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UNIVERSITY OF SOUTHAMPTON 

ABSTRACT 

FACULTY OF SCIENCE 

PHYSICS 

Doctor of Philosophy 

VACUUM INSTABILITY IN SCALAR FIELD THEORIES 

by Alan John McKane 

Scalar f i e l d theories with an interact ion of the form have no stable 

vacuum state for some range of values'of. the i r coupling constant, g.This thesis 

reports calculations of vacuum i n s t a b i l i t y in such theories. Using the idea 

that the tunnell ing out of the vacuum state is described by the instanton 

solutions of the theory, the imaginary part of the vertex functions is 

calculated for the massless theory in the one-loop approximation, near the 

dimension d^ = 2N/N-2, where the theory is jus t renormalisable. The calculation 

d i f fe rs from previous treatments in that dimensional regularisation is used to 

control the u l t ra -v io le t divergences of the theory. In th is way previous 

analyt ic calculations in conformally invariant f i e l d theories are extended to 

the case where the theory is almost conformally invar iant , since i t is now 

defined in d^ - e dimensions (e > 0). 

To date the main application of the knowledge of the imaginary part of the 

vertex functions, has been to calculate the asymptotic behaviour of the 

perturbation expansion in g. The results we obtain in the case N = 4 (d = 4) 

agree with those of Lipatov and Brezin et a l . who used Paul i -Vi l lars regulators 

in the i r study of g(j>̂  theories (with N even) in d dimensions. The results 

obtained when N is odd indicate that the perturbation series is not Bore! 

summable. The possible appearance of extra s ingular i t ies in exactly d 

dimensions (renormalons) is discussed. 

»v 
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CHAPTER ONE 

INTRODUCTION 

In quantum f i e l d theory, as in most other branches of theoretical 

physics, there are so few systems which can be treated exactly, that 

good approximation schemes are v i t a l i f quant i tat ive physical predictions 

are to be made. I t might be hoped that the approximation proceduresdeveloped 

in quantum mechanics might be capable of generalisation to f i e l d theory 

Unfortunately, two of the most useful methods in quantum mechanics, the 

variational method and the WKB method, do not immediately generalise 

to f i e l d theory. Thus one is forced to rely more than ever on 

perturbation expansions. 

This aspect of f i e l d theory is well developed. Typically one 

performs the perturbation expansion about a theory which is exactly 

soluble (the free theory) in terms of a coupling constant. One then 

obtains the Greens functions of the theory (for example) as a power 

series in the coupling g : 

G(Pi;9) = G^fp,) + g Gi(Pj) + g2G2(p,) + . . . ( i . i ) 

where the {G^^p^); K = 0 , 1 , . . . } are calculated using the Feynman graph 

expansion. The question that interests us here i s , does the series 

(1.1) converge for a l l g such that |gj < R, where R is a posit ive 

number? I f i t does not, then the meaning of eqn. (1.1) is in doubt. 

The answer to the question was f i r s t suggested by Dyson (1952) in the 

case of quantum electrodynamics. He argued that the perturbation 

series was in fact divergent for a l l g , and that this was int imately 

connected with the i ns tab i l i t y of the vacuum for an unphysical value 

of the coupling constant. 



The divergence of the perturbation expansion 

We w i l l now reproduce Dyson's argument. Consider a physical 

quant i ty , F, which is calculated in perturbation theory. In quantum 

electrodynamics the analogous expression to (1.1) i s : 

F(e2) = a^ + ageZ + a^e^ + . . . (1.2) 

where e is the electromagnetic charge. I f Ffe^) is analytic fo r 

16%I < R then the series w i l l converge in this region. Now consider 

the same theory but with e^ * -e^ , so that Tike charges a t t rac t 

instead of repel. In th is theory the usual vacuum state is not the 

state of lowest energy. Thus due to the phenomenon of quantum mecha-

nical tunnell ing the vacuum can disintegrate. This leads to the con-

clusion that F(-e2) is not analyt ic for any non-zero e and so the 

series in eqn. (1.2) has zero radius of convergence. Dyson adds that 

the series (1.2) w i l l be asymptotic and the divergence w i l l only become 

noticeable at high orders in perturbation theory. These comments are 

not special for quantum electrodynamics; in general, perturbation 

series in f i e l d theory are divergent (Jaffe 1965 and references therein), 

The next question that might be asked is,how badly does the series 

diverge? In other words, can we characterise the behaviour of pertur-

bation theory at large order? In order to get some insight into th is 

question, we study two model " f i e l d theories". 

F i r s t l y , consider a f i e l d theory defined at one space-time 

point - a "zero dimensional" f i e l d theory. The par t i t i on function for 

this theory is given by 

Z(g) = d* exp - {&*% + ^ 3) 



where 

Expanding the exponential as a power series in g , we obtain 

z(g) z / (1,4) 

= K! 4% K'l (1 + 0 ( -1 ) ) (1.6) 
/ir K 

We see in this simple example that the perturbation expansion does 

indeed have zero radius of convergence and moreover i t grows l i ke 

(K - 1)1 for K large. 

As a second example we consider the enharmonic one-dimensional 

osc i l l a to r in quantum mechanics. This has the Hamiltonian 

H (1.6) 

This system can be viewed equivalently as a f i e l d theory in 

zero space and one time dimension with X playing the role of the f i e l d 

* . Perturbation theory is frequently used for the Hamiltonian (1.6) 

in order to obtain the energy levels. For example the ground state 

energy, Eg, can be calculated as a power series in g 

'o'S' = J o 9^ - ( V ) • [ l + I® (1.7) 

Bender and Wu (1968, 1969, 1973) have calculated the f i r s t one 

hundred and f i f t y terms in the series (1.7). For large K they obtained 

the fol lowing f i t for E|̂  ("t. = m = w = 1) 

Ek = - ( - I ) ' ^ K I y i ; ( w o ( 1 ) \ (1.8) 



Again one sees the characterist ic K! growth at high orders. This 

system is amenable to a variat ional calculat ion and for example i t is 

found that (Graff i and Grecchi 1973) 

[^(0.2) = 0.532642754 . . . and Eo(2.0) = 0.696175820 . . . (1.9) 

Clearly we would hope to resum the perturbation expansion (1.7) , using 

the information contained in eqn. (1.8) , to obtain a resul t such as 

(1.9). The divergence of the series stems from the existence of the 

K! term and so i t is natural to use a resummation method which effect ive-

ly cancels this factor and leaves a series with a f i n i t e radius of 

convergence. Such a method w i l l be discussed in the next section. 

The Borel Transformation 

Let us begin with a divergent series such as (1.4) or (1.7): 

A(g) I Aj. gK (1.10) 
K=0 ^ 

T + 0 ( ^ )' where = ( -1)^ K1 a^ c 

and a, b and c are real numbers (a > 0). We introduce the 

representation 

k: = f tK e" t dt 

and formally interchanging the summation and integrat ion we obtain 

CO 
A(g) = j e" (tg)K ( - I )K aK c (1 + 0 ( j ) ) dt 

= j e t B(tj) dt (1.11) 

where B(t) = % ^ t ^ (T. i2) 
K=0 ' 



Notice that the series (1.12) has a f i n i t e radius of convergence: 

i t is convergent for | t j < / . In the next section we w i l l discuss 

how a knowledge of the s ingular i t ies of B(t) allows us to obtain 

improved estimates for A(g) from perturbation theory. 

We have been extremely cavalier in obtaining eqns. (1.11) and 

(1.12). From these results i t appears that i f we are given the 

coeff icients of the asymptotic series Aĵ  , then we can obtain the 

function A(g). This contradicts the well known fact (see for example 

Hardy 1949) that there are i n f i n i t e l y many functions with the same 

asymptotic series. We clearly need to impose conditions on A(g) i f 

we are to obtain i t from i t s perturbation series. To begin our dis-

cussion we give a theorem due to Watson (Watson 1912, Hardy 1949): 

Theorem Suppose that 

(1) A(g) is analytic in the domain D defined by 

|g| < R, jarg g| < 6 + where 6 > 0^ 

K 
(2) A(g) = % An g" + R. (g) 

n=0 ^ 

where |Rk(g)| < Ca^^ (K + 1)! |g|^^^ in D 

then the series I A^g" is Borel summable to 
n=0 

A(g) : A(g) = j " e"* B(gt) dt 

where B(t) = % ^ ; | t | < , |arg t | < 6 
K=0 K' 3 

Thus i f A(g) sat is f ies conditions (1) and (2) we may go in a 

unique way from perturbation theory to the f u l l theory. Of course. 

^Actually we w i l l use the extension of this result which allows a cut 
from 0 to -«> (Graff i et al 1970) 



these conditions have to be proved outside of the framework of 

perturbation theory. This is d i f f icul t for higher dimensional f ield 

theories but proofs for the anharmonic osc i l l a to r (Graff i et al 

1970) and for the Euclidean Green's functions in (4^)2 (Eckmann tk ai 

have been given (the notation (*^)d means a theory with a 
N 

* interact ion in d dimensions). Progress has also been made recently 

on (4,4)3 (Feldman and Osterwalder 1976, Magnen and Seneor 1976). 

I f one investigates model f i e l d theories with interaction 

g * ^ one finds perturbation theory grows l i ke K[(N - 1)] 1 (Bender 

and Wu 1971). In th is case one may use a generalisation of Watson's 

theorem (Graff i et al 1970); Suppose that 

(1) A(g) is analytic in the domain D defined by 

|g| < R, jarg gj < g + ^ where 6 > 0 

(2) A(g) = % A ĝn + Rxfg) 
n=0 

where jR^fg)! < CaK+1 (% + l ) ] : |g|K+T in D 

Then the series is Bore! summable ( in a generalised sense) to 

1 r- +1/M 1/M-l 
A(g) = ^ e t B(gt) t dt (1.13) 

' 0 

where B(t) = t^; | t | < ^/a, |arg t | < 6 ^1.14) 

Watson's Theorem indicates that i f we know the radius of 

convergence of the series (1.12), that is,the posit ion of the 

nearest s ingular i ty of B(t) to the o r ig in , then we may determine the 

coef f ic ient "a" in equation (1.10). We shall now show by a simple 

example that indeed the singularity of B(t) nearest the origin 



determines the leading asymp^btic behaviour of A(g). 

Let the nearest s ingular i ty of B(t) to the or ig in be at t = a" ' 

where a 1s a real negative number. 

Then we may write 

B(t) = ( t - a " ' r c ( | ) 
? 

i f the singular i ty is a pole or a branch point and where C(t) is 

analytic at t = a ' . Expanding C(t) about t = a"' we obtain 

B(t) = C„(t - a - ' r " (1.15) 

Using equation (1.11) we obtain from equation (1.15) the coeff ic ient 
1/ 

of g^ in the asymptotic series for A(g) to be 

= CK! a* K*-l (1 + 0(^)) (1.16) 

Where C is a constant. Comparing equations (l.lO)and (1.16) 

we see that the number b depends on the type and strength of the 

s ingular i ty . We also note that i f there is another singular i ty further 

along the negative real axis then i t s effect on the asymptotic expansion 

for large K is negl igible. 

Final ly in th is section we point out that in one case the high 

order behaviour of the perturbation expansion t e l l s us that the series 

is not Bore! summable. This is the case where "a" defined in equation 

(1.10) is a negative number. The nearest singular i ty of B(t) to the 

or ig in then l ies on the positive real axis and so for instance the 

integral 

A(9) - f 
e B(gt) dt 

0 

is not defined for g > 0 because i t has a singular i ty on the path 



of integration. 

Use of High Order Estimates 

When faced with attempting to extract information from a 

perturbation expansion which is only asymptotic, one method of proceeding 

is to employ Fade approximants. These t r y to approximate the 

perturbation expansion by a ra t io of two polynomials. Results 

obtained are sometimes very good, and in some cases, such as the one 

dimensional osc i l l a to r (Loeffel et al 1969), i t is known 

that Fade approximants converge to the correct resul t . 

For theories which have a perturbation expansion which grows 

l i ke K1 at K— order (K->«), a better strategy might be to Fade 

approximate the Borel transform of the perturbation expansion, B( t ) . 

In practice B(t) = I w i l l be a polynomial whose degree w i l l 

depend on how many of the coeff ic ients of the perturbation expansion, 

A|^, have been calculated. Once B(t) is represented by a Fade 

approximant the integral (1.11) may be performed for a given value of 

g. Le Guillou and Zinn-Justin (1977) have calculated the ground state 

energy of the anharmonic osc i l la to r from the f i r s t six terms of the 

perturbation series using both the Fade method and the Fade-Bore1 

method. For an intermediate value of the coupling they f ind errors 

of 10"^ and 10"^ for the Fade and Fade-Borel methods respectively. 

To obtain th is increased accuracy, only the fact that the K— 

order of perturbation theory grew l i ke K! for K large was used. I f 

in addition the posit ion of the nearest s ingular i ty of B(t) to the 

or ig in is known then one can obtain even better accuracy. As an 

example suppose that B(t) is analytic in the t-plane cut from 

8 



1/a to - Then one can map this cut plane into the interior 

of the unit circle (LoeffeT T976, Le GuilTou and Zinn-Justin 1977, Brezin 

1977)by 

Z = ' (1.17) 
/ 1 + at' + 1 

The branch cut is now located on the unit c i r c le . Thus i f we 

work with the variable z we have convergence everywhere inside the 

unit c i r c le . This method gives'improved resu l ts , compared to the 

Pade-Borel method, for the anharmonic osc i l la to r (Le Guillou and 

Zinn-Justin 1977, Brezin 1977). This method can be refined even fur ther 

by using information on the strength of the s ingular i ty (Le Guil lou 

and Zinn-Justin 1977). 

Thus i t becomes clear that the more information one has on the 

asymptotic nature of perturbation theory, the better one can estimate 

quantit ies obtained at low orders in perturbation theory. This is 

the chief motivation for obtaining estimates such as (1.8). 

Fina l l y , i t should be pointed out tha t , although in much of the 

above discussion the example of the anharmonic osc i l la to r was used, 

(because we have an al ternat ive way of calculating the energy levels r— 

the variat ional method — which provides a check), we expect these 

methods to be useful for f i e l d theories in higher dimensions too. In 

part icular we expect the K1 growth at K— order to come from the 

number of Feynman diagrams (Baker et al . 1976, Bender and Wu 1976). 

In these cases where the variat ional method is not applicable and where 

computer estimates such as (1.8) are not avai lable, i t is necessary 

to f ind an analyt ical technique to obtain high order estimates in 



perturbation theory. A method for doing just this is discussed in 

the next section. 

The Role of Instantons 

We shall indicate in th is section, using an argument given 

by ' t Hooft (1977a,b), that the s ingular i t ies of the Borel transforms 

of Green's functions in f i e l d theory, are characterised by f i n i t e action 

solutions of the classical f i e l d equations in Euclidean space — the 

so called instantons. 

F i r s t l y , consider a "zero dimensional" f i e l d theory with par t i t ion 

function (compare with equation (1.3)) 

Z(g) = I d* exp - {& + 1 V(g+)} (1.18) 
J 9* 

where V(x) = V3 x^+V^ * . . . 

For convenience we rescale the f i e l d s , and the action: 

H* = gfH , = g* 

so that H ' ( * ' ) = &(*')2 + V(* ' ) (1.19) 

Thus the integral (1.18) becomes 

9Z(g) = d*' exp - 1 H ' ( * ' ) (1.20) 
ĝ  

Now the Borel transform of gZ(g) as a function of g^ is B(t) where 

gz(g) = 
. fCO 

B(tg2) e"^ dt = g"2 B(t) e'^/gZ dt (1.21) 

and so comparing equations (1.20) and 1.21) we f ind 

10 



B(t) d*' 6(t - (1.22) 

In order to perform the integral (1.22) we must f ind a l l the 

solutions of H'((j)') = t , for f ixed t . We cal l these solutions 

4 / ( t ) , *2( t ) The integral (1.22) is then 

B(t) . I M U i l l • ' 
1 

1 
( t ) 0 .23) 

Thus the s ingular i t ies of the Bore! transform can be found i f the 

solutions of @H'(*')/3*' = 0 (the classical f i e l d equation for 

th is system) are known; i f } are the solutions then the 

s ingular i t ies of B(t) occur at t^ = H' (1*!). 

Now consider a multidimensional integral of the same form as 

(1.18). Going through the same arguments one finds that the Borel 

transform has s ingular i t ies at t = H(^) where * is a solution of 

the equations 3H/3* = 0. 

Finally, i f we go over to multi- infinite dimensional integrals 

we get singularities at t = H(*) where +(x) is a solution of the f ield 

equations 6H/s+(x) = 0. The Borel transform of al l the functions of 

the theory have the i r s ingular i t ies at the same values of t , although 

the strengths of the singularities will vary ( ' t Hooft 1977a,b). 

From th is and previous discussions, a method of calculating the 

leading high order behaviour of perturbation theory for scalar 

theories has emerged. One begins by looking for the instanton solution 

with least act ion, since th is w i l l give the posit ion of the nearest 

s ingular i ty of the Borel transformed Green's functions to the or ig in . 

I f we denote this solution by fgfx) , then the high order behaviour of 

the Green's functions in theories w i l l be (according to equation 

n 



(1.16)). 

6% ~ K! (l/H'(+^)KKb (T.24) 

for large K, where G,̂  is the coef f ic ient of in the perturbation 

expansion for the Green's function and b depends on the Green's 

function being considered. Of course th is argument is quite heur is t ic , 

however we shall see that in fact the form of the estimate (1.24) is 

correct. 

In order to get better control of the high orders in perturbation 

theory a more powerful and direct method to that outl ined above is 

needed. In the next section a step in th is direct ion is made, when 

the re lat ion between instantons and vacuum tunnell ing in f i e l d 

theories is explored. 

Tunnelling in Field Theories 

We begin th is section by a br ie f histor ical review of instanton 

solutions to f ield theories. 

The word "instanton" was f i r s t used to describe the 

pseudoparticle solution to the SU(%) Yang-Mills theory in Euclidean 

four-space found by Belavin et al (1975). I t was ' t Hooft (1976a) who 

suggested that since they are not only localised in three-space, but 

also local ised, or instantaneous, in time they should be called 

instantons. A physical interpretat ion for these solutions was 

then found ( ' t Hooft 1976a,b, Callan et a l . 1976, Jackiw and Rebbi 

1976a)}they describe vacuum tunnell ing between the c lass ica l ly 

degenerate stable vacua of Yang-Mills theories. 

In scalar f i e l d theories the instantons also describe 

tunnell ing between c lass ica l ly stable vacua. I f , for example, the 

potential has two re la t ive (non-degenerate) minima, then there w i l l 

12 



be tunnelling from the state of higher energy density to the 

state of lower energy density. The use of non- t r iv ia l solutions 

to the f i e l d equations to describe the decay of metastable 

states in th is way, was recognized by Langer (1967) when investigating 

the problem of condensation in s ta t i s t i ca l mechanics. The 

quanti tat ive theory of the decay of the "false vacuum" has also 

been recently discussed by Voloshin et al (1974). The instanton 

approach to the problem was developed by Coleman (1977) (see also 

Callan and Coleman (1977)) and Stone (1976,1977); a semiclassical 

calculat ion of the l i fe t ime of metastable vacuum states in Minkowski 

space formal ism has been performed by Katz (1978). 

From the above review we see that classical solutions of 

the f i e l d equations in imaginary time ( ie . in Euclidean space) 

seem to describe c lass ica l ly forbidden processes. To see how 

th is comes about l e t us go back to quantum mechanics where we 

already know how to deal with such problems. 

Consider the problem of transmission through the potential 

barr ier V(x) (shown in Figure 1) in one dimensional quantum 

mechanics. The tunnell ing amplitude is easily calculated in the WKB 

approximation. One f inds 

|T|2 = exp - ^ f** dx /2m(V(x) - E ) ' ( l + 0 ( * ) ) (1.25) 
'x, 

where V(x^) = VfXg) = E. The result (1.25) is exponentially 

small in is ( a typical result found when studying tunnelling 

phenomena ) and thus is never seen in perturbation theory. 

Another method of obtaining the resul t (1.25), using the 

imaginary time formalism, was f i r s t suggested by Freed (1972) and 

13 



V(x)=E 

Figure 1. Potential barr ier in one dimensional quantum mechanics 

- V % = - E 

Figure 2. Inversion of the potential barr ier shown in f igure 1. 



McLaughlin (1972). They argued as fol lows. We know that in 

Feynman's path integral formulation of quantum mechanics the 

l i m i t 1i 0 picks out paths of stationary act ion, that i s , 

the functional integral i s dominated by the classical paths. 

However in the c lass ica l ly forbidden region there is no real 

classical path. We can get around th is problem by working in • 

imaginary time because th is jus t inverts the potential and 

makes c lass ica l ly forbidden regions classical allowed and vice-versa. 

Thus tunnell ing phenomena should be described by considering 

classical paths in imaginary time inside the c lass ica l ly 

forbidden region. 

Using these ideas we now obtain equation (1.25). We begin 

from the Hamiltonian 

m 
2 ^at / + V(x) (1.26) 

where V(x) is shown in Figure 1. The equations of motion are then 

m ^ = - — (1.27) 
dtf dx 

There is no solution to the equation (1.27) for X j <x < X2 when 

E <V(x). 

Now l e t us consider the theory in imaginary time with t replaced 

by - i t . Equation (1.27) now looks l i ke 

m — . - — (1.28) 
dx^ dx 

where V'(x) = - V(x) is shown in Figure 2. A classical solut ion, x ^ , 

now exists for < x < and we can integrate equation (1.28) to 

14 



get 

Now the f i r s t approximation to the Feynman path integral 

d [x(t)] exp j Ldt 

(1.29) 

(1.30) 

is just 

exp 

= exp 1/% I 
' X 

^(Xz) ^ 

( * l ) - 4 ^ , ^ J dt using equation (L%9) 

= exp - ^ (TfXz) - T(Xi)) exp - % 

, T(*2) 

T(Xl) 
dT 

(1.31) 

Thus the required amplitude is to leading order 

( r 

dXc 

/ 2m(V(x)-E)'dx 

exp - 2/% 

= exp -

™ ( ^ ) d. 
T(Xi) 

, Xz 

exp -

Xi 

^2 

Xl 
(1.32) 

using equation (1.29) again. The result (1.32) is in complete 

agreement with the resul t (1.25) obtained by the WKB method. 

The power of the imaginary time formalism becomes apparent when 

generalise i t to f i e l d theory. This is because the WKB method is 

easi ly generalisable to multidimensional systems and so to obtain 

we 

not 
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analogous results to (1.25) we have to use the imaginary time formalism. 

The generalisation i tsel f is obvious : we look for f in i te action 

solutions of the classical f i e l d equations in Euclidean space. 

Further the most important solutions for the tunnelling amplitude 

are those with minimum action. Thus the classical solution responsible 

for tunnelling can be identified with the instanton solutions 

governing high order behaviour, which were discussed in the last 

section. A semi classical description of tunnelling is then obtained 

by dominating the functional integral by the instanton solutions. 

Looking back over the last two sections of th is chapter, we 

see a realisation of Dyson's argument connecting the instability of 

the vacuum and the divergence of perturbation theory. I t is therefore 

not surprising that the high order behaviour of perturbation theory 

can be obtained by a semiclassical calculation as outl ined above. This 

was f i rs t observed by Lam (1968) and independently by Bender and Wu 

(1971) in the case of the anharmonic osc i l l a to r . The method was 

rediscovered by Lipatov (1977a) and applied to the problem of obtaining 

high order estimates in scalar f ield theories. The work has been 

extended by Brezin et a l . (1977a). The leading high order behavior 

of perturbation theory has now been characterised for a number of 

other f i e l d theories (Pari si 1977a,Itzykson et al 1977a,b, Bali an et 

al 1978). 

In th is thesis we w i l l fol low Lipatov (1977a,b,) and Brezin 

et al (1977a) and calculate the high order behaviour of perturbation 

theory for g(j)^^ f i e l d theories, in d = 2N/N-1 dimensions, using 

the semiclassical approximation. However, we w i l l not use the 

Paul i -Vi l iars method in order to regularise the ultra-violet 

divergences of the theory as these authors d id , instead we shall 

16 



use dimensional regularisation ( ' t Hooft and Veltman 1972, 

BolTini and Giambiagi 1972). We shall also investigate g*2N-T 

theories using the same method. 

The outline of the thesis is as follows, in Chapter two we will 

study simple systems which we expect to have the same behaviour 

( ) as the f ield theories discussed later. In the 

third chapter we examine the existence and form of instanton 

solutions to f ield theories with particular emphasis on massless 

theories in d = 2N/M_2 dimensions. We also discuss how the 

conformal invariance of these theories allows us to perform 

calculations analytically. In chapter four the leading high order 

behaviour of perturbation theory is characterised for f ield 

theory in 4 - e dimensions, by a one-loop calculation of the 

imaginary part of the vertex functions generated by tunnelling out 

of the metastabie ground state (for the theory with the wrong sign 

coupling constant). Using these results the leading asymptotic 

behaviour of the renormalisation group g function is also obtained 

in four dimensions. In Chapters five and six we repeat these 

calculations but for 3̂ theory in 6 - e dimensions and theory 

(N > 4) in d^ - e dimensions (dg = ^^/N-2) respectively. In 

the latter case we study the case N=6 (d^=3) in slightly more detail. 

Finally, in chapter seven, we conclude by discussing the validity of 

these results in view of the extra singularities which appear when 

the theory is just renormalisable. 
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CHAPTER TWO 

INSTANTON CALCULATIONS IN SIMPLE MODELS 

In this chapter we shall explain how to quantify the idea that 

high order estimates of the perturbation expansion can be obtained by a 

semicTassical calculation. To do this i t is easier to work with 

simple prototype models of the f ield theories we will be considering 

later on. Thus most of this chapter will be concerned with "zero 

dimensional" f ield theories, that is , a f ield theory defined at one 

space-time point. The partition function for these theories is just 

a single integral and the semi classical method is just the method 

of steepest descent. At the end of the chapter we will apply the 

knowledge we have gained to find the high order behaviour of a f ield 

theory with interaction g*2N in one time and no space dimensions. This 

is just the quantum mechanical anharmonic oscillator and thus we 

find we reproduce the result of Bender and Wu (1971), but using 

instanton techniques (Br^zin et al (1977a), Brezin (1977),Zinn-Justin 

(1977), Collins and Soper (1978)). 

(j)** f i e l d theory in zero dimensions 

This theory has already been mentioned in chapter one. 

The par t i t ion function is given by 

Z(9) = j d* exp - 4 (1.3) 

I f one expands Z(g) as a power series in g, i t is found that the 

power series is divergent; the high order behaviour is given by 
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equation (1.5). This result wil l now be obtained by a method 

which can be generalised to actual f i e l d theories. 

The f i r s t point to notice is that the integral (1.3) is convergent, 

and hence Z(g) is defined,only for -V2< arg g< / z . However th is 

is only when the contour of integrat ion in the <t> plane runs along 

the real axis. I f we rotate the contour by a small amount, say 6, then 

the integral is defined for - V 2 - 46 < arg g < - 46 we 

can also continue the function by rotat ing the contour of integration 

by -S, and then the integral is defined for - m/2 + 46 < arg g < */% + 

46. Let us consider these two cases when S = /%. The contours, 

Ci and C2. are then as shown in Figure 3. There are now two 

functions: Zi(g) defined by Ci and Z^fg) defined by Cz, that is , 

Zi(g) = d* exp - {& + 9/4 ; - * /2 < arg g < - /% 
Ci 

(2.1) 

and 

Z2(9) d(j) exp - {& + 9/4 arg g < * " /2 
2 

In par t icu lar , when g is real and negative i t is easy to show 

that both Zi(g) and Z2(g) contain an imaginary part and that in 

fact [Zi(g)]* = Zzfg). Thus we see that the sign of the imaginary 

part depends on the way that the analytic continuation is performed. 

Now we w i l l evaluate the integral ( for small g) by the method 

of steepest descent. This involves f inding the saddle points of 

the function in the argument of the exponential, H(*). These are 

found to be 

+ = 0' * = 
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Figure 3. Contours for the integrals given in equation [2.1) 

c;,c 

Figure 4. Steepest descent contours for fteTd theory. 



Thus i f we study the integral for g < 0 we have three real saddle 

points: the t r i v i a l one * = 0, and two "instanton" saddle points 

^ t We now have to find l ines of zero imaginary part of 

H(*). In order to obtain the best estimate for Zi(g) and Zgfg) 

defined by equation (2.1) the contours Ci and 0% have to be distorted 

in order to fol low the paths of steepest descent. We cal l these 

contours Ci' and C2' respectively; they are shown for the case 

g < 0 in Figure 4. 

We expect that a good approximation to Zi(g) and Z2(g) w i l l 

be to evaluate the integrand at the saddle points and approximate 

the corrections to leading order by a Gaussian in tegra l . I t 

turns out that the real part of Zi(g) and Zgfg) comes only from 

that part of the contour ly ing along the real axis. When the 

integral is dominated by the t r i v i a l saddle point * = 0 i t j us t 

gives the usual perturbation expansion for Z(g). The imaginary 

part comes only from those portions of the contour which go into 

the complex plane. Thus the imaginary part is dominated by the 

non- t r iv ia l "instanton" saddle-points and we f ind 

Im Z2(g) = exp - dt exp [ - + g T**] 

(2.3) 

+ exp - {& tgZ + 9/4 dT exp [ - T* + g 

where <j)̂  = i / j T J and g < 0. Notice that both the "instanton" 

saddle points contribute only half a Gaussian in tegra l . This 

observation will be useful when dealing with higher dimensional f i e l d 

theories. Evaluating equation (2.3) we have 
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Im Z (g; arg g = m) = - exp (i /44) dt exp [ - 7%+ gT^] 
J — 

= - /?exp ( ' / 4g ) [1 + 0 (g) ] (2.4) 

I t is easy to check that i f the same analysis is repeated for 

Zi(g) then 

Im Z(9; arg 9 = - exp D + 0 (g)] (2.5) 

To summarise we may say that although for g > 0 Z(g) is real, 

for g < 0 i t develops an imaginary part which is exponentially small 

in g. In f ie ld theory this imaginary part develops because for 

g < 0 there is no physical state of lowest energy. 

We will now use the result (2.4) to derive the leading 

asymptotic behaviour of the perturbation expansion for this theory, 

given already in equation (1.5). As discussed earlier in this 

section, Z(g) (analytically continued from the integral 

representation (1.3)) is analytic in the g plane cut from 0 to-* . 

We can exploit this analytic structure and write a dispersion relation 

in g which enables the asymptotic behaviour of Z(g) to be calculated 

(Bender and Wu 1971). To derive this dispersion relation use is 

made of Cauchy's integral formula 

Z(9) " 27T . g > 0 (2.6) 

where C is shown in Figure 5. The contour at inf ini ty gives no 

contribution since Z(g) ^'[gl * as Igl + Also the contribution 

from the small semicircle about the origin vanishes as the radius 

of the semicircle. Thus from equation (2.6) we deduce that 
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Figure 5. Contour involved in the dispersion relat ion for theory. 



Z(9) = 
Z(g ' ; arg g' = tr) dg' J_ 

2?i g - g Ziri Jo 

Z(g ' ; arg g = -?) dg' 

g' - g 

Since (Z(g; arg g = ?) )* = Z(g; arg g = -ir) equation ( Z l ) 

(2.7) 

reduces to 

z(g) = 1 o Im Z(g ' ; arq q' = i t) dg' (2.8) 
CO g' - g 

This is the required dispersion re lat ion. I f we pick out the 

coef f ic ient of g^ in equation (2.8) we f ind 

"K 
° Im Z(g' ; arq q' = ir) dg' 

(9 ' ) K+1 
(2.9) 

Using the resul t given in equation (2.4) we obtain 

.K r _ / I " 
i d r x m r n o ( ^ ) 

/ t t 

(2.10) 

which is exactly the resul t given by (1.5). To calculate the 

0 ( l /K) corrections we need to know the 0(g) corrections to the 

resul t (2.4). 

We see that th is method of obtaining high order estimates 

involves two steps. F i r s t l y , obtaining the imaginary part of 

the function under consideration, and secondly, proving a 

representation such as that in equation (2.8). Both these steps 

may be non- t r iv ia l in f i e l d theory. 

f i e l d theory in zero dimensions 

In this section we investigate the asympotic behaviour of 
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Z(g) = d* exp - {& *2 + 2 - *1N} , N=2,3, . . . (2.1T) 
2N 

using the methods discussed in the last section. Once again we can 

analyt ical ly continue Z(g) by rotating the contour of integration 

in the (j) plane. In part icular i f we rotate the contour by angles 

of t */2N then we again get two functions as the analytic 

continuation of (2.11); they have an imaginary part and are complex 

conjugates of each other for g < 0. 

The evaluation of the integral for small negative g is also 

as before. The saddle points are now 

+ f_ I \ 7^ 
* = 0, 

* f - ^ ) STRFT) 
(2.12) 

The imaginary part is dominated by the non-tr iv ia l saddle 

points in equation (2.12) and so we f ind f 

1 
Im Z(g; arg g = rr) = exp - { i i h H fTT } 

2H \^J 

1 

dx exp -

(N-1) [l+O (gfPr) ] 

+ exp - { 19:11 4 ^ } 
2N \ 3 / 

dt exp - (N-1) [ u o ( g S ^ ) ] 

(2.13) 

Using equation (2.9) we f ind that 

\(N-1)K 

K " (H-T)]! K 1 (1+0 (%)) 

(2.14) 

t Only the saddle points on the real axis dominate Z(g;arg g= t tt). 
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This result may also be obtained by expanding the integral (2.11) 

as a power series in g. We see tha t , as pointed out in Chapter 

one, (j>2̂  theories have a perturbation expansion which grows l i ke 

[K(N-1 ) ] ! at K— order for K large. 

f i e l d theory in zero dimensions 

The asymptotic behaviour of theories with an interact ion term 

which involves odd powers of * is very d i f fe rent from those with 

even powers. To see th is consider the simplest theory of th is 

type, namely a theory defined at one space-time point: 

Z(g)=[ d* exp - + 9/3 *3} (2.15) 

» 00 

Expanding the exponential as a power series in g, we f ind that 

Z(g) is even in g and 

ZzK = 6* K'T (l+O (2.16) 

where Z(g) = I Z2K g^^ (2.17) 
K=0 

Thus the coef f ic ient of g^^ does not osc i l la te for real g as K * 

In the notation of Chapter one this means that a > 0 and so the 

Bore! transform of Z(g) has i t s nearest s ingular i ty to the or ig in on 

the posit ive real axis. Thus the perturbation expansion for these 

theories is not Bore! summable. An indicat ion of th is is the 

existence of real non- t r iv ia l saddle points for real values of g; 

the saddle points being 

(|) = 0 , (2.18) 
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The integral (2.15) is not well defined for real posit ive g. 

To make i t well defined we introduce the Airy integral contours 

Cj, CjJ and C j j j shown in Figure 6. Thus we have three d i f ferent 

functions defi ned by 

Z,(g) = d* exp - {& i = I , I I , I I I (2.19) 
ic,. 

As usual we may define Z^(g) for other values of g by 

rotat ion of the contour. Again we f ind that because of the existence 

of branch cuts our continuation is not unique. Also i t should be 

noted that although we appear to have three independent functions, 

one is the difference of the other two, and these are complex 

conjugates for real g. 

As we have already remarked the crucial difference between 

this theory and those considered in the previous two sections, is 

that an imaginary part exists for a l l real values of g. Therefore 

1et us evaluate the integrals (2.19) by the method of steepest 

descent for g posi t ive. The paths of steepest descent are shown 

in Figure 7. We see that Zj(g) is dominated only by the "instanton" 

saddle point and is therefore pure imaginary, whereas Z j j (g) = 

rZ j j j (g) ]* has contributions from both saddle points and therefore 

has real and imaginary parts. The real perturbative part comes 

from the part of the integral dominated by the t r i v i a l * = 0 saddle 

point , and gives conventional perturbation theory. The imaginary 

part is given by 

Im Zj j (g; arg g = 0) = exp { - l /6^*} dt e ^ ) 
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Figure 6. Airy contours used in (j>3 theory (equation (2.19)) 

c' 

Figure 7. Steepest descent contours for (̂ 3 f i e l d theory 



/ I exp { - */6g2} [ l + 0(g2)] (2.20) 

A rotat ion of the ^ contours by - V3 in the integrals (2.19) 

defines the integrals for g < 0. We may then perform another steepest 

descent calculation to f ind that 

Im Z j j ( g ; arg g = n)=exp { - ' /6g2} ^ dx [ l + 0(g2)j 

= - / 2 exp {- l/6g2} [1 + 0(g2)] (2.21) 

In order to determine the high order behaviour of from 

equations (2.20) and(2.21) we need to know the analyt ic i ty properties 

of Z(g). An examination of the properties of the functions defined 

by equation (2.19) shows that Z j j (g) is entire in the upper half 

plane. Using this information we obtain an expression for in 

terms of Im Z j j (g) in two ways. 

The f i r s t method is to use Cauchy's integral formula with the 

contour C defined in Figure 8; 

z(g) = 1 Z(9') dg' 

C g' - g 

r V 3 

; g > 0 ( 2 . 2 2 ) 

Since Z(g) ^ |g|~ ' ous |g| -> ® we can throw away the contour 

at i n f i n i t y and we are l e f t with 

1 

2iTi 

r° Z , , ( g ' ; arg g' = ir) dg' , « Z,y(g ' ; arg g' = 0) dg' — + — 

00 q' - q 2iri 

1 l im 

2iTi 6->o 

Zjj(g + 6e^®) i6e^®d6 

5e le 
= Zjj(g) (2,23) 
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Figure 8. Contour involved in the dispersion relat ion in g' for 
4̂^ f i e l d theory. 

Figure 9. Contour involved in the dispersion re lat ion in g'^ for 
({>3 f i e l d theory 



This result implies that 

Re { Z ; i ( g ) } = ,1 
g' Im (g' i arg g' = 0) dg' 

(9') '^2 - n2 (2.24) 

and therefore 

-2K 
2 
ir 

Im Z;; (g ' ; arg g' = 0) dg' 

(2.25) 

This is the required resul t . The second method of deriving equation 

(2.25) is to view Z as a function of and write a dispersion relat ion 

in g2. Using the contour C" defined in Figure 9 we obtain 

Z(g2) = 
2,1 

• Zn ' 9 ' " ' "̂"9 9' ° ' ) dfg!") ^ _ L [ " :&*(q'2;arq g' 

(g')2 _ g2 ° (g')^-9' 

=0)d(c 

This immediately gives 

Re {Z,;(g2)} = 
= Im Z^ (g'2; arg g' = 0) d(g'2) 

(9') '^2 _ n2 

Which agreeswith equation (2.24). 

We can now use equation (2.25) in conjunction with equation 

(2.20) to recover the result (2.16). Once again we emphasise that 

the reason that the series is not Borel summable is that "instantons" 

exist for a l l real values of g and thus so does an imaginary part of 

Z(g). In f i e l d theory th is imaginary part comes about because of 

tunnell ing out of the metastable ground state. 

f i e l d theory in zero dimensions 

In th is f ina l section on zero dimensional f i e l d theories we 

study the asymptotic behaviour of Z(g) defined by 
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z(g) = d* exp - (14,2 + *2N-T}, N=2,3,... (2.26) 
(2N-1) 

This integral as i t stands is not well defined for g positive; we 

require Re (9*2^"!) > 0 as |*| + This last condition is 

equivalent to (when arg g = 0) 

< arg , |*| + = 
2N-1 2N-1 (2.27) 

where n is an integer. The bounds on arg * given in equation (2.27) 

tel l us that i f the complex (}) plane is divided into 2(2N-1) equal 

sectors,then the integral converges i f we choose a contour which 

for large j*] lies in one of the 2N-1 sectors defined by equation 

(2.27). Each of these contours gives a different function and so 

we have in principle (N-1) (2N-1) functions defined for arg g = 0 

( compare with equation (2.19)). Of course, most of these are not 

independent and in analogy with the last section we choose to work with 

the two functions 

Z.(g) = L , d(|. exp - {J (̂ 2 + _ £ L _ ^2N-1} i „ i i j i i (2.28) 
^ ;^i (2N-1) 

where Cjj ' and Cj j j ' are defined so that they begin in the sector 

ir + */2(2N-l) < arg (j) < IT + ^V2(2N-1) and - **/2(2N-l) < arg * < 

IT - V2(2N-1) respectively and end up in the sector - V2(2N-1) < arg <l> 

< */2(2N-l) (see Figure 6 where the contours are drawn for the case 

N = 2) The two functions defined by equation (2.28) are complex 

conjugates for real g, and may be defined for other values of g by 

rotation of the contour. Just as in the model discussed in the 
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last section, we find that Zjj(g) is entire in the upper-half plane, 

and so performing a dispersion relation in the coupling constant again 

gives equation (2.25). 

The steepest descent calculation is a straightforward 

generalisation of the method for The saddle points are for g 

positive 

1 

(2.29) 

and so t 

Im Zjj (g; arg g = 0) exp 
2(2N-1) 

r 1 1 

A 

dTe"* (2N-3)/2 

1+0 ( M l 

/ Z Z Z r exp ( d S b l L 
V 2(2N-3) 2(2N-1) 

1 

2N-3 } 

1 ^ 1 9 (2.30) 

Substituting equation (2.30) into equation (2.25) and performing 

the integration we find 

-2K 

[K(2N-3)] ! 

k/2*(2N-3) 

2(2N-1) 

2N-3 

K(2N-3) 
K'T ^+0 (^)^ (2.31) 

This ends our discussion of zero dimensional field theories. 

We will find that the corresponding calculations for f ield theories, 

while being technically far more complicated, have the same general 

t Again only the saddle points on the real axis dominate (g; arg g = 0) 
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structure as exhibited here for these simple theories, 

(j)̂ ^ f ie ld theory in one dimension 

In this, the last section of this chapter, we will study 

the high order behaviour of perturbation theory for the generalised 

anharmonic oscillator with Hamiltonian 

H = f — + ^ itiw^ + -S— x ^ ^ 

2m 2N 
(2.32) 

As is well known, this is equivalent to a one dimensional 

Euclidean *2*f ield theory by the change of time variable t = i t . 

The work of Bender and Wu on the high order behaviour of the 

perturbation expansion for the ground state energy in the case 

N=2, has already been discussed in Chapter one. They have also 

investigated the more general system given by equation (2.32) 

(Bender and Wu 1971 , 1973) and find that the ground state energy of 

the system is given by (t^m=w=l) 

Eo(9) = I Etg 

where E. = - ( - ! )% [k(N-1)]! 1 

4N [1^2(N/N-1) 

N- l K 

(N-1) r ( % N - i ) 1+0 (2.33) 

To obtain this result Bender and Wu performed a WKB calculation 

to determine the discontinuity of [^(g) across the branch cut for 
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g < 0. They then used a dispersion relation to obtain for 

K + They have also checked the result (2.33) against numerical 

values for obtained on the computer for low values of N, and 

find good agreement. 

The high order behaviour of given by equation {2.33) can 

also be obtained by instanton techniques (Brezin et al 1977a). 

The technical obstacles that have to be overcome are not so 

severe as those in higher dimensional f ield theories, nevertheless 

the techniques are applicable to the f ield theory problem. 

Before we begin describing the detai1s of the instanton 

calculation, we point out that i t is known rigo rously that 

Egfg) is analytic in the complex g plane cut from o to 

(Loeffel and Martin 1971, see Simon 1970 for discussion) in the 

case of the anharmonic oscillator. We would expect this structure 

to persist in the case of the generalised anharmonic oscillator, 

that is the theory with an anharmonic term . Thus we may 

follow the same procedure as in previous sections to prove that 

h ' I 

0 Im E (g' ; arg g' = i t) dg' 

Thus in order to obtain the behaviour of for K large we 

again have only to calculate the imaginary part of E (g) generated 

when g < 0. 

We begin from the Feynman-j<ac formula 

lim exp - T(E (g) - E ) = ]im 
T-»60 0 0 

X -TH • 
Tr e (2.35) 

Tr e-™0 
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k Tr e-T" 
where zyp-

Tr e 

d [X(T ) ] exp - [ DT r & X2 + & 1 
^0 •'(2.36) 

j d [x(T)] exp - dT [ & x2 + & x2 ] 

A few words of explanation are in order here. First ly, we 

have chosen for convenience unitsti =m = w=l. Secondly , the 

functional integral is over closed paths x (T=0) = X ( T = T ) (because 

the trace appears in equation (2.35)), that is , i t is a sum over 

al l paths which are periodic in imaginary time with period T. 

Finally, by X we mean dx/^^. 

To calculate the imaginary part of E^fg), g<0, we dominate 

the functional integral (2.36) by instanton solutions,:* (?), which 

are periodic in x : X^(t) = XJ.(t+T) as T-> ». They will satisfy 

the classical equations of motion 

X = X + gx^N-l (2.37) 

and will also have f in i te action, so that X^(T) 0 as T •> T. In 

order to get a more physical picture of the instanton solutions 

we can employ a "mechanical analogy". This is obtained by 

remembering that while the potential for the generalised anharmonic 

oscillator, defined by equation (2.32), is not bounded below for 

g < 0. (see Figure 10), the transition to imaginary time effectively 

inverts the potential (see discussion at the end of Chapter one) 

and so the instanton corresponds to classically allowed solutions 

for a potential 

V(x) = - a x2 - x2N , g < 0 (2.38) 
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Figure 10. Anharmonic osc i l la to r potential V(x)=Jx +g/2Nx (g<0) 

Figure 11. Inversion of the potential shown in f igure 10: 

V'(x)=, lx2-g/2Nx2N (g<o) 



which is shown in Figure IT. The mechanical analogy then consists 

of interpreting x as a particle position and % as time. In this 

way we can easily recognise a number of solutions to equation 

(2.37). 

The most obvious solution is the t r iv ia l one X^ ( t ) = 0 

corresponding to the particle staying at X = 0 for al1 time. 

However, i f the particle leaves X = 0 i t will move with an oscillatory 

motion, coming back to X = 0 after a time T. I t is these solutions 

that interest us; in particular, we want the solutions with least 

action in order to calculate the leading high order behaviour. 

These solutions correspond to the particle making just one return 

journey away from x = 0. Moreover, since we are interested in the 

T** l imi t , we want the particle to have infinitesimal velocity when 

leaving x = 0 so that i t takes an infinitely long time to get 

back again. Thus in summary we may say that the instantonswith 

least action correspond (in the T** l imit) to particles leaving 

X = 0 at T =-f /2 with infiniteSimally small velocity, reaching 

X = t 2(Nkl) at time % = 0, and arriving back at X = 0 at 

T = T/2. Thus we have to solve equation (2.37) and obtain solutions 

that satisfy 

X(t = ^/2) = X(T = ^/2) = 0, T-Ko 

a(T ="T/2) = X(T = T/2) = 0, T+. (2.39) 

= , X('C = o ) = 0 , 
I f we now integrate equation (2.37) we obtain 

J ( ^ ) = i x'H + E (2.40) 

where E is an integration constant which is just the energy of the 
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particle (in our analogy). The conditions (2.39) te l l us that as 

the instantons approach the E = 0 solutions. Thus in the limit 

T ^ the instantons are solutions of the system 

X(t = - ®) = 0, X(T = 0) = - ^ ) (2.41) 

We may obtain an analytic form for the instantons in this case. 

Writing 

X(T, = i ^ (2.42) 

equations (2.41) reduce to 

. f ^ \ = f * - f * 
(N'l)2 \ d T 

f(T = ± ») = 0, f(T = 0) = 1 (2.43) 

Scaling t by (N-1) we have 

- — ^ = dx (2.44) 
/f2 _ fk 

The substitution f = tank 9 then gives 

f(T) = sech (N-1) (T - T^) (2.45) 

Here is a constant of integration. I t is the "time" at which the 

particle is at X = - ^ 2(N-1) (taken for convenience to be zero 
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1n our ear l ie r discussion). So f i n a l l y equations (2.42) and (2.45) 

give the instanton solutions with least action to be 

^ (N-1) (T-T^)^ 

1 
TTT 

(2.46) 

where the i r action is given by 

H(Xr) = l im 
T-Kco 

T / 2 

-T /2 
dx & *, 2N 

(2.47) 

1 im 
y-xo 

' t / 2 

-T /2 dt 
2N 1 

using equation (2.41) 

g 
17^ r* 

(2.48) 

Looking back at the semiclassical calculation for the zero 

dimensional theory we see that the leading high order behaviour 

was obtained by approximating the "f luctuat ions" about the Instanton 

solutions" to be Gaussian. In th is case th is consists of wr i t ing 

X ( T ) = X c ( T ) + X ( T ) (2.49) 

then H(X) = H(x^) + ^ D ? ! D T , X ( T I ) M F T I . T G ) X (TG) + 0 ( X 3 ) (2.50) 

where M(t^,t2) 
6^ H 

'SX(T^ ) ^ / ( T g ) 

(2.51) 

X=Xc 
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In th is approximation the functional integral (2.36) becomes 

exp - H(%r) 
d[x(T)] exp - {& X M % + 0(%3)} 

d[x(T)] exp - X MpX } 

(2.52) 

where M^fTi.Tg) = Hn 

5 %(Ti) 6 X(Tg) 
(2.53) 

The functional integrals in equation (2.52) are easily performed 

and we f ind 

/ / 1 \ \ 
02.54) 

— 2 

- "("c) + 0 (f^)) 

The expression (2.54), is however i n f i n i t e , due to the fact 

that the operator M given by equation (2.51) has a zero eigenvalue. 

To see th is we have only to d i f fe ren t ia te 

^ = 0 
dt^ ^ ^ 

(2.55) 

with respect to We obtain 

_£ r^c 

dr^ \ dt. 
— + (2N-l)g — = 0 
dto dr. 

(2.56) 

but from equations (2.46) and (2.51) 

M(t^,T^) 
d2 

dx̂  
+ 1 - N(2N-1) 

coshZ (N-1)T 
1 u 

(2.57) 
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and so equation (2.5G) can be writ ten as 

dx 
dT M ( T ' , T ) —^ = 0 (2.58) 

and thus is an eigenfunction of M with zero eigenvalue. Its 

existence is due to the fact that the Hamiltonian for the problem is 

time translation invariant but the solution is not. The explicit 

form for this eigenfunction is found from equation (2.46) to be 

1 

sech(N-l) ( t - t^h tanh (N-1) (t-t^) 

(2.59) 

I t can be seen that the eigenfuction in equation (2.59) has one 

node — when t= t^. This suggests that there exists one eigenfunction 

with a smaller eigenvalue, that is , there exists one bound state with 

a negative eigenvalue. 

The existence of zero eigenvalues of M means that the Gaussian 

approximation used to obtain expression (2.54) from equation (2.52) 

is invalid. For, in one of the integrals, the quadratic term 

vanishes and so higher order terms cannot be neglected. We can get 

around this problem by replacing the troublesome integral by an 

integral over using the method of collective coordinates 

(Zittartz and Langer 1966, Langer 1967, Christ and Lee 1975, 

Gervais and Sakita 1975). To make this idea concrete, let us 

rewrite equation (2.49) as 

% ( ? ) = X ( T ; t ) + I X ^ ( T ; T ) ( 2 . 6 0 ) 
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where are eigenfunctions of the operator M. All 

we have done is chosen a convenient basis in which to expand 
A ^ 

% (TJTQ) , and so the functional measure d [X{T)] goes over to 

J n ds* where J is the Jacobian of the transformation. I f 

the eigenfunctions are orthonormal then J = 1 (see Appendix I ). This 

is one method of obtaining expression (2.54) from equation^(2.52) in 

the Gaussian approximation. The idea of collective 
coordinates is to exclude the eigenfu&tion with zero eigenvalue 

from the sum in equation (2.60). The space of functions is then 

specified by coordinates {a^,% }, where the ti1de is there to 

remind us that the coefficient of the eigenfunction with zero 

eigenvalue is not included. The functional measure now goes over to 

J dzg ^da* where the Jacobian, J, is now given by (see Appendix I ) 

( g S ^ ) ) J = — dT ( 1 + 0 ( g TFT)) (2.61) 

We can now perform the Gaussian integrals on all non-zero modes 

in equation (2.52). We obtain 

"•'o - "(*c) ^ J (l + 0 ( )} (2.62) 

The t i l de again indicates that zero modes have been extracted 

and the(2Trp comes from the fact that there is one more Gaussian 

integral in the denominator than in the numerator. We have remarked 

already that M has one negative eigenvalue. Since all the eigenvalues 

of H are positive, the expression (2.62) must be imaginary. In a 

proper steepest descent calculation the coordinate corresponding 

to the bound state would be integrated into the complex plane, and 

so we would pick up an imaginary part just as in the zero dimensional 

case discussed earlier. In lieu of such a treatment we take the sign 
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of expression (2.62) from the zero dimensional result (2.13). We 

also notice from equation (2.13) that while there are two saddle points 

X = - Xc, each one only contributes half a Gaussian, and so the 

txxw^stateeffectively contributes one Gaussian integral. Bearing 

this in mind equations(2.35) and (2.62) give 

1 im 
T -Hxi Im exp - T (Eo(g) - Eg) _ lim -T (2w) 2 J exp - H(x_) 

C 

det M 
det M (,")) 

dnd expanding the left-hand-side gives 

E^(g;arg g=n) = (2n) ^ J exp - H(X ) l ^ ^ 
C I DET M I 

[ T + 0 ( g ^ ) ( 2 . 6 3 ) 

H(%c) is given by equation (2.48) and the Jacobian can be 

easily found from equations(2.59) and (2.61) to be 

] 
J = f - i gTFnr 

N 
F1 

SO i t only remains to calculate the small oscillations determinant. 

In order to compute this ratio, we define the differential 

operators 

(2.64) 

d2 5(%+l H = - z + — ' , M 
d/Z cosh^x ° dxf 

- Z (2.65) 

Then (Brezin et al . 1977ci) 
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detH _ m + y p r ^ / r ) 

The operators M and are of the form (2.65) (after % has been 

rescaTed) with %= ^/N-1, and so we find 

'' TiU/DVlVT) 
1_ inv i .N /u T . N/.. , , ( f ' D / ) '0 ^fRzryz ir(i+N/N-i + /ir ) ' r ( v r - % . i ) det M„ 

As we expected, we find that det M/ det is formally zero, and 

that the required ratio is given by 

det M = 1 lim 1 ITfl+Zz^jl^j/z}] 

det "o i r ( i + / ? } ! " ( / ? - Nzr^ 

(2.68) 

so that 

det M , I 

det M 

Putting results (2.48), (2.63), (2.64), and (2.69) together gives 

" 9 - ^ ( r ) 

(l+O (2.70) 

This is the required result; when i t is used together with equation 

(2.34) we find that the high order behaviour of is given by the 

result (2.33) of Bender and Wu. Brezin et al (1977a) 
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v/ere the f i rs t to obtain th is result using instanton techniques; 

they also generalised i t to the case of an 0(n) internal symmetry. 

We have discussed this problem in detail because i t has all 

the ingredients found in the analogous calculations in higher 

dimensional field theories (except for the problem of renormalisation) 

Moreover, al l the calculations can be done analytically and therefore 

i t serves as a good introduction to the field theory problem. Of 

course,the high order behaviour of the perturbation expansion in 

quantum mechanical problems of th is sort is an interesting problem 

in i tsel f . Therefore for completeness, we end this chapter with 

a short account of some of the work that has been done on high 

order estimates in quantum mechanics. 

We have already mentioned the pioneering work of Bender and Wu 

(1968, 1969, 1971, 1973) on the anharmonic oscillator. In addition 

Banks et al (1973) and Banks and Bender (1973) have investigated 

coupled anharmonic oscillators. The methods used by these authors 

have now been largely superseded by the techniques discussed in this 

chapter. In addition to the generalised anharmonic oscillator 

with 0(n) symmetry (Bre^in et al 1977a), more general quantum 

mechanical potentials have been investigated using these techniques 

(Bre^in et al 1977b); of especial interest is the case of a potential 

with degenerate minima (Bre^in et al 1977c) where the perturbation 

series is found to be non-Bore1 summable. 

The problem of f inding the asymptotic behaviour of the 

perturbation theory for the energy levels of a periodic potential 

has been investigated by Stone and Reeve (1977). They found from 
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a numerical study and a WKp analysis that for the potential 

V(*) = 6 2(1-cos gx), the perturbation series was not Bore! 

summable. 

Finally, the next to leading term in the high order behaviour 

has been obtained in the case of the anharmonic oscillator by 

Bender and Wu (1971) using the WKB approach and by Collins and 

Soper (197$ who performed a two loop calculation about the instanton 

solution. 
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CHAPTER THREE 

INSTANTONS AND CONFORMAL INVARIANCE IN 4^ 

FIELD THEORY 

The purpose of th is chapter is twofold. In the f i r s t part we 

w i l l discuss the existence and form of instanton solutions to 

f i e l d theories in d dimensions. One of the main points to 

emerge w i l l be the central posit ion which the massless g*N theory 

in d = ^^/N_2 dimensions occupies; i t gives a demarcation l ine 

between the existence and non-existence of instanton solutions. 

This leads on d i rec t l y into the second part of th is chapter, which 

explores the conformal invariance of these theories. I t is the 

presence of th is extra symmetry that allows us to f ind analytic 

expressions for the instantons in th is case, and even perform 

the semiclassical calculat ion analy t ica l ly . 

Instanton solutions to massive f i e l d theory 

The f i r s t theory we w i l l consider in th is chapter has Euclidean 

action 

H ( * ) = j d^ X [ a ( 9 4 ) 2 + a m2*2 + ^ ( 3 . 1 ) 

where N=3,4 The f i e l d equations are 

vz* = m2* + g*N-T (3.2) 

and so to f ind instantons we are faced with solving a non-linear 

par t ia l d i f f e ren t ia l equation. The si tuat ion would be hopeless 

were i t not for the fact that to calculate the high order behaviour 
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we are looking for the instanton solutions with least action. Faced 

with a simi lar problem, Coleman (1977) conjectured, and la ter with 

Glaser and Martin proved (Coleman et al 1978), that for a large 

class of f i e l d theories the instanton solutions with least action 

are spherically symmetric. The theorem of Coleman, Glaser and 

Martin applies to the theory defined by equation (3.1) only when 

d < ^^/N-2 = dc, and so res t r i c t ing ourselves for the moment to 

dimensionalities less than d^ we deduce from equation (3.2) that 

the instantons with least action sat is fy the non-linear ordinary 

d i f f e ren t ia l equation 

B ^ ^ 

In order to understand what type of solution equation (3.3) 

admits, i t is useful to think in terms of the "mechanical analogy" 

again. F i r s t of a l l let us consider the case when N is even. Then 

an examination of equation (3.3) indicates that instantons only 

exist for g<0. The instanton then corresponds to c lass ica l ly allowed 

solutions for a potential 

V[*] = m2*2 - ^ ^ g<o (3.4) 

showmin Figure ll&O.The mechanical analogy now consists of interpret ing 

* as a par t ic le posit ion and r as time (Coleman 1977, Brezin 1977). The 

par t ic le is moving in the potential V(*) given by equation(3.4) subject 

to a viscous damping force -(d-1) 

r j r 
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Figure 12(a). The potential V(*) = - i n f fZ - g/NfW (g<0) where N is even 

v((^) 

igure 12(b|. The potential y(j>l Cg îOl N is odd 



We require solutions of f i n i t e action and therefore we have the 

condition *(») = 0. What has to be shown is that there exists 

a f i n i t e posit ion * (0 ) , where the par t ic le is released, such that 

i t has jus t enough energy to get to # = 0 in an i n f i n i t e time 

( * ( " ) = 0) and come to rest there (^* /dr = 0). One can 

argue using th is physical analogy that such solutions do exist for 

small enough d (Coleman 1977), however, what is not clear is 

whether or not thereexists a c r i t i c a l value of d,dg, such that 

the viscous force becomes so large that the par t ic le can never 

reach *=0. The theorem of Coleman, Glaser and Martin indicates 

that dg must be larger than or equal to /N-1; in fact we w i l l see 

in a moment that we can use a simple argument to show that real 

instanton solutions of equation (3.3) do not exist for d& and 

so dg = 

Now consider the case when N is odd. I f an instanton solut ion, 

exists for g>0, then for g<0, - * is a solut ion. Thus i t i s 

su f f i c ien t to consider the case g<0. The potential given by 

equation (3.4) is then of the form shown in Figure 12(l>).The same 

arguments as above apply; we w i l l see that there are no f i n i t e 

action solutions to equation (3.3) unless d<2N/ _ 

2N / 

We now prove that for d> /1^_2 no real instanton solutions 

of equation (3.2) ex is t , by using a method of proof suggested 

by Derrick (1964) (see also Makhankov (1977)). 

Let *(X) be an instanton solution of equation (3.2) with 

action 
H(*) = d^ X (V* )2 + &m2*2 + ^ 4 ^ ] (3.5) 
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and define * (x) = A X " *(AX) SO that 

2N 

I D " X [ H V ^ ) 2 . I s i 

2N 2N 
= X'd + r f? h(*) + a m* x'd + t f ? , 1 _ 1 *2ddx (3.6) 

Thus 

dh(*a) 

dx x=1 

= ( — - d) H(*) - m2 
N-2 

d̂ x (3.7) 

Now since *^^x) is a solution of _ q for a=1 

we have from equation (3.7) 

( - d) H(o) = 
N-2 

*2d^x (3.8) 

This t e l l s us that real so&utions of (3.5) with H(*)>0 do not exist 

i f d>2N/^_2 and can only exist when d = j f ^2 = 0. This 

proves the assertion that massive (p theory has no real instanton 

solutions for da^^/ 
N-2. 

Summarising the results of th is section we may say that the 

f i e l d theory (3.1) has a c r i t i ca l dimensionality d = For 

d)d^ no instantons ex is t , but for d<dc they do ex is t , and moreover 

those with least action are spherically synmetric and sat isfy 
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+ (d - t ) a = + g<|,n-l 

dr^ r dr 

^ (r^a) = 0, *(r=«) = 0 
dr 

(3.9) 

F inal ly we remark that no analyt ic solutions of equations (3.9) 

have been found for d>l , so the equations have to be investigated 

numerically. The constants and g may be factored out by wr i t ing 

*(%) = . * (mx) and then equation (3.9) becomes 

+ i ± l i & . y, . / ' - I (3.10) 
dr2 r dr 

(r=») = 0, #(r=«) = 0 
dr 

For example in the case N=4, d=3 one finds (Brezin et al 1977a, 

Bre^in 1977, Zinn-Justin 1977). 

h(4 ) = - 22. 
9 

r2*4 ( r )dr = - — (6.015182 . . . ) (3.11) 
9 o c 

where is the instanton solution with least action. 

N 
Instanton solutions to massless * f i e l d theory 

In th is section we consider the massless version of the theory 

we have jus t been discussing: 

H(*) = [d^ X (7*)*+ & / I ;N=3,4. . . . (3.12) 
J N 
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where the f i e l d equations are now 

v2* = gfN-T (212) 

Our f i r s t question i s : for what values of d do instanton solutions 

of equation (3.13) exist? To answer th is question we can proceed 
2 

j us t l i ke in the massive case and define *%(x) = *(xx) where *(x) 

is a solution of equation (3.13). Then 

. 2N 
H(4^) = X R:? H(*) (3.14) 

so that 

0 = dh(fh) i = _ d) h(*) 
x=1 n-2 

(3.15) 

Thus i f H(*) is non-zero we must have d = ^^/N-2. 

This means that there is only a chance of f inding instanton 

solutions to equation (3.13) in d = ^^/N-2 dimensions. 

Unfortunately the theorem of Coleman, Glaser and Martin does 

not apply to the theory defined by equation (3.12). For the moment 

we w i l l make the ansatz that the instantons of least action w i l l be 

spherically symmetric and discuss the proof la ter in the chapter. 

Thus the required solutions sat is fy 

= g^n-l (3.16) 
drZ r dr 

This equation is well known in the l i t e ra tu re ; i t is called the 

Emden-Fowler equation (see Wong (1975) for a review and complete 

1ist of references). I t has a number of interest ing properties, 
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one of which is that the action integral 

I = / dr (3.17) 

can be integrated exactly for any solution of equation (3.16) (Emden 

1907, Milne 1927). To show th is i t is convenient to eliminate g 

from equation (3.16) by defining a new function #(r) by 

* ( r ) = • % ] (3.18) 

so that equation (3.16) becomes 

d_ (pd-l d4 ) =._rd-l *N-1 

dr dr 
(3.19) 

Integrating by parts and use of equation (3.19) gives the following 

resul ts : 

rd-t d r = 
.d-1 

dr 

00 ,-co 

+ 
0 

" / - I ( A ) 2 dr 
dr 

(3.20) 

o r 
(rd-t dr = 

d-2 
/ A 

dr d-2 

N-1 

d̂ d^ ^ dr 

dr 

/ dr = 1 
dr 

dr 

(3.21) 

(3.22) 

and combining equations (3.20) - (3.22) gives 

/ dr - - N W a . 
2N-d(N-2) 

* A + _ l_ / A 2 + - i — / / 
dr d-2 dr N(d-2) 

(3.23) 
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Thus we need only to know the behaviour of the solutions of the 

Emden-Fowler equation at the end-points in order to determine the i r 

action. Unfortunately we see that equation (3.23) becomes singular 

when 2N = d(N-2), that is d = d . For d / d an analysis of the 

asymptotic behaviour of the solutions of (3.19) w i l l show that 

there are no solutions with f i n i t e action. For d = d we see that 

we may obtain f i n i t e action solutions i f the bracketed expression 

on the right-hand side of equation (3.23) is zero. Rather than 

f inding solutions for which th is quantity vanishes, we w i l l proceed 

in a more straightforward fashion and analyse equation (3.19) 

d i rec t l y in the case d = d^. 

To do th is we make the change of variable x = &nr in equation 

(3.19) and define a new function ^ = g^x/w-a 

The d i f f e ren t ia l equation then becomes 

^ ^ (d . 2n/n.2) + i (4/(n-2)2 - 2(d-2)/{n.2)) = - / " l (3-2*) 
dx^ dx 

Thus in the part icular case d = d^ = ^^/N-2 equation (3.24) reduces 

to 

— = - J — ^ (3.25) 
dx^ (N-2)2 

Integrating equation (3.25) once gives 

= — - — 5^ - — + C (3.26) 
(n-2)t ^ n 

Now i f the integral (3.17) is to be f i n i t e then for large r , * ( r ) ~ r * 
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where a > dŷ  = /n-2 for d = d^. Thus since £=r^/n-2 ^ we have 

^ 0 as r-+« ie . as x + * . Similarly d | / j ^ -»• 0 as x -> ». This 

determines the integration constant in equation (3.26) to be zero. 

The d i f fe ren t ia l equation now has exactly the same form as equation 

(2,41), and i t can be solved in the same way. We f ind that 

= 

- 1 
2N N-2 f (x ) 

_(N-2)2 •1 

2. 
N-2 (3.27) 

where 

and so 

d f \ 2 

i ( x ) = 

= f2 - f4 

2H 

(N-2)2 

1 2 
t f ? _ 

[sech (x-a) j 

Writing th is in terms of * ( r ) with \=e~^ we obtain 

* ( r ) = 2N 
1 2x 2 

7F? 
jN-2)2 1+ x^rZ 

(3.28) 

(3.29) 

These are f i n i t e action solutions of equation (3.19) in which the 

instanton is centred at the or ig in. The most general solution w i l l 

be when the instanton is situated at an arbitary point in space, 

x=Xo. Thus the required solutions are (using equation (3.18)) 

^ j . ( X ; X Q , X ) = 
- 8N 

1 
X 

2 

g(N-2)2 1 + X2 (x-Xo)2 
(3.30) 

We have not seperated the two cases N even and n odd in the above 

discussion. The only difference is that for n odd the real solution 
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(3.30) exists for a l l real g, whereas when N is even i t only exists 

for g < 9, but now i t has a partner ^ . 

The solutions given by equation (3.30), called Emden solutions, 

contain not (as might be expected) d arbi t rary constants, but d+1. 

The extra degree of freedom corresponds to the di latat ional invariance 

of the theory (3.12). In fac t , massless theories in d = ^^/n-2 

dimensions are invariant under a s t i l l larger group — the conformal 

group. We wi11 see in the rest of the chapter that i f th is extra 

symmetry is made manifest, then the study of instantons in these 

theories is s impl i f ied. 

Conformal Invariance 

In this section we w i l l study the conformal invariance of the 

theory (3.12) in d = ^^/n-2 dimensions. The conformal group is the 

group of coordinate transformations that leave invariant the form 

ds^ = gyv dx^ dx^ = 0 (3.31) 

where y,v = 0,1, . . . , d^-1 and g = diag (1, -1, -1, . . . , -1) . I t consists 

of the usual Poincare transformations 

L : Xy = A„^Xv 
^ (3.32) 

T : Xy = Xy + ay 

plus d i la ta t ions, D, and special conformal transformations, C, 

(3.33) 
c : = %*+ aUiX^ 

1 + 2a 
V 

These transformations form a group which is a | (d +l)(dc+2) parameter 
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Lie group. The generators of the group form a Lie algebra with 

commutation re lat ions (Wess 1960, Fubini 1976). 

= 0 

[px.Mpv j = i (gwA Pv - gvX Py) 

= iPw 

j P p j K ^ j = 21 (gyv D - Myv) 
(3.34) 

[Myv,MapJ = i (gypMvo + gva Myp + gya Mpa, + gvp ) 

[ i i y v , dJ = 0 

[Myv.K^ ] = - i (gyX Kv - gvAKy) 

|p,Ky] = iKy 

î ky , kvj = 0 

The scalar f i e l ds transform in the fol lowing way (Fubini 1976): 

[Pw,*(x)] = - i M x l 
3Xy 

[Myv,*(x)] = - i (x^ — - XV — ) * (x) (3.35) 
3Xv 3Xy 

rD,(j)(x)l = - i (Xy — ^ -1) (j)(x) 
3Xy 

[K^ , * (x ) j = - i ( - x 2 - i - + 2xy (xv - ^ + ^ -1) ) * (x) 
3Xy 3XV 

We may wr i te the commutation relat ions in a more compact form 

i f we introduce L^g = -Lg^ i A,B = 0,1 dg - l , dg+l, d^+Z defined 

by 
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~ '"Md^+l ^ y=0,1,2, . . . jCIq-I (3.36) 

Myv = Lyv 

° = <̂1.41 j.+% 

then equations (3.34) reduce to 

[^ab, leo] = ifsgc ^ad + 9^0 ^bc " ^bd âc " saclao) (3.37) 

where g = diag ( 1 , - 1 , - 1 , . . . , - 1 , - 1 , 1 ) . Thus we see that 

the conformal group is isomorphic to the non-compact group 

s o ( d , > l ) . 

The fact that the f i e l d theory is invariant under th is larger 

group is not immediately obvious. To make the conformal invariance 

of the theory manifest, Dirac (1936) suggested that the f i e l d theory 

in Minkowski space should be replaced by an equivalent f i e l d theory 

over a six dimensional space ( in the case d^=4), 

xy = /c = + n . , n* = 0 (3.38) 
5 6 

with new f ie lds J defined by 

i = /c ' l * (3.39) 

The group of (pseudo) rotations on n is then isomorphic 

to the conformal group of transformations on x (Boulware et al 1970). 

The advantage of th is scheme is c lear; we can now work with l inear 

representations of the conformal group and not with the nonlinear 

transformations on x. The analogous expressions to (3.38) and 

(3.39) for general d^ are 
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^ 9AB n n = 0 

where A,B = 0 ,T , . . . ,dg- l ,d^+T, &nd g = diag ( 1 , - 1 , - 1 , . . . , - 1 , 1 ) , 

The same structure is found i f we begin from the Euclidean 

version of the theory, the only difference being that the conformal 

group is now isomorphic to 50(4^+1,1). In th is case l e t us wr i te 

(3.40) in the form 

^ = 1 ,2 , . . . ,d2 
(3.41) 

with ) a ,b= l ,2 , . . . ,dc+ l 

This suggests that we view the d^+l coordinates {n^, ^ } as 

constrained to l i e on spheres of arb i t rary radius. In th is 

picture elements of the conformal group map d +1 - dimensional 

spheres into d +1 - dimensional spheres^. 

Thus one way of making the conformal invariance of theories 

in d dimensions manifest i s to work with the theory defined on the 

d +1 - dimensional hypersphere. In the next section we,wil l therefore 

study massless f i e l d theories in spherical space. 

Field Theory on the d+1 - dimensional Hypersphere 

The advantages of studying conformally invariant f i e l d theories 

in spherical space were f i r s t exploited by Adler(1972,1973). He 

studied massless quantum electrodynamics on the five-dimensional 

t By a "d^+1 - dimensional sphere" we mean a sphere with a d 
dimensional surface imbedded in a d^+l - dimensional Euclidean 
space. 
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hypersphere. The case of scalar f i e l d theories has been investigated 

by Drummond (1975) and also by Fubini (1976) who studied the 

conformal properties of the instanton solut ion given by equation 

(3.30). Jackiw and Rebbi (19761)have studied SU(2) Yang-Mills 

theory using th i s "0(d+l) formalism" in order to study the conformal 

properties of the instanton solut ion of Belavin et al (1975). 

In order to arr ive at the spherical formulationof thetheory, 

d - dimensional f l a t space is sterographical ly projected onto the 

d+1 - dimensional hypersphere. F lat space is thought of as the 

equatorial plane of the sphere (see Figure 13), and the project ion 

associates a point P of the plane to a unique point p' (other than 

the north pole, N) of the sphere and conversely. 

Let X , b e coordinates of P in f l a t space and 

T i l . . . , ^c!+l coordinates of P' on the sphere = R^. Then from 

Figure 13. we see that by s imi lar t r iangles 

OM . 2 1 . . . . . . " i (3-42) 

op x , x ; x j 

and qUo 

OP ON 

KP' KN R-nd+i 

and since KP' = OM equations (3.42)and (3.43) give 

(3.43) 

R-nj+r = = . . . = M (3,44) 
R X i X j 
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Figure 13. Sterographic projection of f l a t space onto spherical space. 



and thus 

2xu R(x*/R2-l) 
nw = , na+i = ; w= l ,2 , . . . ,d (3.45) 

1+x2/r2 x2/p2 + | 

Equation (3.45) is a concrete real isat ion of equation (3.41). 

We shal1 now state a number of results we need in order to 

study the spherical form of the f i e l d theory (Adler 1972, 1973, Drummond 

1975). 

(1) I f dn is the surface element of the d+1 dimensional hypersphere 

then 

(3.46) 

where 

^ = 7 - 7 — (3.47) 
| t x 2 / r 2 

(2) The spherical operator corresponding to 7% is Vg where 

Vg* = /k (3.48) 

and 

$ = (3.49) 

(3) Vq may be wr i t ten down in terms of the square of the angular 

momentum operator in d+1 dimensions: 

= - l * - d/g (<4k - l ) /r2 (3.50) 

where 

Loh =-t(na — - n. — 1 ; a,b = 1,2, . . . ,d+1 (3.51) 
3nb ana' 

These results enable us to investigate instantons in massless 

<f>'̂  theory on the d +1 - dimensional hypersphere. 

The spherical form of the action (3.12) is 
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H(*) = dn & $ (-vg) $ + N=3,4,. (3.52) 

and thus the f i e l d equations are 

= g$ N-1 
(3.53) 

or using equation (3.50) 

l2$ + d/2 (d /2- l ) * = -g r * * 
N-1 

(3.54) 

The simplest ansatz we can make in looking for solutions of equation 

(3.54) is to look for 0(d+l) invariant solutions: L^$"0. We w i l l 

now prove that such solutions are the solutions with least action. 

We shall need the resul t 

dn [$*L2$] > 0 (3.55) 

with equality only when $ = constant. This follows from the fact 

that is posit ive de f in i te . For an exp l i c i t demonstration we may 

use the completeness of the spherical harmonics to wri te 

uo6 (®1 ®d-l'*) (3.56) 

and so 

dnf$*L2$l = % |C, .|2 L(L+d-l) 

(using Result 1 Appendix I I ) which proves (3.55). 

(3.57) 

Using the equation of motion (3.53) the action of an instanton, 

$ , is given by 

H($ ) = & 2 1 
^ 2N 

do $c(-vo)$c (3.58) 
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and so using equation (3.50) 

H($ ) = R<L-2 i l i z i l 
2N 

do { $cL2$c + A ( & -1 ) $2 } (3.59) 

The R dependence of is easi ly found from equation (3.54) and 

then we may wri te $ (n ) in the form 

(3.60) 

where we w i l l leave A to be an arb i t rary constant but choose f to 

be normalised by 

df2 (®> • • • 4") ~ 1 

Then by equation (3.57) 

(3.61) 

H($c) > R 
dc-2 i m l 

2N 
- t ) 

2 2 
dn $2 (n) 

c 

= A 2 _T ) 

2N 2 2 
(3.62) 

by equations (3.60) and (3.61). The right-hand-side of equation (3.62) 

is exactly the action for the constant solution $ = AR^^^^*^and 

moreover equali ty is only achieved in equation (3.62) for the constant 

solut ion. Thus, for f ixed R, the solution with minimum action is the 

constant solution. 

I f we now look for real solutions of equation (3.54) of the form 

* = AR ^ where A is a constant, we f ind 

*c = 0' *c 
-2N 

g(n-2)2r2 

1 
i?:? 

(3.63) 
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Notice that the R factor in the non- t r iv ia l solution means that i t 

depends on the radius of the spherical space and so is not conformally 

invar iant. 

Using equations (3.47) and (3.49) we f ind that the solutions 

corresponding to (3.63) in f l a t space are 

in+1 
*c = *c (±)' 

-8N 
1 

^/R 

_ g ( N - 2 ) \ _l+*2/R2 

2 

(3.64) 

Therefore the f l a t space instanton solutions previously obtained 

go over to constant solutions in the spherical case. Since H(*) = 

H($) we have proved that indeed the instanton solutions (3.30) are 

those with minimum action. 

I t is amusing to note that we can prove th is d i rec t ly in 

Euclidean space i f we assume that the instanton solution is seperable: 

(j) (x) = f ( r )g (G i ®d-2*t) (3.65) 

where g(%,*) i s chosen so that 

dn g2(# *) = dn 

Then from equations (3.12) and (3.13) we obtain 

h(4r) ~ 
N-2 

2N 
d x̂ [*c(-7*)+c] 

(3.66) 

N-2 

2N 

' j d ; (gZf ( _ d2_ _ j d - l } d_ ) f + f l gL2g}(3.67) 
dr^ r dr 

where we have used equation (A2.8). I f we now use equation (3,55) we 

have 
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H(*c) > H(f) (3.68) 

with equality only when g is a constant (provided that the integral 

CO 

r " * f2 ( r )d r is f i n i t e ) . 

0 

The fact that the instanton solutions with minimum action are 

constant in spherical space causes great s impl i f icat ions when 

calculating f luctuat ions about the instanton. As an example of th is 

s impl i f icat ion we wi11 f ind an exp l i c i t form for the small osc i l la t ions 

determinant using the spherical formalism (Lipatov 1977b). 

In Chapter 2 we saw that Gaussian f luctuat ions about instanton 

solutions produce a factor 

detM 

det^^ 

where M(x,x') 

and MQ(x,x') = 

6*(x) 5*(x ' ) 

5#(x) 66(x') !)=0 

(3.69) 

(3.70) 

(3.71) 

In the case of the theory (3.12) with instanton solutions given by 

equation (3.30) these operators have the form 

M(x,x') _v2 4y(*+i)x2 

(1+x2(x-XQ)2)2 
6 (x-x ' ) (3.72) 

and 

ML(x,x') = -9% 6^^x-x') (3.73) 

where = ^c/^ = Ny^_2t. In order to calculate the factor (3.69) 

t We w i l l study M and M in d dimensions since la ter we w i l l want 
to work in d=d(.-e dimensions in order to regulate the theory. 
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an attempt might be made to calculate the eigenvalues and phase 

sh i f ts of the operators (3.72) and(3.73). However, the general 

eigenfunctions of M are not known analy t ica l ly and so expression 

(3.69) cannot be found by th is d i rect method. This problem is avoided by 

exploi t ing the 0(d+l) invariance of the quadratic form. After t ranslat ing 

X by X and rescaling by A we have that 

M = M - (3.74) 
° (l+x2)2 

and so defining 

V . + 5(?+l) (3.75) 

equations (3.48), (3.49) and (3.74) give 

$ = - / c * 

, —i-JIo 
V$ = — M (j) 

/ 
where $ = /C * 

(3.76) 

and thus 

d^x * m 

and 

jd^x * mq * = 

dn$ V 0 

dn$ vq $ 

(3.77) 

The invariance of the quadratic form indicated in equations 

(3.77) means that 

det M _ det V 

det M det 

This solves the problem, because al1 the eigenfunctions and 

eigenvalues of V and Vq are known analy t ica l ly . To 
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construct them we only need to recall that (equations (3.50), (3.75)) 

% - I ( | - 1) (3.79) 

m i V = -L2 - I ( | - 1) • + 1) 
^ 2 2 

= -L2 - ( j i + - 1) (3.80) 
Z 2 2 2 

Thus the eigenfunctions of V and Vq are the spherical harmonics 

in d+1 dimensions. The properties of these functions are derived 

in Appendix I I . We f ind that the eigenvalues of in d+1 dimensions 

are L(L+d-l) L = 0 , 1 , 2 , . . . , with degeneracy 

V,(d+1^ = i r (L+d- l ) (2L+d-l) 
r (d )r (L+l) (3.81) 

Therefore from equations (3.78) - (3.81) we f ind 

^ ) = exp v , (d+ l ) ( r 
det Mo / L=0 L A/ l 

L+&d+&dc) (L+|d-|dp-l) 

(L+id) (L+&d-l) 

(3.82) 

This is the required resul t . Let us suppose for the moment 

that we did not use the spherical formalism to obtain th is result 

but used other methods ( ' t Hooft 1976b,Brezin et al 1977a). Then 

we have a sum over n and i (z is the d dimensional analogue of L 

and n = 0 , 1 , 2 , . . . ; the principal quantum number , n = n+A, goes 

over to L). Now for a given function f we have 
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I V (d+1) f (L) 
L=0 '• 

= I 
&+n 
I Vm(d) f(A+n) f 

A+n=0 m=0 

= I V (d) % f(n+&) 
&=0 n=0 

and so 

det 

equation (3.82) can be wri t ten in the equivalent form 

-h 

det M 
= exp -& { % vYd) 

A,n=0 

(n+A+)d+&dp) (n+£+|d-|d(^-l ^ 

(n+£+|d) (n+A+%d-l) 

(3.83) 

The sum over n can now be performed and the result 

det M 

det M_ 
= exp-i { % V (d) 

£=0 

r (a+)d)7(a+)d-n 

fx^+ld+ld^.) 'p(£+|d-|dr-l) 
} 

(3.84) 
is the form obtained by Brezin et al (1977a). 

I t might now appear that the problem of determining the high order beha-

viour perturbation theory for f i e l d theory in d=2N/N-2 dimensions 

is straightfoward; the instantons are known (equation (3.30)), and so 

is the small osc i l la t ions determinant (equation (3.82)). However, 

th is ra t io of determinants is jus t the one loop correction to the 

classical resul t and thus contains the usual u l t rav io le t divergences 

we f ind in f i e l d theories. In order to give the calculation any 

meaning we have to work with a suitably regularised theory. Both 

Lipatov (1977a,b) and Brezin et al (1977a) used Paul i -V i l lars 

t We have used v^(d+l) = ^ v^^d) (see Appendix I I ) 
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regulators whereas we w i l l use dimensional regularisation ( ' t Hooft 

and Veltman 1972, Be l l in i and Giambiagi 1972). The method w i l l 

be discussed in some detai l for (j)** theory in 4-e dimensions in the 

next chapter and then also applied to in 6-e in chapter f i ve 

and (N>4) in d^-& (d^=^^/N-2) in chapter s ix . 
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CHAPTER FOUR 

ASYMPTOTIC BEHAVIOUR OF THE PERTURBATION EXPANSION 

FOR FIELD THEORIES IN 4-G DIMENSIONS 

The investigation of instanton effects in f i e l d theories gets 

increasingly more complicated for higher dimensional systems. F i r s t l y , 

one has to f ind solutions to f i e l d equations which are non-linear 

par t ia l d i f f e ren t ia l equations and th is cannot usually be done 

ana ly t ica l ly . As we have already remarked, massless f i e l d theory 

2N / 

in d = /N-2 dimensions is an exception. Secondly, r igo reus results 

concerning, say, the analytic properties of Green's functions in the 

coupling constant are ei ther t o t a l l y absent or rather weak. Thi rd ly , 

one has the added problem of renormalisation. For instance, there 

are indications that the semiclassical approximation f a i l s to pick 

out extra s ingular i t ies in the Borel transform when the theory is 
N 

jus t renormalisable. Since the dimension in which * theories are 

jus t renormalisable are the ones in which they are conformally 

invar iant , we f ind ourselves in the unfortunate posit ion that the 

semiclassical approximation may be inadequate in the only dimension 

(greater than one) in which instanton calculations can be done 

ana ly t ica l ly . 

In th is chapter we w i l l temporarily ignore these d i f f i c u l t i e s 

(they are discussed in Chapter seven) and calculate the high order behaviour 

of perturbation theory for near four dimensions using the semiclassical 

approximation. We begin by j us t i f y i ng the use of the four dimensional 

instanton in d = 4-e dimensions. 
Instantons and Dimensional Regularisation 

We are interested in calculat ing the imaginary part of the 
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Euclidean Green's functions 

x2m) 
D* o f x ^ ) . . . exp - H (*) 

(4.1) 
D* exp - H (*) 

which develops due to tunnel l ing out of the metastabTe ground state. 

The Euclidean act ion, H(* ) , i s given by 

h(*) = j d^x + 9/4 (4.2) 

where d=4-G, e>0. The imaginary part is determined by instanton 

solutions to the classical f i e l d equations found from equation (4.2) . 

In Chapter three we saw such solutions exist when d=4 and in 

part icular we obtained the analyt ic form (equation (3.30)) 

* - - (4.3) 

where 

.(x;xo»x) - / I ? a 
"9 l+x2(x_xq)2 

(4.4) 

The parameters x^ and x characterise the posit ion and scale size of 

the instanton 4^, and are associated with the translat ion and d i la ta t ion 

invariance of H. 

In order to regularise the ul tra-vidk*divergences of the 

theory we work in 4-E dimensions, but we w i l l s t i l l expand H(*) 

about 4= where is given by equation (4.4). 

Thus wr i t ing * = + * we have 

H(*) = H(*^J + ) 

- /-8g d X 
1+x2(x.xq)2 

e 
/ -g 

+ a 

d x̂ 
(l+%:(x-xo)2)2 

d^x +4 (4.5) 
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where M(x,x') = 
6*(x)5*(x ' ) 

24x2 

*=*c 

= -?2 - a^^x-x') (4.6) 
(1+x2(x-x0)2)2 

(see also equation (3.72)). We notice that there is a term l inear 

in because is not a solution to the f i e l d equation in 

4-E dimensions (efO). Normally i f one has a term l inear in the f i e l d 

in the Hamiltonian, the functional integral must be brought into a 

proper Gaussian form by translat ing the f i e l d to eliminate the 

l inear term. This is equivalent in our case to solving the non-linear 

equation (3.13) in the case N=4 exactly. However in our part icular 

case, the l inear term in equation (4.5) can be handled perturbat ively. 

We w i l l look into the consequences of the existence of a l inear 

term l a te r ; we w i l l now say a few words concerning the handling of 

col lect ive coordinates in such a s i tuat ion. 

In exactly four dimensions we would expect the operator M, 

given by equation (4.6) , to have f ive eigenfunctions with zero 

eigenvalues. These zero modes come about because the instanton 

solution (4.4) breaks the translat ion and d i la ta t ion invariance of 

the theory. The eigenfunctions are given by 

and 

^ (4.8) 
3*0^ ^ -g (1+x2(x-xo)*)2 
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In 4-e dimensions these are no longer eigenfunctions of M with 

zero eigenvalue. We w i l l refer to them as "zero modes" - the 

inverted commas signi fy ing that they are only true zero modes in 

exact lyfour dimensions. 

To deal with the problems posed by these "zero modes" we 

introduce col lect ive coordinates as described in Chapter two. 

We keep d i la ta t ion as a col lect ive coordinate in d dimensions 

as well as t ranslat ions, thus we have d+1 col lect ive coordinates. 

In th is way we ensure that M has no eigenvalues of order e, and 

so the propagator in the presence of an instanton has no divergences 

which are generated by the "zero modes". As we w i l l see la ter 

th is is v i t a l i f we are to handle the l inear term in equation 

(4.5) perturbat ively. 

We now fol low an analogous procedure to that outl ined in 

chapter two in order to introduce the col lect ive coordinates. We 

wri te 

+(x) = *c(x;xQ,X) + % â  (4.9) 
n 

where the t i l d e indicates that the sum is not taken over the 

"zero modes". We regard {a^,x ,x} as new variables replacing 

*(x) and {* } to be normalised eigenfunctions of M corresponding to 

the non-zero modes. The functional measure D* is then replaced 

by dxd^x^ % da_, where is the Jacobian of the transformation 
° n n 

(the superscript M refers to i t s association with the d i f f e ren t ia l 

operator M). 

I f we now dominate the functional integral in equation (4.1) 

by the instanton * we obtain to lowest order 
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*2M) " dA d Xg exp-H(* ) 

1 exp- ( I - 4 / / - g f A x '»„ / ( l+x2(x-x„)2)2+ 0{a3)} 

da^ exp - { ) + 0(a„3) ) 

(4;10) 

where {E^} and {E^^} are the eigenvalues of M and M (see equation 

(3.73)] respectively. We have expanded only the numerator of equation 

(4.1) about , because the imaginary part from the denominator 

turns out to be higher order in g and can be neglected at th is order. 

Performing the Gaussian integrals leads to 

: ( 2 M ) , ,d.. 
G ( X j 5 . . . j xzw) dA d Xq J ^g(xi) . . . <i> (̂X2 )̂ exp - H($^) 

x cj (a.)" ^ (1+o(cio)) (4.11) 
l^det Kj 

where the t i l d e again indicates that the zero modes have been extracted 
_ d+1 

and the factor (2n) " 2 " comes from the fact that there are d+1 more 

Gaussian integrals in the denominator than in the numerator. The 

factor Ci represents the ef fect of the l inear term and w i l l be invest i -

gated la ter in th is chapter. 

Just as for the case of the generalised anharmonic osc i l la to r 

discussed in Chapter two, the determinant factor is pure imaginary 

(a glance at equation (3.82) w i l l show t h i s ) , so once again we have 

to f a l l back on the i n tu i t i on we obtained from studying the zero 

dimensional f i e l d theory to obtain the sign of We may 

then wri te equation (4.11) as 
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dx d^xg *^(xi) . . . ocfx^m) 

(arg g = T T ) 

d+1 ixm* % 
X exp - H(4L) C. (2 , ) - " r 

det M. 
(1+0(E,9)) (4.12) 

We again note that the two saddle points(^= + (|)g contribute half a 

Gaussian integral and so the bound state mode e f fec t ive ly contributes 

a f u l l Gaussian in tegra l . 

In order to obtain the imaginary part of the vertex function 

we take the Fourier transform of equation (4.12) and amputate 

the external legs. We then have (removing a factor (2n)^6(%q;)) 

dbt Mo 
= - fcn j " exp - H(»^) Cj (2 , ) - - r " 

( " 3 3 = " ) 

2m 
x n' [d^xi ( * t ) [)+0(:.9) 

- i 

(4.13) 

This is the main resul t of th is section. I t gives the imaginary 

part of the vertex funct ion, generated by tunnell ing out of the 

metastable ground state *=0 (with g<0), in the one loop approximation. 

Use of the Spherical Formalismt 

At the end of the last chapter we gave an example of the use 

of the spherical or "0(d+l)" formalism. This consisted in showing that 

t The 0 ( l ^ formalism has been used extensively in instanton calculations 
in Yang-Mills theories. See for instance Belavin and Polyakov 
(1977), Chadda et al (1977) and Ore (1977a,b,c). 

71 



the ra t io gquai to det V/ j^^ whepg % a^d 

V^ had eigenvalues which could be easi ly calculated. In this,way 
det M/ _ . ^ , 

det Mo was fouhd to be given by equation (3.82). However, 

we see from equation (4.13) that i t i s det M/det Mo that we 

require, and th is w i l l not in general, be equal to det V, 
/det Vg. 

In fac t . 

det % 

det M. 
det V 

det V. 
(4.14) 

where (w=1,. . . ,d) and E^\ E^ (w=1,.. . ,d) are the regularised 

eigenvalues of M and V respectively corresponding to the d i la ta t ion 

and translat ion eigenfunctions. 

From the discussion at the end of the last chapter we see that 

we can calculate everything on the right-hand-side of equation 

(4.14) except E^ and E^l These can, however, be calculated to lowest 

order in e in straightforward perturbation theory: 

_M +x(x) [Mj -Mj +t(x) 
-x 3 

d X (x) * (x) 
(4.15) 

and 

_M 
jd^x *^(x) [mj-m*] *y(x) 

d x +^(x) *^(x) 
(4.16) 

and thus the left-hand-side of equation (4.14) can be found to lowest 

in e. 

We w i l l now indicate a more instruct ive way of dealing with 
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the above problem. Suppose that the true eigenfunctions of M and 

V in d dimensions are denoted by and respectively. Then 

-m 
M*n = En ^n (4.17) 

vy* = e% (4,18) 

and m part icular E% and E^^are of order c. We can now 

proceed as in chapter three and write V? = where 

y n = I * then follows that 

V 4A=En 

(1+x2(x-xq)2)2 

From equations (4.17) and (4.19) we deduce that 

- V 
es . k " ^ i""" fnt") | , t>4x-xnhl^ '>nfi 

^n jd^x *n(x) *n(x) jd^x **(x) M *A(x) 

(4.20) 

The eigenfunctions are not known ( i f they were we could have 

calculated d i rect ly) and so equation (4.20) does not 

appear to be very useful. However l e t us now imagine doing perturbation 

theory in e: 

mj = + g 

*n = + 0(e2) (4.21) 

*n = + e*n^)'+ o(g^) 

From equations (4.17) - (4.19) we see that for the "zero modes", 
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^ in d=4 and thus d) 

Thus 
d^x (x) M (x) 

jd^x (x) M (x) 

= l + 0 ( e ) (4.22) 

and s imi lar ly in the case of the translat ion eigenfunctions. 

to lowest order we have from equation (4.20) 

So 

f d 4x2 
A . r ' (x-xn,2)2 *x(x) 

jd^x (x) », (x) 

i i 
e)f 

and 

i jd^x (x) 
4x2 

(1+x2 (x-xn)z)2 
(j^x) 

jd^x (x) (x) 

(4.23) 

(4.24) 

since in d = 4. 

I f we calculate the norm of thedj la ts t ioneigenfunct ion appearing 

in the denominator of equation (4.24) we f ind that i t i s logari thmical ly 

divergent in four dimensions. This indicates the presence of another 

factor which w i l l cancel o f f th is spurious infrared divergence. The 

factor comes from the Jacobian, which i s given by ( for a derivation 

see Appendix I ) 

im { j .d^x (x) 4^ (x) [J, d X (x) (x) 

Thus from equations (4.23) -(4.25) we have 

* }* (1+0(e,g)) 

(4.25) 

74 



eS! 

a 

where 

/ . ( d^x (x) *** 

(4.26) 

(1+12 (x-xo)2)2 
4\(x) 3 jd^x (x) 

4x2 

(1+ x2(x-xn)2)2 % 
* „ (x) d }& (1+0(E ,g)) (4.27) 

We use the superscript V because i f we define f ie lds on the d+T 

dimensional hypersphere by 

wherejK=2(l+%2x2)"*then by equation (3.46) 

(4.28) 

= { dn$ (n) $. (n) dn$^ (n) $^^n) d }& (1+0(e,g)) 

(4.29) 

Thus is the spherical analogue of given by equation 

(4.25). 

In summary we may say that the combination of the Jacobian 

and the determinant factors without the zero modes remainginvariant 

(to the lowest order) under the transformation from f l a t space to 

spherical space, that i s . 

__ j V / ^ d e t l , \ - i ( I r t ( e .g ) ) 
det M_ det V. 

(4.30) 

We may now wr i te equation (4.13) in a form which is better suited 

for calculational purposes: 
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d+T 

ct(2ir) ^ |det ^ 
(*^3S=TT) det V^ 

2m 
X *c (x i ) 0+O(£.9)' 

(4.31) 

Final ly we comment that Ĉ  can also be calculated in the 

spherical formalism. We need the spherical analogue of equation 

(4.5) for th is purpose. This is obtained (a f ter t ranslat ing x 

by Xq and rescaling by x) by defining new f ie lds * in the usual 

way (see chapter three). We f ind 

H(*) = H($c) + & jdn$(fV)3 - jdoATl+s/Z ; 

- / ' -2g jdn*lg/2 $3 + i jdoafc (4.32) 

The Contribution from the Linear Term 

In the expression (4.31) for one loop approximation to 

IwT^ZM) ^ a l l the quanti t ies appearing are wQll defined except C^. 

We now turn our attent ion to the specif icat ion o f C, which arises 

from the presence of a l inear term in the Hamiltonian (4.5) or 

equivalentTy (4.32). This term is e f fec t ive ly a "source term" 

of order e which we w i l l t reat perturbat ively. Since our ult imate 

aim is to calculate the leading high order behaviour of vertex 

functions we may neglect 0(g) contributions generated by the 

source term, since these give 0(K"T) corrections to the leading 

Rth order asymptotic behaviour (see chapter two). Thus, since 

an L loop graph gives L-1 powers of g, i t i s su f f i c ien t to 
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res t r i c t ourselves to tree diagrams and one loop graphs. Further, 

tree diagrams and one loop graphs with M "source terms" give 

contributions and Ofe* ^) respect1ve1y(with the "zero modes" 

extracted). Thus to th is order we need only calculate the divergent 

part of one loop diagrams with one source term. There is only 

one such diagram - i t is shown in Figure 14. 

Since 1ines in th is diagram represent the propagator in the 

presence of an instanton, i t is much simpler to use the Hamiltonian 

on the sphere, expression (4.32), where the propagator can be wri t ten 

exp l i c i t l y in terms of the spherical harmonics (n) in d+1 

dimensions 

r V . n ' ) = - I . ^,.33, 
l x (l+ld +2) ( l+y -3 ) 

Where the t i l d e means L=l is excluded. The diagram in Figure 14 

gives a contribution 

g 

= 6e 

3 ( - / n i ) ( _ / ^ ) fdn^ do, &-1+S/2 v-1 ATE/Z V-T (nz.nz) 
q J 1 

dOi dOg/k^T V-T (m.nz) (02.02) ( l +O fe ) ) (4.34) 

The factor is then jus t the exponential of expression (4.34). 

In the last section we discussed how the combination of 

Jacobian and determinant factor is independent of the method of 

performing the calculat ion, that i s , independent of whether we 

work in f l a t space or on the sphere. Therefore we expect that the 

same value for th is graph should be obtalmable d i rec t ly from 

the Hamiltonian (4.5) in f l a t space rather than equation (4.32) 

on the sphere. The expression corresponding to (4.34) i s (to 
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X-

Figure 14. The only graph involving the l inear term which contributes 
at th is order in and 4^ theories. 



simpl i fy we translate by and rescale by x) 

48e [ A - A r ' (x,y) —! r ' ' (y,y) (4.35) 
j (1+x2}2 (uy2) 

We w i l l discuss the evaluation of the integrals (4.34) and (4.35) 

in the next section. 

Calculation of the Imaginary Part of the Vertex Functions 

In th is section we w i l l calculate the various factors appeaMi^ 

in equation (4.31), and so f ind at the one-loop level . 

The classical action H(* ) and the Jacobian factor are 

easi ly calculated. The classical action i s found to be 

h(+f ĉ 
) = _ 8*2 [l_&s(2+jL*+;()+ 0(E2)1 (4.36) 

Q 3 -i 

where Y=0'577 215 . . . is Eulers constant. We have to evaluate 

H(4gJ to the f i r s t order in e because af ter a one-loop renormalisation 

+ g"p + 0(e ^)(see the next section). The Jacobian defined 

by equation (4.27) is 

jV = xd-1 ^ 1 6 ^ ^ - 2 - (1+ o(e,g)) (4.37) 

where equations (4.7) and (4.8) have been used. 

To evaluate the determinant factor we use equations (3.78) 

and(3.82) 

det /9^ \ * = Avn -1 Y r ( L+d - l ) (2L+d-l)n , (L+4d-3) (L+&d+2) , 

idet V^/ L=o ITXL+iyr^id) (L+&d-l) (L+*d) 

(4.38) 
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Evaluating the contribution from the L=0 modes and the L=1 modes 

of V e x p l i c i t l y , we f ind 

I M - L h . ,2,5/2 „ „ „ • . ; r (L+3-s) (2U3-C) • 

|det V^l L=2 l^(4-E) i r (L+l ) 

The factor (4.39) i s , in the Feynman graph language, 

represented by the diagram shown in Figure 15. We therefore 

expect to f ind the usual one-loop u l t ra -v io le t divergences in 

equation (4.39). To isolate these we need only look at the sum 

in (4.39) for large L. Using 

- • ? ( • • " 0 ) 

for L large, we can write the sum as 

-12 r 1 ao(c) a^fe) agfe) 

tx4-e) 

- 1 " q i k , 
/ { — + + —y-.— + —z + . . . 

L=2 LE'l ^l+E L 
} (4.42) 

where the A^(E) i = 0 , l , 2 , . . . , are just polynomials in e. Each of 

the sums in expression (4.42) can be expressed in terms of the 

Riemann zeta function, c(s). Thus we may write (4.42) as 

-T2 { ( c (E - l ) - l ) + AQ(G) (c(e) - l ) + Aife) (c( l+E)- l ) + . . . } (4.43) 
tx4-e) 
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n 

Figure 15. Diagrammatic representation of the small osc i l la t ions determinant. 
The dots represent insertions of -(N-l)g*M-Zfor a theory with 
interact ion g/N^/. c 



Now G(s) is one-valued and regular everywhere with the exception 

of s=1 where G(s) has a simple pole, with residue 1 (Erdelyi 

1955). Thus expression (4.43) gives 

-2a,(0) 
+ (3(1) (4.44) 

and so from equation (4.39) 

det 

det 
= 2^3 5/2 exp A,(o) 

{ - + 0(1) } (4.45) 

Thus to calculate the divergent part of the sum we need only look 

at the asymptotic behaviour of expressions (4.40) and (4.41) when 

E=0. We f ind 

T(L+3) (2L+3) ^ 

r ( 4 ) r ( L + l ) T (4 ) 
1 + — + 

2L 21% 
+ o j \ l 

l3, 
(4.46) 

and 

. { (L-1) (L+4) ^ ^ :6 

(L+l)(L+2) L2 

therefore A^(0)=3, which means 

1 - -

L 
20 
l2 

+ 0 
13 

(4.47) 

det V 

det V 
0 i 

= 223^/2 exp { - + 0(1) (4.48) 

To f ind the f i n i t e part of the above expression by th is method is 

more d i f f i c u l t - we have essential ly to calculate {A^(0)} and 

then evaluate the double sum (4.42). A more effect ive way of 

proceeding is to expand the summand in (4.39) in E not in 
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To do th is we sh i f t the summation variable independently for each 

of the four logarithmic factors so that the sums may be wri t ten 

in the form 

where p is an integer. Using the asymptotic expansi on 

h k i l = l - ' { 1 + e ( 1 - + j + 0 ( 1_ ) ) 
r ( L ) 2L 12L2 

+ =2 ( 1 - + -a_ + 0( 1 - ) ) + 0(e3) } 
2L 8L2 L3 

(4.50) 

1 ^ t 
we f ind that the sums reduce to % L or T L" These 

L=2 L=2 
are respectively - s ' ( - l + E ) and - ; ' ( l + e ) , where ; ' ( s ) is the derivative 
of the Riemann ; function. We may wri te c ' (- !+&) in terms of 

C'(2-E) using the functional re lat ion (Erdelyi 1955) 

; (s ) = 2^*3- 's in (&ns)T^il-s) ; ( l - s ) . (4.51) 

A tedious but straightforward calculat ion yields 

I ^ 5^ / ; exp { 1 + 1 - i Y + 
det 6 4 2 

0 i 

^ ; ' ( 2 ) + 0(G) } (4.52) 

where; '(2) = -0.937 548 . . . ; the divergent term is seen to agree 

with the ear l ie r result (4.48). 

In the case when the c r i t i c a l dimensionality of theory, d , 

IS an even integer, we can also compute |det V/det V from 
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equation (3.84) in a straightforward manner. In these cases the 

arguments of the gamma functions d i f f e r by integers, and so the 

argument of the logarithm is a ra t io of products of factors 

l inear in &. For example,in th is part icular case, d =4, we have 

det V 

.det V. 
. exp -S { T (2%+2-E) 

1=0 r ( 3 - e ) r ( < i + i ) 

L 
(&-e/2) (&-1-e/2) 

(&+3-E/2) (&+2-E/2) 
(4.53) 

This is exactly of the same form as equation (4.38) and so we can 

repeat the above calculat ion to obtain the resul t (4.52). 

We now go on to evaluate the Fourier transform of * (x) 

which appears in equation (4.31). We w i l l f ind i t convenient to 

define 

d^x e J(q) - ^ 
Tt 

jd. ^iq.x 

(l+x2) 
(4.54) 

so that 

giq.x 0^ (x ;x„ .x) 
39 

t c / x ) (4.55) 

We can evaluate the integral in equation (4.54) in terms of a 

modified Bessel function of the second kind: 

d, 
*(q) 2^/2 .(d-.2)/2 3j i , l -d/2 qi ( l q l ) (4.56) 

and so obtain an exp l i c i t form for the Fourier transform (4.55). 

I t now only remains to calculate C-j. Using equations 

(4.33) and (4.34) we f ind the expression for the graph in Figure 14" 
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to be (to lowest order) 

- r dOi dOz (1+ cos6 i ) - l (n i ) Y^i (nz) Y^, (%%)* 

L ,L ' ,a ,a ' (L + + 2) (L + &d - 3) (L' + ^d + 2) (L' + &d - 3) 
% r\, 

(4.57) 

where 8i is the pr inc ipal polar angle of ni.Using Result 3 in 

Appendix I I we have 

I Y %' M M * - i2L ' + - H (1) 

«• ~ 4 , t t -

. (2L' n''/2-»r(cl-1 + L') (4,5g, 
4 t r t t ( l ' + l ) r ( d - 1) 

and so expression (4.57) reduces to 

~ 3E (2L' + d - l ) i r ( d / 2 - & ) r ( d - l + L ' ) 
I ^ 

l , l ; a 2 t t " z - r ( l ' + l ) r ( d - l ) 

d 
dQi (1+ cosoi) Y^ (m) JdOz Y^"(n2) 

(L+id +2) (L + id-3) (L' + &d + 2) (L' + &d-3) 
(4.59) 

The nz integral i s now t r i v i a l - we j us t get a contr ibut ion when 

L=0, %=0, that i s , only the bound state contr ibutes. Therefore we 

are l e f t with only one sum, and , since the overal l expression 

has an e factor mul t ip ly ing i t we require only the l / e pole from 

the u l t r a - v i o l e t divergence of t h i s sum. The e x p l i c i t form for 

expression (4.59) i s 

(2L' + 3-E)17(L' + 3-E) ~ fzl" + ' + q-c\ 
' (1+ 0 ( E ) ) 

T ( L ' + 1) (L' + 4 - E/g) (L' - 1 -c /2) 
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- . ^ 1 2 (L' + 3)"C(2L' + 3) (L' + 2) (L' + 1). 

8 L' (L' + 4) (L' - T) 
(I + 0 (e)) 

^ f ( l + e ) + 0 ( e ) 

+ 0(e) (4.60) 

Thus to th is order we f ind 

Ci = exp ( - 2 ) 
2 

(4.61) 

As we pointed out in the previous section we should also be 

able to evaluate from expression (4.35). To do th is we w i l l 

assume again that we require only the pole from the u l t r a - v io le t 

divergent loop in tegra l . I t is useful in th is context to view 

M ' (y ,y) as jus t the sum of free propagators with zero, one, two, . . . 

insertions of -3g 4^^%) = 24 (l+x^) 2 y^e only u l t rav io le t 

divergent contribution in dimensional regularisation is from the 

single insert ion and thus the f i n i t e part of equation (4.35) is contained 

in 

48: M-T (x,y) 
(l+x2)* t-y )̂ / (2? 

d^k e^P-y f (p) 

(l+y2) V (2*)" (2*)° (p+k)2 k* (4.62) 

where f (p) is defined by 

f {p) = I d^x - 2 1 
(1+x2)2 

The k integral in equation (4.62) is straightforward 

cd^k 1 _-e 

(2?) k2(p+k)' 8*2, 
+ 0(1) 

(4.63) 

(4.64) 
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and so the f i n i t e part of equation (4.62) i s 

T f ^ A - \ x . y ) _ L _ 
J (t+x2)2 l+y2 

d p ip.y 
f (p) 

144 r d^x jdy __1 

(1+x2)2 (l+y2): (4.65) 

from equation (4.63). We now make use of the i den t i t y 

d^z M(y,z) 1 4(d-6) 
(1+z2)2 " (l+y2)3 

to wr i te expression (4.65) as 

144 1 

4(d-6) 

d^x d^y d^z 

(1+x2)2 
Mr^(x,y) M(y,z) ^ 

(l+z2) 2\2 

Now by the completeness of the eigenfunctions of M 

d^y M ^ (x,y) M(y,z) = 5^(x-z) - 4A(x)*A(z) _ t^y(x) 
1 ^ 0 . . j , /v.\ i j d . . , . , , . 

(4.66) 

(4.67) 

d y*x(y) *%(%) 

(where and are defined by equations (4.7) and (4.8)) we 

f ind that (4.67) i s equal to 

_ i 8 r a _ -

1.2 ) (ux^)" 

d y *v(y)*v(y) 

(4.68) 

(1+ 0(e)) + j d ; (x) 
(l+x2)2 _ 

- 1 - 1 

d X [ * . ( x ) ] 2 (1+0(E)) (4.69) 

I f we examine the second term in the above expression we see 

that although the two integrals in the numerator are f i n i t e as 

E-»0, the one in the denominator (the norm of the d i l a ta t i on 
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eigenfunction) is logari thmical ly divergent, as we in fact pointed 

out ear l ie r in th is chapter. Thus the second term is of order 

E and therefore we may wri te (4.69) as 

- — [ + 0(e) 
^2 y (l+x2)2 

= -3 + 0(E) (4.70) 

We have not been able to elucidate the discrepancy between 

th is calculat ion and the one leading to the resul t (4.60). The 
g 

former resul t - - i s to be believed since the calculation is completely 

control led; presumably some assumption in the second calculat ion 

is fa lse, for example, the zero modes may not have been correct ly 

excluded. 

Collecting a l l the factors from equations (4.36),(4.37), 

(4.52), (4.55) and (4.61), and subst i tut ing them into the one-loop 

resul t (4.31), we have d+l+2M 

j = -
(arg g=m) 

dA ^d-M(d-2) / _ \ 2" 
0 T ( 3g 

X exp — 
9 3 

where 

CM r 2 "x, _ , -1 
(l-^/2(i*n+Y+2) + 0(6%)) j (T+0 (e.g) 

(4.71) 

C. = 2-& exp ( 1 + ;a,G'(2) " - Y - ) (4.72) 
" & in* 2 4 

Equations (4.71) and (4.72) contain the f i na l result for the bare 

theory. In order to render the result f i n i t e we have to remove the 

divergence by renormalisation. We discuss th is in the next section. 
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Renormalisation 

In the massless theory which we are considering, the 

divergences in perturbation theory are removed by a coupling 

constant and a wave-function renormalisation. In the Tatter case 

we wri te 

r ( f ) = (4.73) 

and so, formally at leas t , 

(4.74) 

i f Z is real . Since Z = 1+ 0(g*) we see that wave-function renormalis-

ation only contributes to ImTat the three-loop level . Thus for 

the one-loop result in expressions (4.71) and (4.72) we only require 

a one-loop^constant renormalisation. 

We w i l l use the minimal subtraction method of ' t Hooft (1973) 

in order to carry th is out. I f we define gp,(p@), to be the renormalised 
coupling at the momentum scale UQ, then 

= 9r (p„) + ^ 3r M + 0(g3) (4.75) 

In the expression (4.71) we see that the combination x^/g natural ly 

appears in the exponential, thus the ef fect ive coupling for 

instantons of scale-size 1/x is the renormalised coupling at the 

momentum scale X. Writ ingf 

= __1__ - _9__ (4.76) 
g gr(&) 

t The subscript r means "one-loop renormalised" 
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we obtain the renormalised imaginary part 

= _C f " 4 1 xd-M(d-2) 

d+l+2M 
2 

(arg g=n) 

8tr2 

,3gr(a) 

2m 
exp X n 

SgrfX) i=T 
qt ( s i / , ) ( l+0(E,gr)) (4.77) 

where 

' r - exp ( - — + — (&nn+Y+2) + 0(E)) 
e 2 

-3/2 
2 ^ TT exp ^ — ^'(2) ~ 2^ (4.78) 

In order to s impl i fy the A integration in equation (4.77) we 

make x dimensionless by wr i t ing where is some f ixed momentum 

scale. From equation (4.76) we have 

1 

or (wox) (Wo) sit̂ e 
(x=-l) (4.79) 

so that 

(arg g=w) 
= -c. 

exp { - 34*% } n 
3gr (Wo) i= l 

a 
0 a 

2M r 

(a%o) d-M(d-2) 

2i2 

d+l+2M 

39r(wa) 

( l+0(E,gr)) . (4.80) 

We w i l l not carry out the X integrat ion e x p l i c i t l y here, but merely 

note that the exponential decrease of *(x) for large x (see equation 

(4.56)) ensures that the integral converges for small x. On the other 

hand for large X the exponential factor gives convergence when 
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G>0. When e=0, the convergence for M>1 is due to the presence of 

""3 

the factor exp (-3J^x) = X . This is a d i rect consequence of 

the asymptotic freedom of the theory in d=4 (for g<0). Equations 

(4.77) and (4.78) contain the f ina l result for the renormalised 

imaginary part . 
High-Order Estimates 

The existence of an imaginary part of the vertex functions 

for g<0, implies that they have a cut in the g plane which can 

be placed along the negative g axis. In the absence of stronger 

s ingular i t ies (from other sources) at the or ig in in the g plane, 

one can obtain the leading behaviour of the late terms in the 

perturbation expansion by means of a dispersion re lat ion in g, 

j us t as we did in chapter two : 

i r^^'^^(qi;g) = - | (4.81) 
n J * g ' -g r 

Thus i f we wri te 

(4.82) 
k * 

we have from equation (4.81) 

,2(,) 1 9' ° "> 
i r .k ° ; j ™ " (4.83) 

The results (4.80) and (4.83) enable us in pr inc ip le to obtain the 

high order behaviour oflT^p'^^^qi). To be spec i f ic , we write a 

dispersion re lat ion in the one-loop renormalised (minimally 

subtracted) coupling g s g^ (p*) . Using equations (4.80) and 

(4.83) we f ind the coef f ic ient of [gr(wo)]^ inlT^^^^qiigrfwo^to be 
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^ V ( — + K yd -M(d -2 ) 

dx . (d-M(d-2)-eK-3) 

0 X 

2m 
n 

i= l 
_al 
w.zxz yi" 

j 

(T+O (E, 1 )) (4.84) 
K 

I f we tenta t ive ly assume that as &+0, cK also tends to zerot, 

we may wri te the above resul t in four dimensions as 

k 
^ f - y*^(k+m+s/z) 

2m 
" dx n 

6 

8?^ 

(l+0( 1 % 
K 

8^2 
KIK' 

m+̂ / 
2 / 4 j 

dx 2m 
n 

X2M i= l 
{l+0( 1 )) 

K 

(4.85) 

This gives the high order behaviour of J defined by 

equation (4.82). However i t is the high order behaviour oflT^^^Pfq^), 

the coeff icient of the K— power of the f u l l y renormalised coupling 

constant g^ in the f u l l y renormalised vertex funct ionT^p^^(q; ) , 

that is required: 

(2M) 
(4.86) 

Fortunately the K1 growth o f ' 2 means that to leading order the 

transformation b e t w e e n a n d l " ^ ^ ^ P can be found. 

To see th is l e t us f i r s t f ind the behaviour of the coef f ic ient 

k of g in the wave-function renormalisation constant for K large. 

t That i s , K is large but f i n i t e . 
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The bare theory is related to the f u l l y renormalised theory in the 

case M=1 by 

= z ( g . o r ' ^ \ q ; g . e ) 

with the renormalisation condition 

(4.87) 

= 1 (4.88) 
q2=%2 

and thus 

(w,g,e) = — 'r^^)(q,9,e) 
3q2 q2= y2 

(4.89) 

Now by dimensional analysisl^^^)(q,G) = ^^TK^^fe) and thus 

I z-T (w.g,E)l = (l-eK/2) u " ^ ' ^ ^ ) ( E ) (4.90) 
l -1(0 

where [z (9)]^%) means the coef f ic ient of g* in Z" (g). 

From (4.90) we easi ly f ind that 

-zk(e) = (l-ek/g) t^2)(g) (l+o ( 1 )) 

and thus for large K, Z^ ~ KI 

(4.91) 

K ; Using th is resul t we may check that the coef f ic ient of g in 

[z(g) ]^ is j us t MZ^(l+0 ( ^ )) and thus the leading behaviour of 

the coef f ic ient of g^ in Z^(gf [^^^)(q i ;g) i s + 

mz -p{2M) ^ For M>1 th is i s ^ 1 + 0 ( — )] and therefore 
k 

we have the useful resul t that to obtain the re lat ion between 
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we may ignore wave-function renormalisation 

to leading order in K for M>1. 

Let us now wri te 

9r(%o) = 9R(w) -di.gR^w) -Gg-gR^w) 6% g^(w) (4.92) 

and thus from equation (4.82) we have the coef f ic ient of g^ in 

T^^^^ to be ( for M>1) 

t ^ r . l ("«k' " " t r , ? ^ ' k - 1 * ^'2 'k-2 > 

' ( - 3 , , . , + . . . ) + . . . ( - ( ' - ' ' j ' - " ) + . . . ) 

+ p(2h)^ ( i £ ^ ) , 2 + . . . ) ( ( k - , ) 

(4.93) 

Using equation (4.85) we may sum up the last terms and therefore 

obtain to leading order 

t r^k^ = (*k) - ^ n 2 ^ (*k-1 -*2*k-2 + " ^^3^(^k-2 

+ . . . + T"^2M) e-62/a (1+0 ( 1 )) ; M>1 (4.94) 
r , \ K 

where a = /S?*. In the case M=2 we have by de f in i t ion 

- r ^ ' * ' ( q o g ) 
6 

= 9R(w) (4.95) 
sp(w) k 

and so from (4.94) we have 

- 1 x 4 ) 
6 ' r.K 

We may obtain th is resul t another way. I f we wri te 

'k e- '2/a (1+ 0 ( 1 )) (4.96) 
SP(u) 
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gR(w) = 9r(wo) + 5^ + . . . + + . . . (4.97) 

then 

" i . = 4 O+O { I )) (4.98) 
SP(U) K 

I f we invert (4.97) and compare i t with (4.92) we f ind 

6% = 6^ e"^2/a (1+0 ( 1 )) (4.99) 
K 

and so equations (4.98) and (4.99) reproduce equation (4.96). From 

equations (4.85)and (4.96) we see that K ^2 for K Targe. 

For M>2 we may use equation (4.85) and the estimate of the 

growth of 6^, to deduce from equation (4.94) that 

T^r^k^(qi) = e"*'* (1+0 ( ^ )) ; 

where 0=6215 given by 

SyXwo) = gR(; ) -oCg^^w) + 0(g3 ) (4.101) 

The coef f ic ient a comes from straightforward perturbation theory. 

Evaluating the usual one loop diagram at the symmetry point w gives 

(seey4|^endix 

w^ORf;) = g - 1+E (&^n+ &&n3 - + 1) + 0(e2^| + O(g^) 

(4.102) 

where the symmetry point is defined by q^.qj = w^/3(46i . - l ) and 

g means the bare coupling constant. Eliminating g between equations 

(4.76) and (4.102) gives in four dimensions 

a = 
8^2 

(&4*n+ 2Y + 1 -J&Aw/Wo) (4.103) 
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and thus using equations (4.85) and(4.100) we obtain 

= k; 
8tt̂  

KM+3/2 ^3 E l gxp {_ 1 J ^ 3 + 1 y , 3} 

%2m 1-1 ^^2 
qi/ (1+0 ( 1 )) ; m>2 

K (4.104) 

I f we now use the exp l i c i t forms (4.56) for * and (4.78) for C 

we obtain the required resul t 

T V " " • " ( i ) 
' 1 4 8 ^ ^ ( ^ . ( 2 ) . j , . " ) 

(54)i tt" 

x jj: 
2m 

"27? 
0 a 1—1 a 

(1+0 ( 1 )) ; m>2 
K 

(4.105) 

We can also obtain high order estimates for the renormalisation 

group g function in four dimensions. This is defined by 

g(9pj 
dp f ixed bare 

theory 

dp 
9r(w) 

vq >9p(v'o)-9 

and so using equation (4.95) 

e(gR) - ' r 
wo »g 

I f we wri te 

S P ( p ) 

6(90) = % 9x9 

(4.106) 

(4.102) 

(4.108) 
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then we obtain 

1 d 

6 wo 
r 5 ( q i ) 

SP(li) (4.109) 

We may now use the result (4.85) to deduce that 

-C / t 7 ' 
v i 

a % 
r 

6TT sir* 
f a * <* ; ' ( ' / a ) (1+0 (1)) 

k 

Simplifying the integral and then integrating by parts gives 
(4.110) 

KIK 
7/2 wo dx xio I? (x)]4(kO( 1 )) 

2n \ 8tî  

Recall that th is is the coef f ic ient of g*, that is [g^(wo)]*^, 

in the B function. In order to obtain the g function in terms 

of the f u l l renormalised coupling gQ(w), we must use t (compare 

with equation (4.100)) 

(4.111) 

[ u o ( i ) ] (4.112; 

(The expression corresponding to (4.94) is 

to leading order, and since g^=0 equation (4.112) fol lows). Using 

the value of a given in (4.103) and a=^/8?2, together with the 

exp l i c i t forms (4.56) for * and (4.78) for C , we get 

'^k^l * 
a/a 

k: 
g \k 7/ 13/2 1 3 ic f" 
j \ K 2 2 3* exp ( i _ t ' ( 2 ) -&Y- l2 ) dx x^ (KT(x))' 

9 4 

[ u o ( 1 ,] (4.113) 

Up to the convention of the normalisation of coupling constant 

( 3 / or ) , th is result is identical to that obtained by Lipatov 

(1977a,b) and Bre^in et al (1977a)f. To ver i f y th is one can evaluate 

t ^ is defined by 6(9^) = I B^g^ 
K R 
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the sum 

Z = exp^ 1 z (&+l)(A+2)(2&+3)r&n(l- 6 \+ 6 + 18 . 
t za=2 (&+l)(a+2) (a+l)z(&+2)2j 

( 4 . 1 1 4 ) 

(see, for example, the results in Section (B ) ( i i ) of 

Brezin et al (1977a) for n=1). This can be done following the method 

of ' t Hooft (1976b) by placing an integer cut o f f A on the sum on 

i , and evaluating each of the three terms in the sum independently 

for large A . For the f i r s t term,the t r i c k is again to change the 

summation variable independently for each of the four logarithmic 

factors,so that each is of the form % P(&)jL\j^ where P(&) is a 

polynomial in &.Apart from "end terms " from changing the summation 

variable one ends up with 

A . 
y 2 j l i = i a^j^a + iaiina + ~ jua " "t â  + — ^ ^ (4.115) 
, . 2 12 1 12 2,2 

Combining a l l three terms, the A-dependence cancels as i t must and 

the f ina l resul t i s 

% = 2^/2 3^/2 5^/2 exp { 3 c ' (2) - + 1 2 } (4.116) 
%% 2 4 

Substituting th is expression into the resul t of Brezin et a l , 

reproduces equation (4.113) up to a factor 6 for the d i f fe rent 

choice of coupling normalisations. 

theory with 0(n) internal symmetry near four dimensions 

We now discuss the generalisation of the calculations of the 

previous sections to the case of (#2)2 interactions with 0(n) 

internal symmetry (Bre^in et al 1977a). 

The Euclidean act ion, H(*) , is given by 

H(+) d^x [&(?*;) (v* . ) + & (+;* . )2] (4.117) 

where d=4-e and 1=1,2, . . . ,n . The instanton therefore sat is f ies 
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We are thus faced with solving n coupled non-linear d i f fe ren t ia l 

equations. Fortunately, as we w i l l now prove, the instanton solution 

of least action can be wri t ten as 

* l ( x ) = Ui4^(x) i = l , . . . , n (4.119) 

where is independent of x. 

To prove (4.119) le t us wr i te the instanton action as 

h(4) = - ^ d̂ x (v*.) (v*.) (4.120) 
4 

where we have used equations (4.117) and (4.11?). I f we now 

express the instanton in the form * i ( x ) = Ui(x)* (x) we f ind 

H(0) = — j d X (9u;) (9Ui) + 2*^ (7*g) Û  (9U[) 

+ U;Ui (9+c)*} (4.121) 

Now without loss of general I by we may choose Ui(x) so 

that U;^x) Ui(x) = 1 and therefore 

H(*) = - ' d^x (9Ui) (vui) + (v*c)2} (4.122) 
4 

f 
> i f d'̂ x { (4.123) 

4 I C 

Equality is achieved when 4 =0 or vu;=0 i= l n, that is,U[ i s 

independent of x.Using 

H(*) ^ H(*) (4.124) 

u=constant 

, that i s , the instanton with minimum action is of the form (4.119), 

we f ind from equations (4.118) that sat is f ies 

72+c = g+c^ (4.125) 

which is the same equation as the n=l case, and thus 

* . ( x i x ,x) = 1 (4.126) 
-9 1 + X2(X-XQ)2 
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Note that the Hamiltonian is 0(n) invar iant , and so the expression 

(4.36) for H(* ) is unchanged. The d i f f e ren t ia l operator 

has the form 

(4.127) 

This operator can be decomposed into longitudinal and 

transverse components 

m.j = m^utuj + my (5;j - u^uj) (4.129) 

Translating by x and scaling by X we have 

-
24 

( l + x 2 ) 2 

My = -
(4.130) 

(1+x2)2 

The determinant of i s as before (compare with equation (4.6^|. The 

determinant of the (n-1) - fo ld degenerate modes in My i s obtained 

by the same procedure as outl ined at the end of Chapter three (note 

that i t is of the form (3.7^) with c= l ) . The equation analogous to 

(4.38) is 

. e x p - i f ( M d - Z ) (L+M+l, ) 
\dbt y L=0 (L+id- l ) (L+%d) 

In the numerator on the right-hand-side we see the L=0 "zero 

modefwith eigenvalue 

[V = _ Is. ( 1 + 0 ( E ) ) (4.132) 
2 
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corresponding to the spontaneous breaking of the 0(n) symmetry. 

Extracting th is factor from the expression (4.131), and fol lowing the 

same procedure as that outl ined in the one component case we f ind 

det V n n - l ) n-1 

kdet V 2 t i l ( l+ ld- l ) ( u j d ) 

= (2 2^/6 ;V6 3J)n-l („. i) ( i . , i i m . 
3e 

1 - | y + — } (1+0(e)) 
4 

(4.133) 

The ( n - l ) - f o l d "zero modes" with eigenvalue given by (4.132) 

are replaced by co l lect ive coordinate integrations over the uni t 

vectors {u^}. Following the arguments leading up to equation (4.27) 

the appropriate Jacobian factor is 

4x2 ivy _ 
l ( n - ' l ) 

d X * _ ( x ) 
c'" ' /1..2/y_y \2\2 c (1+x2(x-xq)2): 

( X ) 2 ( l 44 (E , g ) ) 

1 

3g ] 
n-1 

2 (T+0(G,g)) (4.134) 

The f ina l correction factor that i s required for the bare theory 

nec Bssitates the evaluation of Figure 14 for general n. The 

statement corresponding to (4.34) i s 

dn, d«2 M"' (7,,-^) ( '• j i .Ji) [ l+0(s) ] (4.135) 

zeutuj 

+ 4eu 

dn, 

. - 1 

Now i f V;j = u^uj + Vy (6^ - U;Uj) then = Vy* 5^ 

+ (V^* - Vy*) U'Uj and so we may wri te expression (4.135) as 
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2 ^ 'b 
do I (ni^nz) |j*0(g^j 

+ 2e(n-l dn, I dOz (ni,n2) Vy (nz^nz) [ l+0(e)] (4.136) 

Thus we have the additional factor given by the second term in 

(4.136). This is easi ly calculated fol lowing the methods of equations 

(4.57) - (4.60) and we f ind i t to be equal to 

2G(n-1) 1 - + 0(1)1 
l 4e 

= - + 0 ( e ) 

Thus for h^1 the graph in Figure 14 contributes a factor 

exp -5(n-1) 

in addition to the factor C,= exp - ^^2 in equation (4.61). 

(4.137) 

(4.138) 

Combining expressions (4.133), (4.134) and (4.138) and remembering 

the factor (2n) % for the Gaussians replaced by col lect ive coordinates, 

one obtains the additional factor 

.2 /3 

3g 
2 3̂̂ % 2 exp (n-1) { ^ + ^\C'(2) -&Y-& 1 

3e 

x& ul, uli ' .-ulim (4.139) 

for n f l , for the imaginary part of the 2M-point vertex function. Note 

that we have put in a factor & since, according to the discussion in 

Chapter two, there is half a Gaussian integral fo r the bound state 

at each saddle point. Expression (4.139) can be s impl i f ied using 

the resul t 

i ds . . . 
( f i l l : «1,14 --- iu, + perms.) 

r (n/2) n(n+2) . . . (n+2M-2) 

(4.140) 
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I t is seen e x p l i c i t l y that (4.139) i s equal to 1 when n=l. 

Expression (4.139) contains a divergent term which is again 

removed by coupling constant renormalisation; for n f l , equation 

(4.76) becomes 

A: 
9 

1 

9r(a) 

n+8 
(4.141) 

Making the subst i tut ion for g y ields 

Im r(2M)(q.) = _ Q 
(arg g=m) 

d-M(d-2) -8fr^ 

l3gr(x) 

d+n+2M 
. 2 

a -
i= l x2 

X 4 (^^i/,) X exp / i -C/ 
39,(1) 

(1- v (jb*+y+2)) 

. ( * i l i 2 * i 3 i 4 ' ' ' *i2M_li2M + PST""") 

where C. 

1.3 . . . (2M-1) 

2-& ;3/2 exp ( ^ , ; ' ( 2 ) - 2? - 1) . (3* 2^/6^:*-% 

(1+0(e,gr)) (4.142) 

s ) ^ e x p ( n - l ) ( l ; ' ( 2 ) - l t + ^ ) (4.143) 

This generalises the results (4.77) and (4.78) for n^ l . 

The calculations to obtain the asymptotic behaviour of the 

k 

coef f ic ient of g^ for K large fol low the previous section. We 

shall content ourselves with out l in ing the calculat ion in the case 

of the G function. 
The expression generalising (4.111) is 

6^ . " ' 2 dx X 

n+8 +7 

« p ( x ) ] " (1+0 ( i )) 
k 

(4.144) 
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where is given in (4.143). The mu l t i p l i c i t y of the one-loop graph 

modifies the coef f ic ient a in expression (4.103): 

n+8 
(i^an + ) ^ 3 - &Y+1- ) (4.145) 

The f i na l resul t for becomes 

» n+8 q . 
dx X 3 (K^(xy* (1+0 ( 1 )) (4.146) 

0 K 

Using the expression 
00 

i (1+1) (1+2) (21+3) { jla(1 2 ) + 2 + 2 } 
%=2 (t+l)(A+2) (A+l)(i+2) (A+l)2(&+2)2 

- ~ •™?'(2) + 6y - 24jlz + 24jl\3 + 2jln2ir - (4.147) 
ir̂  3 

(evaluated in the same way as the sum in expression (4.114)) one 

may ve r i f y that the expression (4.136) agrees with the resul t of 

Brezin et al (1977a). 

To summarise th is chapter we may say tha t , given the assumptions 

discussed in the introduction to the chapter, we may calculate the 

high order behaviour of perturbation theory for f i e l d theory 

in 4-E dimensions ana ly t ica l l y . In part icular we can reproduce the 

results of Lipatov and Brezin et a l . in four dimensions. We now 

have to ask whether or not the assumptions are j u s t i f i e d . Discussion 
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of th is point is defern&juhti l Chapter seven, where we w i l l discuss 

the appearance of new s ingu la r i t i es , the renormalons, in four dimensions. 

However, we w i l l merely point out here that they are believed to be 

absent in d<4 and since we have calculated the imaginary part 

using dimensional regular isat ion, we are in an ideal posit ion to obtain 

high order estimates for quanti t ies which are believed to be free of 

renormalon s ingu lar i t ies . 
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CHAPTER FIVE 

VACUUM INSTABILITY IN *3 FIELD THEORIES 

NEAR SIX DIMENSIONS 

In the preceding chapter, we saw that for f i e l d theory the 

perturbation expansion was osc i l la tory at large orders providing g>0, 

and th is therefore indicated that the perturbation series was Bore! 

summable. This is d i rec t ly related to the fact that for g>0 the theory 

possesses a stable ground state with perturbation theory about th is 

ground state giving an osc i l la t ing series. I f , however, the theory is 

studied with g<0 for which no stable ground state ex is ts , perturbation 

theory does not t e l l the whole story - there are terms exponentially 

small in the coupling constant due to tunnel l ing, which are never seen 

in perturbation theory. In th is case perturbation theory gives a series 

which is not Borel summable (Br^zin et al 1977b). 

For some f i e l d theories, real instanton solutions (and therefore 

tunnell ing) exist for a l l real values of the coupling constant. An 

important example of a theory of th is kind is that of non-abelian gauge 

theories when the gauge group contains SU(2) as a subgroup. In th is 

case instantons are known to exist in four dimensions (Belavin et al 1975) 

and so presumably the perturbation series is not Borel summable; however, 

the s i tuat ion is very complicated ( ' t Hooft 1977a,b). Another, much 

simpler, class of f i e l d theories in which tunnell ing occurs for a l l real 

N 

values of the coupling constant are * f i e l d theories where N is odd. 

In th is chapter we w i l l be investigating f i e l d theories near the i r 

c r i t i c a l dimension, d =6. Although i t was recognized many years ago that 

these theories have no stable ground state (Baym 1960, Jaffe 1965 and 

references there in) , i t has only been recently, with the advent of 
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instanton techniques, that we have been able to explore the consequences 

of th is i n s t a b i l i t y quant i ta t ive ly . 

Structure of the Imaginary Part of the Vertex Functions 

In th is section we w i l l obtain the one-loop approximation to the 

imaginary part of the vertex function* generated by tunnell ing out of 

the metastable ground state *=0. We w i l l work in 6-e dimensions in order 

to regulate the divergences of the theory. The approach w i l l be very 

simi lar to that discussed for in 4-e dimensions in the previous 

chapter, and so we w i l l not go into many of the detai ls of the 

derivat ion. 

The Euclidean action for th is theory is given by 

H(*) = ^d^ X + Y (5.1) 

where d - 6-E, e>0. From the study of th is equation in chapter three 

we know that real instanton solutions exist in six dimensions, and that 

the instanton solution with least action in th is case is given by 

The crucial difference between this theory and the one considered in the 

previous chapter is that now * is a real solution of the f i e l d equations 

for a l l real values of g. Thus the Euclidean Green's functions 

(̂m)̂  ^ fo* *(xi)...4(xp|)exp-h(*) 

^b*exp-H(*) 
= p: (5.3) 

have an imaginary part for a l l real g due to tunnell ing out of the meta-

s t ab le ground state. The "zero dimensional ((,3 f i e l d theory" discussed in 

chapter two brings out th is point very wel l . 
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As before we w i l l expand H(*) in 6-e dimensions about *=* where 

(given by equation (5.2)) is an extrema of H(*) only when e=0. 

Therefore wr i t ing 4 = * +$ we have 

h(ij)) = h($^) + l^d x ^d^ x 
(l+x2(x-xo)2) 

i [d* x $3 

where M(x,x^) -t72 _ 48x2 
s*(x-x') 

(5.4) 

(5.5) 
(1+a2(x-x0)2) 

and where once again there is a term linear in $. 

After introducing col lect ive coordinates to deal with the "zero 

modes" we f ind the analogous expression to (4.11) is 

) (x i , . . . , x^ ) = &|dbd^xqj^^2(x^)...*2(x^)exp-h(*2) 

ci(2*) 

-d+1 / \ 
/ det % 

(1 + 0 ( E , g 2 ) ) ( 5 . 6 ) 
det M, 

where the components C-j have the same meaning as before. The 

factor of I is present because the saddle point contributes only 

half a Gaussian integral (see equation (2.2^). The right-hand-side of 

equation (5.6) is pure imaginary and thus we have obtained the magnitude 

of generated by vacuum decay. I ts sign w i l l depend on the method 

of analytic continuation from the well defined theory, and so using the 

discussion of chapter two as our guide we may wri te equation (5.6) as 

imĝ  )(x^ Xŷ  = &j^ad^XQj^^^(x^)...*2(xyjexp-h(*2) 

(arg g=0) 
— i i 

det A 
-d+1 

c,(2n) 2 
det Mo 

-i 
( l + 0 ( £ , g 2 ) ) (5.7) 
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The imaginary part of the vertex f u n c t i o n i s then 

-(d+1) 

= i|dxjmexp-h(*c)ct(2w) 2 

(arg g=0) 

det M 

det 

4 

x % q.2 (ddxie'^1'*i+c(xi) ( l + ofc.gz)^ 
i= l 

(5.8) 

We may again check that the combination of the Jacobian and the 

determinant factors without the zero modes remains invariant (to lowest 

order in e) under the transformation from f l a t space to spherical space 

(see equation (4.30)). Thus equation (5.8) may be wr i t ten in the more 

useful fonn 

imt^ ^(q^) - i^dxj exp-h($^)c^(2n) 2 

[arg g=0) 

det V 
det Vo 

m 
x ( ' + 0(e.g2}]) ( 5 . 9 ) 

where J , V and are defined in the same way as in previous chapters -

they are the spherical analogues of M and M . 

I t remains to study what graphs, i f any, contribute to . This 

factor arises because of the term l inear in $ in equation (5.4) , and is 

treated perturbatively as in the corresponding problem in the previous 

chapter. Thus we may argue in the same way that we may neglect 0(g2) 

contributions generated by th is term, since these give 0(K"i) corrections 

to the leading asymptotic behaviour, which is a l l we are attempting to 

calculate. Since an L loop graph gives 2(L-1) powers of g, i t is 

su f f i c ien t to res t r i c t ourselves to tree diagrams and one-loop graphs. 

In the same way as before, we then f ind that to lowest order in e, only 

the graph shown in f igure 14 contributes to Cy 
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In order to calculate i t is easier to use the Hamiltonian on the 

sphere which is obtained from equation (5.4) (a f ter t ranslat ing x by x 

and rescaling by A ) by defining new f ie lds and introducing the operators 

V and V^, in the usual way (see chapter three). We f ind 

h(+) = + a|db$(-v)$ + ^dnk^ ^ ^dn/c 

(5.10) 

The propagator in the presence of an instanton can be wr i t ten in terms of 

the spherical harmonics in d+1 dimensions in a form analogous to (4.33): 

~ y l - (n )y l * (n ' ) * 
v - i ( , , n 1 = _ i ' l ' ' l (5,11) 

(L+&d+3)(L+&d-4) 

where the t i l d e means L=1 is excluded. The contribution from the graph 

in f igure 14 in th is notation is 

f -l+e/2a, -e/? 
TZe^dOidngk^ V-i(ni,n2)&2 ^-^(ng.ng) (5.12) 

The corresponding expression in f l a t space is found from equation (5.4) 

to be (af ter t ranslat ing x by x^ and rescaling by x) 

Mri(x.y) M-i(y,y) (5.13) 

In the next section we w i l l go on to evaluate the various components 

appearing in expression (5.9). 

One-loop calculation About the Instanton 

The imaginary part of the vertex functions at "zeroth-order", 

that i s , ignoring f luctuations about the instanton,is easily calculated -

we only have to f ind H(* ) : 

"(*c) = (l-=/2(anw+%+l) + 0(6%)) (5.14) 
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Of course, i f we were not going on to f ind the one-loop corrections to 

the "classical resul t " for we would not need to continue in d, 

(we could set E=0) since we would encounter no u l t r a - v i o l e t divergences. 

As i t i s , we w i l l f ind that the 0(e) term in H(* ) w i l l contribute to the 

one-loop resul t a f ter renormalisation: + 0(E" i ) . 

The Jacobian is given by equation (4.27) to leading order but 

with 
-48a(1-x2(x-XQ)2) 

3x ' g(l+l2(x-x^)2)' 
(5.16) 

and 
a* 96x4(x-x )w 

^ = — — 3 (5.16) 
" g{ux2(x-x^)2)» 

where is given by equation (5.2) . Substitut ing (5.15) and 

(5.16) into (4.27) gives 

/ \ — 
j " - i " " ' ' ( 1 + 0 ( ^ . 9 ^ ) ) (5.17) 

We now come to the evaluation of the small osc i l la t ions determinant. 

From equations (3.78) and (3.82) we f ind 

00 
= exp-il T'(L+d-l)(2L+d-n . , (L+*d-4)(L+ad+3) , 

L=0 r(L+l)r(d) ^ (L+id-l)(L+&d) 
(5.18) 

where the t i l d e means that the "zero modes", that i s , the L=1 modes of 

V, are excluded. Evaluating the contr ibution from the L=0 modes and the 

L=1 modes of e x p l i c i t l y , we f ind 

det V 

det V_ 

det V 

det V 
0 

= 273^/2exp-iy '^(L+5-e)(2L+5-e) ( (L- l-=/2)(L+6-c/2) 

l=2 ir(l+t%r(6-e) (l+2-e/2)(1+3-^/2) 

X (1 + 0(e)) (5.19) 
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We saw how to extract the divergent part and the f i n i t e part from 

a similar sum in the previous chapter. Using the method described there, 

we f ind the sum in (5.19) is equal to 

T ( -48C%'(-3+e) - 264C%'(-1+e) + 864EY'(l+e) 
tx6-e) 

e ^ J ' ( H e ) + 0 ( e ) } + 7(jtn3 + 2&n2 - A n ? ) (5.20) 

Using the functional relat ion (4.51) together with the result 3^(l+e) = 

-T/gZ + 0(1), we f ind 

det V 

det V 
= 7'/2(2t) '*/ loexp { j 1 + 193 - . m i l 

Se 144 2 ° 2*2 2*4 

+ 0(E) } (5.21) 

where %'(4) = -0.068911... . 

In the calculation of the small osci l lat ions determinant for 1% 

d = 4-E, we commented that i f d^ is an even integer we may also use 

equation (3.84) to evaluate | det V/det j ^ in a straightforward 

manner. Now d^ is an even integer only for and theories, and so 

th is is the only other theory for which we may use equation (3.84) as a 

( re la t ive ly) easy check for the result (5.21). One finds 

% 

det V 

det 

" * & 

= 2^3/^25^/2y7/2g^p_22 t*{a+4-e)(2*+4-e) 
2=2 ir ( l+ l fr (5-e) 

X ,n { (A+ l - : / 2 ) (A- : / 2 ) (* - l . : / 2 ) , , + ^ ^ 
(A+5-E/2)(A+4-c/2)(i+3-G/2) 

(5.22) 

The sum in equation (5.22) is equal to 
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^ { 96Y"(-3+e) - 528yr(_i+E) + 864 
r ( 5 - E ) 5 

E2%"(l+G) + 0(E) } + 7(&n3+2An2+*n5) (5.23) 

Equations (5.22) and (5.23) used together enable us to recover the 

result (5.21). 

Turning now to the product over the Fourier transforms of 

we w i l l f ind i t convenient to define *(q) by 

so that using the result 

n f = d° X ( 5 .24 ) 

j d ^ ^ iq.x d/g ^_d/2 

' P{v) '1^1' S g V l A l ) (5.25) 

(K is a modified Bessel function of the second kind) we have 

= ' ( ; ! ) ' ( |q | )Z d/2 Kj /^_2(|q|) (5.26) 

We w i l l use th is exp l i c i t form for %(q) to show that the d i la ta t ion integral 

in equation (5.9) converges. 

Finally we come to the calculation of C^. Using equations (5.11) 

and (5.12) we f ind the expression for the graph in f igure 14 to be (to 

lowest order) 

y 1, [da,d«2(i+cose,)-!%%(,,)yg(.^).y%:(n,)ytc(n,)* 
z i — — — — —— /c 27"! 

L,L / ,o ,o ' (L+ad+3)(L+&d-4)(L^+)d+3)(L^+&d-4) 

where is the pr incipal polar angle of (see Appendix I I ) . The 

evaluation of (5.27) follows the case exactly. We eventually f ind 

that expression (5.27) is equal to 
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48 L ' i r \L ' ) l ) (L '+6 -c /2 ) (L^ -1 -c /2 ) ' 

The u l t r a - v i o l e t divergence in (5.28) comes large L" contributions 

and therefore evaluating the sum for large L' we f ind that expression 

(5.28) equals 

- E 

48 
(2403 (l+e) + 0(1)) 

= -5 + 0(E) (5 29) 

Thus to th is order we f ind 

= exp(-5) (5,30) 

We w i l l now calculate the graph in f igure 14 using the Hamiltonian in 

i l a t space, equation (3.4). in the analogous calculation for 

resul t obtained di f fered from the result of the calculation on the sphere 

us by a factor ^/2. We f ind a s imi lar discrepancy in th is case. Let 

expand Mhi(y,y) as the sum of free propagators with zero, one, two, . . . 

insertions of -2g*^Xx) = 48(l+x2) * , then we f ind that the only u l t r a -

v io le t divergences come from the one and two insert ion contributions. 

Thus the f i n i t e part of expression (5.13) is contained in 

96e ( i i i A C A , A 
) (t+x2) ^(2*/^^ (2n)d (p+k)2k2 

) )(2m)d (2n)d (2n)d *2(p+t)2(k_&)2 
96e 

/ (l+x2) 

where f(p) is defined by 

p.x 

(1+x2) 
f(p) = X (5.32) 
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The k Integral In the f i r s t term gives (see Appendix ini) 

192*3( 
+ 0(1) 

and the A Integral in the second term gives (see Appendix 31) 

= + q(l) 
64it̂ e 

(5.33) 

(5.34) 

and so (5.31) reduces to 

- j _ cd" X ddy a -M-l(x,y) fiP-ynZ-Ej 
)(2ir)' 2.3 I « '"P' ''(P) 

2*3 ) (l+x2) 
+ 0 ( e ) (5.35) 

Now the Fourier transform of f(p) is 48(l+x2)-* by de f in i t ion , and from 

equation (5.25) (using l^ (x) = KL^(x)) we f ind t ha t the Fourier transform 

of p2-cf(p) is 48.22"EY^4_E) , ( l+xZ)"^**. Therefore (5.35) reduces to 

(i+yz) 
+ 0(e) (5.36) 

To evaluate the integrals in (5.36) we use the ident i ty 

(J'd^z«(y,z) 1 ^ (5.37) 

to reduce expression (5.36) to 

- m r _ A _ + MO I 
j (i+x^)^ ^3 r 

^ X 
+l(x) 

(1+x2)' 

2 r 
X 

- 1 

+ 0(e) 

(5.38) 

Unlike the case the second term in (5.38) is f i n i t e as e+0, since the 
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di la tat imeigenfunct io%*^(x) , in theory has a f i n i t e norm in d=6. 

Using the exp l i c i t form (5.15) for *^(x) we f ind that (5.38) equals 

" '3 /4 + 0(e), a factor of 4/3 d i f ferent from the result (5.29) obtained 

by a calculation on the sphere. As we have already remarked we cannot 

f ind the or ig in of the discrepancy, however, i t is amusing to note that 

the factor is jus t 

As for the case we w i l l take the result obtained by the calculation on 

the sphere to be correct, since far fewer assumptions were involved in 

the derivation of this resul t . 

Substituting the results (5.14), (5.17), (5.21), (5.24) and (5.30) 

into equation (5.9), we obtain 

d+l+M 

(arg g=0) 
'o 

x exp-22 , { 1 _ e/zftna+tf+i) + 0(6%) } 
g2 

% (1 + 0(G,g2)) (5.40) 

where C = Z 'K'"^(2-,)'^'exp { ^ ^ _ 3y'(4) , 
D r 52 144 2 2*2 2*4 ' 

(5.41) 

This is the f ina l result for the bare theory. To get a f i n i t e result 

we have to perform a coupling constant renormalisation (no wavefunction re-

normalisation is required at this order apart from that imp l ic i t in the 
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coupling constantrenormalisation). Since X is the natural momentum scale 

in equation (5.40), we define the renormalised coupling constant at 

momentum scale A by 

1 + 3 

9rf(a) 327r̂ 8 
(5.42) 

This result gives 
d+l+M 

(arg g=0) ° 

X exp- 192^3 

d-mokalz z j ^ 

sg/(i) i=i 
(1 + ofe.gpz)) 

where C. c^exp ^ -f (&nn +% +1 

8/5 -13/5 

(5.43) 

exp _ 3S"(4) _ 2Z:* _ 1339 
2*2 2*4 10 720 

(5.44) 

In order to s impl i fy the X integration in equation (5.43) we 

introduce a f ixed momentum scale, and rewrite (5.43) in terms of 

SyXwo), which is related to gyXXUg) by 

9r*(wo^) 9r*(wo) 32w3e 
(x=-l) (5.45) 

We may now wri te 

t(m), (q^) = ^ (xy^) 

(.<u5^=6) r 

dx 
d-M(d-2)|2 

d+l+M 

5 g / ( p „ ) 5 

X exp- { + — trix } 5 1 '( C ' / u X + — t n i } n , ^ 
5 g / ( p „ ) 5 1=l| \ '0 

1 + 0 ( c . g / ) l (5.46) 
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That the X integral converges, follows from simi lar observations to those 

made in the 4^ case (equation (4.80)et seq). In par t icu lar , theory in 

six dimensions is asymptotically free for a l l real values of the coupling 

constant, and i t is th is that gives r ise to the convergence of (5.46) for 
-18/5 

large x when e=0 (through the factor x ). 

Equation (5.46) together with equation (5.44) gives the renormalised 

imaginary part of the vertex functions in the one-loop approximation. 

High-order Estimates 

In th is chapter we w i l l again assume that the semiclassical 
"h) h\e, okgin 

approximation is able to pick out the nearest s ingular i ty^ in the Borel-

transformed vertex functions and so enable us to obtain the high-order 

behaviour of the perturbation expansion for the vertex functions. To 

be specif ic we shall assume that the resul t (22$ s t i l l holds near six ^ 

dimensions, that i s , the analyt ic properties o fT (^ ) (q^ ;g ) in the complex 

g plane are such that we may wri te a dispersion re lat ion which allows ^ 

us to extract the leading behaviour of the coef f ic ient of g^ for large 

K. The generalisations of (2.25) for the vertex functions are 
WM) 2 g'=0)dg' 
n , 2 k M 

and 

-|-i(M) 2 g'=0)dg" 
' r,2K+l ~ 3 \ (g,)2K+2 ' ^ odd 

(5.47) 

The integration variable in equations (5.47), g ' , is taken to be the one-

loop renormalised (minimally subtracted) coupling g" = g ^ ( y ^ ) T h u s 

equation (5.46), when used in conjunction with equation (5.47) gives the 

coef f ic ient of [g /w^) ] inl^'(M)(q^;g^(w^)) to be 
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l / ' 

192*3 
d+l+M ^ L 

2 2 

r^dx (m(cl-2)j2 --7-^ ^/5) m 
X \ — X n 

)o a 1=1 

x (1 + 0(e,1)) (5.48) 

where L=2K i f M is even and L=2K+1 i f M is odd. Taking the l im i t E-*0 

(and therefore for f ixed K, cK+O) we obtain the above result in six 

dimensions: 

< ( , , 1 • 4 

ftaui 6-2m-t8/5 m 

D ' 

s i ' ^ 

wo*!* 

(M) 
We now wish to f ind the large L behaviour o f p ( q . ) , the 

R 5 L 1 

coef f ic ient of the Lth power of the f u l l y renormalised coupling constant, 

9p, in the f u l l y renormalised vertex funct ionTp^^q^-) . To do th is we 

can proceed as in equation (4.86) et seq, and prove f i r s t of a l l that 

since the wavefunction renormalisation constant sat is f ies an equation 

of the type given by (4.89), then i t has the same growth at high orders 

as the two point vertex function. That is (see equation (5.49)) 

ZgK ~ K! K where Z(g) = % Zg^g^K. 

(5.49) 

Next, we f ind that using th is resu l t , the coef f ic ient of g (g 
M/2 (M) 

for M even (odd) in Z (g)T (q.;g) is 

) 

my yjm) my _n(m) 
' 2K + 2 2Kio + 2 ^2(K-1)I 2 + ''' even) 

in(M) M z .-(M) M , 
' 2K+1 + 2 ZK'l + 2 2(K-1)I 3 + (M odd) 

[5.50) 
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to leading order, and so for M>2 we may again ignore the effects of 

wavefunction renormalisation when working to leading order in large K. 

To investigate the effects of coupling constant renormalisation, 

we define {6%%+, : K = 1, 2, in analogy with equation (4.92), by 

9r(^o^ ^ - gggpsfw) - . . . - gpk+lsr^^*^(%)- -' 

(5.51) 

The equations corresponding to (4.94) are now 

r 
(M) 

R.2K 
(M) 

-21^,2 (*2K-1 " *3*2K-3 * 

(m) -252/a / 
+ . . . +ir^ 2k g + 0 

(M) 

4rr,4 (*2K-3 " 

; M even and M>2 

(5.52) 

and for M odd 

.(m) jm) -rn: ' -ptrv (m) 
' R.2K+1 = "(r .T - STL o ( R,2K+1 r , l \°2K+1 

- < 5 («2k.3 - •••) + . . . ( l . 0(1)) 

r,3 ^°2K-1 °3 °2K-3 

where a - 5/192*3. In the case M=3, we have by def in i t ion 

= 9p(u) 

SP(;) 

]T^3) 
&(% (qjig) 

(5.53) 

(5.54) 

where the factor & comes from the normalisation of g and SP(;) means 

that the vertex function has been evaluated at momenta q . .q . = &(36;:-l)%2 

Where i , j = 1, 2, 3. Using equations (5.53) and (5.54) we f ind that 

'2K+1 
= r 

.(3) 

and 

r,2K+l 

SP(;) 
(• • 4, (5.55) 

thus dgK+i ~ K! K for K large. Using this estimate we f ind from 
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equations (5.52) and (5.53) that 

_ ( m ) -2o/a / / a \ 
' R,L = F r , L * % M>3 (5.56) 

where as usual L=2K i f M is even or L=2K+1 i f M is odd, and where a=S^ 

is given by 

9y.(po) = 9p(p) - agp3(w) + 0(gp5) (5.57) 

To determine a we simply need to perform a one-loop calculat ion 

o fT^^^ andT^^) . I t is found that (see Appendix H ) 

= g - + ^ + &n2 + + J i l l -
64^3 18 81 27 

+ 0(e)^ + 0(g5) (5.58) 

where here g means the bare coupling constant, and = J 9(3n+l) 
V / n=0 

10.0954 . . . i s the trigamma function with argument V 3 . Elimination of g 

between equations (5.42) and (5.58) gives in s ix dimensions 

^ 3X + 6An2 + 3an% - + l l l i \ 

- 2 _ 

128*3 [ 3 9 [ 3 ) 27 J 

' i f ? V % ) 

and thus 

.(w) / \^®/5 t i n - i - i (h) / \ ' = 

R,L ' ^ r , L « P < " 5 + ^ i n , + 

^ ' ( 1 + " ( 1 ) ) ; (5.60) 

and together with equations (5.26) and (5.44) th is f i n a l l y gi ves 
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4TT 

X exp { m m - 32141 . _9K . 5803 ^ J6 A \ . 32 , 2 

2*4 10 720 15 45 
tr2 } 

y 6-2m (^*dx ,6-2m-18/5 m 
X y \ —— X n 

^ ^ 1=1 
xy 

k, 7 1 + 0 

; (5.61): 

where i t is understood that M>3. 

We note from equation (5.51) t ha t , as expected, the perturbation 

series does not osc i l l a te at high orders and so i t is not Borel summable, 

Cases in which 4,̂  theories do give osc i l l a t i ng series at high order are 

discussed in the next section. 

Final ly in th is sect ion, we w i l l obtain high order estimates fo r 

the renormalisation group g function in six dimensions. I f we wr i te 

2K+1 
6(9%) = i g 

K 
2K+1 (5.62) 

then from equations (4.106) and (5.54) we obtain 

2̂k+1 = 
dy 

-p t (3 ) 

' r ,2&h (si) 
sp(y) 

(5.63) 

Using equation (5.49) th is gives (a f te r integrat ion by parts) 

'2K+1 

9c_ / r / \^^/5 

5TT \ 192^3, 
r ( k + i v 2 ) r o 

f 
« / 5 r 13 

9((x )j dx ^1 + o| (5.64) 
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To f ind the coef f i c ien t of in B(gp) we use the fact that the 

required coe f f i c i en t , ^2K+T sa t is f ies (compare with equation (5.53)) 

^2K+1 " ("*2K+1 ^2K+1 ® ° ( ^ ) ) ' since 6^=0 we may use 

equations (5.26), (5.44) and (5.59) to obtain 

, / 5 ' / 2 -12/s f' 3 
«2K+1 ' K| K 270, N X 5 K^3(x) 

X exp t _ 3 m . - I V . 58M ^ J6 . 
27r2 2%̂^ 10 720 15 U / i S - ' > 

l + 0 ( | j ) (5.65) 

The integral in equation (5.65) appears in the l i t e ra tu re (Ragab 1956), 

but i t does not seem to be expressible in terms of simple functions. 

We w i l l discuss the v a l i d i t y of the assumptions which lead to the 

results (5.61) and (5.65) in chapter seven. 

Other (j)̂  I n t e r a c t i o n s 

In th is section we w i l l discuss a generalisation of the f i e l d 

theory defined by (5 .1) : 

h(+) = jddxj^a(7*. ) (v* . ) + 2 d . j^ * . * j *^ (5.66) 

where i , j , k = 1 , 2 , . n and summation over repeated indices is 

understood. Here is a symmetric t h i r d rank invar iant tensor of 

some symmetry group G. To f ind the instanton solutions fo r th is theory 

we have to analyse the f i e l d equations obtained from equation (5.66), 

which are given by 

9**1 = 9d i j k * j * k ' n (5.67) 

We may now appeal to the resul t proved in the f i na l section of the 

previous chapter, namely, the instanton solut ion of least action has the 
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form 4y(x) = LLO^(x) where û . is independent of x. Thus 4^(x) is given 

by (5.2) where the vector sa t i s f ies = d^j^UjU^. 

We may now repeat the analysis of th is chapter to f ind that the 

high order behaviour of the vertex functions is given by 

K M+r+5 

jqztt^u .u 
' ... ~ k ! I K C , M even 2k 

and (5.68) 

w m ) 

192n3u.u 
I 2K+1 ~ K! I \ K C ( l + Ol-hl] , M odd 

where r is the number of co l lec t ive coordinates that have to be i n t ro -

duced due to the breaking of the internal symmetry by the instanton and 

0,0" are numbers depending on the theory under study. In the case where 

G is discrete no co l lec t ive coordinates fo r the internal symmetry are 

required and so r=0. An example of a theory of th is kind is the n 

component Potts model (Potts 1952) where G = (Zia and Wallace 1975). 

I f the internal symmetry i s continuous ( fo r example G = SU(n) (McKane 

et al 1976)), then r w i l l be a posi t ive integer depending on u^. 

The resul t (5.68) again shows the malignant growth found In the 

one component case (equation (5.61)) . Osci l latory growth at high orders 

only seems possible i f uu<0. Clearly th is condition cannot be sa t i s f ied 

fo r real vectors, however such statements are common in theories where 

the l i m i t n->0 has been taken. This suggests that theories which involve 

taking the l i m i t n->0 may have benign growth at high order. Two of the 

most studied theories in which th is l i m i t is taken are the percolation 

problem (which is the n-̂ 0 l i m i t of the n component Potts model (Fortuin 

and Kasteleyn 1972)) and the Edwards-Anderson model of a spin glass 

(Edwards and Anderson 1975). For both these theories u.u~n as n-4) and so 
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the resu l t (5.58) becomes meaningless as n+0 (Houghton et al 1978, 

Elder f i e l d and McKane (unpublished)). The problem for the percolation 

model has been overcome (Houghton et al 1978) by reformulating the whole 

theory so as to avoid the n->0 l i m i t . The growth is found to be 

osc i l l a to ry at high orders. 

F ina l l y , we make two general comments concerning the calculat ion 

of the high order behaviour of theories with internal symmetry. These 

theories are usually encountered in the theory of phase t rans i t i ons , 

where one looks fo r infrared stable f ixed points of the renormalisation 

group. I f such f ixed points ex is t in 6-e dimensions then the theory is 

not asymptotically free in six dimensions. Thus f i r s t l y , the d i l a ta t i on 

integral is not guaranteed to converge for large x in six dimensions 

(compare with equation (5.46)) . Secondly, in 6-e dimens ions al 1 4,3 

theories are asymptotically f ree , thus, i f in addit ion an infrared stable 

f ixed point of order e exists in 6-e dimensions the integral (5.46) 

converges at both end points for d<6, even in the case M=0. Therefore 

the vacuum decay rate in such models is a f i n i t e calculable quant i ty . 

Apart from these n-̂ 0 f i e l d theor ies, the perturbation expansion 

fo r f i e l d theories studied in th is chapter i s not Borel summable for real 

values of the coupling constant. However, i f the coupling constant is 

pure imaginary, then the perturbation expansion is real (or pure 

imaginary) but has osc i l l a t i ng behaviour at large orders. Thus for 

example, the perturbation expansions in the reggeon f i e l d theory are 

Borel summable (Cardy 1977) and improved predictions for the c r i t i c a l 

exponents can be obtained. A more conventional <j)̂  model with a pure 

imaginary coupling constant has recently been discussed by Fisher (1978) 

in connection with the Yang-Lee edge s ingu lar i t y in ferromagnets. In 

th is case too, the high order estimates w i l l enable c r i t i c a l exponents to 

be calculated more accurately. 
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CHAPTER SIX 

ASYMPTOTIC BEHAVIOUR OF THE PERTURBATTON 

EXPANSION AND VACUUM INSTABILITY IN FIELD THEORIES (H > 4^ 

In th is chapter we shal l generalise the work of the previous two 

chapters and study f i e l d theories (N > 4) near the dimension in which 

they are conformally invar ian t , that i s , near d^ = 2N/N-2 dimensions. 

We shal l f i nd , as we would expect, that theories with N an even integer 

have a perturbation series which osc i l la tes at high order, but theories with 

N an odd integer have a perturbation series which is not Borel summable. 

The case where N is even has been investigated by Lipatov (1977a,b) and 

Brezin et al(1977a) in d = d^ dimensions, the theory being regularised by 

the Pau l i -V i l ia rs method. We shal l again employ dimensional regular isat ion 

by working in d = d^ - e dimensions. One of the major advantages is that 

mass renormalisations are e f fec t i ve l y avoided and so one finds that the theories 

we are interested in here do not require renormalisation at the one-loop 

leve l . Since we w i l l only perform a one-loop calculat ion of the imaginary 

part of the vertex funct ions, we w i l l encounter no u l t r av i o l e t divergences 

at a l l , and so the calculat ion in these cases is somewhat s impl i f ied . 

Calculation of the Imaginary Part of the Vertex Functions. 

We begin, as usual, with the Euclidean act ion: 

H(*) = ^d^x[a(?*)2 + g/N ; N > 4 (6.1) 

where d = d^ - c, e > 0. The instanton solutions with least action fo r th is 

theory are given by eqn.(3,30): 

2/N-2 -BN l /N-2 
A 

g(N-2)2, .1+X2(X-X.)2_ 
(6.2) 

From our discussion of the saddle points for the corresponding "zero 

dimensional f i e l d theories" in Chapter two, we know that for the par t icu lar 

analyt ic continuation we choose to make, we have only to consider real 
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saddle points. Thus i t is understood by eqn.(6.2) that fo r N even there 

are two saddle points 4, =±(j>^ given by (6.2) with g < 0, and for N odd there 

is only one saddle point which is posi t ive fo r g < 0 and negative f o r g > 0. 

Expanding H(*) about * we f ind 

- 4e_ 

N - 2 

, L N / N - 2 

r -8N lT/N-2 

. ^ D ^ X A 

4(n-2)2j 

$ + g(N-l) (N-2)r( 
.l+A2(x-Xo)2j 3! 

4 1 

16.3) 

where M is given by eqn.(3.72). We w i l l see la ter that in the one-loop 

approximation the l inear term does not contribute for N > 4. The form of 

the imaginary part of the vertex functions is found in exactly the same way 

as for and 4.^. The generalisation of eqn.(4.31) is 

ImT^M)(qt) = exp - H(4k)Ci(2n)^&+T^2 det 'V ' 
(arg g=m) 
M 

„ even 

and of eqn.(5.9) is 

= &(^ajvexp_h(+g)c^(2*)^g+^y2 

(arg g=0) 

m qi2(^ddx.eiqi^%+^(xi)[l+0(e,"2/n»2 

det Vo 

(6.4) 

det 7 j 

det Vo 

m 
n 

1=1 

• ) N odd (6.5) 

The signs of (6.4) and (6.5) together with the factor J in eqn. (6.5) are, 

as usual, taken from the discussion of the corresponding "zero dimensional" 

models in chapter two. The factor C-j represents the e f fec t of the l inear 

term. 

As we have already mentioned we expect the theories for which N > 4 

to be free of 1/e poles at the one-loop leve l . In par t i cu la r we expect 
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c2 det 7 

det Vn 
(6.6). 

to be f i n i t e as e -> 0, Thus we do not have to calculate the 0[e) corrections 

to in d = dimensions at th is order. One easi ly f inds 

h(*c) = nsn [6.7) 

N-2 r C d j ) lscn-2jil 

where Sj^ is the surface area of a d^-dimensional sphere of uni t radius 

The Jacobian takes i t s usual form (see eqn,(4.27)) but wi th 

a = 2 

and 8a 

* H 2 ^ = -4 

and therefore we f ind 

-8N 

j l(n-2)2j n-2 

l / n . 2 ^ ^ + 1 

([l+a2(x-*o)2]n/w^i 

.8n 

lpcn-2)^j ^-2 

(6.8} 

(6.9) 

(n-2)(3n-2) 

-8n 

j(n-2)2_ 
ip(dc) j 

(6.10) 

We notice that Kf^^) and have many factors in common and therefore 

fo r convenience we w i l l introduce the quanti ty yo(N) defined by 

2 . ."r2(dc/2) (6.11) 

i-Z T ( d c ) 

which implies 

8N 

.cn-2)2 

2/N-2 

and 

N(>c) " * ' ' [ - V g ] ^ ' " " ^ ( N ) ( l + 0 ( c ) ) 

/ = 4i'= i - ' /9]z/"-2f(n)?d+1/2ci+0{c.g2/n-2)) 

(3N-2) ' ) 

(6.12) 

(6.13) 

so that 

We define T(q) in an analogous way to (4.54) and (5.24) 

i"^"' ' /2 lo(n)[- l /g] ' |2 /n -2 i^ fe (q /x ) , 

T ( q ) = ( 2 S j t T < ( dc/2!}" Yd^xe^^' ^ 

ln-2 r ( d c ) ( ) ( l+xz)z/n-2 

(6.14) 

(6.15) 
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and therefore using eqn.(5.25) we f ind 

{2t<tdc/2)t%dc/2 - t ) ) 

where we have used = 2%^^/2/p(dc/2) and 2/(N-2) = dc/2 -1 . 

We can now use eqn$.(6.6) ,(6.12) ,(6.13) and (6.14) to wr i te eqns.(6.4) 

and (5.5) as 

= -c ic j 

.tr(3n-2i; 

l4c+l /2(d) 

i . /^ ) ^l+0(c ^ ) j ; N even 

m 

1=1 (6.17) 

and 

= c i c , r 2 

— t c ^ n - z u ) x 

m 

n g( iTCq iA) f j+OCG.g^^^"^ l l ; N o d d 
1=1 ,2 

C6.18), 

where ^(N) is given by eqn.(6.11) and $'[q) by eqn.(6.16). Thus i t only 

remains to calculate C-j and Cg. 

We begin by considering C-j. The loop parameter now is and so 

using s imi lar arguments to those presented in chapters four and f i ve we deduce 

that to th is order we need again only calculate the u l t r a v i o l e t divergent part 

of the graph shown in Fig.14 in order to evaluate , The graph gives a 

contr ibut ion 

16N(N-1 )£ (^d'^xd'^y • 1 . m (x,y) 1 _ (6.19) 

in f l a t space and 

2n(n-l)e .igjk-'/zxf-xng.ng) 
(n-2)2 

(6.20) 

in spherical space. Let us consider the structure of (6.19) f i r s t . As 
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usual we wr i te M ^ fy , y) as the sum. of propagators with zero, one, two , . . . 

insert ions of 4d^(d^ + '1)(1 +.x^) ^, The-loop integral 

corresponding to the case with zero insert ions is zero in dimensional 

regular isat ion. However, the loop integral corresponding to one insert ion 

is u l t r a - v i o l e t f i n i t e for d^ < 4 (see eqn.(4.64)) and therefore so are a l l 

the other integrals corresponding to more than one inser t ion. Thus the 

integrals in expression (6.19) give no 1/e u l t r a - v i o l e t pole fo r N > 4 and 

so the whole expression is order e which can be neglected at th is order. 

We can also check th is from eqn.(6.20). I f we evaluate the integrals as in 

chapters four and f ive we are l e f t with 

- (N- l )e ^ x(£L'+d-l)T(L'4-.d-l) . (1+0(E)) (6.21) 

4TW+^N-2) L 7 1 T ( L' +1) (L' +d/2+d^/2) (L' +d/2-d^/2-1) 

For large L' we may expand the summand as fo l lows: 

(compare with eqn.(4.40)) • thus for L' large the sum may be wr i t ten as 

where Bo(e), B I ( E ) , . . . are polynomials in e. Now for theories with N > 4, 

dg is only an integer in one instance and that is when N=6, d^=3. Since the 

Riemann zeta function has a simple pole only when s= l , we see that i t 

is only in th is case that we can possibly pick up an u l t r a - v i o l e t divergence. 

We then f ind that the sum in (6.23) gives 

2Bo(0) + 0(1) (N=6, dc=3) (6.24) 

Bo(0) is easi ly found to be zero from calculat ing the 0(L"^) correct ion in 

eqn.(6.22) for d=d^=3. Therefore the sum in expression (6.21) gives no u l t ra , 

v io le t 1/e pole for any N > 4 and thus the whole expression is of order e. 

These observations mean that to th is order the constant C-j in eqns.(6.17) and 

(6.18) is equal to one. 
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We now come to the invest igat ion of the term Cg which arises from the 

small osc i l la t ions determinant. We"-expect i t to be f i n i t e since.mass'less 

theories with N > 4 need no renormalisation at the one-loop leve l . To see • 

th is we notice that one loop diagrams ex is t only for the vgrtex functions 

- )• M = 1, 2j . . . . The one Ibop contr ibut ion to 

"P (Fig.16) has the form ^d^p/p^ which is zero in dimensional 

regular isat ion. The one loop contr ibutions to ]p^(^"2) . #=2,3 , . . . are con-

vergent for d^ < 4 (N > 4) and so a l l vertex functions are f i n i t e at the one 

loop leve l . 

C£WT 
The precise form of the small osc i l la t ions term^be read o f f from eqns. 

(3.78) and (3.82); 

ietjA =̂exp-j £ T(L-t.d-1) (2L+d-l ItnOlHd+jdr) (L+jd-jdi^-l 11 (6.25) 
d̂et \j T(L+1)r(d) I (L+Jd)(L+Jd-l) I 

or evaluating the L=0 mode ahd L '= 1 modes, of Vo e x p l i c i t l y 

^2 = /dc22)f/dc{dc+2j\2(dc+T)exp_i ^ T fL+dc- l -e ) f Z U d r - l - e l 

\ 4 / \ 4 / l=2 tt f l+irrcd^-e) 

£n ^(L+dc-£/2) fL- l -e /2^ 1 (l+Ofc)) (6.26) 

( ( l+ idc-g/2) ( l+adc- l -e /2) \ , 

We now have to check that for N > 4 the sum in (6.26) gives no 1/e poles, 

Expanding the summand fo r large L we may rewrite the sum as (see e q n . ( 4 . 4 0 ) 

et seq) 

where as usual [ ^ (E ) , C. ] (e) , . . , are polynomials in e. Applying the same 

arguments as for the sum (6.23) we see that we only have to show that Co(0)=0 

fo r d=dc=3. Using a n { ( l + 3 ) ( l - l ) / ( l + 3 / 2 ) ( l + * ) } =-15/412+15/213+0(1/14) th is is 

easi ly ve r i f i ed . Thus we have to calculate only a pure number for each d^ 

from the sum in eqn.(6.26). This is easier said then done, since d^ is not 

now an even in teger , and so we are unable to use the usual method and s h i f t 

the summation variable independently for each of the logarithmic factors . 
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Figure 16. Graph contr ibut ing which vanishes in the mass less 
theory in dimensional regu lar isat ion. 



One could t r y to wr i te an integral representation for e i ther the logarithm 

or the degeneracy fac to r ; however one is then l e f t with integrals which seem 

equally in t ractab le . We shal l content ourselves with evaluating i t for the 

case N=6 when d^ is an integer and some s impl i f ica t ions occur (see f i na l 

section of th is chapter). 

High Order Estimates 

As we have seen many times in th is thesis the perturbation expansion 

for g(j>̂  theories behaves very d i f f e ren t l y at high orders in the two cases 

N even and N odd. Therefore in th is section we w i l l look at these two cases 

separately. We begin with N an even integer. 

As usual we shal l assume that the ana ly t i c i t y properties of the vertex 

functions are such that we can generalise eqn.(2.8 ) to eqn.(4.83). We 

shal l wr i te the dispersion re la t ion in the dimensionless bare coupling constant 

g=gu Using eqns.(4.83) and (6.17) we then f i nd the coef f i c ien t of 

(?)^ (q. ;g) to be 

= C2(N-2) F 2 K(N-2)/2) 

2TT J ( 3 N - 2 ) J 

/ (p/x)sk(n-2)/2 m ^ +'(qi /a)(t+0(e, l /k)) (6.28) 

As usual the integral converges for small x, due to the exponential decrease 

of (j>. For large A the integral converges in d^ dimensions only i f M > N, 

since for N > 4 we have no anomalous X factors from the conventional one-loop 

coupling constant renormalisation. When M=N we f ind that the integral diverges 

logar i thmical ly : 

& , / , ,6:k(n-2)/2 n ^ . 2 -
d^ n 3;;1%qc/x)(l+0ce,l/k)) 

o a 1=1 X 

= r8r(dr)ndc/2 N/2^£(tvJ-2)/2 

e(N-2)K t^(dc/2)r('^c 

using eqn.(6.16}. Thus we f i nd that 

TTK 

+ f i n i t e (1+0(G,1/K)) (6.29) 

__2 l / ^ (N) ) "^ " " "^^^Cd+KN + K(N-2) ) 

n(3N-2)| 2 2 
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x gf{dc)^dc/2 

] ^ ( d / 2 ) r ( d / 2 -1), 

N / 2 ^ E ( N - I ) / L [1/E+0(1)](1+0(1/K)) (6.30) 

The pole in e comes from the divergence of the leading diagrams at K— order. 

As M decreases from N these divergences get worse un t i l in the case M=2 we 

f ind a quadratic divergence which vanishes in dimensional regular isat ion. 

t h 

The divergences are removed by performing K— loop renormalisationsjwavefunction 

and coupling constant renormalisation in the cases M=2 and M=N and fo r 

2 < M < N we choose the f u l l y renormalised vertex functions to be iden t i ca l l y 

zero. 

We can obtain the high order behaviour of the g function quite simply 

since we can check that wave-function renormalisation can again be ignored to 

leading order in K. Thus 

'k 
(N-1): dw 

1 - i f f c q i ) SP(w) ^ 

K .. 

-Ke(N-2)/2 ] (6v3t) 

( n - l ) l dp 

where is the coe f f i c ien t of g^ in g(gp). Therefore from eqn.(6.30). 

we obtain 

% C2(N-2) 2 dc+l /2r 

2%T%N) _n(3N-2) D 

8r(dc)7r dc/2 

br2cdc/2yrcdc/2 - i ) 

N/2 e (N-2X |_0 /2 

_l_^^(N-2)/2yQP+l+H)^,+ K(N-2)/2)( l+0(E, l /K)) (6.32) 

_ |/ 
The coe f f i c ien t of (g) in the 3 funct ion, which we denote by g|^, is 

of course related to in a t r i v i a l way: 

E(N-2jK / 2 (6.33) 

K .. I t is straightforward to check that the coef f i c ien t of (g^ )̂ in 6(gf^) 

is related to by = lB^(l+0(l /K)) in d = d^ dimensions i f N > 4. 

Thus we may wr i te 
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= c2(n-2)r 2 

2%TXN) [n(3N-2) 

0c+l)/2 8t(d(;) ,dc/2 

' - 8 N 
K r 

[ . ( N - 2 ) l 

( n - z a d c ) 
4*dc/4 

^ (d^/2 ) txdc/2 -1) 

K(N-2)/2 

N/2 

'(dc/2), 

W d c + W ) + K(N-2)Vl+0(1 /K)) (6.34) 

\ 2 2 

fo r N > 4. This equation gives the required high order behaviour of the g 

funct ion. We w i l l evaluate i t e x p l i c i t l y in the case N=6 in the f i na l section 

of th is chapter. 

The case where N is an odd integer can be s im i la r l y investigated. This 

time we use eqns.(5.47) and (6.18) in order to calculate the asymptotic 

behaviour of the coe f f i c ien t of ("g)'" inT^®^^ (qi j 'g) . We f ind 

= _C2(N-2)r 2 l dc+1 /2 / ^ '\L(N-2)/2,%d+i+M^+ L(N-2) ) 

2n |n(3N-2)J (/)(N)y ' \ 2 2 ' 

c dx xd-m(d-^%^(^/^)gl(n-2)/2 ^ g;2+(q; /x) ( i+o(e, t /k) ) (6.35) 
/oa 1=1 x? 

where L=2K i f M is even and L=2K+1 i f M is odd. Notice that th is has almost 

exactly the same form as the case where N is even (eqn. (6.28)); the only 

dif ference being the (-1) factor that appears in theories with an even number 

of in teract ions. I t follows that the asymptotic structure of the g function 

has the form (6.34), again with the appropriate minus signs absent. 

High Order Estimate for the g function in 4,6 theory. 

In th is f i na l section of th is chapter we w i l l evaluate the constant Cg 

defined by eqn.(6.26) in the special case N=6. This w i l l enable us to obtain 

an e x p l i c i t form f o r f r o m eqn.(6.34). 

For theory d^=3 and so eqn.(6.26) becomes 
O 0 0 

Cg = i / j A exp-i z T(L+2-£)(2L+2-£) 

\4 / L=2 T i (L+ i ; r (3 -e ) 

£n^ (L+3-e/2)(L- l -e/2) j ( l+0(e) ) (6.36) 

(L+3/2-E/2)(L+a-E/2) 

The d i f f i c u l t y with evaluating Cg when 2d^ is not an integer is that we cannot 

s h i f t the summation variable for a l l the sums. In th is case we can perform 

the s h i f t fo r two of the sums and so we do these f i r s t . Defining 
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S-j - Z T(L+2-e) (2L+2-£)£n{L+3-£/2UL-1-p/?) 1- (6.37) 

L=2 7(3-6:)r(L+l) 

we f ind using the method described in chapters four and f i ve 

= —J— {»4s'(e-2)-16c'(e)-8e;(T+e)+T49E2 C' (l+e)+0(e) }-Jin3-4jin4 
in(3-e) 6 

= -2g' ('•2)-8g' (0)-197 -&n3-42n4+0(E) (6.38) 

12 

We now invest igate 
QO 

^2 " - S r(L+2-e>(2L+2-e) An{(L+3/2-e/2)(L+&-e/2)} (6.39) 

l=2.p(3-e)r ( l+ l ) 

Expanding the logarithm in powers of L+1 we f ind 

^2 ~ "2 2 T(L+2-e)(2L+2-e) &n(L+l) 

r ( 3 - e ) r ( l + i ) 
CO 

• ^ T(L+2-e)(2U2-£)^ E + E + eO(l/L^) 

P(3-E)r(L+l) L+1 4(1+1)3 

T(L+2-E) (2L+2-E)^_X i I ^ + J i l L . + . . . i+0(e) (6.40) 
r ( 3 - E ) r ( L + l ) 2(L+1)Z 4(L+1)4 

To evaluate the f i r s t two sums and the f i r s t term of the t h i r d sum we 

use 

T ( L + 2 - E ) ( 2 U 2 - e ) = ( 2 (L+1 ) ^ - 3 E ( L + 1 ) + E ^ ) T ( L + l - E ) ( 6 . 4 1 ) 

t ( l + 1 ) r ( l + i ) 

and so we f ind 

Sp = 2c ' ( -2) + 8&n2+i;(0) - 7 
17 

oo oo 
+2 z (L+1) z ( I ) " + 0(E) (6.42) 

"•=2 2n(l+1)'" 

Thus from eqns.(6.38) and (6.42) we have 

^1 ^2 ~ "^^'(O) + &s(0)-33+42n3-182n2+42nS 

2 

( 6 . 4 3 ) 
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The sum in eqn.(6.43) i s 
00 00 CO 

: i i i l " \ \ (6 .44) 
n=2 2„ t,=2 

We can w r i t e th i s sum in terms of an in teg ra l as fo l lows. Define F(a) by 
=0 „ 00 00 

F(a) = z C(2n-2)a " = { [ i + z (6.45) 
n=2 Zn m=4 m=4 ' 

m m 
wi th | a | < l . Then using (Erd^ ly i IQSf) 

?(m-2) = 1 r x'^'^dx (5.46) 

(m-3X 4) e * - ! 

we have 
oo 

F' (a) = ^ C e**-e dx = a - cot(ma) (6.47) 

^ /o 9^-] ^ 

and thus we f i n d 

F(J) ' =(Zn-2)(#)2" = 1 - 1 ^ y dy (6.48) 

'o 

So f i n a l l y eqns. (6 .36) , (6 .37) , (6 .39) , (6.43) and (6.48) give 
w a p 

C2 = 4 expr n + 1 r y cot y dy •,(l+0(e)) (6.49) 

2 ^ z . O 0 IT 

where we have used c(0) = ; ' ( 0 ) = -&&n(2n) (Erdely i 1955). 

Let us now return to eqn.(6.34) i n the case N=6: 

'2% = (2K)1 W e f K* C2 (1+0(1/K)) (6 .50) 

W I 2®.3.5.Tr2 

and so using eqn.(6.49) we f i n d 
. K A n/o 0 

^ = (2K)1 /-16\ K 1 exp^ n + 1 r ^ cot y dy^ ( l+0 ( l /K ) ) (6.51) 

\3n4j 960*4 Z yi 

Since no new s i n g u l a r i t i e s appear in theory in three dimensions (see 

chapter seven) we expect the resu l t (6.51) to be a cor rect estimate of the 

asymptotic behaviour of in contrast w i th the corresponding resu l ts f o r 

i n d = 6 and i n d = 4 dimensions. 
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CHAPTER SEVEN 

SUMMARY AND DISCUSSION 

In th is f i na l chapter we w i l l b r i e f l y summarise the methods and 

results of the previous three chapters paying par t icu lar at tent ion to the 

assumptions we have made. We make the point that a l l the calculat ions 

exhibi ted in th is thes is , and other calculat ions of a s imi lar nature, require 

two main assumptions: 

1. The imaginary part of the pa r t i t i on funct ion. Greens funct ion, 

etc. generated by vacuum decay, is characterised by non- t r i v ia l 

c lassical structures (the instantons), and th is enables the 

imaginary part to be calculated by a semiclassical approximation. 

2. The analyt ic properties of the pa r t i t i on funct ion. Green's funct ion, 

etc. in the coupling constant, are such that we may wr i te a con-

tour in tegral that relates the imaginary part of the function fo r 

unphysical values of the coupling constant to the real perturbative 

part of the function fo r physical values of the coupling constant. 

Examples are eqns.(2.8 ) , (2 .24 ) , (4.81) and (5.47). 

As we have remarked previously, such assumptions which l i e outside the realm 

of perturbation theory, are d i f f i c u l t to investigate for higher dimensional 

f i e l d theor ies, nevertheless we w i l l attempt to present some current views 

on the v a l i d i t y of assumption 1 in the f i na l section of th is chapter. 

Summary of the Instanton Calculations in theory. 

In th is thesis we have calculated the imaginary part of vertex functions 

associated with tunnel l ing in <j)'̂  f i e l d theories at or near d^ = 2N/N-2 

dimensions, in the semiclassical approximation. As discussed in chapter 

three we chose to work in d^ dimensions since in these cases analyt ic forms 

may be obtained fo r the instanton solut ions, and indeed the whole of the 

calculat ion of the imaginary part may be performed ana ly t i ca l l y . This 
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calcu lat ion of the imaginary part together with sui table ana l y t i c ! t y 

assumptions (see assumption 2 above) enabled us to estimate the asymptotic 

behaviour of vertex functions etc . as functions of the coupling constant. 

In the case where N is even, these resul ts are not new - they were 

previously obtained by Lipatov (1977a,b) and Brezin et al (1977a). The 

new feature of our ca lcu la t ion was the use of dimensional regular isat ion 

to control the u l t r a - v i o l e t divergences of d dimensions. A major aspect 

was that even in the regularised theory (d^d ) i t was adequate to use the 

instanton solut ion of d dimensions. Since th is f i e l d conf igurat ion was 

not a solut ion in d(^ d ) dimensions, one was able to obtain addi t ional 

ins igh t in to the Jacobian fac tor when co l lec t i ve coordinates were introduced. 

3 4 

In and tj) theories i t was necessary to perform a one-loop coupling 

constant renormalisation. Another advantage of our regular isat ion scheme 

was in evidence he re : the d i rec t appearance of the dimensionally regular ised, 

renormalised, running coupling constant; instantons of scale size l /A 

having an e f fec t i ve coupling g^^^A). The asymptotic freedom of the theories in 

d = d implied the convergence of the d i l a ta t i on in tegra l over instanton scale 

sizes A and for f i xed external momenta there was exponential con-

vergence fo r X -> 0. 

F i na l l y , we mention a perhaps unimportant feature , that i s , the 

evaluation of the contr ibut ion of the one extra diagram (Fig.14) in and 

4-'̂  theor ies. The ca lcu la t ion can be completely contro l led by working on 

the sphere, and i t is th is resu l t which ensures agreement with the 

calculat ions of Lipatov and Brezin et al in the case. We feel the graph 

should also be d i r ec t l y calculable in f l a t space, however we have not been 

able to elucidate the discrepancy discussed in chapters four and f i v e . 

We w i l l now go on to give a very b r i e f discussion of the resul ts we 

obtained. The form of the asymptotic estimates is f am i l i a r from the work 
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of Lipatov and Br^zin et aT. We merely re-emphasise the dif ference 

between * theories with N even and those with N odd. The former have a 

perturbation series which osc i l la tes at high order ( for posi t ive coupling 

constant) and we say i t has a benign growth, whereas the l a t t e r have a 

perturbation series in which al1 the terms have the same sign at high 

order ( fo r real coupling constant) and we say i t has a malignant growth. 

As discussed at the end of chapter f i v e , not a i l +3 models are diseased 

in th is way, in par t i cu la r those models with an imaginary coupling 

constant have a perturbation series with benign growth at high order. 

The Appearance of Renormalon Singular i t ies in d dimensions. 

In th is section we w i l l give some arguments(Lautrup 1977, ' t Hooft 

1977b, Parisi 1977c) which indicate that assumption 1 may break down in 

dimensions, that i s , new s ingu lar i t ies in the Borel-transformed Green's 

functions appear which are not associated with the instanton solutions of 

the theory. 

We begin by reca l l ing the results of Bender and Wu (1976)(see also 

Parisi (1977l»)),who, from a s t a t i s t i c a l treatment of Feynman diagrams, found 

that the [K(N-1)jI growth of the term in the perturbation series in 

theories came from the number of diagrams at th is order, while individual 

diagrams grew no faster than where C is a constant. Thus the instanton 

s ingu lar i ty comes from the number, and not the indiv idual magnitude, of 

Feynman diagrams. However, i t has been pointed out (Lautrup 1977, ' t Hooft 

1977b) that in d^ dimensions a new type of s ingu lar i t y appears which comes 

from the indiv idual magnitude, and not the number, of Feynman diagrams. 

These new s ingu lar i t ies cannot be analysed by semi\classical methods; as 

we shall see they are a short distance phenomena which appear when the theory 

is j us t renormalisable. For th is reason ' t Hooft (1976b) has named them 

"renormalons". 
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To invest igate the nature of the renormalon s ingu lar i t ies i t is again 

convenient to study theories with N even and N odd separately. Let us 

f i r s t of a l l consider the case when N is even, where an example of a 

diagram contr ibut ing (q^) which has an integral proportional to Ki 

can be constructed by examining the high momentum behaviour of the diagram 

shown in Fig.17. With large external momentum p the diagram with L loops 

grows l i ke (C£np^)''^'"^\ where C is a constant. Thus i f we ( fo r example) 

inser t th is diagram in to the relevant diagram shown in Fig.18 we obtain 

integrals of the form 

I ~ r (&np2)K fo r K + pZ + « (7.1) 

) (p2 + 

where n is an integer. We have neglected external momenta since we are 

interested in the large internal momentum region of the in tegra l . For large 

P 

N 
I ~ " (tnx)K -(^dy yKe-(n-N/N-2). 

- \dx 
^ - n - 1 - eK(N-%^/4' 

1 

and thus 

I ~ Kla^ for large K (7.2) 

Notice that in d = d^ - e dimensions where the theory is super-

renormalisable th is K! growth is no longer found; 

i - r ddc-ep for % ^ p2 + . (7.3) 

) (p2 d- m^)" 

(7.4) 
- n - eK(w-2)/A-

In summary, we may say that when the theory becomes j us t renormalisable 

new short distance (high momenta) ef fects appear which give r ise to a K1 

growth f o r y ^ ^ ^ not previously encountered. Now in a super-renormalisable 

theory we know that at high momentum we approach a free f i e l d theory and 

so we expect no anomalous high momentum behaviour. However, i f the theory 
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• • • 

Figure 17. The "chain of bubbles" in f i e l d theory [N even). Each "bubble" contains 
N/2 - 1 loops. 

Figure IS. Example of a graph in theory (̂N even) which contr ibutes toT^^^^and has 
Ki growth. 



is j us t renormalisable, then there is no guarantee that the theory at high 

momentum and at low momentum are the same. In fact i t is well known 

(Landau 1955) that in the large momentum region of these theor ies, one finds 

a pole in the N point vertex funct ion, commonly referred to as the 

Landau ghost. One can easi ly check that in the leading logarithm approxi-

mation, in the 1/n expansion e t c . , the pole occurs at momentum p given by 

p2 = y2g2/029 (7.5) 

Here ^ is a momentum scale and gg is the coef f i c ien t of gZ in the g funct ion. 

We know that the renormalon, or Landau ghost, gives the asymptotic 

growth shown in (7 .2) , however, the sign and magnitude of a is crucial i f we 

are to know whether or not renormalons dominate the high order estimates 

obtained from the semi classical calculat ions. The value of a is easi ly 

obtained i f we fol low Pari si (1978 ) and solve the Borel-transformed 

renormalisation group equation to lowest order: 

[-P3 +S2b+d„ ]T> ( " ) (p , „ ; b ) = 0 (7,5) 

where ^ is the Borel transform {which has naive dimension d..) 
m' 

Solving eqn.(7.6) fo r large p gives 

which c lear ly shows the anomalous (P/y)^^^ term which appears in the large 

p region. To f ind the form of s ingu lar i t ies produced, consider ( for example) 

the contr ibut ion to"P|^ ^ ^^ shown in Fig.19. In the large momentum 

region we get a contr ibut ion 

j(p2 + m2)" 

We may take the Borel transform of eqn.(7.8) by using the convolution 

theorem (Parisi 1978 ) 

. . . F^] = f n db j f . (b't) 6( z b ; - b) C7.9) 
i o i= l i= i 

where the Borel transform of F. is B[F.] = f . . Equations (7.7) and (7.9) 

give the Borel transform of expression (7.8) as 
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f i gu re 19. Graph giv ing a contr ibut ion in f i e l d theory 
CN even). The shaded areas represent vertex inser t ions. 



f(b) (p/w)g2b : (7.10) 

)(p2 + m2)" 

We see that the integral in (7.10) is divergent for g^b + - 2n>0, 

that i s , the Bore! transform o f h a s s ingu lar i t ies for 

2(m-n) ; m > n ( 7 . i t ) 

n ? " 

For a l l 4*̂  theories (N even) gg > 0 and thus the theories are not 

asymptotically f ree. This means that the renormalon s ingu lar i t ies given 

by eqn.(7.11) are on the posi t ive real axis of the b plane thereby casting 

doubt on the Borel summability of the theory. For (j)*̂  theory (N = 4) they 

occur at b = 2/8%, 4/82, G/gg, . . . . . and thus the constant a in eqn.(7.2) is 

given by g2/(M-4) i n T ^ ^ ^ . Since for one component theory gg = 9/8ir^ 

(with our normalisation) we have, in for i n s t a n c e , the asymptotic 

behaviour K! (S/IStt^)^ from the renormalons compared with K1 (-3/8^2)^ from 

the instantons. Clearly i f these extra s ingu lar i t ies are present the ea r l i e r 

estimates have to be discarded. However the "der ivat ion" we have j us t out-

l ined is far from sat is factory and i t is possible that some of the diagrams 

producing the s ingu lar i t y are cancelled by other diagrams in some way not 

yet t o t a l l y c lear. 

An in terest ing aspect of these new s ingu la r i t ies is that we do not 

get a {](N-2/2)K] .' growth in , Instead we f ind only a K1 growth. Recalling 

the de f in i t i on of the generalised Borel transform relevant to these theories 

(see chapter 1) , we would not expect renormalons to produce extra s ingu lar i t ies . 

One can easi ly check that th is is so and therefore we may (e f fec t i ve ly ) say 

that <j>̂ , <j>̂ , theories are free from renormalon s ingu la r i t i es . 

We now go on to consider renormalons in theories where N is odd. 

The structure of the diagrams we have to study is qui te d i f f e ren t . For 

example, the chain of bubbles shown in Fig.l7does not ex is t in these theories. 

Instead we consider the dressed propagator shown in Fig.20. I t s high 
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Figure 20. Chain of self-energy "bubbles" i n f i e l d theory;(N; 
Each "bubble" contains N-2 loops. 

Figure 21. Example of a graph in theory (N odd) which contributes to 

orT*2K+i snd has K1 growth. 



momentum behaviour is given by p"2(CAnp2)L/N-2, where C is a constant and 

L is the number of loops. Therefore i f we use th is propagator as for example 

shown in Fig.21 we get contr ibut ions of the form 
d " ' ' 

- l i .(«np2)K for K * . . p2 . (7.12) 
(p2)m/(n- 2) 

° r l "2K+ l ' The large momentum region of the integral in (7.12) gives 

a Ki growth j us t as before. 

The expression corresponding to (7.5) is 

p2 = yZgl/GsgZ (7.13) 
and a s imi lar analysis of the Borel transform o f ] ^ ^ ) to that carr ied out 

fo r theories with an even number of interactions,revealsan anomalous term 

of the form (p/%)^^3^. This leads to new s ingu la r i t ies in the Borel-

transformed vertex functions which in (f«3 theory occur at b = l / g ^ , 2/B3,... 
For one component theory B3 < 0, that i s , the theory is asymptotically 

free in s ix dimensions, and so these are lef t-hand-side s ingu la r i t i es . In 
N 

(j> theories (N odd, N > 3) the Kl growth coming from the renormalons is 

t o t a l l y i ns ign i f i can t compared with the [(N-2)K|! growth from the instantons, 

and so no new s ingu la r i t i es appear in d dimensions. 

We may summarise the results of th is section in the fol lowing way. In 

(f)̂  theories in four dimensions or theories in s ix dimensions the high 

order estimates found in chapters four and f i ve respectively may need 

modif icat ion due to the appearance of the renormalon s ingu la r i t i es . I f the 

theory is asymptotically free these are lef t -hand-side s ingu la r i t i es , and 

so re la t i ve l y harmless. I f the theory is not asymptotically free these are 

right-hand-side s i ngu la r i t i e s , and these may adversely a f fec t the Borel 

summability of the theory. What is worse is that in most theories the 

instanton and renormalon s ingu la r i t i es are on d i f f e ren t sides of the Borel 

plane and so the theories are never Borel summable. In theories there 
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are a few exceptions to th i s , in cases where certain (mathematically dubious) 

limits are taken. For instance, in theories with 0(n) internal symmetry, 

both types of singularities are on the left-hand-side of the Bore! plane 

for n < -8 (Parisi 1978 ). 

Paradoxically, i t is in theories that one finds more theories 

which are potentially Borel summable. If one considers theories with an 

interaction g/3 then i t is easily found that 

^3 = a-4g (7.14) 

64? 3 

where 

'̂ iab djab' ®^ijk ~ ^^ab^jbc^kca (7.15) 

Thus if we are studying one component (j>3 theory a = 6 = 1 and 63 < 0 

that the theory is asymptotically free. However, there exist in the 

l i terature examples of interactions where a - 43 > 0 (Harris et al 1975, 

Priest and Lubensky 1976, McKane et al 1976, McKane 1977). In these theories 

both the instanton and renormalon singularities are on the right-hand-side 

for real coupling, but go over to being left-hand-side singularities when 

the coupling constant is pure imaginary. Thus these theories may be well 

defined even in ,six dimensions if tkey have an imaginary coupling constant. 
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APPENDIX I 

THE JACOBIAN OF THE TRANSFORMATION 

TO COLLECTIVE COORDINATES 

We begin by considering the problem for the quantum mechanical 

anharmonic osc i l l a to r . This is re la t i ve ly simple - there is only one 

col lect ive coordinate s ince we are working in one dimension. 

Consider f i r s t the Jacobian due to a change of basis from a 

f i e l d %(?) to a complete set of orthogonal functions 

%(?) = i anxn(t) 
n 

( A l . l ) 

so that 

d [x (T ) ] = Jn do.* (A1.2) 

n 

where J is the Jacobian of the transformation. The matrix re lat ing 

the integrat ion variables d[x(T)] to d o ^ i s given by 

A = 

bx(tl) 
3ai 

3%(t2) 

9s1 

3x(ti) 

bag 

9x(t2) 

882 

3x(tk) 3x(tk) 

9ai 332 

3* ( t l ) 

3x(t2) 

aa. 

3x(tk) 

3a. 

(A1.3) 

where n=l,2 z and where we have divided the real line into 

(K-1) sections and i t is understood that K-w. Taking the 

Hermitian conjugate of A and multiplying i t into A we obtain 
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(a'a)nn. = dt f m i a [ a l f 
ban y ^aan' 

di x*p ( t ) x^i(t) by equation (Al . l ) 

= *rm' 

i f the eigenfunct ions are orthonormal. Thus A^A = I and so 

J = |det Aj = 1. 

Now le t us look at how the above discussion is modified when a 

col lect ive coordinate is introduced. The analogous statements 

to (Al . l ) and (A1.2) are (see equation (2.4o)) 

%(?) = x (t; to) + % a^ xn ( t i to) 
n 

and 

d [ x ( T ) ] = J dTg % da* 

where, as usual, the t i l d e means tha t the zero mode i s excluded. 

The matrix r e l a t ing the integration var iables d [ x ( T ) ] to {da^,dTQ} 

i s given by 

(AT.4) 

(A1.5) 

a = 

3 X ( T 1 ) 3X(TI) 3 X ( T I ) 

^ ^ 0 1 8a % 

3 X ( T 2 ) I 
3 X ( T 2 ) 3 X ( T 2 ) 

3 * 0 , 

: 1 

A A I 3 * 1 

1 
A X ( T K ) 1 A X ( T K ) 3 X ( T K ) 

^^0 : 9a 1 3A& 

1 

(AT.6) 
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and so 

(a+a)i: dx 
3X 

9t 

3X 

3t. 

(afa)ni = (a^a)? 
in 

(a'a)nn. 

dt f i l a * 
aanj 

dt \ * 
aan'j 

(bnn' i f the x„ are orthonormal 

Using equation (A1.7) we f ind 

det (A+A) dx /%* \ _ z 
.btr 9tf 

f m 
st, 

\ 

From equation(A1.4) we have 

dx dxf 

dx. 
+ I a, 

dxn 

dTo dTo n dTo 

and so from (AT.8) we obtain the Jacobion to lowest order: 

J = 
dt m ' c / , , i ' 

(AI.7) 

(AT.8) 

(AT.9) 

(AT.TO) 

The corrections to th is resuTt are j us t those of the Toop expansion, 

that i s , fo r a theory with enharmonic term g we have 

J = * c l l * ( 1 + 0 ( 9 ) ) (AT.TT) 

We wi11 now consider the t rans i t i on to the d-dimensionaT case. 

For the moment Tet d<d so that we do not have to worry about the 

collective coordinate for dilatations. We then have d collective 

coordinates : x^, x^, . a n d so writing 
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*(X) = +c(x;xQ) + % an4)jx;x ) (AT.12) 

the equations (A1.7) genera l i se to 

(A+A) 
yv 

(A+A\= (AtA)* 
t un 

d x̂ 

d^x 

= «nn' 

3(|) 
; msv = 1 ,2 , . . . j d 

(AT.13) 

To leading order we may re place ^*/3Xp by 34̂ 2%% so that equations 

(A1.13) become 

(a^a) 

(A'A) 

yv 

ny 

6* > f d<'x 
d J 

tat* (A'A) yn d̂ x = 

0 
(AT.14) 

( a ' a l - = 6 
nn 

where we have used the f a c t t ha t (j)̂  i s spher ica l ly symmetric about 

Xg and also that ** and are orthogonal. From equations 

(AT.14) i t i s easy to see t h a t 

(det A)2 = j d^x **(x) 4^(x) ^ 

where *^(x) = , and t he re fo re 

(A1.15) 

' (1 f 
\ d J 

(A1.16) 

I f d=dc, then we will also have to introduce a c o l l e c t i v e 
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coordinate due to the dilatation invariance of the theory, 

collective coordinates are now {Xq ,x} and so writing 

The 

4(x ) = *c(x;xQ,x) + % *n(x;Xo'A) (A1.17) 

the matrix A is now given by 

A m v i l 

d^x 

(a'a)n\ 

* 

8a 
y= 1 d. 

(A'A)*n = j d^x 
9â  

3(f) 

3x 

(AT.18) 

together with the relat ions (AT.13). To leading order these reduce 

to 

(A^A), 'XX d^x *?^x) * (x) 

(A^A) 
yv 

>1JV d^x 4%(x) *g(x) 
(A1.19) 

(A'A)nn'= 6nn' 

all other entries being zero. Therefore we find 

d^cx * ; ( x ) 4.(x) 
d. 

d ' x •»(X) *y(x) 

(1 + 0 (A1.20) 

Finally, if we work in d=d -̂G (keeping dilatations as a collective 

coordinate as discussed in Chapter four) the eigenfunctions 

148 



corresponding to the "zero modes" are again just *^(x) and 

<p (x), M = 1 . ,d, to leading order. Thus in this case 

J = d^x **(x) *^(x) I 
d 

d^x **^x) *^(x) 

2 

(1+0(e,gtf^)) 

(AT.21) 
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APPENDIX I I 

SPHERICAL HARMONICS IN d DIMENSIONS 

Consider a polyno mial, f , in {xj , . . . ,Xj} which is homogenous 

of degree &, that i s , 

f (xx) = A*f(x) , X = (x i Xj) (A2.1) 

Then if i t sa t i s f ies lap!aces equation 

V2f(x) = 0 (A2.2) 

i t is known as a harmonic polynomial of degree £. Condition 

(A2.1) means that we can write 

where summation over repeated indices is understood and each index 

takes on the values 1,2 d. The condition (A2.2) implies 

that u is traceless, that i s , 

U i i i 3 i4 . . . i^ (A2.4) 

Suppose we now introduce spherical polar coordinates 

4)} defined by (Appell and Kampe de Feriet 1926, 

Erdelyi 1953) 

x i = r cos 01 

Xg = r sin ei cos 

X3 = r sin 6 sin 0 cos 0 
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*d-2 = r sin 8^ sin 8^ . . . sin cos 8j_2 (A2.5) 

Xj.] = r sin sin 6 . . . sinG^^g cos cf 

X. = r sin 8 sin 8 . . . s i n 8 . . sin 6 

u 1 2 d-^ 

where r = Ixl = + . . . + 0 and 0 < 8, for 1=1,2, . . . , 

d-2, 0 ^ ^ 2TT. We can now write the harmonic polynomial (A2.3) as 

f (x ) = r * Y" (8^ , . . . ,8 j_2 , * ) (A2.6) 

where {Y"} are called spherical harmonics. 

Result 1 

L2 Y" ( {8^} ,* ) = &(i+d-2) Y% ( {8 . } , * ) (A2.7) 

where 

' i ' - i j ' - i j - h j = - i (Xi -Xj?—) (A2.8) 
bxj ^ax; 

Proof 

L j A , . = -2XiX; — 5 i - -2( l -d) x, J L + 2x|X: - J L -

9xj3xj 9x,- •» axfsxj 

from the definition of L^j. Using the results 

a 3 1 3^ 
X; = r — and X;Xj = r 

9X; 3r 3X;3Xj Br^ 
we then find 

v2 = _ i i + i ± i ) - L i (A2.9) 
9r^ r r^ 

If we now write the Laplacian in terms of the spherical 

polar coordinates defined by (A2.5) we find 

151 



v2f = iif + (j-1 ) if. + ] 
' d - 2 

r 3r r^sin* e . . . sin? Q . « 3*2 

1 d-2 . 
+ .1- y ] 1 i__ , .4 .^ -1-1 . 3f 

1. — : " Y " •. d - i - i (s in Gj — ) 
1 . . . sin^ sin *8i 38; ' 38̂  ^ i= l sinZ 8i . . . sinZ 

(A2.10) 

and so comparing (A2.9) and (A2.10) we see that consists only 

of angular factors and angular derivatives. 

From equations (A2.2) and (A2.6) we have 

5 u 
[r = 0 

and so using equation (A2.9) we find 

+ &(d-T)] r*-2 yU ({9.},*) = r*"? v" ({8.},*) 
2 x, 1 

which proves the result. 

Using equations (A2.7), (A2.9),and (A2.10) we may write down 

a differential equation for the spherical harmonics: 

r l — i -
1=1 sin^e^ . . . sin^e _̂-j sin 38; 36; 

L 
sinz 8 . . . sin28j_2 3*^ 

+ &(i+d-2) Y, = 0 (A2.1T) 

The polynomial solutions of equation (A2.11) can be given explicitly 

in terms of Gegenbauer polynomials (Appell and Kampe de Feriet 1926, 

Erdelyi 1953): 

( {Gf } ' * ) = A sin=i8i 1 (cosGi) sin°2 8% 

X "̂ 2̂. (cos 8 ) . . . sin°^^% 9, « ccia-i+& (cos 8^.?) 
^ ^ ^ ai_02 ^ d-2 ad_3-ad_j. d-^' 

k cx |> i^ i aj_2 (A2.12) 

152 



where {&,a are integers such that 

^ ^ ^ •••• ^ cx̂  2 0 (A2.13) 

and A 1s an arbitrary constant. We note that the spherical harmonics in d 

dimensions are related to those in d~l dimensions by 

&ai. *d-2 
(81,82, . . . ,+) = bj sin*i8ic22^^/2 -t(cos8i)y^^ (82 +) 

ol"' • 
CA2.14) 

where is a constant which we will now f ix by demanding that the spherical 

harmonics are normalised in a particular way. 

Result 2 

jyagci'doya /g, ce,+)dnd _ 

if [Bjl = 2*lT%ai+d/2 -l)^ir(A-ai+l)(*+d/2 -1)247 & 

^ 8it'p(ai+d+£,-2) j 

Here dn^ is the surface element in d dimensions: 

dn^ = (sin 8i)d-2(sin . . . sin8j_2d8i...d8j_2( 

Proof 

(i) When d = 3 we have 

'2t! rlT 

&m 
(e.+jV* sin eded* 

|B| ' [ desin'"™'-^lec'j:|(cos6) p - ' e - h " ' 

last integral vanishes when m ̂  m' and also (Erj*lyl 1954) 

^ sin2^8c^(cos8)c^(cos8)d8 = tr2^'"^^2m+n) 6^^ 

The 

n:(n+v)gr(v)]2 

and thus we only get a contribution when m = m',£ = z 

( i i ) Suppose that 

...* . . . h-1 
6 ya(82,.. »4')y i (62>•.. . ,(i>)dn*̂  ^ 

2 ' 'aa 

then from eqns.(A2.14) and (A2.17) we have that 

= |b, 2 r * sin '̂z+zoj 

(A2.15) 

(A2.16) 

CA2.17) 

ca2.18) 

" v c o s 6 i ) c « 1 ^ / 2 '1(cose,)dei«g^, 
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2%! , using eqn.(A2.18) 

CA-ai)lCA+d/2 -1) [ r (o i+d/2 -1]2 " 1 

Thus by induction the spherical harmonics are orthogonal and moreover 

If they are chosen to be orthonormal, according to eqn.(A2.15), then |Bd| 

is indeed given by expression (A2.T6). 

We w i n now prove a very useful r e s u l t , namely 

Result 3 

^ ) = (2%+d-2;r(d/2.],cd/2 (A2.19) 

4n / 

where n and n' are coordinates on the sphere: %% = <= pZ. 

Proof 

( i ) We w i l l f i r s t l y prove eqn.(AZ.19) in the case d = 3. Instead of expressing 

as Gegenbauer polynomials we w i l l wri te them in a form often used 

in elementary quantum mechanics (see fo r example Schiff 1968} 

= l i i Pj{cose)e'™* (A2.20) 
. 4it 

Cup to a phase) where P^tcose) are the associated Legendre polynomials. I f 

we follow Schif f and use Pa^Ycos8)=P%Ycos8) we f ind 

z 
^ - 2i+l Pj^(cos8)P^(cose•') 

4-n 
£ 

+2Z 2A+1 (A-m): P^(cos8)P^(cos8')cos m((|xr8') (A2.21) 
4n (A+m): 

If we now make use of the addition theorem fo r Legendre polynomials 

(Erdelyi 1953) 

Pj2^(cosecose'+sin0sine'cos(4>-e')) = P^(cose)P^(cos0') 

+2z P (cos6)P (cose ' )cos /mp 2 2 ) 

we obtain 

^^Am(G'*)Yam(8',*') = 2A+2 Pa(cos8cos8'+sin8sin8'cos(*-*'^ (A2.23) 
4tr 
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I f n = R(sin8cos*, s ines in* , cose) and n' i s defined s imi la r ly , then 

n-n ' = R (cosecose '+sin0sine'cos(({'-(f>')). Also Legendre polynomials and 

Gegenbauer polynomials are related by = C^(x). Thus we may write 

eqn.(A2.23) as 

m 47r 
which i s the required resu l t . 

( i i ) We wi l l now suppose that the resul t (A2.19) holds in d-1 dimensions and 

prove that that i t i s then true in d.dimensions. So suppose 

"2'-04-2^2^^2 , * ' ) = (2ai+d-3%rjd/2,3/2)c2/2 ^^^(cos/Y) 

CA2.24) 

where ii) i s the angle between the vectors spec i f i ed by {82, ,*} and 

{82, * ' } . Using eqns,(A2.14) and (A2.16) we have 

^ 1 >• • • • >*?') - (&+d/2- 1)2^^rfd/2-3y2) 
2 - -

. z 22" i r2 (» i+d /2 -11+1 ) f2a ,+d -3 )s1n" l« ,c" l+d /2 - ] f^n ,a ,1 

" I 'O r ( . i « + d - 2 ) 

(A2.25) 

To perform the sum we use the addition theorem for G egenbauer poly? 

nomials (Erdelyi 1953, Vilenkin 1968) 

C"(cos6cos6'+sinesitie'cosi).) = z 2$V2v+2iitel)fn-*);r(v)i i i ]^ 

( 2 - 1 w l 

s1"'"6c„^!;;(cos6)sir."6'c^:;;ccose')c-j(cos^) ca2.26) 

where (a)^ =P(n+a) /p (a ) , We obtain for eqn,(A2.25) 

Z Y ^ ^ ( 8 i , . . . . , * ) Y 2 ^ ( 8 i , . . . , * k ) = (2A+d-2TrYd/2-l)cd/2"lfcosd') (A2.27) 
^ / 7 2 

where cos^' - cosecoso' + si nasi ns 'cos^. This i s the requi red resul t j 

dimensions. Thus by induction we have proved eqn.(A2.19). 
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Result 4 

The range of values a takes on is given by 

v^(d) =T '(A4d-2)(2A+d.2)/r(A+iyr(d-l) (A2.28) 

Proof 

This result follows very easily from Result 3. We set n=n'in eqn.(A2.19) 

and integrate over n. Then since the spherical harmonics are orthonormal we 

obtain; 

v„(d) . (2ttd-2)r(d/2-1) (A2.29) 

Sj is the surface area of a d-dimensional unit sphere and is easily 

found to be 2Tr^^^/p(d/2). \ l ) is merely a binomial coefficient: 

^d/2 1(1) ="P(Ji+d-2)/p(£+l)P(d-2). After some algebraic manipulations we can 

now find the required result from eqn.(A2.29), 

Looking back at Result 1 we see that the eigenvalues of are 

degenerate ~ they only depend on i . Their degeneracy is precisely v^(d) 

given by eqn.(A2.28). 

Result 5 
L 

^^(4+1) = Z V (d) (A2.30) 
A=0 * 

Proof 

Suppose 
N 

VN(d+l) = z V (d) 
a=o * 

then if we can prove that 

VN+iCd+1) - v^fd+l) = (A2.31) 

the result (A2.30) follows by induction on N. 

Using eqn.(A2.28) the right-hand-side of expression (A2.31) is 

TVN+d-1) r(2N+d+l)(N+d-l)-(2N+d-l)(N+l)T 
t(n+2)r(d)'- j 

and thus we have proved (A%.31). 
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APPENDIX III 

ONE-LOOP PERTURBATIVE CALCUIATTHNS 

IN AND 6̂  FIELD THEORIES 

In order to calculate the high order behaviour of perturbation theory in 

terms of the fully renormalised coupling constant for and field theories, 

i t is necessary to perform a one-loop perturbative calculat ion. This enables 

us to relate the renormalised coupling constant defined at a symmetry point 

to the bare coupling constant and so determine the coefficient a (see eqns. 

(4.88) and (5.51)) . 

The calculation in the case is straightforward. We need to calculate 

the one-loop contributions toT^^^ andT*^^^. The only one-loop diagram con-

tributing is'shbwn in Fig.22 (the one-loop diagram inT^^^ is of the type 

shown in Fig.16 and is zero in dimensional regularisation) and is equal to 

513 y i i 1 1*3.1) 

) ( 2 ' ) p'(p+q)z 

where the coupling constant is normalised according to (4.2) and the external 

momenta are related to q by + q^ = q = q^ + q^. When d = 4 - e expression 

(A3.1) is equal to 
2 54g . Sa q 

2(2n)d 
t (e/2)t ' (2-e/2yr( i -e/2)r( i -e /2) 

17(2-=) 

where as usual Sj is the surface area of the unit sphere in d dimensions. 

Using the renormalisation conditions 

(A3.2) 

s t ^ ^ ' ( q ; 9 ) 
q2=;2 

= 1 

and (A3.3) 

E 

where the symmetry point S.P. is defined as q^.q- =-^2(45;; - 1), we easily 

find using eqn.(4.73) that Z = 1 + 0(g) and so 
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Figure 22. The one-loop contribution to"P^^^ in field theory. 



y 9r = 9 - y i ;a"=/2[l/g+a+0(e)]+0(g3) 

(2n) 

== 9 - _ _ 9 _ g f w " = i l + E(&&nn + &An3 - &% + T)+0(E2)l+0(g3) (A3.4) 

sir̂ e "• 

I f we use the minimal subtraction method ( ' t Hooft 1973) then we have 

correspondingly 

. . 2 . 3. 
(A3.5) 

9%"' = 9p + __9_ gZ + 0(g3) 

sir ĵ 

We now turn to the analogous calculation for <|>̂  field theory. There are 

now two graphs (shown in Figs.23 and 24) to consider. The sel f energy graph 

in Fig.23 gives a contribution 

1 2g2 fdjp_ 

(2n)d p2(p-q)2 

- Sd 
(2n) 

2 + _7_ + 0 (e ) 

3E 18 
CA3.6) 

where q is the external momentum and e = 6 - d. The tr iangle graph in Fig.24 

is t r i c k i e r ; i t gives a contribution 

8ĝ  d̂ p 

(2n)d pf(p-qi)^lp+q2) 

1 
% 7 

CA3.7) 

where the external momenta are q^, q^ and q^ = -q^ - q^. i f we evaluate the 

integral in (A3.7) using Feynman parameters we f ind that i t is equal to [a t 

the symmetry point) (Amit 1976) 

&d 
"7? 

whe 

c2n) 
rl 

2 " _3 " ^ + 0[e) 
£ 4 

re L = dx dy 8( l^x,y)&n|x( l^x)+y( l ry)?xyj 

(a3 .8 l 

ca3.9i 

and SP(y) is given by q . q j - -1). Making the change of variable 

X + y = A, X = wA i t is straightforward to show that 

L = -3 
7 

- ^ [o — & n w d u 
(y^-y+l) ( y ^ - y + l ) ' 

(A3.10) 
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Fi-gure 23. The one-loop contribution toT^^^ in field theory. 

Figure 24. The one-loop contribution toT^^^ in <j>3 field theory. 



We have also checked that results (A3.8) and (A3.T0) are obtained 

if we evaluate the integral in (A3.7) using Schwinger parameters. 

The f i r s t integral in eqn.(A3.10) is t r i v i a l to evaluate; i t equals 

The second is more d i f f i c u l t , but i f we wr i te i t as 

I = &n;du = uZAnwdw + 2 ^ wAnud% + {^Anud^ (A3.11) 

(u2-p+1)2 [p3+'|]2 [p3+lj2 [%3+l]2 

then we can use the resul t 

yf&nx d% = a | * ( *+1^2) - * (a /2 l +Q/4[4 'ga+iy2) ,* ' (a /2) l (A3.12) 
(l+%)2 l - - j 

(where ip and ip' are the digamma and trigamma functions respectively) to 

evaluate i t . We find, af ter using properties of these polygamma functions, 

that 

I = - , / 3 ^ - 2^'(1/3)44*2 [A3.13y 

9 9 27 

and therefore using eqn.(A3.8) and (A3.10) we f ind the expression [A3.7] 

equals 

8g^w'=sd 
.d 

+ 3 + i l i - 2^ ' (1/3) + 0(e) 
e 4 27 9 ( 2 * ) ' 

Thus using (AS.6) and (A3.14) one finds 

t^^^ (q ) = q ^ F l + q - E g Z (l/e+4/3-&y+an2+aann+0(e))+0cg4)l cas^ig) 
l 96*3 j 

and 

, = 2g ( l /E+3/2-Jl iMn2+iJlni+^-2i| . ' (V3)+0(E))+0{g®) 

^ CA3.16) 

and therefore using 

4) = zm/2 -p(m) = zm/2p(m) 

82" 

aqz 

and 

q2=%2 = 1 (A3.17) 

- " - e/Z 

SP(u) 
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we iMnd 

,G/2 
9R = 9 + ( l /E+31/T8-iY+An2+*Ann+16*2/81-8v2iT/3)+0(e))+0(g5) 

6 4 ^ 3 9 7 
(A3.18) 

The corresponding r e s u l t i n the minimal sub t rac t ion scheme i s 

9/1 
- ^ / 2 - 9% - _3g^_ + 0(g5^ (A3.19) 

64^3 e 
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