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Abstract

Using one-way coupled direct numerical simulations of inertial particles in homo-

geneous isotropic turbulence we investigate the non-linear dependence of local

particle concentrations in particle clusters on the number density of particles

used in the simulation per volume. We show that the Reynolds-number depen-

dence of local concentrations in clusters can be predicted for sufficiently high

Reynolds numbers by a scaling relation that depends on the average particle

number density and the Kolmogorov length. Depending on the average particle

number density and gravity, a maximum of preferential concentration does not

necessarily occur at Stokes numbers around unity. This explains the differences

observed between recent experimental and computational results.
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1. Introduction

We present results of our investigations of the preferential concentration [1]

of inertial particles in homogeneous isotropic turbulence using a pseudospectral

direct numerical simulation (DNS) code.

Clustering of particles has been found over a wide range of Kolmogorov-scale5
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Stokes numbers from Stη = 0.05 [2] up to several hundred [1]. Many workers

have observed the strongest clustering around Stη = 1 using both measurements

and DNS [2, 3, 4, 5]. In wind-tunnel experiments at Taylor-scale Reynolds

numbers Reλ between 230 and 400 and Stη between 2 and 10, Obligado et al.

[6] found peak preferential concentration at Stη ≈ 4. Sumbekova et al. [7]10

performed wind-tunnel experiments between Stη = 0.1 and Stη = 5 with Reλ

between 170 and 500. They found no significant Stokes number dependence,

but a strong dependence on both Reynolds number and volume fraction.

Using DNS between Reλ = 65 and Reλ = 152, Collins and Keswani [8]

found that the radial distribution function g(r) [9] seems to reach a plateau15

with increasing Reλ. The results were confirmed by Ireland et al. [2] at Reλ up

to ∼ 600. However, quantities based on particle concentration, such as D [3],

exhibit a more complex behaviour. Peak D has been observed to decrease with

increasing Reynolds number [10].

Monchaux et al. [11] found that the particle concentration inside clusters20

had a non-linear dependence on the global particle loading. Sumbekova et al. [7]

also observed a nonlinear increase of local particle concentrations inside clusters

with the particle volume fraction in experiments up to Reλ = 450.

Aliseda et al. [5] found a maximum of D at bin sizes corresponding to 10 η

(where η is the Kolmogorov length) and concluded that 10 η is a typical average25

cluster size. Wood et al. [4] observed a peak at bin sizes between 8 η and 20 η,

with the peak shifting towards larger sizes with increasing Stη. Sumbekova et

al. [7] observed that average cluster dimensions increased with Reλ, up to a size

of about 100 η at Reλ ≈ 500.

Whereas the effects of Reynolds number, Stokes number and gravity on par-30

ticle dynamics and particle-particle distances have been investigated numerically

[2, 12], a systematic study of the parameters influencing cluster sizes and local

particle concentrations in clusters has to our knowledge only been performed

experimentally [7]. Our goal is to add to the quantitative understanding of par-

ticle clusters by investigating the influence of Reynolds number, Stokes number,35

average particle number density and gravity on D [3], a measure that gives
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Number of grid points N3 [−] 643 5123 10243

Resolution kmaxη [−] 1.5 1.1 1.0

Reynolds number Reλ [−] 45 250 470

Fluid viscosity ν [m2/s] 2.5 · 10−2 2.5 · 10−4 9.9 · 10−5

Kolmogorov length scale η [m] 4.0 · 10−2 3.7 · 10−3 1.7 · 10−3

Taylor length scale λ [m] 5.2 · 10−1 1.2 · 10−1 7.4 · 10−2

Integral length scale L [m] 1.0 8.0 · 10−1 8.3 · 10−1

Dissipation rate ǫ [m2/s3] 6.3 8.0 · 10−2 1.1 · 10−1

Particle diameter d [m] 4.0 · 10−3 3.7 · 10−4 8.8 · 10−5

Gravity g [m/s2] −9.81 - -

Table 1: Input parameters and fluid statistics of the simulations

quantitative information about the effect of preferential concentration on both

local concentrations and cluster sizes. We use one-way coupled DNS, which

makes the systematic variation of these parameters straightforward compared

to an experimental setup.40

2. Methods

PANDORA [13] is a pseudospectral DNS code that is parallelised in 1-D

(slab decomposition) and contains a Lagrangian point-particle implementation.

The inertia, drag and gravity terms of the Maxey-Riley equation [14] are solved.

Fast Fourier transforms are performed using the library FFTW [15]. The forcing45

scheme is based on the stochastic scheme developed by Eswaran and Pope [16].

One-way coupled simulations of homogeneous isotropic turbulence have been

performed on various grid sizes. The velocity field was initialised to a spectrum

as described by Sullivan et al. [17]. The resolution of all model runs was in the

order of kmaxη ≈ 1 where kmax is the highest resolved wave number. Particles50

were introduced once the turbulence was considered statistically stationary, i.e.

when the principle turbulent statistics were fluctuating around a mean over

about 10 to 20 eddy turnover times rather than following a trend. The cartesian
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coordinates of the initial particle position were determined using the intrinsic

Fortran random number generator. By interpolating the fluid velocity at the55

initial particle position the relative particle velocity was set to zero. In all

simulations the Kolmogorov-scale Stokes number Stη was modified by changing

the density ρp of the particles while keeping the particle diameter fixed. A

summary of input parameters and fluid statistics of the simulations is given

in table 1. We used the equilibrium dissipation law ǫ = CǫU
3/L [18], which60

relates dissipation rate ǫ, turbulent kinetic energy U2 and integral length scale

L, to compare our DNS against a series of published results [19, 20, 21]. Our

results are in good agreement with those of other workers, as shown in figure

1. To quantify preferential concentration, we used the D measure [3] and the

Radial Distribution Function (RDF)[9]. D [3] compares the standard deviation65

of a measured particle distribution to the standard deviation of a randomly

positioned set of particles by binning the particles in boxes of side length h.

D = 0 when the particle distribution is a Poisson distribution and D < 0 for

a uniform particle distribution [3]. The radial distribution function g(r) [9]

represents the number of particle pairs at a given separation compared to a70

uniform particle distribution [22]. We use the Kolmogorov-scale Stokes number

Stη =
τp
τη

[1], defined as the ratio of the particle relaxation time τp and the

Kolmogorov time scale τη.

3. Results

The results of simulations at Reλ = 250 for both D and g(r) at Stη =75

0.57 and Stη = 1.06, in which the particle number density was varied between

Np = 503.9 particles/m3 and Np = 40314.4 particles/m3, are shown in figure

2. As can be seen from the figure, the radial distribution function g(r) shows

no systematic dependence on the average particle number density (see (a) and

(c)), whereas it has a strong effect on D (see (b) and (d)). The maximum of D80

increases with the number of particles, while its peak shifts towards smaller bin

sizes.
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Figure 1: Comparison of the dissipation constant Cǫ between our simulations and published

results [19, 20, 21]
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Figure 2: Influence of the average particle number density on the radial distribution function

g(r), left column, and the D measure, right column, for Stη = 0.57 (upper row) and Stη = 1.06

(lower row). Simulations at Reλ = 250.
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As a compromise between computing time and a broad range of parameters,

simulations at Reλ = 45 were performed for Stη between 0.4 and 8, using

between Np = 16.5 particles/m3 and Np = 8454.5 particles/m3. The results85

are shown in the left column of figure 3. D is highest at Stη = 1. The shift of

the peak position is stronger for more inertial particles and almost not visible

for Stη < 1 particles, whereas the change in the maximum of D is greater for

low Stη particles. This difference can be explained by the fact that the Stη ≤ 1

particles are sensitive to the whole turbulence spectrum, whereas the heavier90

particles dampen small-scale motions due to their inertia.

According to our results (figures 2 and 3) D does not universally indicate a

characteristic cluster size of around 10η [11] nor does the cluster size generally

increase with Reλ [7]. Rather than a generally applicable size estimate, the

maximum ofD indicates a length scale that is characteristic for a specific average95

particle number density. This does not contradict the experimental results (e.g.

[4, 5, 7]), but indicates that those results are only valid for a specific average

particle number density.

Local concentrations show a more complex behaviour when gravity is intro-

duced, as shown in the right column of figure 3. Gravity enhances preferential100

concentration at Stη > 1. The diminishing influence of the average particle

number density on D with increasing Stη is counterbalanced by this gravity

effect (compare left and right column). For the highest numbers of particles

there is a clear peak preferential concentration at Stη = 1 and a second, smaller

peak at Stη = 8. For Np = 16.5 particles/m3 the pattern is similar to simula-105

tions without gravity, with a peak at Stη = 1 and a decrease with higher Stokes

numbers. For Np = 16.5 particles/m3 there is an increase in D at Stη = 0.4

to Stη = 1, but little change for higher Stokes numbers. Depending on average

particle number density and gravity, it is possible to observe maximum pref-

erential concentration at a peak other than Stη ≈ 1 (compare [6]) or even a110

near-independence of Stη (compare [7]).

The Reynolds number dependence of preferential concentration was inves-

tigated by comparing simulations for Stη = 1 at Reynolds numbers up to
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Figure 3: Stokes number and particle number density influence on D at Reλ = 45. The left

column shows results without gravity, the right column shows results including gravity effects.

The Stokes numbers are (a)(f) Stη = 0.4, (b)(g) Stη = 1, (c)(h) Stη = 2, (d)(i) Stη = 4,

(e)(j) Stη = 8.
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Reλ ≈ 470. The results for Reλ ≈ 45, Reλ ≈ 250 and Reλ ≈ 470 are shown

in figure 4. The radial distribution function g(r) shows a significant change115

between Reλ ≈ 45 and Reλ ≈ 250, but very similar values for the two highest

Reynolds numbers. This is consistent with the results of other workers (e.g.

Ireland et al. [2]) which suggest that g(r) becomes independent of Reλ at suf-

ficiently high Reynolds number. D on the other hand shows a more complex

behaviour when maintaining the average particle number density. The results120

for the Reynolds numbers investigated here show that the maximum of D de-

creases with increasing Reλ (figure 4 (b)).

By varying the average particle number density it was found that a scaling

behaviour with the Reynolds number similar to that exhibited by g(r) can be

achieved for D when using the same number of particles per control volume.125

The D measure for (1/8)3 particles per control volume and (1/4)3 particles per

control volume is shown in figure 4. As for g(r), there is a significant change

between Reλ ≈ 45 and Reλ ≈ 250, but only a small change between Reλ ≈ 250

and Reλ ≈ 470 as shown in figures 4(c) and (d). Using the definition of the

highest resolved wavenumber, it can be stated that D becomes independent of130

the Reynolds number at sufficiently high Reynolds number if

N (1/3)
p η (1)

is kept constant, where Np is the number of particles per unit volume and

η is the Kolmogorov length. To our knowledge, such a scaling relation for D

is new. This relationship is simpler than the empirical relations established by

Sumbekova et al. [7] for Voronoi diagrams.135

Our results show that the strong non-linear effect of the global particle load-

ing on local concentrations that has been observed in experiments [11, 7] can

be reproduced by varying the number of particles in one-way coupled DNS.

Our results cannot therefore be explained by the collective effects proposed by

several authors [11, 7] in which regions with a high particle density collect fur-140

ther particles. This is because neither turbulence modulation by particles nor
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Figure 4: Reλ dependence of (a) g(r) and (b) to (d) D. For D the Reynolds number depen-

dence is shown (b) for a constant average particle number density and (c),(d) for a constant

number of particles per control volume.

particle-particle collisions which could lead to such effects are present in our

simulations.

4. Conclusions

A non-linear dependence of local number concentrations in particle clusters,145

measured by D, has been found using one-way coupled direct numerical simula-

tions in terms of average particle number density used in the simulations. The

results explain observed differences reported in the literature between experi-

mental and also computational results. The absence of turbulence modulation

by particles and particle-particle collisions in the simulations means that these150

results cannot be explained by collective effects. It has been found that if the

value of N
(1/3)
p η is held constant, where Np is the number of particles per unit

volume and η is the Kolmogorov length, then the preferential concentration

metric D reaches a plateau at sufficiently high Reynolds number. Furthermore

both cluster sizes and Stokes number dependence as measured by D depend on155
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the average particle number density.
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