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Abstract: Following our earlier work (F. Flossmarmt al., Phys. Rev. Lett.
95 253901 (2005)), we describe the fine polarization structiira beam

containing optical vortices propagating through a birgfent crystal, both
experimentally and theoretically. We emphasize here thesagfaces of the
Stokes parameters in three-dimensional space, two tresgsdimensions
and the third corresponding to optical path length in thestady We find

that the complicated network of polarization singulastieported earlier —
lines of circular polarization (C lines) and surfaces oéhn polarization (L

surfaces) — can be understood naturally in terms of the zdrtiee Stokes
parameters.
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1. Introduction

Singular optics is an important branch of modern optics.clla optics, this is the study of
optical vortices (phase singularities, or wave disloga)o[1, 2] and in polarization optics,

polarization singularities (C points and lines, L lines annifaces) [3, 4]. These singularities
are geometric organizing centers in spatially extendedtalpfields which naturally arise in

the propagation, interference and diffraction of opticald$ [5], and the 2- and 3-dimensional
singularity geometry reveals features of the underlyingcapwave physics.

Optical vortices are generalized interference fringed,ganerically occur whenever three or
more waves are superposed [6], as well as in speckle pafi@raisd in beams carrying orbital
angular momentum, such as Laguerre-Gauss (LG) beams [Bhé&}.are places (points in two
dimensions, lines in three) where the scalar amplituderis, z20d in a loop around which the
phase changes hiy2rm, wheren is the integer vortex strength (charge).

Polarization singularities are places in coherent etliptlarization fields where geometric
polarization parameters cannot be mathematically defiffeely are important in understanding
the fine structure of beams whose polarization is spatiafipinogeneous, and their presence
can give rise to significant physical effects [10]. The piaktion singularities which propagate
stably in paraxial beams are C lines of circular polarizgtishere the major axis of the polar-
ization ellipse is not defined, and L surfaces of linear poédion, where polarization handed-
ness is not defined. These appear as C points and L lines tiespem the transverse plane.
Polarization singularities occur in fields evolving fromweguides [11], polarization-varying
microgratings [12], and light propagating through anispic media [13, 14, 15].

In Ref. [16], a physical connection between the opticalieed of scalar optics and polar-
ization singularities of vector optics was investigatedin®arly polarized L(% beam with an
on-axis vortex propagated through a birefringent crystatl the outgoing polarization struc-
ture was interpreted in three dimensions (two transverdeadhird, the optical thickness of the
crystal, effectively a phase shift). It was found that thegstal birefringence unfolds the input
optical vortex into to a complicated network of polarizatisingularities. A pair of C lines, of
opposite index and handedness, forms a double helix steydtdertwined around an L surface,
which is topologically identical to the periodic minimalrface known as Riemann’s examples
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or Riemann’s minimal surface [17]. This pattern of singities arises from the breaking of
symmetries of the input beam (uniform linear polarizatimtensity cylindrically symmetric)
due to the anisotropy of the crystal.

The standard description of optical polarization empldys $tokes parameters, and their
geometric representation on the Poiricaphere. Here, we describe the behavior of Stokes
parameters in the unfolding of a linearly polarized optiaattex beam through a birefringent
crystal, and find that features of the polarization singty@eometry reported in Ref. [16] have
a natural interpretation in terms of the zero contour sedaaf the Stokes parameters. We also
present new experimental results on the structure of gaitioin singularities stemming from
the unfolding of Gaussian beams with no vortices and highéerovortices on propagating
through the crystal.

2. Interpretation using Stokes Parameters

Any state of paraxial, elliptic polarization can be desedlzompletely using the Stokes param-
eters [18, 19]. The complex electric field vece (Ex, Ey) describes the polarization ellipse,
parameterized by its overall size (intensity), angle ofanakisa, and a shape parametex
defined such thdttancw) is the ratio of minor and major ellipse axes, and sigis the ellipse
handedness (see Figure 1(a)). Up to a phase factor, thézati@an vector is therefore

E = VI(coswcosa —isinwsina,coswsina +isinwcosa)

= VI(cosBexp—id),sinBexpid)), (1)

wherel is the overall intensityE|?, a andw are the ellipse parameters, gB@ndd are a pair
of equivalent parameters [19], which prove to be more usefolir analysis. The unnormalized
Stokes parameters are defined [18, 19]

S) :lEX‘2+|Ey|2a :|7

S =|E>-|E/? =l —lgp =lcoscosy =I|cosP, @
S =EFE+ EXE;‘ =45 — 13y =Isin2acos2v =1sin2B8cosd,

The terms in the third column denote the intensity of theascamponent of a particular polar-
ization determined with the appropriate analyzer. Theltbat is in terms of the ellipse parame-
tersa, w, and the third, the complementary paramef@r8. SinceS = S + S + 5, any state
of polarization can be represented on the surface of a sphi¢ghecoordinates /S (i =1,2,3)

— this is the Poincdr sphere (Figure 1). From Eq. (2), angles &1d 2v are the azimuth and
colatitude angles on the Poinéasphere witl§; as the axisd and may be understood as the
corresponding half-angles for azimuth and latitude witspet toS; as the axis. Physically,
S is simply the field intensity, andS;/S = sin2w is the ellipticity, signed by handedness:
positive for right-handed elliptical polarization, negatfor left-handed. Whes = 0, the po-
larization is linear, so the zero contour surfaceSefis the L surface [1, 4, 20]. The angle
a = arg(S; +iSp)/2 is the angle of the polarization ellipse major axis, andndafined when
S =S =0; this is the condition for circular polarization (whewe= +11/2,|S3| = &). The po-
larization singularity positions are therefore deterrdibg the zero surfaces of the three Stokes
parameters: L surfaces I8 = 0, and C lines by the intersection of the surfaGs= 0 and
$=0.

The polarization phenomena described here are the resudtially inhomogeneous, lin-
early polarized monochromatic optical beam propagatimgudph a birefringent crystal, and
depend on three birefringence effects: the incident pd#ion is resolved into the two charac-
teristic linear polarizations corresponding to that pggian direction; each of these two rays
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Fig. 1. (a) Representation of the Poineaphere. In abstract three-dimensional space, the
Stokes parameters are Cartesian axes for a sphere, whose paiesengstates of elliptic
polarization. 2r and 2v are the azimuth and colatitude angles respectively for spherical
coordinates withS3 as the axis. Not shown ared2and 8, which are the azimuth and
latitude angles for spherical coordinates v8itas the axis. (b) Representation of the ellipse
parametersa is the angle of the major axisy the arctangent of the ratio of minor and
major axes (signed by handedness).

propagates with a particular speed, resulting in a net ptaftdbetween the two; beam walkoff
results in a transverse spatial separation of the two rdys.ifcident propagation direction is
taken not to be close to the optic axes of the crystal, so tieetadf conical diffraction [14]
may be ignored, as well as whether the crystal is uniaxiaiaxiél. The details of our exper-
iment, involving uniaxial KDP, are described in Ref. [16]gy are summarized in Fig. 2. The
Gaussian beam (with waist widtho) is incident in the plane containing the surface normal
and the optic axis, implying that the spatial shift betweas tivo beam components is in the
direction of one of the crystal eigenpolarizations, anddifference in geometrical path length
is negligible compared to the difference in optical pattgtén The phase shift therefore arises
from the difference in refractive index, i.8.= 2m(ny — n1)l /Avac, Wherel is the average path
length of the two rays. We will comment in the final section dmatvhappens for crystals with
optical activity and absorption, but in our experimentseneffects are negligible.

Following the notation of Ref. [16], the uniformly polarizdoeam incident on the crystal
is Ein(X,y) = @(x,y)din, wherey(x,y) is the complex scalar amplitude of the incident field,
anddi, is a unit vector representing the initial polarization, ttem in terms offj, and &, by
appropriate modification of Eq. (1). In the crystal, the tvadgpizations which propagate in the
crystal areds, d, (defined to be in the, y-directions), the path length-dependent phase shift is
A and transverse shifts (in thxedirection)tsresult in a total outgoing field

E(xy,A) = .ZZW(XJr(—l)"S’y)(dm-dj)djexp(i(—l)j/\/2> 3)
=T,

(W(x—s,y) cosBinexp(—i[A/2+ &n]), P(x+Ss,y) sinfin exp(i[/A/2+ &n])) -
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Fig. 2. (a) Experimental setup scheme. A beam with uniform polarizatipand vary-

ing complex amplituday(x,y) (incorporating a Gaussian factor with waist widkly =
0.7mm), is synthesized from a He—Ne laser using the polarizer Pol2 atidldigiat mod-
ulator SLM. Higher diffraction orders are removed by a telescopedkeh8 and L4) and a
pinhole P. The KDP birefringent crystal is located in the waist plane. TokeS parame-
ters for each outgoing,y are measured by a CCD camera using different combinations of
the polarizer Pol3 and /4—plate. A second laser propagating through the analyser gives a
fixed reference point. (b) Orientation of crystal, and ordinary andaexdinary rays (an-
gles are exaggerated). The normal to the crystal surface is initially in-direction, and

the optic axis is thazplane A is varied by rotating the crystal about theaxis, which does

not change the polarizations ». Typically two A—periods are measured, corresponding to
Ay=0.112. (c) and (d) Intensity profiles of input and outgoing beams.

The Stokes parameters of the outgoing field are easily cadputherep, = Y(x£s)y) :
S0 \W—\zCOSZBin+|LIJ+IZSiHZBin
S \w,‘zcoszﬁm - |’~»U+|25in2Bin
S = sin2Bn (Re{y g} cOSA+25n) +Im{Y” . } sin(A+20n))
S = sin2Bn (—Re{Y @, }sin(A+238n) +Im{Y* ¢, } cogA+28)) (4)

By inspection of these equations, the following observetican be made:

* S andS; are independent df (since the only\-dependence in Eq. (3) is in the phase of
the two Cartesian components);

e Atx=4s5y=0,5 #0, butS, =% =0;
« The only effect of shiftingy, is effectively to shiftA;
* $,S3 are identical, except for a quarter-perieshift.

The final two points can be understood by interpreting thectff a quarter-period phase dif-
ference as the effect of an appropriately oriented quavéase plate, which does not change
but transformsS; to S3, andSs to —S,. In Stokes space, this is illustrated by a rotation of the
Poincaé sphere byt/2 about the5; -axis, corresponding to a changerofd in 4. This is repre-
sented in Fig. 3, in which experimental plots are compared;faoriented at 45(Fig. 3(a)) and
right handed circular polarized (Fig. 3(b)), whe¥g differs 11/4 andA by 11/2. On changing
A by 11, the pattern changes in a way analogous to a half-wave platab&erved in Ref. [16]),
namelyS; is unchanged, bu#, andS; change sign.

The comments above apply for any input figldx, y). In Ref. [16], this was chosen to be a
Gaussian beam carrying a strength 1 on-axis optical vorexa Laguerre-Gauss [i@node),
soyn = (x+iy)exp(—(x2 +y?) /wi). The polarization singularities are determined by the zero
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Fig. 3. The polarization field for a constant phase shiftfor an input beamy =
(x+iy) exp(—(x? +y?)/wi). Background intensity is the output intensiiy, the small
ellipses represent the polarization state (as in Fig. 1(b)), with C points aflairpolar-
ization represented by colored circles, the L line of linear polarization Hyedurve. (a)
Input linear polarization withli, = SBin = 45°, &, = 0° andA = 1+ 0.1. (b) Input circular
polarization withBi, = &, = 45°, andA = m/2+ 0.1. (c) Theoretical plot for the situation
represented in (a) and (b), based on Eq. (3).

Fig. 4. Representations of the experimentally-determined polarizatiorididided A = O,

with Stokes parameter zero contours (light bro8in= 0, dark oranges, = 0, light blue
S3=0). TheS;, S, =0 lines intersect at C points, represented by colored circles, and the
$,S3 =0 lines intersect at the positions of the refracted vorticests,y = 0. (a) Intensity

and ellipse field. (b) Polarization streamlines. The curve tangent atpeachrepresents

the ellipse axis orientations. (c) Orientation of ellipse axisr as hue plot. The singular
nature of the C points, with index1/2, is exhibited clearly in (b) and (c), whereis not
defined.

loci of the Stokes paramete8, S, Ss. Using Eg. (4), the zeros occur at the followirgy, A-
coordinates (where, for simplicity here and hereafigr= 0) :

St EL expBswg) = tart B,

(x-+s) 2+y2 .
S X2+ (y+stanA)? — 2se@A charge 1 vortex input. (5)
S: x2 4 (y—ScotA)? = s?coseéA

(The equations fok,, S3 = 0 assume that sin®+£ 0, i.e.di, # dy ord,.) As expected, th& =0
surface is independent &f. The solution forx andy is transcendental, depending only on the
input Bin and the splittings. On the other hand, the surfacgs= 0 andS; = 0 are independent
of Bin, and are mathematically easily determined: each congtasgetion is a circle, with
radius|(co) sec\| and centex = 0,y = (co)tanA. Such a circle foiS3 = 0 is plotted as the L
line in Fig. 3(c); the experimental results, although tagitally the same, do not give circles,
probably due to lack of perfect rotational symmetry of theuinbeam. Various representations
of the experimentally-determined ellipse parameters @nd zontours of Stokes parameters,
for a fixed choice of\, are plotted in Fig. 4.
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Fig. 5. Experimentally-determined zero surfaces of the Stokes p&esiiex,y, A-space,
and polarization singularities, for an input field with a strength 1 vortexS(@ajaceS; = 0,
with C lines plotted on the surface. (b) Surf&&e= 0, with C lines on surface. (c) Surfaces
S =S =0, with C lines along the intersection. (d) L surfacg & 0), with C lines off
surface. Th&; = 0 surface is invariant with respectAg and theS, = 0 andS; = 0 surfaces
are the same up to a quarteperiod, and are topologically Riemann’s minimal surface.

The experimentally-determined zero surfaces of the Stpkesmeters, ix,y, A-space, are
plotted in Fig. 5. The surface fd = 0 consists of a tube and a nearby sheet. The periodic
surfacesS, 3 = 0 are identical, and topologically the same as Riemann®gier minimal
surface [17]. The two surfaces intersect(aty) = (+s,0), i.e. at the position of the shifted
vortex in each of the two waves. Although topologically taeng as Riemann’s example, using
the expressions in Eq. (5), it can be shown that the surfaeasothemselves minimal (i.e. the
mean curvature does not vanish everywhere [21]). The itdon of the translation-invariant
S = 0 surface with the surfac® = 0 gives rise to the C line geometry described in Ref. [16]:
a double helix of C lines of opposite index and handednessg(lgn theS; = 0 tube) and a
transversally infinite C line (lying on th®; = 0 sheet). i3, changes (this is the angle of the
polarization ifdj, is linearly polarized), th&, S3 = 0 surfaces do not change, but thesurface
does; in particular, whepf, = 45°, and the C lines reconnect, ti$g surface and tube touch
along two self-intersection lines.

As described in Ref. [16], the complicated polarizatiorgsiarity geometry in the previous
example may be explained as the unfolding of the input optmadex of the scalar field. When
there is no vortex input, the polarization pattern is sonswdimpler. For instance, with a
simple Gaussian beam as input, wilh = exp(—(x? +y?) /w3), the equations for the zeros of
the Stokes parameters are

S: x = |wdlogtar? Bn]/8s
S: cosA =0 Gaussian beam input. (6)
S sinA =0

(Similar assumptions are made here as with Eq.&g)is assumed to be zero, and sph£ 0.)
The A-invariantS; surface is just a single plane with constanthe S, and S; surfaces are
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Fig. 6. Zero surfaces of the measured Stokes parameters, iv-space, and polarization
singularities, for an input field with an input Gaussian (no vortices). (ajasesS; = 0
(consisting of a single sheet with constaptand surfaceS, = 0, corresponding (approx-
imately) to planes of constart. The two sets of surfaces intersect along C lines. (b) L
surfaces $ = 0), corresponding (approximately) to planes of constant

planes occurring at constant Thus the output polarization field haslayers alternating in
handedness, with a single C line between two adjacent L cesfaSince the C line lies in
the transversa, y-plane, its index is not defined [3], although its handedngs$here is no
singularity structure threading through the pattern, cotifig the fact that there was no scalar
vortex in the input field. The experimentally-determinebseofS,;, S, Sz for an input Gaussian
beam are plotted in Fig. 6.

The input field can be modified to a Laguerre-Gauss beafwith any topological charge
n (assumed positive here for simplicity), ign(x,y) = (x+iy)"exp(— (X% +y?) /w3). In this
case, the zeros of the Stokes paramesgrs. S are given by:

S EX o7 +y2 Y exp(8sx/ nwg) = tar?/" Bi,
S X2+ (y—scot[A+2m(m+3)]/n))?  =s>coseé([A+2m(m+ 3)]/n) @)
S: X2+ (y—scot[A+2rm]|/n))? = s2coseé([A\+ 2nm]/n)

m=0,1,...,n—1, chargen vortex input.

This expression generalizes Egs. (5) (whes 1), and, with appropriate limits, (6) (when
n = 0). The zero contour fo is topologically the same as tlme= 1 case described above,
and the factor 1n just scales the beam waiat. However, there are differences in the zero
contours ofS, andS;. Although the sections of constafitare again circles, for each constant
A there are nown distinct solutions, resulting in exacthyircles with different radii and centers.
The corresponding surfaces are the same as those m=thk case, but occur with an-fold
multiplicity whilst being shifted in thé\-direction and intersecting each other in a highly non-
generic and unstable way.

Forn= 2, the Stokes parameter zero surfaces are plotted in Fig. 7 ggperimentally (7(a))
and theoretically (7(b)). There are now six C lines, withrfoailing around each other, with an
overall pitch of 4tinstead of 2r.

An alternative representation of the polarization usesdtie of Cartesian components 6f
equivalent to stereographic projection of the Poigcghere in the positivé, -direction, rather
than theS; direction, as is more usual [18, 13],

_5_ 25 dny Y(x+5Y) bix+sy)
Ex S+ dinx Y(x—s,y) Y(x—sy)’

All information about the polarization state is expressgdobin particular, the Stokes zero

= exp(i[A +26i]) tan PBin (8)

= exp(iA)
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Fig. 7. C lines (intersection d¥,S, = 0 surfaces) and L surfac&= 0) in x,y, A-space,
for an input field with a strength 2 vortex. (a) Experimental plot. (b) Tagcal plot. The
theoretical L surface corresponds to two intersecting Riemann minimfalces. The re-
construction of the self-intersections in the experiment is very sensitieggerimental
imperfections.

contour surfaces are specified bydre 0 (S, = 0), Imp =0 (S3=0), and|p| =1 (S = 0),
andp has a zero or pole at the positions of the refracted vorti€dsednput field.

When the incident field has a regular Gaussian profile (pgsgitih n axial vortices em-
bedded), the Gaussian factor gives rise to a factor of-efps/w?); for the field o1, this is
multiplied by (x+ s+1iy)"/(x—s+iy)".

Several general observations can now be made, working hatfPbincag sphere of Stokes
parameters, with the non-usual conventiorspés the axis of polar coordinates (i.e. with polar
angles B,20). S has this privilege as the crystal eigenpolarizations l&ave +%, S, S3 = 0.
The behavior of all incoming polarizations with the saffie= arctandi,,/dinx|) on the
Poincaé sphere is the same. Also, the surface locus of polarizationg on any great cir-
cle including theS;-direction is the same as the surfa&s= 0,S3 = 0, up to a phase shift
(corresponding to a surface Rexp(—ix) for some phase ang)g). Finally, the loci of any pair
of orthogonal polarizations corresponding to opposite{soon the great circle perpendicular
to theS;-direction will be the same as the C lines, again up to a phaifte s

3. Discussion

The unfolding of an optical vortex on propagation throughrystal, as explained here and
in Ref. [16], demonstrates the interplay between opticatices, the singularities of scalar
optics, and C lines and L surfaces, the singularities ofypar@olarization optics. The effects
described occur due to birefringence, and the resultingluen of polarization, beam walk-
off, and phase shift of the two rays; although we have emphdsihe situation for uniaxial
crystals, the only difference for biaxial crystals is thaither eigenpolarization corresponds
to the direction of ray separation (walk-off). Of courseystal optics has its own singularities
[13, 14], particularly when the incoming ray direction coines with an optic axis of the crystal;
the question of how a vortex-carrying beam incident on thic@xis of a crystal is diffracted
is outside the scope of the present work. Our experiment eathdught of as the reverse
experiment of that described in Ref. [22], in which an ogticatex beam is synthesized from
a polarization singularity in the pattern generated fromppgation through a crystal (near the
optic axis).

The periodicity of the phase shiff between the two rays is reminiscent of propagation-
periodicity elsewhere in singular optics. As observed if. [RS], the configuration of polar-
ization singularities here resembles the braided vortessliof Ref. [23]. It is natural to ask
whether, with an appropriate choice of input field, birefence alone can produce braided C
lines. However, the following argument shows that a pidteaid of three C lines, as constructed
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for vortices in Ref. [23], is not possible. C lines occur a thtersection of the surfac& = 0
and$S; = 0. Since the latter must be independent/\ofa (pigtail) braid requires a transverse
section of this surface to be a figure-8 [23]. However, suchasdlronsists of three filaments,
requiring theS, = 0 surface to cross tha-invariantS; = 0 surface three times for each
This is clearly impossible, as contour surfaces intersenegcally an even number of times,
proving that braided C lines are impossible using Eq. (3).

A common example of perturbing an optical vortex is the sppsition of a screw dislocation
with a copropagating plane wave of small amplitude [1, 6]wimich the straight vortex line
becomes helical. The situation we describe is a generalizaf this in two ways [24]. Firstly,
the superposition of Eq. (3) is a superpositions of wavek withogonal polarizations, rather
than (implicitly) the same polarization, so the final patt@éwolves polarization singularities
rather than phase singularities. Secondly, there is aworeach of the fields being superposed.
If two orthogonally polarized beams were superposed, otfeawortex, the other a plane wave
(with a phase shiff\), then the zero contours of the Stokes parameters are aldghhtube
invariant withA (S = 0), and a pair of orthogonal helicoids along the same &%isSt = 0):
this results in a double helix of C lines with opposite sigd hkandedness. Although illustrative,
this example cannot be physically realized in an experirmalving crystal birefringence, as
both fields must be the same up to a spatial and phase shift.

A further generalization of the effect described here wdwddto extend to crystals which
possess optical activity or absorption (dichroism) [18]tHese cases, we do not anticipate the
rich polarization topology of pure birefringence to occline dielectric tensor of an optically
active crystal is complex Hermitian, and the orthogonaéefplarizations for a non-singular
propagation direction are in general elliptic. The behawefahe zero contours for generalized
Stokes parameters, based on an orthogonal triad of pdiansaon the Poincé@rsphere (with
one direction corresponding to the eigenpolarizatiorssjhé same as that described in Sec-
tion 2 for birefringent crystals without optical activithpwever, the polarization singularities
(C lines, L surfaces) do not possess the geometry describ&étion 2 because the usual
Stokes parameter triad describing them has no relatiorishipis generalized triad based on
elliptic polarizations. Dichroic crystals do not, in geakhave orthogonal eigenpolarizations,
so the decomposition (3) fails.

The discussion at the end of Section 2, as well as the prepawegraph, implies that there
is nothing special about the polarization state on C lineslasurfaces. Of course, from the
viewpoint of the Poincar sphere this may be true; however, the approach of singptersds
to deduce properties of the entire optical field from the bahaof the singularities, possible
due to their geometrically singular nature (the polaraatit a C line is rotationally invariant,
the handedness on an L line is not defined). The remarkabfeepies of Stokes parameters
and the Poincd@ sphere remove this specialness, but only in the abstraeg-tlimensional
Stokes space: the geometric fine structure of the spatidilymogeneous polarization field we
describe is completely physical.
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