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Introduction

The origin of the three families of quarks and leptons remains a puzzle of the Standard
Model (SM), as does their pattern of masses and mixing parameters. The SM does not
specify the origin of neutrino mass, which, together with lepton mixing and CP violation,
introduces a further 9 undetermined parameters. The flavour problem, enriched by neutrino
oscillation physics, is therefore a major motivation for going beyond the SM.

Clues to a theory of flavour may be found in the neutrino sector. While the neutrino
masses are very small, the lepton mixing angles are rather large, with the approximate
tri-bimaximal structure of the PMNS matrix suggesting some non-Abelian discrete Family
Symmetry which admits triplet representations such as A4 or Sy [1].

Another motivation for going beyond the SM is the quest for unification of matter and
gauge forces, as in Grand Unified Theories (GUTs) [2, 3]. To maintain the mass hierarchy
in a natural way in GUTSs requires supersymmetry (SUSY), which also facilitates gauge
coupling unification [4]. The most ambitious such theories also combine Family Symmetry



with GUTs [5-8]. Clearly, if quarks and leptons are unified, then any Family Symmetry
introduced in the lepton sector would also govern the quarks.

Following the path of minimality, one is quickly led to consider the minimal simple
GUT group, namely SU(5) [9]. Since the lepton mixing PMNS matrix arises from the
left-handed lepton doublets, one is led to unify the 5 representations into a triplet 3 of the
Family Symmetry. Moreover, since the top quark has an order unity Yukawa coupling, one
is led to assign the 10 representations to singlets of the Family Symmetry [10-19].

Even such a minimal SU(5) GUT group requires a whole sector to break the gauge sym-
metry to the SM and to achieve the doublet-triplet Higgs splitting of the light electroweak
doublet from the heavy colour triplet [20, 21]. However many of the complications of
doublet-triplet splitting are avoided by assuming the existence of extra dimensions [22-24].

We are thus led to the notion of Family Symmetry with SUSY GUTSs in extra dimen-
sions, for example based on A4 x SU(5) [25-27].! In such theories, the discrete Family
Symmetry could have a dynamical origin as a result of the compactification of a 6d theory
down to 4d [30-33]. The connection to string theory of these and other orbifold compacti-
fications has also been discussed in [34].

In this paper we propose a model based on Sy x SU(5) in extra dimensions. We gen-
erate the Sy symmetry from the orbifold, by a generalisation of the mechanism previously
used to obtain A4. The motivation for considering the group Sy is that it is better suited
to yielding the so called “CSD3” vacuum alignments [35, 36] that we desire, leading to
the highly predictive Littlest Seesaw structure [37, 38], with 3 input parameters predicting
9 observables in the neutrino sector, which agrees perfectly with current neutrino oscilla-
tion measurements [39-41]. With the help of the orbifold conditions, we shall show that
obtaining this alignment can be much simpler than just using a 4d superpotential.

The aim of this paper, then, is to propose a 6d model with a SUSY SU(5) gauge
symmetry that automatically results in an Sy Family Symmetry after compactification,
where the neutrinos arising from the CSD3 vacuum alignment have the Littlest Seesaw
structure. Our goal is to construct a fairly complete and natural model that fits all flavour
observables while being highly predictive in the neutrino sector.

After compactification, and GUT and flavour symmetry breaking, the low energy the-
ory is just the Minimal Supersymmetric Standard Model (MSSM), supplemented by two
extra Right Handed Neutrinos (RHNs), however with a constrained set of input param-
eters. In particular: there is only a single input phase parameter in each of the lepton
and quark sectors; the Littlest Seesaw structure arises in the neutrino sector; the Yukawa
matrices in the down/charged lepton sectors have upper/lower triangular form, on the one
hand resulting in a solution to the Strong CP problem and, on the other hand, very small
charged lepton mixing contributions to the PMNS matrix. Charged fermion masses are
naturally hierarchical, due to a hierarchy of flavon VEVs, while the neutrino masses have
normal ordering with the lightest neutrino mass being zero.

!An additional U(1) Family Symmetry is sometimes assumed in order to yield hierarchies between
different families [28] via the Froggatt-Nielsen mechanism [29]. In our model we shall also assume an
additional global U(1) as a “shaping symmetry” to control the non-renormalisable operator structure.



The main successes of the resulting SUSY SU(5) model in 6d are summarised as follows:

e [t explains, after compactification, the origin of the Sy Family Symmetry with CSD3
vacuum alignment, as well as SU(5) breaking with doublet-triplet splitting.

e It naturally accounts for all quark and lepton (including neutrino) masses and mix-
ings, incorporating the highly predictive Littlest Seesaw structure.

e [t spontaneously breaks CP symmetry, resulting in successful CP violation in the
quark and lepton sectors, while solving the Strong CP problem.

e It also explains the Baryon Asymmetry of the Universe (BAU) through leptogenesis,
with the leptogenesis phase directly linked to the Dirac and Majorana phases.

The layout of the paper is as follows. In section 1 we present the field content of the
model. In section 2 we show the details of the orbifold, focusing on how Sy is generated
through this orbifolding. In section 3 we show how the flavon VEVs are fixed in to the
CSD3 alignment. In 4, the fermion mass matrices and a numerical fit are presented. In
section 5 we show how the model solves naturally the Strong CP problem. In section 6 we
show how the BAU can be naturally obtained through leptogenesis. In section 7 we show
how proton decay is controlled. In the appendix A we show the original 6d superpotential
before compactification. Finally, in appendix B we show how the same model can be
obtained with a discrete shaping symmetry instead of the U(1).

1 Overview of the model

The model is based on a six dimensional spacetime with A/ = 1 supersymmetry (SUSY), an
SU(5) gauge symmetry and a global U(1) symmetry that we refer to as a “shaping” symme-
try, since it governs the allowed operators. The extra dimensions are compactified in a torus
orbifold T2 /(Z5M x Z,). This compactification breaks the extended SUSY and the GUT
groups. This orbifolding is done in a standard way and it is summarized in the appendix 2.

The way the compactification is done leaves a remnant Sy symmetry which we identify
as the flavour group. The fields can be chosen so that, after the compactification, they
transform under irreducible representations of this S;. The 4 fixed branes are related by Sy
transformations and so are the fields located in them. Since the 4 branes are interchanged
by S4, we will simply refer to them as the brane. This is shown in appendix 2.1.

Besides the gauge superfields, the model contains the chiral superfields that are listed
in table 1. There we list the representation of each field under the GUT group SU(5),
the flavour group S; and their charges under the shaping symmetry U(1). If the field
propagates in the bulk, it should be an eigenstate of the boundary condition matrix Pg,,
and its parity 41 is listed in the last column. If the field is located in the brane, it is stated
as Brane in the last column.

The SM fermions lie inside the F,T; as in an usual SU(5) theory. The flavour triplet F'
contains d° and L. There are two copies of each T; in the bulk, each with different parity
under the ZgM boundary condition. The T contains u¢ and e¢, while the T~ contains Q.



Representation
e s, sugs) u() Py
F |3 5 —c Brane
TE | 110 a—4d +1
E 110 a—2d +1
T | 110 a +1
Ne |11 —d +1
N¢ 1 1 —4d +1
Hs 1 5 —2a +1
H; |1 5 —2b +1
¢ |1 1 2d +1
P 2 1 —a+2b+c+d +1
s 3 1 2a+c+d Brane
b |3 1 2a+c+2d -1
Or 3 1 —a+2b+c Brane
bu 3’ 1 —a+2b+c+2d Brane
e 3 1 —a+2b+c+4d +1
Ay 1 1 2a — 4b — 2¢ +1
Ay |3 1 —a —2b—2c—2d Brane
Ao 2 1 2a — 4b — 2¢ — 8d +1
Ay |11 2a —4b —2c — 4d  Brane

Table 1. Complete list of chiral superfields in the model. A setup that gives exactly the desired
Yukawa terms would be with {a,b,c,d} = {7,13,1,2}.

This allows different masses for charged leptons and down quarks. We have only two right
handed neutrinos (RHN) Ny ., as this is the minimum case. The MSSM doublets h, 4 lie
in Hj 5 respectively. They are located in the bulk with a positive parity so that only the
doublets are light after compactification, so that the doublet triplet splitting is natural.

The superfields &, p, ¢ are flavons that give structure to the SM fermion mass matrices.
Some of them lie in the bulk and some in the brane, depending on their alignment. The
fields A, are alignment fields and whose F-term equations fix the alignment of the flavons.

We assume that compactification happens at the GUT scale so that gauge coupling
unification happens naturally and every KK mode and every extra field is located at the
GUT scale. Furthermore the compactification gives the flavour symmetry and helps to
align the flavons that break it. At low energies, we have exactly the MSSM.

As we shall see the model is rather complete and predictive. Models that aim to be
complete usually end up with a very large number of fields to achieve it [21, 42, 43, 54]. In



this model, the extra dimensions play a big role in achieving symmetry breaking, so that
the full field content, listed in table 1, is much smaller than any previous theory.

2 Orbifolding

We are considering a N/ = 1 supersymmetric Yang-Mills theory in 6 dimensions, the La-

grangian reads,

1 _
LEM = Ty <—2VMNVMN + iAFMDMA> : (2.1)

where Vir = t*Vy and A = t®A?, here t* are the generators of SU(5). DyA = OpA —
i9[Var, A] and Vayyn = [Dar, Dn]/(ig). The I' matrices are given by:

®0 0 iry° 0 A°
Fu:<7 u>7 I‘5:< 5W>7 P6:< 5’Y> (2.2)
0 ~ "’ 0 —° 0

withv® = I'and {Tar, T} = 20 L(sxs) nun = diag(l, =1, —1,—1,—1,—1). The gaugino
A is composed of two Weyl fermions of opposite chirality in 4d,

A= ()\1, —i)\g), ’)/5)\1 == —)\1, ’}/5)\2 == )\2. (23)

Overall the gaugino has negative 6d chirality I'7A = —A, where I'; = diag(ys, —75).
We assume that the spacetime is M = R* x T?, where the torus is defined by

(2°,2%) = (2° + 27 Ry, 25),

24
(2°,25) = (2% + 27 Ry cos 0, z8 + 27 Ry sin h). 24)

Where R; 2 are the radii of the extra dimensions and define the compactification scale

1
Mg~ ——. (2.5)
1,2

The orbifold is chosen to be T?/(Zy x Z5™).
The first Zo orbifolding comes from the parity condition

Zoy: (2°,2°%) = (—2°, —29), (2.6)
applied the vector supermultiplet:

PV, (z,—xs, —xﬁ)Pfl = +Vu(x, x5, x6), (2.7)

PVs g(x, —x5, —16) P~ = Vs 6(z, 25, 76),
and

P)\l(wa —T5, _m6)P_1 = +)\1(x7x51x6)7 (29)
Py(z, —x5, —26) P~ = —Xo(, x5, 76). (2.10)



This also happens if we locate chiral 6d supermultiplets in the bulk. They would
decompose into two 4d fermions with opposite parities, a complex 4d scalar and a complex
4d pseudoscalar. These are arranged into 2 chiral 4d supermultiplets as usual.

With P = I, the effective N' = 2 SUSY in 4d is broken down to N = 1.

The second orbifolding is done at

(25, 26) = (x5 + TR1, 26), (2.11)
with the condition
ZsM: (ak, 3g) = (—af, —xf). (2.12)
Now the condition would be
+1 0 0 0 O
041 0 0 O
Psyy=10 0 -1 0 0 (2.13)
0 0 0 —-10

0 0 0 0 -1

This effectivelly breaks SU(5) — SM, after integrating out the ED, at low energies.
Furthermore, if the Higgses live in the bulk, only the doublets remain light after orbifolding.
Thus we are free of the doublet-triplet splitting problem.

2.1 S4 from orbifolding

For a better geometric display, and following [31-33], we may redefine 2rR; = 2 and
2mRy = 1. We also define z = x5 + ixg. Everything can be easily rescaled to the actual
size. Choosing 0 = 7/3, and defining v = ¢™/3 the symmetries of the orbifold from
egs. (2.4), (2.6) become

Tv: 2242, Th: z2—z+7, Z:iz——z ZM.z-15 241, (2.14)

where the orbifolding symmetry Z leaves four invariant points (actually 4D branes)

[21722723,24] = [0’ 1a ’7/2’ 1+ ’7/2}? (215)

that are the branes where we locate some of the fields. These fixed branes and are permuted
by the operations

Si:iz—=z+1, Sy:z4+7/2, R:z—~%, P:z—2, P :z— —2" (2.16)

which, after orbifolding, generate the remnant symmetry. We can write these operations
explicitly S1[(12)(34)], S2[(13)(24)], R[(243)(1)], P[(34)(1)(2)], P'[(34)(1)(2)]. There are
only 3 independent transformations since So = R?>-S; - R, P = P’

These symmetry transformations relate to the Sy generators with S = S, T =R, U =
P satisfying

S? =T3 = (ST)® =U? = (SU)*> = (TU)* = (STU)* =1, (2.17)



which is the presentation rules for the Sy symmetry [76]. Even though only two generators
are enough for Sy [1], we prefer this presentation since it shows explicitly its relation
to A4. The transformations S,T alone generate A4 [31]. Ignoring the individual parity
transformations P, the orbifold would have a remnant symmetry of A4. Note that we
have not added this symmetry by hand but a remnant of the orbifolding symmetry after
compactification. Figure 1 shows a visualization of the remnant S; symmetry of the extra
dimensions after orbifolding.

If we locate a field in each of the branes, they would be transformed between them
forming a reducible 4 dimensional representation. We need to obtain the decomposition into
irreducible representations [77]. Choosing S = S, T'= R, U = P, we obtain the matrices

0100 1000 1000
1000 0010 0100
0001 0001 0001
0010 0100 0010

With the unitary transformation

3w? 1
e R

w? w? w? 1

2

v=| 2 Vs (2.19)

2v3 V3 V3 2
w1l w1

2v3 V3 V3 2

we can obtain

S5 0 T3 0 Us 0
Savmvz<3 ) T—>VTTV=<3 » UaVWV:<3 » (2.20)
01 01 01

so that, the 4 dimensional representation inherited from the branes can be decomposed
4—3+1.

If instead we choose S = —57, T = R, U = P, the same unitary transformation
would decompose 4 — 3’ 4+ 1°. It is also possible, with a different choice of generators, to
decompose it as 4 — 2+ 1+ 1 [32]. As only one of these embeddings of Sy can be realized

in the model, we choose S = —S7, T'= R, U = P so that we can only have 3’s and 1’s
on the brane.

A field located on the brane Ax (x)d(z—zx) that transforms as a 3’ would be written as
A (x) = Vi A¥ (2). (2.21)
A field Ag(z)d(z — zx) that transforms as a 1’ would be written as

Ag(z) = Vi AY (2). (2.22)



Ze

(a) The exta dimensional space. Identifying together sides
a,bwe obtain T2. The Z5™ orbifolding identifies the shaded
area with the non shaded. The orbifolding Z, identifies both

areas labeled C.

Is

(¢) The four branes are permuted by the sym-
metries S, S92, R. These symmetries identify
the sides a, b, c while R rotates everything by
identifying sides d.

Ze

(e) The symmetries Si,S2, R generate Ajy.
By also considering independent parities
P, P’ we obtain the reflected bulk space.

Ts

Te

£l 22 1 Ty

(b) The effective extra dimensional
space T2/(Zy x Z5™). This is the
whole bulk. The four invariant
branes 21,234 are shown.

Ay

(d) By actually gluing together sides a,b,c
we obtain a tetrahedron, whose vertices are
related by the symmetry group Aj.

(f) Identifying sides a, b, c for each space we
obtain a tetrahedron and a reflected one. The
pair of tetrahedra lie inside a cube, whose ver-
tices are related by the symmetry group Sy.
The left image shows all the sides of the tetra-
hedra while the one on the right is solid for a
better visualization.

Figure 1. Visualization on the remnant S, symmetry after orbifolding of the extra dimensions.



Fields located in the bulk B(z,z) can transform under any irreducible representation
with
S: B(z,z) - S B(xz,z+1/2),
T : B(z,z) = T B(z,7%2), (2.23)
U: B(x,z) - U Bz, z"),

where we use the Sy basis

Sy S T U
1,1 1 1 +1
) <10> (w 0) (01)
01 0 w? 10 (2.24)
-1 2 2 100 100
3,332 -1 2 0w? 0 F[001
2 2 -1/ \0 0 w 010

that has real S, U and simplify obtaining the CSD3 alignment [78].

We can construct bilinears with one field in the bulk and one in the brane [26]. Specif-
ically the singlet J coming from one 3’ B(x, z); located in the bulk and one 3’ Ag(x)
located in each brane would be

J =3 Bi(w,2)Vi Ag (2)d(z — zK). (2.25)
iK

After compactification we can treat the flavour symmetry S4 as usual.

3 Flavon alignment

The predictivity in flavour models comes from the specific flavon structure that define the
fermion mass matrices. These alignment is usually fixed by a superpotential. We obtain
the alignment through a combination of orbifolding and a superpotential [27, 32, 44].

We assume that the flavons obtain a VEV through radiative symmetry breaking [45—
52]. There are six flavon multiplets to be aligned. The flavons ¢, are located in the
brane while ¢ , ., p propagate in the bulk and thus are subject to the orbifold boundary
conditions. Since their VEVS are constant, a condition on the boundary implies a condition
on the VEV.

We choose the orbifolding parity condition

Pl = Psy @ U, (3.1)

where U is one of the Sy generators listed in eq. (2.24). The flavons in the brane are not
affected by this condition. The flavons in the bulk are not affected by the Pgjs matrix,
since they are GUT singlets. The bulk flavon VEVs must be eigenvectors of the U matrix.



The flavon ¢, is a 3’ and it has a negative parity in the boundary condition so that it
must comply with

100 0
<¢a> =-U <¢a> =—1001 <¢a> - <¢a> ~ 1 . (3'2)
010 -1

The flavon p is a 2 with positive parity so that it must comply with

01 1
<p>—U<p>—<1 0) (p - <p>~<1>~ (3.3)

The flavon ¢, is located in the bulk with positive parity, it must comply with

100 a
<¢e> =-U <¢e> =1001 <¢e> - <¢e> ~10o], (3'4)
010 b

with arbitrary a, b.

To fix the alignment of the flavons in the brane, we make use of a superpotential and
the alignment fields A in table 1. The 6d superpotential of brane and bulk fields at leading
order is in eq. (A.2). After compactification we obtain the simpler looking superpotential

WA ~ Al (QST)Q + A2(¢e)2 + AII((ZS;LQZ&M + ¢e¢7’) + A3(¢a¢‘r - p¢s)a (35)

where we ignore the effective dimensionless constants
The F-term equation coming from A; fixes

0 0 2
(pr)~ 1[0, 20 [, (3.6)
0 1 —1/x

with arbitrary x. We choose (¢,) to be the first solution.
The F-term equation from As fixes the VEV
1
20 |, (3.7)

— 22

<¢e> ~

o O =

so that, together with the orbifold condition from eq. (3.4), the (¢.) is fixed to be the first
choice.

The A alignment field involves two terms. The contraction ¢.¢, enters into the
equation and it is exactly zero since the alignments are fixed to be orthogonal, as show
above. So that the F term equation from A} fixes

0 0 2
<¢,LL> ~ 11,101, 2z > (3'8)
0 1 —1/z

~10 -



where we choose the second solution.
Finally, the F term equation from Ajg fixes [53]
1
<¢s> ~ 3 . (3.9)
—1

We remark that (¢,s), (p) preserve SU while (@) ,w (¢,),w? (¢-) preserve T, where
S,T,U are the S; generators.
We have obtained the flavon VEV alignments

1 0

<¢s> = Us 3 ) <¢a> = Uq 1 ) <P> =Up <1> )
-1 -1
(3.10)
1 0 0
ey =ve|lO |, Bu)=vi]0]|, (or)=wv-]1
0 1 0

We have achieved the so called CSD3 alignment from the flavons (¢; o) using orbifolding
and the superpotential in eq. (3.5) which is remarkably simple compared to previous ways
to achieve it [35, 36, 42, 53, 54].

4 SM fermion mass structure

The Yukawa superpotential originally is 6d and is stated in eq. (A.1). We will work with
the compactified superpotential, assuming that the cutoff scale A is close enough to the
compactification scale , we may write the effective superpotential

5 6—1—j
Wy = yis Hs T, T ()

A
L1 L1 L1
+ Y Hs For T3+ + ynHs FO.Ty + +yi HsFoe T
5 A 2 A A
§ ¢ §
+ Y Hs For Ty 5 + yisHs For Ti =5 A3 + i Hs FouTi 35 (4.1)
4
P HSF 6N 2y Y HF 6N 1y S NENG + yYENENG
10
+YH o A9 H5H

where the effective dimensionless coupling constants y are expected to be O(1) and real
due to the imposed trivial CP symmetry.

The first line in eq. (4.1) gives masses to the up quarks. Since @) comes from 7~ , while
u¢ comes from TF, the up quark matrix is not symmetric, as in usual SU(5) theories. The

top mass is effectively renormalisable while the others are not. Defining

(€ vi) /A =€, (4.2)

11 -



where i = e, 41,7, a, s, we write the up quark mass matrix?

3/1154 y12£3 y13§~2
M" = vy | yn& y22? yasl | - (4.3)
y31€2 Y326 Y33

The second and third lines of eq. (4.1) give masses to down quarks and charged leptons.
The down quark matrix is

Y11 Te Yiaué Y130-E°
d - o
M® =y 0 YUy ¥Yyt:€ | (4.4)
0 0 Y3307
while the charged lepton mass matrix is

yf‘lf)e 0 0
(M) =wva | y50u8 Y20 0 |- (4.5)
Y1307E> Yo30r€ Y330y
Since e¢ comes from T+ and @ comes from 7~ the Yukawa terms have different and inde-
pendent couplings yf; for each one. This way the charged lepton mass matrix is completely
independent of the down quark mass matrix.

The fourth line in eq. (4.1) gives the Dirac neutrino mass matrix and the right handed
neutrino Majorana mass matrix

0 Y 0 -
v v & S,jN N _ yév 53 0
MD = Uy _yavaf —YsUs | » M = 0 N <£> . (4'6)
- - Y
YuTa€  3yy0s ’
The RHN are very heavy so that the left handed neutrinos become very light after the
seesaw mechanism has been implemented,

MY = MIV)(MN)_l(MV)T

00 0 1 -1 3
B €74 1 I I €9 -4 IR (4.7)
(&) yNé € yy '
0-1 1 3 -39

This structure for the neutrino mass matrix is called the Littlest Seesaw [35, 36].

4.1 Low energy parameters and physical phases

We assume that the scaled VEVs in eq. (4.2) take hierarchical values,

el < 18] < |87, [8al, 5], 1] < 1, (4.8)

2All the mass matrices are given in the LR convention.

- 12 —



perhaps due to radiative breaking at different scales, The idea is that powers of these
VEVs are responsible for the hierarchies between the fermion masses, allowing all the y
parameters appearing in the mass matrices of the previous section to be O(1). However in
practice, a couple of these y parameters will need to be of order 5%. To the extent that these
parameters are O(1), our model may be regarded as providing a “natural” explanation of
the quark and lepton (including neutrino) masses and mixings, including the CP phases,
as we now discuss.

We have imposed trivial CP symmetry, so that all coupling constants y are real. How-
ever, the same mechanism that drives the flavon VEVs may spontaneously break CP. We
will assume this is the case by having all flavon VEVs generally complex, with phases

arg(vy) = ny, (4.9)

where f is each flavon. We can always absorb phases into the fermion fields and we redefine

2 —1 2 1 —2i 1
upp—e "urp,  upp—e "Tup g,
1 —ine g1 2 —iMy 32 3 —inr 33
dR—)e edR, dR—>€ HdR, dR—>€ TdR7 (4 10)
1 e ,1 2 Ny 2 3 N 3 '
eL—>€ €r» 6L—>e €1, BL—>€ €r,
Vi e Matieyt 2 2

With these phase redefinitions, the charged fermion mass matrices of the previous section
may be rewritten in terms of explicitly real parameters and physical phases,

Y11 \5|4 Y12 ’é|3 Y13 |§~’2
MY =y | yo1 |€]® yo2 [€* yos [€]
ys1 1€ ya2 1€] yss

Y11 |Te| Y1a \@uf\emf Y13 |0,€2|e2ine

d _ - _ .~ .
M® =wvq 0 Yoo |Uu| Yos |/UT§|€“7£ (4'11)
0 0 Yas |Or]
CUE |De | 0 0
Me =g |y [Bfle ™yl 0
d Y12 1Vusl€ Yoo |V )

y;_?) |7~JT§:2|€_2Z‘17§ y;_?) |17T§:\e_“75 ?J:;,Fg |9 |

while the low energy neutrino mass matrix, after the seesaw mechanism has been imple-
mented, may be expressed as,’

000 113
MY =pa o011 [ +pslélem|113], (4.12)
011 339
where
n =205 — 2nq + N, (4.13)

3We use the convention —%M”DL vi and —%MNDIC%VR, for Majorana masses.

~13 -



Parameter Model
9112 33.63°
Torometer | ode 013 8.54°
9(112 13.026° 9l23 4790
015 0.193° 5, 934.15°
05 2.937°
;3 69.21° Ye 1.97 x 106
q | Yu 4.16 x 1074
Yu 2.92 x 1076 ”r 707 % 10-3
1.43 x 1073
. 5.34 x 101 Am2,/eV? | 751 x 107°
. X
! Am32,/eV? | 2.52 x 1073
Yd 4.81 x 1076
Ys 9.52 x 10~5 my/meV 0
b 5.38 x 10~3 ma/meV 8.67
| mz/meV 50.23
23 33.85°

Table 2. Fermion masses and mixings fitted in the model. They resemble exactly the observed ones
with x? = 0. The observables are at the GUT scale and with tan 3 = 5. The quark masses, charged
lepton masses and CKM parameters come from [55]. The neutrino observables come from [56, 57].
The fit has been performed using the Mixing Parameter Tools (MPT) package [58].

and )
(vuyt )

|velydls

So finally we have only 2 physical phases 7,7¢, plus 2 left handed neutrino mass
parameters ji, s and 21 dimensionless O(1) parameters y, noting that the VEV ratios
|04, |§~ | are not physical low energy degrees of freedom but are used just to absorb the
hierarchies between fermion masses.

Ha,s (414)

4.2 Numerical fit

With these parameters we may perform a fit for the fermion masses and mixings, comparing
the model to these values run up to the GUT scale. In table 2 we show the observables
that can be obtained using the parameters in table 3. We can fit perfectly the full SM
fermion content observables run up to the GUT scale with y? ~ 0, choosing tan = 5 and
assuming negligible SUSY threshold corrections. We can obtain an equally good fit with
different tan 5 and this one is chosen arbitrarily.

The VEV ratios |7 in table 3 are not physical degrees of freedom and are chosen to
generate the hierarchies between the fermion mass parameters. For the given choice of
VEV ratios, most of the dimensionless real parameters y turn out to be O(1), although a
couple of these parameters, ys» and ys3, are about 5%, and a couple more, y;% and y;}),
are about 20%. However, this choice of parameters does not appear to be a statistically
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Parameter | Value
e 2.45
Parameter | Value yl_l 0.53 Parameter Value
0.9 ylf ’ s 26.64 meV
o ' Y13 037 53.74 meV
.74 me
Y12 1.13 Yy 1.28 e
Y13 L.75 Yo -2.53 g —87/9
Y21 -0.42 Yis 0.05 n —27/3
Y22 -0.64 4 100 VEV ratio Value
Y23 -0.90 lerl ) 5 ) €| 0.05
Y1 -1.78 Y12 ' 3
- 050 |07 0.2
Y32 -0.05 f ) '12 |0, 0.001
Y33 0.53 Y22 ‘ 15| 0.00001
Ya3 0.21
Yas -0.17

Table 3. The 25 input parameters that enter into the mass matrices in egs. (4.11), (4.12) giving
the fit in table 2. We also show the assumed VEV ratios, which are not independent parameters.

significant departure from the O(1) expectation. Furthermore we remark that the two
physical phases come out to be multiples of the ninth root of unity.

Once the VEV ratios are chosen, they generate extra predictions. From the last line
of eq. (4.1) we may obtain the u term. Knowing |§: | and that the compactification scale is
at the GUT scale we may obtain

510
MNFNITGV, (4.15)

which is the correct scale for the p term.
From the last two terms in the forth line of eq. (4.1), we can also estimate the scale
for the RHN Majorana masses, so that

My ~ &~ 10%GeV, M; ~ 10'°GeV, (4.16)

as we shall see below, this has consequences for leptogenesis.
The parameters fix the complete Upysnyg matrix, including the Majorana phases. In
the PDG parametrisation

c12€C14 $12C13 s13e”% 10 0
_ ; ; oy /2
UpMNs = | —s12c23 — c12523513¢®°  ciacos — s12503513€™  sa3ci3 0 ete/ 0 ;
6 i sy /2
512823 — C12C23513€"  —C12523 — S§12C23513€"° €23C13 0 0 elon/
(4.17)

where, since in our model m; = 0, only one of the Majorana phases as3 = 91 — a3
is physical. This phase prediction is listed in table 2. This phase is determined by the
effective mass [69]

[Mee| = |Mas?ec?2e% 4+ mys2,e™ 20| ~ 1.5 meV, (4.18)
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which is observable through neutrinoless double beta decay. The effective mass predicted
by our model still lies beyond the reach of current experiments.

4.3 The UPMNS’ matrix

This neutrino mass matrix is diagonalized by an unitary matrix
diag(m¥,my, m4) = U,M"UL. (4.19)

The charged lepton matrix is diagonalized by two different unitary matrices V.r, Ver
such that
diag(me, my, my) = VeLMeVeTR,

diag(m?, m2,m?) = Ve, ME MV, = Vog MMV,

(4.20)

Ignoring phases and using the fit parameters from table 3, we may approximate

—1x107° 0 0
Mé=~uv;| 3x107* 2x1073 0 ;
—3x10742x 1073 =3 x 1072
10719 —3x10710 3 x107?
MM ~ v [ =3x10710 4x10°6 4x107¢ |, (4.21)
3x107% 4x107% 1072

O9x1078 —6x10"7 1x107°
MM~ vl | —=6x1077 9x 1075 —7x 1075 |,
1x107° —7x107°% 1x10°3

from which we obtain the rotation angles of the unitary matrices to be

ok, ~ —107*, 0l ~ 4 x 1071, 05 ~ 1078,
R -2 yR -2 yR -5 (4.22)
015~ =5x1077, Oy~ —-7Tx1077, 0Oi5~9x10"".
The PMNS matrix is
Upnns = Ver Uy, (4.23)

and only the 0 angles enter into it. Furthermore, from eq. (4.21), we see that the 6,
angles are very small and the PMNS matrix becomes approximately

UPMNS [ U;r, (424)

and is dominated by the neutrino sector. Hence, even though we have 25 parameters in the
fit, only 3 of these parameters, namely pq, 15,7, generate the entire spectrum of neutrino
masses m; and lepton mixings and phases Upjyrns. This way we show that the theory is
highly predictive in the neutrino sector, since 3 parameters generate the 3 neutrino masses
and the 6 PMNS parameters, hence 6 predictions. For example, it predicts m; = 0 with
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only one physical Majorana phase. The remaining 4 physical predictions are determined
from the fit.

The predictive power comes from the CSD3 alignment. We have checked that with a
diagonal charged lepton mass matrix, 2 RHN and the CSD3 alignment we would still lead
to a pretty good fit to the neutrino masses and Upysng within one sigma. However, even
though the off-diagonal charged lepton corrections from 6y, are very small, it turns out that
they do give small deviations to pure CSD3, and help to obtain the perfect fit with y? = 0.

5 Solving the strong CP problem

The Strong CP problem is that the parameter § multiplying the topological gauge term is
very close to zero. In the SM, there is no reason to be so.

When CP symmetry is assumed from the beginning, the topological term is forbidden.
However, since the effective Yukawa couplings must be complex, this term is generated
again after spontaneous CP breaking. The constraint is [59]

0=0gcp — 0, <1071, (5.1)
since we impose trivial CP symmetry, we know that 0gcp = 0. The parameter
0, = argdet(Y"Y'?), (5.2)

must be then very small.

In eq. (4.11) it is shown that the up quark mass matrix in our model is real so that
we have 0, = argdet(Y?). Also in eq. (4.11), we show that the down quark matrix has a
triangular structure so that its determinant is the product of the diagonal, which is real.
Thus we have obtained that 6, = 0 and the Strong CP symmetry is solved

There can be higher dimensional contributions that break the triangular structure of
the down quark mass matrix or add complex contributions to the up quark matrix. Due
to the U(1) symmetry, all the extra terms have to be proportional to

p (HsHs)

™ 10726, (5.3)

so that they are completely negligible.

We have shown thus, that in our model there is no Strong CP problem. This has been
solved due to the structure of the quark mass matrices fixed by the Sy symmetry [60, 61].
This mechanism has already been shown previously [21]. We remark that this is actually dif-
ferent than the Nelson-Barr mechanism since it requires having vector-like quarks [62-65].

6 Leptogenesis

The universe is made up mostly of matter with an astounding lack of antimatter. This is
called the Baryon Asymmetry of the Universe (BAU). Even thou the SM has everything
to explain the BAU, it predicts it to be orders of magnitude smaller than it actually is.
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One of the most appealing mechanism to explain the BAU is through Leptogenesis,
where there is a CP asymmetric decay of the lightest RHN that generates an asymme-
try between leptons and antileptons. This lepton asymmetry is transformed into baryon
through non perturbative sphaleron processes [66].

Our model has every ingredient necessary to generate the BAU through leptogenesis.
As noted in section 4.3, charged lepton corrections are negligible. Therefore there is only
one CP violating phase n in the neutrino sector, making it the leptogenesis phase in the
sense that the BAU is proportional to sinn (see [67, 68] for more details). It also provides a
direct link with laboratory CP violating phenomena since the Dirac and Majorana phases
appearing in the PMNS matrix are both controlled by the single leptonic input phase 7.

Analytic formulas, giving PMNS parameters including CP phases in terms of input
parameters including 7, have been calculated in [37, 38]. In the CSD3 alignment, a good
fit for all the neutrino data requires this phase to be very close to n ~ 27/3, so here we
assume this value [39-41].

The detailed calculation of the BAU through Leptogenesis when the neutrino mass
matrix has the CSD3 alignment has already been done [67, 68]. To generate the correct
BAU, the lightest RHN mass has to be

M; ~ 3.9 x 10'° GeV. (6.1)

In eq. (4.16), we see that our model predicts M; to be exactly at this scale so that the
BAU can be naturally explained un our model through Leptogenesis, just by fitting one
O(1) parameter, y.

7 Proton decay

In GUTSs, proton decay is mediated by the usual Higgs triplets and extra gauge fields.
However proton decay has not yet been observed and any model has to comply with the
constraint for the proton lifetime [69]

7 > 10% yrs. (7.1)

Models based on SO(10) GUT symmetry that breaks Mgyt ~ 2 x 1016 GeV and
gives masses to the Higgs triplets at this scale predict the proton decay rate to be 7, ~
10%°—10%° yrs [70-72]. In this model GUT breaking happens due to orbifolding, at Mgyt ~
2 x 10'6 GeV. Furthermore, doublet-triplet splitting happens also due to orbifolding at
this scale, so that the present model complies with these constraints.

Extra dimensional models have extra contributions to proton decay coming from the
KK modes. In our model the orbifold conditions break the GUT symmetry so that we have
the compactification scale at the GUT scale M, ~ 2 x 10'6 GeV. Since the compactification
scale is so large, the orbifold processes that contribute to proton decay are at least 3 orders
of magnitude smaller than the usual 4d terms [73-75]. Even though these processes would
give a nice signature for extra dimensions, in our model they don’t enhance proton decay
significantly.
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There may be extra contributions from other effective terms, involving the extra fields
that we have added. However in this model the U(1) symmetry does not allow any extra
contributions to proton decay coming from the new fields.

8 Conclusion

In this paper we have proposed a 6d model with a SUSY SU(5) gauge symmetry containing
22 superfields, which is a relatively low number as compared to other flavour models as
complete as this. An Sy Family Symmetry emerges from the orbifold, by a generalisation
of the mechanism previously used to obtain A4. The orbifolding breaks SU(5) and solves
the doublet triplet splitting problem in the usual way.

In addition, we have obtained the CSD3 vacuum alignment through F-term equations
and orbifold boundary conditions. This is the most efficient method in the literature for
obtaining this alignment, leading to the highly predictive Littlest Seesaw structure, with 3
input parameters predicting 9 observables in the neutrino sector, including almost maximal
atmospheric mixing and maximal leptonic CP violation, which agree perfectly with current
neutrino oscillation measurements.

Below the compactification scale, after the GUT and Family Symmetry groups are
broken, the effective low energy theory is just the MSSM, supplemented by two extra
RHNs. However the model predicts a constrained set of input parameters, for example
a u term with the correct magnitude can be achieved. Also the Yukawa matrices in the
down/charged lepton sectors have upper/lower triangular form.

Charged fermion masses are naturally hierarchical due to a hierarchy of flavon VEVs,
with dimensionless parameters consistent with an O(1) expectation, and there are very
small charged lepton mixing contributions to the PMNS matrix due to the lower triangular
Yukawa matrix. This feature preserves the successful predictions of the Littlest Seesaw
model, including neutrino masses with normal ordering with the lightest neutrino mass
being zero.

The model spontaneously breaks CP symmetry, with only a single input phase param-
eter in each of the lepton and quark sectors, leading to successful CP violation in the quark
and lepton sectors. Due to the upper triangular form of the down quark Yukawa matrix,
the single input quark phase and the U(1) controlling higher order operators, we show that
the model is able to solve the Strong CP problem. It also explains the Baryon Asymmetry
of the Universe (BAU) through leptogenesis, with the leptogenesis phase directly linked to
the Dirac and Majorana phases.
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A 6d superpotential

The superpotential that generates the Yukawa terms must be fundamentally 6 dimensional.
Every superfield has mass dimension 2, and the superpotential must have dimension 5,
therefore every interaction term must be non renormalizable. This is the reason it is rarely
use. We will show it for completeness, and will assume a single mass scale A so that the 4
dimensional superpotential in eq. (4.1) comes from

B 1 § 6—i—j
~ H:T: T.J“— =
Wrea ~ Hs1; A(A2)

b 1o, 1) gy e ) g gy e )

A A3 A4
+ H: F¢TT15M + H- F¢TT:N:€25(A> + H: F%Tif(zA_zb) (A1)
c M =) | ayene L | eyenel
+ H5F N + H5F¢s N 3 + &N N“A7 L ENCN, -
£
+ EHE)HE’

where the flavour contractions 3’ x 3’ — 1 of brane and bulk fields come from bilinears
shown in eq. (2.25). Eq. (4.1) appears after integrating out the EDs and assuming that
the compactification scale is at the same scale A.

In the same way, the alignment superpotential comes from the 6 dimensional

202z — ) 52(z — )

Wagd ~ A1(ér) i

+A2(¢e) 21 +A/ <¢u¢u + ¢e¢7—/1\> +A3(¢a¢7_p¢s)

where, again we have simplified the contractions shown in eq. (2.25).

B Discrete shaping symmetries

The simplest and most effective shaping symmetry to obtain our current model is with
the U(1) symmetry we have used. However the shaping symmetry is usually taken to be
a discrete one. In this section we show how to build the model with an alternate discrete
Zs X T X Lo X Zs. The charge assignment for each field is listed in table 4. This effectively
generates the same model with a few small differences.

With a discrete symmetry, extra Yukawa terms are allowed. However any extra term
from eq. (4.1) will be highly suppressed and < O(107!%). Even though these terms are
completely negligible for the flavour observables, they can upset the mechanism that avoids
the strong CP problem. These terms would generate an angle §# < 107'°, that barely
satisfies experimental constraints coming from the neutron electric dipole moment [59].

In this discrete setup, there can be extra term that allow proton decay. The largest
contribution is

TiTiTiF@Aﬁ >, (B.1)
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Representation
Feld s 'sue) [ 25 25 2. 2o Pl
F 3 5 0O 4 0 0 Brane
TFE |1 10 |3 0 1 0 41
5|1 10 |4 0 0 0 +1
T |1 10 [0 0 1 0 I
Ne |1 1 2 0 1 1 41
Ne |1 1 3.0 1 1 41
Hs | 1 5 0 0 0 0 41
Hy | 1 5 2 0 0 0 41
¢ 1 1 1 0 1 0 +1
p |2 1 1 1 1 0 41
s 3 1 3 1 1 1 Brane
o |3 1 1 1 1 1 -1
Or 3 1 3 1 1 0 Brane
bu 3 1 4 1 0 0 Brane
b |3 1 0o 1 1 0 41
A |11 4 3 0 0 +1
Ay | 3 1 1 3 0 1 Brane
Ay |2 1 0 3 0 0 +1
AT 1 2 3 0 0 Brane

Table 4. Superfields in the model with discrete symmetries.

that complies with the experimental constraint of the terms
g(X)TTTF, with ¢(X)<10% (B.2)

In our case

g(X) ~~~ 1077, (B.3)

the constraint can be easily satisfied.
Another difference is that the now the term g ~ 58MGUT, is larger than one obtained
with the U(1) but still close to the correct value.
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