SYMMETRIC COHOMOLOGY OF GROUPS

MARIAM PIRASHVILI

AssTRACT. We investigate the relationship between the symmetric, exterior and classical cohomologies of groups. The first
two theories were introduced respectively by Staic and Zarelua. We show in particular, that there is a map from exterior
cohomology to symmetric cohomology which is a split monomorphism in general and an isomorphism in many cases, but not
always. We introduce two spectral sequences which help to explain the relationship between these cohomology groups. As a
sample application we obtain that symmetric and classical cohomologies are isomorphic for torsion free groups.

AMS classification: 20J06 18G40.

1. INTRODUCTION

Let G be a group and M be a G-module. In order to better understand 3-algebras arising in lattice field theory [?],
Staic defined a variant of group cohomology, which he denoted by HS *(G, M) and called symmetric cohomology of
groups [?]. Some aspects of this theory were later extended by Singh [?] and Todea [?]. There is an obvious natural
transformation from the symmetric cohomology to the classical Eilenberg-MacLane cohomology

a": HS"(G,M) - H"(G,M), n > 0.

According to [?],[?], a” is an isomorphism if n = 0, 1 and is a monomorphism for n = 2. By Corollary 2.3 in [?] we
know that o is an isomorphism if G has no elements of order two.
Ten years prior to this, Zarelua had also defined a version of group cohomology, denoted by H}(G, M) and called
exterior cohomology of groups [?]. It also comes together with a natural transformation
B": Hy(G,M) - H"(G, M),
with similar properties. The exterior cohomology has the following striking property: if G is a finite group of order d,
then H(G, M) = 0 forall i > d.

The aim of this work is to obtain more information about homomorphisms a* and g8*. We construct a natural
transformation y" : H'}(G, M) — HS"(G, M) such that the following diagram commutes:

HY(G, M) 1 HS™G, M)

g o
H" (G, M).
Our results in Section ?? show that the homomorphism y" : H (G, M) — HS"(G, M) is a split monomorphism in

general, and an isomorphism in certain cases, namely if 0 < n < 4, or M has no elements of order two. In general, y°
is not an isomorphism.

Our next results are related to the homomorphism " : H)(G, M) — H"(G, M). We construct a spectral sequence
for which " are edge homomorphisms, n > 0. As any first quadrant spectral sequence, it gives a 5-term exact sequence
(see for example [?, Exercise 5.1.3]) which has the following form:

2 3
0 HXG. M) 5 G M) - [| B¥Coa M) - HYG. M) > H G, m.
CZCG
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Here the product is taken over all subgroups of order two. The exactness at H*(G, M) is an answer to Problem 25
by Singh in [?]. At the very end of Section 4 in [?], Staic wondered about the injectivity of the map o> under the
assumption that G has no elements of order 2. A trivial consequence of our spectral sequence says that, if G has no
elements of order two, then one has an exact sequence:

3 B 3 4 B
0= HY)(G, M) = HG, M) - | | H(C3, M) - HI(G, M) =
C3CG

£, HYG,M) — 1_[ H*(C3, M) — H3(G, M) Z, H>(G, M).

C3cG
In particular, if G has no elements of order two and three, then HZ(G, M) = H(G,M), fori=0,1,2,3,4.

Among other consequences of our spectral sequence, we mention the following: if G is a torsion free group, then
B" : HY(G, M) — H"(G, M) is an isomorphism for all n > 0.

The paper is organised as follows: In Section 2 we recall the definitions of the symmetric and exterior cohomologies.
In the next section we construct the transformation y* and prove our first result, which shows that y" is quite often an
isomorphism, but not always. In the final section we construct a spectral sequence and we prove our main result
Theorem ??.

2. PRELIMINARIES

2.1. Classical cohomology. Let G be a group and M be a G-module. One way to define the cohomology H*(G, M)
is via cochains, as H*(C*(G, M)). For every i € N, the group of i-cochains of G with coefficients in M is the set of
functions from G' to M: ‘ '

C'G. M) ={¢:G' - M}.
The i differential &' : C'(G, M) — C™*'(G, M) is the map

3'(@)(g0. 815+ &) = 8o B(g1, ", &)
+ Z(—l)jdﬁ(go,"' 2 8j-2,8j-18j>8j+1>""" » &)
=1

+ (=D (g0, . 8i1),
where go,---,g; € G. Given a chain complex such as this one, one can define its normalised subcomplex. In each
dimension i, define NC'(G, M) to be the group of i-cochains ¢ which satisfy the normalisation condition. This condition
says that ¢(go, - - - , gi-1) vanishes whenever some g; = 1, for 0 < j < i — 1. The canonical inclusion ¢ : NC*(G, M) —
C*(G, M) is a chain equivalence [?].

Another way to define H*(G, M) is via projective resolutions, as H*(K*(G, M)). The standard projective resolution
of Z by G-modules is the sequence of G-module homomorphisms [?]

5216 2 716 - - - 71615 Z,

where ‘
ai*l(g()s e 9gi) = Z(_I)J(g09 s8-8+, 3gi)’
j=0
and the mapping € sends each generator (g) to 1 € Z. An element of

K'(G, M) = Homg(Z[G™'], M)
is then a function f : G'*! — M such that
S (580,581, ,s8) =5 f(80, 81, . &)-
The maps
K(G, M) ¥, Ci(G, M)
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defined by A
Y(f)gr, - 8) = f(1,81,8182, " . 8182~ &)
induce an isomorphism of cochain complexes K*(G, M) — C*(G, M) [?]. Moreover, one has a commutative diagram

K*(G, M) —L— C*(G, M)

T |

NK*(G, M) - NC* (G, M)
where the horizontal maps are isomorphisms and the vertical maps are inclusions and homotopy equivalences. Here
NK'(G, M) consists of such maps f € K'(G, M) that
flxo, -+, x) =0, if x; = xj4q, for0 < j <i.

Thus
H(G,M) = H'(NC*(G,M)) = H(C*(G,M)) = H(K*(G,M)) = H'(NK* (G, M)).

2.2. Symmetric cohomology. We now discuss a subcomplex of C*(G, M) introduced by Staic in [?] and [?]. It is
based on an action of %,,; on C"(G, M) (for every n) compatible with the differential. In order to define this action, it
is enough to define how the transpositions 7; = (i,i + 1), 1 < i < n act. For ¢ € C"(G, M) one defines:

_gl¢(gIlag1g2,g3"" 9gn)’ lfl: 15
(Tif)(81,82: 83>+ »8n) = { —(Q1. -+, &i-2, &i-18i &; '+ &iGis1s*+~ +8n)> 1 <i<m,
~¢(81.82.83."** +8n-18n: &' )» i i =n.

Denote by CS"(G, M) the subgroup of the invariants of this action. That is, CS"(G, M) = C"(G, M)*+'. Staic proved
that CS*(G, M) is a subcomplex of C*(G, M) [?], [?].

Definition 2.1. The homology of this subcomplex is called the symmetric cohomology of G with coefficients in M and
is denoted by HS" (G, M).

Remark 2.2. There is a natural map o : HS"(G, M) — H"(G, M) induced by the inclusion CS*(G, M) — C*(G, M).

2.3. Exterior powers. In order to define the chain complex introduced by Zarelua [?] we need to recall some facts
about exterior powers.

Definition 2.3. The exterior algebra A*(A) of an abelian group A is a quotient algebra of the tensor algebra T*(A)
with respect to the two-sided ideal generated by the elements of the form a® a € T*(A) = A® A.

A weaker version of this, denoted by A*(A), can be defined as the quotient algebra of the tensor algebra 7*(A) with
respect to the two-sided ideal generated by the elements of the form a ® b + b ® a € T*(A). Since

a®b+b®a=@+b)®a+b)—a®a—-b®b,
it is clear that one has the canonical quotient maps
®"(A) » A"(A) » A"(A).
Denote by A"(A) the kernel of the projection A"(A) » A"(A). Thus we have a short exact sequence
0 — A"(A) - A"(A) » A"(A) — 0.

Clearly A'(A) = A = A!(A). Hence
2.3.1) AlA) = 0.

The images of a; ® - -- ® a, € ®"(A) in A"(A) and A"(A) are denoted by a; A --- Ag, and a; A --- A a, respectively.
Recall that if A = Z[S] is a free abelian group with a set S as basis, then ®"(A) is a free abelian group with basis

elements 51 ® --- ® s,, where s; € S. It is also well-known that A"(A) is a free abelian group with basis elements
Sy A--- A s,, where s1 < --- < s,. Here < is a total order on S.
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In A" (A), A = Z[S], things are a bit more complicated because of the relation 2aAa = 0, which is a consequence of
the relation aAb + bAa = 0. It implies that A"(A) is an F,-vector space. The epimorphism A"(Z[S]) — A"(Z[S]) has a
splitting given by s; A -+ A s, = siA -+ As,. Here sy, -, 5, are distinct elements in S. Thus

(2.3.2) AZ[S]) = AZ[S]) & A(Z[S)),

Thus expressions of the form s A --- As,, where s; < --- < s,, are canonical generators of A"Z[S)). Among these
elements, ones with strict inequalities s; < --- < s, form a basis of the summand corresponding to the free abelian
group part, while the rest form a basis of the F,-vector space A"(Z[S]).

2.4. Exterior cohomology of groups. We now discuss a subcomplex of K*(G, M), denoted by K’(G, M), introduced
by Zarelua in [?].
According to Lemma 3.1 in [?], there is a differential
9 : A" (Z[G)) — N'(ZIG))

in the exterior algebra generated by Z[G] given by

Ao A Ag) = D (=1 gg A AGIA - Aga,

i=0
where, as usual, the hat * denotes a missing value. The group G acts on this chain complex by:
881 AgI A" Ngn) =881 Ng&LN " Aggn.

Definition 2.4. The homology groups of the cochain complex (denoted by K’,(G, M))

Homg (A (ZIG]), M) 5 Homg(AX(ZIG]). M) > - - 5 Homg(A"(ZIG]), M) > - -
are called the exterior cohomology groups of the group G with coefficients in M and are denoted by H (G, M).

Therefore, K(G, M) is the subcomplex of K*(G, M), which, for a degree n, consists of all G-maps f € K"(G, M)
such that

f(go. .88, 80) =0,
and
f(go» 581> &it1> 7+ > 8n) = —f(80s " 5 &ix1, 8> "+ > 8n)
forall0 <i<n.

Remark 2.5. There is a natural transformation 8" : H)(G, M) — H"(G, M) induced by the inclusion K}(G, M) —
K*(G, M).

Remark 2.6. Let G be a finite group of order d. Since Z[G] is a free abelian group of rank d, we have A'(Z[G]) = 0,
Jori>dand H(G,M) = 0 for n > d. On the other hand, as we will see later, the groups HS"(C,, M) are nontrivial
for infinitely many n.

3. COMPARISON OF SYMMETRIC AND EXTERIOR COHOMOLOGIES
3.1. Construction of the map y. We need two more complexes: C3(G, M) and KS*(G, M). They are defined as

follows.

Definition 3.1. Let KS*(G, M) denote the subcomplex of K*(G, M) which consists of all G-maps f € K"(G, M) such
that

(3]]) f(g07 > 8i> i+l 98}’1) = _f(g09"' s &ivl> 8ir" 98}’1)
forall0 <i<n.

So we have the following subcomplexes:

Ki(G, M) — KS*(G, M) — K*(G, M).
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Definition 3.2. Let C(G, M) be the complex defined by
CyG,M)=CS"(G,M)NNC*(G,N)
Thus ¢ € CS"(G, M) belongs to C'(G, M) if ¢(go, - - , gn-1) vanishes whenever some g; = 1, forO < j<n-—1.

This subcomplex has already been considered in [?], where it was shown in Proposition 2.2 that if M has no elements
of order 2, then HS"(G, M) equals the n"" cohomology of C(G, M) for all n. In fact, C'(G, M) = CS"(G, M) in this
case. We will later prove this fact in a different way.

‘We have the following subcomplexes:
Cy(G,M) — CS*(G, M) — C*(G, M).

In order to understand the relationship between all these complexes it is useful to rewrite them in terms of resolutions,
which we constructed in Lemma ?? below.

Since Z[G'] = Z[G]®, the standard projective resolution can be rewritten as
= Z[GI® - ZIGP™ — --- = Z[G]** - Z[G].

If one replaces the tensor algebra by either version of the exterior algebra, one still obtains a resolution, though in
general no longer a projective one. This is the subject of the following lemma.

Lemma 3.3. One has a commutative diagram of resolutions of Z:

o Z[G]¥ —— Z[G]*! - ZIG1®* —— ZIG]

| | L

oo —— A(Z[G]) — ANZ[G]) — - - — AX(Z[G]) — Z[G]

| | L

- — AN(Z[G]) — AN (Z[G]) — - - - —— AX(Z[G]) — Z[G]
One denotes these resolutions by (T**(Z[G)), d), (A**'(Z[G]), d) and (A**(Z[G]), 0) respectively.

Proof. In this proof, take _; = € : Z[G] — Z. We only present the proof for A*, as the proof for A* is similar. We
construct a homomorphism 4 : A(Z[G]) — A*!(Z[G]) by the formula

hgoN---ANg)=1AgyN---Ngi.

To show that this is a contracting homotopy, we need to check that # 0 8 + 9 o h = Idaizg)). Indeed, we have

i
aiohi(g()/\"‘/\gi):gO/\"'/\gi_Z(_l)jl/\gO/\"'/\ng"‘/\gi
j=0

=8N ANgi—hi100i-1(g0 A+ A gi)
m]
Lemma 3.4. The differential 0 : A"* (Z[G]) — A"(Z[G)) sends A" (Z[G]) to A"(Z[G]). Moreover; it is compatible
with the decompostion (??). Hence
(A1 (ZIG)), d) = (A (Z[G)), 0) & (A" (Z[G]). D)
and H.(A"*(Z[G]),0) = 0.

Proof. By Lemma ?? the canonical projection A**!(Z[G]) — A**!(Z[G])) is a chain map, inducing an isomorphism in
homology, hence A**!(Z[G]) is a chain subcomplex with trivial homology. To finish the proof, it suffices to note that
themap g A---Agy > 1A+ Agu, &1, »&n € G, commutes with differentials and hence defines a splitting of chain
complexes.
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Lemma 3.5. After applying the functor Homgg(—, M) to the resolutions in Lemma ?? one obtains the following
diagram

Homz;(A*(Z[G]), M) — Homz(A*(Z[G]), M) — Homgzg(T*(Z[G]), M)

1: L= :

K3(G, M) KS*(G, M) K*(G, M)
| | |
C(G, M) CS*(G, M) C*(G, M)

where all horizontal arrows are inclusions and vertical arrows are isomorphisms.

Proof. A group homomorphism f : T"(Z[G]) — M is uniquely determined by its restriction on the basis ele-
ments (xj,---,x,) € G". This gives the isomorphism Homz(T"(Z[G]), M) = K"(G,M). Such an f belongs to
HomZ[G](f\”(Z[G]), M) if and only if it satisfies the skew-symmetry property with respect to the elements of Z[G],
and this happens if and only if the same skew symmetry conditions holds on the basis elements. This gives the mid-
dle isomorphism of the top row, and the left isomorphism follows similarly. For the lower row, a key point is to
show that restricting  on KS*(G, M) yields an isomorphism between KS *(G, M) and CS*(G, M). To this end, take
¢ € CS™(G,M) and f = (y")"'(¢). Then

f(80s+ . 8n) = W) ()80, 81, . 8&n) = 80 - (85 ' 81,87 8227+ + 8 18n)-
The equation ¢(g1, 82,83, " , &) = —g1¢(gl_1,g1g2,g3, .-+, g,) translates to

F(80: -+ +8n) = 80 (85 81+ + 8t 18n)
= —g0- 8y 81 f((g'81) " 85 187" 82+ . &t 18n)
= —g1 - f((81) 7" 80. 85" 82.+++ . &L 18n)
= —f(81,80," > &n)-

In a similar way, the other equations above give the condition ?? for n > 0. O

If one passes to cohomology, one obtains the homomorphisms
H}(G,M) — H"(KS*(G,M)) — H*(G, M)
HS*(G,M)

and the commutativity of the diagram in Lemma ?? shows that 8 = ay.
Proposition 3.6. The homomorphism y" : H{(G,M) — HS"(G,M) is a split monomorphism. Moreover, it is an
isomorphism provided M has no elements of order two.
Proof. The first part follows from Lemma ??. Assume M has no elements of order two. It suffices to show that
K3(G,M) = KS*(G, M). Take an element f € KS"(G, M). Then we have

S0, X Xy oo Xn) = = f(Xos - Xirs Xiy o0 5 X)),

for all 0 < i < n. If x; = x;41, one obtains 2 f(xq, -+, Xi, Xi,- -+ , X,) = 0 and hence f(xg,- -, x;, Xi, -+, x,) = 0. This
implies that f € K')(G, M) and the proof is finished. O
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3.2. 6-cohomology. In order to state the relationship between the exterior and symmetric cohomology we need to
introduce new groups.

Definition 3.7. For a group G and a G-module M one defines the 6-homology H; (G, M) by
H3(G, M) = H"(Homz(g)(A™ (Z[G]), M).

Since A"(Z[G]) is an F-vector space, it follows that the groups H(G, M) are also F,-vector spaces, n > 0. The
importance of these groups comes from the fact that

(3.2.1H) HS"(G,M) = H|(G,M)® H;(G,M)

which is a trivial consequence of Lemma ??. It follows from Proposition ?? that if M has no elements of order two,
then H3(G, M) = 0.

3.3. Preliminaries on spectral sequences. To state our main result of this section, let us recall the construction of the
hypercohomology spectral sequences. These spectral sequences will also play a prominent role in the next section.

Let G be a group and M be a left G-module. For any chain complex of left G-modules C, = (Cy < C| < ---) one
defines Ext%[G](C*, M) to be the homology of the total complex of the double complex Homz;;(Cs, I*), where I* is an
injective resolution of M.

There exist two spectral sequences. Both of them abut to the group Ext*Z[G](C*, M). They are:

7= Ext];,(Cp, M) =  ExtZ(C.. M),
ILY = Ext}; (Hy(C.), M) = Ext%g](c*,M).

We also need the following easy lemma on spectral sequences.

Lemma 3.8. Assume a spectral sequence abuts to zero and qu =01ifqg <0orp <k, where k is a fixed integer. Then

Ef* =0=E;"°.

3.4. Vanishing of 6-cohomology in low dimensions. Now we can state the main result of this section:
Theorem 3.9. Let G be a group and M be a G-module. Then
H{G,M)=0, for 0<i<d4.
Hence y' : H\(G, M) — HS'(G, M) is an isomorphism for i = 0,1,2,3,4.
Proof. In the hypercohomology spectral sequence we take C., = (A**'(Z[G]),d). Since H.(C,) = 0, the spectral
sequence II gives Ext%lGJ(C*, M) = 0. Thus, the spectral sequence I has the form
EV! = Ext] (A" (ZIG]), M) = 0.
Since P = Homzg (AP (Z[G)), M), we see that
E = H;(G, M).

According to (??), we have EY? = 0 for p < 1. It follows from Lemma ?? that EX° = H%(G, M) = 0 for i < 2. Thus by
the same Lemma it suffices to show that Eé"’ =0= E;"’ ifg>0.

One checks that the following diagram of G-modules commutes:
2 o' 3 i 4
A(Z[G]) =—— A (Z[G]) =—— A™(Z[G))
Tlﬂl lez T%
FalG] =—~— Fy[G X G] <——Fy[G X G]

where
W1(g) = gAg, Ya(g.h) = gAgAh, Ys(g,h) = gAgAgAh,
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01(8.h) =g, 628, 1) = (8. h) = (8. 8)-
Since the set of elements {sAs|s € G}, (resp. {sAsAt|s,t € G}) forms an F,-basis of A*(Z[G]) (resp. A*(Z[G])), the
G-homomorphism i (resp. ;) is an isomorphism. In general, the G-homomorphism 3 is not an isomorphism, but
only a split monomorphism. Hence the projective resolutions

O—>Z[G]£>Z[G] — F[G] - 0 and 0—>Z[G><G]£>Z[G><G] - E[GXxG]l -0
can be used to compute Ext%[G](AZ(Z[G]), M) and Ext"Z[G](A3 (Z[GY)), M). In both cases
Extl,(A*(ZIG]), M) = 0 = Exth (A (Z[G]), M) if i>1.
Hence E ;’q =0= Ef’q if ¢ > 1. The first projective resolution gives
E|' = Exty,(AX(Z[G]), M) = N,
where N = M/2M. Since Z[G X G] = @4cZ|G] as a G-module, the second projective resolution gives
E}' = Ext},(A*(ZIG)), M) = Maps(G,N).

Moreover, it also shows that the group Maps(G, N) is a direct summand of ExtIZ[G](A“(Z[G]), M). It follows that there
is an isomorphism of chain complexes

& 9! li

E(l)l E}] E%] E?I
bk,
& s &
0 N Maps(G,N) —— X ® Maps(G, N)
for some X. For n € N, the map 6'(n) is given by (6'(n))(g) = n, for g € G and 6> = (;,) for some x € X,
where (6" (1))(g) = 1(g) — 7(1) for T € Maps(G, N). Since ¢' is a monomorphism, it follows that E;’l = 0. And as
Ker(6") = Im(6"), we obtain that E;J = 0 and the proof is finished. |

Now we give an example which shows that y", n > 5 is not an isomorphism in general.

3.5. The symmetric and exterior cohomologies of C,. Let G = C, = (1,1}, ¥ = 1 be the cyclic group of order
two. In this section we compute both symmetric and exterior cohomologies of C,. The computation of the exterior
cohomology is extremely easy. In fact, for G = C, the resolution (A*(Z[G]), 9) has the following form:

o 0 —— AX(Z[C,]) — 2 AXZ[C,)) 22— ZIC,]

0 Z[G)/(1 +1)

where d = (1 —1). So,
H'(Cy, M), ifn=0,1,
HI(Cy, by = | (C2 M-l
0, else.
For the symmetric cohomology one has the following result:
Lemma 3.10. For G = C, and M = F, with trivial action of G on M, one has

Fs,, if i=0, or i=1 mod 4,

HS(C,,F,) =
(€2, F2) {0, else.

Thus, in general, H(G, M) # HS*(G, M).
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Proof. Consider the resolution
~ 0y ~ 0,
= AZIC,)) = AAZICL)) = ZICaD).

Fix n > 0 and in A"(Z[C,]) consider the elements

Then o and " generate A™(Z[C,]) as a C;-module. More accurately, Z[C,] is a free Z[C,]-module with the
generator 01(1). As a Z[C,]-module,

AXZICy) = Bl I D ZIC ) (1 + 1),
with aj generating F>[C] and 8 generating Z[C,]/(t + 1). Forodd n, n = 2m + 1 > 3,

A" = BIGIED - D EIC,

with ag, - - - , @, generating each of the summands. Similarly to n = 2, for larger n = 2m > 4 we have
A"ZIC) =BG - P BICI PRI/ - ),
where the a7y, - - - , @, generate the F>[C>] summands and " generates F>[C>]/(z — 1).

Beginning from 9, the coboundary maps are given by the matrices

1, if i is odd and j=i or j=i+1
(Oak+1)ij =

0, else,

where 1 <i<2k+2,1<j<2k+2,

if j is even and i=j or i=j—-1
0, else,

17
(Oaks2)ij = {

where 1 <i<2k+2,1<j<2k+3,

1, if i is odd and j=i
(Oar43)ij =11, if i is odd and j=i+1 and i<2k+2
0, else,

where 1 <i<2k+3,1<j<2k+3,

1, if j is even and i=j or i=j—1 and j<2k+2
(Oa)ij =t -1, if j=2k+2 and i=2k+1
0, else,
where 1 <i<2k+ 1,1 < j<2k+2. Based on this the result easily follows. O

4. RELATIONSHIP BETWEEN EXTERIOR AND CLASSICAL COHOMOLOGY

We start this section with the following easy and probably well-known fact. It will be used in the proof of Theorem
?? below.

Lemmad4.1. Letg € Gand w = x1 A --- A x, € N'(Z[G]), where x1,--- , x, are distinct elements in G. If gw = *w,
then the order of g divides n.
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Proof. If one forgets the sign, it follows from the assumption that the multiplication by g permutes the n elements
X1, , Xp, meaning the cyclic group generated by g acts on the set {x,--- , x,}. The action is free, because it is given
by the multiplication in G. Hence all orbits will have the same length equal to the order of g, dividing 7. O

Now we can state our main result.
Theorem 4.2. For any group G and any G-module M, there is a first quadrant spectral sequence
EY! = HP*(G, M)
with properties
&) Ego = H(G, M) and the edge homomorphism Ego — HP(G, M) is precisely 8°, p > 0.
(i) If g > 0, then E)? = 0.

@ii) If g > 0, p > 0 and the equation xP*' =1 has only trivial solution in G, then Efq =0.
@iv) If € is a prime number and q > 0, then

[Te,cc HN(Ce, M), if € = 2,
[lc,cc HI(Ce, M), if € > 2.

-1
E 1=

Here the product is taken over all subgroups of order € and for each such subgroup, the corresponding action
of C; on M is induced by the inclusion.

Remark 4.3. If p + 1 is not prime, then E‘f 1 q >0, p >0 can be described as a product (usually of several copies) of
the group cohomology of subgroups of order k, where k|p + 1, but the exact formula is too complex to state here. From
this it is easy to deduce that EY* = E}? for all g > 0 (compare with the proof of the part i) of Corollary ??).

Proof. In the hypercohomology spectral sequence discussed in Section ??, we take R = Z[G] and C* = (A**1(Z[G)), ),
which we denote simply by A**!. This gives the spectral sequences

I = ExtL(AP M) = ExtiUAT, M)

Y = ExtC(H (A", M) = Ext" (A", M).
Let us first consider the second spectral sequence. As A**! is a resolution of Z, we have
Z, for ¢=0,
0, else.

Hq(A*-H) — {

Therefore, the second spectral sequence degenerates to the isomorphism
ExtZ(A™!, M) = Ext.(Hy(A™), M) = Ext(Z, M) = H (G, M).
Substituting this value into the first spectral sequence, we obtain the spectral sequence
EV = Extl; (A" (ZIG]), M) = H"*(G, M).

Since the differential d; in the first page of the spectral sequence is induced by the boundary map in the resolution
A**1(Z[G]) — Z, it follows that for ¢ = 0, the chain complex (E” 0, d") coincides with the Zarelua chain complex and
the statement (i) follows.

If p =0, then E? = Ext%[G](Z[G], M) vanishes for ¢ > 0. Hence E(])q = 0 for g > 0, and the property (ii) holds.

Next, the G-module A”*!(Z[G]) is free as an abelian group with a basis of the form x; A- - “AXp, where x| < -+ < xp,.
Here < is any total order on G. If one ignores the sign, we see that G acts on the basis. Thus A?*!(Z[G]) decomposes
as a direct sum of G-submodules corresponding to these orbits. In particular, summands corresponding to free orbits
are free G-modules. Now, if the assertion of (iii) holds, all orbits are free thanks to Lemma ?? and hence the Ext-group
vanishes and Ef ? = 0 for g > 0. Thus the property (iii) is proved.
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If¢isprimeand C, = {1,g, -, g lisa cyclic subgroup of G, then for the basis elementw = TAgA---A g one
has gw = w for odd ¢, and gw = —w for £ = 2. Thus w determines a non free summand of A‘(Z[G]). This summand is
isomorphic to Z[G]/(g — 1) for odd ¢ and Z[G]/(g + 1) for £ = 2. This summand has an obvious projective resolution

I+g+--gt!

0« ZIG1/ (1) « ZIG] £ Z[G]
if £ is odd and
0 ZIG]/ a1y « ZIG] &2 Z[G] &=~ ..
if £ = 2. From this it follows that this summand of A’(Z[G]) contributes the factor HY(C;, M) (resp. H*'(C,, M)) in
Ext%[G](Al’”(Z[G]), M) for odd ¢ (resp. £ = 2). By Lemma ?? all non-free summands of AY(Z[G)) arise in this way

and hence Ef_l 9 has the form described in (iv). O

The second plane/page of the spectral sequence is:

q 0 ]_] HI(Cy, M) ]_[ HY(C3, M) Ext/(AP*'Z[G], M)
C,cG C3cG

2 0 ]_[ H3(Ca, M) ]_[ H2(C5, M) Ex(AP*Z[G], M)
C,cG C3cG

1 0 ]_[ H(C,, M) ]_[ HY(C3, M) Ext' (AP*'Z[G], M)
C,cG C3cG

0 HY(G, M) H\(G, M) H3(G, M) e HY(G, M)

0 1 2 p

As an immediate consequence of Theorem ?? one obtains the following corollary.

Corollary 4.4. (i) For any group G and any G-module M, the homomorphism 8 : H;(G, M) — H(G,M) is an
isomorphism for i = 0 and i = 1, while 3* and 8* can be fit in an exact sequence:

2 3
0 — HY(G.M) 5 HAG.M) - [ | HX(Cau M) — HYG. M) 5 H(G.M).
C,cG

(ii) If G has no elements of order two, then for any G-module M, the homomorphism 8 is an isomorphism, while
B3, 8% and B° can be fit in an exact sequence:

3 B o3 3 4 a
0 = HY)(G, M) = HG, M) - [ | H(C3, M) - HI(G, M) =
C3cG
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B 4 4 5 g 5
— H' (G, M) - 1_[ H'(C3, M) - H)(G,M) — H(G, M).
C3cG
(iii) If all nontrivial elements of G are of infinite order, then 8 : Hfl(G, M) — H/(G, M) is an isomorphism for all
i>0.
Proof. (i) We first show that if ¢ > 0, the differential E ;q — E?q vanishes. In fact, by part (iv) of Theorem ?? the

group E }q is annihilated by the multiplication by 2, while the group Efq is annihilated by the multiplication

by 3 and hence the corresponding map is zero. This fact implies that E;q =F iq for all ¢ > 0. The restis a
consequence of the 5-term exact sequence, which we have in any first quadrant spectral sequence.
In general, for a first quadrant spectral sequence qu = HP*1(A), we have the following exact sequence of
low-degree terms:
0— EX — H'(A) — EY' — EX — H*(A).

In our specific case, the first column vanishes for ¢ > 0, moving up the indices of the terms of the 5-term exact
sequence to
0— EX - H*A) - E)' - E* - H(A),
which calculated, give the desired exact sequence.
(i) Assume g > 0. By part (iii) of Theorem ?? and the fact that G does not contain an element of order two, we
have E{? = 0, if ¢ > 0 and p + 1 is a power of two. It follows that E{? = E7?, for p = 2 and hence the result.
(iii) By part (iii) of Theorem ?? we have Ef 7 = 0 for all ¢ > 0. Hence the spectral sequence degenerates and in
particular, the edge homomorphism is an isomorphism.

Example. Let £ be a prime number and G = C; be a cyclic group of order £. Then

. Hi(C, M), ifi<l-1,
Hi(C, my = | Co Mt
0, ifi > ¢.

In fact, the case when i > ¢ follows from Remark ??, while the case i < £ — 1 follows from part (iv) of Theorem ??.

5. COHOMOLOGY LONG EXACT SEQUENCE

Let E be the short exact sequence
0-A%B ﬁ) C—-0

of G-modules. (Note that the homomorphisms @ and 3 are used in a different context here than in the rest of the paper.)
A basic fact in group cohomology claims that there exist connecting homomorphisms

§" . H'(G,C) —» H"''(G, A)
such that the sequence of abelian groups

n—1 a n ] (n+]
(5.0.1) eSS G S iG.o S B G.a) S

is exact. A similar statement for H} or HS™ is not true in general. Singh constructs such an exact sequence for the
symmetric cohomology under quite strong restriction on the exact sequence E, see [?, Proposition 5.3]. Namely, he
assumes the existence of a map o : C — A with the properties:

Boo =lIdec, o(xc) = xo(c) and o(—c) = —0(c)

forallxe Gandc € C.

In this section we consider an arbitrary extension E and we aim to find a relationship between the groups H}(G, A), H}(G, B)
and H}(G, C). To state our result, let us observe that the exactness of the sequence (??) is equivalent to the following
rather awkward statement.
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Proposition 5.1. For any short exact sequence E there exists a first quadrant spectral sequence which abuts to zero
E} =0,
and for which
HY(G,A), ifp=0,
EP HYG,B), ifp=1,
! HY(G,C), ifp=2,
0, if p>3.
The differentials in the first page

0g . 10 g lg . pl 2
d'E'—E‘ d7: E?—>E/

coincide with a? : H1(G,A) — HY(G, B) and B¢ : H1(G, B) — H(G, C) respectively.

A similar result can be stated for the groups H;. Namely, the following is true.

Theorem 5.2. (a) For any short exact sequence E there exists a first quadrant spectral sequence which abuts to
zero
F* =0,

and

HIG.A), it p =0,

H!(G,B), if p=1,

Fi* = H)(G.C), itp=2,

Ker (Extl g, (A1 (ZIG]), A) — Extlq, (A7 !(ZIG]), B)), if p =3,

0, if p>4.

The differentials in the first page

0g . 10 1 1 1 2
' F'>F* d7:F*'>F"

coincide with ! : HI(G,A) — HY(G, B) and B : H/(G, B) — H!(G, C) respectively.
FREL pl FREL 1 P
(b) Moreover; for the groups F ?q (which are the obstruction groups for the existence of a long exact sequence for
H}), the following facts are true:
i) F=0.
(ii) If the equation xT' = 1 has only a trivial solution in G, then F fq =0.
(iii) If € is a prime number, then

Fret =] xcem

C[CG

where the product is taken over all subgroups of order € and
{c € Cltc = ¢} r -
Cp,E) = , if {is odd
XCeB) = b e Banab = b L¢80

and c 0

tc+c=

X(CrB) = e Cerc=0) ife=2.

{c=BMD)+x—txlxebe Bandth+b =0}’
Here t is a generator of Cy.

Proof. Apply the functor Homz;g(A*(Z[G]), —) to the short exact sequence E to get the exact sequence
0 — Homgzig/(A*"', A) » Homzi)(A**', B) - Homzi)(A™', C) — Extyg(A*, A) — -

where we write A* for A*(Z[G]). We consider this sequence as a double complex, where Homz g, (A1, A) has bidegree
(0, ). By our construction, the rows of this double complex are exact. As any double complex, it has two spectral
sequences abutting to the same groups, namely the homology of the total complex of the double complex. In the first
spectral sequence the first page is obtained by first taking the homology in the horizontal direction. Thus, the first page
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is zero in all places, thanks to the exactness of rows. It follows that the homology of the total complex is zero in all
dimensions.

Now, we turn to the second spectral sequence EZ?. We just proved that it abuts to zero. It would be convenient to
think of the members of our double complex as the zeroth page of the spectral sequence. Then the first page is obtained
by taking the homology in the vertical direction. By the definition of the groups H); we see that the first three columns
(i.e. the terms of bidegree (p, *), for p = 0, 1,2) of the first page are respectively H}(G,A), H}(G, B) and H}(G, C).
We claim that the terms of bidegree (p, %), for p > 3, in the first page are the same as in the zeroth page, which are
certain Ext‘-groups with k > 0. This follows from our previous results, namely by the fact that multiplication by ¢ in
the group ExtQ[G] (A?*!, ) is zero. Since g and g + 1 are coprime, all vertical maps of the double complex vanish in
bidegrees (p, g) for p > 3 and g > 0. Since rows are exact in the double complex, it follows that the sequence

B L g Ly

is exact. This proves the part (a) with

EV, p<2

cd g
F{" ={Ker(E>* S E}") p=3
0 p=4

From this part (b)(i) follows, because E;* = Ext%[G](A*“,A) and E‘f’* = Ext%[G](A*“,B). Recall that the groups
EXt'Z[G](A*”, —) appears also in Theorem ?? (they are E*! in the notation of Theorem ??). Thus parts (b)(ii) and
(b)(iii) are direct consequences of corresponding parts of Theorem ?? and the well-known formula for computing the
cohomology of cyclic groups. O
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