).

Lemma 4.1.6. Let R be a monomial ring. Then R is Golod if and only if R satisfies
condition (B,) for all r € N.

Proof. 1t is clear that if R satisfies condition (B,) for every r then R is Golod. Conversely,

suppose that R is Golod. We proceed by induction on r. The case r = 2 is trivial. So
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assume R satisfies (B,_1). By Lemma 4.1.4, the Massey product (ai,...,a,) is defined
and contains only one element for any choice ar, ..., a, € Tor® (R, k). Since R is Golod,
it follows by Theorem 4.1.3 that this element must be zero and so R satisfies (B,). O

In general it is very hard to study Massey products directly. However, A..-algebras

provide a systematic way of studying Massey products in view of the following theorem.

Theorem 4.1.7 ([33|, Theorem 3.1). Let A be a differential graded algebra. Up to a
sign, the higher A .-multiplications v, on H A from Theorem 2.3.3 give Massey products.
That is to say, if aq,...,a, € HA are homology classes such that the Massey product
(a1, ..., ap) is defined then

(1 ® - ®@ap) € (a1,...,ap).

Using Theorem 4.1.7, we can describe under what conditions the Massey products on
Tor® (R, k) vanish.

Definition 4.1.8. Let F — R be a free resolution and let o: F®" — F be S-linear.

Then « is said to be minimal if « ®g 1, = 0.
Arguing similarly as in the proof of Lemma 3.2.3 we obtain the following.

Lemma 4.1.9. Let F — R be a free resolution and let a.: F®* — F be S-linear. Then

« is minimal if and only if ima C (z1,...,2m)F.
The following theorem will be one of our main tools in the rest of this work.

Theorem 4.1.10. Let R = S/I be a monomial ring with minimal free resolution F.
Let gy, be an Ao-structure on F' and let r € N. Then R satisfies (B,) if and only if py,

is minimal for all £ < r.

Proof. By Proposition 2.17 of [31], it follows that u, ® 1 is an A-structure on F' ®g k.
Now, assume py is minimal for all £ < r. Since TorS(R, k) is the homology of the A-
algebra F ® k, the homotopy transfer theorem (Theorem 2.3.3) implies that Tor® (R, k)
inherits an As-structure v,. Since F' is minimal, Tor®(R, k) is isomorphic to F @ k and
we can take v, = u, ® 1. Let kK < r and let aq,...,q; € TorS(R, k) be such that the

Massey product (aq, ..., ay) is defined. It follows from Theorem 4.1.7 we have
+(ur @ 1) (e, .. ap) € (a1, o).

Since gy, is minimal, we have (ur ® 1)(a1, ..., ar) = 0. Therefore, (a1, ..., ar) is trivial
and so R satisfies (By).

Conversely, assume that R satisfies (B,). We need to show that py is minimal for all
k < r. For k = 2, we have (u2®1)(a1, az) = ajas but the product on Tor® (R, k) is zero as
R satisfies (B,). Now, let 3 < k < r. Since R satisfies (By), for all ay, ..., a; the Massey
product (ai,...,a) is defined and contains only zero. Since (ur ® 1)(ai,...,a;) €
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(a1,...,ar) we have (ur ® 1)(ay,...,ax) = 0 for all aj,...,ar. Consequently, u is

minimal as required. O

Corollary 4.1.11. Let R = S/I be a monomial ring with minimal free resolution F.
Let p, be an Ago-structure on F. Then R is Golod if and only if u,, is minimal for all
n > 1.

Corollary 4.1.11 was first proved in [9] using different methods. The following immediate
corollary to Corollary 4.1.11 is well-known, see for example Proposition 5.2.4(4) of [2]

where it is proved using different methods.

Corollary 4.1.12 (|2]|, Proposition 5.2.4(4)). Let R = S/I be a monomial ring with
minimal free resolution F'. If F' admits the structure of a dg algebra, then R is Golod if

and only if the product on Tor® (R, k) vanishes.

As a special case of Corollary 4.1.12, we consider monomial rings R for which the Taylor

resolution is minimal.
Corollary 4.1.13. Let R = S/I be a monomial ring where I = (my,...,m;). Suppose
that the Taylor resolution T' of R is minimal. Then the following are equivalent.

1. R is Golod.

2. ged(mg, mjy) # 1 for all i # j.

Proof. By Corollary 4.1.12 it is sufficient to show that the second statement is equivalent
to the vanishing of the product on Tor” (R, k). By minimality of T, we have Tor” (R, k) =
T ®g k. Now, assume that the product on Tor® (R, k) is not trivial. Then there exist
ur,uy € T such that TN J = () and

mpmgj
uruy = sgn(l, J) pe— (0 ¢ (z1,...,7m)T.
Hence, we have
mymy
=1.
miuJg

It follows that ged(my, my) = 1. In particular, gcd(m;,m;) =1 for alli € I and j € J.
Conversely, assume that the product on Tor® (R, k) is trivial and fix m; and m;. Since
ujuj = 0, a similar argument to the above shows that m;m; # lem(m;, m;). But then

ged(mg, mj) # 1 for all ¢ and j and so we are done. O

Corollary 4.1.13 was independently proved in [21]| using different methods. This corol-
lary shows that the class of monomial rings which are Golod and have minimal Taylor
resolution is quite small. In fact, for flag complexes we have a complete description of
this class. Recall that a simplicial complex is called a flag complex if every minimal
missing face is an edge, i.e. a subset a cardinality two. In the next proposition we write

C(A) for the cone on the simplicial complex A and we write U for the disjoint union.
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Proposition 4.1.14. Let A be a flag complex such that the Taylor resolution of k[A]
is minimal. Then k[A] is Golod if and only if

A=Cm (A" Ux)

where n = |mf(A)| —1 and m = |[V(A)| — |mf(A)| -1 = |V(A)| —n — 2.

Proof. First suppose that A is of the form C™ (A” L *) Then the minimal missing
faces are of the form {x*,x;} where the z; are the verices of the subcomplex A™. Clearly,
{x, 2} N {*,z;} # 0 and so A vacuously satisfies the gcd condition. Since the Taylor
resolution of A is minimal by assumption, it follows from Corollary 4.1.13 that k[A] is
Golod.

For the converse, write mf(A) = {fi,..., fr}. Since A is flag, we can write f; = {x;,y;}.
By Corollary 4.1.13 it follows that {z1,y1} N {x2,y2} # 0. Without loss of generality we
can assume that 1 = x5 since otherwise we can relabel the elements. Now, let ¢ > 3
and consider {z;,y;}. Again, by Corollary 4.1.13 it follows that {z1,y1} N {zs, v} # 0.
By relabelling z; and y;, we may assume that x; € {x1,y1} N {x;,y;}. If z; = y; then

{z1,y1} C {x2,y2} U{w;, y;} which contradicts minimality. Therefore, 1 = --- = x, and
so the set of minimal missing faces looks like
Y1
Y2
P
{ T Y3
) Y4
Ys

Now, if F* C {y1,...,y,} then F is a face of A. Indeed, otherwise it would be a minimal
missing face as it does not contain any of the f;. But this is impossible since f1,..., f,
are all the minimal missing faces of A. Consequently, the full subcomplex Al o\ .1

on {1,y1,...,yr} is isomorphic to {x1} LA™,

Write {21, ..., 2y} for the vertices of A not in A
| mf(A)| — 1. It is sufficient to establish that

] and note that m = [V(A)| -

T1,Y1,-

C(A|[xl7y17---,yr7z1,---,Zk—l}) g A|[9C17y1,---,yr,Zh--wzk}

since the other inclusion clearly holds. Now, choose an element

{Zk} UF € C(A|[m,y17~~~,yr721,m,2k71])'
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Then F' does not contain any of the f;. Therefore, F' € Alj, . 4 . . .1 since otherwise

it would be a minimal missing face of A. Taking k& = m in the second statement proves

the theorem. O

Figure 4.1 illustrates what is going on geometrically. In fact, a complete classification of
Golod flag complexes is given in Theorem 4.6 of [18]. The point of Proposition 4.1.14 is,

then, to illustrate the restrictiveness of assuming minimality of the Taylor resolution.

2
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FIGURE 4.1: Proposition 4.1.14 for n = 2, 3.

4.2 Homotopy transfer on the Taylor resolution

Corollary 4.1.11 says that monomial rings with minimal dg algebra resolution are Golod
if and only the product on Tor®(S/I, k) vanishes. However, there exists monomial rings

whose minimal resolution does not admit the structure of a dg algebra. The following

example is due to Avramov [1].

Example 4.2.1 ([1], Example 1). Let S = k[z1, z9, 3, 24] and
I = (21, 2179, mow3, w374, 7).

Then the minimal free resolution of S/I does not admit the structure of a dg algebra.

The proof of this fact uses obstruction theory based upon the Avramov spectral sequence

and is outside the scope of this thesis.

On the other hand, every free resolution of a monomial ring S/I admits an A-structure
[9]. In general, it is not clear how to obtain an explicit description of this Aso-structure.

Instead of considering general A,.-structures on resolutions, we will consider only those
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that arise as a deformation of the dg algebra structure on the Taylor resolution. To
make this idea precise we will use transfer diagrams of the Taylor resolution. In that
case Theorem 2.3.6 tells us how to construct an As-structure to which we may apply
Corollary 4.1.11.

Recall from Definition 2.3.4 that for a chain complex A and a subcomplex B C A, a

transfer diagram is a diagram of the form
i
T
Sariel
K~
p

where pi = 1p and ip — 1 = d¢ + ¢d. Given a transfer diagram with A a dg algebra,

Theorem 2.3.6 applies and we record the following for future reference.

Corollary 4.2.2. Let A be a dg algebra and let
1
TN
57 D)
p

be a transfer diagram. Then the maps p, from Theorem 2.3.6 give the structure of an

Axo-algebra on B.

Let R = S/I be a monomial ring. Denote by T" the Taylor resolution of R and by F' the

minimal free resolution of R. We claim that there exists a transfer diagram
i
T
P
K~
p

To see this. Note that by Lemma 3.2.5, we have that T' = F & G where G is a trivial
complex. Let p be the projection F & G — F and i the inclusion F' — F @ G. Clearly,
pi = 1. To show that ip is homotopic to 17, it is sufficient to show that 14 is homotopic
to zero as 17 = lpgg = 1r @ 1g. For this, it is sufficient to show that the identity 1

on the short trivial complex H
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is homotopic to zero. Define ¥(a) = b. Then dipa = db = a and ¥d = 0. Therefore,
1y = dy 4+ ¥d as required. Therefore, there exists a transfer diagram as above and
so Corollary 4.2.2 gives an Ago-structure on F'. The following lemma relates po to the
product on Tor®(S/I, k).

Lemma 4.2.3. Let S/I be rooted with minimal free resolution F' — S/I and let p, be
the Ay -algebra structure on F' from Corollary 4.2.2. Then the map us: F @ FF — F
induces the product on Tor®(S/1, k).

Proof. Consider the following diagram

FeF—"'" . p
1R1 7
T&T — T

where T is the Taylor resolution. Since pg = po Az o (i ® 7), it follows that
iopug=1i0opodgo(i®i)~ Ao (i®i).

Hence the above square is homotopy commutative. Consequently, by tensoring with the

field k£ and taking homology we get a commutative square as follows.

Tor®(S/1,k)®? _ e | Tor®(S/1, k)
s @ Ly (™

Tor® (S/1I, k)®? Tor® (S/I,k).

()\2)*

Since i, = 1, we have p, = (ix)~! = 1. Therefore, (u2)« = (A\2)«. Since A induces the
product, the same holds for pus. O

Remark 4.2.4. In fact, it can be shown that any map m: F ® F' — F that covers the
multiplication on S/I will induce the product on the Tor-algebra [7].

As above, let 7 be a rooting map and let F' be the free resolution of S/I associated to
RC(L,m). Recall that F), is the free S-module on u; with J € L such that |J| = n.
The remainder of this section is devoted to an explicit computation of the A,.-algebra
structure on F' from Lemma 4.2.3 in terms of the rooting map 7. Let T denote the Taylor
resolution of S/I. We will write d for the differential of F'. Define a second differential

0 by
||

Ouy = Z(—l)“‘luﬂ-

=1
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on a basis element uy of F. If uy is a basis element of F' we define [uj] = milu J.

Let wy,,...,uz, be rooted sets and ai,...,an € S. Then for v = Y aguy,, we set

[u] =3 5wy, The following lemma will be used extensively.
“k

Lemma 4.2.5. For any basis element u; of F'; we have

dluy] = [Ouy].
Proof. We have
1
d[UJ] = 7dUJ
my
1 |J] my
_ _]. o+l 7
[J|
- 1
— (—1)Z+17U 7
; m i 7
[J] {
=S (1) fuy]
i=1
= [Ouy]

O]

Let 7 be a rooting map. For uy € T, define m(uy) = w; if 7(my) = m;. An element

uy € T is said to be rooted if the corresponding m is rooted. Define a map p': T — F

as follows. Let v € T" and write u = u;, - - - u;, for some iy < --- <. Forg=1,...,k,
define I, = {i1,...,i4}. For a permutation o € S, put u,7, = Wiyt Wiy, - We define
/
pw) =" sgn(o)m(uer ) (uor,) - w(uqr,)- (4.2.1)
€Sy,

We need to verify that im(p') C F. Let o € S, we need to verify that

{ﬂ-(moh)?ﬂ-(mcﬂz)? R W(malk)}

is rooted. Since

Mol | Mo, ’ ’ Mo,

it follows by Lemma 3.2.18 that for all ji,...,j; we have
m(m(mor,, ) M(Mor, ), - T (Mo, ) = T(Mor, ).

Therefore,

{ﬂ-(mah)? ﬂ-(mtﬂz)) R Tr(mUIk)}

is rooted and so im(p’) C F.
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Lemma 4.2.6. The map p’ is a chain map with respect to the differential 9.

Proof. 1t is sufficient to prove the result for basis elements uy € T. Write I = {iy, ..., i}.
We first show that

op'(ur) = 3 (~DM sgn(0)m(uor,) - (o, ).

€Sk

We have

8]9’(11[) = Z Sgn(a)a(ﬂ—(udl) o 'W(ufffk))

oc€Sk

j+1 o
Z Z 1) sgn(o)m(uor,) -+ m(Ugr,) -+ T(Uory,)-
oc€Sy j=1

Now, fix some j < k and let 7; be the transposition (o(j),o(j+1)). Then the summands
indexed by o and 7j0 cancel. Indeed, if ¢ < j then 7; acts as the identity on o/, and so
Ugl, = Ur;o1,- On the other hand, if ¢ > j + 1 then the underlying sets of o/, and 701,

are the same. Since 7m(u;) depends only on the set J and not on the ordering we have

F(ualq) = W(UT]-ULZ)

and so the summands indexed by ¢ and 7;0 cancel. Note that since the map o — 7;0 is

an involution these permutations cancel in pairs. Therefore, we obtain

op'(ur) = Y (1) sgn(o)m(uor,) -+ 7 (o, _,).

oSy,

For o € S, write

G, = ﬂ-(u(ﬂl) T W(uﬂfkfl)

and so

op'(uy) = Z (—1)* ! sgn(o)G,. (4.2.2)

€Sk

Next, we compute p'd(uy). For j € {1,...,k} and o € Sk_1, set I;(j) = I, \ {j} and

Foj= 7T(Uah(j)) Tt W(Uojj_l(j))ﬂ(uolj+1(j)) T W(Uolk(j))-

Then
Pou=> (=1 (up ) =>_ D (1) sgn(o)F, . (4.2.3)

j=1 j=10€S,_1

Given j € {1,...,k}, we can embed S;_; into Sy by fixing j. Therefore, we have

p@u—z Z 1) sgn(o) Z Z 1) sgn(o (0)Fy. .

j=10€S;_1 j=1 ae‘Sk‘
o(§)=j
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Now, fix j € {1,...,k} and fix 0 € Sj such that o(j) = j. Define p to be the cycle
(j---k) and let 7 = op. Then we have G, = F, j and

(=1 sgn(r) G- = (1) G,, = (—1) 1 sgn(0) F .
Since both sums in (4.2.2) and (4.2.3) have k! terms, it follows that they are equal. [
Let i: F' — T denote the inclusion.

Lemma 4.2.7. For all u € T, we have
m(w)ip'Ou = ip'u.

Proof. 1t is sufficient to prove the result for basis elements uy € T. Write I = {iy,...,ix}.

As in the proof of Lemma 4.2.6, we have

op'(ur) = 3 (~1)F sgn(o)m(uor,) - 7 (tor, ).

oSy,

Since p’ is a chain map by Lemma 4.2.6, we have

m(ur)ip'Our = m(uy)Oip' (ur)
— r(ur) 3 (~ 1) sgn(o)m(uior,) -+ w (ko )

€Sk
= > (D" Usen(o)m(uor) - - w(ugr,  )m(ur)
oESk
= > sen(o)n(uan) - m(ugr,_, ) (usly)
€Sk
= ip/ (ur)
where we have used that 7(ur) = 7(ur,) = 7(usr, ). O

Note that the differential 9 is compatible with the action of Si in the sense that for all
o€ Spand I = {i1 <...<i} we have

k
O(ugr) = Z(_l)j+luig(1) C Wig gy
j=1
This fact is used in the following lemma.

Lemma 4.2.8. The composition ip’ is chain homotopic to 17 as chain maps (T,9) —
(T, 0).

Proof. Define ¢': T — T by induction as follows. Set ¢f, = ¢} = 0 and

(bé(uilum) = ﬂ(uiuub)uilum
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where 7(u;, , wi,) = 7({wi,, ui, }). For k > 2, write u = u;, - - - u;, and define

S (u) = 7(u) (u — P _1 (0u)).

We need to show that 17 — ip’ = 9¢' + ¢/9. We proceed by induction on k. If k = 1,

there is nothing to prove. If k = 2, we have

8¢’2 (uiluiz) = a(ﬂ(uilvuh)uhuh)

= Uj; Ujy — W(uilvuiz)uiz + W(uilvuiz)uil

(1p = ip) (uiy sy ).
Now, let £ > 2. Using Lemma 4.2.7, we get
0y (u) = u — ¢, 0u — 7(u)(Qu — O),_,0u)
=u — ¢}_10u — 7(u)(Qu — du + ip'Ou + ¢},_,0%u)
=u— ¢,_10u — m(u)ip'du

=u—ip'u— ¢)_,0u
which finishes the proof. O

Define a map p: T'— F as follows. For uy € T, define

pluy) =myp'(uy)] (4.2.4)
where p’ is the map from (4.2.1). Then we have the following theorem.

Theorem 4.2.9. Let m be a rooting map for a monomial ideal I and let F' be the

resolution of S/I associated to 7. Then there exists a strong deformation retract
i
T
SEtier
~_ —
p

where i: F' — T is the inclusion and p: T' — F is the map from (4.2.4).

Proof. Let uy € T and define a map ¢ by

P(uy) = my[¢' (us)].
Then, using Lemmas 4.2.5 and 4.2.8, we have

do(uy) = myd[¢' (uy)]
=my[0¢' (us)]
=myluy —ip'uy — ¢'Ouy]

=uy —ipuy — pduy
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and so 17 and ip are homotopic. On the other hand, we clearly have pi = 1p which
finishes the proof. O

4.3 The Golod property for rooted rings

Let R = S/I be a rooted ring with rooting map m and minimal free resolution F. The
purpose of this section is to provide necessary and sufficient conditions for R being Golod.

We start with the following definition where we write 7(m;, m;) for m({m;, m;}).

Definition 4.3.1. Let R = S/I be a rooted ring with rooting map . Write I =

(m1,...,m;). We say that R is m-gcd if w(m;, mj) # m;, m; whenever ged(m;, m;) = 1.
The following lemma is straightforward but included for completeness.

Lemma 4.3.2. Let ur and u; be basis elements of T' such that ged(my, my) # 1. Then
pr2(ur @ uy) € (w1,...,2m)F.

Proof. Indeed, we have

pra(ur @ uy) = p( urLg)
mpm
= p(urug)
miuJg
By assumption
mimy
miuJg
and so
mimgj

pA2(ur ® UJ) = P(UIUJ) € (xy,... 7$m)F~

mruJ

We now come to the main theorem of this section.
Theorem 4.3.3. Let R be a rooted ring with rooting map m. Then the following are
equivalent.

1. The ring R is Golod.

2. The product on Tor®(R, k) vanishes.

3. The ring R is m-ged.

Proof. The implication 1 = 2 is immediate from the definition. We first prove 3 = 1.
Let F' be the minimal free resolution of R. Then by Theorem 4.2.9 there is a strong

deformation retract
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where i: F' — T is the inclusion and p: T' — F' is the map from (4.2.4). By Corollary
4.2.2, we obtain an A,.-structure p, on F. From Theorem 4.1.11 it follows that it is

sufficient to show that each i, is minimal. Recall that u, = pA\,i®", where

An= D0 (1) (As @ dN).

s+t=n
s,t>1

Therefore, it is sufficient to prove that pAe maps into the maximal ideal. Let u; and u; be
basis elements of T. We may assume that gcd(my, my) = 1 since otherwise pAy(ur®uy) €
(x1,...,2m)F by Lemma 4.3.2. Write I = {iy,...,it} and J = {ig41,...,in}, where
n =k + [. By definition of p we have

pluiy -~ ui,) =m[ Y sgn(o)mw(uer) - w(uqr, )]
0ESh

where m = lem(m;,, ..., m;, ) = mrmy and

Uolp = Wig(y) """ Uio(p)-

Write
m
oy = .
7 lem(n(mor,), -, T(Mer,))
Then
plugy -+ u;,) = Z sgn(o)aem(uer,) -+ - m(Uor,, ).
0ESh
We need to show that o, € (x1,...,zy,) for all o € S,,. Suppose a, = 1 for some

o € 8y. Since A (ur ®u;) and Az (uy®ur) only potentially differ in sign, we may assume
ia(l) el. Set
q = min{q'li ) € J}.

By assumption, lem(w(mer, ), ..., 7(mer,)) = m is divisible by M, Since

ng(miU(q)amI) = 17

we have

ng(miU(q)uﬂ(mU[k)) =1
for all k < g. Therefore, lem(m(my1, ), . .., m(mer,)) is still divisible by m;_ . We claim
that

mia@ ¢ {TF(mU[q), N ,F(mgjn)}.
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Indeed, assume that m;, , = m(mes,) for some s > ¢. We have that m(m,r,) =
(M5 - - - My, ). Then
Mi, | lem(mg, o ma, ) lem(mi, g, oma, )

and so M, = W(migmvmia(q)) since 7 is a rooting map. By definition of ¢, we have

ged(mi, ), ™M, ) = 1 so this contradicts I being 7-ged. Therefore

Mg () ¢ {W(malq)’ tt ’W(m‘ﬂ")}'

Define

u = uia(q)ﬂ(uajq) cee ﬂ(uajn).

We claim that w is in F'. To see that u is rooted, let
v C{ui, ) T(Uor,), - - - T(Uor,) }-
If wi, ¢ v then there is nothing to prove as
{m(uor,), - m(uor,)}
is rooted. So, assume Wi,y € V- We can write
0=, T(Uory, ) T(Uor,, )

for some ¢; > q. We have

W(ualqk ) ‘mv|malqk

and so
m(v) = (uor,, ) € .
Hence, u is rooted as claimed. Since m;, , divides lem(m(mqr,), ..., 7(me1,)), it follows
that
lem(m;_, ,m(mer,)s .-, m(Mo1,,))
o(q)? q/ ) n
= or.) m(ugr ) — d(m(ugs.) - - (g
U TR or) -y (mgr)) ) T en) = d{nluon) o w (o)
=7(Uor,) + T(tUor,) — d(7(tor,) - T(Uor,)) & (T1,. .., Tm)F

But this contradicts minimality of F.

Finally, we prove 2 = 3. Since the product on Tor® (R, k) is just p2 ®1, the product van-
ishes if and only if 115 is minimal. Let m; and m; be generators such that ged(m;, m;) = 1.
Then

lem(m;, m;)

12004 = S g

lem(m;, m;)

B lem (7 (m;, 17”Lj)mj)7r(ui7 )
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If w(m;, m;) = m;, then

lem(m;, m;) 1

lem(7(m;, mj)m;)
which contradicts minimality of ps and so mw(m;,m;) # m;. By the same argument,
m(m;, mj) # m; and thus R is m-ged. O
Using Theorem 4.3.3, we can reprove Proposition 3.6(1) of [26].

Corollary 4.3.4 ([26], Proposition 3.6(1)). Let R be a rooted ring and k' any field.
Define R = R ®y k’. Then R is Golod if and only if R’ is Golod.

Proof. Being rooted and being m-gcd are both independent of the base field. O

As a special case, we consider rings for which the Lyubeznik resolution is minimal. Let
I = (my,...,m;) be a monomial ideal and pick some total order < on the m,. After
relabelling, we may assume that m; < mo < -+ < m,. Recall from Definition 3.2.20

that the Lyubeznik resolution is the rooted resolution with rooting map
m(A) = HLin{ml- | m; divides lem(A)}.

To characterize Golodness for rings for which the Lyubeznik resolution is minimal the

following definition is needed.

Definition 4.3.5. Let I = (mg,...,m,) be a Lyubeznik ideal with respect to the or-
dering

mp <mg < -+ < M.

Then I is said to satisfy the gcd condition if for all generators m; and m; with ged(m;, m;) =

1 there exists a my < m;, m; such that my, divides lem(m;, m;).

Remark 4.3.6. Note that the ged condition as defined above is different from the ged

condition in [6].
Lemma 4.3.7. Let I be a Lyubeznik ideal. Then [ is m-gcd if and only if 1 is ged.

Proof. Let m; and m; be generators of I such that gcd(m;, m;) = 1. First, suppose that
I is w-ged. Set my, = w(m;, m;). Since I is m-ged, my, # m;, m;. So, by definition of =,
my, < m;, m; and my, divides lem(m;, m;). Therefore, I is ged.

Conversely, if I is ged then there exists some mj < m;,m; such that my divides
lem(m;, m;). But by definition of 7, w(m;, m;) is the smallest such my. Hence, w(m;, m;) =<

my < m;, m; and so I is m-ged. O

Therefore, we immediately have the following consequence of Theorem 4.3.3.

Corollary 4.3.8. Let R be a Lyubeznik ring. Then the following are equivalent.

1. The ring R is Golod.
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2. The product on Tor” (R, k) vanishes.
3. The ring R is ged.

Example 4.3.9. Let S = k[z1,...,x9] and let I be the ideal
(1'233551387 T2X3LLLY, L5LELTLY, L1X2X4L5, L1L2L3, L4L5T6, 5671‘8559)-

Label the generators by uq,...,u9 and order them by u; < us < --- < ug. Let L be
the Lyubeznik resolution with respect to the ordering <. Then L is easily seen to be
minimal. The ideal I satisfies the gcd condition and so S/I is Golod.






Chapter 5

Algebraic Morse theory and

Aso-resolutions

5.1 Algebraic Morse theory

In this section we recall algebraic Morse theory that was independently developed by
Skoldberg [45] and Jollenbeck and Welker [23] based on earlier work by Forman [12] [13].
Our exposition follows that of [45].

Let R be a ring with unit. A based complex K is a chain complex (K, d) together with

Kn:@Ka

Oleln

a direct sum decomposition

where the I,, are pairwise disjoint. We will write a™ to indicate that a € I,,. Let
f: K — K be a graded map. We write fg, for the component of f going from K, to
Kpg, that is fg, is the composition

Ko — Ko~ Ky —— K

where K, — K,, is the inclusion and K, — Kp the projection. Given a based com-
plex K, define a directed graph G with vertex set U, I, and a directed edge o — (3 if
dg,o # 0. We will only consider situations in which G is finite.

A partial matching on a directed graph D = (V, E) is a subset A of the edges E such
that no vertex is incident to more than one edge of A. We define a new directed graph
DA = (V, E*) by setting
EA=(E\AU{f—ala—pcA}
65
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That is to say, D? is the directed graph obtained from D by inverting all the edges in
A.

We have the following definition.

Definition 5.1.1. A partial matching M on a directed graph G is a Morse matching
if, for each edge a — 8 in M, the component dg, is an isomorphism, and furthermore
there is a well-founded partial order < on each I,, such that v < o whenever there is a
path (™ — g — () in G%

A vertex in G% that is not matched by M is called M-critical and we write M? for the
set of M-critical vertices. Furthermore, define

M~ ={a|p — a € M for some 3}
and

M* ={a|a— €& M for some 7}.

We will also write

MY =M°NT1, M;=M-nl, M+ =M*tnl,

The following lemma gives a simpler characterization of Morse matchings.

Lemma 5.1.2 ([45], Lemma 1). Let K be a based complex and let M be a partial
matching on G such that dg, is an isomorphism whenever « — g € M. Then M is a
Morse matching if and only if G% has no directed cycles.

Proof. First, assume that G]\K/[ contains no directed cycles. Given a vertex u € G% , set

I(u) = max{s | u™ = u(()n)ulugn) - ug_qul™ is a direct path in G}
Since there are no directed cycles [(u) is finite for all u. Define a well-founded partial

order < by
u™ < o™ if (u) < 1(v).

Therefore, M is a Morse matching. Conversely, suppose

is a directed cycle in GAK/[. Then u; = u,. Since M is a partial matching, at most one of
w1 and w;1uipo is the reverse of an edge in M. Since deg(d) = —1 and u; = uy, it
follows that the reverse of every second edge is in M. So if M is a Morse matching then

u1 = U, < w1 which is a contradiction. Thus, M is not a Morse matching. O
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Definition 5.1.3. Let K be a based complex. Denote the edges of Gx by E. A Morse
matching M on G is called mazimal if no proper super set M C M’ C E is a Morse

matching.

Example 5.1.4. Let A be the 5-gon labeled as

The Stanley-Reisner ring of A is
k[A] = k[x1, v2, ¥3, 24, 5]/ (2123, T124, T2T4, T2T5, T3T5).

Let T — k[A] denote the Taylor resolution of k[A]. Denote the generators respectively by
ut,...,us. Given J = {j1,...,Jx}, write uy = u;, - --u;,. Figure 5.1 depicts the graph
G corresponding to I. Here, the red arrows (both solid and dashed) are invertible. The

solid red arrows give an example of a Morse matching on 7'

Given a Morse matching M on a based complex K, our next goal is to define a map
¢: K — K of degree 1 and show that it is a splitting homotopy in the sense of [4]. We

recall the following definition from [4].

Definition 5.1.5. Let K be a chain complex and ¢: K — K a degree 1 map. Then ¢
is called a splitting homotopy if
¢2 =0,
$dg = 6.

Define ¢ by induction as follows. If « is minimal with respect to < and x € K, put

d;l () if B — a € M for some S,
o(x) = "

0 otherwise.

If « is not minimal with respect to < and x € K, put

d;,lﬁ(x) — 2B ¢dfy7,6d;,15(90) if = a € M for some f,
o(z) = Rka

0 otherwise.
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FI1GURE 5.1: The graph Gr corresponding to the face ideal I of the 5-gon.
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Note that for all v in the last sum we have v < o and so ¢ is well-defined. Observe that

the second definition of ¢ is only relevant if there is a subgraph of the form

B o(v)

|

where the red arrows are elements of the matching M.

Q

Lemma 5.1.6 ([45], Lemma 2). Let M be a Morse matching on a based complex K.
Then the map ¢ is a splitting homotopy.

Proof. We need to check that ¢? = 0 and that ¢d¢ = ¢. For the first statement, recall
that every vertex of G is contained in at most one edge of M. Therefore, the statement

follows immediately from the definition of ¢.

For the second statement, proceed by induction on <. First, assume that « is minimal.
If « ¢ M~ then ¢(z) = 0 for all x € K,, and hence also ¢dp(z) = 0. So, we may assume
that o € M ~. By definition, this means that there exists some S such that

B—>ae M.

Compute
¢de(z) = ¢dd_ |y (z) = ¢da,pd, s = H(x)

for all z € K,. Next, suppose that « is not minimal. Again, if « ¢ M~ then ¢(z) =0
and we are done. Suppose o € M~ and 8 — o € M. We compute

¢do(x) = — > 6dy pd (@)
B
Y7o
= ¢dd (x) — > dddd,, gd, s(x)
B—y
yF#o
= ¢(da,ﬁda B\L )+ Z dy, Bda BT Z pdy pd, 5( x)
= B—y
VEa ghalc)
= ¢da,ﬁdaﬁ + Z ¢d75daﬂ Z (bd’Y 5da,8( )
B—y B—y
rFa yFo
= o(x)

Note that the penultimate equality holds since the sum runs over v < «a and so by

induction ¢do(y) = ¢(y) for all y € K. O
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Define a map p: K — K by
p =1k — (¢d + do).
Lemma 5.1.7. The map p is an idempotent, that is, p? = p.

Proof. We compute

P’ = (1= (¢d + dg))*
=1—2(¢d + do) + ¢dod + pddp + doppd + dopde
=1—2(¢d + do) + ¢d + do
=1—(¢pd+ do)
_ .

From now on, let L = im(p). Note that we have

dp = d(1 — ¢d — do)

=d—dod
=(1—¢d—do)d
= pd.

So p is a chain map. Consequently, we have a splitting of chain complexes
K = ker(p) & L.

Lemma 5.1.8. There exists a transfer diagram

where 7 is the inclusion.

Proof. We first show that ¢i = 0. Indeed, we have
op = ¢(1x — (¢d+ dg)) = ¢ — $*d —dpd = ¢ — 0 — ¢ = 0.
Since 4 is a chain map, it follows that
pdi = ¢id = 0.

Therefore,
pi=(1—¢d—dop)i=1.

By definition of p, we have ip ~ 11, which finishes the proof. O
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Lemma 5.1.9. Suppose K is a based complex and M is a Morse matching on G . Let
¢ denote the corresponding splitting homotopy. Then, for z, € K,, we have

:L‘a—l—zﬁ_mw fae M~

0 otherwise

dp(za) =

where yg € Kg.

Proof. As before, we proceed by induction on <. First, assume that « is minimal. If
a ¢ M~ then ¢(z,) = 0 and so there is nothing to prove. So, assume o € M~. This

means that there exists some g and an edge § — « in M. We have
dpro = dd 3(10) = da,pd j5(Ta) = Ta-

For the induction step, assume « is not minimal. Clearly, d¢(z) = 0 if « ¢ M~ so

assume « € M. Then there is some  — « in M and we have

do(za) = d(d;,lﬁ(ma) - Z ¢d%5d;,lﬁ<$a))

B—y
Y#a
-1 -1
=Za + Z d%ﬁda,ﬂ(xoé) —d¢ Z d%ﬁda,ﬁ(ma)'
By B—y
yFa afact
All terms in the right two sums satisfy v < « proving the lemma. O

Lemma 5.1.10. Suppose K is a based complex and M is a Morse matching on G.
Let ¢ denote the corresponding splitting homotopy. Then, for z, € K., we have

T ifae Mt
pd(za) = .
> p<aYp otherwise

where yg € Kg.

Proof. As in the last two lemmas we proceed by induction on <. First, assume that «

is minimal. If « ¢ M7 then, since « is minimal, we have

¢d(xa) = ¢ Y dgalra) =0.

a—f

On the other hand, if « € M™ then there exists some o — 3 € M and we have

¢d(za) = ¢dg,a(ra) + Z Pdy,a(Ta) = dg,ladﬁ,a(%) = Ta-
a—y

a#f
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This proves the base case. For the induction step, assume « is not minimal. First,

suppose « ¢ M. Then we have

¢d(xe) = ¢ Z dgoaTa = Z d,g,}yd@a(xa) -9 Z Z d5ﬁd,§}ydﬁ7a(xa)-

a—f a—p a—fB y—6
y—BeM y—=BEM 6#8

Note that for all § we have § < « as required.

Now, suppose &« € M T and let « — 3 € M. Compute

¢d(za) = ¢dpa(Ta) + Z ¢dy,a(Ta)

a—y
V#B
= d[;,}xdﬁ,a(ma) - Z ¢dya(Ta) + Z ddyo(xa)
o= oa—y
V#B Y#B
= xa
which finishes the proof. 0

The following theorem is one of the central results of algebraic Morse theory.

Theorem 5.1.11 ([45], Theorem 1). Let M be a Morse matching on a based complex
K. Then the complexes K and p(K) are homotopy equivalent. Furthermore, the map

p: P Ka—Ln (5.1.1)
aeM?

is an isomorphism of modules for every n € N.

Proof. We start with the first statement. We have seen that p is a chain map and by
definition p is homotopic to the identity map. Consequently, K and p(K) are homotopy

equivalent.
Next, we claim that

p(K) =p( P K,). (5.1.2)

It is suffcient to show that

for all . We proceed by induction on <.

First, assume that o is minimal. If o € MY, there is nothing to prove. If o ¢ M°, then
by Lemma 5.1.9 and Lemma 5.1.10 it follows that p(xz) = 0 for all z € K,.

Now, assume « is not minimal. Again, if o € M° then there is nothing to prove. So

assume o ¢ MY and let z € K,. Applying Lemmas 5.1.9 and 5.1.10, there exists a set
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J such that v < « for all v € J and

pa) =p*() =p(> _yy) = > ply)+ Y p(yy)

yeJ yeJ yeJ
yeMO ygMP

where y., € K,. Therefore, (5.1.2) follows by induction.

Next, we show that the map
p: P Ko— K
aeM?
is injective. Applying Lemmas 5.1.9 and 5.1.10, it follows that for all x € K, where
a € MY we have

p(x) =$+Zyy

yeJ
where y, € K, and v < « for all v € J. Since v < «, it follows that for degree reasons

there can be no cancellation. Therefore, p is injective. O

Note that in general the isomorphism (5.1.1) is only an isomorphism of graded modules
and not of chain complexes. In case the components corresponding to the critical vertices

do form a subcomplex we have the following corollary.

Corollary 5.1.12 ([45], Corollary 2). Suppose that M is a Morse matching on K such

that
C= P K.

aeMl

is a subcomplex of K. Then K and C are homotopy equivalent.

It follows from Theorem 5.1.11 that C admits a differential d such that (C,d) is iso-
morphic to (L, d). Indeed, define
qg: K—C

on x € K, by
x ifae M

q(x) =
0 otherwise.

The map q is called the projection on the critical cells. Next, d by

d = q(d — ded).

Then we have the following theorem.

Theorem 5.1.13 ([45], Theorem 2). The complex (C,d) is homotopy equivalent to
(K,d).
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Proof. Applying Lemmas 5.1.9 and 5.1.10, it follows that gp = 1 on @,,C,. Now let
y € p(K), say y = p(x) where x € ®,epr0K,. We have

pa(y) = pgp(z) = p(x) =y

and so p(K) and C are isomorphic as graded modules. Define d = gdp. Then p(K) and

C become isomorphic as chain complexes. Now,

qdp = qd(1 — d¢ — ¢d) = q(d — d¢d)

as required. Since p(K) and K are homotopy equivalent by Theorem 5.1.11 the result
follows. O

Definition 5.1.14. Let K be a complex and M a Morse matching on K. Let C be as

in Corollary 5.1.12. The complex (C,d) is called the Morse complez of K associated to
M. Given a Morse matching M on K, we will write GM for the Morse complex of K

associated to M.

5.2 A-resolutions via algebraic Morse theory

The following theorem shows how Morse matchings on a differential graded algebra give

Aso-structures.

Theorem 5.2.1. Let A be a differential graded algebra and let M be a Morse matching
on A. Let ¢ and p be as before and set B = im(p). Then B has the structure of an
Ao-algebra.

Proof. By Lemma 5.1.8 there exists a transfer diagram
1
R
ratiel
N__~
p

where 7 is the inclusion. Therefore, the result follows from Theorem 2.3.6. O

Given two Morse matchings M; and My on a dg algebra A, we want to know how the
corresponding As-structures {ul} and {u2} are related. We start with the following

theorem.

Theorem 5.2.2 ([30]). Let f: (V,dy) — (W,dw) be a chain homotopy equivalence.
Then any A. structure on W transfers to an Ay-structure on V such that f extends

to an Aso-morphism with f; = f which is an A,.-homotopy equivalence.

We have the following result.
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Theorem 5.2.3. Let A be a dg algebra and M; and My two Morse matchings on A.
Put A; = imp; and denote by {u!} the corresponding A -structure. Then there exists

an A..-homotopy equivalence

fi (AL {pn}) = (Ao, {2 }).

Proof. Consider the following commutative diagram

A—L1 4

Pll]ﬁll leTh
D291

A T A,
P12

Here, p; is defined as
pi=1—dp; — pid

where ¢ is the splitting homotopy associated to M;. By definition, we have
(p2i1)(pri2) ~ p2iz = 14,

since 41p; is chain homotopic to the identity. Similarly, (p1i2)(p2i1) =~ 14,. Therefore,

p2t1 is a chain homotopy equivalence and so the result follows from the previous theorem.

O]

Remark 5.2.4. Note that if poi; is an isomorphism of chain complexes then it extends

to an Asc-isomorphism by a similar argument.

Before we proceed it will be instructive to look at a fully worked example. For this

purpose, let S = k[x1,x9,x3,x4] and let I be the ideal generated by

Uy = r1r2, Ug = 23, Uz = 124, Uy = T1T4.-

That is to say, R = S/I is the Stanley-Reisner ring of the following simplicial complex.

N /l,
N s !
N . 1
~ . \
N s
x 1
VRS |
’ N
’ N I
. N
. ~
N

Let T denote the Taylor resolution of I. Figure 5.2 shows the graph Gr. In Figure 5.2
the red arrows are those for which d, g is an isomorphism and, hence, which are allowed

to be in a Morse matching. The solid red arrows give a specific example of a Morse
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FIGURE 5.2: The graph G corresponding to the ideal I.
Computing ¢ we obtain

d(ugus) = ujuguy,
d(urus) = urusuy,

¢(UQU3U4) = U1U2U3U4.-
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In all other cases, ¢ is zero. For p, we compute
plugus) = (1 — do — ¢d)(ugua)
= uguy — d(ujuguy)
= UgU4q — UU4 + T3UITU4 — THUIUL

= T3UTU4 — T4ULTUQ.

Similarly, we have
p(uruz) = (1 — do — ¢d)(urus)
= Uujus — d(U1U3U4)
= UIU3 — UU4 + U1UL — UTU3
= U1U4 — U3U4

and

p(uguzuyg) = (1 — do — ¢d)(uguzuy)
= uguzuy — d(uruguzuy) — r3P(uzug) + G(uguy) — 1P (u2u3)
= UU3U4 — UUZU4 + UTUZU4L — ULU2U4 + UL U2UZ + UTULU4

= ULU2U3 + UTUU4.

Further, we have p(u;) = u; and p(ujugusus) = 0. Also, we have

p(usug) = uzuy,
p(ugus) = ugus,
p(urug) = uyua,
p(uruz) = uyug

and
p(uiuzug) = 0,

p(uruguyg) = uguguy — p(ugug — raujug + rqujug) = 0.

Lastly, we have

p(uluzu;z,) = (1 — d¢ — ¢d)(U1UQU3)
= wyuguz — T1¢(ugus) + x3d(uiuz) — x4(uiusg)

= UTUL2U3 + T3UTUIU4.
Consequently, im(p) is equal to

d

0—»g 4, ga_d, d

St —+ 5 —0
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with basis
degree generators
0 1
1 Ui, Uz, Uz, U4
2 UTU2, UTU4, UUS, U3U4
3 U UUZ + T3UTUIU4

Figure 5.3 depicts the full table for the multiplication ps = pAs.

We have seen how Morse matchings give rise to Aso-structures on im(p). Our next goal
is to describe Aso-structure on the actual Morse complex. This will allow us to study

these structures in terms of the critical vertices of the Morse matching.

Let A be a differential graded algebra and let M be a Morse matching on A with
corresponding splitting homotopy ¢. Define

p=1-dp—od
as before. We have seen that there is a transfer diagram

1

im(p)C A 3 ¢
p

where i is the inclusion. Consequently, the multiplication A\: A? — A induces an Ay-
structure g, on im(p) via the Merkulov construction from Theorem 2.3.6. Let AM

denote the Morse complex. Then we have a diagram
A—L 4
pJ} Tj
qi
M

q
im(p) ———— A
where ¢ is the projection on the critical cells. Recall from the proof of Theorem 5.1.13

Pj
that the differential d on A can be rewritten as

d=q(d— d¢d)j
= qidpj.

By Theorem 2 of [45] it follows that pjis is an isomorphism and hence we get the following

corollary of Theorem 5.2.2.
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Corollary 5.2.5. Let A be a dg algebra and M a Morse matching. Then the Morse
complex AM has an A.-algebra structure v, such that there exists an isomorphism of

Ao-algebras
(AM, 1) = (im(p), pun)-

Proof. Indeed, define v, by
Vn = qipin(pf)*".

The required isomorphism is then the one induced by piis via Theorem 5.2.2. O



Chapter 6

Algebraic Morse theory and Massey

products on Koszul homology

6.1 Algebraic Morse theory on the Taylor resolution

In this section, we apply algebraic Morse theory to the Taylor resolution 7T'. First, we
discuss one way of constructing Morse matchings on the Taylor resolution which is due
to Jollenbeck [22].

Given a basis element u = u;, ---u;, € T, define an equivalence relation as follows. We
say that u;; and u;, are equivalent if ged(m;,,m;,) # 1. In that case, we write u;; ~ ;.
The transitive closure of ~ gives an equivalence relation on u and we write cl(u) for the
number of equivalence classes. An arrow u — v in G is called admissible if m, = m,

and the Taylor differential d maps u to v with nonzero coefficient.

Construction 6.1.1. 1. Let u — v be an admissible arrow with cl(u) = cl(v) = 1
such that no proper subsets ' C u and v' C v define an admissible arrow v — v’
with cl(u) = 1 and cl(v') = 1. Define

M1 = {uw — vw | for each w with ged(my, my) =1 = ged(my,, my)}.

To simplify notation, write u € My if there exists v such that either v — v or
v — wis in Mj;. Then My, is an acyclic matching. Note that if ged(m,,, m,) =1
and uv € My, then u € Mj; or v € My;. Consequently, the same procedure
can repeated on the Morse complex 711, Therefore, we obtain a series of acyclic
matchings M = U;>1 My;. After finitely many steps we obtain a complex such

that for each admissible arrow u — v we have cl(u) > 1 and cl(v) > 2.

2. Let u — v be an admissible arrow in TM! with cl(u) = 1 and cl(v) such that no

proper subsets v/ C u and v' C v define an admissible arrow v’ — v" with cl(u) = 1

81
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and cl(v’) = 2. Define
Mo = {uw — vw | for each w with ged(my, my) =1 = ged(may, my)}-

By the same argument as before, this procedure can be repeated on the Morse
complex TM21. Consequently, we obtain a sequence of acyclic matchings My =
Ui>1 Mo;.

3. Continuing on we obtain a sequence of matching M = U;>1 M.

Each admissible arrow is of the form ww — vw where m, = m,, ged(my,my) = 1,
cl(u) = 1 and cl(v) > 1. Therefore, ("™, d) is the minimal free resolution of S/I.

The following lemma is immediate from the above construction.

Lemma 6.1.2. Let M be constructed as above. Then

1. for all arrows u — v in M we have m, = m,,
2. for all arrows in the Morse complex T™™ we have m, # m,,

3. M, is a sequence of acyclic matchings on the Morse complex TM<¢ where M; =
Uj<i My,

4. for all arrows u — v we have cl(u) — cl(v) =i —1 and |v| + 1 = |ul,

The following lemma is straightforward but will be used often.

Lemma 6.1.3. Let M be a Morse matching on the Taylor resolution 7. Then M is

maximal if and only if TM is the minimal free resolution.

Proof. Clearly, if TM is minimal then M cannot be extended and hence is maximal.

For the converse, if 7™ is not minimal then there exists some component dq g which
does not map into (z1,...,2m,)T. By definition of the Taylor differential this is only
possible if dy g = 1 and so is invertible. Define M’ by setting

M' = MU {a— B}

Then it is easily seen that M’ is a Morse matching. Therefore, M is not maximal. [

Corollary 6.1.4. Let R be a monomial ring and let ' — R be the minimal free resol-
ution of R. Then there exists a maximal Morse matching M on the Taylor resolution T
such that TM = F.

Proof. Let M be the matching obtained from Jéllenbeck’s construction. Then TM is
maximal by Lemma 6.1.3. Since the minimal free resolution is unique by Lemma 3.2.6,
we have TM = F. O
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Theorem 6.1.5. Let M; and My be maximal Morse matchings on 7" and let {u!} and

{12} be the corresponding As.-algebra structures. Then there is an A.-isomorphism

(T, ) = (T2, {in}).

Proof. From Lemmas 3.2.6 and 6.1.3 it follows that 7M1 = TM2  Therefore, we can

apply Theorem 5.2.3 and Remark 5.2.4 and we get an A..-isomorphism

(T {u}) = (T2, {in})

which finishes the proof. O

Our next goal is to investigate how A..-structures behave under polarization. We briefly

recall the polarization construction following the exposition in [42].

Definition 6.1.6. Let f € S be a monomial. Write f = ¢1 - - - ¢, where ¢; = z". Define

the polarization qfOI of g; to be

1 ifa; =0

ZT; Hlﬁjﬁai—l tiJ' if a; 75 0

pol __
q =

and define the polarization fP° to be

1 __ pol 1
P =q .

If I = (my,...,m,) is an ideal, then the polarization IP°' of I is

Jrol (mpol mpol)

= (m}”,...,mk%).
Note that if I is an ideal in S = k[x1, ..., 7] then IP° is an ideal in
SPOl = Klt1 1, gy B2ty s B2y e s bmds o Erpin)
where
pi = max{c | 25T divides one of m,...,m,}.

Now, set

a={tji—z;|1<j<n1<i<p;}

We have
spel/ (1Pl 4 () = S/1.

We call the process of factoring SP°! by («) depolarization.

Example 6.1.7. Let I = (23, 202324, 23, v124). Then
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monomial | polarization
3 r1t11t1,2
TowiTy Tox3l3,1T4
3 r3t3 1132
T1T4 14

and so we have

ol
IP?" = (21t1 1t 2, Tox3t3104, X3t3,1t3.2, T1, T4)
and

I
SPO = klx1,t1,1t1,2, T2, X3, 13,1, 3,2, T4].

Let F' be the minimal free resolution of R and let {u,}52; be an Ay-structure on F. By
Corollary 6.1.4 it follows that there is some Morse matching M on T such that TM = F.

Consequently, F' admits a basis consisting of basis sets uy of the Tayor resolution. Let

ur = {ui, ..., )
be such a basis set and define u‘l)ol by

pol pol pol
up =A{up g b

Here, we use that the basis elements of the Taylor resolution can be identified with

subsets of the minimal generators {my,...,m,} of I.

Let FP°! denote the free SP°-module spanned by the uIIJOl where u; is a basis element of
F. Define a differential dP°' by

deIU?Ol _ (duI)pol.

It is clear that FP°! is the minimal free resolution of SP°! /TPl

[e.o]

Our goal is to construct an As.-structure {MEOI 21 on the polarized resolution F pol,

Define a k-linear map (—)P°': F' — FP°l by setting
(ful)pol — prl’u,I;Ol,

Next, define the maps ,u?fﬂ by putting

1 1
:U'g()l(ulljf 7o 7UII): ) = (Mn(uhv s 7ufn))

Lemma 6.1.8. The pair (FP°, {8”}°° ) is an A.-algebra.

n=1
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Proof. We compute

pol/, pol pol  pol/, pol pol pol pol
(g, sy (ulr+1"“’uh+s)’ Lopors?® o 7))

__ poly, pol pol pol , pol pol
= i (upy sy (s(Un s e )P g, ey
— ol

= (Mu(uh, <o U, Ms(ulwrl’ cee 7u[r+s)’ L7 SRR 7u1n)p .

Therefore, we have
SO @ i @ 1) = (30 (1) (17 iy 1)
=0
where the second identity follows from the Stasheff identities for . O

Lemma 6.1.9. The map p,, is minimal if and only if the map ,LL?LOI is minimal.

Proof. The lemma is immediate from the observation that the coefficients of MEOI are

just that polarized coefficients of py,. O

The following corollary is an immediate application of Lemma 6.1.9.

Corollary 6.1.10. For any monomial ring R,

1. R satisfies condition (B,) if and only of RP° satisfies condition (B,.).
2. R is Golod if and only if RP°! is Golod.

Remark 6.1.11. The second statement of Corollary 6.1.10 was first proved in [14].

6.2 Simplicially resolvable monomial rings

A well-known result by Berglund and Jéllenbeck is the following.
Theorem 6.2.1 ([6], Theorem 5.1). Let R = S/I be a monomial ring. Then the
following are equivalent.

1. R is Golod

2. The product on the Koszul homology Tor®(R, k) vanishes.

However, in |25] Katthén presented the following counterexample to Theorem 6.2.1.

Theorem 6.2.2 ([25]|, Theorem 3.1). Let k be a field and let S = k[z1, x2,y1, Y2, 2]. Let
I be the ideal generated by
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2
m1 = 125 my4 = T122Y1Y2 my7 = T1Y1%
_ 2 2.2 _ 2,2
m2 = Y1Ys ms = Y3z mg = T3Ysz
ms3 = 23 me — .’E%Z2

Then the product on TorS(R, k) is trivial but R is not Golod. More precisely, the Massey

product (mj1,ma,ms) is non-trivial.

A natural question to ask, then, is under what additional assumptions Theorem 6.2.1
does hold. The main purpose of this section is to provide an answer to this question.
Recall from Definition 3.2.15 that a resolution F' is called simplicial if F' = Fa for some

simplicial complex A. We start with a definition.

Definition 6.2.3. A monomial ring R is called simplicially resolvable if the minimal

free resolution of R is a simplicial resolution.

Lemma 6.2.4. Let R be a monomial ring. Then the following are equivalent.

1. R is simplicially resolvable

2. The Taylor resolution T' of R admits a maximal Morse matching M such that the

set Mg of M-critical cells forms a simplicial complex.

Proof. If the second statement holds then Fq, = TM is a simplicial resolution of R.

Since M is maximal, it follows by Lemma 6.1.3 that Flr, is minimal.

Conversely, assume that R is simplicially resolvable. Let F' = Fa denote the minimal
free resolution and let T" denote the Taylor resolution. Then there exists a trivial complex
G = PaciGo where

Gy O—»Suaﬁ»SvaHO
with dg(uq) = vo. Define
M={dy: uqg > vq | a€l}

then M is Morse matching and Fa = T™Mo. Therefore, My = A and hence M, is a

simplicial complex. ]

The following lemma is straightforward but crucial in what follows.

Lemma 6.2.5. Let R be simplicially resolvable and let M be a Morse matching on
the Taylor resolution T' of R as in Lemma 6.2.4. Let {v,} denote the corresponding

Aqo-structure on the Morse complex T™. Then

Vo = g0 Ay o jO"
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where ¢: T — T is the projection on the critical cells, j: T™ — T is the inclusion and
An: T®" — T is the auxiliary map from the Merkulov construction (2.3.4).

Proof. Recall from Corollary 5.2.5 that v, is given by
Vi = qipmpj = qipha(ipf)©".

Let d denote the differential of the Taylor resolution T and let d denote the differential of
the Morse complex d from Definition 5.1.14. That is to say, d = q(d —de¢d)j. Since R is
simplicially resolvable, it follows by Lemma 6.2.4 the critical cells Mg form a simplicial
complex. Therefore, if u € T is a critical then all v C u are critical as well. Consequently,
d(TM) C TM. Now, p=1—d¢ — ¢d and ¢(T™) = 0 by definition. Hence, for u € TM
we have

pj(z) = (1 —dp — ¢d)jr = x — dpx — pdx = .

Consequently, the isomorphism pj: T™ — im(p) is just the identity. Hence so is its
inverse gi. Therefore,

Vo = oAy 0 j"
as required. ]

Our next goal is to investigate how the auxiliary maps A,: 7" — T of the Merkulov
construction (Theorem 2.3.6) behave with respect to multidegrees. Recall that Ay is the
product - of T" and

A= (1) Ao (dAs @ dAy)
s;:ttZ:{@

for all n > 3. We start with the following lemma.

Lemma 6.2.6. Foralln and allvy,...,v, € T, lem(A,(v1,...,vy,)) divides lem(vy, .. ., vy).

Proof. We prove the statement by induction on n. If n = 2, then

lem(vq) lem(v2)

Tem{oyva) V102 if v Nwg =10

Ao (v1,v2) =
0 otherwise

and so the result is clear. Next, assume the result holds for all degrees up to n — 1.

Fix some k + [ = n. By assumption, lem(Ag(v1,...,vg)) is a divisor of lem(vy, ..., vg).
If pAg(v1,...,vr) = 0 then there is nothing to prove. Otherwise, there exists some
x = Mg(v1,...,v5) € M. Then we can write

qb)\k(vla"'avk‘) :x+zya

for some a. If y, # 0 for some «, then in the Morse graph G there is a subgraph
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x Yo

)\k(vl,...,vk) Ra

where the red arrows are in the Morse matching M. By definition of M, we have

lem(z) = lem(Ag(v1, ..., v)) and lem(y,) = lem(z,) for all a.. Since lem(z,) is a divisor
of lem(z), it follows that lem(y,) is a divisor or lem(Ag(vy, ..., vg)) = lem(vy, ..., vg).
The result now follows from the case n = 2. O
Our next goal is to give a lower bound for cl(A,(v1,...,vy)). We have the following
lemmma.

Lemma 6.2.7. Let n > 2 and let vy,...,v, € T with ged(v;,vj) =1 for i # j. Then
cl( A (v, ... vp)) > 2.

Proof. Fix some k +1 = n and let vy,...,v, € T with ged(v;,v;) = 1 for ¢ # j. It is
sufficient to show that

ged (lem(gpA (v, - .., vg)), lem (@A (v, - - -5 vn))) = 1.

By the previous lemma, it follows that lem(pAg(v1, ..., vg)) is a divisor of lem(vy, ..., vg)
and that lem(pA;(vgy1, ..., vy,)) is a divisor of lem(vgiq,...,vy,). Since

ged (lem(vr, ... vp), lem(vgy, ..o o)) =1,
it follows that cl(\,(v1,...,v,)) > 2 as desired. O

We now come to the first main theorem of this section.

Theorem 6.2.8. Let R be simplicially resolvable and let ' — R denote the Taylor
resolution. Suppose that the Taylor resolution admits a Morse matching M such that
for all uw € T with cl(u) > 2 we have w € M. Then S/I is Golod.

Proof. Recall from the previous section that for a given Morse matching M we have a
diagram
T—L1 7T

where f = ¢i and g = pj. As usual, we let \j: T®k — T denote the auxiliary maps from
the Merkulov construction and py: F®¥ — F the Ayo-structure on F. That is,

ik = po Ay o i®
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Since R is simplicially resolvable, it follows from Lemma 6.2.5 that the maps

v = qi o puy, o (pj)®F
=qo)oj o

give an Aso-structure on the Morse complex T™. Suppose that the Massey product
(ui,...,u,) is defined. Tt is sufficient to show that v, (uy,...,u,) € (21,...,2m)TM.
We may assume uyq, ..., u, have pairwise trivial gcd since otherwise the Massey product

will be trivial. By the previous lemma,
cl(Ap(v1,y ..y 0)) > 2.
Consequently,
Un(Ui, ..., up) =g\ (v1,...,0,) =0
since ¢ is the projection on the critical cells. O
We have the following lemma.

Lemma 6.2.9. Let R be simplicially resolvable. Then the following are equivalent.

1. The Taylor resolution 1" admits a Morse matching M such that for all u € T with
cl(u) > 2 we have u € M.

2. The product on Koszul homology is trivial.

Proof. For a given Morse matching M we have a diagram

T— T

[ f

F =im(p) ; > M

where f = ¢i and g = pj. First, assume that T" admits such a Morse matching and call it
M. Let u,v € F. It is suffcient to show that pa(u,v) € (z1,...,2m,)F. We may assume
that ged(my, m,) = 1 since otherwise Aa(u,v) € (x1,...,z,)F and hence po(u,v) €

(x1,...,2m)F. Since ged(my, my) = 1, it follows that Aa(u,v) = uv. Therefore,

p2(u,v) = p(uv) = gq(uv).

But since uv € M by assumption, we have g(uv) = 0 hence pz(u,v) = 0. Therefore, the

cup product is trivial.

For the converse, suppose that the first statement does not hold. Then for every Morse
matching M there is some u with cl(u) > 2 such that u ¢ M. So, fix some M and pick
u ¢ M with cl(u) > 2. Since cl(u) > 2, there exist v, w such that v = Aa(v, w). Since R
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is simplicially resolvable, it follows by Lemma 6.2.4 that v and w are critical. Note that

necessarily ged(my,, my,) = 1. We claim that

Let {v,} be the Ay -structure on T™ corresponding to M, that is
Vp = f 0 pnog®".
Then v, ® 1 =— as T™ is minimal. Compute

vo(v,w) = fuz(gv, gw)
= fpAa(igv, igw)
= gA2(jv, jw)
= q(vw)

= vw
where the last step follows because vw is M-critical by assumption. Hence [v] — [w] =

[u] # 0 as desired. O

We now come to the main theorem of this section.

Theorem 6.2.10. Let R be simplicially resolvable. Then R is Golod if and only if the

product on Koszul homology is trivial.

Proof. If R is Golod then the product is trivial by definition. Conversely, if the product
is trivial then it follows by the previous lemma that the Taylor resolution 7" admits a
Morse matching M such that for all w € T" with cl(u) > 2 we have u € M. But this
implies that all Massey products vanish by Theorem 6.2.8. ]

Recall that if M is a Morse matching then we denote by My the set of critical cells. We

have the following result.
Theorem 6.2.11. Let R = S/I be simplicially resolvable. Then the following are
equivalent.

1. R is Golod

2. The product on Tor® (R, k) is trivial.

3. I satisfies the gcd condition. That is, for any two generators m; and mgy of [
with ged(my, ma) = 1 there exists a generator m # my, mg such that m divides

lem(my, ma).

4. For u,v € My we have lem(u)lem(v) # lem(uv) whenever uv € M.
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Proof. The equivalence 1 < 2 is Theorem 6.2.10. The equivalence 2 < 3 is well-known,
see for example Lemma 2.4 of [25]. We prove 2 < 4. Since R is simplicially resolvable the
product on Tor® (R, k) is induced gAa. Assume the product is trivial and let u,v € M.
Then either Ag(u,v) = 0 or gAz(u,v) € (x1,...,2m). In the first case, uv ¢ My by
definition. In the second case, we have uv € M and

lem(u) lem(v)

gro(u,v) = q(uv).

lem (uv)
So g2 (u,v) € (z1,...,%n) implies that lem(u)lem(v) # lem(uv).

For the converse implication, let u,v € My. If uv ¢ My, then ¢(uv) =0 and so u — v =
0. So, assume uv € My. Then lem(u) lem(v) # lem(uv) and so gha(u, v) € (1, ..., Tm)-
Consequently, u — v = 0. ]

The following examples show that the class of simplicially resolvable is quite expansive.

Example 6.2.12. Let I be a monomial ideal. Recall that I is called strongly generic|5| if
no variable x; occurs with the same nonzero exponent in two distinct minimal generators
of I. By Theorem 3.2 of |5], it follows that S/I is simplicially resolvable.

We point out that in [5] it is claimed that the minimal free resolution of a strongly
generic ideal always has a dg algebra structure. However, recently a counterexample to

this claim was found in [27].

Example 6.2.13. For a monomial m = z{* --- 2% € klx1,...,Ty], write

supp(m) = {i | a; # 0}

for the support of m. A monomial ideal I = (my,...,m,) is called generic|39] if for any
distinct m; and m; that have the same positive degree in some variable x, there exists

a third generator my, such that my, divides lem(m;, m;) and

(lcm(mi, m;) )

supp = supp(lem(m;, m;)).

mg
If I is generic then S/I is simplicially resolvable by Theorem 1.5 of [39].

Next, we want to investigate the vanishing on higher Massey products. First, recall the

definition of a standard matching introduced in [22].

Definition 6.2.14 (|22|, Definition 3.1). Let M = U;>9 M, be a sequence of matchings

on the Taylor resolution 7. Then M is called a standard matching if the following hold
1. for all arrows v — v in M, we have m, = m,,

2. for all arrows in the Morse complex T™, we have m,, # m.,
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3. M, is a sequence of acyclic matchings on the Morse complex T™M<i, where M; =
Uj<i Mj,

4. for all arrows u — v in M;, we have cl(u) — cl(v) =i —1 and |v| + 1 = |ul,
5. there exist B; C M; such that

(a) M; =B;U{uUw —vUw | ged(my,my) =1and u— v € B;},

(b) for all arrows u — v in B;, we have cl(u) =1 and cl(v) = i.

Theorem 6.2.15. Let R be simplicially resolvable. Suppose that the Taylor resolution
T admits a standard matching. Then all higher Massey products are trivial.

Proof. Let M be a standard matching on T. We obtain an As-structure on the Morse
complex TM by

vp = qo g o j*.
Suppose that the Massey product (ui,...,u,) is defined. It is sufficient to show that
Un(Uut, ... uy) € (21,...,2,)T". We may assume the u; have pairwise trivial gcd since

otherwise the Massey product will be trivial. We have

An(ug, ) = Y (=DM (@A (- -y uk), 9N (kg1 - Un)).

k+l=n
Fix some k,l. We may assume that ¢Ag(u1,...,ux) # 0. Therefore, there exists some
x = Mg(ug, ..., ug) € M. Then we can write

d))\k(ul,...,uk) :x+2ya

for some «. If y, # 0 for some «, then in the Morse graph Gt there is a subgraph

x Yo

(U, .. ug)  Za

where the red arrows are in the Morse matching M. We have that
lem(Ag(ug, ..., ug)) = lem(z)

and

lem(zq) = lem(yq).

Since lem(zq ) divides lem(z), it follows that lem(y,) divides lem(Ag(u1, ..., ug)). There-
fore, pN\(ugs1, ..., uy,) is disjoint from x and y,. By definition of standard matching, it
follows that

TON Ukt 1y -+ o5 Up) —> WOON (Ugs1,y - - Up) € M
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and
Ya N (Ukt1y -5 Upn) = 2aPN(Ugs1, .- Up) € M.
So,
gr2 (P (ur, . . ug), A (Ugs1, -, up)) =0
since ¢ is the projection on the M-critical cells and elements xpA;(ugsq,-..,u,) and
YadA (W41, - - -, Up) are not M-critical. Consequently,
Up (U1, ... up) =0
and so the Massey product (uy,...,u,) is trivial as desired. O

As said before, in [6] it is claimed that the Golod property is equivalent to the vanishing
of the product on Tor®(R, k). However, in [25] a counterexample to this claim is given.
The problem is to be found in [22] where it is claimed that standard matchings always
exist. However, the following example due to Katthén [25]| shows that this is not the

case.

Let S = k[z1, 22, x3,x4] and let I denote the ideal
I = (a3, 2120, w13, T304, 7).
We will show that I does not admit a standard matching.

For ease of notation, denote the generators of I by

— 2 — — _ _ 2
up = Iy, Uz = 2122, U3z = 213, Uy = T3L4, Us = Ty

Further, we will write uq = [[;c 4 u;. Since any matching most contain all arrows u — v

with m, = m, for it to be standard, we first consider all possible such arrows. This



94 Algebraic Morse theory and Massey products on Koszul homology

produces the following list

U12345 — U1345
U12345 — U1245

U12345 — U1235

U2345 — U245

U2345 — U235

U1345 — U135

U1235 — U135

U1234 — U134

U1234 — U124

U345 — U35
U234 — U24

U123 — U13

These are the red arrows in Figure 6.1. Note that any standard matching must contain
the arrows

U123 — U13 (6.2.1)

and

U345 — U35 (6.2.2)

since there are no other monomials in the relevant multidegrees. We have cl(uj23) =
cl(usgs) = 1 and cl(u13) = cl(uss) = 2. Consequently, using the notation of Definition
6.2.14, the arrows (6.2.1) and (6.2.2) are in By. Since ged(my,y,, My;) = 1, any standard
matching containing the arrow wuis3 — w13 must also contain the arrow wuiozs — u1ss
by property (5a) of Definition 6.2.14. Similarly, since ged(muy,s, My, ) = 1 any standard
matching containing usgss — ugs must also contain w1345 — u135. Therefore, any standard
matching must contain wuj235 — w135 and w1345 — u135. But this a contradiction as a
matching can hit each set at most once. Consequently, I does not admit a standard

matching.
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Define a matching M by

U12345 — U1235
U2345 — U245
U1345 — U135

U1234 — U124

U345 — U35
U234 — U24

U123 — U13

These are the solid red arrows in Figure 6.1. This choice of M gives an acyclic matching

satisfying the first four conditions of Definition 6.2.14.

Next, we want to use our tools to show that S/I has a nontrivial Massey product. The
only Massey product that can possibly be nontrivial is (u1, ugus) since these are the only
disjoint generators. By our earlier observation, the second definition of ¢ is irrelevant.

We compute

pa(u1,us) = pA2(u1,u3)
= p(uiug)
= (1 —d¢ — ¢d)(ujus)
= ujus + d(ujugus)
= uiu3 + T1uu3 — ULU3 + T3UIUL

= T1UUu3 + T3UTU
and

pa(us, us) = pA2(us, us)
= p(uzus)
= (1 — d¢ — ¢d)(uzus)
= uzus + d(uzuqus)
= U3Us + T2U4U5 — UU5 + T4UU4

= ToUqUs + T4UIUL.

Therefore, in Tor® (S/I1,k) both wjus and ugus are zero and so the Massey product

(u1,ugug) is defined.
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To get rid of signs, we assume the characteristic of k is two. Then we have

A3(u1,uz, us) = Aa(PA1ur, pA2(usz, us)) + A2 (PA2(ur, u3), pArus)
A2 (u1, pA2(us, us)) + Aa(dA2(u1, us), us)
A

2
2(ur, usugus)) + Ao (uiugus, us)

= ULUIU4U5 + UL ULUIUS.
Now,

p(urugugus) = (1 — do — ¢d) (ujusugus)
= U UIULU5 — a:%cb(u;>,u4u5) + zogp(urugus)
— P(uruzus) + zag(uruua)
= ULUULU5 — U UULUS

=0
and

p(urugusus) = (1 — dop — ¢d)(ujugusus)
= uyugusus + d(ujugugugus) — x1¢(ugusus)
+ d(urugus) — z3g(urugus) + w30 (uiugus)
= UTUUIU5 + T1U2UIU4US — UTUIU4US + U U2U4US
— UTU2UZU5 + T4UIUUZU4 + U UULUS

= T1UU3ULU5 + UTU2ULUE + T4UUSUZUL.

Thus,

pa(ul, ugus) = T1uuzUsUs + UTULUAUS + T4UTULUI UL

which does not lie in the maximal ideal. Next, we show that the indeterminancy of

(u1,us,us) is zero. Again, it is sufficient to show that
(u1,us) N Torf (R, k) = 0.

So suppose ujv € Torf (R, k). Since mdeg(u;) = x7, it follows that mdeg(v) = zox327.
Since there are no critical cells of multidegree zox3r3, we get v = 0. Therefore,

(u1,us, us) = ujuguqus and so S/I has a nontrivial Massey product.

Remark 6.2.16. Since S/I has a non-trivial higher Massey product, it follows that there
does not exist a dg algebra structure on the minimal free resolution of S/I. Indeed, S/I
was the first example of such a monomial ring [1| but the original proof uses different
methods to establish this.
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FIGURE 6.1: The graph Gr corresponding to the ideal I.

U345
U45
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6.3 Massey products in low degrees

6.3.1 Denham-Suciu obstruction graphs

Up until now we have mainly been concerned with vanishing of Massey products. In
this section we will use algebraic Morse theory to prove some results concerning the
non-vanishing of Massey products. In what follows we write A(M) for the 1-skeleton of
a simplicial complex A on a vertex set [m]. Recall the following result by Denham and
Suciu [10].

Theorem 6.3.1 ([10], Theorem 6.1.1). Let A be a simplicial complex. The following
statements are equivalent.
1. There exist classes a, 3,7 € Tor®(k[A], k) for which the triple Massey product
(.3,7) is non-trivial.

2. The underlying graph of A(Y) contains an induced subgraph isomorphic to one of

the five graphs of Figure 6.3.

Eaeyiageets

FIGURE 6.2: The five Denham-Suciu obstruction graphs

Our aim in this section is to use algebraic Morse theory to compute these Massey products
and thereby giving a different proof of the implication 2 = 1 of Theorem 6.3.1. By
arguing as in [10], it is sufficient to prove the result for simplicial complexes A on six

vertices. Consider a simplicial complex A having the following graph as its 1-skeleton.
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Note that since A does not contain the full graph on four vertices it follows that
dim A = 2. First assume that A contains all triangles. Then the Stanley-Reisner ideal

of this complex is generated by

up = r173, U = T2X4, uz = rols, Uy = T35, Us = T4T6-

The graph Gt corresponding to [ is pictured in Figure 6.3.

By considering supports, we see that the only possible nontrivial Massey product is

(u1,us,us). To get rid of signs we will assume the characteristic of k is 2. We have

A3(u1, uz,u3) = Aa(PArur, pA2(usz, us)) + A2(PA2(ur, u3), Arus)
(u1, p(uzus)) + A2(P(urus), us)

A2
A2 (u1, ugusus) + Ao (urusug, us)

= ULU2U3U5 + UTUIULUS.
Now, we have

p(urugusus) = (1 — dop — ¢d)(ujugusus)
= upuguzUs + T123¢(U2uzUs)
+ (uruzus) + z5d(urugus) + red(uiugus)
= UTUUIU5 + U] U2UIUS

=0
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FIGURE 6.3: The graph Gr corresponding to the ideal I.
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and
p(urugugus) = (1 — dp — ¢d)(uruzuqus)
= wyuguqus + d(uuguzugus) + 10 (ugusus)
+ zop(urugus) + ¢(urusus) + v4x6d(uiuzuyg)
= UTUZU4U5 + T1U2U3UAUS + UL USULUF + UL U2ULUS
+ UTULUI U5 + TEUTULUIUL + U UUIUS
= T1UU3ULU5 + UTU2ULU5 + TeU1UUZUL.
Consequently,
UIUULUs € (U1, U3, Us).

To see that (u1,us,us) is non-trivial, we compute the indeterminacy of the Massey

product. That is, we need to compute
(u1,us) N Tory (R, k).

So, suppose
wyv € (uy,us) N Tory (R, k).

Since mdeg(u;) = z1x3, we must have mdeg(v) = xoxyrsx6. However, there are no

critical cells of that multidegree and so v = 0. The same argument applies to us and so
(u1,us) N Tory (R, k) = 0.

Therefore, we have
(ur,u3, us) = urugusus

and so in particular the Massey product is non-trivial.

Now, if A does not contain all triangles then the computation carries over and we get
uruguaus € (U1, u3, us).

To see that the indeterminacy does not change, note that every triangle contains either
the vertex 1 or 3. Therefore, adding triangles does not add any critical cells of multidegree
Tox4x52¢ and so the indeterminacy remains the same. Thus, the Massey product remains

non-trivial. The proof for the other four obstruction graphs is similar and will be omitted.

6.3.2 Massey products in low degrees

Let (uj,---,u,) be a Massey product. If the homological degree of w; is p;, then
(ug, - ,uy,) is called a (p1,...,pn)-Massey product. Our goal is to prove the follow-

ing proposition.
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Proposition 6.3.2. Let A be a simplicial complex. Suppose that the edge complement
G of AWM contains a 7-cycle without cords. Then Tor®(k[A], k) has non-trivial (p, g, 7)-
Massey products for (p,q,r) = (2,1,1),(1,2,1),(1,1,2).

Proof. Arguing as in [10], it is sufficient to prove the result for the case when the edge

complement is given by

4 5

Therefore, we can assume that the Stanley-Reisner ideal I of A is generated by
{ui =zizip1 [i=1,...,6} U{ur = m127}.

Let M’ be the matching consisting of ujusugus — UUsly, Ususue — Usug as well as
U2U3UALUFUEUT —> U2UAUSUGUT U1 UIULUFUgUT — UTUIUSUGUT
UL U2UAUFUEUT —> UTUUSUGUT UTU2U3U4LUEUT — U2UULUGUT

UL U2UIUAUFUT —> U2U3ULUSUT UL U2U3ULUFUE —> UTU2UIULUS

and

U3ULU5UgUT — UIUSUGUT
U1U4LURUEUT — UTULUGUT
ULUIUQLUFUE — UTUIUFUG

ULUU3UEUT — UTUIUGUT

U2U3U5UEUT — U2U3UFUT
UTUIULUEUT — UTUIULUG
UTU2ULUGUT — UTUUAUG

ULUUIUALUT — UTUIULUT

U2U3ULUFUE —> U2UAUSUG
U1U3U4LUFUT — UTUIU5UT
UTU2UAUFUT —> U2UAUZUT

UTU2UIUAUT —> UTUUAUT

UL U2U3ULUFUEUT —> UTUUIU5UEUT

Next, extend M’ to some maximal Morse matching M. To get rid of signs we will work

over Z/2 but it is clear the computation carries over to any field. We have
)\Q(ul’LLQ, U4, u6) = )\2((]5(U1U2U4), UG) + )\2('&1U2, ¢(U4U6)> = U1U2U3U4LUE + U1U2U4LU5 UG-
Next,

p(urugusugug) = (1 — do + ¢d)(urugusugug)
= urugususUe + G(u1uzusue) + G(urugusue) + a

= UTULUIULUG + UTUSULUGUT + U U2ULUGUT



Algebraic Morse theory and Massey products on Koszul homology 103

where a = z1¢(ugugugug) + 50 (uiugugug) + x7d(uiugusuy). Since a € (zy,...,x7), it
will vanish after tensoring with k& and hence can be ignored in the computation. Arguing
similarly we get

p(U1U2U4U5U6) = U1UULU5UG + UL ULULUGUT

and so

N3(u1u27 uqu, UG) = U U2UIU4UG + UTU3ULUEUT + U U2UAUS UG-

Observe that wujugugugug, ujusususug € (ujug,ug). Therefore, the Massey product
(ujug, ug, ug) is trivial if and only if ujugugugur € (urusg, ug) if and only if ujususugur €

(ug). But by considering supports we see
uuduguy — ug =0
and therefore the Massey product is non-trivial. The proofs for (p, ¢,r) = (1,2,1),(1,1,2)

are similar and will be omitted. O

An interesting observation is that by contrast to Proposition 6.3.1 it is necessary to have
a cycle in order for there to be Massey products of the form (2,1,1), (1,2,1) or (1,1,2).

Indeed, if the edge complement is

then the projective dimension of S/I is 4. Since the homological degree of Massey
products of the form (2,1,1), (1,2,1) or (1,1,2) is 5, they must all be trivial. The next
example shows that adding edges does not produce non-trivial Massey products of the

required form.

Example 6.3.3. Suppose the edge complement is given by

Then the ideal I is generated by
{ui =zizip1 [i=1,...,7}

We show that the (2,1,1)-Massey product (ujug,us,us) is trivial. Let T' denote the

Taylor resolution of I. As usual, we will use Z/2-coefficients. Our first goal is to compute

A3(uiug, ug, ug) = Aa(dAa(urug, us), ug) + Aa(uiug, pA2(ua, us)).

We have A\ (ujuz, ug) = ujuguyg and Ao(ug, ug) = ugug. Observe that the only invertible

arrow u — ujoty in G is uqusugug — uiusuyg. Therefore, we can restrict our attention
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to Morse matchings M such that ujusugus — ujuougy € M. For any such Morse
matching M on T

d(ujuguy) = ujuguguy.

Arguing similarly, we get

d(ugup) = uqusug

and so

A3(urug, ug, up) = U UUIUAUE + U UUAUSUG.

Next, we need to compute
pra(uruz, ua, ug) = pAz(urug, us, ug) = p(uruguzusue) + p(uiugugusue).

For this, let M’ be the matching consisting of ujususus — uiusus, ULUSUE — Uslg AS

well as

ULU2U3U4LUFUE — UTUIULUSUG ULUUIULURUT — UTUUAUFUT
UL U2U3U5UEUT — UTU2UIUSUT UTU2UAUFUgUT — ULUUAUGUT
UTUIULUFUEUT —> UTUIULUSUT U2U3U4LUFUEUT —> U2U3UALUSUT

ULU2U3U4LUFUEUT — UTU2UIULUGUT

and

U3ULUFUgUT — UIUFUGUT U2UAUSUGUT7 — UULUGUT UU3U5UEUT — UUIUSUT
U2U3U4LUSUE — UULUSUE UTULUSUGUT7 — UTULUGUT U1U3USUEUT — UTUIUSUT
UL UUFUSUT — UTULUSUT UTU2UAUR UG — UTUULUG U1UU3UEUT — UTUIUGUT
U1U2U3U5UG — UTUIU5UG UL U2U3UALUT —> UTUIULUT UTU2U3ULUE — UTUIUAUG

ULTU2UIUALUE — UTUIULUS
Next, extend M’ to some maximal Morse matching M. We get

p(U1u2u3u4U6) = UIUULU5UE-

and

p(uruguqusug) = 0.

Since ujuguqusug € (ujuz), we have that ujugususug projects to zero in
Torg?(R, k)/(uiug, ue)

and so the Massey product (ujus,us,ug) is trivial. The proof for the other two types of
Massey products is similar and will be omitted. Note that adding additional edges to
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the chain does not change the conclusion since the corresponding generators will have

multidegrees that are disjoint from the Massey product.

6.4 Representability of Massey products

By Theorem 4.1.7, we know that for any A-structure {u,} obtained from the homotopy

transfer theorem (Theorem 2.3.3) we have
pn(a1 ® - @ ay) € (ay,...,an).

An interesting question is the converse, that is, if (ai,...,a,) is a Massey product on
Tor®(R,k) and a € (a1,...,a,) does there exist an Ay-structure {,} such that

Mn(ala .- '7an) =a?

The main tool in studying this question is the following proposition.

Proposition 6.4.1 ([40], Proposition 2.11). Let A be a dg algebra and let (a1, ..., ay,)
be a Massey product on the homology algebra HA. Let a € (o, ..., ay). If there exists
a defining system {a;;} such that {da;;};—i>2 is a linearly independent set, then there
exists an Ay-structure {u,} on HA such that

The following theorem gives a partial answer to the above question.

Theorem 6.4.2. Let R be a monomial ring and let (a1, ..., a,) be a non-trivial Massey
product on Tor®(R, k). Then for all a € (a1, ..., a,) there exists an Ay-structure {,,}
on Tor®(R, k) such that

tun(ag, ..., an) = a.

Proof. If n = 2, then there is nothing to prove since s is just the product on Tor®(R, k).
So assume that n > 2. Let (ay,...,a,) be a non-trivial Massey product on Tor® (R, k)
and pick some a € (aq,...,ay,). By definition there exists some defining system {a;;}
for a. By Proposition 6.4.1, it is sufficient to show that the set {da;;};—i>2 is linearly
independent. Note that

[daij] S <Oéi+1, . ,aj)
and so
mdeg da;; = lem(oit1, ..., q;).
Since (a1, ..., ay,) is non-trivial, the a; have pairwise disjoint multidegrees. Therefore,

mdeg daij = mdeg dai/j/ - daij = dai/j/.
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Since there are no relations between components in different multidegrees, it follows that

in particular there is no linear relation between the da;;. ]
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