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Magnonic analog of relativistic Zitterbewegung in an antiferromagnetic spin chain
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We theoretically investigate the spin wave (magnon) excitations in a classical antiferromagnetic
spin chain with easy-axis anisotropy. We obtain a Dirac-like equation by linearizing the Landau-
Lifshitz-Gilbert equation in this antiferromagnetic system, in contrast to the ferromagnetic system in
which a Schrodinger-type equation is derived. The Hamiltonian operator in the Dirac-like equation
is a pseudo-Hermitian. We compute and demonstrate the relativistic Zitterbewegung (trembling
motion) in the antiferromagnetic spin chain by measuring the expectation values of the wave packet

position.

I. INTRODUCTION

As the fundamental equation for relativistic quantum
mechanics, the Dirac equation [I] provides a natural de-
scription of a spin-1/2 massive particle [2] and manages
to reproduce the spectrum of the hydrogen atom accu-
rately [3]. Meanwhile, the Dirac equation also predicts
some astonishing effects, such as the Zitterbewegung (ZB)
and Klein’s paradox. The ZB is an unexpected trembling
motion of a free relativistic quantum particle [TH4], orig-
inated from the interference of positive and negative en-
ergy states [2 [5]. However, it is tough to observe the ZB
directly for relativistic electrons because the amplitude of
7B oscillations is tiny (of the order of the Compton wave-
length) [4], 6] [7] and the oscillation frequency is extremely
high (= 10?! Hz) [§]. Therefore, much work has been de-
voted to simulating ZB in controllable classical and quan-
tum systems. For example, photonic analogs of the ZB
have been proposed [4, 9] and successfully demonstrated
in the experiment using photonic lattices [§]. A quantum
simulation employing trapped ions [3] is performed to il-
lustrate the ZB as well [2]. Moreover, various systems
such as ultracold neutral atoms [7], graphene [10], meta-
materials [I1] and Bose-Einstein condensate (BEC) [12]
were proposed as candidate systems to observe the ZB.
In this paper, we show that the classical analog of rela-
tivistic ZB could occur in antiferromagnetic systems.

The emergence of antiferromagnetic spintronics [13] [14]
have drawn considerable attentions recently, such as the
reports of spin Seebeck effect [I5] [16], spin pumping and
spin-transfer torques [I7] in antiferromagnets, the anti-
ferromagnetic domain wall dynamics driven by magnons
(spin waves) [I8] as well as spin-orbit torques [19] [20],
and the electrical switching of an antiferromagnet [21].
Comparing with the spin waves in ferromagnetic mate-
rials, spin waves in antiferromagnetic materials provide
more degrees of freedom for information encoding and
processing [22], which can be seen from the fact that
the Schrodinger equation is obtained in the ferromag-
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netic system [23] while a two-component Klein-Gordon
equation is derived for the antiferromagnetic system [22].
A very popular method to describe the antiferromag-
netic system is to use M (uncompensated magnetiza-
tion) and the Néel order parameter L (staggered mag-
netization) [19, 20, 22, 24]. Interestingly, an intrinsic
magnetization emerges if the order parameter varies spa-
tially [25]. In this work, we will make use of the classi-
cal spin model and linearize the Landau-Lifshitz-Gilbert
(LLG) equation directly without bothering M and L. We
will show that a Dirac-like equation is obtained and based
on which we demonstrate the relativistic effects such as
the ZB, analytically and numerically.

II. MODEL

We consider a classical Heisenberg spin chain along
the z-direction with energy contributions from antifer-
romagnetic exchange interaction, an uniaxial anisotropy
and an external Zeeman field. The Hamiltonian of the

one-dimensional system is given by [16] 24} 26, 27]

H=J> Su-Sps1-D> (e:-S,)°~H> e.-S, (1)

where J(> 0) is the exchange constant, D denotes the
uniaxial anisotropy strength and H represents the Zee-
man field. The spin S,, is treated as a classical vector
with length S and the associated magnetic moment is
s = hyS. This model is valid for easy-axis antiferro-
magnets with sufficiently large spin [24] 26]. The spin
dynamics at lattice site n is governed by the LLG equa-
tion,
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where « is the Gilbert damping and Heg is the effective
field that is computed as Heg = —(1/hv)(0H/0S,). In
the ground state, the spin S,, is antiparallel to its neigh-
bours S, 11, i.e., S,, = (—1)"Se,, as shown in Fig. a).
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FIG. 1. (a) Illustration of a two-sublattice antiferromagnetic
spin chain with lattice constant 2a. The ground state is the
spins antiparallel with each other along the z-axis. (b) The
dispersion relations of the antiferromagnetic lattice, consist-
ing of two branches separated by 20. The dotted curves show
dispersion relations in the long-wavelength limit, and in the
plotting J = 1.0, D = 0.05J and H = 0 are used.

A. Linearizing the LLG equation

We assume that the spin wave (magnon) excitation can
be described by a small fluctuation around the ground
state: u, = uz(n)ex + uy(n)ey, and v, = vy(n)ex +
vy(n)ey, where |u| < 1 and |v| < 1. So we have S, =
S(u, +v1—u?e,) and Sop1 = S(v, — V1 —v?e,). By

introducing the complex variables 92 = u? + tu? and

b = v + iv¥, linearizing the LLG equatlon with a =0
we obtam
d a
N = (0l ) — (2t H)
. d¢z a a b

where J; = JS and Jg = (J+D)S. Using the plane wave

ansatz wz(b) ~ exp(ign2a — iwt), the dispersion relations
of spin waves can be found as

heo(q) = —H % S\/4D(D +2J) + 4.2 sin®(qa).  (4)

Fig. (b) plots the dispersion relations of the two-
sublattice antiferromagnetic spin chain with D = 0.05J
and H = 0. The two branches are separated by 20 where
o= 5y4D(D + 2J).

In the continuum approximation, we introduce a di-
mensionless coordinate £ to approach n, i.e.,

&+ n=uz/(2a). (5)

For the case that both 1% and ¢° vary slowly with n,
we have 9y~ Uy + Ogn + (1/2)0gety and Y,y ~
P8 — Oepl + (1/2)Dgerp?. Tt is worth noting that we have
included the second order derivatives because without
them the correct dispersion relations can not be reached.
Moreover, the second order derivatives emerge naturally

by using the central difference scheme if one introduces
new variables ¥¢ = ¥ + i9® and ¢¢ = ) —ip®. With

the two-component Dirac spinor ¥(£,t) = (1,92)T =

(e, ") T, Eq. can be cast into a Dirac-like equation:
0

in%% = (Hp + V) (©

where V' = —H plays the role of potential. The corre-

sponding Dirac Hamiltonian Hp is

Hp = Jsdzag — iJsz[Q —+ (1/2)8{:5] —2J40, (7)

where

01 0 —i 10
Ux—|:10:|7 Jy_|:i 0:|7 Uz—|:0_1:| (8)
are Pauli matrices. Interestingly, Hp is not a Hermitian
operator, i.e., Hp # Hg where the symbol { denotes
the usual Dirac Hermitian conjugation (transpose and
complex conjugate). Note that o; = Uj (i = x,y,2)
and 8§ = —¢ so we have H)) = —J,0,0¢ + iJ.0,[2 +

(1/2)0¢e] — 2J40. and thus Hp + H)) = —4J40..
In the long-wavelength limit, the dispersion relation

reduces to
hw(k) ~ —H + /o2 + J2k2, (9)

where k = 2aq. The dispersion [Eq. @D] agrees with the
one obtained in the approach of Holstein-Primakoff [16]
28]. In the absence of external field, we have hw(k) =
+e(k) with e(k) = /o2 + JZk2. In Fig. [I|b) the dotted
lines show the dlbperaon relatlonb in the long wavelength
limit, which mimic the typical energy-momentum disper-
sion relations with positive and negative energy states of
a relativistic free massive particle.

It is of interest to connect Eq. @ with the Klein-
Gordon equation. For example, in the absence of external
field Eq. @ can be rewritten as

(JI0F = W207) ¢ = o (10)

where the high-order derivative is neglected. In terms
of small deviations n; = {ng,n,} of the staggered field
defined by n = (S, — S2,41)/(25), one has (JZ0F —

R207 )y = o%hy where 1y = ¢ — b = ny + iny.

B. Eigenvectors and plane-wave solutions

In the momentum space, the Dirac spinor 1/3 can be
obtained by applying the Fourier transformation to each
component of Dirac spinor ¢ [5,

—ik€
- = / v©d (1)

where F denotes the Fourier transformation operator.
Therefore, (FHpvy)(k) = Hp(Fy)(k) and Hp(k) =
FHpF~! where

by(k) = (Fupy)(k

Hp(k) = ikJeo, — iJeoy(2 — k?/2) — 2J40..  (12)



Apparently, Hp can be rewritten in the matrix form

o[ —de iy —dy
HD—[z’dﬁdy d. }

where d, = J.k, d, = Js(2—k?/2) and d, = 2J,4. Clearly,

Hp is not a Hermitian matrix; its normalized eigenvectors

are given by
_ 1 idy — dy

ur (k) = 2d.(d. +¢) [ d.+e } (14)
and u_(k,e) = uy(k,—¢). The eigenvalues A = +e(k)

with € =

(13)

d2 — d2 — d2 correspond to the positive and

negative energy states. Note that u+ are not orthogonal,
ie., (us,u_) # 0 where the Hermitian inner product of
two vectors ¢ = (¢1,12)T and ¢ = (¢1, ¢2)T is defined
by

(,0) =" - & =11 + Y300 (15)

In the long-wavelength limit, € = /o2 + J2k? where
o = S/4D(D + 2J). The normalized eigenvectors thus
can be approximately given by

u+(k,e):{2;glz:§”, w () = us (h—6)  (16)

where dy (k,€) = (—1/2+ik/4)(2—¢/Jq)2 and da(k, €) =
(J)J4)(2 — €/Jq)"2. Based on the eigenvectors, it is
straightforward to construct the plane-wave solutions.
Note that Hpe*¢ = Hp(k)e'™ <, so the stationary plane
waves Upos(k, £) = up (k)e™*s and upeg(k, ) = u_(k)ei*s
are the eigenfunctions of Hp. Therefore, the plane-wave
solutions of Eq. @ are

up(k, ga t) - U_;,_eikgiie(k)t/h
(i €,1) = u_eREHE/n -

The solution u, (uy) is considered as a plane wave
with positive (negative) energy [B] since its eigenvalue
is positive (negative). As illustrated in Fig[I|(b), waves
with positive (negative) energy have a positive (negative)
group velocity if they have a positive wave vector.

Knowing the plane wave solutions u, and u,,, the gen-
eral solution of the Dirac-type equation can be con-
structed,

V(60 = <= [ e /" gu_eMear (1)

where f = f(k) and § = g(k) are parameters to be de-
termined by the initial condition ¥(£,0) = ¥o(£). It is
clear that f(k)us (k) and §(k)u_(k) denote the static
wavefunctions that have positive and negative energies,
respectively. Gaussian Dirac spinors with pure positive
or negative energy can be built directly by setting f (k)
and (k) to be a Gaussian function. With the helper

function 1[10(k)A: (1/@)[@/}0(5)6*@“&, we find that
f(k) = [u—,¥0)C = (us,1h)]/(C*C — 1) and g(k) =
[(uy, o) C* — (u—_,10)]/(C*C — 1) where C = (uq,u_)
and in the long-wavelength limit C' = J;/J;.

TABLE I. Conservation table for different energy states.

Quantity J (@, )dg S, ) o, dE
Pure positive energy Vv v
Pure negative energy Vv v
Mixed energies X v

C. Operators and Expectation Values

The operator Hp is not a Hermitian, it is a pseudo-
Hermitian [29]. A linear operator B is said to be pseudo-
Hermitian if there exists a Hermitian operator 7 satis-
fies that BT = nBn~!. It is easy to check that ﬁg =
O’ZﬁDUz_l, therefore, Hp is Y.3-pseudo-Hermitian. How-
ever, the usual Dirac Hermitian conjugation (transpose
and complex conjugate) actually is associated with the
inner product [Eq. (I5)], for instance, the adjoint of an
operator QF is defined through [30]

(¥, Q0) = (T, ¢). (19)

This suggest that the hermiticity and unitarity of oper-
ators are related to the choice of inner product [29-32].
For a pseudo-Hermitian operator, a natural choice of the
inner product is

(W, )y = (Y,nd) =" - no. (20)
For instance, if we choose n = o, for ﬁD we arrive at
(¥, Hoo)y = (¢, Hpo) = (Hptb, ) = (Hpt, @)y, (21)

where we have used H, ', =0, Hp is Hermitian. Therefore,
the inner product [Eq. ] renders Hp Hermitian, i.e.,
H}, = Hp where the symbol * represents the adjoint of
an operator and 2* is defined by

<¢7 Q¢>77 = <Q*w7 ¢>7l (22)

The two definitions [Eq.(19)] and [Eq.(22)] are connected
to each other through [30 [32]

O =7 tafy. (23)

Eigenfunctions of hermitian operators should be orthog-
onal, indeed, u+ are orthogonal with respect to the inner

product (¢, ¢)s., i.€., (U, u_),. =0.
In line with the inner product [Eq. ], the expecta-
tion value of an operator 2 thus is defined by [31] [32]

(). = / 0 e, (24)

This definition is in agreement with the hermiticity con-
dition * = Q. Also, Eq. immediately implies
the conservation of normalization N = [(¢,1),.dE =
J (Wi — Y3pa)dé.  In general the quantity Ny =



S, )ydE = [(Yihr + ¢312)dE is not conserved. How-
ever, for plane waves and wave packets with pure positive
or negative energy, N, is conserved as well, as shown in
Table With respect to the inner product [Eq. ], the

transformation
§ = ¢~iHt/h (25)

is unitary [32]. The time dependence of a wave function
P (t) reads

G(t) = et/ (0), (26)

and the time dependence of the expectation value of the
operator (2 is given by

4y _i

=)o, = 5 (HpQ - QHp),.. (27)

III. RESULTS

We perform numerical simulations by solving Eqs.
directly [33]. We have chosen J =h=y=S=a=1
as the simulation parameters [34], and the Gilbert damp-
ing @« = 107° is used. The external field H = 0 and
D = 0.01J. We initialize the system with a Gaussian
wave packet located at & = 0, i.e., ¥(£) = Go(€)(1,0)T
where Go(§) = Ay/m/Le € /(4L)¢ikos with A = 0.1,
L = 4000 and ky = 0.05, as shown in Figa). The
packet starts to oscillate immediately and splits into two
parts (packets) eventually. One moves towards left while
the other moves right. The packet that moves left (right)
has negative (positive) energy. Interestingly, the ampli-
tudes of two parts are much larger than the original one,
which is because the system is dominated by antiferro-
magnetic exchange interaction and part of the exchange
energy has transferred into the anisotropy energy. It is
worth mentioning that the wave packets have a long de-
cay (spreading) time, especially for the D = 0 case, in
contrast to the packets in ferromagnetic system [35]. The
detailed splitting process can be found in the video [L.gif]
of the Supplemental Material [36].

The normalization factor N = [(¢i1)1 — ¢5)2)dE as
well as the two individual components [ii1d¢ and
[ W31padE are plotted in Figb). It is found that the
two components show a damped oscillation while the nor-
malization factor IV is almost a constant. Moreover, the
normalization factor N is much smaller than its compo-
nents.

A. Zitterbewegung

The ZB arises from the expectation value of the stan-
dard position operator, i.e.,

(€) = (). = / (nl? = [aP)de. (28)
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g
X 0
> — Yt =0) — (t = 1200)
-9 1 1 1 1 1
—2000 —1000 0 1000 2000
z/a
e [ Jpa[2dE = [ (|2 — lpa[2)de ]

FIG. 2. (a) A Gaussian wave packet (blue line for ¢t = 0) splits
into two (chocolate line for ¢ = 1200), one moves towards left
while the other moves towards right. The dashed lines plot
Re(¢n), i.e., the real part of the first component of . (b)
The normalization factor N = [ (i1 — ¥31)2)d€ is almost a
constant during the simulation. (c¢) The normalized average
value of (£)(t) as a function of time, where &[11|* and €|t |?
are the average values of its two components.

The usual method to deal with ZB is to derive the time-
dependent equations in the Heisenberg picture [II [].
Here, instead of deriving the position operator in the
Heisenberg picture, we work directly in the Schrédinger
picture []. Starting from the wavefunctions [Eq.(L8)] in

momentum space, i.e., ¥(&, ) = (1/v/2n) [P (k, t)e e dk,
we obtain

=i / Bk t), (k. 1)) dF, (29)

where we have used the identities 27d'(ky — k1) =
[izek2=k)2dy and [ ¢'(z — a)f(z)dz = —f'(a). Take
the component [ 9}&y1d€ as an example,

[ wigunds =5 [ Gty kge 0 dedbdr
- - / V] (k1) (k2)0 (K — k)b dky
—i [ b1 (0anda )k (30)

We split 1(k, t) into two parts, i.e., ¥(k,t) = cpe” /" 4
cn€ /M where ¢, = Ff(k)up (k) and ¢, = g(k)u_(k) rep-
resent the wavefunctions that have positive and negative
energies, respectively. Furthermore, we arrive at

(&) = & +vot + Z(t) (31)



where & is the initial position. Using (ui,ust), =
Fe/d., the average velocity can be calculated by

_2711Jd / (Ore)elf* (k) f(k) + g7 (k)g(k))dk.  (32)

The third term Z(t) is given by

Vg =

Z(t) =i / [(Cpy D)o 2R 4 (e, Opcy) o €/ M d.

(33)
In general Eq. shows an oscillation, which is the so-
called Zitterbewegung (ZB). From Eq. we can de-
duce that the coexistence of positive and negative energy
states is a necessary condition to find the ZB.

For f(k) and §(k) spectrally narrow at around k = kq
the frequency of the ZB is established as w.;, = 2¢(kg)/h.
Especially for the case kg ~ 0, we have w,, ~ 20/h.
For quasi-ID antiferromagnetic compound CsMnls, the
typical parameters [24] are S = 5/2, J/h ~ 198 GHz and
D/h ~ 1.07 GHz. We can establish the frequency of ZB
is f.p ~ 32.8 GHz.

200 | " (a) | - " (b) '

100 [ A

[)]
<)
T
1

—100 F g
—200 g

1 1 1 1
0 400 800 1200 0 400 800 1200
t t

400 f(c) ]

200 | i
w 0k .
v —9200 } ~— Positive-Negative |
~— Positive-Positive
—400 i

400 450 500 550 60 650 700 750 800
t

FIG. 3. (a) A positive wave packet and a negative packet that
both have positive wave vector move to different directions.
The amplitude |¢| is used for plotting. (b) Two positive wave
packets with different wave vectors move toward each other
t00. (c) The normalized average position () as a function of
time for the two cases.

Figb) shows the time evolution of the normalized
expectation value of position operator &, i.e., N=1(&)(t)
as a function of time where N is the normalization fac-
tor. Clearly, in the long run (£) follows a linear motion.
However, a clear trembling motion is observed as well
in the initial stage (¢ < 100). This oscillating motion is
the ZB. A discrete Fourier transform of (¢) shows that
the frequency is 0.095, which agrees with the predicted
frequency f.p = wp/(27) = 0.09 very well.

In the previous example, the ZB decays gradually be-
cause the two packets are moving farther away from each
other in position space. In the following, we will prepare
two individual Gaussian wave packets and the initial pro-

file is given by Eq. such that 1(§) = ¥(£,0). Here

5

we choose f(k) = fi(k) and (k) = fo(k) where fi(k) =
Aye Pk =6k and fy (k) = Age Pk’ c=iS2k with
A = V271/2, Ay = 0.84;, B = 4000, k; = 0.12,
& = =300, ko = 0.12 and & = 300. The packet lo-
cated at & = —300 has a positive energy and the other
has a negative energy with & = 300. Fig. a) depicts
the evolution of them as a function of time, apparently,
two wave packets move towards each other and the in-
terference occurs when they meet. The corresponding
normalized expectation value of position (£) is shown in
Fig. 3c). An oscillation motion (ZB) is found based on
the linear motion. The ZB first increases then decreases
as the distance between the two packets changes.

As a comparison, we initialize the two wave packets
with positive energies but one of the wave vector k is
negative, ie, f(k) = fi(k) + f2(k) and g(k) = 0 with
ko = —0.12. In this case, ripples are generated but the
pattern is different, as shown in Fig. (b), see the anima-
tion [II.gif] in the Supplemental Material [36]. However,
the normalized expectation value of position (£)(¢) is a
linear function of time. As expected by Eq. , there
is no ZB in this scenario since (k) = 0.

We note that a Dirac-like magnon spectrum on a two-
dimensional honeycomb lattice is reported recently [37,
38], the corresponding Zitterbewegung should also occur
on that systems.

B. Klein paradox

We now turn to the possible analog of the Klein para-
dox. Starting from the Dirac equation, Klein calculated
the reflection (R;) and transmission (T5) coefficients of
an electron incident on a step potential, and he found
that the reflection coefficient Ry > 1 for a larger po-
tential, this phenomenon is called Klein paradox [39-
41]. This paradox can be resolved, that is, the relation
Rs + Ts = 1 still holds if one selects the correct sign
of momentum because for positrons the positive group
velocity is associated with a negative momentum. The
nonzero transmission coefficient for strong potential, of-
ten referred as Klein tunneling, shows that an incoming
electron can penetrate through a high and wide poten-
tial barrier without the exponential decay [40H44]. The
explanation of this relativistic effect regarding electron-
positron production is that the positron states can be
excited inside the high barrier [41] [43].

In the 1d antiferromagnetic system, we can set up a
tunneling experiment by constructing a step potential
using spatial-varying external fields. Figa) shows the
schematic of the antiferromagnetic spin chain in an ex-
ternal fields for x > 0, and the corresponding potential
V = —H. The dispersion relations in the presence of
external field are shown in Fig[#(b). As we can see, in
the region |H| < 20 the positive and negative branches
do not overlap, therefore, spin waves with the energy
o < (k) < o — H will be totally reflected. In Fig[|b)
the gray bar plots the energy gap [o,0 — H|. As the po-
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FIG. 4. (a) Schematic of the antiferromagnetic spin chain in
a spatial Zeeman field, which induces a potential V' = —H for
x > 0. (b) Dispersion relations for H = —0.1 with parameter
D = 0.005J, the potential (V = 0.1) is impenetrable for k =
0.06 so the incident wave packet will be totally reflected. (c)
Snapshots of the incident wave packet scatter with the Klein
step. Initially, a wave packet that has positive energy moves
toward right (red dashed line), then it is totally reflected due
to the potential (V' = 0.1) and moves toward left. (d) The
critical field H. = 20 of the Klein tunneling as a function of
D, which is located in the unstable region. The black point
(0.005,0.1) is in the stable region.

tential increases, in the region V' > H, = 20 the negative
and positive energy branches overlap, which leads to the
so-called Klein tunneling.

The numerical simulation results are shown in Fig[c).
We initialize a wave packet with positive energy and
ko = 0.06, as shown in Figlc) with a red dashed
line. The wave packet moves toward the right, it gets
totally reflected when meets the external field barrier
(V =0.1). The Klein tunneling requires a large external

field (|H| > H.), it is necessary to check whether the sys-
tem is still in its ground state. Large external fields will
push the system out of the stable state. For instance,
a large field could induce the spin-flop phase in which
each spin almost antiparallel with its neighbors and ap-
proximately perpendicular to the external field [28]. The
unstable region displayed in Figd) is obtained numer-
ically by comparing several possible states. The critical
field H,. as a function of D is plotted in Figd), and we
find that H. is located in the unstable region. Therefore,
we conclude that the Klein tunneling is not accessible in
this antiferromagnetic system.

IV. SUMMARY

In summary, we have studied the magnon excitations
in a classical antiferromagnetic spin chain in the pres-
ence of easy-axis anisotropy. We obtained a Dirac-like
equation by linearizing the LLG equation. Based on the
Dirac-like equation we show analytically that the clas-
sical analog of relativistic ZB can occur in the classical
Heisenberg antiferromagnetic spin chain. We describe
it as the magnonic analog of relativistic Zitterbewegung
and have demonstrated it by solving the LLG equation
numerically. We also discussed the magnonic analog of
Klein paradox and found that the Klein tunneling region
is inaccessible because a large external field will break
the antiferromagnetic ground state.
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