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Compressed Sensing (CS) is invoked for indoor attocells utilising Power Line Commu-

nication (PLC) and Visible Light Communication (VLC), in order to strike a compelling

tradeoff between the performance attained and the complexity imposed. We commence

by detailing our motivation as well as by introducing PLCs and VLCs. Then, we spec-

ify the related technical issues to be addressed and outline the general framework of our

CS-assisted system design.

Firstly, we propose a Compressed Impairment Sensing (CIS)-assisted Interleaved-Double-

FFT (IDFFT) system for broadband PLC, in order to mitigate the deleterious effects of

asynchronous impulsive noise. A Frequency-Domain (FD) equaliser is employed for achiev-

ing a beneficial multipath diversity gain, which is amalgamated with a Two-Dimensional

(2D) interleaver conceived for efficiently dispersing the asynchronous impulsive bursts en-

countered. As a result, the attainable system performance of the IDFFT system becomes

better than that of the classic Orthogonal Frequency-Division Multiplexing (OFDM) sys-

tem. As a further improvement, some of the disabled sub-bands, which are due to either

high level of attenuation or narrowband interference, are exploited as pilot symbols in our

IDFFT system for supporting the operation of CIS. We demonstrate that the sparse impair-

ment vector can be readily estimated by our 2D-interleaving aided CS solution. Moreover,

we propose a computationally efficient search algorithm capable of approaching the per-

formance of the optimal pilot design. Finally, based on the turbo principle, we propose a

joint CIS estimation and symbol detection algorithm for our IDFFT system. Explicitly,

the CIS estimator iteratively exchanges ever more reliable information with the symbol

detector upon each new iteration, hence resulting in an improved system performance.

More particularly, our CIS estimator invokes a greedy algorithm, where locally optimal

choices are made at each iteration. The performance of our CIS-assisted IDFFT system

is investigated by simulations, where the various aspects of the design-tradeoffs are stud-

ied. We demonstrate that our CIS-assisted detector is capable of efficiently mitigating the

deleterious effects of asynchronous impulsive noise at a low complexity.

Secondly, we propose a Linear Precoding assisted Index Modulation (LPIM) scheme

and a Compressed Sensing assisted Index Modulation (CSIM) scheme for beneficial bit-to-



symbol mapping in OFDM systems. These mapping schemes are represented by a pair of

codebooks. We commence by analysing the system performance in the context of achievable

Spectral Efficiency (SE), Energy Efficiency (EE), diversity gain and coding gain. Moreover,

the detailed codebook design criteria are outlined and discussed. Then, our LPIM codebook

is designed based on the maximum diversity gain and the maximum coding gain criteria.

By contrast, our CSIM codebook is designed based on the maximum diversity gain and the

maximum achievable rate criteria. Both analytical and simulation results are provided for

characterising the attainable performance of LPIM and CSIM, demonstrating that LPIM

is capable of attaining an attractive coding gain, whilst CSIM is capable of striking a

compelling tradeoff between the attainable coding gain and the maximum achievable rate.

Additionally, we also demonstrate that in comparison to the conventional Subcarrier Index

Modulation (SIM) scheme, our CSIM is capable of achieving a higher SE as well as an

increased EE. However, the complexity of Maximum-Likelihood (ML) detection of both

the LPIM and the CSIM symbols may be excessive, hence we propose a low-complexity

Generalised Iterative Residual Check Detector (GIRCD). Similar to the CIS estimator, our

GIRCD is also based on the basic principle of greedy algorithms. Finally, simulation results

are provided for demonstrating that the GIRCD is capable of striking a beneficial tradeoff

between the Bit Error Ratio (BER) performance and complexity.

Finally, our CSIM scheme is applied to Direct Current biased Optical OFDM (DCO-

OFDM) for VLC relying on Intensity-Modulation and Direct Detection (IM/DD), in or-

der to improve the maximum achievable rate of the optical system. Both analytical and

simulation results are provided for characterising the attainable performance of the CSIM-

assisted DCO-OFDM system, showing that for the same maximum achievable rate as well

as the same sensitivity to nonlinear distortions, the BER performance of the DCO-OFDM

using CSIM is better than that of the DCO-OFDM using Quadrature Amplitude Modula-

tion (QAM). In particular, we demonstrate that about 24% improvement of the maximum

achievable rate expressed in bits-per-second-per-Hertz can be achieved by our CSIM scheme

using Quadrature Phase-Shift Keying (QPSK), in comparison to the conventional QPSK

scheme dispensing with our CSIM arrangement. As a further improvement, a piecewise

Companding Transform (CT) is conceived for our O-OFDM system, forming the CTO-

OFDM arrangement for the sake of mitigating the nonlinear distortions induced by the

limited linear dynamic range of Light Emitting Diodes (LEDs). We first investigate the

general principles and design criteria of the piecewise CTO-OFDM scheme and conceive

three prototype designs. Furthermore, we investigate the nonlinear effects of both hard

clipping and CT on our O-OFDM systems by both analytical and simulation results. Our

investigations show that CTO-OFDM constitutes a promising signalling scheme for VLCs,

as a benefit of its high bandwidth efficiency, high reliability, high implementational flexi-

bility, as well as robustness to nonlinear distortions.
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Chapter 1
Introduction

1.1 Motivation

Over the past three decades, a 1000-fold bit rate improvement was achieved. At

the time of writing, wireless communications is capable of providing high-data-rate

services to users across the globe [1]. In the next decade, a further substantial in-

crease of mobile data traffic is predicted by the market study of [2]. The exponential

growth of teletraffic forces vendors and operators to further improve the performance

of wireless networks. Generally, the network capacity can be improved by design-

ing advanced coding and signal processing techniques, as well as by expanding the

available bandwidth, as shown in the red and blue frames of Fig. 1.1, respectively.

As a benefit of the substantial research efforts inspired by Shannon’s pioneering

paper [3], the attainable link-capacity of wireless Radio Frequency (RF) techniques

is approaching the Shannon limit, as shown in [1, 4, 5] and the references therein.

Hence, only a limited link-capacity gain can be achieved by further developments

of coding and/or signal processing techniques for the traditional cellular network.

For this reason, more and more attention has been paid to expanding access to the

hitherto unused parts of the electromagnetic spectrum. Typically, the exploitation

of electromagnetic spectrum can be expanded by using smaller cells as well as by

exploiting the unlicensed spectrum, as illustrated in Fig. 1.1. On one hand, reusing

the RF spectrum relies on the fact that the RF waves are attenuated by the path-loss.

Hence, the same frequency band can be reused after a sufficiently long distance, which

has been routinely exploited by cellular networks, see Chapter 15 of [6] for details.

On the other hand, the use of unlicensed spectrum is based on the opportunistic

consideration that the unlicensed frequency bands can be used for data transmission

in a certain area without suffering from excessive in-band interference or crosstalk. A
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well-known example is WiFi, where the 2.4 GigaHertz (GHz) Industrial, Scientific and

Medical (ISM) frequency band is configured to transmit data in local area networks,

see [7] for details. Both methods exploit the fact that reliable data transmission can

be achieved, when the in-band interference is under a certain level. A similar idea

will be adopted in Chapter 2 of this treatise.

Relying on reusing the RF spectrum within an ever-denser geographic area accom-

panied by the technological evolution of digital cellular network all the way from the

Second-Generation (2G) to the Fifth-Generation (5G) systems, a significant improve-

ment in network capacity has been achieved. A recent development associated with

the cell-size reduction led to the creation of Heterogeneous Networks (HetNets) [8, 9].

As shown in Fig. 1.1, in a HetNet, small microcells, picocells, femtocells, attocells,

relays and distributed antenna systems are overlaid on top of the macrocells. In

comparison to expensive tower-mounted base stations, small cells rely on low-cost

access points imposing low power consumption. Both the licensed and unlicensed

spectrum are used in HetNets. Furthermore, as pointed out in [10], future HetNets

may also include ‘cloud’ base stations for providing a centralised server platform for

sophisticated central signal processing. As a benefit of their flexibility, HetNets are

capable of adjusting their spatial reuse; hence supporting both a wide coverage area,

seamless connectivity and a high Quality-of-Service (QoS).

The above-mentioned techniques are capable of reducing network congestion, even

in Non-Line Of Sight (NLOS) indoor environments, such as homes, offices, shopping

centres, underground stations, and so forth. This is important, because as shown

in [11], over 50 percent of voice calls and 70 percent of data traffic are originated from

indoor environments. However, operators can hardly provide high data rates and a

high QoS for indoor users at a competitive price due to the high outdoor-to-indoor

penetration losses. This may lead to coverage dead zones for macrocell vendors. In

order to eliminate coverage dead zones, the above-mentioned WiFi, femtocells as

well as cognitive radios exploiting the TeleVision (TV) white space can be employed.

Specifically, in the femtocell network, femtocell access points, which are home base

stations characterised by low cost and low power, are installed for supporting high

data rates and a high QoS for indoor users. Hence, in comparison to microcells and

picocells, whose installation is carried out by operators, the femtocell deployment

is directly arranged by the subscribers. Although it seems that femtocells resemble

WiFi, their standards and licensed spectrum allocations are different. The most

appealing aspect of the femtocell network is that it is capable of providing both a

high data rate as well as a high QoS for users in a cost efficient way. Nonetheless, there

are also technical challenges, such as those associated with interference coordination,
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Figure 1.2: Integration of power line communications (PLCs) and visible light

communications (VLCs).

cell association and biasing, handover and self-organisation issues, as detailed in [12].

1.2 An Introduction to indoor attocells

A compelling technique, which is capable of tackling some of the above issues, is

the indoor attocell network. The indoor attocell networks rely on the integrated

Power Line Communication (PLC) and Visible Light Communication (VLC) sys-

tem, as illustrated in Fig. 1.2. The basic idea of this integrated system was proposed

in [13]. Explicitly, the power lines are connected to either a wired or wireless backhaul

network, forwarding data signals to VLC. On the other hand, owing to its energy

efficiency, longevity as well as reliability, Light Emitting Diode (LED) is expected to

become the dominant light source of the near future, which is used for data transmis-

sion in our PLC/VLC setup. Hence, the LED lamps are used for both illumination

and wireless signal transmissions. This integrated technology has several advantages.

Firstly, it is a cost-efficient technology, since it relies on the existing electrical supply

networks and illumination infrastructure. Secondly, the huge unlicensed bandwidth

of visible light can be exploited by the integrated PLC/VLC system without inflicting
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interference upon the existing RF communications. Finally, since the partitioning

walls are impervious to visible light, a unity spatial reuse factor can be attained by

VLCs operating in different areas. Next, let us briefly describe the integrated PLC/

VLC system.

As shown in Fig. 1.2, the electric signals, which propagate over the power lines,

are converted to optical signals by the LED lamp. Then, the emitted visible light,

which conveys the information to the end users, is detected by the optical receiver,

as shown in Fig. 1.2. In this way, the integrated PLC/VLC system is capable of

providing downlink services for customers. Explicitly, two types of communications

channels, namely PLC channels and VLC channels, are involved in the integrated

PLC/VLC systems. In particular, these physical links are united by the LED associ-

ated with the electrical-to-optical conversion. Therefore, it is essential to accurately

characterise both the LEDs and the associated pair of communication channels, in

order to design an efficient PLC/VLC system, as well as to predict the systems’

attainable performance both in fixed and mobile scenarios. The static scenario in-

cludes underground platforms, offices, shopping malls, residential properties, etc. By

contrast, the mobile scenario includes cars, ships, trains, planes and so forth. Differ-

ent scenarios have their individual VLC and PLC characteristics. We will focus our

attention on the static scenario in this treatise. Before providing more details, let us

first present a brief history of both VLC and PLC.

1.2.1 A Brief History of Visible Light Communications and Power Line

Communications

The history of VLC dates back to the 1880s, when Alexander Graham Bell invented

a device known as the photophone, which was capable of transmitting speech modu-

lated onto sunlight. However, Bell’s initial design failed to protect data transmission

from atmospheric interference, which prohibited the wide-spread employment of his

great invention [14]. Given the rapid development of radio and optical fiber com-

munications, limited attention was paid to VLCs. It was not until the 2000s, when

optical wireless was re-discovered as a potential candidate for local area networks. In

their seminal paper, Kahn and Barry presented an excellent demonstration of optical

wireless communications [15], where LEDs and laser diodes were suggested as the

potential optical transmitter for wireless optical communications. As a benefit of

the rapid development of LED technology, LEDs are set to replace the conventional

incandescent and fluorescent lamps in the near future. Following this trend, in 2003,

the Nakagawa Laboratory demonstrated the employment of VLCs using LEDs for
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transmission [16]. Since then, VLCs have attracted increasing attention worldwide.

In 2011, Haas coined the terminology of Light-Fidelity (LiFi) networks in a talk at

the TEDGlobal [17], showing the wide range of potential applications of VLC. In the

same year, Institute of Electrical and Electronics Engineer (IEEE) published a stan-

dard for VLC [18]. In 2016, Qualcomm introduced a technology termed as Lumicast

for mobile device positioning in indoor environments [19].

On the other hand, the first patent in the area of PLCs was submitted in 1897 [20].

Since then, devices relying on PLC have been developed for reading meters at re-

mote locations, for remote control of lighting, etc. During World War II, PLC sys-

tems were designed for transmitting speech signals, when RF communications was

restricted and when most telephone lines were destroyed. Since the 1980s, research

interests in PLCs have began to focus on designing high data rate systems in the fre-

quency band between 3 kHz and 500 kHz, which are referred to as the NarrowBand

Power Line Communication (NB-PLC) systems. These advances were facilitated by

powerful Forward Error Correction (FEC) coding schemes and multicarrier modula-

tion schemes. In 1997, Nortel and Norweb Communications in the U.K. developed

a BroadBand Power Line Communication (BB-PLC) system to provide Internet ac-

cess for customers. However, the development of BB-PLCs was affected by a lot

of technical obstacles, which resulted in limited success for BB-PLCs. During the

recent decade, a lot of research efforts have been inverted in the implementation

of BB-PLCs. Some recent standards and specifications were recommended by the

IEEE [21] in 2010, by the International Telecommunication Union (ITU) [22] in 2011,

by the HomePlug [23] in 2013, etc.

1.2.2 Problem Statements

Since neither the power line systems nor the lighting systems have been designed

for data communications, they constitute a hostile propagation environment and

there are still a lot of challenges to be tackled. In particular, the PLC channels and

VLC channels have their own technical challenges. Hence, we first decompose the

integrated PLC/VLC system into a stand-alone PLC system and a VLC system, and

then consider them in isolation, as illustrated in Fig. 1.2. The detailed discussions of

the problems will be postponed to Chapter 2, Chapter 3 and Chapter 4, but below

we introduce the basic problems of interest.

Generally, in comparison to VLC channels, PLC channels constitute a hostile

propagation environment [24] characterised by their propagation path-loss, multi-

path propagation, as well as impulsive noise. According to its relationship with
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respect to the mains cycle, impulsive noise can be classified into three types, namely

periodic mains-synchronous impulsive noise, periodic impulsive noise that is asyn-

chronous with the mains, as well as asynchronous impulsive noise [25]. Typically,

the asynchronous impulsive noise, which is mainly caused by the connection and dis-

connection of electrical devices, is the major impairment of BB-PLC due to its high

power and unpredictable nature. The detailed characterisation of PLC channels will

be given in Chapter 2.

We will consider a low-cost, low-complexity non-coherent scheme known as inten-

sity modulation and direct detection (IM/DD) in VLC for modulating the intensity

of LEDs. In IM/DD VLC systems, only real-valued and positive signals can be used

for modulating the intensity of optical sources, where the intensity envelope is de-

tected by the optical receiver [15]. As verified by experimentations in [26–28], the

data rate of VLC can be significantly improved by employing Optical Orthogonal

Frequency-Division Multiplexing (O-OFDM) signalling, in comparison to the single

carrier modulation schemes, such as On-Off Key (OOK). However, challenges occur

when Orthogonal Frequency-Division Multiplexing (OFDM) signalling is employed

for high-rate transmissions in IM/DD VLC. Firstly, the classic OFDM signals in the

Time-Domain (TD) are complex-valued, due to the inverse Fourier transform. Hence,

complex-to-real conversion is required in order to meet the requirements of IM/DD

VLC. The corresponding drawback is the reduction of bandwidth efficiency, which

constitutes the first VLC problem to be addressed in this report. The second VLC

problem to be tackled in this report arises from the limited dynamic range of LEDs.

For example, a LED, which radiates optical power from the p-n junction [29], has

a limited linear operational range, where the output optical signals increase linearly

with the input driving current. As a result, the response becomes nonlinear, when

the driving current is either lower than a threshold or higher than a threshold. Hence,

the nonlinearity of the LED usually leads to the loss of orthogonality for O-OFDM

signals, generating Inter-Carrier Interference (ICI). As a result, the corresponding

system’s performance may be severely degraded. We refer to [1] for details of other

related challenges.

1.2.3 Discussions of the Problems Investigated

“ Research motivated by issues of performance versus complexity will al-

ways be in fashion, and measures of “complexity” are sure to be redefined

by future generations of technology.”

by D. J. Costello and G. D. Forney in [4]
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Following Shannon’s celebrated coding theorem, digital communications have

been widely studied in terms of error performance, bandwidth efficiency (or Spec-

tral Efficiency (SE)) and power efficiency (or Energy Efficiency (EE)). As a result,

these studies have provided an insightful guidance to the advanced design of cod-

ing and signal processing techniques, which led to the sweeping success of wireless

RF communications in practical applications [1, 5]. Generally, the above-mentioned

issues can be tackled with the aid of advanced coding and signal processing, such

as those illustrated in Fig. 1.1. However, the techniques designed for wireless RF

communications cannot be directly employed to PLC or to VLC, as it will be shown

in the following chapters. Typically, high performance is achieved at the cost of high

signal processing complexity. As pointed out by Costello and Forney [4], “ Research

motivated by issues of performance versus complexity will always be in fashion, and

measures of “complexity” are sure to be redefined by future generations of technology.”

Therefore, in this treatise, we focus our attention on tackling the above-mentioned

problems with an emphasis on the trade-off between the systems’ performance and

complexity. Specifically, the popular technique of Compressed Sensing (CS) is applied

as the central tool to solve our problems. Next, let us now embark on a rudimentary

overview of CS.

1.3 Overview of Compressed Sensing

Entia non sunt multiplicanda praeter necessitatem.

(More things should not be used than are necessary.)

by William of Ockham (1285-1347)

1.3.1 Background on Compressed Sensing

Let us consider the issues of parameter estimation in linear regression, which consti-

tute a classic topics in the field of statistics and signal processing. For more details

about linear regression, we refer to [30]. The task is to estimate the parameters of a

linear mapping so that the functional dependence between its inputs and outputs can

be accurately described. To elaborate further, let us denote the ith training data as

(yi, aaai), where aaai ∈ RN is the input vector drawn from an N -dimensional vector space

containing elements from the filed of real numbers, while yi ∈ R represents the corre-

sponding output also from the field of real numbers. Given m training data samples

of yyy = [y0, . . . , ym−1]T ∈ Rm and AAA = [aaa0, . . . , aaam−1]T ∈ Rm×N , the model given by

yyy = AAAxxx+nnn indicates that the response is a linear function of the inputs, where each
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element in the noise vector nnn ∈ Rm is Independent and Identically Distributed (i.i.d.)

and is assumed to be real-valued white Gaussian noise obeying N (0, σ2
n). Here, we

assume that the noise variance σ2
n is known. In this case, the corresponding linear

model can be represented by the conditional probability p(yyy|AAA,xxx) = N (AAAxxx, σ2
nIIIm),

where IIIm represents the (m×m)-element identity matrix. Thus, the goal is to esti-

mate the unknown parameters in xxx ∈ RN for the above model. The simplest method

of addressing the above issue is the well-known Ordinary Least Square (OLS) esti-

mator [30], which is identical to the popular Maximum-Likelihood (ML) estimator

in our scenario. For example, when AAA is of full rank and m ≥ N , the OLS estimator

effectively finds the particular solution that minimises the sum of squared errors,

hence yielding the estimates expressed as xxxOLS = (AAATAAA)−1AAATyyy. Finding the OLS

estimate imposes a low complexity and it is also known as the Best Linear Unbi-

ased Estimator (BLUE) [30]. However, when the problem is ill-posed or the model

suffers from overfitting, the OLS estimator may perform poorly. For example, in

the scenario of prediction, applying OLS estimation to the current input, which is

slightly different from the previous input, may result in an output exhibiting a much

larger prediction error than expected. A commonly used technique of ameliorating

this problem is regularisation [31], which modifies the cost function by adding a pe-

nalised term. A celebrated example is `2 regularisation, which is also known as ridge

regression or Tikhonov regularisation [32]. In `2 regularisation, a weighted `2-norm

of the unknown vector xxx is added to the cost function, which is referred to as penali-

sation. In this case, the solution that minimises the regularised cost function can be

formulated as xxx`2 = (AAATAAA + γ−1IIIN)−1AAATyyy with a tuning parameter γ−1 introduced

for controlling the amount of regularisation. Hence, the `2 regularisation deals with

the above-mentioned problem by introducing bias into the estimator, yielding an im-

proved estimation performance. Typically, both the OLS and the `2 regularisation

have the striking capability of analytically solving estimation problems. This is be-

cause their cost functions are in the form of the `2-norm, which is strictly convex and

can hence be solved analytically.

1.3.2 The Manifestation of Sparsity

However, as argued by Tibshirani in [33], `2 regularisation does not result in an easily

interpretable model. To pose the problem, we assume that the unknown parameters

in xxx are correlated and they are only characterised by k features, where k is smaller

than the total number of the unknown parameters, i.e. we have k < N . In other

words, there are k relevant variables and (N − k) redundant variables associated

with the N -dimensional unknown vector xxx. When the k relevant variables are given,
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it is certainly preferred to characterise the corresponding model with the aid of

this more compact representation, rather than by all the N parameters in xxx. In

this case, `2 regularisation certainly does not improve the interpretability of the

model. In fact, this phenomenon is observed in the spirit of Occam’s razor, as

highlighted at the beginning of this section. This issue can also be encountered

in telecommunications, when channel estimation is performed. For example, let us

consider the scenario of OFDM systems communicating over a multipath channel

characterised by k non-zero valued variables in the TD. The task is to estimate

the channel with the aid of the Frequency-Domain (FD) received symbols in order

to improve the decoding performance. In this case, for different OFDM systems

employing different IFFT/FFT sizes, the corresponding Frequency-Domain CHannel

Transfer Factors (FDCHTFs) are different. By contrast, the TD channel coefficients

remain the same, which are hence less redundant in terms of characterising the model.

Thus, it is convenient to estimate the TD channel coefficients, rather than by the

FDCHTFs. This trend becomes more evident, as the FFT size becomes large. A

widely used method of addressing the above issues is `1 regularisation, where the cost

function is modified by adding a weighted `1-norm based penalisation term to the cost

function. Based on the specific constraints, `1 regularisation can be formulated into

the Least Absolute Shrinkage and Selection Operator (LASSO) [33] and the Basis

Pursuit De-Noising (BPDN) [34]. As shown in [33], upon taking into account the `1-

norm based weighting in the penalised term, the LASSO is capable of performing both

adaptive relevance selection and regularisation. Therefore, it is capable of attaining

both a good estimation performance, as well as making the model more interpretable.

Let us now temporarily turn our attention to the selection of the relevant variables,

which is known as the variable selection.

Variable selection (or feature selection) is a widely used technique both in statistics

and in machine learning [35]. In variable selection, it is a natural option to set

the redundant variables to zero. Let us assume that in the above-mentioned linear

model of yyy = AAAxxx + nnn, the N -dimensional parameter vector xxx contains k variables

that accurately represent the model. For the sake of augmented interpretability, it is

preferable to perform the estimation by an N -dimensional target vector containing

(N−k) zero-valued elements, rather than to estimate all the N variables in xxx. Hence,

the corresponding cost function can be modified by a weighted `p-norm of the target

vector xxx, where p is restricted to 0 ≤ p ≤ 1. This can be interpreted by invoking the

unit ball of the `p-norm, as investigated in [36] and demonstrated in [33]. Typically,

the scaled unit ball of the `p-norm of xxx associated with 0 ≤ p ≤ 1 usually intersects

with the Least Square (LS) loss function of ‖yyy−AAAxxx‖2
2 on the coordinate axes, which
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is certainly not the general case for the scaled unit ball of the `p-norm associated

with p > 1, as exemplified in Fig. 1.3. This implies that the specific solution which

minimises the `p-penalised cost function in conjunction with 0 ≤ p ≤ 1 contains

zero-valued elements, which meets our previous assumption. We refer to Chapter 23

of [37] for further insights concerning the `p-norm. At this stage, we conclude our

discussions concerning the variable selection phase and return to the `1 regularisation.

A more in-depth discussion on the variable selection phase can be found in [38].

Above we have shown that the variable selection phase can be accomplished by

adding the weighted `p-norm for 0 ≤ p ≤ 1. However, the `p-norm associated with

0 ≤ p < 1 is not convex, hence its employment as an optimisation cost function is not

conclusive. Typically, a strictly convex function is preferred since it facilitates the

derivation of a closed-form solution, as in the above-mentioned OLS and `2 regulari-

sation. Hence, when both the variable selection phase and high-precision estimation

are required, the `1 regularisation appears to be the best choice. Since the `1-norm is

weakly convex (convex, but not strictly convex), linear programming can be applied

to solve the corresponding optimisation problem, see Chapter 10 and Chapter 11

of [39] for details. Therefore, as the terminology suggests, the LASSO first selects

the ‘non-redundant’ subset of variables (forces the ‘redundant’ variables to zero),

and then shrinks their weighting coefficients by invoking a penalisation technique.

However, the LASSO has to avoid excessively shrinking the non-redundant variables

as well as to arrive at efficient variable selection. In a little more detail, the LASSO

often reduces the absolute-value of the weight to avoid shrinking the relevant vari-

ables too much. In this way, the estimation results may contain irrelevant variables

(or redundancies), which should have been forced to zero. We refer readers to [40, 41]

and references therein for deeper insights. The related decision conflict becomes more

severe, as the dimensional size of the irrelevant variables becomes much lower than

that of the overall dimension of the problem.

Typically, the above-mentioned scenario, where the number of relevant variables

within a vector xxx is much smaller than the total number of elements in xxx, is referred

to as a sparse model. In general, diverse signals, which are involved in areas such as

biometric, oceanography, astronomy, communications, to name but a few, are found

to either be sparse or have sparse representations. The phenomenon of sparsity enjoys

the advantage of cost efficiency owing to its reduced complexity, storage and so forth.

Furthermore, researchers have gradually realised that sparsity is capable of improving

the interpretability of a fitted model. Intuitively, `0 regularisation, which employs

the pseudo-`0-norm (for the sake of simplicity, the ‘pseudo-`0-norm’ is referred to as

the ‘`0-norm’ in the sequel), rather than the `1-norm, as the penalisation term of
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the regularised cost function, can be applied to tackle the above-mentioned problem,

since in this way, the selection of relevant variables can be more explicitly dealt

with. However, as mentioned before, the `0-norm is not convex, resulting in the

cost function of `0 regularisation is also not convex. Hence, the solution of the

corresponding minimisation problem may not be unique. In this case, guaranteeing

a specific worst-case estimation performance is impossible, even when exhaustive

search is performed.

1.3.3 The Development of Overcomplete Dictionaries

The sought-after breakthrough came with the development of overcomplete dictio-

naries in the field of harmonic analysis [34, 42]. For the sake of concreteness, the

noiseless scenario of the former linear model of yyy = AAAxxx is invoked, where AAA ∈ Rm×N

represents an overcomplete dictionary associated with m < N . The task is to de-

compose a signal denoted by yyy with the aid of the overcomplete dictionary AAA into

a sparse vector xxx, where the nonzero elements in xxx are the coefficients that capture

the useful characteristics of the signal. Hence the objective is to find a highly sparse

decomposition method for the signal. Note that the dictionary can be either fixed

or drawn from a vector space. The latter scenario is usually referred to as dictio-

nary learning. An initial contribution was provided in [42], where a greedy search

assisted algorithm, namely the Matching Pursuit (MP), was proposed to find the

solution by iteratively generating a locally optimised solution. However, since no

specific constraint is imposed on the grade of sparsity, the MP may fail to generate

sufficiently sparse results in general. To facilitate a sufficiently sparse decomposition,

the authors of [34] proposed a decomposition method termed as the Basis Pursuit

(BP), which finds coefficients that minimise the `1-norm in the context of the above

linear model. Note that in a noisy scenario, the BPDN, which was also proposed

in [34], is equivalent to `1 regularisation. Based on the above discussions, we can

now readily understand why BP is capable of generating sparse results. However,

both the BP and the LASSO share the same inherent problems in terms of finding

the optimal sparse solutions in a rigorous manner. After an in-depth analysis of both

MP and BP, researchers finally focused their attention on connecting the sparsity

based regularisation techniques with the research of dictionaries.

The crucial issue to be addressed is the uniqueness of sparse solutions. In [43],

the authors demonstrated that when a signal yyy is decomposed with the aid of a

dictionary, which has the specific form ofAAA = [AAA1,AAA2] ∈ Rm×2m, whereAAA1 andAAA2 are

two (m×m)-element orthonormal bases, into a vector xxx satisfying ‖xxx‖0 < (1+µ−1
AAA )/
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2, the resultant sparse representation xxx is the unique solution of not only BP but

also of the `0-minimiser subject to yyy = AAAxxx. Here, the so-called mutual coherence

µAAA is defined as the largest absolute correlation coefficient between any two columns

of the dictionary AAA. The above-mentioned bound of ‖xxx‖0 was further tightened to

‖xxx‖0 < 1/µAAA by the authors of [44] for the `0-norm minimisation under the same

assumptions. Later in [45], a more generalised result was presented for arbitrary

dictionaries, showing that the condition of ‖xxx‖0 < (1 + µ−1
AAA )/2 is a necessary one for

uniqueness. The same result was then extended to a realistic noisy scenario in [46].

So far, the focus has been on restricting the sparsity level of xxx, i.e. ‖xxx‖0. It may

also be shown that the above condition can be alternatively described as follows.

Assuming that a signal yyy is decomposed with the aid of a dictionary, while satisfying

the mutual coherence of µAAA < 1/(2k − 1), provided that the sparsity level of the

resultant xxx is not higher than k, i.e. we have ‖xxx‖0 ≤ k. Then, the resultant sparse

solution is unique for both `1 regularisation and for `0 regularisation. From this

perspective, we can observe that the lower the mutual coherence of AAA, the higher

the sparsity level of the representations that can be guaranteed to be unique. For

this reason, a dictionary associated with a low mutual coherence is preferred, which

hence satisfies the so-called Mutual Incoherence Property (MIP).

In the literature, there is another well-known method of checking the uniqueness

of sparse solutions from a mathematical perspective [47–49]. In [47], the above-

mentioned sparse representation problem was modelled as the problem of finding

sparse solutions for strongly underdetermined systems of linear equations. The

authors of [47] demonstrated that the uniqueness of sparse solutions can be sat-

isfied, when the Restricted Isometry Property (RIP) defined as the kth restricted

isometry constant δk of AAA is the smallest number, which meets the condition of

(1− δk)‖xxx‖2
2 ≤ ‖AAAxxx‖2

2 ≤ (1 + δk)‖xxx‖2
2. Another property referred to as the Restricted

Orthogonality Property (ROP) [47] is also often used at the same time along with

the RIP. To elaborate a little furthers, as defined in [47], a matrix AAA is said to sat-

isfy the ROP, if the (k1, k2)-restricted orthogonality constant θk1,k2 is the smallest

constant satisfying |〈AAAxxx1,AAAxxx2〉| ≤ θk1,k2‖xxx1‖2‖xxx2‖2 for any xxx1 6= xxx2 with ‖xxx1‖0 ≤ k1

and ‖xxx2‖0 ≤ k2. Later, the authors of [48] provided a beautiful interpretation of the

RIP from a geometric perspective, making the concept of RIP easier to understand.

In [48], the issue of sparse representation is modelled as the problem of finding the

stable embedding of data points belonging to a high-dimensional space having N

elements (corresponding to xxx) into a lower-dimensional space of m elements (corre-

sponding to yyy). Here, the meaning of the stable embedding is two-fold. Firstly, the

embedding has to guarantee that for any xxx1 6= xxx2, we have AAAxxx1 6= AAAxxx2. Secondly,
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the distance of any xxx1 6= xxx2 should be ‘nearly’ persevered after mapping it into the

lower-dimensional space of m elements. We may view the first case as a noiseless

scenario, while the second case as a realistic noisy scenario, both of which describe

mathematical uniqueness. Based on the Johnson-Lindenstrauss lemma [50], the RIP

was proved and the corresponding geometric interpretations were discussed. The

motivated reader is referred to [51] for more comprehensive discussions. So far, we

have discussed as to why the RIP can also provide a guarantee for uniqueness. As

a further improvement, the authors of [52] established connections between the RIP

and the MIP, showing that the conditions of δk ≤ (k − 1)µAAA and θk1,k2 ≤ µAAA
√
k1k2

hold. From this result, we can infer that in contrast to specifying the kth restricted

isometry constant δk, the RIP can also be satisfied by specifying the upper bound

of δk, i.e. the mutual coherence µAAA. Roughly speaking, a dictionary satisfying the

MIP also satisfies the RIP. This result became practically important, since it was

formally shown in [53] that computing δk is NP hard. For this reason, we focus our

attention on the MIP in this treatise, when dealing with the theoretical analysis of

the uniqueness of sparse solutions. For more details and improvements concerning

the RIP, the interested readers may consult [49] for example.

1.3.4 Compressed Sensing

Finally, these developments have given birth to an emerging field known as Com-

pressed Sensing [54] or Compressive Sampling [55] (CS). In this treatise, we opt for

compressed sensing as our terminology, since it first appeared in a technical report

of Donoho in 2004. Later in 2006, it was published in [54]. Immediately after the

concept was introduced, CS has drawn a vast amount of research attentions [56–69].

The basic concept was studied by several superb review articles, e.g. [56–59]. It has

also been applied to numerous research areas. For example, a new CS-based cam-

era architecture was proposed in [60]. The authors of [61] showed that CS can be

applied to magnetic resonance imaging in order to reduce the scan time. In [62],

CS was utilised for the decentralised compression of networked data. In the area of

communications, it has been invoked for solving numerous problems, such as chan-

nel estimation [63], narrowband interference mitigation [64], spectrum sensing [65],

impulsive noise mitigation [66–68], transmit precoding [69] and so on.

In this treatise, we focus our attention in the context of CS on the issues discussed

in Section 1.2.2. Accordingly, let us formally describe the associated terminologies

and problems, which will be used in the following chapters of this treatise. Firstly,

we consider a linear Gaussian model, whose discrete-time expression is given by
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yyy = AAAxxx+nnn, where each noise sample in nnn ∈ Cm is assumed to be i.i.d., which obeys

the complex Gaussian distribution [70] with a mean of zero and a variance of σ2
n,

i.e., we have nnn ∼ CN (000, σ2
nIIIm). In particular, we limit ourselves to the case that the

N -dimensional symbol vector xxx is modelled as a k-sparse vector, where the number of

nonzero elements in xxx is no more than k, i.e. we have ‖xxx‖0 ≤ k � N . Here, it should

be noted that the symbol vector may be a compressible vector, which may contain

N nonzero elements and (N − k) elements having negligible values, as exemplified

in Fig. 1.3. In this case, we usually decompose the compressible vector into a sparse

vector containing relevant variables, as well as a noise vector containing the negligible

variables, as it will be detailed in Chapter 2. A special case is encountered, when

the number of nonzero elements in xxx is equal to k, i.e. we have ‖xxx‖0 = k. In this

case, the symbol vector is exactly k-sparse, which is a favourable sparse model having

numerous advantages, as it will be shown in Chapter 3. As depict in Fig. 1.3, we are

interested in estimating (Chapter 2) or detecting (Chapter 3) the sparse vector xxx from

its lower-dimensional observations in yyy ∈ Cm associated with m < N , whilst ensuring

that the target performance can be achieved. More explicitly, we are not seeking

to achieve the optimal performance, because we would like to strike a compelling

tradeoff between the performance attained and the complexity imposed, as seen in

Fig. 1.3. Specifically, the measurement matrix AAA has to be carefully designed to meet

the MIP, so that the uniqueness of the resultant sparse solution can be guaranteed.

Specifically, we convert the measurement matrix design problem to the practical

design problems associated with pilots in Chapter 2 and with a transmit precoding

scheme in Chapter 3.

In CS, algorithms related to both `0 regularisation and `1 regularisation can be

invoked for estimating or detecting the sparse vector at a low complexity cost. Again,

our quantities are modelled as sparse vectors and a flexible performance versus com-

plexity tradeoff is sought. Hence, the classic greedy search based algorithms are

employed for `0 regularisation at an appealingly low complexity. Specifically, benefi-

cial algorithmic improvements will be invoked in Chapter 2 and Chapter 3. Numerous

greedy algorithms have been proposed in the literature for solving the `0 regularisa-

tion problem. A simple example is constituted by the MP technique of [42], which

has been discussed before. As a further improvement, the authors of [71] proposed

the so-called Orthogonal Matching Pursuit (OMP) algorithm, which iteratively up-

dates the results by finding the specific column of AAA having the maximum correlation

with the current residual. It is worth mentioning that the OMP algorithm has also

been confused in the past with another celebrated algorithm, namely the orthogo-

nal least square algorithm [72]. The corresponding difference was carefully discussed
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in [73]. In [74], the Compressive Sampling Matching Pursuit (CoSaMP) algorithm

was proposed, which was capable of improving the performance of the OMP algo-

rithm. Meanwhile, the authors of [75] proposed the Iterative Hard Thresholding

(IHT) algorithm, whose performance was shown to be similar to that of the CoSaMP

algorithm. All of these algorithms share the same heuristic strategy of making locally

optimal choices at each step. In this way, a solution, which approximates a globally

optimal solution can be generated within a reasonable complexity. Note however

that the sparsity level k has to be known a priori by the above-mentioned algo-

rithms. Hence, they falter, when the sparsity level is unknown, as it will be shown

in Chapter 2. Generally, a stopping criterion, which is based on the statistical char-

acterisation of the noise vector nnn, is used for terminating the algorithm. Explicitly,

bounded sets of the noise vector nnn may be considered, such as the `2-norm bounded

set B , {nnn : ‖nnn‖2 ≤ ε} and the `∞-norm bounded set B , {nnn : ‖AAAHnnn‖∞ ≤ ε}.
For complex-valued Gaussian sets, the authors of [52] demonstrated that the noise

vector belongs to the bounded set characterised by a specific threshold ε with a high

probability. Thus, if the residual vector may be deemed to belong to the bounded

target set at each iteration of the algorithm, we can safely terminate it, because

the correct estimates would have been obtained with a high probability. Explicitly,

this is an efficient stopping criterion, especially when the Signal-to-background Noise

power Ratio (SNR) is high. Numerous theoretical studies have been carried out for

finding sufficient conditions for guaranteeing that the results of the above-mentioned

algorithms are indeed close to the globally optimal solution, both in the noiseless

case [76–80] and in the noisy case [81–83]. Briefly, the condition of k < (1 + 1/µAAA)/2

was shown to be sufficient for a guaranteed performance of the OMP algorithm in

both the noiseless case [76] and in the noisy case [82].

1.4 Novel Contributions and Thesis Outline

1.4.1 New Contributions of the Thesis

The thesis is based on five published papers, whilst another three papers are about

to be submitted. Below, let us briefly summarise our new contributions in the thesis,

which will be further detailed in Chapter 2-4.

1. In Chapter 2, a CIS-assisted and Interleaved-Double-FFT (IDFFT) aided sys-

tem is proposed for mitigating both the multipath effects and the impulsive

effects in indoor BB-PLCs. Specifically, the detailed conceptual framework of

our CIS relying on the IDFFT system is outlined. Moreover, a Two-Dimensional
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(2D) interleaver is conceived for supporting the sparse modelling of the objec-

tive vectors containing impairments. Finally, we propose a novel joint CIS

estimation and symbol detection algorithm, namely the CIS-assisted detector,

to further improve the attainable performance of our IDFFT system.

2. In Chapter 3, we model the bit-to-symbol mapping rule as a codebook and

present the theoretical analysis of the generalised system. Then, based on our

analytical results, we propose a pair of codebooks based on different design cri-

teria. Firstly, we propose a linear Transmit Pre-Coding (TPC) assisted index

modulation codebook, namely the Linear Precoding assisted Index Modulation

(LPIM) codebook for maximising both the attainable diversity gain and the

coding gain. Secondly, we propose a generalised CSIM codebook based on the

maximum diversity gain as well as on the maximum achievable rate criteria.

Specifically, we present the detailed conceptual framework of our generalised

CSIM. Finally, in order to perform symbol detection at a relatively low com-

plexity, we propose a Generalised Iterative Residual Check Detector (GIRCD)

for the LPIM scheme and the CSIM scheme.

3. In Chapter 4, our CSIM scheme is applied to O-OFDM systems experienc-

ing nonlinear distortion, in order to improve the overall system performance.

Furthermore, a symmetric piecewise Companding Transform (CT) is conceived

for the O-OFDM systems considered in order to mitigate the nonlinear dis-

tortion imposed on Quadrature Amplitude Modulation (QAM) constellations.

In particular, three types of piecewise companding schemes, namely the Con-

stant Probability sub-Distribution Function (CPsDF), the Linear Probabil-

ity sub-Distribution Function (LPsDF) and the Non-Linear Probability sub-

Distribution Function (NLPsDF) based CT are designed for O-OFDM systems.

1.4.2 Outline of the Thesis

Let us now highlight the outline of this thesis, which is illustrated in Fig. 1.4.

• Chapter 2: Compressed Impairment Sensing Aided Broadband Power

Line Communications

In Chapter 2, we propose an asynchronous impulsive noise mitigation solution

conceived for PLCs based on CS. Section 2.2 describes the system model, where

the PLC channel and the noise model are detailed. In Section 2.3, we provide

the statistical characterisation of the FD noise samples. Then, the conceptual

framework of our proposed Compressed Impairment Sensing (CIS) is described
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Figure 1.4: Organisation of the thesis.

in Section 2.4. In Section 2.5, the CIS-assisted detector is proposed. Our

simulation results are discussed in Section 2.6. Finally, we offer our conclusions

of this chapter in Section 2.7.

• Chapter 3: Compressed Sensing Assisted Index Modulation

In Chapter 3, we propose a novel Compressed Sensing assisted Index Modulation

(CSIM) scheme. Our system model is described in Section 3.2. In Section 3.3,

the system performance and the codebook design criteria are detailed. Then,

we propose our LPIM codebook design in Section 3.4. The conceptual frame-

work of our CSIM scheme is detailed in Section 3.5, while in Section 3.6 the

generalised iterative residual check detector is proposed. Our simulation results

are discussed in Section 3.7. Finally, we conclude this chapter in Section 3.8.

• Chapter 4: Compressed Sensing Aided Optical OFDM for Visible

Light Communications

In Chapter 4, our proposed CSIM scheme is applied to VLC for improving the

achievable bandwidth efficiency, whilst reducing the LED-induced nonlinear dis-

tortions. Explicitly, a companding transform assisted VLC system is proposed

for mitigating the nonlinear distortions. In Section 4.2, we describe the sys-

tem model. The operating principle, design criteria and implementation of the

symmetric piecewise CT are detailed in Section 4.3. In Section 4.4, the non-

linear effects are analysed. In Section 4.5, our performance results are studied,

followed by our conclusions of this chapter in Section 4.6.

• Chapter 5: Conclusions and Future Work

In Chapter 5, we summarise our conclusions of this thesis and discuss a range

of suggestions for future research.



Chapter 2
Compressed Impairment Sensing

Aided Broadband Power Line

Communications

2.1 Introduction

PLC is expected to play an important role in meeting the dramatic teletraffic in-

crease of telecommunications in the next decade [1]. The main advantage of PLC is

its cost-efficiency, which is due to the fact that it relies on the existing grid structure.

However, the electrical supply networks have not been designed for data transmis-

sions, hence they constitute a hostile propagation environment [24] and there are

still a lot of challenges to be tackled. Specifically, the signals transmitted over power

line channels experience both propagation path-loss, as well as multipath propaga-

tion and impulsive noise. The path-loss encountered in PLC is the result of the skin

effect and dielectric losses [84]. By contrast, the dispersive multipath propagation

experienced in PLC is caused by the impedance mismatch between the transmitter

and its corresponding receiver [85]. Due to the multipath propagation, a transmitted

symbol may be spread over several adjacent symbols at the receiver, hence generat-

ing Inter-Symbol Interference (ISI), as detailed in [85]. Measurement results show

that the coherence bandwidth of indoor PLC channels is typically 50 kHz to 500

kHz, which is much lower than its total transmission bandwidth. Thus, the PLC

channels are usually frequency-selective. Furthermore, the authors of [24] show that

the time variation of the PLC channel parameters can be classified into two types,

namely into short-term and long-term variations. The long-term variation is usually

caused by the switching events experienced in PLC networks, which can be assumed



2.1. Introduction 21

to be time-invariant within a duration of a few seconds. By contrast, the short-term

variation is mainly due to the fact that many electrical devices exhibit characteris-

tics that are dependent on the mains frequency [86], which can be assumed to be

time-invariant within hundreds of microseconds. Consequently, the latter type of

variation is cyclic, and the channel parameters are usually periodical in time. Owing

to the above characteristics, the PLC channels are typically slowly time-varying. The

statistical characterisations of indoor PLC channels can be found in [87].

On the other hand, in PLC, the noise can usually be classified into two cate-

gories: background noise and impulsive noise [25, 88]. The impulsive noise is typically

characterised by the duration, inter-arrival time and power of its components [25].

According to its behaviour with respect to the mains cycle, impulsive noise can be

classified into three types, namely periodic mains-synchronous impulsive noise, pe-

riodic impulsive noise that is asynchronous with the mains, as well as asynchronous

impulsive noise [25]. Typically, the asynchronous impulsive noise, which is mainly

caused by the connection and disconnection of electrical devices, is the major impair-

ment of BB-PLC due to its high power and unpredictable nature. Therefore, we focus

our attention on the mitigation of asynchronous impulsive noise. The measurement

results of [25, 88, 89] have shown that the asynchronous impulsive noise bursts experi-

enced in PLC are relatively long in comparison to those in wireless communications.

For example, the measurement results of [25] showed that the average duration of

the asynchronous impulsive noise bursts in PLC varies between microseconds and

milliseconds. By contrast, in wireless communications, the duration of impulsive

noise bursts is usually less than 0.1 µs [90]. Naturally, the long impulsive bursts

of PLC may inflict bursts of errors. As a result, the system’s performance may be

severely degraded, especially in high data-rate transmissions relying on short symbol

durations.

OFDM, which is the predominant transmission technique of wireless communica-

tions at the time writing [91, 92], has also been adopted by the PLC standards, includ-

ing IEEE P1901 [21], ITU-T G.hn [22] and HomePlug AV2 [23]. A frequency-selective

fading channel can be converted into a number of parallel flat-fading subchannels

with the aid of the OFDM, thereby, considerably reducing the receiver’s complexity

as a benefit of using single-tap frequency-domain equalisation [91]. Cyclic Prefix

(CP)-based OFDM is employed to avoid the inter-OFDM-symbol interference [91].

Although the conventional OFDM signalling is capable of mitigating the multipath

effects of PLC, it experiences a performance loss in the presence of impulsive noise.

In more detail, the Discrete Fourier Transform (DFT) spreads the effect of impulsive

noise across all the subcarriers. When the duration of an impulsive burst is sig-
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Figure 2.1: Illustration of the relationships between compressed sensing (CS), im-

pulsive noise mitigation as well as compressed impairment sensing (CIS). Explicitly,

the aim of CIS is to estimate the impulsive noise based on the principle of CS.

nificantly shorter than the OFDM symbol duration, the associated spreading effect

becomes beneficial, since all subcarriers are only marginally contaminated. Unfor-

tunately, as mentioned above, the duration of impulsive noise in PLC may become

substantially longer than the OFDM symbol duration, which significantly degrades

the system performance, especially, when the power of impulsive noise is high. There-

fore, conventional OFDM signalling is incapable of mitigating the impulsive noise in

PLC.

As illustrated in the yellow part of Fig. 2.1, several methods have been proposed

in the literature in order to mitigate the effect of impulsive noise imposed on OFDM

systems communicating over PLC channels, such as nonlinear filtering [93–95], chan-

nel coding [96, 97], as well as both parametric and non-parametric estimation tech-

niques [98, 99]. On the other hand, as shown by the blue part of Fig. 2.1, CS, as

an emerging theory, has attracted considerable research-attention, as exemplified by

the elegant algorithms [33, 34, 41, 74–76] of Fig. 2.1. CS has been proposed to tackle

the issues of recovery of vectors in high dimensions from vectors in low dimensions,

as detailed in [54]. Recently, CS has been invoked for solving numerous problems in

communications systems, such as channel estimation [63], narrowband interference

mitigation [64], spectrum sensing [65] and so on. Training-based impulsive noise

estimation relying on CS also constitutes an attractive method, since it has several

distinct advantages for OFDM systems communicating over PLC channels. Firstly,



2.1. Introduction 23

in practical PLCs, the high-attenuation frequency sub-bands of an OFDM symbol

may be disabled for data transmissions [21, 23]. Hence, some of these deactivated

tones can be used as training symbols for supporting training-based impulsive noise

estimation. Secondly, it is possible to disperse the prolonged impulsive burst affecting

numerous TD samples by simply using an interleaver. In this way, the asynchronous

impulsive noise can be estimated at a low complexity with the aid of CS. Finally,

since the power of asynchronous impulsive noise is usually much higher than that of

the background noise in BB-PLC, accurate impulsive noise estimation is attainable

by using CS. The idea of applying CS to mitigate the impulse noise in OFDM systems

was originally proposed in [66], where the impulse noise estimation was formulated

as an `1-minimisation problem. Later in [67], the mixed `2/`1-minimisation has been

employed for impulse noise estimation, where the impulsive noise was assumed to

appear in form of sparse blocks. It should be noted that in [66] and [67] the dura-

tion of impulse noise was assumed to be much lower than that of an OFDM symbol,

which is however, not the norm in PLCs. Furthermore, although the `1-minimisation

considered in [66] and the mixed `2/`1-minimisation of [67] can be solved within

polynomial rather than exponential time, the corresponding computational cost still

remains excessive. It is important to emphasise that for both schemes substantial

computational resources are required for estimating relatively insignificant impulsive

noise, whose instantaneous power is lower than the modulation-dependent detection

threshold.

Against the above background, our contributions of this chapter are summarised

as follows.

• We propose a novel CIS-assisted IDFFT system, which is capable of simultane-

ously mitigating both the multipath effects and the impulsive noise impairments

in PLC. It should be noted that similar to Interleaved Frequency Division Mul-

tiple Access (IFDMA) [100], the proposed IDFFT system can be viewed as a

special case of the DFT-precoded OFDMA with interleaved subcarrier alloca-

tion. However, since the IDFFT system is specifically designed for CIS-assisted

impulsive noise mitigation, the design objectives of IDFFT and IFDMA are

different. The general philosophy of our proposed CIS-assisted IDFFT aided

system transpires from Fig. 2.1. In the CIS-assisted IDFFT systems, the trans-

mitter carries out both an FFT and an IFFT operation, which are connected

with a 2D interleaver. Correspondingly, the receiver employs a FD equaliser and

a CIS-assisted detector. The data symbols in our CIS-assisted IDFFT system

are transmitted in the TD, while a FD equaliser is employed in order to achieve

the maximum attainable multipath diversity gain [101].



2.2. System Model 24

• In our CIS, a 2D interleaver is conceived for supporting the sparse modelling of

the objective vectors containing impairments. Then, the received pilots are mod-

elled by the mathematical formulation of CS with the aid of our IDFFT system.

Next, we show that the measurement matrix design of CS can be equivalent

to the pilot design used in our CIS. Moreover, we propose a computationally

efficient search algorithm to provide a sub-optimal solution for our pilot design.

• As a further improvement, we propose a joint CIS estimation and symbol de-

tection algorithm, namely the CIS-assisted detector, for our IDFFT system.

Specifically, our proposed CIS-assisted detector is based on the turbo principle,

where our CIS estimator iteratively exchanges ever more reliable information

with the symbol detector upon each new iteration. In this way, the impairments

associated with high near-instantaneous power, which severely degrade the sys-

tem performance, can be reliability estimated and eliminated.

• Finally, the performance of our CIS-assisted IDFFT aided system is investigated

with the aid of simulations. We demonstrate that our CIS-assisted IDFFT

aided system outperforms conventional OFDM in realistic PLC environments

experiencing both dispersion and asynchronous impulsive noise.

The rest of the chapter is organised as follows. In Section 2.2, the system model is

detailed, where both the PLC channel and noise model are also described. The statis-

tic characterisations of the FD noise samples are detailed in Section 2.3. Then, the

conceptual framework of our proposed compressed impairment sensing is described

in Section 2.4. In Section 2.5, the CIS-assisted detector is detailed. Our simulation

results are studied in Section 2.6. Finally, we offer our conclusions in Section 2.7.

2.2 System Model

2.2.1 Transmitter

The system considered in this chapter is depicted in Fig.2.2. At the transmitter,

a sequence of i.i.d. information bits denoted as bbbl is mapped onto a stream of Md

Amplitude-Phase Modulated (APM) symbols according to the mapping rule µ :

Blog2Q → A, where we have Q = |A|. After the symbol mapping, let us denote the lth

stream of data symbols as xxxTd,l = [xd,l(0), xd,l(1), . . . , xd,l(Md − 1)], where we assume

that E[|xd,l(i)|2] = 1, ∀xd,l(i) ∈ A. Then, as seen in Fig. 2.2, a total of (M−Md) zero-

valued symbols are inserted into each of the streams of the data symbols, forming

an M -length symbol sequence, which are series-to-parallel converted. It should be
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noted that for different systems, the zero-valued symbols inserted play different roles,

as detailed next.

Classic OFDM Signalling

In the classic OFDM scheme shown in the upper dashed box of Fig. 2.2, the above-

mentioned symbols in xxxd,l can be viewed as the FD symbols, while, the zero-valued

symbols may correspond to the sub-bands that are disabled, due to their high attenu-

ation and/or strong narrowband interference that would otherwise result in unreliable

transmission in these sub-bands. Let the positions of the data symbols in the M -

sized block form an index setMd, where we have |Md| = Md. Moreover, we assume

that the index set Md is the same for all the LM blocks. Hence, we can express the

lth block of the FD symbols sssF(l) = [sF(0, l), sF(1, l), . . . , sF(M − 1, l)]T as

sssF(l) = ΥΥΥMd
xxxd,l, (2.1)

where ΥΥΥMd
is a (M ×Md)-element mapping matrix derived from IIIM based on the

index set Md.

Interleaved-Double-FFT Signalling

In our proposed IDFFT system, the zero-valued symbols can be classified into two

types. The first type of the zero-valued symbols, which are inserted before precod-

ing, are used as pilots for impulsive noise estimation. Since the impulsive noise is

additive, zero-valued pilots are employed in order to save transmission power. On

the other hand, the second type of zero-valued symbols are inserted after precoding

into the disabled sub-bands similar to that described in the case operating with-

out precoding. It should be emphasised here that there is no need to increase the

bandwidth in comparison to the case operating without precoding. Since a beneficial

multipath diversity gain can be obtained by the linear precoding combined with sym-

bol interleaving, some of the disabled frequency sub-bands, namely those experience

multipath-induced fading, can be activated for data transmission. Let us assume

that m pilots are used before precoding. In this case, we have N , Md + m < M .

Hence, after precoding, a total of (M −N) sub-bands, which suffer both from a high

level of attenuation and from narrowband interference, are disabled.

Based on the above-mentioned arrangement, let us describe the transmitted signal

as follows. Firstly, let the positions of the data symbols in each N -sized data block

form an index set Id, where we have |Id| = Md and we assume that Id is fixed for all

data blocks. Correspondingly, the positions of the zero-valued symbols forms a set
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Ip = {0, 1, . . . , N − 1}\Id. Furthermore, the mapping matrices based on the index

sets Id and Ip can be formed as ΥΥΥId and ΥΥΥIp , respectively. Let us denote the lth

data block of symbols as xxxU(l) = [xU(0, l), xU(1, l), . . . , xU(N − 1, l)]T . Then, it can

be expressed as

xxxU(l) = ΥΥΥIdxxxd,l. (2.2)

As shown in the lower dashed box of Fig. 2.2, the lth block of symbols xxxU(l) is

precoded by an (N × N)-element matrix. In particular, the DFT matrix FFFN is

applied as the precoding matrix. Although there exists other types of precoding

schemes that are capable of offering a better performance (as it will be shown in

Chapter 3), the DFT scheme is used here, since it can be implemented by the FFT

algorithm at a low complexity. This practical concern becomes more evident, when N

is a large value, which is typically the case in broadband PLCs. Hence, the precoded

symbols denoted as xxxC(l) = [xC(0, l), xC(1, l), . . . , xC(N − 1, l)]T can be expressed as

xxxC(l) = FFFNxxxU(l), (2.3)

where we have E[‖xxxC(l)‖2
2] = Md/N , ∀l. As shown in the lower dashed box of Fig. 2.2,

the LM blocks of precoded symbols denoted as XXXC = [xxxC(0), . . . ,xxxC(LM − 1)] ∈
CN×LM are fed into a 2D interleaver Πs with a length of LΠs = NLM , yielding a

new (N × LM)-element data matrix denoted as SSSC = [sssC(0), sssC(1), . . . , sssC(LM − 1)],

where sssC(l) = [sC(0, l), sC(1, l), . . . , sC(N−1, l)]T denotes the lth block of interleaved

symbols. Next, the symbols in sssC(l) are allocated to the FD subcarriers sssF(l) =

[sF(0, l), sF(1, l), . . . , sF(M − 1, l)]T according to the index set Ms, which can be

expressed as

sssF(l) = ΥΥΥMssssC(l), (2.4)

where ΥΥΥMs is the mapping matrix based on the index set Ms.

It can be readily inferred from the above discussion that in contrast to the classic

OFDM, our proposed IDFFT imposes an additional complexity and signal processing

delay, owing to the FFT and to the 2D interleaving. However, in practice, these

shortcomings can be alleviated by invoking parallel hardware devices (at the cost of

increasing the hardware cost).

For both the schemes, as shown in Fig. 2.2, the lth block of the FD symbols is

entered into anM -point IFFT, yielding the TD symbols sssT(l) = [sT(0, l), sT(1, l), . . . ,

sT(M − 1, l)]T expressed as

sssT(l) = FFFHMsssF(l). (2.5)
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Furthermore, in order to avoid ISI, a CP of length Lcp is inserted before each block

of the TD symbols, resulting in

ssscp(l) = ΥΥΥCPsssT(l), (2.6)

where ΥΥΥCP = [ΥΥΥcp, IIIM ]T and ΥΥΥcp is a mapping matrix formed by the last Lcp columns

of an identity matrix IIIM . As shown in Fig. 2.2, following the parallel-to-serial con-

version, prototype filtering is applied to the symbols, yielding the lth stream of the

transmitted signal sl(t) expressed as

sl(t) =
∑
i

scp(i, l)gTx(t− i∆t), (2.7)

where gTx(t) is the impulse response of the prototype filter at the transmitter and

∆t denotes the duration of successive samples. We assume that the prototype filter

gTx(t) is specifically designed in order to meet the spectral constraints restricted

by the ElectroMagnetic Compatibility (EMC) regulations. Finally, with the aid of

coupling, the resulted signals are transmitted through the PLC channels imposing

asynchronous impulsive noise.

2.2.2 Characterisation of the PLC Channel

Let us assume that the indoor PLC system is operated in the frequency range of

(fmin,fmax). Hence, the CP-OFDM block duration is given by TTx = (1 +Lcp/M)Ts,

where Ts = 1/fB = M∆t denotes the OFDM block duration and fB = (fmax − fmin)

is the bandwidth. In indoor PLCs, due to the frequent connection and disconnec-

tion of various types of loads, as well as the presence of cable branches, an indoor

PLC channel exhibits a time-variant frequency-selective Channel Transfer Function

(CTF). Let H(f, t) denote the CTF between a given transmitter and its correspond-

ing receive port over a power line at time t and frequency f . As shown in [24, 86],

the time variation of PLC channels can be classified into two types, which are the

short-term variation and the long-term variation. In this chapter, our focus is on the

short-term variation of the PLC channels, which is dependent on the mains frequency

and it is usually about hundreds of microseconds. Let us denote the corresponding

channel coherence time as Tcoh. Then, we can assume that the PLC channels are

time-invariant during LH blocks of transmitted symbols, i.e., we have LHTTx < Tcoh.

Thus, the CTF of a time-invariant transmission period for a given frequency range

can be expressed as

H(t, f) ,h (f) =

Nh−1∑
i=0

hR,ie
−α(f)vpτie−j2πfτi , (2.8)
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Figure 2.3: Illustration of power line noise.

where Nh denotes the number of non-negligible paths and vp is the phase velocity.

In (2.8), |hR,i| < 1 is the reflection factor, which is determined both by the number

of discontinuities included in the ith path, as well as by the reflection coefficient

and the transmission coefficient of the ith path [102]. Moreover, the frequency-

dependent attenuation factor denoted as α(f) is related to both the dielectric losses

and the Ohmic losses [84], and finally, τi is the delay of the ith reflected path.

Correspondingly, the Channel Impulse Response (CIR) can be formulated as h(t) =

F−1{h(f)}, where F−1{x} denotes the inverse Fourier transform of x.

2.2.3 Noise Modelling

We assume that the PLC channels encounter both background noise and asyn-

chronous impulsive noise. Whilst the background noise is present continuously, the

asynchronous impulsive noise is sporadic. Naturally, two states are involved in char-

acterising the noise observations. The first state is denoted as s0, representing the

sole presence of the background noise. By contrast, the second state s1 represents

the presence of both the background noise and the asynchronous impulsive noise.
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Classification of Time Intervals

Due to the bursty behaviour, asynchronous impulsive noise is usually observed within

a time duration. Explicitly, the duration of an impulsive noise burst corresponds to

the state s1. While, the time interval between two adjacent asynchronous impulsive

noise bursts is related to the state s0.

Noise Whitening

Let us first consider the background noise. The measurement results of [89] have

shown that the background noise is colored within the whole frequency band of PLC.

Specifically, in the frequency range of NB-PLC, the background noise is strongly

colored, while, the Power Spectral Density (PSD) of background noise is relatively

flat in the frequency range of BB-PLC [89]. Hence, we assume that in the considered

frequency range of (fmin, fmax), the background noise has a constant PSD denoted as

Φs0 , meaning that the background noise is white.

In order to gain further insights into the characteristics of asynchronous impulsive

noise, the process of generating asynchronous impulsive noise in a power-line network

is illustrated in Fig. 2.3. In practice, various appliances and devices, which are

represented by the noise sources in Fig. 2.3, may be connected or disconnected from

the power line network, generating impulse. Then, the impulses propagating over

power line channels are superimposed at the receiver. Since each power line can be

viewed as a filter, the impulse received at time t, which is denoted as V (t) can be

characterised by its autocorrelation function φvv(τ) expressed as

φvv(τ) =

+∞∫
−∞

Φvv(f)ej2πfτdf, (2.9)

where Φvv(f) denotes the corresponding PSD. Hence, one possible approach of mod-

elling the asynchronous impulsive noise is based on applying an autoregressive process

having a matching PSD, as suggested in [25]. However, the corresponding complex-

ity may be deemed excessive. Furthermore, although it is a favourable model for

fitting a given measurement results, it may be not a feasible model for system de-

sign and analysis. An interesting observation we found is that the above-mentioned

noise modelling problem can be significantly simplified by applying a de-correlation

process without affecting its impact on the desired data symbols or on the BER, as

evident in [103]. Thus, we assume that an adaptive whitening filter [103] is employed

so that the PSD of the asynchronous impulsive noise after filtering becomes constant.

Finally, since the noise formed by addition of two white noise sources is still white,
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we denote the PSD of the noise after whitening as Φs1 , which is also constant. Note

furthermore that the whitening processing also has the advantage of simplifying the

procedure of noise variance estimation, which is required for detection, as it will be

shown in Section. 2.3.

Noise Generation and Statistical Characterisation

Based on the above-mentioned assumptions, the Hidden Semi-Markov Model (HSMM)

is applied to generate baseband equivalent noise observations, which are used in the

following analysis. Firstly, let us assume that the initial state of the noise process

is chosen from S = {s0, s1} with equal probability of 0.5. Then, according to the

characteristics of the noise process, as shown in Fig. 2.3, the states s0 and s1 occur

alternatively. Since the noise has been de-correlated by the above-mentioned adap-

tive whitening filter, the self-transition probabilities of these two states are equal to

0, i.e. we have P00 = P11 = 0, where Pij denotes the transition probability from

state si to state sj. Correspondingly, we have the state transition probabilities of

P01 = P10 = 1. Next, for the qth generated state Sq ∈ S, a sequence of noise obser-

vations with a sampling duration of ∆t is generated as follows. Let DSq denote the

corresponding state-duration obeying a given conditional Probability Mass Function

(PMF) defined as

PD(d|Sq) ,Pr(D = d|Sq = si ∈ S)

=
1

Ωi

exp

(
− d

Ωi

)
, i = 0, 1, (2.10)

where Ω0 and Ω1 are the average inter-bursts arrival time and the average duration of

asynchronous impulsive bursts, respectively. Specifically, we define the ratio between

the average duration time and the average inter-burst arrival time as ΛT = Ω1/Ω0.

Then, as a rule of thumb, we assume that the noise samples in a given state-duration

obey the complex-valued Gaussian distribution with a mean of zero. Finally, the noise

observations denoted as nnnDq = [nSq(1), nSq(2), . . . , nSq(Dq)] are generated according

to a conditional Probability Density Function (PDF) of

pn(x|Sq) ,Pr(n = x|Sq = si ∈ S)

=
1

πσ2
si

exp

{
−|x|

2

σ2
si

}
, i = 0, 1, (2.11)

where σ2
s0

and σ2
s1

can be obtained according to Φs0 and Φs1 , respectively. Further-

more, we define the power ratio as ΛP = σ2
s1
/σ2

s0
.
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Figure 2.4: Stylized illustration of noise types in the time-domain.

2.2.4 Received FD Symbols

At the receiver, we assume that perfect time synchronisation is achieved. Moreover,

the length of the CP is assumed to be higher than the PLC channel’s maximum delay

spread. Hence, after decoupling, the lth stream of received signal can be formulated

as

yl(t) =

∫
τ

h(τ)sl(t− τ)dτ + nl(t), (2.12)

where h(t) denotes the CIR, while nl(t) contains the background noise and possible

asynchronous impulsive noise, as described in Section 2.2.2. Then, the received

signal yl(t) is entered into the prototype filters and sampled at an interval of ∆t, the

corresponding discrete-time baseband equivalent observations can be expressed as

yyyT(l) = HHHcirsssT(l) + nnnT(l), (2.13)

where HHHcir ∈ CM×M is a circulant matrix, which can be diagonalized by the M -point

DFT matrix, i.e., we have HHHcir = FFFHMHHHFFFM . Here, the diagonal matrix HHH can be

expressed as HHH =
√
Mdiag{FFFMΥΥΥhhhhT}, where hhhT = [hT(0), hT(1), . . . , hT(Lh − 1)]T

represents the chip-sampled baseband equivalent CIR after filtering, while ΥΥΥh is a

(M × Lh)-element mapping matrix formed by the first Lh columns of an identity

matrix IIIM . The statistical modelling of noise samples in nnnT(l) is described in Sec-

tion 2.2.3.

As seen in Fig. 2.2, upon carrying out the FFT of yyyT(l), we obtain

yyyF(l) =FFFMyyyT(l)

=FFFMFFFHMHHHFFFMsssT(l) +FFFMnnnT(l)

=HHHsssF(l) + nnnF(l), (2.14)

where nnnF(l) = FFFMnnnT(l) denotes the FD noise, as detailed in the next section.
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2.3 Statistics of Frequency-Domain Noise Samples

Based on Section 2.2.3, let a noise sequence of nnnT = {nnnD1 ,nnnD2 , . . . ,nnnDT } be generated

according to a state sequence of SSS = {S1, S2, . . . , ST}, where Sq ∈ {s0, s1} and Dq

is the state duration of Sq, for q = 1, . . . T . For the sake of the demonstration,

an infinite implementation is assumed, i.e. we have T → ∞. Let Ti denote the

total number of state observations that are from si for i = 0, 1. Then, we have the

approximation of T0/T1 ≈ 1 for T → ∞. When the lth block of OFDM symbols

expressed in (2.13) is corrupted by nnnT(l) ∈ nnnT , three different types can be classified

in the TD. The first type shown in Fig. 2.4(a) is when noise samples are all from the

same state, either s0 or s1. In the second type, the noise samples are from a pair of

different states, namely from {Sq = s0, Sq+1 = s1} or {Sq = s1, Sq+1 = s0}, as seen

in Fig. 2.4(b). Finally, for the third type, the noise samples are from more than two

successive states of {Sq, Sq+1, . . . , Sq+i}, where i ≥ 2, as exemplified in Fig. 2.4(c).

However, in practice, the average inter-arrival time of impulsive bursts is usually

much higher than the OFDM symbol duration, i.e. we have Ω0∆t� Ts. Hence, for

the third type we may only consider the case of i = 2, i.e. the scenario of having

three successive states of {Sq = s0, Sq+1 = s1, Sq+2 = s0}.

As inferred from the above observations, we can readily show that the FD noise

sample in nnnF(l), as defined in (2.14), has the PDF of CN (0, σ2
n,l), where the noise

variance σ2
n,l can be expressed as

σ2
n,l =

[
1 +

κl
M

(ΛPo − 1)
]
σ2
s0
, (2.15)

where κl ∈ {0, 1, . . . ,M} denotes the number of TD noise samples in nnnT(l) from the

state s1. Clearly, when the OFDM block is impaired by the first type of noise, we

have κl = 0 for s0 and κl = M for s1, as shown in Fig. 2.4(a).

We observe from the above analysis that when the power of asynchronous impul-

sive noise is high, the system’s performance may be severely degraded. Moreover,

since the occurrence of asynchronous impulsive noise is sporadic, it is challenging

for the receiver to obtain information about its occurrence and duration. The grave

impact of asynchronous impulsive noise suggests that efficient techniques have to be

designed for mitigating its effects, as discussed in the next section.
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2.4 Conceptual Framework of Compressed Impairment

Sensing

In this section, the detailed conceptual framework of our CIS is described. We first

consider the design criteria of our 2D interleaving scheme for the sake of increasing

the grade of sparsity. Then, the CIS is formulated and the impairment vector is

specified. Next, we show how the compression stability issue of CS is converted

into the pilot design issue of our CIS. Finally, we point out some practical recovery

problems of CIS.

Firstly, let the symbols in the activated and disabled sub-bands be extracted with

the aid of substituting (2.4) into (2.14) as

yyyC =ΥΥΥT
Ms
yyyF

=ΥΥΥT
Ms
HHHΥΥΥMssssC + ΥΥΥT

Ms
nnnF

=HHHssssC + nnns (2.16)

and

yyyp =ΥΥΥT
Mp
yyyF

=ΥΥΥT
Mp
HHHΥΥΥMs︸ ︷︷ ︸
=000

sssC + ΥΥΥT
Mp
nnnF

=nnnp, (2.17)

respectively. Then, the symbols in yyyC are fed into a single-tap FD equaliser, yielding

ỹyyC =WWWyyyC

=WWWHHHssssC +WWWnnns

=sssC + ñnns, (2.18)

where WWW = [HHHH
s HHHs]

−1HHHH
s and nnnC = WWWnnns contains the filtered noise. Next, after 2D

de-interleaving, we have

rrrC =xxxC + nnnC

=FFFNxxxU + nnnC

=FFFNΥΥΥIdxxxd + nnnC, (2.19)

where nnnC denotes the de-interleaved version of ñnns.

2.4.1 Design Criteria of the 2D Interleaver for Sparsity

As shown in Section 2.3, when there is asynchronous impulsive noise, multiple suc-

cessive symbols may be corrupted, whose effect can be alleviated by interleaving.
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Below, the design criteria of the 2D interleaver are detailed.

The first design criterion of the 2D interleaver Πs is that the noise vector nnnC after

de-interleaving has to be compressible. To elaborate further, let us define the best

k-term approximation of nnnC as

zzz , {z(i) = I[i ∈ T ]nC(i), i = 0, 1, . . . , N − 1}, (2.20)

where the indicator function is given by

I[e] =

{
1 if e is true

0 if e is false .
(2.21)

Here, indices in the index set T correspond to the noise samples whose magnitudes

are larger than a pre-defined threshold. Moreover, we have |T | ≤ k. Then, according

to [49], the vector nnnC is compressible if the `p-error defined as εk(nnnC)p , ‖nnnC − zzz‖p
of its best k-term approximation decays rapidly with k, as illustrated in Fig. 2.5.

Secondly, it is also desirable to evenly spread the effect of an asynchronous im-

pulsive burst to as many blocks as possible, which constitutes our second design

criterion. In this way, the grade of sparsity k can be minimised. In order to quantify

this criterion, we assume that a 2D interleaver having a spreading factor of LSF is

designed. Then, the upper bound of k can be derived as

k <

⌈
LΠs

LSFLM

⌉
=

⌈
N

LSF

⌉
, (2.22)

where we can readily show that the larger LSF, the lower the sparsity level k � N

becomes.

Finally, 2D interleaving may result in a reduction of the multipath diversity gain

that can be achieved by using precoding. For example, let us consider the extreme

case that the data symbols transmitted by the same subchannel are permuted into

the same block. In this case, no multipath diversity gain can be obtained from using

precoding. Thus, our third design criterion is that the subchannel orders of all blocks

have to remain unchanged after 2D interleaving.

Based on the above analysis, a 2D interleaver is designed, whose operations are

illustrated in Fig 2.6. Explicitly, during the transmission of LM blocks of symbols

denoted as XXXC, the blocks’ order is first interleaved by the S-random interleaver

having a minimum distance1 of S =
√
aΠsLM [104–106], where aΠs > 0 is a constant.

Note that, the S-random interleaver is employed in the first step as a benefit of its

1As defined in [104], the S-random interleaver is a pseudo-random interleaver with the restriction that

any two indices within a distance of S cannot be permuted to indices within a distance of S, where S is

known as the minimum distance of the S-random interleaver.
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Figure 2.6: Illustration of interleaving process of the 2D Interleaver Πs.

resilience against bursty impulsive noise [107]. Then, as shown in Fig. 2.6, for the ith

row of XXXC, the element in the lth column is circularly shifted to the lΠsth column,

where we have lΠs = [(l+ i) mod LM ]. In this way, even if all the N FD samples of a

block experience impulsive noise, after the de-interleaving stage of Fig. 2.6, they will

become distributed across LM different blocks, each of which contains no more than

dN/LMe impulsive noise samples from the impaired original block. Additionally,

the interleaving scheme guarantees that the data symbols conveyed by the same

subchannel of different blocks will not be permuted to the same block.

In order to facilitate the following descriptions and discussions, we assume that

the parameters of our 2D interleaver Πs are carefully chosen to meet all the above-

mentioned criteria.

2.4.2 Formulation of Compressed Impairment Sensing

Firstly, the noise vector nnnC can be expressed with the aid of its best k-term approx-

imation zzz defined in (2.20) as

nnnC = nnn0 + zzz, (2.23)

where we have n0(i) = I[i /∈ T ]nC(i) for i = 0, . . . , N − 1. It should be emphasised

here that in comparison to the compressible vector nnnC, we are more interested in

the vector zzz, since it contains noise samples having a high near-instantaneous power

that may severely degrade the system’s performance, as illustrated in Fig. 2.5. In

other words, we are not interested in estimating the insignificant noise contributions

that are unlikely to lead to data detection errors. Thus, we can define the vector zzz
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associated with a sparsity level of ‖zzz‖0 = k as the significant impairment vector to

be estimated. In this case, the received pilot symbols can be formulated as

rrrp =ΥΥΥT
IpFFFHNrrrC

=ΥΥΥT
IpFFFHNFFFNΥΥΥId︸ ︷︷ ︸

=000

xxxTd + ΥΥΥT
IpFFFHN(nnn0 + zzz)

=ΥΥΥT
IpFFFHNzzz + ΥΥΥT

IpΦΦΦ
Hnnn0

=AAAzzz + nnnp, (2.24)

where nnnp = ΥΥΥT
IpFFFHNnnn0 contains the samples to be treated as noise by our estimator.

Specifically, let B be a bounded set associated with the noise vector nnnp. Note that,

the noise samples in nnnp are not necessary to be Gaussian in our CIS. In (2.24), we

define a measurement matrix AAA = ΥΥΥT
IpFFFHN ∈ Cm×N for zzz, which is detailed next.

2.4.3 Pilot Design for Compressed Impairment Sensing

In CS, the measurement matrix AAA is designed for supporting stable information-

preserving compression, so that a guaranteed recovery performance can be achieved.

According to [43, 47], the measurement matrixAAA should be designed for satisfying the

MIP2 or the RIP3. However, since computing the restricted isometry constant of the

RIP has been shown to be NP-hard [53], the MIP is used in this chapter. According

to [43], the mutual coherence of AAA should satisfy µAAA < 1/(2k − 1), which is the

sufficient condition of guaranteeing that there exists at most one k-sparse vector zzz

such that AAAzzz = rrr. Thus, in order to provide a guaranteed estimation performance,

the positions of pilots should be chosen so that the measurement matrix AAA ∈ Cm×N

satisfies √
N −m
m(N − 1)

≤ µAAA <
1

2k − 1
, (2.25)

where the lower bound at the left hand side is the well-known Welch bound [108].

Furthermore, as a striking feature of our system design shown in Section 2.2.1, the

values of N and m can be flexibly chosen for adjusting to the positions of pilots,

so that the measurement matrix AAA can be formed to be a Maximum-Welch-Bound-

Equality (MWBE) codebook, which is also known as an Equiangular Tight Frame

(ETF) [109]. In this case, we have µAAA =
√

(N −m)/[m(N − 1)].

As defined in (2.24), the measurement matrix AAA, which is composed of a row-

selection matrix ΥΥΥT
IP and the DFT matrix FFFHN , is a partial Fourier matrix with the

2The MIP is defined as the mutual coherence of a matrix is very small [43].
3As defined in [47], the RIP is defined as the kth restricted isometry constant δk of matrix AAA is the

smallest number such that (1− δk)‖zzz‖22 ≤ ‖AAAzzz‖22 ≤ (1 + δk)‖zzz‖22 is satisfied for any k-sparse vectors zzz.
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mutual coherence expressed as [108]

µAAA = max
0≤l1<l2≤N−1

∣∣(aaa(l1))Haaa(l2)
∣∣

‖aaa(l1)‖2‖aaa(l2)‖2

= max
0≤l1<l2≤N−1

1

m

∣∣∣∣∣
m−1∑
i=0

exp

{
j

2πIp(i)

N
(l1 − l2)

}∣∣∣∣∣
= max

1≤l≤N−1

1

m

∣∣∣∣∣
m−1∑
i=0

exp

{
j

2πl

N
Ip(i)

}∣∣∣∣∣ , (2.26)

where aaa(x) denotes the xth column of AAA, while l = (l1 − l2) mod N . As shown

in (2.26), the mutual coherence of matrix AAA depends on the corresponding index

set Ip, giving the specific positions of the pilots. Let us define a binary sequence

cccp = [cp(0), cp(1), . . . , cp(N − 1)]T , where cp(i) = 0, ∀i 6∈ Ip, while cp(Ip(i)) = 1 for

i = 0, 1, . . . ,m− 1. Then, (2.26) can be equivalently expressed as

µAAA = max
1≤l≤N−1

1

m

∣∣∣∣∣
N−1∑
i=0

cp(i) exp

{
j

2πil

N

}∣∣∣∣∣ . (2.27)

Then, in order to achieve the minimum mutual coherence, or in other words to obtain

the MWBE codebook for the partial Fourier matrix, the pilots’ position indices Ip

or binary sequence cccp can be designed by solving the following problem

ccc(opt)
p =arg min

cccp

{
max

1≤l≤N−1

1

m

∣∣∣∣∣
N−1∑
i=0

cp(i) exp

{
j

2πil

N

}∣∣∣∣∣
}

=

√
N −m
m(N − 1)

. (2.28)

In practice, the Inverse Discrete Fourier Transform (IDFT) matrix FFFHN is usually

selected to satisfy N = 2α, in order to achieve high estimation-speed, low-power

consumption, as well as low round-off error. When this type of IDFT matrix is con-

sidered, there is a paucity of information concerning the MWBE codebook. Further-

more, there are no known analytical approaches for the construction of the MWBE

codebook in the case of N = 2α. Consequently, the near-optimal codebooks have

been proposed in the literature [110–113], aiming at finding the near-optimal binary

sequences ĉccp by solving the optimisation problem of

ĉccp = arg min
cccp

{
max

1≤l≤N−1

1

m

∣∣∣∣∣
N−1∑
i=0

cp(i) exp

{
j

2πil

N

}∣∣∣∣∣
}
. (2.29)

Specifically, in [110], the authors have shown that, when cccp is a binary Golay sequence,

it is possible to construct a codebook, whose mutual coherence is approximately
√

2

times higher than the Welch bound, provided that N is sufficiently high. However,

this approach is not flexible, since the value of m is fixed. Another concern is that
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for the design of pilot symbols, the value of m suitable for binary Golay sequences is

excessive for practical application. Therefore, often numerical search methods have

been applied [111–113]. Specifically, the brute-force search [111], the modified Lloyd

search algorithm [112], and a search method based on smooth sequential optimisation

relying on the Grassmannian manifold [113] have been considered. However, these

search algorithms typically exhibit a high computational complexity. Based on the

above observation, in this section, we propose a low-complexity search algorithm for

the design of the measurement matrixAAA, which determines the positions of the pilots.

Algorithm 1 Find the Optimal Solution of (2.30)

Require: N , m, FFFHN−1

1: Initialization: Set IN = [0, 1, . . . , N − 1], µ̂ = 1, the number of candidates to Lc, and

ĉccp = ∅;
2: for t = 1 to T do

3: Set CCCp = 000N×Lc ;

4: for l = 1 to Lc do

5: Randomly permute IN ; then, collect the first m elements into Ip(l);

6: The elements in the lth column of CCCp are updated by

Cp(i, lc) =

 1, if i ∈ Ip(lc)

0, otherwise
;

7: end for

8: Calculate C̆CCp = 1
mFFFHN−1CCCp;

9: Find the index l̂c by solving . (2.29)←(2.30)

l̂c = arg min
lc=1,2,...,Lc

{
max

0≤i≤N−2

∣∣∣C̆p(i, lc)
∣∣∣} ;

10: Obtain µ̆(l̂c) = max
0≤i≤N−2

∣∣∣C̆p(i, l̂c)
∣∣∣; . (2.30)

11: if µ̆(l̂c) < µ̂ then

12: µ̂ = µ̆(l̂c);

13: ĉccp = CCCp(l̂c);

14: end if

15: end for

16: return µ̂ and ĉccp.

Firstly, let us define c̆ccp = FFFHN−1cccp, where FFFHN−1 is obtained by eliminating the

zeroth row of FFFHN . Hence, in comparison to the summation given in (2.29), a more

friendly expression in matrix form is obtained. In this way, (2.29) can be rewritten
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as

ĉcc
′
p = arg min

c̆ccp

{
max

0≤l′≤N−2

|c̆p(l′)|
m

}
, (2.30)

where c̆p(l′) is the l′th element of c̆ccp. Our search procedure is formulated in Algo-

rithm 1.

To elaborate further on the above algorithm, the mutual coherence is calculated

from (2.30), where only the single variable l′ is required. Therefore, the complexity

of calculating the mutual coherence is on the order of O(N). For a large N , the

complexity of our algorithm is significantly lower than that of the conventional ap-

proaches [111, 112]. Moreover, as shown in line 8 of Algorithm 1, by taking advantage

of the Fourier transform, the Lc number of candidates can be calculated simultane-

ously, instead of being calculated successively. Therefore, our algorithm constitutes

an efficient search technique.

2.4.4 Recovery Problems of Compressed Impairment Sensing

According to the above-mentioned analysis, given the observation equation in the

form of (2.24), the spare vector zzz can be recovered by solving the classic `0-minimisati-

on problem described in [46, 82] as

zzz`0 = arg min
vvv∈CN×1

‖vvv‖0, s.t. rrrp −AAAvvv ∈ B, (2.31)

where vvv is an N -length testing vector chosen from the complex vector space CN×1.

However, the `0-minimisation problem of (2.31) has been shown to be NP-hard [114].

For this reason, typically the `1-minimisation based solutions are employed in CS,

since they are tractable to solve. Moreover, under the conditions shown in [54],

the `0-minimisation problem of (2.31) is equivalent to solving the `1-minimisation

problem of

zzz`1 = arg min
vvv∈CN×1

‖vvv‖1, s.t. rrrp −AAAvvv ∈ B. (2.32)

Note that the `1-minimisation problem is a well-known convex optimisation prob-

lem, which can be solved in polynomial time, for example, by the interior point

method [39]. However, for our scenario, the corresponding computational cost is still

excessive. In this case, the lower-complexity family of greedy algorithms [74, 76] is

preferred.

However, when the existed greedy algorithms are applied, the sparsity level k is

usually required to be known as a priori information, which is clearly undesirable

for our scenario. Since asynchronous impulsive noise is sporadic, the value of k may

vary from block-to-block. Explicitly, when k = 0, no effort is required to estimate
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Figure 2.7: Illustration of our proposed joint CIS-assisted estimation and symbol

detection scheme.

the impairment vector zzz. By contrast, when k 6= 0, an estimation of zzz shall be

operated based on our CIS. To address the above-mentioned issues, we propose a

joint impairment estimation and symbol detection scheme, namely the CIS-assisted

detector, as detailed in the next section.

2.5 Compressed Impairment Sensing Assisted Detector

As seen in Fig. 2.7, our proposed CIS-assisted detector is constituted by three blocks,

which are the impairment estimation based on CIS, the impairment cancellation as

well as the symbol detection. The basic idea of our CIS-assisted detector is based

on the turbo principle, where the CIS-assisted estimator iteratively exchanges in-

formation with the symbol detector. In this way, the impairments associated with

high near-instantaneous power, which degrade the system’s performance severely, can

be reliably estimated and eliminated. We commence by describing our CIS-assisted

estimator, as detailed below.

2.5.1 Impairment Estimation Based on Compressed Sensing

During the first operation of our detector, impairment estimation is carried out, which

is invoked for solving the recovery problems of the CIS discussed in Section 2.4.4.

Based on the basic principle of the greedy algorithms of [42, 71, 72, 74, 75], we propose

a low-complexity algorithm to deal with the impairment estimation problem of (2.24),

where during each iteration, the columns of the measurement matrixAAA corresponding

to the non-zero locations of the impairment vector zzz are first estimated (which is

referred to as the support estimation in the sequel). Then, a sparse vector is obtained

by finding the projections of the measurements rrrp onto these columns as an estimate

of the current iteration.
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Firstly, let us consider the support estimation of the CIS formulation given in

(2.24). A commonly used method in CS for the support estimation at the (t + 1)th

iteration is to find the columns ofAAA that have the strongest correlation of the residual

vector of (rrrp−AAAẑzz[t]), where ẑzz[t] denotes the estimate extracted from the tth iteration.

However, when the current block is not impaired by any high instantaneous power,

i.e. when we have zzz = 000 in conjunction with k = 0, the above-mentioned support

estimation is not required, similarly to the impairment estimation problem discussed

in Section 2.4.4. In order to tackle this problem, we propose a support estimation

approach, which is capable of making a decision for activating impairment estimation,

as well as of implementing the support estimation. In more detail, during the (t+1)th

iteration, the previous detected symbols are fed into the CIS estimator, as seen in

Fig. 2.7. Let us denote each block of detected data symbols at the tth iteration as

x̂xx
[t]
d , which is precoded by FFFN , yielding x̂xx

[t]
C = FFFNΥΥΥIdx̂xx

[t]
d ∈ CN . Specifically, we let

x̂xx
[0]
C = 000 at the initial step. Then, as shown in Fig. 2.7, the symbols in x̂xx

[t]
C are fed

into the CIS estimator as the a priori information. Hence, the support estimate at

the (t+ 1)th iteration can be obtained as

T̂ [t+1] ,

{
i :
∣∣∣rC(i)− x̂[t]

C (i)
∣∣∣2 > ε

[t]
TH for i = 0, . . . , N − 1

}
, (2.33)

where ε
[t]
TH is a pre-defined threshold at the tth iteration.

As inferred from (2.19) and (2.23), the reliability of the decoder is increased during

each iteration, hence the support estimation performance can be improved, since

the estimated support T̂ [t+1] becomes more and more close to T defined in (2.20).

Meanwhile, it can be readily shown that when
∣∣∣T̂ [t+1]

∣∣∣ = 0, CIS is not required at

this iteration. By contrast, when we have
∣∣∣T̂ [t+1]

∣∣∣ 6= 0, CIS is activated for estimating

the respective sparse parameter vector. In this case, based on the estimated support

T̂ [t+1], the locally optimal solution can be obtained by solving

ΥΥΥT
T̂ [t+1]ẑzz

[t+1] = arg min
vvv∈Ck×1

‖rrrp −AAAΥΥΥT̂ [t+1]vvv‖2
2 . (2.34)

The optimisation problem of (2.34) can be solved by the well-known OLS approach,

yielding

ẑzz[t+1] = ΥΥΥT̂ [t+1]

(
ΥΥΥT
T̂ [t+1]AAA

Hrrrp

)
. (2.35)

2.5.2 Impairment Cancellation and Symbol Detection

As seen in Fig. 2.7, during the (t+ 1)th iteration, with the aid of the estimate ẑzz[t+1]

given in (2.35), the impairment cancellation is carried out. Then, the soft decision
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variables for each block of received data symbols can be obtained as

r̂rr
[t+1]
d =ΥΥΥT

IdFFF
H
N

(
rrrC − ẑzz[t+1]

)
=ΥΥΥT

IdFFF
H
NFFFNΥΥΥIdxxxd + ΥΥΥT

IdFFF
H
N

(
nnnC − ẑzz[t+1]

)
=xxxd + n̂nn

[t+1]
d , (2.36)

where, for simplicity, we define n̂nn
[t+1]
d = ΥΥΥT

IdFFFHN
(
nnnC − ẑzz[t+1]

)
. Note that when N is

sufficient large, the vector n̂nn
[t+1]
d can be approximated as a Gaussian vector. Since

candidates in A have been assumed to be equiprobable, the ith detected symbol at

the (t+ 1)th iterations can be obtain by invoking the ML principle as

x̂
[t]
d (i) = arg min

∀aq∈A

∥∥∥r̂[t+1]
d (i)− aq

∥∥∥2

, (2.37)

which is used for the next iteration step.

Based on the above analysis, our proposed joint CIS estimation and symbol de-

tection algorithm is summarised in Algorithm 2. Note that after a certain number

of iterations, the algorithm is terminated, since the impairment cancellation has

achieved its target performance. It can be readily shown that the specific choice of

the threshold ε
[t]
TH defined in (2.33) plays an important role in determining the per-

formance of our CIS-assisted detector, since it determines the accuracy of the CIS

estimator. Explicitly, when the threshold at a certain iteration is inappropriately

chosen, it may lead to an incorrect estimation, which usually yields a degraded de-

tection performance. As a result, the overall performance may be severely degraded.

However, it is hard to derive an analytical expression for the optimal threshold ε
[t]
TH.

Thus, in this chapter, simulations are relied upon for finding the optimal value of the

threshold ε
[t]
TH, as it will be shown in Section 2.6.

2.5.3 Complexity Analysis

In the classic OFDM system, the complexity of the ML detection of Md data symbols

is on the order of O(Md). By contrast, the complexity of our proposed CIS-assisted

detector is composed of three parts, which are the CIS, the symbol detector, as well

as the IFFT/FFT. Here, we should emphasise that the computational cost related

to the mapping matrices, e.g. ΥΥΥId and ΥΥΥIp can be neglected, since in practice they

only represent row or column selection operations. Bearing this in mind, let us detail

the complexity of each component below.

Firstly, the complexity of our CIS is due to the support estimation of (2.33) and

the impairment estimation of (2.35). Explicitly, at each iteration, we can readily
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Algorithm 2 CIS-Assisted Symbol Detector

Require: AAA = ΥΥΥT
IpFFFHN , rrrC, Id, ε

[t]
TH;

1: Initialisation: Set the symbol vector x̂xx
[0]
C = 000,

2: for t = 1→ tstop do

3: CIS :

4: Obtain the received pilot symbol as . (2.24);

rrrp = AAArrrC,

5: Obtain the support estimate T̂ [t+1] . (2.33);

T̂ [t+1] ,

{
i :
∣∣∣rC(i)− x̂[t]

C (i)
∣∣∣2 > ε

[t]
TH for i = 0, . . . , N − 1

}
,

6: if
∣∣∣T̂ [t+1]

∣∣∣ = 0 then

7: exit

8: else

9: Obtain the estimate ẑzz[t+1] . (2.34)←(2.35);

ẑzz[t+1] = ΥΥΥT̂ [t+1]

(
ΥΥΥT
T̂ [t+1]AAA

Hrrrp

)
.

10: end if

11: Symbol Detection

12: Calculate the soft decision variables for the current block of received data symbols

as . (2.36);

r̂rr
[t+1]
d = ΥΥΥT

IdFFF
H
N

(
rrrC − ẑzz[t+1]

)
13: for i = 0→Md − 1 do

14: Obtain the detection result x̂d(m, l) as . (2.37);

x̂
[t]
d (i) = arg min

∀aq∈A

∥∥∥r̂[t+1]
d (i)− aq

∥∥∥2
,

15: end for

16: if t = tstop then

17: exit

18: else

19: Calculate the feedback as;

x̂xx
[t]
C = FFFNΥΥΥIdx̂xx

[t]
d ,

20: end if

21: end for

22: return x̂xxd.
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show that the computational complexity of (2.33) is on the order of O (N). Then,

assuming that the CIS aided impairment estimation is activated at the tth iteration,

the computational complexity of (2.35) is on the order of O
(
k

[t]
S m

2
)

, where k
[t]
S

characterises the total number of estimated impairments at the tth iteration. Since

the values of k
[t]
S and m are significantly lower than N , the overall complexity of our

CIS is on order of O (tstopN) for tstop iterations.

Secondly, since symbol-by-symbol detection is invoked by Algorithm 2, the com-

plexity of the detection process for m data symbols is on the order of O(mQ). Thus,

the overall computational cost of the symbol detector is on order of O(tstopmQ) for

tstop iterations.

Finally, as seen in Fig. 2.7, the N -point IFFT is used for generating the received

data symbols. Hence, we can readily show that the complexity of the N -point IFFT

is on order of O(N log2N). Furthermore, when the feedback process is activated

(i.e. when we set tstop > 1 for Algorithm 2), the complexity of the N -point IFFT

(for feedforward process) and the N -point FFT (for the feedback process) is given

by O(2N log2N) for each iteration step. Assuming that Algorithm 2 terminates at

the tstopth iteration, the complexity associated with the IFFT/FFT can be shown to

be on the order of O (N log2N) +O (2(tstop − 1)N log2N).

Based on the above analysis, we can now readily see that the overall complexity

of our CIS-assisted detector is on the order of

O [N log2N ] +O [2(tstop − 1)N log2N ] = O [(2tstop − 1)N log2N ] (2.38)

for a predefined tstop. Generally, the detection performance becomes saturated after

a few iterations (tstop = 2 is sufficient, as it will be shown in Section 2.6). Thus, the

complexity of our CIS-assisted detector may be deemed acceptable in comparison to

the performance gain attained, as it will be studied with the aid of simulation results

in the next section.

2.6 Simulation Results

In this section, simulation results are provided for characterising the achievable per-

formance of our proposed system. Firstly, let us consider the system setup and the

parameters used in our simulations, which are summarised in Table 2.1.
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Table 2.1: Parameters for All Simulations

Channel

|hF(a)| ∼Log-N (ΩH(a), σ2
H(a))

ΩH(a) = 0.537a−0.496 + 0.001512 [87]

σH(a) = 0.445a−0.256 − 0.025574 [87]

Phase(hF(a)) ∼ Unif(−π, π)

Noise Ω0 = 15.2 ms, ΛT = −30 dB ΛP = 50 dB

System
M = 256, Lcp = 60, ∆t = 31.25 ns

LΠs = LMN , aΠs = 0.5, LSF =
√
aΠsLM + 1

2.6.1 System Setup and Parameters

In our simulations, we assume an OFDM system employing M = 256 subcarriers and

operated in the 1.813-17.813 MHz frequency range. The subcarrier spacing is 62.5

kHz. We consider the scenario of the power grid in Europe, where the mains frequency

is 50 Hz. Based on the measurement results of [86], the PLC channel is assumed to

be time-invariant within a duration of about 600 µs. In this case, we assume that a

total of LH = 50 blocks of OFDM symbols are transmitted during each time-invariant

channel segment. For each time-invariant duration, the FDCHTF is generated based

on Section 2.2.2 and the corresponding parameters are given in Table 2.1. The

average attenuation of the PLC channel is assumed to be constant. In our IDFFT

aided system, the CP length is chosen to be Lcp = 60. For the background and

asynchronous impulsive noise, the noise model described in Section 2.2.3 is considered

in conjunction with the parameters listed in Table 2.1. In particular, the PSD level

of the background noise is chosen to be −110 dBm/kHz. Furthermore, as shown

by measurement results of [25], the power ratio between the asynchronous impulsive

noise and the background noise is typically ΛP = 50 dB. For reasons of statistical

relevance, all simulation results are obtained from the average of the results obtained

in a duration of 10 seconds. Throughout this section, the SNR per bit denoted as

γ0 is the ratio between the transmitted power per bit and the power of background

noise.

2.6.2 Performance Results

In Fig. 2.8, the BER performance of the proposed IDFFT aided system and of the

conventional OFDM system is compared, when communicating over indoor PLC
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Figure 2.8: Performance comparison between the IDFFT aided PLC system with-

out CIS and the conventional OFDM system, when communicating over the dis-

persive PLC channel contaminated by both background noise and asynchronous

impulsive noise. The parameters are LΠs = 50× 256, ΛT = −30 dB, ΛP = 50 dB.

All other system parameters are summarised in Table 2.1.

channels contaminated by both the background noise and the impulsive noise. In

this figure, four signal constellations are considered, which are Quadrature Phase-

Shift Keying (QPSK), 16QAM, 64QAM and 256QAM. The parameters used for

characterising the impulsive noise are chosen to be ΛT = −30 dB and ΛP = 50 dB.

The IDFFT aided system employs the 2D interleaver size of LΠs = LM×N , where we

have LM = 50 and N = M = 256, i.e., all subcarriers are used for data transmission.

Furthermore, in Fig. 2.8, the CIS-assisted impairment estimation is not employed and

hence no pilots are used. From the results of Fig. 2.8, we observe that the IDFFT

aided system outperforms the conventional OFDM system in the relatively high SNR

range, which becomes more pronounced, as γ0 increases. This observation can be

explained as follows. In the IDFFT aided system, there are two types of spreading,

namely the FD spreading by the IFFT and the 2D spreading by the interleaver Πs,

as seen in Fig. 2.2. Because of these two spreading schemes, every data symbol is

conveyed by all the LM blocks of transmitted signals, as shown in (2.3). By contrast,

every data symbol is only conveyed by a single block of signals in the conventional

OFDM system, since its transmitter can only generate the FD spreading effect by

the IFFT operation. In principle, the detection performance is mainly affected by
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the FDCHTF and the impulsive noise, when the SNR is high. In this case, in the

IDFFT aided system, the effect of both the FDCHTF and of the impulsive noise

is distributed (or averaged) over all the LM blocks of signals, hence resulting in

a steep decay of the average BER curve, as the SNR increases. By contrast, in

conventional OFDM systems, the above-mentioned effect is only distributed over a

single block of signals, which has a substantial impact on the average error probability.

From another angle, we can say that the IDFFT aided system achieves a higher

multipath-induced diversity gain than the conventional OFDM system. However, we

should note that in the low SNR range, the BER performance is dominated by the

background noise. The IFFT-induced spreading effect may introduce more errors for

the IDFFT aided system, since in this case, more blocks are impaired by impulsive

noise. Consequently, in the low SNR range, the conventional OFDM system achieves

a better BER performance than the IDFFT aided system.
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Figure 2.9: BER performance of the IDFFT PLC system using QPSK and different

interleaver sizes LΠs , when communicating over the PLC channel experiencing both

asynchronous impulsive noise and background noise. The parameter is given by

N = M = 256. All other system parameters are summarised in Table 2.1.

Fig. 2.9 shows the effect of the interleaver’s size on the BER performance of our

IDFFT aided system using QPSK modulation, when communicating over the indoor

PLC channels experiencing both background noise and asynchronous impulsive noise.

In this figure, the size of the 2D interleaver Πs of Fig. 2.6 is chosen to be LΠs =

LMN , where LM = 5, 10, 25 or 50. Moreover, all subcarriers are activated for data
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transmission, i.e. we have N = M = 256. Again, in this figure, no CIS-assisted

impairment estimation is considered. Fig. 2.9 shows that in the high-SNR region,

increasing the size of the interleaver is capable of improving the attainable BER

performance. However, in the low-to-medium SNR region, the BER performance

degrades, as the interleaver size increases. This observation can be explained with

the aid of (2.22). By substituting the spreading factor LSF shown in Table 2.1 into

(2.22), it can be readily shown that the higher the value of LM , the high the dispersion

capability of the 2D interleaver Πs becomes. Hence, when the SNR is high enough,

the spreading effect of the 2D interleaver Πs becomes beneficial, since all subcarriers

are only marginally contaminated. By contrast, when the SNR is lower than a certain

value, such as γ0 = 40 dB in Fig. 2.9, the 2D spreading effect of Πs degrades the

attainable BER performance, since after de-interleaving, more errors are introduced

into those specific blocks that were originally not impaired by impulsive noise. It

should be noted that when choosing the size of the interleaver Πs, a tradeoff has to

be struck between the performance gain attained and the time delay imposed.
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Figure 2.10: Sparsity level k associated with the impairment vector zzz versus the

threshold ε
[1]
TH at the first iteration step, for the IDFFT aided system using QPSK

modulation communicating over dispersive PLC channels contaminated by both

asynchronous impulsive noise and background noise. The parameter is given by

N = M = 256. The SNR per bit is γ0 = 35 dB. All other system parameters are

summarised in Table 2.1.
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In Fig. 2.10, we investigate the effects of sparsity level k associated with the

impairment vector zzz defined in (2.20) by varying both the threshold ε
[1]
TH and the

interleaver size LΠs . In this figure, the IDFFT system operates at the SNR per bit

value of γ0 = 35 dB without employing CIS-assisted impairment estimation. As

depicted in Fig. 2.10, when the interleaver size LΠs increases from LM = 5M to

LM = 50M , the sparsity level distribution of the impairment vector zzz becomes more

“peaky” around the low values of k and ε
[1]
TH. Furthermore, when the interleaver size

LΠs is fixed, the higher the threshold ε
[1]
TH, the more sparse the impairment vector zzz

becomes. These observations confirm our analysis in Section 2.4.1, namely that the

sparsity condition of (2.22) can be satisfied with the aid of the 2D interleaver Πs.

Therefore, it is indeed possible to estimate the impairment vector zzz by exploiting the

principle of CS.
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Figure 2.11: Mutual coherence µ and SNR loss versus the number of pilots m,

when our proposed search algorithm is applied for constructing the measurement

matrixAAA of size m×N , where we have N = M = 256. All other system parameters

are summarised in Table 2.1.

In Fig. 2.11 and Fig. 2.12, we investigate the BER performance of the CIS-assisted

IDFFT aided system using QPSK upon varying the number of pilots, when commu-

nicating over the dispersive PLC channels contaminated by both impulsive noise and

background noise. In this figure, the interleaver size is chosen to be LΠs = 50 × N ,

where we have N = M = 256 and Md = N −m. Specifically, the CIS-assisted detec-

tor is performed within a single iteration step, i.e. we have tstop = 1. Firstly, as seen

in Fig. 2.11, in comparison to the equi-spaced pilots, which is usually used in the

conventional pilot-assisted estimation scheme, Algorithm 1 provides a significantly

reduced mutual coherence of the measurement matrix AAA. Hence, as stated in Sec-
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Figure 2.12: BER versus the number of pilots m, when the CIS-assisted IDFFT

aided system using QPSK modulation for communicating over dispersive PLC

channels contaminated by both asynchronous impulsive noise and background

noise. The parameters are LΠs = 50 × N , N = M = 256 and γ0 = 35 dB.

The CIS-assisted detector is performed within a single iteration step, i.e. we have

tstop = 1. All other system parameters are summarised in Table 2.1.

tion 2.4.3, when an estimation problem is solved with the aid of CS, the performance

achieved by our proposed design of the pilot positions should be better than that

achieved by the equi-spaced scheme. Secondly, Fig. 2.11 shows that upon increasing

the number of pilots, a measurement matrix AAA having a lower mutual coherence can

be obtained, which implies that a better overall performance can be attained. This

inference can be verified by the simulation results shown in Fig. 2.12. As observed

in Fig. 2.12, when the number of pilots increases, the BER performance of the CIS-

assisted IDFFT system improves. Thirdly, the performance improvements achieved

by our proposed CIS-assisted detector are achieved at the cost of an SNR loss imposed

by using a higher proportion of pilots, as seen in Fig. 2.11. This tradeoff is confirmed

by the simulation results of Fig. 2.12. As seen in Fig. 2.12, when the number of pilots

increases, the attainable performance gain becomes more marginal. This implies that

for a high proportion of pilots, the performance gain achieved by the CIS-assisted

detection becomes saturated. Thus, as inferred from Fig. 2.11 and Fig. 2.12, there is

an optimal value for m, which allows our proposed CIS-assisted detection algorithm

to attain its best performance. Fourthly, as observed from Fig. 2.12, for a given

number of pilots, the achievable performance gain is reduced, as the threshold ε
[1]
TH

is increased. This observation can be explained with the aid of Fig. 2.10. When
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the threshold ε
[1]
TH is increased, the number of impairment events detected by the

threshold-based estimator of (2.33) is reduced. Hence, the attainable performance

gain becomes limited. Finally, we can infer from both Fig. 2.8 and Fig. 2.12 that the

BER performance can be significantly improved by our CIS-assisted IDFFT aided

system in comparison to the conventional OFDM system.
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Figure 2.13: BER performance versus the threshold of our CIS-assisted detector

with tstop iterations, for the IDFFT system using QPSK communicating over the

dispersive PLC channels contaminated by both impulsive noise and background

noise. The parameters associated with the IDFFT system are given by Md = 214,

m = 20 and N = Md +m = 234. All other system parameters are summarised in

Table 2.1.

In Fig. 2.13-2.15, we investigate the BER performance of our IDFFT system em-

ploys a CIS-assisted detector in conjunction with various thresholds, when commu-

nicating over the dispersive PLC channels contaminated by both impulsive noise and

background noise. In these figures, the IDFFT system transmits Md = 214 symbols

in each block of data. Moreover, the CIS-assisted detector associated with tstop = 1, 2

or 3, which is given in Algorithm 2, is employed for the IDFFT systems. In Fig. 2.13,

the number of pilots is set to m = 20, giving a total of (M −Md − m) = 22 FD

subcarriers that are disabled for data transmission either due to high-attenuation or

owing to strong narrowband interference, or both. By contrast, in Fig. 2.14, we con-

sider a more aggressive situation, when the number of pilots is set to m = 40, giving

a total of (M −Md−m) = 2 FD subcarriers that are disabled for data transmission

due to high-attenuation and/or strong narrowband interference. In these figures, the
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Figure 2.14: BER performance versus the threshold of our CIS-assisted detector

with tstop iterations, for the IDFFT system using QPSK communicating over the

dispersive PLC channels contaminated by both impulsive noise and background

noise. The parameters associated with the IDFFT system are given by Md = 214,

m = 40 and N = Md +m = 254. All other system parameters are summarised in

Table 2.1.

interleaver size is chosen to be LΠs = 50 × N , where we have N = (Md + m) < M .

Based on the results of Fig. 2.13-2.15, we infer the following observations.

Firstly, we can observe from Fig. 2.13 and Fig. 2.14 that at each iteration step

of our CIS-assisted detector, there exists an optimal threshold. Furthermore, the

BER performance can be significant improved, when the optimal threshold is used

by our CIS-assisted detector. By contrast, when the threshold is not carefully cho-

sen, the BER performance may become severely degraded, as seen in Fig. 2.13 and

Fig. 2.14. In particular, we observe from Fig. 2.13 and Fig. 2.14 that before the

threshold increases to the optimal point, the BER performance of our CIS-assisted

detector associated with a single iteration first degrades and then improves. This is

because at the first iteration, some symbols having a high peak may be mis-treated as

impairments, especially when the threshold is low; hence yielding a certain amount

of information loss after the CIS estimation and the cancellation process. In this

case, the corresponding BER performance is degraded. Thus, it is important for our

CIS-assisted detector to use the optimal threshold, so that the best BER performance

can be achieved. Secondly, as shown in Fig. 2.13 and Fig. 2.14, as the number of

iterations increases, the improvement of the BER performance at the optimal point
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detector for the IDFFT system using QPSK communicating over the dispersive

PLC channels contaminated by both impulsive noise and background noise. The

parameters associated with the IDFFT system are given by Md = 214, m = 40 and

N = Md +m = 254. All other system parameters are summarised in Table 2.1.

becomes limited. Furthermore, it can be shown that two iterations are sufficient for

our CIS-assisted detector to attain a good BER performance. On the other hand,

as shown in Fig. 2.15, the improvement of the BER performance of our CIS-assisted

detector, which is achieved upon increasing the number of iterations, becomes less

and less attractive in the light of its complexity. Therefore, in order to strike a trade-

off between the performance gain attained and the complexity imposed, one or two

iterations may be deemed appropriate for our CIS-assisted detector. Thirdly, observe

from Fig. 2.13-2.14 that as the number of pilots increases, the BER performance is

improved. Finally, as observed from Fig. 2.15, in comparison to the classic OFDM

system, our proposed CIS-assisted IDFFT system is capable of providing a better

BER performance, albeit at a higher computational cost.

2.7 Conclusions

In this chapter, CIS-assisted IDFFT aided systems have been proposed for broadband

indoor PLCs, in order to mitigate the deleterious effects of the multipath fading and

the asynchronous impulsive noise. In this section, we summarise the basic design

guidelines of our CIS-assisted IDFFT aided system.



2.7. Conclusions 56

• The 2D interleaver of the proposed CIS-assisted IDFFT aided system has to be

carefully designed in order to efficiently randomise the impulsive noise bursts

at the cost of the lowest possible time delay.

• The design of pilot symbols also commands special attention in order to facili-

tate the accurate estimation and efficient mitigation of asynchronous impulsive

noise, because both the specific position and the number of pilots critically

affects the CS-based estimation performance. Hence, the proposed search al-

gorithm is recommended for designing the positions of the pilots in an offline

manner. The number of pilots has to be optimised for striking a flexible trade-

off between the performance gain attained and the effective transmission rate

reduction imposed by the pilot-overhead.

• Finally, based on the 2D interleaver and pilot design, the proposed CIS-assisted

symbol detector is advocated, which has been shown to be capable of signifi-

cantly improving the attainable system performance in comparison to the con-

ventional OFDM system. Upon following these design guidelines, the compu-

tational complexity of the proposed CIS-assisted symbol detector remains low.

The extra complexity is mainly contributed by the additional FFT and IFFT

operations.



Chapter 3
Compressed Sensing Assisted

Index Modulation

3.1 Introduction

Recently, a paradigm shift took place from the development of spectrally efficient

communication techniques to the conception of both spectral- and energy-efficient

communication techniques, as detailed in [115–120]. Indeed, as pointed out in [115],

striking a compelling compromise between the SE (or the bandwidth efficiency) and

EE (or the power efficiency) is essential for the design state-of-the-art networks.

Hence, various joint SE and EE solutions have been proposed for the different protocol

layers [118, 120]. Specifically, in the physical layer, more and more attention is paid

to the SE and EE of communications systems, including both the digital signal

processing and the analog front-end.

As the predominant transmission technique of broadband communications, at the

time writing [91, 92], OFDM is mainly characterised by its high degree of flexibility

and high spectral efficiency [5]. Generally, a frequency-selective fading channel can

be converted into a number of parallel flat-fading subchannels with the aid of OFDM,

thereby, considerably reducing the receiver’s complexity as a benefit of using single-

tap FD equalisation. Moreover, CP-based OFDM can be employed for avoiding

inter-OFDM-symbol interference. Recently, OFDM has been combined with index

modulation (OFDM-IM) [121–123]. In [121, 122], the Subcarrier Index Modulation

(SIM) concept has been proposed based on a principle reminiscent of the implicit

information conveyed by the activated antenna index in Spatial Modulation (SM)

based Multiple-Input-Multiple-Output (MIMO) systems [116, 124–126]. Then, a gen-

eralised IM scheme has been proposed and analysed in [123]. The historical timeline



3.1. Introduction 58

.

.

.
high diversity gain;

an appealing tradeoff between

SE and EE;

attractive detection performance

at a low complexity;

Codebook

IRC Detector

Greedy Algorithm

Compressed 

Sensing

SIM

Modulation

Schemes

CSIM

ℓ1-minimization

Figure 3.1: Illustration of the relationships between compressed sensing (CS), sub-

carrier index modulation (SIM), CS-assisted index modulation (CSIM) as well as

our iterative residual check (IRC) detector.

of the SIM can be found in [127]. While, further details and a comprehensive overview

of SIM is given in [128, 129].

The most appealing aspect of SIM is its flexibility in terms of striking a tradeoff

between the SE and EE, as analyzed in [130, 131]. Hence, SIM has the potential

of representing a win-win alternative in scenarios, such as Device-to-Device (D2D)

communications, in-vechicle communications [132], sensor networks, etc. However,

since it is an emerging technique, there are also some open issues. Apart from the

above-mentioned SE and EE aspects of SIM, we will also consider the complexity

issues and associated BER performance, which will also be addressed in this chap-

ter. The complexity of SIM has to be separately considered at the transmitter and

receiver side. In [133], a generalised look-up table has been proposed in order to

improve the SE of SIM. However, in light of the limited SE improvement, the im-

plementation complexity imposed may be deemed excessive. At the receiver side,

since the information is conveyed in both the APM symbols and the SIM symbols,

it is quite a challenge to design a detection scheme, which provides a good detection

performance at a low complexity. In [123], the Joint Maximum-Likelihood (JML)

detector has been conceived. As a further development, based on the fact that the

FD symbols are either zero valued or non-zero valued, the authors of [123] have pro-

posed a Log-Likelihood Ratio (LLR) based detector, which has been shown to have

the same detection performance as the JML detector, but at a lower complexity cost.

Later, the JML and the LLR detectors have been modified in [134]. On the other

hand, as demonstrated in [123, 127], the BER performance of the OFDM-SIM sys-

tem is better than that of the OFDM-QAM system, for a SE lower than 2 bits/s/Hz.

In [135], a block interleaver has been employed to improve the BER performance
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of the SIM scheme. Later in [134], the Coordinate Interleaved Orthogonal Design

(CIOD) of [136] has been employed in OFDM-SIM systems for improving the attain-

able transmitter diversity gain. However, the attainable multipath diversity gain has

not been fully exploited by these schemes and no generalised analytical results are

available for the achievable diversity order of the OFDM-SIM system. In order to

gain insights into the concept of diversity, let us review some existed work as follows.

Generally, the potentially most powerful contributor to reliable communications

for transmission over mutipath propagation channels is diversity, including modu-

lation diversity, temporal diversity, frequency diversity and space diversity, as de-

tailed in [137, 138]. During the last two decades, considerable research attention

has been paid to the context of diversity, especially to MIMO scenarios, to name

but a few [5, 124, 137, 139–142]. In this chapter, we limit ourselves to diversity tech-

niques conceived for OFDM systems. We shall emphasise that both MIMO and

OFDM signalling schemes share the same mathematical fundamentals in the con-

text of diversity invoked for combating channel fading. Hence, the diversity schemes

designed for OFDM signalling may also be applied to MIMO signalling. The early

contribution in [138] has demonstrated that the BER performance of fading channels

approaches that of the Gaussian channels, when the diversity order tends to infin-

ity. On the other hand, it is widely exploited [143] that a high bandwidth efficiency

can be achieved by signal constellations having lattice structure, such as the classic

QAM scheme. Indeed, lattices from algebraic number fields serve as the theoretical

foundations for the design of full-diversity codes. Accordingly, various constellation-

rotation based modulation diversity approaches have been proposed, such as those

given in [138, 139, 144, 145]. Specifically, the authors of [144] proposed a Linear Con-

stellation Precoded OFDM (LCP-OFDM) system for maximising both the achievable

diversity gain as well as the coding gain. However, the above-mentioned sophisti-

cated approaches rely on the high-complexity ML detection of full diversity codes

at the receiver side. Later in [101], Liu demonstrated that a beneficial multipath

diversity gain can be attained by Single-Carrier Frequency-Division Multiple Access

(SC-FDMA), when a FD equaliser is employed between a IFFT/FFT pair, (as seen in

Fig. 2.2 of our design of the IDFFT system in Chapter 2). In [144], an optimal sym-

bol interleaver was designed, which relies on FD subcarrier grouping, as a means of

further increasing the coding gain of a precoded OFDM system. Later, the subcarrier

grouping based symbol interleaving has been extensively investigated in [141, 146].

In particular, the authors of [141] demonstrated that in comparison to random per-

mutation, about 1-3 dB performance gan can be achieved by the optimal design

of the subcarrier grouping based symbol interleaver. For further details, we refer
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to [146, 147]. As a further advance in the field, Xia et al proposed cyclotomic lattices

for modelling the full diversity codes in [140], yielding a generalised optimal design for

the existing classic modulation constellations, such as QAM and Phase-Shift Keying

(PSK). However, to the best of author’s knowledge, this design philosophy has not

been applied to the SIM scheme, which has been recently recognised as a beneficial

modulation scheme [69].

On the other hand, CS, as an emerging theory, has attracted considerable research-

attention. Initially, CS has been proposed for recovering vectors in high dimensions

from vectors in low dimensions, as detailed in [54]. Then, it has been invoked for solv-

ing numerous problems in communications systems, such as channel estimation [63],

narrowband interference mitigation [64], spectrum sensing [65], impulsive noise mit-

igation [68] and so on. In [69], we proposed a CS-assisted IM scheme for OFDM.

The basic idea transpires from Fig. 3.1. Specifically, when an OFDM-SIM system is

designed for the aforementioned EE communications scenarios, the number of acti-

vated subcarriers should be small. By taking advantage of this condition, each group

of subcarriers can be potentially represented by a sparse vector. Hence, according

to CS, it is also possible to detect (or recover) the corresponding sparse vector with

the aid of algorithms such as the family of `1-minimisation algorithms [33, 34, 41]

and greedy algorithms [42, 71, 72, 74, 75]. However, our scheme proposed in [69] has

some limitations, since our full diversity design of CSIM relies on having an even

number of activated subcarriers for the realisation of coordinate interleaving. Hence,

the CSIM scheme of [69] may not be able to achieve the maximum attainable diver-

sity gain, when the number of activated subcarriers is an odd value. Furthermore,

although a generalised analysis of the attainable diversity gain was provided in [69],

the corresponding coding gain was not quantified for practical scenarios.

To address the aforementioned issues, the new contributions of this chapter are

summarised as follows.

• A generalised system model is constructed, following by a unified system perfor-

mance analysis. Specifically, without loss of generality, the bit-to-symbol map-

ping rule is modelled by a codebook specifically designed for the OFDM system.

Furthermore, an in-depth analysis of the diversity gain, of the coding gain and

of the achievable rate is provided as the design criteria for the optimal codebook.

• We propose a linear TPC assisted index modulation codebook, namely LPIM

codebook for short, based on maximising the diversity gain and the coding gain

as our design criteria. Specifically, we first model the IM symbols as lattice

points from the ring of Gaussian integers. Then, based on algebraic number
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theory, an optimal linear TPC matrix is introduced for the IM scheme. As a

further improvement, a symbol interleaver is conceived for improving the coding

gain of our LPIM assisted OFDM (LPIM-OFDM) system. We provide both

analytical and simulation results for characterising the overall performance of

the LPIM-OFDM system. It is demonstrated that the proposed LPIM-OFDM

system is capable of achieving the maximum attainable diversity gain as well as

coding gain, hence yielding a significant BER performance improvement.

• In order to further explore the promising potential of the IM scheme, we pro-

pose a generalised CSIM codebook, which is based on the philosophy of our

CSIM scheme detailed in [69]. As shown in [69], the basic idea of our CSIM is

that the conventional IM is implemented in a high-dimensional virtual digital-

domain and then the high-dimensional IM symbols are compressed into the low-

dimensional subcarriers of the FD with the aid of CS. Again, the design of our

generalised CSIM codebook is based on the maximum diversity gain and max-

imum achievable rate criteria. As a further improvement, we propose a novel

design method, which is based on the theoretical analysis of our LPIM codebook

design, for the precoding matrix in our generalised CSIM scheme. We demon-

strated that with the aid of the proposed design method, our generalised CSIM

scheme becomes capable of achieving the maximum diversity gain, as well as

providing a performance guarantee for symbol detection. Our simulation results

show that an attractive tradeoff between the SE and the EE can be struck by

the generalised CSIM assisted OFDM (CSIM-OFDM) system. Moreover, the

proposed system is shown to be capable of attaining a high achievable rate at a

low complexity cost.

• For the sake of performance comparison, we first invoke the ML detection for

both the LPIM scheme and the CSIM scheme. Since the complexity of the

ML detector may be deemed excessive in practice, we propose a low-complexity

detector, namely the GIRCD, for our systems. The proposed GIRCD is an

improved version of the Iterative Residual Check Detector (IRCD) proposed in

[69]. Similar to our IRCD, the proposed GIRCD philosophy is based on the

greedy algorithms of [42, 71, 72, 74, 75], which update their estimates one step

at a time by making locally optimal choices at each step. In particular, the

estimation of the indices of nonzero elements in an IM symbol vector is based

on a reliability estimation process, which further develops the idea given in [148].

We demonstrate that an attractive detection performance can be attained by the

GIRCD using as few as one or two iterations, yielding a low complexity.

The rest of the chapter is organised as follows. In Section 3.2, our system model is
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Figure 3.2: Illustration of the OFDM system employing a codebook V and an

interleaver Πs.

described. Then, the system performance analysis and codebook design criteria are

detailed in Section 3.3. In Section 3.4, we propose our LPIM codebook design. The

conceptual framework of our CSIM scheme is detailed in Section 3.5. In Section 3.6,

the generalised iterative residual check detector is proposed. Our simulation results

are discussed in Section 3.7. Finally, we offer our conclusions in Section 3.8.

3.2 System Model

3.2.1 Description of Transmitter

We assume a multicarrier system employing M subcarriers. The M subcarriers are

divided into G groups, each of which contains m = M/G subcarriers. As seen

in Fig. 3.2, the information bits in bbb ∈ BLG are first split into G groups denoted

as bbb = [bbb1, . . . , bbbG], where we have bbbg ∈ BL for g = 1, . . . , G. Then, during the

transmission of the gth group, the bits in bbbg are mapped into the gth group of

symbols denoted as sssg according to a specifically designed codebook of

V ,
{
vvv1, . . . , vvv2L : vvvi ∈ Cm, i = 1, . . . , 2L

}
, (3.1)

which will be detailed in Section 3.4 and Section 3.5. In particular, we assume

that E[‖sssg‖2
2] = k ≤ m, ∀g. Next, all the G groups of symbols are fed into

an interleaver Πs shown in Fig. 3.2, yielding the FD symbols expressed as sssF =

[sF(0), sF(1), . . . , sF(M − 1)]T . The design and discussions of the interleaver Πs will

be given in Section 3.4.3. For the sake of demonstration, let ΥΥΥΠg represent the

(M ×m)-element mapping matrix based on Πs for the gth group. Furthermore, we

can show that ΥΥΥT
Πg

ΥΥΥΠg = IIIm and ΥΥΥT
Πg

ΥΥΥΠ
g
′ = 000 for g

′ 6= g, which can be used for

characterising the de-interleaving process, as it will be used in Section 3.2.2. Hence,
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the FD symbols can be expressed as

sssF =
G∑
g=1

ΥΥΥΠgsssg, (3.2)

which are input to theM -point IFFT, yielding the TD symbols sssT = FFFHMsssF, as seen in

Fig. 3.2. Finally, after adding a CP of length Lcp, the transmitted baseband symbols

can be expressed as ssscp = ΥΥΥT
CPsssT, where ΥΥΥCP = [ΥΥΥcp, IIIM ] and ΥΥΥcp is a (M × Lcp)-

element mapping matrix obtained from the last Lcp columns of an identity matrix

IIIM .

3.2.2 Received Signals

We assume an Lh-tap frequency-selective Rayleigh fading channel, which has a CIR

of hhhT = [hT(0), hT(1), . . . , hT(Lh − 1)]T , where each element in hhhT is assumed to be

an i.i.d. random variable that obeys CN (0, 1/Lh). Furthermore, we assume that

Lcp ≥ Lh and that perfect synchronisation is achieved at the receiver. Meanwhile,

the bandwidth of each subchannel is assumed to be much lower than the channel’s

coherence bandwidth. Then, as shown in Fig. 3.2, after removing the CP, the re-

ceived baseband equivalent observations yyyT = [yT(0), yT(1), . . . , yT(M − 1)]T can be

formulated as

yyyT = HHHcirsssT + nnnT, (3.3)

where HHHcir is an (M ×M)-element circulant matrix, which can be diagonalised by

the DFT operations, giving HHHcir = FFFHMHHHFFFM , where HHH = diag{
√
MFFFMΥΥΥhhhhT} with

ΥΥΥh being a (M × Lh)-element mapping matrix formed by the first Lh columns of

an identity matrix IIIM . In (3.3), nnnT is the complex Additive White Gaussian Noise

(AWGN) with a mean of zero and a variance of N0IIIM . As shown in Fig. 3.2, after

the FFT operation and de-interleaving, the gth group of received FD symbols can

be expressed as

yyyg =ΥΥΥT
Πg (FFFMyyyT)

=ΥΥΥT
Πg (HHHsssF +FFFMnnnT)

=ΥΥΥT
ΠgHHH

G∑
g=1

ΥΥΥΠgsssg + ΥΥΥT
Πg (FFFMnnnT) (3.4a)

=ΥΥΥT
ΠgHHHΥΥΥΠgsssg + n̄nng (3.4b)

=H̄HHgsssg + n̄nng, (3.4c)

where by definition n̄nng = ΥΥΥT
Πg

(FFFMnnnT) contains the gth group of de-interleaved FD

noise samples. Note that, since HHH is a diagonal matrix, we can readily show that
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ΥΥΥT
Πg
HHHΥΥΥΠ

g
′ = 000 for g 6= g

′
, which is applied in (3.4a) to obtain (3.4b). In (3.4c), the

diagonal matrix H̄HHg can be explicitly expressed as

H̄HHg =ΥΥΥT
ΠgHHHΥΥΥΠg

=ΥΥΥT
Πgdiag

{√
MFFFMΥΥΥhhhhT

}
ΥΥΥΠg

=diag
{√

MΥΥΥT
ΠgFFFMΥΥΥhhhhT

}
=diag

{
FFF h,ΠghhhT

}
= diag{h̄g(0), . . . , h̄g(m− 1)}, (3.5)

where by definition FFF h,Πg =
√
MΥΥΥT

Πg
FFFMΥΥΥh ∈ Cm×Lh . It can be shown that h̄g(i) ∼

CN (0, 1) and n̄g(i) ∼ CN (0, N0), ∀g, i. Hence, the average SNR per symbol is given

by

γs ,
E[‖sssg‖2

2]

E[‖n̄nng‖2
2]

=
k

mN0

. (3.6)

Moreover, we can observe from (3.4c) that yyyg has the complex Gaussian distribution

with the conditioned PDF of

p (yyyg|sssg) =
1

(πN0)m
exp

{
−‖yyyg − H̄HHgsssg‖2

2

N0

}
. (3.7)

3.3 System Performance Analysis and Codebook Design

Criteria

In this section, we analyse the system performance and discuss the design criteria

of the codebook V . We commence by describing the ML detection, which is the

detection scheme used throughout this section for the sake of performance evaluation.

Then, the SE and EE of the system are derived. Next, the analytical results of the

diversity and coding gain are detailed. Finally, we discuss the design criteria of the

codebook V .

3.3.1 Maximum Likelihood Detection

Typically, the optimum symbol detector for our system shown in Section 3.2 invokes

the Maximum A Posterior (MAP) principle by solving the optimisation problem of

sssMAP
g = arg max

vvvi∈V
{p (vvvi|yyyg)} , (3.8)

where p (vvvi|yyyg) is the a posteriori probability of vvvi given the receiver’s output of yyyg.

Let us assume that the candidates in V are equiprobable and independent. Then,
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the MAP detector of (3.8) becomes the ML detector, which can be described with

the aid of (3.7) as

sssML
g = arg min

vvvi∈V

{∥∥yyyg − H̄HHgvvvi
∥∥2

2

}
. (3.9)

In the following analysis, we assume that the ML detection is performed with perfect

Channel State Information at the Receiver side (CSIR).

3.3.2 Spectral Efficiency and Energy Efficiency

Let us assume that the uncoded system is operated within a frequency band of fB

Hertz. The total power consumed by transmitting the data at a reliable information

rate of Rr in bit-per-second within a symbol duration of Ts is denoted as PT Watts.

We consider the specific case when the total power consumed is equal to the total

power of the transmitted signal, i.e. we have PT = PTx. Then, the SE of ηSE = Rr/fB

can be measured in bit-per-second-per-Hertz. Since each group is independent, the

SE of the system shown in Section 3.2 can be expressed in terms of the channel SNR

as [149]

fSE(γs) =
Rr

fB

=

G∑
g=1

I(sssg;yyyg)

TsfB

=

G∑
g=1

I(sssg;yyyg)

M
, (3.10)

where I(sssg;yyyg) denotes the mutual information [150] of the transmission of the gth

group. Here, the rate reduction caused by the CP is ignored. Then, based on the

results derived in Appendix A, we have

fSE(γs) =
1

M

G∑
g=1

{
EH̄HHg ,n̄nng [− log2 ε(n̄nng, H̄HHg, γs)]−m log2

(
πek

mγs

)}
=
G

M

{
EH̄HHg ,n̄nng [− log2 ε(n̄nng, H̄HHg, γs)]−m log2

(
πek

mγs

)}
=

1

m
EH̄HHg ,n̄nng [− log2 ε(n̄nng, H̄HHg, γs)]− log2

(
πek

mγs

)
, (3.11)

where ε(n̄nng, H̄HHg, γs) is the implementation function, as defined in (A.7). It should be

noted that it is hard to further simplify (3.11) to obtain a closed-form expression.

Nevertheless, according to (A.7), the first term of (3.11) can be evaluated by Monte

Carlo simulations, while the second term of (3.11) is constant for given parameters.

Therefore, the SE of (3.11) can be obtained accordingly, as it will be shown in

Section 3.7. Furthermore, we can readily show with the aid of (A.10) that the rate
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achieved by the codebook V is given by

Rmax,V , lim
γs→∞

fSE(γs)

= lim
γs→∞

G∑
g=1

I(sssg;yyyg)

M

=
L

m
in bits/s/Hz, (3.12)

where Rmax,V is practically attainable, when the average SNR per symbol γs is suffi-

ciently high.

On the other hand, the EE can be defined in terms of the unit of Joule-per-bit

per noise level [149], or bit-per-Joule [117, 151], or bit-per-Joule per noise level [115].

In this chapter, only the signal’s transmission power is considered, hence the EE

definition of [115] is adopted. In this case, given the SE value of fSE(γs) = ηSE, the

corresponding EE can be expressed as [115]

ηEE =
ηSE

PT/N0

=
ηSE

PTx/N0

=
ηSE

γs
=

ηSE

f−1
SE (ηSE)

, (3.13)

where the last equality is arrived at by expressing γs as an inverse function of the SE

ηSE, which gives the SNR per symbol required for achieving the SE of ηSE. Again,

since it is an open challenge to derive a closed-form expression for the EE shown in

(3.13), the tradeoff between the SE and EE of our proposed system is studied by

Monte Carlo simulations, as it will be shown in Section 3.7.

Furthermore, let us define the received SNR per bit (or SNR per reliable bit) as

γRx
b , ERx

b /N0, where ERx
b = PTx/ηSE is the received energy per bit in Joule-per-bit.

Hence, we can explicitly show that γRx
b can be formulated in terms of the EE defined

in (3.13) as

γRx
b =

γs
ηSE

=
f−1

SE (ηSE)

ηSE

=
1

ηEE

, (3.14)

which can be used for quantifying the minimum received signal energy per infor-

mation bit required for reliable communication, as it will be studied by simulation

results shown in Section 3.7.

3.3.3 Diversity and Coding Gains

Let us first define the pairwise error event as {sssc
g → ssse

g}, where sssc
g = vvvi is the trans-

mitted symbol vector, while ssse
g = vvvj denotes the corresponding incorrect detection
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results of the ML detection shown in (3.9), i.e. we have vvvi 6= vvvj for vvvi, vvvj ∈ V . Then,

similar to [142], the conditional Pairwise Error Probability (PEP) can be expressed

as

P
(
sssc
g → ssse

g|H̄HHg

)
=Q


√
mγs

∥∥H̄HHg

(
sssc
g − ssse

g

)∥∥2

2k


=

1

π

π
2∫

0

exp

(
−mγsd

2
(
zzzc
g, zzz

e
g

)
4k sin2 θ

)
dθ, (3.15)

where d2
(
zzzc
g, zzz

e
g

)
=
∥∥zzzc

g − zzze
g

∥∥2
denotes the squared Euclidean distance between zzzc

g =

H̄HHgsss
c
g and zzze

g = H̄HHgsss
e
g. With the aid of (3.5), we have

d2
(
zzzc
g, zzz

e
g

)
=
∥∥H̄HHg

(
sssc
g − ssse

g

)∥∥2

=
∥∥diag{FFF h,ΠghhhT} (vvvi − vvvj)

∥∥2

=
∥∥diag{FFF h,ΠghhhT}eee

∥∥2

=
∥∥EEEFFF h,ΠghhhT

∥∥2

=hhhHTDDDghhhT, (3.16)

where we have EEE = diag {eee} ∈ Cm×m with eee ∈ E defined in (A.5) and DDDg =

FFFH
h,Πg

EEEHEEEFFF h,Πg ∈ CLh×Lh . Furthermore, let the nonzero eigenvalues of DDDg be de-

noted as λi for i = 1, . . . , VD, where

VD =rank (DDDg) = rank(FFFH
h,ΠgEEE

HEEEFFF h,Πg)

= min
{

rank (EEE) , rank
(
FFF h,Πg

)}
. (3.17)

We can readily show that we have rank(EEE) = ‖eee‖0 ≤ m and rank(FFF h,Πg) = min{m,Lh},
which gives

VD = min
∀eee∈E
{‖eee‖0, Lh}. (3.18)

Since hhhT is assumed to be an i.i.d. Gaussian distributed vector, after integrating

the conditional PEP of (3.15) with respect to the distribution of the squared Eu-

clidean distance of d2
(
zzzc
g, zzz

e
g

)
by following the approach shown in [92], the average

PEP can be expressed as

P
(
sssc
g → ssse

g

)
=

1

π

π
2∫

0

VD∏
i=1

(
1 +

λimγs
4k sin2 θ

)−1

dθ. (3.19)

Furthermore, for sufficiently high SNRs, (3.19) is upper bounded by [137, 144]

P
(
sssc
g → ssse

g

)
≤
(
VC
mγs
4k

)−VD
, (3.20)
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where VD gives the diversity order of the ML detection, while

VC = min
∀Πs,eee∈E

(
VD∏
i=1

λi

)1/VD

(3.21)

is the coding gain of the transmission scheme. We can see from (3.20) that the

diversity order VD determines how rapidly the average PEP decreases with the in-

crease of the SNR, while the coding gain VC determines the SNR-shift of this PEP

curve relative to a benchmark error rate curve of (γs/4)−VD . Typically, it is desir-

able to design such a codebook V that the maximum diversity order can be achieved

in order to combat multipath induced fading. When the maximum diversity order

is achieved, the coding gain is expected to be maximised for further improving the

system performance.

3.3.4 Design Criteria of Codebook V

Based on the above analysis, let us now discuss the design criteria invoked for the

codebook V . Specifically, three aspects are considered, which are described as follows.

Diversity Gain Criterion

Firstly, it can be readily inferred from (3.18) that the design of V with the goal

of achieving the maximum diversity gain is equivalent to solving the optimisation

problem of

VC1 =arg max
V

VD

=arg max
V

{
min
∀eee∈E
{‖eee‖0, Lh}

}
(3.22)

for ‖eee‖0 ≤ m. Clearly, the solution of (3.22) is dependent on the minimum number

of non-zero elements of the m-dimensional error vector eee ∈ E , as discussed below.

The first case is when the number of channel taps Lh is fixed and known to the

transmitter. In this case, the codebook V can be designed so that the condition of

m ≥ min
eee∈E
‖eee‖0 ≥ Lh is satisfied, yielding the so-called maximum multipath diversity

gain of Lh. Specifically, in slow fading scenarios, typically the maximum multipath

diversity criterion is employed, since the transmitter is capable of acquiring a priori

information about the CIR and hence Lh. However, when the CIR changes rapidly

over time, the transmitter becomes unable to collect reliable information concerning

Lh. In this case, the following design criterion may be preferred.
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The second scenario is that the codebook V is designed so that only the equality

of min
eee∈E
‖eee‖0 = m is met. It should be noted that since ‖eee‖0 ≤ m, this design criterion

is equivalent to that of ‖eee‖0 = m for any eee ∈ E . Clearly, the ideal case is when

the maximum multipath diversity gain is attained, i.e. we have ‖eee‖0 = m = Lh,

∀eee ∈ E , since in this case a beneficial tradeoff between the computational complexity

and the performance gain can be struck. However, when the number of channel taps

Lh is unknown, the dimension m has to be sufficiently high in order to obtain as

high a diversity gain as possible. The corresponding drawback is the resultant high

complexity.

Coding Gain Criterion

Specifically, for the optimal codebook VC1 of (3.22) associated with a maximum

diversity order of VD,max, the (Lh×Lh)-element matrix DDDg defined in (3.16) becomes

of full rank. In this case, the product of the nonzero eigenvalues of DDDg becomes

equal to its determinant denoted as det(DDDg). Moreover, since the interleaver Πs and

the codebook VC1 are independent, we can formulate the corresponding coding gain

based on (3.21) as

V C1
C = min

∀eee∈E
[det(DDDg)]

1
VD,max

= min
∀eee∈E

[
det(FFFH

h,ΠgEEE
HEEEFFF h,Πg)

] 1
VD,max

= min
∀g

[
det(FFFH

h,ΠgFFF h,Πg)
] 1
VD,max min

∀eee∈E

[
det(EEEHEEE)

] 1
VD,max

=(δC1
Π δC1
E )

1
VD,max , (3.23)

where by definition, we have

δC1
Π , min

∀g
det(FFFH

h,ΠgFFF h,Πg) (3.24)

and

δC1
E , min

∀eee∈E
det(EEEHEEE). (3.25)

Specifically, for the codebook VC1, the matrix EEE = diag(eee) ∈ Cm×m defined in (3.16)

is a full-rank diagonal matrix. In this case, we can rewrite (3.25) as

δC1
E ,min

∀eee∈E
det(EEEHEEE)

= min
∀eee∈E

m∏
i=1

|e(i)|2 , (3.26)

which is known as the squared Minimum Product Distance (MPD). Then, it can be

readily inferred from (3.23) that maximising the coding gain is equivalent to solving
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the joint optimisation problems of{
Πopt

s ,VC2
}

=arg max
Πs,VC1

V C1
C

=

{
arg max

Πs

δC1
Π , arg max

VC1

δC1
E

}
, (3.27)

yielding our design criterion for the interleaver Πs and for the codebook V , which

can be formulated as

Πopt
s = arg max

Πs

δC1
Π (3.28)

and

VC2 = arg max
VC1

δC1
E , (3.29)

respectively.

Achievable Rate Criterion

When the optimality of the codebook VC2 of (3.29) is achieved, we are also interested

in simultaneously maximising the achievable rate of VC2. In this case, the design

criterion can be readily formulated with the aid of (3.12) as

VC3 =arg max
VC2

Rmax,V

=arg max
VC2

L

m

=arg max
VC2

L (3.30)

for a fixed value of m. Here, we can observe from (3.12) and (3.20) that both the

achievable rate and the attainable diversity gain are valid for the high-SNR region.

On one hand, the diversity gain shown in (3.20), as a means of combating fading

characterises the speed that the error probability decays at, as the SNR increases.

On the other hand, the achievable rate given in (3.12) indicates the upper bound

of the number of bits that can be reliably transmitted given a specific codebook.

In our cases, the tradeoff between the achievable rate and the diversity gain can be

used as a performance metric for comparing different codebook designs, as it will be

investigated in Section 3.7.
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3.4 Linear Transmit Precoding Assisted Index Modulation

Codebook Design

In this section, a LPIM codebook is proposed. Specifically, our LPIM codebook

is designed based on the maximum diversity and coding gain criteria discussed in

Section 3.3.4. We commence by describing the conventional SIM scheme. Then, our

proposed LPIM codebook is detailed. Finally, as a further improvement, the optimal

design of the subcarrier interleaver Πs is shown.

3.4.1 Review of Subcarrier Index Modulation

As shown in Fig. 3.3(a), the conventional SIM scheme of [123] comprises an index

mapper µ1 and an APM mapper µ2. Specifically, the bits in bbbg, as defined in Sec-

tion 3.2.1, are partitioned into two sub-sequences denoted as bbb1,g ∈ BL1 and bbb2,g ∈ BL2 ,

where we have L = L1 + L2. The bits in bbb1,g are mapped into an index symbol Ig
according to µ1 : BL1 → Z, where Z = {Z1, . . .ZC} contains C = 2L1 index subsets,

each of which is formed with the aid of k indices chosen from m available indices.

Thereby, we have L1 = log2C = blog2

(
m
k

)
c. Let the cth index subset of Z be denoted

as Zc = {Zc(0), . . . ,Zc(k − 1)} ⊂ Z, where Zc(i) ∈ ZN+ for i = 0, . . . , k − 1. Let

us assume that the gth group of data bits is mapped into the cth candidate in Z,

i.e. we have Ig = Zc ⊂ Z. On the other hand, the bits in bbb2,g are mapped onto k

APM symbols based on µ2 : Blog2Q → A, where A , {a1, . . . , aQ} is the constella-

tion alphabet of a Q-ary QAM/PSK scheme. Hence, we have L2 = k log2Q. Let us

denote the gth group of APM symbols as xxxd,g = [xd,g(0), . . . , xd,g(k− 1)]T , where we

assume that E[|xd,g(i)|2] = 1, ∀xd,g(i) ∈ A. Then, the symbols in xxxd,g are respectively

assigned to the k active subcarrier indices in Ig, yielding the gth group of symbols

xxxg = [xg(0), . . . , xg(m− 1)]T , which can be expressed as

xxxg = ΥΥΥIgxxxd,g, (3.31)

where ΥΥΥIg is a (m× k)-element mapping matrix based on Ig.

3.4.2 Codebook Design

The proposed LPIM scheme is illustrated in Fig. 3.3(b). Firstly, based on (3.31), a

specifically designed TPC matrix UUU ∈ Cm×m is applied to xxxg, yielding

sssg = UUUxxxg, (3.32)

where the TPC matrix UUU is assumed to be normalised so that we have E[‖sssg‖2
2] =

E[‖xxxg‖2
2] = k, ∀g. In this case, the LPIM codebook denoted as VUUU is composed by



3.4.2. Codebook Design 73

all the legitimate versions of sssg. Additionally, we can show that since LP is achieved

without reducing the transmission rate, the attainable rate of VUUU can be expressed

as

RVUUU =
L

m
=
L1 + L2

m

=
1

m

(⌊
log2

(
m

k

)⌋
+ k log2Q

)
in bits/s/Hz, (3.33)

which is fixed for the given values of m, k and Q. Furthermore, it can be readily

shown that the LPIM codebook design is equivalent to the design of the LP matrix

UUU based on a given IM scheme. Hence, by following the design criteria detailed in

Section 3.3.4, our LPIM codebook design is detailed below.

Firstly, let us consider the diversity gain criterion, as discussed in Section 3.3.4.

Based on the pairwise error event {sssc
g → ssse

g} defined in Section 3.3.3, let us express

the error vector associated with (3.32) as

eee =sssc
g − ssse

g

=UUU
(
xxxc
g − xxxe

g

)
, (3.34)

where xxxc
g and xxxe

g denote the transmitted and the incorrect detection results of a

symbol vector xxxg, respectively. As analysed in (3.22), the diversity gain achieved

by a codebook, e.g., say VUUU , is dependent on the minimum number of non-zero

elements in all the possible error vectors that can be obtained from the codebook

VUUU . Furthermore, we can infer from (3.34) that the number of non-zero elements in

eee is dependent on the uniqueness of the linear combination results of the activated

symbols in xxxg. For example, let us assume that all elements in the symbol vector sssg

of (3.32), which are obtained from the linear combinations of the activated symbols

in xxxg, are unique. Then, we can readily show that the number of non-zero elements

in all the possible error vectors related to sssg becomes identical to its dimension, i.e.

we have ‖eee‖0 = m,∀ssse
g ∈ VUUU . By contrast, if there exists a symbol vector xxxe

g 6= xxxc
g so

that after the LP of (3.32), we have ssse
g = sssc

g due to the unfavourable design of the LP

matrix UUU . In this case, we have ‖eee‖0 = 0 for sssc
g, since the same results are obtained

by the linear combinations of the activated symbols in xxxe
g and xxxc

g. Here, we are

interested in the former case, which leads to a codebook resulting in the maximum

diversity gain. Similar design issues have been investigated in [138–141, 143, 144, 152].

Specifically, we adopt the cyclotomic lattice design scheme studied in [139, 140, 143],

where the precoding matrix UUU is treated as the generator matrix of an m-dimensional

complex lattice constructed from the cyclotomic field Q(αP ), with αP = exp(j2π/

P ) being a primitive P th root of unity in the complex field C. In more detail, the



3.4.2. Codebook Design 74

(m×m)-element generator matrix UUU is defined as

UUU =
1√
m

diag {αp1P , αp2P , . . . , αpmP }


1 αp1P α2p1

P . . . α
(m−1)p1
P

1 αp2P α2p2
P . . . α

(m−1)p2
P

...
...

...
. . .

...

1 αpmP α2pm
P . . . α

(m−1)pm
P

 , (3.35)

which is the product of a diagonal matrix multiplied by a Vandermonde matrix having

a normalisation factor of 1/
√
m. In (3.35), the diagonal elements {αp1P , αp2P , . . . , αpmP }

are the roots of the minimal polynomial of αP , where we have p1 = 1 for αP = αp1P

and gcd(pi, P ) = 1 for i = 1, . . . ,m. Furthermore, we will also show that the first

row of the Vandermonde matrix of (3.35), which becomes
[
1, αP , α

2
P , . . . , α

m−1
P

]
for

p1 = 1, is a basis of the cyclotomic field Q(αP ). Hence, based on Theorem 2 of [140],

we have the following results

Proposition 1. The codebook VUUU associated with the TPC matrix of (3.35) achieves

the maximum diversity order of (3.23).

Remark 1. Here, it is convenient to rewrite the IM symbol vector xxxg given in (3.31)

as xxxg =
√
Esx̌xxg, where

√
Es is the constellation normalisation factor. Then, we

can model each symbol in x̌xxg as a point from the ring of Gaussian integers, which

is defined as Z[j] = {a + jb : a, b ∈ Z}. Explicitly, it can be readily shown that

the activated symbols in x̌xxg belong to Z[j], since they are drawn from the square

QAM constellation. Moreover, we can also show that the zero-valued symbols in x̌xxg

correspond to the origin of Z[j]. Similarly, we can point out that when the activated

symbols in x̌xxg are drawn from the triangular QAM/PSK constellation, each symbol

in the IM symbol vector x̌xxg given in (3.31) can be modelled as a point from the ring of

Eisenstein integers, which is defined as Z[ω] = {a+ωb : a, b ∈ Z} with ω , exp(j2π/

3).

Next, let us consider the coding gain design criterion of the codebook VUUU . More

particularly, we assume that the maximum diversity gain is achieved by employing

the TPC matrix of (3.35) in the following analysis. Firstly, based on (3.34), the

squared MPD of (3.26) can be rewritten as

δC1
E = min

∀eee∈E

m∏
i=1

|e(i)|2

= min
∀xxxg

m∏
i=1

∣∣∣∣∣
m∑
t=1

ui,t
[
xc
g(t)− xe

g(t)
]∣∣∣∣∣

2

, (3.36)

where ui,t denotes the entry in the ith row and tth column of UUU . Then, for a given

QAM/PSK constellation, the parameters of the TPC matrix given in (3.35) are
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obtained so that the corresponding coding gain can be maximised. Hence, the optimal

TPC matrix can be finally obtained by solving the optimisation problem of

VC2
UUU =arg max

UUU

δC1
E

= arg max
{P,p2,...,pm}

min
∀xxxg

m∏
i=1

∣∣∣∣∣
m∑
t=1

ui,t
[
xc
g(t)− xe

g(t)
]∣∣∣∣∣

2

, (3.37)

where, we have ui,t = αtpiP /
√
m. On the other hand, observe in (3.23) that the coding

gain of the system is also dependent on the design of the interleaver Πs, which is

detailed next.

3.4.3 Optimal Design of the Interleaver Πs
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Figure 3.4: Illustration of the interleaver Πs with a depth of G = 4.

Again, the interleaver Πs governs the OFDM subcarriers grouping, which is usu-

ally characterised by δC1
Π defined in (3.24). Furthermore, the optimal design of the

interleaver Πs can be obtained by solving the optimisation problem of (3.28). As

shown in [141, 144], the depth-G interleaver of Fig. 3.4 permutes the (m×G)-element

input symbols by entering them on a column-by-column basis and outputting them

on a row-by-row basis. Thus, the (M ×m)-element matrix ΥΥΥΠg shown in (3.2) for

the gth group of symbols is characterised by sg(i) = sF(g − 1 + iG) for g = 1, . . . , G

and i = 0, 1, . . . ,m− 1. In this case, we have

δC1
Π = min

∀g
det
(
FFFH

h,ΠgFFF h,Πg

)
= min
∀g

det
(

ΥΥΥhFFFHMΥΥΥΠgΥΥΥ
T
ΠgFFFMΥΥΥT

h

)
= det

(
ΥΥΥhFFFHMΥΥΥΠ1ΥΥΥ

T
Π1
FFFMΥΥΥT

h

)
= . . . ,= det

(
ΥΥΥhFFFHMΥΥΥΠGΥΥΥT

ΠG
FFFMΥΥΥT

h

)
, (3.38)

which is a constant value for all groups due to the constant depth G of the interleaver

Πs.



3.4.3. Optimal Design of the Interleaver Πs 76

0

50

100

150

200

250

300

D
et

ec
ti

o
n

co
m

p
le

x
it

y

4 8 16 32 64

Constellation size, Q

m=4, k=1

0

1

2

3

4

5

6

R
a
te

,
R

V
U

in
b
it

s/
s/

H
z

4 8 16 32 64

Constellation size, Q

m=4, k=1

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0

D
et

ec
ti

o
n

co
m

p
le

x
it

y

4 8 16 32 64

Constellation size, Q

m=4, k=2

10
4

0

1

2

3

4

5

6

R
a
te

,
R

V
U

in
b
it

s/
s/

H
z

4 8 16 32 64

Constellation size, Q

m=4, k=2

0

2

4

6

8

10

12

14

D
et

ec
ti

o
n

co
m

p
le

x
it

y

4 8 16 32 64

Constellation size, Q

m=4, k=3

10
5

0

1

2

3

4

5

6

R
a
te

,
R

V
U

in
b
it

s/
s/

H
z

4 8 16 32 64

Constellation size, Q

m=4, k=3

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0

D
et

ec
ti

o
n

co
m

p
le

x
it

y

4 8 16 32 64

Constellation size, Q

m=4, k=4

10
7

0

1

2

3

4

5

6

R
a
te

,
R

V
U

in
b
it

s/
s/

H
z

4 8 16 32 64

Constellation size, Q

m=4, k=4

Figure 3.5: The detection complexity and the achievable rate RVUUU versus the

constellation size Q for our LPIM codebook VUUU associated with m = 4. The

detection complexity and the achievable rate are obtained according to (3.39) and

(3.33), respectively.
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3.4.4 Complexity Analysis

In comparison to the conventional SIM scheme of [123], an additional complexity is

imposed on both the transmitter and the receiver by our LPIM scheme. We point

out here that the complexity of multiplications by zero-valued deactivated symbols

can be neglected, since these operations can be avoided in practice. Bearing this in

mind, let us detail the complexity associated with our LPIM codebook as follows.

Firstly, at the transmitter side, upon substituting (3.31) into (3.32), we can infer

that the complexity order of precoding each group of IM symbols is given byO(k), i.e.

by the computational cost of multiplying k activated symbols with the corresponding

entries in the TPC matrix UUU . Let us assume for a moment that the ML detection

of (3.9) is employed at the receiver side. Hence, the corresponding complexity of

detecting each group of LPIM symbols is dominated by searching through the space

of all possible candidates in our LPIM codebook VUUU , which is on order of O(2L).

Since we have k ≤ m < 2L, the overall complexity related to our LPIM codebook

can be expressed with the aid of (3.33) as

O(2L) = O
(

2blog2 (mk)cQk
)
. (3.39)

Based on (3.39), we can show that for the case of 2 ≤ k ≤ m, the overall complex-

ity may become excessive even for a moderate constellation size of Q. Furthermore,

it can be shown with the aid of (3.33) that there is a tradeoff between the achievable

rate and the complexity of our LPIM scheme. Moreover, in order to achieve a high

rate, the corresponding detection complexity may become excessive. We note that a

special case is when k = 1, yielding a complexity order of O(2blog2mcQ). In this case,

the overall complexity is linearly increased with the constellation size Q, which is a

desirable feature for practical implementations. However, the corresponding achiev-

able rate is limited, as seen in Fig. 3.5. Thus, it is challenge to design a codebook

that is capable of attaining a high rate at a relatively low complexity, as detailed in

the next section.

3.5 The Conceptual Framework of Compressed Sensing

Assisted Index Modulation

In this section, the detailed conceptual framework of our CSIM codebook is described.

We commence by showing the basic idea of our CSIM. Then, our CSIM scheme is

described. Next, we propose our design of CSIM codebook. Finally, the recovery

problem is discussed.
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3.5.1 The Concept of the Compressed Sensing Assisted Index

Modulation

As discussed in Section 3.4, the LPIM codebook VUUU is designed based on maximising

both the diversity gain and the coding gain. As argued in Section 3.4.4, it is desirable

to design a codebook based on the maximum diversity gain criterion, as well as

to improve the achievable rate at a relatively low complexity. We emphasise here

that our attention is focused on designing such a codebook without increasing the

total number of subcarriers for a given bandwidth, as well as without increasing the

constellation size for the activated symbols. Bearing these constraints in mind, our

observations of the conventional SIM scheme shown in Section 3.4.1 are discussed as

follows.

Firstly, as observed from Fig. 3.5, the complexity can be reduced by choosing

a small value of k. The drawback is that the achievable rate is also reduced. In

detail, since the number of information bits conveyed by the index symbols (i.e.,

L1) is a nonlinear function of k, the value of L1 may remain unchanged, when the

value of k is reduced. For example, for a fixed value of m = 4, we have L1 = 2 for

k = 3, while when the value of k is reduced to 2, we also have L1 = 2. Hence, the

reduction of the rate is mainly caused by the reduction in the number of information

bits conveyed by the activated QAM/PSK symbols. For a given constellation size,

this reduction becomes inevitable. In this scenario, a feasible way of addressing the

above-mentioned issue is to increase the total number of available indices, so that

as many as possible of the L1 bits can be mapped to non-zero symbol indices in

each group. As a result, the corresponding transmission rate may even be increased.

However, as previously stated, the bandwidth is fixed to a specific value. Thus, this

idea cannot be directly applied to the indices of the FD subcarriers. Intuitively, a

remedy of this issue is to compress the high-dimensional IM symbol vector into a

low-dimensional FD subcarrier vector, as shown in [69]. We may also note that the

above-mentioned IM symbol vector can be modelled as a sparse vector with a sparsity

level of k. Then, CS can be invoked to solve this problem, as detailed next.

3.5.2 Formulation of Compressed Sensing Assisted Index Modulation

As shown in Fig. 3.3(c), our proposed CSIM scheme is consisted of two steps, which

are the bit mapping step and the symbol compression step. In the bit mapping step,

the IM is implemented in a high-dimensional virtual digital domain. In detail, we

first define an N -dimensional virtual digital domain seen in Fig. 3.3(c), where we

have N > m and N � k. Then, each group of IM symbols is obtained by activating
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k indices from N virtual indices in the virtual digital domain. Correspondingly, the

mapping rule can be defined as µ1 : BL1 → Z, where Z = {Z1, . . .ZC} contains

C = 2L1 index subsets, resulting in L1 = log2C = blog2

(
N
k

)
c. Next, the activated

indices are allocated by APM symbols from the constellation alphabet of a Q-ary

QAM/PSK scheme, which is omitted here since it has been described in Section 3.4.1.

Let us denote the gth group of APM symbols as xxxd,g = [xd,g(0), . . . , xd,g(k − 1)]T ,

where we assume that E[|xd,g(i)|2] = 1, ∀xd,g(i) ∈ A. Hence, the gth group of symbols

denoted as xxxg = [xg(0), . . . , xg(N − 1)]T can be formulated as

xxxg = ΥΥΥIgxxxd,g, (3.40)

where ΥΥΥIg is a (N × k)-element mapping matrix based on Ig.

In the symbol compression step seen in Fig. 3.3(c), a measurement matrix AAA ∈
Cm×N is employed for compressing the N -dimensional symbol vector xxxg from the vir-

tual digital domain to an m-dimensional vector sssg in the FD, which can be formulated

as

sssg = AAAxxxg, (3.41)

where each column ofAAA is assumed to be of unity length to yield the power constraint

of E[‖xxxg‖2
2] = E[‖sssg‖2

2] = k. Hence, our proposed CSIM codebook denoted as VAAA is

composed by all the legitimate versions of sssg. Furthermore, we can readily show that

the achievable rate of VAAA is given by

RVAAA =
L

m
=
L1 + L2

m

=
1

m

(⌊
log2

(
N

k

)⌋
+ k log2Q

)
in bits/s/Hz. (3.42)

We can now show that for the given values of m, k and Q, the CSIM codebook VAAA is

capable of attaining a higher achievable rate in comparison to the LPIM codebook

VUUU given in (3.33). This can be simply achieved by increasing the dimension size N

of the virtual digital domain of our CSIM scheme.

We can observe from the above description that due to the constraint of N � k,

the N -dimensional symbol vector xxxg given in (3.40) is a sparse vector associated

with a sparsity level of k. Furthermore, since the dimensional size of the compressed

symbol vector sssg is less than that of the sparse symbol vector xxxg, Eq. (3.41) repre-

sents a classical mathematic modelling of CS [54], whose recovery performance (or

detection performance in our scenario) is determined by the specific characteristics

of the measurement matrix AAA. Meanwhile, from the codebook design point of view,

the measurement matrix AAA should be carefully designed to meet the diversity gain

and coding gain criteria discussed in Section 3.3.4. In order to address these issues,

we propose the CSIM codebook design, as detailed below.
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3.5.3 Compressed Sensing Assisted Index Modulation Codebook Design

Based on the above discussions, we are aware that the achievable rate of our CSIM

scheme can be readily improved by increasing the dimensionality of the virtual digital

domain. Hence, we can focus our attention on designing a CSIM codebook for a given

dimension N , where two salient aspects have to be considered. Firstly, the design

of the codebook VAAA has to meet both the diversity gain and coding gain criteria of

(3.22) and (3.29), respectively. Secondly, the codebook VAAA should be designed for

supporting stable information-preserving compression, so that a guaranteed recovery

performance can be achieved. Generally speaking, it is hard to obtain a deterministic

solution for the above-mentioned codebook design. Below, we propose a plausible

technique of designing the CSIM codebook to meet our considerations.

Firstly, let us define a dictionary matrix UUU ∈ CN×N . Moreover, let us assume

that the measurement matrix AAA ∈ Cm×N is formed by selecting m rows from UUU .

Specifically, let the indices of the selected rows of UUU be collected into an index set P ,

where we have m = |P|. Then, the measurement matrix AAA can be expressed as

AAA = ΥΥΥT
PUUU . (3.43)

Then, based on (3.43) and on our discussions in Section 3.4.2, we have the following

proposition.

Proposition 2. If the dictionary matrix UUU ∈ CN×N is designed to achieve full diver-

sity for a given IM scheme, the precoding matrix of (3.43) also achieves full diversity

for any row selection set P.

Proof. Firstly, let us express the error vector associated with (3.41) as

eee =sssc
g − ssse

g

=AAA(xxxc
g − xxxe

g)

=ΥΥΥT
PUUU(xxxc

g − xxxe
g)

=ΥΥΥT
PeeeVUUU , (3.44)

where, by definition, eeeVUUU ∈ CN represents the error vector associated with UUUxxxg ∈ CN .

Let us also suppose that the dictionary matrix UUU is designed to achieve the full

diversity criterion of

UUU s.t. ‖eeeVUUU‖0 = N, ∀{xxxc
g,xxx

e
g}, (3.45)

as it has been detailed in Section 3.4.2. We can observe from (3.44) that our target

error vector eee ∈ Cm is formed from eeeVUUU by selecting the specific elements whose
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indices are in the index set P . Thus, it can be readily shown that

‖eee‖0 = ‖ΥΥΥT
PeeeVUUU‖0 = m, ∀{xxxc

g,xxx
e
g,P} (3.46)

for a given measurement matrix AAA = ΥΥΥT
PUUU , where UUU satisfies (3.45).

In the following analysis, we assume that the maximum diversity gain criterion

of (3.22) is satisfied by specifying the dictionary matrix UUU according to our Propo-

sition 2. More specifically, the dictionary matrix UUU is assumed to be designed based

on our scheme given in (3.35). Hence, we can now consider the design of the row-

selecting matrix ΥΥΥT
P , which is dependent on the index set P . According to [43, 47],

the measurement matrix AAA should be designed for satisfying the MIP or the RIP.

However, since computation of the restricted isometry constant of the RIP has been

shown to be NP-hard [53], the MIP is used in this chapter. The mutual coherence of

the above-mentioned measurement matrix AAA can be formulated as

µAAA = max
0≤l1<l2≤N−1

∣∣∣∣ m∑
i=1

α
−Pipl1
P α

l2pPi
P

∣∣∣∣
N

= max
0≤l1<l2≤N−1

1

N

∣∣∣∣∣
m∑
i=1

exp

{
j

2π

P
(−Pipl1 + l2pPi)

}∣∣∣∣∣ , (3.47)

where Pi denotes the ith element in P . According to [43], the mutual coherence of

AAA should satisfy µAAA < 1/(2k − 1), which is the sufficient condition of guaranteeing

that there exists at most one k-sparse vector xxxg satisfying AAAxxxg = sssg. Thus, in order

to achieve a guaranteed detection performance, the measurement matrix AAA ∈ Cm×N

is designed for satisfying √
N −m
m(N − 1)

≤ µAAA <
1

2k − 1
, (3.48)

where the lower bound at the left hand side is the well-known Welch bound [108]. If

the mutual coherence µAAA succeeds in matching the Welch bound, we say that matrix

AAA is a MWBE codebook [153], which is also known as an ETF [109]. However, the

MWBE codebook design of AAA may not exist for some cases. In cases such as these,

the index set P can be chosen by solving the following problem

P =arg min
P ′

{
max

0≤l1<l2≤N−1

1

N

∣∣∣∣∣
m∑
i=1

exp

{
j

2π

P

(
−P ′ipl1 + l2pP ′i

)}∣∣∣∣∣
}
. (3.49)

Note that for a relatively low-dimensional size N , the solution of (3.49) can be

simply obtained by brute-force search. However, the corresponding computational

cost may be excessive even for a moderate dimension of N , as it will be discussed in

Section 3.6.3.
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Finally, we can conclude that for a given IM scheme, our CSIM codebook design

is equivalent to solving the joint optimisation problem of

{P ,UUU} s.t. (3.44) & (3.49). (3.50)

In the sequel, we assume that the precoding matrix AAA is obtained by solving (3.50).

3.5.4 Complexity Analysis

In comparison to the conventional IM scheme, an additional complexity is imposed

both on the transmitter and on the receiver by our CSIM codebook. Firstly, the

complexity associated with our CSIM codebook is the same as that of the LPIM

codebook, which is the computational complexity of multiplying k activated symbols

with the corresponding entries in the precoding matrix AAA, which is on the order of

O(k). We shall point out here that in comparison to the LPIM codebook, a larger

buffer is required to store the entries of our CSIM codebook.

At the receiver side, we also assume that the ML detection of (3.9) is employed for

symbol detection. Hence, the corresponding complexity imposed by detecting each

group of LPIM symbols is mainly due to searching through the space of all possible

candidates in our CSIM codebook VAAA, which is on the order of O(2L). Since we have

k ≤ m < 2L, the overall complexity related to our CSIM codebook can be expressed

with the aid of (3.42) as

O(2L) = O
(

2blog2 (Nk)cQk
)
. (3.51)

Below, let us discuss some of the information recovery problems of our CSIM scheme.

3.5.5 Recovery Problem Discussions

Firstly, upon substituting (3.41) into (3.4c), we arrive at

yyyg =H̄HHgAAAxxxg + n̄nng

=ΦΦΦgxxxg + n̄nng, (3.52)

where by definition we have ΦΦΦg = H̄HHgAAA and ΦΦΦg,Ig = ΦΦΦgΥΥΥIg . In (3.52), the N -

dimensional symbol vector xxxg shown in Section 3.5.2 is exactly k-sparse, which is

observed in the spaces of m dimensions. Hence, according to the CS principles, it

can be recovered by solving the classic `0-minimisation problem described in [46, 82]

as

xxx`0g = arg min
vvv∈CN×1

‖vvv‖0, s.t. yyyg −ΦΦΦgvvv ∈ B, (3.53)



3.6. Generalised Iterative Residual Check Detector 83

where B is a bounded set associated with the noise vector n̄nng, while vvv is an N -length

testing vector chosen from the complex vector space CN×1.

However, the `0-minimisation problem of (3.53) has been shown to be NP-hard

[114]. For this reason, typically the `1-minimisation based solutions are employed in

CS, since they are tractable to solve. Moreover, under the conditions shown in [54],

the `0-minimisation problem of (3.53) is equivalent to solving the `1-minimisation

problem of

xxx`1g = arg min
vvv∈CN×1

‖vvv‖1, s.t. yyyg −ΦΦΦgvvv ∈ B. (3.54)

Note that the `1-minimisation problem is a well-known convex optimisation prob-

lem, which can be solved in polynomial time, for example, by the interior point

method [39]. However, for our detection problem, the computational cost of solving

the `1-minimisation problem may still be excessive. Moreover, in our CSIM scheme,

the sparsity level k of the symbol vector xxxg is determined by the number of activate

indices, which is a fixed and known value. In this case, the lower-complexity fam-

ily of greedy pursuit algorithms [74, 76] is preferred. However, the existing greedy

algorithms can only provide relatively good detection performance, when the SNR

is relatively high. Another concern is that for the existing greedy algorithms, the

sparse estimation is operated without any restrictions on the signal space. Thus, the

existing greedy algorithms cannot be directly invoked for detection in our scenario.

In order to address the above-mentioned issues, we propose the a low-complexity

detector, as detailed in the next section.

3.6 Generalised Iterative Residual Check Detector

In general, the optimum symbol detection scheme is based on the ML principle,

as discussed in Section 3.3.1. However, the corresponding complexity cost may be

prohibitively excessive, even for a moderate-sized codebook V . In order to alleviate

this problem, we propose a low-complexity detection scheme, namely the GIRCD,

in this section. Specifically, the proposed GIRCD is a generalised detection scheme,

which can be used by both the LPIM and CSIM schemes. We first discuss the

generalised detection problems for both the schemes, and then, detail the proposed

GIRCD. Throughout this section, the group index g is neglected for notional brevity,

since each group of received symbols is decoded in a similar way.
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3.6.1 Generalised Detection Problems

Based on Section 3.4 and Section 3.5, we can readily show that each group of received

symbols can be formulated in a general way as

yyy =ΦΦΦxxx+ n̄nn (3.55a)

=ΦΦΦΥΥΥIxxxd + n̄nn (3.55b)

=ΦΦΦIxxxd + n̄nn, (3.55c)

where by definition, we have ΦΦΦI = ΦΦΦΥΥΥI ∈ Cm×k with ΦΦΦ ∈ Cm×D(xxx) defined as{
ΦΦΦ = H̄HHUUU & D(xxx) = m, for the LPIM codebook VUUU ,
ΦΦΦ = H̄HHAAA & D(xxx) = N, for the CSIM codebook VAAA,

(3.56)

where D(xxx) represents the dimension of the symbol vector xxx. Let us assume that

both the IM symbols in Z and the classic APM symbols in A are equiprobable and

independent. Then, the conditional PDF of yyy can be formulated based on (3.7) and

(3.55) as

p (yyy|xxx) =p (yyy|ΥΥΥIxxxd)

=p (yyy|I,xxxd)

=
1

(πN0)D(xxx)
exp

{
−‖yyy −ΦΦΦΥΥΥIxxxd‖2

2

N0

}
, (3.57)

which yields the JML detection of(
IML,xxxML

d

)
= arg min
Zc⊂Z,aaa∈Ak

{
‖yyy −ΦΦΦΥΥΥZcaaa‖2

2

}
, (3.58)

where ΥΥΥZc is a mapping matrix based on Zc. In order to detect the IM symbols and

APM symbols at low computational cost, below we propose the GIRCD.

3.6.2 Generalised Iterative Residual Check Detector

The basic idea of the GIRCD is inspired by the principle of greedy algorithms [42,

71, 72, 74, 75], which provides an approximated estimate by making locally optimal

choices at each step. Furthermore, similar to the approach presented in [148], the

support estimation of our GIRCD is based on a reliability estimation scheme. Specif-

ically, our GIRCD is divided into two stages, an initialisation stage and an iterative

detection stage, as detailed below.

Firstly, at the initialisation stage, the GIRCD invokes the Minimum Mean Square

Error (MMSE) processing to obtain a D(xxx)-dimensional soft estimate x̂xx for xxx from

the m-dimensional observations yyy seen in (3.55a), yielding

x̂xx =

(
ΦΦΦHΦΦΦ +

1

γs
IIID(xxx)

)−1

ΦΦΦHyyy. (3.59)
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In principle, the active elements in xxx should generate relatively high magnitudes in

x̂xx with high probability. Therefore, similar to [148], we order the elements in x̂xx in

descending order according to their magnitudes as

|x̂(i1)|2 ≥ |x̂(i2)|2 ≥ . . . ≥ |x̂(iD(xxx))|2, (3.60)

which more or less reflects the reliabilities of the IM detection. Since the set {i1, i2, . . . ,
iD(xxx)} contains k active indices and (D(xxx)−k) inactive indices, the leftmost x̂g(i1) has

the highest probability to be one of the active indices, while the rightmost x̂g(iD(xxx))

has the highest probability to be one of the inactive indices. With the aid of this

information, the IRCD then proceeds to the second stage, where both the IM and

the classic APM symbols can be detected using the principle of greedy pursuits, as

detailed next.

During the second stage, the GIRCD carries out iterative detection of both the

IM symbols in I and the classic APM symbols in xxxd by first identifying a candidate

set, and then testing the candidates based on the likelihood principle of (3.57). In

detail, during the first iteration, the GIRCD first derives a candidate set from the

index i1 of x̂g(i1), since it has the highest probability to be an active index. Let this

candidate set be expressed as

Z1 = {Z1
1 ,Z1

2 , . . . ,Z1
C1
} ⊂ Z (3.61)

where i1 is a member of each of the candidates, i.e., we have
⋂C1

c1=1Z1
c1

= i1. Here, we

can readily show that the number of candidates in Z1 of (3.61) obeys C1 ≤
(
D(xxx)−1
k−1

)
<

C, where C = 2L1 denotes the total number of subsets of Z, as shown in Section 3.2.1.

Then, based on the candidate Z1
c1

, which is treated as the a priori information for

the following activated symbol detection, the corresponding local optimal results can

be obtained with the aid of (3.55c) by solving the optimisation problem of

x̆xxd(c1) = arg min
vvv∈Ck×1

∥∥∥yyy −ΦΦΦZ1
c1
vvv
∥∥∥2

2
. (3.62)

Meanwhile, for notational brevity, we define the Moore-Penrose pseudoinverse matrix

of

ΦΦΦ†Z1
c1

=
(

ΦΦΦH
Z1
c1

ΦΦΦZ1
c1

)−1

ΦΦΦH
Z1
c1
, Z1

c1
⊂ Z1 ⊂ Z, (3.63)

where ΦΦΦZ1
c1

= ΦΦΦΥΥΥ1
Zc1
∈ Cm×k is of full column-rank when k < m, while ΥΥΥ1

Zc1
is a

(D(xxx) × k)-element mapping matrix formed based on Z1
c1

. By invoking the well-

known OLS approach, the solution for the optimisation problem of (3.62) is given
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by

x̆xxd(c1) =ΦΦΦ†Z1
c1

yyy

=ΦΦΦ†Z1
c1

ΦΦΦIxxxd + ΦΦΦ†Z1
c1

n̄nn

=xxxd + rrrI,Z1
c1

+ n̆nn, (3.64)

where rrrI,Z1
c1

is the potential residual interference caused by the indices in I, but not

included in Z1
c1

, i.e., Z1
c1
6= I. Otherwise, if Z1

c1
= I, i.e., both I and Z1

c1
contain

the same set of indices representing a correct detection of the index symbols, then

we have rrrI,Z1
c1

= 000. In (3.64), the noise vector n̆nn = ΦΦΦ†Z1
c1

n̄nn ∈ Ck×1 is the linear

combination of Gaussian noise samples, which is also a Gaussian noise vector. Based

on (3.64), a simple symbol-by-symbol ML detection can be carried out, yielding

a1(i, c1) = arg min
aq∈Aφ

|x̆d(i, c1)− aq|2 , i = 0, . . . , k − 1. (3.65)

So far, we have obtained the estimations of the classic APM symbols aaa1(c1) =

[aaa1(0, c1), . . . , aaa1(k − 1, c1)]T from the candidate set Z1
c1
∈ Z1. Similarly, we can

obtain the estimates of the classic APM symbols from the other candidates in Z1 of

(3.61). Based on the estimates, let us define a set A1 = {aaa1(1), . . . , aaa1(C1)} ⊂ Ak for

all the possible APM symbols detected using the indices in Z1. Then, the best one

among them after the first iteration can be found by solving the optimisation of(
I [1],xxx

[1]
d

)
= arg min
Z1
c1
∈Z1,aaa1(c1)∈A1

∥∥∥yyy −ΦΦΦZ1
c1
aaa1(c1)

∥∥∥2

. (3.66)

Correspondingly, the residual error ε[1] is given by

ε[1] =
∥∥∥yyy −ΦΦΦI[1]xxx

[1]
d

∥∥∥2

. (3.67)

Let εTS be a threshold, which is used for terminating the search process, when

the detection is believed to have achieved the required reliability. Then, if ε
[1]
g ≤ εTS,

the search process is completed, and the results given in (3.66) are taken as the final

estimates of the received IM and the classic APM symbols. Otherwise, the search

process forwards to the next iteration.

Similarly to the first iteration, during the second iteration, the GIRCD first iden-

tifies a candidate set based on the index i2 of the second largest in magnitude of

the variables given in (3.60). It can be shown that the number of new candidates

containing i2 as a member satisfies C2 ≤
(
D(xxx)−1
k−1

)
−
(
D(xxx)−2
k−2

)
=
(
D(xxx)−2
k−1

)
< C, after

excluding those having been considered in association with the candidates derived

from index i1. Having obtained the candidate set for the second iteration, the other

processes are repeated in the same way as in the first iteration. In general, when
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the GIRCD enters into the tth iteration, the number of new candidates including it

as a member satisfies Ct ≤
(
D(xxx)−t
k−1

)
< C. Based on the above-mentioned method,

when all the N indices are checked, we can readily show that
D(xxx)∑
t=1

Ct = C = 2L1 .

This implies that all the candidates in Z = {Z1, . . .ZC} have been checked by the

GIRCD.

Finally, if the condition of ε[t] ≤ εTS cannot be fulfilled after the maximum af-

fordable number of iterations, the detection result giving the minimum number of

residual errors is output. In summary, our proposed GIRCD can be stated as in

Algorithm 3.

3.6.3 Complexity Analysis of GIRCD

Firstly, based on our analysis detailed in Section 3.4.4 and Section 3.5.4, we know

that since the size of the search space is exponential in the blocklength of each code

in V , the complexity of the ML detection of each block either of the LPIM symbols

or of the CSIM symbols is given by O(2L), as shown either in (3.39) for the LPIM

scheme or in (3.51) for the CSIM scheme. Secondly, for the proposed GIRCD shown

in Algorithm 3, the complexity cost is determined by the number of iterations as well

as the number of candidates in each iteration. Explicitly, the best case is that the

detection is completed within a single iteration by testing only one candidate. In this

case, we can readily show that the complexity is on the order of Obest
GIRCD(Qk). On the

other hand, the worst case is that all the candidates in Z are checked. In this case,

the corresponding complexity is given by Oworst
GIRCD(2L1Qk). Note that for k > 1 active

indices, the probability that i1 seen in (3.60) is not an active index is usually very

small. Therefore, in most cases, our GIRCD requires a single iteration for testing the

C1 ≤
(
D(xxx)−1
k−1

)
< C candidates, where D(xxx) is a generalised notation defined in (3.56)

either for the LPIM scheme or for the CSIM scheme. In this case, the detection

complexity is given by Ousually
GIRCD(C1Qk). In fact, our GIRCD can be constrained to

simply carry out one or two iterations, as it will be shown in Section 3.7.

Specifically, for the CSIM scheme shown in Section 3.5, we shall point out here

that there exists a tradeoff between the complexity cost and the maximum achievable

rate. In detail, the maximum achievable rate of our CSIM codebook VAAA can be

improved by increasing the virtual dimensional size N , as discussed in Section 3.5.2.

However, the corresponding complexity cost for both the IM and APM symbols may

be excessive, even for our GIRCD. We shall also note that the complexity of designing

the precoding matrix AAA shown in Section 3.5.3 may too high for a large size of N .

Thus, the virtual dimensional size N of our CSIM scheme should be carefully chosen
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Algorithm 3 Generalised Iterative Residual Check Detector

Require: yyy, ΦΦΦ, γs, Z, εTS

1: Initialization: Set the maximum number of iterations to tstop, a check space of

Zcheck = Z, ε0 =∞, IGIRCD = ∅ and xxxGIRCD
d = ∅.

2: MMSE detection based on (3.59), expressed as

x̂xx =

(
ΦΦΦHΦΦΦ +

1

γs
IIID(xxx)

)−1

ΦΦΦHyyy;

3: Order the elements in x̂xx in descending order according to their magnitudes as

|x̂(i1)|2 ≥ |x̂(i2)|2 ≥ . . . ≥ |x̂(iD(xxx))|2.

4: for t = 1 to tstop do

5: Obtain Zt = {Zt1,Zt2, . . . ,ZtCt} from Zcheck, where
⋂Ct
ct=1Ztct = it;

6: if Zt = ∅ then

7: else

8: For ct = 1, . . . , Ct, calculate

x̆xxd(ct) = ΦΦΦ†Ztct
yyy;

9: Generate the estimates for the APM symbols associated with the candidates of

ct = 1, . . . , Ct according to (3.65) as

at(i, ct) = arg min
aq∈A

|x̆d,g(i, ct)− aq|2 , i = 0, 1, . . . , k − 1

10: Find the best estimates according to (3.66) as(
I [t],xxx

[t]
d

)
= arg min
Ztct∈Z

t,aaat(ct)∈At

∥∥∥yyy −ΦΦΦZtct
aaat(ct)

∥∥∥2
.

11: Calculate the residual error according to (3.67) as

ε[t] =
∥∥∥yyy −ΦΦΦI[t]xxx

[t]
d

∥∥∥2
;

12: if ε
[t]
g < εTS then

13: Update IGIRCD = I [t] and xxxGIRCD
d = xxx

[t]
d .

14: exit

15: else if ε
[t]
g < ε0 then

16: Update Zcheck = Zcheck\Zt, ε0 = ε[t], IGIRCD = I [t] and xxxGIRCD
d = xxx

[t]
d .

17: else

18: end if

19: end if

20: end for

21: return IGIRCD and xxxGIRCD
d .
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Figure 3.6: Coding product (δC1
Π )1/VD versus the IFFT/FFT size M for the OFDM-

LPIM system communicating over an Lh = 10-path Rayleigh fading channel. The

depth-G interleaver Πs is configured to use G = 16. The coding product (δC1
Π )1/VD

is obtained according to (3.38).

from the feasibility point of view.

3.7 Performance Results

In this section, simulation results are provided for characterising the achievable per-

formance of the proposed LPIM, CSIM, as well as GIRCD. For all simulations, a

ten-path (i.e. Lh = 10) slow-varying Rayleigh fading channel is considered, which

is based on Section 3.2.2. We assume an OFDM system employing M = 256 sub-

carriers and a CP of length of Lcp = 16. The measurement matrix AAA is designed

based on (3.50) for our CSIM scheme. Furthermore, the depth-G interleaver given

in Section 3.4.3 is employed. The analytical results of the diversity gain and the

coding gain of both the LPIM codebook and the CSIM codebook are summarised in

Table 3.1 and Table 3.2, respectively.

3.7.1 Performance Results of the LPIM Scheme

In Fig. 3.6-3.8, the performance of the OFDM-LPIM system employing the depth-

G interleaver is investigated, when communicating over multipath Rayleigh fading

channels. In these figures, the depth-G interleaver Πs is designed based on the
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Figure 3.7: Coding product (δC1
Π )1/VD versus the depth G of the interleaver Πs for

the OFDM-LPIM system employing M = 256 subcarriers, when communicating

over an Lh = 10-path Rayleigh fading channel. The coding product (δC1
Π )1/VD is

obtained according to (3.38).

scheme shown in Section 3.4.3. Moreover, the corresponding coding product de-

noted as (δC1
Π )1/VD is calculated according to (3.38), which is shown to be dependent

on the parameters of M , G and Lh. Specifically, the full diversity code is assumed

in Fig. 3.6-3.8, where we have VD = m = M/G. Hence, in each figure, the effect

of each parameter on the coding product of (3.38) is evaluated by keeping all other

parameters fixed. Based on the performance results shown in Fig. 3.6-3.8, we have

the following observations.

Firstly, we can observe from Fig. 3.6-3.8 that the OFDM-LPIM system employing

the depth-G interleaver Πs always achieves a higher coding gain than the system

without using the interleaver Πs. Secondly, as shown in Fig. 3.6, for the parameters

G, Lh and M > 64, the higher the IFFT/FFT size, the larger the coding gain of

the OFDM-LPIM system becomes. However, it should be noted that the increased

coding gain is achieved at the cost of an increased complexity. Thirdly, observe

from Fig. 3.7 that when the parameters M and Lh are fixed, increasing the depth

of the interleaver Πs leads to a reduction of the coding gain that can be achieved

by the OFDM-LPIM system. As indicated in Fig. 3.4, we can show that when the

depth G of the interleaver Πs is low, the minimum distance of any two symbols after

interleaving is large, yielding a high coding gain. For example, the minimum distance

of any two symbols after interleaving is 2 for the case of G = 4 given in Fig. 3.4.
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Figure 3.8: Coding product (δC1
Π )1/VD versus the number of CIR taps Lh of the

Rayleigh fading channel for the OFDM-LPIM system employing M = 256 subcar-

riers. The depth-G interleaver Πs is configured to use G = 16. The coding product

(δC1
Π )1/VD is obtained according to (3.38).

When the depth G of Fig. 3.4 is reduced to 2, the corresponding output is given by

{1, 5, 2, 6, 3, 7, 4, 8}, yielding a minimum distance of 3. The corresponding drawback

is the resultant high complexity of both the precoding and detection processes, since

the corresponding number of subcarriers of each group is large. Finally, as seen in

Fig. 3.8, in comparison to the OFDM-LPIM system operating without an interleaver

Πs, the coding gain of the system employing the depth-G interleaver Πs is relative

stable. Based on the above observations, we may conclude that in order to strike a

tradeoff between the coding gain and the complexity, moderate values of M and G

are preferred.

The BER performance of the classic OFDM, of the conventional OFDM-SIM and

of our OFDM-LPIM system is compared in Fig. 3.9-3.11. In these figures, all systems

employ M = 256 subcarriers, which are detected by the ML detector of Section 3.3.1.

Specifically, only the OFDM-LPIM system employs the depth-G interleaver Πs. The

related parameters and the analytical results of both the OFDM-SIM and the OFDM-

LPIM systems are summarised in Table 3.1. Note that the corresponding analytical

results are obtained based upon substituting the results of (3.36) and (3.38) into

(3.23). The LPIM codebook is designed based on Section 3.4.2. Based on the simu-

lation results of Fig. 3.9-3.11, we can infer the following observations. Firstly, for a

given maximum achievable rate, our proposed LPIM scheme significantly outperforms
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Table 3.1: The Analytical Results of the LPIM Codebooks

Rate RVUUU Codebook Parameters
Diversity Gain

Coding Gain

in bits/s/Hz (m, k,Q) in dB

0.625
(8, 1, 4) 8 -23.3255

(16, 2, 4) 16 -19.5664

1.0
(4, 1, 4) 4 -20.1916

(8, 2, 4) 8 -23.3298

1.5

(4, 1, 16) 4 -27.1813

(4, 2, 4) 4 -20.1916

(8, 2, 16) 8 -30.3195

both the classic OFDM and the conventional SIM scheme, when communicating over

multipath fading channels. This observation can be explained with the aid of our

analysis discussed in Section 3.3.3. We can readily show that the diversity order

of both the classic OFDM and the conventional OFDM-SIM systems is 1, while our

OFDM-LPIM system achieves the maximum attainable diversity order due to Propo-

sition 1 of Section 3.4.2. Moreover, the coding gain achieved by our OFDM-LPIM

system employing the depth-G interleaver is also much higher than that attained by

both the classic OFDM and the conventional OFDM-SIM systems. Thus, a much

higher performance gain can be attained by our OFDM-LPIM system. Secondly, we

can observe from Fig. 3.9-3.11 that for a given maximum achievable rate, the higher

the diversity order of the LPIM codebook, the better the BER performance of the

system. For example, as shown in Fig. 3.6, the diversity order of the LPIM scheme

associated with m = 16 is given by VD = min{m,Lh} = Lh = 10, while the diversity

order of the LPIM scheme using m = 8 is VD = min{m,Lh} = m = 8. Further-

more, recalling the results of Fig. 3.7, we can see that the coding gain achieved by

the interleaver Πs associated with G = M/m = 256/16 = 16 is higher than that

achieved with G = M/m = 256/8 = 32. Thus, the LPIM having a higher diversity

order achieves a better BER performance. Finally, as shown in Fig. 3.11, when the

achievable rate and the diversity order are fixed, the lower the constellation size of

the activated symbols, the better the BER performance becomes. This is because a

low constellation size exhibits a high minimum distance for the codebook. In this

case, the corresponding squared MPD δC1
E shown in (3.36) is high. This can be read-

ily verified by our analytical results of the coding gain shown in Table 3.1, where
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Figure 3.9: BER performance of the classic OFDM, of the conventional OFDM-IM

and of our OFDM-LPIM systems employing M = 256 subcarriers and ML detec-

tion, when communicating over an Lh = 10-path Rayleigh fading channel. The

OFDM-LPIM system uses the depth-G interleaver, while the OFDM-IM system

does not employ the interleaver Πs. The maximum achievable rate is constraint to

be 0.625 bits/s/Hz for all systems.

for a given maximum achievable rate of 1.5 bits/s/Hz, the coding gain of the LPIM

associated with (m = 4, k = 2, Q = 4) is about 6.5 dB higher than that of the LPIM

using (m = 4, k = 1, Q = 16). As a result, the coding gain of the codebook obtained

from (3.23) is high, hence yielding a good BER performance.

Fig. 3.12 plots the maximum achievable rate RVUUU versus the diversity order

VD of the proposed codebook VUUU . In this figure, the IM schemes associated with

m = VD, k = 1, 2 and Q = 4, 16, 64 are employed. Observe from Fig. 3.12 that

as expected, when the diversity order achieved by our proposed LPIM codebook

increases, the maximum achievable rate is reduced. This observation follows the

well-known diversity-multiplexing tradeoff of conventional MIMO systems. Next, as

seen in Fig. 3.12, for codebooks associated with the same value of k, the larger the

constellation size Q, the better the tradeoff between the diversity order and the max-

imum achievable rate becomes. Moreover, when the constellation size Q is fixed,

increasing the number of activated indices in each group (i.e., increasing the value

of k) yields an improved tradeoff between the diversity order and the maximum

achievable rate.

Finally, in Fig. 3.13 and Fig. 3.14, we investigate the performance of the proposed

OFDM-LPIM system employing the depth-G interleaver Πs. The related parameters
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Figure 3.10: BER performance of the classic OFDM, of the conventional OFDM-IM

and of our OFDM-LPIM system employingM = 256 subcarriers and ML detection,

when communicating over an Lh = 10-path Rayleigh fading channel. The OFDM-

LPIM system uses the depth-G interleaver, while the OFDM-IM system does not

employ the interleaver Πs. The maximum achievable rate is constraint to be 1

bits/s/Hz for all systems.
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Figure 3.11: BER performance of the classic OFDM, of the conventional OFDM-IM
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when communicating over an Lh = 10-path Rayleigh fading channel. The OFDM-

LPIM system uses the depth-G interleaver, while the OFDM-IM system does not

employ the interleaver Πs. The maximum achievable rate is constraint to be 1.5

bits/s/Hz for all systems.
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The IM schemes associated with m = VD, k = 1, 2 and Q = 4, 16, 64 are employed.

The maximum achievable rate RVUUU is obtained according to (3.33).
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Figure 3.13: The rate RVUUU versus SNR per symbol γs at the BER of 10−4 for the

OFDM-LPIM systems employing the depth-G interleaver Πs, when communicating

over an Lh = 10-path Rayleigh fading channel. The system parameters are given

in Table 3.1, where the maximum achievable rate RVUUU is obtained according to

(3.33).
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employing the depth-G interleaver Πs, when communicating over an Lh = 10-path

Rayleigh fading channel. The system parameters are given in Table 3.1, where the

maximum achievable rate RVUUU is obtained according to (3.33).

are given in Table 3.1. In Fig. 3.13, the SNR per symbol γs at the BER of 10−4

required for the OFDM-LPIM system communicating over an Lh = 10-path Rayleigh

fading channel is plotted. Based on our previous study, we can now show that in

order to attain a performance that is closer to Shannon capacity, the parameters of

our proposed LPIM scheme should be chosen based on Fig. 3.9-3.11. However, as

shown in Fig. 3.14, the corresponding price to pay is the associated complexity cost.

In particular, we are interested in observing from Fig. 3.13 that our LPIM codebook

associated with (m = 4, k = 2, Q = 4) performs closer to the Shannon capacity than

the one using (m = 4, k = 1, Q = 16), when the same maximum achievable rate

RVUUU = 1.5 bits/s/Hz and the same complexity cost shown in Fig. 3.14. Thus, we

may conclude that the optimal parameters of our proposed LPIM codebook should

be chosen to strike a tradeoff between the distance from the Shannon capacity and

the complexity cost.

3.7.2 Performance Results of the CSIM Scheme

In Fig. 3.15, both the SE and EE are investigated as a function of the SNR in dB

for both the OFDM-SIM and the OFDM-CSIM systems, when communicating over

Rayleigh fading channels. In this figure, the depth-G interleaver are not employed.



3.7.2. Performance Results of the CSIM Scheme 97

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0

S
E

(b
it

s/
s/

H
z
)

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0

E
E

(b
it

s/
Jo

u
le

/N
0
)

-20 -15 -10 -5 0 5 10 15 20

SNR, s (dB)

♣ ♣ ♣ ♣
♣

♣
♣

♣

♣

♣

♣

♣

♣
♣

♣
♣ ♣ ♣ ♣ ♣ ♣

♣ ♣ ♣ ♣
♣

♣

♣

♣

♣

♣

♣

♣

♣

♣

♣
♣

♣ ♣ ♣ ♣ ♣♣ ♣ ♣ ♣
♣

♣
♣

♣

♣

♣

♣

♣

♣

♣
♣

♣
♣ ♣ ♣ ♣ ♣

♣ ♣ ♣
♣ ♣

♣
♣

♣

♣

♣

♣

♣

♣

♣

♣
♣

♣ ♣ ♣ ♣ ♣

♣ m=8, K=2, Q=4

m=16, K=2, Q=4

without marker: AWGN

with marker: SIM

with marker: Our CSIM

EE

SE

1/ln2

Figure 3.15: SE and EE as a function of the SNR in dB for both the OFDM-SIM

and the OFDM-CSIM systems communicating over an Lh = 10-path Rayleigh

fading channel. The system parameters are given in Table 3.2

Furthermore, both the OFDM-SIM and the OFDM-CSIM systems employ the ML

detector of Section 3.3.1 for the sake of comparison. Firstly, we observe from Fig. 3.15

that the achievable SE of the proposed CSIM scheme is higher than that of the

conventional SIM scheme. This observation can be explained with the aid of the

analytical results of (3.33) and (3.42). Explicitly, when the value of m is fixed, the

achievable SE of both the SIM and the CSIM schemes depend on the number of data

bits L transmitted by each group. Furthermore, when the values of k and Q are

fixed, more data bits can be transmitted by the CSIM associated with N > m than

by the SIM using N = m, as exemplified in Section 3.5.2. Thus, the attainable SE of

the CSIM is higher than that of the conventional SIM. Moreover, we can also show

that the corresponding SE is reduced both for the CSIM and for the SIM, as the

Table 3.2: The Analytical Results of the CSIM Codebooks

Rate RVAAA Codebook Parameters
Diversity Gain

Coding Gain

in bits/s/Hz (m,N, k,Q) in dB

1.5 (4, 16, 1, 4) 4 -26.8739

2.0 (4, 16, 1, 16) 4 -33.8636

2.5 (4, 16, 1, 64) 4 -47.5681
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value of m is increased. Secondly, as seen in Fig. 3.15, for a given SNR, our proposed

CSIM scheme is capable of achieving a higher EE than the conventional SIM scheme.

Meanwhile, the SE of our CSIM scheme is also higher than that of the conventional

SIM scheme. In other words, our proposed CSIM scheme is capable of striking a

more appealing tradeoff between the SE and EE than the conventional SIM scheme.

This observation can be explained with the aid of the analytical results of (3.13) and

the numerical SE results shown in this figure. As observed in Fig. 3.15, for a given

SE, the SNR required by our CSIM scheme is lower than that of the SIM scheme.

Since the EE defined by (3.13) is inversely proportional to the SNR for a given SE,

the EE of our CSIM is in turn higher than that of the conventional SIM. Thirdly, as

shown in Fig. 3.15, the maximum EE that can be attained by both schemes is about

1/ ln 2 ≈ 1.4427. This result inferred from (3.14) represents the minimum energy per

bit required for reliable communication, which is given by γRx
b,min = ln 2. This confirms

the analytical result given in [149]. As demonstrated in [149], when the SNR is low,

the minimum energy per bit required for reliable communication is ln 2, which is

independent of the fading. Hence, for OFDM systems having a fixed transmission

power, bandwidth and IFFT/FFT size, our proposed CSIM scheme is capable of

striking a more appealing tradeoff between the SE and EE than the conventional

SIM scheme.

The BER performance of the classic OFDM, OFDM-SIM and OFDM-CSIM sys-

tems is compared in Fig. 3.16-3.18. In these figures, the OFDM-CSIM systems employ

the depth-G interleaver as well as ML detectors. Explicitly, both the parameters and

analytical results of the OFDM-CSIM systems are summarised in Table 3.2. Note

that the corresponding analytical results are obtained upon substituting the related

results into (3.23). For the sake of comparison, some of the FD subcarriers are dis-

abled for data transmission in both the classic OFDM and the conventional OFDM-

SIM systems, so that the same transmission rate can be met. Here, we should point

out that reducing the number of active subcarriers results in a certain power gain

reduction, rather than in a BER curve slope-change. We can observe from these fig-

ures that the OFDM-CSIM significantly outperforms both the classic OFDM and the

OFDM-SIM. Furthermore, in the high-SNR region, the gradient of the BER curves

of the OFDM-CSIM systems are almost the same. This observation confirms our

analytical results concerning the diversity gain shown in Table 3.2, where the same

diversity gain is achieved by our CSIM schemes in Fig. 3.16-3.18.



3.7.2. Performance Results of the CSIM Scheme 99

10
-5

10
-4

10
-3

10
-2

10
-1

1

B
E

R

0 5 10 15 20 25 30 35 40 45 50

SNR, s (dB)

AWGN

Rayleigh
Classic OFDM

Conventional OFDM-IM

OFDM-CSIM (m=4,N=16,k=1,Q=4)

1.5 bits/s/Hz

Figure 3.16: BER performance of the classic OFDM, OFDM-SIM, OFDM-LPIM

and OFDM-CSIM systems communicating over an Lh = 10-path Rayleigh fading

channel. Both the OFDM-LPIM and the OFDM-CSIM systems employ a depth-G

interleaver as well as ML detectors. The maximum achievable rate is constraint to

be 1.5 bits/s/Hz for all systems.
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Figure 3.17: BER performance of the classic OFDM, OFDM-SIM and OFDM-

CSIM systems communicating over an Lh = 10-path Rayleigh fading channel. The

OFDM-CSIM systems employ a depth-G interleaver as well as ML detectors. The

maximum achievable rate is constraint to be 2 bits/s/Hz for all systems.
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Figure 3.19: BER performance of OFDM-LPIM and OFDM-CSIM systems com-

municating over an Lh = 10-path Rayleigh fading channel. Both the OFDM-LPIM

and the OFDM-CSIM systems employ a depth-G interleaver as well as ML de-

tectors. The maximum achievable rate is constraint to be 1.5 bits/s/Hz for all

systems.

The BER performance of the OFDM-LPIM and OFDM-CSIM systems is com-

pared in Fig. 3.19. In this figure, both the OFDM-LPIM and the OFDM-CSIM sys-
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tems employ the depth-G interleaver as well as ML detectors. Explicitly, the param-

eters of the OFDM-LPIM system and of the OFDM-CSIM system are summarised

inTable 3.1 and Table 3.2, respectively. For the sake of comparison, the codebook

rate is set to 1.5 bits/s/Hz for both schemes. We can observe from Fig. 3.19 that

when the same diversity gain is achieved by both the LPIM and the CSIM schemes,

the BER performance of the CSIM scheme becomes slightly better than that of the

LPIM scheme. Furthermore, we can also infer from (3.39) and (3.51) that the com-

plexity of these two schemes is the same. Although Fig. 3.19 shows that the LPIM

scheme associated with (m = 4, k = 2, Q = 4) outperforms the CSIM scheme at

the same maximum achievable rate, the corresponding complexity is high, as shown

in Fig. 3.14. Therefore, the CSIM scheme is capable of striking a tradeoff between

the complexity and the BER performance, when the ML detector is employed for a

high-rate scenario.
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Figure 3.20: Maximum achievable rate RV versus SNR per symbol γs at the BER of

10−4 for both the OFDM-LPIM and OFDM-CSIM systems employing the depth-G

interleaver Πs, when communicating over an Lh = 10-path Rayleigh fading channel.

The system parameters are given in Table 3.2 and Table 3.1. The maximum

achievable rate of both the systems are obtained based on (3.33) and (3.42).

Finally, in Fig. 3.20 and Fig. 3.21, the performance of the OFDM-CSIM system

employing the depth-G interleaver Πs is investigated. In these figures, the related

parameters and analytical results are given in Table 3.2. Fig. 3.20 plots the SNR

per symbol γs at the BER of 10−4 for both the OFDM-LPIM and the OFDM-CSIM

systems communicating over an Lh = 10-path Rayleigh fading channel. As shown in
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Fig. 3.20, both the LPIM and CSIM schemes are capable of attaining a performance

that is closer to the Shannon capacity in comparison to both the classic OFDM

and the conventional OFDM-SIM. Moreover, we can observe from Fig. 3.21 that

our CSIM scheme is capable of achieving a high maximum rate at a relatively low

complexity, even for a high constellation size and for ML detection. Therefore, we

can now show that when a low maximum rate is required, such as RV ≤ 1, the

OFDM-LPIM system using the ML detector can be employed to attain a good BER

performance. By contrast, for a high maximum rate, the OFDM-CSIM system using

ML detection can be employed to strike a tradeoff between the BER performance

attained and the complexity imposed.
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Figure 3.21: Detection complexity versus constellation size Q for the OFDM-CSIM

systems employing the depth-G interleaver Πs, when communicating over an Lh =

10-path Rayleigh fading channel. The system parameters are given in Table 3.2.

The complexity of the ML detector is calculated according to (3.51)

3.7.3 Performance Results of the GIRCD

Table 3.3: Simulation Results of System Complexity at 1.5 bits/s/Hz

Codebook Parameters Complexity order Complexity order

V (m,N, k,Q) of JMLD in dB of GIRCD in dB

LPIM VUUU (4, 4, 2, 4) 18.0618 12.1761

CSIM VAAA (4, 16, 1, 4) 18.0618 7.5257
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Figure 3.22: CCDF of the number of iterations of the GIRCD for the LPIM em-

ploying the depth-G interleaver and operating at (a) RVUUU = 1.5 bits/s/Hz and

γs = 10 dB, 16 dB or 20 dB; (b) RVUUU = 2.5 bits/s/Hz and γs = 10 dB, 20 dB or

30 dB, when communicating over an Lh = 10-path Rayleigh fading channel. The

rate RVUUU is obtained based on (3.33).
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Figure 3.23: CCDF of the number of iterations of the GIRCD for the CSIM em-

ploying the depth-G interleaver and operating at (a) RVAAA = 1.5 bits/s/Hz and

γs = 10 dB, 15 dB or 20 dB; (b) RVAAA = 2.5 bits/s/Hz and γs = 15 dB, 23 dB or

30 dB, when communicating over an Lh = 10-path Rayleigh fading channel. The

rate RVAAA is calculated according to (3.42).

Fig. 3.22 and Fig. 3.23 respectively plot the Complementary Cumulative Distribu-

tion Function (CCDF) of the number of iterations in the proposed GIRCD for both

the OFDM-LPIM and OFDM-CSIM systems employing the depth-G interleaver,

when communicating over an Lh = 10-path Rayleigh fading channel. Generally, the

CCDF represents the probability that a random variable X will take a value higher

than x, i.e. we have CCDFX(x) , P (X > x). As shown in Fig. 3.22 and Fig. 3.23,
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the CCDF curves first exhibit a sharp decay and then become flat as the number of

iterations increases. This observation implies that with a near-unity probability, the

GIRCD completes the detection in just a single iteration. Furthermore, when just

a single iteration is considered, the difference of the probabilities for a given LPIM

or CSIM operating at different SNR per bit values is unnoticeable. Thus, it can be

inferred that the performance of the GIRCD using a single iteration is stable at all

SNR per bit values. Finally, we can also see that as the EE of the CSIM system in-

creases, the probability of completing the detection process is increased only by one

or two iterations. It should be noted that the complexity of our GIRCD is dependent

on the number of iterations actually invoked, rather than on the maximum number

of iterations tstop, as analysed in Section 3.6.3. Thus, our GIRCD can be deemed to

be an efficient detector, since it usually terminates after a single or two iterations.
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Figure 3.24: BER versus SNR for the OFDM-LPIM using the JMLD and the

GIRCD. The OFDM-LPIM system employs the depth-G interleaver and operates

at 1.5 bits/s/Hz. For the GIRCD shown in Algorithm 3, the maximum number

of iterations is chosen to be tstop = 1, 2, 3 or 4. The maximum achievable rate is

constraint to be 1.5 bits/s/Hz for all systems.

In Fig. 3.24-3.27, we investigate the BER performance of both the Joint Maximum-

Likelihood Detector (JMLD) and the GIRCD designed for the OFDM-LPIM and

OFDM-CSIM systems employing the depth-G interleaver, when communicating over

an Lh = 10-path Rayleigh fading channel. Specifically, the OFDM-LPIM systems

are characterised by (m = 4, k = 2, Q = 4) for RVUUU = 1.5 bits/s/Hz and by

(m = 4, k = 2, Q = 16) for RVUUU = 2.5 bits/s/Hz in Fig. 3.24 and Fig. 3.25, respec-
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Figure 3.25: BER versus SNR for the OFDM-LPIM using the JMLD and the

GIRCD. The OFDM-LPIM system employs the depth-G interleaver and operates

at 2.5 bits/s/Hz. For the GIRCD shown in Algorithm 3, the maximum number

of iterations is chosen to be tstop = 1, 2, 3 or 4. The maximum achievable rate is

constraint to be 2.5 bits/s/Hz for all systems.

tively. Furthermore, the parameters of the OFDM-CSIM systems used in Fig. 3.24

and Fig. 3.25 are respectively characterised by (m = 4, N = 16, k = 1, Q = 4) for

RVUUU = 1.5 bits/s/Hz and by (m = 4, N = 16, k = 1, Q = 64) for RVUUU = 2.5 bits/

s/Hz. We observe from the results of Fig. 3.24 and Fig. 3.25 that the BER per-

formance of the OFDM-LPIM system using our GIRCD invoking two iterations is

stable for all SNR values. Furthermore, as seen in Fig. 3.24 and Fig. 3.25, a good

BER performance is attainable for the GIRCD using as few as two iterations. On the

other hand, as observed from Fig. 3.26 and Fig. 3.27, when the maximum number

of iterations is set to tstop = 10, a good BER performance can be attained by our

OFDM-CSIM systems. Here, it should be emphasised that the notation tstop serves

as an upper bound of the number of iterations in our GIRCD of Algorithm 3. In fact,

as shown in Fig. 3.22 and Fig. 3.23, our GIRCD usually terminates after just a single

or two iterations, imposing a low-complexity. Next, we can observe from Fig. 3.24

and Fig. 3.26 that the OFDM-LPIM system attains a better BER performance than

the OFDM-CSIM system, when GIRCD is employed for both systems. However, as

shown in Table 3.3, the complexity of our OFDM-CSIM employing GIRCD is much

lower than that of the OFDM-LPIM using GIRCD. Moreover, as seen in Table 3.3,

our GIRCD is capable of providing a much lower complexity in comparison to the
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Figure 3.26: BER versus SNR for the OFDM-CSIM using the JMLD and the

GIRCD. The OFDM-CSIM system employs the depth-G interleaver and operates

at 1.5 bits/s/Hz. For the GIRCD shown in Algorithm 3, the maximum number

of iterations is chosen to be tstop = 1, 10 or 16. The maximum achievable rate is

constraint to be 1.5 bits/s/Hz for all systems.
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Figure 3.27: BER versus SNR for the OFDM-CSIM using the JMLD and the

GIRCD. The OFDM-CSIM system employs the depth-G interleaver and operates

at 2.5 bits/s/Hz. For the GIRCD shown in Algorithm 3, the maximum number

of iterations is chosen to be tstop = 1, 10 or 16. The maximum achievable rate is

constraint to be 2.5 bits/s/Hz for all systems.
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JMLD. The reason is two fold. Firstly, each index is uniquely checked, as shown in

Algorithm 3. In this way, the repeated reliability computations of the same index are

avoided. The other reason can be readily inferred from comparing (3.65) to (3.58),

where the APM symbols are detected on a symbol-by-symbol basis by the GIRCD,

while the joint group detection is carried out by the JMLD. Finally, based on the

above observations, we can show that our proposed OFDM-LPIM system employing

GIRCD is capable of attaining a good BER performance associated with a high SE

at a low complexity. Furthermore, our OFDM-CSIM system is capable of achieving

an even lower complexity, albeit a slight degradation of the BER performance.

3.8 Conclusions

In this chapter, the generalised system model of Section 3.2 and the unified perfor-

mance analysis of Section 3.3 were provided for OFDM systems, where the bit-to-

symbol mapping rule is modelled as a codebook. Based on our theoretical analysis,

the relevant codebook design criteria have been provided in terms of the diversity

gain, the coding gain, as well as the maximum achievable rate. Then, based on the di-

versity gain and the coding gain design criteria, a LPIM codebook has been proposed

in Section 3.4. Both the analytical and simulation results have shown that the LPIM

scheme is capable of attaining a compelling BER performance. Next, in Section 3.5,

a generalised CSIM codebook has been proposed based on the maximum diversity

gain and the maximum achievable rate design criteria. Moreover, in Section 3.5.3, we

also proposed a novel measurement matrix design for our CSIM codebook in order

to meet the maximum diversity gain criterion, while also satisfying the MIP. Finally,

the GIRCD has been proposed in Section 3.6 for both the LPIM and the CSIM in

order to reduce the corresponding detection complexity. In Section 3.7, simulation

results have been provided for characterising the overall system performance.

Our investigations demonstrated that our OFDM-LPIM and OFDM-CSIM is ca-

pable of achieving a much better BER performance than both the classic OFDM

and the conventional OFDM-SIM. Then, in comparison to the conventional SIM and

LPIM schemes, the CSIM scheme strikes an appealing tradeoff between the SE and

the EE. Furthermore, for a given maximum achievable rate and JMLD, the LPIM

scheme is capable of achieving a better BER performance than the CSIM scheme,

but a much higher complexity. The GIRCD can be employed for significantly re-

ducing the complexity for both the LPIM and CSIM schemes. At a high rate, the

LPIM scheme using GIRCD has been shown to be capable of attaining a good BER

performance at a reduced complexity cost. An even lower complexity cost is attained
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by the CSIM scheme using GIRCD, albeit a slight performance loss. Nonetheless, as

it will be shown in the next chapter, the inherent sparsity of our CSIM scheme may

be able to provide a good BER performance when the OFDM systems suffer from

ICI.



Chapter 4
Compressed Sensing Aided Optical

OFDM for Visible Light

Communications

4.1 Introduction

VLC has been recognised as a compelling technique of alleviating teletraffic conges-

tion in the near future. The main advantage of VLCs is that a wide unlicensed visible

light spectrum can be used for data transmission without inflicting interference upon

the existing RF communications [1]. Furthermore, since partitioning is impervious

to visible light, a unity spatial reuse factor can be attained by VLCs operating in

different rooms. Owing to their energy efficiency, longevity as well as reliability,

LEDs are expected to be the dominant light sources, which can also be used for data

transmission in VLCs. For this reason, the installation cost of VLCs is rather low,

especially when power line communication is used as the backhaul technology for

VLCs [13]. There are many applications for VLCs, such as RF/VLC cooperation in

the cellular network, device-to-device communications, underwater communications,

as well as some others as described in [154, 155].

However, there are still a lot of open challenges concerning the implementation

of high-performance VLC systems. Due to its low-cost and simplicity, a noncoherent

scheme, which is known as IM/DD, is commonly used in VLCs. In IM/DD VLC

systems, only the real and positive signals can be used for modulating the intensity

of optical sources, where the intensity envelope is detected by the optical receiver.

For high data rate transmission of IM/DD signals over NLOS channels, although the

multipath induced fading may be mitigated by exploiting the fact that the dimen-
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Figure 4.1: Illustration of the relationships between optical OFDM (O-OFDM),

clipping-based O-OFDM (CO-OFDM relying on hard clipping (HC)), as well as

companding transform (CT) assisted O-OFDM (CTO-OFDM).

sions of optical detectors are usually much larger than the wavelength of visible light,

the ISI caused by multipath propagation may still degrade the overall system perfor-

mance. Thus, OFDM, which is capable of combating the multipath effects in radio

communications [91, 92], has also become an attractive candidate for VLCs [156–158].

In the classic OFDM schemes, the IDFT and the DFT are applied for the imple-

mentation of the discrete multicarrier modulation and demodulation, respectively.

Owing to the employment of the FFT and cyclic prefix, the DFT-based OFDM

scheme is capable of mitigating ISI with the aid of a low-complexity implementa-

tion [159], when communicating over dispersive frequency-selective fading channels.

However, the classic OFDM scheme cannot be directly employed for operation in

dispersive IM/DD optical systems, since the TD symbols are complex-valued ow-

ing to modulation by FFT-based techniques. By contrast, only unipolar signals can

be transmitted in the IM/DD systems [160]. In order to render the classic OFDM

scheme suitable for the IM/DD systems, a range of O-OFDM solutions have been

proposed [161–163]. In these approaches, the Hermitian symmetry is imposed on

the FD subcarriers, in order to obtain real-valued baseband signals. Then, the real-

valued baseband signals are converted to unipolar signals, for example, by adding

a DC bias [161] (Direct Current biased Optical OFDM (DCO-OFDM)), by asym-

metric clipping [162] (Asymmetric Clipping based Optical OFDM (ACO-OFDM)),
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as well as by joint asymmetric clipping and DC bias [163] (Asymmetric clipping and

Direct-current-bias based Optical OFDM (ADO-OFDM)), etc. However, the ma-

jor drawback of these approaches is their low bandwidth efficiency imposed by the

Hermitian symmetry.

Nevertheless, due to the simplicity of implementation, the Clipping-based Opti-

cal OFDM (CO-OFDM) solutions, which include the DCO-OFDM and ACO-OFDM

systems, have attracted considerable research attention in VLCs. As the investiga-

tions in [162–164] show, the ACO-OFDM has a higher optical power efficiency than

the DCO-OFDM, when a low or moderate constellation size is used [162]. For a

large constellation size, the optical power efficiency of the DCO-OFDM is higher

than that of ACO-OFDM [164]. The reason for the above effects is that for a small

or moderate-sized constellation, an insufficient DC bias degrades the system per-

formance. By contrast, for a large constellation, the inefficient usage of bandwidth

becomes the dominant limitation of the achievable performance [163, 164]. Further-

more, as shown in [165] that for a fixed symbol rate, the computational complexity

of DCO-OFDM is lower than that of ACO-OFDM. However, we should emphasise

that the above-mentioned observations are obtained based on the assumption that

the upper clipping bound is infinite. In practice, however, the illumination level is

limited for eye safety [161, 166]. Meanwhile, the electrical power consumption should

be controlled by considering the efficiency of both the Digital-to-Analog Conversion

(DAC) and the power amplifier [167]. Thus, the dynamic range of O-OFDM systems

is limited [168]. Furthermore, due to the anti-symmetric property [162], clipping the

negative parts of ACO-OFDM signals does not introduce any loss of information,

whilst clipping of the high positive peaks of ACO-OFDM signals results in nonlinear

distortion, which degrades the system performance.

Another fundamental issue in OFDM is the high PAPR problem, making OFDM

signals sensitive to nonlinear devices. Nonlinear distortion leads to both in-band dis-

tortion and out-of-band radiation, both of which degrade the system performance. In

the literature, numerous PAPR reduction techniques have been proposed, see [169–

171] and the references therein. Among these techniques, a simple yet effective

method is the employment of a CT [172–180], which reduces the PAPR by applying a

compander (a “compressor” and “expander” pair) to the time-domain signals, before

their transmissions. A compander compresses the high signal peaks, while expanding

the low-magnitude signals, thereby striking an attractive tradeoff between PAPR re-

duction and the BER performance achieved. Specifically, in [172], the so-called µ-law

compander originally used in speech coding has been introduced for PAPR reduction.

Later in [174], the design criteria of the CT has been derived for striking a tradeoff



4.1. Introduction 112

between the PAPR reduction and BER performance attained. Substantial research

attention has been dedicated to transforming the amplitude distribution of the origi-

nal OFDM signals to particular distributions, such as the uniform distribution [175],

the trapezoidal distribution [176] and so forth. Note that in these techniques, the

average power has not been changed by the CT. Most recently, the design of efficient

companders based on piecewise modification of the signal’s amplitude distribution

has been considered [177–180]. In these so-called piecewise companders, the ampli-

tude distribution of original signals is only partially changed, whilst ensuring that

both the PAPR reduction and BER performance can be improved.

Against the above background, the contributions of this chapter are summarised

as follows.

• As a practical implementation, the CSIM scheme proposed in Chapter 3 is ap-

plied to O-OFDM systems. For the sake of comparison, the QAM constellation

having unity energy is assumed for modulating the activated symbols, so that

the minimum distance of the CSIM signalling proposed becomes the same as

that of the classic QAM signalling, yielding the same sensitivity to nonlinear

effects. We provide analytical results to show that under hard clipping, the

SINR attained by the CSIM scheme is higher than that attained by the QAM

scheme. Furthermore, both an additional diversity gain and an coding gain can

be achieved by our CSIM scheme, albeit at a higher complexity cost, as anal-

ysed in Chapter 3. Hence, in comparison to the classic QAM signalling, a

much better BER performance can be attained by the CSIM signalling, which

is verified by our simulation results. Moreover, we demonstrate that the Maxi-

mum Achievable Rate (MAR) of the DCO-OFDM system using a certain QAM

scheme can be further increased by employing our CSIM scheme associated with

the same QAM constellation for modulating the activated symbols. However,

this is achieved at the cost of increasing the complexity of the receiver. Thus,

the SE, which is about halved by the Hermitian symmetry transform of O-OFDM

signalling, can be enhanced by our CSIM schemes.

• As a further improvement, a symmetric piecewise CT is conceived for the O-

OFDM systems in order to mitigate the nonlinear effect imposed on high-order

QAM schemes. Generally, the high-order QAM schemes are sensitive to non-

linear distortions, hence the system performance may be severely degraded even

by moderate nonlinear distortion, even for our CSIM signalling. Hence, an

advanced nonlinear distortion mitigation technique is required for supporting

high-rate transmissions in O-OFDM systems. The underlying concept is illus-

trated in Fig. 4.1. The general principles and design criteria of the piecewise CT
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schemes are studied in the context of VLC. Accordingly, three types of piecewise

companding schemes, namely the CPsDF, the LPsDF and the NLPsDF based

CT are designed for O-OFDM systems. In our CT-based optical OFDM (CTO-

OFDM) systems, the CT is invoked for mitigating the clipping of high-peak TD

signals. Thus, the system’s performance can be improved, especially, when high-

order QAM is used, which is sensitive to nonlinear distortions. In this paper, we

investigate both the hard-clipping and the CT induced nonlinear effects imposed

on O-OFDM systems relying on both analytical and on simulation approaches.

Our studies show that the both the CTO-OFDM and DCO-OFDM systems are

capable of attaining a higher bandwidth efficiency, than the ACO-OFDM system.

Moreover, we demonstrate that the CTO-OFDM system outperforms the DCO-

OFDM system both in terms of its reliability and flexibility, when supporting

high-rate transmission experiencing nonlinear distortions.

The rest of the chapter is organised as follows. In Section 4.2, we describe the

system model. The operating principle, design criteria and implementation of the

symmetric piecewise CT are detailed in Section 4.3. In Section 4.4, the nonlinear

effects are analysed. In Section 4.5, our performance results are studied. Finally, we

offer our conclusions in Section 4.6.

4.2 System Model

4.2.1 Description of the Transmitter

Fig. 4.2 illustrates a generalised O-OFDM scheme invoked in IM/DD optical com-

munication systems, which will be discussed below. Let us assume that an Lb-length

sequence of i.i.d. bits is transmitted, which is first mapped to Nd data symbols,

according to a codebook V . Specifically, in this chapter, we consider two types of

codebooks, both of which are associated with QAM constellations. Moreover, our

attention is focused on investigating the nonlinear effects imposed on O-OFDM sys-

tems. Hence, for the sake of comparison, we assume that the constellation energy of

the QAM scheme is normalised to be unity, so that the sensitivity of a given QAM

scheme to nonlinear distortions remains the same for the different O-OFDM systems

considered. Bearing this in mind, the two codebooks are detailed as follows.

QAM scheme When the QAM scheme is considered, a total of log2(Q) bits are

mapped to a data symbol according to the Q-ary QAM constellation relying on the

alphabet A = {a(1), . . . , a(Q)}. Hence, we have the relationship of Lb = Nd log2(Q).



4.2.1. Description of the Transmitter 114

. . .

L
E

D

. . .
. . .

F
D

S
in

g
le

−
ta

p

E
q

u
al

iz
er

R
ed

u
n

d
an

cy

R
em

o
v

e

R
ed

u
n

d
an

cy

R
em

o
v

e
D

et
ec

to
r

D
em

ap
p
er

F
D

S
in

g
le

−
ta

p

E
q

u
al

iz
er

R
ed

u
n

d
an

cy

R
em

o
v

e

A
d

d
 C

P

F
F

T

D
A

C

D
C

 B
ia

s

P
re

d
is

to
rt

o
r

P
D

A
D

C

D
C

 B
ia

s

P
/S

IF
F

T

S
/P

S
y

m
m

et
ry

R
em

o
v

e

C
P

H
er

m
it

ia
n

S
/P

In
d

o
o

r

V
L

C
C

h
an

n
el

In
p

u
t 

B
it

s
C

o
d

eb
o

o
k

O
u

tp
u

t

B
it

s

F
F

T
D

em
ap

p
er

Q
A

M

C
S

IM

IF
F

T

Q
A

M
 

x
T
(l
)

&

r(
t)

&

x
F
(i
)

x
d

f T
x
(x
)

s T
(l
)

r T
(l
)

&

V

f R
x
(x
)

s(
t)

F
ig

u
re

4.
2:

Il
lu

st
ra

ti
on

of
th

e
O

-O
F

D
M

sy
st

em
s.



4.2.1. Description of the Transmitter 115

Let us denote the Nd data symbols by xxxd = [xd(0), . . . , xd(Nd − 1)]T , where we have

xd(i) ∈ A and E[|xd(i)|2] = 1.

CSIM scheme When the CSIM scheme is considered, as detailed in Section 3.5.2,

a total of L bits are first mapped to an N -dimensional IM symbols associated with

k activated symbols of the Q-ary QAM constellation and then compressed into the

m-dimensional symbols in the FD. Here, we have L =
⌊
log2

(
N
k

)⌋
+ k log2Q. Upon

invoking the depth-G interleaver of Section 3.4.3, the gth group of symbols can be

represented as xxxd,g = [xd,g(0), . . . , xd,g(m − 1)]T , where we have E[‖xxxd,g‖2
2] = k for

g = 1, . . . , G. Here, the total number of groups is chosen to be G = bNd/mc.
Furthermore, we observe that the case of mG < Nd may occur for a given CSIM

scheme. Hence, without loss of generality, we let the remaining 0 ≤ (Nd−mG) < m

symbols be modulated by the same Q-ary QAM scheme. Finally, we obtain the Nd

data symbols represented as xxxd = [xd(0), . . . , xd(Nd − 1)]T .

As shown in Fig. 4.2, the data symbols in xxxd are arranged to form M FD symbols

denoted as xxxF = [xF(0), . . . , xF(M − 1)]T , where the elements satisfy the Hermitian

symmetry formulated as xF(0) = xF(M/2) = 0 and xF(M − i) = [xF(i)]∗ for any

i 6= 0. Furthermore, for both the DCO-OFDM and CTO-OFDM systems, we have

the mappings of xF(i) = xd(i−1) for i = 1, 2, . . . , (M−2)/2, yielding Nd = (M−2)/

2. By contrast, for the ACO-OFDM system, the data symbols in xxxd are successively

mapped to the odd-indexed subcarriers of the first half of xxxF, while all the even

indexed subcarriers of xxxF are set to zero, which gives Nd = M/4. From the above

description, we infer that the bandwidth efficiency of both the DCO-OFDM and

CTO-OFDM systems is higher than that of the ACO-OFDM system.

As shown in Fig. 4.2, the FD symbols are entered into an M -point IFFT, yielding

the TD symbols denoted as xxxT = [xT(0), . . . , xT(M − 1)]T ∈ RM×1, where the lth

TD symbol can be expressed as

xT(l) =
1√
M

M−1∑
i=0

xF(i) exp

(
j2π

i

M
l

)
(4.1)

for l = 0, 1, . . .M−1. It is widely recognized that when M is sufficiently large, the TD

symbols in xxxT can be approximated by Gaussian random variables with zero mean

and a variance of σ2
X = E[|xT(l)|2]. As shown in Fig. 4.2, after adding a sufficiently

long CP and following parallel-to-serial conversion, the TD symbols in (4.1) are

subjected to the specifically designed function {fTx(x) : R → R}. Explicitly, at the

transmitter side, fTx(x) is used for guaranteeing that the information-bearing signals

after adding a DC bias become real and positive. Let sT(l) = fTx[xT(l)] represent the

output of the transmitter processor shown in Fig. 4.2, when xT(l) expressed in (4.1)
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Figure 4.3: Illustration of the linear dynamic range of a LED, which can be achieved

by either employing a pre-distortor at the transmitter or using a post-distortor at

the receiver.

is the corresponding input. Then, as seen in Fig. 4.2, the outputs of the transmitter

processor are fed into a DAC, where a DC bias associated with a level of ADC is added

in order to finally output the electric current signal denoted as (s(t) + ADC) ∈ R+.

It should be noted that the inherent nonlinearity of LEDs often results in nonlinear

distortion of the transmitted signals. In order to compensate for the nonlinearity of

the LEDs, the electric current signal s(t) can be pre-distorted [181]. An alternative

technique of compensating for the nonlinearity is to employ a post-distorter [182] at

the receiver. Finally, as seen in Fig. 4.2, the pre-distorted signals are input to the

LED to modulate the intensity of the LED’s light.

4.2.2 VLC Channels

Let us assume that the LEDs have the optical conversion factor of ρLED in Watt-per-

ampere (W/A) and a PhotoDetector (PD) with the responsivity of ρPD in ampere-

per-Watt (A/W). Without loss of generality, let us assume that ρPDρLED = 1 in

order to simplify our analysis. Moreover, we assume that perfect pre-distortion or

post-distortion is implemented at the transmitter or receiver, respectively. Under

these assumptions, the IM/DD system can be assumed to be operated in the linear

dynamic range, as shown in Fig. 4.3. Typically, in the IM/DD systems, information is

conveyed by the optical intensity in response to the input electrical current, while the

receiver outputs the electrical current proportional to the received optical intensity.

In this paper, we assume that the optical intensity signals propagate over an indoor

multipath VLC channel. In general, the variation of indoor VLC channels versus

time is very slow. Hence, in our studies, we assume that the indoor VLC channels
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are time-invariant. Consequently, as seen in Fig. 4.2, after removing the DC bias,

the electrical photocurrent signal obtained at the receiver can be expressed as

r(t) =

∞∫
−∞

ρPDρLEDh(t)s(t− τ)dτ + n(t)

=

∞∫
−∞

h(t)s(t− τ)dτ + n(t), (4.2)

where h(t) denotes the VLC’s channel impulse response and n(t) is the noise. In

particular, Barry’s VLC channel model of [15, 183] is introduced in our study, which

is formulated as

h(t) =
∞∑
i=0

hB(i)δ[t− τB(i)], (4.3)

where hB(i) and τB(i) are the gain and delay of the ith bounce, respectively. Note

that the gain and delay of the current bounce are dependent on that of the previous

bounces. Let the frequency response of the VLC channel be denoted as h(f), which

can be obtained by taking the Fourier transform of (4.3). In practice, since the

diameter of photodetectors is usually much larger than the wavelength of visible

light, multipath propagation in VLCs does not impose fading on the optical signals.

However, when signals carrying high-rate information are transmitted over such a

channel, the time dispersion usually results in ISI. In (4.2), the noise n(t) contains

the effects of ambient light shot noise and thermal noise, which can commonly be

modelled as mutually independent white Gaussian noise [15]. Therefore, we have

n(t) ∼ N (0, σ2
n).

4.2.3 Electrical Receiver

As seen in Fig. 4.2, the electrical current is low-pass filtered and analog-to-digital

converted. Let us assume that perfect synchronisation is achieved at the receiver.

Then, the lth received TD sample can be expressed as

rT(l) =

Lh−1∑
i=0

hB(i)sT(l − i) + nT(l), (4.4)

where Lh denotes the maximum number of resolvable paths. Generally, a receiver

processor is employed as a nonlinear mapping function of the received symbols. How-

ever, for the multipath propagation scenario of Section 4.2.2, such a receiver may

lead to excessive ICI in the FD, whilst additionally amplifying the noise. As a re-

sult, the system performance may in fact become degraded. In order to alleviate the

nonlinearity-induced performance degradation, two different schemes are considered
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in this chapter. To elaborate a little further, observe in Fig. 4.2 that, after removing

the CP and carrying out the FFT, the received FD symbol can be formulated as

yF(i) =
1√
M

M−1∑
l=0

rT(l) exp

(
−j2π l

M
i

)
(4.5)

for i = 0, 1, . . . ,M −1. Then, the received FD symbol of (4.5) is fed into a single-tap

FD equaliser, yielding ỹF(i) = yF(i)/hF(i), where without loss of generality hF repre-

sents the FDCHTF of the ith subchannel, which can be obtained from Section 4.2.2.

Here, we stipulate the idealised simplifying assumption that perfect channel estima-

tion is achieved at the receiver. Next, either a low-complexity or a high-complexity

receiver scheme is considered.

The low-complexity scheme is shown in the upper dashed box of Fig. 4.2. Ex-

plicitly, when the O-OFDM system using QAM is considered, the equalised symbols

are symbol-by-symbol de-mapped into the received bits relying on the ML detection

principle, resulting in an adequate performance. By contrast, when the O-OFDM

system using CSIM is employed, the ML detector of Chapter 3 is used for symbol

detection.

However, when the nonlinearity induced performance degradation becomes severe

at a high data rate, the higher-complexity scheme shown in the lower dashed box

in Fig. 4.2 is selected. For the ease of understanding, let us temporarily employ

vectored expressions. Firstly, without any ambiguity, the equalised symbols denoted

as ỹyyF = [ỹF(0), ỹF(1), . . . , ỹF(M − 1)]T can be expressed as

ỹyyF =FFFMfTx(xxxT) + ñnnF, (4.6)

where ñnnF represents the filtered noise. Then, as seen in Fig. 4.2, the equalised symbols

are entered into an M -point IFFT, yielding

ỹyyT =FFFHMỹyyF

=fTx(xxxT) + ñnnT, (4.7)

where, by definition, we have ñnnT = FFFHMñnnF. Without loss of generality, we assume that

a perfect expander is employed, i.e. we have fRx(x) = f−1
Tx (x). Hence, upon invoking

an expansion by fRx(ỹyyT), the resultant symbols are subjected to an M -point FFT,

yielding

yyy
′
F =FFFMfRx(ỹyyT)

=FFFMxxxT +FFFMfRx(ñnnT)

=xxxF + nnn
′
F, (4.8)
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where, for convenience, we define nnn
′
F = FFFMfRx(ñnnT). Finally, each symbol in yyy

′
F is

de-mapped by the conventional QAM demodulator, yielding the received bits. Specif-

ically, when the transmitter processor is a CT function, the system’s performance can

be substantially improved by designing an effective CT function, which is detailed in

the next section.

Complexity Analysis

For the sake of comparison, we consider the complexity of the dashed boxes in Fig. 4.2,

involving each OFDM block. Firstly, we can readily show that the complexity of the

O-OFDM systems employing QAM is due to both the equalisation and the symbol-

by-symbol ML detection, as seen in the upper dashed box of Fig. 4.2. Hence, the

corresponding complexity can be readily shown to be on the order of

O(Nd +NdQ). (4.9)

By contrast, for the O-OFDM system using CSIM, the complexity of the ML detec-

tion of each group of symbols is given by O(2L), as analysed in Chapter 3. Moreover,

we note that the complexity of detecting the remaining (Nd−mG) QAM symbols is

much lower than the overall complexity of G groups of CSIM symbols. Hence, the

corresponding complexity of the dashed box for CSIM is given by O(G2L). Specifi-

cally, as shown in Chapter 3, an attractive tradeoff can be struck between the BER

performance and the complexity by setting k = 1 for our CSIM scheme. In this case,

we can show that the detection complexity of the O-OFDM system using CSIM is

given by

O(G2L) = O(GNQ) ≈ O
(
N

m
NdQ

)
, (4.10)

where the approximation becomes accurate for Nd ≈ mG� m. Hence, we can now

show that the detection complexity given in (4.10) for our CSIM signalling scheme

is on the same order as that in (4.9) for the classic QAM signalling, since both of

them are linearly increased with the constellation size Q. On the other hand, when

the scheme in the lower dashed box of Fig. 4.2 is used for mitigating the nonlinear

effects, we can readily show that the corresponding complexity is dominated by the

IFFT and FFT operations, as well as by the symbol-by-symbol ML detection, giving

a total order of

O(2M log2(M) +NdQ), (4.11)

which is much higher than those given in (4.9) and (4.10), since we have M > Nd.

Nonetheless, the high complexity cost shown in (4.11) is imposed, when reliably

supporting high-rate transmissions in VLCs, as we will show in Section 4.5.
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Figure 4.4: Illustration of the nonlinear transformation that may be used by the

transmitter processor.

4.3 Companding Transform of DCO-OFDM Signals

In the conventional CO-OFDM systems, the transmitter processor seen in Fig. 4.2

simply applies hard clipping. Explicitly, in DCO-OFDM systems, hard clipping

tends to lead to a certain level of information loss, which degrades the attainable

system performance. By contrast, in ACO-OFDM systems, due to the anti-symmetry

property [162], clipping the negative part does not lead to any loss of information.

Nonetheless, as shown in Section 4.2.1, the anti-symmetric property is achieved at

the cost of reduced bandwidth efficiency. In order to achieve a higher bandwidth

efficiency at a reduced information loss, and furthermore, to guarantee that the DC-

biased information-bearing signals are real and positive valued, in this paper, we

introduce a particular type of CTs, namely the symmetric piecewise CT, as the

transmitter processor. Before providing further details, let us first review the hard

clipping operation of conventional CO-OFDM systems.
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4.3.1 Statistical of O-OFDM Signals

Firstly, let us model the input and output of the transmitter processor as random

processes of {
X : Xl , xT(l) ∈ R

}
; (4.12a){

S : Sl , sT(l) ∈ R
}
, (4.12b)

respectively. Moreover, we have Sl = fTx(Xl) with respect to sT(l) = fTx(xT(l)).

Furthermore, according to Section 4.2.1, the PDF and the Cumulative Distribution

Function (CDF) of the amplitudes of TD symbols can be approximated as

pX(x) =
Q1

(
0, x

σX

)
σX
√

2π
(4.13)

and as

PX(x) = 1−Q
(
x

σX

)
, (4.14)

respectively. In (4.13), we define the notation of Q1(0, x) , exp(−x2/2), which is

actually a special case of the first order Marcum Q-function.

QAM Scheme When the QAM scheme is considered, the variance of the TD sym-

bols xxxT given in (4.1) can be expressed as

σ2
X1 or 2

=
2E[‖xxxd‖2

2]

M
=

2Nd

M
, (4.15)

where we can show that σ2
X1
≈ 1 for the DCO-OFDM system using QAM, provided

that M is sufficient large, whilst we have σ2
X2

= 1/2 for the ACO-OFDM system

using QAM. Hence, we now know that for a given QAM scheme having a unity

normalised constellation energy, the variance of ACO-OFDM signals is about half of

DCO-OFDM signals.

CSIM Scheme Let us now consider the CSIM scheme of Section 4.2.1. For the

sake of analysis, let us define Nd = mG+ κ, where κ = 0, 1, . . . ,m− 1. In this case,

the variance of the TD symbols xxxT given in (4.1) can be formulated as

σ2
X3

=
2E[‖xxxd‖2

2]

M
=

2GE[‖xxxd,g‖2
2] + 2(Nd −mG)

M

=
2Gk + 2κ

M
=

(
2Nd

M

)
k

m
+

2κ

M

(
1− k

m

)
≈
(

2Nd

M

)
k

m
(4.16)
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for sufficient large M . Since we have k < m for our CSIM scheme, the signal variance

given in (4.16) for the CO-OFDM system using CSIM is much lower than that given

in (4.15) of CO-OFDM systems using QAM, when the same nonlinear sensitivity is

assumed. This may lead to some advantages, as it will be discussed in Section 4.4.2.

4.3.2 Review of Hard Clipping

In the conventional CO-OFDM systems, hard clipping is applied at the transmitter,

implying that we have fTx(X) = fHC(X), where the hard clipping function can be

expressed as

S = fHC (X) =


εmin, if X ∈ XHC

1

x, if X ∈ XHC
2

εmax, if X ∈ XHC
3 ,

(4.17)

where XHC
1 = (−∞, εmin], XHC

2 = (εmin, εmax) and XHC
3 = [εmax,+∞) are three

disjoint regions of amplitudes satisfying
⋃
iXHC

i = R. The effect of (4.17) is shown

in Fig. 4.4(a) and Fig. 4.4(b), where εmin ≤ 0 and εmax ≥ 0 denote the minimum

and maximum clipping level, respectively. It should be noted that both the values

of εmin and εmax are dependent on the achievable linear operational region of the

LED, as depicted in Fig. 4.3 and Fig. 4.4. As shown in Fig. 4.4(b), the minimum

clipping level associated with the ACO-OFDM system is given by εmin = 0, i.e.,

all the negative components are clipped. By contrast, for the DCO-OFDM system

shown in Fig. 4.4(a), only some of the high-peak negative components are clipped.

Based on (4.14) and (4.17), we can show that the PDF of the clipped symbol can

be formulated as

pS(s) =



PX(εmin) = Q
(
− εmin

σX

)
, if s = εmin

Q1

(
0, s
σX

)
σX
√

2π
, if s ∈ SHC

2

1− PX(εmax) = Q
(
εmax

σX

)
, if s = εmax

0, otherwise,

(4.18)

where SHC
2 = XHC

2 is the region of unchanged amplitudes. Here, the relationship

between the PDF of the input amplitude and the PDF of the corresponding output

amplitude of HC is shown. Typically, applying hard clipping to the transmitted

symbols may result in information loss, which is undesirable.
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4.3.3 Principles of Symmetry Piecewise Companding Transform

As shown in Fig. 4.4(c), instead of using hard clipping, a specifically designed com-

pander may be employed so that the biased signals can be operated in the desired

region of the transmitter LED. In this case, we can let fTx(x) = fCT(x), where fCT(x)

denotes the CT function used at the transmitter. The basic concept of a symmetric

piecewise compander is illustrated in Fig. 4.4(c). Below, we develop the underly-

ing principles in order to gain insights into the design of the symmetric piecewise

compander.

Firstly, let us divide the TD amplitudes of O-OFDM symbols into five regions

denoted as XCT
1,− = (−∞,−εX ], XCT

3,− = (−εX ,−εo], XCT
2 = (−εo, εo), XCT

3,+ = [εo, εX),

XCT
1,+ = [εX ,+∞), which can be further classified based on their magnitude into three

types denoted as XCT
1 = XCT

1,−
⋃XCT

1,+ , XCT
2 and XCT

3 = XCT
3,−
⋃XCT

3,+ . The first region

XCT
1 contains the high-peak components, which are hard clipped in our design. By

contrast, in the second region XCT
2 , the corresponding magnitudes are small enough

so that they remain unchanged. Finally, the amplitudes within the third region XCT
3 ,

which have moderate absolute values, are companded, as shown in Fig. 4.4(c). To

simplify the implementation, we arrange for the CT function be symmetric about

the origin. Hence, based on the above considerations, we can express the piecewise

CT function as

S = fCT(X) =


sgn(X)εS, if X ∈ XCT

1

X, if X ∈ XCT
2

sgn(X)ΦCT(|X|), if X ∈ XCT
3 ,

(4.19)

where the signum function is given by

sgn(X) =


−1, if X < 0

0, if X = 0

1, if X > 0.

(4.20)

In (4.19), the sub-function denoted as sgn(X)ΦCT(|X|) is applied for transform-

ing its input amplitude X ∈ XCT
3 to the output amplitude in S, as shown by the

shaded boxes in Fig. 4.4(c). Since there is an infinite variety of implementations for

ΦCT(|X|), we have to set up some conditions for narrowing the range of choices for

the companding functions. At this moment, we should note that in order to strike an

attractive tradeoff between the PAPR reduction and the bit error performance, the

companded signals should be mapped smoothly to the desirable range of the LEDs.

Bearing this in mind, some necessary conditions may be stated as

C.1 fCT(x) is symmetric across the origin;
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C.2 fCT(x) has to be a bijective function over X ∈ XCT
2

⋃XCT
3 ;

C.3 sgn(X)ΦCT(|X|) has to be a strictly monotonically increasing function over

X ∈ XCT
3 ;

C.4 ΦCT(|X|) can be expressed in closed-form;

C.5 The PDF of companded signals denoted as pS(s) has to satisfy the usual prob-

ability condition of
+∞∫
−∞

pS(s)ds = 1.

Based on these conditions, we can now continue by showing the relationship between

the companding function and the PDF of the corresponding output amplitudes as

follows.

Based on C.1, it may be readily shown that the PDF of the corresponding output

amplitudes is symmetric about the y-axis, as seen in the third sub-figure of Fig. 4.4(c).

Hence, the PDF of the companded signals’ amplitude in S given in (4.19) can be

formulated as

pS(s) =



Q
(
εX
σX

)
, if s = εS or −εS

Q1

(
0, s
σX

)
σX
√

2π
, if s ∈ SCT

2

gS(|s|), if s ∈ SCT
3

0, otherwise,

(4.21)

where due to C.2, two output amplitude regions are given by SCT
2 = XCT

2 = (−εo, εo)
and SCT

3 = SCT
3,−
⋃SCT

3,+, with SCT
3,− = (−εS,−εo] and SCT

3,+ = [εo, εS) corresponding to

XCT
3,− and XCT

3,+ , respectively. Here, as shown in Fig. 4.4(c), the notation εo represents

the break-points of the compander, while εX and εS are the cutoff levels associated

with the input X and the output S of the compander, respectively. In (4.21), gS(|s|),
which is symmetric about the y-axis, represents the Probability sub-Distribution

Function (PsDF) of the amplitudes within SCT
3 , as represented by the shaded boxes

in Fig. 4.4(c).

Bearing the symmetry of gS(s) in mind, we can simplify our forthcoming discus-

sions by considering the CT of only the positive amplitudes. In this case, we have

S = sgn(X)ΦCT(|X|) = ΦCT(X) and gS(|s|) = gS(s) for the case of X ∈ XCT
3,+ and

S ∈ SCT
3,+. To meet C.5, it is desirable to design a compander so that for each random

variable X+ ∈ XCT
3,+ , we have

X+∫
εo

pX(ux)dux =

ΦCT(X+)∫
εo

gS(us)dus, (4.22)

where we have ΦCT(X+) ≥ εo for ΦCT(X+) ∈ SCT
3,+ due to the condition of C.3.

Firstly, the Left-Hand-Side (LHS) of (4.22) can be calculated with the aid of (4.14)
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S = fCT(X) =


sgn(X)εS , if X ∈ XCT

1

X, if X ∈ XCT
2

sgn(X)G−1
S

{
Q
(
εo
σX

)
−Q

(
|X|
σX

)
+GS(εo)

}
, if X ∈ XCT

3

(4.22)

as

X+∫
εo

pX(ux)dux =PX(X+)− PX(εo)

=Q

(
εo
σX

)
−Q

(
X+

σX

)
. (4.23)

Before proceeding with the Right-Hand-Side (RHS) of (4.22), let us denote GS(s) =
s∫
−∞

gS(u)du as the CDF of gS(s). Moreover, due to C.4, we restrict our attention

to specific PsDF having closed-form expressions for both GS(s) and for its inverse

function G−1
S (s). Then, the RHS of (4.22) can be formulated as

ΦCT(X+)∫
εo

gS(us)dus =GS [ΦCT(X+)]−GS(εo). (4.24)

Upon substituting (4.23) and (4.24) into (4.22), we arrive at

Q

(
εo
σX

)
−Q

(
X+

σX

)
= GS [ΦCT(X+)]−GS(εo). (4.25)

With the aid of (4.25), the heuristic companding sub-function can now be expressed

as

ΦCT(X+) = G−1
S

{
Q

(
εo
σX

)
−Q

(
X+

σX

)
+GS(εo)

}
(4.21)

for each input random variable of X+ ∈ XCT
3,+ . Based on the symmetry, the general

companding function for the amplitude of the TD symbols can be finally formulated

in (4.22), as shown at the top of this page.

So far, we have demonstrated the relationship between the companding function

S = fCT(X) and the PDF pS(s) of the corresponding output amplitude. In particu-

lar, for a given PsDF gS(|s|), the companding sub-function sgn(X)ΦCT(|X|) can be

obtained with the aid of (4.21), which implies that we can design a compander in the

probability domain. Below, we explore the characteristics of the PsDF gS(|s|) with

the goal of identifying the conditions that can be used for the design of a compander.
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4.3.4 Restrictions on the Design of the PsDF

As shown in (4.19), the companding sub-function sgn(X)ΦCT(|X|) determines the

final design of the symmetric piecewise compander. Furthermore, as shown in (4.22),

the companding sub-function sgn(X)ΦCT(|X|) can be obtained by specifying the

PsDF gS(|s|) in the probability domain. Below, we detail some further restrictions

imposed on the design of the PsDF.

Among the five necessary conditions of C.1-C.5, we can readily show that C.2

and C.5 can be used for quantifying both the PsDF and the companding sub-

function, giving

GS(εS)−GS(εo) = Q

(
εo
σX

)
−Q

(
εX
σX

)
. (4.23)

We point out furthermore that since ±εo are unique partitioning points (i.e. we

have fCT(±εo) = ±εo), as a result of C.2 and C.5, the PDF pS(s) should also be

continuious at the break points of ±εo, yielding

gS(| ± εo|) = pX(±εo) =
Q1

(
0, εo

σX

)
σX
√

2π
. (4.24)

Next, let us consider the moments of S, which are important metrics directly

affecting the system’s performance. Firstly, due to the symmetry of the PDF pS(s),

it can be readily shown that the first moment or the mean of S is given by

µS , E[S] =

+∞∫
−∞

spS(s)ds = 0. (4.25)

Secondly, the second moment of S can be derived as

E[S2] =

+∞∫
−∞

s2pS(s)ds

=2ε2
SQ

(
εX
σX

)
+

∫
SCT
2

s2
Q1

(
0, s

σX

)
σX
√

2π
ds+

∫
SCT
3

s2gS(|s|)ds

=2ε2
SQ

(
εX
σX

)
+ σ2

X − 2σ2
XQ

(
εo
σX

)
− εoσx

√
2

π
Q1

(
0,
εo
σX

)
+ 2

∫
SCT
3,+

s2gS(|s|)ds, (4.26)

which is actually the average electrical power level of the companded signals. In-

tuitively, the lower the power-loss of the companded signals, the better the system
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performance becomes. Hence, let us define an average power-loss function as

LPo ,E[X2]− E[S2]

=σ2
X − 2ε2

SQ

(
εX
σX

)
− σ2

X + 2σ2
XQ

(
εo
σX

)
+ εoσx

√
2

π
Q1

(
0,
εo
σX

)
− 2

∫
SCT
3,+

s2gS(|s|)ds

=2σ2
XQ

(
εo
σX

)
− 2ε2

SQ

(
εX
σX

)
+ εoσx

√
2

π
Q1

(
0,
εo
σX

)
− 2

∫
SCT
3,+

s2gS(|s|)ds, (4.27)

where LPo < 0 means that the average power of signals is amplified after the CT,

while LPo > 0 indicates that there is a certain power loss due to the CT. Generally,

it is preferred to design a compander, which is capable of minimising the average

power-loss after the CT.

In summary, the PsDF gS(s) has to be designed to meet both (4.23) and (4.24),

as well as to minimise the average power loss after the CT. Below, we consider the

implementation of the symmetric piecewise compander.

4.3.5 Implementation of the Symmetric Piecewise Compander

Here we consider three types of functions as the implementation options for the

PsDF, which we refer to as the CPsDF, the LPsDF as well as the NLPsDF. Again,

we only detail the PsDF of positive amplitudes to simplify the presentation. We

should note that in the following analysis, the value of ε is fixed since it is restricted

by the operation dynamic range of the LED, as shown in Fig. 4.4.

CPsDF In this scheme, the sub-function is chosen as gS(s) = α1 for s ∈ SCT
3,+, where

α1 is a constant. Correspondingly, we can readily see that GS(s) = α1s + α2 and

G−1
S (s) = (s − α2)/α1, where α2 is also a constant. Hence, with the aid of (4.22),

ΦCT(|X|) for X ∈ XCT
3 can be formulated as

ΦCT(|X|) =
1

α1

[
−Q

( |X|
σX

)
+Q

(
εo
σX

)]
+ εo, (4.28)

where the constant α1 can be obtained for meeting (4.23) and (4.24) as

α1 =
Q
(
εo
σX

)
−Q

(
εX
σX

)
εS − εo

=
Q1

(
0, εo

σX

)
σX
√

2π
. (4.29)
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In particular, based on (4.29), εX can be expressed in terms of εo as

εX = σXQ
−1

{
Q

(
εo
σX

)
− εS − εo
σX
√

2π
Q1

(
0,
εo
σX

)}
, (4.30)

where the value of εo should be chosen to minimise the average power-loss of com-

panded signals, under the constraint of

Q

(
εo
σX

)
− εS − εo
σX
√

2π
Q1

(
0,
εo
σX

)
≥ 0 (4.31)

for a given value of εS. As proved in the Appendix B, for a given 0 < εS ≤ σX
√

2/π,

the value of εo is bounded by 0 ≤ εo ≤ εS, while, for a given εS > σX
√

2/π, the

value of εo is bounded by εo,min ≤ εo < εS, where εo,min is the lower bound of εo still

meeting the condition of (4.31).

Then, upon substituting (4.30) and gS(s) = α1 into (4.27), the average power-loss

function can be obtained as

LPo =2(σ2
X − ε2

S)Q

(
εo
σX

)
+

1

σX

√
2

π
Q1

(
0,
εo
σX

)[
1

3
ε3
o + εo(σ

2
X − ε2

S) +
2

3
ε3
S

]
. (4.32)

In order to obtain the optimal value of εo for minimising LPo, let us take the first

derivative of LPo with respect to εo, yielding

dLPo

dεo
=− 1

3σ2
X

√
2

π
Q1

(
0,
εo
σX

)
εo(εo + 2εS)(εo − εS)2 ≤ 0 (4.33)

for any 0 ≤ εo < εS. Eq.(4.33) implies that the average-power loss function LPo is

a non-increasing function. Hence, the optimal solution for min
εo
|LPo| is εo = εS. In

this case, the CT becomes HC, which goes against the goal of applying CT. Let the

minimum average power-loss be expressed as

LPo,min = σ2
X

[
2

(
1− ε2

S

σ2
X

)
Q (εS) +

√
2

π

εS
σX

Q1

(
0,
εS
σX

)]
. (4.34)

Then, a sub-optimal solution is to find εo < εS so that the difference between the

resultant average power-loss and the minimum average power-loss LPo,min is within

a tolerable margin of LC, i.e., the value of εo is chosen to satisfy

LPo − LPo,min ≤ LC, (4.35)

where based on a certain value of LC, let us denote the corresponding parameters

as εLCo and εLCX . Finally, based on the values of εLCo , εLCX and α1, the desired CPsDF

based compander can be obtained with the aid of substituting (4.28) into (4.22).

LPsDF In the context of this scheme, the PsDF is chosen to be a linear function

expressed as gS(s) = α1s + α2 for s ∈ SCT
3,+, where both α1 and α2 are constants.
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Correspondingly, we can find that GS(s) = α1[s + (α2/α1)]2/2 + α3 − α2
2/(2α1) and

G−1
S (s) = [

√
2α1s+ α2

2 − 2α1α3−α2]/α1, where α3 is a constant. Then, with the aid

of (4.22), ΦCT(|X|) for X ∈ XCT
3 can be formulated as

ΦCT(|X|) =−

√√√√−2Q
(
|X|
σX

)
+ 2Q

(
εo
σX

)
α1

+

(
εo +

α2

α1

)2

− α2

α1

, (4.36)

where the constants α1 and α2 required to satisfy (4.23) and (4.24) can be found to

be

α1 = 2

Q
(
εo
σX

)
−Q

(
εX
σX

)
(εS − εo)2

−
Q1

(
0, εo

σX

)
σX
√

2π(εS − εo)

 (4.37)

and

α2 =
(εS + εo)Q1

(
0, εo

σX

)
σX
√

2π(εS − εo)
−

2εo

[
Q
(
εo
σX

)
−Q

(
εX
σX

)]
(εS − εo)2

, (4.38)

respectively. Note that as a result of (4.22), the LPsDF gS(s) = α1s+α2 is restricted

to be a non-increasing function in the region of SCT
3,+. Furthermore, the general

condition of gS(s) = α1s + α2 ≥ 0 always has to be satisfied. Thus, the values of εo

and εX should be chosen to satisfy

Q1

(
0, εo

σX

)
2σX
√

2π
(εS − εo) < Q

(
εo
σX

)
−Q

(
εX
σX

)
<
Q1

(
0, εo

σX

)
σX
√

2π
(εS − εo). (4.39)

Next, based on (4.27), the average power-loss function of the LPsDF-based CT

can be expressed as

LPo =2

{
Q

(
εX
σX

)
[(εo + εS)2 + ε2

S]−Q
(
εo
σX

)
[(εo + εS)2 + 2ε2

S − 1]

+
Q1

(
0, εo

σX

)
σX
√

2π
[2ε3

o + ε2
oεS + εoε

2
S + εoσ

2
X + 2ε3

S]

}
. (4.40)

Since both the values of εo and εX are unknown, it is not easy to derive a closed-

form expression for the minimum average power-loss in this case. Nevertheless, for

the sake of comparison, we can simply let εX be equal to the parameter obtained by

the CPsDF-based CT, i.e. we have εX = εLCX . Then, the value of εo can be obtained

by solving the optimisation problem of

εL
o = min

εo
LPo s.t. (4.39) (4.41)

for given values of ε and εX = εLCX . Finally, based on the parameters εL
o , εLCX and εS,

the desired LPsDF based compander can be obtained with the aid of substituting

(4.36) into (4.22).
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NLPsDF In this scenario, we consider a specific type of nonlinear functions, which

is the square-root based function expressed as gS(s) = [α1(s + α2)]−
1
2 + α3 for

s ∈ SCT
3,+, where α1, α2 and α3 are constants. Note that, other types of NLPsDF

can be similarly analysed. However, we leave other types of NLPsDF for our fu-

ture research. Similarly, we can find GS(s) = 2
√

(s+ α2)/α1 + α3s + α4 and

G−1
S (s) = {

√
[s− α4 + α3α2 + 1/(α1α3)]/α3 − 1/(α3

√
α1)}2 − α2, where α4 is a con-

stant. Therefore, with the aid of (4.22), ΦCT(|X|) for X ∈ XCT
3 can be formulated

as

ΦCT(|X|) =


−Q

(
|X|
σx

)
+Q

(
εo
σX

)
α3

+

(√
εo + α2 +

1

α3
√
α1

)2


1
2

− 1

α3
√
α1


2

− α2.

(4.42)

From (4.42), it can be readily shown that the compander is determined by the param-

eters α1, α2 and α3. When either εo or εX is unknown, the problem of designing the

NLPsDF based CT becomes undetermined. Hence, for the sake of both implementa-

tion and comparison, the values of εo and εX are assumed to be fixed in the case of

NLPsDF. Specifically, we let εX = εLCX . Thus, to meet (4.23) and (4.24), α1 and α3

can be formulated in terms of α2, while the value of α2 is chosen by minimising the

average power-loss function LPo given in (4.27). Finally, upon substituting the values

of α1, α2 and α3 into (4.42), we can obtain the desired NLPsDF based compander.

Finally, the CPsDF, LPsDF and NLPsDF based expanders can be simply obtained

by calculating the related inverse functions of (4.19), respectively.

4.4 Performance Analysis

Generally, the nonlinear distortion of TD OFDM signals results in loss of orthogo-

nality, yielding ICI, which may degrade the attainable system performance. In this

section, we analyse the nonlinear effect of both CO-OFDM and of our proposed

CTO-OFDM systems. For notational brevity, the definitions given in (4.12a) and

(4.12b) are also used in the following analysis.

4.4.1 Generalised Analytical Model for O-OFDM Systems

Let us commence by introducing a generalised analytical model for the O-OFDM

systems considered in this chapter. Firstly, as mentioned in Section 4.2.1, when M is

sufficiently large, the TD symbols xT(l) (i.e., X) approximately follow the Gaussian

distribution with a mean of zero and a variance of σ2
X . In this case, the Bussgang
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theorem [184] can be invoked for analysing the effects of nonlinear distortion. Since

the nonlinearity considered in this paper is memoryless, the nonlinearity of the trans-

mitter processor expressed as S = fTx(X) can be modelled as [184]

S = ρaX +W, (4.43)

where ρa is the attenuation factor that can be obtained as

ρa =
E[SX]

E[X2]

=
1

σ2
X

E [fTx(X)X]

=
1

σ2
X

∞∫
−∞

xfTx(x)pX(x)dx. (4.44)

Based on [184], the distortion term W in (4.43) is uncorrelated with X, i.e. we have

E[WX] = 0. The mean and variance of the distortion term W can be derived as

µw ,E[W ]

=E[S − ρaX] = E[S]− ρaE[X]

=E[S]− 0

=

∞∫
−∞

spS(s)ds (4.45)

and

σ2
w ,E

[
W 2
]
− (E[W ])2

=E[(S − ρaX)2]− µ2
w

=E[S2]− ρ2
aE[X2]− µ2

w

=

∞∫
−∞

s2pS(s)ds− ρ2
aσ

2
x − µ2

w, (4.46)

respectively.

Next, similarly to the TD modelling shown in (4.12), let the FD symbol of each

subchannel shown in (4.4) and (4.5) be modelled as{
X : Xi , xF(i) ∈ C

}
; (4.47a){

Y : Yi , yF(i) ∈ C
}

; (4.47b){
N : Ni , nF(i) ∈ C

}
; (4.47c){

W : Wi , wF(i) ∈ C
}
, (4.47d)
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where wF(i) represents the interference experienced by the ith subchannel, which

is engendered by the distortion W given in (4.43). Then, based on (4.43), we can

readily model the received FD symbol shown in (4.5) as

Y = ρahFX + hFW + N. (4.48)

4.4.2 SINR Analysis

Based on (4.48), the received instantaneous Signal-to-Interference-plus-Noise power

Ratio (SINR) of the ith subchannel can be expressed as

γd(i) =
ρ2

a |hF(i)|2 E[|X|2]

|hF(i)|2 E[|W|2] + E[|N|2]

=
ρ2

aσ
2
X

σ2
w + µ2

w + σ2
n

|hF(i)|2
. (4.49)

According to Section 4.2, only the subchannels indexed with i = 1, . . . , Nd are used for

data transmission. Hence, the nonlinear effect induced by the transmitter processor

fTx(X) on the data symbols can be quantified in terms of the average SINR of

γ̄d =
1

Nd

Nd∑
i=1

γd(i), (4.50)

where, upon substituting (4.49) into (4.50), we can show that for the time-invariant

VLC channels, the parameters that determine the nonlinear effects are ρa, σ2
w and

µ2
w. Furthermore, it can be readily shown that the higher γ̄d, the lower the nonlinear

effects experienced by the O-OFDM systems becomes. Hence the better the perfor-

mance becomes. Below, the SINRs of the various O-OFDM systems considered in

this chapter are derived.

DCO-OFDM

First, for the DCO-OFDM system, let us rewrite (4.43) as

S = ρa,DCX +WDC, (4.51)

where, upon substituting (4.13) and (4.17) into (4.44), the attenuation factor ρa,DC

is given by

ρa,DC = Q

(
εmin

σX

)
−Q

(
εmax

σX

)
. (4.52)
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Moreover, upon substituting (4.18) into (4.45) and (4.46), the mean and variance of

the distortion term can be derived as

µwDC
=εminQ

(
−εmin

σX

)
+ εmaxQ

(
εmax

σX

)
+

σX√
2π

[
Q1

(
0,
εmin

σX

)
−Q1

(
0,
εmax

σX

)]
(4.53)

and

σ2
wDC

=ε2
min + (σ2

X − ε2
min)Q

(
εmin

σX

)
+ εmin

σXQ1

(
0, εmin

σX

)
√

2π

− (σ2
X − ε2

max)Q

(
εmax

σX

)
− εmax

σXQ1

(
0, εmax

σX

)
√

2π

− ρ2
a,DCσ

2
x − µ2

wDC
, (4.54)

respectively. Finally, upon substituting (4.52), (4.53) and (4.54) into (4.49), we

obtain the SINR for the DCO-OFDM system.

Discussions Recall for Section 4.2.1 that the constellation energy of a given QAM

scheme is normalised to unity, so that the sensitivity to nonlinear distortions is the

same for different CO-OFDM systems. In this case, as shown in Section 4.3.1, the

signal variance of the DCO-OFDM system using CSIM is much lower than that of

the DCO-OFDM system employing QAM. Note that the lower-bounded clipping level

εmin is restricted to be non-positive values, as defined in Section 4.3.2. Since the Q-

function is a monotonically decreasing function, we can readily show that the lower

the signal variance σ2
X , the higher the value of ρa,DC given in (4.52) becomes, while,

the smaller the value of µwDC
given in (4.53) and σ2

wDC
given in (4.54) become. Upon

substituting these parameters into (4.49), we can readily see that the lower the signal

variance, the higher the SINR becomes, yielding a better overall system performance.

Therefore, we can show that at the same sensitivity to nonlinear clipping, the CSIM

scheme is capable of attaining a better performance than that of the QAM scheme

for the DCO-OFDM systems, as it will be shown in Section 4.5.

CTO-OFDM Here, we consider two specific cases for the CTO-OFDM systems.

In the first case, we assume that the expander is not invoked at the receiver, i.e.

the scheme shown in the upper dashed box of Fig. 4.2 is used. In this case, both the

CT and the HC components are analysed as follows. Firstly, we can express (4.43)

as

S = ρa,CTX +WCT. (4.55)
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Upon substituting (4.13) and (4.19) into (4.44), the attenuation factor ρa,CT can be

expressed as

ρa,CT =
1

σ2
X

∞∫
−∞

xfCT(x)pX(x)dx

=
2

σ2
X


εo∫

0

x2pX(x)dx+ εS

∞∫
εX

xpX(x)dx+

εX∫
εo

xfCT(x)pX(x)dx


=1− 2Q

(
εo
σX

)
+

1

σX

√
2

π

[
εSQ1

(
0,
εX
σX

)
− εoQ1

(
0,
εo
σX

)]
+

2

σ2
x

E
[
SX|X ∈ XCT

3,+

]
, (4.56)

where the last term is defined as E
[
SX|X ∈ XCT

3,+

]
,

εX∫
εo

xfCT(x)pX(x)dx, for which

closed-form formulas can be derived, when the implementations of the CPsDF,

LPsDF as well as NLPsDF based CTs given in Section 4.3.5 are assumed. How-

ever, for the sake of simplicity, in this paper, Monte Carlo simulations are applied for

calculating the term E
[
SX|X ∈ XCT

3,+

]
for each of the above-mentioned implementa-

tions. Next, the mean of the distortion term WCT can be obtained by substituting

(4.21) into (4.45), yielding

µwCT
=0. (4.57)

Furthermore, based on (4.27), we can express the variance of the distortion term

WCT in term of the average power-loss function as

σ2
wCT

=E[S2]− ρ2
a,CTσ

2
x − µ2

wCT

=E[X2]− LPo − ρ2
a,CTσ

2
x

=σ2
X − LPo − ρ2

a,CTσ
2
x. (4.58)

Consequently, the SINR of this case can be obtained by substituting (4.56), (4.57)

and (4.58) into (4.49).

In the second case, we assume that the CT components are perfectly restored

without amplifying the noise at the receiver side. However, no processing is assumed

by the HC components. It can be readily shown that this is actually equivalent to

the case of DCO-OFDM. But, the detailed expressions are omitted here since they

can be obtained from those of the DCO-OFDM by substituting εmin and εmax into

−εX and εX , respectively. Thus, when the HC of DCO-OFDM is assumed to be

symmetric in conjunction with εmin = −εS and εmax = εS, we can readily show that

our CTO-OFDM is capable of outperforming DCO-OFDM, since we have εX > εS

implying a higher SINR for our CTO-OFDM than that of DCO-OFDM. However, it

should be noted that this is achieved at the cost of an increased complexity.
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Table 4.1: Parameters for All Simulations

Q M Nd Nd/M Lcp

ACO-OFDM

4, 16, 64, 256 256

64 25%

5 or 13DCO-OFDM 127 49.61%

CTO-OFDM 127 49.61%
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Figure 4.5: Two indoor VLC channels generated according to [183] used in the

simulations.

4.5 Performance Results

In this section, simulation results are provided for investigating the performance

of the CO-OFDM and CTO-OFDM systems. The system setup and the parameters

used in our simulations are summarised in Table 4.1. We consider the communication

scenario, where the transmitter and receiver are placed in a room with dimensions

of [length=4 m, width=4 m, height=8 m]. Correspondingly, the transmitter LED is

placed at the position of [0.06 m, 0.06 m, 6 m], while the PD is placed at the position

of [1.5 m, 2.5 m, 1 m]. The other parameters for the transmitter, receiver, as well

as the reflectance of building material are assumed to be the same as those stated

in [183]. Specifically, three bounces are considered for calculating the impulse re-

sponse of the VLC channels expressed in (4.3). In our simulations, the pair of indoor

VLC multipath channels shown in Fig. 4.5 are considered. As seen in Fig. 4.5, the
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second channel model is more dispersive than the first channel model. Furthermore,

we consider O-OFDM systems using QPSK, 16QAM, 64QAM or 256QAM in con-

junction with M = 256 subcarriers, among which Nd subcarriers are used for data

transmission. According to the principles of the O-OFDM systems considered, we

have Nd = (M − 2)/2 for both the DCO-OFDM and CTO-OFDM systems, while

Nd = M/4 for the ACO-OFDM system. Therefore, it can be shown that about

Nd/M = 49.61% of the subchannels are actively used for data transmission in both

the DCO-OFDM and the CTO-OFDM systems. By contrast, only Nd/M = 25%

subchannels are employed by the ACO-OFDM system. In all the O-OFDM systems,

the CP length is chosen to be Lcp = 5 and 13 samples for the first and second VLC

channel models, respectively. For the sake of comparison, three dynamic ranges are

considered, namely 2εS = (εmax − εmin) = 4, 5 and 6.
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Figure 4.6: Performance comparison between the DCO-OFDM and ACO-OFDM

systems using QPSK, 16QAM and 256QAM, when communicating over AWGN

channels. All other system parameters are summarised in Table 4.1.

In Fig. 4.6, the BER performance of the ACO-OFDM and DCO-OFDM systems

is compared, when communicating over non-dispersive AWGN channels. In this fig-

ure, QPSK, 16QAM, 64QAM and 256QAM are considered. Correspondingly, a CP

length of Lcp = 0 is set for both the systems. For the dynamic range, in addi-

tion to εmax − εmin = 5, we also consider the ideal scenario of having an infinite

dynamic range. Specifically, the dynamic range set for the DCO-OFDM system is

[εmin, εmax] = [−1, 4]. From the results of Fig. 4.6, we infer the following observa-
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tions. First, for a given CO-OFDM system operating with a limited dynamic range,

as the constellation size Q increases, the BER becomes more and more sensitive to

the nonlinear distortion imposed by the hard clipping. This trend is the same as that

observed in the classic OFDM system in RF communications, experiencing nonlinear

distortion, as shown in [91, 92]. Finally, as seen in Fig. 4.6, an error floor occurs

for the CO-OFDM systems associated with large constellation sizes for a limited

dynamic range. This is because the nonlinear distortion generated by hard clipping

usually results in ICI, as detailed in Section 4.4. Hence, when the SNR is sufficiently

high, the SINR is dominated by the ICI, as seen in (4.49). As a result, the system

exhibits an error floor.
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Figure 4.7: BER performance of both the DCO-OFDM and ACO-OFDM sys-

tems operated with different dynamic ranges, when communicating over AWGN

channels. All other system parameters are summarised in Table 4.1.

In Fig. 4.7, we study the BER performance of the DCO-OFDM and ACO-OFDM

systems for different dynamic ranges of εmax−εmin = 4, 5 and 6, when communicating

over AWGN channels. Both QPSK and 16QAM are characterised. Again, due to

the AWGN channels considered, a CP length of Lcp = 0 is assumed. Specifically,

the dynamic ranges of the DCO-OFDM system are set to [−1, 3], [−1, 4] and [−1, 5].

Observe from Fig. 4.7 that there is no significant difference among the BER curves of

a given CO-OFDM system for a given constellation scheme, when different dynamic

ranges are used. This observation can be explained as follows. According to our

analytical results given in Section 4.4.2, the achievable SINR of both CO-OFDM
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systems is mainly dependent on the lower clipping limit εmin, as shown in (4.49).

In other words, given a sufficiently wide dynamic range, the upper clipping limit

εmax has little impact on the resultant parameters of ρa, µw and σ2
w, as indicated by

(4.52)-(4.54). In this case, when the hard clipping scheme is employed, the system

performance can be hardly improved by further increasing the dynamic range by

increasing the upper clipping limit εmax.

Table 4.2: Analytical Results of System Complexity

Rate VLC Parameters Complexity order

in bits/s/Hz System (m,N, k,Q) of system in dB

0.9922

DCO-OFDM-QPSK (1, 1, 1, 4) 28.0277

DCO-OFDM-CSIM (4, 16, 1, 16) 39.0998

DCO-OFDM-CSIM (4, 64, 1, 4) 39.0998

1.2344 DCO-OFDM-CSIM (4, 256, 1, 4) 45.1204
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Figure 4.8: BER performance of the DCO-OFDM system using QPSK and CSIM,

when communicating over the VLC channel-1. The dynamic range is set to [-1,3].

All other system parameters are summarised in Table 4.1 and Table 4.2.

In Fig. 4.8-4.12, we investigate the BER performance of the DCO-OFDM system

using QPSK and CSIM, when communicating over the VLC channels. In these

figures, The dynamic ranges of [−1, 3] and [−2, 2] are considered. For the DCO-

OFDM system using QPSK, the MAR is 0.9922 bits/s/Hz. By contrast, the same

MAR is attained by the CSIM schemes associated with (m = 4, N = 16, k = 1, Q =
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16) and (m = 4, N = 64, k = 1, Q = 4). To elaborate further, the CSIM scheme

associated with (m = 4, N = 256, k = 1, Q = 4) and characterised in Fig. 4.12

yields the MAR of 1.2344 bits/s/Hz. In particular, for the DCO-OFDM system

using all the three CSIM schemes, a total of G = 31 groups of CSIM symbols are

transmitted within each O-OFDM symbol block. For the sake of comparison, the

remaining (Nd−mG) = 3 FD subcarriers convey QPSK symbols. Furthermore, when

CSIM is employed, the low-complexity receiver scheme shown in the upper dashed

box of Fig. 4.2 is used, while the ML detector of Section 3.3.1 is employed. The

corresponding analytical results of systems’ complexity order, which are obtained

based on (4.9) and (4.10), are given in Table 4.2, From the simulation results of

Fig. 4.8-4.12, we can infer the following observations.
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Figure 4.9: BER performance of the DCO-OFDM system using QPSK and CSIM,

when communicating over the VLC channel-1. The dynamic range is set to [-2,2].

All other system parameters are summarised in Table 4.1 and Table 4.2.

Firstly, we can observe from Fig. 4.8 that for a given MAR of 0.9922 bits/s/Hz,

the BER performance of the DCO-OFDM system using CSIM is severely degraded,

when a higher-order QAM constellation is employed for modulating the activated

symbols. This observation highlights that it is important to compare the performance

of different O-OFDM systems under the same sensitivity to nonlinear distortions.

Otherwise, the corresponding system comparisons may not be objective. Secondly,

as shown in Fig. 4.8-4.11, the DCO-OFDM system using CSIM outperforms the DCO-

OFDM system using QPSK for the same sensitivity to nonlinear distortions, as well as

for the same MAR of 0.9922 bits/s/Hz. However, as seen in Table 4.2, the complexity

order of the DCO-OFDM system using CSIM is higher than that of the DCO-OFDM
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Figure 4.10: BER performance of the DCO-OFDM system using QPSK and CSIM,

when communicating over the VLC channel-2. The dynamic range is set to [-1,3].

All other system parameters are summarised in Table 4.1 and Table 4.2.
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Figure 4.11: BER performance of the DCO-OFDM system using QPSK and CSIM,

when communicating over the VLC channel-2. The dynamic range is set to [-2,2].

All other system parameters are summarised in Table 4.1 and Table 4.2.
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Figure 4.12: BER performance of the DCO-OFDM system using CSIM schemes,

when communicating over the VLC channel-1. The dynamic range is set to [-2,2].

All other system parameters are summarised in Table 4.1 and Table 4.2.

system using QPSK. This observation confirms our analytical results discussed in

Section 4.4.2, where the SINR attained by the CSIM scheme is higher than that

attained by the QAM scheme. Furthermore, an additional diversity gain and coding

gain can be achieved by the CSIM scheme, as analysed in Chapter 3. Hence, in

comparison to the DCO-OFDM system using QAM, a substantially improved BER

performance can be achieved by the DCO-OFDM system using CSIM. The diversity

performance of the CSIM scheme can be further characterised by the simulation

results of Fig. 4.10. When the optical signals propagate over the dispersive multipath

VLC channel-2 of Fig. 4.5, the attainable BER performance of the CSIM scheme

associated with the diversity order of m = 4 becomes limited in comparison to the

BER performance shown in Fig. 4.8 for the less dispersive multipath VLC channel-

1. Hence, a higher-diversity CSIM codebook can be designed to further improve

the system performance. However, in this case more symbols have to be activated

for maintaining the same MAR, hence imposing a higher complexity, as analysed in

Chapter 3. Finally, we can observe from Fig. 4.12 that for a given constellation size

Q = 4, the DCO-OFDM system using our CSIM scheme is capable of attaining a

higher MAR, which is 1.2344 bits/s/Hz for our CSIM associated with (m = 4, N =

256, k = 1, Q = 4). However, as shown in Table 4.2, this is achieved at the cost

of complexity. We shall emphasise that the DCO-OFDM system using QPSK can
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only attain a MAR of 0.9922 bits/s/Hz. This observation confirms our discussions

of Chapter 3, suggesting that our CSIM is a spectrally efficient scheme. The above-

mentioned striking features of the CSIM scheme suggest that it is eminently suitable

for O-OFDM systems.
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Figure 4.13: Performance comparison of CPsDF, LPsDF and NLPsDF based CTO-

OFDM systems using 64QAM, when communicating over VLC channel-1. The

expander is not employed at the receiver side. All other system parameters are

summarised in Table 4.1.

In Fig. 4.13, we study the performance of CTO-OFDM systems employing CPsDF,

LPsDF or NLPsDF based CTs, when communicating over multipath indoor VLC
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channels. For the sake of comparison, the VLC channel-1 associated with a CP

length of Lcp = 5 and a 64QAM scheme are employed. It should be noted that

the performance of other modulation schemes and channel scenarios will obey sim-

ilar trends, as inferred from our theoretical analysis provided in Section 4.4.2. The

dynamic ranges are set to [−2, 2], [−2.5, 2.5] and [−3, 3]. Furthermore, in order to

investigate the inherent nonlinear distortion of each CT scheme, no expanders are

employed in these simulations. Observe from the results of Fig. 4.13 (a) that the

BER performance of the CPsDF-based CT is competitive in comparison to that of

the NLPsDF-based CT, both of which slightly outperform the LPsDF-based CT.

This observation can in fact be explained with the aid of the analytical SINR results

of Fig. 4.13 (b). As seen in these figures, the average SINR of the CPsDF-based CT

is almost the same as that of the NLPsDF-based CT. However, the LPsDF-based CT

suffers from a higher interference than both the CPsDF and NLPsDF based CTs.

Correspondingly, the BER performance of the LPsDF-based CT is worse than that

of the CPsDF and NLPsDF based CTs.
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Figure 4.14: Performance comparison between the DCO-OFDM and CTO-OFDM

systems using 64QAM, when communicating over indoor VLC channels. The dy-

namic ranges of both systems are set to [−2, 2]. All other system parameters are

summarised in Table 4.1.

In Fig. 4.14-4.17, we investigate the performance of the DCO-OFDM and CTO-

OFDM system using 64QAM or 256QAM, when communicating over indoor VLC

multipath channels. Specifically, the VLC channel-1 associated with a CP length

of Lcp = 5 and the VLC channel-2 with a CP length of Lcp = 13 are employed.
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For the sake of comparison, the dynamic ranges of both systems are set to [−2, 2]

or [−2.5, 2.5]. As inferred from Fig. 4.13, the CPsDF-based CT is employed by the

CTO-OFDM system, where the pair of receiver processing schemes shown in Fig. 4.2

are used. From the results of Fig. 4.14-4.17 we infer the following observations.
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Figure 4.15: Performance comparison between the DCO-OFDM and CTO-OFDM

systems using 64QAM, when communicating over indoor VLC channels. The dy-

namic ranges of both systems are set to [−2.5, 2.5]. All other system parameters

are summarised in Table 4.1.

Firstly, as observed from Fig. 4.14-4.17, the CTO-OFDM system using the ex-

pander always outperforms the DCO-OFDM system. This observation confirms our

analysis of CTO-OFDM carried out in Section 4.4.2, where we have shown that if

the CT components can be recovered at the receiver side, our CTO-OFDM becomes

capable of outperforming DCO-OFDM. Secondly, as seen in Fig. 4.14 -4.17, as the

operational range increases, the performance gain attained by CTO-OFDM becomes

less attractive in the light of the corresponding receiver complexity. This implies

that a tradeoff has to be struck between the performance gain and complexity cost

for designing efficient CTO-OFDM systems. Finally, as inferred from Fig. 4.14 and

Fig. 4.17, if DCO-OFDM fails to support reliable communications, CTO-OFDM may

be activated. This becomes more evident, when error correction codes are employ.

Therefore, the flexibility of our CTO-OFDM system is higher than that of the CO-

OFDM system.
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Figure 4.16: Performance comparison between the DCO-OFDM and CTO-OFDM

systems using 256QAM, when communicating over indoor VLC channels. The

dynamic ranges of both systems are set to [−2, 2]. All other system parameters

are summarised in Table 4.1.
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Figure 4.17: Performance comparison between the DCO-OFDM and CTO-OFDM

systems using 256QAM, when communicating over indoor VLC channels. The

dynamic ranges of both systems are set to [−2.5, 2.5]. All other system parameters

are summarised in Table 4.1.
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4.6 Conclusions

In this chapter, the CSIM scheme has been applied to a DCO-OFDM system. We

have demonstrated that in comparison to the classic QAM signalling, the CSIM

signalling is capable of attaining a better BER performance in VLCs, albeit at a

slightly higher complexity. Furthermore, we have shown that our CSIM scheme is

able to attain a higher rate than that achieved by classic QAM signalling, when the

same constellation is used. As a further improvement, piecewise CT schemes have

been conceived for O-OFDM systems, in order to constrain the transmitted signals

within the limited dynamic range of LEDs. We have outlined the general principles

and design criteria of piecewise CT schemes operated in different optical propagation

scenarios. Three types of piecewise companders have been designed for the O-OFDM

systems, which are the CPsDF, LPsDF and NLPsDF based CTs. Furthermore, the

nonlinear effect of both the hard clipping and CT on the performance of the O-

OFDM systems has been investigated in the context of different scenarios by both

analysis and simulations. Our studies show that in comparison to the ACO-OFDM

system, both the DCO-OFDM and CTO-OFDM systems are capable of attaining a

higher bandwidth efficiency. Moreover, the CTO-OFDM system is shown to exhibit a

high flexibility, as well as a capability to support high data-rate transmissions in the

face of nonlinear effects. We also point out that a tradeoff has to be struck between

the performance gain and the complexity cost for designing efficient CTO-OFDM

systems.



Chapter 5
Conclusions and Future Work

5.1 Conclusions

In this thesis, we have conceived CS-assisted designs for enhancing the performance

of indoor attocells. In particular, the key challenges of deploying indoor attocells,

which are asynchronous impulsive noise, bandwidth efficiency and LED nonlinearity,

have been tackled by our proposed CS-assisted systems, which are summarised below.

Chapter 1: In Section 1.1 and Section 1.2, we have detailed our motivation and

introduced the integrated PLC/VLC system concept. Our studies have shown

that the integrated PLC/VLC system, which has the advantages of cost-efficiency

and a substantial unlicensed bandwidth without inflicting interference upon the

existing RF communications, constitutes a compelling complement to the near-

future wireless communication networks. Then, for the sake of convenience, the

integrated PLC/VLC system has been decomposed into the PLC system and

Table 5.1: Summary of System Tradeoffs

Scheme vs Scheme
Rate in SNR gain at Complexity

bits/s/Hz BER of 10−4 in dB ratio

IDFFT-CIS vs OFDM-MLD 1.67 15.05 103.2

LPIM-MLD vs QAM-MLD 1.50 19.50 103.6

CSIM-MLD vs QAM-MLD 1.50 16.00 101.8

LPIM-MLD vs LPIM-GIRCD 1.50 0.50 100.6

CSIM-MLD vs CSIM-GIRCD 1.50 1.00 101.0

DCO-OFDM-CSIM vs DCO-OFDM-QAM 0.99 11.00 101.1
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the VLC system. Specifically, we have discussed some of the challenges tackled,

which striking an attractive performance versus complexity tradeoff. Finally, in

Section 1.3, we have presented an overview of CS, which is applied as our per-

vasive tool. We have shown that CS constitutes an attractive low-complexity

estimation or detection tool in the context of high-dimension search problems.

Chapter 2: In Section 2.2, CIS-assisted IDFFT aided systems have been proposed

for broadband indoor PLCs in order to mitigate the deleterious effects of the

multipath fading and the asynchronous impulsive noise. Specifically, we have

detailed the conceptual framework of our CIS in Section 2.4, where a 2D inter-

leaver was conceived in Section 2.4.1 for dispersing the asynchronous impulsive

bursts. Then, the received pilots have been modelled in Section 2.4.2 relying

on the mathematical formulation of CS with the aid of our IDFFT system. In

Section 2.4.3, we have proposed a computationally efficient search algorithm

for approaching the optimal at a modest pilot design complexity. Based on our

studies of this chapter, the basic design guidelines of our CIS-assisted IDFFT

aided system may be summarised as follows. The 2D interleaver of the proposed

CIS-assisted IDFFT aided system has to be carefully designed in order to effi-

ciently randomise the impulsive noise bursts at the cost of the lowest possible

time delay. The design of pilot symbols also commands special attention in or-

der to facilitate the accurate estimation and efficient mitigation of asynchronous

impulsive noise, because both the specific position and the number of pilots crit-

ically affects the CS-based estimation performance. Hence, we recommended a

search algorithm for finding the most appropriate positions of the pilots in an

offline manner. The number of pilots also has to be optimised for striking a

flexible tradeoff between the performance gain attained and the effective trans-

mission rate reduction imposed by the pilot-overhead. Finally, based on the

2D interleaver and pilot design, we proposed a CIS-assisted symbol detector,

which has been shown to be capable of significantly improving the attainable

system performance in comparison to the conventional OFDM system. Upon

following these design guidelines, the computational complexity of the proposed

CIS-assisted symbol detector remains moderates, where the extra complexity is

mainly contributed by the additional FFT and IFFT operations. Specifically, as

summarised in Table 5.1, at the BER of 10−4, our CIS-assisted IDFFT system

achieves about 15 dB SNR performance gain as well as requires about an order

of 103.2 increased complexity, in comparison to the classic OFDM system.

Chapter 3: In Section 3.2, the bit-to-symbol mapping rule was incorporated into a

codebook. Then, its unified performance analysis was provided in Section 3.3.
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Based on our theoretical analysis, the relevant codebook design criteria have

been formulated in terms of the diversity gain, the coding gain, as well as the

maximum achievable rate. Then, based on the diversity gain and the cod-

ing gain design criteria, a LPIM codebook has been proposed in Section 3.4.

Both the analytical and the simulation results have confirmed that the LPIM

scheme is capable of attaining a compelling BER performance. In Section 3.5,

a generalised CSIM codebook has been proposed based on the maximum di-

versity gain and the maximum achievable rate design criteria. Moreover, in

Section 3.5.3, we have proposed a novel design for our CSIM codebook in order

to simultaneously satisfy the maximum diversity gain criterion as well as the

MIP. Finally, the GIRCD has been proposed in Section 3.6 for both the LPIM

and the CSIM in order to reduce the corresponding detection complexity. In

Section 3.7, simulation results have been provided for characterising the overall

system performance. Our investigations demonstrated that both OFDM-LPIM

and OFDM-CSIM is capable of achieving a better BER performance than the

classic OFDM scheme and the conventional OFDM-SIM arrangement. In par-

ticular, as summarised in Table 5.1, at the BER of 10−4 and the rate of 1.5

bits/s/Hz, the LPIM achieves about 20 dB SNR performance gain at the cost

of about an order of 103.6 increased complexity, whilst the CSIM achieves about

16 dB SNR performance gain at about an order of 101.8 increased complexity,

both in comparison to the classic OFDM system. Then, in comparison to the

conventional SIM and LPIM schemes, the CSIM scheme strikes an appealing

tradeoff between the SE and the EE. Furthermore, for a given maximum achiev-

able rate and JMLD, the LPIM scheme is capable of achieving a better BER

performance than the CSIM scheme, albeit at a much higher complexity. The

GIRCD can be invoked for significantly reducing the complexity of both the

LPIM and CSIM schemes. At a high rate, the LPIM scheme using GIRCD has

been shown to be capable of attaining a good BER performance at a reduced

complexity. An even lower complexity is imposed by the CSIM scheme using

GIRCD, albeit a slight performance loss. As summarised in Table 5.1, in com-

parison to the MLD, our GIRCD reduces the complexity by a factor of about

100.6 at the cost of 0.5 dB SNR performance loss at the BER of 10−4 for the

LPIM scheme, while for the CSIM scheme, about an order of 101.0 complexity

reduction at the cost of about 1 dB SNR performance loss is observed.

Chapter 4: In Section 4.2, the CSIM scheme of Chapter 3 has been applied to a

DCO-OFDM system. We have demonstrated that in comparison to the clas-

sic QAM signalling, the CSIM signalling is capable of attaining a better BER
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performance in VLC, albeit at a slightly increased complexity. Specifically,

as summarised in Table 5.1, in comparison to the classic OFDM system, the

DCO-OFDM system using CSIM achieves about 11 dB SNR performance gain

at about an order of 101.1 higher complexity, for the VLC scenario of Fig. 4.10.

Furthermore, we have shown that our CSIM scheme is capable of attaining

a higher rate than that achieved by classic QAM signalling, when the same

constellation is used. In particular, about 24% improvement of the maximum

achievable rate is observed in Fig. 4.12 for our CSIM using the QPSK constel-

lation at about four times the complexity, in comparison to the conventional

QPSK scheme dispensing with CSIM. As a further improvement, piecewise CT

schemes have been conceived in Section 4.3 for O-OFDM systems, in order

to constrain the transmitted signals to the limited dynamic range of LEDs. In

Section 4.3.5, we have outlined the general principles and design criteria of piece-

wise CT schemes operated in different optical propagation scenarios. Moreover,

three types of piecewise companders have been designed for the O-OFDM sys-

tems, which are the CPsDF, LPsDF and NLPsDF based CTs. Furthermore, the

nonlinear effect of hard clipping and CT on the performance of the O-OFDM

systems has been investigated in the context of different scenarios by both anal-

ysis and simulations. Our studies show that in comparison to the ACO-OFDM

system, both the DCO-OFDM and CTO-OFDM systems are capable of at-

taining a higher bandwidth efficiency. Moreover, the CTO-OFDM system has

been shown to exhibit a high flexibility, as well as a capability to support high

data-rate transmissions in the face of nonlinear effects. We also point out that

a tradeoff has to be struck between the performance gain and the complexity

cost of designing efficient CTO-OFDM systems.

5.2 Future Work

Our future work is summarised as follows.

• Firstly, channel coding will be employed in our CIS-assisted IDFFT system of

Chapter 2, OFDM-LPIM/CSIM systems of Chapter 3, as well as O-OFDM-

CSIM system of Chapter 4, in order to further improve the attainable system

performance.

• Secondly, in order to enhance the performance of O-OFDM systems, our future

work will be focused on modifying our CSIM signalling scheme, so that the non-

linear effects can be mitigated at the transmitter side. Furthermore, advanced
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ICI mitigation schemes will be conceived for our CTO-OFDM at the receiver

side.

• Thirdly, we will design and characterise an integrated PLC/VLC system for

both uplink and downlink multiuser transmissions.

• Finally, in a nutshell, CS is capable of tackling numerous technical issues at

an appealingly low complexity. Therefore, it will be continuously used for our

future research.



Appendix A
Derivation of Spectral Efficiency

According to Section 3.3, the Channel State Information (CSI) is assumed to be

perfectly known at the receiver. Hence, based on the modelling of (3.4c), the mutual

information I(sssg;yyyg) can be expressed as [150]

I (sssg;yyyg) =EH̄HHg
[I(sssg;yyyg|H̄HHg)]

=EH̄HHg
[H(yyyg|H̄HHg)−H(yyyg|sssg, H̄HHg)]

=EH̄HHg
[H(yyyg|H̄HHg)]−H(n̄nng), (A.1)

where the differential entropy of the m-dimensional complex Gaussian vector with a

mean vector 000 and a covariance matrix of N0IIIm is given by [150]

H(n̄nng) = log2(πeN0)m = m log2(πeN0)

=m log2

(
πek

mγs

)
. (A.2)

On the other hand, the conditional entropy H(yyyg|H̄HHg) can be formulated as [150]

H(yyyg|H̄HHg) =−
∫
yyyg

p(yyyg|H̄HHg) log2 p(yyyg|H̄HHg)dyyyg

=Eyyyg [− log2 p(yyyg|H̄HHg)]. (A.3)

According to (3.1), the codebook V is defined so that each group of L data bits can

be regarded as being directly mapped into a symbol vector in V . Since the input data

bits are i.i.d., it is reasonable to assume that the candidates in V are equiprobable,

i.e. we have p(vvvi) = 1/2L for i = 1, . . . , 2L. Hence, with the aid of (3.7) and by
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invoking Bayes’ rule, the conditional probability p(yyyg|H̄HHg) can be expressed as

p(yyyg|H̄HHg) =
2L∑
i=1

p(yyyg|vvvi, H̄HHg)p(vvvi) =
1

2L

2L∑
i=1

p(yyyg|vvvi, H̄HHg)

=
1

2L

2L∑
i=1

1

(πN0)m
exp

{
−‖yyyg − H̄HHgvvvi‖2

2

N0

}

=
1

2L

2L∑
i=1

1

(πN0)m
exp

{
−‖H̄HHg(sssg − vvvi) + n̄nng‖2

2

N0

}
. (A.4)

Additionally, let us define a set of

E , {eee = vvvj − vvvi : vvvi 6= vvvj,∀vvvi, vvvj ∈ V}. (A.5)

Then, with the aid of (A.5), Eq. (A.4) can be formulated as

p(yyyg|H̄HHg) =
1

2L

(
1

(πN0)m
exp

{
−‖n̄nng‖

2
2

N0

}
+Eeee

[
1

(πN0)m
exp

{
−‖H̄HHgeee+ n̄nng‖2

2

N0

}])
=

1

2L

(mγs
πk

)m(
exp

{
−‖n̄nng‖

2
2

k
mγs

}
+Eeee

[
exp

{
−‖H̄HHgeee+ n̄nng‖2

2

k
mγs

}])
, (A.6)

which is dependent on n̄nng given H̄HHg and γs. Hence, for the sake of convenience, we

define the implementation function of

ε(n̄nng, H̄HHg, γs) ,p(yyyg|H̄HHg) (A.7)

to explicitly emphasize the dependence on the channel parameters. Then, Eq.(A.3)

can be alternatively expressed as

H(yyyg|H̄HHg) =En̄nng [− log2 ε(n̄nng, H̄HHg, γs)]. (A.8)

Finally, upon substituting (A.2) and (A.8) into (A.1), we arrive at

I (xxxg;yyyg) =EH̄HHg ,n̄nng [− log2 ε(n̄nng, H̄HHg, γs)]−m log2

(
πek

mγs

)
. (A.9)

It should be noted that the upper bound of I(xxxg;yyyg) in our scenario can be derived
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as

I (xxxg;yyyg) =EH̄HHg
[I(xxxg;yyyg|H̄HHg)]

=EH̄HHg
[H(xxxg|H̄HHg)−H(xxxg|yyyg, H̄HHg)]

=H(xxxg)− EH̄HHg
[H(xxxg|yyyg, H̄HHg)]

≤H(xxxg) = −
2L∑
i=1

p(vvvi) log2 p(vvvi)

= −
2L∑
i=1

1

2L
log2

1

2L
= L, (A.10)

where the upper bound is achieved, when γs is sufficiently high.



Appendix B
Find the bound of εo

Firstly, let us define the LHS of (4.31) as

f(εo) , Q

(
εo
σX

)
− εS − εo
σX
√

2π
Q1

(
0,
εo
σX

)
, (B.1)

which has the first derivative of

df(εo)

dεo
=
εo(εS − εo)
σ2
X

√
2π

Q1

(
0,
εo
σX

)
≥ 0, (B.2)

showing that f(εo) is a non-decreasing function. Hence, for a given εS ≤ σX
√

2/π,

we can readily show that

f(εo) ≥ f(0) =
1

2
− εS

σX
√

2π
≥ 0, (B.3)

implying that for any 0 ≤ εo < εS, Eq.(4.31) is always satisfied. On the other hand,

for a given εS > σX
√

2/π, there exists a lower bound of εo to meet the condition of

(4.31), i.e., we have {
f(εo) ≥ 0, if εo,min ≤ εo < εS

f(εo) < 0, if 0 ≤ εo < εo,min.
(B.4)
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