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EXPLORATORY LATTICE QCD STUDIES OF RARE KAON DECAYS

by Andrew J. Lawson

The rare kaon decays K — wf™¢~ and K — mvi proceed via flavour changing neu-
tral currents, and are thus heavily suppressed in the Standard Model. This natural
suppression makes these decays sensitive to the effects of potential new physics. These
decays first arise as second-order electroweak processes, hence we are required to eval-
uate four-point correlation functions involving two effective operators. The evaluation
of such four-point correlation functions presents two key difficulties: the appearance of
unphysical terms in Euclidean-space correlators that grow exponentially as the opera-
tors are separated, and the presence of ultra-violet divergences as the operators approach
each other. I present the results of the first exploratory studies of the calculation of the

long-distance contributions to these decays using lattice QCD.

The decays K — w¢T¢~ are completely long-distance dominated; this lattice calcula-
tion is thus the first step in providing ab-initio estimates for the amplitudes of these
decays. Our simulations are performed using the 243 x 64 domain wall fermion ensemble
of the RBC-UKQCD collaboration, with a pion mass of 430(2) MeV, a kaon mass of
625(2) MeV, and a valence charm mass of 543(13) MeV. In particular we determine the
form factor, V(z2), of the K™ (k) — 7" (p) £T¢~ decay from the lattice at small values
of 2 = ¢>/M% (where ¢ = k — p), obtaining V(z) = 1.37(36), 0.68(39), 0.96(64) for the
three values of z = —0.5594(12), —1.0530(34), —1.4653(82) respectively.

The decays K™ — w v are short-distance dominated, although the long-distance con-
tributions represent significant sources of uncertainty. The lattice calculation of the decay
amplitudes is made particularly difficult by the presence of ultra-violet divergences in the
four-point correlators. I present the calculation of the renormalised decay amplitudes,
using the 163 x 32 domain wall fermion ensemble of the RBC-UKQCD collaboration, with
a pion mass of 421(1)(7) MeV, a kaon mass of 563(1)(9) MeV, and a valence charm mass
of 863(24) MeV. In particular we find the difference between the perturbative and lattice
estimates of the charm contribution to these decays to be AP, = 0.0040(13)(32)(—45).
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Chapter 1

Introduction

The rare kaon decays K — 7¢™¢~ and K — 7w proceed via flavour-changing neutral
currents (FCNCs), i.e. s — d transitions, and hence they first arise only as second-order
electroweak processes. This suppression makes these decays ideal for probing for New
Physics, by searching for discrepancies between Standard Model predictions of these
processes and experimental results. The study of rare kaon decays has thus attracted

increasing interest in recent years.

The phenomenology behind each of the rare kaon decays K — wf*¢~ and K — wvi is
markedly different [4]. The decays K — wv are known to be short-distance dominated,
and hence have traditionally been theoretically cleaner to study than K — 7¢™¢~ decays,
which see large contributions from long-distance, hadronic effects. To be more specific,
studies of rare kaon decays are usually performed in the context of a low-energy effective
theory, where the heavy weak bosons and heavy quarks do not appear as dynamical
degrees of freedom. The low-energy (long-distance) hadronic effects are thus separated
from the high energy (short-distance) physics; the latter contributions may be computed

using perturbation theory.

In K — 7wvi decays, the presence of a quadratic GIM mechanism [5] enhances the
contributions of heavy quark loops; as a result these decays are short-distance dom-
inated. The required hadronic contributions may be obtained from measurements of
semileptonic KT — 7%ty decays. For the decay Kj — nv7, the dominant contri-
bution originates from the direct C P-violating amplitude, hence is proportional to the
Cabibbo-Kobayashi-Maskawa (CKM) matrix factor Im () (where A, = V3 V;q), which
significantly suppresses the up and charm contributions. As a result, this decay is en-
tirely dominated by loops involving the top quark, and is thus the theoretically cleanest

rare kaon decay channel. A recent theoretical prediction for this branching ratio is [6]

Br (K — n’vp) = 3.00(30) x 107", (1.1)
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where the majority of the error originates from uncertainties in input SM parameters. For
the C P-conserving decay K+ — 7w v, a recent theoretical prediction for the branching

ratio is [6]
Br (KT — nfwvp) = 9.11(72) x 1071, (1.2)

The majority of the error again originates from parametric uncertainties in Standard
Model parameters; however long-distance contributions of the charm (and up) quarks
also represent significant sources of error. It will be important to constrain this source
of error as experimental measurements of Br (K — 7tv) improve. Hence an opportu-
nity for lattice QCD is to provide estimates of the long-distance contributions to these

amplitudes, such that the uncertainty from long-distance contributions may be reduced.

On the experimental side, K™ — 7 tvv is challenging to measure. The current experi-

mental estimate for the branching ratio is |7]
Br(Kt — 7tup) = 1731} 2 x 10719, (1.3)

based on results collected by the experiments E787 [8-11] and E949 |7, 12] at BNL. The
new NAG2 experiment at CERN [13, 14] is currently aiming to measure approximately 80
KT — 7 vi events over a period of two years, thus reducing the error on the branching
ratio to around 10%. Data acquisition began in 2016, and an analysis of 10'? kaon decays
collected so far is underway [15]. The initial goal of NA62 was to reduce the error on
the CKM matrix parameter |Vi4|; however additional physics goals include measuring
Br (K + 7ri€+£_) to greater accuracy than present, and putting constraints on lepton

flavour violating decays such as KT — 7T pute™.

The decays Kj — nv¥ are particularly challenging to measure, given that all particles
in the final state are neutral. The E391a experiment at KEK [16] previously set an upper

bound for the branching ratio at
Br (Kp — 7%vp) < 2.6 x 107° at 90% confidence level. (1.4)

At present there exists a dedicated experiment at J-PARC (KOTO) [17] to measure
the K; — 7% branching ratio. The KOTO experiment has reported one candidate

KL—>7T0

vi event so far based on an analysis of data collected in 2013 [18]. It is
worth noting that there is no current plan to measure the decay Kg — 7'v, which is

prohibitively difficult to detect.

On the other hand, the C' P-conserving processes Kg — 7%¢T¢~ and Kt — 774/~ me-
diated predominantly via a single-photon exchange, are long-distance dominated [2, 19].
The reason for this is that the short-distance top quark contribution is suppressed by
the CKM factor Re ()\;) and even a potentially large light-quark short-distance con-
tribution is cut off at the charm quark Compton wave length by a logarithmic GIM
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cancellation [2, 5]. Previous studies of these decays have been performed using chi-
ral perturbation theory [20-23]. K — 7°/T¢~ decays however do have a significant
short-distance component proportional to the CP-violating CKM parameter Im (\;).
However they also contain an indirect C P-violating contribution due to neutral kaon
oscillation [24]. There is significant interference between these two contributions; how-
ever it is not possible to determine from experiment whether the inteference is positive
or negative. Because of the dominance of long-distance contributions in the decays
Kg — 7%*¢~ and KT — 77¢t¢~, there are no current estimates for the branching
ratios of these processes from first principles. This hence motivates a lattice calculation
of these amplitudes [19, 25].

On the experimental side, the branching ratios for K™ — 70T/~ processes are known

to a high degree of accuracy |26, 27]:

Br (Kt — nfete) =3.14(10) x 1077, (1.5)
Br (Kt — atptpu™) =9.62(25) x 1075, (1.6)

which were measured at the CERN NA48/2 experiment. As NA62 increases the sta-
tistical precision of these branching ratios, the experiment may become sensitive to
lepton flavour universality violation in rare kaon decays [28]. Kg — 7’41/~ decays
however are more challenging to measure, although their detection is important for cal-
culating the indirect CP-violating contribution to K7 — 7%*¢~ decays via the chain
K1 — K; — %%/~ , where K is the C'P-even component of K. The branching ratios
are currently only known with ~ 50% errors [29, 30]:

Br (Kg — n’ete) = (5.8139) x 1077, (1.7)
Br (Kg — nutu™) = (2.9775) x 107°. (1.8)

Given the difficulty of the experimental measurement, there exists a good opportunity
to extract this result instead from lattice QCD simulations. In addition, such a lattice
calculation would determine the phase describing the interference between the indirect
and direct C'P-violating amplitudes, which cannot be determined from experimental
measurements of Kg — 7°¢*t¢~ branching ratios. Neither NA62 nor KOTO aim to
measure this decay, however LHCb are currently exploring the prospect of studying rare

Kg decays after the next shutdown and upgrade [31].

In this thesis I will report on our exploratory studies of the rare kaon decays K —
mlT0~ [2] and K — 7w [3, 32]. The main objective of these studies is to demonstrate
the theoretical techniques of Refs. [19, 25, 33|, such that the desired rare kaon decay
matrix elements may be extracted from lattice QCD simulations. Secondly we can use
these exploratory studies to evaluate the feasibility of a physical-point determination of
the long-distance contributions to rare kaon decay amplitudes, such that comparisons

may ultimately be made with experimental data.
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The layout of this thesis is as follows. Chapters 2, 3 and 4 present much of the theoretical
background required for this thesis. In chapter 2 we start with an introduction to the
Standard Model, where I introduce many of the fundamental concepts required for this
thesis. I begin in section 2.1 with a discussion of QCD and the weak interaction, and
discuss their symmetries. Following this I introduce Fermi effective theory in section 2.2,
which is required to study low-energy processes mediated by the weak interaction. Sub-
sequently in section 2.3 I will introduce chiral perturbation theory, which has been used
in previous studies of the long-distance contributions to rare kaon decays. In chapter 3
I provide a review of the current theoretical understanding of rare kaon decays, building
on the discussions presented above. I will introduce the effective Hamiltonians required
to study each decay at low energies in section 3.1. In section 3.2 I go on to review the
current theoretical understanding of these decays, which so far has not included lattice
QCD. Chapter 4 then introduces lattice QCD, where I will introduce the concepts behind
the discretisation of QCD in section 4.1, as well as details of the numerical simulation in
section 4.2. I then move onto an explanation of some of the technical details regarding
the construction of correlation functions from our simulation data in section 4.3. I follow
this by presenting a generic discussion of the analysis of correlation functions obtained

from numerical simulations in section 4.4.

Chapter 5 then introduces the concepts required to study rare kaon decays using lattice
QCD. I start in section 5.1 by showing how the operators introduced in chapter 3 translate
into correlation functions that may be studied. The analysis of these correlation functions
is then introduced in section 5.2. In this section I demonstrate a generic feature of
the evaluation of four-point (4pt) correlators in Euclidean spacetime: the presence of
intermediate states lighter than the initial particle state give rise to contributions which
grow exponentially with the separation of the two operators involved in the 4pt correlator.
I hence discuss the exponentially growing contributions that must be removed from our
rare kaon decay correlators in order to obtain the desired matrix elements. In section 5.3
I discuss the renormalisation of each individual operator entering the 4pt correlators, as
well as the regulation and removal of additional short-distance divergences caused by the

contact of the two operators in the 4pt correlators.

At this point the theoretical stage is set, and I move on to a discussion of the results of
our rare kaon decay simulations. In chapter 6 I begin with a discussion of our simulations
of K — m¢*¢~ amplitudes, which are conceptually simpler as short-distance divergences
arising in our lattice simulation cancel automatically via the GIM mechanism. The
simulation details and setup are discussed in sections 6.1 and 6.2 respectively. I then
move onto a discussion of the numerical results in section 6.3, where I present a detailed
analysis of the 4pt correlators. In section 6.4 I present a demonstrative calculation to
show how our results might be compared to existing predictions of chiral perturbation
theory. I then discuss the future plans for a physical point simulation in section 6.5.

In chapter 7 I discuss the results of our K — wvv simulations, where there is a short
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distance divergence that does not automatically cancel on the lattice. The regulation of
this divergence must hence be converted into a continuum scheme. For this we choose
the MS scheme, such that we can combine the lattice result with existing results for the
short-distance contributions to K — wvv decays to obtain a finite result. The simulation
details and setup are discussed in sections 7.1 and 7.2 respectively. The analysis of the
lattice results is discussed in detail in section 7.3. In section 7.4 I present the steps
required to match the lattice-regulated short-distance divergences in the 4pt correlators
to the continuum MS scheme, such that the final answer combining both long-distance
lattice results and short-distance perturbative results is finite. Finally in chapter 8 I

present my conclusions.






Chapter 2

Standard Model

The Standard Model of particle physics describes three of the four fundamental forces
of nature: electromagnetism, and the weak and strong interactions; only gravity is miss-
ing. The theory is remarkably robust: barring the detection of neutrino masses, no
new physics beyond the Standard Model has been confirmed since its inception. It is
clear however that the theory requires extension, as there are many observed phenom-
ena (besides gravity) that it does not explain. For example, the Standard Model does
not contain a good dark matter candidate, which would explain the observed velocity
distribution in galaxy rotation curves [34]|. Additionally the amount of C'P-violation in
the Standard Model is not enough to satisfy the Sakharov conditions [35], necessary to

produce the observed matter-antimatter asymmetry in the universe.

The Standard Model does however appear to be under direct strain in certain areas.
There are many ongoing experimental efforts to make precision tests of the Standard
Model in the hope of identifying the need for new physics, with the measurement of the
anomalous magnetic moment of the muon (g — 2) being a particularly well-known exam-
ple [36]. The current discrepancy between theory and experiment stands at ~ 3.50 [37].
Experiments at Fermilab [38] and J-PARC [39] aim to increase the experimental preci-
sion further, and on the theoretical side there are many efforts to reduce the hadronic

uncertainties using lattice QCD [40-47].

Tensions also exist in flavour physics: many experimental results for B-meson decays
show small deviations from the Standard Model. For example, LHCb has detected 3.50
discrepancies in By — ¢u™ pu— decays [48]. Further promising deviations have been found
by in B — D7v, and B — D*7v, decays, where there is a combined discrepancy of ~ 4o
between Belle [49], BaBar [50] and LHCD [51] experiments.

In order to support the experimental efforts, it is important to be able to make accu-
rate theoretical predictions using the Standard Model, such that any deviations may be

quantified. In this chapter I will hence provide an introduction to the Standard Model,
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beginning with a cursory overview in section 2.1. This section will introduce standard
textbook definitions; books such as Ref. [52] may be consulted for further details. Once
the scene is set, I will introduce the details for more specified areas of physics required
for this thesis. First I introduce the effective theory used to describe the weak interaction
in section 2.2, which is required to analyse weak matrix elements involved in rare kaon
decays at low scales O (1 GeV) that are within reach of a lattice simulation. Secondly
I will introduce chiral perturbation theory in section 2.3, which is a tool to analyse the
low-energy dynamics of pseudoscalar mesons. This theory has been previously applied
to study the rare kaon decays K — 7™/~ that are dominated by low-energy hadronic

effects, and to estimate the small long-distance corrections to K — wvv amplitudes.

2.1 Particle Content and Interactions

The gauge group of the Standard Model is SU (3) x SU (2) x U (1), with particle content
as shown in Table 2.1. The gauge group encodes the fundamental forces of nature that
the Standard Model describes. SU (3) describes the strong force, QCD, and SU(2) x U (1)
describes the electroweak interaction, which is broken to the subgroup U(1) below the
weak scale; this residual gauge symmetry describes electromagnetism. The spontaneous
symmetry breaking of SU(2) x U(1) — U(1) is described by the Higgs mechanism, which

we will touch on briefly in section 2.1.2.1.

The matter content of the Standard Model is as follows. Firstly we have the fermion
sector, of which we define two types: quarks and leptons. The quark sector is made up
of three generations of “up-type” quarks (up, charm and top), and three generations of
“down-type” quarks (down, strange and bottom). Quarks are the only particles in the
Standard Model that interact via SU(3); they additionally interact via the weak force and
electromagnetism. The lepton sector is made up of three generations of leptons carrying
electromagnetic charge (electron, muon, tau), along with corresponding neutrinos, which
do not interact electromagnetically. Secondly we have the gauge sector: the strong
interaction is mediated by gluons; the weak interaction by the W and Z bosons, and
electromagnetism by the photon. The gluon and photon are massless, as their gauge
interactions are unbroken in the Standard Model. Finally we have the scalar (or Higgs)
sector, which contains only a single spin-0 particle: the Higgs boson. The W and Z
bosons, leptons and quarks all acquire masses at low energies when the Higgs boson

acquires a non-zero vacuum expectation value (VEV).

In the following section I will describe the various elements of the Standard Model in
more detail which are central to this thesis. I will begin by discussing QCD and its
symmetries, which are important preliminaries before we discuss the its discretisation in
chapter 4. I will then go on to describe the electroweak interaction in more detail, which

is responsible for the decays being studied in this thesis.
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Name SU(@3) SU((2) U(1) Spin
1 1
Qi 5 5
Quarks (x3 generations) . 3 1 2 1
3 2
_ 1 1
d; 3 1 —— -
3 2
1 1
L; 1 2 —= -
Leptons (x3 generations) 2 2
1
€ 1 1 1 -
2
Gluon G 8 1 0 1
w 1 3 0 1
Electroweak bosons
B 1 1 0 1
. 1
Higgs H 1 2 —5 0

Table 2.1: Matter content of the Standard Model, along with representations
and charges under the Standard Model gauge group SU (3) x SU (2) x U (1).
The index ¢ on the fermion fields runs over the 3 generations.

2.1.1 QCD

QCD is the theory of the SU(3) gauge interaction between quarks and gluons. The
Lagrangian of QCD is given by

1 .
Laop = GG +a; (B - my)ay, 2.)

where in addition to Lorentz indices (greek indices), the index f runs over the six flavours
of quark, gy, and the index a = 1, ..., 8 runs over colour, i.e. an index for each generator of
SU (3). I have suppressed the colour and Dirac indices of the quark fields. The covariant

derivative is given by
Dy = 0, +igT" Ay, (2.2)

where T are the generators of the SU (3) algebra and g is the QCD coupling. The gluon

field strength tensor, G, is defined by

G, = 0, A% — 9,A% + ig f“bCAZA,ﬁ, (2.3)

where Aj is the gauge field of the gluon and [ are the SU(3) structure constants [52].
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2.1.1.1 Discrete Symmetries

Besides the SU(3) gauge symmetry, there are global symmetries of QCD, which will be
useful for lattice studies. QCD exhibits three discrete symmetries: charge conjugation
(C), parity (P) and time-reversal (T7'). Each of these transformations may be written as
unitary operators, transforming a field ¢y — UyU'. These symmetries are particularly
important for working out the transformation properties of Dirac bilinears. I will hence

summarise the effects of these symmetries below [52].

Charge conjugation involves transforming a particle into one with the opposite charge,
i.e. its anti-particle. The momentum and spin of the particle are unchanged. The fermion

fields transform as

W (x) = —i (% (2)7°4?) ", (2.4)
B () > =i (9% (2)) " (2.5)

Fermions are not eigenstates of charge conjugation (e.g. charge conjugation changes

quark flavour); however we may construct Dirac bilinears that are indeed C' eigenstates.

A parity transformation encodes a spacial reflection of a particle, i.e. transforming
r — zP | with £ = (24,x) and ¥ = (24, —x). Parity therefore reverses the momentum of
a particle, but does not affect the spin. Under such a transformation, the fermion fields

transform as

¥ (z) = nav0¥ (zp), (2.6)
¥ (@) = 139 (zp) Y0, (2.7)
where 7, is a complex phase. Finally we have time-reversal, which is defined somewhat
analogously to parity as x — zp, with zp = (—x4,x). Time-reversal flips both the spin

and momentum of a particle. The fermion fields transform as

Y (2) = 11739 (27) - (2.8)
P (z) = = (21) 173- (2.9)
Strictly speaking, time-reversal is an antiunitary operator. For the above transformations
to hold, T' must also act on c-numbers ¢ as T'c = ¢*T'. For example, T" acts on the time-

evolution operator et as Tt = e=*H!T effectively changing the sign of ¢ [52].

From the transformations given above we see that the fermion fields are not eigenstates
of these symmetries; however Dirac bilinears constructed from these fields are. Table 2.2
gives a summary of the transformation of Dirac bilinears under the transformations C'
and P. This will become particularly relevant when we consider the creation of QCD

bound states. A pion for example is a pseudo-scalar particle, as such we may create a
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State Jre r

Scalar 0t 1,

Pseudo-scalar 0™ 75, 7075
Vector 1™ v 0
Axial-vector 1T+ YiVs

Tensor 1t ViY5

Table 2.2: Quantum numbers of Dirac bilinears of the form T'1).

(positively-charged) pseudo-scalar state using
u(x)v5d (2) [0) , (2.10)

where u and d are the up- and down-quark fields respectively. The pion is therefore the
lowest energy state that could be created by such an operator. We will revisit this point

when we consider the interpolation of meson states in lattice simulations, in section 4.3.

We can also consider combinations of the C', P and T symmetries acting on fields. For
example, we can construct a C'P transformation by combining both C' and P transforma-
tions. We remark that it is possible to write an additional term in the QCD Lagrangian

that satisfies all the necessary symmetries as discussed in the previous section,

g ~
—=0G% G** 2.11
59,2 GG, ( )
where ézy, the dual field strength tensor, is defined as

G%, = €upeGF°. (2.12)

It is notable however that this term violates C P symmetry. However, the parameter 6
is currently experimentally bound to be § < 1079 [37]. This is known as the strong C'P
problem [53, 54]. We do not however include this term in our lattice simulations, and
thus we treat QCD to be C'P-invariant.

One last important remark regarding these symmetries is that any Lorentz-invariant
theory must be invariant under the full CPT symmetry transformation [55]. Hence C'P
violation is equivalent to T" violation. This is an important result for cosmology; without
a violation of time reversal it would not be possible to generate a matter-antimatter

asymmetry in the universe [35].
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2.1.1.2 Chiral Symmetry

Another symmetry that is highly relevant to QCD is chiral symmetry. A QCD-like theory
with Ny flavours of massless quarks would have a global SU (Ny), x SU (Ny) p xU (1), X
U (1) 4 global flavour symmetry group. However this is only true at the Lagrangian level;
the U (1) , symmetry is anomalous (i.e. the path integral measure is not invariant under

this symmetry) [52].

In QCD we observe light pseudoscalar states, but not light scalar states; from this
observation we infer that the underlying dynamics of QCD spontaneously break this
group down to SU (Ny),,. In any case chiral symmetry is explicitly broken by quark
masses, which mix the right- and left-handed components of Dirac spinors. However,
the spontaneous breaking of chiral symmetry at low energies is much stronger than the
explicit breaking by the quark masses. Consequently, the three lightest quarks u, d and
s have masses small enough such that the QCD Lagrangian exhibits an approximate
SU (3);, x SU (3) flavour symmetry. This is the basis of chiral perturbation theory,

which we will introduce in section 2.3.

In the case of u and d, we can consider the effect of taking m, = mgy. In this limit
there exists an SU (2),, flavour symmetry, which we call isospin. For computational
reasons (which we will discuss later in section 4.3.2) it is worthwhile to perform lattice
QCD simulations in the limit where isospin is a good symmetry; for many quantities the
effects of isospin breaking produce effects of O (1%) of isospin-conserving effects, hence
may be much smaller than the statistical errors on observables obtained from lattice

QCD simulations. In the isospin limit, the up and down quarks form doublets, i.e.

U —d
(2.13)

Q
|
IS
|

d U

We assign as isospin quantum number to the individual quarks corresponding to the I3

component of isospin: +1/2 for v and d, —1/2 for @ and d.

We remark that in the Standard Model, quarks also interact electromagnetically; the
different charges between the u and d quarks also leads to isospin-breaking. However,
given that the electromagnetic coupling e is much smaller than the strong coupling g
in this low energy regime, it too produces only small corrections to the overall QCD
matrix elements, and thus up to a good precision we may also neglect electromagnetic
effects. However it is important to note that modern lattice simulations are now able to
compute QCD matrix elements with sub-percent level errors; for this reason the errors
from neglecting isospin-breaking effects are becoming relevant. This is particularly true
for quantities such as the anomalous magnetic moment of the muon [36] or the form

factors involved in K+ — 70w (Ky3) decays [56, 57]. Some quantities, such as the
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proton-neutron mass splitting [58], are purely isospin-breaking effects, and thus this is

currently a very active area of research in the lattice community [59-61].

2.1.1.3 Comnserved Currents

Chiral symmetry is a continuous symmetry of the QCD action, and hence we can define a
conserved current and charge in accordance with Noether’s theorem [62]. Let us consider

the infinitesimal variation of the QCD action under transformations of the form

U (x) =Y (x) + 0 (x). (2.14)

For example, the transformation corresponding to a vector symmetry is defined as

S (z) = i€ A% (), 0 (x) = —i) (x) e\, (2.15)

where €* € R is an infinitesimal parameter, and the matrices A® correspond to the
group associated with the symmetry (A* = 1 for U(1), or A* = T for SU (Ny)). The
full vector symmetry holds either for vanishing or degenerate quark masses; hence the
SU (2),, isospin symmetry exists for m, = mgq. It thus follows from Noether’s theorem

that we can define conserved currents associated to these symmetries,

Ty (x) = ¥ (2) A" (@), (2.16)

satisfying 0*J;} = 0. This is known as a Ward Identity [63, 64]. Note that the U(1)y
symmetry holds for arbitrary quark masses; the corresponding conserved charge is baryon

number.

Let us consider also the axial-vector (or chiral) transformations

S (z) = i€ Ny (x), 61 (z) = ith () 15 A™. (2.17)

In the limit of massless quarks, Eq. (2.17) would be a good symmetry. It thus follows
that the quantity 8“AZ must be proportional to the quark masses. To show this more
explicitly, we consider the variation of the action, S, and operators, O, under this sym-
metry [65]. The starting point is the path integral, where the expectation value of the

operator O is defined as
<@:/DW&MOW. (2.18)
If we consider the variation of (O) under the transformation Eq. (2.17), we obtain

— i (6S0) = (50), (2.19)
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where 4.5 is the variation of the action under the axial transformation, and dO is the

variation of . For the variation of the action we find
68 = /d4a: " [0, AL + { My, P*}] . (2.20)
with M, being the quark mass matrix,

Al = (2) Vs A (2) (2.21)

being the partially-conserved axial current, and

P =1 (x) A" () (2.22)

being the pseudoscalar density. This leads to an important result known as the partially
conserved axial current (PCAC) relation, which (assuming degenerate quark masses of

mass m) may be written as
(0" AL (x) O) = 2m (P* (2) O).. (2.23)
It is thus clear that in the limit of vanishing quark masses, this current is exactly con-

served.

2.1.2 Electroweak Theory

While QCD corresponds to the SU(3) gauge symmetry of the Standard Model, the
SU(2) x U(1) gauge group corresponds to the electroweak interaction. This gauge group
is notably broken down to U(1) by the Higgs mechanism [66-68|.

The Lagrangian for the electroweak interaction can be summarised as
EEW = Egauge + Efermion + EHiggs + /:'Yukawa- (224)

In this section I will discuss the key features of this Lagrangian in turn. The first term

describes the interaction of the gauge bosons themselves, i.e.
1 a a pv 1 N7
£gauge = _ZWMVW - ZB'LLVB 5 (225)

with _
a a a ¢ aoc Cc
Wi, = 0uW! = 0, W + L gae™ W, W (2.26)

being the field strength tensor corresponding to the SU(2) group, and

By, = 8,B, — 8,B, (2.27)
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being the field strength tensor corresponding to U(1). W and g are the gauge fields and
coupling constant for SU(2) respectively; similarly B, and g; (which will appear later)
for U(1). The Pauli matrices (o,) appearing in Eq. (2.26) are related to the generators
of SU(2) by T® = /2. The generator for the U(1) group is Y, the hypercharge. These

generators satisfy

[T, Y] = 0. (2.28)

The gauge bosons couple to the fermionic matter of the Standard Model, described by
Efermion = ZQJEQ] + iﬂj,B’uj + iajﬂdj + iZjELj + iéjﬂej, (2.29)

where the index j runs over the 3 generations of the fermions. The quark contributions

have been separated into 3 distinct terms: the first describes left-handed quark doublets

Uuy, cy, tr,
Qi = ; , , (2.30)

dr, Sy, br,
plus singlets for the right-handed up-type and down-type quarks,

U; = UR, CR, R, (2.31)
di = ClR,SR,bR. (2.32)

The lepton content is described by left-handed lepton doublets,

v 1% v
Li = ‘ ) ! ) ’ ) (233)
er, I T
and right-handed singlets,
€ = €Rr, UR, TR- (234)

The quantum numbers of these fermions under the SU(2) x U(1) gauge group are sum-
marised in Table 2.1. The electroweak covariant derivative that appears in Eq. (2.29) is

given by

1 1
D,LL = a,LL — 5920‘aW§ — §g1YB/_L (235)

At low energies the SU(2) x U(1) group is broken down to U(1); it must therefore be

possible to construct the generator of U(1), @, from the components of the larger group.
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We thus define

eQ =e <T3 + };) , (2.36)

where e is the electromagnetic coupling. The electromagnetic coupling cannot be imme-
diately read off the Lagrangian; however it is possible to see if we perform a change of
basis such that

B cosby —sinOy A
i = . (2.37)
Wﬁ’ sinfy  cos Oy Z,
We may thus identify A, as the massless photon, with a coupling
e = gosin by = g1 cos Oy . (2.38)

Ow is known as the Weinberg angle, and the quantity sin?fy has been determined
experimentally to be 0.23120(15) [37].

2.1.2.1 Electroweak Symmetry Breaking

So far we have included all the necessary interactions in the electroweak Lagrangian, but
have not accounted for any mass terms. It is not possible to write down gauge-invariant
mass terms for the gauge fields or fermion fields. However, this may be remedied by
introducing a new scalar field, H, which may generate the necessary masses via the

Higgs mechanism.

The Lagrangian for the Higgs sector is given by
1
LHiggs = 5 (D, H) D'H —V (H), (2.39)
where the Higgs potential is defined as
2
V(H) =\ (HT H) v 2HTH. (2.40)
The scalar field, H, which we identity as the Higgs field, is an SU (2) doublet,

ht
H= E (2.41)
h

which we would like to acquire a VEV

(2.42)
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We remark that SU (2) x U (1) transformations ensure that we can align the VEV in
the direction shown, such that the electromagnetic group U (1) with generator @ |Eq.
(2.36)] will remain.

The SU (2) x U (1) group will be broken if we have p? < 0 in Eq. (2.40). The minima

of this potential correspond to vacua with

v=1 . (2.43)
We can subsequently rewrite our Lagrangian by redefining the Higgs field to be
H=h+o (2.44)

Any field that couples to the Higgs will thus gain a mass term associated with the Higgs
VEV. For the gauge bosons, these originate from the kinetic term (D,H )Jr DV H; after
spontaneous symmetry breaking the kinetic term may be written as (D#h)Jr DFh, and

we gain the mass terms

2,2 2,2 2
g-v Gt 9TV Zy,
Lui — W W™ + 2.45
Higgs 2 4 8 <cosew> ’ ( )

where we have defined W+ = (W; 4+ iW53) /v/2. We can thus see that we have acquired
the masses My = g?v?/4 and My = My, / cos @y for the W and Z fields respectively,

while there is one remaining massless gauge field: the photon, A.

2.1.2.2 CKM Matrix

The final component of the electroweak Lagrangian Eq. (2.24) is the Yukawa sector.
This sector is composed of couplings between fermions and the Higgs, such that fermions

may acquire masses via the Higgs mechanism. The Yukawa Lagrangian is given by
Ly ukawa = —yéjf@-Hej — yflj@inj — yf}@l (iaQ) H*uj+ h.c., (2.46)
where the indices 7, j correspond to the three generations of fermions.

After electroweak symmetry breaking, the Yukawa couplings become
v ..
\/iylj M

For leptons, the weak eigenstates are the same as the mass eigenstates, and so the matrix

M;j = (2.47)

MZ-?- must be diagonal. However for quarks the weak eigenstate basis is not equivalent to

the mass eigenstate basis; to recover the correct mass terms for the quarks we therefore
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must change basis. We may thus write

Gir = UL Ral p (2.48)
M}, = Uym{UE, (2.49)

where mgj is the diagonal mass matrix for either up-type or down-type quarks,

mu/d O 0
L= 0 meys 0 | (2.50)

0 0 mt/b

and Up, Ug are the matrices corresponding to the change of basis.

We must be consistent with this change of basis across the full Lagrangian; the kinetic
terms in Eq. (2.29) are unaffected by this transformation. Furthermore, the terms cou-
pled to the fields Z, and A, are left invariant. The change is relevant only for the

interaction terms between the W=+ bosons and quarks, i.e.

e — e —

———— Q"W Qi » ——— QAW V;,Q;, 2.51
ﬂsin HW Q17 w Q ﬂsin HWQ 7 w jQ] ( )
where
Vud Vus Vub
V=UNUL=| Vg Vi Va (2.52)
Vie Vis Vi

is the Cabibbo-Kobayashi-Maskawa (CKM) matrix [69, 70]. The physical interpretation
of this change of basis can hence be understood as follows. The quarks will propagate
through space as their mass eigenstates; however the SU (2) quark doublets that experi-
ence the weak interaction are superpositions of these mass eigenstates. We therefore find
that the weak interaction is capable of changing the flavour of a quark. If neutrinos were
massless, there would be no such mixing in the lepton sector: any linear combination
of massless eigenstates is still massless, hence the weak and mass bases are equivalent.
We now know that this is not true; the discovery of neutrino oscillation [71-73| implies
that neutrinos do have masses in nature; the mass eigenstates are again not equivalent to
the weak eigenstates. The PMNS matrix [74, 75| describes the mixing within the lepton

sector.

We remark that the change of basis involved a unitary transformation, and thus the
CKM matrix is also a unitary matrix. A 3 x 3 unitary matrix has a total of 32 = 9
independent real parameters. We may reduce the number of parameters by absorbing

five phases into the quark fields (one might naively expect six, although the sixth phase is
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an overall phase and does not change the form of the CKM matrix). Thus CKM matrix
has four independent parameters, which we decompose into three real angles (612, 013,
f93) and one phase (0). The PDG parametrisation of the CKM matrix is [76]

c12€13 512€13 s13€%

Verm = | —s19c93 — c12893513€°  c1aco3 — s12803513€°  sazerz | (2.53)

)

. s
512823 — C12€23513€"°  —C12523 — S12C23513€"  €23C13

where we have used the notation s;; = sin6;; and ¢;; = cosf;;. The complex phase
that appears in this matrix is notable for being the only source of CP-violation in the
Standard Model.

2.2 Fermi Effective Theory

The characteristic energy scale of QCD is Agcp = O (200MeV), i.e. the scale at which
the theory becomes strongly coupled. At scales sufficiently above Agcp, QCD may be
treated perturbatively. For contrast, the typical scale of weak interactions is O (M),
which is significantly above Agcp. The highest scales in reach of a lattice simulation
are typically O (2GeV), at such scales it is not possible to resolve such heavy particles.
We may thus proceed to "integrate out" these heavy degress of freedom: i.e. formally
remove the heavy bosons of the weak interaction and heavy quarks as dynamical degrees
of freedom and consider the appropriate low energy effective theory, where light quark
interactions mediated by the exchange of heavy particles are described by local operators.
The operator product expansion provides us with the theoretical framework to perform

this task, which I introduce in this section.

2.2.1 Operator Product Expansion

The idea of the operator product expansion is to factorise out the high-energy (short-
distance) and low-energy (long-distance) parts of the theory. Let us consider the example
of the four-quark interaction describing a qs — qd transition |77, 78]. Example diagrams
contributing to this transition are shown in Fig. 2.1. We would like to match the full
theory of the weak interaction that describes this onto an appropriate effective theory.

A= / dhe 37 Cr () (@) () — Q6 (1) (2.54)

where the local operators QY (¢ = w,c) involving the active flavours of quarks are

weighted by the Wilson coefficients C;. We have introduced a dependence on the
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Figure 2.1: Diagrams giving rise to 1 and ()2 (current-current) operators.

renormalisation scale u, which is the characteristic scale separating the short- and long-

distance regimes.

The short-distance behaviour is encoded within the Wilson coefficients, C; (@), which may
be computed perturbatively as long as we keep the renormalisation scale p sufficiently
far above Agcp. The long-distance behaviour is given by the matrix elements of local
operators, @; (1). We remark that the final amplitude must be independent of p; this
dependence therefore cancels between the Wilson coefficients and the matrix elements in
the final result. For the example given here, we have two choices for (); which differ only

by their colour structure, i.e.

1= Gig)y_a (@di)y,_ (2.55)
Q% = (5igi)y_4 (@jdj)V_A7 (2.56)

where we have used the notation

(@) yan=av (1 £75)q. (2.57)

The indices ¢, j are colour indices.

2.2.2 Calculation of Wilson Coefficients

The calculation of Wilson coefficients may be performed in perturbation theory at a
scale 1 > Agcp. The conventional choice of renormalisation scheme for the evalua-
tion of Wilson coefficients is the MS scheme [77-79]. We encounter a problem however
if we take p < My, as the perturbative calculation introduces terms with large loga-
rithms. For example, while o (1) may be small, the combination a, (y)log (M3, /p?)
is not and thus the perturbative expansion breaks down. To avoid this, we will make
use of renormalisation group improved perturbation theory. The renormalisation group
describes the transformation between theories with different choices of renormalisation
scale u. By solving the renormalisation group equations and running from a high scale
uw ~ My to a low scale p = O (1GeV), we sum the logarithmic terms to all orders in
perturbation theory. For example, the leading logarithmic approximation (LLA) sums

all terms of the form (a (p) log (M3, /1?))", n € [0, 00); the next-to-leading logarithmic
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Figure 2.2: Example diagrams contributing to the calculation of Z;;.

approximation (NLLA) extends this to terms of the form o (1) (s (1) log (M%V//ﬂ))n,

etc.

In the remainder of this section I will detail the evolution of the Wilson coefficients from
the scale py down to a scale accessible to lattice simulations. A more comprehensive

description of this procedure may be found, for example, in Refs. [77, 78].

2.2.2.1 Operator Renormalisation and Mixing

We begin the calculation by computing the Wilson coefficients C; (uyy ), which have been
renormalised at a high scale pyy. The first step is to compute the full Standard Model
amplitude to the desired order in perturbation theory, which is achieved by computing
diagrams such as in Fig. 2.1. This must be matched onto the amplitude computed
in the effective theory (to the same order in perturbation theory), which contains the
operators (1 and Q2. This matching reveals an interesting feature of the calculation.
When using the renormalised quark states and vertices, the Standard Model amplitude
is finite. However in the equivalent calculation in the effective theory with renormalised
quark states, where the W propagator has been "pinched" to a point |as in Fig. 2.2|, it is
divergent. As these divergences do not appear in the full theory, they must be properly
regulated and removed. This necessitates an additional renormalisation condition for the

operators,

Qi) =222 (Q;) (2.58)

where we have included also the quark renormalisation ¢® = Z;/ 2q (the superscript b
indicates the bare, unrenormalised quantity). We remark that Z;; is a matrix, and
subsequently the operators (); are said to mix under renormalisation. In effect this
means that divergences in the matrix element <Q1>b are regulated by those in the matrix
element <Q2>b and vice versa, such that both renormalised matrix elements are finite.
The Wilson coefficients are thus read off by equating the Standard Model amplitude to
the effective theory amplitude, i.e. by setting

A=CiZ2Z;M Q). (2.59)



22 Chapter 2 Standard Model

It is also equivalent to consider a picture in which the Wilson coefficients are coupling
constants in front of the bare operators within the effective theory. In such a picture it
is these "couplings" that must be renormalised to absorb the divergences. The renor-

malisation condition in such a picture is thus
b
Cl = 78 (1) Cy (). (2.60)
These two interpretations are equivalent, and we find that they are related by

Z =73 (2.61)

2.2.2.2 Renormalisation Group Evolution

At this stage we have the Wilson coefficients renormalised at a scale pyy; we now must
evolve them down to a lower scale p at which hadronic matrix elements may be computed.
The running of the renormalised Wilson coefficients may be obtained by solving the

renormalisation group equations

d
dln p

Ci (1) = 751 () Cy (1) (2.62)

where the anomalous dimension, «, is defined as

d

-1

Yij = Z;, dln’quj, (2.63)
using the renormalisation matrix Z;; defined in Eq. (2.58). This equation may be solved
up to some desired order in perturbation theory at a scale puy ~ My,. We may write

the solution in terms of an evolution matrix,

where U (p, ) encodes the renormalisation group running from a scale uy to a scale

. The calculation of U thus requires solving

9(k) d
Uij (1, i) = Ty exp [ / ( )dg' 76” ((gg,))] , (2.65)
glpw

order by order in perturbation theory, where the g-ordering operator 7j is defined as

Tgf(gl)v"'af(gn): Z8(91'1*giQ)@(giz*gis)"'g(gin—1*gin)f(gl)v""f(gn)’

perm

(2.66)
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with O (z — y) being the Heaviside step function and the sum runs over all permutations
of g;. The effect is such that in the Eq. (2.65) the coupling constants increase from right
to left.

2.2.2.3 Flavour Boundaries

One more complication that arises in this calculation is the fact that we must integrate
out heavy quarks as we evolve down to the desired scale. At a scale u < my, the b-
quark no longer behaves like an explicit degree of freedom in the theory and thus may be
integrated out. There thus exists a threshold at which we must match between a theory
with 5 active quark flavours to one with 4 active flavours. At the very least this affects
the running of g, hence must be taken into account regardless of the process we are
computing. Depending upon how low we wish to run, we may also choose to integrate
out the charm quark. We should be careful however, as the closer u is to Agcp, the
poorer the perturbative description of the physics becomes. In general, the matching

matrix M between a f and f — 1 flavour theory is computed by imposing the condition

Cf (1) Q] (pm) = €71 Q1" (1im) (2.67)

at the matching scale pi,.

2.3 Chiral Perturbation Theory

At low scales, the quarks and gluons of QCD are no longer useful degrees of freedom
to consider; rather they form bound states: mesons and baryons. It is natural therefore
to consider whether it is possible to create a low-energy effective theory of QCD, with
hadronic degrees of freedom. In this section I introduce Chiral Perturbation Theory
(ChPT), which is a low-energy effective description of the interactions of the pseudoscalar
mesons in QCD. Useful reviews may be found in Refs. [80-82]. There are multiple
applications of chiral perturbation theory for QCD; one useful feature is that it is possible
to use ChPT results to extrapolate lattice results from unphysical meson masses to
physical ones. Furthermore ChPT itself has some predictive power; the Lagrangian is
written in terms of low-energy constants (LECs) that give the strength of the various
interactions that one can write down. The LECs may only be determined by comparing
ChPT calculations to either experimental or lattice QCD results. However ChPT may
still make useful predictions if LECs can be measured from different processes or if
it makes useful parametrisations for form factors that can be used as inputs for fits
to experimental data. We do not directly use ChPT in this work; however ChPT is
relevant to previous studies of long-distance contributions rare kaon decays, which will

be discussed in section 3.2.
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In section 2.1.1.2 we briefly introduced the concept of chiral symmetry and chiral sym-
metry breaking in QCD. The key observation is that the small masses of the u, d and
s quarks imply that there exists an approximate SU (3); x SU (3), symmetry of the
QCD Lagrangian, which is broken down to SU (3),, by QCD dynamics. This sponta-
neous symmetry breaking must necessarily result in Nambu-Goldstone bosons (NGBs);
one for each of the broken symmetry generators of the residual symmetry. For QCD,

these NGBs are the octet of the lightest pseudoscalar mesons, which we can write as

Mo o, + + _
V2 + NG ™ K uu du Su
-7 _
¢ = = —\/; +% K | ~| wd dd sa |- (2.68)
K- & —2n us ds Ss

V6

This octet transforms as ¢ — UpUT, where U € SU (3)y. This symmetry is exact for
degenerate quark masses. Furthermore in the limit of vanishing quark masses the meson
states would be massless; however in nature the quark masses explicitly break axial vector
symmetries, i.e. they explicitly break SU(3)r, x SU(3)r as the left- and right-handed
quarks transform differently (electromagnetism also breaks the flavour symmetry). The
pseudoscalar mesons thus acquire masses, and hence they are referred to as pseudo-
Nambu-Goldstone bosons (pNGBs). In reality, the pion has a rather small mass of
~ 140 MeV, whereas the kaon has a much larger mass of ~ 500 MeV. Because we
have mg > mg ~ m,, we expect that Ny = 3 ChPT is naturally less accurate than
Ny = 2 ChPT. Phenomenologically however, Ny = 3 ChPT is far more useful, as it has

application to a much larger set of meson decays and interactions.

The pseudoscalar mesons in this octet are much lighter than other hadronic states. For
example, the p meson is the next-heaviest meson, which has a mass of m, = 770 MeV.
This suggests therefore that the characteristic scale of chiral symmetry breaking is on
the order of 1 GeV; below this scale we may hence consider an effective theory in which
this octet of pseudoscalar mesons are the only degrees of freedom. The Lagrangian of the
effective theory is constructed using symmetry arguments; this "bottom-up" approach
contrasts with the "top-down" approach of the operator product expansion presented in
section 2.2. The effective Lagrangian must be invariant under chiral symmetry; which

can be written in terms of the unitary field

Y =exp <2}¢> , (2.69)

where ¢ is the field defined in Eq. (2.68) and f is a dimensionful parameter such that
¢ has the canonical mass dimension of a scalar field, which can be identified as the pion
decay constant. In order to write down a Lagrangian in terms of this field, note that we
cannot have terms of the form X = 1. In general, to form a term that is both Lorentz

and SU (3) invariant, we must take the trace of products of derivatives of ¥ and %I,
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and each term must have an equal number of derivatives of each. Because each term in
the Lagrangian involves derivatives of the field, the amplitudes of the interactions they
describe must vanish for vanishing external momenta. Hence the strength of the pseu-
doscalar meson interactions are proportional to the magnitude of the external momenta.
We must identity the expansion parameter for the theory as (p/f), and only even powers

appear in the expansion.

Before we write down the Lagrangian for ChPT, we must also understand how quark
masses are introduced into the theory, given that they are forbidden by chiral symmetry.
The general form for the quark mass terms is gM ¢, where M is a matrix with the quark
masses mg, My, Mg respectively on the diagonal. Instead of writing a mass term directly
into the ChPT Lagrangian, we may introduce a new ‘spurion’ field x, which transforms

as
X = UxU, X" = UpxiU] (2.70)

under a chiral transformation. We thus recover the mass terms by setting x = x' =
2ByM. Here By is some a priori unknown LEC. The Lagrangian of ChPT at leading
order, O (p2), is thus

@ _ Lo tAu 1o (1 t
ﬁeff—4fTr<8#28E>+4fTr<XE+Ex>. (2.71)

We remark that this Lagrangian may be used to compute only tree level scattering
amplitudes of pseudoscalar mesons. Higher order (loop) corrections enter at O (p4) in
the chiral expansion; for a consistent calculation at this order we must also consider
the additional terms involving four derivatives that may enter the chiral Lagrangian,
which effectively lead to new tree level contributions. We remark that the theory is
renormalisable order by order; the additional tree level contributions introduced at O (p4)

act as counterterms to remove divergences from the loop corrections constructed from

(2)
Lt

In addition to describing hadronic interactions, we must encode weak and electromagnetic
interactions into the chiral Lagrangian in order to describe (semi-)leptonic or non-leptonic
weak decays involving the transition s — d. Such a Lagrangian is therefore applicable
to studies of the rare kaon decays K — 7¢T¢~, which will be discussed in section 3.2.1.

To lowest order, the weak contributions can be written as [20]

2 _Gr

N1 = g (2.72)

S

VaudVysGs (L LF) o

where

L, =if*20,%", (2.73)
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and the subscript 23 indicates the relevant entry of the SU(3) matrix (i.e. the entry
corresponding to an s — d transition). This term thus describes the left-handed current
of the weak interaction. Electromagnetism may be included as in the Standard Model
via a U (1) gauge interaction. We must therefore replace derivatives with their covariant

counterparts, which generates the additional terms
A 1
L3 = —eAJTr (QV!) + 24,415 2 (1= Zul) | (2.74)

where A, is the gauge field of the photon and Q = diag (1,0,0) is the generator of the
U(1) interaction, the subscript 11 refers to the corresponding entry of the SU (3) matrix,

and
V, = %iﬂ [E,@MZT} (2.75)

is the vector current matrix. This Lagrangian is relevant for studies of the hadronic
contributions to K — 7¢™¢~, which have been performed using ChPT up to O (p4) [20].
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Phenomenology of Rare Kaon

Decays

The rare kaon decays studied in this thesis are K — 7¢™¢~ and K — wvv. Phenomeno-
logically these decays are interesting as they proceed via a flavour-changing neutral cur-
rent (FCNC), i.e. a s — d transition. These decays are thus forbidden at tree level,
and first arise only as second-order electroweak processes. The decay amplitudes for
rare kaon decays are studied in an effective theory in which the weak bosons have been
integrated out. This allows us to factorise the short-distance contributions, which may
be treated in perturbation theory, from the long-distance, hadronic contributions. We

can write rare kaon decay amplitudes in the general form

A= /d4az D (mtl|T [02571 (2) 05570 (0)] |K) + ) (wtl|OP5=NK),  (3.1)
A,B L

where the lepton ¢ will correspond to the decay being studied. The operators O will
be specific to the process in question. We remark that matrix element is made up two
distinct pieces: a local matrix element involving only local operators Oy, and a bilocal
matrix element involving the two operators O4 and Op, of which O4 must contain a
s — d transition. It should be noted that the local hadronic matrix element relevant
to these decays is equivalent to the one involved in K+ — 7%*v (K,3) decays in the
isospin-symmetric limit, and is known accurately from experiment and existing lattice
results [56, 57]. Hence in cases where the bilocal matrix element does not provide a large
contribution, we require only a perturbative calculation to calculate the Wilson coefficient
of the local operator. We describe these decays as being short-distance dominated. In
contrast, if it is the bilocal matrix element that gives the dominant contribution, then

the decay is said to be long-distance dominated.

In this chapter, I will review the theoretical status of rare kaon decays. I will begin in

section 3.1 with a discussion of the underlying theory of the effective weak Hamiltonians

27
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u,c,t u,c,t w w

Figure 3.1: Penguin diagrams that give rise to (a) Q3,6 and (b) Q7. 10-

that are relevant for studying these decays. These Hamiltonians are important for the
lattice calculations we perform, and will allow us to write down the rare kaon decay
amplitudes in terms of bilocal and local matrix elements. Once this theory has been
established, I will move onto a discussion of previous theoretical work on rare kaon decays
in section 3.2. This involves work on K — m/*¢~ decays using ChPT in section 3.2.1, and

work on K — mwvv decays in section 3.2.3 that primarily involves perturbation theory.

3.1 Effective Hamiltonians for Rare Kaon Decays

In this section I introduce the effective Hamiltonians used to study rare kaon decays.
This will give insight into the dominant processes in each of the decays being studied. I
will start by introducing the AS = 1 Hamiltonian, that is relevant for both K — 7™ ¢~
and K — wvw. I will then discuss the remainder of the weak Hamiltonians needed to

study K — w74~ decays and K — wv¥ in turn.

3.1.1 AS =1 Weak Hamiltonian
The first Hamiltonian we will discuss is the AS = 1 weak Hamiltonian [77], which

describes four-quark interactions with a s — d transition. The Hamiltonian may be

summarised as

5 10
HAS=! = ?/gVJSVud <Z Ci (1) (QF () — Q5 (1) + D Ci (1) Qs (u)) . (32
i=1 =3
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where I have assumed the renormalisation scale p > m, such that there are four active

flavours of quark. The operators relevant to H3°=! are as follows [77]

Qf = (5ity)y_a (@Gdi)y_ 4 = (5d)y_4 (7Q)y (3:3)
Q5 = (59)y_a (@d)y_4, (34)
Q3= (3d)y_4 > (@@)y_a, (3.5)
Qs = (Sidj)V—AqZ (@9)y—a =Y (50)y_a (@d)y_4. (3.6)
Qs = (5d)y_4 Zq(qq>v+,4 : q (3.7)
Qs = (gidj)VAqZ (@9 ysa = =2 (50)p (@d),, (3.8)
Q7 = (5d)y_4 ¢q qZ (@0)y_a q (3.9)
Qs = (5idj)y_4 eqqz (@49)y—a =€ (5D y_4(ad)y_4, (3.10)
Qo = (5d)y_4 €q Zq(qq)vH, q (3.11)
Qo = (5idj)y_ 4 eqqzq: (@i)y o4 = —2€q Zq: (39) 5 (qd) - (3.12)

Where relevant we have used Fierz identities [83] to group quarks of the same colour
indices together in the round brackets. The quark ¢ in the operators QCII’2 is an up-type
quark, i.e. up and charm. Of course in a theory where we evolve to a scale ;1 < m, where
the charm no longer appears as an active degree of freedom, the operators ()f , are not
present. These operators arise through current-current diagrams as shown in Fig 2.1.
For the remaining operators Q1,... 10, the sum over ¢ runs over all active quark flavours.
Q3,6 arise through QCD penguins, through diagrams shown in Fig. 3.1(a). Q7.

electromagnetic penguins analogous to (J3... ¢, arising through diagrams shown in Fig.
3.1(b). Note we are using the definition from Eq. (2.57) in addition to

3.1.1.1 Wilson Coeflicients

It is helpful to use the unitarity of the CKM matrix,

Mt Ae+ A =0 A= VgVt

qs

(3.15)
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to eliminate A, and write the Wilson coeflicients as

C(p) =2 () + 77 (1), (3.16)
with [37]
)\t . -3
T = . ~ (1.5 —0.67) x 10™°. (3.17)

Hence the up-quark loop contributions are contained within z, top quark-loop contribu-
tions within gy, and the charm contributions are split between the two. Notably, C'P-
violating contributions will be proportional to y. The running of the Wilson coefficients

down to the 4-flavour theory is described by

(1) = U* (1 o) M (1) U° (o, o) ¥ () (3.18)

where the superscripts indicate the number of active flavours. We may additionally

choose to integrate out the charm quark; in such a case we must also consider the

running
7 (1) = U’ (1, pe) M (pre) U (pe) 3.19)
z° (1) = U’ (1 p1e) M (pe) 2 (pe) (3.20)

where we have defined 7 () = Z(u) + ¥ (1).

For the time being we will work in the 4-flavour theory, which is the theory we have
used for our studies of rare kaon decays to date [2, 3, 32]. In general we find that the
operators Qf and Q4 provide the largest contributions as the Wilson coefficients for these
operators are substantially larger than those of the other operators. The primary reason
for the this is that the Wilson coefficients of the operators )3 . 10 are suppressed by
the GIM mechanism [5]. This involves a cancellation between the charm and up loop
contributions, such that only terms proportional to their masses remain. To understand
this fully, we must consider the QCD- and photon-penguins separately to the Z penguin

contribution to C3 . 19.

For the QCD- and photon-penguins, the calculation of the Wilson coefficients features
a logarithmic GIM mechanism [5], i.e. the loop function will depend logarithmically on
the quark masses. The heavier quark contributions will therefore not be particularly
enhanced with respect to the light quark contributions. For C'P-conserving processes,
the top quark loop contributions are suppressed by CKM matrix elements. In the con-
tribution from Z-penguins, the presence of a quadratic GIM mechanism (from axial
component of the Z boson current) enhances the heavy quark contributions, and partic-

ularly the top quark contribution. However these contributions are suppressed because
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Figure 3.2: Penguin diagrams that gives contributions to the effective s — d¢/
vertex in rare kaon decays. When ¢ = v, there is no photon penguin diagram.

w ,
—_—, NN NN —

Figure 3.3: Box diagrams that give contributions to the effective s — d¢/¢ vertex.

of the Z boson’s weak coupling. In studies of rare kaon decays with four flavours, the

operators (3. 10 hence may be neglected entirely.

In the 3-flavour theory with g < me, the charm contribution is contained only in the
Wilson coefficients, not the operators. We expect there may be a small contribution
coming from the operators Q)3 6, as the Wilson coefficients do not vanish by the GIM
mechanism in this regime. The operators Q7. 10 may still be safely neglected, as they
are suppressed by a factor of o/ with respect to )3, . 6, which already provide a sub-

leading contribution to the amplitude.

3.1.2 Hamiltonian for K — n¢t¢~

In this section I will discuss how the amplitudes for the decays K — w¢T¢~ may be
written in the form of Eq. (3.1), i.e. made up of a bilocal and local matrix element. For
the C'P-conserving decays KT — nt¢T¢~ and Kg — 7%/*¢~, the dominant contribu-
tions come from the single photon exchange channel. There are additional short-distance
contributions from Z-penguins seen in Fig. 3.2 and W-W box diagrams seen in Fig. 3.3,
although these are suppressed by the weak coupling and hence may be neglected. These
decays will be the target of our lattice calculation, and so I will discuss the construction

of the relevant weak Hamiltonian here.
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(a) (b)

Figure 3.4: Diagrams associated with (a) electromagnetic and (b) chromomag-
netic penguin operators respectively. The cross indicates a mass insertion.

The weak Hamiltonian relevant to K, Kg — m¢T¢~ amplitudes is given by
Hy = HR ' + HEENC, (3.21)

where H3"=1 [Eq. (3.2)] is described in the previous section, and we introduce the short-

distance Hamiltonian |77

HioNe = ?/gVJsVud (Crv (1) Qv (1)) , (3.22)

where

Qrv = (5d)y,_4 (€0),,, (3.23)

The operator @7y arises via penguin diagrams shown in Fig. 3.2. The inclusion of this
new operator introduces an important feature of the renormalisation-group running of
the Wilson coefficient C'7y: one must account for the mixing of the bilocal contributions

into the local contribution. We must therefore include the operator
Q= eq @)y (20),,, (3.24)
q

where e, is the electric charge of a quark ¢, which is the operator that describes the
emission of the photon from a quark. For the Wilson coefficient we have C,, = 1, which
is a consequence of the Ward-Takahashi identity [63, 64]. We may hence construct a

bilocal operator, B, using the operators (); within H I%/Szl,

By =i [ d'71Q, (0)Qi()]. (3.25)

and the corresponding Wilson coefficient is thus given by C;. The running of the Wilson
coefficients C; is unaffected by the inclusion of Q7y .
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We remark that for the QCD-specific component of these amplitudes, it is sufficient to

consider the transition K — mv*; we will therefore be interested in the operator

by =" (1—5)d, (3.26)
such that
Qrv = Q% (£0), - (3.27)

It is also worth noting that we could also consider the contribution of the operators [77,
84|

Qry = msd ™ (14 75) siFu, (3.28)

Qse = g i T madio (14 95) Tfs;G. (3.29)

The operators @7, and (sg are electro- and chromo-magnetic operators respectively,
which are associated with diagrams such as in Fig. 3.4. These operators are negligible
for these decays: the Wilson coefficients are small (owing to GIM suppression), and the
contributions are additionally suppressed by the factor of the strange mass. Furthermore,

they do not affect the running of the other operators within Eq. (3.21).

To understand the importance of the contributions of each of the operators that make up
Eq. (3.21), the arguments are similar to those presented in section 3.1.1.1. The operators
Q1 and Q)2 provide the dominant contributions. In a 4-flavour theory the local operator
@7y may be neglected, as the lighter quark contributions to C7y are GIM suppressed
and the top quark contribution is CKM suppressed. Hence in the four flavour theory,

the relevant weak Hamiltonian is simply

Hy' = f ViV (Zzz — Q5 (u >>> (3.30)

The relevant amplitude corresponding to the K — mw~* transition is hence described by

matrix elements of bilocal operators Eq. (3.25).

However a 3-flavour calculation of K — wf*¢~ is also possible; for such a calculation
it would be prudent to also include the operators ()3 6. The operator Q7y will also
be important in the context of the 3-flavour theory. Above the charm scale, we neglect
the operator for the reasons given above. Below the charm scale its Wilson coefficient
receives significant contributions from the charm quark. This point will be revisited in
section 6.5. The weak Hamiltonian that is relevant for a calculation of the contributions

to K — m¢T¢~ decays with three active flavours is therefore

2

6
Hy' = f’;’?V*v (Z (1) Q¥ (1) + D Ci (1) Qi (1) + Crv (1) Qrv <u>>. (3:31)
i=1 1=3
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Recalling Eq. (3.1), the operators Q1,... ¢ enter into the bilocal contribution; the remaining

operator QQ7y gives the local contribution.

3.1.3 Hamiltonian for K — nvp

In the discussion in the previous section, I argued that Z-exchange [Fig. 3.2] and box
amplitudes |Fig. 3.3] could be neglected for K — 7f*¢~, as the y-exchange amplitudes
gave the dominant contributions. For studies of K — 7vv this is not the case, as
neutrinos do not couple to the photon. The weak Hamiltonian relevant for a calculation

of K — mvw decays with 4 active flavours is [79]
Hy = H =" + Hi + Hy" + Hi, (3.32)

where each component of the Hamiltonian will be introduced in the following section.

Under a renormalisation group analysis, there is no mixing between the box amplitude
and Z-exchange, hence the calculation naturally splits into two distinct parts. The
analysis of the Z-exchange amplitude is similar to the y-exchange analysis presented in
the previous section. Again we require the operators within HV%S =1. and it is sufficient to
consider only ()1 and @2, as the contributions of the remaining operators are negligible.

Additionally to construct the bilocal operator we require

iye’

HY = ———
w M%, sin® Oy

Cz (1) Qz (1) - (3.33)

The Hamiltonian H. g/ contains the operator describing the coupling of quarks to neutrinos

mediated by a Z-exchange,

Q= Z (19 — 2e4sin® Ow) QY — I3QY%, (3.34)
q

where I§ is the 3rd component of the weak isospin for the quark ¢ (1/2 and -1/2 for up-

and down-type quarks respectively), and

Qv = @)y (7)y_a, (3.35)
Q% = (a0 4 (7v)y_4- (3.36)

Again it may be noted that Cz (1) = 1, which follows from the Ward-Takahashi identity
and the Adler-Bardeen theorem [79, 85]. Hence we may construct the relevant bilocal

operator to be

By — i / AT Q7 (0) Qi (x)]. (3.37)



Chapter 3 Phenomenology of Rare Kaon Decays 35

(a) (b)

Figure 3.5: (a) Diagrams that give rise to QAS 1 (s) and QAS Y (d), resulting
in the local operators shown in (b).

where again the relevant Wilson coefficient is given by C;. Similar to the y-exchange
amplitude, it should be noted that for the QCD contribution to the Z-exchange amplitude

we need consider only the effective s — dZ* vertex, hence the relevant operators are

QY =g, (3.38)
QY = " sq. (3.39)

For the W-W box contribution to K — mvv, the relevant Hamiltonian is

WW GF Z Z quAS 0 + V* QAS 1) (340)
q u,c b=e,u, T
where
QAS 0 (d )V A(WE)V A (3.41)
QAS l= (§Q)V_A (DM)V_A . (3.42)

These operators correspond to the diagrams in Fig. 3.5. These operators do not mix and
are independent of u; the Wilson coefficients are hence equal to one. The W-W bilocal

operator with an intermediate lepton £ is therefore

Bwwy = /d4xT [QAS (0 )QgAqSZl (2)] . (3.43)

Finally, there is the contribution of the local effective Hamiltonian

= % N 0,00, (), (3.44)

w 2
V2 27 sin? Oy, P
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where

Qv = (8d)y_, (7)y_4 (3.45)

is the local operator that describes a s — dvv vertex. The Wilson coefficient C, (1) may

be decomposed as
Cy (1) = A X (2e) + M X (1) (3.46)

Ag = VisVid, ®g = mg /M%V, and X, is the loop function associated with the quarks
qg = c¢,t. The superscript £ indicates a dependence on the lepton mass; however this
dependence is negligible for the top quark contribution. For the charm quark there is a
non-negligible dependence on the tau mass. The loop function X, depends quadratically
upon the mass of the quark, hence X; makes up the dominant contribution to the decay

amplitude.

3.2 Theoretical Progress

In this section I will review the existing theoretical progress on the decays K — mft¢~
and K — wvp, which has not so far involved a dedicated lattice QCD calculation. I will

hence identify the areas where lattice QCD can help to further these existing efforts.

3.2.1 Kg, K+ — ml(-

For the C P-conserving decays K+ — 7#t¢1t¢~ and Kg — 7%t ¢~, each process is dom-
inated by a single photon exchange transition (K — 7v*). Electromagnetic gauge in-
variance allows us to write down the matrix element in terms of a single invariant form

factor, V(z):

_GFa

A=
47

V (2) (pr + )" e (pe+) Yuve (Pe-) » (3.47)

where p,, n = K, 7, {7, ¢~ are the 4-momenta of the particles involved in the decay,
z = q¢*/M%, and ¢ = px — pr. Previous work on the rare kaon decays KT — w¢+(~
and Kg — 70T/~ has been performed using effective theories such as SU(3) ChPT.
One previous ChPT inspired phenomenological analysis of the form factor [21]| has led

to a parametrization of the form
Vi(z) =a; +biz+ V™ (2), (3.48)

where V™ (z) ((¢ = +,0)) is introduced to account for 7w — ~* rescattering in K —

mrm decays arising through the diagram show in Fig. 3.6. One opportunity of a lattice
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Figure 3.6: The one-loop contribution to the decays K — 7y* arising as 7w — ~*
rescattering in K — wwm decays.

calculation would be to test the relation Eq. (3.48) by determining the constants a; and b;
from simulation data. Experimentally the coefficients a4 and b have been determined
from Kt — 774t~ spectra: a; = —0.578(16) and by = —0.779(66) from K+ —
ntete data [26] and ay = —0.575(39) and by = —0.813(145) from K+ — wtputpu~
data [27]. For the Kg decay, by assuming vector meson dominance (ag/bs = 1/r%,
rv = M,/My) [21] the magnitude of ag has been determined to be |ag| = 1.067035 for
the electron [29] and |ag| = 1.547035 for the muon [30].

The parametrisation of Eq. (3.48) is expected to be a good approximation to the O (pﬁ)
ChPT form factor. It is already well known that existing O (p?) ChPT predictions [20]
for the parameter b; do not correctly predict experimental observations [21, 22]. Analysis

of this decay in ChPT up to O (p4) gives the following predictions for the coefficients a;

and bl [21],
1
ay = % (; — 'w+> 5 ag = _% <3 - U}0> y (349)
F F
Gs 1 Gs 1
__Gs 1 _Gs 1 3.50
bt Gr 60’ 0 Gr60’ (3:50)

where w; are defined in terms of SU(3) LECs N7,(u), Ni5(p) and Lg as

64r2 . . 1 u?

we = SO - N0 30 + g (52 ) B
3272 , 1 u?

= B O+ N0 + 31 (). (3.52)

for some renormalization scale u. The coefficient b; depends only on the LEC Gg, which
can be determined using information from K — 77 decay amplitudes [86]. A comparison
with the experimental result thus demonstrates that large corrections must be expected
at O (pﬁ). Models that go beyond O (p4) ChPT in an attempt to make predictions for
b; have been proposed [22, 23|, although such models depend heavily on vector meson

masses and thus a comparison with lattice data would be difficult.
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(a) (b)

Figure 3.7: The contributions to Ky — m¢*¢~ decays from (a) indirect C P-
violation via kaon oscillation and (b) a C'P-conserving 2-photon exchange.

3.2.2 K; — nte

The decays K; — 7%/~ contain a large direct C P-violating contribution proportional
to the CKM parameter Im ();), hence are predominantly short distance dominated. To

describe the short-distance contribution, the relevant weak Hamiltonian is

6,7V
Gr_ ., i
Hy = TFQ“VUSVW (Z Ci (1) Qi (1) + Tyra (Mw) Qra (MW)> . (3.53)
i=1
where we have introduced the new operator

Qra = (5d)yy_ 4 (€0) 4, (3.54)

which arises through Z-penguin diagrams such as those seen in Fig. 3.2, and box diagrams
shown in Fig. 3.3. These diagrams of course also involve the operator Q71 owing to the
V — A structure of the weak interaction. Note how it is emphasised that we only need
to consider the top contribution to the operator (Q74. Furthermore, Q74 does not mix

with the other operators and its Wilson coefficient is u-independent [77].

Additionally, there exists an indirect C'P-violating contribution arising from kaon oscil-

lation [4], which may be written as
A(Kp =m0t e7) D eA (Kg — n0teT), (3.55)

where € is the indirect C P-violating parameter for the kaon system. This contribution is
also shown diagramatically in Fig. 3.7(a). There also exists a significant C'P-conserving

contribution from Ky — 7%y~ through vy — £*¢~ scattering, as shown in Fig. 3.7(b).
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The CP-violating contributions to Ky, — 7°/*¢~ may be summarised as [24, 87, 88]

i Tm (A Tm (A
15.6 |ag|? % 6.2 |ag| < m ( t)> +2.4< m( t)ﬂ x 10712,

Br (KL — Woeﬂf)

CPV — 10—4 10—4
(3.56)
_ [ Im (\) Im () _
0,+ — 2 t t 12
Br (K — n’utp )CPV_ _3.7\a0| + 1.6 |ag| (104) +1.0 <104 x 1077,
(3.57)

where the term |ag| originates from Eq. (3.48). Assuming a positive interference, we
find [4]

Br (KL — 7T06+€7)

Br (KL — 7TO/L+,U,7)

=3.1(0.9) x 1071, (3.58)
=1.4(0.5) x 10711, (3.59)

CPV

CPV

Lattice QCD may hence play a role in calculating the long-distance contributions to the
amplitude A (K s — 71'0€+€_), which (as discussed above) is dominated by long-distance
processes. Furthermore, a lattice calculation would also be able to determine the sign of
the interference between these two contributions, given that it cannot be extracted from

experimental data.

3.23 KT —=7n1twy

K — mvo decays are some of the theoretically cleanest FCNC processes, because of
presence of the quadratic GIM mechanism, which helps to enhance the top quark con-
tributions. The full body of theoretical work involves using short-distance Wilson coef-
ficients calculated in perturbation theory [79, 89-91]|, and using ChPT to estimate the

long-distance corrections [92].

Previous theoretical work on this decay is based mostly in perturbation theory, where the
charm is integrated out and the majority of the hadronic contributions can be described
by the local short-distance Hamiltonian Eq. (3.44). In practice, the Wilson coefficients
that make up Eq. (3.32) are evolved down to a scale p = O(m,) using renormalisation
group techniques; then an OPE is performed to integrate out the charm quark. In effect,
this amounts to writing the matrix element of the bilocal operators in terms of the

tree-level local matrix element (denoted by the superscript (0)) using

/ d' (T [QaQB)) (1) = ran (1) Q) (3.60)

where the two operators Q4 and (g appearing in the bilocal operator are those specific
to either the Z-exchange amplitude [Eq. (3.37)] or the W-W box amplitude [Eq. (3.43)],

and have corresponding Wilson coefficients C4 and C'g. The overall bilocal contribution
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to the amplitude may therefore be written as

Ca (1) Cp (1) raB (1) (Qu) (1) - (3.61)

It should be noted that the bilocal operator contribution involving up quarks is neglected

in this treatment. The quantities r4p have been computed to NNLO [79].

It is useful to introduce the phenomenological parameter

PSP (X) = % <§X§ (we) + %Xg (:cc)> , (3.62)

where A = |V,;5|, which is the short-distance charm quark contribution. This piece has
been calculated in RG-improved perturbation theory to NNLO [6, 79, 90]. Additionally
ChPT has been used to estimate the correction [92]

5P, = 0.04(2), (3.63)

which describes the long-distance contributions involving charm and up quark loops not

accounted for in Eq. (3.44). The full charm quark contribution is thus

P.= PP 1 §P,,. (3.64)

With the parameter P, we may write the full contribution to the branching ratio

Im (A 2 /Re(\ Re(\) - \?
Br (K — 7TV17) = R+ [( m)\(5 t)Xt (ZEt)) + < e)\(S t)Xt (Jﬁt) + eg\)Pc> y (365)
where
3 2B K+ - 0,4+
K =Ty, a’Br ( metv) 28, (3.66)

272 sin? Oy

and r,, encodes the isospin corrections in relating Br (K — 7vp) to Br (K+ — 7r06+u).
We remark that the up quark contribution has been absorbed into P. and X; in this
definition, and unitarity of the CKM matrix (i.e. Ay, + Ac + Ay = 0) has been used to

eliminate A,.

A very recent theoretical prediction for this branching ratio at NNLO is [6]
Br (K — mvp) = 9.11(72) x 10711, (3.67)

where the majority of the error originates from uncertainties in input SM parameters. It
should also be noted that the long distance correction 0 P, . provides a ~ 6% contribution
to the branching ratio; the error on this quantity translates into a 3% uncertainty. This

error however has only been roughly estimated [92], and thus a rigorous approach to



Chapter 3 Phenomenology of Rare Kaon Decays 41

this part of the calculation (e.g. using lattice QCD) is necessary to properly control this
source of error. One advantage of a lattice QCD calculation is that the bilocal charm
quark contribution may be computed directly, and so the step given in Eq. (3.60) is not
performed. Ultimately this means that a higher renormalisation scale p > m,. may be
used for the perturbative parts of the calculation, the results of which are more reliable

at higher scales.

3.2.4 KL — v

The decay K; — m'v7 is the theoretically cleanest rare kaon decay channel, which is
completely dominated by a direct CP-violating amplitude involving top-quark loops.
The calculation of the branching ratio for this decay is similar to that discussed in the

previous section, and is given by

2
Br (K — n'vp) = Ky, (ImA(5At)Xt (:):t)> : (3.68)

where kp, is similar to x4 [Eq. (3.66)] and contains the remaining factors such as
Br (K T 7T06+I/), with isospin corrections relevant for the uncharged decay. A very

recent estimate of this branching ratio is 6]
Br (K — n’vp) = 3.00(30) x 1071, (3.69)

where again the majority of the error is parametric, and mostly due to the uncertainty
of the CKM factor Im ().






Chapter 4

Lattice QCD

At low energies QCD is strongly coupled, which means that it is impossible to use
perturbative techniques to directly analyse the theory in this regime. Few techniques
exist for this task; in this chapter I will introduce the method used in this thesis: lattice
QCD. Lattice QCD involves discretising the fermion and gauge fields and simulating
their interactions in a finite spacetime box by means of large-scale computer simulations.
The ultimate aim of lattice simulations is to calculate correlation functions, from which
physical observables may be extracted. In continuum quantum field theory, correlation

functions may be computed via path integrals, e.g.

(0|01 (1) - .. On () |0) = ;/D [A,4,0] O (21) ... Oy (0) €5, (4.1)

where S is the action of the theory and Z is the partition function, defined as

Z = /D (A, 9] €. (4.2)

To simulate QCD we hence formulate it on a Euclidean lattice, and discretise each step

in this procedure.

In this chapter I will introduce the standard numerical techniques that we employ in our
simulations of rare kaon decays. A more comprehensive review of lattice QCD may be
found in texts such as Refs. [93, 94]. In section 4.1 I will discuss the discretisation of the
lattice action, then in section 4.2 I will discuss the numerical methods required to solve
the path integral by means of Monte Carlo simulations. Subsequently in section 4.3 I will
describe how correlation functions are constructed from simulation data. In section 4.4
I will then introduce techniques to analyse these correlation functions such that physical

observables may be extracted from simulations.

43
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4.1 Lattice Formulation of QCD

In this section, I will introduce the formalism required to put QCD on the lattice. To
achieve this, we must replace the continuum fields and derivatives by the discrete coun-
terparts, in such a way that the lattice action is still invariant under the necessary gauge

transformations.

4.1.1 Discretisation of Spacetime

The first stage of the discretisation procedure is to demote the continuous, infinite space-
time to a finite spacetime lattice, which we usually choose to be of size L3 x T, where
L is the number of sites in each spatial direction and 7' is the number of sites in the
time direction. Typically we take T' ~ 2L. This discretisation of spacetime imposes two
explicit scales on the theory: an infra-red cutoff related to the size of the lattice, L, and
an ultra-violet cutoff related to the lattice spacing, a. In order to accurately simulate

QCD, we require

1

Z < AQCD <K a L. (4.3)

The first of these conditions is required to suppress finite-volume effects; the second to

suppress discretisation errors [94].

4.1.2 Gauge Interactions

Let us now consider the gauge transformation for a fermion field, ¢ (x). In the continuum,

the action is invariant under the transformation,

(@) = ¥ (2) = Q@) v (@), & (2) = P (2) = P () Q1 (2), (4.4)

for some SU (3) gauge transformation 2 (x). Furthermore, terms involving the covariant
derivative D, ¢ (z) [Eq. (2.2)] must transform in the same way. We require these relations

to hold on a discrete lattice also.

On the lattice, we replace the derivative by its finite-difference counterpart, i.e. 9, —
A,. There are multiple possibilities for the finite-difference derivative; here we will

demonstrate the symmetrised difference, which acts on the fermion field as

Y (z+ap) = (x —ajt)
2a ’

At (z) = (4.5)

where i indicates a unit vector in the direction corresponding to p. This approximates the

true numerical derivative up to O (az). The gauge transformation for the fermion fields
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remains as before; however now we have the issue that terms of the form ¢ (x) ¢ (z + ajt)

in the action are not gauge invariant, i.e.

b (@) ¢ (@ +ap) = P (2) QN (2) Qe+ ap) ¢ (z + ap) # P (2) ¢ (x +ai) . (4.6)

To remedy this, we introduce the link variable U, (z) [95], which transforms as
U, (z) = Q(z) U, (2) QT (x + ajt) . (4.7)

The index p on the link variable U, (z) can be interpreted such that the link joins a site =
with a site 4+ afi. We remark that these link variables are SU (3) matrices, as opposed to
the Lie Algebra valued fields A, that we use in the continuum. Indeed the link variables
can be related to the continuum gauge field A,. The continuum counterpart of the link
variable is the gauge transporter: the path-ordered integral of the gauge field along some
curve connecting two points x and y. The lattice link variables may be related to the

gauge fields using
U, (z) = e94u(®) (4.8)

which is a valid approximation at O (a), i.e. for a path connecting adjacent lattice
sites where no path-ordering is required. With these link variables, a term such as
P (2) U ()% (z + afi) will now have the correct transformation properties. We remark
that the gauge links are oriented depending upon whether the direction is taken to be
forward or backward, and so we have

Ul (z — ap) = Uy (), (4.9)

where the —p index implies that the link joins the site x with the site z — afi.

We can use the link variable U (z) to write down gauge invariant terms that may appear
in the lattice action. In general, we can construct a gauge invariant term by connecting
two fermion fields with link variables, or by making a closed loop out of link variables (a
Wilson loop). We can therefore write down the lattice covariant derivative as

Uy (@) (@ + af) — Uy (2) ¥ (2 — aj)

Dy (z) - : (4.10)

which we can use to construct the fermionic part of the action. The simplest term that

may appear in the gauge action is known as the plaquette,
Py () =U, () U, (z + ajr) U;E (x4 ap) U (x), (4.11)

which is the shortest Wilson loop (i.e. a square of side length one); the trace of this

quantity is gauge invariant and thus may appear in the action.



46 Chapter 4 Lattice QCD

The simplest possible gauge action is thus

Syauge =—5 7 ZZRe (Tr[1 — Py, ()]) (4.12)

x p<v

2ZZTT v () GH ()] + O (a®) (4.13)

xr pu<v

where g is the QCD gauge coupling and G, is the gluon field strength tensor. This
action thus reproduces the continuum Yang-Mills action up to terms of O (a2). More
refined choices for the gauge action may result in lattice actions which agree up to higher
order discretisation effects, such as the renormalisation-group improved Iwasaki [96, 97]
and doubly-blocked Wilson (DBW2) actions [98, 99|,

ZRe d (1=8e) Pt +e > P, (4.14)

pu<v w#V

where Pl}Z,Xl is the plaquette term shown in Eq. (4.11), and Pﬁ,/XQ contains all the rectan-
gular and “L-shaped” loops. The Iwasaki action corresponds to the choice ¢y = —0.331;
the DBW2 action to ¢; = —1.4069.

4.1.3 Naive Fermion Discretisation

Using the definition of the covariant derivative in Eq. (4.10), we could write down the

action for a fermion of mass m to be
Sterm (1,9, U) = a*> 4 (x) D (x,9) ¢ (y) (4.15)

where we have defined the Dirac operator as

U_0z—ap
ny D) Ortaiy —Uoslecin 4 s, (4.16)
a

However, we will show how this choice leads to the famous fermion doubling problem.
To demonstrate this, we will consider the propagator for a free fermion (i.e. we set

U, (z) =1). Computing the Fourier transform of the Dirac operator, we find

D (p) =m+ é ZW sin (pHa) . (4.17)
I

On a finite lattice, the entries of the 4-momentum p* are restricted to lie in the first

Brillouin zone, i.e. —7/a < p* < 7/a. The Dirac operator can subsequently be inverted
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to find
. _1 .
L~ m—ia”" Yy yusin(pta)
D7Hp) = 5 _22" ) (4.18)
m?+a ., Sin” (pta
Considering the massless limit, we find that the propagator
- sin (p*a
D~ (p)| = a2 i (79) a0 i, (4.19)
m=0 >, 8in® (pta) p

has the correct continuum limit. The free continuum propagator can be seen to have a
pole at p* = (0,0,0,0). However, on the lattice there also exist poles at the edges of the
Brillouin zone, i.e. where some (or all) entries of p* are 7/a, and the rest zero. This

leads to 2% = 16 poles in total; these additional 15 fermions are known as doublers.

4.1.4 Wilson Fermions

One possible solution to the doubling problem is the Wilson action, which involves the
addition of an operator to the naive fermion action that vanishes as we take a — 0. The

Dirac operator for the Wilson action is

P— YU, (%) Opaany — (Y +1)U_ () 0p_ap 4r
Dw(x,y):ZW ) U (%) Outajy 2@(7 )U—p (2) M’y+<m+>5x7y,

I
(4.20)

which is equivalent to the naive Dirac operator in Eq. (4.16), with the addition of an

irrelevant dimension 5 operator (made up of the terms proportional to 7).

Once again we may compute the inverse Dirac operator, which for free Wilson fermions
is [94]

m+ - Zu (1 — cos (p*a)) — ia™* Zu Y sin (p*a)

S (4.21)
(m + &2, (1 —cos (p#a))) +a72) sin (pta)?

Once again we can analyse this operator in the massless limit, where there exists a pole
at p* = (0,0,0,0). However, the additional terms

22 (1 — cos (p*a)) (4.22)
o

are large when p* has some entries equal to 7/a; this ensures that the doublers are given
a particularly heavy mass (proportional to a~!) and therefore completely decouple from
the theory as a — 0. This solution comes at a cost however, for the additional terms

added to the action explicitly break chiral symmetry.
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4.1.5 Overlap Fermions

The fact that Wilson fermions must break chiral symmetry to avoid doublers is a result
of the Nielsen-Ninomiya no-go theorem [100], which states that a lattice action in an even
number of dimensions cannot be free of doublers while also maintaining chiral symmetry

and locality.

Chiral symmetry in the continuum can be summarised by the fact that the Dirac operator

satisfies the anti-commutation relation
{D,5} =0. (4.23)

A lattice version of this relation was subsequently defined by Ginsparg and Wilson [101]
to be

{D, 75} = aDvsD, (4.24)

which can be seen to reproduce Eq. (4.23) in the limit @ — 0. This relation allows us to
define a class of lattice actions that avoid the Nielsen-Ninomiya theorem and provide a
working form of chiral symmetry on the lattice, which effectively eliminates the mixing

of right- and left-handed fermion modes.

An action that satisfies the Ginsparg-Wilson relation Eq. (4.24) is the overlap fermion

action,

D,, = 2 <1 + 5 \/%> , (4.25)
where H = 5 Dge, and Dy, is a lattice Dirac operator satisfying ~ys-hermiticity, e.g. the
Wilson Dirac operator. The second term in this equation is equivalent to the function
sign [H]. However, computing this function is numerically very expensive, and instead we
use domain wall fermions for the results presented in this thesis, which will be discussed
in the next section. The overlap action will however be of use to us; in our simulations
of rare kaon decays it is necessary to directly simulate leptons on the lattice, which don’t
interact via QCD. The lepton propagators will be implemented as free overlap fermions,

which we will discuss further in section 7.2.
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If we set Dy, = Dy we can write the overlap action as [102]

D(0)=p <1 + 75 %) (4.26)
(X + w) , (4.27)

=p
D (m) = <1 - gz)) D(0)+m (4.28)
_ (p—m/2) X +(p+m/2)w

: (4.29)

w

where we have introduced the parameter p, and we define

s

b(p) = ! (7“ > (1 —cos (ap,)) — p) ; (4.30)

0

X (p) = (2 D Ausin(apy) +r Y (1 cos (ap,)) — p) , (4.31)

2 I

SHES

2
> “sin? (ap,) + (Z (1 — cos (ap,)) — p) . (4.32)
17

I

The free overlap fermion propagator can hence be computed analytically to be

- 1 (E-3)XT () +(5+%)wp)
D7 (p) =3 (5= %) (& Qm) (4.33)
(f+2) o+ (5 -%)b0)
The poles of this propagator are located at
2.2, 2
3 sin? (ap) =~ 0% (p)? = —m®b (p)?. (4.34)

9 a?m?
e

Provided that we have 0 < p < 2r, we have b(p) > 0 and there exists a pole only at
p* = (0,0,0,0) (in the massless case), hence the doubling problem is solved.

4.1.6 Domain Wall Fermions

Domain wall fermions (DWF) avoid the doubling problem and the no-go theorem by
introducing a fifth dimension [103|. In the limit of infinite fifth-dimensional extent,
this action satisfies the Ginsparg-Wilson relation. We define the length of the new
fifth dimension to be L, and introduce a new mass parameter, Ms, that varies in this
dimension (analogous to the parameter p of the overlap formulation). The gauge links
have no fifth-dimensional dependence. There are multiple incarnations of DWF; here 1

introduce Shamir’s formulation [104], which is used for the exploratory numerical studies



50 Chapter 4 Lattice QCD

in this thesis. The action is described by

DD U (@,5) Dawy (x,sly.m) ¥ (y,7), (4.35)

T,y S,r

where x,y indicates coordinates in the 4D theory and s,r € [0, Ls — 1] are indices along

the fifth dimension. The domain wall Dirac operator is
Dy (z,sly,r) = 05 Dw (z,y) + 5I,yD2wf (s,7), (4.36)

where Dy is the usual Wilson operator Eq. (4.20) with the mass term m replaced by
M5, and Df’lw s defined by

D?lwf (S,’l“) = 58,7‘ - (1 - 5s,LS—l) PL53+1,T - (1 - 63,0) PRésfl,r
+m (Prés,1,—100, + PRrosodr,—1,r) - (4.37)

P, and Pg are the left- and right-handed projection operators respectively. It is worth
noting that the mass parameter of the 4D fermion, m, which we removed from the Wilson
part of the action, now appears in this operator. The mass term Mj5 is the height of the

domain wall, which separates the points s = L; — 1 and s = 0.

The interpretation of the physical 4D theory from this 5D theory is as follows. The

physical four-dimensional fermion fields are defined as
¥ (x) = PRY (z, Ls — 1) + PLY (2,0), (4.38)

such that the right-handed fermion mode originates from one side of the domain wall,
and the left-handed mode originates from the other side. In the limit of an infinite fifth-
dimensional extent, these right- and left-handed modes are decoupled and we have chiral
symmetry. Of course in the continuum quark masses break chiral symmetry explicitly:
this explains the term in Eq. (4.37) involving m, which couples the left- and right-handed
parts of the theory across the domain wall and leads to the four-dimensional quark mass.
On a finite lattice, the finite fifth-dimensional extent leads to a residual chiral symmetry
breaking, which we parametrise via the residual mass, my.s. This residual mass manifests

as an additive renormalisation to the bare quark mass,
Mg = M + Myes. (4.39)

Provided we can simulate with a large enough fifth-dimensional extent such that my.es
is small, the domain wall formulation provides us with a working definition of chiral

symmetry on the lattice.
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4.1.7 Conserved Currents

In section 2.1.1.3 T discussed the conserved currents that arise as a result of continuous
global symmetries of the QCD action. It is useful to define discrete versions of these
symmetries for the lattice action, along with the corresponding currents. Naively we
could consider the current Eq. (2.16), for example, i.e. where the current is a local
operator. However, this local (or naive) choice does not satisfy the Ward Identity A*Jj =
0. To derive the conserved current, we must directly consider the variation of the action
under the symmetry transformation Eq. (2.15). For the Wilson action, this leads us to
the result

(¥ @+ ) (@ +7) U} (@) A% (@) = § (@) (1= 9) U (2) A0 (2 + 1))
(4.40)

a 1
‘]W,,u (x) = B}

where the matrices A* will correspond to the relevant symmetry group for this trans-
formation. For domain wall fermions, the conserved current will depend on the exact
implementation chosen. For example, the conserved current for the Mébius DWF for-
mulation [105] is presented in Ref. [106]. Here I will demonstrate the conserved current
for Shamir DWF [104].

The Shamir DWF conserved current is made up of the following components. For p =
1,...,4, there are components that are identical to that of Wilson, only with fifth-

dimensional fields, i.e.
-q l (= ~ T a
Jp (x,8) = 5 <\IJ(:U+M,3) (I +7,) U, (2) A"V (2, 5) —
T (,5) (1= 7,) Uy (@) X0 (& + i, ), (4.41)
while for the fifth dimension the current is
j& (x,8) = WU (2,8) PRAY (2,5 + 1) = U (2,5 + 1) PLA W (2, 5) . (4.42)
The full four-dimensional conserved current is given by

Thwr, =Y ju(x,s). (4.43)

The partially-conserved axial current (PCAC) is difficult to define for the Wilson action
because of the explicit violation of chiral symmetry. A lattice version of the PCAC
relation has however been derived in Ref. [107]. The axial current is much simpler to
define for the (Shamir) DWF action,

AaDWF,u = Z st;a (444)
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with jjj defined as in Eq. (4.41) and

-1 s<L/2
G, = . (4.45)
1 s> L,)/2

Because of the residual explicit chiral symmetry breaking due to the finite extent of the
fiftth dimension, the PCAC relation is modified slightly to be

(0" AL (x)) = 2m (P (x)) + 2 (P§, (2)), (4.46)
where

P4 (x) = W (2, Ls/2 — 1) PRAYW (2, Lg/2 — 1) + W (z, Ls/2) PLAW (2, Lg/2) . (4.47)

4.2 Numerical Simulation of Lattice Gauge Theory

In the previous chapter I introduced the discrete formulation of QCD; the next step of
the procedure is to discretise the path integral Eq. (4.1), which I introduce in this section.

In order to simulate the path integral numerically, we first perform a Wick rotation into
Euclidean space, i.e. we take xg — x4 = ixg. The partition function therefore takes the

form

Z = / D [U, 4, 9] e S(049), (4.48)

This thus gives a hint as to how the simulation of QCD will procede: the quantity e~

can be interpreted as a probabilistic weight of a particular path. In order to evaluate
this path integral, we must generate a series of field configurations that have been chosen
with this correct weight, take measurements using each field configuration, and sum the

results.

4.2.1 Pseudofermion Determinant

The simulation of fermions presents an additional problem, as it is not possible to con-
struct anti-commuting fields on a computer directly with feasible resources. It is however

possible to integrate out the fermionic fields,
/D [w,ﬂ e P@D@YYE) o det D (z,y), (4.49)

although this produces a new problem, in that D (x,y) is a very large matrix and the

determinant det D is prohibitively expensive to compute directly. We therefore introduce
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new bosonic fields y such that
det D (z,y) /D X, X] e X(@)D™ @ w)x(y), (4.50)

These bosonic fields x are known as pseudofermions [93, 94]. These fields are still ex-
pensive to simulate; in order to compute propagators for these fields we must compute

entries of D™! (z,y), which is numerically expensive.

4.2.2 Markov Chain Monte Carlo

In a lattice simulation, we typically simulate with lattices that have O (107) sites or
greater; because of the huge number of degrees of freedom it is thus completely unfeasible
to directly compute the partition function Eq. (4.48) by means of a direct integration
over the space of all ensembles. Instead we rely on statistical methods to approximate
the expectation values of desired observables. The expectation value of an observable in

the path integral formulation is

©) =5 [ PUXTOWU ke ST, (4.51)

To evaluate this expectation value, we wish to generate a sequence of N, field configu-

rations, P;, with the appropriate weight such that

ch
(0) ~ Nlcf >0l (4.52)

where O [P;] is the observable O measured using field configuration P;. In the limit
N,y — 0o we must recover the exact expectation value we are after. The algorithm used
to generate the field ensembles used in this thesis is the Hybrid Monte Carlo algorithm
[108].

4.3 Correlation Functions

Now that we know how to to put QCD on the lattice and simulate it, we must be able
to construct correlation functions (or correlators), which ultimately will be analysed to
extract physical observables. The techniques I introduce in this section will ultimately
be applied to construct the correlation functions required for rare kaon decays, which we
will meet in chapter 5. Before this however, I will introduce the numerical techniques we

will use with some illustrative examples.
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4.3.1 Construction of Correlators

To demonstrate the basic construction of correlators, I will begin with the example of a

two-point correlation function for a pion [94],
(6 W) 6l (@), (4.53)

where ¢jr (x), is the creation operator for a pion at a position z = (t,,x), and ¢, (y) is
the corresponding annihilation operator situated at a position y = (¢,y). To be more
specific, the interpolator qﬁir will create any state with the same quantum numbers of
the pion (i.e. a pseudoscalar state, see Table 2.2); we will elaborate more on this in

section 4.4. For example, to create and annihilate a positively charged pion we have

Ol () = a(2)% (v5)* d ()], (4.54)
brt () = d () (1) u ()] . (4.55)

We have explicitly shown the indices corresponding to spin (greek indices) and colour
(roman indices). We can insert these definitions into the correlation function Eq. (4.53)
and perform Wick contractions to deduce the diagrams (and more importantly, the con-

stituent propagators) that must be computed. We thus obtain:

(6 W) 6L (2)) = (dW)3 (35)*7 w(y)] (@)% (15) d (2)7 ) (4.56)
—— ([d@dW)5 ) @) a @] (s)7)  (457)
= — (Tr [Sa (2, 9) 155u (y, %) 75)) - (4.58)

In the last line we have used the definition of the propagator,

Sq(x.9)e = la (@) a W)y - (4.59)
The diagram corresponding to this correlation function is shown in Fig. 4.1.

At this point it is useful to introduce a property of many lattice actions (including all
those presented in this thesis), known as 7s-hermiticity. Under this property the Dirac

operator satisfies

D (z,y) = D' (y,2) 5. (4.60)

This property is also satisfied by the propagator, such that

'75ST (y7 .Z') V5 = S (x7 y) : (461)
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Qul

Figure 4.1: Diagram that contributes to the 2pt pion correlation function
Eq. (4.58).

Using this, we can thus obtain the backward running propagator in our example from

the forward propagator, and thus the correlation function appears as

<Tr [Su (z,y) Sjl (x, y)} > . (4.62)

As noted in section 2.1.1.2, most lattice simulations take place in the isospin limit
my, = Mmyg; in such a case we only need to compute a single propagator to compute
the correlation function for the pion. The computation of such a propagator will be

discussed in section 4.3.2.

The final step in the procedure is to project out the momentum of the desired hadronic
state by means of a Fourier transform. This step is necessary such that the interpolators
will couple to specific eigenstates of the Hamiltonian, which we will require for the
analysis procedures that we will meet in section 4.4.1. Hence to annihilate a meson with

a definite momentum p, we use
o(t.p) =73 Z<Z> (t,x) e P, (4.63)

Note that the Fourier transform is over the spatial components of the lattice. Hence
the creation operator is projected to a definite spatial momentum p on a timeslice ¢.

Applying a momentum projection to our current example, we have

C (p,t,t) = 3 (6 (9) 81 (2)) =P (4.64)
X,y
= (én (1:P) 8L (1, D)) (4.65)

4.3.2 Propagators

The quark propagator is equivalent to the inverse of the Dirac matrix,

S(z,y)z =D (z.y)gy - (4.66)
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The propagator for a single configuration of a lattice simulation gives the propagation
amplitude for each site to every other site, for each spin and colour index. This is
therefore a complex square matrix of side length 12N, where N is the total number
of sites in the 4- or 5-dimensional lattice (depending upon the fermion discretisation).
Computing the full inverse Dirac matrix is a thus prohibitively expensive task, but it is
sufficient to consider only subsets of this large matrix in order to extract the relevant
physical information. To stay with our current example [picking up from Eq. (4.62)],
we may fix y = 0 owing to translational invariance. All we require for the computation
therefore is S (z, O)Zf , which in numerical terms corresponds to the 12 columns of the
inverse of the Dirac matrix associated with y = 0. A single column of the inverse Dirac
matrix may be computed by solving

D (z,9)% 8 (y,20)p® = x (,20) 20 (4.67)

bag aag ’

for S, where y is the unit vector corresponding to a single site of the lattice zg with

specific colour and spin indices ag and «g respectively, i.e.

X (%, 70) gy = 0 (T = 20) Vaayd™°. (4.68)

There are many methods of solving such a matrix equation. In most lattice QCD simu-
lations we make use of Krylov subspace methods, such as the conjugate gradient (CG)
algorithm, to solve this equation for the propagator, S [93, 94]. The rate of convergence
of the CG algorithm is proportional to the square root of the condition number of the
Dirac matrix, defined as the ratio between the largest and smallest eigenvalues. This
poses a problem in lattice QCD simulations when one wishes to simulate with lighter
quark masses: smaller quark masses lead to higher condition numbers. Solving light
quark propagators thus generally poses the largest computational burden in lattice sim-
ulations; hence this motivates the choice of simulating in the isospin limit with m, = mg,

which we touched on in section 2.1.1.2.

The source x |Eq. (4.68)] is known as a point source; i.e. we obtain a propagator from
a single point to all other lattice sites. Other propagators may be obtained by using
different types of sources. In the rest of this section we will introduce the sources we use
in our rare kaon decay simulations, which are required to compute the propagators that

we will need to construct the diagrams we will meet in section 5.1.

4.3.2.1 Source Smearing

In order to optimise the signal for our correlation functions, it is necessary to optimise
the interpolating fields we use for the mesons. In section 4.3 we noted that the meson in-
terpolators do not simply create/annihilate the ground state, but rather a tower of states

with the quantum numbers of the interpolating operator. By using more complicated
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sources, we may obtain a better overlap of the interpolating operator with the ground
state mesons that we require. For example, we may use a source with a spatial distribu-
tion that more accurately models the wavefunction of the state we wish to interpolate.
One advantage of this is that we may obtain a better statistical precision for correlators
with no extra computational expense. A better overlap with the ground state will also

be useful for the analysis of our correlation functions in section 4.4.

In our studies of rare kaon decays we make use of wall sources [94], which are effectively

the sum of all point sources corresponding to a particular timeslice, i.e.
Xw (12, P)oe = > 6(yo — £0)pag 6P, (4.69)
X

Note that it is necessary to specify the momentum of the source before the inversion.
Wall sources are advantageous to our studies, as they have a good overlap with the

ground state mesons we wish to interpolate.

We remark however that this choice of source is not gauge-invariant, and thus it is
necessary to gauge fix the SU(3) field configuration used to compute such propagators
(see section 4.3.3). It is also possible to smear the propagator at the sink; for example
a wall sink is achieved by performing summing the propagator over space, such that it

becomes a function of time only. This may be performed after the inversion, however.

4.3.2.2 Sequential Sources

More complicated correlation functions may be studied to extract matrix elements of
physical processes, such as rare kaon decays. Such correlation functions include the
insertion of one or more operators between the meson interpolators. As a demonstration,
let us extend our present example by inserting a vector current between the two operators.
The resulting correlator describes a photon being emitted by a pion, and we will see in
chapter 5 that this is relevant for producing Z- and ~-exchange diagrams in rare kaon

decays. The corresponding correlation function is

Cjw (t7r> tJa t) P1, p2) = Z <(Z)7r (tv p2) J (tJa Z) (Z)JJfD (t7r> p1)> e—iq-z’ (470)

z

with ¢ = p1 — p2, and J,, is the local [Eq. (2.16)] or conserved |action dependent, see
section 4.1.7] vector current. The Wick contractions for this correlation function are
shown in Fig. 4.2. One method of inserting the vector current (either conserved or local)

in a simulation is to employ the sequential source method [109].

Moreover, in our calculation we choose to insert the conserved vector current in the
sequential propagator [2]. This insertion of the conserved current is complicated some-

what for the 5D DWF action. While the physical fermion fields exist in four-dimensional
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(a) (b)

Figure 4.2: Diagrams that result from Wick contractions of the 3pt correla-
tion function with a current insertion Eq. (4.70). The double line shows the
propagator that may be obtained as a result of a sequential inversion.

spacetime, the conserved domain wall current we must consider exists in five-dimensional
spacetime. Before we discuss the sequential propagator we first introduce propagators
from the 4D surface field ¢ [Eq. (4.38)] into the five-dimensional bulk and vice versa,

1.e.

SsB (:L'aSQy) = <(I) ('T?S)J(y» ) (4'71)
SBs (SC; Y, 5) = <¢ (33)6 (yv S)> : (472)

The current that we wish to insert is defined by Eq. (4.41). Putting this together, we

must calculate the propagator

E,LL (y07 Y5 Zo, :I") = Z eiq.zSBS(y()) y;ts, z, S)K,u (tJa Z, S) SSB(tJa Z, S50, X)? (473)

Z,8
where K, is the kernel of the conserved current that follows from Eq. (4.41). This
propagator corresponds, for example, to the up quark propagator shown in Fig. 4.2(a).

We may obtain the 5D sequential propagator from an additional inversion by solving

> D (ts,2,590,y,7) 0 (Y0, 5,73 20, %) = €YK, (7,2, 5) Ssp(ts, 2, 50,%), (4.74)
y7r

for EZ where D is the five-dimensional Dirac operator, and q is the momentum trans-
ferred through the current. We remark that although this fixes the momentum transfer
and the timeslice at which we position the conserved current, we obtain a propagator
where the conserved current has been summed across all spatial components of the lat-
tice. Finally the desired 4D sequential propagator is obtained by projecting the result of

the inversion (EZ) to the four-dimensional surface field using Eq. (4.38).
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Figure 4.3: Diagrams that result from Wick contractions of the 3pt correlation
function with a 4-quark weak operator (Q);) insertion Eq. (4.77).

Lastly we comment on the 75 hermiticity properties of this propagator. In general we

find that for a sequential propagator with an operator insertion O, we have

So (2,y) = 1530 (y,2) 7s. (4.75)

For the example of the vector current, we simply have

Su (@) = =32 (v, 2) 75 (4.76)

4.3.2.3 Random Volume Sources

The rare kaon decays studied in this thesis are mediated by the weak interaction, the
relevant correlation functions may be constructed by inserting the operators Q; (¢, X)

that make up Eq. (3.2) between the relevant pion/kaon interpolators, i.e.

Crr (trtt7,0) = 3 (& (e 2) Qs (b1, %) B (e, D)) (4.77)

X
We can perform Wick contractions using these operators to obtain the diagrams that we
must compute in a lattice simulation, which are shown in Fig. 4.3. In 4.3(b) example we

see the appearance of a loop; here I will discuss how such a propagator is computed.

The loop propagator we wish to compute is S(x,z)S, i.e. the diagonal elements of the

inverse Dirac operator. This propagator is defined via

S(z,z)5 :D_l(x :L‘)O‘a

=Y DN a, )0y — )05
y,8,b

= < (2, 9)5 1y )n*(w)5“’35ab> : (4.78)

n
y,8,b
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where 7(z) are vectors of random complex numbers that satisfy the constraints [110]

n@)? =1, (), =0, ®n @), =>y— ). (4.79)

We have used the notation (- - -) , to indicate the stochastic average over a large number
of noise vectors to distinguish it from the usual gauge average. To satisfy Eq. (4.78) we
take n(x) to be constant across all spin and color indices corresponding to a single site.

The random volume source used for the inversion step is hence
= (x) 6%P8, 4.80
Yo (@)3F = 1 (2) 6776, (4.80)

The result of the inversion is multiplied element-wise by 1*(x) to obtain the propagator.

We use complex Zs noise to generate the vectors n(z) [111, 112].

4.3.3 Gauge Fixing

There are many aspects of lattice QCD calculations that are necessary to perform at
fixed gauge [113], such as calculations with wall sources or computing renormalisation
constants non-perturbatively (see section 5.3.1). For our lattice evaluation of rare kaon
decay matrix elements we use Coulomb gauge, and for our non-perturbative renormali-

sation calculations we use Landau gauge.

The Coulomb gauge-fixing condition is to set V- A = 0, which on the lattice is achieved

by finding an extremal value of the functional
3
W U] = —a? Z Z Tr [UH (x) + UIE ()] . (4.81)
Tz p=1

This can be achieved by numerically finding a gauge transformation [Eq. (4.7)] that

shifts the chosen gauge configuration to one which minimises the function
3
FIUQ =-a*Y Y Tr {Q (2) Uy () QF (z + ) + Q (z + o) U} (2) QF (a:)] . (4.82)
r p=1

Landau gauge is closely related to Coulomb gauge and is defined by the condition 9, A" =

0. It is thus equivalent to finding an extremal value of the functional

4
WU =-a®> 3 Tr [UN (@) + U} ()] . (4.83)

r p=l1
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4.3.4 Twisted Boundary Conditions

One problem of simulating on a discrete lattice is the quantisation of 3-momentum, which

is constrained to take values

21

P= f (nh n2, n3) ; (484)

with n; € {0,1,..., L — 1}, where L is the spatial extent of the lattice (assumed to be

the same in each direction).

A method of circumventing this constraint is to employ twisted boundary conditions [114]
for a quark field, q. The standard quark boundary condition we use is defined to be a
periodic boundary in the spatial directions, and antiperiodic in time. To define twisted

boundary conditions, we generalised the quark field boundary condition to
q(zi+ L) =eq (), (4.85)

where we have introduced the quantity 6 as the twist angle in the direction i for the
quark field ¢q. Periodic boundary conditions therefore correspond to the choice 6; = 0,
and antiperiodic to §; = w. With twisted boundary conditions, the momentum of the

quark is now

0;
pi=+ 2mn;/L. (4.86)

4.4 Extraction of Observables

Once we have computed the propagators, we may contract them together to produce
correlation functions, which we can analyse to extract physical observables from the the-
ory. In this section I will describe the analysis procedures we use on our simulation data,
in order to extract desired physical quantities along with the corresponding statistical
errors [93, 94].

4.4.1 Analysis of Correlation Functions
Let us go back to the example of the two-point correlation function for a pion,
) (p) = (= (t.P) 6k (trP) ) (4.87)

where gﬂr (tz,p) is the creation operator for a pion with momentum p at a time ¢,, and

qi;,r (t,p) is the corresponding annihilation operator situated at a time ¢. Between the
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operators we insert a complete set of states,

o (t,p) =Y (m

)

¢ (2, p)‘ n> <n

& (t, p)‘ m> . (4.88)

We remark that in an infinite volume we would identify the state m as the vacuum state;
however because we use a finite lattice with periodic boundary conditions, these so-called
“round-the-world” effects must be accounted for. For the moment we will however take

m to be the vacuum, leaving us only with a sum over n.

The next step of this analysis is to pull out the time dependence of the operators using

the standard Heisenberg picture definition
OW)=U"(t)O0)U (1), (4.89)
where the time-evolution operator is
U(t)=e Mt (4.90)

with H being the Hamiltonian operator of the system. This operator has the effect of

picking out the energy eigenvalue of the state it acts on; we therefore have

O (t,p) = (én (t.P) I} (t,P)) (4.91)
:;2En1(l)) (0]65 (t.p)| n) (n |6 (tx,p)|0) (4.92)
:zn: 2Enl(p) <0 ’eH(t—T) 3. (p) efm‘ n> <n ‘emﬂ 3t (p) et 0> (4.93)
:ij(p)e—]zn(p)(t—tw) (016, (®)| n) (n |6% ()] 0). (4.94)

n

We remark that the factor of 1/2E,, is a conventional choice of normalisation, and 7T is
the time extent of the lattice. This exponentially decreasing behaviour in time implies
that for ¢ > t,, the ground state behaviour (i.e. the state with the smallest value for E),)
will dominate the behaviour of the correlator. For this correlator this state corresponds

to the pion, hence

1

2E (p)

P (t.p)

<0 ‘éﬂ (p)’ n>’2 . (4.95)

This correlator can therefore be fit to this relation in a desired window to extract the
parameters E, (p) and Ny (p) = |(0|¢x (p) |n)|. We remark that an optimal choice of
interpolating operator can increase the size of this window in which the ground state
dominates. Hence N, will generally depend upon the type of smearing used at the
source and sink, which need not necessarily be the same for both. For a point source /sink

however it may be noted that N, would be independent of the momentum of the meson.
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At this point we return to the problem of a periodic lattice. With such a lattice the
solution Eq. (4.95) breaks down around |t —¢,| ~ T/2. To see this, consider also the

solution where the state n corresponds to the vacuum, i.e.

@ (t,p) :Zwi(p)e—Em(P)(T—t-&-tw) <m o (t, p)‘ O> <0

1 —En(p)(T—t+tr) 2
———e " ) |Nz (p)|”. 4.97

& (b, p)) m> . (4.96)

m

The lightest state is once again a pion, but propagating in the opposite direction. Com-

bining the two therefore we see that the ground state solution is

2
) t=tx[>0 |Nx (P)” [ B(p)(t—tn) | —En(p)(T—t+tx)
@ (t,p) o) <e te ) (4.98)
| Nx (p)‘Z —E(p)T/2 < [ T])
= ———e cosh | E, t—tr——| |, 4.99

When we are in the first half of the lattice, we should see therefore that the forward
propagating solution dominates; in the second half the backward propagating solution

dominates; towards the centre however it is important to consider the overlap of the two.

4.4.1.1 Effective Mass Plots

Once the correlator Eq. (4.87) has been computed on the lattice, we may extract the
parameters by fitting to the ansatz given in Eq. (4.99). To do this, we must fit to the
expected relation in the region where only the ground state dominates. Effective mass

plots are one way of determining where this region is [94].

The basic definition of the effective mass, m.yy, is

Meff (t—ki) ZIHCZ(—?ZL)’ (4.100)
where C'(t) is the correlator we measure in the simulation. When the correlator is dom-
inated by the behaviour of a single exponential decay (oc e™™e//?), this ratio effectively
gives the energy of the ground state. In this region of ground state dominance therefore
we expect to see a plateau in the effective mass plot. For two-point functions where we
know the exact form of the backward propagating state, we may use the more accurate

definition

C(t) _ cosh(mess(T/2 1))
C(t+1)  cosh(mess(T/2—t+1))

(4.101)

Here we must solve for the effective mass numerically on each timeslice. An example
effective mass plot is seen in Fig. 4.4 for a kaon 2pt correlation function. Because the

2pt function is symmetric, it is possible to increase the statistical precision of the fit by
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Figure 4.4: Kaon correlator, fit to the ansatz Eq. (4.99). (a) shows the effective
mass plot used to determine the region where the ground state dominates, high-
lighted by the horizontal line; (b) shows the fit to the folded correlator. Errors
have been computed using bootstrap resampling.

"folding" the data (i.e. average pairs of points for which the cosh fit ansatz is equivalent),

and fitting the remaining data to the ansatz.

4.4.1.2 3pt Correlators

In our analysis of rare kaon decays, we must also consider the matrix elements of oper-
ators, with mesonic initial and final states. This necessitates the analysis of three-point
(3pt) correlation functions, e.g. Egs. (4.70) and (4.77). Later we will also consider the

analysis of the 4pt functions corresponding to rare kaon decays in chapter 5.

The analysis of 3pt function is more involved than the 2pt case, but the techniques are

analogous. Our starting expression for the 3pt function is

CO) (titr to. k,p) =Y <<Z>f (tr,p) O (to,x) ¢/ (t:, k)> emilP)x, (4.102)

X
where O is an operator inserted at a time tn. We proceed again by inserting complete
sets of states between the operators and using the time-evolution operator to extract the
time dependence. We will however neglect the round-the-world effects, as they are not
symmetric as in the 2pt case and hence do not involve the same states; including them

thus adds additional (and often unnecessary) parameters to the fit. We thus end up with

1 7 ~
@_\ Lo T
¢ ; AE, (k) En, (p) <0 ¢y m,p> <m,p‘0‘n,k> <n,k ¢! o> x
e~ Em(P)ty o—to(En(k)—Em(p)) pti En (k)
= NEINC) oyt -t (8100 -1 (9) gt (4.103)

4E; (k) Ey (p)
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In the analysis of 2pt functions we fixed the source timeslice ¢; of the meson and varied
the sink timeslice ¢ ;; for 3pt functions we again fix the source but we now have the option
of fixing the position of the operator at tp and varying the sink timeslice, or fixing the
sink and varying the position of the operator. The form of Eq. (4.103) is valid for both
approaches. An effective mass plot of the form given by Eq. (4.100) may be used to
determine the region in which the above exponential behaviour dominates, i.e. where it

is free from significant excited state or round-the-world effects.

4.4.2 Fitting

Once we have identified the region we wish to fit to, we use a fitting algorithm to extract

the desired parameters. This involves minimising

2= (z; (1) — y; (t))Tw (:BZ (t),x; (t’)) (a:j (t') —yj (t')) , (4.104)

where z; (t) represents a correlator measured on timeslice ¢, y; () is the model we are fit-
ting the correlator to (which depends upon the fit parameters), and w (z; (¢),z; (t')) is a
matrix of weights, defined to be the inverse of the covariance matrix Cov ™" (z; (¢) , z; (')).
The indices 4, j run over all the correlators that are being fit to simultaneously, each with
its own corresponding fit function, and ¢,¢' lie within the fit range [t;min, tmaz]. The es-

timator for the covariance matrix itself is given by

Cov (s (£) 25 () = (s (£) = (i (1)) (25 (¢) = 25 (¥)))) (4.105)

where (...) denotes the gauge average. This is the general procedure for correlated fits;
we remark that in some situations the off-diagonal elements of the covariance matrix are
not well determined owing to large statistical fluctuations, particuarly if the Monte Carlo
data set is quite small. In such a case we can reduce to an uncorrelated fit, where we use

only the diagonal of the covariance matrix to compute the weights w (z; (t), z; (t')).

4.4.3 Statistical Analysis

All correlation functions we compute on the lattice must be computed over an ensemble
of gauge configurations such that we may obtain a Monte Carlo estimate of the path
integral. All quantities therefore have a statistical error associated with them; the most
common procedures for computing this error are to use either jackknife or bootstrap
resampling. The analysis described above must therefore be performed on each set of
the resampled data; these results may then be used to compute errors on the quantities

obtained from fits.
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To begin, we define the set of values that we compute on each of N,y field configurations,
{X1, X0, , XN }s (4.106)

where each X; is a quantity evaluated on configuration i of the Markov chain. Using the
sample of measurements on each configuration, we can estimate the mean and standard
deviation of the full distribution of the quantity X over the full ensemble. The unbiased

estimators for the mean, (X), and the variance, O'gf, are defined respectively as

. 1 N 1 N N2
X = X, 6%=-—" (Xi - X) . 4107
Nes Z; N1 Z; (4107

It should be noted that we can only estimate the mean of the full distribution using a
subset of configurations; the estimate we obtain may differ depending upon the exact set

of N,y paths we use to estimate it. We can define the variance of the estimator itself as

o2 = <<X - <X))2> (4.108)

(X?) — (X)* + Nl2f D (XX;). (4.109)
of i

Ny

We refer to this quantity as the standard error of the mean. If successive X; are uncor-
related, we thus find that
5%

2
 _ x| 4.110
X7 Ny (4.110)

g

In practice, once we have measured correlators on N, field configurations, we perform
fits on these data to derive further quantities. Naively, we could perform an analysis
on a series of sub-blocks of the IN.; correlators, and use the results from each sub-block
to compute the error on the mean. However, this method does not produce reliable
estimates of the standard error of the mean on small data sets. For this reason, we use

resampling methods to estimate the errors [93, 94].

4.4.3.1 Jackknife Resampling

Suppose that we use the full sample of N.; correlators to extract an estimate for a
quantity #, e.g. using a fit. We denote the full sample result as 0. Jackknife resampling
then proceeds by taking the original sequence of N.; measurements of correlators X; and

creating N,y samples, defined as

S; = {X1,...,Xi—1,X¢+1,...,XNCf}, (4.111)
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as in sample S; is made up of all measurements except the one taken on configuration .
We can use each jackknife sample to extract a quantity #;. We can thus determine the

quantities

Ny Ny
_1 , Ny—1 2
i=5 § o= E (ei - 9) . (4.112)
f =1 f =1

The standard error on the mean is given by the square root of the variance, which we
quote as the error on the final result. The central value is quoted as the unbiased estimate

of the mean, which is given by

f— (N —1) (é—é). (4.113)

4.4.3.2 Bootstrap Resampling

In general, it is possible to create Nc]jff resampled sets of data of length N.¢ from the
original set of measured correlators; i.e. each correlator in the list for a single resampling
may be chosen to be any of the correlators from the original set. In practice it is unfeasible
to extract the observable 6 from every single possible resampled set of correlators. The
bootstrap resampling method proceeds by choosing Ny sets of resampled correlators,
where in a single sample S; each correlator is selected randomly from the full set of
correlators. We would expect therefore that a bootstrap sample would contain repeated
copies of some correlators, and no copies of some from the original set. Using these

correlators we can extract the measurements 6; on each bootstrap sample S;, and we

estimate
5 1 Nboot 5 1 Nboot N2
f— 0, o= (0»—0) . 4114
Nboot ; ’ 4 Nboot ; ‘ ( )

The central value is quoted as 6 with the error oz. All results presented in this thesis

use the bootstrap resampling method.






Chapter 5
Rare Kaon Decays on the Lattice

In our lattice studies of rare kaon decays, we aim to compute the long-distance bilocal
hadronic matrix elements that appear in Eq. (3.1). The exact form of the bilocal matrix
elements that we compute will depend upon the decay in question, and the relevant
matrix elements have been introduced for K — 7¢™ ¢~ in section 3.1.2 and for K — wvv
in section 3.1.3. For the decay K — m¢™¢~ we need consider only the single photon
exchange amplitude, K — w*. For the decays K — 7wvv we must consider a Z-
exchange amplitude (which is largely analogous to the photon exchange), and a W-W
box amplitude. These all involve computing four point (4pt) correlation functions on the

lattice, which we will discuss in this chapter.

I will begin this chapter with a discussion of the correlators we will be analysing in
section 5.1, where bilocal operators are inserted between our initial and final hadronic
states. We can subsequently generate the Wick contractions that correspond to the 4pt
correlators. In section 5.2 I will show how in a Euclidean formulation, the 4pt correlation
functions are contaminated by unphysical contributions that grow exponentially with the
time separation of the two operators. I will also discuss the methods of removal of these
growing exponentials. Finally, in order to make contact with continuum physics the

operators must be appropriately renormalised; this will be discussed in section 5.3.

5.1 Operators and Contractions

5.1.1 Z and 7 Exchange

For the Z and v exchange amplitudes, the expression for the long-distance amplitudes

we wish to compute are given by [19, 33|

Al ( / diz (xt (p) | [J3 (0) Hw ()] |K° (o)) (5.1)

69
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where ¢ = pg — pr, ¢ = +,0, and 5 = v, Z implies we are using the current relevant
to the v- or Z- exchange respectively. Strictly speaking we are computing either the
K — mv* or K — wZ* amplitudes; the final-state leptons need not be included on the
lattice for this matrix element. The four-flavour effective weak Hamiltonian relevant to
the transitions s — d¢*t¢~ and s — dvi, where Wilson coefficients and operator matrix
elements are calculated using a renormalisation scale p with My >> > my, is discussed
in section 3.1 and is given by Eq. (3.30). The Hamiltonian that we require for our lattice

simulations is given by

2
Hy =Y Ci(Qf —Q), (5.2)

i=1
which is equivalent to Eq. (3.30) except that we have omitted the constant prefactor
GV}, Vua/V/2 that we do not include in the quoted lattice results for our matrix elements.
Our ultimate goal is to extract the QCD form factors for these decays, which do not

depend on these factors.

We will now define the exact forms of the current correponding to the the Z- or ~-

exchange diagrams [19, 33]. We will begin with the v exchange, where we define

= > QLY (5:3)

q:u’d’sﬁc

where JZ’V is the local [Eq. (2.16)] or conserved |action dependent, see section 4.1.7]
vector current for the quark ¢, and Qg,, is its electric charge (2/3 and -1/3 for up- and
down-type quarks respectively). For Z-exchange diagrams we have

JZ= ST (I8 - e ) - 2qe, sin? (0w) I, (5.4)

q=u,d,s,c
where I{ is the 3rd component of the weak isospin for the quark ¢ (1/2 and -1/2 for up-
and down-type quarks respectively) and J%4 is the local [Eq. (2.21)] or conserved axial

current (also action dependent).

For the y-exchange diagrams, we may make use of electromagnetic gauge invariance to
write down the matrix element in terms of a single invariant form factor,

Vi(2)
(4m)?

A7 (¢?) = —iGp <q2 (px +pr), — (M7 — M3) qu> , (5.5)
where non-perturbative QCD effects are contained in the form factor V7 (2), z = ¢? /M%{
We have used the notation of Ref. [4] for V* (z) here to facilitate our later comparisons
with phenomenological results. For the Euclidean amplitude we use the convention

p* = (iE,p). It should be noted that in the case px = pr = 0 the matrix element
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can be seen to vanish, hence it is important to introduce momentum for the initial /final

state in our lattice calculation [2, 19].

For the Z-exchange diagrams, we write the form factor in the more general form [33]
" (pKva)—Zﬁ s Vad (F27 (4°) (0 +pr) + F27 (0%) qu) (5.6)

where we have separated the amplitude into the vector and axial components (j = V, A).

For the vector component the Ward Identity implies
(M% — M2) F2Y (¢%) = 2 F?Y (%), (5.7)

hence we may reduce Eq. (5.6) to a form similar to Eq. (5.5), where there is only one
independent form factor. The form factor FZ (q2) is not phenomenologically relevant
however: when the neutrinos are included in the calculation we see that the spinor
product @ (p,) ¢ (1 —~5) v (py) vanishes (assuming massless neutrinos) [33]. This fact

allows us to write the full long-distance Z-exchange contribution to K — wvv as

Azziigv;svud S Fz(¢) [ pn) prc (1= v ()] (5.8)

£:67M77—

where I have defined
Fy (¢) =2 (FPY () = F2* (6) (5.9)

and the subscript £ here denotes the flavour of the neutrinos. It must be noted that to
extract the form factor Fy with an axial current, results with different Lorentz indices
must be combined. This necessitates the introduction of momentum in either the initial
or final state such that the matrix element for at least one spatial Lorentz index is non-
vanishing. In the case px = pr = 0, we can however make use of the scalar form factor,

defined by

2\ _ Ag
Fo (@) = 37— (5.10)
which is related to F; and F_ through
2
q
FO (q2) = F+ (q2) + mF, (q2) y (511)

which can be seen by comparison with Eq. (5.6) and considering the quantity ¢*A,,.

If we insert the weak Hamiltonian Eq. (5.2) and the current into Eq. (5.1), we can
perform all Wick contractions to produce the diagrams that must be computed [2, 19]
(20 for a single type of current for a single kinematic). It is convenient to start by

performing the Wick contractions for the insertion of only the operators within Hy to
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u/d u/d

C
(Connected)
5 i
e
S E
(Saucer) (Eye)

Figure 5.1: The four diagram topologies obtained after performing the Wick
contractions of the charged pion and kaon interpolating operators with the Hyy
operator. The light quark flavour indicated by u/d is u for charged mesons and
d for neutral mesons.

wd w/d u/d u/d u/d u/d u/d wd
u/d

OOOO

Figure 5.2: The five possible current insertions for the C class of diagrams. The
light quark flavour indicated by u/d is u for the charged decays and d for the
neutral decay. The fifth diagram shown is a quark-disconnected topology.

obtain the four different classes of diagrams shown in Fig. 5.1. Within each class we have

five possible diagrams for each possible insertion of the current. Firstly we may insert

the current on any of the propagators in each class. Additionally we may self-contract

the current to produce a disconnected diagram, which corresponds to a photon or Z

being emitted from a sea quark loop. We illustrate the five insertions for the C' class in
Fig. 5.2.

We remark that it is also interesting to study the neutral decay Kg — 7°¢*t¢~. For

this decay we may contract the two quarks within the pion to produce two disconnected

diagram topologies shown in Fig. 5.3 [19].
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d u,c a,d d u, ¢ a,d
K O T K ™
Ju Ju
5 u,d 35 u,d
Figure 5.3: The additional two classes of diagrams obtained after performing

the Wick contractions of the neutral pion and kaon interpolating operators with
the Hyy operator.

Type 1 Type 2

Figure 5.4: The two classes of diagrams the must be computed for W-W ex-
change amplitudes. The internal lepton propagator will correspond to £ = e, u, 7.

5.1.2 W-W diagrams
The W-W diagram contribution to the K — wvv decay amplitudes can be written as [33]

Aww = ViV 3 [ dte (runlT [QAFTQA 1K) — (u— e (512

e:evu‘v’r

where the operators QZAqS =0 and qus =! are defined in Egs. (3.41) and (3.42) respectively.
With these operators we may perform Wick contractions to give the diagrams that must
be computed in our lattice simulation; these are shown in Fig. 5.4 [33]. It should be noted
that the two neutrinos are emitted from separate vertices; this non-local structure means
that we must directly simulate the internal charged lepton propagator. This can be
contrasted with the Z- and ~-exchange diagrams, where the lepton/antilepton pair may
be separated entirely from the hadronic matrix element and thus are not simulated. In
the following discussion there will hence be an implicit dependence on the lepton flavour.

Additionally in the remaining discussion we will omit the prefactor GV, Viq/v/2.
In our lattice simulation, we aim to compute the scalar amplitude Fyyy [33], defined by
Aww (px, Py P2) = i Fww (P, v, o) [0 (po) P (1 —5) v (p2)], (5.13)

where pg, p, and py are the 4-momenta of the kaon, neutrino and anti-neutrino respec-

tively. Multiplying both sides by v (ps) pr (1 — 5) u (p,) and summing over spins, we
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may project out Fyw, i.e.

—¢Tr [AWW - (p,;)}ﬂK (1 - 75) U (pl/)] .

Tr [pic (1= 95) popic (1= 75) o] (5.14)

Fyw =

To understand the origin of Eq. (5.13) in more detail, we write the matrix element Eq.

(5.12) in terms of separate hadronic and leptonic factors,

Aww = [ s Ho 0 (p.) T (52), (515
where we define the hadronic factor as
H" () = (7 (p) IT [5 (x) v u () @(0) vd (0)] |K (k)), (5.16)
and the leptonic factor as
T (z) = A1'Sy (z,0) vy e P ™. (5.17)
We can subsequently write the scalar amplitude in the form
Fww (pr, Py Do) = —i/d4x HywepTr [Ty (5.18)

where the 4-vector ¢, is given by

1 b,
== 5.19
C)u' 8 b . pK ? ( )
with b, defined by
1
by =7 T apuprc (1= 75) o] - (5.20)
The relevant correlation function measured in our lattice simulation gives us
1
F,= / d*r H,, (z) Tr TH4P] = 3 / d*r Hyy (2) Tr T, (1 +7s5)], (5.21)

where the equality holds because I, has a V' — A structure. A comparison of Egs. (5.18)
and (5.21) shows us that the scalar amplitude is recovered from Fyyw = Fc”.

5.1.3 Local Operator

In addition to the bilocal contributions, there are short-distance contributions to rare
kaon decays, where the hadronic effects are described by a local operator. For the
rare kaon decays K — mvi (or the decay K — wft{~ with 3 active flavours), this

local operator is additionally required for the renormalisation procedure, to regulate
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divergences that may arise in the bilocal contribution. This local contribution is not
required for our 4-flavour simulations of K — 7¢*¢~. This point will be discussed in

detail in section 5.3.3.

The local contribution to rare kaon decays may be summarised as [33]

Aloe = (7 (pr) |s7" (1 = 5) d| K (px)) [t (pe) Tpuvg (pp)] (5.22)

where T')y = v, (1 — ) for K — mvv and '), = ~,, for K — 7¢*¢~. From a practical
perspective we note that the axial current contribution to the matrix element vanishes
by parity [33]. Furthermore as our simulations take place in the isospin limit, we may

use isospin rotations to write the required matrix element as

1 _ _ .
— (7" |Fyud| KT) = (7% |5y,u| K1) = Mff“. (5.23)
V2
Hence we may relate the local matrix element to the one involved in semi-leptonic kaon
decays K+ — 7%0*v (Ky3). The K3 matrix element itself may be written in terms of

hadronic form factors in a similar manner to Eq. (5.6), i.e.

MEE =i (£1(62) (o +pe)y + - () ) (5.24)

with ¢ = px — pr, and the scalar form factor may similarly be defined as

2

fo(®) = f+ () + ﬁf— (). (5.25)

5.2 Correlator Analysis

In this section I outline the analysis techniques necessary to extract rare kaon decay
amplitudes from the four-point (4pt) correlators measured in our lattice simulation. I
begin by discussing the extraction of Euclidean amplitudes in the continuum, followed

by a discussion of the additional considerations we must make in discrete spacetime [2].

5.2.1 Continuum Euclidean correlators

One of the key issues in determining the matrix elements of four-point matrix elements
in Euclidean space time is the presence of exponentially growing contaminations from
intermediate states lighter than the initial state. To see how these terms arise, we consider

the example of the "unintegrated" 4pt correlator,

r@ () = / d*x (f|T [029=0(0) 0O*=L (1, x)] | K ), (5.26)
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where the final state (f| will be (m¢*¢~| or (rvv|. The spectral decomposition of this

unintegrated 4pt correlator can be written as:

% E - _
fo dE PQ(E) <f’OAS_0’n> <n‘OAS_1‘K> ef(EKfE)t7 t <0,

ps (E)
2F

r = (5.27)

& dE (F1025=1m) (m|OAS=0| K ) e~ (F-Er)t ¢ 5 0,
where the functions p (E) and pg (E) are the relevant spectral densities which select
states with strangeness S = 0 and S = 1 respectively. To obtain the matrix element

we must perform the remaining integral over ¢, which can be computed analytically to

obtain
_ > p(E) <f|OAS:0|”> <"‘OAS:1‘K> (Ex—E)T,
I(Ta,Tb)_—/O aB o (1—e )
ps(E) (fl0*=m) (m|0O*=0|K) —(E—E{)T,
+/0 dE P TF, (l—e (E-Ey) > (5.28)

The rare kaon decay amplitude we wish to calculate corresponds to the constant terms
in the above equation (i.e. those that do not depend on the exponentials in 7, and
Ty) [19]. The intermediate states |m) in the second line of Eq. (5.28) must have the
flavour quantum numbers of a kaon, i.e. S = 1, and thus all possible intermediate states
will have ' > Ey; given a sufficiently large T}, this half of the integral should converge to
the appropriate value. However the intermediate states |n) in the first line have S = 0; it
is therefore possible to have states with £ < E, which will cause the integral to diverge
with increasing T,. The exponentially growing contributions from these intermediate
states do not contribute to the overall decay width and therefore must be removed in

order to extract the relevant Minkowski amplitude,

A(P)=—i_ lim I(T,,T; 5.29
(¢°) =~ lim I(T0,Ty), (5.29)
where T indicates the integrated 4pt correlator after subtracting the exponentially grow-

ing contributions [19].

The precise identity of these intermediate states will depend upon whether we are consid-
ering Z- and ~-exchange diagrams, or W-W diagrams. For the former case where there
are no leptonic intermediate states, there are three intermediate states with £ < Eg: |m),
|7m) and |77wm). For the W-W diagrams, the possible intermediate states that possibly
provide exponentially growing contributions are |[(Tv), |tftv), |wmlTv) and |rrmlTv).
Of course these states depend also upon the lepton mass, for £ = 7 no intermediate states

produce growing exponentials; for £ = p the states |[rrm¢*v) do not [19, 33].
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5.2.2 Lattice implementation

In lattice simulations we compute the correlator in Eq. (5.26) in a finite volume at a finite
lattice spacing; for the purposes of the analysis it is useful to translate these continuum,
infinite-volume formulas into their discrete, finite-volume counterparts [2]. To make the
difference between the two clear, I will not suppress factors of the lattice spacing for the

remainder of this section.

The spectral density p (E) in finite volume can be expressed as p (E) = Y 2E,0 (E — Ej,)
[and similarly for pg (F)|; the phase space integral is hence reduced to a sum over a finite
number of states labeled by n. The spatial integrals in Eq. (5.26) are replaced by sums
over the spatial extent of the lattice. Similarly the integral over time required to obtain

the amplitude is also replaced by a sum.

The replacement of integrals over ¢ by sums in our lattice calculation corresponds to the

replacement
0 0 T, Ty
[ asa > [Tasay. (5.30)
—Ta t=—T, 70 =0

The sum runs over increments of the lattice spacing, a. We remark that the point at ¢t = 0
should not be double counted when the two halves of the integral are added together; this
is intrinsically related to how the time ordering operator is implemented on the lattice.
Because the operators O25=0 and O25=1 commute at t = 0, a proper treatment is to
average the two choices of time ordering at this point. In the following analysis the point
at t = 0 is thus weighted by a half; when the two sums are added together the correct

result is obtained [2].

We now introduce the compact notation

A =Eg —E,, A’ =E,—Ej, (5.31)
where n and m label the finite volume states contained in the finite volume spectral
densities p (F) and pg (F) respectively, and a and b label which time ordering of the
4pt function the state appears for. The relevant sums corresponding to the integral of

Eq. (5.26) can be evaluated as a geometric series, i.e.

a e "t =q - , (5.32)
Pt 2 (1 —e2n)

L (1 -~ 2e*Ai’nTb)
a) e At =g Y=y . (5.33)
t=0
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To understand the impact of this analysis, it is instructive to expand the terms in Eq.
(5.33) that depend on T, and T,. Expanding in powers of the lattice spacing, the un-

physical contributions take the form:

eI par ale | (aAl)® 5 | €20t
—ame = (1 -+ 2 + 12 + O (a ) A?L y (534)
e Bn g al,  (adh)” 3 | e om T

This analysis demonstrates the expectation that the sum reproduces the continuum ex-
pectation, up to discretisation effects starting at O (a). We remark that we developed
this discrete formalism following a preliminary analysis of K — 7™/~ simulation data,
where we discovered that if we do not account for these effects, the result is an incomplete
removal of the exponentially growing behaviour. We stress however that the physical ma-
trix element itself, i.e. the contribution of those terms in Eq. (5.28) without the factors
of eAmTe or e_AEnTb, is free of O (a) errors as is guaranteed by the prescription of domain

wall fermions.

We can thus write the final expression for the integrated lattice correlator,

OAS:O OAS:I K . .
101 = g VOISO [ (1 s«
1 (f|O25=m) (m|OA5=Y K) ant Y
G;Mm 2 (1 - eadh) [1+6 : (1_2‘3 ® Tb)]‘

(5.36)

To extract the matrix element we must therefore remove the exponentially growing con-
tributions as they appear in the above equation. Subsequently to obtain the amplitude
the correlator must be integrated within a window large enough such that the remaining

exponential dependence on T, and T} converges within statistical errors [2].

5.2.3 Removal of Exponentially Growing Intermediate States

Our exploratory simulations use unphysically heavy pions masses; hence we do not see
contamination from exponentially growing |r7) or |m7m) intermediate state contribu-
tions. Hence for Z- and y-exchange diagrams, only the single-pion exponentially grow-
ing contribution must be removed in our analysis. For the W-W diagrams, we may have
exponentially growing contributions either from [¢*v) or ‘7r0€+1/> intermediate states for
{ = e, pu. I will explain the methods we use to remove these unphysical contributions in

the following section.
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5.2.3.1 Single Pion Intermediate State

The first possibility of removing the single-pion exponential is to reconstruct its analytical
form from Eq. (5.36) [19]. For the Z- and v-exchange diagram case discussed in the
previous section, the final lattice state will be (7 (p)| (for clarity I will explicitly include
the momenta of the states in the following discussion). The exponential contribution is

therefore

1 (" (px) |[J¥7 (Px)) (7 (Px) |Hw |K (PK)) acr,
2FE. (PK) 1 — e A% '

D} (T, Pk, Pr) = @ (5.37)
The necessary matrix elements and energies can be readily obtained from fits to 2pt and

3pt correlators. We will refer to this method of subtraction as "method 1".

We remark that the single-pion intermediate state is present only for the vector current
component of Eq. (5.1). The vector current is parity conserving and subsequently the
intermediate states must have odd parity. The axial component of the current required
for a Z-exchange is parity violating, and thus the intermediate states must have even

parity. Hence the odd-parity |7) intermediate state cannot arise with an axial current.

A second method ("method 2") of removing the exponentially growing contribution of
the single-pion state is to employ a shift of the weak Hamiltonian by the scalar density,
sd [115]. We choose a constant c¢s such that

(7 (pr) |Hiy|K (pK)) = (7 (px) |Hw — cs5d|K (pk)) = 0. (5.38)

If we replace Hy by H{;, in Eq. (5.36), the contribution of the single-pion intermediate
state vanishes. We can show [19] that this shift leaves the total amplitude invariant by

writing the scalar density as a total divergence using the chiral Ward identity
i(mgs —mq) 5d = 0,V (5.39)

which is exactly satisfied on the lattice.

5.2.3.2 Two and Three Pion Intermediate States

While the two- and three- pion intermediate states do not provide exponentially growing
contaminations in our exploratory studies, it is useful to understand how to deal with
them in physical simulations. These states will arise in the computation of Z- and

~v-exchange amplitudes.
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W-W diagram Z-/v-exchange
Decay Branching Ratio Decay Branching Ratio
KT — et 1.582(7) x 107 Kt —7ata%  2.067(8) x 1071
K™ — uty, 6.356(11) x 10! || KT — #t7Fr~ 5.583(24) x 1072
K+ — nlty, 5.07(4) x 1072 || KT — at7070  1.760(23) x 1072
Kt —muty,  3352(33)x 1072 || Ks—7tn~  6.920(5) x 107!
Kt —»rntnefv, 4.247(24) x 1075 Kg — 27 3.069(5) x 101

Kt — %%y,  255(4) x 107> || Kg —atrn a0 (3.5)%54x 1077
Kt —atr—uty,  1.4(9) x 1075 Kg — 3n° <2.6x1078
K+ — 3n%T, <3.5x107

Table 5.1: Branching ratios and decays widths relevant to rare kaon decays. The
decays with (semi-)leptonic final states are relevant for intermediate states in W-
W diagrams; those with pure hadronic final states are relevant for intermediate
states in Z- and ~v-exchange diagrams.

For two-pion intermediate states [19], the relevant matrix elements for their removal are

My = (7 (p1) 7 (p2) [Hw|K (pK)) ,
My = (7 (pz) |57 (p1) 7 (p2)) ,

(5.40)
(5.41)

for i = V, A. For the case of the vector current, Eq. (5.41) has the continuum form
factor decomposition

euupopﬂp1p2F (87 t, u) ’ (542)

where s, t and u are Mandelstam variables. Because of 4-momentum conservation, p, is
a linear combination of p; and ps, hence upon contraction with the Levi-Civita tensor the
quantity vanishes. This effectively encodes the parity conservation of the vector current.
On a finite lattice Lorentz symmetry is broken, hence there may be parity-violating
contributions from lattice artefacts, e.g. a26u,,pap”p’;< (p}‘()g. Additionally it may be
noted that in lattice studies of the K — K¢ mass difference [1, 115], the w7 intermediate
state is also present and provides an on-shell contribution of only a few percent; lattice
artefacts may only provide contributions that are a few percent of these. It is reasonable
to expect a similar contribution in rare kaon decay amplitudes. Given this suppression
we anticipate that within the integration window required to extract the matrix element,
these contributions will be negligible [19]. We will be able to validate these expectations

in future studies with physical pion masses.

The axial current on the other hand violates parity, and thus the |77) intermediate state
must be removed if the pions are light enough. To remove these states it is necessary

therefore to compute the matrix elements Eqs. (5.40-5.41) such that this state may be



Chapter 5 Rare Kaon Decays on the Lattice 81

removed using techniques analogous to method 1. We remark that we could attempt to

use a method analogous to method 2, where we shift the weak Hamiltonian by
Hy — HI//V = Hw + Cp§’75d. (5.43)

However this operator cannot generate an intermediate state with I = 2, and hence is

unsuitable for removing the I = 2 77 intermediate state.

Three pion on-shell intermediate states are expected to be give very small contributions,
as they are strongly phase-space suppressed. An inspection of Table 5.1 demonstrates
this significant suppression for Kg — 37 transitions, hence for studies of Kg decays it is
expected that this intermediate state will be suppressed enough such that the diverging
contribution is completely negligible within the integration window we employ in our
lattice simulations. For K% decays, the suppression of K — 37 decay widths (as
shown in Table 5.1) in comparison to K+ — 770 is less strong; although this is because
the KT — 770 decay itself is suppressed by the AI = 1/2 rule [116-118]. In future
physical point simulations, it may be necessary to identify and remove this state if we aim
for percent-level precision measurements of the matrix elements. Computing the matrix
elements to remove this state using method 1 presents a formidable challenge, as the
theory of tri-hadron states on the lattice is still in the early stages of understanding [119,
120].

5.2.3.3 Leptonic and Semileptonic Intermediate States

For W-W diagrams, the intermediate states that provide exponentially growing contri-
butions will contain leptons. These are removed using method 1. By comparison with
Eq. (5.36), we see that for type 1 diagrams (containing the ‘ZI/> intermediate states) we

must remove [33]

_ 1 1 MWUD%ZI/MZD%K “
DY (Tu,k, pr,py,pv) = a ——ePi T, 5.44
( p p p ) 2El7 (p[) 2E1/ (py) 1 . e_aAZu ( )
from the full matrix element, where we have defined
MPPRY = (1 (pr) v (p0) 7 (95) |07 1 (0p) v (21)) (5.45)
MK = (T (pg) v () |05 K (pic)) - (5.46)

It should be noted from Table 5.1 that K — e™v decays are heavily helicity suppressed:;

in practice only the |uTv) intermediate state contribution needs to be removed.
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Because the leptons do not interact via QCD, we can factorise out the hadronic and
leptonic contributions. We interpolate the leptonic states (i.e. a free fermion with 4-

momentum p) using [33]

v(z) v (pn)) = u(py) e? 7 |0), (5.47)
v ()7 (ps)) = v (ps) €7 [0) (5.48)
(@) | (pe)) = u(pe) e (0) (5.49)
() [ (pg)) =T (pg) €777 0}, (5.50)

where u (p) and v (p) are the conventional positive and negative energy free Dirac spinors

respectively. Note that the spinor u (p) is distinct from the up quark operator.
We may thus factorise the matrix elements Eqs. (5.45-5.46) as

<7w17|(’)£Aq5:0|l71/> =Zy (m|ury, (1 —7s) d|0) {vi|oy* (1 — y5) L) lv) (5.51)
(|OFF=HKY = (tv]py, (1 —45) £0) Zy (0]sy* (1 — 75) u|K) | (5.52)

where we have introduced the renormalisation constant Zy, which will be discussed in
section 5.3. The hadronic matrix elements must be computed in our lattice calculation;
on the other hand the leptonic matrix elements may be computed using free field theory.

We may rewrite the full exponentially growing contribution in the form
— B /l/ — - _
DY (Taa kapmpmpﬁ) = —fx fxu (pu)ng;pW (1 - 75) v (pﬁ) e(EEJrEV EK)T&? (5'53)
where we have made use of the spinor completeness relation

> ulp)u(p) =p+m, (5.54)

spins
(although note we are considering massless neutrinos) and the relations
Zy (m (px) [uy"* (1 = 75) d|0) = — fxpl, (5.55)
Zy (0]s7" (1 = v5) ul K (px)) = frcply (5.56)
where fx and f, are the kaon and pion decay constants respectively.

Now that we have identified the form of the exponentially growing intermediate state
in the full matrix element, we must remove it from the scalar amplitude. Recalling the
projection we perform using Eq. (5.14), the exact quantity that we must remove in the

analysis therefore is [33]

—iTr [DZ” (T PK s Py Pvy D7) - U (o) Pr (1 —75) u (po)
Tl“[ K(l —75)]”;7}”[( (1_'75)1311] ‘

(5.57)
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For type 2 diagrams the divergent intermediate states take the form

707, d3p 0 a0 1 70
DT (Ta,pKypﬂ'upwpD) :/ (27_‘_;3 Mu - (pﬂupwo) EMV oK (pﬂoapK)
_ 1y +my
x @ (p) 7 (1= 5) LT (1= 5) ()
14
~ e(E'ngEWoJrE'u*EK)Ta’ (5.58)
where the required QCD matrix elements are
7r+ 7'('0 —
M7 (P, pro) =Zy (77 (pr) [y (1 = 75) d|7° (pro)) (5.59)
TK'O —
MG (pro,pic) =2y (7° (peo) 57 (1 = 5) ul K () - (5.60)

As noted in section 5.1.3, it is useful to use isospin rotations to write the matrix elements

as

(r Jay, (1= 5) d] 7r0> = \f2<7r+ ’JW/L (1 —15) d‘ ), (5.61)

_ 1 _
(x5 (1= 30) K = — (" o (1= ) d] K6, (5.62)
2
which simplifies the contractions required in a lattice QCD calculation. Additionally,
the matrix element for the axial-vector current vanishes by parity; hence only the vector

current need be considered [33].

In a lattice calculation there exists a divergent intermediate state for each allowed kine-
matical configuration of 7¥ and ¢* lighter than the intial state, where the momentum is
quantised in multiples of 27/L. In our exploratory simulations there is only one kine-
matical configuration light enough to produce an exponentially growing contribution, in
which the pion is at rest. To remove this exponential, it is sufficient to calculate the

matrix elements

Zy (r (Px) [dyud|m (0)) = —Fr (¢*) (Ex (Px) + Mx), (5.63)
Zy (7 (0) |57,d|K (0)) = —fo (¢hae) (MK + My) (5.64)

which are written in terms of the pion electromagnetic form factor F, and the K3 form
factor fy, seen previously in Eq. 5.25. These definitions may be used to express the
divergent state as [33]

Wi
E; M,
(Pr + Poo) (1= 75) v () BB BT (5.65)

DWOZV (Taa kapﬂaplnpﬂ) = _fO (q'rQna:E) Fﬂ' (qQ) u (pV) (pK +pﬂ'0)

Again it should be noted that in practice we project out the quantity Fyyw using Eq. 5.14,

and thus the same procedure must be used on Eq. 5.65.
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In future simulations with physical meson masses, there is also the possibility of exponen-
tially growing states from |27¢*v) and |37¢Tv) intermediate states. However it can be
seen from Table 5.1 that the decays K — 27/Tv and K — 37T v transitions are heavily
phase space suppressed; these exponential contributions are likely to be negligible within

our integration window [33].

5.2.4 Finite Volume Corrections

At this point it is important to note that multi-particle states such as nm and wnm
will suffer from power-law finite volume corrections in our lattice simulations. These
corrections must be applied when these states are on-shell, hence are relevant to the

intermediate states that provide exponentially growing contributions [19, 33|.

In our exploratory studies we do not have any on-shell multi-hadron states, so there is no
finite volume correction necessary for the Z- or v-exchange diagrams. In future physical
simulations the only state for which this will realistically be a problem is 7, if its physical
contribution is large enough such that the finite volume correction becomes a significant
source of error. However, two-pion finite volume corrections are well-known from the
study of K — 7w decays [121], and additionally in the calculation of the K — Kg mass
difference, which involves a 4pt correlator with a 77 intermediate state that provides
an exponentially growing, unphysical contribution [122, 123]. A similar approach can

therefore be used for the calculation of rare kaon decay amplitudes [33].

There is however the issue of finite volume corrections for the W-W diagrams, concerning
the [(Tv) and |7%Tv) intermediate states. For the former there is no finite volume cor-
rection, as the neutrino is part of the final state and has fixed momentum; the momentum
of the intermediate state lepton is hence also fixed. For ‘7r0€+1/> we should however apply
a finite volume correction associated with a 70 — ¢* loop. In our exploratory studies,

only the |7T06+V> intermediate state is light enough to result in this error.

The finite volume correction for the |7r0€+1/> may be written in the general form [33]

1 dko d*k [ (Ko, k)
(1 dry , 5.6
<L3 zk:/ 27 / (27r)4> (k2 +m2) (P = k)” +m3) e

where P denotes that the poles in the above expression have been regulated using the

principal value prescription. Specifically for |7TOE+1/>, we have mi; = mg, mo = my,

P =pK —py, and

Tr [ M K (1 = y5) (P — ) M™ 2 (1~ 5) poprc (1 — 75)]%}

f k)= Tr [pr (1 —75) popr (1 —5) p] (5:67)
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The techniques for evaluating Eq. (5.66) for P # 0 and m; = mgy were developed in
Ref. [124], where the system is boosted into the centre of mass frame and f is expanded
in spherical harmonics. These techniques have been generalised to the case my # ms in

Ref. [125], hence may be applied in our studies of rare kaon decays.

5.3 Renormalisation

The renormalisation of the 4pt matrix elements of the form

[ 51704 @) s )]0, (5.68)

requires two stages. First, the operators O 4 and Op must be renormalised individually.
The operators relevant to our calculation are the four-quark operators that make up
Hy [Eq. (5.2)], the vector and axial currents JX’A and the operators [Eqs. (3.41-3.42)]
relevant for W-W diagrams. Once these operators are renormalised, we must remove any
new UV divergences that arise from the contact of O4 and Op. For convenience, I will

introduce the compact notation for the bilocal operator,

(0405 = / P T [0 (2) Op (0)]. (5.69)

The theoretical techniques for the non-perturbative renormalisation of the individual
operators are introduced in section 5.3.1. Subsequently the renormalisation of the in-
dividual operators needed for this calculation is discussed in section 5.3.2. I will finish

with a discussion of the removal of contact divergences in section 5.3.3.

5.3.1 Non-Perturbative Renormalisation

I will begin with a brief overview of momentum subtraction schemes [126]. I will illustrate
the procedure by considering the example of the renormalisation of a two-quark Green’s
function (p2|O|p1), where O is some arbitrary two-quark operator. This Green’s function
is shown diagramatically in Fig. 5.5. The idea of momentum subtraction schemes in

general is to set

O = Zo(a, pr) Zy (0, pm1) (OY) = (O), (5.70)
pi=ps=p pi=p3=p

where (O) denotes the amputated Green’s function, p; denotes the momentum of the ex-

ternal quark state |p;), ugrr is the renormalisation scale, and the superscript ©) denotes

the tree level value. This thus allows us to match a lattice matrix element to one reg-

ulated in our chosen momentum subtraction scheme (labelled lat and RI respectively).

Using this condition we can calculate the renormalisation constant, Zn; the quark field
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P1 - - P2

Figure 5.5: Schematic of the momentum flow for the renormalisation condition
of a 2pt Green’s function using momentum subtraction schemes. For RI-MOM
schemes we require p; = pa, p? = /‘12% for RI-SMOM schemes we require p? =

2
p? = (p1 — p2)® = 1y

renormalisation Z; may be obtained from a similar calculation, which we discuss be-
low. We remark that the renormalisation condition Eq. (5.70) is gauge dependent, and
the conventional choice is to use Landau gauge. To ensure that the non-perturbative

determination of Zp is valid, we must satisfy the conditions
Agep < prr < a” . (5.71)

The upper bound ensures that we avoid discretisation effects, the lower bound avoids
unwanted non-perturbative effects. This is particularly necessary for our calculation
where there will be a subsequent perturbative matching step, which must take place at

a scale sufficiently above Agcop to ensure the validity of the use of perturbation theory.

Our exact choice of renormalisation scheme depends upon our choice of kinematical con-
figuration. For example, the regularisation-independent momentum subtraction scheme
(RI-MOM) is defined for p; = p, with the renormalisation scale being set by p? =
p3 = pfu. However this configuration is exceptional (as ¢ = p; — p2 = 0), and thus
may encounter errors from non-perturbative effects such as Goldstone pole contamina-
tion [126]. This can be avoided by employing the regularisation-invariant symmetric
momentum subtraction scheme (RI-SMOM) [127, 128]. For this scheme, we wish to
consider a non-exceptional momentum configuration, where no partial sum of incoming
external momenta vanishes. To ensure the configuration is non-exceptional we impose

the condition

2

1 =03 =q" = (5.72)

b

with ¢ = p; —ps. This is the scheme we employ for the non-perturbative renormalisation

required in our calculation.
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In practice the calculation proceeds by calculating the amputated Green’s function

Ao (p1,p2) = S5 (p2) Go (pr,p2) S (p1) (5.73)

where the subscripts ¢ and f denote the initial and final states respectively, and ¢ =

p1 — p2. To obtain A we must compute Go, S; and Sy, where G is defined by

(Go)gy (prp2) = 3 P 57 0= (s (1) O (2) by (w)y)) . (574)
T,y z
where roman and greek indices correspond to colour and spin respectively, and the quark

propagator S is

S =D e (@2 ()] (5.75)

We remark that Gp and Ap are tensors in spin and colour; in general it is preferable
to work with scalar correlation functions. To achieve this goal, we would like to find
a projector Po that will project out the Dirac structure of the matrix element. To

understand this, let us rewrite the renormalisation condition Eq. (5.70) in the form

_ 1
Zo (a, pr1) 2, (a, pr) T [PoAlc%t]

=1, (5.76)
pi=p3=n?
where the trace runs over both trace and colour. For simple cases the projector may be
obtained from the inverse of the tree level result, i.e. Pp = (AEQO)) . For the example

of a bilinear of the form
0= @1111#2, (5.77)

where I is the insertion of a gamma matrix (or a product thereof), the required projector
for the RI-MOM scheme is simply I'!.

The final step is to disentangle the quark and operator renormalisation. One straight-
foward method of determining the quark field renormalisation in the RI-SMOM scheme
is to consider the Green’s function with a conserved vector current insertion, for which
we have Zp = 1. Alternatively a local vector current may be used; the required renor-
malisation constant Zy for this choice is discussed in the next section. The choice of
projector for this method is not unique, which in general may depend upon the external
momenta p; and pz. We choose to focus on two choices of projector to determine Zy,

ie.

1

Lq
Zg - Eq% Tr [gAY ] |p§=p§=u2 ;4= 48 T [0y ] }P%=P§=H2 ’ (5.78)
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P1 P2

p3 P4

Figure 5.6: Schematic of the momentum flow for the renormalisation condition of
a 4pt Green’s function using the RI-SMOM scheme. In this scheme the momenta

satisfy p? = (p1— p2)2 = (p3 —p4)2 = M2RI‘

where Af{; is the amputated Green’s function of the conserved vector current. These two

choices are labelled by ¢ and ~,, respectively.

The above discussion may be generalised to 4pt Green’s functions, which is required for
the renormalisation of the operators that make up Hyw |Eq. (3.30)]. Such a Green’s
function is shown diagramatically in Fig. 5.6. Again it may be noted that the choice of
projectors is again not unique. The exact form of the RI-SMOM scheme used for the
renormalisation is thus labelled (a, b), such that a describes the class of projectors used
for the Hy operator renormalisation, and b the class of projectors used to calculate Zy,
[129]. In our studies of rare kaon decays we have made use of the (v,,¢) scheme, which

corresponds to the choice of

Tt
P = m, (5.79)
I'= (3 (1-5) ® (* (1 —15)), (5.80)

for the Hyy projector.

5.3.2 Local Operator Renormalisation

I will begin the discussion of the renormalisation of individual operators with the currents
J, that appear in Eq. (5.1). The currents renormalise multiplicatively; we must therefore
find the renormalisation constants Z4 or Zy depending upon the current in question. If
we use the conserved current, then no renormalisation is required, i.e. Z4 = Zy = 1.

However, if we use the local vector or axial current, then the constants Zy and Z4 must
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be determined. However we may note that the effective chiral symmetry of the domain

wall action allows us to take Z4 = Zy (up to O (az) effects, which we will neglect).

To determine Zy and Z,4, it is possible to compute matrix elements using the conserved
and local vector currents and computing ratios, or use momentum subtraction schemes as
described in the previous section. However, with our prescription of domain wall fermions
we may also extract them by using definitions of pseudoscalar decay constants [130]. For
example, the pion decay constant f; may be computed using

Za (7 (P) |[u1075d]0) (17w + 1g) (7 (0) [u5d|0)

fr= Ex (p) = 2 (5.81)

where Mg = mg 4+ Myes. As My, is already known for the lattices on which we simulate,

this allows us to also extract Z4 (and Zy, as noted in the previous paragraph).

We remark that the renormalisation constants Zy and Z 4 also are required to renormalise
the operators QEAqSZO and quszl from Eqs. (3.41-3.42). The leptons do not experience
strong interactions and the renormalisation of the vertex is equivalent to that for a local
vector or axial current [33]. As previously noted in section 3.1.3 the Wilson coefficients
for the two-quark-two-lepton operators are equal to one; hence there is no additional
matching calculation required to combine Wilson coefficient and operator in the same

renormalisation scheme.

5.3.2.1 Renormalisation of Hyy

The renormalisation of the operators @; that make up Hyy is a much more involved
calculation. The Wilson coefficients C; are known in the MS scheme at NLO [77]; we
thus require @J; to be renormalised in this scheme also. The renormalisation of the
Hyy operator is simplified considerably by our prescription of domain wall fermions: the
good chiral symmetry prevents the mixing of the operators @; (from Eq. (5.2)) with right-
handed operators. The renormalisation is thus a two step process. First we renormalise
the bare lattice operators non-perturbatively using the RI-SMOM scheme described in
section 5.3.1. Subsequently we must perform a matching calculation using continuum
perturbation theory to match to the MS scheme [129]. We remark that for this matching
calculation to give valid results, we must renormalise the operators at a sufficiently high

scale, e.g. 1 2 2GeV.

The matching procedure can be expressed as the formula [1]

Hy = 30O (14 ArUS) (Z900) Q) (5.82)

ij

where ZR! is the RI-SMOM renormalization matrix for the bare lattice operators, and

ArRIZMS g the matching matrix [1] for conversion from the RI-SMOM scheme to the
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cMs —0.2967
cMs 1.1385
Arip = Argy | —6.562 x 1072
Arip = Arg; | 7.521 x 1073

ZR = Z] 0.5916

ZRl = Z]1 —0.05901
Cclat —0.2216
Cclat 0.6439

Table 5.2: Results for the MS Wilson coefficients for Hy, [Eq. (5.2)], the
MS — RI matching, the RI renormalisation matrix and the final lattice Wil-
son coefficients, all computed using p = pgr = 2.15 GeV [1].

MS scheme. In the four-flavour theory and considering only the operators Qq, Q2 we
have
Tl 84 12Im(2) —4ln(2)

In our calculation we have used the renormalisation scales p = ! = 2.15 GeV.

The entries of the matrix Z'* =Rl are calculated in the RI-SMOM(v,, ) scheme, as
defined in section 5.3.1. Combining all these results, it is possible to determine the final

coefficients Cllat by which we must multiply the bare lattice operators. These results are
shown in Table 5.2.

5.3.3 Bilocal Operator Renormalisation

Once we have renormalised the two individual operators that make up the bilocal matrix
element, we must remove any new UV divergences that arise as they approach each
other [19, 25, 33|. It is possible to see how new divergences arise by examining the
diagrams in Figs. 5.2 and 5.4. The relevant subdiagrams associated with the divergences
are shown in Fig. 5.7. For example in Fig. 5.7(a), we see that when the current is inserted
in the loop of the S or E classes of diagram, we have a subdiagram that resembles the
hadronic vacuum polarization, which naive power counting shows to be quadratically
divergent. We remark that for the case of the conserved vector current, electromagnetic
gauge invariance reduces this degree of divergence by two (owing to a transversality
factor of QQgW — quqv), leaving at most a logarithmic divergence. This is true despite
the fact that the vector current component of the Hyy operator is local. If we simulate

in the 4-flavour theory we may exploit the GIM mechanism, as the divergence cancels
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Figure 5.7: Diagrams leading to UV divergencs in (a) Z- and 7y-exchange dia-
grams and (b) W-W diagrams.

between the up and charm quark loops. Hence for 4-flavour studies of K — 7m¢*¢~, no

further bilocal operator renormalisation is necessary.

For the axial current, the diagram in Fig. 5.7(a) is quadratically divergent, as is the
diagram in Fig. 5.7(b) for the W-W case. The GIM mechanism however does reduce
this divergence from quadratic to logarithmic; however the logarithmic divergence does
not cancel completely via GIM. In such cases, the divergence must be removed using
a local operator. The purpose of this local operator is hence twofold: it describes the
short-distance physics that has been integrated out, and acts as a counterterm to cancel
the divergence in the bilocal matrix element. We remark that if we were to use a fermion
action without a good prescription of chiral symmetry, a linear divergence would still
remain after the GIM cancellation [19, 33]. For this reason, our use of domain wall

fermions is important such that the renormalisation procedure is tractable.

5.3.3.1 RI-SMOM Renormalisation

The first stage of the bilocal operator renormalisation is to regulate the divergences in the
RI-SMOM scheme. For the renormalisation procedure we consider the 4pt amputated
Green’s functions of the bilocal operators. Our starting point is the Green’s function
with the divergence regulated in the lattice scheme; we can convert the regularisation of
divergence into the RI-SMOM scheme by introducing a counterterm X5 (gr, a) to the
bilocal operator such that [33]

{OAOB}RI (NRI) = Z}}I (,U/RI’ a) ZgI (,URIy CL) {OAOB}lat (a)
— Xap (nrr,a) Z1' (pnr, ) OF" (a) (5.84)
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where Z}}I and ZEI are the RI-SMOM renormalisation factors for the operators O, and
Op respectively. The counterterm itself may be determined by imposing the renormali-

sation condition

({0405 = LABIZIEI ({01051 (a)
Pi=nfy Zy i =ity
o lat
- X ,a) —== (O (a
AB (kRI )Zgl (OL)* ( ))p?=u§1
—0, (5.85)

where the (O) is the amputated Green’s function of an operator O. The exact form of
this condition is arbitrary and thus represents a scheme dependence. The local operator
Oy effectively represents the contributions from bilocal piece where there is arbitrarily
high momentum in the loop. We choose the RI-SMOM scale ury such that below this
scale (i.e. u < pgr), the loop cannot be resolved and hence appears as an effective local

operator.

The RI-SMOM procedure for a 4pt function is similar to that presented for the 2pt
function as presented in section 5.3.1. For Z- and ~v-exchange diagrams, where the
external lepton states are already amputated, we calculate a Green’s function of the form
Eq. 5.74, but where the operator © must correspond to the relevant bilocal operator.
For the W-W diagrams the calculation is analagous, although we must account for the
additional free neutrino propagators that must be included in the lattice calculation;
these must therefore be amputated in a similar manner to the quark propagators via

Eq. 5.73. The momenta assignments we use for the 4pt-functions are

b= (fa §7 07 O) y D2= (67 07 g? 0) y D3 = (07 _ga 07 _5) y Da= (07 Oa _57 _5) ; (586)

such that /i%u = 2¢2. One can easily verify that this choice satisfies the RI-SMOM

condition

P =" = [, (5.87)

with ¢ = p1 — p2. The relevant diagrams that must be computed are shown in Fig. 5.7,

and the momentum assignments have been highlighted.

In our rare kaon decay simulations, there is only one choice of local operator that mixes
with the bilocal operator in each case, which hence may be used to regulate the di-
vergence. For K — w¢*¢~ this operator is Q7y [Eq. (3.23)], for K — mvv is it @,
[Eq. (3.45)]; the relevant hadronic contributions in both decays are described by the K3
form factor fi [Eq. (5.24)].
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5.3.3.2 Matching to MS Scheme

Once we have renormalised the bilocal operator in the RI-SMOM scheme, we need to
match it to the MS scheme, in which the Wilson coefficients C; (1) entering the weak
Hamiltonian are known. We must therefore relate the bilocal operator regulated in the
RI-SMOM scheme to one regulated in the MS scheme. In general, they are related by [33]

{040} () = ZFVS ZRINS (1ipr 1) {0408 (ugr)
+ Yag (urr, 1) OF (pri) - (5.88)

In the first line we thus convert the individual RI-SMOM renormalised operators to the
MS renormalised ones using the coefficients ZEIE?MS; in the second line we convert the
regulation of the divergence from RI-SMOM to MS. We calculate Y5 by imposing the

same RI-SMOM condition as on the lattice, i.e. we take

2y (k)

= T Yap (urr, p) (00 (5.89)
vi=pk Z)0 (u)

({0A05 1S ()]

where we have imposed Eq. (5.85) to eliminate the RI-SMOM renormalised bilocal con-
tribution, and imposed Eq. (5.70) for the local operator. Note the conversion of the
quark field renormalisation Z, to the MS scheme. We therefore obtain Yap (1Rm1, ) via
a perturbative calculation to the desired order in perturbation theory, where divergences

are regulated using the MS scheme.

This thus defines the bilocal matrix elements in the MS scheme; this matrix element is
then multiplied by the relevant Wilson coefficients for the operators O4 and Opg. We
remark however that it is still divergent, i.e. the Wilson coefficients alone do not cancel
the renormalisation scale dependence of the bilocal operator. The divergence hence

cancels between the bilocal and local parts of the entire calculation, i.e.

A=Y Cu(p)Cp () (FI{OA0B} )M (1) + Cp () (FlOLli) . (5.90)
A,B

This demonstrates that the local piece acts both as a counterterm to the divergence
within the bilocal matrix element, as well as giving the short-distance contribution of

physics above the scale p [33].






Chapter 6

Results of K — 7/T¢~ Simulations

In this chapter I report on the results of my analysis of the long-distance contributions
to K — my* matrix elements. Our primary focus is the KT — 7ty* — at/t(
decay, although I will also comment briefly on the decay with neutral hadrons. The
calculation I present is the first exploratory attempt at a nonperturbative lattice QCD
calculation of K — m¢T¢~ amplitudes. The possibility of such a calculation was first
introduced in [25], where it was shown that lattice methods can in principle be used
to compute such decay amplitudes. These ideas were developed further in [19], where
the details of the analysis to extract K — mfT/¢~ matrix elements using renormalised
operators were introduced, with full control of ultraviolet divergences. This necessitates
the introduction of a charm quark in the calculation, such that logarithmic divergences
cancel by the GIM mechanism. The objective of these studies is to demonstrate how the
results of [19, 25| can be applied in actual numerical simulations to extract the desired

physical information.

The layout of this chapter is as follows. I will introduce the details of our K — wft¢~
simulations in section 6.1, before moving onto a more in-depth discussion of the imple-
mentation in section 6.2. I will then demonstrate the required analysis to extract the
desired matrix elements and form factors in section 6.3. I will then demonstrate how
our exploratory results may be used to test previous work based on ChPT in section 6.4.
Finally, I will discuss the future plans for a physical point K — w¢*¢~ simulation in
section 6.5. The analysis I present in this chapter is my own work. The numerical data
were generated jointly by myself and Dr. Antonin Portelli using the codebase UKHadron.
The results presented in this chapter have been published in Ref. [2].

6.1 Details of the Simulation

This exploratory study was performed using a 24% x 64 lattice with an inverse lattice
spacing of 1/a = 1.785(5) GeV [131, 132|, employing Shamir domain wall fermions [104]

95
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with Iwasaki gauge action [96]. The ensemble has a residual mass of am,.s = 3.08(4) x
1073, a pion mass of 430(2) MeV and a kaon mass of 625(2) MeV. In order to cancel
divergences with the GIM mechanism we include a valence charm quark with a bare
mass of am = 0.2. Using the mass renormalisation factor Zn@ (2GeV) = 1.498(34) for
this lattice [131], this corresponds to an unphysical charm quark of mass mg/TS(Q GeV) =
543(13) MeV. We use a sample of 128 configurations, each separated by 20 molecular

dynamics time units.

6.2 Setup of the calculation

I now move to a detailed explanation of the setup of our calculation. In this section
I will introduce the schematic of the relevant 4pt correlator and give an overview of
the propagators we choose to use to perform each of the contractions involved in the
construction of the correlator. In Sec. 6.2.1 I will give a more technical discussion of the

implementation.

In our lattice calculation we aim to measure the "unintegrated" 4pt correlator

C/(jl) (tK7tH7tJ7t7T7pK?p7r) =
SO e (b Pe) T (t0,%) Hiw (01, ¥)) 8 (tre,P)) - (6.1)
x Y

where ¢p (t,pp) (P = m, K) is the annihilation operator for a pseudoscalar meson with
spatial momentum pp at a time ¢, and tp is the source timeslice of the meson. Here
we take the electromagnetic current J, in Eq. (5.1) to be the conserved lattice vector
current. For our choice of action we use the Shamir domain wall conserved current [104].

This choice is made to simplify the renormalisation, as described in section 5.3.3.

We simulate a kaon with momentum px = 0 at a time ¢x = 0 decaying into a pion with
momentum p, at t; = 28. We have considered three separate final state pion momenta:
Pr = 2T“(l,(),())7 Pr = 2%(1,1,0) and pr = 2T“(l,l,l)7 where L = 24 is the spatial
extent of our lattice. We will thus label each kinematical case by the momentum p;.
In all cases the current is situated halfway between the kaon and pion at t; = 14; this
position is chosen such that we can integrate over tg in a window around the current
and be far enough away from the positions of the pion/kaon interpolators to avoid the
contamination of excited state contributions. We use Coulomb gauge-fixed wall sources
in our calculation to give good overlap with the ground state pion and kaon, which allows
us to keep the kaon-pion source-sink separation as small as possible to achieve the best

possible signal for the amplitude.

The computation of the full set of diagrams corresponding to the rare kaon decay can be

accomplished by computing 14 propagators. Four are required to connect the kaon/pion
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Figure 6.1: Demonstration of how propagators are used to construct diagrams.
The position of the Hy operator is indicated by the shaded square, and may be
placed at any spacetime position. The insertion of the current is denoted by a
black square, fixed on an single time slice and summed over space. The double
line represents the part of the propagator computed using a sequential inversion;
the dotted line represents the loop propagator, computed using spin-color diluted
random volume sources.

sources to the Hyy insertion: one strange and one light for the kaon; two light propagators
with momenta 0 and p, to produce a pion with momentum p, # 0 (this also allows us to
make a pion with momentum 0). Two more propagators are needed for the loops in the
S and E and disconnected diagrams (one light, one charm), and one more for the strange
loop in disconnected diagrams. We use each of these seven propagators to calculate a
sequential propagator to achieve the current insertion to bring us up to 14. The types
of propagators used are shown schematically in Fig. 6.1. Furthermore, to construct all
the 2pt and 3pt functions required for our analysis procedure, we also compute one
additional strange propagator with momentum p, such that we can produce a kaon with

momentum py.

6.2.1 Details of the Implementation

The loops in the S and E diagrams require us to compute the propagator from each site
to that exact same site for each colour and spin index. This is readily achieved using
random spin-colour diluted volume sources, as described in section 4.3.2.3. With this
propagator we may insert the operators that make up Hyy at any position on the lattice,

thus enabling the summation of the position of Hy over the whole lattice.

The insertions of the electromagnetic current are achieved using sequential propagators,
which fixes the current insertion to a time t;. We only consider the element p = 0
of the current to save computational resources, which is enough to extract the form
factor using Eq. (5.5). With the current fixed at a single time the time ordering of
the operators is straightforward to implement, which simplifies our analysis procedure.

Another advantage is that the current is automatically summed over the entire spatial
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volume. For our lattice we determine numerically that this spatial sum reduces the
statistical error by approximately a factor of 3. The primary disadvantage of this method
is that we must perform a new set of inversions if we wish to consider the current at
another temporal position, with a different initial (final) state momentum of the kaon

(pion) or for a different polarisation.

In our present calculation we omit the disconnected diagrams where the electromagnetic
current is self-contracted (see Fig. 5.2). The primary reason for this is practical: we
expect the disconnected contribution to be very noisy and thus would require a signifi-
cantly larger statistical sample to be measured to obtain a signal comparable to the other
diagrams (relative to noise). However we also expect the disconnected contribution to
be suppressed by a factor of 1/N, and by the approximate SU(3) flavour symmetry. In
the continuum we would expect the disconnected contribution to have ~ 10% of the
contribution of the connected part [133]. With our choice of masses the SU(3) suppres-
sion is stronger and so the disconnected diagrams are expected to be further suppressed.
Nevertheless, our simulation is set up such that the disconnected contribution can be
calculated separately to the connected contributions, and can be added at a later stage
without having to recalculate any propagators or the connected diagrams that we have

already.

For our simulation we choose to use V,, = 14 random noise sources on each configuration
to obtain a reasonable signal for the loop function of the S and F diagrams. While
increasing IV, would increase our precision further, we found INV,, = 14 to be a reasonable
compromise when also taking into account available computational resources. In addition
to this we translate the computation of the 4pt correlator to Ny = 12 positions over the
time direction of our lattice on a single configuration. Each translation ultilises the same
noise propagators generated for the loop diagrams; however we find the signal-to-noise
ratio of the S and F diagrams increases by approximately a factor of 3 when we include
these additional translations. This is consistent with the increase in statistical precision

expected if the translations are statistically independent of each other.

The time positions for the operators in this decay were chosen such that there exists a
large enough window to fully integrate over ¢ty on either side of the current. In such a
setup, we found that the closer the position of the current to the pion, the better the
signal for the decay. We therefore tested simulating with an additional time position
for the current placed closer to the pion such that we may integrate over the region
[t; — Tu,ty] with an improved precision. We found that this second current insertion
would increase the simulation cost by ~ 50%, but reduce the statistical error by a factor
of ~ 25%. However the additional cost of these inversions means that the decay can
only be translated across eight time positions in the same amount of CPU time as it
costs to perform 12 translations with a single current position. We found that the loss of
precision from considering fewer translations ultimately cancelled the increase from the

second current position.
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Description Source Type Number of Inversions
Light Strange Charm
C and W propagators | Gauge-fixed wall 3N Ny 0
S and E loops Random volume N, 0 N,
Current insertions Sequential (3+ Ny) Ny N N, Ny
Analysis supplements | Gauge-fixed wall 0 Ny 0
Total - Ny, + Nt (6 + Nyy) 3N: Ny (N¢+1)
N, =14, N; =12 - 254 36 182

Table 6.1: Summary of propagators calculated in our simulation for a single
choice of pion momentum on a single configuration, and the corresponding num-
ber of inversions required. N, is the number of noise vectors used in the compu-
tation of the quark loops; IV, is the number of translations in the time direction
across a single configuration at which all the contractions are computed.

On a single configuration we thus require 254 light propagator inversions, 36 strange
inversions and 182 charm inversions (including disconnected diagrams would require a
further 182 strange inversions). This is summarised in Table 6.1. Because of this large
number of light propagators we made use of the HDCG algorithm [134] to accelerate the
light-quark inversions. The overhead of deflating the Dirac operator costs the equivalent
of two to three conjugate gradient (CG) inversions; however the cost of a light-quark

inversion is subsequently reduced by a factor of 4.

6.3 Numerical Results

Ultimately the aim of this calculation is to demonstrate that the matrix element of
K — 7wv* decays can be determined with controlled systematic errors. In this section
I will discuss the numerical results of our simulation, and include a critical discussion
of our two primary analysis techniques. Unless otherwise specified, all numerical values

will be given in lattice units.

While it is also possible to compute the neutral decay Kg — 7% ¢~ using our lattice
data, with our current statistics we find that we do not obtain any worthwhile signal
for this correlator. The error is dominated by the additional, disconnected contractions
shown in Fig. 5.3. These contractions appear much noisier than the other diagrams, and
their error is many times larger than the signal from the remaining contractions. The
difficulty to extract a signal from our data can also be understood physically: we have
only considered photons with small momenta; the structure of the kaon/meson is thus
not well enough resolved to obtain a clear signal. When we simulate the decay into a

pion with a higher momentum the structure is better resolved, although the correlators
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with momentum are naturally more noisy. This makes them difficult to analyse with the
size of our present statistical sample. For this reason we will focus exclusively on the

charged channel.

To obtain the decay amplitude we must consider the "integrated" 4pt correlator,

ty+Ty

I, (Ta, Ty, P, Pr) = € Er@r=Ex®lts N OO (¢4 15, pic, pr) (6.2)
tg=t;—T,

in the limit g, T, — oo [19]. We define 6‘84) as the "reduced" correlator after dividing out
the source/sink factors and normalisations which do not contribute to the final amplitude
from Eq. (6.1), i.e.

4
6(4) _ C,l(L ) ’ . NnN[T(L?’ eftﬂEn(Pw)thKEK(pK)? (63)
o Npg 4Er (Px) Ex (PK)

with Ny = (7 (px) |6 (Px) [0), Nf; = (00} (Px) | K (Pk) ). and Ex (px) and Ex (pr)
are the initial state kaon and final state pion energies respectively. These parameters are
extracted from fits of the relevant two-point (2pt) correlation functions, which we discuss
below. We account for the factor of L3 (i.e. the spatial volume) as we integrate both x
and y over all space. The exponential factor outside the integral in Eq. (6.2) effectively
translates the decay to t; = 0 (as is allowed by translational invariance), such that our

analysis matches up with the discussion presented in section 5.2.

6.3.1 2pt and 3pt Correlators

The first stage of the analysis is to fit the 2pt functions corresponding to the kaon and
pion. This is necessary to be able to divide out the source/sink normalisation factors
Np, P = 7, K, that appear in Eq. (6.3), as well as for removing exponentially growing
intermediate state contributions. The correlation functions we consider for these states

are

CE (tp,t,p) = <§5P (t,p) 6 (tp, p)> : (6.4)

The analysis techniques for such correlation functions are presented in section 4.4.1; we
thus fit our data to Eq. 4.99. This allows us to extract the wall source/sink factors
for each meson, as well as all required meson energies. In our simulations of rare kaon
decays we use wall source and sink smearing for the kaon and pion, as explained in
section 4.3.2.1. However the sink smearing is applied after the inversion; hence we may
also produce a correlator with a point sink. In general we find that we obtain a better
signal when using a point sink; this allows us to obtain a better estimate for the energy
from these correlators; however the source/sink factors Np must be obtained using the

wall-sinked correlator. For our simulations we consider in total 4 2pt functions for each of
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Figure 6.2: Plots showing fits to (a) kaon and (b) pion (folded) correlators. The
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source times for each meson are shown by the vertical black lines.

P
(0,0,0) 21(1,0,0) | 2£(1,1,0) | 2%(1,1,1)
Ex(p) | 0.34990(39) | 0.43663(80) | 0.5061(14) | 0.5665(36)
E.(p) 0.24088(38) | 0.3545(14) | 0.4402(18) | 0.5118(31)
Nk (p) 92.69(25) | 76.63(34) | 65.96(44) | 58.6(1.3)
N(p) 87.91(25) | 68.97(63) | 59.00(51) | 52.66(70)
Mgy (p) | 0.000516(16) | 0.00053(18) | 0.0032(19) | -0.007(12)
M (0,p) - 0.6733(33) | 0.6387(64) | 0.635(14)
MT(0,p) - 0.5158(53) | 0.5302(99) | 0.590(26)
¢s (P) 0.000240(8) - - -

Table 6.2: Table showing fit results to 2pt and 3pt correlators. The double line

separates results obtained from 2pt (above) and 3pt (below) correlators.

the kaon and pion, corresponding to the choices of momenta used in our simulations. The

results of the fits are shown in Table 6.2; and the corresponding plots of the correlators

are shown in Fig. 6.2.

The next stage of the analysis is to extract the matrix elements from 3pt correlators that

are necessary for the removal of exponentially growing intermediate state contributions

in the 4pt correlator analysis using method 1. The required matrix elements are shown in

Eq. (5.37). The 3pt matrix element for the Hy operator is obtained from the correlator

Ch (tx te,ty,p) = Y <Q~57r (trs P) Hw (i, %) G (tK7P)> :

X

(6.5)
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Figure 6.3: Plots of fits to 3pt correlation functions used to extract Hyy matrix
elements. Results for p = (1,1,0) and p = (1,1,1) are not shown as they are
too noisy to extract a significant signal.

The asymptotic behaviour of this correlator is given by Eq. (4.103), where the kaon
source and pion sink are fixed at tx and t, respectively, and we vary the insertion of the
Hyy operator at tyr. On the other hand, the 3pt matrix element with the vector current

insertion is obtained from

Cf;,P (tp.ts, t,ppP,P) = Z <<5P (t,p) J" (ts,%) 51[3 (tp, PP)> e X, (6.6)

x
for a meson P = 7, K. To obtain the matrix element in this case, the current insertion
is fixed at t; and thus we vary the position of the sink ¢. In order to remove the expo-
nentially growing state, we only need the 3pt correlator C’j » and C’S) (pk ). However, it
is useful for the analysis of the 4pt correlator to also have Cj  and CJ(LIS) (pr). We will
discuss this point further in section 6.3.3. The 3pt fit results are given in Table 6.2; with

plots showing the fits to C\¥ in Fig. 6.3 and C* ,, P = 7, K in Fig. 6.4.

Finally, it is also necessary to compute ¢ for the removal of exponentially growing con-
tributions using method 2. The parameter is extracted from the ratio of 3pt correlation

functions

' (px)

— 6.7
% (pk) o0

¢s (Pr) =

in the region tx < tp < t,, where tp is the position at which the operator O = Hyy or
sd is inserted. Equivalently ¢ may be extracted from the ratio of similar 4pt functions in
the region tx < ty < tj, where we may assume that the 4pt functions are dominated by
the exponentially growing contribution of the single-pion intermediate state. In Fig. 6.5

we show the determination of this parameter using Eq. (6.7) and either 3pt or 4pt
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Figure 6.4: Plots of fits to 3pt (a) kaon and (b) pion correlation functions with
a vector current insertion. In each case the initial meson is at rest; the legend
indicates the momentum of the final state meson.
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Figure 6.5: Determination of the parameter ¢; from a fit to the ratio of 3pt
Hyy and sd correlators. The corresponding ratio of the 4pt correlator (with
Pr = 2% (1,0,0)) is also shown. The position of the plateau corresponds to

cs = 0.000240(8).

functions. A cleaner signal is obtained from the ratio of 3pt functions, although the ratio

of 4pt functions does also agree as expected for tx < ty < t; (albeit with much larger

errors).

6.3.2 4pt correlators

In Fig. 6.6 we show the contributions of each of the diagrams to the 4pt correlator that

correspond to the charged rare kaon decay. A comparison of Figs. 6.6(a) and 6.6(b)

shows that the dominant contribution to the decay comes from the Q5 operator, i.e. the

W and S diagrams. Furthermore as the loop diagrams S and E are considerably noisier

than W and C, it follows that the S diagram will dominate the error on our final result.
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Figure 6.6: The contributions of each of the diagrams to the rare kaon decay
corresponding to the weak operators (a) @1 and (b) @2, both before and after
the GIM subtraction, shown for the example kinematic of px = (0,0,0), pr =
2%(17 0,0). Each diagram has been constructed using the appropriate fractional
quark charges (excluding the overall charge factor e), and the correlators have
been multiplied by the relevant renormalisation constants and Wilson coefficients
for matching to the MS scheme. Time positions of the kaon/pion interpolators
and current insertion are indicated.

We remark that each diagram in Fig. 6.6 has already been multiplied by the appropriate
renormalisation constants to match to the MS scheme, as defined in Table 5.2. For
the scale p = 2.15GeV, we thus multiply our bare lattice operators ()1 and @2 by
the coefficients C** = —0.2216 and CR' = 0.6439 respectively. For this analysis we
neglect any systematic errors on these Wilson coefficients. However, a full discussion of
systematic errors of the renormalisation of the Hyy operator has previously been given
in the context of K — m7 decays; see e.g. Refs. [135, 136]. It may be noted that the
results for the Wilson coefficients were computed in Ref. [1], where the ensembles used to
perform the nonperturbative renormalisation have the same lattice spacing and action,
but a smaller volume. The results are also valid for our lattice as the renormalisation
procedure depends upon the UV behavior of the theory and thus is insensitive to finite

volume effects.

Additionally in Fig. 6.6 we show how the S and E diagrams are obtained by subtracting
the charm loop diagram from the up quark loop diagram, i.e. the GIM subtraction. Here
we expect the GIM subtraction to be more severe than in the physical case, as we are
using a lighter-than-physical charm quark and a heavier-than-physical light quark. With
physical masses we should expect the S diagram to have a larger magnitude. In the final
correlator the S and W diagrams appear to add destructively; this may have a severe
effect on the final result if there is a large degree of cancellation between the contributions
of the S and W diagrams to the final matrix element. The combined rare kaon decay 4pt

correlators that we analyse are shown in Fig. 6.7. We show these correlators before and
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Figure 6.7: (a) The 4pt rare kaon decay correlator measured in our simulation

with k = (0,0,0) and p = 27(1,0,0). The ground state contribution has been

constructed from fits to 2pt and 3pt correlators. (b) The 4pt correlator after
removing the ground state contribution (i.e. the single-pion and single kaon
intermediate states). Time positions of the kaon/pion interpolators and the
current insertion are indicated.

after the removal of unphysical exponential terms that appear as a relic of the Euclidean

formulation [19]. The removal of these terms is discussed in the following section.

6.3.3 Removal of single-pion exponential: Method 1

The main difficulty of this analysis is the removal of the exponential term that grows
with increasing T,; however in practice we find that it is necessary to also consider the
term that falls exponentially with T} [as seen in the second line of Eq. (5.36)], as the
integral does not converge in the available time extent. This can be attributed to the
fact that here the kaon-pion mass difference is rather small; hence the exponent for the
exponential decay is small. In practice therefore it is necessary also to remove the single
kaon contribution that decays with 7j in a manner similar to the exponentially growing
term by reconstructing the state from 2pt/3pt functions. Asymptotically the integrated
4pt correlator can be written in the form:

a JANS
I,U« (Tm Ty, Pk, p) :A,LL (pK7 p7r) + 0;11 (pKa pﬂ') eAﬂTa |:1_€TLA;‘T:|

b

2 —Ab Ty AK
+c¢, (Pr,pPr)e K [QA% - 1] +.. (6.8)
with A% = Fx (px) — Ex (Px) and AY. = Ex (pz) — Er (pr). The terms in the square
brackets, which tend towards 1 in the continuum limit, account for the corrections nec-
essary to treat the single meson intermediate states (i.e. the ground state contributions)

using a discrete formulation. In terms of particle energies and matrix elements from 3pt
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functions we can write

M;JL’W (Pr,Pr) Mu (PK)
2E, (pr) AL ’
LK
_M# (pKva) MH (pw)
2Bk (pr) A%

C/]:L (pKa pﬂ') =

¢ (P Pr) = , (6.9)

where M,{’P (P, Pr) = (P,px|Ju|P,pKk) and My (px) = (K (pk) |Hw |7 (PK)). Our

1
i

correlator, and fitting the remainder to a constant to obtain A, which is the amplitude

analysis thus proceeds by removing the terms proportional to ¢, and ci from the 4pt

in Euclidean space, up to a factor as seen in Eq. (5.29).

It is indeed possible to use Eq. (6.8) to fit the 4pt function directly to remove the ground
state contributions. Because the exponents can be obtained much more accurately from
2pt functions, we simply fit the parameters A4, 0}1‘ and cz in the region where the ground
state contributions dominate. We find that we obtain consistent results when we use this

procedure.

The computed values for the coefficients ¢ and ¢ [obtained using both Eq. (6.9) and the
direct 4pt fit] are shown in Table 6.3. We remark that the coefficient ¢ becomes signifi-
cantly less well determined when we increase the momentum of the pion. The reason for
this is that the matrix element My (p) is difficult to determine precisely when we have
p # 0. We can thus avoid introducing an unnecessarily large statistical error either by
fitting 2 directly from the 4pt correlator or by making well-motivated approximations.
The two approximations we have considered are ¢2 = —c}, and My (px) = My (pPx).
The first approximation holds exactly when px = p»; the second holds exactly in the
SU(3) flavour symmetric limit, i.e. when M, = Myg. A short proof of each of these
statements can be found in Appendix A. A summary of the matrix elements obtained
using each of these methods can be found in Table 6.4, and are displayed graphically in
Fig. 6.8. We remark that the approximations of c3 need not be exact: they are sufficient
if the systematic error on the approximation is significantly smaller than the statistical
error on the final signal for the amplitude. Taking correlated differences between the
different analysis techniques reveals that the systematic errors on these approximations

are substantially less than the statistical errors on the matrix elements.

In Fig. 6.9(a) we display the T, and in Fig. 6.9(b) the T, dependence of the integrated 4pt
correlator having removed the ground state contributions. In Fig. 6.9(b) we see that after
the analytic removal of the single-pion intermediate state, no other exponentially growing
states are discernible beyond statistical errors. This suggests that contributions from
excited states are adequately suppressed. Fig. 6.9(b) demonstrates the slow exponential
decay in T}, which is caused by the small exponent Ex (pr) — Er(pr). This appears to be
a problem only because our pion and kaon masses are unphysically close; in simulations
closer to the physical masses the exponent Fx (pr) — Er(pr) will become larger; hence

the residual T}, dependence will decay more quickly. Consequently this subtraction may
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Figure 6.8: Plot of the amplitudes (in lattice units) obtained using each of the
different analysis methods.
. o Kinematic (py)
Coefficient Description
2(1,0,0) | 2£(1,1,0) | 2(1,1,1)
A (b, pr) 4pt fit 0.00523(45) 0.0056(13) 0.0050(33)
2pt/3pt 0.00538(18) | 0.00549(20) | 0.00611(32)
Mpu(pr) = Mu(pxk) | -0.00487(18) | -0.00494(22) | -0.00532(48)
¢ (Pr, Pr) 4pt fit -0.00464(62) | -0.0046(22) 0.0012(56)
2pt/3pt -0.0050(17) -0.025(20) 0.06(12)
My (pr) = Mp(pk) | 0.000516(44) | 0.00055(12) | 0.00079(38)
(ch + )Pk, Pr) 4pt fit 0.00075(61) | 0.0009(22) | 0.0073(56)
2pt/3pt 0.0004(17) -0.020(20) 0.06(12)

Table 6.3: Parameters of Eq. (6.8) (in lattice units) obtained via analytic re-
construction using 2pt and 3pt fit results or fitting the integrated 4pt correlator
directly. For ¢2 the result using the approximation My (pr) = My (pk) is also

shown.

become unnecessary in future studies, although in any case it can be removed as we have

shown here.

6.3.4 Removal of single-pion exponential: Method 2

The integrated correlators after shifting by the 4pt correlator with Hyy replaced by sd

are shown in Fig. 6.10. We obtain the matrix element by fitting the correlator to a

constant in the region where both sides of the integral plateau. We note that the 3d
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Figure 6.9: The integrated 4pt correlator, shown for (a) 7 fixed at its lower
limit to demonstrate the Tj, dependence and (b) T, fixed at its lower limit to
demonstrate the T}, dependence. The kinematics shown are for p, = (1,0,0),
pr = (1,1,0), pr = (1,1,1) top to bottom. The single-pion exponential
growth has been removed using method 1, with the approximation My (pr) =

My (Pk).

The position of the plateaus corresponds to Ay =

—0.0028(6),

Ay = —0.0028(18), Ag = —0.0050(38) top to bottom, obtained by fits to the
data over the indicated ranges.
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Analysis Kinematic Ag Ag W AOS’E
pr = 2(1,0,0) | -0.00276(63) | -0.00161(14) | -0.00106(60)
(M (pri‘jtﬁoj/lz (px)) | Pr = FL10) | -00028(18) | -0.00251(40) | -0.0003(17)
pr=25(1,1,1) | -0.0050(38) | -0.0027(12) | -0.0023(39)
pr = 25(1,0,0) | -0.00264(62) | -0.00133(12) | -0.00122(60)
(r;%efcficg) pr=25(1,1,0) | -0.0027(17) |-0.00217(33) | -0.0005(17)
pr=25(1,1,1) | -0.0047(38) |-0.00196(84) | -0.0028(39)
pr = 25(1,0,0) | -0.00288(76) | -0.00169(17) | -0.00109(73)

method 1 o

(apt 1) pr = 25(1,1,0) | -0.0030(23) | -0.00208(52) | -0.0000(22)
pr=25(1,1,1) | -0.0094(60) | -0.0041(13) | -0.0053(61)
pr = 25(1,0,0) | -0.00271(64) | -0.00151(16) | -0.00110(58)
method 2 pr = 25(1,1,0) | -0.0028(18) | -0.00240(48) | -0.0004(17)
pr=25(1,1,1) | -0.0053(39) | -0.0034(12) | -0.0019(38)
pr = 25(1,0,0) | -0.000010(84) | -0.00002(20) | 0.00001(11)
cs X 5d pr = 25(1,1,0) | -0.00002(21) | -0.00005(49) | 0.00003(28)
pr=25(1,1,1) | 0.00032(52) | 0.0007(12) | -0.00042(69)

Table 6.4: Summary of matrix elements obtained using various analysis methods.
All values are given in lattice units. Results are shown for all classes of diagrams,
and also separated into the nonloop and loop contributions.

shift appears to remove the decaying single kaon intermediate state contribution on the
T;, side of the integral, in addition to the single-pion exponential term. The reason for
this appears to be that ¢, is very weakly dependent on the momentum, which can be
understood from the fact that it is independent of momentum in the SU(3) symmetric
limit (cf. Appendix A).

An important test of this method is to check that the sd 4pt correlator gives no contri-
bution to the final amplitude [19]. As a consistency check, we can apply the ‘method 1’
integration techniques to this correlator in an attempt to verify that the matrix element
contribution is consistent with zero. Plots of the integral of this correlator are shown
in Fig. 6.11, and the results for each pion momentum are displayed in Fig. 6.12. We
remark that the result of these three analyses are generally consistent with zero, as is

the difference between the matrix elements obtained using either methods 1 or 2.

6.3.5 Discussion

A summary of the results of our analysis of the 4pt functions for the three choices of pion

momenta studied is presented in Table 6.4. A comparison of statistical errors shows that
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Figure 6.10: The integrated 4pt correlator, shown for (a) T} fixed at its lower
limit to demonstrate the T, dependence and (b) T, fixed at its lower limit to
demonstrate the T; dependence. The kinematics shown are for p, = (1,0,0),
pr = (1,1,0), pr = (1,1,1) top to bottom. The single-pion exponential growth
has been removed using method 2. The position of the plateaus corresponds
to Ag = —0.0027(6), A9 = —0.0028(18), A9 = —0.0053(39) top to bottom,
obtained by fits to the data over the indicated ranges.
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Figure 6.11: The integrated 4pt correlator, shown for (a) Tj fixed at its lower
limit to demonstrate the Tj, dependence and (b) T, fixed at its lower limit to
demonstrate the T, dependence. The kinematics shown are for p, = (1,0,0),
pr = (1,1,0), pr = (1,1,1) top to bottom. The single-pion exponential
growth has been removed using method 1, with the approximation Mg (pr) =
Mq (Px). The position of the plateaus corresponds to A3 = —0.00001(8),
A§? = —0.00002(21), A5 = 0.00032(52) top to bottom, obtained by fits to the
data over the indicated ranges.



112 Chapter 6 Results of K — w¢*¢~ Simulations

—o—
4
>
p:%’*(l,(},o) g e T, 4pt fit
st Mp(k)=Mpy(p)
—
T 2 1
p=%(110) | —u— AT
- ml-m2
A
—_——
—_——

—0.0015 -0.0010 -0.0005 0.0000 0.0005 0.0010

Ay

0.0015

Figure 6.12: Plot of the amplitudes (in lattice units) obtained using each of the
different analysis methods for the ngfl)

marked explicitly.

correlator. The expected value of zero is

p- | 2£(1,0,0) | 2£(1,1,0) | 2X(1,1,1)
z | —0.5594(12) | —1.0530(34) | —1.4653(82)
V(z) 1.37(36) 0.68(39) 0.96(64)

Table 6.5: The form factor of the K (0) — 7 (pr)~* decay computed for the
three pion momenta.

both analysis methods 1 and 2 can be used to obtain the matrix element with similar
statistical precision. The two methods also show remarkable agreement, suggesting that
systematic effects are well controlled by our analysis. The two methods give the best
agreement when we use the approximation My (px) = My (px) in method 1 when
constructing the coefficient 6(2) of Eq. (6.8). This indicates that this approximation
carries a smaller systematic error than the approximation c(l) = c% for the choices of

masses and pion momenta used in this simulation.

Our cleanest results are obtained when we used method 2 to perform the analysis, which
does not use any approximations in the analysis process. Using these results we therefore
compute the form factor for the decay using Eq. (5.5). The results for the form factor
are presented in Table 6.5.

It is instructive to perform our analysis separately for the loop diagrams S and F, and the
nonloop diagrams W and C'. While either combination of diagrams does not correspond
to entire operators Q1 and ()9, it is useful to be able to study the diagrams involving the
charm quark separately. The results are also shown in Table 6.4. We remark that we
should find that A, = AE’W + AE’E; it can be seen from the central values in Table 6.4
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that this generally holds well for all analysis methods. Small deviations from this relation
represent a possible source of systematic error in our analysis procedure, which are
introduced by using different choices of fit ranges for the individual diagrams rather
than fitting the sum, and thus can be attributed to small excited state contaminations.
Such errors however are significantly smaller than our statistical errors. An important
observation to make is that even though the contribution of the single-pion intermediate
state evidently contributes with opposite sign between the loop and nonloop diagrams
(as seen in Fig. 6.6), the four classes of diagrams all contribute constructively to the
final matrix element. This is important from the perspective of our unphysical GIM
cancellation: if we were to simulate with a heavier (thus more physical) charm quark we
would expect the S and E diagrams to have a larger contribution and hence give us a
more negative result for the matrix element. However we will leave a numerical test of
the charm mass dependence until a future work, as this is not the primary focus of our

present study.

Importantly, when simulations are performed with lighter values for M; and Mg, more
states may contribute exponentially growing contributions (from 77 and 777 interme-
diate states). It is instructive therefore to understand exactly how best to remove the
single-pion state from simulations where it gives the only exponentially growing contri-
bution. We have demonstrated the analysis techniques to remove this state cleanly with
minimal systematic errors; hence it now remains to extend our simulations to physical
masses such that the contributions of additional exponentially growing states can be

investigated.

6.4 Form Factor

One opportunity of lattice QCD is to test the previous work on rare kaon decays per-
formed using effective theories such as SU(3) ChPT. Previous theoretical work in ChPT
has been summarised in the section 3.2.1. In this section we will demonstrate how we
can use our lattice data to test the ansatz Eq. (3.48) for the form factor, which we repeat

here for convenience:
Vi(z) =a;i +biz+ V" (2), (6.10)

with 2 = ¢?/MZ%, and V™ (2) (i = +,0) is introduced to account for mm — +* rescatter-

ing in K — 7w decays.

The form factor is obtain from our lattice data by making use of Eq. (5.5). In Fig. 6.13 we
display the dependence of the form factor extracted from lattice data upon z = ¢ /M%(
Although our simulation takes place with highly unphysical masses of the pion and kaon,
we are able to make some insights. Since we have only three data points at quite large

spacelike momenta, we will not be able to fully explore the ChPT anastz in Eq. (6.10).
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Figure 6.13: Dependence of the form factor for the decay K+ — 74T/~ upon
z = ¢*/M3%. Our lattice data is fit to a linear ansatz to obtain a = 1.6(7) and
b=0.7(8).

We remark that the contribution of the term V™™ (z) is significantly smaller than the
linear contribution for physical masses; for our initial calculation we can safely neglect
this term. Hence we simply use a linear fit, which does provide a reasonable description
of our data with a x%/d.o.f = 0.74. The parameters we obtain, a’® = 1.6(7) and
blft = 0.7(8), are different from the parameters obtained from phenomenological fits to
experimental data, a{"™” = —0.578(16) and b5 = —0.779(66). Notably the lattice results
are of the opposite signs to the experimental results. It should be remarked that fits to
experimental data are unable to determine the signs of ay and b, definitively; however
a ChPT-motivated analysis does show a preference for the negative signs [21]. However
such a comparison must be taken with care given the unphysical masses used in our

simulation.

6.5 Prospects for Physical Point Calculation

In this section I discuss the future plans for simulations of K — 7¢™¢—. Our aim is to
eventually perform a physical point simulation of these decays with 4 active flavours; we
thus must simulate with physical pion and charm masses. However this poses a problem:
in order to avoid discretisation errors in the simulation of the charm quark we must use
a fine lattice spacing, but we must use a large volume to avoid finite volume effects in

the propagation of the pion.

As an intermediate step therefore, I propose a calculation in which we simulate only 3

flavours of quarks, i.e. we integrate out the charm quark. This of course complicates our
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renormalisation procedure somewhat, as we can no longer rely on the automatic cancel-
lation of logarithmic divergences on the lattice via the GIM mechanism. However, it is
possible to use the renormalisation techniques originally developed for K — wvv decays
presented in section 5.3.3. Stricty speaking the divergence in the bilocal matrix element
involving up-quark loops will still be cancelled by a divergence from the charm quark
contribution, however there now exists the extra challenge of converting the divergence
regulated by the lattice into a continuum scheme such that it is correctly cancelled by
the short-distance charm contribution. In this section therefore I will outline the details

of this additional step for the 3-flavour simulation.

6.5.1 Simulation with 3 flavours

As previously discussed in section 3.1.2, the calculation of rare kaon decays with 3 flavours
has a small effect upon the choice of operators entering the Weak Hamiltonian. In the
4-flavour theory, where only the operators Q" and Q5 contribute to Hy [Eq. (3.30)],
the up and charm loops provide an equal and opposite divergence, such that their sum is
finite. In the 3-flavour theory, the contributions to the matrix element 5.1 made by QY
and @4 only contain the up contribution, hence the matrix elements are logarithmically
divergent. In the three-flavour theory, the weak Hamiltonian [Eq. (3.31)] also contains
small contributions from the QCD penguin operators )3, .. The inclusion of these
operators produces new Wick contractions: notably with these operators it is possible
to generate contractions with u, d or s quarks in the loop. For these operators, it is the
strange and down quark loops that are responsible for the divergence. To elaborate for
the example of (Q3; the up, down and strange loops will all have an E-type contraction
(see Fig. 5.1): the divergences from these three quarks cancel under summation as @, +
Qg+ Qs = 0. However, the strange and down quarks also have an S-type contraction
for this operator (the up quark does not), thus the divergences from these topologies do

not cancel.

Additionally, in the 3-flavour theory we must include the local operator QQ7y/, which is
required to both regulate the divergence in the bilocal matrix elements, as well as provide

the short-distance charm quark contribution.

On a practical note, it should be remarked that the @3, ¢ contractions require the addi-
tional calculation of strange quark loops. These have not been included in our exploratory
calculation as these propagators were only necessary for disconnected diagrams, which we
have neglected. However a complete physical point calculation would necessarily include
disconnected diagrams, and hence ()3 . ¢ contractions may also be computed relatively

cheaply.

The aim of this calculation is to make use of the software library Grid [137] that is being
developed by members of the RBC-UKQCD collaboration. The necessity to perform
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this simulation is twofold: within UKHadron contractions are inefficient and given the
large number of contractions required for rare kaon decays, contraction time makes up
approximately 15% of the time in our exploratory simulations. Secondly memory man-
agement within UKHadron is inefficient, which limits the number of contractions that
can be performed as all propagators are computed and stored in memory before con-
tractions have been performed. Issues such as these inhibit efficient usage of techniques
such as all-mode-averaging [138| and low mode deflation [139, 140] that will be necessary
to optimise the statistical precision in a physical point simulation. Grid solves these
issues, as well as giving other advantages such as being portable to new supercomputing

architectures beyond the BlueGene/Q used for the exploratory simulations to date.

Within the framework of Grid I have helped develop the measurement code, implement-
ing all the required rare kaon decay contractions as well as the source/sink smearing
and conserved currents necessary to compute the decay amplitudes. Results of all rare
kaon contractions in Grid have been tested these against UKHadron to ensure that they
produce the same results. The code that I have developed will therefore be used for the

production of physical-point data.

6.5.2 3 Flavour Renormalisation

The renormalisation procedure for the 4pt matrix elements obtained in the 3-flavour
theory follows the procedure set out in section 5.3.3. Specifically we are required to
calculate the terms X (uri,a) and Y (ugr, 1) as seen in Egs. (5.84) and (5.88). Here I
illustrate the speficic procedure required for 3-flavour K — 7¢*¢~ decays. The individual
operator renormalisation must of course also be taken into account; fortunately the
ZRI=MS onversion factors are already known for the operators (); appearing in Hyy,
i=1,...,6 [Eq. (3.31)].

In order to calculate X (ugrr,a), we break up the calculation for each of the operators
Q;; however the procedure is identical for every single operator. We remark that the role
of X is to regulate the logarithmic divergence in the bilocal matrix element; we need
therefore only consider diagrams that contribute to this divergence. This involves the
diagrams in the S and E classes where the current is inserted in the loop, which we
shown in Figs. 6.14(a) and 6.14(b). Similarly the diagram for the local operator is shown
in Fig. 6.14(c). We thus recover the counterterm X; by demanding

A (pri) — X; (pris a) (6*q° — ¢"¢”) A% (pri) = 0, (6.11)

where A and A% are the amputated Green’s functions corresponding to the operator
Q; and the local operator 7y, respectively. We note that because the matrix element

must satisfy the Ward identity, we include the factor (5””q2 — q“q”) to project out the
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Figure 6.14: Green’s functions that must be computed for the renormalisation
procedure, corresponding to (a) E and (b) S loop contractions. The exact
gamma matrix insertion will depend upon the weak operator @;. In (c) we show
the Green’s function required for calculation of the counterterm.

transverse component. Note we are working in Fuclidean space, hence the metric is given

by 6.

The calculation of Y (ugs, 1) is performed for each of the operators @Q; separately. The
calculation is done in continuum perturbation theory, using the MS scheme. The answer

computed in perturbation theory may be factorised as

S Z3 (pmr)

(d{Qi, I} )™ | = Vi (e ) (0"° — ¢"”) (dIQrvu ), (6.12)
C=rre Zyo ()

from which we may obtain Y; (urr, 1) for i = 1, ...,6. The final answer must subsequently

be joined up with the local operator, i.e.
A = my) =Y Co () (r| {Qi "} |K)M® (1) + Crv () (x| Q4 |K) . (6.13)

The Wilson coefficient C7y is known to NLO [77] in the 3-flavour theory. The dependence

on the scale p of the bilocal matrix element hence must cancel with the @ dependence of

Cry.






Chapter 7

Results of K — wrry Simulations

In this chapter I report on the calculation of K — mv rare kaon decay matrix elements.
I focus solely on the decay K+ — w v, which is short-distance dominated unlike the
decay KT — 770~ ¢~ discussed in the previous chapter. However as experimental mea-
surements of K+ — 7 Tvi become more precise it is important to be able to control
systematic errors from long-distance hadronic effects. Ultimately the aim of our calcula-
tion is to provide a non-perturbative calculation of the quantity P. [Eq. (3.64)] in the MS
scheme, in which the short-distance Wilson coefficients entering the weak Hamiltonian
are known. The proposal for such a calculation was originally put forth in Ref. [33], where
the details of the analysis to extract K — wvv amplitudes was introduced, with renor-
malised operators and full control of ultraviolet divergences. The objective of the current
study I present here is to demonstrate the application of the techniques of Ref. [33] in a
relatively inexpensive, unphysical numerical simulation, which may later be generalised

to a simulation at physical masses.

The calculation of K — 7o matrix elements shares many similarities with those of
K — 7wl™¢~ decays. However the use of an axial current required for the Z-boson
exchange makes the renormalisation procedure much more involved. Consequently, the
simulation strategy employed for this decay is markedly different for the K — m¢T¢~
decay. I will therefore discuss the details of our K — wvr simulations in sections 7.1
and 7.2, and demonstrate the required analysis to extract the desired matrix elements
and form factors in section 7.3. Finally I will discuss the renormalisation procedures
necessary to extract the quantity P, from our simulations in section 7.4, such that a
comparison with perturbation theory results may be made. The numerical analysis I
present is my own work, with the exception of the non-perturbative renormalisation and
calculation of finite-volume corrections, which were peformed by Xu Feng. The numerical
data were generated by Xu Feng using the codebase CPS. The results presented in this
chapter have been published in Ref. [3] and another paper detailing the analysis is in
preparation [32].

119
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7.1 Details of the Simulation

This exploratory study was performed on a similar lattice to our studies of K — m¢*¢~.
We used a 163 x 32 lattice with an inverse lattice spacing of a=1 = 1.729(28) GeV [131],
employing Shamir domain wall fermions [104] with Iwasaki gauge action [96]. The en-
semble has a residual mass of am,cs = 3.08(4) x 1073, a pion mass of 421(1)(7) MeV and
a kaon mass of 563(1)(9) MeV. The bare charm quark mass used here is am. = 0.33.
With the mass renormalization factor ZMS(2GeV) = 1.498(34), this corresponds to an
unphysical charm quark of mass mIC\TS(2 GeV) = 863(24) MeV. To achieve a high statisti-
cal precision we have used a sample of 800 configurations, each separated by 10 molecular

dynamics time units.

7.2 Setup of the Calculation

The key difference between the simulations of K — mf*¢~ and K — wvi decays is
that in the former the use of the conserved vector current was advantageous for the
renormalisation procedure. This is not true for K — wvv, where the axial current plays
an important role. Hence an additional nonperturbative renormalisation calculation is
required in addition to the calculation of matrix elements. It is more cost effective

therefore to use local vector and axial currents.

Because we are not using conserved currents, it is convenient to employ twisted boundary
conditions (see section 4.3.4) to insert non-integer values for lattice momenta into our
calculation. This may be done to select a momentum configuration in the physically
allowed region. It should be noted that with twisted boundary conditions it is not
possible to construct a conserved current such that the rare kaon decay matrix elements
with a vector current insertion are completely transverse [141], and hence they are not
practical to use in simulations of K — 7¢™¢~. For the momenta pg, px, p, and p;, we

may write down the Mandelstam variables

s=—(px —pr)°, t=—(k —m), u=(px—ps)°, (7.1)

with s+t +u = m%{ +m2 (note we are working in Euclidean space, hence the negative

signs). We can define two independent variables s and A = u — ¢, which must satisfy
s>0; A%< (mfk+m2— 3)2 — 4m¥-m? (7.2)

in order to ensure that all external states are on-shell. The region of allowed kinematics

are shown by the Dalitz plot in Fig. 7.1. In our lattice simulation we choose to simulate

with px = 0 and tune the pion momentum p, such that we satisfy ¢> = 0, which
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Figure 7.1: Dalitz plot for K — mvi (with physical masses) showing the physical
kinematical region.

corresponds to the kinematic (s, A) = (0,0). Hence we use a pion with momentum
pr = —0.0414(1,1,1), (7.3)

and neutrinos each with p, = py = —p/2. Note that the physical kinematical region
is very narrow given the heavy pion mass of our simulation; we hence have not explored
more of the (A, s) phase space as the data would be highly correlated and thus unsuitable

for extracting a clear momentum dependence.

Similar to our simulations of K — m¢*¢~, we use Coulomb gauge-fixed wall sources for
good overlap with the ground state kaon and pion. However, the construction of the 4pt
functions is much different. With a conserved current, it is convenient to use sequential
propagators to achieve this insertion in 4pt functions. With local currents, another
option is to fix the position of one operator at a single point and use a point source
propagator for the internal quark line. The disadvantage to this method is that one loses
the spatial summation which is given automatically by the sequential inversion; however
this will be somewhat compensated for by the fact that it allows greater flexibility for
translating the decay across different timeslices. We remark that a point insertion of
a conserved current would involve the calculation of multiple point source propagators

from neighbouring spatial sites and is thus not cost effective.

For the W-W diagrams, we additionally require an internal lepton propagator. This is
achieved by using a free overlap fermion with infinite time extent [32]. The subtlety of
the infinite time extent is required to avoid round-the-world effects for the light leptons

e, it The propagator itself is obtained from the momentum space propagator Sy (p) using

o T d i
5 (¢, p) = / 90 g (g, p) e 70!, (7.4)

_x 27
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This integral may be performed analytically using contour integration [142]. On the

lattice the propagator we use is defined to be

S (t,p) —T/2<t<T/2

S¢ (t,p) =
0 t<T/2ort<-T/2,

(7.5)

i.e. the propagator is constructed by abandoning the periodic boundary conditions in the
time direction and restricting the position of the lepton propagator to be in the central

portion of our lattice.

7.2.1 Details of the Implementation

The implementation of K — wvv decays shares some similarities with the one used for
K — ml*{¢~ decays. For example, we again require four wall source propagators to
connect the kaon/pion sources to the Hyy insertion. Additionally the loop propagators
for the S and E diagram classes (see Fig. 5.1) are computed using spin-colour diluted

volume sources (see section 4.3.2.3). This allows us to sum Hy over the whole lattice.

However it is not necessary to insert the current sequentially in the loop propagator for
S and E diagrams; instead the loop where the current is inserted may be constructed
using point source propagators. We employ time dilution for the calculation of these
loop propagators: we place a single random volume wall source on each timeslice. This
may be contrasted to using an undiluted random volume wall source, and computing T'
independent noise vectors. Although the two methods have the same numerical cost, the

former reduces the error by a factor of 1.5 with respect to the latter.

The current insertions are achieved by computing point source propagators with momenta
P~ and px. These propagators are computed on every timeslice. This allows us to insert
the current at any time position given fixed values for tx and t;. However we also
compute the wall source propagators required to interpolate the pion and kaon on every
single timeslice. This allows us to translate the decay across all T timeslices of the
lattice. Additionally it allows us to vary the source-sink separation of our pion and kaon
in addition to inserting the two operators at all combinations of times between the kaon
source and pion sink. Furthermore, in order to effectively double the time extent of
the lattice, we compute the propagators with both periodic and antiperiodic boundary
conditions in the time direction, and use the average of the two. This trick means
that we may safely neglect round-the-world effects in the 4pt correlators. Therefore
in our calculation we will consider a maximum source-sink separation of 30 timeslices.
However for analysis purposes we maintain a distance of at least six timeslices between
the operators and the source/sink in order to avoid excited state contamination. We
remark that the translation of the decay across the lattice reduces the error by almost a
factor of v/T.
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Number of Inversions
Description Source Type
Light | Strange | Charm

Cand W Propagators Gauge-fixed wall | 3T T 0
S,E and disconnected loops | Random volume T T T
Internal propagators Point source 2T 2T 2T
Total - 5T 4T 3T
T=32,P+ AP - 320 256 192

Table 7.1: Summary of propagators calculated in our simulation on a single
configuration, and the corresponding number of inversions required. In the last
line I give the total number of inversions including both periodic (P) and anti-
periodic (AP) boundary conditions. Free lepton propagators that don’t require
an inversion are not included here. 7' is the time extent of the lattice.

Given the large number of light and strange propagators to be calculated, low mode
deflation is used to speed up these inversions (with a comparatively small setup cost).
This is achieved by using the Lanczos algorithm [143| to compute 100 eigenvectors of
the Dirac operator with the smallest eigenvalues. With this technique the CG time is
reduced to 16% of the undeflated Dirac operator.

On a single configuration we therefore require 320 light propagator inversions, 256 strange

inversions and 192 charm inversions. These are summarised in Table 7.1.

7.3 Numerical Results

The aim of this exploratory calculation is to show that it is possible to extract K — wvv
amplitudes from lattice simulations with controlled systematic errors. In this section I
present my analysis of the results of K — wvv simulations in order to extract the relevant

rare kaon decay matrix elements.

In our studies of K — m¢*¢~ decays, our use of the sequential current meant that it was
expensive to consider multiple time positions for the insertion of the current. However
the simulation setup for K — wvv allows us to generate data in which both operators in
the bilocal matrix element may be translated across the whole lattice. For the analysis
therefore it is important that we make best use of all the generated data. In general we
observe that the best statistical signal is obtained for correlators where the time between
the source and sink is smallest. However, this provides only a narrow window over which
to integrate, which doesn’t necessarily converge within the available time extent. On
the other hand, data with a very large source/sink separation does converge within the

integration window, although the statistical signal is poorer.
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The analysis approach I employ is to "fix" one of the operators as in the K — wft¢~
analysis, and translate its position to ¢ = 0 using Eq. (6.2). For a single set of source
and sink positions therefore this data may be averaged into a single "effective" 4pt
correlator. For example, with tx = 0 and ¢, = 18, we insert both operators in the
window t = 6, ..., 12. We thus average across seven points where both operators are on the
same timeslice, across six points where they are separated by one timeslice, etc. During
this averaging procedure it can be verified that there are no significant excited state
effects by ensuring all points within each averaging step are consistent within statistical
errors. This is done separately for each source/sink position; ultimately one final effective
correlator using all available data may be obtained by dividing out the time dependence
of the source and sink [i.e. using Eq. (6.3)] and combining the effective correlators from
each source/sink separation. The analysis of the resulting 4pt function thus proceeds as

described in section 5.2.

7.3.1 2pt and 3pt Correlators

The analysis of the 2pt correlators is similar to the analysis of 2pt correlators in K —
w00~ decays as described in section 6.3.1. In order to remove the time-dependence of
and normalisation factors of the source and sink, we require the mass of the kaon, Mg
and the energy of the final state pion, E; (pr). The relevant fits to these correlators with

a wall sink and wall source are shown in Fig. 7.2.

In addition, we require the kaon and pion decay constants to remove intermediate states
in W-W diagrams, and the renormalisation constant Z 4. These quantities may be ob-
tained from 2pt correlators using Eq. (5.81). We therefore also require the 2pt correlators
with wall sources and a point sink or a local axial current sink. The relevant correlators

are therefore
C (tr,t) = (& () 3} (1.P)) (7.6)

where qg p is the annihilation operator for a particle P with the superscript p indicating

a point sink, and

C(tp,t) = (07 (t.) B} (t,p)) (7.7)
NITD (p) Np (P) —Ep(p)T/2 T
~ inh [ £ —tp— — .
Ep () e sin p(p) |t—tp 51 ) (7.8)
where é‘g = @Yoysu is the local axial current operator for a meson P, with ¢ = d

for P =mand q = s for P = K. We have defined the normalisation factors to be
N# (p) = (0|¢p|7 (p)) for a local axial current sink and N;'D (p) = (7 (p) |gz~5};|0> for a
wall source. We remark that for the correlator with an axial current sink, the backward

propagating state is of opposite sign to the forward one, hence the appearance of a sinh
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Figure 7.2: Plots of (a) kaon and (b) pion 2pt correlation functions with wall
source and sink smearing.

Particle NP(O) Np(pﬂ-) Mp Ep(pﬂ-) fr YARAY
pion | 76.47(17) 75.22(17) 0.24370(40) 0.25345(40) 0.08897(32) 0.7163(26)
kaon | 79.77(18) ; 0.32572(45) - 0.09769(22) 0.7245(18)

Table 7.2: Table of fit results of 2pt correlation functions involving a pion (P =
m) and kaon (P = K), with pr = —0.0414(1, 1, 1).

function rather than a cosh function. The fits to these correlators are shown in Fig. 7.3.
We can subsequently obtain the pseudoscalar meson decay constant using
(M1 + 1ma) Np,
fp=—"5", (7.9)
Mp

where M1 and mo are the masses of the two quarks within the meson and m = m + M5,
where m is the bare quark mass and mg.s is the DWF residual mass (note myes =
3.08(4) x 1073 for the ensemble used in this study). The local axial current renormali-

sation constant Z4 follows from

_ frEp(P)

Za = N () (7.10)

The results of the analysis of 2pt correlators are all summarised in Table 7.2. We remark
that we have not however performed a chiral extrapolation of Z4 to the chiral limit; for

the remainder of this analysis we will simply use the result from the pion correlator.

For the 3pt correlators, we find that the signal is optimised when analysing correlators
with the smallest possible separation between the source and operator, while being free
from excited state effects. The dependence on the sink timeslice is then fit to the relation

given in Eq. (4.103). The analysis of 3pt functions allows us to obtain parameters
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Figure 7.3: Plots of (a) kaon and (b) pion 2pt correlation functions with a wall
source and either a point sink or a local axial current sink.
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Figure 7.4: Plot of the determination of the parameter c¢s; for the operators
Q1 and @ that make up Hy. We obtain ¢! = 7.7(3) x 1075 for Q; and
c2 =1.86(3) x 107 for Q.

required for the removal of exponentially growing intermediate states in the 4pt correlator
analysis, and also to obtain the local matrix elements required to regulate short-distance

divergences in the 4pt correlators.

For Z-exchange diagrams we require the parameter ¢, [using Eq. (6.7)] for the removal of
the single-pion intermediate state. The analysis is similar to that for K — 7¢™¢~, and
the extraction of this parameter is shown graphically in Fig. 7.4. For the W-W diagrams
we require the matrix elements given by Eqs. (5.63) and (5.64). These matrix elements

may be extracted from the correlators

Choy (tpsto,t,p) = D (90 (10) O (t0,x) 8} (tp, 0) ) P, (7.11)

X

where O* = 5y#d for P = K and dy*d for P = w. The fits of these correlators to
Eq. (4.103) are displayed in Figs. 7.5(a) and 7.6. For the removal of W-W intermediate
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Figure 7.5: Plots of fits to K3 correlators (with Lorentz index in time direction,
u = 0), for (a) ¢> = ¢3,, (initial and final state at rest) and (b) ¢*> = 0,
after dividing out source/sink factors and ground state time dependence. The
horizontal lines indicate the best fits and indicate the fit ranges.
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Figure 7.6: Plot of fit to pion correlator with a local vector current insertion
(with Lorentz index in time direction, u = 0), after dividing out source/sink
factors and ground state time dependence. The horizontal line indicates the
best fit and indicates the fit range.

states we consider only the time component of the currents (1 = 0), as the required matrix
element has external states with zero momentum and hence the spatial components of
the matrix element vanish. We may subsequently convert the matrix elements into the

desired form factors using the relations given in Eqgs. (5.63) and (5.64).

Lastly we require matrix elements corresponding to Ky3 decays; these are the matrix
elements necessary for regulating the divergence in the bilocal operators for both Z-
exchange and W-W diagrams. From these matrix elements we extract the relevant form
factors using Eq. (5.24). In order to extract f; we must also calculate the matrix
element with p =4, ¢ = 1,2,3. The fits to the relevant correlators are shown in Fig 7.7.
However, the regulation of the divergence in the Z-exchange diagrams with a vector

current insertion requires us to calculate the matrix element with vanishing initial and
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Figure 7.7: Plot of fit to Ky3 correlators, with spatial Lorentz indices, after
dividing out source/sink factors and ground state time dependence. The three
spatial directions are fit simultaneously with a single parameter. The horizontal
line shows the best fit result and indicates fit range.

Process MH=0 MH= I+ f- fo (Fr)
K(0) — 7(0) | —0.8003(18) ] ] ] —1.0067(36)
K(0) — 7(pr) | —0.7980(17) —i-0.06014(60) 0.9929(36) —0.0476(92)  0.9929(36)
7(0) = m(pr) | —0.6849(17) . ; ; —0.9868(35)

Table 7.3: Summary of fit results for 3pt matrix elements (denoted by M) and
corresponding form factors required for the analysis of K — wvv decays. In the
third row of results the final entry corresponds to the pion electromagnetic form

factor, Fj.

final momenta. In this case, we use the scalar form factor fy defined in Eq. (5.25). All

these fit results are summarised in Table 7.3.

7.3.2 Z-Exchange Analysis

The analysis of the Z-exchange diagrams is separated into the vector and axial current

components, because of the different pattern of intermediate states in both cases. In

our exploratory studies only the correlator with a vector current contains an unphysical

exponentially growing intermediate state (from the single pion); the removal of which is

discussed in section 5.2.3.1. I will begin by presenting the analysis for the vector current,

followed by the axial current. I will then move onto a discussion of the analysis for the

disconnected diagrams.
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Matrix Element i Q1 Q2 C10Q1 + C2Q2
(m(0) |{JY Hw}| K(0)) | 0| 0.00304(12) 0.00109(14) 0.00003(11)
0| 0.00287(16) 0.00127(21) 0.00019(16)

T \4
(rp) [T Hw } [ KO)) i | i-0.000401(65) i-0.000122(60) i -0.000008(47)

(n(0) |T[JHw]| K(0)) | 0| 0.07338(42)  —0.00125(21)  —0.01685(18)
(x(0) [T A Er] | K(O) o .0.07330(40) —-0.00148(23) —'0.01698(17)

i | i-0.00605(17) —i-0.00018(11) —i-0.00153(11)

(m(0) [T Hw]| K(0)),. | 0| 0.001134(84)  —0.000343(93)  —0.000468(69)

Table 7.4: Summary of fit results for Z-exchange analysis. The double line
separates results for the vector current (above) from the results for the axial
current (below).

Form Factor Q1 Q2 C10Q1 + C2Q2

FY (@2 0s) —0.00382(15) —0.00137(17)  —0.00004(13)

FY (%) —0.00393(22) —0.00163(25) —0.00022(19)

FY(¢?) — Xv f+(¢%) | —0.00015(14) —0.00028(15) —0.00018(11)
FMN@20e) —0.09231(64)  0.00158(26)  0.02119(24)
FA(¢%) —0.09221(63)  0.00198(34)  0.02160(31)
Filise(@haz) —0.00143(11)  0.00043(12)  0.000589(87)

Table 7.5: Summary of form factors obtained from Z-exchange analysis. The
upper case F' denotes the Z-exchange form factor, obtained using Egs. (5.6)
and (5.10). The lower case f denotes the Ky3 form factor, obtained using
Eq. (5.24). The double line separates results for the vector current (above)
from the results for the axial current (below).

7.3.2.1 Vector Current

The analysis of the vector current proceeds in a similar manner to the analysis presented
for K — w¢*¢~ decays in section 6.3.2. We employ "method 2" to remove the expo-
nentially growing contribution from the single-pion intermediate state, i.e. we shift the
weak Hamiltonian by the scalar density §d. The effect of this shift is shown for the
unintegrated correlators in Fig. 7.8. Additionally we may note that there is a large peak
at the point ty — ¢ty = 0; this is a signature of the short-distance divergence caused by

the contact of the two operators in the 4pt correlator.

The integrated correlators with a vector current insertion are shown in Fig. 7.9 where the
final state pion is at rest, and Fig. 7.10, where the final state pion has the momentum

pr- We only study the u = 0 component of the current to extract the desired form
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Figure 7.8: Plots of the unintegrated 4pt correlator for Z-exchange diagrams
with a vector current insertion, for each operator that makes up Hys. The
correlator is shown (a) before and (b) after shifting by the scalar density sd to
remove the growing exponential term of the single-pion intermediate state.

factor, as discussed in section 5.1.1. When the pion has non-zero momentum, we may
also study the correlators with p = i; however the best signal is observed for the = 0
component. The fit results are summarised in Table 7.4, and the corresponding form
factors in Table 7.5.

It should be noted that in the case px = pr = 0, the matrix element vanishes; the non-
zero signal we observe is purely the short-distance divergence caused by the contact of the
local current and Hyy operators (note that we still however must remove the unphysical
exponentially growing intermediate state contributions). This explains our choice of fit
range very close to the start of the integral; after capturing the short-distance divergence
there is no remaining signal, only noise. This known result may be used to calculate the

counterterm Xy required to remove the divergence in the matrix element by demanding
\%4 K
A;,(0,0) — Xy (a) A, (0,0) = 0. (7.12)

The counterterms calculated using this method are summarised in Table 7.6. After the

removal of the divergence, there is almost no signal for the vector matrix element; this is
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Figure 7.9: The integrated 4pt correlator for Z-exchange diagrams with a vector
current insertion, shown with (a) varying 7, and fixed T} and (b) vice versa,
with px = pr = 0. Results are shown for the operators @1 (top) and Qs
(bottom). The result for the matrix element is indicated by the horizontal band
and indicates the fit range used for its extraction.
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Figure 7.10: The integrated 4pt correlator for Z-exchange diagrams with a vector
current insertion, shown with (a) varying 7, and fixed T}, and (b) vice versa.
Results are shown for the operators Q1 (top) and Q2 (bottom). The result for
the matrix element is indicated by the horizontal band and indicates the fit
range used for its extraction.
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Q1 Q2 C1Q1 + C2Q2
Xy (a) | —0.00380(15) | —0.00136(17) | —0.00004(13)

Table 7.6: Counterterms for removing the short-distance divergent in Z-
exchange diagrams with a vector current insertion.
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Figure 7.11: Plots of the unintegrated 4pt correlator for Z-exchange diagrams
with an axial current insertion, for each operator (a) 1 and (b) Q2 that makes
up Hyy .

not unexpected given that we are using a very small final state pion momentum, and are

thus not far removed from the point pg = p, = 0 at which the matrix element vanishes.

It should be remarked that after the removal of the divergence, the remaining matrix
element is UV-finite, and no further matching step is necessary. This method is distinct
from the method required to regulate the divergence in the axial current matrix elements

in the MS scheme, which will be discussed in section 7.4.

7.3.2.2 Axial Current

The analysis of the axial current is straightforward for our exploratory studies in that the
correlators do not contain any exponentially increasing intermediate state contributions.
It therefore suffices to integrate our correlators in a large enough window such that the
integrals converge. Of course in future simulations at the physical point, we would expect
to see an exponential increase for negative values of t 7 —t; from a w7 intermediate state.
For this analysis we note that we must consider both the 4 = 0 and p = ¢ components

of the current in order to extract the desired form factors using Eq. (5.6).

The unintegrated correlators are shown in Fig. 7.11; for demonstration we show only the
= 0 component. It should be noted that for both operators @)1 and @2 these correlators

do become consistent with zero at large values of |ti — ¢ |; this is a good indicator that
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our integrals will converge within the available time extent. Additionally we may note
the large peak at the point tf = tz, which is indicative of the short-distance divergence

that must be removed.

The integrated correlators are shown in Fig. 7.12 for 4 = 0 and Fig. 7.13 for u = 4, where
the final state pion has momentum p,. This figure shows the plateaus of the integrated
correlator at large values of |ty — ts|; the matrix element is extracted from a constant
fit to this plateau. The results are summarised in Table 7.4, and the corresponding form

factors obtained using Eq. (5.6) are given in Table 7.5.

7.3.2.3 Disconnected Diagrams

In figure 7.14 I show the unintegrated correlators for the disconnected topologies of Z-
exchange diagrams (e.g. as appearing in Fig. 5.2), with the axial current insertion. It
must be noted that the disconnected diagrams have been calculated using px = pr =0
(ie. at ¢> = ¢2,.); the disconnected diagram with a vector current insertion thus
vanishes. Additionally note that there is no short-distance divergence present in these
diagrams from the contact of the two operators. The analysis thus proceeds in a similar
manner to the analysis presented above; the fit results to these disconnected diagrams
are shown in Table 7.4. We note that although the percentage errors on the disconnected
contributions are very large, the absolute errors are only about 20% of the errors on the
connected contributions. Although the disconnected diagrams have only been calculated
using px = pr = 0 (i.e. at ¢*> = ¢2,,,), we observe that their overall contribution is
only a small percentage of the connected contribution (after renormalisation), and hence
it is reasonable to neglect this small systematic error. This suppression of disconnected
diagrams is not unexpected; as noted in section 6.2.1 the disconnected diagrams with wu,
d and s loops sum to zero in the SU(3)-symmetric limit, and the remaining charm quark

loop contribution is suppressed by its heavy mass.

7.3.3 W-W Analysis

In this section I will present the numerical analysis of the W-W diagrams. This analysis is
broken up into two parts corresponding to the "type 1" and "type 2" topologies (shown in
Fig. 5.4), because of the different pattern of intermediate states in each case. The theory
behind the exponentially growing intermediate states appearing in W-W diagrams is

presented in section 5.2.3.3.

7.3.3.1 Type 1 Diagrams

I begin with the presentation of the analysis for type 1 diagrams, where we expect ex-

ponentially growing contributions from |[¢v) intermediate states, which may only appear
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Figure 7.12: The integrated 4pt correlator for Z-exchange diagrams with an
axial current insertion (p = 0), shown with (a) varying T, and fixed T} and (b)
vice versa. Results are shown for the operators Q1 (top) and Q2 (bottom). The
result for the matrix element is indicated by the horizontal band and indicates
the fit range used for its extraction.
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axial current insertion (u = i), shown with (a) varying 7, and fixed T} and (b)
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result for the matrix element is indicated by the horizontal band and indicates
the fit range used for its extraction.
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Figure 7.14: Plots of the unintegrated 4pt correlator for quark-disconnected Z-
exchange diagrams with an axial current insertion, for each operator that makes
up Hyy.

for £ = e,p. The unintegrated correlators are shown in Fig. 7.15. We see that for
the intermediate state muon, there is a clear exponential increase as the operators are
separated. This exponentially growing contribution however is absent for the electron
intermediate state; this is due to helicity suppression as described in section 5.2.3.3. The

muon contribution with the exponentially growing state removed is shown in Fig. 7.16.

In Fig. 7.17 I show the W-W diagram correlators after integrating over the position of
OZAVS:l. For both sides of the integral, at large time separations the integral can be seen
to converge. The matrix element is extracted by a constant fit to the region where the
integral converges. We remark that when the intermediate lepton is either an electron
or muon, the T, side of the integral converges quickly and then begins to accumulate
noise; the best signal is obtained by fitting before this noise dominates. We remark that
we can inspect Fig. 7.15 for the electron and Fig. 7.16 for the muon to determine where
the unintegrated correlator agrees with zero within statistical errors to be sure that we

do not truncate the integral too early.

Fig. 7.17 also shows how the T} side of the integral converges rather slowly for the in-
termediate states with an electron or muon; for this reason it is reasonable to question
whether or not it converges completely within the available time extent. The lightest
intermediate state for tag—1 > tas—o is 7K ¢*v, which is responsible for this slow ex-
ponential decay. While we do not have the necessary matrix elements to remove this
slow exponential decay using method 1, we may perform a direct fit of the 4pt correlator
to extract the necessary parameters. Hence we fit the unintegrated correlator to the

relation

FéVW (tAS:ly tAS:O) = Nﬁ?{ exp (—AE?}( (tAS=1 — tAS:O)) (7.13)
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Lepton N, AE™.
electron | -0.05729(12)  0.57944(89)
muon | -0.032674(88)  0.57805(92)

Table 7.7: Fit results [to Eq. (7.13)] for the K7¢*v intermediate states in type
1 W-W diagrams.

in the region tag—1 > tag—o. The fit parameters we obtain are displayed in Table 7.7.

The contribution we remove from the integrated correlator is

NEI/
Iyw (tas=1,tas—o) = AE+K1 exp <—AE7€'}< (Tb)> - (7.14)
€ K —

An inspection of Fig. 7.17 shows that the integral does indeed converge to the same

answer within the available statistical precision whether or not this state is removed.

7.3.3.2 Type 2 Diagrams

In the analysis of type 2 diagrams we expect there to be exponentially growing contribu-
tions from |[fv) intermediate states, £ = e, u. The unintegrated correlators are shown in
Fig. 7.18. At first glance, it appears that there is no exponentially growing contribution
to these correlators. This is because the mass difference Ex (px)—Fr (Pr)—E¢ (—pr/2)
is very small such that the exponentially growing behaviour is very weak. In Figure 7.19

I show the integrated correlators; for the case of the muon it can be seen that this state
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Figure 7.19: The integrated 4pt correlator for type 2 diagrams, shown for (a) Tj
fixed to demonstrate the T, dependence and (b) vice versa. Integration limits
are indicated within the legend. For the muon I show the T, dependence before
and after removing the 7%/t v intermediate state exponential.

must be removed to avoid a significant systematic effect. For the electron however we find
that this state is absent. The reason for this is that the intermediate state pion carries
discrete lattice momenta, while the electron carries the twisted momentum. The ground
state hence is given by a pion with zero momentum, and thus the electron experiences

helicity suppression similar to the type 1 case.
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Lepton Type 1 Type 2
electron | -0.03260(51) 0.2197(25)
muon | -0.03472(42) 0.2336(25)
tau 0.002929(55) 0.0917(11)

Table 7.8: Summary of fit results for W-W analysis. The results are shown before
multiplying by the relevant individual operator renormalisation constants.

7.4 Renormalisation

Before we can compare our lattice results to the continuum, we must regulate the short-
distance divergences that appear in the bilocal matrix elements as a result of the contact
of the two operators involved. For Z-exchange diagrams, these divergences appear in
the E (Q1) and S (Q2) diagram topologies; for W-W diagrams they appear in the type
2 topology. These divergences do not appear in the final result; rather they will cancel
with divergences appearing in the Wilson coefficient of the local matrix element. These
Wilson coefficients have previously been computed in the MS scheme, hence our aim is

to regulate the divergence in the same scheme.

The total expression for the bilocal matrix element, where divergences have been regu-

lated in the MS scheme, may be summarised as

A () =2 S (FES (@) + BN (@) ) pc (=)0 )] (715)
l=e,u,T

FYS (@) = 3 Faa () = 2 (O X (0. pra) = CYYoas (o)) o (27) - (7.26)
FIMS (%) = Flyu (42) — 2 (ZVX€VW (a, pr1) — Yipw (/MLRI)) f+ (@) (7.17)

where the index ¢ indicates the relevant operator of Hyy for Z-exchange diagrams, and
the form factors Fz and Fyw are defined in Egs. (5.9) and (5.14) respectively, and
contain lattice-regulated divergences. The factor of 1/3 arises from an average over the
3 lepton flavours. It is implicit in the above equation that the divergence in F g has
been removed using counterterm Xy discussed in section 7.3.2.1. I include the lepton
sub /superscripts £ here for to show which parts of the calculation depend upon the lepton

flavours.
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We are interested in a comparison between our lattice results and results using pertur-
bation theory. To aid this comparison, we define the ratio

(7.18)
where fi (s) is the Ky3 form factor, and the kinematical variables A and s were intro-
duced in section 7.2. As in section 5.3.3 I use the labels A and B to denote the operators
involved in the bilocal matrix elements; however for clarity I will use Z or WW when
referring to the results for Z-exchange and W-W diagrams respectively. These ratios are
of course dependent upon the kinematical configuration we choose for our simulation;
however we have only considered one kinematical point here and thus are unable to de-
termine the dependence on these variables. In the remaining discussion this dependence

will be neglected.

The ratios defined by Eq. (7.18) are related to the quantity P. that appears in Eq. (3.65)
by

Pt {” (Re )+ Ry () + €5 )] (7.19)

2
‘6267#’7 MW

where C¢ is the component of the MS Wilson coefficient of the local operator @, that
describes the short-distance charm-quark contribution to K — wvv. The normalisations

follow from the definitions of the weak Hamiltonians discussed in section 3.1.3. It is also

convenient to define the quantity

ARap (1) = Rap (1) —raB (1), (7.20)

where 74p is defined in Eq. (3.60). This quantity thus gives the difference between the

non-perturbative and perturbative estimates of the bilocal contribution.

In this rest of this section I present the results of the procedure for the renormalisation
of bilocal matrix elements, which is discussed in detail in section 5.3.3. This procedure
can be split into 2 parts. First [ begin in section 7.4.1 by discussing the calculation of the
term X 45 (urr) required to convert the bare lattice matrix element into one regulated in
the RI-SMOM scheme. Secondly I discuss the calculation of the perturbative matching
to the MS scheme, Yap (ugi, 1), in section 7.4.2. The overall result is then summarised

in section 7.4.3.

7.4.1 RI-SMOM renormalisation

The first step of the renormalisation procedure is to convert the regularisation of the

UV-divergences from the lattice scheme to the RI-SMOM scheme. The counterterms are
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Z-exchange W-W
8 @1 Q2 C1Q1 + CaQ2 e 7 T
1.00 | 6.659(39) 1.671(18) 0.382(12) 4.958(140) 5.481(155) 2.866(80)
1.25 | 6.019(32) 1.516(14) 0.342(9) 4.697(115) 4.690(115) 2.613(6 3)
1.50 | 5.379(26) 1.365(14) 0.299(10) 3.889(73)  3.878(72) 2.279(42)
1.75 | 4.723(22) 1.211(12)  0.255(8) 3.304(48)  3.289(47)  2.030(29)
2.00 | 4.112(20) 1.061(12)  0.217(7) 2.644(36)  2.679(36)  1.756(24)
2.25 | 3.555(19) 0.932(12)  0.178(8) 2.215(28)  2.213(28)  1.506(19)
2.50 | 3.045(18) 0.815(12)  0.142(8) 1.821(21)  1.818(21)  1.276(15)
2.75 | 2.605(17) 0.701(12)  0.119(7) 1.492(17)  1.487(17)  1.074(12)
3.00 | 2.229(18) 0.601(11) 0.101(7) 1.200(13)  1.203(13)  0.897(10)
3.25 | 1.897(19) 0.513(11) 0.085(7) 0.969(9) 0.968(9) 0.737(7)
3.50 | 1.596(21) 0.441(12) 0.066(8) 0.778(7) 0.777(7) 0.602(5)
3.75 | 1.347(23) 0.377(13) 0.052(9) 0.620(6) 0.618(6) 0.486(5)
4.00 | 1.130(23) 0.327(12) 0.037(8) 0.483(5) 0.483(5) 0.387(4)

Table 7.9: Counterterms for removing the short-distance divergence in WW di-
agrams and Z-exchange diagrams with an axial current insertion. The countert-
erms are calculated separately for each operator ); entering Hyy for Z-exchange
diagrams, and for each internal lepton in W-W diagrams. Results are quoted in
units of 1072.

calculated by imposing the condition

ZRZE (dvo) {0405} |5)" (a) — Xag (ur1, @) Zy (dvp|O,|s) =0,

P =ty P =ty

(7.21)

where the operators O4 and Op are those specific to either Z-exchange or W-W dia-
grams. [ have used to notation for the bilocal operator defined in Eq. (5.69). Note that
for the Z-exchange diagrams, this procedure is only necessary for the axial current; the
removal of the divergence in the bilocal matrix element with a vector current is discussed

in section 7.3.2.1.

The RI-SMOM renormalisation procedure for the 4pt functions is discussed in sec-
tion 5.3.3.1; here I present the results. To study the RI-SMOM scale dependence of
the counterterm X 4p, the NPR calculation has been performed at multiple values of
uri, from ugrr = 1GeV to 4GeV in steps of 0.25GeV. These results have been com-
puted by Xu Feng using the codebase CPS. I quote the results of his analysis in Table 7.9.
The subsequent RI-SMOM regulated results are shown graphically in Fig. 7.20.
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Figure 7.20: Results for the ratio R [Eq. (7.18)], i.e. the form factors obtained
from bilocal matrix elements, normalised by the K3 form factor f (qQ), for W-
W diagrams (left) and Z-exchange diagrams (right). The horizontal bands shows
the results before the regulation of the divergence in the RI-SMOM scheme; the
points show the RI-SMOM regulated results. These results additionally include
the normalisation factor w2/ A ME,.

Table 7.10: Summary of input parameters and matching scales used for results

Parameter Value Parameter Value
sin? Oy (M) 0.23126(5) a(My) 0.1185(6)
A 0.22537(61) mp (my) | 4.18(3) GeV
My = pw | 91.1876(21) GeV i 5.0GeV
My 80.385(15) GeV me (me) 1.080 GeV

obtained using RG-improved perturbation theory.
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Figure 7.21: Diagrams that must be computed for the perturbative matching of
(a) Z-exchange and (b) W-W diagrams.

7.4.2 Perturbative Matching

In order to compute the matching Yap (u, uri), we follow the discussion of 5.3.3.2. The

quantity of interest is obtained by imposing the condition

VS Z3 (pr)
(oo {0408} ) ()|, , = “5=="Yap (e, 1) (dvo|Quls)™ (urr)| ,
Pi=HR1 ZTZ) (/L) Pi=HR1

(7.22)

On a technical note, we note that this matching procedure is similar to the procedure used
to integrate out the charm quark in the perturbative treatment of K — wrv decays, which
is discussed in section 3.2.3. Specifically, from a comparison of Egs. (3.60) and (7.22) we
deduce that

rap (1) = Yap (i, pr1 = 0) . (7.23)

The quantities r4p for each relevant set of operators has been computed to NNLO in
Ref. [79]. Additionally, Ref. [79] contains a detailed description of the NNLO calculation
of the Hy Wilson coefficients C; and Cs in the MS scheme.

To evaluate Yap (1, ur1) we may thus use existing NNLO perturbative results for part

of our calculation and compute

Yag (i, ur1) = AYap (i, pr1) + Yas (1, 0) . (7.24)

We have therefore computed AYap (1, prr) to O (ag). The expressions for AY4p (i, pr1)
are given in Appendix B. We remark that we set ;1 = pgr in our calculation, this allows
ZBI/Z}XIS =1+ O (as) |128]. We have taken the running of the charm quark mass into
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account in these expressions, which at NNLO is given by [79]

m2 (1) = re (1 # (U)o + <“S4§j‘>)259>> mime), (725)

24

with k = 770275, Ne = s (1) /o (me), and

a) 15212

= 1875

5(2) ~ 966966391
(&

(1—n1, (7.26)

231404944 _, 272751559 _, 128

clfalvrvdd P 2
T 10546875 3515625 ¢ 10546875 5 (1=n7)¢@),  (727)

where ¢ is the Riemann zeta function. Using this expression, along with the 3-loop
running of a;(u) [79], we find that the unphysical value of the charm quark mass
me (1w =2GeV) = 863 GeV used in our lattice calculation corresponds to m.(m.) =
1.080 GeV. We can therefore use this value as an input in our perturbative expressions
rather than the physical mass m.(m.) = 1.275(25) [37]. The input parameters and
matching scales used for the renormalisation group running analysis are summarised in
Table 7.10.

The quantities r4p and AYsp are subsequently combined with the relevant Wilson
coefficients C'4 and Cp (as required by Eqs. (7.16-7.17)), which where necessary are
also obtained from a perturbative calculation. The results for each of these quantities
(combined with Wilson coefficients) are shown graphically in Fig. 7.22, showing the
dependence on the renormalisation scale = urr. We note that a consistent perturbative
treatment requires that for each combined quantity CaCpAYap and C4Cprap, the
series is truncated at the desired order (i.e. NNLO for r4p and NLO for AY,p). Each
step of the calculation is thus organised by powers of oy (1) until the final result is
collated. The calculation of AY thus makes use of the LO MS running of m, (only
the O (o) term in Eq. (7.25)); we have not however considered the RI-SMOM scale
dependence of the charm quark mass. Our calculation serves mainly as a demonstration,

which may indeed be improved upon by future perturbative efforts.

7.4.3 Final Result

The overall results for the non-perturbative determination of the bilocal matrix elements,
where the divergence is regulated in the MS scheme, are displayed in Fig. 7.23. An
interesting feature of the calculation is that the lattice and perturbative results show large
discrepancies for the Z-exchange and W-W diagrams individually, but when combined

the discrepancy is considerably smaller. The final result we quote is therefore

R(A,s) =0.1232(13)(32)(—45), AR(A,s) = 0.0040(13)(32)(—45). (7.28)
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Figure 7.22: Dependence of the quantities Yap (u, pr1), rap (4, sur1) and
AYap (u, pr1) on the renormalisation scale p = pgry. Results for the W-W
diagram are shown on the left, and Z-exchange on the right (matching is only
required for the axial current).

The central value quoted corresponds to g = pugrr = 2 GeV; the first error is statisti-
cal, and the second is an estimate of the error from the residual renormalisation scale
dependence by varying p = pry from 1 GeV to 3 GeV. Note that at scales as low as 1
GeV, we would expect that higher order perturbative corrections are significant; however
for scales as high as 3 GeV our non-perturbative calculation may suffer from sizeable
discretisation errors, given that the condition Eq. (5.71) must be satisfied for reliable
results. The third error is a finite volume error, which has been estimated by Xu Feng
using the formulae within Ref. [33]. Finally we may also include the local charm quark

contributions, such that the full up and charm quark contribution is

P. = 0.2529(13)(32)(—45). (7.29)

The results presented above may be used to draw an interesting comparison between
the results from the lattice and those calculated in perturbation theory, however a fully
quantitative comparison is premature |in particular with the quantity d P, . of Eq. (3.63)],

given numerous sources of uncontrolled systematic errors in our calculation. The errors
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Figure 7.23: Plot summarising the total results for the ratio Eq. (7.18) for K —
mvr decays. On the left I show the results regulated on the lattice (horizontal
band), in the RI-SMOM scheme (blue circles) and in the MS scheme (green
triangles). On the right I show the difference between the results obtained from
the lattice and the results obtained using perturbation theory. Note how the
discrepancy between the lattice and perturbative results is large for both WIW
and Z-exchange diagrams, but these discrepancies largely cancel in the total
result.

from the residual renormalisation scale dependence and non-exponential finite volume
corrections have been mentioned above, however we have neglected errors from the mo-
mentum dependence of our form factors and from the unphysical masses used in our

simulation.

For the momentum dependence, the source of error is twofold. Firstly, there is a small
error from the fact that the disconnected contributions have been calculated with both
the initial state kaon and final state pion at rest. It is reasonable to neglect this error in
the final result R (A, s), where the disconnected contribution is a sub-percent effect. Sec-
ondly, we have neglected the dependence of R on the variables s and A; in future studies
we aim to simulate with multiple kinematical configurations such that the dependence

may be properly quantified.
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Lastly, it must of course be noted that this study was performed using unphysical masses
for the pion and kaon, as well as an unphysically light charm quark. An interesting study
for future simulations will be to see whether the unphysical masses have a significant
effect on the cancellation of the quantity AR (A, s) between the Z-exchange and W-W
diagrams shown in Fig. 7.23. However, the simulation of the physical charm mass is an
expensive prospect, as it requires a very fine lattice to control discretisation errors, as

well as a volume large enough to avoid significant finite volume effects.






Chapter 8

Conclusions

This chapter summarises the findings from chapters 6 and 7.

The main objective of this work it to demonstrate that it is possible to calculate the long-
distance contributions to rare kaon decays amplitudes using lattice QCD. One general
feature of the calculation of the 4pt correlators involved is the appearance of intermedi-
ate states lighter than the initial kaon, which lead to unphysical, exponentially growing
contributions. We have shown that for the 7 intermediate states in - and Z-exchange
diagrams and ¢Tv states in W-W diagrams, it is possible to remove these states with
controlled systematic errors. It has been instructive to understand how to remove these
states in cases when they are the only exponentially growing contributions in the cor-
relators. The stage is now set for a calculation with physical kaon and pion masses,
in particular such that 77 or even w77 intermediates states will contribute, which will
allow us to develop the analysis techniques further to handle new exponentially growing

contributions.

Although our calculation has been performed with unphysical values for the kaon and
pion masses, it is nevertheless interesting to make qualitative comparisons to physical
results. As a schematic calculation, we have tested using O(p*) ChPT formulas to
extrapolate our results to physical pion and kaon masses to compare with experimental
data. For both the lattice and experimental results a ChPT-motivated fit ansatz can be
used to produce values of V4 (0), which is known at O(p*). Our lattice result [a/* =
1.6(7)] cannot reasonably be compared to the experimental result [a5™ = —0.578(16)] at
this stage, as our simulations use meson masses that are considerably heavier than their
physical values. As we begin to simulate with lighter pion and kaon masses, we will be
able to study the mass dependence of a4 and by and ultimately at the physical point we
can make direct comparisons with experiment. It is important to note that the size of
the errors on the results of our calculation are an order of magnitude greater than those
obtained from fits to experimental results. Hence in a physical study we would require

a much greater computational effort to increase the number of gauge samples that are
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studied, expanding the number of calculations performed on each sample and employing
further variance reduction methods such as all-mode averaging [138, 144] and all-to-all
propagators [145]. This physical study is currently in preparation and will make use of
the codebase Grid. All rare kaon decay contractions necessary for the project have been

implemented in Grid and tested against existing results.

For our studies of K — 7wvv decays, it is again premature to compare our estimates
for the long-distance matrix elements to those from perturbation theory, especially as
we have used an unphysically light charm quark. For this reason there is no mean-
ingful comparison between the long-distance correction to P, given by AR (A,s) =
0.0040(13)(32)(—45) to the quantity 0P, . = 0.04(2). However we have discovered the
interesting feature is that the quantity AR experiences large cancellations between the
Z-exchange and W-W diagrams, and it will be interesting to see whether this feature
persists in a physical calculation. As an intermediate step, simulations using the 323 x 64
RBC-UKQCD DWF ensemble, with a pion mass of m, = 170 MeV are being performed,
which will aid in the understanding of the error caused by the unphysical pion mass.
The lower pion mass also increases the available (A, s) phase space, and hence these

simulations will also allow for a study of kinematical dependence the form factors.

For both K — 7¢*¢~ and K — wvv decays, one significant barrier that must be overcome
for a physical calculation is the inclusion of a physical charm mass. Using the physical
charm mass poses substantial computational costs, since we must use both a sufficiently
small lattice spacing to avoid lattice artefacts due to the large charm mass, and a suffi-
ciently large volume to avoid finite-volume effects from the pion. For K — 7¢* £~ decays,
where the charm contribution does not dominate, it is possible to work in a theory where
the charm quark is integrated out. Although this complicates the renormalisation proce-
dure, it is analogous to that presented here for K — mvv decays. Hence future studies of
K — w0t ¢~ will take place on RBC-UKQCD’s 483 x 96 DWF ensemble, with a physical
pion mass. These studies will begin shortly; given current computational resources, the
results from such simulations will be available within two years. Ultimately however we
aim to perform simulations of both decays with a physical charm quark, using RBC-
UKQCD’s 643 x 128 ensemble with a physical pion mass and an inverse lattice spacing
a~! = 2.38 GeV. Such a calculation should become possible in the next three to four

years when the next generation of computers becomes available.



Appendix A

Approximations

A1 Ek) = —cl(k)

In this section we provide a justification for the approximation ¢ (k,p) = —c} (k, p) [2].
The basis of this approximation is the identification that the relation holds exactly when

k = p. To show this, we define ¢j(k) and c3(k) respectively as

Lo M OME) s Mg (0) Ma (k)
D0 = 28 () (& 19 - £ 00) Y T T2 ) (B () - By Y
In general the current matrix element can be decomposed as
MPE (k,p) = (k+p), F¥ ((k—p)?), (A.2)

where F¥ is the electromagnetic form factor of the particle P. At the point k = p, we
find that

MG (b, k) = 2Ep (k) Q, (A.3)

where Ep is the energy of the particle in question, and @ is its charge (in units of the
elementary charge). The factor of 2Ep (k) is canceled by the normalization factor in
both c}(k) and c3(k). The remaining factor of

My (k)

Er (k) — Ex (K) (4-4)

is common to both c}(k) and cZ(k); it is thus clear to see that c3(k) = —cj(k).
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A.2 SU(3) symmetric limit

In this section we show that the quantity (7 (p)| Hw | K (p)) is independent of momentum

in the SU(3) symmetric limit [2]. Let us consider the matrix element

Mz (p) = (m (p)| Hw |K (P)) (A.5)
= (m (k)| B; " (k,p) Hw Br (k,p) | K (k)) (A.6)

where Bp (k,p) is the boost into the frame where the particle P has momentum k from
the frame where it has momentum p. The Lorentz boost depends on the particle’s mass,

and so in general the quantity
B! (k,p) Hw B (k,p) (A7)

cannot be trivially decomposed. However when we take the limit Mg — M,, we find
that

Bt (k,p) Hw B (k,p) = Hy. (A.8)

The equality holds because the operator Hy is a Lorentz scalar. It holds therefore that
in the SU (3) symmetric limit, the matrix element (7 (p)| Hw |K (p)) is independent of
momentum. A similar argument is true also for (7 (p)|sd|K (p)). As a result the ratio

¢s |[Eq. (6.7)] is also independent of momentum in this limit.
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Perturbative Results

B.1 Expressions for AY,p

In this section I give the results for the calculation of amputated Green’s functions
corresponding to AYp [Eq. (7.24)]. The relevant Feynman diagrams to be computed
are shown in Fig. 7.21. These diagrams are evaluated to O (ag) [32].

I start with the W-W exchange diagrams, shown in Fig. 7.21. To regulate divergences in
the loop integrals, we use dimensional regularisation. Hence we generalise to d dimensions

and define € = (4 — d). The amputated Green’s function we must compute is

Cww (@) = Tw (@) — Ty (9) (B.1)
q € ddk L L o v
Tl (@) = p / 2y (7 Sq (k) %) © (Vi Se (k+q)r) (B.2)

where ¢ is the momentum transfer, k£ is the loop momentum, and the propagator for
quarks (subscript ) or leptons (subscript £) is given by
—iK+m

q —
k'2 + mg (Saba SE (k) -

—iK + my

B.3
k2 +m?’ (B-3)

Sq (k) =
where we note the colour structure of the quark propagator (although I otherwise suppress
colour indices for notational convenience). We have used the notation 'yﬁ =7, (1 —1s)
(similarly we will use 'yf =7, (1 4+ 75)). The factor u° appears to account for the missing
mass dimension when performing the integral in d rather than 4 dimensions; p hence

sets the MS renormalisation scale. We perform the calculation at p = pgy.
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To obtain Yyw from 'y, we project out the Dirac structure (the colour structure is

trivial) using the projector

P, I B.4
wWw = m; (B.4)
P=(p0-7)@ 0" (1 -)); (B.5)
and hence we calculate
Yww (@, pr1) = pTr [Cyww Pww] (B.6)
_ / d'k T [ Sy (=k) 395 T [pSe (k + @) 7577 B
(2m)" Tr [v&5] Tr [v7 7]

At this point the computation may be performed using standard results for one-loop
integrals (which may be found within Ref. [52], for example). We remark that the
quantity Yy is logarithmically divergent (even after the GIM cancellation); however
the quantity AYyyw is finite.

The results for AYyyw may be written as

AYww (pr1) = 16 [(Iww (0, pri, me) — Iww (me, me, prr))
— (Iww (0,my, pr1) — Iww (me, my, pry))], (B.8)

with the integral

1 1
T (1, o, 1) = 167r2/ dz (20 + 2 (1 — ) ) log A, (B.9)
0
and we have introduced the factor A, given by
A=zx(l—2)p®+zm?+ (1 —z)mi. (B.10)

The integral over x is a result of using a Feynman parametrisation to compute the integral
Eq. (B.7).

The Z-exchange diagrams are shown in Fig. 7.21(a). The amputated Green’s function

may be written as

; d’k y
FJZ,1 = —Q;u° / WTT [7£Sq (k+q) TS, (k)] v @1, (B.11)
J € ddk L 12 v
I'70=Qjn am Sq(k+a)TySq (k) vy ® 1, (B.12)
where j = V,A. The factors Q; for each current are Q4 = —I3 and Qv = I3 —

2Qem sin? By, and the gamma matrix product I'jisT'a = vy or I'y = v,. However

only the axial current is needed for the renormalisation of Z-exchange diagrams. Again



Appendix B Perturbative Results 159

we project out the Dirac structure using Eq. (B.4) to obtain

AYZy (1, prr) = 2Q 4 [(Iz,4 (0, pri) — 17,4 (me, prr)) + Iz,4 (me, 0)] (B.13)
AYZ (1, pr1) = NeAYZY (1, pr1) (B.14)
with
1 2 2 2, . 2
Iz a(m,p) = 167?2/0 dz [3z (1 — ) p* + 4m?] log (z (1 — z) pi* + m?) . (B.15)
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