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Abstract 

This paper presents an experimental study of the nonlinear dynamics of electrodynamic proof mass 
actuators. When inertial actuators are used in velocity feedback controllers, their nonlinear dynamics 
can affect the stability margin of the feedback loop. Thus, it is crucial to identify the nonlinearity 
sources and to build reliable models that can be implemented in the stability analysis. Firstly, the 
underlying linear model parameters of an inertial actuator are identified for small excitation signals. 
The inductance losses at high frequencies due to eddy currents have also been included in the 
electrical impedance model. Secondly, the nonlinear model of the inertial actuator is determined using 
the detection, characterisation and identification process. Finally, a numerical analysis is carried out to 
highlight the implications of nonlinear dynamics of inertial actuators. The proposed methodology is 
applied to several electromagnetic proof mass actuators, including when the proof mass is not 
accessible to be directly instrumented. 

1. Introduction 

Extensive research has shown the importance of active devices to control vibrations of lightweight and 
flexible structures [1-7]. A notable example are velocity feedback controllers, which can add viscous 
damping to the structure, reducing its level of resonant vibration [5]. A velocity feedback controller 
consists of an actuator attached to a structure with a collocated sensor of vibration (usually an 
accelerometer) and a controller, which feeds back the velocity of the structure to the actuator [5]. The 
use of an electromagnetic inertial, or proof mass, actuator as the active forcing device in velocity 
feedback controllers has also been well documented [2, 5, 7-14]. An inertial actuator consists of a 
magnetic proof mass, an electrical winding and a suspension, which connects the proof mass to a 
casing or base mass [7]. An example of such a device is shown in Figure 1(a) and its schematic 
representation is displayed in Figure 1(b). 

 

  
(a) (b) 

Figure 1: (a) Picture of the Micromega Dynamics IA-01 inertial actuator; (b) Schematic of an inertial actuator in cross-
section. 

 

An inertial actuator operates as a coil-magnet electrodynamic transducer. The control, or secondary, 
force on the structure is generated by the interaction between the constant magnetic flux of the magnet 



 

and the variable magnetic flux produced by the current flowing through the coil. The transducer 
supplies the control force on the structure by reacting against the proof mass, which consequently 
starts to accelerate [7]. Electromagnetic proof mass actuators have a wide variety of applications, 
among which the most important are: space structures, buildings, bridges and other civil structures, 
and internal noise reduction in aircrafts [15-18]. A large amount of literature has shown that the 
internal dynamics of the inertial actuator affect the stability and performance of the controller when 
implemented for structural vibration reduction [12, 19-21]. This motivates for having an accurate 
model of the inertial actuator and in particular to look for nonlinearities that may affect the dynamics 
of such a device for large excitation signals. Most studies in this area have not dealt with accurate 
nonlinear models of inertial actuators. In fact, there is little published data on the nonlinear behaviour 
of inertial actuators. To date, Baumann et al. [22, 23], Wilmshurst et al. [24-26] and Dal Borgo et al. 
[27, 28] have highlighted the implications of their nonlinear dynamics. Although there exists few 
publications based on experiments [25, 29, 30], a systematic methodology of measuring and 
identifying the nonlinearity in inertial actuators is still lacking. This study aims to determine the 
mechanical nonlinearities of inertial actuators through the detection, characterisation and identification 
of the nonlinear parameters in order to build reliable models. The electrical nonlinearities are 
neglected since they mainly affect the behaviour at high frequencies, which are beyond the frequency 
region where the instability of velocity feedback loops with inertial actuators occur. One of the 
harshest nonlinearity that affects the dynamic behaviour of an inertial actuator is stroke saturation. The 
displacement saturation phenomenon in inertial actuators has been investigated in [8, 22, 24, 25, 30-
32]. We investigate in detail the phenomenon of stroke saturation, and also show the results of the 
same methodology applied to several actuators with weaker and different kind of nonlinearities  

This paper investigates the nonlinear behaviour of inertial actuators and provides a methodology for 
detection, characterisation and identification of the nonlinear parameters. Initially, the experimental 
analysis is presented to determine the underlying linear parameters of the inertial actuator, in sections 
2 and 3. Secondly, the detection, characterisation and identification of the nonlinearities are presented 
in sections 4 and 5, where the experimental data is analysed. Finally, a theoretical investigation on the 
experimentally identified model is reported in section 6. This highlights the implications of the 
nonlinear behaviour of the inertial actuator for its usefulness in velocity feedback controller through 
the analysis of nonlinear frequency response curves and frequency-amplitude plots. 

2. Experimental set-up 

In this section the experimental set-up for the identification of the linear and nonlinear dynamics of an 
inertial actuator is presented. The inertial actuator initially used in the experiments is a Micromega 
Dynamics IA-01, which is shown in in Figure 1(a) and is documented in [33]. The methodology used 
for the identification is explained in detail for this specific actuator. However, the same methodology 
can be applied for the identification of any other inertial actuator. As evidence, a number of different 
actuators have been tested and their results are provided in Appendix A and Appendix B. To 
characterise the inertial actuator, two experiments are required. The first experimental set-up is to 
measure the structural response of the actuator subject to a base excitation, as shown in Figure 2(a). In 
this case, the actuator is mounted on a PCB Piezotronics 208C01 ICP force sensor, which is rigidly 
connected to an LDS V406 electrodynamic shaker. The shaker is powered by an LDS PA25E voltage 
driven voltage amplifier. A B&K Type 4375 accelerometer is attached to the actuator casing in order 
to measure the acceleration of the base mass. The actuator’s coil terminals are initially left open to 
measure the voltage due to the back-electromotive force (back-EMF). The output force, acceleration 
and voltage signals are acquired by a dSpace 1103 control board. The dSpace operates the analogue-
to-digital and digital-to-analogue conversions (ADC/DAC) of the input and output singals at a 
sampling frequency of =10 kHz. The dSpace is also connected to a PC workstation. A model of the 
experiment is created in Matlab/Simulink in order to generate the adequate input signal and to acquire 
the signals from the measurement channels. The Simulink model is then implemented in the 
ControlDesk for communicating with the dSpace board. The driving signal is sent from the dSpace 
board and low-pass filtered (1 kHz cut-off) by a Kemo VBF8 before entering the PA25E amplifier and 
then to the shaker. A constant voltage signal input to the amplifier is thus converted to a constant 
displacement signal input to the shaker moving mass, i.e. to the actuator base mass. The second 



 

experimental set-up is used to measure the mechanical response of the actuator to a current excitation, 
as shown in Figure 2(b). Since the aim of this experiment is to measure the blocked force, the actuator 
is fixed to a rigid clamped mass and the force at the base is measured by a PCB 208C01 ICP force cell 
positioned between the actuator and the blocked mass. In this experiment, the signal generated by the 
dSpace is low-pass filtered (4 kHz cut-off) and amplified by a Micromega Dynamics PR-052-01-04-
03 voltage driven current amplifier [34] before entering the actuator leads. Considering this set-up, a 
constant voltage signal input from the dSpace to the amplifier is converted to a constant current signal 
input to the actuator’s coil [34]. The amplifier also has an output monitoring port for measuring the 
current of the load. Again, the current and voltage signals are acquired by the dSpace board at a rate of 
10 kHz. 
 

  
(a) (b) 

Figure 2: (a) picture of the set-up for the base excitation experiment; (b) picture of the set-up for the blocked base 
experiment. 

 

The underlying linear parameters for both tests have been measured by applying a broadband white 
noise excitation and recording the measurements for 60 seconds and taking averages. For the base 
blocked experimental set-up the only constraint is that the base mass of the actuator is fixed to the 
ground. Several other excitations under different constraints have been used for the base excitation 
experiments. In order to better investigate both the linear and the nonlinear regimes of motion. In 
particular, for the underlying linear parameters identification, the actuator’s coil terminals are firstly 
left open (zero current circulating) and then shunted (zero voltage across the terminals) in order to see 
the additional damping introduced by the electromechanical coupling. To identify the nonlinear 
behaviour, the actuator’s coil terminals are left open circuit in order to measure the back-EMF and the 
excitation is chosen to be initially harmonic to detect any nonlinearities. The investigation is followed 
by sine-sweep excitation experiments, both up and down, in order to catch all the information about 
the instantaneous frequencies in the response. In this case the experiment is 60 seconds long for 
linearly sweeping up (down) from 5 Hz (25 Hz) to 25 Hz (5 Hz) at a rate of 40 Hz/min (-40 Hz/min). 

3. Underlying linear parameter identification (small amplitude signals) 

The operating principle of an electromagnetic proof mass actuator is to convert electrical power into 
mechanical power exploiting the Lorentz force law. In such a system, a current flowing through a coil 
is exposed to a uniform magnetic flux, which is generated by the magnetic proof mass. In order to 
understand the dynamic behaviour of the electrodynamic proof mass actuator, a two-port network is 
built for such a system. Two-port networks are often used for electrical circuits, because it is relatively 
easy to obtain the impedances of the different elements by setting the open-circuit or the short-circuit 
of each two ports. The equivalent electromechanical linear lumped parameter model of the inertial 
actuator is shown in Figure 3, where  is the base mass of the actuator, while  represents the 
proof mass.  and  are the base mass and proof mass displacement, respectively.  and  
represent the stiffness and damping of the actuator’s suspension. The external force applied to the base 
for the equilibrium is denoted by . The variable  is the current flowing through the coil, while  is 
the voltage across the coil terminals. The electromechanical coupling factor is , where  is the 
magnetic flux generated by the permanent magnet and  is the length of the winding exposed to the 



 

magnetic flux . The voice coil is typically modelled as a series ideal inductance  and resistor . 
This is not entirely true, particularly at high frequencies [35, 36]. In fact, the voice coil is not operating 
in free air, but close to the magnetic pole structure. Hence, the variable magnetic field generated by the 
current flowing through the coil induces eddy currents in the solid iron pole structure due to Faraday’s 
law. The eddy currents circulating through the resistance of the iron pole dissipate energy by heating 
the iron pole itself. In loudspeaker driver investigations, this is commonly taken into account by 
adding lossy inductors in the model, that are, inductors with a shunting parallel resistance [37-39]. 
Thus, substituting the inductance  displayed in Figure 3 with an electrical circuit that has the 
topology represented in Figure 20(a) results in the electrical impedance, 

 . (1) 

The model described by equation (1) is usually called LR-2 [38, 39]. For the sake of simplicity, 
throughout this paper the ideal inductance  is used in the model, hence the effect of the eddy 
currents is neglected. Using the linear lumped parameter model of Figure 3, the equilibrium equations 
at the mechanical and electrical ports can be written as, 

 

																	

																								

. (2) 

The transformation in frequency domain is carried out considering the linearity assumption and using 
the notation of capital letters for variables in frequency domain. Also, in equation (2) the relative velocity 
between the proof mass and the base mass is written as . All the properties of the 
electromechanical interaction are well described by six FRFs. These are the transmissibility between the 
two ports and the driving-point impedances of the inertial actuator at either its electrical or mechanical 
terminals. 

 
Figure 3: Linear lumped parameter model of the proof mass actuator. 

 

 

The full mathematical derivation of these FRFs is described in the textbooks of Hunt [40] and Crandall 
[41]. Here, the well-known resulting formulation is reported. The electric driving-point impedance 

 is defined as the ratio between the voltage at the coil terminals and the current flowing 
through the coil, when the base mass is blocked ( 0). Hence, from the equations in (2) the 
electric impedance can be written as, 

  . (3) 
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Similarly, the mechanical driving-point impedance  is defined as the ratio between the 
transmitted force to the hosting structure and the velocity of the base mass. Considering equation (2), 
if the electrical port is opened ( 0), the open-circuit mechanical impedance ,  can be 
obtained as, 

 ,   . (4) 

The mechanical impedance can also be calculated in shunted electrical port scenario ( 0). In 
this case, from equation (2) the shunt-circuit mechanical impedance ,  can be written as, 

 ,   . (5) 

The transmissibility between the two ports during the base excitation experiment is defined as the ratio 
between the voltage across the coil terminals and the velocity of the base mass, when the electrical port 
is opened ( 0). Hence, from equation (2) the transmissibility can be written as, 

   , (6) 

The transmissibility for the base blocked experiment is defined as the ratio between the force 
transmitted to the hosting structure and the input current, when the base mass is blocked (
0). For this reason, it is also called actuator’s blocked force. Again, from equation (2), the 
transmissibility can be written as, 

   , (7) 

Similarly, the transmissibility can be calculated with respect to the input voltage in the same blocked 
base mass configuration. In this case, from equation (2) it follows that, 

   , (8) 

During the experiments, all these FRFs have been measured using a broadband white noise excitation. 
In particular, , , ,  and  have been measured using the base excitation set-

up, while , ,  have been measured using the blocked base testing set-up. The 
experimental results together with the linear model identification are shown in Figure 4, Figure 5, 
Figure 6, where the magnitude, phase and coherence are displayed for each measured FRF. The FRFs 
plotted with the black solid line are the averages of eight measurements, each one of 60 seconds long. 
The measured FRFs have been fitted with the analytical FRFs given by equations (3), (4), (5), (6), (7) 
and (8),which are shown in the figures with the blue dashed lines. A least-square-error method has 
been implemented for the linear model identification of the best parameters, which are summarised in 
Table 1. There is a very good agreement between the experimental and the analytical FRFs above 5 
Hz, except for the electric impedance in Figure 6(b). As explained before, due to the inductance losses 
the experimental FRF does not follow the purely inductive behaviour. In fact, the magnitude of the 
electrical impedance rises with respect to the frequency with a slope that is lower than 20 dB per 
decade. This is confirmed by looking at the phase plot of Figure 6(b), where the phase does not reach 
the 90 degrees given by the inductive behaviour, but it stays somewhere in the middle between 0 and 
90 degrees. The inductance losses have been modelled using the Leach model [42] in Appendix C 
given by equation (C3). The analytical electric impedance including the Leach model has been fitted 
to the measured electric impedance in order to obtain the model parameters. The result of the fitting is 
shown in Figure 6(b) with the red dotted line using the identified coefficients of the fitted Leach model 



 

that are 4.5 ∙ 10  and 0.85. It is evident that including the inductance losses in the model 
will give a better prediction of the electrical impedance.  

(a) (b) 
Figure 4: Magnitude, phase and coherence of the measured mechanical impedance (black solid line) and identified model 

(blue dashed line): (a) open circuit configuration; (b) shunted circuit configuration. 
 

(a) (b) 
Figure 5: Magnitude, phase and coherence of the measured transmissibility (black solid line) and identified model (blue 

dashed line): (a) base excitation experiment; (b) base blocked current excitation experiment. 
 

(a) (b) 
Figure 6: Magnitude, phase and coherence of the measured transmissibility and electric impedance (black solid line) and 

identified model (blue dashed line): (a) transmissibility of the base blocked voltage excitation experiment; (b) electric 
impedance considering an ideal inductance model (blue dashed line) and a Leach model (red dotted line). 



 

 

Table 1: Identified actuator linear model parameters. 

Parameter Base mass Proof mass 
Transduction

coefficient 
Natural 

frequency 
Damping 

ratio 
Coil 

resistance 
Coil 

inductance 
Symbol        
Value 0.054 0.031 1.55 9.7 30% 3.2 211 
Units kg kg  N/A Hz - Ω	 H 

 

4. Limits of linear analysis 

The dynamic behaviour of inertial actuators is not always well described by linear mathematical models. 
There are strong nonlinearities due to a harsh change in the dynamic behaviour of the actuator. These 
harsh nonlinearities are due to the saturation of the force generated by the actuator due to the saturation 
of the power electronics and due to the saturation of the maximum displacement allowed to the proof 
mass. Considering the blocked base mass configuration, from equation (2) it follows that the blocked 
force can be written as, 

 

																																					
 

(9a) 

(9b) 

considering the equation of motion of the proof mass and substituting into equation (9a), the maximum 
force that the actuator can deliver without exceeding the limits is given by, 
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where the natural frequency is /  and the damping ratio is / 2 . 

,  and ,  represent the force saturation due to the power electronic saturation and 
the stroke saturation, respectively. The power electronic saturation gives a limitation on the 
electromechanical conversion, which is given by the maximum actuation force ,  as, 

 , ,  (11) 

where ,  is the maximum input current to the actuator coil. The stroke saturation gives a 
limitation on the maximum displacement achievable for the proof mass. This is given by, 

 ,  (12) 

where  is half of the stroke length. The results of this analysis are shown in Figure 7(a) for the 
Micromega Dynamics IA-01 inertial actuator driven by a current amplifier. The dotted and dash-
dotted blue lines in Figure 7(a) show in a logarithmic scale the spectrum of the actuation force 
,  and the blocked force , , when the actuator is driven by the maximum current 

of 1 A. The dashed red line shows instead the spectrum of the blocked force , , when the 
actuator is driven at the maximum stroke of the proof mass ( 1.25	 ). 



 

 

 

 
(a)  (b) 

Figure 7: Limitation of the linear analysis for a proof mass actuator. Dotted and dash-dotted blue lines represent the limitation on 
the maximum force due to saturation of the power electronics; red dashed line displays the limitation due to the maximum stroke 
available; black solid line is the combination of the two previous constraints and gives a limit on the region of linear operation of 

the inertial actuator (cyan area). (a) Current driven actuator; (b) Voltage driven actuator. 
 

A combination of these two limitations results in a region of linear operation for the inertial actuator, 
which is defined by the black solid line. The upper limit for the input current, whose dynamics are flat 
over the frequency range, is indeed a limitation on the temperature and heating of the actuator. As it is 
well described in [43, 44], an increase in the input power to the actuator’s coil would produce a 
temperature rise of its components. The force limit due to stroke saturation shown in Figure 7(a) appears 
to be an effective limit at low frequencies, instead. The plot of Figure 7(a) can thus be divided in two 
regions: below the saturation cut off frequency , where the limitation of the blocked force is given by 
stroke saturation; and above the saturation cut off frequency, where the limit is given by the power 
electronics. One can replicate the same analysis for a voltage driven actuator, setting the limitation of 
the power electronics on the voltage instead of on the current. This results in, 

 

,
, ,
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, 
(13a) 

(13b) 

where ,  is the maximum voltage that can be applied to the actuator voice coil. The limits given by 
equations (13a,b) are shown in Figure 7(b), where the maximum voltage has been set to 3 V. Stroke 
saturation can happen to every inertial actuator if excited below its saturation cut-off frequency  (e.g. 
the Fraunhofer LBF prototype actuator in Appendix A). In fact, in a real application, inertial actuators 
are subject to shocks, rigid body motions or other low frequency excitations that can lead to stroke 
saturation. This is outside the working range of inertial actuators and designing an actuator that is able 
to deliver the requested force even below the saturation cut-off would mean that it is overdesigned in 
terms of volume and weight. This would negate its favourable force to weight ratio for controlling 
vibrations of lightweight structures. 

5. Nonlinear parameter identification (large amplitude signals) 

In general, the assumption of linearity in the model holds only for small amplitude signals. For large 
amplitude signals, a nonlinear model of the inertial actuator is required to reliably predict the 
behaviour of the actuator. This is crucial in case of instabilities or large amplitude of motions. A 
nonlinear lumped parameter model of the inertial actuator is shown in Figure 8.  



 

 
Figure 8: Lumped parameter model of the proof mass actuator considering a nonlinear connection between the two masses 

and a nonlinear transduction. 
 

In this figure, the linear parameters describing the suspension have been replaced by a nonlinear 
restoring force , . Also, the transduction factor is in general a nonlinear function of the 
displacement. Only mechanical nonlinearities are considered, which depend on displacements or 
velocities. The electrical nonlinearities, which depend on the current or voltage are neglected since 
they affect the behaviour at high frequencies. The governing equations of the system in Figure 8 can 
be written as, 

 

	 , 										

	 ,

																									

, (14) 

where the transformation to the frequency domain is not generally possible due to the nonlinear nature 
of these equations. The nonlinearity of the inertial actuator is identified following three steps, namely 
detection, characterisation and parameter identification, as proposed in [45, 46]. The inertial actuator is 
again tested using the base excitation experiment described in section 2. The first test is a harmonic 
excitation at different frequencies. This is useful to detect the nonlinearities by comparing the excitation 
and response waveforms and looking for distortions. If a nonlinear behaviour has been detected, a 
different type of excitation is applied to the inertial actuator in order to characterise the nonlinearity. 
This is done using linear sine sweep up and down excitations. Looking at the time history of the response 
and at the instantaneous frequencies, a formulation can be chosen for the nonlinear model. Finally, the 
nonlinear model parameters can be identified using the restoring force surface method [45-49]. 

5.1. Detection 

In this section the detection of the nonlinearity is investigated. Several experiments have been done 
using a harmonic excitation and varying frequency and amplitude of excitation. The most 
representative is shown in Figure 9 for a harmonic excitation at 8 Hz. In particular, Figure 9(a) shows 
the waveforms of the base force, the relative velocity and the displacement of the proof mass. The 
waveform of the base force presents periodic spikes, which are due to the impacts between the proof 
mass and the casing. In fact, at the same location of the spikes, the velocity plummets changing sign, 
and the displacement clips resulting in a highly distorted waveform. The distorted waveforms results 
in a distorted trajectory of the proof mass in the phase-space, as shown in Figure 9(b). If the system 
were linear the trajectory would have been elliptical, in this case instead it follows a distorted loop 
constrained within a certain displacement range. In Figure 9(c) the waveform of the back-
electromotive force (back-EMF) is shown. This signal is also highly distorted and its waveform is 
similar to the waveform of the proof mass velocity in Figure 9(a). Figure 9(d) shows the power 
spectral densities of the proof mass displacement and the back-EMF. It can be seen that many 
harmonics are generated and their magnitudes are comparable to the fundamental. 
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(a) (b) 

(c) (d) 
Figure 9: Detection of the nonlinearity with a harmonic excitation at 8 Hz; (a) waveforms of the base force, relative velocity 
and displacement of the proof mass; (b) phase space trajectory of the proof mass; (c) waveforms of the back EMF; (d) power 

spectral densities (PSDs) of the relative displacement and voltage.. 
 

The relevance of the harmonics generated by the nonlinearity, or the magnitude of waveform 
distortion is analysed considering the Total Harmonic Distortion (THD) of the signals [50], which is 
defined as, 

 ∑
, (15) 

where  is the magnitude of the fundamental frequency in the response, and  are the harmonics. The 
THD of the signals in Figure 9 are given in Table 2 considering the harmonics up to the 5th. The THD 
is usually given in dBc (dB relative to the carrier), but it can be easily translated in percentage. 

Table 2: Total Harmonic Distortion of displacement, force and voltage signal at 8 Hz harmonic excitation considering up to 
the 5th harmonic. 

Parameter 	  	  	  	  	  	  
Value -6 50 -2.8 72.2 -2.2 77.2 
Units dBc % dBc % dBc % 

 

The results shown in Figure 9 and Table 2 motivates for a deeper understanding of the causes of the 
nonlinearity as well as the identification of the nonlinear actuator model. 

 



 

 

5.2. Characterisation 

In this section the characterisation of the nonlinearity is investigated. Several experiments have been 
carried out using a sine sweep excitation and varying amplitude of excitation. The first test was to 
compare the sweep-up excitation to the sweep-down excitation in order to check for hardening or 
softening behaviour of the spring. The results for an amplitude excitation of 0.65 mm for the base 
mass displacement are presented in Figure 10. The sweep-up time history is shown with the black line, 
whereas the sweep-down is shown with the grey line. The response to the sweep-up excitation from 5 
Hz to 25 Hz at 40 Hz/min is characterised at low frequencies by a limitation on the displacement. The 
amplitude response remains close to the saturation level until the excitation reaches 20 Hz, then a 
sudden jump down to a lower amplitude level can be observed. This nonlinear effect is referred to as 
the jump phenomenon and is peculiar of systems with hardening stiffness nonlinearities [45, 46, 49]. 
For frequencies higher than the jump, the response amplitude decreases proportionally to the inverse 
of the frequency. The sweep down response in Figure 10 presents a similar behaviour, but the 
amplitude jump occurs at a lower frequency than the sweep-up. In this case the jump is from a lower 
amplitude up to a higher amplitude, as the plot to the sweep-down response should be read from right 
to left. This confirms that the actuator being investigated is characterised by a hardening stiffness 
behaviour. Another analysis is done to compare the responses to a sweep-up excitation from 5 Hz to 
25 Hz at 40 Hz/min at different amplitudes of excitation. The response to the highest level of 
excitation ( 0.65 mm) has been compared to the scaled response at the lowest level of excitation 
( 0.10 mm). It is noted that the two responses are completely different. In fact, the response at 
high excitation amplitude presents the nonlinear behaviour with the jump phenomenon described 
before. The response at low excitation amplitude instead is characterised by a response with an 
envelope that is a linear FRF. This shows that the resonance frequency of the inertial actuator shifts to 
higher frequencies as the excitation level increases. 

 
Figure 10: Time history of the relative proof mass displacement due to a sine sweep excitation for an excitation amplitude of 

0.65 mm for the base mass displacement; the sweep-up response is shown with the black line from 5 Hz to 25 Hz at 40 
Hz/min, the sweep-down response is displayed with the grey line from 25 Hz to 5 Hz at -40 Hz/min. 

 

The sine sweep signals can be further analysed in frequency domain. Classical Fourier transform 
cannot be applied for this analysis, as the response is nonlinear and the Fourier transform fails to 
capture time-varying frequencies. The wavelet transform (WT) instead, permits an interpretation of the 
harmonic components generated by the nonlinearity by mapping the time series to a time-frequency 
representation. The WT of a signal is defined as, 

 ,
√

d , (16) 

where ,  is the time-frequency representation of the signal, in which the time lies along the x 
axis and the instantaneous frequency on the y axis. Hence, the variable  locates the observation 



 

window in the time domain, whereas  defines the frequency resolution by expanding or contracting 
the window. The function ∙ , namely the mother wavelet, is the windowing function. The wavelet 
analysis is performed using the NI2D toolbox developed by NOLISYS at the University of Liege 
(Belgium) [51], which involves a Morlet mother wavelet of the type, 

 , (17) 

which is a Gaussian-windowed complex sinusoid. The amplitude of the wavelet transform of the 
relative displacement for the sweep-up at both the lowest and highest amplitude excitation are shown 
in Figure 11(a,b). These plots are the amplitude of the instantaneous frequency of the response (y-axis) 
during the time of the sine sweep excitation (x-axis). Since there is a linear relationship between the 
time and the frequency of the sine-sweep, the x-axis has been conveniently converted to show the 
excitation frequency. 

(a) (b) 
Figure 11: Amplitude of the wavelet transform of the relative displacement due to a sine sweep-up excitation from 5Hz to 25 

Hz at a rate of 40 Hz/min. (a) for an excitation amplitude  0.10 mm; (b) for an excitation amplitude 0.65 mm 
 

Figure 11(a) shows the amplitude of the WT at low excitation level. The response is characterised by a 
strong presence of the fundamental frequency, but also by a contribution of the second and third 
harmonics. This is particularly true at frequencies between 8 and 15 Hz, where the system is close to 
resonance and experiences a larger amplitude motion. Thus, the model of the suspension should be a 
polynomial of the 3rd order. Increasing the level of the excitation drives the actuator into stroke 
saturation, hence experiencing a stronger nonlinearity. The amplitude of the WT at high amplitude is 
shown in Figure 11(b). The response is characterised by a wideband frequency components, which 
indicates the presence of non-smooth nonlinearity. This harsh nonlinearity can be modelled using a 
piecewise function. It can be seen in Figure 11(b) that the response is dominated by the fundamental 
frequency component for frequencies above the jump phenomenon at 20 Hz. 

5.3. Identification 

In this section, the identification of the nonlinear parameters is carried out. For this purpose the sine 
sweep experiments are used and the data is processed using the restoring force method. Figure 12 
shows the experimental data points of the restoring force in the phase space for the largest amplitude 
of excitation. It can be seen that the restoring force measurements are close to a linear behaviour until 
the actuator reaches the end stops. The restoring force suddenly steepens if the proof mass collides 
with the end stops. Moreover, the velocity quickly changes sign during stroke saturation and the proof 
mass can experience multiple impacts as shown in Figure 12 (double impact). In order to identify the 
nonlinear parameters of the nonlinear function, an assumption is made, which is 

 , , , , (18) 



 

hence, the contribution of the damping and elastic restoring forces can be separated. Assuming 
equation (18) means that the elastic restoring force can be represented as a section of the plot of Figure 
12 at velocities close to zero. The same for the damping restoring force, where a section of Figure 12 
at displacements close to zero can be taken. 

 
Figure 12: 3D restoring force data points of a sine sweep-up excitation in the phase space. 

 

The scattered data plot of the measured elastic restoring force is shown in Figure 13 with the black 
dots. It can be seen that the behaviour of the elastic restoring force is polynomial of the 3rd order until 
the proof mass reaches the end stops. The stroke saturation can be modelled as a non-smooth function 
with a very large stiffness. From this scattered data plot a nonlinear model can be fitted, which is 
piecewise for the stroke limit and is polynomial of the 3rd order for the suspension. The fitted model is 
shown in Figure 13 with the cyan dashed line. A simpler model can also be fitted to the measurements, 
which is piecewise linear and is shown in Figure 13 with the red solid line. The piecewise linear model 
is simpler than the polynomial cubic and can still consider the stroke saturation phenomenon. This can 
be beneficial since the behaviour of the system is affected by the stroke limitation more than the 
suspension nonlinearity. 



 

 
Figure 13: Model identification of the elastic restoring force; experimental data (black dots); fitted cubic stiffness model with 

saturation (cyan dashed line); fitted piecewise linear model (red solid line). 
 

The elastic restoring force of the fitted polynomial model shown in Figure 13 with the red solid line 
can be written as, 

 , 																															 | | , (19) 

where the parameters appearing in equation (19) are given in Table 3. 

Table 3: Nonlinear model parameters of the elastic restoring force with 3rd order polynomial stiffness between end stops. 

Parameter       
Value 178000 4450 94 0 20000 1.25 
Units /  /  /   /   

 

If the piecewise linear model were fitted to the data instead of the polynomial cubic one, the elastic 
restoring force of the fitted model shown in Figure 13 with the cyan dashed line can be written as, 

 , 																															 | | , (20) 

where the parameters appearing in equation (20) are 230	 / , 0	 , 2 ∙ 10 	 / 	 
and 1.25	 . It should be noticed that the end stops in Figure 13 are represented by tilted lines 
instead of vertical lines. This is because the experimental data describes the end stops with a finite 
stiffness. The two end stops have been found to have slightly different stiffness coefficients. For the 
sake of simplicity, the mean value of the two has been considered for both end stops. 



 

The scattered data plot of the damping restoring force is shown in Figure 14. It is observed that the 
experimental data points of the damping restoring force are well fitted by a linear model. The fitted 
model is shown in Figure 14 with a red solid line and can be written as, 

 , , (21) 

where the parameters appearing in equation (21) are 1.4	 /  and 0	 . 

. 

 
Figure 14: Model identification of the damping restoring force; experimental data (black dots); fitted curve (red solid line). 

 

The scattered data plot of the transduction factor versus the displacement is shown in Figure 15. It can 
be seen that the behaviour of the transduction coupling is polynomial and symmetric. In fact, the peak 
in the transduction coupling is reached for the proof mass in centred position. Moving away from the 
resting position leads to a slight decrease of the transduction coupling factor. From this scattered data 
plot a nonlinear model can be fitted, which is polynomial of the 2nd order. The fitted model is shown in 
Figure 15 with a red solid line.  

 
Figure 15: Model identification of the transduction factor; experimental data (black dots); fitted curve (red solid line). 

 

The transduction coupling factor can be then written as, 

 , (22) 

where the parameters appearing in equation (22) are 300	 / , 6.5	 /  and 
1.8	 / . 

 



 

6. Modelling and simulation 

In order to compare the dynamic behaviour of the nonlinear actuator with its underlying linear model, 
a numerical analysis is carried out. The experimental investigation presented in section 5 allows 
obtaining an accurate nonlinear lumped parameter model of the inertial actuator. The model we 
consider for the numerical analysis is the one shown in Figure 8, where the damping restoring force is 
given by equation (21), the elastic restoring force is given by the piecewise linear model of equation 
(20) and the transduction factor and all the other parameters are given by the linear model parameters 
of Table 1. The numerical analysis is performed considering the actuator in blocked base configuration 
( 0) whilst excited by the current flowing through the coil. Considering these assumptions, the 
equation of motion (14) can be solved in time domain via numerical integration. In this paper the 
Newmark integration method is used [52] with a sampling frequency 10	 . Figure 16 shows 
the response of the proof mass to a sine sweep up (black line) and down (grey line) current excitation 
from 5 to 25 Hz at 1 Hz/min for 0.1	 . The simulated response is limited by a maximum 
displacement until it jumps to the underlying linear response. A different approach to solve the 
nonlinear problem is using the harmonic balance method (HBM), which permits to find the periodic 
solution of equation (14). The method is explained in detail by Detroux et al. in [53] where the 
periodic solution has been approximated considering several harmonics in the response signal. In fact, 
to better understand the nonlinear behaviour of the stroke limited inertial actuator, the computation of 
higher order nonlinear frequency response curves is required, since the non-smooth nonlinearity 
activates higher harmonics. Simulation analysis involving the computation of periodic solutions are 
performed using the NI2D® software for this study [51]. The mathematical derivation of this approach 
can be found in [49, 53, 54]. Figure 16 shows the comparison between the nonlinear frequency 
response curve (NFRC) shown with the red dash-dotted line and the time domain simulation solved 
with Newmark method under the same excitation scenario. In this case, the response was computed up 
to the 5th harmonic. Assuming that the simulation in time domain is correct, it can be observed that the 
HBM is capable to fully predict the amplitude of the nonlinear response. Moreover, the bifurcation 
points predicted by the HBM correspond to the jump frequencies of the time domain analysis. It 
should be noted that for frequencies between 12.5 and 14.5 Hz the HBM gives three coexisting 
solutions. The middle branch is an unstable solution for the proof mass motion. The inertial actuator 
response stabilises on the upper or lower branch depending only on the initial conditions for a given 
level of excitation (level of the input current). 

 
Figure 16: Comparison of the Newmark solution via integration of the equation of motion and the HBM. Solid black line for 

the Newmark sweep-up solution; solid grey line for the Newmark sweep-down solution; and dash dotted red line for the 
HBM solution. 

 

The basins of attraction for the NFRC of Figure 16 at four different frequencies are shown in Figure 
17 using the global analysis method [46]. In this figure, the state space mapping of the initial 
conditions that cause the system to stabilise on each branch of the NFRC is shown. In particular, the 
red circles represent the solutions that stabilise on the upper branch, whereas the white circles 
represent the solutions that stabilise on the lower branch. Figure 17(a) shows the basins of attraction at 



 

12 Hz. At this frequency, the only solution is the upper branch. Shifting the frequency to 13 Hz causes 
both the attractors competing for the solution, as shown in Figure 17(b). At this frequency, the solution 
is more likely to stabilise on the upper branch. It can be seen that the initial condition on the velocity 
has a major influence on the solution, whereas being almost independent of the initial condition for the 
displacement. At 14 Hz the basins of attraction of the upper branch become less dominant, as shown in 
Figure 17(c). Ultimately, at 15 Hz all the initial conditions lead to the unique solution of the lower 
branch, as shown in Figure 17(d). 

 

 

 

The numerical analysis enables to test the actuator from low to very high level of excitation without 
destroying the actuator. Figure 18 shows a comparison between the NFRCs (black solid line) at 
increasing level of excitation, from 25 mA to 162.5 mA each simulation increasing of 12.5 mA. It can 
be observed that for the three lowest level of excitation the proof mass displacement do not exceed the 
stroke limits, hence the system is within its linear range and the NFRCs are effectively FRFs.  

(a) (b) 

(c) (d) 
Figure 17: Basins of attraction for the NFRC of Figure 16: (a) 12 Hz; (b) 13 Hz; (c) 14 Hz; (d) 15 Hz; initial conditions that 

stabilises on the upper branch are displayed with red circles, initial conditions that stabilises on the lower branch are 
displayed with white circles. 



 

 
Figure 18: Linear FRFs and nonlinear frequency response functions for increasing excitation levels (solid black line); 

actuator’s resonance frequency (red circles) and backbone curve (red dash dotted line). 
The resonance frequency of the inertial actuator is invariant until the actuator encounters the 
nonlinearity. Increasing the input current the response becomes nonlinear with the nonlinear resonance 
frequency shifting monotonically towards higher frequencies, as shown in Figure 18 with the red 
circles connected with the red dash dotted line. However, the amplitude of the resonance peaks for the 
nonlinear system are proportionally lower than the resonance peak of the underlying linear system. 
This results in the NFRCs becoming particularly skewed towards higher frequency with respect to the 
linear FRFs. The values of the response are seen to be larger than the stroke length for certain value of 
the excitation. This is due to the finite stiffness of the end stops and to the excitation level that is larger 
than the one used in the experimental investigation. A comparison between the linear and nonlinear 
resonance frequency can be done in terms of the amplitude of either the response or the excitation. A 
simple, but straightforward study is to apply the HBM to equation (14) with a single harmonic 
approximation [49]. The equation of motion (14) is linearised for a given excitation, thus the restoring 
force is written as, 

 ≃ , , (23) 

where ,  is an equivalent stiffness for a given operating condition. Harmonic balance is 
applied expanding a Fourier series for equation (20) and imposing a harmonic solution for the proof 
mass displacement. Noting that the restoring force is an odd function results in, 

 , sin sin d , (24) 

which gives the mean value of the stiffness over one cycle of certain amplitude. Simplifying equation 
(24) considering equation (20), the equivalent stiffness can be written as, 

 , 2 arcsin 2 , (25) 

which is also known as describing function of the nonlinearity [49, 55].The change of the nonlinear 
resonance frequency with the amplitude of oscillation can be normalised to the resonance frequency of 
the underlying linear system [49]. Hence, a nondimensional parameter can be introduced as, 

 , ,
, (26) 

where , is the resonance frequency of the nonlinear system. Equation (26) is plotted in Figure 
19(a) considering equation (25) and the values in Table 1. This figure shows a direct comparison 
between the nonlinear resonance frequency (red dash dotted line) and the underlying liner resonance 
frequency (black solid line) with respect to the amplitude of the proof mass displacement. Figure 19(b) 
instead, shows the comparison between the linear and nonlinear resonance frequencies with respect to 
the amplitude of the excitation. 



 

(a) (b) 
Figure 19: Variation in the resonance frequency with: (a) amplitude of oscillation; (b) amplitude of excitation. Black solid 

line for the underlying linear model and red dash-dotted line for the nonlinear model. 
 
This corresponds to the backbone curve of Figure 18. In both Figure 19(a,b), the nonlinear resonance 
frequency is invariant until the inertial actuator enters the nonlinear region, and then increases 
consistently. This can be a threat when the inertial actuator is used in a velocity feedback loop, since 
an increase in the actuator’s resonance frequency can lead to a decrease of the stability margin of the 
controller. 
7. Conclusions 

In this paper an experimental investigation on the nonlinear behaviour of an inertial actuator has been 
presented. Firstly, the experimental set-up has been described, which involved the base excitation and 
base blocked experiments. Secondly, the underlying linear parameters have been identified using the 
transmissibility, the mechanical and the electrical impedances of the inertial actuator. Then, the 
nonlinear behaviour of the inertial actuator has been investigated, starting from the detection of the 
nonlinearity, its characterisation and the identification of the nonlinear parameters to the numerical 
analysis. The nonlinear characterisation analysis led to a piecewise linear model of the elastic restoring 
force, a linear model of the damping restoring force and a polynomial quadratic model of the 
transduction factor. The nonlinear parameters have been identified using the restoring force method. 
Finally, the numerical analysis using the harmonic balance method has shown that the hardening 
stiffness nonlinearity increases the resonance frequency of the actuator significantly. This causes a 
reduction in the stability margin of velocity feedback controllers. Future work may concentrate into 
developing control strategies that accounts for the actuator nonlinearity by maximising the stability of 
the control system yet maintaining the vibration reduction performance provided by the velocity 
feedback loop. 
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Appendix A: LBF inertial actuator 

The same nonlinear identification methodology was applied to 10 others different actuators. In this 
appendix, the results of the experimental investigation are shown for one of those actuators. Figure 
A.1 shows a prototype inertial actuator developed by Fraunhofer LBF (Darmstadt, Germany), which 
was characterised during a test campaign at their laboratories. 



 

 
Figure A.1: Picture of the Fraunhofer LBF inertial actuator. 

 

The measured and identified mechanical impedances in open circuit and closed circuit are shown in 
Figure A.2(a) and (b), respectively. Figure A.3(a) shows the measured and identified transmissibility 
measured for the base excitation scenario, whereas Figure A.3(b) shows the transmissibility with 
respect to the input current for the blocked base experiment. Figure A.4(a) shows the measured and 
identified transmissibility with respect to the input voltage for the base blocked scenario. The 
measured electrical impedance is shown in Figure A.4(b) with the black solid line. The ideal 
inductance model (blue dash dotted line) and the LR-2 model (red dotted line) given by equation (1) 
were fitted to the data. It can be seen that the LR-2 model of the electrical port gives much better 
agreement with the measured data. 

(a) (b) 
Figure A.2: Magnitude, phase and coherence of the measured and averaged FRFs per unit input (black solid line) and 

identified model (blue dashed line): (a) mechanical impedance in open circuit configuration; (b) mechanical impedance in 
shunted circuit configuration. 

 

(a) (b) 



 

Figure A.3: Magnitude, phase and coherence of the measured and averaged FRFs per unit input (black solid line) and 
identified model (blue dashed line): (a) transmissibility for the base excitation experiment; (b) transmissibility for the base 

blocked current excitation experiment. 
 

(a) (b) 
Figure A.4: Magnitude, phase and coherence of the measured and averaged FRFs per unit input (black solid line) and 
identified model (blue dashed line): (a) transmissibility for the base blocked voltage excitation experiment; (b) electric 

impedance in blocked base configuration considering an ideal inductance model (blue dashed line) and a LR-2 model for the 
inductance losses (red dotted line). 

 

The actuator was then tested with the same methodology explained in section 5. The results of the 
nonlinearity identification are shown in Figure A.5. In particular Figure A.5(a) displays the 
experimental data points of the restoring force versus the state space. Figure A.5(b) shows the 
experimental data points of the elastic restoring force and the fitted model. It can be seen that the 
elastic restoring force behaves linearly even for high amplitude oscillations, until the proof mass 
reaches one end stop. Hence, the fitted model is piecewise linear with the discontinuity point at the 
location of the stroke limit. Figure A.5(c) shows the scattered data point of the damping restoring force 
and the identified model. The behaviour is weakly nonlinear and it has been identified as polynomial 
of the third order. The scattered data plot of the transduction factor versus the displacement is shown 
in Figure A.5(d). Its behaviour is given by a third order polynomial function, which is asymmetric 
with respect to the proof mass resting position. In fact, the peak in the transduction coupling factor is 
reached for negative displacements, whereas positive displacements lead to a significant decrease. 

(a) (b) 



 

(c) (d) 
Figure A.5: Restoring force data points: (a) 3D restoring force in the phase space; (b) elastic restoring force; (c) damping 

restoring force; (d) transduction factor; experimental data (black dots); fitted curve (red solid line). 
 

Appendix B: Tectonic Elements TEBM inertial actuator 

Another application example of the identification methodology is given in this appendix on a different 
actuator. Figure B.1 shows a commercial Tectonic Elements TEBM46C20N-4B audio speaker, which 
can be used as inertial actuator. The measured and identified mechanical impedances in open circuit 
and closed circuit are shown in Figure B.2(a) and (b), respectively. Figure B.3(a) shows the measured 
and identified transmissibility measured for the base excitation scenario, whereas Figure B.3(b) shows 
the transmissibility with respect to the input current for the blocked base experiment. Figure B.4(a) 
shows the measured and identified transmissibility with respect to the input voltage for the base 
blocked scenario. The measured electrical impedance is shown in Figure B.4(b) with the black solid 
line. The ideal inductance model (blue dash dotted line) and the Leach model (red dotted line) given 
by equation (C3) were fitted to the data. It can be seen that the Leach model of the electrical port gives 
much better agreement with the measured data. 

 
Figure B.1: Picture of the Tectonic Elements TEBM46C20N-4B audio speaker. 

 



 

(a) (b) 
Figure B.2: Magnitude, phase and coherence of the measured and averaged FRFs per unit input (black solid line) and 

identified model (blue dashed line): (a) mechanical impedance in open circuit configuration; (b) mechanical impedance in 
shunted circuit configuration. 

 

(a) (b) 
Figure B.3: Magnitude, phase and coherence of the measured and averaged FRFs per unit input (black solid line) and 

identified model (blue dashed line): (a) transmissibility for the base excitation experiment; (b) transmissibility for the base 
blocked current excitation experiment. 

 

(a) (b) 
Figure B.4: Magnitude, phase and coherence of the measured and averaged FRFs per unit input (black solid line) and 

identified model (blue dashed line): (a) transmissibility for the base blocked voltage excitation experiment; (b) electric 
impedance in blocked base configuration considering an ideal inductance model (blue dashed line) and a Leach model for the 

inductance losses (red dotted line). 
 



 

The actuator was then tested with the same methodology explained in section 5. The results of the 
nonlinearity identification are shown in Figure B.5. In particular Figure B.5(a) displays the 
experimental data points of the restoring force versus the state space. Figure B.5(b) shows the 
experimental data points of the elastic restoring force and the fitted model. It can be seen that the 
elastic restoring force behaves nonlinearly and asymmetrically with respect to the resting position of 
the proof mass. Hence, the fitted model is piecewise linear with the discontinuity point at displacement 
zero. Figure B.5(c) shows the scattered data point of the damping restoring force and the identified 
model. The behaviour is highly nonlinear and it has been identified as polynomial of the third order. In 
particular, for positive velocities the damping restoring force is almost constant. This can be do to the 
friction between the coil support and the proof mass. The scattered data plot of the transduction factor 
versus the displacement is shown in Figure B.5(d). Its behaviour is given by a linearly decreasing 
function. In fact, for negative displacements the transduction factor keeps increasing without reaching 
a peak, whereas for positive displacements the coil decouples with the magnet and the transduction 
factor decreases significantly. 

(a) (b) 

(c) (d) 
Figure B.5: Restoring force data points: (a) 3D restoring force in the phase space; (b) elastic restoring force; (c) damping 

restoring force; (d) transduction factor; experimental data (black dots); fitted curve (red solid line). 
 

Appendix C: Inductance losses models 

The LR-2 model of the inductance losses is not the only one that aims to describe this behaviour. In 
fact, further investigations showed the development of different linear models to describe the 
inductance losses due to the eddy currents in the iron pole. In fact, J. Vanderkooy [37] derived a 
mathematical formulation that models the behaviour of the voice coil as a series resistor and semi-
inductor, which has an electrical impedance 



 

 , (C1) 

as shown in Figure 20(b). This model requires the identification of one parameter. Subsequently, J. R. 
Wright proposed a model with separated power functions for the real and imaginary part of the 
electrical impedance [56]. That is, 

 . (C2) 

This model cannot be represented by an equivalent electrical circuit and it requires the identification of 
four parameters. A similar model was developed by W. M. Leach [42], where the electrical impedance 
takes the form, 

 , (C3) 

which requires the identification of two parameters. W. M. Leach also proposed a model described by 
a series effective inductance and resistance in which the inductance and resistance vary with frequency 
[57], as shown in Figure 20(c). Hence, the electrical impedance of the effective inductance model can 
be written as, 

 , (C4) 

which requires a large amount of parameters: two for each frequency point. Any of these models can 
be used and in fact, it has been observed that the choice of each model strongly depends on the 
actuator design. 

 

  

(a) (b) (c) 
Figure 20: Topology of the electrical impedance considering the effect of the inductance losses due to eddy currents: (a) LR-

2 model; (b) Wright and Leach frequency dependent model; (c) effective inductance model. 
 

Table 4: Identified parameters of the lossy inductor using a Leach model [42], as in equation (C3). 

Parameter 
Semi-

inductance 
Frequency 
exponent 

Symbol   
Value 4.5*10-4 0.85 
Units - -  
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