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ABSTRACT 

FACULTY OF PHYSICAL SCIENCES AND ENGINEERING 

Electronics and Computer Science 

Thesis for the degree of Doctor of Philosophy 

ELECTROMAGNETIC MODELLING OF SWITCHED RELUCTANCE 

MACHINES EXPLOITING FLUX TUBES 

Aleksas Stuikys 

A new and computationally efficient algorithm for the design and analysis of 

switched reluctance machines is proposed. At the heart of the rapid analysis and 

design methodology is the reduced order computational method based on a flux 

tube model which has been refined, extended and formalised. The new flux tube 

method is a combination and important extension of the existing flux tubes and 

tubes-and-slices modelling techniques used for quantifying magnetic fields in 

electromechanical devices. The new method is applied to translating and rotating 

switched reluctance machine topologies in order to obtain the flux-linkage maps 

for the machines. Original analytically derived numerical error analysis of the 

improved flux tube method is presented which shows that the numerical accuracy  

afforded by the method is high despite the fact that the method is classed as a 

reduced order computational method. It is demonstrated how the improved 

model enables consistent and accurate analysis and design optimization of 

switched reluctance machines. The new technique is also validated against finite 

element simulation results. 

  Instead of manually laborious geometry based analytical derivations; an 

automatic generation of cubic splines is introduced to model the magnetic flux 

using the improved flux tube method. The improved flux tube method exploits 

cubic-spline approximations for construction of constant flux lines in the 

magnetic and non-magnetic parts of electromechanical devices. To make the 

magnetic field modelling of the devices practical the saturation effects of 

ferromagnetic materials are included in the cubic-spline based flux tube method. 

Furthermore, the new flux tube method enables, in principle, the modelling of the 

magnetic leakage flux effects that are important from the machine performance 



 

 

results accuracy point of view. It is shown that in order to account for the leakage 

flux effects it is necessary to assume and construct probable, yet representative, 

leakage flux paths which are not known beforehand. An argument is put forward 

to support the assumption that the assumed probable leakage flux paths, even if 

approximate, will accurately account for the majority of leakage flux effects in the 

device. In order to perform rapid initial design search and optimization of 

switched reluctance machines the improved flux tube method was combined with 

the genetic algorithm based multi-objective optimization. 

  The flux-linkage functions pertinent to a particular optimized switched 

reluctance machine topology obtained from the improved flux tube method 

indicate that the method offers good accuracy compared to finite element based 

analysis, but with significantly improved computational efficiency. It is 

demonstrated that the new modelling technique can accurately capture the 

important magnetic saturation and leakage flux effects occurring in the modelled 

machine parts. Furthermore, the new flux tube method is seen to be 

computationally efficient and reduces ambiguity and number of parameters used 

to define flux tubes in the electromagnetic devices. Pareto fronts obtained from 

the multi-objective genetic algorithm based optimization of a selected number of 

distinct topology switched reluctance machines indicate that the new flux tube 

method leads to the accurate and consistent estimation of these Pareto fronts. 

The proposed analysis and design approach based on flux tubes is applicable to 

translating and rotating switched reluctance machines of various topologies and 

therefore enables rapid design search and optimization of novel topologies. 
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Chapter 1 Introduction 

1.1 The Need for Rapid Electromagnetic Modelling of the 

Switched Reluctance Machines 

Switched reluctance (SR) machine, a type of electromechanical energy converting 

device technology, has attracted substantial attention from researchers and 

engineers in the past 40 years [1], both in academia and industry, due to its 

simple, low cost and robust construction. SR machines are as versatile, from the 

industrial application point of view, as the well-established induction, direct-

current (DC) brushed, brushless permanent magnet synchronous and 

synchronous reluctance electric machines. The SR machine technology spans the 

following topologies: radial flux [2], axial flux [3], [4], and transverse flux rotating 

machines [5], [6]; translating (linear) machines [7], [8], and tubular translating 

(linear) machines [9], [10]. SR machines can be DC as well as AC fed depending 

on the application requirements [11], [12], as well as a single phase or multi-

phase [13]. SR machine technology is suitable to as diverse industrial applications 

as the more traditional electric machine technologies mentioned earlier and, 

therefore, spans output power levels from few mW [14] to hundreds of kW [15], 

[16]. For example, the radial and axial flux SR machines have been used in many  

industrial drives, traction motors and pumping applications [17]–[19]. The novel 

SR translating machines have been used as magnetic propulsion and levitation 

devices for railway systems in transportation [20]. The tubular translating SR 

machines were successfully tested in medical applications as artificial heart pump 

actuators [21]. The field of industrial applications of the SR machines, and more 

importantly their distinct suitability, is truly remarkable as is shown with the 

above spelled non-exhaustive list of examples. 

However, the constructional advantages of the SR machines translate into quite 

complex task of the engineering analysis and design of SR machines, the task 

which is compounded by their non-linear electromagnetic behaviour. That is to 

say; the mechanical design, manufacturing and assembly tasks of the SR machine 

are relatively uncomplicated, however the electromagnetic analysis and design of 

the machine is very complex. Despite some effort to formalise [22]–[25], the SR 

machine analysis and design calculations have not yet been developed into 

convenient and versatile design tools (with a few historical special case 

exceptions [26], [27]) that could be comparable to the closed form solution 
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methods available for the more traditional types of rotating electric machines 

such as induction or brushless permanent magnet. The main difficulty with the 

analysis and design of SR machines is the magnetic non-linearity caused by the 

heavily saturated iron parts of the machine circuit even while in the steady state 

operation. The purely non-saturating SR machines, as used in some niche 

industrial applications, do not pose the non-linearity challenge and are therefore 

not considered in this work, however the interested reader can refer to the 

engineering or academic research literature, for example [28]. 

Furthermore, the disadvantages of the SR machine, whether it is saturating or 

non-saturating machine, are also numerous starting with high levels of torque 

ripple [29]–[31] and high levels of acoustic noise emission [32], [33], [34], 

complexity of control [35], high levels of current ripple, unsatisfactory EMC issues 

to name a few. If left unresolved, these disadvantages can completely outweigh 

the main advantages of the SR machine technology and render it unsuitable for 

many industrial applications. Although the simultaneous technical resolution of 

all of the above mentioned issues is extremely difficult in practice [36] there 

remains ample evidence of industrial applications in which some of the SR 

machine disadvantages can be reduced and tolerated while others are completely  

resolved thus resulting in highly economical electric motor drive system [37]. 

Given the wide variety of topological arrangements of the SR machine technology 

[38]–[49], which is expected to grow substantially in the near future as the 

demand for the new and challenging industrial applications increases, it is 

important to establish analysis and design methods that are reliable, accurate and 

computationally efficient for the prediction of SR machine performance. Therefore 

the concept of this work is that the quest for novelty in the generation of the 

versatile SR machine topologies must not be limited or prevented due to the 

absence of practical analysis and design methods used to analyse and design 

such machines. However, the design task could be made much easier if such 

practical analysis and design methodologies existed and were available. Thus, the 

aim is to make the SR machine electromagnetic design task more systematic, 

formal and far less complex which in turn will help to discover new industrial 

application areas for this highly versatile electric machine technology and 

potentially will aid the discovery of many new and practical SR machine 

topologies. 

The above expressed point has important industrial implications and a further 

perspective is given as follows. 
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One particular application area in which SR machines will proliferate even more so 

is the automotive electric propulsion application where the SR machine will act as 

the main traction motor-generator [2], [50]–[52]. The automotive industry is set to 

benefit from the SR motor technology due to the already mentioned favourable 

qualities of robust mechanical construction and absence of any permanent 

magnet components which, in contrast to most other types of electrical machines 

used in the automotive electric propulsion applications, are not possible to avoid. 

Let us expand on the advantage of SR machines for the automotive electric 

propulsion applications compared to permanent magnet machines. 

In the recent past there has been an upsurge in demand for the permanent 

magnet materials, (e.g. neodymium iron-boron, etc.) obtainable from the 

excavated rare-earth ores, due to the automotive and other industry requirements 

to supply mostly the permanent magnet based motor technologies [53]. This has 

resulted in the global demand exceeding the global supply thus giving rise to 

highly unstable market prices for the rare-earth material based permanent 

magnets [54], [55]. This, in turn, has led to a wide scepticism amongst the 

automotive industry experts [56] questioning the notion that only the permanent 

magnet based automotive traction motors will suffice for the ongoing effort of 

mass-electrification and hybridisation of passenger cars [57] and of transport 

more generally. The absence of the permanent magnet components is the 

principal reason why the SR machine technology is set to increase in importance 

so rapidly in the automotive electric traction motor sector [58]. The attractive SR  

machine constructional features offer unparalleled mechanical and electrical 

robustness [59], in addition to complete immunity from the unforeseen price 

fluctuations of the permanent magnet components in the highly competitive high 

volume automotive electric traction motor sector. 

However, once the SR machine is considered for a particular high volume 

automotive electric traction motor application the requirement to optimize the 

given SR machine topology becomes of overriding importance in order not to 

compromise the complete electric traction drive system [60]. This is the case 

since SR machines are exclusively designed simultaneously in combination with 

their power converters in turn requiring sophisticated as well as accurate, yet 

rapid design optimization methods in order to meet the stringent high volume 

automotive electric traction motor design goals. The high volume electric traction 

motor application is considered to be of such high importance precisely due to 

the total amount of energy consumed during the entire useful life of such electric 



Chapter 1 

26 

vehicles with the direct economic impact to the transportation. This calls for 

electromagnetic analysis methods which exhibit high fidelity of the physical 

phenomena of the pertinent SR machine topology, as may be considered suitable 

for a particular vehicular electric traction application, since the number of design 

objectives and constraints in such applications is unusually very large [36]. The 

need for such analysis methods and their economic benefits, albeit in more 

general case, have already been noted previously [61]. Therefore it is anticipated 

that the electromagnetic analysis and design methods presented in this work will 

largely meet the requirements for the rapid design optimization of novel SR 

machine technology based electric traction motors as may be deemed suitable for 

the propulsion of the electric and hybrid vehicles. 

We now briefly turn our attention to the currently most widely accepted design 

and analysis tools for the electromagnetic devices and their suitability for the 

electromagnetic performance predictions of the novel topology SR machines. 

Reduced order computational methods, the most notable example being the 

magnetic equivalent circuit (MEC) approach, have been successfully employed in 

the past for the various types of electric machines [62]. The main advantage of 

the MEC based electromagnetic models is that they are relatively accurate given 

their computational efficiency. On the contrary, the finite element method (FEM) 

based computational technique is very useful for most-accurate analysis and 

design of the established electric machine technologies and topologies, but the 

technique does not offer the cause-and-effect insights of numerous and 

interrelated design variables when novel and unfamiliar electric machine 

topologies are being considered for optimization [63], [64]. This is precisely the 

difficulty an SR machine designer is facing due to the absence of relatively fast 

yet accurate and intuitive electromagnetic modelling techniques suitable for most 

exacting electromagnetic design calculations. In such cases the best choice, 

although a compromise in itself, is the accurate yet time consuming FEM analysis 

which, as was mentioned before, does not offer insights into the numerous 

complexly interrelated SR machine design parameters. Therefore, by using the 

FEM techniques the designer is left with uncertainty as to the optimality of the 

analysed SR machine design while facing the very large design objectives 

response surface space. What is needed, in the ideal scenario, is the accuracy 

afforded by the FEM and the computational efficiency of MEC methods. Of course 

such scenario is not attainable since the computational efficiency of a given 

method is inversely related to its accuracy. That is to say, it is difficult to have 
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very fast and yet very accurate electromagnetic analysis method as a single 

design tool. In practical terms what is needed is at least a partial compromise 

between the computational efficiency and accuracy. Express it differently, the 

need to bridge the currently present gap between the accuracy and computational 

efficiency of the electromagnetic methods used for SR machine analysis and 

design tasks. It is anticipated that the electromagnetic approach presented in this 

work, and directed mainly but not exclusively to the analysis and design of SR 

machines, will enable such compromise to be made for the design and 

optimization tasks. 

The above presented argument is further supported by the fact that most of the 

available 2D or 3D FEM based analysis and design software packages, although 

very versatile as to the variety of problems being solved, are available only under 

the commercial licensing options. The availability of computationally capable FEM 

based analysis tools can help speed up the discovery and generation effort of 

innovative SR machine designs considerably. However, there are few instances of 

fairly versatile 2D FEM analysis packages that are distributed under the open 

source license, one noteworthy example can be found in [65]. 

Since the SR machine is a classical electromechanical energy converting device 

[66]–[68] its design optimization process largely follows the hierarchical design 

optimization paradigm presented in Fig. 1 which could be termed “the classical” 

electromechanical device design optimization process. 
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Figure 1: Hierarchical design optimization process of an electromechanical 

device. Taken from [69] 

As can be seen from Fig. 1, the typical design optimization process of an 

electromechanical device progresses through distinct design steps where 

generally the solution time increases whereas the solution accuracy improves. 

Once the satisfactory design solution accuracy is reached, or alternatively the 

available solution time is exhausted, the final design solution is obtained. The 

hierarchical design process in Fig. 1 does benefit from the internal information 

communication paths (punctured directed lines) whereby the information 

obtained in the subsequent design solution step is not lost but can be used in the 

previous design solution step if it is found that the design optimization process 

has to be repeated in the previous rung of the pyramid again. Such scenario is 

likely to occur when the initially specified SR machine design objectives or 

constraints have to be modified or updated to reflect newly formulated 

requirements for the optimized device. However, the main point about the 

hierarchical design process in Fig. 1 is that the intermediate step between the fast 

approximate solutions and the very slow 2D FEM solutions would be a desirable 

addition to the existing design optimization process as applied to the SR machine 

electromagnetic design optimization. This is the case since the SR machine non-

linear electromagnetic behaviour requires much more accurate as well as fast and 

intuitive methods whereas the 2D FEM fall short of this requirement since the 

intuition is not preserved in these methods and the speed of solution is low. 
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Therefore, bearing in mind the mentioned advantages of the MEC and the FEM 

based electromagnetic analysis, the SR machine design optimization cycle is 

proposed as illustrated in Fig. 2. 

 

Figure 2: The proposed SR machine design optimization cycle exploiting reduced 

order computational method of flux tubes. Adapted from [70] 

By executing the proposed design cycle in Fig. 2 in the predetermined manner 

can result in speedy design optimization of an SR machine. As a first step of the 

cycle a novel topology SR machine is identified and considered for a certain 

application because that particular machine topology meets some specific 

requirements imposed by the application, for example: cost, volume and mass, 

mechanical, etc. In the next step of the cycle, the improved flux tube based 

method, which we propose in this work, is employed in order to construct and 

evaluate the electromagnetic model of the machine and is subsequently used in 

conjunction with a design search and optimization algorithm, for example the 

genetic algorithm (GA). Once a set of near optimal solutions (i.e. a Pareto front) is 

established from the previous design optimization cycle step in Fig. 2, a few 

designs are selected for further analysis and optimization using an order of 

magnitude more accurate analysis technique, such as FEM. If FEM confirms that 

indeed the selected designs are near optimal, the design optimization cycle can 

conclude as the SR machine which satisfies all the design constraints has been 
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found. If, however, the FEM proves otherwise, the knowledge and insights gained 

from the flux tube modelling are fed back into the novel topology SR machine 

generation stage and the design cycle is repeated. The situation in which the 

reconsideration of the chosen SR machine topology is initiated after the full 

design cycle in Fig. 2 is completed can be triggered by a broad range of practical 

considerations. These practical considerations should not concern us in this work 

since we are investigating the computational efficiency and accuracy afforded by  

the proposed electromagnetic analysis methods and therefore are not primarily 

concerned in listing these practical design considerations in the exhaustive 

manner. 

This report is therefore an investigative work of SR machines analysis and design 

using electromagnetic computational simulation and modelling tools. As is known 

from prior work, for example [63] and [71], the SR machine performance can be 

completely described by a three-dimensional (3D) flux-linkage map (see Fig. A1, 

Appendix A for an example). The flux-linkage map is a function of simultaneously 

the both the electric current in the active phase windings and of the translator or 

rotor pole position with respect to the poles of active phases on the stator part of 

the SR machine. Such flux-linkage map will contain all the information to quantify 

the machine performance – the instantaneous torque it can produce at a 

particular phase current level for a particular speed of rotation or translation if it 

is a linear machine, operating voltage level and the maximum useful rotational 

speed. Obtaining the flux-linkage map is not an easy task since, as has already 

been underlined above, SR machine operation can take place in the saturated as 

well as in non-saturated regions of magnetisation curve of a ferromagnetic steel 

from which the machine is constructed – thus material properties are critically 

important. Therefore, this research work is focused on the development of 

computational techniques which enable such non-linear flux-linkage map to be 

estimated with reasonable accuracy and computational efficiency. In this work it 

is demonstrated that by using well known but substantially improved and 

extended magnetic field modelling and simulation techniques such desirable 

computational performance is attained. 

1.2 Research Objectives 

Therefore, given the above discussed SR machine design and optimization 

requirements the following research objectives are set in order to investigate, 
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propose and formalise reduced order computational methods suitable for rapid 

and accurate electromagnetic analysis and design of the SR machines. 

1. Investigate the currently available reduced order, and other more widely 

used, computational methods for the electromagnetic analysis of SR 

machines 

2. Perform qualitative review of the presently available reduced order 

computational methods and consider their advantages and disadvantages 

for the rapid electromagnetic analysis and design of the SR machines 

3. Having identified the favourable computational and modelling features of 

the currently available electromagnetic analysis methods propose an 

alternative and highly improved reduced order computational method 

which will exhibit the favourable computational and modelling features of 

the alternative computational methods as applied to the SR machines 

4. Formalise the newly proposed SR machine electromagnetic analysis 

approach by demonstrating the computational performance and modelling 

advantages the method offers, identifying the factors and the severity due 

to which the method is likely to underperform compared to alternative 

methods using practical SR machine electromagnetic circuits as 

computational examples 

The first objective will present the overview of the currently best known and most 

practical electromagnetic analysis methods that are applicable to the SR machine 

analysis. This will be followed by the detailed review of these methods and the 

assessment of their advantages and disadvantages as applied to the rapid 

analysis of the SR machines. At this stage the favourable qualities of the 

modelling approaches will be identified and used as desirable benchmarking 

goals to be achieved by the newly proposed modelling approach. Finally, once the 

newly proposed method is demonstrated to be practicable the modelling and 

analysis performance characteristics of the method will be formalised in terms of 

the factors which affect the computational performance of the method and the 

likely strategies to control these factors in practice. 

It is anticipated that the above listed research objectives will help to direct the 

research effort towards the discovery and formalisation of the computationally 

efficient and numerically accurate reduced order computational methods which 

will complement the industry standard tools, such FEM analysis approach, used 

for the design of the SR machines as discussed in the previous section. 
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1.3 Organisation of the Work 

The scientific research work contained in this document is organised as follows. 

First a literature review is presented in the report which covers prior and current 

art of reduced order computational modelling and simulation of electromagnetic 

fields with applications to rotating and translating electric machine analysis and 

design. This material is covered in Chapter 2. 

Next, the methodology section introduces and describes the improved flux tubes 

and slices method used for modelling and simulation of SR machine performance. 

The improved flux tube method itself is based on the following methodologies: 

estimation of permeances of probable flux paths [72], MEC [62] and [73], 

assumed flux tubes [63], [74] and [75], and tubes-and-slices (TAS) [76]. The 

improved flux tubes and slices method is a combination and extension of the 

aforementioned methods for the electromagnetic analysis and design of SR 

machines. This is covered in Chapter 3. 

Further methodology chapter describes in detail the properties of the flux tubes 

and slices model in terms of its accuracy and computational efficiency. Certain 

guidelines are given as to the expected performance of the flux tubes method 

when applied to the analysis and design optimization of the SR machines. This is 

covered in Chapter 4. 

The results chapter of the report presents the computational simulation results of 

a translating (linear) SR machine (LSRM) and rotating SR machine obtained 

through the improved electromagnetic simulation approach of the flux tubes and 

slices. The new method is applied to particular topologies of LSRM and rotating 

SR machines and the simulation results compared with FEM results. This is in line 

with the prescribed steps in the proposed design optimization cycle in Fig. 2. This 

is covered in Chapter 5. 

The conclusions chapter of the report summarises the main findings of the 

electromagnetic simulations using the improved flux tubes and slices modelling 

techniques. Conclusions chapter of the report also indicates advantages and 

disadvantages of the new method compared to other electromagnetic field 

simulation and modelling approaches for the analysis and design of SR machines. 

This is covered in Chapter 6. 



Introduction 

33 

Finally, the future work chapter of the report contains discussion and 

recommendations on further SR machine 3D electromagnetic modelling 

approaches in order to realise rapid design optimization of such machines for the 

energy efficient, torque and power dense SR machines suitable for high volume 

pure-electric and hybrid-electric vehicle traction and industrial applications. The 

improved flux tubes and slices method is put into perspective of this requirement 

in terms of the inherent modelling advantages. This is covered in Chapter 7. 
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Chapter 2 Literature Review 

The electromagnetic modelling of SR machines has received substantial academic 

and industry led research effort which has resulted in a number of newly 

developed as well as adopted existing electromagnetic analysis techniques. In 

order to appreciate more fully the many analysis techniques and their advantages 

and disadvantages when applied specifically to SR machines electromagnetic 

analysis the following literature review is presented. 

2.1 Estimating Flux Path Permeance - Roters Method 

A method of estimating 2D magnetic field flux path permeances of gapped 

electromagnets was proposed by Roters [72]. The method known as “Estimating 

the Permeances of Probable Flux Paths” is based on a concept that 2D magnetic 

fields occurring in gapped magnetic circuits of tractive electromagnets can be 

quite accurately quantified and analysed by use of properties of simple geometric 

shapes in order to compute average lengths and areas of cross-sections of flux 

tubes therein (see Fig. 29 for most general definition of a flux tube). As reported 

in [72] as well as other sources [63] the device performance results accuracy can 

be within 5% of measurements of the actual devices when the Roters method is 

used. Due to the nature of operation of SR machine and its resulting flux-linkage 

map, which in principle is very similar to that of gapped tractive electromagnet 

flux-linkage map, the Roters method is a valuable method in estimating the flux-

linkage function for the unaligned stator and rotor poles position as described, 

for example, in detail in [3], [7], [8], [74], [75] and [77]. The unaligned poles 

position corresponds to minimum inductance state of SR machine and should be 

made as low as possible in order to maximise instantaneous torque production 

for the rated phase current level [78]. 

A simple case of two parallel and infinitely thick (along the z-axis) magnetic 

plates separated by an air gap, shown in Fig. 3, can be used to illustrate the 

application of the method of Estimating the Permeances of Probable Flux Paths. 

The accuracy attainable with the Roters method can then be compared to an 

alternative method of reasonable accuracy. 
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Figure 3: Two infinitely thick magnetic plates with an air gap. Adapted from [72] 

Considering the upper part of the system in Fig. 3 - depicting the 2D magnetic 

field equipotential lines and their associated flux lines. These lines are 

constructed by the manual method of “field mapping”, which can be likened to 

the conformal mapping analysis techniques in mathematics, in an air gap 

between two magnetically soft metallic plates. By the method of field mapping 

each of the elements in the upper part of the magnetic field is made a curvilinear 

square (which in row 1 reduces to a simple square) permeance of which will be 

equal to permeance of any other element in that system due to orthogonality 

principle. The orthogonality principle ensures that each curvilinear square in the 

system will have numerically equal ratios of their lengths (along the x-axis) to 

their areas of cross-section (in the z-axis). The orthogonality principle therefore 

implies that any one square element, of a unit depth, from the first row of 

elements in Fig. 3 will have permeance value numerically equal to any other 

square element in that same row or any other curvilinear element in any other 

row (row 2, 3, 4, 5, etc.). By calculating permeance of any one square therefore 

will enable value of the total permeance of the system to be found. Defining 

permeance of a magnetic flux tube as a reciprocal of flux tube reluctance R [40]: 
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where µ
0
 is the permeability of free space, S is the cross-sectional area and l is the 

length of the element under consideration. 

For the given dimensions in Fig. 3 it can be shown by substituting that the 

permeance of a single square element, in row 1, per inch of plate thickness is 

equal to 
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Due to the orthogonality principle this permeance value will be the same for all 

the elements in the system in Fig. 2 provided that all the elements were drawn to 

their true shape in the first instance. And as there are in all 8 such elements 

connected in series (along the x-axis) and 16 such elements connected in parallel 

(along the y-axis) the total permeance of the air gap is equal to 
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In contrast to the above demonstrated field mapping method the application of 

the Roters method of Estimating the Permeances of Probable Flux Paths proceeds 

as follows: the lower half of the air gap magnetic field in Fig. 3, which in an actual 

device would be identical to the upper half, is subdivided into three simple 

geometric shapes of a rectangle, semi-circle and half annulus (denoted 1, 2 and 3 

respectively). If the problem is to be described in 3D then these geometries would 

become a right angle prism, semi-circular cylinder and half annulus cylinder. 

Permeance of the first geometry, per inch of depth of the plates, can be readily 

calculated by the standard permeance formula, Eq. 1, as 
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Next, the semi-circular geometry based magnetic permeance of Fig. 3 is evaluated 

by assuming that the true path length lp of the flux line acting therein will be 

numerically close to the mean (not the average) path length l’ of the semi-circle in 

the air gap as shown in Fig. 4. 
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Figure 4: Semi-circular cylinder and its mean path length definition. Adapted from 

[72] 

Furthermore, the cross-sectional area S of the true magnetic flux path will be 

approximated by a probable flux path mean area S’ which will be numerically 

close to the value of the true flux path. For the accurate estimation of these two 

probable values, l’ and S’, the volume formula of the semi-circular cylinder is used 

and the mean path length l’ of the semi-circle is computed which is equal to 

1.22×g, where g is the diameter of the semi-circle. Now it follows that the mean 

area of the semi-circular cylinder is equal to the ratio of the volume, V, to the 

mean path length l’ as follows 
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where letter l in the above calculation denotes one unit of depth along the z-axis 

in Fig. 4. Having obtained these two probable values the permeance of the semi-

circle, per unit depth, is computed by the use of the standard permeance formula 

defined earlier as follows 
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Finally, the semi-circular annulus, geometric shape 3 in Fig. 3, is treated in a 

similar way to find the probable mean length and area of cross-section of the 

geometry of the true flux path therein. Once these quantities are found the 
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permeance of this geometric shape is computed by the standard permeance 

formula and is numerically equal to [72] 
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Thus the total permeance of all the probable flux paths, in Fig. 3, is composed of 

individual permeances arranged in parallel 
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where the multiplication factor is due to the symmetry of the system being 

considered. 

Roters method of Estimating the Permeances of Probable Flux Paths gives, in this 

example, an answer which is within 10% of the alternative method of field 

mapping considered first. Of course there is no guarantee that the first method 

gives the actual values as would be found by accurate laboratory measurement of 

the real system. However, it is reasonable to assume that if the number of 

curvilinear squares in the system in Fig. 3 is reasonably large then the answer 

given by the first method of analysis will be close to the actual value encountered 

in a practical device. Nevertheless, the results comparison of the two methods 

indicates that there is close agreement of the results for approximate estimation 

of air gap permeance with relatively straightforward calculations and with the 

effort of obtaining the orthogonal squares by tedious hand sketching eliminated 

altogether in the Roters method. 

From the preceding numerical example it is possible to generalise the Roters 

method for more complex air gap flux paths which nevertheless will always be a 

combination of straight lines and circular arcs [63] whether arranged in series or 

parallel. What is required to arrive at a reasonably close estimate of the true air 

gap permeance is an ability (which can be enhanced by careful study and 

experience of the subject of the magnetic fields) to split the total air gap flux into 

geometrically simple shapes, as in the lower part of Fig. 3. Once the subdivision 

step is performed the calculation of permeances of individual components of the 

overall flux path can be performed by deducing the true volume V of that 

particular geometry and finding the mean path length l’ which will correspond to 

the path length of the actual flux in the air gap. Next, the mean cross-sectional 

area S’ corresponding to the mean path length of that particular geometry will be 
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found by the ratio of the actual volume to the mean path length. Thus the 

probable component permeance of one of the true flux paths will be found as 
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It is therefore evident that only one estimated value - that of mean length of the 

assumed flux path - is required with all the other quantities being exact in the 

calculation in Eq. 9. Such calculation has a merit of reducing error of the final 

result. 

Although the Roters method is well suited for the air gap magnetic permeance or 

reluctance calculations its application cannot be directly extended to 

ferromagnetic materials with the non-linearly varying permeability such as 

magnetically soft iron. The reason for this is that accurate representation of each 

of the overall flux path components in a practical magnetic steel circuit, except 

the most simplest cases such as well-proportioned u-core inductor or similar, 

would demand very fine subdivision of component flux path lengths in order to 

fit mean lengths of simple geometric shapes that closely mimic true flux path 

geometries. The number of calculations, although in principle not complicated, 

would be prohibitively large and the computational efficiency of the method 

would be low. On the other hand a courser number of subdivisions would 

produce only approximate estimates of the probable flux path lengths and this in 

turn would make the results less precise when saturation effects are taken into 

account. Precision and computational efficiency of magnetic field analysis method 

is of considerable importance if rapid design of electromagnetic devices under 

consideration, SR machines of various topologies in particular, with near optimal 

characteristics are to result. 

2.2 Magnetic Equivalent Circuit Method 

As was mentioned in the previous sub-section the electromagnetic devices 

producing useful work are constructed with magnetic circuits that contain 

variable length air gaps inside them. Although accurate estimation of the 

magnetic reluctances (or permeances) of these air regions is an important task 

additional consideration becomes of significance when determining the 

performance of an electromechanical device itself – consideration of whether the 

ferromagnetic steel parts of the magnetic circuit are likely to saturate significantly 

and in the non-linear manner under the normal (rated) operating conditions of the 
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device. If such magnetic saturation is expected then the overall reluctance of the 

magnetically saturable parts of the machine must be accurately accounted for. To 

perform such analysis it is possible to utilise FEM that can be accurate in most 

cases, yet these methods have shortcomings of lengthy simulations and non-

intuitive cause-and-effect analysis [79]. 

An approach used to compute saturable sections of electromagnetic circuits was 

proposed in [62] using magnetic equivalent circuit (MEC) approach. The MEC 

approach has been applied for the analysis of electric machines, such as rotating 

induction machines, as well as power transformers and similar electromagnetic 

devices. References [73] and [80] give detailed account of 2D and 3D MEC model 

implementation for the analysis of fractional horsepower induction machine. The 

MEC method is based on the concept of a flux-tube as a basic modelling block of 

each reluctance element in the magnetic circuit as shown in Fig. 5. 

 

Figure 5: Definition of flux tube (a) and an equivalent reluctance element formed 

by the flux tube (b). Taken from [73] 

Flux tube can be geometrically defined as a magnetic flux line of certain length 

and its geometry of cross-section can be other than round section to suit 

geometry of a specific part of electromagnetic device under consideration. 

Referring to Fig. 5, the reluctance of a single flux tube is defined as follows [73] 
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where u
1
 and u

2
 are the node magnetic scalar potentials, µ(𝑢𝑢,𝑥𝑥) is the magnetic 

permeability which can vary along the length l of the flux tube as well as due to 

intensity of the magnetic field, 𝐴𝐴(𝑥𝑥) describes area of cross-section of the flux 
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tube and 𝜑𝜑12  indicates constant magnetic flux value along the length of the flux 

tube. One or more of the flux tubes can be used to model a particular section of 

electric machine, stator tooth or yoke for example, in order accurately to capture 

distribution of magnetic flux lines occurring in an actual device. Of course the 

flux tube can be used to represent air gap reluctance as well and this is easily 

accomplished by use of constant permeability of free space µ
0
. The resulting 

reluctance elements are connected in parallel or series to form a network of 

reluctances in that part of the device. 

Extension of the MEC method to 3D elements is accomplished by combining six 

equivalent reluctance elements to form orthogonal axes of 3D space as shown in 

Fig. 6. 

 

Figure 6: General 3D reluctance MEC model without any active elements. Taken 

from [73] 

In addition to the passive reluctance network shown in Fig. 6, active magneto 

motive forces (mmfs) as well as constant magnetic flux sources can be added to 

the reluctance elements placed in series and parallel to the individual reluctance 
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elements in question in order to model the electromagnet and permanent magnet 

sources respectively. Such 3D extension of the reluctance MEC method is suitable 

for the 3D modelling of electromagnetic fields provided the subdivision of the 

modelled system is sufficiently small thus enabling accurate magnetic analysis 

and results. Alternatively the 3D equivalent reluctance element can be made of 

irregular hexahedron shape to suit intricate geometry of electromagnetic device; 

this reduces overall number of otherwise rectilinear elements, as in Fig. 6, with 

decreasing number of unknown potentials to be solved and thus resulting lower 

computation time. However, transformation of the irregular hexahedrons back 

into parallelepiped elements for flux intensity estimation will add computational  

penalty to the efficiency of the method. 

An attractive feature of the reluctance MEC modelling is that the translational and 

or rotational motion can be incorporated into time-stepping analysis of 

electromechanical device [73]. This can be achieved by overlapping reluctance 

components of stationary and moving reluctance elements which are adjacent to 

each other during that time step. New reluctance value is then a sum of two 

reluctance values of the stationary and moving reluctance elements. If the 

mechanical motion of parts of the modelled electromagnetic device is present 

then there must be a useful work production as a result of this motion. To 

calculate translational force or torque of the modelled system accurately Maxwell  

Stress Tensor (MST) is used which is one of few alternative force calculation 

methods used in magnetic FEM. The MST is used because the computational 

mesh of such analyses is often dense enough to facilitate accurate integration of 

air gap regions where electromagnetic force is produced [66]. 

Fig. 7 shows 2D representation of the MEC reluctance elements distribution of the 

fractional horsepower induction motor. 
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Figure 7: Induction motor MEC reluctance elements subdivision into 1302 such 

elements. Taken from [73] 

Dashed lines in the above figure indicate boundaries of adjacent reluctance 

elements in the machine steel parts with the solid lines representing the element 

and air gap boundaries. It is understood that each reluctance element contains 

single magnetic flux tube of Fig. 5. The induction machine was reported to have 

excessive magnetic saturation of stator and rotor poles under normal operating 

conditions; the design flaw not captured by standard FEM analysis, and as such 

presented modelling challenge to the reluctance element based MEC method. 

With the level of geometry subdivision, as shown in Fig. 7, the induction machine 

steady-state torque results were obtained [73] and are compared with the 

alternative analytical and numerical methods as shown in Fig. 8. 
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Figure 8: Comparison of the machine performance results obtained with 

reluctance MEC method and with alternative analytical and numerical 

methods to the measured values. Taken from [73] 

Fig. 8 shows that the measured values of the steady-state torque of the induction 

machine are indeed affected by the above mentioned design flaw and that even 

3D FEM modelling (dashed line in Fig. 8) was not able to capture the machine 

performance accurately. The 3D MEC model torque values at the low slip region 

(0.4 to 0.2) were closer in agreement to the measured and lumped parameter 

model results (for example for a description of this method see [81]). Reference 

[73] attributes the discrepancy of the MEC model and lumped parameter model 

results to the skin effect in rotor bars of the induction machine in Fig. 7 which 

was not modelled in the MEC model but was included in the lumped parameter 

model. 

From the preceding discussion it can be concluded that the MEC modelling 

approach has certain advantages over FEM or lumped parameter based methods. 

For example the MEC modelling has lower computational effort compared to FEM 

and is easily extendable to 3D geometries. The accuracy of the MEC method can 
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be improved with finer subdivision of the modelled device. Furthermore motion 

effects can be captured by the reluctance MEC model and forces or torques found 

by Maxwell Stress Tensor – quantities which are most important in complete 

characterisation of electromechanical devices which produce useful work. 

However, in general, the reluctance MEC method discussed so far cannot predict 

localised saturation effects, as would be expected in SR machine operation, 

unless the region under consideration is subdivided into large number of the 

reluctance elements. Fine geometric subdivisions are possible, however if these 

occur in intricate geometry of electromagnetic device this will necessitate 

irregular hexahedron reluctance elements with the necessity of transformation of 

the hexahedron planes back into parallelepiped reluctance elements for accurate 

magnetic field intensity values. As reported in [73] it is not yet clear if large 

number of subdivisions of the reluctance elements will increase the overall 

simulation time unacceptably and this is the subject of further research. 

Finally, it is possible to work with much improved field-circuit formulation [82], 

where electromagnetic field effects are taken into account simultaneously with 

the MEC circuit. Such formulations require more advanced theory and are thus 

beyond the reduced order computational methods and the computing effort is 

higher. Nevertheless, these extended MEC and field-circuit methods form 

continuity between the reduced order computational methods and other more 

sophisticated methods for the modelling of electric machines. 

2.3 The Method of Assumed Flux Tubes 

Detailed flux tube modelling of magnetically saturable parts of electromechanical 

devices was investigated in [7] for rectilinear propulsion of levitation and 

guidance systems. Single sided LSRM topology was analysed with single stator 

(active) and single translator part as shown in Fig. 9. 
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Figure 9: Single sided LSRM for propulsion of levitation and guidance systems. 

Taken from [7] 

As can be seen in Fig. 9 the SR machine magnetic flux analysis is split into 

discrete positions of the translator with respect to the stator from the fully 

aligned position (also referred to as the conjunction position) to the fully 

unaligned position as magnetic field distributions in all of these positions are 

quite distinct. It should be understood that the number of translator position 

instances is infinite in practice, however a reasonably accurate extrapolation 

between the finite number of the chosen points can be made once the chosen 

translator positions are analysed using the assumed flux tubes method. 

Due to simple geometric and spatial (i.e. 2D planar) arrangement of the machine 

shown in Fig. 9 the magnetic flux lines in the ferromagnetic steel parts of the SR 

machine can be accurately analysed using straight line representations of flux 

tubes of the true flux paths (neglecting corner radius of the flux tubes between 

vertical and horizontal lines in Fig. 9). Since the linear SR machine arrangement 

contains well-proportioned magnetic steel sections of constant cross-sectional 

area the analysis can be less complex compared to rotary SR machines that are of 

more intricate geometry. Therefore by finding lengths and mean cross-sectional 

areas of the modelled flux tubes it is possible to analyse the SR machine 
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performance with reasonable accuracy including onset of uniform saturation of 

saturable sections of the machine. 

The method of assumed flux tubes was demonstrated in [7] by splitting the stator 

and translator parts of the SR machine, the poles and back iron sections, into 

simple rectangular shapes. It was assumed that there is a fixed number of flux 

lines, seven reported in [7], for each instant of the translator position with respect 

to the stator position and allowance for the constant leakage flux for all but the 

fully aligned translator position is assumed as in Fig. 9. The SR machine part 

dimensions are then used to derive expressions of the geometric quantities of the 

modelled flux paths and, if known, numerical values are substituted to find the 

reluctance values. With this approach the parameterisation of the SR machine 

dimensions with respect to the number of conductor turns and phase count of 

the machine can be made and extensive sweep of parameters performed. This 

has an advantage of rapid computations with non-linear saturation effects, albeit 

of simple geometric shapes, of the SR machine. The FEM based magnetic flux 

distribution of Fig. 10 can be compared with the assumed flux tube distributions 

in Fig. 9. 
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Figure 10: FEM based solution of the magnetic flux distributions in the LSRM 

circuit. Taken from [7] 

Inspection of the flux distributions of the two figures reveals that the FEM based 

flux distribution is much more complex, especially for the unaligned cases of the 

translator position, and that the most accurate representations of the assumed 
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flux paths in Fig. 9 are only approximately close to the flux path distributions in 

Fig. 10. It should be recognised that Fig. 9 and Fig. 10 represent flux path 

distributions for a single valued excitation current and that these distributions 

are certain to change with variation of the exciting phase current and the level of 

magnetic saturation. Therefore the parameterisation of the flux-linkage values 

with respect to the current will be only approximate. However, by making use of 

Roters assumed probable flux path definition [72], as discussed in section 2.1 

this method of analysis will yield consistent and accurate results. 

Once the flux tubes are quantified the reluctances of the individual parts of the 

SR machine can be computed and overall magnetic circuit reluctances found by 

application of series and parallel network rules. Next, the resulting flux-linkage 

map can be found with respect to the phase excitation current taking translator 

position as a parameter. In general each of the flux-linkage functions, for the 

range of currents, is defined as [63] 

( )11.
2

R
IN ⋅

=ψ  

where N is the number of conductor turns, I is the phase current and R is the total 

circuit reluctance. Having determined the 3D flux-linkage map of the SR machine 

in question normal and tractive force component values can be found. Normal 

force component values were obtained and reported in [7] using 2D FEM and the 

assumed flux tube method and both compared to measurements of prototype 

machine as shown in Fig. 11 and Fig. 12. 
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Figure 11: Normal force component of the LSRM as obtained with 2D FEM and 

laboratory measurements. Taken from [7] 

 

Figure 12: Normal force component of the LSRM as obtained with 2D FEM and 2D 

flux tube analysis. Taken from [7] 

Fig. 11 indicates that the measured values of normal force acting in the LSRM 

tend to be affected by the saturation and leakage flux at the higher phase 

excitation currents and therefore do not follow linear slope of the force with 

respect to translator position as is predicted by the FEM analysis. Fig. 12 indicates 

that 2D FEM and flux tube method results are in very close agreement for the 
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whole range of phase excitation currents and translator positions thereby 

validating the 2D flux tube based modelling approach in this particular case. In 

order for the 2D flux tubes based modelling to mimic the saturation effects more 

closely, as shown by the measurements in Fig. 11, localised saturation effects of 

the SR machine sections should be taken into consideration. Localised saturation 

of pole tips of SR machines is an important factor in accurate prediction of force 

or torque production of these machines and must be modelled accurately as 

discussed in [78] and [83]. Finally the propulsion forces arrived at by the 2D flux 

tubes modelling, that are equally important for the linear SR machine 

characterisation, were not reported in [7] although 2D FEM and measured values 

were compared and were found to be in close agreement for practical purposes. 

Of course the tractive force component values can be indirectly calculated once 

the normal force component values are available. 

Recognising the advantages of the discussed flux tube modelling of linear SR 

machines Krishnan [63] applied the same method to rotating SR machines for 

accurate determination of 3D flux-linkage maps and instantaneous torque values 

from these maps. The assumed flux tubes were modelled by combination of 

straight line and circular arc segments as shown in Fig. 13. 

 

Figure 13: Four phase radial flux SR machine with the assumed flux path 

distribution. Taken from [83] 

The 2D flux tubes analysis of the radial flux SR machines requires an order of 

magnitude larger number of geometrically based variables for the accurate 

representation of the assumed flux paths in the air region as well as in the 
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ferromagnetic steel sections of the device compared to the flux tube analysis of 

the LSRM as reported in [7]. This demands considerable experience and judgment 

to be exercised when deciding which SR machine dimensions (in Cartesian and 

Cylindrical coordinates) should be chosen in order fully to describe the flux 

paths. For example it is not a straightforward matter to deduce which major 

machine dimensions should be used to express in mathematical form the arc of 

flux path 5, Fig. 13, occurring in the air gap region between unaligned stator and 

rotor poles. General FEM based analyses are helpful in such situations in 

deducing the flux path distributions, however once the geometric scaling of the 

design is performed with, at the same time, varying excitation currents the true 

flux path distributions are likely to depart from the fixed assumed flux path 

distributions. This in turn impacts on the accuracy of the assumed flux tube 

method and introduces numerical uncertainty in the final results of the analysis. 

The main advantage of the assumed flux paths modelling is that once the task of 

expressing the flux paths in a mathematical form is accomplished the design and 

optimization of the device can be performed with considerable computational 

efficiency and speed and intuitive cause-and-effect analysis [63]. Furthermore, the 

relationship between the number of phases and conductor turns per phase, 

operating voltage, angular speed and instantaneous torque becomes explicit 

when the assumed flux paths are defined in geometric form analytically. 

The flux tubes based results reported in [63] for two distinct radial SR machine 

design studies were encouraging and indicate close correlation with FEM based 

studies of the same devices as well as laboratory measurements of the prototype 

SR machines. For example the average electromagnetic torque values of the 

analysed three phase radial flux SR machine were reported to be within 10% of 

the measured values. The aligned and unaligned rotor position inductance results 

of the analysed four phase machine were also consistent with FEM and were 

reported to be within 5% accuracy. It should be noted that these results were 

obtained with 2D analyses in the FEM and the assumed flux paths cases and did 

not take into account the end effects of the SR machine windings – effects that 

become dominant as the radial machine stack length becomes shorter compared 

to the machine diameter. 

2.4 The Tubes and Slices Approach 

The tubes-and-slices technique, similarly to the above approaches, falls into the 

spectrum of electromagnetic analysis techniques which could be described as 
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reduced order computational techniques. As described in detail in [76] and [84], 

by using most elegant mathematical descriptions, the accuracy of the lower and 

upper bounds method (later termed tubes and slices, or TAS, method in [76]) can 

be increased by use of Lagrangian multipliers to optimize the placement of the 

tubes and the slices thus reducing the dual bounds numerical error. To keep the 

description of the TAS formulation simple the mathematics is left out, but 

interested reader can refer to [84] and [85] for examples. 

Since the TAS method is primarily directed to practical systems of engineering 

importance the following example will be used to describe the physical principles 

that make the TAS approach so intuitive. Considering the trapezoidal plate as in 

Fig. 14 having thickness t and where the vertical edges of the plate are charged 

with the potentials V1 and V2. In this particular example the potentials are 

assumed to be those due to the applied voltage. 

 

Figure 14: Example TAS electric current flow and resistance computations. Taken 

from [84] 

Since the plate is of non-uniform cross section along its length the determination 

of electrical resistance of the plate is difficult, if not impossible, using the 

classical expressions involving electrical conductivity σ and only the major 

dimensions of the plate. 

However, we can attempt the problem of finding the effective resistance of the 

trapezoidal plate by using, as a starting point, the geometric subdivisions of the 

plate as in Fig. 15, termed subdivision into slices that are nothing more than 

subdivisions parallel to the equipotentials. 



Literature Review 

55 

 

Figure 15: Subdivision of the trapezoidal plate into slices. Taken from [84] 

The subdivision of the plate into slices in Fig. 15 is fairly coarse however the 

determination of the effective resistance of each of the slice is now a much easier 

task since we have the approximation of the rectangle instead of the entire 

trapezoid. Therefore, the effective resistance of each of the slices is 

approximately equal to R ≈ b/σtl. An alternative and more physical interpretation 

of the subdivision into slices in Fig. 15 can be put forward as follows. Let us 

assume that we know the resistance of each of the slices in Fig. 15 individually 

and it is known that the total resistance of the trapezoidal plate will be the 

individual resistances added in series. However since the boundary conditions of 

the slices are not exactly correct at the upper and lower sides along the length of 

the trapezoidal plate this will introduce some error in the final values of the total 

resistance. It also effectively means that if we join the slices in series as to form 

the original trapezoidal plate as in Fig. 14 will necessitate the inclusion of 

infinitesimally thick sheets of infinitely conducting material. However, since in 

practise it is not possible to introduce the infinitely conducting sheets into the 

trapezoidal plate perfectly, this will tend to produce lower resistance of the plate. 

Hence the total resistance of the slices in series will be lower than the true 

resistance of the trapezoidal plate. We leave the discussion of the slices to 

consider the subdivision into tubes. 

Considering the same plate in Fig. 16 where instead of the subdivision into slices 

we have now subdivided it into tubes of possible, yet not exact, electric current 

flow. This is only an approximation since the current must leave the plate at a 

right angle to the vertical line V2 as in Fig. 14 and Fig. 16. Nevertheless, if the 

subdivision into tubes is fairly extensive the assumption of the condition of 

perpendicularity of the current flow along the equipotential slices can be justified. 
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Figure 16: Subdivision of the trapezoidal plate into tubes. Taken from [84] 

As before, since the conductivity σ is known the approximate resistance of each 

of the tubes can be estimated to be equal to R ≈ l/σbt. However, in this case of 

subdivision the total resistance of the trapezoidal plate will be that of the 

individual tube resistances arranged in parallel if we are to end up with the shape 

of the plate as in Fig. 14. By joining the tubes in parallel we will inevitably 

introduce some error, but to preserve the electric current flow in each of the 

tubes in proportion to the total current in the plate it is necessary to insulate the 

tubes from each other using imaginary sheets of infinitesimally thin yet infinitely 

resistive material. Nevertheless, since the subdivision into tubes can never be 

perfect this parallel combination of resistances will introduce some error. 

Therefore the placement of the infinitesimally thin sheets of infinitely resistive 

material between the tubes will increase the equivalent resistance of the 

trapezoidal plate which effectively means a higher equivalent resistance 

compared to the true resistance of the plate. 

From the ensuing non-mathematical description of the TAS approach it is 

apparent that by performing the geometrically simple subdivisions into tubes and 

slices it is possible to obtain upper and lower bounds of the electrical quantities 

of interest; be it resistance, inductance or capacitance in the linear media [76]. In 

the case of the trapezoidal plate the average equivalent resistance of the plate is 

therefore equal to R ≈ (b^2 + l̂ 2)/2σbtl. The TAS method therefore avoids the 

solutions of the field equations based on Laplace’s or Poisson’s equations which, 

though give the exact answer, require extensive mathematical operations even for 

the simple geometric shapes as in Fig. 14. The dual bounds answer afforded with 

the TAS approach can be averaged, since it is normally a single value that is 

needed in the engineering analysis. Similarly, the dual bounds techniques directly 
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comparable to the TAS approach were also observed to yield useful results in the 

thermal equivalent circuit analysis as discussed in [86]. 

As stated in [84] however, the true answer is much more difficult to determine 

and the TAS formulation might not be capable of achieving this. However, 

reconsidering the advantages of intuitive derivations based on direct physical 

quantities and least effort to perform the computations merit TAS method for the 

effective solution of wide range of electric and magnetic field problems. 

Although the nonlinear magnetic field analysis was not attempted to date using 

the above described dual bounds method, the TAS formulation has all the 

capabilities to perform such calculations provided that the nonlinearly varying 

quantities, such as the magnetic reluctance, are properly accounted for in the 

computations of the dual bounds. 

2.5 Analytical Air Gap Field Solutions 

From the preceding literature review it is imperative to ask if it is at all possible to 

obtain an exact analytical model which is relatively simple to apply, yet is not 

lacking in generality, for the magnetic field analysis of gaped electromagnetic 

devices. Specifically, analytical model which would be capable of the following: 

handling complex geometric shapes of the electromagnetic device, accounting for 

leakage flux resulting from interactions of various components of the 

electromagnetic device and accurate determination of the overall reluctance of an 

air gap. An attempt to construct such a model for the electromagnetic analysis of 

SR machines was made by Radun [87]. The method is based on the analytical 

series solution of the Laplace’s and the Poisson’s partial differential equations in 

2D. The analytical model therefore requires sound knowledge of the correct 

application techniques of these equations to the intricate SR machine geometries. 

In [87] the analytical method is applied to 2D radial flux SR machines. However, 

to make the radial SR motor geometry amenable to the analytical reluctance 

calculation it is first necessary to subdivide the air gap region into distinct sub 

regions and subsequently transform these sub regions from the Polar-coordinate 

system to the Cartesian-coordinate system, as shown in Fig. 17. 
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Figure 17: Transformed radial SR machine geometry and the air gap subdivision 

into distinct regions shown in red. Adapted from [87] 

The analysis further assumes that the iron permeability is infinite in order to 

simplify boundary conditions of the air regions and to simplify Laplace’s and 

Poisson’s equations. As stated in [87] the assumption of infinite permeability of 

the iron can be valid provided that the stator and rotor poles of the machine do 

not overlap. Thus the analytical method is capable of modelling rotor pole 

position anywhere between the completely unaligned and the onset of overlap of 

the poles. 

From the solved example given in [87] it is clear that the most critical part of the 

analysis is the ability to identify and apply correct boundary conditions to the 

subdivided air gap regions as these boundary conditions will not be identical 

everywhere and will strongly depend on the relative position of the machine 

components and their geometries. Once the correct boundary conditions are 

applied the solution of the partial differential equations can be obtained with a 

small number of series terms to arrive at a reasonably accurate air gap field 

solution. Fig. 18 shows the constant magnetic flux line plots comparison of the 

analytical and FEM method. 
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Figure 18: Analytical (upper) and FEM (lower) field solutions of the rotor air gap. 

Adapted from [87] 

The pictorial similarity of the two alternative magnetic field solutions in Fig. 18 is 

satisfactory and encouraging. In a similar way the rest of the subdivided air gap 

regions of Fig. 17 are compared in Fig. 19. 

 



Chapter 2 

60 

 

Figure 19: Air gap field solutions of the stator slot region, outlined in red, using 

(a) analytical method and (b) FEM. Adapted from [87] 

As was demonstrated in the previous figures, Fig. 19 shows that the two 

alternative solutions produce similar results of the air gap field distributions. The 

absolute error of the analytical method, compared against FEM solution, is 

summarised in Table 1. 

Table 1: Analytical inductance solution error compared with FEM solution for 

three distinct machine frame sizes. Taken from [87] 

 

Table 1 indicates that for a range of machine sizes the analytical method error 

does not exceed 14% which compared to all the previously review air gap 

reluctance calculations is the most accurate. 

The advantages of the analytical method are threefold. First, the method gives 

numerical answer of the air gap inductance values for a range of excitation 

currents as in Table 1. Therefore a check can be made on numerical values 

against alternative analysis techniques such as FEM or any other thus far 

discussed method. Second, the equations obtained for each of the subdivided air 

gap regions can be used to plot the magnetic field solutions in these regions as 

the 2D plots seen in Fig. 18 and Fig. 19. This is very useful when checking the 
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validity of the derived air gap solutions and when comparing the obtained flux 

distributions with alternative approximate field solution methods or FEM. Thirdly, 

once the solution equations are derived, for a particular machine geometry, it is 

advantageous to separate and find the individual inductance contributions of all 

the individual air gap regions as was demonstrated in [87], shown in Table 2, for 

the corresponding three SR machine geometries of Table 1. 

Table 2: Analytical inductance contributions of the rotor and stator parts of the 

machine compared to FEM solution. Taken from [87] 

 

The information in Table 2 is very useful as it enables analytical insights to be 

gained as to the magnitude of inductances contributed by each air gap sub 

region. Knowing the relative difference of these inductance values can help to 

design low inductance machine which is advantageous in high speed applications 

as will be seen in the results section of this report. Or else an inverse problem 

could be attempted with this knowledge; having set the unaligned machine 

inductance value, in order to extend the machine speed range for example, the 

analytical expression parameters of each air gap region could be analytically 

derived and optimized to achieve the desired inductance. However, once more it 

is stated that the present method, although very advantageous when analysing an 

SR machine, demands sound knowledge of application of the Laplace’s and the 

Poisson’s equations in 2D with appropriately assigned boundary conditions that 

are critical to the validity and accuracy of the final results. 

The final remark regarding the proposed analytical method is as follows. Since 

the assumption of the infinitely permeable iron of the SR machine circuit is 

assumed in addition to the non-overlapping poles the analytic model is capable of 

predicting the unaligned inductance, as demonstrated in [87], for a single valued 

phase excitation current. This is sufficient for most purposes as in practise it is 

observed most of the time that the unaligned flux linkage function of the SR 

machines is customarily treated as a straight line whose slope is the self-

inductance of the phase. However, since the assumption of the straight line of the 

unaligned flux linkage function is the necessary condition of the analytical model 
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reviewed in this section it then follows that machines which exhibit narrow 

unaligned air gap region are unlikely to be modelled accurately since the phase 

excitation current can be substantial for the given air gap which will produce 

considerable saturation and therefore the nonlinearity. Of course it could be 

argued that in practise there is little chance of having such design in the first 

instance, yet the analytical model would be much more versatile if the range of 

phase current values could be used to check for such onset of saturation. As it 

appears the author did not consider this aspect of modelling in his work in [87]. 

2.6 Chapter Summary 

The literature review chapter can be summarised as follows. 

Most of the selected and presently reviewed electromagnetic analysis methods 

fall under the definition of the reduced order computational method since the 

computational accuracy is partly forfeited for the speed of solution of the 

electromagnetic model. Such compromise between the speed and accuracy of 

solution can be seen as an advantage when the electromagnetic model to be 

solved, even in the reduced form, can nonetheless capture the governing physical 

phenomena of the system sufficiently accurately. The speed of solution brings 

further advantage in the extensive design optimization task of the system under 

the consideration. Therefore there is the need to bring together as completely as 

possible the above reviewed advantages of the reduced order computational 

methods so as to enable most efficient, yet sufficiently accurate computations of 

quite complex electromagnetic circuits and systems. By achieving this goal the 

novel topologies of SR machine technology can be discovered which can lead to 

highly disruptive innovations in most critical industrial environments of the 

present times such as effective electrification of the transportation sector. 

In the proceeding chapter an attempt is made to combine together the 

advantages of the above discussed computational methods since it appears that 

there is a substantial scope for improvements of the above discussed methods in 

order to benefit as much as possible from their modelling flexibility, efficient 

computational performance and physical fidelity and physical intuition while 

completely eliminating or effectively controlling their disadvantages. 
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Chapter 3 Proposed Modelling of the Flux 

Tubes and Slices Utilising Cubic-Splines 

From the preceding literature review regarding the magnetic field modelling of 

electromagnetic devices it is evident that all the methods are based on the 

construct of a magnetic flux tube, Fig. 5, as a most basic concept of these 

methodologies. The flux tube concept will contain all the necessary variables 

such as material properties and geometry of the respective flux path to quantify 

magnetic flux value as well as magnetic field density for a given mmf. It is then a 

matter of judgment and experience to assume a probable flux path which will be 

a reasonably accurate representation of flux path occurring in the analysed part 

of an actual electromagnetic device. It is also necessary to make a judgement as 

to the number of subdivisions of each of the modelled flux paths along their cord 

lengths so as to arrive at reasonably close estimates of magnetic field densities in 

the intricate geometries of electromechanical devices being analysed. It is 

possible to achieve accurate magnetic flux and magnetic field density values in 

the intricate geometries of electromechanical devices by use of FEM techniques. 

Yet, the FEM will not reveal explicitly cause-and-effect relationships resulting from 

the numeric variation of numerous design variables and therefore will not aid 

alone in the effective design and optimization of the device as is envisaged in Fig 

1. 

A new flux tubes modelling method proposed in this report adopts some of the 

modelling techniques covered thus far (i.e. [63], [72], [74], [75]) and extends 

them in such a way that the ambiguity of definition of the modelled flux paths 

(the terms “assumed” and “probable” in the context of flux paths modelling are 

still used) is reduced with the use of cubic-spline interpolation techniques. The 

new method could be termed the improved flux tubes and slices model to reflect 

the improvements and extensions made based on the previous flux tube based 

methods. In this particular case a commercial scientific scripting language was 

used, Matlab, but many others, including the open source package Octave [88], 

can also be used with no deterioration of the performance or the functionality to 

the flux tubes and slices method. 
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3.1 Translating (Linear) SR Machine Flux Paths Modelling 

Using Cubic-Splines 

3.1.1 Unaligned Translator Position Modelling 

The first machine to be investigated in this report is of double translator LSRM of 

the 12-8 topology (12 stator and 8 rotor poles), section of which is shown in Fig. 

20. It should be noted that the abbreviation of the linear switched reluctance 

machine (LSRM) does not imply the ferromagnetic linearity, but refers to the 

mode of the mechanical operation of the machine. The figure shows the machine 

components and constant magnetic flux distribution plot of the device arrived at 

by use of industry standard commercial FEM package [89], however the same 

quality results could have been obtained with open source 2D FEM packages such 

as femm [65] or more powerful 3D FEM software [90]. 

 

 
Figure 20: LSRM flux distribution obtained from 2D FEM analysis 

Again, each of the flux paths occurring in the machine steel and the surrounding 

air regions can be modelled by a combination of straight line and circular arc 

segments along the cord lengths of the respective paths as in Fig. 5. Of course 

the exact shapes of actual flux paths can be attained by subdivision of the flux 

tubes into infinite number of segments and then fitting straight line 

approximations to these segments which in the limit will approach the true 

shapes of the paths. However, by revisiting the definition of the probable flux 

paths as defined in [72], relaxation of the condition of infinite number of 

segments along the flux path length can be made with only slight departure from 

actual performance results of the real device as will be shown in the results 

LSRM translator 

LSRM stator 

Symmetry segment 

LSRM coil Leakage flux 
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section of this report. Further assumption, found in [72], is followed which states 

that: provided that most (i.e. 80%) of the flux tubes are modelled in the 

immediate vicinity of the air gap this will accurately represent large proportion of 

the air gap permeance. Therefore, there is no need to model the magnetic 

leakage flux precisely, as in Fig. 12, but only approximately. 

The next step in the reasoning of how reasonably accurately to approximate the 

true flux paths without excessively large number of geometric variables the 

convenient method of fitting cubic-spline polynomials (requiring only three sets 

of coordinate points in 2D) presents itself as a candidate method. Therefore, to fit 

any one chosen segment along the length of the modelled flux path cord it is 

necessary and sufficient to know three coordinate points on that flux path 

segment. Once such coordinates are defined in 2D Cartesian coordinate system 

cubic-spline fitting can take place and the true flux path segment can be 

approximated by the cubic-spline curve pertinent to the set of coordinate points 

defined earlier. The only guess (educated or otherwise) to be made at this point is 

the selection of accurate or convenient coordinate points on each of the modelled 

flux paths so as to reduce the interpolation error between the coordinate points 

to an acceptable level. In other words, the selected flux path segment should be 

smooth and continuous without any abrupt changes or abrupt points of inflection 

the fitted cubic-splines will not be able to mimic accurately enough. 

The only satisfactory method of finding the start and the end coordinate points 

along the cord lengths of modelled flux paths was found to be that based on 

equipotential lines of a magnetic field occurring in the analysed device as is 

extensively used in [76] and [84]. By utilization of FEM analysis, accurate 

magnetic field density plots can be produced to illustrate the approach, as shown 

in Fig. 21, containing the exact symmetry segment of the machine in Fig. 20. 
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Figure 21: FEM analysis based magnetic field density plot for a symmetry 

segment of the LSRM 

By visual inspection of Fig. 21 it is possible to locate equipotential lines on the 

shaded plot as indicated by the straight lines (termed “slices” in [84]) – these lines 

will be orthogonal to all the modelled flux paths in the respective parts of the 

machine. It is evident, from the above figure, that if an attempt was made to fit 

smooth and continuous cubic-spline segments between the aforementioned 

equipotential lines, given only three coordinate points between them, there would 

be large interpolation errors introduced due to geometric discontinuities and 

abrupt points of inflection that describe the true flux paths. Therefore it is 

necessary to subdivide the remaining flux path segments (in between the 

equipotential lines) still further to facilitate accurate cubic-spline interpolation. 

This is achieved by recognising the very important property of magnetic flux 

paths that was successfully used in the TAS method described in [84]: the 

property that each flux path normally enters magnetic material at a right angle 

(orthogonally) to the surface of the material. Once the magnetic flux lines are in 

the magnetic material they divert in such a way so as to assume least resistant 

paths. Such magnetic flux path entry points are indicated in Fig. 21. 

Flux paths in Fig. 21 have been, thus far, subdivided into five segments as 

indicated by the straight lines. Any two neighbouring slices can now be used to 

define a pair of 2D Cartesian coordinate points (number of which will correspond 

to the number of flux paths being modelled) with one or more intermediate 

coordinate points chosen so as to minimize cubic-spline interpolation errors 

between all of the coordinate points. Fig. 22 illustrates an implementation of the 

Equipotential lines 

Flux entry 

 
(1) (2) (3) 

(4) 

(5) 

(6) 
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above described technique whereby the symmetry segment of the LSRM was 

subdivided into five slices. 

 

 

Figure 22: LSRM subdivision into five slices along the lengths of the flux paths 

The above figure demonstrates that some of the flux paths can be reasonably 

accurately approximated by only the three coordinate points whereas others will 

require a minimum of four such points. Comparing Fig. 21 and Fig. 22 it can be 

seen that the flux tube segment between slice 2 and slice 3 cannot be accurately  

interpolated by only the three sets of coordinate points. Furthermore, the flux 

paths segment between these two slices contains equipotential magnetic field 

lines which are not straight lines, but combinations of straight lines as well as 

circular arcs. For this reason some of the equipotential slices in Fig. 22 were 

constructed as quarter segment ellipses in order to produce more accurate 

results. Of course this adds computational penalty as computation of ellipses 

presents mathematical challenge [91]. However, if the modelled machine 

geometry is novel and the magnetic equipotential lines in the magnetic circuit are 

of complex shape, which presents difficulty in modelling them accurately, then 

the straight line approximations of these equipotential lines can be used. This 

simplification might appear to be fairly crude, yet by revisiting the “probable flux 

path” formulation in [72] justification of this simplification can be made if the 

final results are in close agreement with more traditional magnetic field analysis 

techniques. This enables simplified mathematical functions of the coordinate 

points to be defined with only major machine dimensions. 
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Finally, once the cubic spline approximations to the true flux tube paths are 

complete, their individual reluctances (or permeances) can be found from (1) as 

all the geometric information in relation to the flux tubes is known from the 

polynomial equation coefficients, specifically; the cross-sectional areas, cord 

lengths and material properties. Therefore, flux-linkage functions, as given by 

(11), for the aligned and unaligned translator cases are readily found. 

3.1.2 Refining the Unaligned Air Gap 

As is emphasized in the large number of already cited publications on magnetic 

analysis of SR machines and those in [92] and [93] accurate determination of the 

total reluctance of the unaligned case air gap region is important when 

determining overall performance of the machine. This region is most important 

as it influences large proportion of unaligned case flux-linkage function value 

with respect to the phase excitation current. The lower this function value is, all 

else being equal, the higher the amount of instantaneous electromagnetic torque 

can be produced by the machine [92]. This value will have a direct influence on 

the machine rating and performance metrics of specific-power and specific-torque 

- these should be made as high as possible for the given machine dimensions. 

In order to achieve high numerical accuracy of reluctance values of the flux paths 

in the air gap region for the unaligned case of SR machine it is possible to adopt 

the dual-bounds based estimation technique, presented in detail in [84], whereby 

the modelled air region flux paths are subdivided into a larger number of tubes 

(flux lines) and slices (equipotential lines) and abbreviated as TAS method. Such 

technique enables upper and lower bounds of the reluctance of the air region to 

be found. The upper and lower bounds are then averaged to give a single 

reluctance value needed for further machine design and analysis. The confidence 

interval, namely the upper and lower bound reluctance values, guarantees that 

the true reluctance value will be somewhere in between the upper and the lower 

limit. Fig. 23 depicts TAS technique applied to the air gap region of the analysed 

LSRM using the improved flux tube approach. 
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Figure 23: LSRM subdivision into tubes of flux (red arrow) and slices of 

equipotentials (blue arrow) of the air gap region 

To get the exact upper and lower bound values of reluctance of the air gap this 

region must be subdivided in such a way so that the slices of equipotential lines 

are orthogonal to the tubes of flux they cut across. As the number of flux tubes 

and equipotential slices tends towards infinity the orthogonality condition can be 

approached. However, in practice it is not necessary to approach such a limit as 

the solution accuracy will converge asymptotically towards the exact values as the 

number of tubes and slices grows larger [84]. The TAS method was adopted in 

the current LSRM analysis with only a small number of such subdivisions in order 

to get the dual-bound estimate of the unaligned translator position flux-linkage 

function with respect to phase excitation current and was seen to be effective 

[94]. 

3.1.3 Aligned Translator Position Modelling 

The aligned translator position is modelled in a similar manner to the unaligned 

translator position case and is somewhat easier to implement. The same 

assumptions are followed when defining the probable flux paths in the air region 

surrounding the LSRM as well as in the magnetic material parts of the machine. 

Fig. 24 shows the flux path distribution obtained from industry standard FEM 

analysis [34]. Magnetic leakage flux surrounding the energised stator coil or 

emanating from the translator back iron were not modelled. 
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Figure 24: FEM analysis based magnetic field solution of the aligned translator 

position of the LSRM 

Magnetic field intensity plot of Fig. 24 was obtained with the excitation current 

levels set at 1.2 p.u. of the maximum design excitation current of the analysed 

machine. The high level of excitation current produces highly saturated iron parts 

of the machine as well as leakage flux around the energised stator pole. Visual 

inspection of the above figure reveals the equipotential magnetic field density 

values in the ferromagnetic steel parts of the machine. As discussed in Section 

3.1.1, these will form initial slices of equipotentials between which cubic-spline 

interpolation can be performed in order to model the actual flux paths. Further 

subdivision into slices might be necessary, depending on the level of intricacy of 

the machine geometry, and can be performed readily with straight line slice 

approximations. Fig. 25 shows such subdivision of the LSRM and the modelled 

cubic-spline based flux paths. 
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Figure 25: Modelled aligned position LSRM flux paths based on cubic-spline 

interpolation 

Fig. 25 shows that some of the assumed flux paths were modelled with more 

than three coordinate points for more accurate mapping of the actual flux paths 

in these parts of the machine. It is further assumed that the flux paths in the 

stator pole (not shown in Fig. 25) can be approximated by vertical straight line 

segments between two adjacent equipotential slices. Furthermore, magnetic 

fringing effect is neglected in the existing flux paths modelling to simplify the 

method, however if needed, an empirical factor, albeit of constant value, which 

accounts for the fringing effect can be added to the final magnetic circuit 

reluctance result as is recommended in [63]. Finally, it is evident from the 

comparison of Fig. 24 and Fig. 25 that the modelled flux paths in the latter figure 

form ideal paths – there are no leakage flux paths in the modelled flux paths 

under varying excitation current levels. This assumption, as will be shown in the 

results section of the report, is valid and does not lead to significant deviations 

from the FEM analysis results. 

3.1.4 Intermediate Translator Position Modelling 

The intermediate translator positions can, in the most general sense, be modelled 

by the same equipotential slice construction techniques and cubic-spline 

approximations of the actual flux paths as presented in Section 3.1.1. However, 

the intermediate translator positions can be numerous and it is necessary to 

reduce the number of instances to be modelled to a minimum without 

introducing too large errors in the final results of the machine performance 
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analysis. Once this number of distinct translator positions is known the probable 

flux paths cubic-spline fitting can be performed to each instance and it will be a 

combination of aligned and unaligned translator position modelling specifics 

presented earlier. 

Fig. 26 can aid in determining the number and spacing of intermediate translator 

positions to be modelled. In general each of the flux-linkage functions, for the 

range of currents, is given by (11) which for convenience is rewritten here 

( )11.
2

R
IN ⋅

=ψ  

 

 

Figure 26: Flux-linkage map and gauge curves, not to scale, used to deduce 

candidate intermediate rotor positions 

In the above figure the left hand side graph represents typical non-linear flux-

linkage map projection with respect to phase excitation current and with rotor 

position or equivalently translator position as a parameter (with only five such 

rotor increments shown for illustration). This graph is subdivided by the four 

vertical dashed lines numbered 1 to 4 (more generally these lines are edges of 2D 

planes in the 𝞧𝞧-θ plane). Right hand side of the figure shows the same flux-

linkage map rotated by 90 degrees clockwise around the flux-linkage axis. This 

map would in principle contain as many gauge curves (curves 1 to 4) as there are 

vertical dashed lines in the left-hand side of the figure. Therefore, the sliced left-
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hand side figure (which results in four gauge curves) is projected onto the 𝞧𝞧-θ 

plane on the right-hand side. From the right-hand side of the figure it is evident 

that each of the gauge curves can in effect be modelled by a certain minimum 

number of points to preserve their mathematically defined shape. There is no 

need, at least from machine performance computation point of view, to fit 

continuous gauge curves from a large number of coordinate points [71]. 

Therefore cubic-spline interpolation can be utilised for each gauge curve by 

selecting three convenient coordinate points that fall exactly on the respective 

gauge curve. Firstly it is recognised that; all the gauge curves will be periodic with 

respect to the angle of rotation of rotor, between unaligned and aligned angles, 

and that the gauge curves at these two angles will have zero derivative values 

(horizontal tangents). Secondly: the inflection points of the gauge curves (dashed 

green lines in Fig. 26), that coincide with half-aligned rotor position points, will 

define half-cord length of each gauge curve. From these two boundary conditions 

it will be possible to select other convenient coordinate points for cubic-spline 

fitting of the two-halves of each gauge curve. Thus, from Fig. 26 it is evident that 

a minimum of three intermediate rotor position points will be required in order to 

interpolate each gauge curve accurately (preserving the mathematically defined 

shape) with a single cubic-spline along the gauge curve length. 

Once the described gauge curve fitting, by means of cubic-splines, is 

accomplished the 3D flux-linkage map for the analysed machine can be 

reconstructed readily because all other variables were obtained by the flux tube 

analysis or were given as machine design variables. Generic 3D flux-linkage map 

of an SR machine, 2D projection of which is shown in Fig. 26, is shown in Fig. A2 

in the Appendix A. 

3.2 Rotating SR Machine Flux Paths Modelling Using Cubic-

Splines 

3.2.1 Unaligned Rotor Position Modelling 

Similarly to the translating SR machine circuit subdivision into the flux tubes the 

rotating SR machine geometry was subdivided first into the approximate 

equipotential slices along the length of the unaligned magnetic circuit as in Fig. 

27. 
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Figure 27: Flux tubes and slices superimposed onto 2D FEM solution for the 

18/12 three phase SRM2 design at the unaligned rotor position. 

 

As can be seen from Fig. 27 the symmetry of the magnetic circuit greatly 

simplifies the subdivision task into slices. Compromise is made when deciding 

which major machine dimensions to use for the construction of the slices and the 

accuracy with which such slices are approximated as the magnetic field 

equipotentials. Visual examination of the flux tubes and slices of the circuit in 

Fig. 27 reveal that the path accuracy is somewhat compromised due to the 

inability to model the leakage flux paths. This is the case since FEM obtained flux 

function distribution shown in Fig. 27 was for the phase current value well above 

the design point which produces much higher magnetic saturation and flux 

leakage as a result. 

3.2.2 Aligned Rotor Position Modelling 

Compared to the unaligned rotor position flux tubes and slices distribution in Fig. 

27 with the aligned rotor position flux distribution in Fig. 28 it is evident that the 

slices construction is markedly easier to fit. 
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Figure 28: Flux Tubes and Slices superimposed onto 2D FEM solution for the 

18/12 three phase SRM2 design at the aligned rotor position. 

As was the case in Fig. 27 the flux function distribution in Fig. 28 was produced 

with the machine phase excitation current higher than the specified peak current 

for this particular design. This level of excitation inevitably produces higher 

magnetic saturation and as a result excessive flux leakage. On the contrary, the 

flux tubes and slices distribution is ideal regardless of the level of phase current 

excitation. Since it was not attempted to model the complex leakage and fringing 

flux patterns with the comparably simple flux tube and slice placement 

techniques it is anticipated that the resulting flux linkage values of the flux tubes 

and slices approach will yield lower values compared to FEM values. 

3.3 Numerical Accuracy and Robustness of the Flux Tubes 

Modelling 

In order to illustrate the accuracy and robustness of the improved flux tubes 

method, from the computational and numerical error propagation point of view, 

analytical formulation is employed. Fig. 29 can be used to describe what is meant 

by the system of flux tubes. 
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Figure 29: A system of magnetic flux tubes arranged in parallel. Taken from [69] 

However, due to the resulting error terms being somewhat different in the 

distinct parts of the magnetic circuit of an SR machine each such error term 

derivation is undertaken separately as presented below. 

3.3.1 Flux Tubes and Slices Air Gap Reluctance Accuracy 

From Fig. 22 and or Fig. 27 it is assumed that the flux tube system is in the air 

gap or other non-magnetic region of the SR machine. The flux tubes have been 

subdivided into n slices, as shown in Fig. 29, along their lengths and cross-

sectional areas of each such slice averaged 
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where the arrow in (12) indicates the substitution. 

Therefore, the individual reluctance of each of the m flux tubes can be expressed 
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Now, because the system of flux tubes in Fig. 22 is arranged in parallel, as in Fig. 
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As argued in the previous section, the resulting flux tube system of Fig. 22 

approximates the FEM solution in Fig. 21 well, but is not exact. The flux tubes 

method considers discretized systems rather than continuous. Thus it is 

necessary to take two neighbouring cross-sectional areas of each tube-slice and 

average them to produce a mean value for that particular flux tube slice as in 

(12). This averaging of cross-sectional areas, however, will introduce some 

numerical error. The error itself will vary from slice to slice, and from tube to 

tube, and even from system to system. Taking into account the numerical error 

thus created, (13) can be expressed as follows 
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It is assumed that each error term ε in (15) will be in the region of, and unlikely to 

exceed, ±1.1 (or put in other words will overestimate or underestimate by 10%) 

for the averaged cross-sectional areas and cord lengths of each slice. If the 

number of terms n in (15) is increased, the errors resulting from the estimated 

cord lengths and cross-sectional areas of the tube slices can be averaged, namely 
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For convenience, the averaged errors of the cross-sectional areas and cord 

lengths of each slice in (16) can be written as 

( )17.; λεαε ⋅+=⋅⋅+=⋅ ⋅⋅ jjαvλjjjαvAj λλλAAA  

Where the meaning of the errors can be more clearly interpreted in Fig. 30. 

 

Figure 30: An approximation of a true tube introducing the errors in length and 

area. Taken from [50] 
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It is now possible to show what impact the errors of the estimated geometric 

features of the tube will have on the reluctance value of the whole system of 

tubes of Fig. 29. Rewriting (16) in terms of (17) 
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and rewriting (14) in terms of (18) 
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results in the total equivalent reluctance of the system of tube-slices in series and 

combined in parallel to be 
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The result in (20) indicates that the estimated parallel equivalent reluctance of the 

air gap tubes will scale linearly with the quotient of the two errors. Thus it could 

be argued that if the two error terms are both either positive or negative this will 

tend to minimize the total error of the parallel reluctance. The worst case 

scenario occurs if the two errors are of equal magnitude but opposite sign, that is 

the cross-sectional areas are underestimated whilst the cord lengths of the tubes 

are overestimated, or vice versa. Even the worst case scenario is considered to be 

tolerable provided the errors α and λ are not larger than ±10% as stated earlier. 

Under such conditions the total error can be no more than ±22% of the true 

reluctance value. 

3.3.2 Flux Tubes and Slices Iron Circuit Reluctance Accuracy 

In a similar way the reluctance of the magnetically nonlinear iron circuit of the SR  

machine can be estimated and effects of the errors accounted for. Considering 

Fig. 29 again, this time however with the magnetic permeability no longer 

constant but varying according to the magnetization curve of the material as 

portrayed in Fig. 31. 
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Figure 31: A typical magnetization curve of a saturable iron circuit and the 

resulting errors in the non-saturated and saturated regions 

Therefore (13) may be rewritten, taking saturation into account, as 
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Assuming that the flux of each tube is of constant value the estimated magnetic 

field density occurring at each given slice is 
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and from (22) the following can be deduced 
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In other words, if the area error α is positive the magnetic field density will be 

underestimated compared to the true value and vice versa. From the 

magnetization curve of Fig. 31 it follows that the relationship between the 

erroneous magnetic field density estimate and the resulting magnetic field 

strength can be stated as 
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The resulting erroneous magnetic field strength for each of the flux tube slices 

along the lines of (17) can be expressed, for convenience, as 

( ) ( )25.1' ππ +=⋅+= jjjj HHHH  

The estimated values in the denominators of (21) imply that 
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which is trivial, however it does show that the estimated flux, that is the 

denominator in (21), is not affected by the cross-sectional area error α. 

Expression (26) can be shown to yield such results due to the particular 

computational iterative algorithm used in this work. The flowchart of the 

algorithm, which employs the bisection root finding method, is shown in Fig. A2 

in the Appendix A. 

Equation (21) can now be expressed in terms of (25), also remembering to 

include the tube slice cord length error term derived in (17), as follows 
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and the parallel reluctance of the system of tubes in the iron circuit is 
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Equation (28) indicates that the cross-sectional area estimation error α has no 

influence on the final result of the total reluctance of the iron circuit. However, a 

new error term appears in (28) due to the estimation of magnetic field strength 

from the non-linear iron magnetization curve in Fig. 31. Therefore, the total 

saturating iron reluctance will scale as a product of the two errors. In contrast to 

the total air gap reluctance, as in (20), the iron circuit reluctance value is affected 

less by the equal magnitude but opposite signs of the errors (that is when one is 

positive and the other is negative). The worst case scenarios occur when both 

error terms are of equal magnitude and either both positive, or both negative. 



Proposed Modelling of the Flux Tubes and Slices Utilising Cubic-Splines 

81 

Attention is now turned towards the discussion of the errors in (28) when the iron 

circuit is in the non-saturated and when it is in the fully saturated regions of the 

magnetization curve. As can be seen from Fig. 31, the πu error term, which 

corresponds to the unsaturated state, for the magnetic field strength will be very 

small when the flux-linkage values of the SR machine are estimated at low phase 

excitation currents. The situation is very different when flux-linkage values of the 

SR machine are estimated at high phase excitation current levels where most of 

the iron circuit is fully saturated. At this condition the πs error term is 

significantly larger, even if uncertainty associated with the magnetic field density 

value Bs is the same as in the non-saturated region Bu. 

Due to the magnetic circuit design of the SR machine used here for illustrative 

purposes, the air gap and iron circuit components are arranged magnetically to 

be in series. Thus for the both the aligned and unaligned flux-linkage function 

estimations, the reluctances given by (20) and (28) will be additive, while the 

error terms for the unaligned flux-linkage curve will be an order of magnitude 

smaller compared to the error terms of the aligned flux-linkage curve. This effect 

is due to the point made above, but to repeat: the saturated reluctance error of 

the aligned SR machine circuit will be exacerbated due to error terms in (28), 

whereas in (20) the error will be negligible as the length of the air region is small  

as in Fig. 25. On the other hand, the reluctance error of the unaligned SR machine 

circuit will be made worse due to increased error terms in (20) as the length of 

the air-gap region is relatively large, whereas in (28) the error will be much 

smaller because of the non-saturated state of the iron as in Fig. 22. 

The final note is made with regards to the preceding derivation of the geometric 

error terms in relation to the MEC based electromagnetic computations as 

discussed in Section 2.2. From the discussion in Section 2.2 it is evident that the 

original MEC formulation is liable to the same geometric modelling errors as the 

presently proposed flux tubes and slices method since the same basic construct 

of the flux tube is assumed. Therefore, although not covered in the extensive 

literature of MEC techniques for the modelling of electric machines, the geometric 

errors are the main cause of the uncertainties and the requirement for the 

calibration parameters of MEC based analysis. Therefore it is likely that the 

preceding geometric error derivation will be used to improve the classical MEC 

based electromagnetic analyses in the future. 
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3.3.3 Flux Tubes and Slices Dual Bounds Estimations 

The preceding error analysis of the flux tube approach, and in particular 

expressions (20) and (28), can be directly compared to the TAS method used to 

analyse electric and magnetic fields in the linear media [84]. The analytical TAS 

derivation, in addition to using the tubes, makes use of the construction of a 

system of slices along the lines of Fig. 29, leading to the creation of dual bounds. 

The tubes result in a lower bound of the permeance, whereas the slices in an 

upper bound. There is similarity to the calculation of a resistance or capacitance, 

with the analogue of the permeability, µ, being the conductivity, σ, or permittivity, 

ε, respectively. The dual bounds are guaranteed for a particular tube-slice system 

and thus the true answer always lies between the two values. Taking an average 

often results in a good approximation. 

It may be possible to adapt the TAS approach to the flux tubes in the non-linear 

media if the resulting error of the entire system of tubes and slices is to be 

minimized. A possible strategy would compare the resulting flux-linkage function 

based on a particular flux tube system with a FEM analysis solution and use the 

numerical error found to correct the subsequently generated systems of flux 

tubes when SR machine design variables are changed. Such a strategy would be 

likely to be most effective when a large number of the flux tube systems is being 

generated, as in GA based optimization. 

The following derivation is used to complement the expression (14), which will 

apply to both the air gap region as well as the iron region of the magnetic circuit, 

in order to make the full use of the dual bounds theory fully derived and 

explained in [84] and [95] and reviewed in Section 2.4. 

Therefore, starting with the parallel reluctance of each slice n of all the tubes that 

are arranged in series in Fig. 29 the following expression results 
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Equation (29) considers the tube slices to be in parallel which can be compared 

with (13) where the tube slices are first considered in series. 

Finally, using (29) to account for all the n slices arranged in series in the system 

of tubes in Fig. 29 the following expression for the equivalent parallel-series 

reluctance of the system is obtained 
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Equation (30) will give a lower bound value of the equivalent reluctance value of 

the system of tubes in Fig. 29 whereas (14) will give an upper bound value of the 

equivalent reluctance in the magnetically linear medium. 

Similar reasoning is applied for the derivation of the lower bound equivalent 

reluctance value considering ferromagnetic circuit parts of the SR machine. 

Rewriting (21) in terms of the parallel m terms results in the following expression 

of the system of tubes in Fig. 29 
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Finally summing the n slice terms to arrive at the equivalent parallel-series 

reluctance of the system of tubes of Fig. 29 
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Equation (32) can be compared with (28), and summarised in Table 3, not taking 

into account the error terms derived in (17) and (25) since these errors were 

averaged for simplicity. Nevertheless, the dual bounds obtainable from the above 

derived equations can aid the accurate computational effort of SR machine design 

greatly as illustrated in Fig. 32. 
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Table 3: Summary of the dual bound reluctance values of the flux tubes and slices 

equations 
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Figure 32: Dual bounds approximations of the true flux linkage functions for the 

aligned and the unaligned rotor (or translator) position of SR machine 

In order to illustrate the dual bounds usefulness in the design of SR machines it is 

assumed in Fig. 32 that the true values of the aligned and unaligned flux linkage 

functions are as depicted by the central punctured curves in the non-linear and 

linear region respectively and are generally unknown at the time of the flux tubes 

based SR machine design stage. The dual bounds of the non-linear flux linkage 

will be obtained with expressions (28) and (32) for the upper and lower reluctance 
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bounds respectively. The two resulting flux linkage curves are joined together to 

indicate the area between them so formed in Fig. 32. In a similar fashion, the dual 

bounds of the linear flux linkage will be obtained with expressions (14) and (30) 

for the upper and lower reluctance bounds respectively. These two flux linkage 

curves are also joined together in Fig. 32 to indicate the area between them so 

formed. 

Given such situation as depicted in Fig. 32 the following strategy can be adopted 

in order for the flux tubes and slices analysis to result in a conservative SR 

machine design which is considered here to be more advantageous when only the 

approximate analysis tools, such as the flux tubes method, are used. The dual 

bounds of the aligned flux linkage functions can be combined in such a way so as 

to give worst case scenario, which in Fig. 32 is shown as a red solid line. 

Adopting this strategy of the aligned flux linkage estimation will result in the 

higher inductance SR machine design. In a similar way the dual bound values of 

the linear flux linkage functions can be combined in such a way so as to arrive at 

a higher inductance SR machine design. However, since the unaligned flux 

linkage is a linear function selecting only the upper unaligned flux linkage curve 

in Fig. 32 will result in higher inductance SR machine. Therefore overall the 

resulting SR machine will produce lower output torque if the conservative 

estimates described above are chosen. 

Of course such scenario as described above and in Fig. 32 is contingent upon the 

true flux linkage curves falling somewhere in between the respective aligned and 

unaligned dual bounds – the information which is not known beforehand. 

Nevertheless, such strategy will still prove effective if the given entire flux tube 

system is calibrated beforehand using FEM analysis results. 

3.3.4 Geometric Modelling Aspects of the Flux Tubes and Slices 

Techniques 

Since the derived equations in Section 3.3.3 are very important from the 

numerical error propagation point of view when the flux tubes and slices 

computations are performed it is necessary to fully describe the approaches with 

which these errors can be predicted, controlled and minimized. 

Reconsidering expressions (20) and (28) with respect to Fig. 30 we are able to 

make the following general predictions as to the influence of the error terms α 
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and λ as is shown in Table 4, for all possible geometric error combinations, where 

it is assumed that the magnetic potential is from left to right. 

Table 4: Flux tubes and slices geometric errors and their combinations 

 

Using the manual flux tube slice placement techniques described in Sections 3.1 

and 3.2 will result in one of the following geometric error combinations as in 

Table 4. The ideal case scenario is when both errors are equal to zero producing 

exact geometric match between the actual flux tube slices and those constructed 

manually resulting in the accurate reluctance values and under such conditions 

the dual bounds will converge to a single value. However, it should be understood 

that the manual slice placement procedure statistically can never be exact in 

practice and will most of the time deviate from the true flux tubes and slices as 

obtainable with FEM analysis. In addition, the rotor position and the amount of 

the magnetic saturation in the entire circuit will also have a profound effect on 

the resulting equivalent reluctance as summarised in Table 5. 
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Table 5: Geometric error effect on the numerical accuracy on the equivalent 

reluctance of the flux tubes and slices method 

 

It can be seen from Table 5 that dependent on the state of saturation of the 

magnetic circuit and the likely geometric error variations from Table 4, occurring 

due to the manual slice placement techniques, will result in the listed worsening 

effects to the accuracy of the final flux linkage function. The combination of the 

error terms in Table 4 and the worsening effects in Table 5 pose a computational 

accuracy challenge since the inherently random manual placement of slices will 

give rise to random fluctuations of flux linkage functions of a given SR machine 

geometry, but not due to the phase current values, and will make it rather more 

difficult to ascertain the true flux linkage functions. 

Fig. 33 illustrates an exemplar mechanism by which the flux tube slice area error 

is introduced in the modelling stage. 
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Figure 33: Flux tubes and slices area error generation 

Considering the upper tube in Fig. 33 it can be seen that if the two slices happen 

to be manually placed at each extreme end of the tube will result in the actual 

cross-sectional area to be averaged which is an underestimate of the true average 

value. Likewise if the two slices happen to be manually placed at each extreme 

end of the lower tube in Fig. 33, this will result in the actual cross-sectional area 

to be averaged which is an overestimate of the true value. However, the resulting 

erroneous reluctance value, in addition to the area errors, will also be affected by 

the amount of magnetic saturation occurring in that particular slice which in turn 

depends on the intricacy of the magnetic circuit geometry. Therefore to remedy 

such gross underestimation or overestimation of the flux tube cross-sectional 

areas it is necessary to control the number of slices n the system of tubes should 

be subdivided into, as was shown in Fig. 29 in Section 3.3. Therefore it is 

reasonable to expect that given an intricately shaped magnetic circuit of a given 

SR machine will require much larger number of slices n compared to a simpler 

shaped magnetic circuit. 

Turning our attention now to the flux tube length error term λ with respect to 

expressions (20) and (28) and Fig. 30 it can be seen that the flux tubes method 

has favourable error minimization qualities since it utilises the cubic splines in 

order to estimate the flux tube cord lengths independent of the number of the 

slices n as shown in Fig. 34. 
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Figure 34: Flux tube length error term λ minimization using cubic splines 

Figure 34 shows that by utilising the cubic splines to interpolate between three 

coordinate points (i.e. three slices) will produce negligible mean tube cord length 

error λ whereas if the mean tube cord length was approximated with the straight 

line segments this would necessitate much larger number of slices n, yet the 

length error λ would still remain significant. In other words, the linear mean cord 

length approximation is not feasible technique as the mean cord length error 

term λ would be highly dependent on the number of slices n. Therefore it is 

deduced from the preceding argument that the flux tubes and slices method 

based on cubic splines is far superior from the numerical accuracy point of view 

compared to the classical MEC techniques as used in [62] or [73] for example, 

especially for non-rectilinear magnetic circuit geometries. 

Therefore it could be deduced that the following advantages are pertinent to the 

flux tubes and slices based method compared to the classical MEC based 

electromagnetic modelling techniques. Since the flux tubes and slices cord length 

calculation is numerically more accurate, as it corresponds more closely to the SR  

machine geometry under consideration, the cord length error λ is reduced upon 

the construction of the cubic spline based flux tubes. The only other error which 
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is left uncertain is the flux tube area error α which is not known at the time of the 

flux slices construction for the geometry under consideration. The classical MEC 

method has both of the geometric errors left uncertain since the classical MEC 

method in itself can produce tube area and cord length errors independent of 

each other and also independent of the geometry to which it is constructed. This 

results in inherently larger error and error variation of the classical MEC method 

as the modelled geometries are varied parametrically. Flux tubes and slices 

method on the contrary will always underestimate the flux tube areas with 

respect to the true values, as found by FEM analysis for example, which will help 

to establish the required calibration coefficient for the flux tubes and slices 

model being constructed. Likewise, the cord length values are most likely to be 

underestimated, still by considerably much lower factor than the slice areas, with 

respect to the true values, as found by FEM analysis for example, which will help 

to establish the required calibration coefficient to compensate the error. 

3.3.5 Further Sources of Modelling Error 

Having established the main sources of errors in the flux tubes and slices method 

it is also advantageous to consider other sources of error in the modelling and 

analysis process of SR machines. This consideration is important since the 

electromagnetic modelling of SR machines with the flux tubes and slices method 

can be made more accurate and aid in the correct interpretation of the modelling 

results when other sources of error are known and their effects can be interpreted 

correctly. Therefore, below is the list of likely sources of modelling errors that 

should be taken into account when using the flux tubes and slices method to 

analyse and design practical SR machines: 

1. Magnetic material property variations due to manufacturing processes, i.e. 

B = H(µ), however this only taken into consideration once a practical device 

is built, tested and compared to the design 

2. Approximation of the ampere-turns, N × I, parameter of the SR machine to 

the magnetomotive force, mmf, or the approximation to the Ampere’s law 

3. Non-uniform air gap between the moving and stationary parts of the 

practical SR machine circuit, e.g. two opposite rotor poles of not equal 

length 

4. Variation of material properties due to operating temperature variations of 

the SR machine 
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5. Variation of the geometric parameters of the magnetic circuit due to 

manufacturing inaccuracies and tolerances and displacement due to the 

internal forces 

6. Leakage flux and fringing flux occurring in the magnetic circuit of the 

analysed SR machine not being modelled with the simple flux tube and 

slice placement techniques 

All the above listed additional sources of errors will add to the uncertainty of the 

SR machine performance results obtainable with the flux tubes and slices 

method. Complete and simultaneous elimination of these errors is not possible in 

practice, however their ranges are normally known with reasonable confidence 

from the previous SR machine analysis and design experience. The prior 

experience can help to manage the errors associated with the above described 

factors and predict their impact upon the modelling results. 

The next chapter outlines some of the numerical accuracy results obtainable with 

the flux tubes and slices techniques using cubic splines as proposed in this work. 

3.4 Chapter Summary 

The proposed modelling using flux tubes and slices techniques based on the 

cubic spline approximations can be summarised as follows. 

As was demonstrated above the cubic-spline based flux tube construction to 

replicate the actual magnetic flux tubes occurring in the SR machine circuits is a 

versatile technique for a number of the different machine topologies presented. 

In particular, the unaligned position air gap flux distribution modelling is 

markedly simplified compared to previously demonstrated and published manual 

air gap region subdivision techniques. The aligned and unaligned ferromagnetic 

circuit flux distribution also modelled conveniently using only the major SR 

machine circuit geometric parameters to construct slices after which the 

automatic generation of the cubic-splines is performed. 

The flux tubes and slices method is not completely immune from the modelling 

errors and mainly depends on the assumptions made as to the placement of the 

equipotential slices in the magnetic circuit. The two major modelling errors of the 

flux tubes and slices method are; the flux tube cross-sectional area estimation α 
and the flux tube cord length estimation λ. These two particular geometric errors 
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were shown to be largely responsible for the numerical errors of the estimated 

reluctance values of the magnetic circuits in question. 

The two main factors to be used for the control of the geometric errors of the 

flux tubes and slices method were identified in order to counteract the error 

propagation effects. Namely, the total number of flux tubes in parallel m, and the 

number of slices n of the flux tubes along their cord lengths. It is anticipate that 

by varying these two parameters the flux tubes and slices reluctance estimates 

can be controlled to an acceptable error bounds for accurate flux linkage 

estimation. Further technique which has a potential to greatly simplify the 

modelling error handling is the TAS technique whereby the two bounds resulting 

from the modelling errors are averaged in a way that minimizes the total 

modelling error in favour of the model accuracy. 

Next chapter presents numerical error sensitivity analysis results of the improved 

flux tubes and slices method. 
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Chapter 4 Cubic Splines Based Flux Tubes and 

Slices Error Results 

This chapter summarises the main findings of the flux tubes and slices method 

implemented as TAS technique in order to estimate the dual bounds of the flux 

linkage functions of SR machines being investigated. 

4.1 Geometric Modelling of Flux Tubes using TAS 

Technique 

Starting with the TAS implementation of the flux tubes and slices it is first 

necessary to decide a particular method of subdividing the flux tubes along their 

lengths in order to increase the number of subdivisions n. Figure 35 shows the 

adopted method of the cord length subdivisions for the flux tubes at the aligned 

rotor position of the radial SR machine where the number of tubes m = 9. 
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Figure 35: TAS implementation of the flux tubes technique for the aligned rotor 

position of the radial SR machine 

Figure 35 indicates that before the slices where constructed the fitted flux tubes 

were first subdivided into four segments along their entire cord lengths (please 

note that the cord lengths of the segments are not equal but were chosen for 

convenience of modelling). This was done for the possibility of varying the 

coarseness of the number of final TAS slice subdivisions n in different parts of the 

machine circuit where it is known from the general FEM simulations that these 

regions have quite different levels of magnetic saturation. In this case the four 

segments were subdivided into, from top to bottom; 12, 6, 6 and 12 tube slices 

n. Fig. 35 shows the original construction slices alongside the tube slices n. It was 

anticipated that if the magnetic saturation is not so great in the back iron of the 

stator for example then there is no particular reason to have very fine subdivision 

in this part of the machine since the magnetic field density error π in such 

regions was reasoned to be lower as shown in Fig. 31. Therefore if the magnetic 
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steel in such regions is unsaturated the error term π is likely to be lower and 

there is therefore little benefit in increasing the number of TAS subdivisions n in 

that particular part of the machine. The scope for numerical error minimisation 

and computation efficiency gain using the flux tubes and slices method are 

obvious. 

Second important point to make with regards to the TAS based slice subdivisions 

in Fig. 35 and more generally is a particular geometric reference where the 

subdivisions start and where they end – or in other words – considering which 

magnetic circuit segments to select for such subdivisions to accomplish. From the 

original TAS approach [84] it is seen that the best way to accomplish this is by 

assuming the unit cord length of the entity being subdivided. Therefore it was 

assumed that each tube in the particular segment has a unit cord length and then 

subdivide such unit length using the specified number of subdivisions n. In this 

way it was anticipated that the resulting TAS equipotential slices of the ‘real’ 

magnetic field density will be reconstructed more realistically. As can be seen 

from Fig. 35 certain segments of the geometry approached closely the curvilinear 

squares as discussed in Section 2.1. However, contrary to the previously 

mentioned method the curvilinear squares were generated automatically using 

the cubic spline fitting routines which is marked advantages over the laborious 

manual method. 

In a similar way the unaligned rotor position of the machine is being subdivided 

using variable levels of subdivisions n dependent on the particular location of the 

SR machine magnetic circuit as shown in Fig. 36. 
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Figure 36: TAS implementation of the flux tubes technique for the unaligned 

rotor position of the radial SR machine 

Again, as can be seen in Fig. 36, the entire magnetic circuit is subdivided into five 

initial segments and the number of subdivisions n in each such segment is 

independent of others due to the saturation error π identified in Fig. 31. In Fig. 

36 the segments were subdivided, from top to bottom, into 12, 10, 6, 6 and 6 

TAS subdivisions respectively. In this way the number of subdivisions in more 

saturating segments of the circuit, for example the stator and rotor pole tips, can 

be analysed with higher precision while at the same time giving consideration for 

the overall efficiency of the computational model. 

Given the successful geometric subdivision of the flux tubes for the two rotor 

positions of the SR machine using TAS technique it is now necessary to 

investigate to what extent the TAS subdivision is better from the numerical error 

minimization point of view compared to the simple flux tubes subdivision – that 
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is only the series subdivision of the flux tubes as well as compared to the FEM 

solutions. 

4.2 SR Machine Electromagnetic Modelling Error of Flux 

Tubes and Slices Technique 

To start the electromagnetic modelling of the nonlinear radial SR machine using 

TAS technique it is first necessary to decide the nonlinear solution iterative 

approach to be taken in order to estimate the flux linkage. Therefore given the 

TAS based geometric subdivisions it is now necessary to choose between the 

series or parallel reluctance of the particular rotor position to be iteratively 

solved. In this particular study it was decided to use the series reluctance value at 

a given current level as the iteration progresses through the error minimisation 

routine since it is a more physical approach to select the series reluctance due to 

the physical meaning of the flux tubes. Once the series reluctance value has 

converged to an acceptable level the parallel reluctance is computed for that 

particular phase current level using the simple parallel circuit formulation and the 

two reluctance values are averaged to get a final answer of the flux linkage. 

Figure 37 shows the results of such studies where the TAS technique is compared 

to the simple series flux tubes method and the FEM solution of the aligned and 

the unaligned rotor positions of the radial SR machine. 

 

Figure 37: Comparison of the flux TAS technique to the series flux tubes 

technique and the FEM solutions for the aligned and the unaligned 

rotor positions of the radial SR machine 
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The results in Fig. 37 will be considered in turn and discussed in detail. 

To start with the aligned rotor position of the SR machine is considered and the 

flux TAS as well as the series flux tubes techniques are compared. As can be seen 

in Fig. 37 the two techniques produce very close numerical results of the flux 

linkage for the entire SR machine phase current range. It can be seen that the flux 

TAS technique somewhat underestimates the aligned flux linkage value compared 

to the series flux tubes method. However it must be remembered that the flux 

TAS generated flux linkage is the average of the two bounds of the technique. 

Therefore it can be reasoned that one of the dual bounds of the flux TAS result is 

actually higher than the series flux tubes result which was confirmed in the 

current study but shown in Fig. 38 for the sake of clarity. 

 

Figure 38: Flux TAS and series flux tubes comparison of the flux linkage and the 

absolute error 

Furthermore the flux TAS technique used very fine subdivision of the flux tube 

cord lengths - n subdivisions being equal to 36 whereas the series flux tubes 

method used only n = 16. The computing time difference of these two techniques 

is significant with the flux TAS method taking 5 s whereas the series flux tubes 

method took only 1.5 s to obtain the aligned flux-linkage in Fig. 37 and Fig. 38. 

It is also useful to obtain and plot the numerical error of the flux TAS and the 

series flux tubes method over the entire range of phase currents. The following 

equation is used to compute absolute error of the two methods 
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Fig. 37 shows such error curve for the two flux tube techniques for the aligned 

rotor position flux linkage. It can be seen that the error starts at about 6% value 

when the phase current level is very low and decreases monotonically to a value 

of around 1% at the maximum phase current level where the magnetic saturation 

of the entire magnetic circuit is relatively very high. 

Next we compare the flux TAS technique and the 2D FEM flux linkage values for 

the aligned rotor position in Fig. 37. Here we can see that the flux TAS technique, 

although underestimates the flux linkage values compared to the FEM solution, 

preserves the shape of the aligned flux linkage curve quite well over the entire 

phase current range. Again, (33) is used to compute the numerical error of the 

TAS and FEM techniques which is shown in Fig. 37. The absolute error curve of 

the TAS/FEM techniques is similar to the previously discussed flux TAS/series flux 

tubes error curve as it also starts at a highest level of error at the lowest phase 

current level which is 10%. The error is then decreased as the phase current is 

increased but only to increase again as the level of saturation of the magnetic 

circuit becomes severe at a value of 7%. 

The comment regarding the TAS/FEM aligned flux linkage error curve is as 

follows. As prior experience indicates [70] the error values up to the phase 

current level of about 200A for this particular machine in Fig. 37 are insignificant 

to the accurate calculation of the rms phase current and the average 

instantaneous torque values. The flux linkage error past the 200A phase current 

point increases due to inability of the TAS method to take into account the 

magnetic flux leakage in the magnetic circuit which is perfectly well captured by 

the FEM solution (which we assume is the ‘true’ solution). Thus the TAS/FEM error 

starts rising again just after the aligned flux linkage knee-point when the 

saturation of the magnetic circuit increases to the level of flux leakage occurring. 

The 7% error at the peak current value in Fig. 37 is relatively small and translates 

into negligible error of the rms current and the average instantaneous torque 

values, as the past experience showed, for the series flux tubes flux linkage. 

Continuing with the absolute error estimation discussion we now turn to consider 

the unaligned flux linkage estimates from the flux TAS and series flux tubes 

methods. Fig. 37 indicates that this time it is the series flux tubes method which 

underestimates the unaligned flux linkage. We note at this point that the TAS 
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technique had a very fine level of the initial ‘segments’ subdivision n being equal 

to 40 whereas the series flux tubes were subdivided into 15 segments. Given the 

levels of subdivisions the TAS method took 6 s to compute the unaligned flux 

linkage curve whereas the series flux tubes took only 1.5 s to compute the same 

curve. Using the absolute error expression (33), the error is computed for the TAS 

and series flux tubes methods and is shown in Fig. 37.The unaligned absolute 

error curve of the two methods is very different compared to the error curve of 

the aligned case in Fig. 37. The error of the unaligned case appears to be 

constant at a value of <7% since the level of magnetic saturation is not reached 

due to the very large air gap region of the magnetic circuit as can be seen in Fig. 

36. Hence this is exactly what TAS and series flux tubes methods predict since 

both flux linkage curves are straight lines. 

We now turn to compare the TAS/FEM methods absolute error for the unaligned 

flux linkage curves. Fig. 37 shows the unaligned error curve which overall has a 

higher error value, contrasting to the previous unaligned error comparison, 

starting at 14% at very low level of phase current and remaining at this level until  

the level of the phase current reaches the 300A value. After this phase current 

point the error term decreases somewhat to a final value of 9% at the maximum 

phase current level in Fig. 37. The constant TAS/FEM error region can be easily 

interpreted as that due to the constant numerical discrepancy in the computed 

reluctance values of the two methods - since the heavy saturation is not achieved 

the error remains constant as per Fig. 31. However the error beyond the 300A 

level starts decreasing and this is due to the saturation effect actually appearing 

in the FEM flux linkage result at this high level of the phase current. Therefore it 

can now be seen that the unaligned flux linkage curve obtained with the FEM 

method is not straight line but has a turning point at the 300A phase current 

level where its gradient is now lower thus approaching the straight TAS curve 

which does not capture the saturation at that point. This is where the two results 

start converging thus decreasing the absolute error between the two methods in 

Fig. 37. 

Again it should be remembered that in the unaligned TAS/FEM comparison in Fig. 

37 the TAS flux linkage is the average of the two bounds and therefore one of the 

bounds is actually higher than this average thus approaching the flux linkage 

values that of the FEM method. The upper bound of the TAS method is always the 

parallel-series computation which is nothing more than the finely subdivided 

original series flux tubes evaluated in parallel as in Table 3. Therefore we could 
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reason that it would suffice to use such finely subdivided series flux tubes in 

parallel for the aligned and unaligned flux linkage estimations as can be seen 

from the unaligned flux TAS result in Fig. 38. However this argument is as yet 

unsupported by the experimental investigations and there is therefore no proof 

that all the finely subdivided series flux tubes taken in parallel will always 

perform better compared to the simple series flux tubes computation in the large 

number of generated SR machine design points on or near the pareto front using 

the genetic algorithm as envisaged in Fig 2. 

To conclude, the unaligned flux linkage error comparison of the TAS/FEM 

methods in Fig. 37 we can say that overall the error is insignificant since the 14% 

error in the unaligned flux linkage values translates into negligible error of the 

rms currents and the average instantaneous torque values [70]. This argument is 

repeated from the above discussed aligned error comparison in Fig. 37, but it is 

also supported by the fact that both TAS curves are underestimated compared to 

the both FEM curves thus comparatively preserving the actual surface area value 

between the two sets of curves and making the rms current and the average 

instantaneous torque values acceptable for rapid initial design search. 

One further important point regarding the absolute error of the TAS method in 

Fig. 38 is as follows. The shape of the error curve with respect to the phase 

current can be explained by considering the error argument in Fig. 31 where it is 

seen that the saturation error π is small when the estimated B is uncertain and 

this translates into small dual bounds error in Fig. 38 up to the 50A phase current 

value. However once the SR machine circuit starts saturating even the smallest 

error in the estimated B value in Fig. 31 translates into large π which in turn 

increases the dual bounds TAS error as in Fig. 38 past the 50A phase current. The 

unaligned dual bounds TAS error is of constant and small value in Fig. 38 since 

the machine circuit is not saturated and the saturation error π therefore has no 

effect – only the α and λ geometric errors of area and length are important. 

Therefore, from the preceding discussion the ramifications of Table 4 and Table 5 

are apparent for the flux tubes and slices approach and could be argued to be 

even worse in practice if the classical MEC techniques were used instead for the 

SR machine analysis. 

Finally it should be pointed out that the entire flux tube modelling has a certain 

degree of randomness since it is down to a particular interpretation of where the 

initial flux tube slices are to be located on the particular magnetic circuit of the 

modelled SR machine. This component of randomness in turn introduces the 
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numerical error in the final values of the equivalent reluctance thus making the 

flux linkage values less certain. However, by revisiting the earlier made argument 

that the pareto front generation is the result of highly repetitive generation of SR 

machine design points this repetitiveness can have the random error 

minimization effect since inevitably some of the flux linkage curves will be 

overestimated and some will be underestimated compared to the ‘true’ flux 

linkage values as obtained with highly accurate FEM solutions. The average 

accuracy of the flux TAS method is therefore much more important in such pareto 

front generating scenarios as the TAS errors will, on average, cancel out thus 

contributing very little effect on the final values of the rms phase currents and the 

average instantaneous torque values of the SR machine as envisaged in Fig. 2. 

4.3 Flux Tubes and Slices Flux Linkage Results Sensitivity 

Analysis 

Next avenue of enquiry regarding the flux tubes and slices implementation is the 

sensitivity of the results accuracy of the method when the number of subdivisions 

m and n, as defined in Fig. 29, are varied. In addition, such sensitivity information 

will help to assess the computational resources requirements in order to gain 

optimal computational efficiency and minimal numerical error ratio for the 

analysis of SR machines. 

The geometric information of the rotary SR machine used for the sensitivity 

analysis, presented in Fig. 35 and Fig. 36, is placed as Fig. A3 in the Appendix A. 

4.3.1 Aligned Flux Linkage Results Sensitivity Analysis 

As a check on the aligned flux linkage function sensitivity the number of initial 

tubes m (defined in Section 4.1) was decreased by a factor of two compared to 

the number of slices in Fig. 35. Fig. 39 shows the plot of the flux tubes system 

where the number of tubes was 15. 
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Figure 39: Sensitivity analysis of the aligned flux linkage as a function of the 

number of tubes m 

From the Fig. 39 it can be deduced that the number of tubes m has very little 

effect on the results sensitivity of the aligned flux linkage function. However, 

since it was reasoned in the previous chapter that the flux TAS technique error 

depends not only on the flux tube cord length error λ, but also on the number of 

slices n the result in Fig. 39 must be taken with caution before the results 

sensitivity due to the number of slices n is also assessed. 

Considering further the implications of the results in Fig. 39 it is now necessary 

to assess to what extent will the reduction in the number of tubes m will have on 

the computational efficiency of the solution. Figure 40 plots such computational  

efficiency gains when the number of tubes m is varied. 
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Figure 40: Speed-up of the aligned flux linkage computations as a function of the 

number of tubes m 

From Fig. 40 it can be deduced that if the number of tubes is reduced from its 

maximum, e.g. m = 15, to its minimum this will result in the linear variation on 

the speed-up of the solution. Therefore, by using the ‘Big O’ notation the 

variation of the number of tubes m will have a linear variation of solution time T 

provided the number of slices n is fixed, and can be expressed as follows 

( ) ( ) ( )34.mOmT ∈  

which indicates that the flux tubes algorithm has linear order with respect to the 

input m. 

Next we compare the flux linkage result sensitivity when the number of tube 

slices n is varied in each chunk of the magnetic circuit as discussed in Section 

4.1. Figure 41 indicates that similarly to the trend in Fig. 40 the sensitivity of the 

aligned flux linkage results is very small and can be safely neglected when the 

speed of computations are a primary goal. 
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Figure 41: Sensitivity of the aligned flux linkage as a function of the number of 

segment slices n 

Using (33) the absolute error with respect to the n = 14 case in Fig. 41 indicates 

that the largest error does not exceed 1% in this particular case which is very 

encouraging as far as the computational efficiency is compared. 

To quantify the solution time performance of the flux TAS method with respect to 

the number of flux tube slices n the same notation as in (34) is used to express 

the algorithm performance, assuming the number of tubes m is fixed 

( ) ( ) ( )35.nOnT ∈  

Therefore it is deduced that the flux TAS algorithm will perform linearly and this 

is confirmed in Fig. 42 where the speed-up is linear, however this time keeping 

the number of tubes m constant, as was the case in Fig. 41.  
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Figure 42: Speed-up of the aligned flux linkage computations as a function of the 

number of slices n 

Therefore by combining the results for the number of tubes m and slices n and 

(34) and (35) the overall runtime of the algorithm can be expressed as 

( ) ( ) ( )36., nmOnmT ×∈  

Thus the runtime of the algorithm will scale as a product of the two factors m and 

n. Therefore it is highly beneficial, from the computational efficiency point of 

view, to reduce the number of tubes m and slices n to the levels at which the flux 

linkage result error is nonetheless tolerable for the accurate and meaningful 

estimation of the analysed SR machine performance. 

4.3.2 Unaligned Flux Linkage Results Sensitivity Analysis 

As a check on the unaligned flux linkage sensitivity the number of initial segment 

slices n, as defined in Section 4.1, was decreased by a factor of two compared to 

the number of slices in Fig. 36. Fig. 43 shows the plot of the flux tubes system 

where the initial segments were subdivided into 12, 10, 6, 6 and 6 TAS 

subdivisions respectively. 
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Figure 43: Sensitivity of the unaligned flux linkage as a function of the number of 

tubes m 

The relationship between the resulting flux linkage error and the number of tubes 

m in Fig. 43 is not as simple compared to the aligned flux linkage results in Fig. 

39. In Fig. 42 it is seen that when the number of tubes is low, e.g. m = 3, the flux 

linkage function is quite low which indicates relatively high reluctance of the 

system of tubes. However, as the number of flux tubes m is increased 

incrementally the flux linkage function is increased to a maximum value followed 

by the convergence of the flux linkage function when m = 15. 

The above described behaviour of the flux TAS method is most likely to be 

attributable to the specific implementation of the fitting of the flux tubes for the 

given SR machine geometry. Therefore when the flux tube number approaches 

the borderline minimum value, e.g. m ≈ 3 or less, the method results in 

unsatisfactory performance and for this reason, specifically for the unaligned 

rotor position, the number of tubes m should be increased to as large a value as 

reasonably practical. 

In addition to the result sensitivity analysis as the number of tubes m is varied 

the solution speed-up is also investigated and is shown in Fig. 44. 
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Figure 44: Speed-up of the unaligned flux linkage computations as a function of 

the number of tubes m 

From Fig. 44 it can be deduced that the flux tubes algorithm run time scales 

linearly with respect to the number of tubes m. This result is expected and closely 

comparable to the result in Fig. 40. 

The investigation of the results sensitivity analysis for the unaligned flux linkage 

when the number of slices n is varied is depicted in Fig. 45.  

 

Figure 45: Sensitivity of the unaligned flux linkage as a function of the number of 

slices n 
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Since the magnetic saturation in the unaligned rotor position of an SR machine is 

small, due to the relatively large air gap, the unaligned flux linkage is almost 

always linear except when the phase current values are extremely large and 

outside the practically achievable range. Therefore the linear unaligned flux 

linkage function in Fig. 45 enables clearly and simple indication of the absolute 

error between the different unaligned flux linkage functions when the number of 

tube slices n is varied. Figure 45 indicates that the sensitivity is very small with 

respect to the parameter n and the number of slices therefore can be reduced to 

as low a value as reasonably practicable provided that the final flux linkage value 

is still accurate enough to obtain meaningful performance results of the analysed 

SR machine. 

In the similar way to the aligned case the unaligned case speed-up as a function 

of the number of tube slices n is investigated and shown in Fig. 46. 

 

Figure 46: Speed-up of the unaligned flux linkage computations as a function of 

the number of slices n 

The speed up trend of the flux tubes and slices algorithm is linear and compares 

closely with the aligned flux linkage case. Therefore overall the solution time of 

the flux TAS method will scale as a product of the number of tubes m and slices 

n, as indicated by (36). Thus it is most beneficial, from computational efficiency 

and numerical error minimization point of view, to reduce the number of slices n 

to a minimum, but not the number of tubes m since it was shown in Fig. 43 that 

there is a definite minimum number of the tubes beyond which the accuracy 

becomes highly uncertain. Finally, it should be recognised that the sensitivity 

analysis presented here was obtained for a single SR machine geometry and not a 
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range of geometries with varying geometric feature proportions. Therefore, the 

sensitivity analysis results are taken with caution since it is not known if the same 

results would have been obtained for widely different SR machine geometries. 

4.4 Chapter Summary 

Collecting the initial result from the above error sensitivity analysis and Chapter 3 

it is now possible to summarise the main advantages of the flux tubes and slices 

technique compared to the reviewed techniques of comparable computational 

order. 

Features and advantages of using flux TAS compared to the previously reviewed 

reduced order computational methods: 

1. Magnetically nonlinear media supported, not in the original TAS although 

in principle that could have been implemented, enabling highly saturable 

sections of the SR machine circuit to be modelled with relatively high 

numerical accurately  

2. Automatic generation of flux tubes once the equipotential slices, often in a 

form of straight lines, are constructed, contrary to the published manual 

flux tube construction techniques in the ‘assumed flux paths’ and other 

methods, thus simplifying and speeding up the flux tubes and slices 

modelling process considerably 

3. Automatic generation of TAS slices once the tubes are constructed, not in 

the original TAS although in principle that could have been implemented, 

thus further contributing to the flexibility in the control of the geometric 

modelling errors in terms of the dual bounds 

4. Independently controlled numerical accuracy of the cord lengths of the 

tubes and the cross-sectional areas of the slices, not possible with classical 

MEC approach, thus allowing the control of the speed of the solution 

versus numerical accuracy 

5. Physical fidelity and intuition of the flux TAS method enables rapid post 

processing of the magnetic field results, as these are inherent in the 

analysis of the flux tubes and slices, for accurate estimations of hysteresis 

and eddy current ferromagnetic core losses 
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Chapter 5 Flux Tubes and Slices Based SR 

Machine Analysis and Design Optimization 

Results 

Having established the computational capabilities of the proposed 

electromagnetic modelling technique of flux tubes and slices the next step in the 

process of validation is to test the approach for a selected range of SR machine 

topologies. It is anticipated that the analysis and design optimization based on 

flux tubes and slices approach of a number of different SR machine topologies 

will test the modelling capabilities of the approach more systematically. This in 

turn will have a positive impact upon the wider adoption of the flux tubes and 

slices method as a computationally accurate and efficient electromagnetic 

analysis tool. 

5.1 General SR Machine Performance Analysis Approach 

Before the detailed performance analysis and design of an SR machine is 

undertaken it is important clearly state the methodology to be used in such 

analyses. This section will define and briefly review the main techniques used to 

assess the SR machine performance. 

5.1.1 3D Flux-Linkage Map Determination 

Once the aligned, unaligned and a suitable number of intermediate translator and 

stator positions is chosen and the flux-linkage functions for these instances are 

obtained through the utilisation of the flux tubes and slices approach the 

complete 3D flux-linkage map of the SR machine can be constructed. Therefore 

the flux linkage values will be expressed as functions of rotor position, expressed 

in degrees, and the phase current values. The efficient computational aspects of 

the construction of the complete 3D flux-linkage map are extensively covered in 

[71] and [92] among others. From discussion in [92] it is clear that not all 

excitation current levels need to be considered for each of the flux-linkage 

functions. This is advantageous from computational efficiency point of view as it 

reduces the number of computations without any appreciable error in the analysis 

results. The flux linkage map method of construction based on [92] is adopted in 

the present analysis of SR machines. The critically important point in the 
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construction of the flux-linkage map is that of interpolation of gauge curves as 

was shown on the right-hand side of Fig. 26 in Section 3.1.4. In order to reduce 

the number of stator-translator instances to be modelled with the improved flux 

tube modelling method it is assumed, for the present study, that a total of 2 

stator-translator/rotor positions are needed. These stator-translator/rotor 

positions are the fully aligned and fully unaligned. It will be shown in the results 

section of this report that this assumption, although underestimating the 

instantaneous electromagnetic torque values of the modelled SR machines, does 

offer computational efficiency and consistency of the results compared to FEM. 

5.1.2 Optimum Angle-Of-Advance Determination 

In order to determine the optimum angle-of-advance (AoA) θA of an SR motor use 

of Fig. 47 can be made which depicts the most general speed-torque curve of the 

machine. 

 

Figure 47: General speed-torque characteristic of SR motor. Adapted from [93] 

For SR machine to operate in the constant power range a timing (also termed 

“turn-on angle”) at which transistor switches of the SR motor drive start 

conducting the excitation current with respect to rotor position must be 

determined. This timing will be a function of rotational speed of the SR motor. 

Same will apply to a linear SR machine where rotor angle will be replaced with an 

equivalent linear translator displacement. The exact analytical determination of 
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optimal conduction angle is difficult in practise due to the magnetic nonlinearity 

[96], however since the 3D flux-linkage map is readily available for that particular 

SR machine the determination of optimum AoA can be found by sweep of the AoA 

parameter with respect to instantaneous torque at that particular angular speed. 

Therefore the general speed-torque curve up to the critical speed ωc, will be as 

shown in Fig. 48. 

 

Figure 48: Speed-torque envelopes resulting from AoA parameter sweep. 

As can be seen from Fig. 48 the sweep of AoA results in speed-torque envelope 

and such envelopes will, in general, be of the same characteristic shape for all SR 

machines. The end of phase current conduction cycle, the turn-off angle (or 

commutation angle), is assumed to always coincide with full alignment of the 

excited stator and rotor or translator pole (it is certainly possible to optimise the 

turn-off angle in addition to the AoA, but this is not considered in this study). 

Therefore for the present study the AoA is taken as a parameter, within a certain 

range which will depend on the number of machine phases and major dimensions 

of the magnetic circuit of the machine. Provided all of this information is available 

a sweep of the AoA is performed with respect to electromagnetic force for a 

range of translator speeds of the SR machine. 
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5.1.3 SR Machine Output Power Curves 

In a similar way to the turn-on angle determination the mechanical output power 

characteristic curves of the SR machine will also be directly affected by the turn-

on angle. As noted in [97], [98] traction motor application for electric and hybrid 

vehicle technology requires as wide a constant power curve as possible, shown in 

Fig. 48, with the prescribed machine specifications. Therefore, the sweep of AoA 

parameter serves second important purpose of determination of the width of the 

constant power curve with respect to mechanical speed of the machine. Of course 

the speed-power curve will now become a speed-power envelope following the 

AoA definition from Fig. 48. These results are indispensable in design of traction 

motors for pure electric and hybrid electric vehicles that operate in essentially 

constant power range for acceleration and gradability performance as extensively 

discussed in [35], [50], [97], [99]–[101] amongst others. 

5.1.4 Optimization of SR Machines using Genetic Algorithm 

Given that a suitable magnetic model of SR machines is available it is possible to 

incorporate the magnetic model into the proposed design search and 

optimization cycle as in Fig. 2. For the present study a genetic algorithm (GA) 

based optimization [102] is considered as it directly benefits from 

computationally cheap to evaluate surrogate model, which the currently proposed 

improved flux tubes and slices method is. For the present study a constrained 

multi-objective optimization with a certain number of continuous design variables 

was used which maximises certain objective functions. In order to maximize the 

specified objective functions it is first necessary to express these as negative 

objective functions which is equivalent to a maximization problem in GA [102]. In 

order to be consistent with the vocabulary used in GA based optimization 

literature the objective functions to be maximized will be referred to as 

minimization problems in the current report. 

To start with the constrained multi-objective GA optimization of the SR machines 

it is important clearly define objective functions to be optimized and associated 

equality and inequality constraint functions. Two objective functions to be 

optimized were defined, and therefore will result in a 2D Pareto front [102], as 

follows. First, minimize output torque value at a specified base speed of the 

machine. Namely 
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( ) ( )37
min θωω ∂

∂
−=−=

WTTf  

where the right hand side in (37) denotes the surface area between aligned and 

unaligned flux-linkage curves [78] as in Fig. A1 in Appendix A. Optimizing this 

objective function will result in torque-dense machine. The second specified 

objective function; optimize the constant power-speed range of the SR machine. 

The meaning of the term constant power-speed range is defined in Fig. 49. 

 

Figure 49: Graphical representation of the GA objective function 

In other words; the output power at the minimum AoA value is found and is 

multiplied by the angular speed range over which this power level can be 

sustained by the machine, the product thus obtained is minimized using the GA. 

Referring to Fig. 27 and Fig. 49 this objective function can be expressed as 

( ) ( ) )38(,P minmin
min

−− −×−= AoAcAoAPf ωωω  

It is certainly possible to achieve much higher output power levels as seen from 

the general speed-power envelope in Fig. 49, but the specified objective function 

(38) will indicate the minimum amount of power available with the minimum AoA 

value given minimum speed range. Expression (38) is therefore very conservative 

and as such it is anticipated will enable unbiased comparison of the different SR 
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machine designs being optimized and will increase the range of solutions 

available on the resulting Pareto front. 

5.2 Translating Switched Reluctance Machine Analysis and 

Design Results 

5.2.1 LSRM Analysis – Defining the Variables 

Table 6 summarizes the LSRM topology (as presented in Section 3.1) geometric 

design variables and their associated numeric ranges used in the flux tubes and 

slices based multi-objective GA optimization. 

Table 6: GA optimization parameters and their numeric ranges of the three LSRM 

topologies 

 
LSRM 12-8 LSRM 16-12 LSRM 16-20 

min max min max min max 

Outer diameter, OD (mm) 200 260 200 260 200 280 

Inner diameter, ID (mm) 120 180 120 180 120 180 

Translator back iron thickness, t (mm) 7 20 6 20 10 20 

Translator pole height, t_h (mm) 5 20 5 15 5 15 

Stator pole height, s_h (mm) 30 60 30 60 30 60 

The pole w idth, β (degrees, mech.) 8 13 9 12 5 7 

Number of turns per coil, N (integer) 50 120 50 100 50 120 

A generic LSRM geometry diagram, Fig. A4, has been annotated with the selected 

design variables and for clarity and reference placed in Appendix A. As can be 

seen from the above table the numeric values of the selected design variables are 

varied over wide ranges in order to enable the search within as wide a design 

space of the selected SR machine topologies as practicable with the given 

improved flux tubes and slices approach and GA based optimization routine. 

As is always the case with the GA based optimization it is necessary to specify the 

size of populations to be generated by the GA solver. Using the trial and error 

approach it has been found that the randomly generated population of 50 

individuals is more than adequate for this particular investigation and the number 

of generations was set to 7 for all three machine topologies. Furthermore a 

specification of elitism score was set to 0.333 which signifies that 33.3% of the 
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randomly obtained elite individuals in each population will be taken as parents for 

the subsequent generations. This setting reduces the number of suboptimal 

individuals from being carried over into the subsequent generations and speeds-

up the convergence of the algorithm [102]. Finally in order to be able to 

reproduce all the optimization runs the initial random number seed was recorded. 

These GA optimization settings are summarized in Table 7. 

Table 7: GA based optimization settings for the LSRM topologies 

LSRM GA Optimization Settings 

Number of individuals 50 

Number of generations 7 

Elitism score 0.333 

Random number for reproducibility yes 

 

5.2.2 LSRM Flux Linkage Analysis Results 

Using the improved flux tube modelling approach the following flux-linkage 

functions were obtained and are shown in Fig. 50, for the LSRM geometry shown 

in Fig. 20, having 16 stator and 20 translator poles as defined in Table 6.  

 

 

Figure 50: Flux-linkage map of the 16-20 LSRM obtained with flux tubes and 

slices approach and FEM 

7% 
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In order to preserve the consistent modelling the number of parallel flux tubes m 

and tube slices n in the model was set equal to 9. The flux-linkage functions, 

obtained using the flux tubes method, are compared to FEM simulations of the 

same LSRM machine in Fig. 50. 

Fig. 50 indicates that, in general, there is close agreement of the two methods up 

to a certain phase excitation current level for each flux linkage function. After this 

level the flux tube modelling results underestimate the flux-linkage functions of 

the aligned and unaligned translator cases. As can be expected; this error, which 

is 7% lower for the aligned case, arises from the simplifying assumptions made in 

the flux tube modelling process whereby it was assumed that the LSRM is ideal 

and does not produce any magnetic leakage flux under high levels of phase 

excitation currents. Furthermore, the unaligned case flux-linkage function in Fig. 

50 indicates that such important effects as onset of magnetic saturation are also 

captured with the improved flux tube approach. Although the saturation effects 

at the unaligned translator position are quite well defined they will not impact the 

machine performance as the rated machine current was set to 150A which is 

below the region of saturation. Flux-linkage curves for the additional two LSRM 

machine topologies have been obtained and for brevity are placed in the 

Appendix A. From the visual inspection of these figures it can be deduced that 

the flux tube approach is accurate for these two additional LSRM topologies as 

well. 

The unaligned translator position flux-linkage function of the improved flux tube 

method is representative of a general flux-linkage function for this translator 

position in that it is near-linear function with respect to excitation current, as in 

Fig. 50. As can be seen from the figure; it is certainly possible to saturate the 

machine iron parts at the unaligned translator position so that the unaligned case 

flux-linkage curve becomes highly non-linear, however for this to happen the 

current levels would be too high for any practical purposes. The unaligned case 

flux-linkage function, shown in Fig. 50, is lower compared to the FEM obtained 

flux-linkage curve by 6% but is of higher accuracy of the alternative flux tube 

modelling approaches described in the literature review chapter of this work. 

The following important conclusions can be made with respect to Fig. 50; both 

the aligned and unaligned flux-linkage functions obtained with the flux tube 

method preserve the true shapes of the flux-linkage functions as obtained with 

FEM. This fact, already observed and reported in literature [78] and evident from 

Fig. 51, has far reaching implications and greater importance – when determining 
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instantaneous torque and phase current waveforms of the machine – than the 

exact flux-linkage numerical answer at only saturated or only unsaturated SR 

machine states. The striking similarity of the instantaneous current and torque 

values in Fig. 51 confirms this.  

 

 

Figure 51: Comparison of instantaneous current and torque waveforms obtained 

with the flux tube method and FEM at the rated machine speed of 1000 

rpm. 

Therefore, the analytical errors derivation of the flux tube and slices method 

given in expressions (20) and (28) (or Table 3 more generally) confirm that the 

geometric errors associated with the flux tubes can be averaged, if need be, for 

the purposes of model calibration without loss of the predictive capabilities of the 

flux tube method. However, all LSRM topology results indicate that the calibration 

of the flux tubes and slices model was not required in terms of the accuracy of 

the instantaneous phase current and torque profiles in Fig. 51. 

5.2.3 LSRM Optimum Angle-Of-Advance Determination 

Utilising the improved flux tube approach the determination of optimum AoA was 

performed for the analysed LSRM along the lines of Fig. 48. The obtained flux-

linkage map pertinent to the analysed LSRM was completed by utilisation of the 

interpolation method described in [92]. For ease of interpretation and comparison 

of the AoA analysis results the LSRM was converted from the linear to its 
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equivalent rotary domain as described in [63]. Fig. 52 shows the relationship 

between output electromagnetic torque values with respect to rotational speed 

values of the machine with the AoA taken as a parameter. Also included in the 

figure is the constant torque and constant power characteristics. These speed-

torque curves are customarily termed SR machine torque envelopes [17]. 

 

 

Figure 52: Speed-torque envelopes of the 16-20 LSRM obtained with the improved 

flux tube approach and FEM 

From the above figure it is evident that the obtained torque values with the 

improved flux tube method compare very well with the FEM results and over the 

wide speed range. Information in Fig. 52 enables the constant electromagnetic 

torque and constant power regions of the machine, those specified in Fig. 47, to 

be found by graphical method if required. These regions are shown in Fig. 52 as 

dashed lines with the constant torque value set at 200 N-m. It then follows that in 

order to achieve these two regions the AoA must vary as a function of speed. 

According to the design requirements of the LSRM the constant torque value up 

to the base mechanical speed, ωb, as in Fig. 47 would be a known specified value. 

From this information the constant torque line can be drawn on the speed-torque 

envelope, Fig. 52, and where this line intersects the maximum AoA curve such 

point would specify the base speed of the machine as defined in Fig. 48. Next, 

the highest AoA value at which greatest output torque value occurs at the 
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maximum mechanical speed is the desired end coordinate point for the torque 

curve which obeys the relationship 

)39(constantT =×ω  

where T is average torque and ω is mechanical speed. However, in general this 

relationship will not be satisfied automatically for SR machines at this coordinate 

point. Iterative method (graphical or otherwise) is needed to determine the 

maximum speed at which the torque will obey the hyperbolic relationship of T = 

constant/ω. Once such point is determined the complete speed-torque 

characteristic curve can be constructed for the SR machine. If it is found that this 

curve does not satisfy the performance requirements of, for example, electric or 

hybrid vehicle traction motor the whole optimization process is repeated with 

updated machine dimensions and or other machine design variables as in Fig. 2. 

Such design process is repeated until an SR machine with satisfactory speed-

torque envelope is obtained. 

5.2.4 LSRM Output Power Curves Determination 

Following the same line of reasoning as for the optimum AoA determination it 

follows that the output mechanical power of the SR machine will also directly 

depend on AoA. Fig. 53 shows the superimposed speed-power envelopes 

obtained with the flux tube method and FEM with the sweep of the AoA 

parameter. 
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Figure 53: Speed-power envelopes of the 16-20 LSRM obtained with the flux tubes 

approach and FEM 

From the comparison of power envelopes in Fig. 53, obtained with the flux tube 

method and FEM, it can be seen that the flux tubes method predictions of the 

output power are very similar to the FEM results over the wide speed range. Of 

course it directly follows that if the speed-torque envelopes are predicted quite 

accurately, as in Fig. 52, then the power envelopes will also be of similar 

accuracy. 

From the SR machine design performance requirements or specifications the 

constant power value will be a known specified quantity. By knowing this value it 

is then possible to construct a straight line on the output power envelope, 

corresponding in this case to 88 kW value in Fig. 53, and the lowest mechanical 

speed at which this line crosses the output power curves is obtained. This speed 

value can be treated as the point at which constant output torque value starts to 

obey the hyperbolic relationship stated in (39). Alternatively this intersection 

point can be regarded as the base speed point, ωb, as defined in Fig. 47. For 

vehicular traction applications the traction power requirement is such that the 

torque value should be constant from zero up to the base mechanical speed. 

Therefore the machine output power should be increasing linearly with respect to 

mechanical speed up to the base speed in order to achieve gradability and 

controllability requirements of the vehicle [103]. This straight line must be below 

output power curves obtained by the sweep of the AoA parameter, which is 
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represented as a sloping dashed line in Fig. 53, to ensure that the SR traction 

system is able to deliver this power without overheating. 

From the preceding analysis it is seen that the optimum AoA will vary with 

respect to speed, therefore this information will be needed in order to accurately 

control the SR machine. For example, if the machine is to be designed as a 

traction motor or generator then the AoA values will completely describe the 

machine performance for a given mechanical speed (positive or negative) in 

addition to the phase current values. From Fig. 53 it is apparent that such output 

power determination approach represents difficulty when deciding which AoA 

value should be used in the linearly increasing output power range because it 

appears that all AoA values can be used at that particular mechanical speed. 

Therefore there is ambiguity present when deciding which AoA would be used by 

a microcontroller of the SR machine. The only viable solution in this type of 

scenario is to have a lookup table of all the AoA values for each mechanical speed 

as well as power demand of the machine. Once such lookup table is available it 

can be permanently stored in microcontroller memory and each AoA value 

determined on output power demand instantly, as described in [104], thus 

avoiding lengthy real time calculations which can put performance limit on the 

machine operation. 

The power envelopes of the additional two LSRM topologies defined in Table 6 

have been obtained by use of the flux tubes and slices technique and for brevity  

are placed in the Appendix A. 

5.2.5 LSRM GA Optimization and Pareto Front 

As was stated in Section 5.1.4 the GA optimization will result in 2D Pareto front 

of the optimized LSRM as there were two objective functions specified, namely 

(37) and (38). After the constrained multi-objective GA optimization was 

performed for the 16-20 LSRM the Pareto front of the two objectives was 

constructed as shown in Fig. 54. 
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Figure 54: GA optimization Pareto front of the 16-20 LSRM obtained with the flux 

tube method and FEM 

Inspection of Fig. 54 reveals that in general there is a trade-off between the 

maximum amount of torque available from the SR machine and the wide speed 

range over which the minimum power can be produced. This should be expected 

as the very definition of the Pareto front [102] necessitates this to be so. 

Therefore, all the resulting SR machine designs, in Fig. 54 are near-optimal, now 

it is a matter of choice which one particular machine design is most suitable for a 

given application. Of course the resulting Pareto front in Fig. 54 is pertinent to 

the GA settings which were defined and summarized in Table 6 and Table 7. 

Quite different data points would have been produced if even a single option 

from Table 7 was changed. However, it does not mean that the new Pareto front 

would have resulted in drastically different front compared to Fig. 54, but only 

the position of the data points on the Pareto front. 

In order to check the Pareto front data point accuracy of the flux tube based 

optimization certain number of these points was reanalysed with FEM. This was 

performed so that like-for-like comparison could be made of the improved flux 

tube method and FEM results when the two methods are used in conjunction with 

GA based optimization. Fig. 54 compares the selected data points of the flux 

tubes method and FEM. It can be deduced that there is a Pareto front drift of the 

flux tubes generated design points with respect to the FEM front. By visual 

inspection of the figure it is seen that the flux tubes approach consistently under-
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predicts the average torque values, with only a few exceptions, and over-predicts 

the power-speed product objective function in all the cases. The numerical 

accuracy and consistency afforded by the flux tubes method is encouraging and 

is indicative that the method can be applied to the GA based SR machine 

optimization with reasonable confidence. Table 5 compares the flux tube results 

accuracy of the two objective function values to those found with FEM. 

Table 8: Numerical Error analysis of the 16-20 LSRM GA optimization results 

LSRM 
design 
number 

 Average 
Torque (N-m) 

Flux 
Tubes 

error (%) 

Power × Speed (kW 
rpm) 

Flux 
Tubes 

error (%) 

2 
Flux Tubes -280 

-275.5 1.75 
-119886 
-117243 2.25 

FEM 

7 
. -309 

-327.8 
-5.76 

-119322 
-114543 

4.17 
.. 

8 
. -185.2 

-192 
-3.69 

-237551 
-212482 

11.79 
.. 

9 
. -346 

-324 6.67 
-85719 
-79548 7.75 

.. 

10 
. -240 

-251.6 -4.46 
-162004 
-136277 18.87 

.. 

13 
. -255 

-261.8 
-2.69 

-154987 
-146658 

5.67 
.. 

14 
. -166 

-177 
-6.42 

-242169 
-195065 

24.14 
.. 

15 
. -189 

-203 -6.46 
-190073 
-189851 0.11 

.. 

18 
. -225 

-240.4 
-6.60 

-176848 
-151336 

16.85 
.. 

Average 
error (%) 

Flux tubes 
 -3.1  10.2 

 

General flux tubes error trend in Table 8 indicates that if the average torque 

values are under predicted then the power-speed product will be over predicted. 

Therefore the general output power envelopes, as in Fig. 49, will be shifted to the 

right and downwards relative to FEM based power envelopes, if the former curves 

are obtained with the improved flux tube method. This shift of the power 

envelope will be proportional to the predicted torque error terms in Table 8. In 

effect this error will tend to indicate a machine with lower output torque but 

higher maximum mechanical speed at which maximum power is attained. 

However, the error terms in Table 8 can be mitigated by the suggested error 

reduction strategy whereby the flux tubes obtained aligned and unaligned flux-

linkage functions, as in Fig. 50, are calibrated with respect to the same flux-

linkage functions obtained with FEM. The calibration parameter is subsequently 

applied to all the flux tubes based GA generated designs. This strategy, as argued 
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in [70], is most likely to be effective when the GA generated population size is 

large, which in this study was set to 50 individuals, and the number of 

generations is sufficiently large. 

The computational accuracy and consistency of the flux tube method is evident. 

Furthermore the computational efficiency of the flux tube approach is also 

important and should be compared with the FEM approach. As was stated above 

the total number of individuals (SR machine designs) generated by the current GA 

based optimization was 

( )40350750 =×=×= sgenerationofnumbersizepopulationdesignsofnumbertotal  

Furthermore, the GA optimization terminated as all the design constraints were 

satisfied at the last generation. The GA optimization has terminated successfully, 

obtained Pareto front of which is shown in Fig. 54, and the simulation time of 117 

minutes was recorded. Therefore the time required to generate and fully analyse 

each SR machine design instance in the GA study, on average, was 

( ) ( ) ( )41sec20
350
sec7042 ondsonds

designsofnumbertotal
timesimulationtotaltimesimulationdesign ≈==  

In contrast to the above answer each of the replicated flux-linkage maps obtained 

using FEM, as in Fig. 50, of the selected designs from the obtained Pareto front in 

Fig. 54 required, on average, 120 seconds to compute including the meshing 

time of each instance. Therefore, the FEM based analysis is markedly slower 

compared to the flux tube approach, yet order of magnitude more accurate and 

generally more versatile, also remembering that the time required to obtain the 

information in Fig. 52 and Fig. 53 was not accounted for in the FEM timing. 

Pareto fronts and numerical error tables of the additional two LSRM topologies 

are placed in Appendix A. 

5.3 Rotating Switched Reluctance Machine Analysis and 

Design Results 

The rotating SR machine analysis and optimization based on the flux tubes and 

slices approach proceeds in much the same way as described in the previous 

section. However, since the radial flux SR machine geometry, as described in 

Section 3.2.1, contains slightly larger number of geometric parameters these 
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should be described in detail explaining their significance. This helps to assess 

their impact on the optimization of the SR machine and its performance. 

5.3.1 Rotary SR Machine Analysis – Defining the Variables 

Table 9 summarizes the rotary SR machine (as presented in Section 3.2) 

geometric design variables used in the flux tubes and slices based 

electromagnetic analysis of the two particular designs, namely SRM1 and SRM2. 

The machine data is taken from literature [2] where it was already shown the 

performance of this particular machine through FEM analysis. Therefore, this 

particular analysis is performed first to ascertain if the flux tubes and slices 

method yields adequate and accurate results compared to FEM based analysis for 

a known machine design. 

Table 9: Rotary 18/12 SR machine design variables. Adapted from [2]. 

18/12 SR Machine Design 
Parameters SRM1 SRM2 

Outer diameter (mm) 269 269 
Stack length (mm) 135 135 

Air gap length (mm) 0.5 0.5 
Iron core material 10JNEX900 10JNEX900 

Wire diameter (mm) 0.95 0.6 
Wire turns (turns) 13 17 

Wire parallel turns (turns) 13 22 
Slot fill factor (%) 54.1 57.0 

Current, peak (Apk) 380 320 
Max. current density (A/mm2) 24 (24) 33 (33) 

RMS current (@1200rpm) (Arms) 241 (240) 204 (206) 
Max Torque (@1200rpm)  (N-m) 354 (340) 415 (400.4) 

Number of phases 3 3 
( ) indicate measured values   

 

Table 10 summarizes the rotary SR machine geometric design variables and their 

associated numeric ranges used in the flux tubes and slices based multi-objective 

GA optimization. The initial values in the table are from Table 9 SRM2 machine 

design as this design was denoted as superior compared to the SRM1 design [2] 

through FEM analysis. Therefore this particular design was chosen as a starting 

point (seed) for the generation of all the subsequent designs in the GA 

optimization. 
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Table 10: Rotary 18/12 SR machine geometric design variables and their ranges 

18/12 SR Machine Design Paramete  Initial Value Value Range 
Stator Outer Diameter, OD (mm) 269 269 
Back Iron Thickness, t_b (mm) 17.25 5 - 25 
Rotor Pole Height, h_r (mm) 19.5 10 - 30 
Stator Pole Height, h_s (mm) 27 10 - 50 
Stator Pole Angle, β1(degrees) 11 6 - 12 
The Pole Root Angle, β2 (degrees) 11 6 - 12 
Shaft Diameter, s_d (mm) 100 80 - 160 
Wire Turns, N (turns) 17 5 - 50 
Stack Thickness (mm) 135 135 
Air Gap Length g (mm) 0.5 0.5 
Number of Phases (n) 3 3 
Peak Phase Current (Apk) 320 320 
DC Supply Voltage (V) 500 500 

A generic rotary SR machine geometry diagram, Fig. A3, has been fully annotated 

with the selected design variables and for clarity and reference is placed in 

Appendix A. As can be seen from the above table the numeric ranges of the 

selected design variables are varied extensively in order to enable the search 

within as wide a design space of the selected SR machine topology as practicable 

with the given improved flux tubes and slices approach and GA based 

optimization routine. 

The GA based optimization of the rotary 18-12 SR machine topology with a 

specified size of populations to be generated by the GA solver was undertaken. 

Using the trial and error approach it was found that the randomly generated 

population of 100 individuals is adequate for this particular investigation, bearing 

in mind that the number of design variables in Table 10 is quite high, and the 

number of generations was set equal to 13 for the rotary 18-12 SR machine 

topology. Furthermore a specification of elitism score was set to 0.333 which 

signifies that 33.3% of the randomly obtained elite individuals in each population 

will be taken as parents for the subsequent generations. Finally, in order to be 

able to reproduce all the optimization runs the initial random number seed was 

recorded. These GA optimization settings are summarized in Table 11. 
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Table 11: GA based optimization settings for the rotary 18/12 SR machine 

topology 

Rotary 18/12 SR Machine GA Optimization Settings 

Number of individuals 100 

Number of generations 13 

Elitism score 0.333 

Random number for reproducibility yes 

5.3.2 Rotary SR Machine Flux Linkage Analysis Results 

As a starting point of the electromagnetic analysis of the rotary 18/12 SR 

machine topology the aligned and the unaligned flux-linkage functions were 

found using the flux tubes and slices method and these are compared with the 

flux linkage functions found with FEM in Fig. 55. In order to preserve the 

consistent modelling process the number of parallel flux tubes m and tube slices 

n in the model was set equal to 9. 

 

Figure 55: Comparison of the aligned and unaligned flux-linkage functions of the 

18/12 SR machine 

The flux-linkage functions in Fig. 55 are for the two SR machine designs whose 

design parameters are listed in Table 9, also remembering to note the different 

peak current values for the two SR machine design in the table. 
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The visual comparison of the results in Fig. 55 indicates quite clearly that the 

errors of the respective flux-linkage functions are somewhat large. Although it 

should be noted that the SRM2 design flux-linkage functions obtained with the 

two alternative methods enclose roughly the same areas between them which 

effectively means that the average torque and rms phase current values will be of 

comparable numeric values. Same reasoning does not apply for the SRM1 

machine flux-linkage in Fig. 55 since the aligned functions of the two methods 

are almost coincident whereas the unaligned functions are far apart. 

Therefore, from Fig. 55 it is clear that the construction of the flux tubes and 

slices, as described in Section 3.2, have introduced the geometric errors, namely 

the cross-sectional area error α and the cord length error λ, into the reluctance 

values of the two flux linkage functions. Most likely reason for the introductions 

of the two geometric errors are the non-rectilinear geometric features of the 

rotary SR machine magnetic circuit as well as the complex shape of the unaligned 

air gap flux path. These factors make it far more difficult to fit accurate flux 

tubes to rotary SR machines compared to simpler rectilinear geometries of LSRM. 

The present results in Fig. 55 necessitate the calibration of the reluctance values 

obtainable with the flux tubes and slices method with respect to FEM results. 

However, since it was decided to use the SRM2 design as the seed design in the 

multi-objective GA based design optimization study the calibration of the flux 

tube model was made with respect to this design. Furthermore the SRM2 design 

was indicated as superior design compared to SRM1 design in the original work in 

[2]. 

Figure 56 presents the calibrated flux tubes and slices flux linkage functions with 

respect to FEM results. 



Flux Tubes and Slices Based SR Machine Analysis and Design Optimization Results 

131 

 

Figure 56: Calibrated flux tubes and slices flux linkage functions with respect to 

FEM results 

The aligned and unaligned flux linkage functions of the SRM2 design were scaled 

by a factor of 1.17 and 1.25 respectively. Effectively, all the tube cross-sectional 

areas were increased by 17% and 25% for the aligned and unaligned cases 

respectively. However, since the flux tubes and slices method has fairly flexible 

flux tube cord generation capabilities based on cubic-spline interpolation the cord 

length calibration was not undertaken. 

Further observation of the flux tubes and slices results is that both flux linkage 

functions for the SRM2 design do not capture the leakage flux effects that are 

otherwise clearly visible in the FEM results plot in Fig. 27 and Fig. 28. For the 

aligned case at approximately 150A the flux tubes and slices method starts 

deviating from the FEM result mostly due to the absence of the leakage flux effect 

in the former method. In the real magnetic circuit the leakage flux tends to 

increase the aligned flux linkage, i.e. tends to decrease the reluctance, since the 

leakage flux takes least resistant path thus reducing the saturation of the other 

flux paths. On the contrary flux tubes and slices method has all the flux tubes 

fixed for all the phase current excitation levels. 

In addition to the calibration of the SRM2 design the calibration of the SRM1 

design was also accomplished and the results are shown alongside in Fig. 56. As 

before the aligned and unaligned flux linkage functions obtained with the flux 

tubes and slices method were scaled by a factor of 1.22 and 1.5 with respect to 
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the FEM results. In effect, all the cross-sectional areas were increased by 22% and 

50% for the aligned and unaligned flux linkage functions respectively. Similar 

trend emerges for the SRM1 design flux linkage functions obtained with the 

calibrated flux tubes and slices method. The leakage flux is not captured and 

therefore the values are underestimated somewhat beyond the 150A phase 

current level in Fig. 56. 

Further question arises if we compare the calibration parameters of the cross-

sectional areas for the SRM2 and SRM1 machine designs. As a first consideration 

it would appear that same calibration parameters would produce the same scaling 

effect of the flux linkage functions of the two rotary 18-12 SR machine designs as 

in Fig. 56. The aligned flux linkage scaling factors of the two SR machine designs 

are of comparable magnitude. Yet, for the unaligned flux linkage functions for 

the two SR machine designs the scaling factor has a difference of 2. The reason 

for this discrepancy can be identified by examining Fig. 57 for the unaligned 

rotor position of the SRM1 rotary 18-12 SR machine.  
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Figure 57: Unaligned air gap flux tube distribution of SRM1 18-12 SR machine 

It is apparent that the SRM1 design results in less realistic flux distribution 

compared to SRM2 design in Fig. 27. However, it can also be seen that SRM1 

design incorporates smaller rotor poles compared to SRM2 design. For this 

reason and since the particular slices defining the air gap flux paths were fixed to 

the rotor pole geometry the calibration parameter for the unaligned rotor position 

of the two designs differs substantially. This is far from the ideal scenario, but it 

will be seen in the subsequent sections of the report that the flux tubes and slices 

method can still produce meaningful and accurate results even when the 

geometric parameters are varied over a substantial range of values. However, the 

numerical results can be improved if the geometric parameters of the machine 

are chosen to vary between upper and lower levels recommended in literature in 

[71] and [105] for example. 

In addition to the direct comparison of the flux linkage curves of the uncalibrated 

as well as calibrated flux tubes models in Fig. 55 and Fig. 56 the instantaneous 
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current and torque profiles have been generated as a post-processing step in the 

18-12 SR machine design analysis. Two figures were used to capture the 

differences in the results prior to the flux tubes and slices model calibration and 

after the calibration as shown in Fig. 58 and Fig. 59 respectively for the rotational 

speed of 1250 (rpm). 

 

 

Figure 58: Uncalibrated flux tubes and slices based instantaneous current and 

torque profiles of the 18-12 rotary SR machine compared to FEM 
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Figure 59: Calibrated flux tubes and slices based instantaneous current and 

torque profiles of the 18-12 rotary SR machine compared to FEM  

From the above two figures it can be inferred that the difference between the 

pairs of curves is noticeable with the instantaneous torque profile being 

overestimated in the uncalibrated case whereas it is underestimated in the case of 

the calibrated model. The effect of overestimation is of course less desirable as it 

produces unrealistic designs in the large number of designs generated as in GA 

optimization for example. Furthermore, both Fig. 58 and Fig. 59 depict the 

instantaneous torque at a particular rotational speed of the machine and are 

likely to deviate further as the mechanical speed is increased and AoA parameter 

is varied. However, the visualisation of such deviations would require exhaustive 

sweep of the speed and AoA parameters [106] which is not attempted here since 

instead the average torque envelopes were produces for the comparison in the 

following section. 

5.3.3 Rotary SR Machine Optimum Angle-Of-Advance Determination 

Utilising the improved flux tubes and slices approach the determination of 

optimum AoA was performed for the analysed rotary SR motor along the lines of 

Fig. 48. The obtained flux-linkage map pertinent to the analysed SR motor was 

completed by utilisation of the interpolation method described in [84] which was 

shown in Fig. 26. Figure 60 presents the relationship between output average 

electromagnetic torque values with respect to rotational speed values of the SR 
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machine with the AoA taken as a parameter. These speed-torque curves are 

termed SR machine torque envelopes. 

 

 

Figure 60: Speed-torque envelopes of the 18-12 rotary SR motor obtained with 

the improved flux tube approach and FEM 

From the above figure it is evident that the obtained torque values with the 

improved flux tube method compare very well with the FEM results and over the 

wide speed range for the rotary SR machine. Information in Fig. 60 enables the 

constant electromagnetic torque and constant power regions of the machine, 

those specified in Fig. 47, to be found by graphical method if required. These 

regions are shown in Fig. 60 as dashed lines with the constant torque value set at 

approximately 410 N-m. It then follows that in order to achieve these two 

operating regions the AoA parameter must be adjusted as a function of speed 

between the minimum and maximum values. 

5.3.4 Rotary SR Machine Output Power Curves Determination 

As has been already inferred from the LSRM case presented earlier for the 

optimum AoA determination it follows that the output mechanical power of the 

rotary SR machine will also be directly dependent on the AoA. Fig. 61 shows the 
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superimposed speed-power envelopes obtained with the flux tubes and slices 

method and FEM with the maximum and minimum values of the AoA parameter. 

 

Figure 61: Speed-power envelopes of the 18-12 rotary SR motor obtained with the 

flux tubes and slices approach and FEM 

From the comparison of the power envelopes in Fig. 61, obtained with the flux 

tubes method and FEM, it can be seen that the flux tubes method predictions of 

the output power are very similar to the FEM results over the wide speed range. 

Of course it directly follows that if the speed-torque envelopes are predicted quite 

accurately, as in Fig. 60, then the power envelopes will also be of similar 

accuracy. 

From the rotary SR machine design performance requirements or specifications 

the constant power value will be a known specified quantity. By knowing this 

value it is then possible to construct a straight line on the output power envelope, 

corresponding in this case to 90 kW value in Fig. 61, and the lowest mechanical 

speed at which this line crosses the output power curves is obtained. This speed 

value can be treated as the point at which constant output torque value starts to 

obey the hyperbolic relationship stated in (39). Alternatively this intersection 

point can be regarded as the base speed point, ωb, as defined in Fig. 47. For 

vehicular traction applications the traction power requirement is such that the 

torque value should be constant from zero up to the base mechanical speed. 
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Therefore the machine output power should be increasing linearly with respect to 

mechanical speed up to the base speed in order to achieve gradability and 

controllability requirements of the vehicle [95]. This straight line must be below 

output power curves obtained by the sweep of the AoA parameter, which is 

represented as a sloping dashed line in Fig. 61, to ensure that the SR traction 

system is able to deliver this power without overheating. 

From the preceding analysis it is seen that the optimum AoA will vary with 

respect to speed, therefore this information will be needed in order to accurately 

control the SR machine. For example, if the machine is to be designed as a 

traction motor or generator then the AoA values will completely describe the 

machine performance for a given mechanical speed (positive or negative) in 

addition to the phase current values. From Fig. 61 it is apparent that such output 

power determination approach represents computational difficulty when deciding 

which AoA value should be used in the linearly increasing output power range 

which calls for goal seeking optimization routines. Once the AoA values are 

known the values can be stored in the computer memory and would subsequently 

be used by a microcontroller of the SR machine. The only viable solution in this 

type of motor control scenario is to have a lookup table of all the AoA values for 

each mechanical speed as well as power demand of the machine. Once such 

lookup table is available it can be permanently stored in microcontroller memory 

and each AoA value determined on output power demand instantly, as described 

in [96], thus avoiding lengthy real time calculations which can put performance 

limit on the machine operation [107]. 

5.3.5 Rotary SR Machine GA Optimization and Pareto Front 

The multi-objective optimization of the 18-12 rotary SR machine with the given 

design variables in Table 9 was performed and a 3D pareto front obtained as 

shown in Fig. 62. 
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Figure 62: GA optimization Pareto front of the 18-12 rotary SR motor obtained 

with the flux tube method 

In order to better visualise the 3D pareto front in Fig. 62 the 3D-RadVis technique 

[108], a particular multi-dimensional radial visualisation technique, was utilised to 

represent the front more succinctly as shown in Fig. 63. 
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Figure 63: 3D-RadVis technique used to visualise the GA obtained 3D pareto front 

of the 18-12 rotary SR machine 
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In Fig. 63 all free objectives resulting from each of the generated rotary SR 

machine designs in Fig. 62 were scaled to a unity, with the smallest objective 

represented by zero and the largest objective being represented by one, and were 

plotted on a radial plot. In addition the pareto front distance d which represents 

the distance to the utopian pareto frontier of each SR machine design was 

calculated as can be seen on the lower part of Fig. 63. The SR machine designs 

with the smallest pareto front distance d are normally selected first. Such plot can 

now be very effectively used to select strictly non-dominated designs from the 

entire cohort, one at a time, or in multiples and if such designs are found to be 

non-satisfactory in other variables they are discarded. Then the entire scaling 

process of the objectives is repeated again and the pareto front distance d is 

recalculated for each remaining design thus exposing new strictly non-dominated 

machine designs [108]. 

As has been accomplished in the case of the LSRM optimization some of the 

rotary SR machine designs from the pareto front in Fig. 63 were randomly 

selected for further comparison with FEM analysis in order to check the accuracy 

afforded with the flux tubes and slices method as would be performed in the 

proposed design cycle of Fig. 2. The absolute error comparison of the randomly 

selected SR machine designs between the alternative methods is shown in Fig. 64. 

 

Figure 64: Numerical error analysis of the 18-12 rotary SR motor GA optimization 

results obtained with the uncalibrated and calibrated flux tubes and 

slices method and FEM 
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Figure 64 indicates that the uncalibrated flux tubes and slices method produces 

torque values that are in error compared to FEM results at 11% mark on average 

across the randomly selected designs from Fig. 63. The rms current of the 

uncalibrated method is in very good agreement with the FEM results as well as 

the efficiency, both much less than 5% on average. On the contrary, the calibrated 

flux tubes and slices method results have the torque values in much better 

agreement with FEM results at 6% mark on average across the selected designs. 

However, the rms current of the calibrated method is now worse, within 11% 

mark on average across the selected designs. The efficiency values are again in 

very good agreement with the FEM results since the efficiency was optimized at 

the specified and fixed base speed of the rotary SR machine as in Table 9. 

Therefore it could be concluded that no single calibration strategy can wholly 

minimize the relative errors of all the objectives being optimized simultaneously 

compared to FEM results. However, it is still possible to select the flux tubes and 

slices model calibration strategy which enables effective error minimization of the 

objectives of interest. For example, once such choice could be made purely on 

the consideration of the particular objective being selected for optimization. 

Thus, if the rms current is being optimized for thermal considerations of the 

machine then the uncalibrated model could be used whereas if the average 

torque values are being optimized then the calibrated model should be preferred. 

The computational accuracy and consistency of the flux tube method in this 

particular rotary 18-12 SR machine optimization task is less clear compared to 

the LSRM design optimization case. This could be due to the point expressed 

earlier regarding the sensitivity of the flux tubes and slices method with respect 

to certain design variables of the rotary SR machine and shown in Fig. 57. 

In addition to the numerical accuracy of the flux tubes and slices method for the 

rotary 18-12 SR machine design the computational efficiency of the flux tube 

approach is also important and should be compared with the FEM approach. The 

total number of individuals (18-12 SR machine designs) generated by the current 

GA based optimization was 

( )42131713100 ≈×=×= sgenerationofnumbersizepopulationdesignsofnumbertotal
 

including the seed designs passed on to the GA routine. 

Furthermore, the GA optimization terminated as all the design constraints were 

satisfied at the last generation. The GA optimization has terminated successfully, 
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obtained Pareto front of which is shown in Fig. 62, and the simulation time of 548 

minutes was recorded which is approximately 9 hours of simulation time. 

Therefore the time required to generate and fully analyse each rotary 18-12 SR 

machine design instance in the GA study, on average, was 

( ) ( ) ( )43sec25
1317

sec32905 ondsonds
designsofnumbertotal

timesimulationtotaltimesimulationdesign ≈==  

In contrast to the above answer each of the replicated flux-linkage maps obtained 

using FEM, as in Fig. 64, of the selected designs from the obtained Pareto front in 

Fig. 62 required, on average, 110 seconds to compute including the meshing 

time of each instance. Therefore, the FEM based analysis is markedly slower 

compared to the flux tube approach, yet order of magnitude more accurate and 

generally more versatile, also noting that the time required to obtain the post-

processed information as in Fig. 60 and Fig. 61 not being accounted for in the 

FEM timing whereas it was included in the flux tubes and slices computations. 

5.4 Chapter Summary 

The preceding chapter results and findings can be summarised as follows. 

From the flux linkage curves obtainable with the proposed flux tubes and slices 

method it is understood that the accuracy of such curves will directly impact the 

instantaneous phase current and torque profiles of any topology SR machine be it 

translating or rotating machine. However, the close comparison of the LSRM 

instantaneous current and torque waveforms obtained with the flux tubes and 

slices method were seen to be in close agreement with the FEM results. Same 

observation is present to a lesser extent for the analysed 18-12 rotary SR machine 

topology where the calibrated and non-calibrated flux tubes and slices models 

were compared to FEM results of the flux linkage curves. 

In a similar fashion the average torque values computed with the AoA as a 

parameter showed close agreement with the FEM results for both the rotary and 

translating SR machine topologies over wide speed range of operation of the 

respective machine topologies. Such results are encouraging as they indicate that 

the practical design optimization task of the SR machine can be rapidly 

performed with the flux tubes and slices method. 

More in depth sensitivity analysis of the design variables of both machines with 

respect to the accuracy of the results is likely to reveal which machine design 
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parameters have the biggest impact on the numerical accuracy of the design 

objectives being optimized with the flux tubes and slices method. 
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Chapter 6 Discussion and Conclusions 

Having performed a number of distinct topology SR machine design optimization 

tasks and having obtained the optimization results it is now possible to draw 

general conclusions on the proposed improved flux tubes and slices method as 

applied to the rapid analysis and design of magnetically non-linear SR machines. 

6.1 Results Discussion 

6.1.1 Flux Tubes and Slices Model Sensitivity Discussion 

The improved flux tubes and slices model sensitivity results presented in Chapter 

4 can now be placed into perspective when the modelling approach is used for 

rapid optimization of SR machines. 

The sensitivity results have indicated that the flux tubes and slices method 

accuracy depends heavily on the two geometric error terms introduced during the 

equipotential slice placement stage of the modelling. The errors thus created can, 

nevertheless, be controlled in order to reduce the numerical error of the final 

reluctance values or to improve the computational speed of the solution or both. 

The numeric discrepancy of the aligned rotor position reluctance, and therefore 

the flux linkage values, are only weakly affected by the number of the parallel 

flux tube paths m in the magnetic circuit as was demonstrated in Section 4.3.1. 

Thus the flux tube based modelling of the aligned position can proceed with the 

minimum number of parallel flux tubes, however this choice must be made with 

respect to the complexity of the shape of the magnetic circuit being analysed in 

order to capture the true shape of the circuit. Capturing the true geometry of the 

magnetic circuit is likely to be more effective with a larger number of parallel flux 

tubes. 

The numeric discrepancy of the aligned rotor position reluctance, and therefore 

the flux linkage values are, in addition to the above discussion, only weakly 

affected by the number of the flux tube path cord subdivisions n in the magnetic 

circuit as was demonstrated in Section 4.3.1. This fact therefore warrants the 

reduction of the number of slices n to the smallest possible values, however 

making sure that the magnetic circuit shape is captured accurately given the 

selected number of subdivisions n. On the other hand, it should be noted that the 
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number of subdivisions n will also affect the apparent saturation levels of the 

circuit and should be increased to ensure accurate estimation of the saturation 

when the phase current levels are at their maximum for the flux linkage 

functions. 

In a similar way it is recognised that the unaligned rotor position modelling using 

the flux tubes and slices method will be affected to a variable degree by the 

number of tubes m and slice subdivisions n. From the results in Section 4.3.2 it 

appears that the unaligned flux linkage function is insensitive to the number of 

slice subdivisions n and therefore this number can be kept low to speed-up the 

solution time. However, same effect cannot be achieved with the smallest number 

of parallel flux tubes and therefore the number m should be increased. It appears 

that the unaligned air gap flux distribution would benefit from the larger number 

of parallel tubes whereas the rest of the magnetic circuit can be, drawing on the 

indication of the fully aligned position results, modelled with a minimum number 

of parallel flux tubes since the saturation effects are small as shown in Table 5. 

From the preceding discussion and the results in Chapter 4 it is certain that the 

flux tubes and slices method can further benefit from the variation of the 

parameters m and n in order to improve the computing speeds whilst controlling 

the numeric error effectively. This is the preferred way of modelling with the flux 

tubes and slices due to the introduced rapid design optimization cycle in Fig. 2. 

Therefore it can be stated that flux tubes and slices method is highly dependent 

and is subject to the actual implementation of the model for a particular 

geometry and will perform distinctly, in terms of accuracy, for each magnetic 

circuit case. Therefore it is beneficial to pay particular attention when 

constructing the flux tubes and slices model for a particular SR machine magnetic 

circuit geometry as these choices will impact the analysis results obtainable from 

the rapid SR machine design optimization cycle proposed in Fig. 2. 

6.1.2 SR Machine Optimization Results Discussion 

The LSRM and rotary SR machine topology results presented in Section 5.2 and 

5.3 can now be discussed as follows. 

The LSRM topology design optimization results obtained with the improved flux 

tubes and slices modelling in Section 5.3 indicate that the method compares well 

to the FEM results in terms of the numerical accuracy. The flux linkage functions 

of all the considered LSRM topologies were seen to be in good agreement with 
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the FEM results and no calibrations to compensate for the geometric modelling 

errors α and λ of the flux tubes and slices method were necessary. The average 

torque and power envelopes of the LSRM were close to the FEM results as well. 

This is encouraging since the flux tube construction task can be performed with 

relative ease and efficiency, compared with the alternative MEC methods [109], 

and the optimization results checked at the final stages of the proposed design 

cycle in Fig. 2 only to ascertain if the selected optimized designs are indeed close 

to the FEM results. 

The considered rotary SR machine topology design optimization results obtained 

with the improved flux tubes and slices modelling in Section 5.3 indicate that the 

method is of comparable accuracy to the FEM results. However, contrary to the 

LSRM optimization case the rotary 18-12 SR machine model required the 

calibration of the flux tubes in order to produce results of a known SR machine 

design found with the FEM analysis. The calibration of the flux tubes and slices 

model of the rotary 18-12 SR machine subsequently enabled accurate 

optimization to be performed. The optimization results indicated that the 

calibration can help to mitigate effectively the discrepancies occurring in the 

optimized machine average torque values as obtained from the multi-objective 

pareto front. Furthermore, the calibration of the flux tubes and slices model also 

introduced the uncertainly in the obtained rms phase current values of the 

selected optimized SR machines. Given the large number of design variables and 

their associated wide numeric ranges of the rotary 18-12 SR machine topology to 

be optimized the rms current results suggest that in addition to the calibration of 

the model the numeric ranges of the variables could be reduced to minimize the 

discrepancy of the resulting rms current values. 

From the preceding discussion points the following can be summed up. 

It appears that the simpler and largely rectilinear geometry of the LSRM 

topologies considered in this study had the major effect on the flux linkage 

results accuracy obtained with the flux tubes and slices method. Both the aligned 

and unaligned translator cases of the considered LSRM topologies produced 

relatively accurate numeric result of the respective flux linkage functions. On the 

contrary the slightly more complicated aligned case magnetic circuit geometry of 

the considered rotary SR machine topology required noticeable calibration 

parameter to be introduced so that the FEM and flux tubes and slices results were 

of comparable values. Finally, the fairly complicated unaligned magnetic circuit 

geometry, and the air gap region more specifically, of the rotary SR machine was 
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found to require substantial calibration parameter in order for the flux linkage 

functions to be comparable with the FEM results. 

Most likely cause of the flux linkage discrepancies between the flux tubes and 

slices method and FEM analysis for the rotary SR machine is that the flux tubes 

method uses the fixed equipotential slices of the tubes which can deviate from 

the true flux tubes if the machine design variables are varied over substantial 

range of values as was the case for the optimization case presented in Section 

5.3. Therefore in order to minimize the likelihood of the need to calibrate the flux 

tubes and slices method it is beneficial to reduce the numeric ranges of the SR 

machine geometric design variables which impact the unaligned air gap geometry  

of the machine. Alternatively it is possible to prescribe certain rules that enable 

the unaligned air gap flux tube distributions to adjust, but more specifically the 

defined equipotential slices to adjust, subject to the changes in the geometric 

proportions of the air gap itself. Under such formulation the flux tubes and slices 

method, it is anticipated, will produce highly accurate flux linkage values 

comparable to the FEM results over wide range of geometric parameters variation 

as would be desirable in an extensive design optimization process proposed in 

Fig. 2. 

Finally, the following important point can be drawn regarding the flux tubes and 

slices capability of accurate electromagnetic modelling of SR machine.  

Since the calibration parameters for the rotary 18-12 SR machine topology were 

fixed from the start of the optimization exercise in Section 5.3 the number of 

generated GA individuals was relatively large. Therefore, the introduced 

calibration parameter was sufficient not to produce the machine designs that are 

far from the multi-objective pareto front. This observation has a very important 

practical implication that the flux tubes and slices calibration is unambiguous and 

is needed only once prior to the rapid optimization itself. This is one of the main 

advantages of the flux tubes and slices method compared to the previously 

discussed alternative reduced order computational methods. 

6.2 Conclusions 

From the methodology and results chapters of the report the following 

conclusions with regards to the proposed improved flux tubes and slices 

modelling approach can be made as follows. 
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The improved flux tubes and slices approach reduces substantially the ambiguity  

of construction of magnetic flux tubes in electromechanical devices operating on 

the purely reluctance torque principle. The method also reduces the required 

minimum number of geometric parameters of the modelled electromechanical 

device necessary for the accurate expression of the flux tube distribution 

compared to published manual field modelling methods. 

Accurate determination of the flux tube cord lengths is possible with the 

improved flux tube method since all the information needed to achieve this is 

available in the mathematically descriptive form of cubic-splines. Computationally 

efficient numerical integration is then performed to find the flux tube cord 

lengths accurately. Therefore almost exact cord length value can be found for all 

assumed flux tubes compared to only average cord length values of alternative 

MEC methods. This particular capability of the flux tubes method tends to 

minimize the error terms in (20) and (28) which have the direct impact on the 

reluctance values of the complete magnetic circuit. Furthermore, average cross-

sectional areas of the flux tube segments can also be found readily from the 

slices placed across the flux tube paths, which were placed for the construction 

of the flux tubes in the first place, at a small number of locations of the magnetic 

circuit of electromechanical device. 

Complete flux-linkage map, including the magnetic saturation effects, can be 

constructed for an SR machine using the flux linkage values obtained with the 

improved flux tube method. Accuracy of the method is seen, in general, to be in 

close agreement with FEM results of the studied four distinct SR machine 

topologies and a large number of geometries. Although not applied specifically to 

tractive electromagnets and actuators it is believed that the flux tubes and slices 

method is equally applicable to such devices. The method has a potential to 

account for the magnetic leakage flux effects, around phase windings, occurring 

at high levels of excitation current at the aligned and the unaligned translator or 

rotor position. 

The novel flux tubes and slices method can be readily used for rapid optimization 

of the AoA parameter to determine optimum values of the parameter with respect 

to mechanical speed and instantaneous torque of the SR machine in question. 

Knowledge of the optimal values of AoA parameter is essential and enables 

characteristic output torque curve for a specific SR machine to be found which is 

necessary for the precise control of the machine. If the SR machine design 

requirements are such that constant power curve is necessary for its application, 
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e.g. electric vehicle traction motor, then this power curve can be obtained once 

the AoA parameter sweep has been performed. Thus the improved flux tube 

approach enables the constant power curve construction and optimization to be 

performed with increased computational efficiency. 

Coupling of the new flux tube method with optimization techniques has been 

performed since the method is computationally efficient and relatively accurate. 

These advantages can be exploited during initial search and optimization stages 

where large design response surface must be searched for a candidate SR 

machine design. In such optimization tasks the usefulness of computational 

efficiency of the method can outweigh the approximate, yet consistent, results 

the model generates. This particular flux tubes and slices feature suggests 

economical use of computing resources. 

The proposed rapid analysis and design cycle of SR machines, Fig. 2, has been 

validated against order of magnitude more accurate FEM based design and 

analysis tool. Novel topology SR machine design has been generated by using the 

improved flux tube method which was combined with GA based optimization. 

Subsequently the selected number of obtained optimal designs was reanalysed 

with an FEM approach. The comparison of the results revealed that the improved 

flux tube method can be used to search optimal designs rapidly, consistently and 

with accuracy approaching that of 2D FEM. Thus, the aim of the modelling 

approach to complement the FEM analysis has been achieved. 

Finally, the following conclusions can be drawn with regards to the research 

objectives spelled out in Section 1.3. 

The reduced order computational methods for the analysis of electromagnetic 

fields were reviewed in Chapter 2 and their advantages and disadvantages 

identified in the context of the SR machine modelling. The newly proposed flux 

tubes and slices method was formulated which incorporates many of the 

advantages of the alternative computational techniques; this was demonstrated in 

Chapter 3. The main features of the improved and extended flux tubes and slices 

approach are the automatic generation of the flux tubes and slices by use of the 

cubic-splines and by the use of combinations of straight line and circular arc 

segments. This approach showed superiority in terms of the manual effort 

required when constructing the geometric features of the modelled magnetic 

fields. Furthermore, the proposed flux tubes and slices approach was formulated 

analytically and it was demonstrated in Section 3.3 that the method is numerically 
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robust and can be effectively controlled in terms of the minimization of the 

numerical errors afforded by the method. Finally, it was shown in Section 5.2 and 

Section 5.3 that the method can be effectively applied to the wide range of 

practical SR machine topologies for the rapid electromagnetic analysis and 

design. 

6.3 Scientific Contributions 

The presented research work has contributed to the advance of knowledge in the 

scientific field of reduced order computational methods applicable to the rapid 

electromagnetic analysis and design of SR machines. 

The present research contribution to the advance of knowledge in the scientific 

field of reduced order computational methods can be summed-up as follows. 

• A number of electromagnetic field modelling paradigms from the existing 

reduced order computational techniques were combined into substantially  

improved flux tubes and slices formulation. The main feature of the flux 

tubes and slices formulation is the automated generation of the flux tubes 

and slices using cubic-splines for the construction of tubes and a 

combination of straight lines and circular arc segments for the automatic 

construction of the slices. This technique, not explored previously, has 

shown a significant advantage compared to the similar electromagnetic 

field modelling approaches in terms of the time required to construct such 

geometric features in the magnetic circuits of SR machines. This advantage 

is evident in the ferromagnetic and magnetically linear regions of the 

machine and for the aligned and unaligned rotor positions. 

• The cubic-spline based flux tubes and slices formulation enables the 

electromagnetic analysis of ferromagnetically non-linear as well as linear 

regions of an SR machine circuit. 

• The cubic-spline based flux tubes and slices analytic formulation enables 

the derivation of the geometric error parameters of the method. The 

geometric error parameters indicate that the numeric error accuracy of the 

proposed method can be adjusted thus controlling the accuracy of the final 

results. It is shown that the same geometric error factors are present in the 

alternative MEC based reduced order computational methods used for 

electromagnetic field analysis. 
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• The cubic-spline based flux tubes and slices formulation enables dual 

bound estimation of the inductance values of the analysed non-linear SR 

machine electromagnetic circuits in the linear and the non-linear regions. 

The dual bounds capability of the proposed flux tubes and slices method 

enables the effective numerical error minimization and the error control 

strategies given the uncertainty of the final results. 

• The proposed reduced order computational method of flux tubes and 

slices was demonstrated to be computationally efficient and accurate 

compared to the industry standard FEM when the cubic-spline modelling 

techniques were used and therefore the method is a viable complement to 

such advanced computational analysis techniques. 

The following scientific publications were generated as a result of the present 

research work, in collaboration with other contributors, and full copies of the 

publications are placed in the Appendix B and in the list of references where 

appropriate. 

1. A. Stuikys and J. Sykulski, ‘Rapid Multi-Objective Design Optimization of 

Switched Reluctance Motors Exploiting Magnetic Flux Tubes’, IET Sci. Meas. 

Technol., Nov. 2017. 

2. A. Stuikys and J. K. Sykulski, ‘An Efficient Design Optimization Framework 

for Nonlinear Switched Reluctance Machines’, IEEE Trans. Ind. Appl., vol. 

53, no. 3, pp. 1985–1993, May 2017. 

3. A. Stuikys, M. Rotaru, and J. K. Sykulski, ‘A refined approach exploiting 

tubes of flux for analysis of linear switched reluctance motors’, Int. J. Appl. 

Electromagn. Mech., vol. 51, no. s1, pp. S13–S21, Apr. 2016. 

4. Stuikys, A., Mohammadi, M. H., Lowther, D. and Sykulski, J. (2017), “Rapid 

electromagnetic analysis and design using flux tubes”, 21st International 

Conference on the Computation of Electromagnetic Fields, 

COMPUMAG2017 Daejeon, Korea, Republic of. 18 - 22 Jun 2017. 2 pp. 
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Chapter 7 Extensions and Future Work 

Given that the proposed improved flux tube method is suitable for rapid analysis 

and design of SR machines, including novel topology SR machines, it is proposed 

to realise the full potential of this particular reduced order computational 

technique to a wider variety of design search and optimization problems of 

electromechanical devices. 

Firstly, from the evident usefulness of the improved flux tube modelling approach 

it is imperative to apply such technique to as wide a range of SR machine 

topologies as practical within given time constraints. Such exercise will enable 

new understanding to be gained with respect to those novel topology machines 

and their extents of performance studied effectively. For example, the improved 

flux tube approach together with the proposed rapid analysis and design 

optimization cycle, Fig. 2, can be applied to the extensively studied classical SR 

machines such as the three and four phase radial flux machines. However, the 

new approach would enable 3D or higher dimensional GA based optimization to 

be undertaken. In other words, the classical radial flux machine topology would 

be subjected to a much more rigorous GA based optimization with at least three 

or more objective functions and numerous design constraints – something that 

has not been achieved to date. In addition to the more classical SR machines 

there are many novel topology SR machines proposed which are not amenable to 

the effective FEM based design as these topologies have not been analysed 

extensively. Furthermore, it is believed that the improved flux tube approach is 

suitable for the analysis and design of synchronous reluctance machines which 

are rapidly gaining popularity. This exercise would offer new understandings to 

be gained of what is thought to be comprehensively researched machine. 

Therefore a holistic understanding of these machines can be afforded with the 

proposed flux tubes and slices based analysis and design techniques. 

Secondly, due to the marked computation time savings afforded with the 

proposed analysis and design cycle, Fig. 2, and the flux tube approach in 

comparison with FEM only approach it seems that a logical step would be to 

investigate the quasi – 3D or full 3D capability of the flux tube modelling to see if 

computational speed gains can be made but with the preserved accuracy, 

intuitiveness and simplicity of the original approach compared to 3D FEM models. 

Of course this would necessitate moderate extensions of the flux tube approach 
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by adding the third dimension. This is likely to be nontrivial exercise, however if 

it is assumed that the full 3D flux tube approach can offer same numerical 

accuracy as 2D as well as computational efficiency then it seems to be worth the 

effort required to formulate and implement such model. To start with such 

exercise the geometries of the analysed machines could be simplified, yet 3D, 

and such important effects as 3D magnetic leakage flux included. The 

computational speed gains of 3D flux tube modelling capability, therefore, are 

very attractive. 

Given the above mentioned opportunities in the rapid electromagnetic analysis 

and design optimization of SR machines the following capabilities of the flux 

tubes and slices approach are envisaged conceptually to be of immediate 

importance and are discussed in the proceeding sections. 

7.1 On the Capability of 2D Leakage Flux Estimations 

using Flux Tubes and Slices Modelling Techniques 

The 2D leakage flux estimation with the proposed flux tubes and slices method 

can be performed as follows. 

As was stated in the modelling section of this report the LSRM and rotary SR 

machines modelled with the improved flux-tube method were assumed to be 

ideal machines in that the leakage flux was not included in the flux tubes 

analysis. This simplifying assumption was made in order to test the fidelity of the 

improved flux tubes and slices method for low to medium excitation current 

levels only. This is because the SR machines produce none or negligible levels of 

leakage flux at even moderate excitation current. It is seen that the FEM obtained 

results, in general, are reproduced with the improved flux-tube method. However, 

it is also observed that the flux tubes method does not reproduce the flux-linkage 

values exactly at higher excitation currents as indicated in Fig. 65. 
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Figure 65: Leakage flux effect on the accuracy of the modelled flux linkage curves 

for the rotary 18-12 SR machine 

Therefore there is an opportunity to improve the flux tubes and slices modelling 

approach further in order to be able to model LSRM and rotary SR machines at all  

excitation currents with reasonable confidence and accuracy since the 2D leakage 

flux effects were seen to be important [63]. Therefore the next stage of the flux-

tube model improvement could be directed towards the construction of method 

whereby the leakage flux effects occurring around the excited stator poles of the 

aligned position are taken into account. 

The following approach dealing with the leakage flux modelling around the 

excited stator poles of SR machines with concentrated windings is considered a 

candidate method and is based on methods and techniques presented in [60], 

[72] and [71]. Figure 66 shows the initially considered LSRM topology with the 

flux tube distribution sketch pertinent to the machine geometry when the 

machine is operating at a low level of excitation current. 

~5% 
~6% 
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Figure 66: Ideal LSRM flux tube distribution under low levels of excitation current 

Provided that the distribution of the probable flux paths for the given geometry is 

known, either from general FEM analysis or prior experience, it will be possible to 

obtain the flux-linkage function for a range of excited coil current levels as was 

demonstrated with the improved flux-tube method in this report. But to model 

the leakage flux paths which are not, in general, known a priori it is necessary to 

revisit the Roters [72] definition of the probable flux paths as implicitly stated in 

the literature review section of this report and restated explicitly here for 

convenience: provided that most (i.e. 80%) of the flux tubes are modelled in the 

immediate vicinity of the air gap this will accurately represent large proportion of 

the air gap permeance. This statement can be generalised and applied to the 

leakage flux path permeance or reluctance estimation. Therefore it is assumed 

that: provided that most (i.e. 80%) of the leakage flux tubes are modelled in the 

magnetic circuit this will accurately represent large proportion of the leakage flux 

path reluctance value in the flux-linkage function. 

Resting on the aforementioned assumption it is then necessary to construct the 

probable coordinate points through which the leakage flux paths are likely to 

cross under increase levels of the excitation current. With the prior knowledge of 

the leakage flux distributions, specifically from Fig. 20 in Chapter 3, the following 

three approximate coordinate points are selected for the probable leakage flux 

paths as shown in Fig. 67. 
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Figure 67: LSRM with the probable leakage flux paths 

In general the initial path e, in Fig. 66, will be linked with all of the excited coil 

turns and the current level in the turns and therefore can be expressed in terms 

of the applied mmf as: 

𝑇𝑇𝑝𝑝 × 𝐼𝐼 = 𝐹𝐹𝑒𝑒 ≈ 0.5 ×𝐻𝐻𝑠𝑠𝑠𝑠𝑙𝑙𝑠𝑠𝑠𝑠+ 𝐻𝐻𝑔𝑔𝑙𝑙𝑔𝑔 +𝐻𝐻𝑟𝑟𝑟𝑟𝑙𝑙𝑟𝑟𝑟𝑟 +𝐻𝐻𝑟𝑟𝑟𝑟𝑙𝑙𝑟𝑟𝑟𝑟                   (44) 

Where T
p
, I, F

e
, H and l are turns per pole, coil current, magneto-motive force, 

magnetic field intensity and length of the flux path segment respectively. The 

subscripts denote segments of the machine: stator pole, air gap, rotor pole and 

rotor yoke respectively. The relationship is only approximately equal to the 

applied mmf due to the numerical approximations. All the geometric quantities 

for this flux path will be known and therefore reluctance values for each flux path 

segment will be found in the iron parts as: 

𝑟𝑟𝑖𝑖 =
𝐻𝐻𝑖𝑖𝑙𝑙𝑖𝑖
𝐵𝐵𝑖𝑖𝐴𝐴𝑖𝑖

                                          (45) 

And in the air gap region: 

𝑟𝑟𝑔𝑔 =
𝑙𝑙𝑔𝑔

µ0𝐴𝐴𝑔𝑔
                                  (56) 

Where B is the magnetic field density and A is average cross-sectional area of the 

flux path segment. And because this flux path is composed of individual flux 

tube segments connected in series the total reluctance of the path will be: 
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𝑅𝑅𝑒𝑒 = �𝑟𝑟𝑖𝑖 + 𝑟𝑟𝑔𝑔                          (47) 

Furthermore, this mmf equation will be written for the rest of the flux paths 

depicted in Fig. 66. Because all the paths in the figure are in parallel the total 

mmf will be the same, or approximately same, for each flux path, namely: 

𝐹𝐹𝑒𝑒 = 𝐹𝐹𝑎𝑎 = 𝐹𝐹𝑏𝑏 = 𝐹𝐹𝑐𝑐 = 𝐹𝐹𝑑𝑑                               (48) 

So finally it is possible to express the flux-linkage function for the aligned case 

as: 

𝜆𝜆 =
𝑇𝑇𝑝𝑝𝐹𝐹𝑒𝑒
𝑅𝑅𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇

=
𝑇𝑇𝑝𝑝2𝐼𝐼
𝑅𝑅𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇

                         (49) 

Now, if the original flux path denoted as e in Fig. 66 is assumed to leak through 

the rotor yoke then the first likely coordinate point it will cross is that denoted by 

position (1) in Fig. 67. The original flux-tube then becomes e
1
 and is composed of 

flux path segment in the iron part in series with the leakage flux path segment in 

the air region as well as stator pole piece. Following this shift to the e
1
 flux path 

all the remaining flux paths in Fig. 67 are repositioned in the iron parts of the 

machine and their geometric quantities recomputed. The mmf of the circuit will 

stay the same and therefore the excitation current, and the original flux path 

mmf equation will take into account the new segments of the flux path as 

follows: 

𝐹𝐹𝑒𝑒 = 𝐹𝐹𝑒𝑒1 ≈ 0.5 × 𝐻𝐻𝑠𝑠𝑠𝑠𝑙𝑙𝑠𝑠𝑠𝑠 +𝐻𝐻𝑔𝑔𝑙𝑙𝑔𝑔 + 𝐻𝐻𝑟𝑟𝑟𝑟𝑙𝑙𝑟𝑟𝑟𝑟+ 0.7 × 𝐻𝐻𝑟𝑟𝑟𝑟𝑙𝑙𝑟𝑟𝑟𝑟 +𝐻𝐻𝑔𝑔1𝑙𝑙𝑔𝑔1 + 0.5 × 𝐻𝐻𝑠𝑠𝑠𝑠𝑙𝑙𝑠𝑠𝑠𝑠         (50) 

The total reluctance of this new path, path e
1
, has changed compared to the 

original path, path e reluctance. If this new reluctance is calculated and is found 

to be lower compared to the original path reluctance then the new path is a better 

approximation of the leakage flux path. And the total reluctance of the updated 

flux paths will also change and will be lower. Therefore: 

𝑅𝑅𝑒𝑒_𝑛𝑛𝑛𝑛𝑛𝑛 < 𝑅𝑅𝑒𝑒 = �𝑟𝑟𝑖𝑖 +𝑟𝑟𝑔𝑔                          (51) 

And the total new flux linkage for this case will be: 

𝜆𝜆𝑛𝑛𝑛𝑛𝑛𝑛 > 𝜆𝜆 =
𝑇𝑇𝑝𝑝ℎ𝐹𝐹𝑒𝑒
𝑅𝑅𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇

                        (52) 

The above calculations can be repeated by updating the leakage flux path 

coordinates and recalculating all the variables and if again it is found that the new 
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reluctance of the entire path is lower; therefore that flux path is kept and the new 

flux-linkage function computed. This new flux-linkage function will be higher in 

magnitude compared to the old flux-linkage function for the same excitation 

current level. Finally, the total flux-linkage function for that particular stator-rotor 

alignment case will be higher than the flux-linkage of the ideal machine and will 

give more accurate output torque and power values for the SR machine since the 

stored magnetic field energy will be represented more accurately. 

It could be argued that such computational procedure can be lengthy, however it 

is clear that the proposed 2D leakage flux computational procedure should only 

be applied to excitation current levels in between 0.8 and 1.2 p.u.. Therefore it is 

only necessary to apply this technique to two or three excitation current instances 

that fall between the stated p.u. current limits of an SR machine and the rest of 

the points can be accurately interpolated for complete flux-linkage function at 

that particular stator-rotor alignment instance. 

7.2 On the Capability of Modelling 3D Flux Distributions 

using Flux Tubes and Slices Techniques 

The topic of modelling the 3D flux distribution effects in SR machines has been 

undertaken in the past in order to assess the importance and influence of the 3D 

magnetic fields with respect to the machine performance. The 3D flux 

distribution problem can be split into the two distinct cases for the SR machine 

technology, namely that of the aligned and the unaligned rotor position. Both 

cases are important as the 3D flux distributions in the magnetic circuit of an SR 

machine affect the performance of the machine since the 3D flux linkage map can 

be enlarged or decreased dependent on the relative impact of the 3D effects 

[110]. Some novel 3D leakage flux reduction strategies have been proposed [3], 

however the nature of the active suppression of the leakage flux appears to be 

constraining rather than liberating the design choices of the SR machine 

topology. 

In some specific cases it has been found that the 3D flux distributions, including 

the 3D leakage flux effects in close proximity to the stator phase coils, are not 

very significant [111], [112] and that their effects can be relatively accurately 

estimated during the design stage by treating the problem in 2D and adding the 

estimated 3D leakage correction factors [104]. These results were suggested for 

the classical radial flux SR machines with the stator outer diameter to core stack 
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length ratio equal or smaller than 1. Therefore, if the radial flux SR machine has 

its core stack length larger than the outer diameter of the stator the 3D leakage 

flux and therefore the 3D flux distributions within the magnetic circuit of the 

machine can be treated effectively and accurately as a 2D magnetic field problem 

with appropriately selected correction factors if such are available or can be easily 

inferred from the prior experience [104]. 

However, the challenge of assessing the impact of the 3D flux distributions is 

markedly different when even the simple classical radial flux SR machine has the 

aspect ratio of the outer stator diameter to the core stack length much lower than 

1 [113]. This particular geometric ratio of the SR machines is generally favoured 

in the automotive electric propulsions applications which command compact axial 

length machines. Under such design conditions the practical SR machine can 

deviate markedly from its performance predictions obtained with 2D FEM [114]. 

The situation can be even more uncertain for the many novel topology translating 

and rotating SR machines which were discussed in Chapter 1. Under such design 

requirements the novel topology SR machines must be analysed using extremely  

slow 3D FEM analysis tools, as was noted in Fig. 1, that are not at all intuitive 

especially if, for example, the parametrised studies of the SR machine geometries 

are to be performed for fine tuning of the design. 

One possible solution to the above posed problem of 3D based parametrised 

magnetic analysis and design of SR machines could potentially be attempted with 

the proposed flux tubes and slices approach. That is the 3D electromagnetic 

fields can, potentially, be very rapidly constructed for the purpose of quasi-3D 

static electromagnetic field solutions in SR machine circuits using the present flux 

tubes and slices approach. Since it has been demonstrated, in Section 4, that the 

computational speed-up of the 2D flux tubes and slices method scales quite 

effectively with respect to the number of the parallel flux tubes m in the circuit, 

this can be an indication that the method could also be suitable for the 

approximations of the 3D flux distributions in the SR machine circuit. Further 

advantage of the conceptual 3D based flux tubes and slices approach would be 

the possibility to estimate the dual bounds of the resulting reluctance values [76] 

thus increasing the confidence of the 3D based analysis results accuracy. 

The success of the 3D, or quasi-3D, based flux tubes and slices method would be 

largely dependent on the specifics of implementation of the method, however, 

since in principle the leakage flux modelling was discussed to be easily 

implementable in the flux tubes and slices approach based on the cubic-splines, 
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the 3D flux tubes method would offer some very attractive computational 

performance features and advantages compared to, for example, the 3D FEM 

approach as conceptually summarised in Table 12 for the accurate estimation of 

the flux linkage functions. 

Table 12: Feature comparison table of the 3D flux tubes and slices approach and 

3D FEM for the Optimization of SR machines 

 

The computational advantages of the conceptual 3D flux tubes and slices 

implementation for the analysis and design of SR machines is compelling not only 

from the computing speed and numerical accuracy point of view. Additionally, 

there are usually further requirements placed on the magnetic field analysis 

software when the particular design methodology is chosen for the 

computationally intensive SR machine design tasks. Table 12 lists further 3D 

based magnetic analysis software and hardware considerations and compares 

these objectively against generally accepted FEM techniques. 

From Table 12 it is clear that the conceptual 3D flux tubes and slices based 

magnetic analysis approach is very compelling especially if the listed advantages 
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of the method are placed into perspective with Fig. 1 and the proposed rapid SR 

machine design optimization cycle in Fig. 2. 

One particular 3D implementation of the flux tubes and slices approach is shown 

in Fig. 68 whereby 2D slice planes are used instead of the equipotential slices, 

which were introduced in the 2D based flux tubes and slices model in Chapter 3, 

for the subdivision of 3D space. 

 

Figure 68: Proposed exemplary 3D flux distribution implementation using the 

flux tubes and slices approach 

The particular implementation shown in Fig. 68 can be somewhat likened to the 

similarly proposed construction of the closed flux paths techniques for the post-

processing stages of the results obtainable with 3D FEM based computer software 

[115]. Likewise, the 3D construction of the flux tubes would be accomplished 

with the appropriate placement of 2D slice planes and a prescribed number of 

points of the parallel flux tubes defined with the parameter m in Fig. 29, Chapter 

3. 

The 3D flux tubes and slices technique offers further modelling advantages of the 

3D magnetic circuits of SR machines. First, the generally present geometric 

redundancy of the symmetry of the machine, as might be in the case of 3D FEM 

analysis, would be reduced to a single symmetry segment which could 

subsequently be modelled with the template-like 3D flux tube planes. In this way 

the custom generation of slice planes as in Fig. 68, for each new magnetic circuit 
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geometry, could be avoided and only the major machine circuit geometric 

dimensions used. Effectively, the slicing of the computational 3D geometry with 

the 2D flux tube planes are comparable to the mesh control and the meshing of 

the 3D geometry itself with the 3D FEM approach – labour and time intensive 

task. The 2D flux tube based plane subdivision would offer the unparalleled 

economy of the 3D model preparation time which in 3D FEM case is often 

substantial as shown in Table 12. Therefore it is envisaged that the 3D flux tubes 

and slices formulation will play an increasingly important part in the 3D based 

electromagnetic analysis of SR machines. 

7.3 On the Capability of Modelling Flux Distributions in 

Synchronous Reluctance Machines using Flux Tubes 

and Slices Techniques 

Since the usefulness of the flux tubes and slices technique for the 

electromagnetic analysis and design of SR machines has been demonstrated in 

terms of computational accuracy and speed of solution it is also of interest to 

investigate other electric machine technologies that operate wholly or partially on 

the reluctance torque principle. 

One such technology of increasing industrial importance is the synchronous 

reluctance machine (SynRel) which is able to produce the useful torque by use of 

purely the reluctance torque created in the air gap and no permanent magnets 

[116]. The topologies of the SynRel machine technology are numerous, but one 

particular radial flux machine example is shown in Fig. 69. 
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Figure 69: Typical radial flux fractional slot synchronous reluctance machine. 

Taken from [117] 

As can be seen from the general magnetic flux distribution within the SynRel 

machine circuit obtained with 2D FEM analysis it appears that the next closest 

comparison of the distribution could be made with the radial SR machine flux 

distribution as in Fig. 27 and Fig. 28 for example. It also follows that since the 

SynRel machine can operate purely on the reluctance torque in the air gap it will  

also be liable to the increased levels of ferromagnetic saturation, as seen during 

the normal operation of SR machines, which in turn will result in the highly non-

linear electromagnetic torque over one electrical cycle. This calls for the highly 

capable FEM analysis with large number of time stepping instances in order to 

fully capture the instantaneous torque profile over the rotor movement of 

interest. Further challenges are due to the parametrised geometric study of 

SynRel machines in order to maximise their torque-per-ampere (TPA) and power 

factor performance metrics [118]. 
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To overcome the exclusive requirement of the FEM based magnetic analysis in 

such SynRel optimization studies the improved flux tubes based method was 

adapted as shown in Fig. 70 for the machine geometry of Fig. 69. 

 

Figure 70: The radial flux fractional slot synchronous reluctance machine flux 

distribution of flux tubes method. Taken from [117] 

Preliminary results of such parametrised SynRel machine optimization studies 

indicate that the flux tubes method can be very effectively employed for the 

SynRel machine technology [117]. Therefore the future effort to develop the flux 

tubes and slices formulation for the electromagnetic analysis of SynRel machines 

is also of practical importance. 
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Appendix A  

The Appendix A contains flux-linkage functions, speed-torque envelopes and 

speed-power envelopes of the analysed SR machines obtained with the flux tube 

method and compared to FEM analysis. Also included are the GA based 

optimization Pareto fronts and the results error comparison tables. 

 

 

Figure A 1: Generic 3D flux-linkage map of SR machine 

 

The bellow figure has been adapted from [63] and is associated with Fig. 29 and 
Fig. 30 and equations (12) to (32). 
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Figure A 2: Bisection root finding method based computational algorithm as used 

for the improved flux tubes and slices method. Adapted from [63] 
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Figure A 3: Geometric information of the rotary 18-12 SR machine used for the 

sensitivity analysis 

 

 

Figure A 4: Selected geometric variables of the LSRM 
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Figure A 5: Flux-linkage map of the 16-12 LSRM obtained with the improved flux 

tube approach and FEM 

 

 

Figure A 6: Speed-torque envelopes of the 16-12 LSRM obtained with the 

improved flux tube approach and FEM 
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Figure A 7: Speed-power envelopes of the 16-12 LSRM obtained with the 

improved flux tube approach and FEM 

 

 

Figure A 8: GA optimization Pareto front of the 16-12 LSRM obtained with the flux 

tube method and FEM 
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Table A 1: Numerical error analysis of the 16-12 LSRM GA optimization 

LSRM 
design 
number 

 Average 
Torque (N-m) 

Flux Tube 
error (%) 

Power × Speed (kW 
rpm) 

Flux 
Tube 

error (%) 

2 
Flux 

Tubes 
-243 

-14.49 
-217144 

12.86 
FEM -284.6 -192386 

6 
. -219 

-12.10 
-243797 

21.82 
.. -249.5 -200120 

7 
. -188 

-14.90 
-276306 

11.59 
.. -221.1 -247603 

10 
. -333 

-13.61 
-155212 

5.89 .. -385.5 -146575 

12 
. -303 

-15.78 
-190248 

11.97 
.. -359.6 -169906.4139 

16 
. -164 

-11.96 
-321471 

22.93 
.. -186 -261508 

Average 
error (%) 

Flux 
Tubes 

 
-13.8 

 
14.5 

 

 

 

Figure A 9: Flux-linkage map of the 12-8 LSRM obtained with the improved flux 

tube approach and FEM 
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Figure A 10: Speed-torque envelopes of the 12-8 LSRM obtained with the 

improved flux tube approach and FEM 

 

 

Figure A 11: Speed-power envelopes of the 12-8 LSRM obtained with the 

improved flux tube approach and FEM 
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Figure A 12: GA optimization Pareto front of the 12-8 LSRM obtained with the flux 

tube method and FEM 

 

 

 

 

 

 

 

 

 

 

 

 



Appendix A 

175 

Table A 2: Numerical error analysis of the 12-8 LSRM GA optimization 

LSRM 
design 
number 

 Average 
Torque (N-m) 

Flux Tube 
error (%) 

Power × Speed (kW 
rpm) 

Flux 
Tube 

error (%) 

3 
Flux 

Tubes 
-80 

-14.16 
-130708 

14.81 
FEM -93 -113846 

4 
. -92 

-9.21 
-109091 

5.73 
.. -101.3 -103179 

5 
. -156 

-7.54 
-61560 

32.15 
.. -168.3 -46583 

7 
. -161 

-7.00 
-60732 

27.16 .. -173.6 -47759 

8 
. -139 

-12.88 
-73468 

40.68 
.. -159 -52223 

10 
. -171 

-7.38 
-47207 

18.58 
.. -184.9 -39809 

11 
. -142 

-11.21 
-68067 

27.87 
.. -159.8 -53231 

12 
. -131 

-10.39 
-84327 

38.03 
.. -145.8 -61091 

15 
. -117 

-9.89 
-94056 

39.92 
.. -129 -67221 

16 
. -104 

-13.09 
-107694 

35.31 
.. -119 -79593 

Average 
error (%) 

Flux 
Tubes 

 -10.3  28.0 
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Appendix B  

The Appendix B includes the published versions of the parts of the thesis. 
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Glossary of Terms 

None. 
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