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Abstract: Analytical modelling of hysteresis is used to provide crucial prediction and insight 
for phase transitions in materials. Here we present a modified Maxwell Garnett model for 
analysing electromagnetic hysteresis. The model uses an asymmetric effective medium 
approximation to describe intermediate states in the phase change, establishing a link between 
effective medium and hysteresis analysis. Numerical calculation was performed on an 
example material, vanadium dioxide, for quantitative demonstration and future experimental 
verification. The model is easy to use, requires very few input parameters, and provides a 
phenomenological approach to describing electromagnetic hysteresis in various phase change 
materials. 
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1. Introduction 
Phase change materials such as chalcogenide glasses and vanadium dioxide (VO2) can switch 
between two phases with greatly different properties. This behaviour has provided 
technological applications including rewritable optical discs, non-volatile electronic 
memories [1, 2], non-volatile photonic switches [3] and thermochromic smart coatings [4]. 
The transition between these two phases often involves complicated atomic and electronic 
changes, the mechanism of which has long been a vibrant topic in condensed matter physics 
and material sciences [5–7]. More recently, the control of intermediate states in transitions 
has been explored for developing dynamically tunable antennae [8, 9], beam steering 
metasurface [10], grayscale photolithography [11] and multi-level memory [12]. 

Hysteresis is often evident in phase change materials; in thermally triggered phase change 
this means different properties upon heating and cooling even at the same temperature. 
Understanding and modelling hysteretic phase transition is hugely important in device design: 
For example, in infrared sensors hysteresis is typically avoided but in memory applications, 
large and controllable hysteresis is integral to their operation [13]. Many analytical models 
have been developed for hysteresis (e.g. the Preisach model, the Prandtl-Ishlinskii model and 
the Duhem model) [14, 15]. The choice of model, often with modification, depends on the 
specific material and/or properties under study [16, 17]. However, while these models are 
perceived as powerful analytical tools, their usefulness in applications is limited by their 
complexity. 

Here we propose an analytical model for describing electromagnetic hysteresis, which 
differs from existing models in that it is based on the Maxwell Garnett effective medium 
approximation. The model is generic and developed for use on arbitrary phase change 
materials, however, in this paper we will use previous studies on VO2 for demonstration and 
validation. 

VO2 shows hysteretic insulator-metal transition close to 68°C. In the low temperature, 
pure insulator (or semiconductor) phase, it has an infrared complex permittivity of a typical 
lossy dielectric. Meanwhile, in the high temperature, pure metal phase, the complex 
permittivity shows characteristics of a metal, with negative real and large imaginary 
component. The crystalline structure is monoclinic and tetragonal in the insulator and metal 
phase, respectively. For the intermediate states during the phase transition, these two phases 
co-exist and form complicated nanostructures [5]. For infrared light with wavelengths above a 
micrometre, these nanostructures are indiscernible and the whole material is perceived as a 
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homogeneous medium, very suitable for the application of effective medium models. (By 
comparison, other macroscopic properties including DC electrical conductivity may highly 
depend on the intricate features of the nanostructures, posing significant challenges to the 
application of any effective medium model). Here, we use VO2 to demonstrate the modified 
Maxwell Garnett effective medium model and perform quantitative analysis. 

2. Modified Maxwell Garnett effective medium model
As an effective medium theory, the Maxwell Garnett model is frequently used to predict the 
effective complex permittivity effε  of a composite formed by two constituents 1ε  and 2ε : 
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where f is the volume fraction (or filling factor) of constituent 1ε  (ranging from 0 to 1). This 

equation is asymmetric with respect to the two constituents, generally producing a different 

effε if 2ε  and f are interchanged with 2ε  and 1 f− . This asymmetry originates from the

assumption that constituent 1ε  is the inclusion while constituent 2ε  is the host. For

complicated distributions of two constituents, it is often subjective whether a constituent is 
the inclusion or the host. This uncertainty has been viewed as a flaw of the model, because 

effε should not change with a person’s viewpoint [18].

Fig. 1. Viewing hysteresis as an asymmetric structural change. A VO2 thin film grown on a 
substrate is used as an example to illustrate the change. The transition between the two 
homogeneous states shows distinct structural differences in heating and cooling. The 
embedded spheres approximate the complex, inhomogeneous growth of one pure phase inside 
another. This view may be adopted for various materials if the modified Maxwell Garnett 
model is used as a phenomenological approach. 

Here we utilise this inherent asymmetry of the Maxwell Garnett model to describe 
hysteretic phase change. Upon heating, the VO2 phase transition is generally understood as 
the nucleation and growth of nanoscale metallic “puddles” within the dielectric matrix [5]. 
The puddles expand and agglomerate until a continuous metallic film results. Upon cooling, 
the reverse might be expected to occur, with the metallic puddles shrinking until a continuous 
dielectric film results. However, in our model we contend that it instead can be seen as 
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dielectric “islands” growing within the (now) metallic host (Fig. 1). The conventional 
Maxwell Garnett equation [Eq. (1)] is consequently converted to a pair of equations: 
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where the effective permittivity in heating ( ,  eff hε ) and cooling ( ,  eff cε ) is generally different at 

the same f. Unlike the conventional model where f  is the volume fraction of the inclusion, 

our model uses f  for a single constituent (here the metallic phase) that can be the inclusion 

or the host. Both equations describe the pure dielectric phase at 0f =  and the pure metallic 

phase at 1f = . At other values of f, normally , ,  eff h eff cε ε≠ , with the integral result of 

hysteresis. Although this modified Maxwell Garnett concept has been mentioned before (e.g. 
in [18]), we are not aware of another work where it is presented as a positive feature (here 
used to address hysteretic phase transition). 

3. Hysteresis of complex permittivity

Fig. 2. Complex permittivity of VO2 calculated based on the modified Maxwell Garnett model. 

(a) The real part of the permittivity in heating ( ,eff hε , lines) and cooling ( ,eff cε , dots) with f

euqals 0 (black), 0.25 (magenta), 0.5 (dark yellow), 0.75 (olive) and 1 (orange). ,eff hε  are

labelled for further clarification. , ,eff h eff cε ε=  at 0f =  and 1f = . (b) Corresponding 

imaginary part of the permittivity. (c) ,eff hε  (red) and ,eff cε  (blue) at wavelength 1.55 µm.

The real part is drawn in solid lines, and the imaginary part dashed lines. (d) Corresponding 
values at 10 µm. 
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Figure 2 shows the effective permittivity ,eff hε and ,eff cε of VO2 calculated using the

modified Maxwell Garnett model. The permittivity of the two pure phases, mε and dε , is

taken from [19, 20]. The model, which originally covers the wavelength range from 0.25 µm 
to 4.96 µm (i.e. from 0.25 eV to 5.0 eV), is extrapolated here to cover the whole calculated 
wavelength range following the practice in [21]. Figures 2(a) and 2(b) show the wavelength 
dependence of the real and imaginary part of the permittivity, respectively, at several 
representative values of f. They reveal that, heating and cooling indeed correspond to very 
different permittivity. Interestingly, the permittivity during phase transition is not confined by 
the values of the two pure phases, as observed in Fig. 2(a) for all the calculated intermediate 
states at long wavelengths. 

Figures 2(a) and 2(b) also show that, the phase transition is much more pronounced at 
long wavelengths than short wavelengths. Figures 2(c) and 2(d) compare 1.55 µm with 10 
µm, two example wavelengths at each end of the calculated spectrum range. These two 
wavelengths are chosen also for technological relevance: 1.55 µm is a standard wavelength 
for optical fibre communications, and 10 µm is approximately at the centre of the infrared 
atmospheric window for imaging and sensing. Figures 2(c) and 2(d) show that these two 
wavelengths share several characteristics: (1) both the real and imaginary part of the 
permittivity shows hysteresis; (2) at large values of f, the real part is negative and the material 
effectively becomes a metal. Both characteristics agree with common understandings of the 
material. 

The modified Maxwell Garnett model also predicts characteristics at 10 µm that to a 
certain extent are counter-intuitive. First, a typical hysteresis loop possesses two-fold 
rotational symmetry. In contrast, both loops in Fig. 2(d) are highly asymmetric and the 
imaginary part even shows a crossover within the loop. Secondly, a typical hysteresis loop 
shows the biggest contrast in its output if the input is at the centre of the loop. In contrast, for 
the real part in Fig. 2(d), the biggest difference between heating and cooling is at 0.8f = , 

very close to an end of the loop. Finally, in a typical hysteresis loop, the output changes 
monotonically with the input. This general observation is obviously invalid for the real part in 
heating in Fig. 2(d). 

4. Hysteresis of optical reflection

Fig. 3. Reflection of a thin VO2 film on top of a bulk sapphire substrate. The film thickness is 
(a) 100 nm, (b) 50 nm, and (c) 500 nm. The light wavelength is 10 µm. 

To quantitatively demonstrate our model and to allow for future experimental verification, we 
analytically calculated optical spectra of three samples using the Fresnel equations. Each 
sample consists of a thin VO2 film on top of a bulk sapphire (Al2O3) substrate, a substrate that 
is frequently used to grow VO2. The wavelength is 10 µm. The permittivity of the two pure 
phases of VO2 is 9.93 0.15d iε = +  and 15.75 131.16m iε = − + . The complex refractive index
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of Al2O3 is 0.925 0.034i+  [22]. As the substrate is slightly absorptive and is assumed to be 
infinitely thick in the calculation, the transmission is zero. Figure 3 shows the reflection of 
light from three films with various thicknesses. For a film thickness of 100 nm [Fig. 3(a)], the 
hysteresis is a single loop roughly possessing two-fold rotational symmetry, a feature 
commonly seen in various hysteresis loops. This result is interesting as the hysteresis of the 
permittivity, the only source of the reflection hysteresis, obviously lacks this feature [Fig. 
2(d)]. 

At a smaller thickness of 50 nm [Fig. 3(b)], the hysteresis develops two crossovers, which 
significantly diminishes the difference between heating and cooling. At a relatively large 
thickness of 500 nm [Fig. 3(c)], the hysteresis is two pronounced loops connected at 0.5f ≈ . 

The reflection covers very different ranges in heating and cooling: its minimal value is 0.59 in 
the former and 0.42 in the latter. These three example thicknesses in Fig. 3 indicate a rich 
variety of hysteresis loops observable in experiment. It is worth noting that, the crossover 
points in Fig. 3 do not imply that ,eff hε  equals ,  eff cε . In fact, , ,  eff h eff cε ε≠  for the whole range 

of f at 10 µm as seen in Fig. 2(d). 

Fig. 4. Dependence of light reflection from a 50 nm thick VO2 film on the complex 
permittivity of the material. The permittivity of either one or both of the pure phases is 
changed by 20% before applying the modified Maxwell Garnett model. From the standard 

values of mε  and ,dε  the changes are (a) 1.2
m

ε× , (b) 1.2
d

ε× , (c) 1.2
m

ε×  and 1.2
d

ε× , 

(d) 0.8
m

ε× , (e) 0.8
d

ε× , and (f) 0.8
m

ε×  and 0.8
d

ε× . 

We envisage that the relatively high sensitivity on film thickness shown in Fig. 3 will pose 
a challenge in future experimental verification of our modified Maxwell Garnett model. An 
even larger challenge, however, will come from potential discrepancy between the 
permittivity used here and that of actual samples. In fact, reproducible fabrication of VO2 thin 
films with sufficiently high quality has only been established recently, which has triggered 
great interest in the study of intermediate states [23]. 
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A study of the sensitivity of reflection to the permittivity changes is shown in Fig. (4). In 
the study one or both of the pure phase permittivity values was changed by 20% before 
applying the modified Maxwell Garnett model. This change was applied to the metallic phase 
[Figs. 4(a) and 4(d)], the dielectric phase [Figs. 4(b) and 4(e)], and both phases [Figs. 4(c) and 
4(f)]. The film thickness was 50 nm, the same as in Fig. 3(b). The two crossovers in Fig. 3(b), 
which could serve as a unique marker in experiments, disappear in half of the cases [Figs. 
4(b), 4(c) and 4(d)]. This result suggests that the reflection hysteresis can be highly sensitive 
to the material permittivity in the pure phases. Interestingly, the same analysis performed for 
a silicon substrate shows only a single crossover at 50 nm film thickness, and this feature is 
much less susceptible to changes in film permittivity (see Appendix for details). 

5. Discussion
Although experiments hold the ultimate test, we can predict the validity of a new theoretical 
model by examining its assumptions. The original Maxwell Garnett effective medium model 
has a main assumption of limited interaction between inclusions. For this reason, it is 
generally believed to be valid only for very dilute samples. In certain circumstances, however, 
it can accurately predict electromagnetic behaviour up to a volume fraction f of 0.5 [24], and 
has been adopted in theoretical analysis with f up to 1 [25]. Generally, effective medium 
theories are most accurate when the two phases have little variation between their complex 
permittivity. Based on these considerations, the range of validity of the modified Maxwell 
Garnett model should depend on both the material and the spectral characteristics. 

An alternative approach presented in the literature for hysteresis is using the non-
hysteretic Eq. (1) but introducing hysteresis to the filling factor f by fitting experimental data 
[26]. took this approach, where f was assumed to be a free parameter and varied nonlinearly 
with temperature. This approach has two potential drawbacks. First, the permittivity must be 
in the same range of values for heating and cooling, and consequently cannot explain 
experiments if the two curves in an optical hysteresis loop do not overlap in the vertical 
range, a feature which is, in fact, noticeable in the same reference. In contrast, the modified 
Maxwell Garnett model allows the permittivity to fall in different ranges while heating and 
cooling [e.g. Fig. 2(d)]. Secondly, it is debatable whether f should be a free parameter if 
analytical results are used to provide quantitative support to experiment. Whether f is 
hysteretic is unknown at the moment, as there has been very few studies on the dependence of 
f on temperature [27]. On the other hand, the modified Maxwell Garnett model does not 
require f to be hysteretic with temperature, with the hysteresis arising simply from different 
nanoscale structures in the material during the heating and cooling processes, a concept which 
is more straightforward and easier to adopt. 

6. Conclusion
We have proposed a new analytical model for describing electromagnetic hysteresis in phase 
change. The model utilises the inherent asymmetry in the conventional Maxwell Garnett 
approximation to establish a unique approach to the analysis of hysteresis. Permittivity and 
reflection of VO2 thin films were numerically calculated to demonstrate the use of the model. 
Both conventional and unconventional hysteresis loops were observed with changing the 
wavelength and film thickness. 

A compelling feature of our model is its simplicity: it requires only the volume fraction 
and the widely available permittivity of each pure phase. It provides a phenomenological 
approach to interpreting hysteresis and intermediate states of transition between two solid 
phases of various materials. It may also provide quantitative predictions for suitable materials 
and wavelength ranges. 

Vol. 8, No. 7 | 1 Jul 2018 | OPTICAL MATERIALS EXPRESS 1994 



Appendix 

Fig. 5. Reflection of a thin VO2 film on top of a bulk silicon substrate. The film thickness is (a) 
100 nm, (b) 50 nm, and (c) 500 nm. The light wavelength is 10 µm. 

Fig. 6. Data corresponding to Fig. 4 with the Al2O3 substrate replaced by Si. 

Section 4 demonstrates the influence of the thickness (Fig. 3) and permittivity (Fig. 4) of the 
VO2 thin film on the reflection hysteresis. Here we further show the influence of the substrate 
by replacing the Al2O3 substrate with Si, another frequently used substrate material. At the 
wavelength of interest, 10 µm, Si is lossless with a real refractive index of 3.42. The 
analytical calculation that produced Figs. 3 and 4 was repeated here to generate Figs. 5 and 6. 
Figure 5 shows the reflection hysteresis for three different VO2 thicknessess, 50 nm, 100 nm 
and 500 nm. A single crossover is observed at 50 nm and 100 nm (Figs. 5(a) and 5(b)), while 
no crossover exists at 500 nm (Fig. 5(c)). The 50 nm thick film is further analysed in Fig. 6 by 
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changing the permittivity of VO2 before applying the modified Maxwell Garnett model. The 
single crossover persists in all the cases. 
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