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Abstract We identify a general, i.e. not necessarily denominator-separable
Roesser model from 2D discrete vector-geometric trajectories generated by a
controllable, quarter-plane causal system. Our procedure consists of two steps:
the first one is the computation of state trajectories from the factorization of
constant matrices directly constructed from input-output data. The second
step is the computation of the state, output, and input matrices of a Roesser
model as solutions of a system of linear equations involving the given input-
output data and the computed state trajectories.

Keywords 2D systems - Roesser models - bilinear difference forms.

Mathematics Subject Classification (2000) 93A30 - 93B15 - 93B20 -
93B30 - 93C20

1 Introduction and problem statement

Discrete Roesser state-space models, introduced in [30], are of the form

owry| _ [An Az |7 " B v
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(€1 G m + Du, ey

Y

where .’1%(](51]62) € R™ for all (k‘l, ]{)2) € ZQ, Aij € Rrixnj 1,7 =1,2; u(k‘l,kg) S
R® and y(ki1, ko) € RP for all (ki, k2) € Z?; and B := [B] B;f € R@itnz)xm
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2 P. Rapisarda

C:= [C’l Cg] € Rpx(mi+n2) 1) ¢ RPX® Gyuch models are widely used to describe
the class of quarter-plane causal 2D-systems, whose transfer function matrix

(z1,22) _ >0 ni(z1)zs .
Gr.z2) — Z;':Z dj(zl)zz with nm(zl)adn(zl) 7é 07

that satisfy the following properties:

consists of entries of the form Z

1. m<n
2. deg(dn(=1) > deg(ni(=1)), i = 0,...,m— 1
3. deg(dn(z1)) > deg(di(#1)), i =0,...,n

In this paper we solve the following identification problem: we are given a
finite set consisting of N polynomial vector-geometric input-output trajectories

W= [Zl} 172 — C™P i =1,..., N, generated by a system (1), whose value
at (kl,kz) S 72 is

wi(ky, k2) : Z Z Wi, Jgkjlk%é)‘llc,li/\g,zi ,i1=1,...,N (2)

J1=0j2=0

-;
where W}, ;. = [UZ”"’} eC™?, j, =0,....,L,, £ = 1,2 and \j; € C, i =
J1,J2
1,...,N, 7 = 1,2. In the following we call (A1, A2;) € C? the frequency
associated with the i-th trajectory, ¢ = 1,..., N. Trajectories such as (2) arise
from the response of the system (1) with zero initial state to a polynomial-
exponential input Zh 0232 0 U5, hkhkh/\]flz)\gi If Li = LY =0 for i =
1,..., N, (in the following called the wvector-exponential case) the dlrectlons
ug o and Y o are related to each other by the value of the transfer function

H(z1,22) of (1) at the point (A1, A2:) € C% Tho = H(Ai, Aei)Up g, @ =

1,....N.

We want to find matrices A, B, C, D such that (1) holds for the data

(2) and some associated state trajectories Z; := {;\“], i =1,...,N. Such
0,2

quadruple (A4, B, C, D) will be called an unfalsified Roesser model for the data

Roesser model system identification has been considered previously, see [2,
4,14,15,19,16,18,17], and it has been applied in modelling the spatial dynam-
ics of deformable mirrors (see [31]), heat exchangers (see [3]), batch processes
controlled by iterative learning control (see [32]), and in image processing (see
[18]). Our approach to compute an unfalsified model differs fundamentally
from previous work. It is based on an idea pursued in the 2D continuous-
time case in [22], and derived from the 1D Loewner framework, see [1,21]
(and also [24,25] for analogous approaches to 1D identification based on the
factorization of “energy” matrices). Namely, we use the data (2) to compute
state trajectories corresponding to it, and subsequently we compute a state
representation for the data- and such state trajectories by solving linear equa-
tions in the unknown matrices A, B, C, D. From a methodological point of
view our two-stage procedure is thus analogous to 2D subspace identification
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algorithms: first compute state trajectories compatible with the data, then fit
a state-space model to the input-output and the computed state trajectories.
However, our approach is essentially an application of the consequences of dual-
ity, rather than shift-invariance as in subspace identification: in our procedure,
state trajectories are computed by factorizing constant matrices built from the
data and its dual, rather than Hankel-type matrices consisting of shifts of the
data in the two independent variables. Such aspect makes our method concep-
tually simple, and it helps to reduce the amount of bookkeeping necessary for
calculations. Moreover, approaching the problem from a frequency-domain and
a duality point of view allows us to avoid imposing restrictive assumptions on
the data-generating system, such as the separability-in-the-denominator prop-
erty required by earlier work on 2D subspace identification such as [2,14,15,
19]. We note that the recent publication [18], provides a subspace algorithm for
the identification of general, i.e. not necessarily separable-in-the-denominator,
Roesser models.

The paper is structured as follows. In section 2 we gather the necessary
background material; this section contains several original results in the theory
of 2D bilinear- and quadratic difference forms, a tool extensively used in our
approach. In section 3 we illustrate some original results on duality of Roesser
models, including a “pairing” result crucial for our identification procedure. In
section 6 we illustrate our method for the identifying Roesser models. Section
7 contains some concluding remarks.

Notation We denote by R™*"™ (respectively C™*"™) the set of all mxn matrices
with entries in R (respectively C). C**™ denotes the set of matrices with n
columns and an unspecified (finite) number of rows. Given A € C™*", we
denote by A* its conjugate transpose. If A has full column rank, we denote by
AT a left-inverse of A. If A, B are matrices with the same number of columns
(or linear maps acting on the same space), col(A, B) is the matrix (map)
obtained stacking A on top of B.

Clzy Lo, Zg L 29| is the ring of bivariate Laurent polynomials in the in-
determinates z1, zo with complex coefficients, and C™*" [z L, Zy L 2z9] that
of m x n bivariate Laurent polynomial matrices. The ring of m x n Laurent
polynomial matrices with real coefficients in the indeterminates (1, (2, 71, 12
is denoted by Rmxn[Cfla <1a C2_1a <27 771_1» m, 7’2_1’ 772}

We denote by ((C")Z2 the set {w 1 72 — C"’} consisting of all sequences of
72 taking their values in C¥, and by /5(Z2,C¥) the set of square-summable
sequences in ((C”)Zz. The notation (-,-) appended to a symbol (e.g. u) is used
to denote a trajectory u : Z? — C®. With slight abuse of notation, given A\ € C
we denote by exp, the geometric series whose value at k € Z is exp, (k) := AF.

We define vec as the linear map defined by vec : R™*™ — R™"
}T

)

Vec([aij]Z.:Lm’m,jzlw’n) = [a11 ... G1p - Al - G

and mat as the linear map defined by mat : R™" — R™*™ and

mat([an e Qlp e Qo - amn]T) = [aij]izl,m Mgl
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2 Background material
2.1 Controllable 2D behaviors

Define the shift operator o1 by

o1 ( W)Z2 — (CW)Z2
(O’l’w)(kl, ]412) = w(k1 + 1, kg) (k‘l, k‘g) S Z2 s

and define o5 analogously. The reverse shift operators o; ! : ((C")Z2 — ((CW)ZQ,
i = 1,2, are defined in the obvious way.

2
A subspace B of ((C"’)Z is called a 2D linear behavior if it is the solution
set of a system of linear, constant-coefficient partial difference equations in
two independent variables, i.e.

B = {w € ((C"’)Z2 st. R (o7, 01,05 00) w= O} (3)

where R is a Laurent polynomial matrix in the indeterminates z;, i = 1,2. We
call (3) a kernel representation of 9B, and we denote the set consisting of all
2D linear behaviors with w external variables with £3.

In this paper we follow the behavioral- and algebraic terminology of [27,
28] (see also [29] for refinements of such behavioral concepts and for the cor-
responding algebraic characterizations). A g x w Laurent polynomial matrix
R in the indeterminates z1,zo is called left prime if the existence of some
D, R € R***[z;}, 21, 25", 23] for which equality R = DR’ holds implies that
D is unimodular. The property of right-primeness is defined analogously. The
following is a characterization of controllable behaviors (see p. 414 of [28] for
the definition).

Proposition 1 The following statements are equivalent:

1. B € L3 is controllable;

2. B is the closure of B N {4 (Zz, R") in the topology of pointwise convergence;
3. IgeN, ReR¥[z1! 2, z;l, 29| left prime such that B = ker R(oy,09);
4. 31N, M e R 27! 21, 2571, 2] right prime such that

B = {w s.t. there exists £ € (C"’)Z2 st.w=M (07", 01,05, 02) E} (4)

Proof See Th. 1 p. 415 of [28]. O

It follows from Prop. 2 of [28] that a controllable behavior is uniquely identified
by its transfer function (see p. 415 of [28] for the definition). Controllability is
crucial for the definition of the dual of a L£3-behavior, as defined in the next
section.
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2.2 Dual discrete 2D behaviors

Let B € L% be a controllable 2D system, and let J = J' € R satisfy
J? = I,. Define the J-dual of B as the set B~ consisting of all trajectories
w’ 1 Z% — R¥ such that for all w € B N ((Z% RY) and w' € BL7 N l(Z2 RY)
the following equality holds:

Z Z "ky, ko) T Jw(ky, ko) = 0.

k)l——OO kz——OO

The definition of orthogonality on the complexification of B is straightforward
by substituting w’(ky, k)" with w’(k1,ko)* in the previous equation. B is
also a controllable 2D linear behavior, and its image- and kernel representa-
tions are related to those of B as stated in the following result.

Proposition 2 Let B € L%, B = ker R(01,02) = im M(01,02) with R €
R**¥[27 1, 21, 25 1, 20] left-prime, M € R¥*®[271, 21, 25 L, 2o] right-prime. Then
BL7 s controllable and

BLr =ker M(o;',0,")" T =im JR(o7 0517 . (5)

Proof We first prove the first equality in (5). Without loss of generality (if
necessary, changing the latent variable £ of the image representation by post-
multiplication of M by a suitable unimodular matrix) we can assume that

M is polynomial, i.e. M(z1,22) = Z“ Yo Zw 2 My, 1,21 2. Now consider the
following chain of equalities:

Z Z "(ky, ko) T Jw(ky, k)

k]——OO kz——OO

f Z "(k1,k2) " (M (01, 02)0) (ky, k)

ki=—00 ka=—00

“+oo N; No
S Y wle k)T (zz klm,kﬁm),

k1=—00 ko=—o0 11=012=0

where in the last equality we have used M(z1, z2) = Z“_O 222 2 o My, iy 200282
Now define £ := k; +1i;, j = 1,2, and observe that k; — o0 if and only if
K, — o0, j = 1,2.

With such positions, we can write the last displayed expression as

“+o0 N1 No
DS (zz ok i) IM u@).

,700 k’ 11 =012=0
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In turn the last expression can be rewritten as

+oo +oo N3 No
0o="> > (Z Zw'(ki—il,k;—w)TJMu,i?)a (k)

ki=—o00 kli=—00 \i1=01i2=0

=(M(oy 05 )T Jw!) (K] kb)
Now use the arbitrariness of ¢(-,-) to conclude that

N1 N2

Z Z w’(k”l - il,k}é — ’L.Q)TJMihiz =0 s

11=0125=0

for all (kj,k,) € Z?. This proves that B/ = ker M(o;',05")"J. Right-
primeness of M (z1,22) and J? = I, imply left-primeness of M(zy, 29) " J; this
yields controllability of B-+7.

The second equality follows from RM = 0, J? = I,, and standard results
in behavioral system theory (see [27]). O

In the rest of this paper we assume that m = p, and we denote by J the

matrix
Opxo 1
Jo= | P m 6
e (6)

We also assume that the external variable of B is partitioned as w = col(u, y)
with u a m-dimensional input variable, and y a p-dimensional output variable.
It is a matter of straightforward verification to check that Prop. 2 implies the
following result.

Corollary 1 Assume that B € L% is controllable, and let J = J' be such
that J? = I,. Denote the transfer function of B by H(z1, z2) and the transfer
function of B9 by H'(21,22). Then H'(21,2) = —H (275,23 5) 7.

We conclude this section showing how to compute trajectories of the dual
system from those of the primal one with the mirroring technique (see also [6,
7,26] for the use of such idea in the 1D case). Given the importance of dual
trajectories in our identification procedure, such technique is crucial to our
approach.

Proposition 3 Let B € L% be controllable, and J = JT € R"™¥ be such that
J? = I,. Let w € C¥, and denote by w(-,-) € B a trajectory whose value
at (k1,ke) is WA N2 Assume that © € C¥ satisfies v"w = 0. Then the

k k
trajectory v(-,-) whose value at (ki, ko) is Jv (%) ' (%) ’ belongs to B+
1 2

Proof Let M € R"*™[z1,22] and R € RP*¥[zq, 2] with w = p + m induce
an image, respectively kernel representation of 9B. Since R(z1, 22)M (21, 22) =
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Opxm, for all (A1, A2) € C? it holds that im M (A, A2) = (im JR(A1, A2)*)h,
with orthogonality in the Euclidean sense in C¥. It follows that

1\ /1Y
Jv () () €im JR (o7 05Y) =B
AL\

This concludes the proof. O

Example 1 We show how the result of Prop. 3 can be constructively used for
computing trajectories of the dual system from trajectories of the primal one.
Consider the case
0 I,
e fon.

Partition w as w =: Z as in (2) and let w(ky, ka) = B] MM A" for some
7w,y € C" and A, Ay € C. It follows from Prop. 3 that the trajectory w’ whose

= k k
value at (k1,ke) is defined by w'(k1,ke) := {—yu} (%) 1(%) ’ belongs to
0 I
L0
computed from primal ones by inspection. O

the dual system. Thus in the case of J = [ ] dual trajectories can be

2.3 2D bilinear- and quadratic difference forms

Bilinear- and quadratic difference forms (BdF and QdF in the following) have
been used in the analysis of stability of 2D discrete systems in [9-12,23]. We
briefly review them here, and introduce some novel results.

To simplify the notation for elements of the ring

R¥*¥2 [C;17 Cla C;17 C2»77f1>771a n;la 772] )

we define multi-indices j := (j1,j2),1 := (i1,42) € Z2, and the notation ¢ :=
(¢1,¢2) and 1 := (n1,7m2). Every element of the ring can be written in the form

() =Y (i,
ij

where @;; € R"*¥2 i j € Z?%; only a finite number of nonzero such matrices
is present in the expression for @({,n). We associate with @({,n) a bilinear
difference form Lg defined by

Lo : (R x (R")X o (R)F
L¢(w1, wg)(kl, k‘g) = Z (inl) (/{1, k‘g)T@i,j (O’ng) (/ﬁ, k‘g) s

iJ
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where o'w := o} 052w, and odwy := o' 03?wy. The definition of the BAF Lg

on the complezification of B is straightforward.
If w; = wy = w then &((,n) also induces a quadratic difference form Qg
defined by

Qs : B - ®)
Qo(w)(ki, ko) == Z (o'w) (K1, k2) " D15 (o3w) (K1, ko) -

Without loss of generality when dealing with QdFs we can assume that &; ; =
QSjT,i for all i and j, i.e. that &((,n) = ®(n,¢) " is symmetric.
The increment in the first direction of a BAF Lg is defined by

(V1L¢) (whwg)(kl,kg) = Lq;(wl,wg)(k‘l + 17]{72) — qu(’wl,’wg)(kl,k’g) 5 (7)

for all (k1,ks) € Z2. The increment of Lg in the second direction is defined
analogously. Such increments are themselves BdF's; it follows straightforwardly
from the definition that their four-variable representations, denoted with the
same symbols with slight abuse of notation, are respectively

(ViLe)(¢,m) = ComP(¢,n) — P(¢,n)
(VaLa)(C,n) = Cna®(¢,n) —2(¢,m)

Given BdFs Lg,, i = 1,2, acting on (]R"’l)Z2 X (R"?)ZQ, the vector of BdFs
(“v-BdFs” in the following) Lg := col(Lg,, Lg,) is defined by
Lo :+ R x @) = ®R) x ®)”
qu(whwg) = CO](Lq}.l (’wl,wg),Lq‘>2 (wl, ’wg)) .

The discrete divergence of a v-BdFs Lg := col(Lg,, Ls,) is the BAF defined
by

Vie : (R x (R & R
Vqu(wl,wg) = Vqusl (’U}l,U)Q) —+ V2L452 (wl,wg) . (8)

From the definition it follows that the four-variable polynomial representation
of the discrete divergence of Lg is

(VLs) (¢,n) = (Cam — 1) @1(¢,n) + (Camz — 1) P2(C, 1) - 9)

Define the following map:

0 : R vz [Cl_l,Ch42_17C23771_1a7717772_1’772] — R w2 [21—1,21722—1722]
a(é(gﬂl)) = 45(21_1722_1721’2’2) .

It is straightforward to verify that if (9) holds, then 9 (®(¢,n)) = Ouy xu,- The
following result states that also the converse holds.
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Proposition 4 Let® € R[¢; ', ¢, ¢ Coumy mumy 'y me]. The following state-
ments are equivalent:

1. 0 (Sp(c, 7’])) = 0w1 Xwg s
2. There exists a v-BdFs col(¥1,%2) such that D((,n) = V¥((,n);

8 S Qa(w) (k1 k) =0 for all w € £5(Z% R¥).
Proof See Prop. 1 p. 1524 of [8]. O

The following result states that there are nonzero v-BdFs whose divergence
is zero; this is well-known in the continuous case, even considering non-constant

fields.

Proposition 5 Let ¥; € R¥V[¢T ¢, G Gy by mg ), 4 = 1,2, The
following three statements are equivalent:

1. V CO](Lq/l,prz) = 0,‘

2. (Gom — D (Cm) + (Gnz — 1)¥2(¢,n) = 0;
3. There exists W € R¥V[¢71 ¢, G h Coomy 5y, my by ] such that

wl (Cﬂ?) = (<2772 - 1)W(<a77)
WQ(CJ?) = 7(<1771 - 1)W(C77I) .

Proof The equivalence of statements 1) and 2) follows from the relation (9) be-
tween the discrete divergence and its four-variable polynomial representation.
The implication 3) = 2) follows from straightforward verification.

To prove the implication 2) = 3) observe first that if ({171 — D)% ((,n) =
—(Cane — DW5(¢,n), then ¥ (¢,n) is divisible by ({am2 — 1), and ¥o({,n) by
(&1m — 1). Consequently, there exist WJ’»(C,n), j = 1,2 such that ¥;((,n) =
(Gimi — V¥(C,m), 4,5 = 1,2, 1 # j. Statement 3) follows readily from such
equality. O

3 Dual Roesser representations and pairing

To the best of the author’s knowledge and despite the popularity of Roesser
models, what the dual system is of one admitting such a representation, and
whether such dual system admits a Roesser representation itself, have not
been investigated before. In this section we prove some statements related to
such issues, which moreover are crucial for our system identification approach.
Foremost among them is a “pairing” result, showing how bilinear forms on
the external variables of the primal and the dual system are related to bilinear
forms on the state variables of the two systems.

We associate to (1) a “backward” Roesser model described by the equations

1~ ~ T
o 1| _ 4T T o ,
] = 5] + o]

T
y =—[B] B]] [zj — DT . (10)
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We call (10) a representation of the dual system to (1), for reasons given in
Prop.s 6 and 7 below.

In the following result we show that the transfer function of the dual system
(10) is related to that of (1) by a straightforward transformation.

Proposition 6 Define
—1
lenl — A —Ai2 By .
H(z1,22) := [Cl 02] — Aoy 2oln, — A22:| |:BJ o

then the transfer function of the dual system (10) is —H (27", 23 1)T.

Proof Taking the two-variable z-transform of (10) yields the following expres-
sion for the transfer function from v’ to y’:

T, —AL -4y 1TH[o]
_[BT BT 21 Iny o 21 ] { 1] _pT ’
(BB 2y a2 ag ] or

from which the claim follows. O

Define J by (6); the result of Prop. 6, the fact that the transfer function
uniquely defines a controllable system, and Cor. 1 imply that (10) is a state
representation of the J-dual behavior of the external behavior of (1). In the
following we find it easier to use a different hybrid representation of such dual,
that obtained from (10) defining the latent variables z) := o; '#;, i = 1,2;
then the equations (11) can be rewritten as

L S et ] cll o,
i) = ] + e

y/ — [BT BT} 01$/1 _ DTU/ (11)
L2 1 o, :

In the following pairing result we describe a relation between the bilinear
form induced by —J on B x B17 and a discrete divergence on the field gener-
ated by the inner product of the state variable x of (1) and the latent variable
a2’ of (11).

Proposition 7 Consider the latent variable representations (1) of B and (11)
of BL7. Then for all col(u,y, x) satisfying (1) and col(v',y', z') satisfying (11)
the following equation holds:

!

)] = i

= (o121) | (012)) — 2] 2} + (0922) " (09h) — 23 2

= Vol (z{ 2}, 2] z5) . (12)
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Proof 1t is a matter of straightforward verification to check that the following
chain of equalities holds:

/!
fyTu/ . uTy/ _ (xTCT JrUTDT) W —ul <BT {0135/1] _ DTu/)

02$2
!
T (C’Tu’) + (uTBT) [g;iﬂ

.
T x} a7 o112} n a1 _ 4 (7 o011
xh oot 0222 T2 o2

The claim follows. ]

We can reformulate the result of Prop. 7 saying that the bilinear form
induced by —J on the external trajectories of the primal and the dual system
is the divergence of the field induced by the inner products on the first and
second state components of the primal and the dual system. Such relation is
of paramount importance for our system identification procedure.

4 The data matrix and the 2D Stein matrix equation

In the following we assume that besides the primal data (2), also a set of dual
trajectories whose value at (kq, ko) € Z? is

L/i L/i
J11.J k
(klu k2 Z Z k lk 2 Jl jQﬂ’l,li/J’Q?i . (13)
Jj1=0j2=0
wh .
where wjl g = |7 eCrtm 4, = 0,...,L), ¢ = 1,2 and p;; € C,
J1,J2

i =1,...,N, j = 1,2. Recall from Prop. 3 that such trajectories can also
be computed from trajectories obtained from experiments conducted on the
primal system, and consequently such assumption is not restrictive for practi-
cal purposes.

In the rest of the paper we only consider the case of primal and dual data
with multiplicity one, ie. Ly =1 =LY, j =1,2,i=1,...,N in (2), and
vector-geometric trajectorles W, i€TDpy 1earspu2 . Wi expy, , exp/\2 Li=1,...,N;
in such case the value of the primal and dual trajectories at (/4;1, kg)

wi (k1 ko) = Wintpsy  and wi(ky, ka) = WATEAS? (14)

In order to compute real models (1), (10), we will also assume that the data
sets © := {w}}i=1,.. v and ® = {w;};=1,... n are closed under conjugation,
i.e. that

W; expy, , expy, , €D = W; eXpy;  €XPys | € D

— / — ’
Wi€TPy, [ €TPp, , € D" = Wy €xpy; expus €D .
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Such assumption can be made without loss of generality, since it is always
possible to close © and ®©’ by adding conjugate trajectories, if necessary.
The following result (that uses the definition of observability on p. 6 of
[30]) implies that if the external trajectories are vector-geometric, also the
corresponding state trajectories of the primal system are vector-geometric.

Proposition 8 Let col(x,u,y) satisfy (1). Assume that u = U expy, expy,
and y =y expy, exp,, for some u € C" and y € CP, respectively, and some
Ai € C, i =1,2. Assume that the representation (1) is observable. Then there
erists a unique T € CT82 gych that the state trajectory corresponding to u
and y is T =T expy, exp,, -

Proof The fact that the state trajectory x is vector-geometric follows in a
straightforward way from the second equation in (1) and the fact that v and
y) are vector-geometric and associated with the same 2D frequency (A1, A2).
The uniqueness of the state trajectory, and consequently of the state direction
T, follows from the observability of (1). O

A result analogous to Prop. 8 also holds true for the dual system repre-
sented by (10) and equivalently by (11); we will not state it explicitly here.

We associate to the dual and primal vector-geometric sequences wj(-, ),
w;(+,+), 4,5 =1,..., N the data matriz D defined by:

—y —y T * __ _
D [T I [E By (15)
Y1 --- YN Y1 ---Yn

In the following result we make explicit the connection between D and the
state trajectories corresponding to the data wj(-,-), w;(-,-), 4,7 =1,...,N.

Proposition 9 Let (1) be a state representation of B, and let (11) be a repre-
sentation of its dual; assume that such representations are observable. Denote
the unique state trajectories corresponding to w; and w; by x} and T;, respec-

tively, and the associated state directions by T; =: [ifj and T; =: [Zj ,
i,7=1,...,N. Define for k = 1,2 the matrices

Xp = [2h -ty ] € CXN

X = [xl,k a:N,k] e CrexN

Sk = X" X, e CVN

My, = diag (i), y € CVY

Ay, = diag (Ag,i);_y v € TV (16)

The following equation holds:

D= Mfgl/ll — 31 + M;gg/lg —32 . (17)
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Proof The claim follows in a straightforward way by applying the pairing
equation (12) to the vector-geometric data w}, w; and the associated state
trajectories z}, x;. a

By analogy with the classical matrix equation X — MX A = Q where M, A
and Q are given and the unknown is the matrix X', we call (17) the 2D Stein
matriz equation, and for future reference we rewrite it as

Q=M{SA —S1+M554;, -8, (18)

where S are the unknowns, £ = 1,2. Such equation is of paramount im-
portance in our approach to 2D system identification: from it we compute
admissible state trajectories associate with the input-output data, and also
the state equations corresponding to such variables.

The solutions of the linear matrix equation (18) can be parametrized in a
straightforward way, as we now show. We first show how to compute one pair
of solutions, and then consider the homogeneous matrix equation associated
with (18).

Using analogous arguments to those available in the theory of matrix
Sylvester equations (see e.g. [13]) it can be shown that if \ful # 1, 4,j =
1,...,N, k= 1,2, then for every choice of the right-hand side Q' there exist
unique solutions X to the k-th 1D matriz Stein equation

X—MixXA, =0, (19)

k=1,2.1fQ = %Q and if Sy, solves the 1D Stein equation (19), k = 1,2, then
summing up the two 1D Stein equations it follows that the pair (S, S2) solves
the 2D Stein equation (18). From such discussion it follows that under the
assumption )\};ui #1,4,j=1,...,N, k =1,2, one can compute a particular
solution of the 2D matrix Stein equation directly from two 1D Stein equations.
In many cases (e.g. in experimental setting where the inputs can be arbitrarily
chosen and the system can be started at rest), the frequencies A%, . can be
freely chosen from the experimental data, and the assumption A};u{; #+ 1,
i,7 =1,...,N, k = 1,2 is not particularly restrictive. We will assume it is
valid for the rest of the paper.
We now study the homogeneous 2D Stein matriz equation:

0=M;S| A — 8} + M;S,Ay — S}, (20)

A parametrization of all solution pairs (S7,S5) to such equation is straightfor-
ward to derive from the following result, whose proof is omitted.

Proposition 10 Denote the (k,j)-th entry of S; in (20) by Si(k,j), i = 1,2,
k,j=1,...,N. Assume that Xl uk #1, k,j=1,...,N, i =1,2. The following

statements are equivalent:

1. The pair (S],8%) is a solution of (20);
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2. The following equality holds:
Si(k,g) (Mut = 1) + Si(k,5) (Mb™ = 1) =0,
k,j=1,...,N;
8. The following equality holds:

L Appst —1

Si(k,j) = —Sh(k, j) =2 , 21
[00) = =830 0) (21)

kj=1,...,N.

On the basis of the result of Prop. 10, we characterize all solutions to (18)
as follows.

Corollary 2 Assume that )\g,uf #1,kj=1,....,N, i = 1,2. Denote by
S; the unique solution to (19) when Q' = %Q, M =M, A=A;,i=1,2.
Then (S1,S82) is a solution of (18) if and only if there exist Si(k,j) € R,
k,j=1,...,N, such that

= Ayt — 1
Si(k,j) = S1(k,j) — Sy(k, j)
Mpit =1

5 Computation of state trajectories

We can restate the result of Prop. 9 by saying that the matrices Sy, k = 1,2
defined in (16) are solutions of the 2D Stein matrix equation

D=MSA -8 +M;S:4, -8, (23)

with My, Ay, € CNXN_ k = 1,2 defined by (16), D € CN*¥ by (15), and
Si € CN*N k= 1,2 being the unknown matrices. Based on such observation,
for pedagogical reasons we propose the following preliminary version of a 2D
identification procedure, which we refine in the rest of this section and in sect.
6.

Algorithm 1
Input: Primal and dual data as in (14)
Output: An unfalsified Roesser model for the data.

Step 1: Construct the matrix D defined by (15) from the data (14).
Step 2: Compute a pair (S1,Ss) of solutions to the matrix equation (23).
Step 8: Perform a rank-revealing factorization of Sy = F; IQTF;C, i.e.

rank(Sy) = rank(F)) = rank(F}) , k=1,2.
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Step 4: Define

Y=g, ...y € CO¥V
U:= [ ...uy] € CN, (24)

and solve for A;;, B;, C;, 1,7 =1,2 and D in

A A A Bi| [P
oAy | = | Ay Ao By Fy| . (25)
Y Cy Cy D U

Step 5: Return A, B, C, D.
We now discuss several issues related to such procedure.

Identifiability: Recall from Prop. 5 that Sy, k = 1,2 defined in (16) are not the
only solutions of 2D matrix Stein equation (23): if S;,, k = 1,2 satisfy the
homogeneous 2D Stein matrix equation (20), then also Sy +S;, k=1,2are
solutions of (23). The converse also holds: since the matrix equation (23) is
linear, it follows that every solution pair to it can be written as Sy, +S;, for
some pair (S}, S5) solving (20) and Sy defined in (16). Such non-unicity of
the solutions to (23) is an unavoidable consequence of the non-invertibility
of the divergence operator, or equivalently the existence of nonzero solution
pairs to (20). Consequently, identifiability is not a well-posed question in
the identification approach sketched in Algorithm 1.

Complexity: Another issue arising from the non-unicity of the solutions to
(23) is the fact that Algorithm 1 may compute models having larger state
dimension than that of the generating system. Note that the sum of the
ranks of Si, k = 1,2 coming from a generic solution pair computed in Step
2 will generically be N + N, and consequently presumably higher than
the minimal state dimension of a Roesser model of the data-generating
system. Thus generically the Roesser model computed in Step 4 would be
high-dimensional and impractical for use e.g. in simulation, control, and
so forth. In section 5.1 we illustrate a procedure using rank-minimization
to compute a minimal complexity model; see also Remark 1 where an
alternative approach using Grobner basis computation is sketched.

Computation of A, B, C, D: Finally, sufficient conditions must be established
guaranteeing that solutions A, B, C, D exist to the system of linear equa-
tions (25).

The rest of this section is devoted to modifying Algorithm 1 to address
the complexity issue; the solvability of the system of linear equations (25) is
considered in section 6. We will show that with small modifications our data
matrix-based approach to Roesser model identification offers the opportunity
to address in a conceptually simple way the problem of deriving a minimal-
complezity unfalsified Roesser model.
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5.1 Computation of minimal complexity state trajectories

We define the complezity of a model (1) as the dimension n; + ng of the
state variable. Given a controllable, quarter-plane causal behavior ‘B € L}, we
define its minimal complexity to be the minimal dimension of the state variable
among all possible Roesser representations of ‘8. Thus every B € Lj can be
mapped to point lying on a line n; +ns = ¢ in N x N, where c is its complexity,
see Fig. 1. Note that complexity of a given model obtained in our framework is

N Complexity 3 line

n

Fig. 1 A constant complexity line in the (n1,n2)-space

related to the total rank rank(S;) +rank(Ss) of the particular solution to (23)
chosen to perform the rank-revealing factorization in Step 3 of Algorithm 1.
Assuming the data to be sufficiently informative about the system dynamics,
such total rank ranges between the complexity n of the actual data-generating
system, and 2N, see the previous discussion on complexity. In the light of the
characterization (22) in Cor. 2, the problem of computing a minimal total rank
solution to (23) can be formulated as a rank minimization problem (see [5]), as
we presently show. In order to do this, we need to state a preliminary result.

Proposition 11 Define by ; := i?ﬁi;i, k,j=1,...,N, and
1#1 =

B = diag(bn, e ;b1N7 e ,le, e ,bNN) .
Moreover, define the map

f . RNXN N RNXN
f(X) := mat(—Bvec(X)) .

The subset € of R2N*2N defined by

. Sl"’f(Sé) Onxn "ol NxN
c._{FONXN 5, y| ot S SiER ,

18 convez.



Discrete Roesser state models from 2D frequency data 17

Proof Let a € R, 0 < a < 1; the claim follows in a straightforward way from
the equality

f(aS; + (1 - a)83) = af(8) + (1 —a)f(8)

which we now prove. The following chain of equalities is a direct consequence
of the definition of f and the linearity of the mat and vec maps:

f(aS) + (1 — a)8y) = mat(—B vec(aSs + (1 — a)Sh))

= mat(—Bavec(Sy) — B(1 — «) vec(SY))

= amat(—Bvec(8})) + (1 — o) mat(—B vec(SY))
= af(8)+ (1 -a)f(sy),

as was to be proved.
From such equality it follows that the set

{[f(‘%) ONXN} st S, S € RNXN} ,

"
0N><N 82

is convex, from which the claim follows directly. O

It follows from Prop. 11 that the optimization problem defined by

. S1 0
min rank <[ 0 SJ)

S1 0 .
s.t. {0 82] €ec,; (26)

is in the standard form of a rank minimization problem

min rank(X)
st. X eC,

where C is a convex set, and can be solved by several algorithms implemented
on standard platforms. It goes beyond the scope of the present paper to enter
into details about which algorithms to use in order to solve (26), and to dis-
cuss important issues such as their numerical accuracy and complexity. The
interested reader is referred to the growing literature on the subject.

We can now refine Algorithm 1 as follows.

Algorithm 2

Input: Primal and dual data as in (14)

Output: A minimal complexity unfalsified Roesser model for the data.
Step 1: Construct the matrix D defined by (15) from the data (14).

Step 2: Define € as in Prop. 11, and solve the optimization problem (26).
Step 3: Perform a rank-revealing factorization of Sy = F; ,gTF k, 1.€.

rank(Sy) = rank(F)) = rank(F}) , k=1,2.
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Step 4: Define

Y=g, ...9n] € CPXV
U := [ﬂl ﬂN] € (CmXN R (27)

—

and solve for A;;, B;, Cs, 4,5 = 1,2 and D in

A A A2 Bi| [Fa
FyAy| = | Ay Aoy By . (28)
Y Ci Cy D U

Step 5: Return A, B, C, D.

Remark 1 In [20] a Grobner basis approach to solve the rank minimization
problem (26) is illustrated. Such approach uses a parametrization similar to
that of Prop. 10 in order to transform the problem of finding fixed-rank matri-
ces solving the 2D Sylvester equation (the continuous counterpart of the Stein
equation) into a polynomial algebraic problem. In order to compute a minimal
complexity Roesser model for the data, beginning with ¢ = 1 we check whether
there exist solution pairs (S1,S82) to (23) such that rank(S;) = ng, k = 1,2
and n; +ny = c. If no such solution pair exists, we increment c by 1 and repeat
the check. Note that working under the assumption \jp) #1,i,5 =1,..., N,
k = 1,2, equation (23) is solved by (S1,S2), where S;, i = 1,2, are the unique
solution to (19) when Q = %D, M = M;, A= A;, i =1,2. Consequently, such
search ends after at most IV steps.

The largest part of the computational effort of such approach is due to
the complexity of Grobner basis calculations, which becomes especially heavy
for problems involving more than ten data trajectories. However, such ap-
proach has the advantage that a parametrization of all solutions to (23)
with a given total rank is obtained; a numerical approach based on rank-
minimization algorithms only produces one solution among many. Conse-
quently, such parametrization opens up the possibility of exploring the space of
unfalsified models of given complexity, with potential application to 2D data-
driven model order reduction (see [24,25] for the 1D case). Such procedure
also shares with the one sketched in Algorithm 2 a conceptually appealing
simplicity that avoids some difficulties inherent in other approaches based on
shift-invariance. |

6 Identification of Roesser models

To set up a system of linear equations (25), (28) we resort once more to the
2D Stein equation (23). Define, analogously with (24), (27), the input-output
matrices of the dual data by

Y = [7/1 yQ\,] e CPxN

U' = [u ... uy] e C™N, (29)
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and assume that rank-revealing factorizations Sy = F}." Fy, k = 1,2 have been
computed. Now rewrite (23) as:

(M;Fy MyFy] {F; Aj _ vy o] M 4 [ By {Fj o (30)

Denote the j-th column of F, by fr ;,7=1,...,N, k= 1,2. Observe that the
columns of the matrix col(Fy, F») are the values at (0,0) of the 2D-geometric
sequence col(f1 jexpy, expy,, f2,jexpy, expy,), and those of col(FiA;, FhAy)
are the values at (0,0) of the shifted 2D-geometric sequence

col(ay col(f1,jexpy, expy,, 02 f2, j€Xpy, €xp,, -

The idea underlying our computation of an unfalsified model is to left-invert
[M;F{* M3F3*] so as to obtain directly from (30) an unfalsified Roesser
model.

The following result gives sufficient conditions so that a left inverse

g s
of [M;F{* M3 Fj*| exists so that a Roesser model can be computed from (30).

Proposition 12 Let B,B~ € L% be controllable. Let data (14) be given and

define D by (15), A;, M;, i =1,2 by (16), U, Y by (24), and U', Y’ by (29).
Let 81,82 € RY*N solve (23), and let S; = F/*F;, i = 1,2 be rank-revealing

factorizations. Assume that:

1. im MPFP nim MIF = {0};

2. im [M{F{* M3Fy] nim U™ = {0} ,

3. im Y™ Nim U™ = {0}.

There exist a left inverse K := [ M} F[* MQ*FQ’*]T of [MyF{* M3F}*| and G €

CP*N such that

KU"™ = 0(ny4np)xp and G [Y"™* U] = [Opxn L] . (31)
Let K, G satisfy (31), and define
A=K [F[* Fy*] , B:=KY"™
C =G ([M;F* MyFy*| K — Iy) [F{* F§¥]
D= GKY" . (32)
Then A, B, C, D define an unfalsified Roesser model for the data.

Proof From assumption 1) it follows that [M;F{* M3 Fj*] admits a left in-
verse. From assumption 2) conclude that such a left-inverse can be chosen
satisfying the first equation in (31). Now multiply both sides of (30) by such
left-inverse to conclude that

A
[FQAJ ' [FQ] +BU, (33)
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where A and B are defined by the first two equations in (32).

Now use assumption 3) to conclude that a matrix G exists such that the
second equation in (31) holds. Multiply both sides of (30) by such G and
rearrange the terms also using equation (33), to conclude that

Y =C [?] +DU , (34)
2

where C' and D are defined by the last two equations in (32).
The fact that A, B, C and D define an unfalsified model for the primal
data follows from (33) and (34) defining

col(wy,j,2,5) := col(f1,5, f2,j) expy, , expy, ;

to be the state trajectory corresponding to the j-th input-output data, j =
1,..., N. This concludes the proof of the Theorem. (]

Remark 2 The sufficient conditions stated in Prop. 12 fall short of being com-
pletely satisfactory, since they involve the matrices arising from the factor-
izations of Sy rather than the matrices Si, k = 1,2, themselves, or in the
best case, the input-output data itself. We also do not make any claim about
the conservativeness of such sufficient conditions. The issue of deriving tighter
conditions expressed only in terms of the input-output data is a pressing issue
for further research. O

7 Conclusions

We have presented a novel approach to the identification of unfalsified Roesser
discrete models from vector-geometric data, based on the idea of first comput-
ing state trajectories compatible with the given input-output trajectories, and
secondly using such trajectories together with the data in order to compute
the A, B, C, D matrices of the Roesser equations. Our procedure is based on
new results concerning duality of such models (sect. 3) and on a parametriza-
tion of the solutions to the 2D Stein matrix equation (sect. 4). Such results
lead to an algorithm for the computation of state trajectories (sect. 5), which
can be refined in a straightforward way to one for the computation of minimal
complexity ones (sect. 5.1). The 2D Stein equation is exploited once again in
order to find an unfalsified model for the input-output data and the computed
state matrices (see sect. 6).

In several preceding publications concerned with linear time-invariant sys-
tems, the author and his collaborators put forward an “energy”-based ap-
proach to identification. Given the abundance of powerful methods to solve
system identification problems for such class of systems, it can be argued that
such results amounted to a relatively minor contribution. The author hopes
that the application of such ideas to 2D systems as in [22] and in the present
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paper, may shift the balance of judgment more in his favour. The ideas under-
lying the approach presented here and in the germane publication [22] can be
applied to a wider class of systems, and to more general classes of data than
vector-geometric or exponential ones. Their potential lies in the generality of
the idea of duality, which we believe can be used to overcome the difficulties
(e.g. of bookkeeping) inherent in applying shift-invariance techniques to mul-
tidimensional systems, or to bypass them altogether for system classes where
such property is not satisfied (e.g. 1D time-varying and nonlinear systems, for
which promising results are being obtained as we write).

Limiting ourselves to the class of multidimensional systems considered in
this paper, three areas of research are currently being investigated. Firstly,
we need to generalize our approach to the case of data other than vector-
geometric through the use of compact-support trajectories and infinite series
involving their shifts (as in the 1D case, see [25]). Secondly, we want to identify
other classes of 2D systems than the Roesser one, amenable to be identified
with duality ideas. The main issue to be addressed is to determine classes of
systems admit a “pairing relation” with their dual, which can be expressed
as the divergence of a field involving the state trajectories, and if possible
algebraically characterize such property. Moreover, it is important to ascertain
whether such divergence is amenable to a computationally straightforward
treatment; for example, in Rem. 8 p. 2751 of [22] it has been shown that
(continuous-time) Fornasini-Marchesini models have been shown to admit a
pairing relation, but one which does not seem to be conducive to a direct
exploitation to derive from it state trajectories. Finally, we plan to investigate
whether duality relations can be used to compute minimal Roesser model from
non-minimal ones, and in the problem of state-space realisation from transfer
functions.

Acknowledgements No new data were created during this study.

References

1. Antoulas, A., Rapisarda, P.: Bilinear differential forms and the Loewner framework for
rational interpolation. In: M. Belur, M. Camlibel, P. Rapisarda (eds.) Mathematical
Control Theory II: Lect. Notes Control, vol. 462, chap. 2. Springer-Verlag (2015)

2. Cheng, J., Fang, M., Wang, Y.: Subspace identification for closed-loop 2-D separable-in-
denominator systems. Multidimensional Syst. Signal Process. 28(4), 1499-1521 (2017)

3. Farah, M., Mercere, G., Ouvrard, R., Poinot, T.: Combining least-squares and gradient-
based algorithms for the identification of a co-current flow heat exchanger. International
Journal of Control pp. 1-13 (2016)

4. Farah, M., Mercere, G., Ouvrard, R., Poinot, T., Ramos, J.: Identification of 2D Roesser
models by using linear fractional transformations. In: Proc. 2014 European Control
Conference (ECC), pp. 382-387 (2014)

5. Fazel, M., Hindi, H., Boyd, S.: Rank minimization and applications in system theory.
In: Proceedings of the 2004 American Control Conference, vol. 4, pp. 3273-3278 vol.4
(2004)

6. Kaneko, O., Rapisarda, P.: Recursive exact Hoo-identification from impulse-response
measurements. Syst. Contr. Lett. 49(5), 323-334 (2003)



22

P. Rapisarda

7.

8.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

Kaneko, O., Rapisarda, P.: On the Takagi interpolation problem. Lin. Alg. Appl. 425(2),
453-470 (2007)

Kojima, C., Kaneko, O.: Conditions for dissipativeness of 2 — D discrete-time behaviors
based on quadratic difference forms. In: Proc. 21st Int. Symp. Math. Theory Netw.
Syst. (MTNS), pp. 1523-1526 (2014)

. Kojima, C., Rapisarda, P., Takaba, K.: Canonical forms for polynomial and quadratic

differential operators. Syst. Contr. Lett. 56(11), 678684 (2007)

Kojima, C., Rapisarda, P., Takaba, K.: Lyapunov stability analysis of higher-order 2D
systems. Mult. Syst. Sign. Proc. 22(4), 287-302 (2011)

Napp-Avelli, D., Rapisarda, P., Rocha, P.: Lyapunov stability of 2D finite-dimensional
behaviours. Int. J. Contr. 84(4), 737-745 (2011)

Napp-Avelli, D., Rapisarda, P., Rocha, P.: Time-relevant stability of 2D systems. Au-
tomatica 47(11), 2373-2382 (2011)

Peeters, R., Rapisarda, P.: Solution of polynomial Lyapunov and Sylvester equations. In:
B. Hanzon, M. Hazewinkel (eds.) Constructive algebra and systems theory, pp. 151-167.
KNAW (2006)

Ramos, J.: A subspace algorithm for identifying 2-D separable in denominator filters.
IEEE Trans. Circ. Syst. II: Analog and Digital Signal Processing 41(1), 6367 (1994)
Ramos, J.A., Alenany, A., Shang, H., dos Santos, P.J.L.: A subspace algorithm for
identifying 2-D CRSD systems with deterministic inputs. In: 2011 50th IEEE Conference
on Decision and Control and European Control Conference, pp. 6457-6462 (2011). DOI
10.1109/CDC.2011.6161299

Ramos, J.A., Mercere, G.: Subspace algorithms for identifying separable-in-denominator
2D systems with deterministic/stochastic inputs. International Journal of Control
89(12), 2584-2610 (2016). DOI 10.1080/00207179.2016.1172258

Ramos, J.A., Mercere, G.: Image modeling based on a 2-D stochastic subspace system
identification algorithm. Multidimensional Systems and Signal Processing 28(4), 1133—
1165 (2017). DOI 10.1007/s11045-016-0385-4

Ramos, J.A., Mercere, G.: A stochastic subspace system identification algorithm for
state space systems in the general 2-D Roesser model form. International Journal of
Control pp. 1-56 (2017). DOI 10.1080/00207179.2017.1418983

Ramos, J.A., dos Santos, P.J.L.: Subspace system identification of separable-in-
denominator 2-D stochastic systems. In: 2011 50th IEEE Conference on Decision and
Control and European Control Conference, pp. 1491-1496 (2011)

Rapisarda, P.: A Grobner basis approach to solve a rank minimization problem arising
in 2d-identification. In: Proc. 20th IFAC World Congress (2017)

Rapisarda, P., Antoulas, A.: A duality perspective on Loewner interpolation. In: Proc.
56th IEEE Conference on Decision and Control (CDC), pp. 2096-2100 (2015)
Rapisarda, P., Antoulas, A.C.: State-space modeling of two-dimensional vector-
exponential trajectories. SIAM Journal on Control and Optimization 54(5), 2734-2753
(2016)

Rapisarda, P., Rocha, P.: Lyapunov functions for time-relevant 2D systems, with appli-
cation to first-orthant stable systems. Automatica 48(9), 19982006 (2012)
Rapisarda, P., van der Schaft, A.: Identification and data-driven reduced-order modeling
for linear conservative port- and self-adjoint Hamiltonian systems. Proc. IEEE Conf.
Decis. Contr., Firenze, Italy (2013)

Rapisarda, P., Trentelman, H.: Identification and data-driven model reduction of state-
space representations of lossless and dissipative systems from noise-free data. Automat-
ica 47(8), 1721-1728 (2011)

Rapisarda, P., Willems, J.: The subspace Nevanlinna interpolation problem and the
most powerful unfalsified model. Systems & control letters 32(5), 291-300 (1997)
Rocha, P.: Structure and Representation of 2-D Systems. Ph.D. thesis, Rijksuniversiteit
Groningen (1990)

Rocha, P., Willems, J.: Controllability of 2-D systems. IEEE Trans. Aut. Contr. 36(4),
413-423 (1991)

Rocha, P., Zerz, E.: Strong controllability and extendibility of discrete multidimensional
behaviors. Systems & Control Letters 54(4), 375 — 380 (2005)

Roesser, R.: A discrete state-space model for linear image processing. IEEE Trans. Aut.
Contr. 20(1), 1-10 (1975)



Discrete Roesser state models from 2D frequency data 23

31.

32.

Voorsluys, M.: Subspace identification of Roesser models for large-scale adaptive optics.
Master’s thesis, TU Delft, the Netherlands (2015)

Wei, S., Cheng, J., Wang, Y.: Data-driven two-dimensional LQG benchmark based
performance assessment for batch processes under ILC. IFAC-PapersOnLine 48(8),
291 — 296 (2015). 9th IFAC Symposium on Advanced Control of Chemical Processes
ADCHEM 2015



