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Acoustic and vortical disturbances in uniform mean flow bounded with solid surfaces are 

investigated in this paper. A convective vector wave equation and a convection equation 

which describe, respectively, the acoustic velocity and vortical velocity in uniform mean flow 

are deduced by combining the Helmholtz-Hodge decomposition method with the method of 

Mao et al. (AIAA Journal, 2016, 54(6): 1922-1931). Analytical acoustic velocity integral 

formulations for the monopole and dipole sources in uniform mean flow are deduced from 

the developed vector wave equation, and are also verified through numerical test cases. 

Moreover, this paper clarifies that aerodynamic sound is radiated from the monopole source 

as well as the irrotational components of the dipole and quadrupole sources. The solenoidal 

parts of the dipole and quadrupole sources are acoustically non-radiating but they induce 

vortical disturbances in uniform mean flow. 

Nomenclature 

0c  = speed of sound in fluid, m s-1 

f = data surface function 

0f  = source pulsating frequency, Hz 
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G  = frequency-domain Green’s function 

H = Heaviside function 

k  = wavenumber, 0c , m-1 

L  = time-domain strength of loading source, Pa 

ML  = i iL M , Pa 

rL  = ˆ
i iL r , Pa 

rL  = ˆi

i

L
r






, Pa s-1 

ˆ
in  = the ith component of the unit vector normal to the data surface 

p  = acoustic pressure in frequency domain, Pa 

Q  = time-domain strength of thickness source, kg m-2 s-1 

r  = geometrical distance between the source and the receiver, x y , m 

ir  = components of the vector in the radiation direction, i ix y ,m 

îr  = components of the unit vector in the radiation direction, ir r  

t  = observer time, s 

u  = frequency-domain fluid velocity, m s-1 

iu  = components of the fluid velocity, m s-1 

nu  = local normal component of the fluid velocity, m s-1 

nv  = local normal component of the data surface velocity, m s-1 

x  = observer position vector, m 

ix  = components of the observer position vector, m 

y  = source position vector, m 

iy  = components of source position vector, m 

  = local fluid density, kg m-3 

0  = fluid density of unperturbed medium, kg m-3 

  = density perturbation, kg m-3 



( )   = Dirac delta function 

ij  = components of viscous stress tensor, Pa 

  = source time, s 

  = angular frequency, rad s-1 

Subscripts 

0  = fluid variable for the unperturbed medium 

a = acoustic component 

L = loading source 

r = vortical component 

T = thickness source 

x  = observer quantity 

y  = source quantity 



I. Introduction 

The above-mentioned investigations used a scalar, such as density or enthalpy, to describe the sound radiation 

from sources. The perturbation of acoustic scalars at any observer can be directly obtained from an integral 

computation using an appropriate Green’s function [11-14]. These scalars establish a linear response of acoustic 

quantities, such as acoustic pressure and density perturbation, to aeroacoustic sources, but they are unable to provide 

information of detailed propagation path of the acoustic energy from sources to observers, which is important for 

designing acoustic treatments to absorb or insulate acoustic energy output from sources. Compared with acoustic 

scalars, acoustic vectors, such as acoustic intensity vector [15, 16] and acoustic energy streamline [17, 18], have  an 

advantage in displaying the propagation path of the acoustic energy.  

Recently, some investigations on aeroacoustic vectors have been carried out. Ghorbaniasl et al. [19] developed 

time-domain acoustic velocity formulations for monopole and dipole sources in arbitrary motion, and Mao et al. [20] 

deduced frequency-domain acoustic velocity formulations for rotating monopole and dipole sources with a constant 

angular speed. After that, acoustic intensity fields around sources [21] and scattering boundaries [22, 23] were 

visualized to illustrate the propagation of acoustic energy. All the above-mentioned investigations on the vector 

aeroacoustics method assume that acoustic medium is quiescent. This research aims to extend the vector 

aeroacoustics method to moving medium, which is meaningful in analyzing aeroacoustic problems in high-speed 

mean flows. Two types of potential engineering applications are listed below. Visualization of the acoustic intensity 

field around sources, such as airplanes, high-speed trains and rotors, is beneficial to reveal the propagation path of 

the acoustic energy. The acoustic impedance boundary condition, which directly correlates the acoustic pressure 

with the acoustic velocity, can be used to predict acoustic energy scattered by impedance surfaces immersed in 

moving fluids and to show primary acoustic-absorbing positions. 

THE acoustic analogy proposed by Lighthill [1] initiates a systematic research on sound generated 

aerodynamically. Since then, various developments of the acoustic analogy have been carried out, for instances, to 

account for the effects of boundary conditions [2, 3], initial conditions [4] and mean flow [5-8] on sound generation 

and propagation, and to understand the mechanism of aerodynamic noise by employing different variables for the 

wave operator and expressions of source terms [7, 9, 10]. 



As a first step, we consider the case of uniform mean flow in this paper, and earlier investigations in this area can 

be found in [24-28] among others. In order to analyze the effect of uniform mean flow on sound generation and 

propagation, Wells et al. [29] first established a convective Ffowcs Williams-Hawkings (FW-H) equation which 

contains modified aeroacoustic sources and a convective wave operator to describe sound generation and 

propagation, respectively. By starting from the convective FW-H equation, time-domain [30, 31] and frequency-

domain [32] acoustic pressure integral formulations for the monopole and dipole sources in uniform mean flow have 

been deduced. The above-mentioned formulations explicitly account for the effect of the uniform mean flow on both 

the sound sources and sound propagation. On the other hand, the Lorentz or Prandtl-Glauert transformation [33, 34] 

is an alternative method to analyze sound propagation in uniform mean flow. Investigations have indicated that a 

moving background flow with high Mach numbers has a significant effect on sound generation and propagation [28, 

30-32, 35], implying that the classic exponent law of radiated acoustic power [1-3] is only valid approximately for 

low-Mach-number flows and should be corrected at high Mach numbers. In a quiescent acoustic medium, acoustic 

power can be computed once the distribution of the acoustic pressure is known on a closed far-field surface with an 

enough distance between sources and observers. However, the acoustic velocity is an essential physical parameter to 

compute the acoustic power output from sources in uniform mean flow [36]. To the best knowledge of the authors, 

analytical formulations of the acoustic pressure gradient for sources in uniform mean flow have only been derived 

recently [37], but no analytical acoustic velocity formulation is available in published literatures for sound radiated 

from aerodynamic sources in uniform mean flow.  

From the viewpoint of general acoustics, in either the quiescent acoustic medium or the uniform mean flow, the 

acoustic velocity vector can be easily calculated from the gradient operation of the velocity potential. Indeed, the 

convective wave equation of the velocity potential is widely employed to analyze the effect of moving medium on 

sound propagation [38-41], and the acoustic pressure and acoustic velocity can be easily calculated from the velocity 

potential. However, it is difficult to derive a convective wave equation of aeroacoustics, in which the velocity 

potential is used as the acoustic variable on the left hand side (LHS) meanwhile aerodynamic sources are described 

on the right hand side (RHS).  

In this paper, a convective vector wave equation and the corresponding acoustic velocity integral formulations 

are developed. Recently, based on the assumption of quiescent acoustic medium, Mao et al. [42] derived a vector 

wave equation of aeroacoustics by recasting the generalized continuity and momentum equations, which provides a 



method to derive the acoustic velocity formulations for sources in the quiescent acoustic medium. The paper extends 

the vector wave equation of aeroacoustics [42] to account for the effect of uniform mean flow. Since the velocity 

fluctuation simultaneously contains acoustic and vortical components in uniform mean flow without heat conduction 

[43], the Helmholtz-Hodge decomposition (HHD) is used to divide the acoustic and vortical velocity for deriving the 

convective vector wave equation. After that, the analytical acoustic velocity integral formulations for the monopole 

and dipole sources in uniform mean flow are deduced from the convective vector wave equation.  

The remaining part of this paper is organized as follows. Section II derives a convective vector wave equation 

and a convection equation to describe, respectively, the acoustic and vortical disturbances in uniform mean flow 

bounded with solid surfaces. After that, analytical time-domain and frequency-domain acoustic velocity 

formulations for the monopole and dipole sources in uniform mean flow are deduced. In Section III, numerical test 

cases for stationary and rotating sources are carried out to verify the proposed acoustic velocity integral formulations, 

as well as to illustrate that the linearized Euler equation fails to describe the relationship between the acoustic 

pressure and the acoustic velocity for sound radiated from the dipole sources in uniform mean flow. Conclusions are 

drawn in Section IV. 

II. Convective vector wave equation and integral formulations 

A. Helmholtz-Hodge decomposition 

The Helmholtz decomposition and HHD are fundamental theorems in fluid dynamics. Both decompositions state 

that a sufficiently smooth vector field can be decomposed into the sum of a longitudinal (diverging, curl-free, 

irrotational) vector field and a transverse (divergence-free, curling, rotational, solenoidal) vector field, that is  

 
a r κ κ κ  (1) 

where κ  is a vector, and subscripts a and r represent the irrotational and solenoidal components, respectively. The 

above decomposition guarantees the following identities: 

 
0; 0; ;a r r a       κ κ κ κ κ κ

 (2) 

For a smooth unbounded fluid which approaches a uniform steady sate at infinity, the above decomposition is 

named the Helmholtz decomposition and this decomposition always exists, is orthogonal, and unique. On the other 



hand, if the fluid is bounded by solid surfaces, in order to ensure the decomposition is still unique, the following 

boundary conditions should be satisfied on the solid surfaces 

 0; 0a r   n κ n κ  (3) 

where n  is the unit vector normal to the solid surfaces. The decomposition over the bounded fluid is usually named 

HHD. Details on these two decompositions can be found in [44-46]. 

By performing the above decomposition over the linearized Euler equation, we can deduce the following 

expression: 

 0
a r

a r p
t t

 

  
        
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u u
U u U u  (4) 

where 
a
u  and 

r
u  are acoustic velocity and vortical velocity, respectively; 

U  is the velocity of the uniform mean 

flow; p  is the pressure perturbation and 
0  is the undisturbed density. Additionally, for a second-order tensor, 

such as the Lighthill stress tensor T , we have the following identities 

    0; 0
r a

      T T  (5) 

B. Convective vector wave equation 

In order to consider the effect of uniform mean flow, we make the following decomposition of the local flow 

velocity 


u = U u , where u  is the perturbed component of the local flow velocity. By using the above 

decomposition, generalized continuity and momentum equations which account for the uniform mean flow are 

expressed as follows [29-31]: 
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where superscript M denotes source terms in uniform mean flow; iU  is the component of the uniform mean flow 

velocity in the ith direction and ˆ
n i iU U n   ; p  is the static pressure; ij  is the viscous stress tensor; iu  is the ith 

component of fluid velocity; nu  and nv  are the normal components of the flow and data surface velocities, 

respectively; (.)  and (.)H  are the Dirac delta and Heaviside functions, respectively; ij  is the Kronecker delta 

function;  , 0f t x  is either an impermeable solid surface or a permeable data surface in the flow region. 

Since the static pressure 
0p , density 

0  and sound speed 
0c  are constant, the generalized momentum Eq. (7) 

can be expressed as  
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0

M M
D H f

H f H f c f
Dt


 

           

u
T L  (11) 

with 

    2

0 0 0
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Performing curl operation over Eq. (11) gives the following equation 
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The density perturbation   is much smaller than the undisturbed density 
0  in the region outside the source 

0f  , thus we can have the following identity by using Eq. (2): 

        0 0+ rH f H f H f H f                         u u u u  (14) 

By substituting Eq. (14) into Eq. (13), we can obtain 
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In order to ensure that Eq. (15) is always valid, we must have the following identity  
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where 
ak is an irrotational quantity. However, all three terms on the LHS of Eq. (16) are solenoidal, thus their 

summation cannot be an irrotational quantity. Moreover, we study the vortical and acoustic disturbances at non-zero 

frequencies, and a constant only affects the component at zero frequency, thus Eq. (16) actually can be expressed by  
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Eq. (17) indicates that the vortical velocity is originated from the solenoidal components of the dipole and 

quadrupole sources, and is convected in the uniform mean flow. Eq. (17) also implies that the monopole source has 

no contribution to the vortical velocity, thus the monopole source radiates only acoustic waves in uniform mean 

flow. 

Now, the vector  u  is employed as the variable of the wave operator to deduce the convective vector wave 

equation by following the method given in [42], but we emphasize that u  is the total perturbated velocity rather 

than the acoustic velocity. A spatial derivative 
ix   of Eq. (6) is performed to obtain the following equation 

 
     2 M

j

i i j i

Q fH f uH fD

Dt x x x x

             
   

 (18) 

Performing the material derivative D Dt  of Eq. (7) and multiplying it by a constant 2

01 c  yield 
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Subtracting Eq. (18) from Eq. (19) gives the following equation 
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Eq. (20) can also be equivalently expressed as  
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The LHS of Eq. (21) is not a wave operator because the second term is not the Laplace operator. Applying the 

following identity  

        2H f H f H f                 u u u   (22) 

would turn the LHS of Eq. (21) into a wave operator with an additional source term   H f    u   on the 

RHS. An equivalent expression of the generalized momentum equation (7) is as follows: 
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Therefore, we can obtain the following expression from Eq. (23) by employing the identity of   0    where 

  is a scalar. 

 

     

   
   

*

0

*

0

*

0

d

d

d

t
M

t
M

t

H f f t

H f t

H f t

 



         

    
 

     







u L

T

U u

   

  

  

 (24) 

Substituting Eqs. (22) and (24) into Eq. (21) gives 
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By using the following two identities 
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Eq. (25) can be expressed as  
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As shown in Appendix A, we can prove the following two identities: 
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Thus, we can rewrite Eq. (28) as follows: 
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By employing the assumption of a small perturbation
0    and ignoring the second-order small quantity  u  

outside the source region, the convective vector wave equation (31) can be written as 
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The velocity fluctuation in the uniform mean flow usually contains both the acoustic and vortical components. 

Therefore, we perform the HHD over the velocity vector as well as the dipole and quadrupole sources. By 

performing divergence operation over Eq. (32) and by following the method to derive Eq. (17), we can obtain the 

following convective wave equation for the acoustic velocity 
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The last term on the RHS of Eq. (32) is a solenoidal vector, thus it has no contribution to the acoustic velocity and 

disappears in Eq. (33). Equation (33) is the vector wave equation describing acoustic velocity generation from 

aerodynamic sources and propagation in the uniform mean flow, where the sources MQ , M
L  and M

T  are given 

earlier in Eqs. (9), (10) and (12), respectively. Especially, when the Mach number of uniform mean flow is zero, the 

last four terms on the RHS of Eq. (33) disappear, and Eq. (33) reduces to the vector wave equation given in [42].  

C. Acoustic velocity integral formulations for monopole and dipole sources 

Three-dimensional free space Green’s function in time domain for the convective wave equation (33) is as 

follows [47]: 
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r i iM M r  , 

î ir r r ,
0i iM U c  ; r  x y  is the geometric distance between the 

source and the receiver; R  is the distance of sound wave travelling from the source to the observer, which is 

different from the geometric distance r  due to the convective effect of uniform mean flow. Note that this Green’s 

function is only suitable for subsonic uniform mean flow because the factor   must be a real number [28].  



By performing Fourier transformation, we can obtain the corresponding frequency-domain Green’s function as 

follows: 
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It should be emphasized that Eq. (37) is valid for stationary sources as well as sources in a periodic motion, such as 

the source with a constant rotating speed [32], in which case both R  and 
*R  are functions of the source time  . 

The first-order and second-order spatial derivatives of the frequency-domain Green’s function are as follows: 
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Similar to the FW-H equation, a permeable data surface could be used to reduce or even avoid the computational 

time consumed by the quadrupole volume source, therefore only the acoustic integral formulations for the monopole 

and dipole surface sources are derived in this paper. By starting from Eq. (33) and employing the convective 

Green’s function (34), we can obtain the acoustic velocity formulation for the monopole source in uniform mean 

flow as follows: 
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where subscript i represents the component in the ith direction. By employing the feature of the Dirac delta function 

to transfer the volume integral into the surface integral and to eliminate the temporal integral, Eq. (40) can be 

expressed as follows: 
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Equation (41) can be used to numerically compute the acoustic velocity, but it is computationally inefficient and is 

prone to numerical errors because of the spatial derivative calculation over the observer. By following the method of 

Farassat [48], the spatial derivative in Eq. (41) can be transferred into the temporal derivative, thus we can deduce 

the following integral equation without spatial derivative 
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Furthermore, we can obtain the following formulation by using the feature of the Dirac delta function to eliminate 

the temporal integral 
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where subscript ret represents quantities inside the square brackets should be evaluated at the retarded time 

0=t R c  . Equation (43) is an extension of the formulation V1 of Ghorbaniasl [19] for the monopole source, 

which avoids spatial derivation but still contains the derivative with respect to the observer time. The numerical 

differentiation can be employed to compute the time-domain acoustic velocity, and a fast Fourier transform can also 

be performed to directly compute the frequency-domain acoustic velocity. 

Moreover, by following the derivation of formulation 1A of Farassat [48], an integral formulation eliminating 

both the temporal and spatial derivatives with respect to the observer can be deduced. However, the detailed 

derivation is long and we do not present the detailed expression in this paper. Note that the above time-domain 

formulation is only valid for sources in subsonic motion owing to the Doppler factor 1 RM  in the denominator. An 

improved formulation suitable for sources in supersonic motion can also be deduced by following the method of 

Farassat [48] to avoid the singularity caused by the Doppler term. 

If the monopole source is in rotation with a constant angular speed or in other periodic motions, performing the 

Fourier transform on Eq. (42) and employing the frequency-domain Green function given in Eq. (37), give the 

following frequency-domain acoustic velocity integral formulation 
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where variables with a tilde ~ denote the frequency-domain complex quantities.  

Especially, when the source is stationary, we can obtain the following simplified time-domain formulation from 

Eq. (43) 
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The corresponding frequency-domain formulation can also be deduced as follows: 
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where the first and second terms on the RHS of Eq. (46) are, respectively, named the far-field and near-field terms 

owing to their different decaying rate on the radiation distance *R . A numerical verification of the developed 

acoustic velocity formulations for the monopole source in uniform mean flow will be carried out in Section VI.  

By starting from Eq. (33) and employing the convective Green’s function (34), we can obtain the acoustic 

velocity formulation for the dipole source in uniform mean flow as follows: 
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 (47) 

The second and third terms on the RHS of Eq. (47) exist only in uniform mean flow. By performing the first-

order and second-order spatial derivatives over Eq. (47), we can deduce the following equation: 
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The feature of the Dirac delta function is used to transfer volume integrals into surface integrals and to then 

eliminate the temporal integral, one can obtain the following expression 
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Equation (49) is just the extension of formulation V1 of Ghorbansial [19] for the dipole source. Formulation 

V1A for the dipole source in uniform mean flow can also be deduced by taking the temporal derivative of the 

first term on the RHS of Eq. (49). However, detailed derivation is very tedious, thus we do not present it in this 

paper.  

For the rotating dipole source in uniform mean flow, performing the Fourier transform on Eq. (48) and 

employing the definition of the frequency-domain Green function, i.e., Eq. (37), give the following frequency-

domain acoustic velocity integral formulation 
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Especially, when the Mach number of uniform mean flow is equal to zero, Eq. (50) reduces to the formulation 

of FV1A given in [20]. When the source is stationary, Eq. (49) can be simplified to  
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The corresponding frequency-domain integral formulation is as follows: 
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III. Numerical verification and discussions 

A. Method of numerical verification 

In this section, numerical test cases are performed to verify the developed acoustic velocity formulations 

considering the effect of uniform mean flow. To the best knowledge of the authors, no benchmarking case has been 

published for the acoustic velocity related to sources in uniform mean flow. As shown in Eq. (17), the monopole 

source has no contribution to the vortical disturbance, thus the following linearized Euler equation expressed in 

frequency domain is used to verify the acoustic velocity formulations for the monopole source in uniform mean flow  
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However, in order to filter the vortical velocity component stimulated from the dipole source, we should use the 

following frequency-domain expression obtained from Eq. (53) to verify the acoustic velocity formulation for the 

dipole source in uniform mean flow 
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The terms on the RHS of the Eqs. (53) and (54) can be calculated with the acoustic pressure formulations 

proposed in [30-32]. A first-order discretization scheme is used to numerically compute the spatial derivatives 

related to the acoustic pressure and the acoustic velocity in Eqs. (53) and (54), thus we have the following two 

expressions: 

  
       

,,

3
, ,

,

1 0

1
i

i RHSi LHS

j a i j a i i

a i

j

aa

U u l u p l p
u

l l








           
 


x e x x e x

x
 (55) 

 

   

       

     

3
, ,

1

3 3
, , , ,

2
1 1

3

2
10

i

+21

LHS

RHS

a i i a i

i

j a i i j a i i a i j a i

i j

b

i i

i

b

u l u

l

U u l l u l u l u

l

p l p l p

l









 



     



              
 



     










x e x

x e e x e x e x

x e x e x

 (56) 

where l  represents the distance between two stationary observers, and 610l   m is used in this paper. 

In all the numerical test cases presented in this Section, we make the following assumptions. The density and 

sound speed of the ambient flow are 0 1.2  kg/m3 and 
0 340c  m/s. The Mach number of the uniform mean flow 

is selected as (0.3,0.4,0.5) M , ensuring that the uniform mean flow is subsonic. The pulsating frequency of the 

source is 
0 100f   Hz. 

For sound radiated from a stationary source in uniform mean flow, the source is located at the coordinate origin. 

36 observers are evenly located on a circle in a plane at z=10m with a radius of 1m. The computational result 

outputs the directivity pattern to verify the developed acoustic velocity formulations. 



For sound radiated from a rotating source in uniform mean flow. The source rotates around the z-axis in the 

plane of 0z   with the radius of rotation of 0.8 m, and the frequency of source rotation is 50 Hz. Only one observer 

is located at (1,1,10) m, and the acoustic velocity components in three directions are computed to verify the 

developed acoustic velocity formulations. 

B. Monopole point source in uniform mean flow 

The source strength of the monopole point source is 
0

d 0.01M

f
Q S


 kg/s. When the source is stationary, Eqs. 

(46) and the acoustic pressure formulation in [32] are used to compute the terms on the LHS and RHS of Eq. (55), 

respectively. Fig. 1 illustrates the components in three directions, where Re, Im and Abs represent the real part, 

imaginary part and the magnitude of the complex quantity, respectively. The computational results obtained from 

the two methods are consistent with each other, validating the developed acoustic velocity formulation for the 

stationary monopole source in uniform mean flow.  

For the rotating monopole source, Eq. (44) and the acoustic pressure formulation [32] are employed to compute 

the terms on the LHS and RHS of Eq. (55), respectively. Fig. 2 displays the spectra obtained from the above-

mentioned two methods, and a good agreement between these two results verifies the frequency-domain acoustic 

velocity formulations for the rotating monopole source in uniform mean flow. 

Moreover, in the test case of the rotating monopole source, we compute the acoustic velocity components with 

time-domain and frequency-domain formulations, respectively. In solving the time-domain formulation Eq. (43), the 

number of samples in one revolution for the rotating source is 360; the source-time dominant algorithm [49-51] is 

used to solve the retarded-time equation. The instantaneous acoustic velocity signals received by the stationary 

observer are linearly interpolated and then transferred into the frequency domain by performing a fast Fourier 

transform. 

Fig. 3 compares the components of the acoustic velocity calculated with the time-domain and frequency-domain 

acoustic velocity formulations, in which TDNM and FDNM represent the time-domain numerical method and 

frequency-domain numerical method, respectively. The results obtained from different methods achieve a good 

agreement, further verifying that the proposed time-domain and frequency-domain acoustic velocity formulations 

can be used to accurately predict the acoustic velocity components of the sound radiated from the rotating monopole 

source in uniform mean flow. 



 (a) 

 (b) 

 (c) 

Fig. 1. Verification of acoustic velocity formulation for the stationary monopole source via Eq. (55): (a) x-

component (b) y-component (c) z-component. 



 (a) 

 (b) 

 (c) 

Fig. 2. Verification of acoustic velocity formulation for the rotating monopole source via Eq. (55): (a) 

magnitude of 
xa ; (b) magnitude of ya ; (c) magnitude of 

za  



 

 (a) 

 (b) 

 (c) 

Fig. 3. Acoustic velocity components computed from the time-domain formulation (Eq. (43)) and frequency-

domain formulation (Eq. (44)): (a) x-component (b) y-component (c) z-component.  



C. Dipole point source in uniform mean flow 

For the stationary dipole point source, the irrotational components of source strength expressed in Cartesian 

coordinate system are given as 
,

0
d 1M

a i
f

L S
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  N ( 1,2,3i  ). Equations (52) and the acoustic pressure formulation 

[32] are used to compute the terms on the LHS and RHS of Eq. (56), respectively. For the rotating dipole point 

source, the irrotational components of the rotating dipole source strength expressed in cylinder coordinate system 

are 
,

0
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a i
f

L S
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 N ( , ,i R Z ). Equations (50) and the acoustic pressure formulation [32] are used to compute 

the terms on the LHS and RHS of Eq. (56), respectively.  

(a) 

(b) 

Fig. 4. Verification of acoustic velocity formulation for the stationary dipole source via Eq. (6.4): (a) real part; 

(b) imaginary part 



Since vortical disturbances can be stimulated by the dipole source in uniform mean flow, Eq. (56) is used to 

verify the developed acoustic velocity formulations for the dipole source. As shown in Fig. 4 and Fig. 5, a 

good agreement between the terms on the LHS and RHS for both the stationary and rotating cases verifies the 

acoustic velocity formulations for the dipole source in uniform mean flow. Moreover, Fig. 6 and Fig. 7 

compare the computational results of the terms on the LHS and RHS of Eq. (55), we can find that obvious 

deviations always exist for both the stationary and rotating dipole sources, confirming that the linearized Euler 

equation cannot be used to calculate the acoustic velocity for the dipole source in uniform mean flow.  

(a) 

(b) 

Fig. 5. Verification of acoustic velocity formulation for the rotating dipole source via Eq. (6.4): (a) real part; 

(b) imaginary part 



(a) 

 (b) 

 (c) 

Fig. 6. Comparison of the terms on the two sides of Eq. (55) for the stationary dipole source: (a) x-component 

(b) y-component (c) z-component. 



 (a) 

 (b) 

 (c) 

Fig. 7. Comparison of the terms on the two sides of Eq. (55) for the rotating dipole source: (a) x-component (b) 

y-component (c) z-component. 



IV. Conclusions 

The HHD can be used to decompose the flow velocity into irrotational and solenoidal components. By starting 

from the generalized compressible Navier-Stokes equations and by performing the HHD over the velocity vector as 

well as the dipole and quadrupole sources, a convective vector wave equation and a convection equation are 

deduced in this paper to describe, respectively, acoustic and vortical disturbances in uniform mean flow bounded 

with solid surfaces. The developed equations indicate that the monopole source as well as the irrotational parts of the 

dipole and quadrupole sources have contribution to sound radiation, and the solenoidal parts of the dipole and 

quadrupole sources stimulate vortical disturbances in uniform mean flow. Time-domain and frequency-domain 

acoustic velocity formulations for the monopole and dipole sources in uniform mean flow are deduced from the 

developed convective vector wave equation. Numerical test cases are performed to verify the developed acoustic 

velocity formulations for the monopole and dipole sources.  

By employing the developed acoustic velocity formulations, we analyze the effect of the Mach number of 

uniform mean flow on the acoustic intensity field and acoustic power output in the next paper [52]. Moreover, the 

acoustic and vortical disturbances scattered by solid boundaries in uniform mean flow could be studied, and detailed 

investigations on this topic are planned in future research. 

Appendix A. Simplification of source expressions in the vector wave equation 

In uniform mean flow, we have the following identity by using the definition of the Green’s function g  
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where κ  is an arbitrary vector. By performing the volume and temporal integrals over Eq. (A.1), we can obtain 
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When x  does not coincide with y  and t  does not coincide with  , the term on the RHS of Eq. (A.2) is equal to 

zero. Eq. (A.2) can be expressed as 
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Performing temporal integral over Eq. (A.3) gives 
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If the vector κ  is substituted by  M fL  and   MH f   T , respectively, we can obtain Eqs. (29) and (30).  

Appendix B. Alternative derivation of the acoustic velocity formulation for the monopole source in 

uniform mean flow 

The acoustic pressure formulation for a monopole source in uniform mean flow is as follows: 
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Because the monopole source radiates only the acoustic wave rather than stimulates the vortical disturbance in 

uniform mean flow, thus the terms related to the vortical velocity in the linearized Euler equation (4) can be 

eliminated. Substituting Eq. (B.1) into Eq. (4), we can obtain the following expression 
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Furthermore, we can deduce the equation as follows: 

  
 0

*0 ,

0

( )
, d4 d

M

a T

f

Q f t
t

R c

R




 
 







 


 xu y  (B.3) 

Equation (B.3) is just the same as Eq. (40). We emphasize that this derivation is only suitable for the monopole 

source in uniform mean flow.  
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