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Abstract
Bosonic cascades formed by lattices of equidistant energy levels sustaining radiative transitions
between nearest layers represent a unique system to study correlated optical phenomena.We show
how the light emitted by condensates in the visible range introduces a new regime of emission for
cascade systems.Namely, the quantum statistics of bosonic cascades exhibits superbunching plateaus.
This demonstrates further potentialities of bosonic cascade lasers for the engineering of correlated
properties of light useful for imaging applications.

1. Introduction

Adissipative bosonic level coupled to a reservoir of higher levelsmay exhibit non-equilibrium condensation
above a threshold density, where the bosonic stimulation of relaxation processes can cause the accumulation of
particles in the lowest energy state [1–4]. In solid-state systems, this effect has resulted in the development of
exciton-polariton lasers in a range of inorganic [5–8] and organic [9] based systems. The quantumoptical
properties of polariton lasers are well studied, where they are typically characterized by a second order coherence
of the lasingmode close to unity [10–12]. The reservoir of higher energymodes is generally expected to remain in
an incoherent/chaotic state, where eachmode is onlyweakly occupied.

Bosonic cascade lasers are a recently proposed variant of polariton lasers inwhich relaxation takes place
down a successive chain of bosonic levels that are equally andwell-separated in energy [13]. They are different to
fermionic cascade lasers [14], as the strength of relaxation processes is enhanced by bosonic stimulation [15].
Unlike conventional polariton lasers, the quantum statistics of bosonic cascades has yet to be explored.

In this work, we open a newdimension for bosonic cascades by showing that their emission produces a
marked superbunching, thanks to their specificity ofmaking coexistmultiplemacroscopic coherent states.We
consider a systemof exciton (exciton-polariton) bosonic condensates trapped in a parabolic potential that
provides equidistant energy spacing between quantum confined exciton (exciton-polariton) states [16].We
allow for the cascade relaxation in this system: the excitons can transfer from the top to the bottomof the cascade
sequentially passing all the energy levels. Apart from the cascade relaxation, excitons can decay radiatively
emitting photons.We study the statistics of photons emitted from each exciton level as a function of time
assuming that the system is excited at one of the high levels with a coherent light pulse. Unlike [13, 15]wedo not
consider the terahertz lasing that can be produced by the cascade relaxation process in the presence of an
external terahertz cavity. There is no stimulation of the cascade process by the terahertzmode and, crucially for
our effect, there is no absorption of terahertz photons by the cascade, allowing relaxation going down the
ladder only.
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The quantumdescription of superbunching in the presence ofmacroscopically occupied states is a complex
problemwhichwe can tackle herewith stochastic quantumLangevin equations. This description of bosonic
cascades’ statistical properties confirms their departures fromother types of lasing [17]. Unlike other proposals
for giant superbunching, we do not require strong nonlinear interactions at the single particle level [18], the
engineering of feedback [19], or large cooperativity as in fermionic realizations [20]. Themechanism allows in
particular to involve a large number of particles, and could be of interest in ghost imaging applications [21, 22] or
randomnumber generation [23, 24].

2. Theory

Weconsider a bosonic cascadewithN energy levels labelled from l = 1 toN, as illustrated infigure 1. A
parabolic quantumwell engineers a set of bosonic levels equidistant in energy [13].We account for the dominant
transitionswhich are between neighbouring excitonic levels l + 1andλ, andwe account for the radiative decay
of all levels at a rate t-1. The transition rates between levels are stimulated by the bosonic nature of the particles.
The quantum state of the system is described by the densitymatrix r̂, which evolves according to the Liouville
equation:
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where l̂a annihilates a boson from levelλ andV is the scattering rate. Since the transitions between levels are
incoherent and independent of phase correlations, theHamiltonian evolution of each level is composed of a
pure phase evolution of each level, which can be absorbed into the definition of thefield operators via unitary
transformation.We do not consider the spatial degree of freedomof excitons in the 2Dplane in our theory, as it
wouldmake the correspondingHilbert space too large to study.While formally our theory is then representative
of a ‘parabolic dot’, we still expect it to have relevance to a 2D system inwhich the parabolic quantumwell would
form a series of subbands. In the limit of zero acoustic phonon temperature, only the zero in-planewavevector
state of each subbandwould bemacroscopically occupied. Any excitons undergoing spontaneous scattering
processes to non-zerowavevector states would then be returned to the zero in-planewavevector states by
stimulated scattering. Intuitively, the overall effect of the additional degrees of freedomwould then be a
renormalization of the lifetime τ and possible dephasing (whichwewill consider in appendix B).

Dotting equation (1)with Fock states and neglecting correlations between levels in the Born-Markov
approximation leads to the Boltzmann equations, which describewell the average populations of each state and
thereby provide themean-field theory of bosonic cascades [13]. To go beyond this semi-classical description,
and in particular to compute the photon statistics, correlations between statesmust be retained. A brute-force
approach, however, is restricted to few levels and eachwith amodest occupancy. To access themost general
cases of bosonic cascades, withmacroscopic occupation of the states, we therefore expand the densitymatrix on
the natural basis for this problem,which is that of coherent states [25]:

Figure 1. Illustration of a bosonic cascade. (a) Structure schematic: a parabolic quantumwell is excitedwith an optical pulse and emits
light at a range of frequencies. (b)Energy level diagram: the parabolic trapping potential engineers equidistant energy levels and
transitions occur between neighbouring levels with transition elementV. Bosons in each level can decay radiatively, with characteristic
decay time τ.
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with  the positive-P distribution, which differs from theGlauber-Sudarshan distribution in allowing for non-
diagonal coherent state projectors. The complex numbers al and bl are independent variables covering the
whole complex plane. The integrationmeasure is m a b a b= ¼d d d dd N N
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2 2 and for ease of notationwewrite
a a b a b= ¼
 ( ), , , ,N N1 1 . a n will be used to refer to an element of this vector (of length 2N), while the notations
al and bl will still be usedwhere l is the level index.Writing the densitymatrix in terms of the positive-P
distribution (equation (2)) transforms themaster equation equation (1) into a Fokker–Planck equation:
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According to the Ito calculus, a Fokker–Planck equation of the form
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T is equivalent to the set of Langevin equations [25]:
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where hm are independent stochastic Gaussian noise terms, defined by h h d dá ¢ ñ = - ¢( ) ( ) ( )t t t tm n mn .
Observable quantities are obtained from averaging the Langevin equation over a stochastically generated
ensemble. In particular, the average occupations á ñ = á ñl l lˆ ˆ†a a n and second order correlations á ñl l l lˆ ˆ ˆ ˆ† †a a a a are
given by:

b aá ñ = á ñl l l lˆ ˆ ( )†a a , 7

b b a aá ñ = á ñl l l l l l l lˆ ˆ ˆ ˆ ( )† †a a a a . 8

The normalized second order correlation function is then defined as = á ñ á ñll l l l l lˆ ˆ ˆ ˆ† †g a a a a n2,
2. By solving

equation (4)numerically, we are able to study the quantum statistical properties of bosonic cascades under
conditions ofmacroscopic occupations, with severalmillions of particles. The accuracy of the procedure can be
assessed by repetitionwith independent noise samples, fromwhich the standard deviation of different quantities
can be deduced.

3. Two-level case

Considering the simplest case of two levels, we obtain the time dependence of the average populations and
second order correlation functions shown infigures 2(a) and (b), respectively, for the casewhere the upper state
is initially a coherent state populatedwith á ñ = ´n̂ 5 102

7 particles and the ground state is in the vacuum.
The dynamics of relaxation can bewell understood: the population from the upper level decreases in time

due to radiative emission and transfers to the lower level. At early times, the upper state populates the ground
state in a thermal (or chaotic) state, since itmerely provides an incoherent input that increases the average
populationwithout developing any other independent observable [26]. Consequently, the particle statistics of
the lower level is initially =l= ( )g t 22, 1 , which is thewell known second-order correlation for an incoherent gas
of bosons. Then, as population increases, stimulated emission sets in and the upper state now emptiesmuch
faster and predominantly into the ground state. This results in the rapid growth of the ground state population
until the upper state is somuch depleted that it cannot compensate for the ground state’s radiative losses, at
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which stage the ground state starts to decay through its own radiative channel. In this buildup phase of the
ground state, coherence also grows, as seen in the transition from =l= ( )g t 22, 1 to =l= ( )g t 12, 1 . Note that the
state remains coherent from there on as radiative decay alone does not dephase the condensate.More striking is
the statistics of the upper state.While its second-order correlation functionwas initially unity, as befits a
coherent state, and remained essentially unaffected in the first phase of radiative decay and spontaneous
emission into the ground state, there is a pronounced superbunching >l= ( )g t 22, 1 that formswhen the state is
rapidly emptied. Remarkably, just as the statistics of the ground state remains equal to one until complete
evaporation, the upper state’s statistics also remains pinned at the value it reachedwhen it completed its transfer.
This is thanks to the absence of back scattering from the lower to the uppermode, negligible in absence of a THz
cavity and at the low temperatures we consider. In such a case, detailed-balance breaks down andwhile the
steady state remains unique (and also trivial, namely, the vacuum), it is approached in different ways depending
on the initial condition.Wewill consider heremainly coherent states as they are experimentally themost
relevant ones, and are theoretically sufficient to evidence the effect. Thewell defined and high value of l ( )g t2, for
a state asymptotically approaching the vacuum is due to themathematical limit of the two vanishing quantities
(see equations (7) and (8)) that exists even for arbitrarily small probabilities of occupation. In practice, numerical
simulations are less stable in this region and experimentalmeasurements would also be increasingly difficult.
Nevertheless, themost interesting phenomenology is the superbunching that develops in the phase where the
upper state quickly empties into the ground state, at a timewhen there are still amacroscopic number of
particles. In this process, where one condensate is sucked by another one, the photons emitted radiatively by the
upper statewill indeed exhibit a bright superbunched statistics.

The reason for this peculiar superbunching behaviour is to be found in themechanismof coherence
buildup. Equation (1) is equivalent to a quantumBoltzmannmaster equation [27], inwhich formalism
coherence—asmeasured byGlauber’s correlation functions—builds up thanks to population correlations
developed by the dynamics, even in the absence of interactions or external potentials. Note that Boltzmann
master equations alone (without retaining particle number correlations)do not yield such effects. In the
conventional case of Bose condensation, the Poissonfluctuations of a single condensed state (usually the ground
state), which leads to gn=1 for all n, are due to this single state acquiring the fluctuations of amacroscopic
system [28]. Since the central limit theorem states that the distribution of a large number of randomvariables
(the excited states) is aNormal distribution—very close to the Poisson fluctuations of a coherent state for large
populations—so does alsofluctuate the condensate in one single state (the ground state). Each excited state
taken in isolation contributes very little to the condensate in amacroscopic system and its statistical properties in
isolation of the other excited states are not significantly altered. In bosonic cascades, however, the asymmetry
between ground and excited states is lost since there can be a fewmacroscopically occupied excited states. This is
a peculiar configurationwhere coherence is acquired from another single coherent state, rather than froma
macroscopic ensemble of weakly occupied thermal states (the statistical properties of which do notmatter, still
following the central limit theorem, as long as they obey generic conditions of independence and convergence).
This peculiarity is the reasonwhy a single excited state can develop such a pronounced superbunchingwhen
acting as a reservoir for another condensate to grow in another single state. The fast loss of population from a

Figure 2.Evolution of two bosonic levels following a coherent pulsed excitation. (a)Average level occupations, á ñl̂n . The dashed curve
shows the exponential decay of the total population. (b) Second-order correlation function, l ( )g t2, . The dashed curve shows the

cross-correlation function á ñ á ñá ñˆ ˆ ˆ ˆ ( ˆ ˆ )† †a a a a n n1 2 1 2 1 2 . The shaded area shows the standard deviation obtained from repetitionwith
independent samples of the stochastic Langevin equations. A coherent state of á ñ = ´n̂ 5 102

7 particles is assumed in the highest level
andwe set t = ´ -V 8.3 10 7 [13].
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single state to provide for the coherence of another single state, results in the superbunching, or extreme chaos,
for the provider that substitutes amacroscopic environment. This interpretation is supported by the following
facts: the superbunching increases with both larger initial populations and tV , i.e., is favoured by long-lived
particles and fast relaxation rates ofmacroscopic states, that imprint larger correlationswhen the condensate
transfers between the twomodes. The other important specificity is the absence of backscattering, whichwould
tame the superbunching of the excited state and eventually bring its statistics to that of a thermal state. In its
absence, the superbunching reaches amaximumvalue that stays pinned forever, giving rise to the plateau,
although as time passes, less particles are available tomanifest this. The dependence of the second order
correlation functions, together with the occupation numbers, on the initial occupation number is illustrated in
figure 3. The lowestmodemaintains the behaviour of being initially thermal, but then becomes a coherent state
upon being highly populated, as the upper statemakes the transition from coherent to super-bunched light.
Note that the effect is robust to dephasing (see appendix B), as long as it does not destroy correlations between
the states and thus prevent the transfer of coherence of the condensate, to transfer its population only. In the
next section, we also showhow the effect weakenswith additional levels. In an ideal system, the superbunching is
a very strong effect. The greatest superbunching is obtainedwith non-fluctuating quantum states. For instance,
with a Fock state of two particles as the initial condition, i.e., d d=( )p n m, , 0 n m,0 ,2, onefinds (see appendix A):
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+
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Equation (10) goes from1/2 (the ( )g t2,2 of the initial condition)when t V 0 up to¥when t  ¥V . For the
value of tV we considered infigure 2, no dramatic effect results with two particles, and the large population of a
condensate is required instead to bring in superbunching (aswell as to pass the condensation threshold). There
are nevertheless several remarkable features of this Fock state solution. Even though the system converges
towards the vacuum, this closed-form expression proves that the photon statistics converges to awell-defined,

Figure 3.Power dependence of the two-level cascade. (a)Average occupation of the lowest level. (b)Average occupation of the highest
level. (c) g2,11 of the lowest level. (d) g2,22 of the highest level. Contours correspond to the values shown in the colour bars. The
horizontal dotted line corresponds to the initial occupation considered infigure 2. In (d) the value of g2,22 is not definedwhen á ñn2 is
very small.
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finite value: the superbunching plateau.Moreover, this plateau is unboundedwith tV , so an arbitrarily high
bunching can be obtainedwith twoparticles only, provided their lifetime and scattering rate are large enough. In
particular, equation (10) shows that particles with infinite lifetimes exhibit a divergent bunching. This remains
true formore particles in a Fock state but not, interestingly, for the correlations developed by a coherent state.
These are not strong enough to result in such a divergence, and a plateau is obtained also for infinitely lived
particles. The plateau is still extremely large, namely, for particles with infinite lifetime, it grows like the
exponential of the population, = ( )g nexp2 2 , for an initial coherent state of n2 particles (the proof is given in
appendix A). Taking the case offigure 2 of themain text, we deal with t = ´ -V 8.3 10 7 and = ´n 8.3 102

7,
thus reducing to amere few hundreds themind boggling superbunching »g 102,2

21714724 that would result for
infinitely lived particles.While the superbunching is drastically reduced by lifetime, it still allows to produce a
significant superbunching involvingmillions of particles with today’s experimentally accessible values
of t V 1.

Thismechanismof superbunching is different to the formation of superbunching in chaotic lasers [19].
While theremay also be a transfer of coherence between competingmodes, those systems require the
engineering of additional feedback. Random lasers also offer an alternative route to superbunching, but herewe
achieve very high levels of superbunchingwithout the necessity of a nonlinear chaotic system in the first place.
We note that we are unaware of any classicalmodel that can describe the aforementioned effect, while we do not
rule out such a possibility.

4.Multi-level case

When there aremore states in the cascade, the superbunching is weaker due to the greater resemblance of the
bosonic cascade from a single condensate and amacroscopic reservoir: themore levels there are and/or the less
they are occupied, themore the system resembles the usual scenario.However, the statistics then exhibits a
richer dynamics as the condensate undergoes several stages of transfers. Considering a larger cascade composed
offive levels, still with amacroscopic occupation of the highest excited state (á ñ = =l=ˆ ( )n t 0 105

8) and all others
empty, we obtain the result shown infigure 4. Lookingfirst at the populations (figure 4(a)), we see that there is a
staggered oscillation in the successive levels, corresponding to the transfers of particles down through each level
of the cascade. The beginning of the relaxation, between the two-highest excited states, is similar to the case
already studied, but since the recipient for the highest excited state is also the source for another state below, the
dynamics is echoed down the ladder until it reaches the final ground state. In the process, the dynamics slows
down and is tamed in intensity, as particles are constantly lost to the environment. The second order correlation
functions also exhibit a staggering effect, which can be understood as a generalization of the behaviour observed
infigure 2 for the two-level case, butwith a richer phenomenology.

We nowdescribe themore complex superbunching observed in themulti-level case. The feeding condensate
is sucked into the growing one but this process gets disturbedwhen the latter condensate becomes in its turn the
feeding singly occupiedmacroscopic state that trades its coherence to the state below it. This releases the drain
on the former condensate and relaxes the superbunching of its remaining particles. In the phase of
condensation, the state that grows its coherence does so not only at the expense of its exciting state, but also of
the state below. This results in a smaller plateau of superbunching for the latter state that sandwiches the

Figure 4.Evolution offive bosonic levels following a coherent pulsed excitation. (a)Average level occupations, á ñl ( )n t . The dashed
curve shows the exponential decay of the total population. (b) Second-order correlation function, l ( )g t2, . The shaded areas show the
standard deviation from a finite number of samples of the stochastic Langevin equations.
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condensate together with the plateau of large superbunching from the exciting state. As a result, the particle
statistics for each state is an intricate sequence of several plateaus joined by abrupt jumps as the condensate starts
to formor starts to empty. For a generic state—that is, one that is not too close from themost excited state or
from the ground state—the statistical relief hasfive plateaus: (i) a thermal state startingwith, and growing from,
the vacuumbefore the cascade is started; (ii) a plateau of ‘small super-bunching’ as it provides coherence from
below to its exciting state; (iii) a coherent plateau as the state is building its own coherence from the excited state
now in its process of avalanche; (iv) a plateau of ‘big superbunching’ as the state feeds the state below, becoming
super-chaotic in the transfer of coherence; andfinally, (v) a thermal state as the process got transported to states
below,with the next state now in its phase of ‘big superbunching’ and that two states below in that of building its
coherence. Themost relevant plateau is that of stage (iv), as it is present for all the excited states, has the stronger
superbunching and the stronger signal. All the excited states except that immediately above the ground state
ultimately revert to a thermal state, once the peculiar dynamics of bosonic cascade is long gone. The complex
concordance of these several stages in statistics with the corresponding ones in populations can be observed in
figure 4(b), showing the beautiful and peculiar dynamics of particle correlations in bosonic cascades.

5. Conclusions

We reported amechanismbased on a ladder of bosonic condensates coupled as nearest-neighbours to produce
extremely high values of photon bunching, scaling in an ideal limit as the exponential of the initial population.
With stochastic Langevin equations, we can compute the quantum statistics of such bosonic cascades with
several levels and formacroscopic occupations, showing how a bright superbunched signal can still be obtained
for realistic experimental parameters. The peculiar nature of this system,where coherence is transferred between
single states, accounts for the superbunching, which develops in the phase where one condensate empties
suddenly into the state below. The observation of this strong and striking effect could bemade inwide parabolic
quantumwells where excitons are confined as whole particles. In addition to illustrating the fundamental
features of coherence buildup in non-interacting bosonic gases, thismechanism could act as a resource for ghost
imaging applications based on bright superbunched opticalfields.

Acknowledgments

ASS acknowledges the ITMOFellowship andVisiting Professorship. SDL is a Royal Society Research fellow, and
he acknowledges support fromEPSRC grant EP/M003183/1. IAS thanks the support of SingaporeanMinistry
of Education under AcRFTier 2 grantMOE2015-T2-1-055 and FP7 ITN ‘NOTEDEV’. FPL acknowledges the
project POLAFLOW.AK thanks the EPSRC established career fellowship and EPSRCProgramme onHybrid
Polaritonics forfinancial support.

AppendixA. Closed-form solutions

In this appendixwe derive some exact results for particular cases, to support our interpretation and prove that
the remarkable dynamics wefindnumerically is not an artifact of the calculation, but can be tracked down to
analytical expressions.Wefirst consider the effect reduced at its simplest expression: a Fock state of two particles
only as the initial state. Themaster equation then reads simply

  r r r r r t r r r¶ = - - + + = - -ˆ ( ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ) ( ) ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ† † † † † † † † †V ba b a b baa b baa c c c c c c2 with 2 .t a b c

In contrast to the cases dealt with in themain text that involve a very large number of particles, calling for
dedicated techniques, with few particles it is possible, and simpler, to solve directly for the diagonal elements of
the densitymatrix r= á ñ∣ ˆ∣p n m n m, ,

nm
, which yields the joint probability of having n particles in the ground

state andm in the excited state. Importantly, here, p
nm

does not factorize as a product of probabilities, inwhich
case no coherencewould grow in the system and only a transfer of population as described by Boltzmann
equationswould result. The correlated equation ofmotion is easily obtained from themaster equation as

t

t t

¶ =- + + + + - + +

+ + + + + +

( ) ( )[ ( ) ( ) ] ( ) ( )
( )( ) ( )( )

p t p t V n m n m p n m t V m n

p n m t n p n m t m

1 1, 1, 1

1, , 1 , 1, 1

t nm nm

in the small configuration space  +n m0 2, which allows a closed-form solution for all six probabilities
( )p t

nm
, e.g., with two particles in the excited state att=0, t t= - -( ) ( )( ( ) )p t t t0, 0, exp 2 exp 1 2 (note

that the probability for the vacuum isV-independent) or t t= - +( ) ( ( ) )p t t V0, 2, exp 2 1 , etc., fromwhich
one can obtain the result in equation (9). Fock states withmore particles lead to similar results butwith
expressions too awkward to bewritten here and bringing little additional insights.
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Wecan also address some cases with an arbitrary initial state in the limit of infinite lifetime (hence only
relaxation). Themaster equation reads simply r r r r¶ = - -( ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ )† † † † † †V ba b a b baa b baa2t and, in the Fock
state basis, ¶ = - + + - + +( ) ( ) ( ) ( ) ( )p t p t V n m p n m t Vn m1 1, 1, 1t nm nm

. The key here is that the
equation is closed in themanifold m+ =n m of constant excitations.We can thenwrite the equation for the
vector vwith the elementspnm arranged in groups m+ = =n m cste:

⎛

⎝

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟

=
m

m

m

m

m

-

-

-







( )

p

p
p

p
p
p

p

p

p

p

p

v A.1

00

01

10

02

11

20

0,

1, 1

2, 2

1,1

,0

as ¶ = MVtv vt whereM is in block-diagonal form:

⎛

⎝

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟

m
m m

m m

m m
m

=

-

-
-

-
- -

- - -

- -



    



( )
( ) ( )

( )

( )M

0
1 0

1 0
2 0 0

2 2 0
0 2 0

0 0 ... 0 0

2 1 0 ... 0 0

0 2 1 3 2 ... 0 0

...
0 0 0 2 1 0
0 0 0 0 0

. A.2

The solution of ¶ = m ( )Vtv M M M vdiag , , , ,t 0 1 being simply:

= m ( ) ( ( ) ( ) ( ) ) ( ) ( )t V t V t V tv M M M vdiag exp , exp , , exp , 0 , A.30 1

with, beside, ( )v 0 only having the first elements º ( )p p mm0 of each block nonzero (sincewe assume that only
the excited state is initially populated), the problem is reduced to calculating the first columnof thematrix
exponential of a sparsematrix of the form spelled out in equation (A.2). The reduced probability for the excited
state alone pm(t) is then obtained by summing all the elements of the form pnm forfixedm and varyingn, of
which there is one in each block starting from themth:

å=
m

m m
=

¥

+ -( ) [ ( )] ( ) ( )p t V t p mMexp . A.4m
m

m1,1

This is still an awkward problem for arbitrary timeswith a voluminous general solution (that is, however,
straightforward to compute numerically). But sincewe are interested in the long termbehaviour, we can
simplify the solution by retaining only the dominant terms. Note that it is not enough to aim for a steady state
solution, that is trivially the vacuum,whichwe have already commented is approached differently depending on
the initial state.

We therefore proceedwith the calculation of the leading termof m( )V tMexp . Since mM is triangular, its
eigenvalues appear directly on the diagonal, i.e., they are m+ -( )( )V n n t1 . Note that one of them is zero.
From the Jordan decomposition, one obtains that the terms of m( )V tMexp are linear combinations of

m+ -( ) ( ( )( ))Vt Vt n nexp 1k for integerk (possibly zero).We can exclude the non-decaying terms for pm0 on
physical grounds, since the probabilitymust tend to zerowith time for the excited state. As a conclusion, the
leading term for theμth block is that given by the smallest nonzero eigenvalue, which is that of orderμ, i.e., also
the term thatweights mp

0
. Provided that no probability be exactly zero (which excludes Fock states or similar
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from the following, but includesGaussian states including thermal and coherent), one can therefore simplify
equation (A.4), for sufficiently larget, as:

= -( ) ( ) ( ) ( )p t mt p mexp , A.5m

since all the terms in the sum after thefirst one are at least of a higher exponential order (possibly with also t k

factors that do not, however, lead over the exponential of smaller decay rate). The only term that is not
straightforward to obtain in this way is the vacuum, since it has contributions from the non-decaying eigenvalues
that cannot be easily simplified. It is, however, directly obtained by normalization,

= - å -=
¥( ) ( ) ( )p t mt p m1 expm0 1 . As a conclusion of the above, if the initial state is a coherent state, with
a a= -( ) ( ) !p m mexp 2 m2 2 , onefinds a= - -( ( ))g eexp 1 t

2
2 at large enough times, which tends

to a( )exp 2 , as stated in the text. A thermal state as initial conditionwould provide a superbunching that grows
only linearly with the number of particles: = +( )g n2 12 . Note that since Fock states cancel the leading terms,
their longt behaviour cannot be inferred in this way. It can be computed, instead, from the full solution, e.g.,
equation (9) shows that for infinitely lived particles, the long-term behaviour of the g2 for a Fock state of two
particles is ( ) ( )t texp 2 2 2 (and indeed diverges instead of producing a plateau).

Appendix B. Effect of dephasing

The effect of dephasing on the predicted superbunching can bemodeled by an additional term added to the
right-hand side of equation (1):

åt
r r+

l
l l l l l l l l

=

([ ˆ ˆ ˆ ˆ ˆ ] [ ˆ ˆ ˆ ˆ ˆ ]) ( )† † † †a a a a a a a a
1

2
, , , B.1

p

N

1

where tp characterizes the dephasing time.
The dynamics in the presence of dephasing can again be calculatedwith the stochastic treatment outlined in

section 2, with appropriatemodifications. Figure B1 shows the effect of dephasing on a two-level cascade, where
wefind that significant superbunching persists within the accuracy of ourmethod.
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