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by Thomas HAINAUT

Broadband interaction noise is a major source of noise in turbofan engines and will
become more dominant with the increase of the bypass ratio. Generated by the inter-
action of turbulent fan wakes with outlet guide vanes, it can be numerically predicted
by restricting the configuration to the stator only and introducing turbulent fan wakes
with stochastic methods. In this work, a new method to inject turbulence using multiple
sources of vorticity is proposed. It can generate either one-component or two-component
frozen turbulence while being easy to implement and has no influence on the paralleliza-
tion of an already existing solver. This method is successfully applied to an isolated
2D aerofoil and compared to experiments. In complex 2D geometries, the distortion of
turbulence upstream of an aerofoil plays an important role in interaction noise, yet little
is known regarding the mechanisms involved. Thus, the second part of this work focuses
on turbulence distortion near the leading edge. To provide more physical insights in
these mechanisms, a numerical vorticity approach in the frequency domain is developed.
It allows the decomposition of the vorticity field into the incoming vorticity which is dis-
torted close to the leading edge, and the bound vortices at the solid surfaces and wakes
which represents the vorticity response of the aerofoil to respect a non-penetration con-
dition at its boundaries. The size of the stagnation region at the leading edge is found
to be a key factor in understanding turbulence distortion. Indeed, the larger this region,
the more skewed the incoming vorticity field is. It results in attenuated transverse veloc-
ities retrieved from this vorticity field as well as reduced velocity perturbations from the
bound vortices, which decreases the incoming turbulence levels, and therefore leads to
noise reductions. However, at low wavenumbers, as the wavelength is large with respect
to the stagnation region, no turbulence alteration is observed. To maximize the effect
on the distortion of turbulence, the geometric changes need to be located as close as
possible to the leading edge, as it will have more influence on the size of the stagnation
region. Indeed, in this work, the geometry after the maximum thickness is found to have

no effect on turbulence distortion.
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Chapter 1

Introduction

1.1 Background

The air traffic constantly increased since the first commercial flight over 100 years ago.
This increase is however not about to slow down as the air traffic was up 6.3% in 2016
according to the International Air Transport Association (IATA)! and could carry as
many as 16 billions passengers by 2050 (as opposed to 2.4 billions in 2010)2. This in-
crease has become a major issue regarding the people living next to an airport because
additional noise is not any more tolerated by the population and therefore by the author-
ities. To overcome the problem, the noise regulations fixed by the International Civil
Aviation Organization (ICAO) has become over the years more and more demanding. In
FlightPath 20503, the Advisory Council for Aeronautics Research in Europe (ACARE)
defined that the perceived noise emission of flying aircraft should decrease by 65 % by
2050, relative to year-2000 aircraft.

With more demanding noise regulations, substantial resources are spent by aircraft
manufacturers to design quieter airliners. The noise sources from airplanes are noises
induced by the flow on the airframe and noises generated by the jet engines. The
first one is mainly due to high-lift devices, landing gears and cavities. On the other
hand, jet engine noises can be decomposed into jet noise, combustion noise and fan
noise. A few decades ago, jet noise was the dominant source, hence the majority of
the previous research were focused on it. Nevertheless, nowadays, all the noise sources
equally contribute to the perceived noise as jet noise has been drastically reduced mainly
due to the increase of the bypass-ratio. However, this increase in the engine diameter
has a limit as engines are getting closer to the ground and to the wings, and the velocity
at the tip of the blades becomes supersonic. The Figure 1.1 compares the relative power

levels of noise sources in modern aircraft at take-off and approach.

"http://atwonline.com/airline-traffic/iata-air-passenger-traffic-rebounded-2h-2016-63-overall
2Vision 2050, IATA, Singapore, 12 February 2011
3Flightpath 2050 Europe’s Vision for Aviation, Report of the High Level Group on Aviation Research
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Figure 1.1: Relative power levels of noise sources in modern aircraft engines at
take-off and approach. Data taken from Astley et al. [1].

Fan noise, dominant at reduced thrust level [8], is a combination of tonal and broadband
noise. It can be decomposed into the rotor and guide vanes self noises, the rotor-
boundary layer interaction noise and the rotor-wake guide vanes interaction noise. The
fan noise is however complex to reduce as the combination of the fan and the guides
vanes are responsible for the majority of the total thrust, so noise reductions has to

come without sacrificing performance.

1.2 Fan interaction noise

The numerical study of broadband noise generated by a turbulent flow is demanding
in computational resources due to the presence of a large variety of scales, from the
small turbulent scales to the large acoustic length scales. In the context of predicting
broadband noise generated by the interaction of the turbulent wakes of the fan blades
and the outlet guide vanes, a Direct Numerical Simulations (DNS) approach consists
in considering the complete rotor-stator stage or an angular sector including one or
more blade/vane channels. However, correctly modelling the turbulent wakes of the
rotors require to solve the full governing equations, coupled with a fine mesh, thus the
computational cost associated is prohibitive. To limit the cost, Large Eddy Simulations
(LES) could be used as the small scales are not simulated but approximated through a
sub-grid scale model. Nevertheless it does not allow regular simulations in an industrial

context.

To further reduce the computational cost, hybrid simulations can be used. They are
composed of two different solvers; the first one is dedicated to the calculation of the
acoustic source regions. Using equivalent sources of this first simulation, the second
solver predicts the acoustic field, propagating the equivalent sources to the far field.
To correctly calculate the acoustic sources, a good representation of the turbulence is
required, implying a large variety of length-scale to be resolved, thus this alternative

remains computationally intensive.
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An alternative methodology, used in this work, consists in restricting the configuration
to the stator only, and introducing a synthetic turbulence in the computational domain.
This allows a drastic reduction in the size of the computational domain and, as the prob-
lem is limited to the study of the interaction of the injected turbulence with the stator,
the generation and propagation of the noise can be obtained without solving the full
governing equations. Indeed, the steady and unsteady simulations are separated. The
steady part is simulated using RANS while a model able to compute acoustic sources and
propagate them is used for the unsteady part. Finally, as the configuration is restricted
to the stator only, rotor wakes need to be synthesized and injected in the unsteady
computation. The quality of sound predictions mainly depends on the turbulence wake
used as input. This synthetic velocity field is generated using stochastic methods which
try to reproduce specific time and space correlations. This could be achieved by the
use of stochastic methods, as introduced in 1970 by Kraichnan [9] where the fluctuating
turbulent field is decomposed as a sum of Fourier modes. Nevertheless, this summation
can become computationally expensive as the number of modes increases. A second
solution is the decomposition of the turbulence in a sum of eddies, either by filtering
a white noise to reproduce imposed spatial and temporal correlations of the incoming
turbulence, as proposed by Ewert et al. [10] in the Random-Particle-Mesh (RPM) or
by Dieste & Gabard [11, 12], or by directly calibrating the eddies to match the desired
features of the turbulence as introduced by Jarrin et al. [13, 14, 15] in Synthetic Eddy
Methods (SEM).

1.3 Aims and contributions of this thesis

The general aim of this project is to assess and develop stochastic methods for computa-
tional aeroacoustic purposes to better understand interaction noise of realistic isolated
2D profiles.

The stochastic method used in this work is based on the decomposition of the turbulence
in a sum of eddies. In this group of methods, the synthetic turbulent field could be
generated by either filtering a white noise to reproduce imposed spatial and temporal
correlations of the incoming turbulence, or by directly calibrating the eddies to match the
desired features of the turbulence. Both techniques generate synthetic turbulent flows
and require as inputs some statistical properties of the turbulent flow. These properties
can be either modelled using empirical laws, measured experimentally or estimated from
RANS simulations.

The synthesized field is then injected in a computational domain. While it is usually
performed through an inlet boundary or by using a patch, its implementation in a solver

can be cumbersome. In this work, in contrast with these methods of injection, the
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turbulence is injected through multiple sources of vorticity, which is arguably easier to

implement.

Aside from the ease of implementation , the developed method has the advantage of being
able to independently control the turbulent spectrum in the two directions, thus it could
be used to synthesize isotropic turbulent fields as well as anisotropic turbulent fields.
This last characteristic was previously mainly achieved using additional steps applied
to already synthesized isotropic fields. Nevertheless, these steps are time-consuming as

they often rely on filtering and scaling operations.

In this work, the developed method to inject synthetic turbulence using multiple sources
of vorticity is combined with the LEE, which models the propagation of small ampli-
tude perturbations on a mean flow. It is numerically solved in the time-domain, finite-
difference solver called Perturbation Investigation of Aerodynamic NOise (PIANO), de-
veloped by Deutsches Zentrum fur Luft- und Raumfahrt e.V. / German Aerospace Center
(DLR).

The model combined with the developed method is firstly verified in free-field and then
on flat plate interaction noise. Afterwards, it is then applied on the interaction of
turbulent gusts with a more realistic configuration. This last configuration is a cambered

aerofoil and is validated against experiments.

Recent studies suggest that the distortion of the incoming turbulence by the mean
flow close to the leading edge plays an important role in the radiated noise. Analytical
methods are restricted by the assumptions made on the geometries and the flow solution,
and experimental studies are limited by technical difficulties to collect data. Therefore,
numerical simulations seem to be an adequate solution as it is possible to record any
variable at any location in the computational domain in the same simulation and at

every time-step if necessary.

To better understand turbulence distortion, in combination with the CA A solver PTANQO,
a second numerical method is developed. Based on a vorticity approach in the frequency
domain, it allows the decomposition of the vorticity field into the incoming vorticity
which is distorted close to the leading edge, and the bound vortices at the solid surfaces
and wakes which represents the vorticity response of the aerofoil to respect a non-
penetration condition at its boundaries. Finally, a parametric study altering turbulence,
mean flow and geometrical factors reveal some physical insights in turbulence distortion

mechanisms.

1.4 Structure of the thesis

Chapter 2 of this work is a literature review of the existing methods to numerically

predict interaction noise, from simple geometries to complete rotor-stator configurations.
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It also provides a description of the existing methods to generate synthetic turbulence

using stochastic methods.

Chapter 3 describes a physical model to study interaction noise and its numerical im-
plementation in the solver PIANO. Then, using a harmonic gust interacting with a flat

plate case, the feasibility of injecting perturbations using a source of vorticity is assessed.

Chapter 4 details the development and validation of a new method to inject either one-
or two-component frozen synthetic turbulence in a computational domain using localized
sources of vorticity. The method is then validated for both a free field case and a flat

plate interaction noise case.

Chapter 5 focuses on the interaction noise from turbulent gusts with a cambered aerofoil
and is validated against experiments. Then, a parametric study is performed by looking
at the effect of the angle of attack and integral length scale of the turbulence on the

radiated noise.

Chapter 6 focuses on the turbulence distortion by the mean flow in the vicinity of
the leading edge. Indeed, this distortion is believed to play an important role in the
interaction noise, yet very little is known about it. A first analysis is performed using
the LEE model. Then, to gain more physical insights, a vorticity based numerical

approach is developed.

In Chapter 7, a parametric study altering turbulence, mean flow and geometrical factors

is performed using both the LEE model and vorticity approach.

Finally, Chapter 8 discusses the main conclusions and future work.






Chapter 2

Review of methods to predict

broadband fan noise

Interaction noise is the main source of broadband noise and has become over the years
more and more important with the increase of the bypass ratio and the reduction of the
other noise sources. This first chapter focuses on presenting interaction noise and how
to predict it using numerical methods. After introducing interaction noise, the main
numerical methods used in this context are described. Then, the previous numerical
applications are reviewed, from interaction noise with isolated profiles to ducted profile

cascades.

2.1 Interaction noise

On modern high-bypass ratio jet engines, fan noise has become a major noise source. Fan
noise is however complex to reduce as the combination of the fan and the guides vanes are
responsible for the majority of the total thrust, so noise reductions has to come without
sacrificing the performances. Fan noise can be decomposed into the rotor and guide
vanes self noises, the rotor-boundary layer interaction noise and the rotor-wake guide
vanes interaction noise. Those four noise sources produce a tonal noise directly related to
the rotational speed of the fan and the number of blades, and a broadband noise. Some
tones called cut-off frequency, are not propagating far as they are attenuated quickly.
The others, called cut-on frequencies, travel over a large distance and are considered as
the main nuisance. To reduce tonal noise, one can change the number of blades and the
rotational speed to generate cut-off modes or shift the produced frequencies to others
considered less disturbing. Absorbing material can also be applied within the inside of
the body, which explicitly target desired frequencies. However these techniques are not

efficient when applied to broadband noise. Broadband noise is linked to the incoherent
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Inflow Turbulent wake

Simplified 2D problem

Figure 2.1: Simplified sketch of the interaction of the turbulent wakes of the fan
with the guide vanes.

part of the flow. The main broadband noise source comes from the interaction of the

turbulent wakes of the fan with the guide vanes, as depicted in Figure 2.1.

2.2 Numerical methods to predict broadband fan noise

The main disadvantages of analytical methods are the lack of adaptability and the sim-
plified hypothesis made in terms of geometry and flow field configurations. To remedy
these difficulties, numerical methods appear to be a good candidate. However, even
nowadays, with the considerably increased computational power available, these numer-

ical simulations remain a challenge to accurately simulate complex cases.
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These methods can be separated in multiple families. The most accurate methods,
called Direct Numerical Simulations (DNS) consist in directly solving the governing
equations such as the Navier-Stokes equations, but it is too expensive for the current
computational resources available. Indeed, the variety of length scale in a flow, from the
small turbulence structures to the large acoustic wavelengths, implies using high-order
methods along with fine grids within large computational domains. Those requirements

limit DNS to low Reynolds numbers.

Large Eddy Simulations (LES) are an alternative solution to DNS. In those simulations,
all the scales are resolved except for the small scales which are approximated through a
sub-grid scale model. As a result, LES are greatly accelerated compare to DNS, but it

still does not allow regular simulations in an industrial context.

For commercial purposes, hybrid simulations are often used. They are composed of
two different solvers; the first one is dedicated to the calculation of the acoustic source
regions. Using equivalent sources of this first simulation, the second solver predicts the
acoustic field, propagating the equivalent sources to the far-field. However, for proper
noise predictions, a necessary condition in the first simulation is an accurate turbulence
generation and propagation which could be performed using DNS or LES methods.

Hence, this approach remain demanding in computational resources.

More recently, Lattice-Boltzmann Methods (LBM), which are methods based on a meso-
scopic view of the flow using Boltzmann equation, showed promising results in simulating
aeroacoustic problems [16]. The Boltzmann equation describes the evolution of the flow
particles in space as a function of time, and has the advantage of being easily imple-
mented in a parallel solver. If the gas is dense enough, the particles are going to collide
with each other. This collision term is difficult to model but is however important as
it determines how the collision energy is distributed between the particles. The Bhat-
nagar—Gross—Krook operator [17] is often use as the collision term, for instance in the
code LaBS or in the code PowerFLOW. To speed-up the simulations, as for LES, small

scales are often approximated through a sub-grid scale model.

To study broadband noise, it seems necessary to solve full governing equations such as the
Navier-Stokes equations to capture the main characteristics of the turbulent structures.
An alternative can however be used, consisting of separately studying the behaviour of
perturbations on a given mean flow. Hence, the steady and unsteady part are separated.
The steady part, i.e. mean flow, can be calculated using a Reynolds Averaged Navier-
Stokes (RANS). Then, the statistical data provided by the RANS can be used to create
the unsteady field with stochastic methods. Instead of synthesizing the turbulence, the
unsteady part can also originate from previous unsteady numerical simulations like LES,
or from experimental measurements. The governing equations of perturbations need to
be able to compute acoustic sources and propagate them. Moreover, linear interaction

models between vorticity and sound generation are generally considered sufficient in
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the study of interaction noise. These assumptions make the Linearised Euler Equations
(LEE) a satisfactory candidate to study interaction noise. This alternative is less compu-
tationally demanding than DNS or LES, which allows simulations with higher Reynolds
numbers. Moreover, the use of linear models for the acoustic generation and propaga-
tion imply that only the turbulence used as an input is present in the simulation. In
the context of fan wake turbulence interacting with guide vanes, it means no guide vane
self noise can be generated. Furthermore, this modular approach gives the possibility
to independently alter the mean flow, the geometry or the turbulence characteristics to
study its impact. The quality of sound predictions mainly depends on the turbulence
used as input. This synthetic velocity field is generated using stochastic methods which
try to reproduce the time and space correlations of a prescribed spectrum. These meth-
ods can be separated into two different main methods that are explained in the next
section (2.3).

2.3 Stochastic methods

All stochastic methods can be separated into two different principles. The first is based
on the decomposition of the fluctuating turbulent field as a sum of Fourier modes.
The second, based on the principle that a turbulence can be decomposed in a sum of
eddies [18], is generated either by filtering a white noise to reproduce imposed spatial
and temporal correlations of the incoming turbulence, or by directly calibrating the
eddies to match the desired features of the turbulence. These approaches are relatively

recent due to the constant increase in computational power.

Depending on the application, a choice has to be made on the required properties the
synthetic velocity field has to feature. Some of these properties are a specific energy
spectrum, spatial correlations, temporal correlations, convection by the mean flow, in-
homogeneity, anisotropy and sweeping effects. The more properties are featured, the
more realistic the turbulence is but also the more computationally expensive the simu-

lation is.

The first part of this section is a description of the original ideas of these methods,
followed by some extensions of these methods by adding more properties to the turbulent

flow.
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2.3.1 Original ideas
2.3.1.1 Decomposition in Fourier modes

In order to study the diffusion of particles by a turbulent velocity field, Kraich-
nan [9] synthesized the turbulent velocity field using a stochastic process. To gener-
ate an isotropic, incompressible and stationary synthetic turbulent field, he made the

assumption that the velocity field can be expressed by a discrete sum of Fourier modes:

N
u'(x,t) = Z [a, cos(ky, - X + wpt) + by sin(k, - x + wpt)], (2.1)
n=1

where N is the number of modes, w, is the angular frequency of each mode that follows
a Gaussian distribution of an arbitrary chosen standard deviation, and k,, is the wave
number vector that is randomly chosen on a sphere with a radius ||k,||. The amplitudes
a, and b,, are linked to the desired kinetic energy of the velocity flow. Moreover, the tur-
bulent kinetic energy spectrum is discretized using a statistically isotropic distribution,

hence, if N — oo, the desired spectrum is realized.

For the perturbations to ensure the incompressibility condition, the amplitude vectors
a, and b,, are chosen orthogonal to k, (a, -k, =0 and b, -k, = 0). This is performed
by Kraichnan [9] by defining a,, = ¢, x k,, and b,, = £, x k,, with {,, and &, random
vectors. A graphic representation of the wavenumber k,, and the random vectors ¢, and
&, in the spherical coordinates (k,, ¢n, 0,) is depicted in figure 2.2. The random vectors
¢, and &, are chosen in the plane normal to k. Thus they are only defined by the angle
¢,,. Tt follows that the probability function for each angle

P(6,) = P(6)) = 5 With 0 < 6 dfy <2, (22)
P(6,) = % sin(6),) with 0 < 6, < 1 . (2.3)

To remove the time-dependence of the generated turbulent field, Fung et al. [19, 20]

added some temporal modes for each spatial mode:

N P,

u'(x,t) = Z Z [(anp x k) cos(ky, - X + wnpt) 4 (by x ky)sin(ky, - x + wnpt)} ,
n=1p=1
(2.4)

with Ky = Kinn /|Kmnl|. Py is the number of angular frequencies associated with a mode
kn, and N is the number of spatial mode k,. To get a non time-dependent turbulent
velocity field, Fung et al. [19, 20] found that only a few temporal modes for each spatial

mode is satisfactory.
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<37 53

Figure 2.2: Decomposition in Fourier modes: Definition of the wavenumber k,,
and the random vectors ¢, and &,.

2.3.1.2 Discretized distribution of vortices

The Fourier modes decomposition method can be expensive as the number of con-
sidered modes increases. To address this issue, a second group of method based on the
decomposition of the turbulence in a sum of eddies can be used. It could be generated
by either filtering a white noise to reproduce imposed spatial and temporal correlations
of the incoming turbulence, or by directly calibrating the eddies to match the desired

features of the turbulence.

‘White-noise filtering methods

The first method, called Random-Particle-Mesh (RPM) or fast Random-Particle-Mesh
(fRPM) depending on the numerical implementation, has been proposed by Ewert [21,
10]. It relies on the filtering of a white noise in order to reproduce spatial and temporal

correlations of the turbulent field.

In these methods, the streamlines of the mean flow are discretized, and particles carrying

the stream function of the fluctuating turbulence field are introduced at each node.
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For each time step, the particles are convected along the streamlines, then temporal
decorrelations and spatial filtering are applied. This filtering relies on the calculation of

the stream function v, using a kernel filter G.

bi(x, ) = /W G(|x — XU (x, £)dx, (2.5)

with i = 1,2,3, U; being a spatial white noise (independent for each direction) with a

zero-mean value. The turbulent velocity field is then derived from this stream function

u =V x 1, (2.6)

In this method, the form of the filter G is given by a Gaussian distribution :

7|x — x'|?
G(|x —x|) = Aexp <—2)\2|> , (2.7)

with A and A respectively the kinetic energy and the integral length of turbulence.
The use of Gaussian filters is mainly due to the fact that is simplify drastically the

calculations.

The original RPM method [10] considers only a Gaussian spatial correlation function
(or, by extension a Gaussian energy spectrum), as the kernel filter is expressed as (2.7)
for the stream function v;. To overcome this limitation, Siefert and Ewert [22] extended
the method to be able to deal with non-Gaussian spectrum. This is possible by summing

N stochastic fields with a Gaussian spectrum

W06t = [ 6 (x =X DU (K t)ax, (2.8)
§R3
N-1
vilx,t) = 3 i (x,t), (2.9)
n=0

where the kernels filters G are chosen accordingly to the desired spectrum.

This summing of Gaussian filters to reproduce non-Gaussian energy spectrum is time-
consuming. Instead, Dieste and Gabard [23, 12] proposed to directly use non-Gaussian

filters, derived from the energy spectrum E(k)

1
1 [ /E(k)\?2
Gllx —x|) = ﬁ/o (li)>QJ0(k]x—x’\)dk, (2.10)
or from the desired correlation tensor of the flow R;;

Gllx —x'|) = V%/()mf{}zij}zJOWX—x’])dk, (2.11)
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where F {(.)} is the Fourier transform of (.), and Jg is the Bessel function of the zero'"

order.

They applied this method to Liepmann and von Karman energy spectra, however, as
the filters are not separable unlike Gaussian filter, it involves the calculation of hyper-
geometric functions which can be very costly. To address this issue, they interpolated

the filters instead of using the exact equations.

After discretization, independent of the filter used, this process comes down to a sum of

point vortices in the computational domain.

Cloud of point vortices

This second method directly calibrates the eddies to match the desired features of the
turbulence as proposed by Jarrin et al. [13, 14, 15]. This method, called Synthetic Eddy
Methods (SEM), injects the eddies through an inlet boundary, using Taylor’s hypothesis
(frozen turbulence). The fluctuating velocity u’ is defined as a sum of N eddies injected

inside the domain

Za”em (X_X ) (2.12)

where x" the spatial location of the centre of the nth eddy, A" the turbulent length scale

and fy the velocity distribution of the eddies. The random numbers €] which have a

zero average and (e7€’) = 1, give the size and amplitude of vortex n. Finally, a;; is the

i) =
€€
Cholesky decomposition of the Reynolds stress tensor [24]

VR 0 0

Roi /a1 1/ Roo — a%l 0 . (2.13)

Rgi/a1n (Rs2 — azias1)/ass \/R33 — a3, — a3

However, the generated velocity field does not respect the incompressibility condition.
This has been addressed by Poletto et al. [25, 26]. They transformed the above velocity
field into a vorticity field and then took the curl of this vorticity field. The vorticity w’
and the velocity fields are related together by the following equation

Vxw =V(V-u)- Vi (2.14)

The divergence-free condition impose that the first term on the right-hand side of the
Equation (2.14) vanishes. It gives a Poisson equation that has been solved using the

Biot-Savart kernel to give

1 N
Z r xa” | (2.15)
VN £

\I‘"I
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where r" = X;—,’fn , 4o (r™) is the velocity distribution of the eddies and ] are random

number with zero average and (a]'e}’) = 1 that gives the size and amplitude of vortex

n.

Instead of constructing the divergence-free synthetic turbulence using vorticity fields,
Sescu et al. [27] used the vector velocity potential. Indeed, taking the curl of the vector
velocity potential gives a velocity field that automatically satisfies the incompressibility
condition. They described the vector velocity potential ¥ as the superposition of N

eddies defined by their associated vector velocity potential .,

0

Ainfow < —x0 0
‘II(X;t) = % Z €n'¢n (X /\bxna 7_bn> ) (216)
n=1

where xV is the spatial position of the centre of the nth eddy and ¢ is the “location” in
time of the nth eddy. Ay and 7, are respectively the turbulent length and time scales,

Ainflow is the area of the inflow boundary.

2.3.2 Convection by the mean flow

In the Fourier decomposition method, Bailly et al. [28] took the convection of the
turbulent structures by the mean flow into account, directly in the expression of the
velocity field by adding the convective term u.t. Thus, the turbulent velocity field

becomes
N

u'(x,t) =2 Z an cos(ky, - (x — tu,) + ¢ + wpt)oy, (2.17)

n=1

where u. is the convection velocity, and a,, w, and o, are respectively the amplitude,
the angular frequency and the direction of the nth mode. The randomly phase ¢,,
independently drawn between 0 and 27 for each mode, was introduced by Drummond et
al. [29] to ensure the homogeneity of the velocity field. However, Bailly et al. [28] claimed
that k,, and w, should not be independent for aerodynamic noise generation. Indeed,
contrary to Kraichnan [9] where k,, and w,, are independent, Bailly et al. [28] took wy,
to follow a Gaussian probability function directly linked to the value of k,. Moreover,
the Equation (2.17) proposed by Bailly et al. [28] is highly correlated in time due to its
composition of only cosine and sine functions, which often overestimates the acoustic
field radiated by the source terms [30].

In the RPM, the convection by the mean flow is included in the original idea of RPM
proposed by Ewert et al. [10, 21] by convecting the random field along the streamlines

using a transport equation

Do,, Dy D

where u. is the convection velocity.
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In the SEM, as the vortices are injected through a boundary directly inside the compu-
tational domain, the convection by the mean flow is naturally ruled by the governing

equations.

2.3.3 Specific temporal coherence

In the Fourier modes decomposition method, Bechara et al. [31] were the first to in-
troduce the temporal evolution of the turbulent field. At each time step, the turbulent
velocity field is randomly generated and then a numerical filter is applied to add a chosen
temporal coherence. Moreover, the turbulent kinetic energy spectrum is not discretized
with a statistically isotropic distribution as Kraichnan [9], but uses a logarithmic dis-
tribution which provides a better discretization of the power in the lower wavenumber
range, and as most of the energy is contains in the lower wavenumber range, it provides

more realistic energy spectrum.

To include the convection of the turbulence by the mean flow but to overcome the high
time-correlation proposed by Bailly et al. [28] in the Equation (2.17), Billson et al. [30]
proposed to include a time filter directly as the velocity field is generated and not after
as Bechara et al. [31]. The velocity field at the iteration (it) reads

w09 (x) = au' @D (x) + b¢' V) (x) | (2.19)

where a = exp(—At/7), b = fa/(1 —a)/2 and 7 is the temporal characteristic of
the simulation that corresponds to the time needed for the autocorrelation function to
decrease to exp(—1). ¢’ (x) is a white noise signal, generated at each iteration (it),
with a zero-mean value. In this expression, the amplitude factor f4 enables the control
of the kinetic energy of the synthesized turbulence. The convection effect is included in

the term u/(itfl)(x) which is calculated at each iteration through an advection function

%u(itfl)(x) =0  with % = gt +u.V, (2.20)
u. being the convection velocity. This method has however an issue to calculate the
time-derivatives because u,(x) fluctuates rapidly and thus leads to some difficulties
to compute the derivatives. A solution to this problem has been given by Billson et
al. [32]. They included the white noise component of the previous time ¢ (=1 (x) in the

Equation (2.19), which gives
u' ™ (x) = au ™D (x) +b[¢" M () + ¢V (x)] - (2.21)

One clear inconvenience of this method is the requirement to store the value of the
previous white noise signal C/(“_l)(x) at each point of the grid, which can be an issue

in large simulations like in three-dimensions.
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In order to include the time-correlation effect in the RPM, Ewert et al. [33] used a

Langevin equation instead of a transport equation to convect the particles

Do

ol + BG 2.22
Dtul ald; + B¢ ( )

where (; is a white noise which respects those conditions :
<C1> = 0, and <Ci(33‘1, tl)Cj(.rz, t2)> = 5(7“)5(15)52']', (2.23)

where ((.)) corresponds to the mean value of (.).

To obtain a temporal correlation function defined as a decreasing exponential exp(—t/7)
with 7 the Lagrangian integral time scale, it follows @ = 1/7. Assuming a stationary
process, (U;(t)?) must remain constant hence (U;(t)?) = <Z/{(20)i). Using a Gaussian dis-
tribution with a zero-mean value and a standard deviation of 1 for the white noise U;,

we obtain § = 1/204(1/{(20)1}) = v/2a. The Langevin Equation (2.22) becomes

Do 1 2
—U; = —U; + 1] —(. 2.24
Dt = i 26 (2.24)

However, the use of a single Langevin Equation (2.24) presents some issues because
¢; can fluctuates quickly, rendering the partial derivative Ou;/0t difficult to calculate
which can lead to unwanted noise. To resolve this problem, Siefert and Ewert [22] and
then Dieste and Gabard [23] used a 2"¢ order Langevin model. The general form of the
Langevin equation is

Dq
Ui = —aldi + W, (2.25)

where W is the source term. In order to obtain a smoother signal for Uf;, the source

term is not a white noise but is a solution of a second Langevin equation

D
iw = —a'W + B¢, (2.26)
where (; is a white noise with the properties (2.23). Finally the 2"¢ order Langevin

model is written

{g(t)ui =W (2.27)

BeW = =W + /29 (Wg)¢,

where v = (1/74—1/7) with 74 an additional temporal scale such that 7y < 7 (see [34]).
The initial condition imposes an initial source term Wy defined as Wy = (1/7)Uq); +
/7€ where € is a random Gaussian variable with a zero-mean value and a standard

variation of 1.

In the SEM, as the particles can no longer be controlled after being injected, the turbu-

lence is frozen, hence, no temporal coherence can be imposed.
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Figure 2.3: Sweeping: Splitting of the von Karman energy spectrum (where
E(k) is proportional to k* as k — 0 and F(k) is proportional to k3 ask — o0)
at a wavenumber k. into large (.); and small (.)s scales.

2.3.4 Sweeping

The sweeping phenomenon corresponds to the convection of the small eddies by the

large eddies.

To include the sweeping phenomenon in the Fourier modes decomposition method,
Fung et al. [19, 20] split the turbulent kinetic energy spectrum into large and small

scales and write the turbulent field as
W(x, 1) = uj(x, 1) + w(x, 1) (2.28)

where uj(x,t) corresponds to the large scales and u/(x,t) to the small scales. The
figure 2.3 shows the splitting of the turbulent kinetic energy spectrum FE(k) at the

wavenumber k..

The turbulent velocity field of the large scales u/;(x,t) is generated using Equation (2.4)
but, to model the time-dependence in a simple way, only a single frequency mode P, = 1
for each wavenumber mode is considered (thus we obtain the same equation as Kraich-
nan [9], Equation (2.1)). On the other side, the small eddies are generated using a
modified version of Equation (2.4) to include the convection effect by the large scales
au; / / / / / / /
5% = —u;.Vu; — [(ug.V)u; + (0. V)u, +1/pVp'. (2.29)

advection decorrelation

The fluctuating pressure field p’ is however difficult to calculate, so Fung et al. [20]

decided to neglect the decorrelation term containing the pressure field. Considering
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that the velocity field u), is written

N
wy(6,1) = 3 [(an x kn) cos(ky - X = wnt) + (by x Ky)sin(ky - X —wyt)|, (2.30)
n=N,

where the amplitude of each mode is chosen using the von Karman energy spectrum,
N, is the mode where the energy spectrum is split into the small and large scales (i.e.

k = k.) and X is the trajectory of a point convected by the large eddies

X = x(t) — /0 "Wyt )t (2.31)

However the divergence-free condition is not respected any more as the term (a, X
k,).V(k, - X) is not equal to zero. Indeed, as the small scales are convected by the
large scales, the motion of the small scales is not uniform in space. To solve this
issue, the wavenumber k,, should be time-dependant [20]. Nonetheless, without this
time-dependence on the wavenumber, Fung et al. [19, 20] found that the error on the

divergence-free condition is not greater than 10%.

Lafitte et al. [35, 36, 37] introduced an hybrid model that includes the convection of
the turbulent flow field by the mean flow as well as the sweeping phenomenon using
Fung et al. [20] idea to separate the spectrum into large and small scales; the small
scales being convected by the large ones. The generation of the turbulent velocity field
uses the method introduced by Bailly et al. [28] for the large eddies and an hybrid
method between Fung et al. [20] and Billson et al. [30] for the small eddies. Lafitte et

al. wrote for the large eddies the following sum of Fourier modes

Ne—1
u'i(x,t) =2 Z Ay, cos(kp(x — uct) + wpt + op )0y, (2.32)

n=0
with amplitude A,, = \/E(k;,) Ak, built to conserve locally the turbulent kinetic energy
imposed to the large scale structures. N, is the mode where the energy spectrum is split
and the other variables being chosen as Bailly et al. [28] in the Equation (2.17). For
the small scales, Lafitte et al. [35, 36, 37] wrote the following temporal filter which is

a combination of an advected term to include the sweeping effect, and a random term

that contributes to the decorrelation

W5, 1) = (V' (%, 1) + BC(X, ) | (2.33)
advection decorrelation
where a(x) = S corresponds to the exponential temporal decorrelation, b(x) =

1 — a(x)? is built to preserve the kinetic energy, v’ is the solution of the following



20 Chapter 2 Review of methods to predict broadband fan noise

advection equation at the previous iteration in time (noted it — 1)

au/(it—l) 1 .
T (w w) . vue — o (2.34)

and the locally white noise (x,t) is defined as a sum of Fourier modes

N

C(x,t) =2 Z Ay, cos(ky - X+ ooy, (2.35)
n=N.+1

where the A,, N, ky, ¢, and o, are defined as in the Equation (2.32). The complete
synthesized turbulent velocity field being obtained by the same decomposition as Fung et
al. [20], namely u’(x,t) = u/j(x,t) + u's(x, t).

The sweeping phenomenon have not been investigated in RPM. In SEM, the sweeping
phenomenon can not be implemented as, after injecting the eddies through the boundary,

the particles can no longer be controlled.

2.3.5 Inhomogeneous turbulence

In the Fourier modes decomposition method, the inhomogeneity is difficult to implement,
as argued by Omais et al. [38]. Indeed, the spatial correlation tensor R;j,, in the directions

x; and x; of a single node n, of an inhomogeneous flow can be written

-1
F wn(x) +ky, - uc(x) :|2
R D 2.36
ZJTL(I') T { L}n(x + I') + kn | uC(X + I‘) ( )
where F' is a finite non-zero quantity and 7 is the time over which the averaging is

performed. This spatial correlation tensor tends to zero as T' tends to infinity, which is

not physical.

In the RPM, Dieste et al. [39, 23] proposed to generate inhomogeneous turbulence
through the addition of a scaling factor K7 in the filter, G = K3G. This could be

numerically implemented in three different ways

N L 9
=<t D K30 ) Glbx =X a(t) (2.37)
AR .

i, t) = e 3 - [ xn )G (= X D] Un() (2:38)
n=1

(Xt)—smK2 Xp, b Za— (Jx — x| Un(t) . (2.39)
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Dieste et al. [39, 23] found that the three different implementations give similar results.

Yet, the third model (Equation (2.39)) is computationally less expensive.

In the SEM, no development has been done regarding inhomogeneous turbulence.

2.3.6 Extension to anisotropic turbulence

All the previous methods are generating isotropic turbulence (i.e. same properties
in all the spatial directions). In order to generate synthetic anisotropic turbulence,
Maxey [40] proposed a technique based on filtering and scaling operations applied to a
previously generated isotropic velocity field. However, these additional operations are
time-consuming. Smirnov et al. [41] elaborated a fast and efficient strategy based on
scaling and coordinates transformation operations. Smirnov et al. [41] started with the
hypothesis that the anisotropic Reynolds stress tensor R is symmetric, thus it can be

diagonalized through the relation
R* = A'RA | (2.40)

where R* is the diagonalized anisotropic Reynolds stress tensor and A is an orthogonal
transformation tensor that contains the degree of anisotropy of the turbulence, (.)* being

the transpose of the matrix (.).

Using a previously generated isotropic turbulent velocity field u, the anisotropic turbu-

lent velocity field v is obtained from the transformation

v =AR"u. (2.41)

This process has the advantage of being independent of the method used to generate
the isotropic velocity field. It has been designed to generate anisotropic turbulence with
desired Reynolds stresses, integral length and time scales from any isotropic turbulent
velocity field. However, this method fails to satisfy the incompressibility condition for

high degree of anisotropy.

Using a Fourier mode approach, to conserve the divergence-free condition regardless of
the anisotropy, Yu et al. [42] performed anisotropic transformation on a vector potential

field. The divergence-free anisotropic turbulent field is then obtained by taking its curl.

In RPM, instead of applying the transformation at the end of the process on the gen-
erated isotropic field, it is possible to apply a scaling matrix directly on the white noise
before filtering it [43], or after the filtering step, when transforming the stream func-
tions into the velocity field [44]. However, this first approach introduces some errors

in the reconstruction of the local variances, and the second one only approximates the
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incompressibility condition. As the numerical implementation of RPM is a sum of Gaus-
sian eddies, Gea-Aguilera et al. [45] modified the shape of these eddies by considering

anisotropic Gaussian eddies, i.e. different streamwise and transverse length scales.

In SEM, Poletto et al. [26] modified the inclination of the eddies to control the anisotropy

in the turbulent field, which still respects the incompressibility condition.

2.4 Numerical applications for interaction noise

The use of numerical methods progressively took into account more and more realistic
cases, following the increase of computational resources available. This section reviews
the previous studies that have been done regarding the interaction noise. This section
is organised as follow. First, a single aerofoil interacting with an harmonic pertur-
bation is considered, using methods in the frequency domain and then in the temporal
domain. Thereafter, the interaction of a single aerofoil with a synthetic turbulent pertur-
bation generated using previously reviewed stochastic methods is treated. Afterwards,
broadband perturbations interacting with cascades of aerofoils are studied. Finally, the
interaction noise is studied without the use of artificial turbulence, but directly sim-
ulated using Computational Fluid Dynamics (CFD) methods. Those CFD methods
were applied to investigate the tone noise and then the broadband interaction noise, on

simplified to complete rotor-stator configurations.

The first interaction noise studies focused on a single aerofoil impacted by an harmonic
gust. Scott et al. [46, 47] developed a method based on the LEE, the input perturbation
being divergence-free to ensure that it is not a pressure source. The gust being harmonic
and the problem being linear, the solution oscillates at the same frequency as the input
gust. Thus the temporal dependence is removed to solve this problem in the frequency
domain. The same principle can be applied to factorise the span dependence to only
solve the problem in a 2D plane. The developed numerical method is the starting point
of the solver GUST3D developed by the NASA. The method gives good results for the
near-field but faces some difficulties in the far-field. To solve this issue, Atassi et al. [48]
coupled this method with a Kirchhoff integral method. Scott et al. [49] proposed an
alternative to this coupling, the domain is split into a near-field domain and a far-field

domain and for each region an adapted equation is solved.

In the temporal domain, this problem has been investigated using the Navier-Stokes
equations or the non-linearized Euler equations. Lockard et al. [50, 51] studied the
interaction of a gust at Mach 0.5 with a flat plate and then NACA profiles with different
thickness in two-dimensions. Then, Hixon et al. [52] and Golubev et al. [53, 54], at Mach
0.5, studied the effect of the gust frequency and its amplitude on Joukowsky profiles and
found that for gust with a high amplitude, some non-linear effects appear, leading to

the generation of harmonics and also to instabilities in the wake of the profile.
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To study the broadband noise, as mentioned previously, it is possible to artificially
generate a turbulent velocity field which is then used in combination with governing
equations. The stochastic methods (described in section 2.3) were first used to generate
synthetic turbulence in aeroacoustic problem in 1991 by Karweit et al. [55]. To study
the behavior of an acoustic wave propagating through a turbulent medium, they used
the original idea of Kraichnan [9], but removed the angular frequency considerations,
resulting in a turbulence fixed in time. Then, a ray-trace method is used to determine
the trajectory of the acoustic waves through this turbulence medium. Afterwards, to
include acoustic generation, the following works in aeroacoustics define the turbulent

velocity field as a source term, so it could be included into governing equations.

Ewert et al. [56, 57] used the RPM to study the slat noise and the trailing edge noise
at Mach numbers up to 0.208 in two-dimensions. They used the Computational Aero-
Acoustics (CAA) solver PIANO which uses high-order finite difference spatial schemes
and an low-dissipative and low-dispersive explicit temporal advancement. The synthetic
turbulence is only generated on specific zones inside the computational domain such
as the interior of the slat cavity. The calculations are realised in two-dimensions but
Ewert et al. [57] used a correction factor to predict the three-dimensions acoustic field
for a three-dimensions wing with a finite span. More recently, at similar Mach numbers,
Bauer et al. [58] also studied the slat noise using RPM, but using the solver DISCO
which uses the discontinuous Galerkin method for the spatial discretization. This allow

the use of non-structured mesh, which can be useful when meshing complex geometries.

Dieste et al. [39, 12], studied the leading edge noise of a two-dimensions flat plate at
Mach 0.362 using a similar method as Ewert. They showed that the inclusion of the
temporal evolution in the synthesized turbulence has a very limited effect on the acoustic
radiation of a flat plate interacting with this turbulent velocity field. This is probably
true since the turbulence has a correlation time long regarding to the time needed to
convect past the leading edge. This indicates that the generation of a frozen turbulence
is sufficient when it comes to study its interaction with a thin aerofoil. Clair et al. [59]
developed a specific stochastic model to generate a frozen turbulent velocity field for the
study of its interaction with an aerofoil. They formulated their stochastic model taking
inspiration from Amiet’s model [60]. Amiet’s model is a semi-analytical model developed
to predict the acoustic radiation of a flat plate impinged by a turbulent velocity field.
This model only requires the spectrum of the velocity component normal to the plate,

thus Clair et al. [59] wrote the velocity field as a Fourier modes sum

N M
uy(x,t) =23 S0 [ oa (k. ky) Ak Aky c08(Ka @ + Ky — Wnmt + Pum) » (2.42)
n=lm=—M

where u is the normal velocity component with respect to the aerofoil, N and (2M +
1) are respectively the number of modes in the z and y directions, ®22(ky,k,) is the

wavenumbers spectrum of the fluctuating velocity uy, Ak, and Ak, are the wavenumbers
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spacing used for the discretization of k; and ky. ¢y, is a random phase, independently
drawn between 0 and 27 for each mode, as introduced by Drummond et al. [29] to ensure
the homogeneity of the synthesized velocity field. The other novelty of this method is the
need of the wavenumbers spectrum of the fluctuating velocity instead of the turbulent

kinetic energy spectrum to generate turbulence.

Gill et al. [61, 62, 63], also using frozen isotropic turbulence synthesized using a sum of
Fourier modes, studied the effects of aerofoil geometry on the radiated noise. It has been
found that an increased aerofoil thickness causes a reduction in the turbulence interaction
noise for high reduced frequencies, however the characteristics of this reduction is highly
dependent on the Mach number. An increase in the leading edge radius also seems to
cause a reduction in the predicted noise. On the other hand, the angle of attack and

the camber of the aerofoil does not seem to have an effect.

To study interaction noise, Gea-Aguilera et al. [64] synthesized frozen turbulence us-
ing a method based on RPM. However, only the direction of rotation of all eddies are
undetermined, which in theory introduces less randomness in the turbulent field. Nev-
ertheless, they claim it gives faster satisfactory acoustic predictions on two-dimensional

cases compared to original RPM or sum of Fourier modes methods.

Due to a large computational cost required for full 3D simulations, very few studies have
yet been performed. Kim and Haeri [65] developed a method based on SEM to synthesize
frozen 3D turbulence in combination with span wise periodic boundary conditions. The
method introduces new constraint parameters to have a better control over the generated
turbulence, however, to properly select these parameters, a complex optimization process
is required. This method is successfully applied to study interaction noise on a flat plate

with wavy leading edge.

The interaction noise on linear cascades have first been investigated using harmonic
perturbations. In the frequency domain, Hall et al. [66] studied the tone noise of a two-
dimensions blade cascade configuration, using the previously described method based on
the linearised Euler equations developed by Scott et al. [46, 47]. In the temporal domain,
Nallasamy et al. [67] then Hixon et al. [68] applied non-linearised Euler equations to
study two-dimensions unducted rotor-stator interaction noise at Mach 0.5. A periodic

mean flow and periodic boundary conditions in the azimuthal direction are applied.

Atassi et al. [69, 70, 71] studied the acoustic response of a ducted annular cascade of
loaded aerofoil impinged by an isotropic turbulent velocity at Mach 0.5. They extended
Golubev et al. [72], Atassi et al. [73] and Elhadidi et al. [74] frequency method based
on Euler equations. Atassi et al. [73] showed that the parameters of the mean flow
significantly modify the unsteady load on the aerofoil, as well as the generation of the
acoustic modes in the duct. Atassi et al. [75] also studied the acoustic response of

a ducted annular cascade in anisotropic turbulence compared to isotropic turbulence.
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They found that a significant reduction in the scattered acoustic power from low to high

frequency is observed in anisotropic turbulence compared to isotropic turbulence.

To study linear cascade, Wohlbrandt et al. [76] extended the RPM method to periodic
turbulent flows by having either a periodic background flow or periodic turbulence statis-
tics. The synthetic turbulence is generated only in one vane to study the scattering of
the acoustic field by the other blades. The preliminary results of this study, using only
Gaussian turbulent spectra, seem to indicate that the variation of the turbulent kinetic
energy amplitude across the blade passage alone, as well as its period of fluctuation, has
a little impact on the radiated noise spectra. On the other hand, variations of the mean
flow, and especially the wake velocity deficit, seem to have a major effect on the level of
the radiated acoustic field.

The increase in computational resources made possible unsteady CFD simulations of a
complete rotor in rotation and stator configuration. In these new methods, the incident
turbulence does not have to be artificially generated but can be simulated. The first
studies focused on the tone noise using hybrid methods that separate the aerodynamic
and the aeroacoustic calculations. The unsteady aerodynamic calculation is first done to
obtain the interaction of the wake of the rotor with the stator. The data from this first
simulation are then used in aeroacoustic methods to study the acoustic propagation.
Rumsey et al. [77] and Biedron et al. [78] used an unsteady RANS approach to obtain
the acoustic field in an upstream section of a three-dimensions ducted fan at Mach
0.25. These acoustic data are thereafter decomposed in modes to be used as an input
in an acoustic method that solves the wave equation. This method is however too
computationally expensive to get far-field results, so a Kirchhoff integral method is

applied using the near-field results.

To study broadband noise in CFD, more precise numerical methods are needed. However
these methods are computationally demanding so it not conceivable to use them to
propagate acoustic. Instead, these methods are used to estimate the unsteady load on
the aerofoils and are then coupled to an acoustic analogy. To do a broadband calculation,
Olausson et al. [79] used an hybrid RANS/LES method. A RANS on the rotor allow the
authors to feed the inlet of the LES on the stator with the mean rotor wake. To limit
the computational requirements but to allow some non-periodic, turbulent behaviour
in the flow, the stator configuration is limited to a portion of three vanes passages
with time lagged periodic boundary condition in the azimuthal direction (also known
as chorochronic periodicity or the “shape correction method”) [80, 81]. A stochastic
isotropic fluctuation is also added to the inlet profile to trigger the turbulence in the
mean rotor wake. A Ffowcs Williams-Hawkings method is then used to calculate the
far-field noise. They found that a small modification of the number of blades on the

stator only have an effect on the low frequency broadband noise.
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Greschner et al. [82] used a Improved Delayed Detached Eddy Simulation (IDDES) ap-
proach [83] which extends the LES region of the Delayed Detached-Eddy Simulation
(DDES) approach [84] to the turbulent boundary layer. They applied this IDDES ap-
proach on a two-and-a-half-dimensions rotor-stator configuration, that is to say only a
radial slice is meshed with periodic boundary conditions in the span direction. More-
over, to keep a reasonable number of grid points, the geometry has been simplified to
a 1-1 rotor-stator set-up with periodic boundary conditions in the azimuthal direction.
Despite those geometric considerations to limit the computational resources, the inlet
Mach number in this simulation is only 0.038. They found that the IDDES approach did
not lose important information regarding sound source mechanisms compared to LES

approach which is more expensive.

Carolus et al. [85] and then Reese et al. [86] simulated a complete ducted rotor impinged
by a turbulent inflow at low inlet Mach number. In order not to model the incident
turbulence, a grid is placed upstream of the rotor which acts as a turbulence generator.
Owing to the cost of such LES, the grid is not much refined and only large aerodynamic
structures are resolved. The radiated acoustic power associated with the unsteady blade

forces is then obtained using a two-dimensions acoustic model for duct propagation.

Mann et al. [87] simulated a complete rotor-stator configuration with an inlet Mach num-
ber of 0.15 using LBM, including the duct and ensuring the acoustic propagation in the
far-field (three duct diameters upstream and downstream the rotor-stator). Despite the
168 million cubic elements, the used resolution can not propagate the far-field acoustic
to a frequency higher than 2500 Hz. Up to this cut-off frequency, the numerical results
showed good agreement for the far-field acoustic compared with experiments [88, 89].

The duct modes have also been captured correctly.

2.5 Conclusion

The aim of this project is to study interaction noise, generated from the interaction of
the turbulent wakes of the fan blades with the guide vanes. Its study using full unsteady
simulations such as LES are however very computationally expensive. The chosen al-
ternative is to separate the steady and unsteady parts of the fluid. The steady part,
or mean flow, is calculated first, using for instance steady Euler or RANS models. For
the unsteady part, using statistical data provided by RANS or experiments, stochastic
methods can be used to create the fluctuating fields. Then, using the steady flow as an
input, the evolution of these unsteady fields can be simulated. One main advantage of
this method is the possibility to alter each parameters in the simulations, independently,

and investigate its impact on interaction noise predictions.

Among the stochastic methods available, a distribution of points vortices is preferred

as it requires less resources than Fourier modes decomposition when a large number
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of frequencies is synthesized. The quality of noise predictions partly depends on the
properties of the synthesized turbulence. The ideal solution would be to include all
the properties into the fluctuating field, but it would remain heavy in computational
resources. Nevertheless, some properties of the turbulent field have a negligeable effect
on the radiated noise, hence, by not including these properties, the computational cost
can be reduced. The energy spectrum, spatial correlations and convection by the mean
flow are among the requiered properties to include for interaction noise. On the other
hand, Dieste et al. [39, 12] found that a specific temporal evolution in the synthesized
turbulence has a very limited effect on the acoustic radiation and suggests that only

frozen turbulence is necessary to get accurate noise predictions.

For interaction noise, a linear inviscid interaction model between vorticity and sound
is generally sufficient, as long as the amplitude of the fluctuating part with respect
to the mean flow is small [59]. This approach has the advantage of only generating
leading edge noise as, for instance, no additional turbulence can be generated within a
linear model, therefore no self noise can be generated, simplifying the post processing
analysis. Moreover, interaction noise is a broadband phenomena, hence a model in the
time domain is chosen. Finally, regarding the turbulence injection, in order to limit the
computational cost, discretized vortices injected directly in the domain are preferred over
injection through inlet boundaries as turbulence can be injected anywhere in the domain,
thus limiting the size of the mesh. However, the existing methods of perturbation
injection inside a computational domain usually requires the use of windowing functions
and can be cumbersome to implement in an already existing solver. In this work, to
simplify the implementation of such approach while having little to no influence on the
parallelization of a already existing CAA solver, a new method of injection which uses
sources of vorticity is investigated. Chapter 3 focuses on a single harmonic source of

vorticity while Chapter 4 extends it to multiple sources used to generate turbulence.






Chapter 3
Flat plate interaction noise

In this work, vorticity sources are used in the CAA simulations to generate velocity per-
turbations. This chapter aims to investigate this method in the context of interaction
noise by considering a harmonic gust impacting a zero-incidence flat plate. These single
frequency cases allow specific interaction effects such as non-compactness of the acoustic
response of the plate when the frequency of the incoming gust increases. This configura-
tion has been extensively studied in the literature, for instance it has been investigated
semi-analytically by Amiet in 1975 [60]. Moreover, a flat plate has two singularities
(located at the leading edge and the trailing edge), which can be difficult to numeri-
cally simulate. These elements make this test-case a good benchmark to both evaluate
the suitability of gust injection via vorticity sources and understand the behaviour and

performances of the CAA solver.

The first part of this chapter provides details about the model, its numerical implemen-
tation in the CAA solver and the use of vorticity sources to generate harmonic velocity
perturbations. Then, this method is applied on the flat plate application, by considering
a zero-thickness plate impinged by harmonic perturbations at three different frequencies.
This first simulation showed some high frequency oscillations on the Root Mean Square
(RMS) pressure at the leading and trailing edges of the plate. These high-frequency os-
cillations are not physical, but are due to the combination of the geometric singularities
and the numerical method used. The evolution of those high-frequency oscillations are
then studied through the effect of the discretization and the effect of thickness. It leads
to three different simulations, two using zero-thickness flat plates but with different grid

refinements, and a third one using a thin profile, similar to a flat plate.

29
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3.1 Model

The model used here solves the LEE, which describes the propagation of small amplitude
perturbations on a mean flow. To obtain these equations, one can start from the Navier-
Stokes equations which are non linear Partial Differential Equations (PDE) describing
the dynamic of continuous fluids. In 3D, using Cartesian coordinates, it is composed of
one equation for the mass conservation, three equations for the momentum conservation,
and one for the energy conservation. In 2D, the momentum conservation only contains
two equations, one for each velocity component. These equations are written below
with an external force &, on the right-hand side of the momentum equation &, which
represents a source of vorticity. In this work, the source term 8, is used to inject velocity

perturbations.

0

875 +V-(pu) =0, (Conservation of mass) (3.1a)
0 =

% +V-(pu@u+%2)=S8,, (Conservation of momentum) (3.1b)

8pE0

5 + V- (puEy + Sou+t q) =0, (Conservation of energy) (3.1c)

where 3 is the stress tensor of the fluid (2:] = pi — 7 with T the identity tensor and T
the viscous stress tensor), Fy is the total energy, ¢ is the heat flux, ® denotes the tensor

product and ® denotes the tensor contraction.

We assume that the flow can be decomposed into two parts, the base flow and the
perturbations. The base flow (denoted with o) is assumed to be steady, with an arbitrary
amplitude, and includes viscosity and heat transfers. The perturbations (denoted with )
are supposed to be unsteady, with a small amplitude in comparison with the base flow,
and are isentropic (no viscosity and no heat transfer). Following these assumptions,
one can then write the governing equations of the perturbations, often called the Euler
equations. As the perturbations are small with regards to the mean flow, the noise
generation and propagation is supposed to be linear. Using a Taylor decomposition, the

Euler equations are linearised to give the LEE, written here in a non-conservative form

a /
8—[;+uo‘Vp’+u’-Vp0+poV-u'+p’V‘ug:O, (3.2a)
ou’ / / Vp'  Vpop'

_ . vr' _s, . 3.2b
5 + (up-V)u' + (0 - V)uy + o pe (3.2b)
op’
E—i—uo-Vp'—i—u'-Vp’—i—’ypoV-u’+7p’V-u0:0, (3.2¢)

where p, p, u and v denote the density, pressure, velocity and specific heat ratio, re-

spectively. The LEE can be used as governing equations to study leading edge noise
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generation and acoustic wave propagation since they are able to support vortical, entropy

and acoustic modes [90].

In sheared mean flows, where the entropy, the vorticity and the acoustic waves are
not decoupled, the LEE may lead to physical growing hydrodynamic instabilities. To
tackle this problem, the Acoustic Perturbation Equations (APE) can be used, which are
derived [10] by the decomposition of the flow into acoustic and non-acoustic quantities
based on a filtering of the non-linear and viscous terms of the Navier-Stokes equations
in Fourier/Laplace space. The APE can be expressed for the pressure and velocity

perturbations (p/, u’)

6 / /
6—2 +apV - (Pou + Uo%) =0, (3.3a)
8 / /
a—l; +V(ug-u)+V (ﬁ()) =8y, (3.3b)

where ag = \/7po/po is the local speed of sound and 8, is the vorticity source.

3.2 Numerical implementation

The LEE are numerically implemented in the CAA finite-difference solver Perturbation
Investigation of Aerodynamic NOise (PIANO) developed by the Deutsches Zentrum fur
Luft- und Raumfahrt e.V. / German Aerospace Center (DLR). This code is designed
to simulate aeroacoustic noise generation and acoustic wave propagation in non-uniform
flows. Based on structured, curvilinear multi-block grids, the solver mostly written in

Fortran relies on the Message Passing Interface (MPI) library for the parallelization.

To ensure aeroacoustic noise generation and acoustic wave propagation, low-dispersive
and low-dissipative numerical methods are implemented in PIANO. The spatial deriva-
tives are numerically computed using the Dispersion-Relation-Preserving finite-difference
scheme (DRP) finite difference scheme with a 7-point stencil proposed by Tam & Webb [91].

6*™-order accuracy on a tradi-

This scheme provides a 4™-order accuracy (instead of a
tional 7-point stencil scheme) but minimizes the numerical dispersion introduced by
the discretization, as plotted in Figure 3.1a against standard central difference (CDS)

schemes. For instance, the first derivative of the quantity f in the x direction are written

9 1 &
f)ii = > afi, (3.4)
i I=M

where Ax is the grid spacing and q; are the coefficients of the stencil. The stencil is sym-
metric for most of the points, however, near the outside boundaries of the computational

domain, only a asymmetric stencil can be applied. Hence, away from the boundaries, the
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Figure 3.1: (a) Dispersion error in the spectral domain of DRP vs CDS ap-
proaches and (b) spectral characteristics of a 6''- and 8*"'-order filter.

stencil reads (M, N) = (—3,+3). The stencil then reads (M, N) = (—2,+4), (M,N) =
(—=1,45) and (M,N) = (0,+6) as the point gets closer to a boundary. For instance,
the a; coefficients of the symmetric stencil (M, N) = (—3,43) are a_3 = az ~ 0.0201,
a_9 = ag ~ —0.1667, a_1 = a1 ~ 0.7709 and ag = 0. On solid objects, the sym-
metric stencil is used in combination with slip boundary conditions. In this solver, it
is performed by extending the mesh with ghost cells (also called mirror points), then
Op/On =0 and u-n = 0 are imposed at the surface, while keeping tangential velocities

unchanged.

The time discretization is computed using the Low-dissipation, low-dispersion Runge-
Kutta (LDDRK) algorithm proposed by Hu et al. [92]. The LDDRK algorithm uses two
alternating steps in the optimization stage (4-stage Runge-Kutta and 6-stage Runge-
Kutta) which aims at reducing the dispersion errors while maintaining a high order of

accuracy.

With this numerical approach, spurious short numerical waves can appear, especially
at mesh-size-change interfaces. To have a high-quality solution, a 8''-order selective
filter [93, 94] is performed in each grid-index direction (i, j, and k), at each time step. The
spectral characteristics of such filter against a 6*"-order version is plotted in Figure 3.1b.
For instance, the filtering operation (.)" on a variable ¢; ; x in the i-index direction, using
a 8%_order filter reads .,

O ik = bigk— O [idisijn s (3.5)

I=—4

with f; the coefficients of the filters. To ensure that the filtering operation does not

introduce dispersion error [95], the coefficients are such that f; = f_;.

In this work, using the DRP scheme for the spatial derivative, the LDDRK for the
numerical integration, along with the 8"-order selective filter described above, in order

to stay on the conservative side, a minimum of 10 points per wavelength has been used.
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3.3 Source of vorticity

A source vorticity, denoted S,(x,t) in Equation (3.2b), is assumed to be decomposed
in 8,(x,t) = g(x)s(t), where g(x) is the spatial distribution of the source, and s(t) its
modulation with time. To ensure a harmonic perturbation, the temporal signal of the
source reads s(t) = cos(wt). However, as the perturbations are frozen once injected, there
is a direct relation between the angular frequency of the pulsation and the streamwise
wavenumber, such that w = k,ug, with ug the mean flow in the streamwise direction.

The source term can then be expressed

Su(x,t) = g(x) cos(kyuot) . (3.6)

It is important that a source of vorticity does not create pressure/density perturbations
when injected. Indeed, in the case of aeroacoustic simulations, it would make the acoustic
analysis very difficult. In this work, it is performed by injecting an incompressible
velocity field, which directly follows from Equation (3.2a) that the injected velocity is
divergence-free. To respect this condition, the source term is constructed by taking the
curl of a velocity vector potential ¥(x,t). The considered velocity vector potential is a
Gaussian distribution and is defined as
exp(1) Ix — x.|?

U(x,t) = Aby| ——=¢€ —In(2)————| s(t)ew, 3.7

where b is the half-radius of the Gaussian, A the amplitude, x. the coordinates of the

centre of the Gaussian and ey the axis of rotation.

The associated vorticity w is then

w(x,t) =V x (Vx¥(x,t)) . (3.8)

3.4 Problem definition

To assess the validity of injecting velocity perturbations through vorticity sources for in-
teraction noise, a two-dimensional plate with zero thickness, no camber and no incidence

is chosen.

These single frequency cases allow specific interaction effects such as non-compactness
of the acoustic response of the plate when the frequency of the incoming gust increase.
Four gust frequencies have been considered so the different interaction effects can be

observed.

The non-dimensionalization of the problem is realised using the chord of the flat plate

¢ = 1 m, the density at infinity ps = 1.2 kg.m ™3, and the speed of sound at infinity
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Figure 3.2: Sketch of the flat plate setup where the vortices are convected by
the mean flow and interact with the flat plate.

(oo = 340 m.s~!. It follows the non-dimensional pressure p* = % = % with v = 1.4.
The mean flow velocity is uniform, parallel to the z-axis and its associated Mach number

is M =0.5.

The harmonic gusts are generated through a vorticity source. For each frequency, the
parameters of the spatial distribution in Equation (3.7) remain constant, with an ampli-
tude A given by A/(axc) = 0.01 and an half-radius of the Gaussian b given by b/c = 0.2.
Those parameters give the gusts a small velocity amplitude (less than 2% of the speed
of sound), which guarantees that no non-linear effect appears [53, 54, 52]. The situation

is depicted in Figure 3.2.

A similar case using the PIANO solver has already been investigated by Wohlbrandt et
al. [96] but the harmonic gusts were generated using two different methods. The first
method uses a sponge zone at the upstream boundary to generate the gusts. The
second method uses a windowing function along with fRPM, method briefly presented
in Chapter 2.

3.5 Flat plate with zero thickness

3.5.1 Computational setup

The simulation domain extends to 10 chords in all directions. The flat plate is located
on the z-axis, from x = —0.5¢ to x = 0.5¢. The gusts are injected upstream of the flat
plate, using a single vortex centred at [—2¢,0]. The structured mesh, generated using
the software ANSYS ICEM, is refined at the leading and trailing edge of the flat plate
to a minimum grid element Az, of 0.005¢ (1/200 of the chord). Moreover, the grid

expansion is limited to 1.05, which has been successfully used for similar cases [59, 96].
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Figure 3.3: Structured grid with a refinement of 1/200% of the chord at the
singularities. The red line (——) denotes the location of the plate.

The grid is designed to support both the acoustic and hydrodynamic wavelength to a
distance of 6 chords in all directions. Outside this region, the mesh gradually increases
(with a grid expansion limited to 1.05) to slowly damp hydrodynamic structures before
reaching the outflow boundary. Asymptotic conditions [91] are set on the boundaries
of the domain, with the centre of the acoustic source defined, as required by these
conditions, at the leading edge of the flat plate. A zoom of the mesh is represented
in Figure 3.3, where the red line depicts the location of the flat plate. The time step
At is set to (aco/c)At = 2.93.1073, which gives a maximum Courant-Friedrichs-Lewy
number (CFL) [97] number of 0.9 near the leading edge, a minimum CFL number of
0.02 near the boundaries, and a mean CFL in the simulation of 0.2. The CFL number is
a necessary condition, but may not be sufficient for the convergence of finite-difference
approximations and is calculated CFL = (ug;+uq:) At/ Az, where ug; and ug; respectively
denote the mean flow velocity and acoustic velocity in the i-th space direction. The no-
thickness flat plate is modelled using a slip-wall boundary condition in between two

adjacent blocks.

To allow the parallelization of the simulation, the PIANO solver requires the compu-
tational domain to be split in blocks. However, some precautions should be observed
regarding this decomposition [96]. Indeed, at the leading edge, a pressure jump between
the top and bottom is required to generate the source of noise. However, if the leading
edge is at the intersection of more than two blocks, its value in PIANO is unpredictable,
as detailed by Wohlbrandt et al. [96]. The Figure 3.4a depicts the situation with four
blocks intersecting at the leading edge. To remove the ambiguity, the leading edge is
positioned at the intersection of 2 blocks, using the topology depicted in Figure 3.4b,
which has been successfully used by Wohlbrandt et al. [96].

At the trailing edge, there should not be any pressure jump to satisfy the Kutta con-

dition. Several methods have been assessed, such as applying a window filter to the
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Figure 3.4: Blocks organisation regarding the singularity at the leading edge.
The blue crosses denote the point of the mesh and the red line (——) denotes
the localisation of the flat plate.

perturbations along the plate [39, 23] which damps the wall velocities as they move to-
wards the trailing edge, to finally reach zero at the singularity. Another method, used by
Sandberg and Sandham [98], consists in calculating the first two points downstream the
trailing edge using a central difference scheme, using the averaged between the top and
bottom surface for the two grid points directly upstream the trailing edge. Similarly,
Wohlbrandt et al. [96] averaged the trailing edge pressure value using the surrounding
points, but did not use a central scheme. As this last method was proven successful
using the solver PIANO [96], it is used in this work. The final decomposition gives 16

blocks, which allows the parallelization of the simulation on 16 or less CPU core(s).

3.5.2 Results

To compare the numerical solution, the semi-analytical method proposed by Amiet [60],
which is in very close agreement with experiments [99], is used as a reference. However,
as it is for three-dimension configuration, the method is modified to propagate acoustic
in a 2D field, using a 2D convected Green function in free-field (Appendix B). The Amiet
model [60] predicts a pressure jump on the surface of the plate, with a maximum going
to infinity at the leading edge and a Kutta condition at the trailing edge. In the Amiet
model [60], the unsteady loading on the plate is split into two contributions, the leading

edge scattering half-plane problem, and the back scattering trailing edge problem.

To observe the specific interaction effects such as non-compactness of the acoustic re-
sponse of the plate when the wavenumber of the incoming gust increases, using the source
of vorticity detailed in Section 3.3, three harmonic cases, with a streamwise wavenum-
bers k, given by k;c = 4,8, and 12, are simulated. The wavenumber k, being related
for frozen turbulence by k; = w/ug with w the angular frequency and ug the convective

velocity of the gust.
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Figure 3.5: (a)(c)(d) Instantaneous y-velocity field us/as (levels between
+2.107%) and (b)(d)(e) instantaneous pressure field p/(poaZ,) (levels between
+1.5.107%) for a harmonic gust at (a)(b) kyc = 4, (c)(d) kyc = 8, (e)(f) kyc = 12
with the mesh refined down to 1/200 of the chord at the leading and trailing
edge.
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Figure 3.6: No thickness plate with Azpin/c = 0.005 - (a) (c) (¢) RMS pressure
along the flat plate and (b) (d) (f) directivity of the acoustic field at R = 4c¢
around the flat plate: (==) numerical results and (===) Amiet model.
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The instantaneous velocity and pressure fields are plotted for the different wavenum-
bers considered, namely kyc = 4,8 and 12, in the Figure 3.5. In all three cases, the
radiated pressure is symmetric, as expected for a no-thickness flat plate impinged by
a no-incidence gust. Moreover, the acoustic waves do not seem to be altered by the

boundaries when leaving the domain.

For a wavenumber k, given by kyc = 4, the RMS pressure py,q along the flat plate
plotted in Figure 3.6a and non-dimensionalised using pkys/(poUS), reveals some high-
amplitude, high-frequency oscillations from the leading edge to about 20% of the chord,
as well as at the trailing edge, but with smaller amplitudes. These spurious oscillations
are induced by the numerical method and their associated wave length is directly related
to the mesh, with about one full oscillation every two mesh cells. Nevertheless, the rest
of the RMS pressure along the plate compares well with the Amiet model [60], including
at the trailing edge where the pressure goes to zero, which fulfils the Kutta condition.
The distance between the spurious oscillations is very small with respect to the acoustic
wavelength \,, therefore the leading edge region is acoustically compact and can then
be considered as a point dipole, thus these spurious oscillations are not visible in the
far-field directivity in Figure 3.6b. Moreover, the chord of the plate ¢ is also small with
respect to the acoustic wavelength A, (i.e. ¢/A\; = 0.2), therefore the flat plate region
is also acoustically compact, and can then be considered as a point dipole, which is
confirmed by the directivity plotted in Figure 3.6b. The directivity is computed from
the RMS fluctuating pressure pjyg on a circle centred on the middle of the plate (i.e. at
(0,0)) with a radius of four chords. As the radiated acoustic pressure field is symmetric,
the directivity is only plotted on half the circle (from 0° to 180°). The results are non-
dimensionalized via (pjyg/ (poougo))2 and are plotted on a linear scale. With respect to

the Amiet model [60], the directivity is in good agreement.

For an incoming harmonic gust at a wavenumber of k,c = 8, the RMS pressure along
the flat plate plotted in Figure 3.6¢ still present high-amplitude, high-frequency oscilla-
tions at the leading edge, going to about 20% of the chord, but it remains acoustically
compact, therefore these oscillations are not visible in the far-field directivity, plotted in
Figure 3.6d. The Kutta condition is still respected and the predicted values are in good
agreement with the Amiet model [60]. The instantaneous pressure field (Figure 3.5d)
depicts the apparition of non-compactness effects. Indeed, in this case, the chord of
the plate ¢ is not considered small with respect to the acoustic wavelength A, (i.e.
¢/Aq = 0.4), therefore the flat plate is not acoustically compact. This is confirmed by
the directivity plotted in Figure 3.6d.

At a wavenumber of k,c = 12, with respect to the lower wavenumber cases, the spurious
oscillations on the RMS pressure (plotted in Figure 3.6e) are more pronounced, yet it
compares well with the predicted values given by the Amiet model [60] and the Kutta
condition is satisfied. As the wavenumber is increased, the acoustic wavelength of the

perturbations decreases, therefore the non-compactness effects between the leading and
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(p‘RMS/(piMuinIz))2

(a) (b)

Figure 3.7: No thickness plate with Az, /c = 0.005, k¢ = 4, and a Local ASD
at the leading edge - (a) RMS pressure along the flat plate and (b) directivity
of the acoustic field at R = 4c around the flat plate: (——) numerical results
and (===) Amiet model.

trailing edge region are more important, with for instance the apparition of a third lobe

on the directivity plot (Figure 3.6f).

To reduce the spurious oscillations at the singularities, one attempt consisted in adding
a local Artificial Selective Damping (ASD) at the leading edge. This ASD [95, 100]
relies on a damping term added to the finite difference scheme, based on the Fourier
transform to damp the high-frequency oscillations without affecting the low-frequency
perturbations. As plotted in Figure 3.7a, this solution succefully removes the majority of
the spurious oscillations on the RMS pressure at the leading edge, but surprisingly over-
estimates the pressure along the plate. Therefore, the far-field acoustic in Figure 3.7b
is also overestimated compared to the Amiet model [60]. As this approach is not satis-
factory, another strategy is investigated to remove the spurious oscillations, such as the

discretization of the grid.

3.6 Effect of the discretization

To reduce the oscillations at the singularities, a grid resolution five-time finer at the
leading and trailing edges is used, which gives a minimum grid element of Az, /c =
0.001. The time step At is set to ¢/acc At = 4.9.10~%, which gives a maximum CFL [97]
number of 0.9 near the leading edge, a minimum CFL [97] number of 0.005 near the
boundaries of the computational domain, and a mean CFL in the simulation of 0.04.

All the other parameters are identical to the previous case considered.

As expected, the directivity and RMS pressure along the plate, plotted in Figure 3.8,

still compares well with the analytical model of Amiet [60]. Regarding the spurious
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/c

(b) Structured mesh (¢) Zoom of the mesh at the leading edge

Figure 3.9: Sketch of the profile and mesh where the leading edge singularity is
replaced by a cylinder shape nose. The red line (——) denotes the position of
the profile.

oscillations at the singularities, their amplitude is greatly reduced and their extent is
now constraint within the first 5% of the chord. Moreover, as these oscillations are

grid-related, their wavelength is five times smaller than previously.

This improvement is however still not satisfactory as some high-amplitude, high-wavenumber
oscillations still remain close to the leading edge. To maintain a similar cost of the sim-

ulation, the mesh is not refined anymore but a different geometry is investigated.

3.7 Effect of the geometry

Singularities are difficult to numerically simulate, therefore, a different geometry without
a singularity at the leading edge is considered. However, in order to compare the results
with the Amiet model [60], the thickness should be small [61]. In this configuration, the
flat plate is approximated by half a circle for the leading edge, and a triangle for the
rest of the geometry. Therefore, the singularity at the trailing edge is still present, but



Chapter 3 Flat plate interaction noise

0.02 -

(p’HMS/(plnfulnf))z

(a) kye=4 (b) kzc=4

0.02

(p‘RMs/(pmcu|n|2))2
(d) kzce=38
0.008
« 90
3 3 120 80
So004f
%
g L
o
150 30
8()
0 0.2 04 o O 0.8 1 180 s 07 2597
(p’RMS/(pin'uin'))
(e) kyc=12 (f) kpe =12

Figure 3.10: 1% thickness plate with Azminc = 0.001 - (a) (c) () RMS pressure
along the flat plate and (b) (d) (f) directivity of the acoustic field at R = 2¢
around the flat plate: (==) numerical results and (===) Amiet model



44 Chapter 3 Flat plate interaction noise

the spurious oscillations in the two previous cases were negligible. To approximate a
flat plate, the thickness of the geometry is set to 1% of the chord. This thin geometry
induces a high curvature at the leading edge, hence a small grid size is required to
correctly mesh the geometry. At the singularities, the same element size as the previous
simulation is retained (Axpinc = 0.001). Unlike for the previous meshes, for ease of
generation, the grid is generated analytically and is organised in a C-mesh as shown
in Figure 3.9a. The outward normal lines to the geometry are defined using a cubic
Hermite spline formulation'. The grid expansion is kept to 1.05, expect for some cells
upstream the profile, close to the leading edge, due to the high curvature of the profile.
The mesh generated is visible in Figure 3.9b. The time step of the simulations is set to

¢/asoAt = 5.10~% which gives a maximum CFL of 0.9 near the leading edge.

As expected, the blunt leading edge removes the oscillations on the RMS pressure for
the three harmonic gust cases simulated (Figures 3.10a, 3.10c and 3.10e). Moreover,
the non-compliance to a grid expansion of 1.05 for a few cells upstream of the profile
does not seem to affect the results. Indeed, the RMS pressure compares well with the
Amiet model [60]. Similarly, the directivities (Figures 3.10b, 3.10d and 3.10f) compare
well with the analytical model. Notice that, due to the C-mesh structure, the mesh was
not designed to support the acoustic wavelengths further than two chords away from

the plate. Therefore, the directivities are taken in a circle with a radius of two chords.

3.8 Conclusion

In this chapter, the generation and injection of fluctuating velocities through vorticity
sources for interaction noise is investigated on a two-dimensional plate interaction noise.
The plate has no camber and no incidence and is impinged by an harmonic gust, using
the LEE model implemented in the CAA solver PIANO. A specific meshing strategy
has to be applied at the leading and trailing edges to respectively prevent undetermined
values and the Kutta condition. A first simulation considering a no-thickness flat plate
shows at the singularities some high-frequency spurious oscillations. A refined grid
does not entirely solve the problem as these unwanted oscillations remain, but with a
reduced amplitude and extent. To tackle this issue, a second simulation with a finer grid
is performed, nevertheless, the spurious oscillations are still present. Finally, to limit the
computational cost of such simulation, instead of using an even finer mesh, a different
geometry is investigated. In spite of the no-thickness flat plate, a thin geometry is used
which successfully removes the spurious oscillations at the singularities. These results

indicate that the injection of velocity gusts through vorticity sources can be used to

!The equation of a cubic Hermite spline in a unit interval [0,1] is defined as p(t) = (2t> — 3t + 1)po +
(t* — 2% + t)mo + (—2t3 4 3t*)p1 + (t* — t*)my where po, p1 are respectively the starting and ending
point of the spline and mg, m1 there associated tangent.
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study interaction noise. In the next Chapter, the relation between sources of vorticity

and turbulence spectra is investigated.






Chapter 4

Synthetic turbulence injected

through vorticity sources

Synthetic turbulence can be injected inside a computation domain using either an inlet
boundary or a patch, as explained in Chapter 2. However, an efficient parallel imple-
mentation of these method in a solver can cumbersome. This chapter introduces a new
method to inject artificial turbulence which is easy and parallelize in an already existing
solver. It relies on localized sources of vorticity modulated in time to reproduce desired
turbulence characteristics. The developed method allows the generation of one- or two-
component, anisotropic or isotropic, frozen synthetic turbulence. This method can also
be extended to three-component turbulence, but the mathematical development has yet

to be carried out.

The first part of this chapter details the mathematical development of the method.
Starting from the analysis of a single source of vorticity used to generate perturba-
tions, the synthesis of one-component and two-component turbulence is detailed using a
continuous distribution of sources in the transverse direction of the mean flow. The im-
plementation of a continuous distribution of sources is difficult in a finite difference code,
thus the impact of discrete sources is assessed. A minimal distance between each source
is required and the amplitude of each source needs to be adjusted to respect prescribed
turbulent spectra. The construction of the time signals modulating the sources and the
implementation of the method in the solver is then discussed. Using this process, the
synthesized turbulence is naturally anisotropic. The degree of anisotropy is controlled
by the parameters of the sources. The technique is validated in free-field with a uniform
mean flow. Finally, the method is applied on a flat plate interaction case. It is the
extension of the flat plate interaction noise problem detailed in the last Chapter, from

harmonic to turbulent gusts.

47
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4.1 Single source of vorticity

In this section, we focuses on the relation between a single source of vorticity in a uniform
mean flow along the z-axis, and the generated perturbations convected downstream.
Away from any other source, it follows p’ = 0, p’ = 0 and V - u’ = 0. Following those

assumptions, one can simplify the LEE to obtain a transport equation

0 0 ,
=8,(x,t), 4.1
(5 + w0z ) o = Su6x.0) (4.
where the vorticity source term S,(x,t) can be decomposed in a spatial distribution
g(x) and a temporal signal s(t) so that S,(x,t) = g(x)s(t).

We consider the problem as two-dimensional in the zy-plane, the velocity field is then
expressed as u'(x,y,t). The Fourier transform on the spatial variable x and the temporal

variable ¢ gives

1 .
O (kyyy,w) = o //%2 u(z,y, t)e Wit dads (4.2)
The Fourier transform of the transport Equation (4.1) gives

o — Bl )3()

i(w— kgug) (4.3)

This can formally be written in the physical space through an inverse Fourier transform

"(z,y,t) / )el‘”t_ik””dwdkz , (4.4)
R i(w — kyup)

where we assume that g and § are regular and decay sufficiently rapidly at infinity for
the integrals to be well defined. If we perform the integral with respect to w and use

the Cauchy theorem (residue theorem) as there is a real pole for w = kzug, we have

o,y t) =7 / 8 (k)3 (kpug)eFe w0 g, (4.5)

which tells us that each wavenumber k, travels at a velocity ug and has an amplitude

given by wg(k,y)8(kzuo).

To understand the link between Equation (4.5) and a velocity spectrum, we can start

by calculating (8(w1)8(w2)) using Fourier transforms

(3(w1)3(wn)) = ﬁ / /% (s(t)s(t))e 1Rt dy | (4.6)

If we write t; =t and t3 = t; + 7 =t + 7, and assume that s(¢) is a stationary random

signal, it follows that (s(t)s(t + 7)) is independent of time ¢, so we can calculate the
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integral with respect to time

(3(w1)5(wn)) = ﬁ /éR (s(8)s(t + 7))e 27 dr /;R oilr—en)tgy (4.7)
—_———
=276 (w1 —w2)
= (w1 —w2)S(w1) , (4.8)

where S is the spectral density of the time signal s.

We define the velocity spectra of the fluctuating velocity

ij(k) = 2 //%2 Hx, (x4 1,t))e krdqr  and @k /qb ko, ky)dky
(4.9)

which gives

Bij(h) = 5 [ (w0 g ) (4.10)
/9{E By (ke )e Mk, = (u(w, y, (@ + 7,9, 1)) - (4.11)

In Equation (4.11), the spatial correlation can be expressed as

(i, o+, ) =7 [ Gk )55 Ry, 9) ke 00) iy v)

e,ikzl(x,uot)efikw(x—uotJrr)dkxldk;xQ , (4.12)

using Equation (4.8), it yields

2
(), O (4 7y, ) = —— /% 3 (ke )35 (i ) S (hatig)e ™7 dke, . (4.13)

|uol
Comparing with the definition of ®;;(k;), Equation (4.11), we can see that

772

(I)ij(kx) 7.@(1{; y)g](k )S(kaO) . (4'14)

 uo

The spatial Fourier transform of the spatial component will affect the frequency spectrum
of the velocity fluctuations convected downstream of the source. Hence the frequency
spectrum of the time component s(¢) injected through the local source has to be chosen
to ensure that the desired spectrum is obtained for the turbulence convected downstream
of the source. The frozen turbulence hypothesis implies k, = w/ug, thus the spectral

density S(w) of the time signal s(¢) is

S(w) = M Doo(w/up)

_ , 415
2 g2 (w/uo, ye)|? (4.15)
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where ®g99(w/ug) is the desired wavenumber spectrum of the fluctuating velocity com-
ponent normal to the chord, |(.)| is the norm (.), and g2(k; = w/ug, y.) is the Fourier
transform of the spatial component of the source g(x), on the streamwise direction at

the center of the source (i.e. ¥ = y.).

4.2 One-component turbulence

By considering a single source of vorticity, the desired velocity spectrum ®g9(w/ug) is
only respected at the centre y. of the source. Away from the centre, the amplitude of
the injected perturbations varies with the Fourier transform of the spatial distribution
g. To construct a one-component turbulence with the same properties over a transverse
extent, a spatial distribution constant in the vertical direction over the desired extent
can be used. This can be easily achieved by considering a continuous distribution of
sources of vorticity, modulated by the same realization of the temporal signal s(t), with

their centre y. located on a line orthogonal to the mean flow.

The perturbation velocity u’ given in Equation (4.5) is modified to consider a continuous

distribution of sources

u'(z,y,t) :/ 7r/ 8(kz,y — ye)8(kpug)e Fe @0 gk dy. | (4.16)
R R
where y. represents the centre of a source.
It follows Equation (4.15) to become

o M @gg(w/uo)
) = 7 T ol w0, 5o Py,

(4.17)

4.3 Two-component turbulence

To synthesize a two-component frozen turbulence, similar to the one-component method
described in Section 4.2, a continuous distribution of sources in the transverse direction
with regards to the mean flow can be imposed, with the main difference of the sources
being uncorrelated. Indeed, in the one-component method, each time signal s(t) are
the same realisation of S(w), whereas for the two-component turbulence, each time
signal s(t) is a different realisation of S(w). Moreover, as explained later in this section,
the spatial distribution g of the sources fully determine the velocity spectrum ®11(ky).
Hence, to control ®11(ky), a number N; of continuous distributions of sources are stacked,
each having a different spatial distribution g(x,y, A;), where \; represents a characteristic

length of the source.



Chapter 4 Synthetic turbulence injected through vorticity sources 51

The perturbation velocity u’ given in Equation (4.5) can be modified to consider the N;

continuous distributions of sources, to write

N,
oy t) =Y [ 7 [ 8lhey— ve A)Sihouo go)e MO0y, (118)
= Jr Jw

where y. represents the centre of a source. The spatial correlation can be expressed as

N,
(u;(iﬂ,y, ) (1‘—|—7‘x,y—|—ry, —TI‘QZZ//// gz x1ay yc17)\l1)gj(k3m,y+7'y ycm/\lz)

—ikg, (Z'_uot)e+lkx2 (x‘H‘x—UOt)dk

<§ll(kivluO?ycl)SlQ(kaQuOva»e wldycldkxzdycz' (4'19)

The sources are uncorrelated, hence using inverse Fourier transforms, it follows

. — _ 0(Ye; — ¥
(sll(k‘mumycl)sb(kmuo,yC2)> = ( = C2 // Sy tlaym Sll(t27y61)>

e kayuoti g Hikaguota gy 4ty | (4.20)

If we write t; = ¢ and t2 = t; +7 = t + 7, and assume that s;, (¢, y,,) is a stationary
random signal, it follows that (s;, (£,yec,)s;, (t + 7,yc,)) is independent of ¢, so we can

calculate the integral with respect to time

~ Y~ 1
<5l1 (kmuO’ ycl)sll (kflizu(]v y02)> = 5(?/01 - y02)5(l1 - l2)47ﬂ_2 /%<Sll (ta yC1)5l1 (t + 7, yC1)>

e—iklluonT/ o ilkey —huy)uotyy
R

= 25 5 (kay )
(4.21)
1
= Wé(km - kxz)é(yq - ycz)é(ll - lQ)Sl(kfliluO) .

(4.22)

The function g; is assumed to be separable, consequently §;(kz, v, A\) = Gjz(ke, M)y (Y, A1)

where gj, is real and g;; is complex valued, leading to the spatial correlation

2 N S
(i@, y, Ou(@ + 1o,y + 1y ) = = > gm (s A1) G (K M) St (Ko e~ Fe"= dky
[uo| 5

/ER giy(y — Ye, )\l>gjy(y — Y + Ty, /\l)dyc (4'23)

By definition, the fluctuating velocity spectrum is

611 (k 27T //W (s, ), (x + 1, 1)) dr (4.24)
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Hence, injecting Equation (4.23) in the definition of the fluctuating velocity wavenumber
(Equation (4.24)), it writes for the k, part

b3 (k, Ky) / / Giw (ks M) Gz (k, M) Si(kpug)e ™ #oT= dk el dr,, (4.25)

= ... 270Gz (kzy \)Gja (kay M) Si(kzuo) (4.26)

and for the k, part, using the change of variable Y =y — y. + 1,

¢z] (kxa k // gzy Y — Ye, )‘l)gjy(y Ye + Ty, )\Z)dyce kyryd"“ (4'27)
= / Giy (Y — Ye, A1) </ giy(Y, )\Z)elky elky(yyc)dY) dy. (4.28)

R R
= o A7y Ry, M) iy (Ry, M) (4.29)

which leads to fluctuating velocity wavenumber to be

o 3 N
Gij(ka, ky) = | | ng kay M) Gja (ks M) Gy (Ky s M) Giy (Ky, M) St (ko) (4.30)
By definition, we have ®oo(ky) = [ ¢22(ka, ky)dky and ®11(ky) =[5 d11(ka, ky)dky
which give:
3 N
D11 (k) |Z\gly s A [ Si(0ks0) s (ke ) Pl (4.31)
27r3 N
(1)22(]{5 ’ |Z|921 ka:>>\l)| Sl xUO / |92y ky7>\l)| dk (4'32)

To better understand equations (4.31) and (4.32), we define

KO8 = [ Sulksuo) gus (e, M) Pk, (4.33)
]Fl(n)(kyv A) = [g1y (kys )2, (4.34)
KPP0 = [ 12, (ks M)y (4.35)
(™) (ks Aty S) = 1920 (ks M) 25 (o), (4.36)

such that equations (4.31) and (4.32) can be written

271'
o1y (ky) " Juol 5 Z KM OGS FMY (kA (4.37)
Independent of k;,  Dependent of ky
s (k |uo| Z K% () F® (i, My S1) (4.38)

Independent of kg Dependent of kg
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The functions K" and K??) in Equations (4.37) and (4.38) are respectively indepen-
dent of k, and k,, hence they can be seen as coefficients which modulate in amplitude the
contribution of each group [ of sources to the velocity spectra. On the other hand, the
functions F(*) and F2?), which depend of ky and k., give the shape of the contribution
of each group [ of sources to the velocity spectra. Therefore the shapes of the spectra

®11(ky) and Poa(k,) are not automatically similar, leading to anisotropic turbulence.

Nevertheless, in order to choose the input parameters of the sources to control the
spectra ®11(ky) and ®o2(k;), from Equations (4.37) and (4.38), there are not enough
constraints to fully determine the functions S;. While this means that for prescribed
velocity spectra, not one but multiple sets of the parameters S; and A; can be used, it

also makes their determination cumbersome.

In this work, to simplify the determination of the S; and J);, additional constraints
on the functions S; are imposed. As only the integration of the S; are necessary in
Equation (4.31) (i.e. velocity spectrum ®11(ky)), it is preferred to impose additional
conditions on Equation (4.32) (i.e. velocity spectrum ®o3(kz)).

4.3.1 Determination of the )\, and 5;: First approach

A first approach is to assume that each group [ of sources contributes to the whole
spectrum Pgo(k,) in term of wavenumber range, but only at a reduced amplitude ratio
a; (a; < 1). Hence to achieve the desired ®92(k;), the sum of a; should be equal to one.
A sketch of this approach is depicted on Figure 4.1a. The spectral density of the sources

can be expressed as

|uo Doz (ky) : l
Si(kpug) = aj— with a;=1. 4.39
(att0) = 003 [ e NP i L (s M)P2TR, 2 (4.59)

It directly follows the wavenumber velocity spectrum ®11(k,) to write

T Ak, (4.40)

|gly y; / ‘glx o) )\)|
)
th) =3 o e

‘921/ ys A ‘929[: xv)‘l)|

In this approach, from Equation (4.39), the determination of the functions S; are reduced
to the determination of a single amplitude parameter a; per group [. Hence, to realize
specific velocity spectra ®11(k,) and ®o2(k;), the problem is reduced to determining the
A; and a;, which corresponds to 2/V; unknown variables (N; being the number of groups

of sources 1).

Nevertheless, this first approach faces problems when the wavenumber range of k, in

®9y(k,) becomes too large, as discussed later in Section 4.8.
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Figure 4.1: Two approaches used to simplify the determination of the .S; and
A of each group [ of sources to achieve desired velocity spectra ®1;(k,) and

Do (k).
4.3.2 Determination of the \; and S;: Second approach

As the first approach faces problems when the wavenumber range of ®95(k,) is large, as
discussed later in Section 4.8, a second approach which limits this range is considered.
It assumes that each group of sources contributes to the full ®95(k,), but on a limited
wavenumber extent k,, written for each group [®22(ks)];. Hence to respect the desired
®$9o(k,), the combination of the set of sources has to cover the whole wavenumber range
of ®99(k;). The situation is depicted on Figure 4.1b. In this case, the spectral density

of the time signals is

|uo| (P22 (ka)]i
Si(kzu0) = 5351 - 4.41
H00) = 33 e NP J B WP, (@4
It directly follows the wavenumber velocity spectrum ®11(k,)
N; 19

g1y (K y7 ‘glw( ks M)
B11(ky) = / (o (ky )] L\ A gy (4.42)

! féR ‘92?1 ys A ’ dky ‘ 2r(kxa)\l)|

In this approach, from Equation (4.41), the determination of the functions S; are reduced
to the determination of the wavenumber k, extent of each group [. Hence, to realize
specific velocity spectra ®1;1(ky) and P®g2(k,), it comes down to determine the \; and

the wavenumber k, extent [.];, which corresponds to 3N; unknown variables.

With respect to the first approach Section 4.3.1, this second approach requires to deter-
mine 3N; unknown variables instead of 2/V; to realise specific velocity spectra ®11(ky)
and ®9y(k,), which naturally complexifies the process, but on the other hand, it does
not face a problem when the wavenumber range of ®99(k,) is large, as explained later

in Section 4.8.

To determine the parameters using either the first and second approach, a least square

method has been implemented. However, as the convergence of the implemented method
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was not optimal, the dermination was mostly done manually.

4.4 Spatial distribution g(x)

A source of vorticity S, can be defined as the curl of a velocity vector potential W(x, )
which automatically ensures a divergence-free flow. The mathematical developments for
generating two-component turbulence in Section 4.3 assume that the spatial distribution
has separable spatial variables. This condition can be fulfiled by assuming a velocity

potential W(x,t) following a Gaussian distribution, as used in this work

X — X,|?

e exp [— ln(Z)‘bQ] s(t)ew, (4.43)

2In2

v(x,t) = Ab

where b is the half-radius of the Gaussian, A the amplitude, x. = (z., y.) the coordinates
of the centre of the Gaussian, s(¢) the temporal signal and ey the axis of rotation.

The length scale A of each source is assumed to be related with the half-radius b by

A=b/v4In2.

The source term is separated into the spatial distribution g(x) and the time signal s(t),

to read 8y (x,t) = g(x)s(t), hence the spatial distribution g(x) writes

(&

X — X|?
g(x) =V x (Ab () exp [— ln(2)|b2|] ez> . (4.44)

One-component turbulence: The proposed method for the generation of a one-component

turbulence, described in Section 4.2, shows that the velocity fluctuations convected
downstream of the sources are modulated by the spatial Fourier transform of the spatial
component go(kz,y). Thus, using the Fourier transform on the streamwise direction (i.e.
on z-axis as the mean flow flow is uniform and parallel to the z-axis), we get (details of

the calculation in Appendix A)

Aye b2 n2 , v,
G2 (kz,y — y0)| = — ky — 2 - K2, 4.45
|G2(kzy y — Yo NG (m) exp( 2 y)exp< o (4.45)

which directly follows the spectral density S(w) of the signal s(¢), given in Equa-
tion (4.17), to become

S(kyup) = [uol < 21n2>5 Pa2(ka) exp< i k:2>. (4.46)

A2e73/2 b k2 2In2*

T

The filtering effect of the sources on the generated perturbations is minimal at k, =
V2In2/b, and gets stronger as the wavenumber lowers or increases, as plotted on Fig-

ure 4.2, which shows the shape of |go(ks,y)| for b=1, A=1 and y = y..
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Figure 4.2: |go(ky,y = y.)| plotted for b=1 and A = 1.

Two-component turbulence: As for the one-component turbulence method, the wavenum-

ber spectrum of the velocity fluctuations convected downstream of the sources is mod-
ulated by the spatial Fourier transform of the sources, but in this case in both the
streamwise and normal directions of the mean flow, as detailed in Section 4.3. The

spatial Fourier transform of the sources is (details of the calculation in Appendix A)

Gik)\|  Aye b \? [k b?
<g;(k)>|_ m@( 21n2> (é) exp <_41n2|k|2>‘ (4.47)

Using the first approach described in Section 4.3.1, such that each set of source con-

tributes to the whole spectrum ®g2(k,) in term of wavenumber range, but only at a

reduced amplitude ratio a;, Equation (4.39) becomes

5 N,
V2In2\ " ®oo(k, b? !

Si(kzup) = q [uol < - ) 22(ke) exp ( L ki) , with E a=1,
l

AZer3/2 by k2 2In2
(4.48)
and Equation (4.40)
N,
P (ka) ~ b, —bf 1o
D11(ky) = | —=——dk; k kil . 4.49
11(ky) /a% 2 zl:az\/m v exP | 575 ky (4.49)

4.5 Discrete distribution of vortices

In a finite difference code, using a continuous distribution of sources requires a large
amount of computational resources, thus the impact of a restricted number of sources is
discussed in this section. In this work, each continuous distribution of sources discretized
in a finite number of sources with the same spatial distribution is denoted as a group of

sources.

The continuous distributions of sources are discretized by superposing Ny evenly spaced
Gaussian distributions over a chosen spatial extent in the normal-direction. By do-

ing so, the resulting energy is modified when setting a restricted number of vorticity
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Figure 4.3: Amplitude of 3" |§2(w/ug, y)|? at an angular frequency wq as a func-
tion of the y-direction (—) for (a) 7 and (b) 10 sources evenly spaced in the
y-direction between —3 < y < 3. The dashed lines in represent the contribution
of each individual vorticity source.

sources compared to a continuous distribution as plotted in Figure 4.3. To retain the
same amount of energy, the amplitude parameter A in equations (4.17) and (4.39) for

respectively the one- and two-component turbulence are corrected.

One-component turbulence : The amplitude parameter A in equations (4.17) be-

comes 1

A= \/T{i o ZZeXp( jd)) , (4.50)

where d is the distance (in the transverse direction relative to the mean flow) between

each source.

If the distance d between the sources is too large, the amplitude of ga(k,,y) will vary a
lot, thus the turbulent energy will vary as a function of the transverse direction y. The

amplitude of these variations can be calculated using

2 e exp (— 32 (jd)?)
= wexp (<152 (4 - Jd))

To limit these variations to less than 1%, the distance d between each source should be
smaller than 1.5b.

Variation (in %) = 100 -1 . (4.51)

Two-component turbulence : The amplitude parameter A in equations (4.39) be-

comes

-1

QMQ@m>>—1 , (4.52)

A = \/27117 T 2Zexp<
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where d; is the distance (in the transverse direction relative to the mean flow) between

each source of the same set [.

To ensure the proper realisation of the prescribed turbulence spectra, using a trial and
error process, that the distance d; between the center of each source should be smaller
than 0.9b;.

4.6 Construction of the temporal signal s(t)

For the one- and two-component turbulence, the method relies on the generation of a
time signal s(¢) which respects the given spectral density S(w). In this work, an inverse
Fourier transform based method [101] is used. It reconstructs a discrete time signal
Sn = 8(tp,) which achieves the spectral density S(w) through

N-1

S 8N with 8y, = (/20N2A LS () | (4.53)

m=0

1
"N
where the power spectral density S directly calibrates the magnitude of the Fourier
coefficients §,,. The phase ¢, associated with each discrete frequency wyy,, is randomly
generated between 0 and 27 using a uniform probability distribution, with the additional
constraint that ¢(—wy,) = —¢(wpy,) to obtain a real-valued signal. Other techniques
could also be used, such as the generation of non-Gaussian signals using non-linear

transformations [102], or the Fourier-wavelet method [103].

The resulting discrete temporal signal s, = s(t,) is then used to form the vorticity

source 8, (x,ty) = g(x)s(tn).

4.7 Implementation

In this work, each source of vorticity is defined as 8y (x,t) = g(x)s(t), where the func-
tions g and s are handled separately. For ease of implementation, it is chosen to compute
the functions s beforehand the CAA simulation. The computation of these time signals
s(t) is quick as only an inverse Fourier transform is needed, as explained in Section 4.6
(Equation 4.53). For instance, the signals s(¢) of 100 sources, with a von Karman
wavenumber velocity spectrum, considering 2'® time-step, take less than two minutes to
be generated on a single core. Once computed, the values of s are stored in a file where
each line corresponds to a time-step of the upcoming CAA simulation, allowing for a

sequential read during the simulation.

Then, in the initialisation process of the CAA simulation, the functions g are computed

and stored in the RAM memory. As a result, to inject the prescribed turbulence in the
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CAA simulation, at each time-step, the functions s, which are read from the previously
created file, are multiplied by the functions g and then added to the right hand side of the
governing equations. The cost of such operation can be approximated to a multiplication
plus an addition for each source of vorticity. Moreover, away from the center of each
source, the amplitude of the function ¢, defined in Section 4.4, becomes negligible.
Hence, to reduce the computational cost, the multiplication and addition operations can

be truncated in space.

For N, sources of vorticity, the right-hand side of the governing equations are written

Ns
RHS of the governing equations = Z gi(x)si(t) , (4.54)

i
where g; and s; denote respectively the spatial distribution and time signal of the ith
source. However, for the one-component turbulence, proposed in Section 4.2, each source
of vorticity has the same realisation of the spectral density S(w), i.e. the time signals s;(t)
are identical and can be reduced to a single time signal s(¢). Therefore, Equation (4.54)

becomes

N
RHS of the governing equations = <Z gi(x)> s(t) . (4.55)

gequiv(x)
Hence, the generation of one-component turbulence can be reduced to the computation
of a single source of vorticity with a spatial distribution gequiv(x) = ZZN * gi(x), which

speeds up the simulations compared to multiple-source cases.

4.8 Computational limitation on the wavenumber range

To generate prescribed perturbations in the transverse direction of the mean flow, the

amplitude of the time signal s(t) directly depends on the half-radius b of the source, via

1 b2 k2
— z 4.
g2 P <2ln2> ’ (4.56)

xT

the term

in both equations (4.46) and (4.48), respectively for the one- and two-component tur-

bulence.

For a fixed half-radius b, the minimum of Equation (4.56) is for k, = v2In2/b. Away
from this specific streamwise wavenumber, this term increases to tend to infinity when
the streamwise wavenumber k, is either quasi-zero or tends to infinity, as plotted in
Figure 4.4. As a result, depending on the prescribed perturbations, the time signal s(t)

can reach very large values.

While this is theoretically not a problem, it is limiting computationally. Indeed, in a

computer, a variable is limited in its range of possible values, depending on its data type
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=1m

(1/k%) exp( b*k%/(2In(2)) ) with b

Figure 4.4: Evolution of exp (b*k2/(21n2)) /k2 as a function of k;, with b = 1 m.

and the number of bits used to represent it. Hence, if the term in Equation (4.56) and by
extension the time signal s(t) is very large, the variable in the CAA solver which stores

the s(t) might not be able to properly represent it, resulting in unpredictable values.

To tackle this problem, one solution, already presented in Section 4.3.2, consists in
splitting the streamwise wavenumber range of ®92(k;) into N; groups, as plotted in
Figure 4.1b. Each group being independent of each other, they can then have a different

half-radius b;, depending on the range of k., to generate.

4.9 Verification of the method

To verify the proposed method, two free-field simulations in an uniform mean flow are
considered. The first one focuses on the generation of a one-component turbulence, and

the second on a two-component turbulence.

The CAA solver PIANO uses non-dimensionalized variables. Hence, the computation is
non-dimensionalized using the static density pso = 1 kg.m™3, the static speed of sound
Goo = 340 m.s~! and an arbitrary length L.t = 1 m. The considered computational
domain extends between 0 < x < 7 and —5 < y < 5 and is discretized with a uniform
spacing LyefAx = LietAy = 0.02. The mean flow velocity is uniform, oriented in the z-
direction, with a Mach number M = 0.5. The time step At is set t0 (aoo/ Lyef) At = 0.012,

219 jterations. Such a

which gives a CFL number of 0.9, and the simulation is run over
large number of iterations is used for validation purposes, to average the wavenumber
spectrum on multiple segments by performing a periodogram. An asymptotic outflow
boundary condition [91] is used on the downstream boundary, and asymptotic radiation
boundary conditions [91] on the others. To prevent spurious oscillations to develop in

the domain, a 8*"-order explicit filter is applied at every time step.

The generated turbulence ®92(k,) modelled by a von Karman spectrum, using a turbu-
lent integral length scale A = 0.1L,¢f and a turbulence intensity 17 = 4/ 1722 Ju2, = 2.5%,
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One-component turbulence A/(acoLyef) b/ Lyet N,

Group 1 0.27822 0.25 30

Two-component turbulence A/(aooLret) b/ Lyet N, a
Group 1 0.49154 0.25 30 0.4103
Group 2 0.41334 0.18 42 0.3590
Group 3 0.29410 0.09 82 0.2308

Table 4.1: Parameters of the sources of vorticity for the one- and two-component
turbulence verification cases.

can be expressed by:

2\ 3+ 8k2 -k
oz (ks) = 6m [1 + 122}11/6 o e= ke

where I'(.) is the gamma function. The discretization of the spectrum is realized between
k Lyet = 2 to kg, Lyet = 20.

Tmin

Regarding the verification of the one-component turbulence, all the sources have the
same spatial distribution g, i.e. the same half-radius b (see Table 4.1). On the other
hand, for the two-component turbulence, three groups of spatial distribution are used to
achieve a similar spectrum between ®11(k,) and ®os(k,) from a wavenumber kLo = 7
to 17. The vorticity sources are evenly spaced on a line, normal to the mean flow, at
x/Lyet = 1.5 from y/Lief = —3.5 to 3.5 and 300 velocity sensors located at z = 6.5 from
y/Lyet = —3 to 3 record the velocity fluctuations as the gusts convect. The parameters
used in both cases are listed in the Table 4.1.

One realization for each different source of the time signal s(t) for the two-component
turbulence, generated using a method based on the Fourier transform (section 4.6), is
plotted in Figure 4.5. It clearly shows the density spectrum S affected by the spatial
Fourier transform of the spatial component. The filtering effect is especially visible on
the source with b/ Lyt = 0.25, where the density spectrum highly compensates for high-
wavenumber perturbations, such that one realization of the temporal signal s(t) for this

source has dominant high-wavenumber components, with a large amplitude.

The instantaneous y-velocity fluctuations for the two simulations are plotted in Fig-
ure 4.6. It shows the turbulence generated at the vorticity source locations, on the
desired y-extent and convected downstream by the uniform mean flow. Moreover, the

solution does not seem to be contaminated by reflections on the downstream boundary.

To check the turbulence properties inside the computational domain, the instantaneous
velocity perturbations are recorded. The velocity spectrum @11 (k) is computed from the
two-point correlation R;; using the unsteady values of the sensors. However, while it can

also be used to obtain ®92(k;), a property of frozen turbulence is used instead. Indeed,
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Figure 4.5: Generation of the temporal signals s(t,) for the vorticity sources.
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Figure 4.6: Instantaneous transverse velocity fluctuations for the one- (a) and
two-component (b) verification simulations, plotted between ulz* + 0.01.

the spectral density of each sensor, labelled Sgensor(w), is directly linked to ®o2(k,) by

oo (ks
Ssensor(w = kuO) = 2,2&(0]{; )’ (458)

which simplifies the calculation. The spectral density is calculated using a periodogram,
arbitrary chosen with 80 segments and an overlap of 50%. The velocity spectrum ®11(k,)
and ®Pgo(k,) derived from the two simulations are plotted in Figure 4.7. It shows a good
agreement in terms of wavenumber limits and amplitudes between the prescribed and

simulated spectra.

4.10 Application to flat plate interaction noise

In this section, the developed method to inject synthetic turbulence is applied on flat
plate interaction case. This case is identical to the one used to verify the use of vorticity
sources for interaction noise, in Chapter 3, with the difference that the gusts are no
longer harmonic but broadband. Only the third flat plate configuration is studied in
this section, to limit the spurious oscillations located at the singularities. The set-up,
described in Section 3.7, consists in a plate with a round leading edge, with a thickness
of 1% of the chord ¢ and the grid has a C-mesh structure with a minimum grid element
AZpin is 0.001c (1/1000 of the chord) at the leading edge.
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Figure 4.7: Measured spectra against theoretical turbulent velocity spectra in
the computational domain, for the one- (a) and two-component (b)(c) turbu-
lence.

In the Amiet model for a flat plate [60], only the normal component of the velocity
perturbations is important. Following this approach, a one-component turbulent gust is
generated using the previously described method, and calibrated to respect a von Kar-
man wavenumber spectrum. The parameters of the spectrum are a turbulent intensity
Tr = 4.56% and an integral length scale Ac = 0.18. The streamwise wavenumber range
of the injected spectrum is limited from k,c = 4 to 12. Indeed, high wavenumbers are
numerically limited by the mesh to avoid wavenumber aliasing and low wavenumbers
require a simulation to be run for a large number of time step in order to properly

retrieve the low wavenumber fluctuations.

The Overall Sound Pressure Level (OASPL), which represents the total energy contained
in the Sound Pressure Level (SPL) for each angle, is plotted in Figure 4.8a. It shows
the directivity of the acoustic field at R = 2¢ around the flat plate. A good agreement is
found for all direction with the Amiet model [60]. The RMS pressure along the flat plate
also is in good agreement with the Amiet model [60], shown in Figure 4.8b. Moreover,
it does not show spurious fluctuations at the leading edge or trailing edge, which is

consistent with the harmonic cases studied in Section 3.7.

As the model is linear and the amplitude of the gusts are small, the contribution of each
wavenumber composing the turbulent gust can be retrieved using a Fourier transform.
For instance, one can obtain the directivity around the flat plate at different wavenumber,

as plotted in Figure 4.9 for three wavenumbers (k,c = 4, 8, and 12). The behaviour is
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similar to the results observed with a harmonic gust (Chapter 3), which is consistent
with the linearity of LEE model.

4.11 Conclusion

In this chapter, a new method to inject synthetic turbulence in a computational domain
using localized vorticity sources has been developed. The proposed method is very simi-
lar to SEM or RPM as it consists of a sum of vortices. Hence, compared to Fourier modes
it is less demanding in computational resources when the number of modes considered is
large. To inject the velocity perturbations inside the domain, unlike a windowing func-
tion or an inlet boundary, the proposed method uses localized vorticity sources which
makes it very easy to implement and has no influence on the parallelization of a already
existing CAA solver. However, as the perturbations can not be controlled once injected,
the generated turbulence is frozen, which can be a problem depending on the applica-
tion. As described, the proposed method can be used to generate either one-component
or two-component turbulence. For the two-component turbulence, it allows to indepen-
dently control the turbulent spectrum in the two directions, thus it could be used to
synthesize isotropic turbulent fields as well as anisotropic turbulent fields. The method
is verified in a free-field simulation, where the gusts are naturally convected by the mean
flow. Afterwards, the method is applied to flat plate interaction noise and successfully
compared to the Amiet model for a flat plate [60]. As expected, the results are consistent

with the results found in Chapter 3 where only harmonic gusts were considered.

This method could be extended to three-component turbulence by having multiple
sources spaced on a plan, transverse to the mean flow velocity. Mathematically, the
derivation is similar to the two-component turbulence (Section 4.3) and shows that the
synthesized turbulence is, as for the two-component turbulence, anisotropic. However,
to control the properties of the synthesized three-component turbulence, the number of
parameters to determine is naturally higher than with the two-component turbulence

method proposed in Section 4.3.

The proposed method can also, in theory, be extended to amplitude modulation, for
instance to model wake passages. It could be performed by modulating the levels of the
time signal s(t) of each source, accordingly to the desired modulation. Moreover, as the
spatial distribution of the sources g are not altered, the divergence-free condition would

still be respected. Nevertheless, the developments have not been performed.

However, in the presence of a solid boundary near the injection region, for instance to
study trailing edge noise as performed by Ewert et al. [57] using RPM, this method might
not be suitable. Indeed, in this work, the spatial distribution of a source of vorticity
g(x) is defined as the curl of a Gaussian-distributed velocity potential. It implies that

the amplitude of g(x) decays from the center of the source. Nevertheless, if the distance
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between a solid surface and the center of a source is small, the amplitude of g(x) at
this surface might not be negligible, hence not respecting the divergence-free condition
and potentially generating spurious acoustic sources. To avoid this problem, the half-
radius b of the sources can be decreased so that the decay of g(x) is quicker. However,
there are numerical limitations in which values the half-radius b can be, as discussed in
Section 4.8. Another approach to avoid this problem could be to use a different velocity
potential distribution. However, if the spatial variables x in g(x) are not separable any
more, some mathematical steps for the two-component turbulence in Section 4.3 are no

longer valid.






Chapter 5

Aerofoil interaction noise

For interaction noise, the effects of aerofoil geometry can not be neglected at high
wavenumbers [61, 63], therefore a flat plate is not a valid assumption for a realistic
2D outlet guide vanes. In this work, the numerical method presented in Chapter 4 is
assessed on the Fundamental test Case 1 (FC1) from the Fan Stage Broadband Noise
Benchmark Programme [104]. It focuses on the noise generated by a turbulent velocity
field impinging an isolated NACA 65(12)-10 aerofoil with a chord of ¢ = 0.15 m with

an incoming free stream velocity of us = 60 m.s™1.

To validate the noise predictions
obtained with this numerical method, experiments were performed in the anechoic wind

tunnel facility within the ISVR [99].

The multiple stages in this numerical approach serve as the structure of the first sections
of this Chapter. The first step consists in calculating the averaged flow around the
aerofoil. For aerofoils, a uniform mean flow does not represent the reality, hence, a more
representative mean flow is required to obtain more accurate noise prediction. Indeed,
the importance of the mean flow is investigated in this Chapter using three different
mean flows: a uniform, an inviscid and a viscous mean flow. Inviscid mean flows take
into account the geometry but as the flow is not viscous, it unrealistically slips on
objects and therefore no boundary layer is present. Viscous flow simulations are a close
approximation of the real mean flow, but the presence of large velocity gradients in the

boundary layers can lead to numerical instabilities which can be difficult to tackle.

The synthetic turbulence is the second step in this numerical approach. The character-
istics of the incoming turbulence are extracted from experiments performed at the ISVR
and follow a von Karman spectrum with a turbulence intensity of 1.7% and an integral
length scale of 8 mm. As mentioned in Chapter 3, the Amiet model for a flat plate
in a uniform mean flow [60] shows that only the normal component of the fluctuating
velocity contributes to interaction noise. To assess the validity of this hypothesis for

aerofoils, simulations with either one- or two-component turbulence are carried out.

69
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Once the mean flow and incoming turbulence are set, they are used as an input for the
CAA simulation. The implications of these inputs on the setup are discussed. To limit
the computational resources, an acoustic analogy is used to propagate the noise to the

far-field, which allows the CAA domain to be restricted to the source region only.

To compare the noise predictions with experiments, as the mean flow assumptions do
not include the jet to limit numerical instabilities, the shear layer effect on the acoustic
radiation is corrected. Moreover, as the simulation is in 2D, the acoustic radiation is

also corrected to take into account the propagation in the third direction.

5.1 Noise predictions using 2D simulations

5.1.1 Mean flow

The mean flow provides information on the convection of the perturbations and, as seen
later in this Chapter, it is essential to give accurate noise predictions using the LEE

model.

In experiments, the presence of the jet of the wind tunnel has been shown to have an
influence on the loading of the aerofoil [105, 106]. To validate the mean flow setup with
experiments, a first case with the jet is simulated. However the presence of a jet imply
the presence of shear layers and then significant velocity gradients which can be a source
of linear instabilities in the LEE. Then a second calculation without the jet is performed.
In this free flow case, there is no deflection of the flow as in the jet configuration, thus
the 15° angle of attack is corrected to 4.21°, as calculated by Gruber [3]. These two
calculations are performed by solving the RANS equations, thus, the boundary layer
developing on the surface of the aerofoil will induce strong velocity gradients. When
interpolated (performed with a linear method to the 1st order) on the CAA mesh (see
section 5.1.3) where the cell size in the vicinity of the aerofoil is large compared to
the RANS mesh, these gradients can introduce instabilities leading to the divergence of
the computation. To tackle this issue, the third configuration considered is similar to
the second one (free stream), but steady Euler’s equations are solved instead of RANS.
Since the flow is allowed to slip on the aerofoil surface with Euler’s equations, the velocity
gradients in this region are expected to be less important. The meshes are designed to
ensure a cell size at the wall such that the dimensionless wall distance! y* < 1. The
cells are stretched with an expansion ratio less than 15% and the grids extend up to 30
chords in the normal and downstream directions. For the free stream cases, the upstream
extent is also 30 chords, whereas it is only one chord for the configuration including the

jet due to the presence of the nozzle (note also that the nozzle has a 0.15 m height).

Lyt defined as y* = (yu.)/v with y the distance to the nearest wall, u. the friction velocity at the
nearest wall and v the local kinetic viscosity.
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Figure 5.1: Evolution of the normal cell size at the aerofoil surface in wall units
(y™) (a) in the jet configuration and (b) in free stream configurations.

The meshes contain about 1.3.10° points for the jet configuration and 7.5.10* points for
the free stream configurations. The parameters of the different meshes are summarized

in Table 5.1. The turbulence model used for the calculations is a SST k —w model [107].

All the mean flow simulations have been done performed using the commercial software

ANSYS Fluent?, using the pressure-based solver, with a second-order spatial discretiza-
tion.

Configuration || Eq. solved Q@ zr-extent y-extent Grid points
Jet RANS 15° —c<x<30c —30c <z < 30c¢ 131 576
Free stream 1 RANS 4.21° | —=30c < x <30c | —30c <z < 30c 76 252
Free stream 2 Euler 4.21° | —=30c < x<30c | —30c <z < 30c 76 252

Table 5.1: Parameters of the different meshes for the 3 configurations considered
for the mean flow calculations.

The evolution of the normal cell size in wall units (y*) along the aerofoil surface, plotted

in Figure 5.1 for the two configurations where the RANS equations are solved, is shown

to have values inferior or close to unity.

The pressure coefficients obtained in the jet configuration are in good agreement (in
Figure 5.2) with the experiments conducted by Gruber et al.[2, 3], where the nozzle
outflow is of height 0.15 m and at a distance of 0.15 m from the leading edge.

The mean velocity in the z-direction and pressure fields are shown in Figure 5.3, 5.4 and
5.5, respectively for the RANS with the jet, the RANS in free-field and the Euler in free-
field simulations. The confinement effect due to the presence of the jet is clearly visible

in Figure 5.3 compared to the free stream configurations. In the Euler computation, the

2ANSYS Fluent : www.ansys.com
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Figure 5.2: Comparison of the pressure coeflicient along the aerofoil between
the RANS simulation in a jet configuration (o) and the experiments conducted
by Gruber et al.[2, 3] (V).

absence of boundary layer is observable, especially on the suction side of the aerofoil, as

well as the absence of wake downstream of the aerofoil.

5.1.2 Synthetic turbulence

To compare the noise predictions with experiments, similar turbulence characteristics
are imposed in the numerical simulations. The incoming turbulence is modelled by a one-
wavenumber von Karman spectrum, using the integral length scale and the turbulence

intensity extrapolated from experiments conducted by Gruber et al.[2, 3], respectively
A =8mm and 17 = \/?2/1%0 = 1.7%. It can be expressed by

ol

) 1.2 ~
(1)22(kx) = 2}671_A [ 5 —{:8]]?:1/6 s kix = k—z ; ke — ﬁl—‘(5/6) (51)
1+ k2 e

X T(1/3)°

where T'(.) is the gamma function.

To limit the computational requirements, the frequency range of the turbulence injected
inside the CAA domain is limited to the non-dimensionalized Strouhal numbers? 0.75 <
St < 25, which is equivalent for this baseline case to frequencies ranging from 300 Hz
to 10 kHz. Indeed, injecting very low frequencies require a CAA simulation to run for
a long solution time, while very high frequencies require CAA meshes to be very fine,
and by extension a smaller associated time step, increasing both the total number of
iterations and the computing time for each time step. Moreover, to also limit the mesh
size requirements, the incoming turbulence is only injected on a limited vertical extent,
from y = —0.25¢ and y = 0.25¢. The turbulence is injected at a distance z = —2.75¢

upstream the leading edge, where the viscous and inviscid mean flows are uniform.

3Strouhal number defined as St = (f ¢)/u with f the frequency, ¢ the chord of the aerofoil and u the
free stream velocity



Chapter 5 Aerofoil interaction noise 73

X-velocity (m/s)

0.5

ylc
yle

-0.5

-0.5 0 0.5 1 1.5
x/c

Figure 5.3: RANS solution for the jet configuration. (a) Velocity in the a-
direction and (b) pressure coefficient.
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Figure 5.4: RANS solution for the free stream configuration. (a) Velocity in the
a-direction and (b) pressure coefficient.
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Figure 5.5: Steady Euler solution for the free stream configuration. (a) Velocity
in the z-direction and (b) pressure coefficient.
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The Amiet model for a flat plate in a uniform mean flow [60] only requires the normal
component of the fluctuating velocity to evaluate interaction to the far field. To assess
the validity of this hypothesis for aerofoils, simulations with either an incoming one- or

two-component turbulence are carried out.

The one-component turbulence is injected using sources of vorticity located upstream
of the aerofoil, all modulated by the same time signal s(¢), as discussed in Section 4.5.
50 sources are evenly spaced between y = —0.25¢ and y = 0.25¢, each source having a
half-value radius b = 0.027¢ and being spaced by a distance 0.01c. These parameters
are chosen to limit the variation in amplitude of ®93(k,) in the transverse direction
using Equation (4.51), and to limit the amplitude required in the time signal s(t) to

compensate the filtering effect of the sources, as discussed in Section 4.8.

The two-component turbulence is injected using three groups of sources, for the same y-
extent as the one-component turbulence, between y = —0.25¢ and y = 0.25¢. The total
of 68 sources are divided up 15 sources with a half-radius b = 0.214¢, 16 sources with
a half-radius b = 0.043c and 37 sources with a half-radius b = 0.018¢. Similarly, these
parameters are chosen to respect the minimal distance required between each source and

to limit the amplitudes of the time signals s;(¢), as explained in Sections 4.5 and 4.8.

5.1.3 Aeroacoustic simulation

The CAA mesh supports the turbulence convection upstream of the aerofoil, as well as
the acoustic waves resulting in the turbulence-aerofoil interaction. The equations are
linear, hence the maximum frequency the mesh has to support is given by the highest
frequency of the injected turbulence i.e. 10 kHz. The acoustics waves are supported
over a distance of two chords away from the aerofoil in every direction while the velocity
perturbations are properly discretized only from the injection plane to the trailing edge
of the aerofoil. The total extent of the mesh is however larger as it goes up to 4 chords
away from the profile, which slowly dissipate the higher frequencies before reaching the
boundaries. For the larger wavelengths, asymptotic radiation boundary condition [91] is
applied on the upstream, top and bottom boundaries of the computational domain, and
asymptotic outflow boundary condition [91] on the outflow boundary. These boundaries
conditions are derived from asymptotic solutions of the linearised Euler equations to let
acoustic waves leave the domain while minimizing reflections. The outflow boundary
condition also allows hydrodynamic structures to exit the domain. The grid stretching
ratio has been kept under 3% to avoid the appearance of numerical spurious oscillations
due to the use of a high-order finite difference scheme. The mesh contains approximately
6.10° points and has been split to run parallel computations on up to 128 processors. In

practice, for this 2D case 32 or less cores would have been sufficient.
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(a) Representation of the mesh splitting into

multiple blocks around the aerofoil. (b) Zoom of the mesh near the leading edge.

Figure 5.6: CAA mesh for the FC1 case. The red lines (—) represent the
location of the mesh blocks.

The computation is non-dimensionalized using a reference length Lrgr = 1 m, the static
speed of sound a = 340 m/s and the static density poo = 1.2 kg/m3. The chord of
the aerofoil ¢ is ¢ = 0.15Lggr. The non-dimensionalized time step of the simulation is
5.2.107°, corresponding to a maximum local CFL number of 0.9 at the leading edge and

a mean CFL in the simulation of 0.08.

In the CAA simulation with the viscous mean flow, the boundary layer on the profile
leads to high velocity gradients which are potential linear instabilities. Hence, the value
of the first four cells of the CAA mesh, starting from the profile, are duplicated in order
to reduce the velocity gradient. This technique has already being used [59, 108] with
no noticeable effect on the radiated acoustic field. However, with this method, most of
the boundary layer is removed as shown in Figure 5.7, therefore, the difference with an
inviscid mean flow is small. Nevertheless, some high velocity gradient are still present,
for instance at the wake of the aerofoil which can lead to linear instabilities, as shown
in Figure 5.8. To address this issue, a local sponge zone is applied in the trailing edge
region, so that these hydrodynamic modes are dissipated. The value and shape of this
local sponge zone have been determined on a flat plate configuration so that its value

can damp the instability without affecting the acoustic response.

To estimate the response of the aerofoil in the farfield while limiting the size of the
computational domain, a Ffowcs-Williams Hawking (FWH) analogy in the frequency
domain [109, 110] is used. This is an exact rearrangement of the general Navier-Stokes
equations with the assumption that the source region is limited within a control surface.
It simplifies to a non homogeneous wave equation with equivalent sources located on
the control surface that will generate the same acoustic field as if the full Navier-Stokes

equations were solved. These equivalent sources are separated into monopole @), dipole
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(a) Instantaneous transverse velocity pertur- (b) Instantaneous pressure perturbation con-
bation contour between +2.7 m.s™!. tour between +1.4 Pa.

Figure 5.8: Instantaneous transverse velocity and pressure perturbation fields
with no specific treatment at the trailing edge.

F and quadrupole T terms. If the control surface contains all the acoustic sources,
the quadrupole term can be neglected. Further details on the FWH analogy and its

formulation can be found in Appendix B.

It is important to note that vortical structures crossing the extrapolation surface of the
FWH analogy can cause spurious acoustic sources [111]. However, in this work, the
turbulence is injected between the upstream FWH control surface and the aerofoil, and
downstream of the aerofoil, the mesh is designed to damp the hydrodynamic structures.

Therefore, only acoustic perturbations cross the FWH control surface.

5.1.4 Benchmark case results

The noise predictions considering the three mean flow assumptions, namely uniform,
inviscid and viscous, are presented in this section. After the initial transient, the com-

putations are run over 28 iterations, taking about 40 minutes with the one-component
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Figure 5.9: FC1 case: Instantaneous transverse velocity for with (a) one- and
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Figure 5.10: FC1 case: Instantaneous pressure perturbation contour between
+4Pa.

turbulence, and about 1 hour with the two-component turbulence on 128 Intel® Xeon®
E5-2670 processor cores. The instantaneous normal velocity fields for a viscous mean flow
with one- and two-component turbulence are presented in Figure 5.9. We can observe
the turbulent gusts generated upstream of the profile, in between the inlet boundary
and the leading edge, with a limited extent in the y-direction, and being convected by

the mean flow.

The pressure fluctuations, plotted in Figure 5.10, show the expected dipole pattern of

the acoustic response of the aerofoil. As mentioned before, using the viscous mean flow
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the hydrodynamic modes are scattered by the trailing edge, but the local sponge layer

seems to prevent them from radiating.

A set of 720 equally spaced sensors are located on a circle centred on the leading edge,
with a radius of 1.7 chords, to record the perturbations and perform the FWH analogy
(described in Appendix B). The spectra are averaged over 15 segments using a Hann
window and a 50% overlap. For this profile with no angle of attack, the one- and
two-component turbulence give the same noise predictions as plotted on Figure 5.11a
which shows the SPL at 1.2 m and 90° (above the aerofoil), using a viscous mean flow.
This corroborates the assumption made by Gill [61] that a one-component turbulence is

satisfactory to predict interaction noise of a profile with no angle of attack.

The numerical predictions using a one-component turbulence with the three mean flow
assumptions are compared with the analytical results of the Amiet model which consid-
ers a flat plate [60]. Figure 5.11b shows the SPL at 1.2 m and 90° (above the aerofoil),
for the three mean flow configurations, and the Amiet model. We can see that the mean
flow has little effect on low frequencies, but as the frequency increases, the rate of decay
is more pronounced for the inviscid and viscous mean flows. Indeed, for these two config-
urations, the mean flow close to the leading edge distorts the incoming turbulence. This
distortion is more important as the length scale is small. This distortion is investigated
in Chapter 6. The noise prediction using a uniform mean flow shows an overestimation
at low frequencies, which differs from previous similar simulations [61, 63, 59]. How-
ever, no further investigation was performed due to the unrealistic nature of the mean
flow. The difference between the inviscid and viscous mean flows is negligible at low
frequencies and remain very small at higher frequencies. This is due to the fact that
the differences between inviscid and viscous flows are restricted to the boundary layer
region, which has a weak influence on the noise generation mechanism [61, 63]. Indeed,
interaction noise mainly depends on the region around the leading edge, as shown in
Chapter 6. It is also due to the specific treatment performed on the boundary layer of
the viscous mean flow, to reduce the high-velocity gradient to prevent linear instabilities,
as detailed in Section 5.1.3.

At high frequencies, the upstream directivities (Figure 5.12) computed from the simula-
tions, are tilted compared with the Amiet solution. The angle between the local mean
flow velocity and the camber line of the aerofoil can explain this. In section 5.2.1, an

investigation is presented regarding the change in angle of attack.

5.1.5 Comparison with experiments

The numerical results obtained are compared to the ISVR-rig measurements performed
by Paruchuri et al. [99], using a profile with a span L of 0.45 m. To compare the

numerical results obtained from a 2D simulation with experiments, two elements have
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Figure 5.11: SPL at 90°above the aerofoil, at R=1.2 m.
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Figure 5.12: Directivity at R=1.2m using a uniform (=), inviscid (=) and
viscous (——) mean flow assumption, against the Amiet model for a flat plate
(—). SPL plotted in dB/Hz, using a reference pressure pot = 2.1075 Pa.

to be taken into consideration. Firstly, the acoustic propagation differs in 3D, as the
acoustic energy also propagates in the third dimension. Fortunately, if the 3D effects are
low (it is the case for an aerofoil with a span large relative to the chord), the pressure
fluctuations obtained from a 2D simulation can be duplicated along the span to have a
3D configuration, resulting in correlated sources on the span L. Dieste et al.[39] then
deduced a correction to estimate a 3D far field acoustic pressure S%) from a 2D SSI’?

result by comparing the 2D and 3D Amiet formulations:

kly(w) L : 8\ (T(1/3)\? 52
SSD z, ,070.) :yiszD z,y,w with 1, (w :( > - )
R e =5 (060) e
(5.2)
where w is the angular frequency, k = w/co is the free-field acoustic wavenumber,

k, = w/up is the hydrodynamic wavenumber in the streamwise direction, and o =

Va2 + (1 — M?)y?. l,(w) is the span-wise correlation length scale.
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The second effect to account for in order to compare the numerical free-field results
with experiments comes from the setup of the experiments. Indeed, the microphones
are located outside the jet flow of the test-rig, thus a shear layer between the aerofoil
and the microphones is present. This shear layer affects the radiation direction and
the amplitude of the acoustic waves, as shown in Figure 5.13. In the present work,
the corrections proposed by Amiet [4] have been used. Assuming that the shear layer
has no thickness, that the distance from the source to the observer before and after
the correction remain constant (r,, = r.) and that the distance from the source to the
shear layer is small compared to distance of the observer (h < 7,,), Amiet writes for
the change in angle

C
@C = arctan <ﬁ2(jos(—')7n—}—]\l> 5 (53)

where C' = (1 — M cos ©,,)? — cos? O, and 2 = 1 — M? with M the Mach number. To

address the change in amplitude, Amiet writes the correction factor A

V1+ M?2C2 { C

2 sin ©,,

A, = + (1 — M cos @m)Q] . (5.4)

These corrections shows that the corrected angle ©. gets more shifted as the Mach
number increases, and the amplitude factor A. gets more significant at angles away
from 90°.

Shear layer \Ld

hI y
M On) O

Source

Figure 5.13: Sketch of the refraction of sound by a shear layer [4]

The experimental measurements can only be compared to the simulation within a limited
extent of the spectrum where leading-edge noise is dominant. At low frequency, the
noise generated by the turbulent grid used to generated desired turbulent flows, as well
as the jet noise from the wind tunnel are dominant compared to interaction noise. At
the other end of the spectrum, at high frequency, the self noise (or trailing edge noise)
becomes dominant. To identify the frequency range where leading edge interaction noise
is dominant, two additional experiments are run. The first additional experiment is run
without the aerofoil, therefore the jet noise and grid generated noise can be measured.
Then, a second experiment is run with the aerofoil, but without any turbulent grid,

which gives the aerfoil self noise.
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Figure 5.14: Comparison of the 2D numerical predictions using the inviscid and
viscous mean flow configuration (corrected for the acoustic propagation in 3D
and the shear layer refraction effect) with experimental measurements.

The SPL computed from the numerical solutions are compared to the experimental
results in Figure 5.14 for four directions, from 50° to 110°. The low and high frequency
limits mentioned before, where the leading edge noise is dominant are represented on the
graph by the vertical dashed lines. The numerical predictions show very good agreement
with experiments. Similar remarks can be made on the directivities plotted in Figure 5.15
for different frequencies. It is important to mention that no data rescaling has been

applied.

5.2 Parametric study

In this section, the effects of the Angle of attack (AoA) and the integral length scale A

are studied.

5.2.1 Angle of attack

Simulations have been run for several angles of attack between 0° and 3°, using the same

aerofoil and flow conditions as previously. For higher AoA, some numerical instabilities
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20 SPL (dB/Hz, p,,=2.10° Pa)

Figure 5.15: Directivity of the 2D numerical predictions using the inviscid mean
flow configuration (corrected for the acoustic propagation in 3D and the shear
layer refraction effect) (——) with experimental measurements (2).

appeared on the upper surface of the aerofoil with both the viscous and inviscid mean

flows.

When the angle of attack is not 0°, discrepancies are visible at high frequencies be-
tween the one- and two-component turbulence, as plotted respectively on Figure 5.16a
and 5.16b showing the SPL at 90°and R = 1.2m using a viscous mean flow. The
one-component turbulence depicts a reduction of the noise radiated at high frequencies
when the AoA is increased, which is not visible using two-component turbulence. It
corroborates the assumption made by Gill [61] that a one-component turbulence is not
satisfactory to correctly predict the radiated acoustics of a profile with an AoA. Indeed,
he showed that, depending on the angle of attack and the frequency, a peak acoustic
response is found at a specific k, of the turbulent energy spectrum. When there is no
angle of attack, the peak response of all wavenumbers is found at £, = 0, which explains
why one- and two-component turbulence give similar noise predictions, but as the angle
of attack increases, the peak response progressively shifts to higher k,. Moreover, this

shift is more important as the frequency increases.
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Figure 5.16: Comparison of the SPL at 90° above the aerofoil, at R=1.2m for
profiles at an angle of attack of 0° (——), 1° (—), 2° (=) and 3° (—)
using (a) one- and (b) two-component turbulence.

The directivities between the one- and two-component turbulence are similar in shape so
only the predictions using one-component turbulence are shown in Figure 5.17. The di-

rectivities show very little differences at low frequency at all angles, yet at high frequency,
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the upstream minimum is tilted in the clockwise direction as the AoA increases and it
reaches 6 = 0° for the aerofoil with 3° AoA for the highest frequency (Figure 5.17b).
It could be argued that the steepest AoA considered is close to a zero angle formed
between the local mean flow velocity and the camber line of the aerofoil, as previously

mentioned in section 5.1.4.

270

(b) St = 22.5

Figure 5.17: Directivity at R=1.2m for an AoA of 0°(—), 1°( ), 2°(—)
and 3°(=). SPL plotted in dB/Hz, using a reference pressure pot = 2.107°
Pa.

5.2.2 Integral length scale
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Figure 5.18: Comparison of the ASPL for different IS. ASPL;g = SPLig . —

ref

SPLig with IS;ef = 8 mm. The dashed lines are the results for the Amiet model
and the continuous lines are for the CAA predictions.

The turbulence is assumed to follow a von Karman energy spectrum, hence it is fully
characterized by a turbulent intensity and an integral length scale. The evolution of the
spectrum with the turbulent intensity is quadratic, therefore easy to predict, whereas a
change of the integral length scale leads to change the distribution of turbulent energy.
In this section, the impact of the integral length scale on the noise radiated is assessed
using three different values: 0.004 m, 0.008 m and 0.012m. The other parameters remain

the same as for the validation case with a viscous mean flow (section 5.1.3).
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(b) St = 22.5

Figure 5.19: Directivity at R=1.2 m with IS = 0.004 m (—), IS = 0.008m
(—) and IS = 0.012m (——). SPL plotted in dB/Hz, using a reference pressure
Prof = 2.107° Pa.

Following Amiet’s model [60] for a flat plate, the chord-wise integral of the surface

loading of a flat plate with a chord ¢ and a span 2d is defined as:

c/2 .
Llx, Ky, ky) = / g(x, Ky, ky)ewroM=2/0)/as6? g (5.5)

—c/2

where 8 = V1 — M2, 0 = /22 + B2(y? + 2?) and g(x, K, ky) is the transfer function
between turbulent velocity and flat plate pressure jump. The far-field PSD of a flat

plate interacting with turbulent gusts can be written as [60]:

2 oo i .2
WZPooC sin”(d(ky + wy/asc0)) 9
_ Ud Ko, k)2 Bupes (K s, by Yy
Spp(xay727w) (2a O'2> 7T/_ [ (k_y wy/a 0')27Td |£(‘T7 y)| ( y) Yy

(5.6)

In Equation (5.5), the surface loading response function £ of the flat plate is wavenumber-
dependent, but is independent in amplitude to the incoming turbulence spectra. There-
fore, for a flat plate, changes in the turbulence spectra do not modify the loading function
L, hence every changes in the radiated noise spectra are only related to the amplitude
of the incoming turbulence at each wavenumber. The comparison (Figure 5.18) of the
ASPL for different integral scales calculated as ASPLig = SPLis_, — SPLis with IS¢ =
8 mm (IS = integral scale), show similar trends between the numerical predictions of the
cambered aerofoil and the Amiet model. Moreover, as plotted in Figure 5.19, the pat-
tern of the directivity remain unchanged, suggesting that, as for a flat plate, the loading
function of an aerofoil £ is independent of the incoming turbulence and thus, that the
changes in the acoustic radiation are only related to the changes in the spectrum of the

incoming turbulence.
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5.3 Conclusion

The new method to inject synthetic turbulence in a computational domain using local-
ized vorticity sources, presented in Chapter 4, is applied to predict the noise resulting
from the interaction of an incoming turbulence and an isolated NACA 65(12)10 aerofoil.
These computations are part of the Fundamental test Case 1 (FC1) of the Fan Stage
Broadband Noise Benchmarking Programme. Using 2D simulations, the noise predic-
tions show a good agreement with ISVR-rig measurements performed by Paruchuri et
al. [99]. It confirms that, even for realistic isolated cases, the main features of turbu-
lence required for interaction noise are the energy spectrum, the spatial correlations and

convection by the mean flow.

Using three mean flow assumptions, uniform, inviscid and viscous, it suggests that the
mean flow is crucial for providing accurate noise predictions at high frequencies. In-
deed, only inviscid and viscous mean flows showed good agreement with experiments.
Nonetheless, it is difficult to assess the effect of the boundary layer in the mean flow on
noise predictions, as in this work, a special numerical treatment to reduce the velocity
gradient at the aerofoil boundary is applied on the viscous mean flow. Therefore, in
this work, the differences between inviscid and viscous flows are limited, yet the good
agreement with experiments suggests that the boundary layer region has a relatively
weak influence on the noise generation mechanism. A study on the distortion of the tur-
bulence with geometric parameters in Chapters 6 and 7 also suggests interaction noise
mainly depends on the region around the leading edge, where the boundary layer is

small.

The changes in the radiated noise with the integral length for an aerofoil, display trends
that are similar to the one observed for a flat plate, suggesting that the loading of the
aerofoil is only modulated with the incoming turbulence and thus, that the changes
in the radiated noise are directly related to the changes in the turbulence spectrum.
Also, to study a profile at an angle of attack, a one-component turbulent model is not

satisfactory, as explained by Gill [61].






Chapter 6

Distortion of turbulence

The interaction noise model of a flat plate proposed by Amiet [60] assumes turbulent
gusts convected by a uniform mean flow, and is in very close agreement with experi-
ments [99]. To numerically study interaction noise on a flat plate, a uniform mean flow is
also a correct assumption, as shown in Chapter 3, Section 3.7. However, for more com-
plex geometries, a uniform mean flow assumption does not seem to be valid. Indeed, in
Section 5.1.4 of Chapter 5, the aeroacoustic simulation of an isolated cambered NACA
65(12)-10 aerofoil showed that uniform mean flow assumptions provide poor far field
acoustic predictions, especially for high frequencies, while, on the other hand, inviscid
mean flow assumptions accurately predicted far-field acoustics across all frequencies. It
suggests that the distortion of the incoming turbulence in the vicinity of the leading

edge plays an important role in broadband interaction noise of complex profiles.

The distortion of turbulence around the leading edge can be observed by injecting a
single vortex in an aeroacoustic simulation. For instance, using the isolated cambered
NACA 65(12)-10 aerofoil studied in Section 5.1.4 of Chapter 5, a single vortex injected
far upstream of the aerofoil becomes highly distorted in the region near the leading edge,

as plotted on Figure 6.1

The importance of the distortion of the incoming turbulence by the mean flow has been
seen experimentally [99] and numerically [62] by looking at the impact of the nose radius
and thickness on the radiated noise. Recently, Santana et al. [112] tried to improve the
analytical prediction of the far-field sound generated by a turbulent field interacting with
a NACAO0012 aerofoil by evaluating the distortion of the turbulence near the leading
edge. The evaluation of the up-wash turbulence is done with the Rapid Distortion
Theory (RDT) [113] which describes the effect of the mean flow on the turbulence.

Nevertheless, analytical methods developed to estimate interaction noise are restricted
by assumptions made on the geometries and flow solution, and experimental studies are

limited by technical difficulties to collect data. Therefore, numerical simulations seem

87
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Figure 6.1: Pressure perturbation contour around the leading edge of a sin-
gle vortex impinging a NACA 65(12)-10 aerofoil. The black lines depict the
streamlines of the vortex.

to be an adequate solution as it is possible to record any variable at any location in
the computational domain in the same simulation and at every time step if necessary.
Previous numerical studies [114, 62] however mainly focused on qualitative observations
only such as the size of the stagnation region or the curvature of the streamline at the
leading edge. Instead of investigating the distorted turbulence spectra, Glegg et al. [115]
directly calculated the unsteady loading of an aerofoil in incompressible turbulent flows
using panel methods, and Lysak et al. [116] predicted the high-frequency response using
the vortex lift theory [117].

To simplify the study of turbulence distortion, instead of considering cambered aerofoils
with an angle of attack as in Chapter 5, a more simple symmetric NACA0012 aerofoil
without an angle of attack is considered in this Chapter. The same numerical imple-
mentation of the LEE model as in previous Chapters is used to study the distortion of
turbulence by the mean flow on a single streamline which starts upstream of the profile
to stop at the stagnation point. From this simulation, it shows that at an upstream
threshold distance common to all wavenumbers, the levels of the up wash velocity fluc-
tuations in the transverse direction start to decrease uniformly, independently of the
wavenumber. After a second threshold distance, much closer to the leading edge, which
is wavenumber dependent (i.e. proportional to the hydrodynamic wavelength), the decay

is inverted at low wavenumbers and only slowed at high wavenumbers.

To better understand this distortion and have more physical insights, a vorticity-based
boundary element numerical approach is then used. Similar methods have been already
used by Grace [118], Glegg et al. [115] or Lysak et al. [116], but without looking at
turbulence distortion by the mean flow. The proposed method shows that turbulence

distortion is the result of three terms. The first term describes the contribution of the
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incoming vorticty distorted by the mean flow. The second and third terms, represent
respectively the induced velocity of the aerofoil and of the wake vortices, which can
be viewed as the vorticity response from the aerofoil to the incoming vorticity around
it, such that the no-penetration condition is respected. This method is finally verified
against the LEE model. Using both the LEE model and the vorticity-based boundary

element, a parametric study is then carried out in Chapter 7.

6.1 Linearised Euler approach

6.1.1 Computational setup

This Chapter focusses on the distortion of the turbulence in the vicinity of the leading
edge of a symmetric NACA0012-63 profile, with a chord of ¢ = 0.1 m, at no angle of
attack and an incoming free stream velocity of s, = 60 m.s~!. The choice of a modified
NACA 4-digit aerofoils is motivated by the possibility to independently control the size
of the leading edge radius Rr g, the thickness ¢ and the chordwise position of maximum
thickness m (in tenths of chord), which will be extensively used in the parametric study
in Chapter 7. Usual NACA 4-digit have a fixed maximum thickness located at 30%
of the chord, and the leading edge radius is directly proportional to the square of the
thickness (Rpg oc t?). Hence, usual NACA0012 aerofoils are denoted NACA0012-63
using the modified NACA 4-digit aerofoil notation. The symmetric modified NACA
4-digit profiles are written as [119]

NACA 00 12 — 6 3
—~

t 1 m

where [ is the leading edge index which directly relates to the size of the nose radius,

1.1019 /¢ \?2
— °r 1
Rip 36 (c ) , (6.1)

and is given by [119]

As the mean flow defines the streamlines along which the velocity fluctuations are con-
vected, a correct estimation is required. However, in a CAA simulation, the presence
of shear layers, boundary layers or significant velocity gradients can be a source of lin-
ear instabilities in the LEE. In this Chapter, a steady Euler solver provides the mean
flow,hence there is no physical boundary layers on the aerofoil as the flow slips on the
surfaces. The CAA computations are more stable while being satisfactory to study
broadband interaction noise [61, 5]. Moreover, the computational domain for the mean

flow simulation is sufficiently large to limit blockage effects (blockage ratio of 3%).

The CAA mesh, plotted in Figure 6.2, has an extent of x = —0.5 to 0.6 m and y =

+0.5 m and is divided in 64 blocks to allow a parallelization of the computation. It
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Figure 6.2: CAA mesh of the NACA0012-63 case. The red lines (—) represent
the location of the mesh blocks.

has been designed to support hydrodynamic and acoustic waves up to 8kHz, consid-
ering 12 points per wavelength, for velocities ranging from 60 m/s to 140 m/s. The
acoustic waves are resolved everywhere in the domain while the hydrodynamic waves
are only well resolved upstream the aerofoil, over a limited y-extent, to convect the tur-
bulent gusts. To prevent unwanted reflections at the boundaries, asymptotic radiation
boundary conditions [91] are applied on the upstream, top and bottom boundaries of

the computational domain, and an asymptotic outflow boundary condition [91].

The turbulence is injected through vorticity sources located upstream of the aerofoil,
at a distance x = —2¢ from the leading edge, where the mean flow is uniform. As
discussed in Chapter 4, a row of vorticity sources is modulated in amplitude to generate

a prescribed one- or two-component turbulence.

6.1.2 Instantaneous and acoustic results

After the transitional period, the computations are run over 2'® iterations, taking about 1
hours on 64 Intel ® Xeon ® E5-2670 processor cores. The instantaneous normal-velocity
perturbations for the one- and two-component turbulence are presented in Figure 6.3.
We can observe the turbulent gusts generated upstream of the profile, in between the
inlet boundary and the leading edge, with a limited extent in the y-direction, and being
convected by the mean flow. The pressure fluctuations, plotted in Figure 6.4a, show the

expected dipole pattern of the acoustic response of the aerofoil.

Using sensors located on a circle centred on the leading edge, with a radius of four
chords, the FWH analogy (described in Appendix B) provides far-field acoustic results.

The numerical predictions are compared with the analytical results of the Amiet model
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Figure 6.3: Symmetric NACA0012-63: Instantaneous transverse velocity per-
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Figure 6.4: Acoustic response of the symmetric NACA0012-63 with a chord

¢ = 0.1 m, at Mach number M=0.176.

which considers a flat plate [60]. Figure 6.4b shows the SPL at 1.2m and 90°(above

the aerofoil), along with the Amiet model prediction. The spectra are averaged on 15

segments using a Hann window and an overlap of 50%. The low-frequency part of the

acoustic spectrum is similar to a flat plate response, as the wavelength is greater than

the chord of the profile. But as the wavelength shortens, it becomes more sensitive to

the aerofoil geometry (and by extension to the mean flow), which implies a different

acoustic response compared to a flat plate at high frequencies.
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Figure 6.5: (a) Contour map of the mean pressure field around the aerofoil. The
black line (=) depicts the streamline which starts upstream of the aerofoil
and stops at the stagnation point. (b) Distortion of turbulence upstream of the
aerofoil. Su2 measured at ¢ is the density spectrum of the transverse velocity us at
position & along the streamline which stops at the stagnation point, and Sy2 ¢
is the density spectrum of the transverse velocity uo at infinity.

6.1.3 Streamline to the stagnation point

The sound reduction at high frequencies between a NACA0012 aerofoil and a flat plate
is partly due to the distortion of the mean flow in the vicinity of the leading edge. To
better understand this phenomenon, a line of sensors is placed on a streamline which
starts upstream of the profile and stops at the stagnation point of the leading edge.
As the studied profile is symmetric, it corresponds to a line parallel to the z-axis with
y = 0 m, as plotted on Figure 6.5a, along with the mean pressure field. In this work,
other streamlines had been investigated, but the trends observed were similar than on
the streamline going to the stagnation point, therefore, in this work, the turbulence

distortion analysis is only presented on this central streamline.

Using measurements of the instantaneous velocity perturbations from the sensors on
the considered streamline, density spectra of the transverse velocity are obtained us-
ing the Welch method. Four of these spectra, located from far upstream the aerofoil,
to the closest mesh point of the leading edge tip, are plotted on Figure 6.5b where
Su2 measured at ¢/Su2 0 denotes the ratio of the distorted spectrum at position § by the
undistorted spectrum at infinity. It shows that the closer it gets to the leading edge,
the larger the amplitude of small wavenumbers is with respect to the undistorted tur-
bulence spectra, whereas the opposite effect is observed for high wavenumbers. A very
similar behaviour has been predicted analytically [120, 121], as plotted in dash line on
Figure 6.5b, yet it is noteworthy that the slope with the CAA results depicts discrep-

ancies. To obtain this analytical prediction, it is assumed that the leading edge region
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of a NACA0012 is a bluff body, therefore, using the generalised RDT from Hunt [122]
which, using simulations around circular cylinders, showed that around bluff bodies, the
slope at high wavenumbers of the energy spectrum is modified from E(k) o< k=5/3 to
E(k) x k—10/3, Using this slope at high wavenumbers, they proposed the modified von
Karman spectrum [120, 121]

91072 k2 + k2
TB6m k2, L 7o
c 1+ R+ R

- ’ T
T R

ke X I(1/3)
(6.2)

To better visualize the transverse velocity spectra on the streamline which goes to the
stagnation point, instead of plotting density spectra at a fixed space location as a func-
tion of wavenumber, the density spectra are plotted (Figures 6.6b and 6.6a) for fixed
wavenumbers, as a function of distance to the leading edge multiplied by the fixed
wavenumber. Figure 6.6b is a contour map which contains all wavenumbers, and Fig-
ure 6.6a is the same graph but only plotted for three fixed wavenumbers (ranging from
low to high).

From these Figures (6.5b, 6.6b and 6.6a), the following behaviour can be depicted:

e The distortion seems to be wavenumber dependent as suggested in Figure 6.6a
where the ratios Su2 measured at ¢/Su2 0 show similarities with the wavenumber de-

pendent x-axis.

« At athreshold distance which is wavenumber dependent, the levels of Sy2 measured at £/Su2 0

start to decrease.

e At a much closer distance, this decay is however slowed at high wavenumbers, and
inverted at low wavenumbers. This second threshold distance is also wavenumber
dependent, or in other words, it is proportional to the hydrodynamic wavelength.

This distance can be estimated to be about one wavelength.

6.2 Vorticity approach

To have a better understanding of the turbulence distortion, a different approach using
vorticity is considered. The evolution of the incoming perturbations, purely vortical in
2D, are governed by the linearised vorticity equation. It can be obtained by taking the

curl of the linearised Euler equation

— -V x(uxw)=0. (6.3)
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Figure 6.6: Ratio of the density spectra of the transverse velocity us measured at
position £ along the streamline which stops at the stagnation point and denoted
Su2 measured at ¢, With the density spectra of the transverse velocity us measured
at infinity upstream of the aerofoil, where no distortion occurs, and denoted
Su20- (a) Su2 measured at ¢/Su2 0 plotted as a function of the distance to the
leading edge £ multiplied by the wavenumber w/uqo, for 3 fixed wavenumbers:
(=) W/t = 45 M, (=) W/t = 320 m~! and (=) w/uo = 45 m~!
(b) Contour map of Su2 measured at ¢/Su2 0 plotted as a function of the distance
to the leading edge ¢ multiplied by the wavenumber w/us on the z-axis and
the wavenumber w/uq, on the y-axis.

The disturbances are considered incompressible and in 2D, hence Equation (6.3) can be

reduced to D
w
—=0. A4
i 0 (6.4)

which indicates that the vorticity is conserved and moves with the mean flow.

The proposed method is developed in the frequency domain. While the computation of
a single frequency removes the need of a time marching procedure for the panel method

detailed in Section 6.2.2, it may be computationally expensive to considered a large
number of frequencies.

For single frequency gusts, the vorticity can be expressed by complex numbers such that

w(x, t) = R {@(x)e? "} (6.5)
and in 2D turbulence, the vorticity is reduced to its normal component, @(x) = @3(x)es.

Howe [117] showed that in the presence of a solid body, incompressible velocity pertur-

bations @’ can be retrieved using (given here in 2D and for complex numbers)

H(f) // @g(x)es x )dyldy +]{ A(y)es x (x y)ds(y). (6.6)

27|x — y|2 27x — y|?
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where C'is the closed contour formed by the aerofoil and its wake vorticity, and ds is the
distance along that contour. The Heaviside function H depends on f, which is defined
as positive outside the aerofoil and negative inside. Finally, 4 is the bound vorticity per
unit length on the contour C. The bound vortices can be seen as the vorticity response

of the aerofoil to respect a non-penetration condition at its boundaries.

To simplify the numerical calculation of Equation (6.6), the vorticity outside the aerofoil

is represented as a sum of discrete point vortices
o3 = Ty —y?) (6.7)
i

where I'; is the circulation of each vortex and y() its position.

The second term of Equation (6.6) can be separated into the bound vorticity on the

w) Moreover, the

aerofoil surface and on the wake, denoted respectively 4(* and 4(
contour C' is discretized in panels. The aerofoil contour is discretized in N + 1 points
leading to IV panels. In the steady-state frequency domain, while the vorticity wake
is infinitely long, requiring an infinite number of wake panel, its contribution becomes

negligible after a sufficient length, hence it can be truncated in the numerical model.

As a result, Equation (6.6) is discretized in

I, — ()
H(f)a(x) =— Z gj’r; (_xy(i)}i; ) Velocity from incoming vorticity
N 4(a) ()
es X (x .
+ z]: . 27T3X f y(j)|}; )d(] ) Induced velocity from aerofoil surface
~ (w) ()
+ zl: L ZiTXX(); 0 |}2’ )d(l) Induced velocity from wake vortices.
(6.8)

where dU) and d® are respectively the length of the jth and Ith panel.

6.2.1 Methodology

The first step in this approach is to perform a mean flow calculation (independently of
the unsteady calculation) and then integrate it to determine the streamlines and drift
functions. The streamlines represents the path of a particle over time, hence a streamline
is tangent to the velocity vector of the flow. The positions of the particles are noted X.
The concept of drift function has been described by Lighthill [123] and Goldstein [124],
and represents the time needed for an particle to go between two positions on the same
streamline and is noted 7'(X). The first position is often a reference point located in a

uniform mean flow region. Hence, in 2D, a line of constant drift, also called drift line,
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starts as a straight line at the reference point, and then evolves directly depending on
the local mean flow. This process can easily be implemented numerically, by integrating

the velocity vector of the streamlines.

Then, the distribution of vorticity around the aerofoil is calculated. This is performed
in a single step, without requiring a time marching procedure, using the streamlines and
drift functions previously computed. Hence the vorticity of a harmonic gust, with an

amplitude A, and a frequency f, can be written in 2D

W3(X) =V x (Ag exp [i (ijfT(X)uo)] e2> e;s . (6.9)

However, for the first term of Equation (6.8) to converge, the vorticity @ws(X) needs to
be bounded in space. This can be easily done by adding a terms which decays away

from the aerofoil. Hence, Equation (6.9) becomes

. B (2nf 1
w3(X) =V x (Ag exp {1 (uoT(X)uoﬂ [T o alX ol 7) 82> e3 (6.10)
where x( is the centre of the aerofoil, and the parameters o and S control how the

vorticity fades away from the aerofoil.

Using the distribution of vorticity around the aerofoil, the first term of Equation (6.8)
can be calculated and serves as an input for the second and third terms of Equation (6.8).
These last two terms can then be calculated, in a single step, using a vortex panel method
in the frequency domain which determines the bound vortices on the aerofoil 4(*) and

on the wake 4(®).

6.2.2 Vortex panel method in the frequency domain

To determine the bound vorticity 4 on the aerofoil and the wake surfaces, a panel method
in the frequency domain is derived. The aerofoil is discretized in IV 4 1 points leading to
N panels while the wake is discretized in substantially larger number of panels. A vortex
strength 4; is associated at each discrete contour point. This collocation method which
relies on the discrete 2D version of the Biot-Savart equation in free field, is used with
polynomials to the first order, or often referred to as linear varying vortex strength panel
method. This method is partly inspired from the steady linear varying panel method
developed by Pozrikidis [125] but extended to harmonic perturbations in the frequency

domain.

6.2.2.1 Single panel in its local frame of reference

To determine the velocity induced by the aerofoil, we will first consider a single panel i,

in its local frame of reference defined in Figure 6.7. We consider a linear varying vortex
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(z,y)

Figure 6.7: Discretization of the aerofoil in N panels, leading to N41 points of
the aerofoil surface, as well as discretization of the wake vortices in an infinite
number of panels, from the trailing edge to infinity in the streamwise direction.

density, hence the vortex strength along the ¢th panel can be expressed as
(@) _ ~(a)
Jiv1 — Vi g

=9 (6.11)

F0(a) =3 +

where ’y-(a) is the vortex strength at the ith point and d® is the length of the ith panel.

7

It follows that the induced velocity by the ith panel can be expressed
0l (x) = "V ) + P ()5 withm =1,2, (6.12)

where the local influence coefficients a are defined as

a(i,’l)(x/) =c {xécz + (2} — d(i))AH(i)} , a(i,’l)(x/) =c {(33/1 —dD)ey — ahb AW + d(i)} ,

fEl 1-2
aii’a)(x/) =0 [55/202 + JJIAG(i)] ; CLSI’Q) (x') = ¢ {x’lcz — 2h AW + d(i)} ,
1 2
(6.13)
/ / o (Z) 2 9 1/2
ivi (@) — v v _ 1 (@ =dY) +y
giving A\ = arctanx/ — arctanZEl, 0= € In PEN

6.2.2.2 Induced velocity in global coordinates

In the global frame of reference, defined in Figure 6.7, the local frame of reference of the

ith panel is written

) = (x1 — xgl)) cos 0 + (zg — xgz)) sin ) (6.14)

/

Ty = —(x1 — xgl)) sin ) + (25 — azg)) cos 0 (6.15)
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where () is the orientation of the ith panel. The induced velocity of the ith panel in

the global frame of reference is expressed similarly as in the local frame of reference
) (x) = alpV ()% + ali? ()% withm =1,2, (6.16)
where a are global influence coefficients given by

a:(,:il’q)(x) = agf,’q) (x') cos 0 — az(j,’q)(x/) sin @ |

agf)(x) = ag,’q) (x')sin 0% + ag,’q) (x') cos 0O | with ¢ =1, 2. (6.17)

The induced flow at any given point outside the aerofoil, in term of the strength of the
vortex at the nodes, is obtained by superposition
N+1 )
U (x) = > b0 (x)7;,  withm=1,2, (6.18)

=1

where the new coefficients b are defined by

b (x) = allV (x) (6.19)
bg}n (x) = a%:l’g) (x) + ag’:)(x) for i =2..N and m =1, 2. (6.20)
b (x) = ol P (x) (6.21)

6.2.2.3 No-penetration condition

A no-penetration condition is applied on a collocation point located on each panel. In

this work, the collocation points are chosen to be located at the middle of each panel,
noted xgj). )
xU) = 3 (X(j) + X(j+1)) , where j = 1...N . (6.22)

Hence, the no-penetration condition is, for each collocation point x((;j ), the sum of the

induced velocities of all panels (given by Equation (6.18)) equals with opposite sign to

the external velocity 1,

N+1 ‘ ' ‘
> AEZ‘):YZ’ =~y (x)) - elngj) —a,(xY) - eng) (6.23)
=1
with
AL = b0 (x)y (x9)) + 50 (9 ) (x ) (6.24)

where n() = ngj )e1 + ngj )82 is the outward vector normal to the aerofoil on panel j.

Unlike the steady vortex panel method where the external velocity G, is constant for

all collocation points xgj ) and is equal to the mean flow velocity at infinity, for the
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unsteady panel method, G, is obtained using the first term of Equation (6.8), applied

at each collocation point x(j )

6.2.2.4 Circulation and wake

In the current system of equations, there are N equations for N 4+ 1 unknowns. To close
the system of equations and remove this single degree of freedom, a condition on the

circulation is applied.

The circulation around the aerofoil can be approximated by

N |
Z@ x9)d) = 5. Z i + Aig1)dD | (6.25)

where ﬁt(xgj )) is the tangential velocity at the collocation point xgj ),
For a steady vortex panel method, the Kutta condition states that there is no circulation
around the trailing edge, hence no circulation between the first panel (lower side of the

trailing edge) and the last panel (upper side of the trailing edge)

A1 = —AN+1 (6.26)

For a harmonic vortex panel method in the steady-state in the frequency domain, the
wake is infinitely long and then needs to be truncated after a sufficiently long distance.
As there is no time marching procedure, it is difficult to predict the location or velocity
of the shed vortices, hence the shed panels are oriented along the z-axis, each with a
panel length equal to the size of panel at the trailing edge d?¥) and convected by the

mean flow at infinity.

As the wake vortices as only convected by the mean flow in the wake, their strength (%)

is equal to the vortex strength at the trailing edge 41, but shifted in phase such that

(w . i2m
A = An41 exp ( f&) (6.27)

where & is the distance from the trailing edge to the I-th wake collocation point.

(w)

The geometrical influence coefficients A; ;° corresponding to the influence of the wake

(a)

panels on the aerofoil are derived using the same procedure as the A, ; coefficient.

To close the system of equations, the Helmholtz theorem states that the total circulation
in the flow field must be kept constant, hence any changes in the circulation C around
the aerofoil surface must be balanced by an equal and opposite change in the circulation

in the wake.
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Nevertheless, a bound vortex is expressed v = R{4e2"/*}, thus its derivative in time

can be approximated by

87 1— efi27rfAt o
E =R {At e 2 ft (6.28)

where At = d™) /u,. Hence the Helmholtz theorem becomes

N

> "G+ Aig1)dD = =4y pd™N) (6.29)
i=1

(1 _ efiZﬂ*fAt)%

6.2.2.5 System of equations

Finding the bound vorticity 4(*) is reduced to solving the following linear system of

equations

Agal) Aga% o Agaz)v Aga])\/—&-l +307A 1l N
Aga% Aga% T Agaz)v 2 N+1 +2 0 A 21 Y2
Ass,)l AS\?,)Q o AE\I;,)N N N+1 +3°A w) AN
dV g L q@ oo gWN=) g g(N) L g(N+D) Qd(N+l)/( — e R2nfAL) [\ ANy

—ug(x(l)) elng ) _ ug(x((zl)) . egngl)

—uy(x7) - ernt? — uy(x) - eanf?

_ : (6.30)
—ug(ng)) . elngN) - ug(ng)) . egngN)
0

6.3 Procedure, computational cost and numerical imple-

mentation

The proposed method is in the frequency domain, therefore it needs to be solved once
per incoming gust wavenumber. The base of the method relies on Equation (6.8), which
is rewritten here for convenience of the reader

Tex x (x —v®
ie3 X ( y) Velocity from incoming vorticity

H(pa(x) = -3

27|x — y(® |2

CL)e?) x (x —y)
(4|2

A

(
J 4\ Induced velocity from aerofoil surface

2rx —y

e3 X (X — y(l)) (l)

; Induced velocity from wake vortices.
y P2
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For uniform mean flows, there are no distortion of the unsteady vorticity by the mean
flow, hence the solution of the first term in Equation (6.8) is known, therefore Equa-

tion (6.8) becomes

)
.\ _ 127rft PYJ e3 X ( y 4 ’Yz e3 X (x=y") ()
H(f)u(x) e +Z P y(J |2 +Z P y(l>yz a¥, (6.31)
where the only unknowns are the bound vortices f?l(a) and ’Ayl(w), which are found by

solving Equation (6.30). The problem is reduced to solving a linear system of equations,
where its computational cost depends on the number of panels used to discretize the
aerofoil in the vortex panel method, but even for large numbers of panels, this step

remains computationally very fast.

For non-uniform mean flows, the distortion by the mean flow of the unsteady vorticity
has to be taken into account. In this case, the first step is to compute the streamlines and
drift lines from the mean flow solution, which allows for the computation of the point
vorticity T' around the aerofoil via Equation (6.7). From this vorticity field, the first
term of Equation (6.8) can be solved for each position x. However, unlike for uniform
case, to compute the second and third term of Equation (6.8), the gust velocities u, on
the panels of the aerofoil are unknown. Therefore they need to be resolved beforehand,

similarly to the first term of Equation (6.8), using the Biot-Savart, it reads

N . fie?» X (x — y(i))
y(x) =) PG (6.32)

Finally, the bound vortices ’Ayl(a) and ’yl(w) in the second and third terms of Equation (6.8)
can then be evaluated from Equation (6.30). Overall, the problem requires the first term
of Equation (6.8) plus, for each panel on the aerofoil, Equation (6.32) to be computed
before solving the linear system of equations given in Equation (6.30). It logically results

in a largely higher computational cost than a uniform mean flow case.

In this work, the proposed method has been programmed from the ground up, in the
computing language Python!, with two external libraries: NumPy? for the mathemat-
ical functions on multi-dimensional matrices, and Cassiopee® for the read and write
file operations. While Python is not a computationally fast language with respect to
other languages such as C or Fortran, its high-level built-in functionalities as well as a
large and comprehensive list of libraries allows for fast proof-of-concept implementations.
Therefore, it is difficult to assess the computational cost against the CAA solver PIANO
used in this work. Moreover, the computational cost depends on the wavenumber of the

incoming vorticity field, as the discretization of the streamlines, drift lines and aerofoil

Python is an interpreted computing language developed by the Python Software Foundation
(www.python.org)

WWW.NuUmpy.org

3elsa.onera.fr/Cassiopee
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Figure 6.8: Comparison of the distortion of turbulence along the streamline
which stops at the stagnation point using a uniform mean flow assumption
between the LEE model and the Boundary Element Method (BEM) approach.
Su2 measured at ¢ 1S the density spectrum of the transverse velocity ug at position
& along the streamline which stops at the stagnation point and Sys g is the
density spectrum of the transverse velocity uo at infinity. Note that, for more
clarity of the plot, the z-axis, which is the distance to the leading edge of the
aerofoil, is not multiplied by the wavenumber w/uq, as the curves would overlay
otherwise.

panels is naturally denser as the wavenumber to solve increases. For information, the
computation on a single core of the proposed method on a NACA0012-63 aerofoil using
200 panels, for a wavenumber k, = 320 m™!, takes seconds using a uniform mean flow,

while taking about 15 minutes using a steady Euler mean flow solution.

6.4 Verification

The proposed BEM is verified on a NACAO0012-63 using two different mean flows. A
first unrealistic uniform mean flow, and then a steady Euler solution as the mean flow.
The turbulence distortion is verified against the LEE model. Unlike the LEE model,
the proposed BEM does not include the acoustic velocity generated from the interaction
with the aerofoil, nevertheless, it can be neglected as acoustic velocities have a small

amplitude with respects to hydrodynamic waves.

The uniform mean flow case allows to check the implementation of the vortex panel
method alone. Indeed, in such mean flow conditions, the solution of the first term of

Equation (6.8) is known, leading to Equation (6.31), as decribed in Section 6.3.

On the streamline which stops at the stagnation point, the distortion of turbulence at

different fixed wavenumbers as a function of distance from the leading edge is plotted
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Figure 6.9: Vorticity at fixed wavenumber w/uq, around a NACA0012 aerofoil,
computed from the streamlines and drift functions integrated from the mean
flow solution.

on Figure 6.8 for both the LEE model and the BEM approach. The results show a good
agreement between the two methods, which verifies the implementation of the vortex

panel method.

For the second case, which uses a steady Euler solution as the mean flow, the analytical
solution of the first term of Equation (6.8) is unknown. The distribution of vorticity
around the aerofoil is then required and is obtained using the streamline and drift
lines extracted from the mean flow. The Figure 6.9 shows this distribution for two

wavenumbers.

Using the vorticity around the aerofoil as an input, the vortex panel method can be
performed to find the bound vortices on the aerofoil and wake surfaces, as decribed in
Section 6.3. Finally, the turbulence distortion is obtained by applying Equation (6.8).
On the streamline which stops at the stagnation point, the distortion of turbulence at
different fixed wavenumbers as a function of distance from the leading edge is plotted on
Figure 6.10 for both the LEE model and the BEM approach. The results show a good

agreement between the two methods.
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Figure 6.10: Comparison of the distortion of turbulence along the streamline
which stops at the stagnation point using a steady Euler mean flow assumption
between the LEE model and the BEM approach for three fixed wavenumbers.
Su2 measured at ¢ 1S the density spectrum of the transverse velocity ug at position
& along the streamline which stops at the stagnation point and Sys g is the
density spectrum of the transverse velocity ug at infinity.

6.5 Conclusion

The distortion of the incoming turbulence by the mean flow close to the leading edge
is believed to play an important role in the interaction noise. The results suggest that
the distortion of turbulence is a wavenumber mechanism. Upstream of the aerofoil, the
turbulence levels of the upwash velocity fluctuations starts to decrease as it gets closer
to the leading edge. This decay is however slowed at high wavenumbers, and inverted
at low wavenumbers, after a second wavenumber dependent threshold distance, much

closer to the leading edge. This distance is estimated to be about one wavelength.

To better understand this distortion, a different numerical approach is derived. Similar
numerical methods have already been proposed but have not been used in the context of
predicting the turbulence distortion by the mean flow. The proposed boundary element
method partly relies on a harmonic vortex panel method in the frequency domain which

allows the computation of the distortion in a single step per wavenumber.

From the boundary element method, the distortion of the turbulence upstream of the
aerofoil comes from three mechanisms, the velocity retrieved from the distorted incoming
vorticity field around the geometry, the induced velocity of the bound vortices on the
aerofoil and the induced velocity of the bound vortices in the wake. The bound vortices
on the aerofoil surface and in the wake are the vorticity response of the aerofoil and

wake to respect the non-penetration condition at the solid boundaries.
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In Chapter 7, using both the LEE model and the boundary element method, this dis-
tortion is first analysed on the NACAO0012 profile. Secondly, a parametric study on
turbulence, mean flow and geometric factors is carried out to depict trends and physical

insights.






Chapter 7
Analysis of turbulence distortion

In Chapter 6, using both a LEE model approach and a vorticity approach, the turbu-
lence distortion on a streamline upstream of a NACA0012-63 aerofoil is shown to be the
consequence of two mechanisms: the distortion of the incoming vorticity in the vicinity
of the leading edge of the aerofoil, and the vorticity response of the aerofoil and wake
to respect the non-penetration condition at the solid boundaries. This chapter aims
at analysing turbulence distortion by first investigating the influence of each of these
mechanisms on a NACA0012-63 aerofoil, and then by performing a parametric study
on turbulence, mean flow and geometric parameters. A better knowledge of the sensi-
tive parameters in the turbulence distortion help understand the physics involved while

potentially helping the development of future analytical or numerical methods.

7.1 Distortion of the incoming vorticity and induced ve-

locities

The derived boundary element method developed in Chapter 6 allows to individually
assess the influence of the distortion of the incoming vorticity, the induced velocity from
the aerofoil and the induced velocity from the wake. By applying the boundary element
method to the NACAQ0012 aerofoil case described in Section 6.1.1, the influence of the
wake is found negligible regardless of the mean flow, as plotted for the uniform mean
flow in Figure 7.1. Indeed, with a uniform mean flow, the wake induced velocity is a few
orders of magnitude below the other two components and can then be neglected. With
the steady Euler mean flow, the wake induced velocity has more influence than with a
uniform mean flow, especially as the wavenumber increases, however the levels are still
small with respect to the full turbulence distortion. This result is not surprising as the

wake vortices are located far from the leading edge, hence their influence is limited.

107
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Figure 7.1: Influence of the wake vortices on the incoming turbulence upstream
of the leading edge with a uniform mean flow, plotted for three fixed wavenum-
bers. Su2 induced from wake at ¢ 18 the density spectrum of the transverse velocity
ug induced by the bound vortices in the wake of the aerofoil, evaluated at posi-
tion € along the streamline which stops at the stagnation point and Sy2 ¢ is the
density spectrum of the transverse velocity uo at infinity.

Using a uniform mean flow, the turbulence distortion upstream of the leading edge is
plotted in Figure 7.2. The response between the different wavenumbers is very similar
until a distance smaller than one fourth of a wavelength to the leading edge. Then, the
response gets stronger as the wavenumber decreases, which is the direct consequence of
the induced velocity being stronger close to the leading edge at these wavenumbers, as

plotted in Figure 7.3a.

The phase difference between the incoming vorticity perturbations and the induced
velocities from the bound vortices, plotted at the bottom of Figure 7.2, varies as the
distance to the leading edge reduces. It causes a succession of constructive (0+27 (rad))

and destructive (7 £ 27 (rad)) waves, shown on the turbulence distortion Figure 7.2.

With a steady Euler mean flow, the distortion is different. Indeed, the incoming vortic-
ity, which follows the streamlines and drift lines, gets distorted near the leading edge.
Naturally, the distortion of all perturbations by the mean flow is identical regardless
of its wavenumber, however, its effects depend on the wavelength of the perturbations.
Indeed, the restricted region around the leading edge where this distortion occurs only
alters a small portion of a single wavelength for low wavenumber perturbations, while
multiples wavelengths are skewed for large wavenumbers, as visible in Figure 6.9. Con-
sequently, the first term of equation (6.8) which retrieves perturbation velocities from
the incoming vorticity field shows a clear amplitude attenuation as the wavenumber

increases (Figure 7.3b).

Moreover, the incoming vorticity field is also used as an input for the vortex panel method
via Equation (6.32). Hence, with a uniform mean flow, the amplitude of the right-hand

side of the vortex panel method is Sy on NACA0012 at z/c/Su2 0 = 1 on all panels on the
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Figure 7.2: Turbulence distortion upstream the leading edge and phase dif-
ference between the incoming perturbations and induced velocities from the
aerofoil, using a uniform mean flow assumption. Su2 measured at ¢ is the density
spectrum of the transverse velocity us at position £ along the streamline which
stops at the stagnation point, Sys o is the density spectrum of the transverse ve-
locity ug at infinity and @incoming and @inducea are the phase of respectivelly the
incoming velocity perturbations and the velocity induced by the bound vortices
on the aerofoil surface.

aerofoil surface. Sy2 on NACA at «/c 18 the density spectrum of the transverse velocity ug
retrieved from the incoming vorticity on the aerofoil surface at the chordwise position
x/c, and Sys ¢ is the density spectrum of the transverse velocity ug at infinity. But with a
steady Euler mean flow, this amplitude decreases as the wavenumber increases, as shown
in Figure 7.4. The direct consequence of this smaller input on the vortex panel method,
which means is a less important induced velocity from the aerofoil bound vortices, as
plotted on Figure 7.3a. For high wavenumbers, the right-hand-side of Equation (6.30)
is close to zero, therefore the bound vortices on the aerofoil surface, and, by extension

the induced velocities, are close to zero.

7.2 Effect of incoming turbulence

The effect of energy distribution of the incoming isentropic turbulence is studied. The
considered cases follow a von Karman energy spectrum, hence it can be fully character-
ized by a turbulent intensity and an integral length scale. The evolution of the spectrum
with the turbulent intensity is quadratic, therefore trivial to predict, as long as the tur-
bulent intensity remains small with regards to the mean flow, otherwise non-linear effects

need to be considered. On the other hand, a change of the integral length scale leads to
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Figure 7.3: (a) Influence of the bound vortices on the aerofoil surface on the
incoming turbulence upstream of the leading edge with a uniform mean flow
against a steady Euler mean flow assumption, plotted for three fixed wavenum-
bers. Su2 induced at ¢ is the density spectrum of the transverse velocity wug in-
duced by the bound vortices on the aerofoil surface at position £ along the
streamline which stops at the stagnation point, and Syo ¢ is the density spec-
trum of the transverse velocity uo at infinity. (b) Effect of the distortion of
the vorticity by a Euler mean flow solution, upstream of the leading edge.
Su2 from incoming vorticity only at ¢ 18 the density spectrum of the transverse velocity
uso retrieved only from the vorticity around the aerofoil, at position £, and Sy2 ¢
is the density spectrum of the transverse velocity uo at infinity.
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Figure 7.4: Right-hand side of the vortex panel system of equations, for
the uniform mean flow against the steady Euler mean flow. The ratio
Su2 on NACAO0012 at :c/c/SUQ 0 where Su2 on NACA at z/c is the density spectrum of
the transverse velocity wue retrieved from the incoming vorticity on the aero-
foil surface at position x/c, and Sy2 ¢ is the density spectrum of the transverse
velocity us at infinity.



Chapter 7 Analysis of turbulence distortion 111

Integral scale: 4mm
10 " Integral scale: 8mm
8F /u,=45m Integral scale: 12mm

suz measured at g(m/uinf)/su2 O(m/uinf)

[ m'\/af"
w/u, =740 m"
T | Ll Lol
107 10° 10"

Ewlu,

inf

with £ the distance from the leading edge

Figure 7.5: Effect of the integral length scale on turbulence distortion, plotted
for three fixed wavenumbers and three integral scales. Su2 measured at ¢ 1S the
density spectrum of the transverse velocity ug at position £ along the stream-
line which stops at the stagnation point, Sys o is the density spectrum of the
transverse velocity ug at infinity.

a change of the distribution of turbulent energy which is more complex to predict. In
this section, the impact of the integral length scale on the distortion of the turbulence
is studied using three different values: 0.004m, 0.008m and 0.012m.

In Chapter 5, Section 5.2.2, by comparing SPL in the far field of an isolated 2D cambered
thick aerofoil with a flat plate, using multiple turbulent integral length scales, the loading
of the aerofoil seemed to be only modulated in amplitude by the incoming turbulence.
A similar observation can be made regarding turbulence distortion as, for all three
turbulent integral length scales, the turbulence distortion are identical, as plotted in
Figure 7.5. Indeed, in the vicinity of the leading edge, the spectral density for each

wavenumber has the same evolution regardless of the incoming turbulence.

7.3 Effect of the mean flow velocity

In this section, the effect of the mean flow velocity is investigated on a symmetric
NACAO0012-63, using mean flow velocities ranging from 60 to 140 m/s. A steady Euler
is still used as a mean flow, as it has been found satisfactory to study interaction noise
while limiting potential linear instabilities in the LEE. The same mesh has been used
for all LEE simulations, therefore the time step is adjusted for each simulation, keeping

a CFL close to unity.

The Sound Power Level (PWL) integrated over 360° of each simulation is plotted in
Figure 7.6a. It shows the same slope when plotted as a function of fc/uq, as previously

observed [99], which suggests a wavenumber dependence. The wavenumber dependence
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Figure 7.6: Effect of the mean flow velocity on (a) Sound Power Levels integrated
over 360° around the aerofoil at R=1.2 m and (b) Turbulence distortion on the
streamline which stops at the stagnation point. Su2 from incoming vorticity only at ¢
is the density spectrum of the transverse velocity uo retrieved only from the
incoming vorticity around the aerofoil, at position £ and Sy2 o is the density
spectrum of the transverse velocity us at infinity.

of turbulence distortion is confirmed to some extent in Figure 7.7 (for better readabil-
ity, it only includes three mean flow velocities: 60m/s, 100m/s and 140m/s) of the
evolution of Su2 from incoming vorticity only at ¢/Su2 0- Su2 from incoming vorticity only at ¢ 1 the
density spectrum of the transverse velocity uso retrieved only from the incoming vorticity
around the aerofoil, at position & and Syo ¢ is the density spectrum of the transverse

velocity ug at infinity.

The small discrepancies in Figure 7.7 between the mean flow velocities are both a shift
of the constructive and destructive oscillations closer to the leading edge and a decrease
in amplitude as the velocity increases. This is probably due to compressibility effects.
Indeed, up to a mean flow of 100 m/s, the differences in the distortion are very small,
which corresponds to Mach numbers smaller than 0.3, where compressibility effects
are negligible [126]. For larger Mach numbers, compressibility effects should not be
neglected [126], as visible by the compression of the vorticity lines shown for a fixed
wavenumber, between 60 m/s at the top and 140 m/s at the bottom in Figure 7.8.
This effect does not modify the amplitude of the transverse velocities resulting from
the distortion of the vorticity lines, in Figure 7.6b, but it seems to be responsible in
the shift of the phase difference between velocities from the incoming vorticity and the
induced velocity from the bound vortices on the aerofoil (bottom part in Figure 7.7). The

combination of these two elements lead to the small discrepancies observed in Figure 7.7).
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Figure 7.7: Effect of the mean flow velocity on turbulence distortion upstream
of the leading edge, using a uniform mean flow assumption. Sy2 measured at ¢
is the density spectrum of the transverse velocity us at position £ along the
streamline which stops at the stagnation point, Sy2 ¢ is the density spectrum of
the transverse velocity ug at infinity and @incoming and @induced are the phase of
respectivelly the incoming velocity perturbations and the velocity induced by

su2 measured at é(m/uinf)/su O(C‘)/uinf)

(Pincoming-(Pinduced

60 m/s

25

/u, =100 m”
I 60 m/s: 970 Hz
£100 m/s: 1590 Hz
140 m/s: 2230 Hz

T
e

3

From 60 m/s to 140 m/s
AN
4

1

Y

I U, =330 m"
60 m/s: 3140 Hz
3 100 m/s: 5250 Hz

140 m/s: 7400 Hz
05

L L L L L PRI |
10* 10" 10°

N — | |

P
From 60 m/s to 140 m/s

N\
Oon

0 Ewlu,, with & the distance from th1eoleading edge

the bound vortices on the aerofoil surface.

100 m/s
140 m/s

Vorticity at w/u,, = 45 m” on two simulations at different mean flow velocity

0.015 F

0.01

-0.01

-0.015 &

Figure 7.8: Compressibility effect on vorticity field between two mean flow

Compressibility of the vorticity lines
as the mean flow velocity increases

-0.02
X

velocities: 60 m/s for y > 0 and 140 m/s for y < 0.

Plotted for y>0:
Simulation with
u,,=60m/s

Plotted for y<0:
Simulation with
Uy = 140 m/s

H B

Vorticity (s™): -300 0 300



114 Chapter 7 Analysis of turbulence distortion

0 o002 004 006 008 01
1: Nose radius
2: Curve between nose radius and maximum thickness
3: Chordwise location of the maximum thickness

4: Thickness
5: Length from maximum thickness to the trailing edge

Figure 7.9: List of geometrical factors investigated.
7.4 Effects of geometry

To study the effect of aerofoil geometry on turbulence distortion, the geometry is pro-
gressively altered from the leading edge to the trailing edge. Firstly, the size of the nose
radius is investigated, while keeping the rest of the geometry identical. Then, while
keeping a constant nose radius and maximum thickness, the curve which links these
two parts is studied. The maximum of thickness is then investigated by first changing
its chord-wise location and then its thickness. Finally, the impact of the length from
the maximum thickness to the trailing edge of the aerofoil is studied. A sketch of the

different geometrical part altered is shown in Figure 7.9.

7.4.1 Nose radius

To study the effect of the size of the nose radius, the thickness and location of the
maximum ordinate are kept constant throughout the different nose radii considered.
Three nose radii have been studied, a nose radius from a NACA0012-63, which acts as
a baseline and noted Ryg, and then a nose radius two times smaller (0.5Rpg) and two
times larger (2Rpg) than this baseline. To construct these profiles, the parameter I of
the modified 4-digit NACA notation [119] is chosen accordingly using equation (6.1).

The obtained parameters of the profiles are written in Table 7.1.

‘ Nose radius ‘ equivalent index I

05Rig | #0793 m | I ~4.24
Rig ~159%3m | I=6
2R1 g ~317¢c 3 m | I~8.48

Table 7.1: Parameters of the profiles with different nose radii

Figure 7.10a shows the SPL at 90° above the aerofoil with the different nose radii. It
depicts that the blunter the nose radius is, the larger the nose reduction occurs at high-
frequency, as observed experimentally [99] and numerically [62]. Regarding turbulence
distortion (Figure 7.10b), a first observation shows a small difference at low wavenumbers

close to the leading edge, yet, it is not visible on the radiated far field noise. This
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Figure 7.10: Effect of the nose radius on (a) Sound pressure levels at 90°and
R=1.2m above the aerofoil and (b) turbulence distortion upstream of the aero-
foil.  Su2 measured at ¢ is the density spectrum of the transverse velocity ug at
position £ along the streamline which stops at the stagnation point, Sy2 ¢ is the
density spectrum of the transverse velocity ug at infinity.

indicates that the distortion of the transverse velocity on the streamline which goes
to the stagnation point alone does not seem to provide sufficient information to fully

predict the far field radiated noise.

The geometric changes in nose radius are restricted around the leading edge region.
Thus, changes in the mean flow are also restricted in this region. A larger nose radius
increases the size of the stagnation region, as plotted for the mean flow velocity in the
x-axis for two nose radii in Figure 7.11a, and has previously been observed by Gill [61]
or Kim et al. [114]. The stagnation region distorts the incoming vorticity wave fronts,
plotted in Figure 7.11b for w/us = 45 m~! and in Figure 7.11c for w/uy = 740 m~1,
As the stagnation region is larger as the nose radius increases, the wave fronts of the
vorticity lines get closer to each others in the x-direction, and their inclination above
and below the leading edge are more pronounced. This effects is easily visible for large
wavenumbers (Figure 7.11c). Nevertheless, for small wavenumbers (Figure 7.11b), the
distortion region is small with respect to the wavelength, hence it does not modify
the velocity retrieved from the incoming vorticity, plotted in Figure 7.11d. On the
other hand, for large wavenumbers, as wavelengths are smaller, it can not be neglected,
consequently the velocity retrieved from the incoming vorticity is more attenuated with

a larger nose radius (Figure 7.11c).

For small wavenumbers, as the wake contribution is negligible and the velocity retrieved
from the incoming vorticity field is not altered, the differences in the distortion of tur-
bulence upstream of the aerofoil in Figure 7.10b come from the induced velocities from
the bound vortices on the aerofoil. Indeed, despite having very similar responses with
a uniform mean flow, as plotted in Figure 7.12a at w/us = 45 m~!, very close to the

leading edge, the induced velocity responses depict large discrepancies. The sharper
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Figure 7.11: Effect of the nose radius on the mean flow, vorticity and velocity
retrieved from this vorticity for I ~ 4.24 (——), I = 6 (—), and I ~ 8.48
(=—). (a) Iso-lines of the mean flow velocity which depicts the stagnation
region, plotted for I ~ 4.24 and 8.48. (b) and (c) are the minimal and maxi-
mal vorticity wavefronts at respectivelly w/us = 45 m~! and 740 m~t. (d) is
its effect on velocity perturbations retrieved from the incoming vorticity only.
Su2 from incoming vorticity only at ¢ 18 the density spectrum of the transverse velocity
uo retrieved from the incoming vorticity only, at position £ along the stream-
line which stops at the stagnation point, Sy ¢ is the density spectrum of the
transverse velocity ug at infinity.

nose radius imply a large rise in the induced velocity compared to blunter nose radius,

shown in Figure 7.12b upstream of the aerofoil.

The discrepancies in the turbulence distortion upstream of the aerofoils plotted in Fig-
ure 7.10b are then due to changes in the shape of the induced velocity from the aerofoil
at small wavenumbers, while for large wavenumbers, the attenuation of the velocity

retrieved from the distorted vorticity field is dominant.
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Figure 7.13: Profiles used to study the effect of the curvature forward of the
maximum thickness.

7.4.2 Curve forward of the maximum thickness

To understand the effect of the curve between the leading edge and the maximum thick-
ness, three profiles are studied. These profiles keep a constant nose radius, thickness and
location of the maximum thickness. To construct these profiles, a NACA0012-63 with a
chord of ¢ = 0.1m is chosen as a baseline. Then, for the two other profiles, only the part
forward of the maximum thickness is modified (the part after the maximum thickness
and by extension the chord are strictly identical in all three profiles). To obtain the
new curves while conserving the same physical dimensions of the nose radius, thickness
and location of the maximum thickness, the first modified profile is constructed using a
NACAO0008-92 with a chord of ¢c=0.15m before the maximum thickness and the second
profile uses a NACA0016-4 /4 with a chord of ¢=0.075m. The resulting profiles are
plotted in Figure 7.13 and their parameters are listed in Table 7.2.

Despite having the same nose radius, thickness and location of the maximum thickness,
the SPL at 90° above the aerofoil, plotted in Figure 7.14a, shows a noise reduction at

high frequencies when the bluntness of the profile after the nose is more important.
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Foward the maximum thickness || After the maximum thickness

4-digit NACA Chord 4-digit NACA | Chord
Profile 1 NACAO0008-92 c=0.15m
Profile 2 NACAO0012-63 c=0.1m
Profile 3 NACA0016-4;,54 | ¢=0.075 m || NACA0012-63 | ¢c=0.1 m

Table 7.2: Parameters of the profiles with different curve forward of the maxi-
mum thickness

Nevertheless, the far field acoustic reduction is less important than with the changes in

nose radii.

A similar trend is observed on the turbulence distortion on the streamline upstream of
the aerofoil, plotted in Figure 7.14b. Nevertheless, as the leading edge is being kept
identical throughout the profiles and the differences in the curves being small, the mean
flow and by extension the vorticity lines have a similar distortion around the nose radius,
as plotted for w/us = 740 m~! in Figure 7.15a. The only noticeable difference are
located very close to the upper and lower surfaces of the aerofoils. Therefore, at large
wavenumbers, the retrieved velocities from this distorted vorticity field (Figure 7.15b)
depict a smaller impact than with a change of nose radii. Low wavenumbers remain

unaltered as their wavelength is large with respect to the distortion region.

Moreover, the shape of the induced velocity responses from aerofoils does not signifi-
cantly vary with the curve forward of the maximum thickness, regardless of the wavenum-
ber of the perturbations. For instance, the contour lines of the induced velocities for
W/Us = T40 m~1 are plotted in Figure 7.16a. On the streamline forward of the lead-
ing edge, the induced velocities also show little effect with the variations of the curve,

plotted for the three profiles at three different fixed wavenumbers in Figure 7.16b.

Therefore, the discrepancies in the turbulence distortion upstream of the aerofoils plotted
in Figure 7.14b are then, regardless of the wavenumber, a combination of both the
distortion of the vorticity lines and the changes in the shape of the induced velocity

from the aerofoil.

7.4.3 Chord-wise location of the maximum thickness

The location of the maximum thickness is now studied for positions ranging from 20%
(m=2) to 50% (m=>5) of the chord from the leading edge. The resulting profiles are

shown in Figure 7.17.

Changing the location of the maximum thickness can be partly assimilated in a change
of the curve between the leading edge and the maximum thickness, as studied in Sec-

tion 7.4.2, yet in this Section, the geometric changes of curves are more significant.
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Figure 7.15: Effect of the curve forward of the maximum thickness on vorticity
and the associated velocity for profiles: 1 (——), 2 (—), and 3 (——). See
Table 7.2 for details on profiles. (a) Minimal and maximal vorticity wavefront
at w/us = 740 m~1. (b) Velocity perturbations retrieved from the incoming
vorticity only. Su2 from incoming vorticity only at ¢ 1S the density spectrum of the
transverse velocity ug retrieved from the incoming vorticity only, at position &
along the streamline which stops at the stagnation point, Sy2 ¢ is the density
spectrum of the transverse velocity ug at infinity.
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Figure 7.16: Induced velocities from bound vortices on the aerofoil surface in a
uniform mean flow for profiles: 1 (——), 2 (—), and 3 (——). See Table 7.2 for
details on profiles. (a) Iso-lines of Su2 induced/Su2 0 at w/uUs = 740 m~! at two
values: 0.05 and 0.2. (b) Evolution of 542 induced at ¢/Su2 0 on the streamline
which stops at the stagnation point.
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Figure 7.17: NACAO0012-6m with m varying from 2 to 5.
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Therefore, the SPL above the aerofoil (Figure 7.18a) depicts a similar trend, i.e. the
blunter the aerofoil (via a closer location of the maximum thickness to the leading edge),
the larger the noise reduction occurs at high-frequency. This trend has been previously
observed by Gill [62]. Moreover, the differences in radiated noise are more important
between m = 2 and m = 3 than between m = 4 and m = 5 as the majority of the

geometric changes in this last configuration occur far from the leading edge.

While for the changes of the curve forward of the maximum thickness in Section 7.4.2
the incoming vorticity wave fronts were weakly altered, this time, the changes in curves
forward of the maximum are more important, which largely modifies the mean flow in
the stagnation region, and thus it alters the incoming vorticity wave fronts as plotted for
W/Uso = 740 m~! in Figure 7.19a. While there is a small compression of the vorticity
lines with the decrease of m, the main changes are located above and lower the leading
edge. Consequently, the retrieved velocity from these incoming vorticity fields at large
wavenumbers get more attenuated as the geometry gets blunter. On the other hand,
like with previous changes in geometry, low wavenumber perturbations stay constant

because their wavelength is large with respect to the distorted region.
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Figure 7.18: Effect of the location of the maximum thickness curve forward
of the maximum thickness with m = 2 (—), m =3 (—), m = 4 (—)
and m = 5 (—). (a) Sound pressure levels at 90°and R=1.2m above the
aerofoil and (b) turbulence distortion upstream of the aerofoil. Sy2 measured at ¢
is the density spectrum of the transverse velocity uo at position £ along the
streamline which stops at the stagnation point, Sy2 ¢ is the density spectrum of
the transverse velocity ug at infinity.

The shifts of the location of the maximum thickness of the aerofoils largely modify the
lower and upper surfaces, while excluding the nose radius area. Thus, the induced ve-
locities are naturally very different around the aerofoils, as plotted for w/us = 740 m~!
with a uniform mean flow in Figure 7.20a. However, despite these large physical dif-
ferences, the induced velocity responses for a uniform mean flow depict a surprisingly

similar behaviour for the different geometries (Figure 7.20b).

Therefore, the changes in the turbulence distortion upstream of the aerofoils plotted in
Figure 7.18b are mostly due to changes in the distortion of the vorticity field around the

leading edge region.

7.4.4 Thickness

The effect of the maximum thickness is now studied, considering three different thickness
(6%, 12% to 24%), each with the same nose radius size. The NACA0012-63 serves
as a baseline. To construct the two other profiles while keeping the nose radius of a
NACA0012-63, the parameter I of the modified 4-digit NACA notation [119] is chosen
accordingly using equation (6.1). The Table 7.3 details the parameters of the profiles.

As previously observed [99, 62], the levels of SPL, plotted at 90° above the aerofoil in

Figure 7.21a, depict a large noise reduction as the frequencies and the thickness increase.
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Figure 7.19: Effect of the location of the maximum thickness on vorticity and
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4 (=) and m = 5 (—). (a) Minimal and maximal vorticity wavefront
at w/us = 740 m~L. (b) Velocity perturbations retrieved from the incoming
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spectrum of the transverse velocity us at infinity.
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Figure 7.20: Induced velocities from bound vortices on the aerofoil surface in
a uniform mean flow for profiles with m = 2 (——), m = 3 (—), m = 4
(=) and m =5 (—) (a) Iso-lines of Sy2 induced/Su2 0 at two values: 0.03 and
0.2. (b) Evolution of Sy2 induced at ¢/Su2 0 on the streamline which stops at the
stagnation point.
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Figure 7.22: Similarity with ¢ on vorticity and the associated velocity for pro-
files with t = 6% (——), t = 12% (—) and t = 24% (——). (a) Minimal
and maximal vorticity wavefront at w/us = 740 m~!, plotted as a function
of z/t and y/t. (b) Velocity perturbations retrieved from the incoming vor-
ticity only, at fixed wavenumbers multiplied by the thickness parameter t.
Su2 from incoming vorticity only at ¢ 18 the density spectrum of the transverse velocity
ug retrieved from the incoming vorticity only, at position £ along the stream-
line which stops at the stagnation point, Sys o is the density spectrum of the
transverse velocity us at infinity.
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Thickness ‘ Nose radius ‘ equivalent index I

6% ~1.59% 3 m | I=12
12% ~15%>m | I=6
24% ~159%3m | I=3

Table 7.3: Parameters of the profiles with different thickness

The thickness parameter ¢ seems to be an important factor regarding the turbulence
distortion of the transverse velocity upstream the aerofoil. Indeed, in Figure 7.21b,
instead of plotting the distortion of the three profiles at a fixed wavenumber, a partial
similarity of the evolution can be obtained with the parameter tw/us, yet the curves

do not collapse perfectly.

This partial similarity using the parameter ¢t mostly comes from the distortion of the
incoming vorticity field. Indeed, when the vorticity lines for a fixed tw/uo, are plotted
with the axis z/t, y/t, the wave fronts are similar, for instance at tw/uo = 740 m~! in
Figure 7.22a. Therefore, the velocity amplitudes retrieved from the vorticity field are

also very close, as plotted in Figure 7.22b.

Nevertheless, this similarity does not seem to apply to the induced velocity with a

uniform mean flow (not plotted as no clear trend appears).

7.4.5 Length from the maximum thickness to the trailing edge

Finally, the length from the maximum thickness to the trailing edge is investigated.
To construct the profiles, a NACA0012-63 with a chord ¢ = 0.1m serves as a baseline.
Then, after the maximum thickness, the profile is stretched in the chord-wise direction
to extend the full chord of the aerofoil to ¢ = 0.15m. The two studied profiles are plotted
in Figure 7.23.

NACA0012-63 - chord=0.1m
(NACA0012-63)* - chord=0.15m

Figure 7.23: Profiles with different length from the maximum thickness to the
trailing edge.

As the two considered profiles are identical from the leading edge to the maximum thick-
ness location, the mean flow velocity in the z-direction is close to identical around the
nose radius and noticeable discrepancies can be observed from the maximum thickness
onwards, as plotted in Figure 7.24. Therefore, the stagnation region do not change in

between the two profiles.
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Figure 7.24: Differences in the mean flow velocity in the x-direction around the
leading edge region between profiles with different length from the maximum
thickness to the trailing edge.

The mean flow being very similar forward of the maximum thickness, the distortion
of the vorticity lines only differs from the maximum thickness onwards. As a result,
the wave fronts of the vorticity lines remain unchanged and therefore are not plotted.
Hence, upstream of the aerofoil, the velocities retrieved from the incoming vorticity field
are unchanged. Therefore, the distortion of the transverse velocity upstream of the

stagnation point is also unchanged as plotted in Figure 7.25b.

The SPL, for instance at 90° above the aerofoil as plotted in Figure 7.25a, does not
indicate differences other than those expected from the change in chord length in the
Amiet model [60], such as a shift in the lobe location. It suggests that the turbulence
distortion does not depend on the geometry after the maximum thickness of the profile.

This result further suggests that the boundary layer has a negligible effect on interaction
noise [5, 61].
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Figure 7.25: Effect of the length from the maximum thickness to the trailing
edge on (a) Sound pressure levels at 90°above the aerofoil at R=1.2m (b) Tur-
bulence distortion upstream the leading edge, using a steady Euler mean flow
assumption, plotted for three fixed wavenumbers w/uoo. Su2 measured at ¢ 1S the
density spectrum of the transverse velocity us at position £ along the streamline
which stops at the stagnation point, and Sy2 ¢ is the density spectrum of the
transverse velocity ue at infinity.
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Figure 7.26: Correlation between the size of the stagnation region near the
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axis is the difference with the NACA0012-63 case of the distance to the leading
edge (where the streamwise mean flow velocity ug; is equal to 75% of the mean
flow velocity at infinity us,), multiplied by the wavenumber w/u. The y-axis
represents the difference with the NACA0012-63 at us, = 60 m/s of SPL levels
(dB/Hz, pret = 2.107° Pa) at w/us = 320 m~! and 740 m~!. In green (L)
the variation of the nose radius, with each symbol from left to right: 2Ry g at
W/ltoo = 740 m™1, 2RLE at w/us = 320 m™ !, 0.5RLE at w/use = 320 m™!
and 0.5RLE at w/us = 740 m~! with Rg the nose radius (see Table 7.1). In
red (A) the variation of the curve forward of the maximum thickness, with
each symbol from left to right: profile 1 at w/us = 740 m~!, profile 1 at
W/tso = 320 m~L profile 3 at w/us = 320 m~! and profile 3 at w/us, =
740 m~! 1 (see Table 7.2). In blue (V) the variation of the chordwise location
of the maximum thickness, with each symbol from left to right: m = 2 at
W/too = TA0M™L, m = 2 at w/ue = 320 m~ !, m = 4 at w/us = 320 m~!,
m =5 at w/us = 320m~!, m = 5 at w/us = 320m~! and m = 5 at
w/Us = 740 m~! with m the parameter NACA0012-6m. In orange (0) the
variation of the maximum thickness, with each symbol from left to right: 24%
at W/toe = 740 m™1, 24% at w/us = 320 m~L, 6% at w/us = 320 m~! and
6% at w/us = 740 m~!. The dashed line (= = =) is the trend line.

7.4.6 Size of the stagnation region

The influence of aerofoil geometry on turbulence distortion and far field acoustics inves-
tigated in this work shows that the closer the geometry alteration is to the leading, the
greater impact it will have on both the turbulence distortion and the far field acoustics.
It is mainly because blunter geometries near the leading edges result in larger stagnation

regions.

Physically, a larger stagnation region locally skews more the incoming vorticity field. It
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results in attenuated transverse velocities retrieved from this vorticity field (via the first
term of Equation 6.8). Moreover, the vorticity field is also an input in the vortex panel
method via Equation 6.32, therefore the input velocities for the panel method, which
can be viewed as the velocities (from the incoming vorticity) which want to get inside
the solid boundaries of the aerofoil, are also attenuated. To respect the non-penetration
condition, bound vortices are imposed at the surface of the aerofoil and the wake, but
if the input of the panel method is smaller, the amplitude of these bound vortices is
also less important. Therefore, for all the geometric changes performed in this work, the
stagnation region at the leading edge seems the key factor in turbulence distortion and
far field acoustics. A correlation is found between the size of the stagnation region and
the far field acoustics, as plotted in Figure 7.26. In this figure, to characterize the size
of the stagnation region, it has been chosen arbitrary that the stagnation region starts
when the streamwise mean flow velocity goes down to 75% of the mean flow velocity at
infinity. The correlation is plotted at two wavenumbers w/u~ = 320 m~1 and 740 m™1,
but not w/us = 45 m~1 as no noise reduction have been obtained at this wavenumber
with any of the geometric changes studied in this work. In this case, a near linear trend
seems to be obtained, nevertheless other investigations need to be carried out to confirm

such behaviour with other geometric parameters as well as other profiles.

7.5 Conclusion

This Chapter aims at gaining physical insights as well as understanding the sensitivity of
turbulence distortion to changes in turbulence, mean flow and geometrical parameters,

to potentially help the design of future analytical or numerical models.

The distortion of the transverse velocity on a single streamline which goes from upstream
of the aerofoil to the stagnation point is investigated and is found to be the sum of the
velocity retrieved from the vorticity field around the aerofoil and the induced velocity
from the bound vortices on the aerofoil and wake, which are created in response to the
vorticity field to respect the non-penetration condition at the aerofoil surface. Due to
the distance between the wake and the leading edge, the bound vortices in the wake
are found to have a negligible effect on turbulence distortion upstream of the aerofoil.
With a uniform mean flow assumption, the induced velocity from the bound vortices on
the aerofoil is wavenumber dependent and similar regardless of the wavenumber until a
distance close to the leading edge. Then, the response gets stronger as the wavenumber
decreases. Moreover, most geometrical changes alter the induced aerofoil response, at

all wavenumbers.

Due to the phase difference between the velocity retrieved from the vorticity field and
the induced velocity, a succession of constructive and destructive waves appears as os-

cillations on turbulence distortion. This phase difference gets slightly shifted as the
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mean flow velocity increases, likely due to compressibility effects, which causes small

discrepancies on the distortion of vorticity compared with incompressible cases.

While the distortion of the vorticity field by the mean flow is not wavenumber dependent,
its effects is. Indeed, the restricted region around the leading edge where this distortion
occurs only alters a small portion of a single wavelength for low wavenumber perturba-
tions, while multiples wavelengths are skewed for large wavenumbers. As a result, the
amplitude of the retrieve transverse velocity perturbations at large wavenumbers are
largely reduced close to the leading edge, while low wavenumber perturbations remain
unchanged. Hence, changes in the geometry which modify the distortion of the vortic-
ity field, especially close to the leading edge such as the nose radius, only alters large
wavenumbers. On the other hand, none of the considered geometries modified the low
wavenumber perturbations retrieved from the vorticity field. Moreover, the velocities
from the incoming vorticity are also attenuated at the surface of the aerofoil, resulting
in less intense bound vortices, and therefore smaller induced velocities. Thus, the size of
the stagnation region is a key element in turbulence distortion as the bigger the size of
the stagnation region, the more skewed the vorticity field is, hence the retrieve velocities
from this vorticity and the bound vortices are smaller. Furthermore, attenuated turbu-
lence levels mostly resulted in noise reductions in this work, which is confirmed by the
correlation found between the size of the stagnation region and the far field acoustics. If
such correlation can be generalized for 2D aerofoils, it could lead to improved analytical
models, or allow for quick noise predictions with respect to a baseline case by only using

mean flow calculations.

Finally, in some cases, there are a few small dicrepencies in turbulence distortion, yet
they do not appear on the far field acoustic response, which yields to the conclusion that
the distortion of the transverse velocity on the streamline which goes to the stagnation
point alone does not provide sufficient information to predict far field noise. Hence,
further research needs to be performed to understand the relation between turbulence

distortion and radiated noise.
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Conclusion and future work

8.1 Stochastic methods

From a literature review on numerical methods to generate synthetic turbulence and pre-
dict interaction noise, the choice to use frozen turbulence injected in the computational
domain has been made. Indeed, frozen turbulence is satisfactory to study interaction
noise and is less computationally expensive in comparison to evolving turbulence as it
does not require to follow the particles after their injection. This is particularly im-
portant to make this project easily expandable to more realistic configurations such as
profiles in cascade in 2D or to full 3D simulations. Moreover, to synthesize turbulence,
a discretized distribution of vortices is preferred over a sum of Fourier modes approach

as it can become resource intensive when a large number of frequencies is required.

The perturbations are directly injected in the domain which simplifies the convection by
the mean flow as it is naturally done by the governing equations. Unlike a windowing
function or an inlet boundary, a new method using localized vorticity sources is proposed
to inject frozen perturbations. Its main advantage is its ease of implementation in a
already existing CAA solver, with no influence on its parallelization. The proposed
method can be used to generate either one-component or two-component turbulence.
For the two-component turbulence, it allows to independently control the turbulent
spectrum in the two directions, thus it could be used to synthesize isotropic turbulent

fields as well as anisotropic turbulent fields.

8.2 Interaction noise

The proposed method to inject turbulence is implemented in a CAA solver named PI-
ANO. It contains the LEE model, a linear inviscid interaction model between vorticity

and sound capable of supporting vortical, entropy and acoustic modes. It is applied on
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an isolated NACA 65(12)10 aerofoil which is a cambered and thick aerofoil. Indeed, for
such complex 2D geometries, numerical models are still required as analytical flat plate
models overestimate noise predictions at high frequencies. This case, part of the Funda-
mental test Case 1 (FC1) of the Fan Stage Broadband Noise Benchmarking Programme,
is compared with good agreement against experiments and confirms the suitability of

such numerical approach for interaction noise.

To perform fast acoustic predictions, analytical methods seem ideal, nevertheless, they
still fail to fully take into account the effect of the mean flow on the incoming pertur-
bations for thick aerofoils. Indeed, the use of inviscid mean flows over uniform mean
flows allowed to numerically provide accurate radiated noise, from low frequency to high
frequencies. This also suggests that the boundary layer region has a weak influence on

the interaction noise generation mechanisms in 2D profiles.

8.3 Turbulence distortion

Compared to a uniform mean flow, inviscid or viscous mean flows distort the incoming
turbulence, which is believed to play an important role for high frequencies perturba-
tions. To study turbulence distortion, in combination with the LEE model, a vorticity
approach in the frequency domain is developed. It shows that the distortion of turbu-
lence is the sum of the velocity retrieved from the vorticity field around the aerofoil and
the induced velocity from the bound vortices on the aerofoil and wake, which are created
in response to the vorticity field to respect the non-penetration condition at the aerofoil

surface.

On the streamline upstream of the aerofoil which goes to the stagnation point, the
turbulence levels depict oscillations, which are the result of a phase difference between
the velocity retrieved from the vorticity field and the induced velocities from the bound

vortices, which forms a succession of constructive and destructive waves.

Due to the distance between the wake and the leading edge, the bound vortices in
the wake are found to have a negligible effect on turbulence distortion upstream of
the aerofoil. With a uniform mean flow assumption, the induced velocity from the
bound vortices on the aerofoil is wavenumber dependent and similar regardless of the
wavenumber until a distance close to the leading edge. Then, the response gets stronger

as the wavenumber decreases.

With realistic mean flows, the vorticity field gets distorted close to the leading edge by
the mean flow, and this effect can be easily visualized using streamlines and drift lines.
The larger the stagnation region at the leading edge is, the more skewed the incoming
vorticity field is. It results in attenuated transverse velocities retrieved from this vorticity

field as well as reduced velocity perturbations from the bound vortices. Therefore, for
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all the geometric changes performed in this work, the stagnation region at the leading
edge seems the key factor in turbulence distortion. Moreover, attenuated turbulence
levels mostly resulted in noise reductions, which is confirmed by the correlation between
the size of the stagnation region and the far field acoustics. If such correlation can be
generalized for 2D aerofoils, it could allow for quick noise predictions with respect to
a baseline case by only using mean flow calculations. It can also help designing new

analytical models, as accounting for the full geometry is cumbersome.

However, the size of the region where this distortion occurs implies different consequences
based on the wavenumber of the perturbations. At low wavenumbers, this region is small
with respect to the wavelength, thus only a small portion of a single wavelength is altered.
On the other hand, at large wavenumber perturbations, the distortion skews multiple
wavelengths. As a result, at low wavenumbers, no change of the geometry altered the
distortion of turbulence while at large wavenumbers, important discrepancies on the
turbulence levels can be obtained resulting in important modification of the noise levels.
To maximize the effect on the distortion of turbulence, the geometric changes need to
be located as close as possible to the leading edge, as it will have more influence on the
size of the stagnation region. Indeed, in this work, the geometry after the maximum
thickness is found to have no effect on turbulence distortion, further suggesting that the

boundary layer has a weak influence on interaction noise.

8.4 Future work

There are several ways in which this work could be extended by future investigations.

Extend the 2D parametric study

Extend the 2D parametric study on turbulence distortion to more geometric and mean
flow factors. Indeed, this study could be extended to the effect of camber, the effect of
the angle of attack, as well as aerofoils in cascade, to study its impact on turbulence
distortion and potentially help better understand the physics of more realistic OGV con-
figurations. However, for asymmetric aerofoils, as the vortex panel method is decribed
in the steady-state frequency domain (Section 6.2.2), the direction of the wake vortices

could be an issue.

Investigate the links with acoustics

Investigate the relation between turbulence distortion and far field acoustics. This could
provide a fast interaction noise prediction without the need to run CAA or more complex

simulations. However, as observed in Chapter 7, not every changes in the distortion
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of the incoming turbulence upstream of the aerofoil imply a change in the far field
radiated acoustic. Hence, it suggests that only investigating turbulence distortion on a
single streamline which goes to the stagnation point is not sufficient for interaction noise

predictions, therefore using multiple streamlines seems required.

Another strategy could be to directly compute the unsteady pressure on the aerofoil
surface and use a Ffowcs-Williams Hawking analogy to propagate the acoustics to the
far field. To determine the unsteady pressure on the surface, the unsteady Bernoulli

equation can be used [115].

Finally, if the correlation between the size of the stagnation region and the noise levels
can be generalized for 2D aerofoils, it could help design improved analytical models, or
allow for quick noise predictions with respect to a baseline case by only performing mean

flow calculations.

3D profiles

Extend the turbulence distortion study to 3D profiles. Indeed, some innovative leading
edge serrations showed very promising interaction noise reductions [127], hence, to help
understand the physics, investigate turbulence distortion in such complex geometries
could provide useful insights. This requires to extend this work in 3D where vortic-
ity streching needs to be added to the vorticity equation, and necessarily on multiple
streamlines in the spanwise direction. A numerical vorticity approach used for a different
purpose than turbulence distortion, was developed by Glegg et al. [115] to consider 3D
geometries. However, the geometries were extruded in the span direction over a large

distance (no serrations), hence the problem was reduced to a 2D problem.
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Appendix A

Spatial distribution of the source
term and its associated Fourier

transform

A vortex source term S, is the curl of a velocity vector potential which ensure a
divergence-free flow. We assume that the velocity potential ¥(x,t) is a Gaussian distri-

bution
e

In(4)

Ix — x|?

W(x,t) = Ab P

exp [— In(2) ] s(t)ew, (A.1)

where b is the half-radius of the Gaussian, A a parameter of the amplitude, x. the
coordinates of the centre of the Gaussian, s(t) the temporal signal and ey the axis of

rotation.

The source term is expressed as
Su(x,t) =V x ¥(x,t), (A.2)

which gives

Sy(x,t) = Aey x (x — X.)

(eln(4))%
b

We can identify the spatial distribution g(x) of the source term, and is defined as
Su(x,1) = g(x)s(t)

e 1n(4))0-5 x — x,[?
g(x) = Aey x (x — XC)& exp [— ln(2)|l)2|] . (A.4)
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0

We suppose the axis of rotation is the z-axis, hence ey = | 0 |. It follows
1

91(x) Y+ Ye /o3
2In2 In2
gx)=|gpx)|=| z—z. | AVe 2 exp( 2 |x xc|2> (A.5)
93(x) 0
A.1 Streamwise direction
On the streamwise direction, it writes
v2In?2 In2
ney) = ~AVe 2R =)o |55 (-2 + w-w?)|. (A0)
Its forward Fourier transform on the streamwise direction gives
P 1 +ikgx
91(ka,y) = ;/ g1(z,y)e™ " dx, (A7)
™ JR
. 1 v2In2 In2 In(2 .
g1(ks,y) = —5-Ave (Y—ye) exp [—Q(y - yc)Q] / exp [— (2 )(fv —xc)?| ety
27 b b R b
(A.8)
Using the change of variable XTQ = 121—22(33 — z.)?,
Ay/e In2 9 . X2 ) b2
J - - - ETE — Ye zlc 4 T X X7
g1(ke,y) 5 Y yc)exp{ 52 (Y~ ve) ]exp(lk T )/%exp[ 5 ]eXp llk sat | 4
(A.9)
However, we know that
x? ; a?
/exp — = | eMdx = V2mexp | —— |, (A.10)
R 2 2
which gives
Aye b In 2 5 _ oo,
A — — — Ye — — Ye kx c - kz ’
() = = (= ) exp |~ (= ) ex ik >exp[ .
(A.11)
Given the decomposition §1(kz,y) = §12(kz)g1y4(y), with
Aye b v,
G1z(ky) = ——— exp (ikyzc) exp | ———=k; | , A.12

and
91y(y) = (y — ye) exp [— lnb(f) (y — yc)ﬂ : (A.13)
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We can then write

. 1 In(2 .
Gy(ky) = o / (Y — ye) exp [— b(2 )(y — yc)Q] exp (ikyy) dy. (A.14)
™ JR
Using a change of variable %2 = 12—22@ —ye)?,
g1y (ky) 1 b (ik )/ Y v ik b Y| dY. (A.15)
= — c e —— | exp |i — i )
g1y\Ry QW\/meXpl vy % Xp 2 p YV 2In2
However, we know that
22 . k2
/ zexp [ —— | e ®de = 4i2y/Thexp [ —— |, (A.16)
R 2 2
hence
iy (ky) = — ( b )2"f (ikyye) - (A17)
=— | —— iky e - ) )
gly Yy ﬁ \/m yeXp yy eXp 41n2 Yy
A.2 Transverse direction
On the transverse direction, it writes
v2In2 In2
ple.9) = AV @ - e |- (- w0+ - wP)] . (A19)
Its forward Fourier transform on the streamwise direction gives
o 1 tikex
go(ks,y) = ;/ g2(z, y)e™" " dw, (A.19)
™ JR
R Ay/ev2In2 In2 In(2 .
dalhery) = L2 e [ B2 7] [ () e [~ 0 = 02 exp i)
2m b b R b
(A.20)
This last equation can also be written as follow, using a change of variable X = 7&1}“2 (x—

xc)

R _A\/E b 111(2) 2:| .
92(ka,y) = — mexp[ p2 W~ ve)”| exp(ikoe)

X? ) Xb
/mXexp (—2> exp [ﬂfm <21n(2) + xc>

dX. (A.21)

However, we know that

2 k2
/ X exp (—2) exp (+ikz) dz = +i2y/7k exp (—2> , (A.22)
R
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hence, we have

AyJe b2 In 2 ) v,
g k:cu =i kx kx c 79 — Ye - km ’
92( y) 1 \/77_ (m) exp(l x )exp [ b2 (y Y ) :| €xp 41n 2
(A.23)
Given the decomposition go(kz,y) = Jo2x(kz)g2y(y), with
AyJe ( b >2 , oo,
Gog(kz) =1 k, exp(ikzx.) exp | — kZl, A.24
and 2
n
a2(0) = exp |~ 0~ w)?. (A.25)
We can then write
R 1 In2 .
92y(ky) = o /§R exp [—bg(y - yc)2:| exp (ikyy) dy. (A.26)
Using the change of variable Y; = 12—22(;/ — )2,
R 1 b2 ) Y?2 ) b2
Goy(ky) = E“ 1o &P (ikyyc) /%exp l—zl exp llky mY dy, (A.27)

b b?
Goy(ky) = ———= ikyye — k2| . A2
Poulh) = e g P W) e l T2 y] (8.28)

A.3 Summary

Using the spatial distribution g in 2D expressed as

— e v2In2 In2
gl(x) — y+y A\/(; n exp (_IIQ‘X_XCP) , (A29)
0x)) "\ 2= b b
the forward Fourier transform on the streamwise direction of go, defined by
A 1 +ikex
Bolhey) = o [ go(y)etida, (A:30)
™ JR
gives
R Ay/e b2 , In 2 ) v,
92(krvy) =1 ﬁ (m) km eXp(lkfxC) exXp |:_b2(y - yC) :| exXp _41n2kx )
(A.31)

and the double spatial Fourier transform in the x- and y-direction, defined by

g(k) = @Eg) _ 4%2 / [ x) exp (k) dx, (A.32)
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gives

gA (k) A\/é b 3 —k . b2
(éf;(k)> e (m) ( kj) exp (ik-xc) exp <—4ln2lklz> . (A33)






Appendix B

Acoustic analogy and Green

function

B.1 Ffowcs-Williams & Hawkings analogy

The Ffowcs-Williams & Hawkings analogy is an exact rearrangement of the general
Navier-Stokes equations with the assumption that the source region is limited within
a control surface. It simplifies to a non homogeneous wave equation with equivalent
sources located on the control surface that will generate the same acoustic field as if the
full Navier-Stokes equations were solved. These equivalent sources are separated into
monopole @, dipole F' and quadrupole T sources. The integral form of the analogy is

given here [109, 110] in the frequency domain

//anxw y|xwdS+//wa g,w|x)ds
T

e

with y the location of the observer, x the points on the control surface S and G(y|x,w)

(B.1)

the Green function in the frequency domain. n are the outwards unit normals associated
with the control surface S and
- Qn = [(po + p')(uo; + u}) — pouoi] n; represents the monopole contribution,

- F = {(Po + )i + (po + p') (W), — uo;i) (uoj + u;) + pouoiuo; | nj represents the dipole

contribution,

- T;j is the Lighthill stress tensor, associated to the quadrupole contribution.
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The sources are assumed to be contained within the control surface, hence the volumetric
integral corresponding to the quadrupolar contribution is equal to zero. The source term
contributions are calculated in the temporal domain, and then the Fourier transform is
applied to @,, and F;.

The analytical model (i.e. LEE) used is linear, and the acoustic propagation is as-
sumed to be linear, hence we can linearise the FWH equations. Moreover, the steady

components do not contribute to the farfield acoustic, hence it can be reduced to

Qn = [pou; + p'ugs) n; and F; = [p'% + (powj — p'ug:) uoj — pouom}] nj.

B.2 Green function in the frequency domain (free-field and

uniform mean flow)

The Green function describes the response at the position y of an impulse coming from
position x. They are written below in the frequency domain, for a problem in free-space

with a uniform mean flow on the xi-axis.

B.2.1 2D

In two dimensions, the convected Green function can be expressed [128]

R . g kM,
g2D(y|X,w) = ﬁHéQ) (%;) exp <1k5]\24 (y1 — x1)> (B.2)

where Sy = /(y1 — 21)2 + B2(y2 — 22)?, %> = 1 — M? and H(()Q) (.) is the Hankel func-

tion of the second kind and 0** order. It directly follows the derivatives in the spatial

directions

9G%P (y|x,w) k ikM, (y1 —21) 2 (kS0 @) [ kSo

Fgn = e (M) [P () el ()]
(B.3)

0G?P (y|x, ik ik M, kS
g 6(3};: “) _ 4;05(3/2 — T3)exp (1 52 (y1 — iEl)) HY (O) (B.4)

B.2.2 3D

In three dimensions, the convected Green function can be expressed [128]

P (yx, w) = ——exp (—ﬁ’“ (S0~ Malon — 1)) (B.5)

1
478y
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where Sy = /(y1 — 1) + B2[(y2 — 22)> + (y3 — 23)?] and B? = 1 — M2. It directly

follows the derivatives in the spatial directions

0G°P (y|x,w) 1 {yl —x1 Lk (M Y- x1>} exp (_1;2 (So — M (y1 — m)))

or,  4nS | S3 B? S
(B.6)
0G%P (ylx,w) _ (y2—a2) [B* ik
- A — 25 (S0 — — B.
Oy msE |5 eXP( gz (0 = Mz 331))) (B.7)

8@313 , _ 62 ) ik
O(le 2 - (waS?) [So + lkl exp (_152 (So = Mz (y1 — x1))> (B.8)
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