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Abstract

A mathematical model for dispersal phenomenon in multispecies biofilm based on a continuum approach and mass conservation
principles is presented. The formation of dispersed cells is modeled by considering a mass balance for the bulk liquid and the
biofilm. Diffusion of these cells within the biofilm and in the bulk liquid is describedusing a diffusion-reaction equation. Diffusion
supposes a random character of mobility. Notably, biofilm growth is modeled by a hyperbolic partial differential equation while
the diffusion process of dispersed cells by a parabolic partial differential equation. The two are mutually connected but governed
by different equations that are coupled by two growth rate terms. Threebiological processes are discussed. The first is related
to experimental observations on starvation induced dispersal [1]. Thesecond considers diffusion of a non-lethal antibiofilm agent
which induces dispersal of free cells. The third example considers dispersal induced by a self-produced biocide agent.

Keywords: Multispecies biofilms, Biofilm motility, Biofilm dispersal, Nonlinear hyperbolic and parabolic partial differential
equations, Numerical simulations, Free boundary problems.

1. Introduction

Biofilms are microbial aggregates organized as microcolonies and encased in a matrix of highly hydrated esopoly-
saccharide substances (EPS). These microbial aggregates can be attached to a living or inert surface (substratum)
or constitute suspended cell aggregates defined as floating biofilms (e.g. flocs or granules), which are not attached
to a surface but which share the characteristics of a biofilm.Multispecies biofilm can form stable microconsortia,
develop physiochemical gradients, and undergo horizontalgene transfer and complex cell–cell communication [2].
This structure might even be considered as an immobilized enzyme system in which the milieu and the enzyme
activities are constantly changing and evolving to an approximately steady state. This steady state can then be radically
altered by applying physical forces such as high shear, or via external or internal reactions that cause the detachment
and loss of regions of the biofilm [3]. Further, they are heterogeneous: several studies show that microbial biofilms
are highly hydrated open structures containing a high fraction of exopolymers and large void space and channels [4].

The organization of these complex surface-associated communities enables their microorganisms to develop coor-
dinated and efficient survival strategies. Although the resulting survival ability is useful from the microbial standpoint,
the persistence capacity of biofilm can be detrimental. Biofilms may cause chronic infection, parasitism phenomena
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in animals and plants, biodeterioration of historical heritage objects, and engineering and industrial systems. As a
result, biofilm related problems present significant socio-economic costs [5].

In the last two decades, there have been many experimental advances that have clarified the structure, function and
genetic expression of biofilms. These experiments have revealed striking commonalities between different species
[6]. One such commonality is the biofilm ”life cycle” [7] which describes the development of biofilm system. The
formation of a biofilm is a complex and dynamic process formedby several steps: surface adhesion of bacteria,
formation of an attached monolayer and cell proliferation (microcolonies), development of a mature biofilm, and
dispersal as schematically depicted in fig. 1. In contrast topassive dispersal, resulting from sloughing of cell clusters
and erosion from the biofilm, the production of specific dispersal cells at the final stage of the biofilm life cycle is an
active and highly regulated response [8]. Stress as a resultof habitat decay (e.g. resource depletion, cell competition
for space) is the most cited explanation for the evolution ofthe dispersal phase in a biofilm [7]. We note as an aside
that a consequence of these observations is that new removalbiofilm strategies have been proposed: the idea is not
to kill the microrganisms but to induce them to disperse. This approach offers an elegant way of biocide-free biofilm
removal [9].

In complement to recent and extensive experimental activity, complex mathematical models and numerical simu-
lations have been proposed to investigate development, structures, and ecological interactions of biofilms [10, 11, 12].
While there is a substantial amount of literature available on detachment models for biofilms, little attention has been
directed towards motility and dispersal in biofilms. Only a few papers propose models which include mechanisms for
biofilm dispersal: a cellular automaton model for nutrient limited dispersal was presented in [10, 12, 13, 14, 15] and
an individual based model for detachment induced by EPS breakdown was introduced in [16]. A partial differential
equation based model for cells dispersal was presented in [17], where the authors modeled the dynamics of quorum
sensing induced bacterial cell dispersal in growing biofilms. Qualitative analysis of this model has been recently pre-
sented in [18]. Here, a mathematical model able to describe dispersal phenomenon as a response to diverse external
stress cues, is presented. As examples, the cues triggeringthe phenomenon such as substrate starvation, presence of
toxic substances or an auto-produced biocide agent have been included in the model. Moreover, the model describes
the biofilm dynamics under these stress situations through anew and original pathway for biofilm evolution. To this
end, a previous motility model is further developed in orderto describe the diffusion of planktonic cells originating
from dispersal and to highlight the impact they can exert on the ecological functionality of biofilms.

The approach is based on a continuum model in one space dimension [19, 20, 21, 22, 23] with the intention
of predicting biofilm growth, spatial distribution of microbial species, substrate trends, attachment and detachment,
and in particular biofilm dispersal and the motility of the resulting dispersed cells. The model is based on empirical
observations revealing that the biofilm is not a completely impenetrable structure, but rather can be considered as
an environment where bacteria can move partially freely. These free bacteria can be responsible for a number of
phenomena (e.g. invasion, horizontal gene transfer (HGT),dispersal) relevant to biofilm colony development. Many
experimental studies have been devoted to elucidation of the main mechanisms which underly dispersal. In particular,
the main causes have been proposed to be related to lack of nutrients or presence of inhibiting substances. In [1],
the authors showed that the beginning of the dispersal phasecoincides with the formation of necrosis zones, where
the active biomass, constituted by active cells, is hydrolyzed leading to the formation of dispersed cells which release
in the biofilm and then into the bulk liquid. The release of dispersed cells causes the formation of voids resulting
in an increase of biofilm porosity. Mathematically, the dependance of dispersal on substrate dynamics can be taken
into account and in particular the phenotypic change from sessile to planktonic can be modeled by considering the
inactive biomass as an intermediate particulate component. When dispersal occurs the active biofilm biomass has
been modeled to stop its normal metabolic activities and switch to an inactive status. The resulting inactive biomass
has been modeled to evolve to inert material or to dispersed cells. Formation of voids has been incorporated in the
model by considering a direct dependence of biofilm porosityon the release of free cells. Motility of dispersed cells
has been modeled by considering a mass balance for the bulk liquid and the biofilm. Diffusion of dispersed cells
within biofilm and in the bulk liquid has been described by using a diffusion-reaction equation, supposing a random
character of mobility. The model demonstrates the possibility that the resulting dispersed bacteria can colonize a new
area characterized by favorable environmental conditions.

Notably, growth is modeled by a hyperbolic partial differential equation and diffusion of dispersed cells by a
parabolic partial differential equation. The two are mutually connected but governed by different equations that
are coupled by introducing two growth rate terms. The first, introduced in this work, arises from inactive biomass
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Figure 1. Biofilm life cycle.I) Motile cells colonize a clean surface. II) Development of the single-species microcolonies and EPS production.
III) Biofilm colonization of invading microbial species. Loss of biomass (cell clusters) due to mechanical detachment.Loss of biomass
(motile cells) due to dispersal.

concentrations in the hyperbolic equations governing biofilm development. This term is connected with parabolic
equations governing diffusion processes for dissolved substrates and reproduces the dispersal process. The second
takes into account colonization processes [24]. Overall weobtain a hyperbolic free boundary value problem with
non-linearities for the biomass distribution and a semi-linear system of second-order boundary value problems for
the substrates and the dispersed cells in the biofilm. Note that no boundary conditions on the microbial families are
prescribed. This important feature provides generality tothe model and can be useful in simulating real situations.

As will be elucidated in Section 2, dispersal can strongly affect the evolution of biofilm in several cases. The
aim of the proposed model is to analyze these biological situations not accessible to existing models. In particular,
the model is applied to three illustrative cases. The first isbased on the experimental observations of Schleheck et
al. [1] and traces the dynamics of aPseudomonas aeruginosa(PA) biofilm which experiences dispersal induced
by nutrient starvation. The second involves the presence ofa non-lethal antibiofilm agent (i.e. does not affect cell
viability but does induce a dispersal response) which interferes with active PA biomass and induces dispersal. The
third concerns mathematical modeling of auto-induced dispersal due to the self-production of a biocide. Numerical
simulations provide results in reasonable agreement with the experiences and confirm the capability of the model to
predict biomass distribution, substrate concentration trends over biofilm depth, release of dispersed cells and their
further diffusion within the biofilm to the bulk liquid.

The paper is organized as follows. Section 2 introduces biological details concerning dispersal mechanisms. In
Section 3 we present the developed model describing the dispersal phase and its effects on biofilm evolution. In
Section 4 some qualitative properties of solutions are proved, mainly to show consistency of the model. Section 5
describes three experimental cases to which the new model isapplied and presents the numerical results. Finally, in
Section 6 we present conclusions.
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2. Experimental observations

Depletion of resources and competition for space are usually considered as the main factors affecting the evolution
of the dispersal phase in biofilms. Several theories argue, supported by experimental results [25, 26], that many cells
in biofilms appear to be in stationary phase. In stationary phase the cells are able to change their status from sessile to
motile when adverse conditions occur. Dispersal plays a keyrole in biofilm development.

It was observed that when biofilm populations are subjected to growth limiting conditions and/or adverse environ-
mental conditions, aggregates may disperse and a significant number of single cells are released (seeding dispersal)
[1]. Dispersal is not only a phase of the biofilm life cycle, but also can be an active regulated response when adverse
conditions arise. During the last two decades there have been many studies investigating environmental cues that
trigger dispersal from biofilm. These cues fundamentally reflect the variation in habitat or environmental stresses,
including reduced availability of nutrients (carbon or nitrogen source), oxygen depletion, change in temperature, high
or low level of micro nutrients (e.g. heavy metals), and presence of inhibiting agents. Active dispersal from biofilm
can be preceded by the formation of necrotic zones within themature biofilm structure [7]. For some well-studied
biofilm systems, it has been possible to determine that cell death within biofilm plays a crucial role in regulating
dispersal. Indeed, in Gram negative motile species, dispersal involves the death and lysis of a subpopulation of cells
located in the center of the colony with the simultaneous release of highly motile cells (e.g. dispersed cells). The dead
cells provide nutrients for the dispersing ones. Further, the release of dispersed cells results in formation of voids and
a consequent increase in porosity. Residual biomass shows aslimy and sparse texture, and appears to lack viable cells
[1].

Decreases in nutrient concentration have been correlated to biofilm dispersal [27]. For example, work of Schleheck
et al. [1] shows the evolution of dispersalin response to both carbon source (glucose) depletion and oxygen depletion
for a pseudomonas aeruginosa PAO1(PA) biofilm. More precisely, experimental results show that when starvation
occurs, dispersal rapidly ensues and a significant number ofdispersed cells are released. In the work of Gjermansen
et al. [28], the molecular mechanism triggered by carbon source depletion for aPseudomonas Putidabiofilm is
described. They show that nutrient starvation results in a reduction in levels of the adhesin LapA, a major component
of biofilm matrix.

Dispersal can also be induced by oxygen starvation (hypoxiaor anoxia), an environmental stress that is often
experienced by biofilm cells. In many biofilm systems, oxygenrepresents the least available substrate due to its
relatively poor water solubility. It has also been demonstrated that nitric oxide (NO) can play a role in the regulation
of dispersal in biofilm. External addition of nontoxic concentrations of NO in the nanomolar range was found to
induce dispersal in PA biofilm. Other studies have identifiedNO as an important factor in the regulation of biofilm
dispersal and survival inStaphylococcus aureusand various single and multispecies biofilm [29]. In particular, low
concentrations of NO were shown to induce a transition from the sessile mode of growth to the motile planktonic
phenotype [30].

3. Mathematical model

3.1. Model assumptions

In this section, we develop a mathematical model capable of tracking the dynamics of a mature multispecies
biofilm experiencing a dispersal phase, with particular attention to modeling of planktonic cells’ release from biofilm
matrix and subsequent mobility within the biofilm and in the bulk liquid. The biofilm is assumed to grow in one
space direction, denotedz, perpendicular to the substratum located atz = 0. Naturally occurring biofilms consist
of microbial communities of different species, cooperating through commensal interactions or competing for space
and common resources. Thus we introducen different particulate components some or all of which couldbe active
microbial species (total numberN ≤ n), or other quantities like phenotypic variants (i.e., inactive microbial species),
extracellular material, inert biomass, free water, etc., each expressed in terms of concentrationsXi = ρi fi(z, t) or, as-
sumingρi constant, equivalently in terms of volume fractionsfi(z, t) with

∑n
i=1 fi = 1. In particular, according to [21]

ρi is assumed constant in time and in space but with different constants in each biofilm component. The active mi-
crobial species consumemdissolved components, named substrates and expressed in terms of concentrationsS j(z, t),
j = 1, ...,m, S = (S1, ...,Sm). Substrates are transported by Fickian diffusion from thebulk liquid to the biofilm [21],
where they take part in microbial metabolism. Over the course of a biofilm life cycle, active microbial species might
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Figure 2. Conceptual representation of the mathematical model. The biofilm growth process is modeled by a system of hyperbolic partial differential
equations. Substrates and dispersed cells are modeled by twosystems of parabolic partial differential equations.

experience variation in their habitat or environmental quality, including variation in availability of nutrients (carbon
or nitrogen source), oxygen depletion, change in temperature, high or low level of micro nutrients (e.g. heavy metals),
and the presence of inhibiting agents (e.g. (cis)-2-decenoic acid,trans-bromoageliferin (TAGE),cis-bromoageliferin
(CAGE), Oroidin derivates, etc.). Under these conditions,some of the active microbial cells constituting the biofilm
are assumed to switch their phenotypic state from sessile toplanktonic giving rise to the so called dispersal phe-
nomenon which results in the release of dispersed cells in the aqueous phase, here modeled through Fickian diffusion.
The diffusion of dispersed cells from biofilm to bulk liquid and vice versa, has been modelled by using a diffusion-
reaction equation, following the approach introduced in [24]. This implicates that the volume of dispersed bacteria is
zero instantly. This assumption is based on the approximation that the volume occupied by the single planktonic cells
is negligible compared to the volume associated to the otherbiofilm components. Spread through diffusion supposes
random mobility. Different characterizations of bacterial movement are possible by considering a diffusion constant
dependent on biofilm composition or by using chemotactically-driven mobility. In addition, the release of dispersed
cells has two effects: the first is an increase in biofilm porosity due to the loss of cell biomass, the second is an in-
crease in undispersed, inert material due to the loss of viable cells from the biofilm matrix. The increase of porosity
balances the loss of volume due to the release of viable cellswithout affecting the biofilm thickness, with the respect
of the conservation of volume. The concentration of dispersed cells is defined by the variablesψi(z, t), i = 1, ..,N.
Furthermore, detachment represents the only biofilm loss term. Indeed, the framework presented in this work does not
allow the biofilm to contract (reduce in thickness) due to dispersal as the conversion of inactive bacteria into dispersed
cells is counterbalanced by the increase in biofilm pore fraction.

Altogether, the model is formulated as a system of partial differential equations which can be grouped as follows.

3.2. Equations for biofilms
The dynamics of particulate components are governed by the equations

∂ fi
∂t
+

∂

∂z
(u fi) = RM,i(z, t, f,ψ,S), i = 1, ...,n, 0 ≤ z≤ L(t), t > 0, (1)
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where
RM,i = rM,i(z, t, f ,S) + rcol,i(z, t,ψ,S). (2)

Summing eqs. (1) oni and requiring
∑n

i=1 fi = 1 yields

∂u
∂z
=

n
∑

i=1

RM,i(z, t, f,ψ,S), 0 < z≤ L(t), t ≥ 0. (3)

The hyperbolic equations (1) describe the evolution, in space and time, of microbial species in the biofilm as a
convective flux regulated by the bioconversion of organic substrates and by the phenomena of dispersal and invasion
through the termRM,i . More precisely:rM,i(z, t, f,S) is the specific growth rate of a microbial speciesi due to the
bioconversion of substrates, andrcol,i(z, t,ψ,S) denotes the specific growth rate due to the conversion of bacterial cells
from planktonic to sessile status, which characterizes theinvasion/colonizing phaenomena. This last term was first
introduced by the authors in [24]. Note that equations (1) are used to describe the dynamics of active microbial species
as well as all particulate components which constitute the biofilm, including inert biomass, EPS and voids. Note that
inert material is surrogated as a fictitious microbial species whose growth derives from the decay and inactivation of
active biomass. EPS production is related to biomass metabolism [31], while formation of voids depends on dispersal
phenomena. Eq. (1) is written in general form, though of course, for some components (i.e., inactive biomasses,
inert, EPS, voids), the termrcol,i can be zero. Indeed, sorption phenomena, for example passive sequestration of dead
cells or inert particles, transported by the flow field and further entrapped into the biofilm matrix are not described by
rcol,i(z, t,ψ,S).

The following initial conditions are considered for Eqs. (1) and (3)

fi(z,0) = ϕi(z), i = 1, ...,n, 0 ≤ z≤ L0, (4)

where the functionsϕi(z), i = 1, ...,n, represent the initial volume fractions of microbial species and conditionu(0, t) =
0 is a no flux condition between substratum and biofilm.

3.3. Equations for motility of dispersed cells

Consider a control volume (z2−z1)A, with A representing biofilm area parallel to the substratum, and denote bywi(z, t)
the flux of planktonic species acrossA(z). The mass balance for species in planktonic statei = 1, ...,N, is

A
∂

∂t

∫ z2

z1

ψi dz= A[wi(z1, t) − wi(z2, t)] − A
∫ z2

z1

rcol,ψi dz+ A
∫ z2

z1

rdisp,ψi dz,

∫ z2

z1

∂ψi

∂t
dz= −

∫ z2

z1

∂wi

∂z
dz−

∫ z2

z1

rcol,ψi dz+
∫ z2

z1

rdisp,ψi dz, (5)

whererdisp,ψi represents the production rate of dispersed cells due to dispersal andrcolψ,i denotes the planktonic species
loss term due to attachment. Note that the termrdisp,ψi , introduced here depends on both the concentration of microbial
species and of substrates within the biofilm and is intended to model the phenotypic change from sessile to planktonic.
Equation (5) holds for any control volume (z2− z1)A, therefore the integral functions are equal and the integral can be
dropped, leading to the following differential equation

∂ψi

∂t
+

∂

∂z
(wi) = Rψ,i , Rψ,i = rdisp,ψi (z, t,X,S) − rcolψ,i(z, t,ψ,S). (6)

According to Fick’s first law, the flux of colonizing speciesi within the biofilm is proportional to the diffusivityDM,i

and may be expressed as

wi = −DM,i
∂ψi

∂z
. (7)

Substituting eq. (7) into equation (6) leads to

∂ψi

∂t
−
∂

∂z

(

DM,i
∂ψi

∂z

)

= Rψ,i(z, t,ψ,X,S), i = 1, ...,n, 0 < z< L(t), t > 0, (8)
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whereDM,i denotes the diffusivity coefficient of planktonic speciesi. R
ψ,i(z, t,ψ,X,S) is the speciesi conversion

rate into the planktonic state and describes the consumption (colonization phenomena) and/or the excretion (dispersal
phenomena) of free cells.

Initial-boundary conditions for for Eqs. (8) are prescribed as

ψi(z,0) = ψi0(z), i = 1, ...,N,0 ≤ z≤ L(0), (9)

∂ψi

∂z
(0, t) = 0, ψi(L(t), t) = ψ∗i (t), i = 1, ...,N, t > 0. (10)

The functionsψi0(z) denote the initial concentrations of planktonic species within the biofilm. Condition (10)1 follows
from no flux conditions at the substratum. The second condition in (10)2 assigns planktonic species values on the
moving boundary z=L(t). The functionsψ∗i (t) represent the concentrations of planktonic species in thebulk liquid
(assumed uniform in space). They can be prescribed or derived from mass balance equations within the bulk liquid.
A special form of such mass balance will be introduced in Section 5.

3.4. Equations for substrates

Substrate profiles are governed by the equations

∂S j

∂t
−
∂

∂z

(

DS, j
∂S j

∂z

)

= rS, j(z, t,X,S), j = 1, ...,m, 0 < z< L(t), t > 0, (11)

standard reaction-diffusion equations governing substrate transport from bulk liquid into the biofilm.rS, j(z, t,X,S)
is the conversion rate of substratej and describes consumption (substrate uptake from microbial biomass occurring
during the metabolism process) and/or production (catabolites). DS, j denotes the diffusivity coefficient of substratej.

Initial conditions for substrates are

S j(z,0) = S j0(z), 0 ≤ z≤ L0, j = 1, ...,m, (12)

and boundary conditions are

∂S j

∂z
(0, t) = 0, S j(L(t), t) = S∗j (t), t > 0, j = 1, ...,m. (13)

Conditions (13)1 are no flux conditions at the substratum. On the free boundaryz = L(t), the functionsS∗j (t) are the
concentrations of the substrates in the bulk liquid, which,similarly to dispersed cells, can be assigned or required to
satisfy a mass balance equation in the bulk liquid. A specialform of such mass balance will be introduced in Section
5.

3.5. Free boundary

Consider the global mass balance on [0, L(t)] and denote byρiσa,i(t) andρiσd,i(L(t)) respectively the attachment and
detachment terms.

∂

∂t

∫ L(t)

0
ρi fi dz= ρiσa,i − ρiσd,i +

∫ L(t)

0
ρiRM,i dz, i = 1, ...,n, t > 0. (14)

Summing oni and using (3) and the second equation of (4) yields

L̇(t) = u(L(t), t) + σa(t) − σd(L(t)), t > 0, σa(t) =
n

∑

i=1

σa,i , σ =

n
∑

i=1

σd,i . (15)

Eq. (15) governs the evolution of the biofilm free boundary, whereL(t) denotes biofilm thickness,σa(t) is the at-
tachment biomass flux from bulk liquid to biofilm, andσd(L(t)) is the detachment biomass flux from biofilm to bulk
liquid. The initial condition for equation (15) is the initial biofilm thicknessL(0) = L0.
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3.6. Complete model

The free boundary value problem is now completely describedby the following set of differential equations: the
hyperbolic eqs. (1) for the biofilm volume fractions, the non-linear parabolic eqs. (8) for dispersed cells concentra-
tions, the semi-linear parabolic eqs. (11) for substrate concentrations and the two ordinary eqs. for the velocity of the
microbial mass (3) and the free boundary evolution (15).

The complete model takes the following form:

{

∂ fi
∂t +

∂
∂z(u fi) = RM,i(z, t,ψ, f,S), 0 ≤ z≤ L(t), t > 0,

fi(z,0) = ϕi(z), i = 1, ...,n, 0 ≤ z≤ L0,
(16)

{

∂u
∂z =

∑n
i=1 RM,i(z, t, f,S), 0 < z≤ L(t), t ≥ 0,

u(0, t) = 0, t > 0,
(17)

{

L̇(t) = u(L(t), t) + σa(t) − σd(L(t)), t > 0,
L(0) = L0,

(18)























∂ψi

∂t −
∂
∂z

(

DM,i
∂ψi

∂z

)

= R
ψ,i(z, t,ψ,X,S), i = 1, ...,N,0 < z< L(t), t > 0,

ψi(z,0) = 0, 0 ≤ z≤ L0,
∂ψi

∂z (0, t) = 0, ψi(L(t), t) = ψ∗i (t),
i = 1, ...,N, t > 0,

(19)























∂S j

∂t −
∂
∂z

(

DS, j
∂S j

∂z

)

= rS, j(z, t,X,S), j = 1, ...,m,0 < z< L(t), t > 0,

S j(z,0) = S j0(z), 0 ≤ z≤ L0,
∂S j

∂z (0, t) = 0, S j(L(t), t) = S∗j (t),
j = 1, ...,m, t > 0.

(20)

The hyperbolic equations are used to model the active microbial species (active biomasses) dynamics as well as other
components constituting a mature biofilm (e.g. inert material, EPS). Other components are introduced in the form
of the inactive microbial species or inactive biomasses. The latter can be considered as intermediate states between
active and inert biomasses (fig.3) and are preparatory to dispersal (see Section 2). During the dispersal phase, inactive
biomass becomes inert with the simultaneous release of dispersed cells reproducing the necrotic zones experimentally
observed in [1] (see 2).

We specify indices in system (16)-(20) as follows. Designate the active microbial species by the indexesi =
1, ..,N; the inactive microbial species by the indexesi = N + 1, ..,2N; inert materials by the indexi = 2N + 1; EPS by
the indexi = 2N + 2 and the liquid content by the indexi = 2N + 3.

For the specific studies presented here, the kinetic termsrMi(z, t,X,S) for the active microbial species can be
expressed as follows:

rM,i = ((1− KEPS,i)µi − kd,i − µI ,i) fi , i = 1, ...,N, (21)

The term (1− KEPS,i)µi represents the specific growth rate of the active biomass dueto the uptake of substrates.µi

is the net biomass growth rate of active microbial speciesi, i = 1, ...,N. KEPS,i denotes the fraction of consumed
substrates which is converted in EPS [32].kd,i is a decay constant and reproduces the natural death of microbial cells
[23]. µI ,i is the specific inactivation rate and models the formation ofinactive from active biomass.

The inactive biomass is composed by the cells that experience an adverse habitat. These cells do not have active
metabolic function (e.g. uptake of the substrates, production of by-products) and thus do not interact with substrates.
The kinetic term modeling the formation of inactive biomassis expressed by

rM,i = µI ,i fi−N − kI2,i fi , i = N + 1, ...,2N, (22)

where the first term on the right side (µI ,i fi−N) denotes the inactivation rate, as in eq. (21), and the second one models
the degradation of inactive biomass. The degraded inactivebiomass will give rise to the formation of inert material
and active dispersed cells. The release of free cells will determine the pore fraction increase.kI2,i represents the
constant decay rate of the inactive microbial components.

Inert biomass results from both the natural decay of the active biomass and the degradation of inactive biomass.
According to experimental results, the residual biomass post dispersal shows a slimy and sparse texture and appears
to lack viable cells [33] and thus can be considered as inert [1]. Therefore the reaction term is expressed by
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Figure 3. Biofilm pathways. During dispersal, the active biofilm biomass stops its normal metabolic activities and switchesto an inactive status.
The resulting inactive biomass evolves to inert or to dispersed cells. The formation of voids is modeled by considering a direct dependence of
biofilm porosity on the release of free cells.
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rM,2N+1 =

N
∑

i=1

kd,i fi +
2N
∑

i=N+1

α1,ikI2,i fi , (23)

where
∑N

i=1 kd,i fi is the production rate of inert material due to natural decayof active biomasses. The term
∑2N

i=N+1 α1,ikI2,i fi
models the formation of inert from inactive biomasses andα1,i(≤ 1) expresses the fraction of inactive biomass which
becomes inert.

The formation rate of EPS resulting from the microbial metabolism is

rM,2N+2 =

N
∑

i=1

KEPS,iµi fi . (24)

Dispersal influences the biofilm porosity. As mentioned, theresidual biomass after dispersal shows a thin texture
with higher porosity. The pore volume fractionf2N+3 is assumed to be constituted by two parts having different origins:
the first f2N+3,1 represents the innate porosity of the biofilm while the second one f2N+3,2 derives from dispersal. Innate
biofilm porosity is modeled by following the approach first introduced by Wanner and Reichert [22] who considered
a reaction term forf2N+3,1 such that the production of particulate mass does not alter the innate biofilm porosity. In
the present study, the same result is obtained by introducing the following reaction terms forf2N+3,1 and f2N+3,2 in eq.
(16)1

rM,2N+3
∗
=

f2N+3,1

1− f2N+3,1

















2N+2
∑

i=1

rMi +

2N
∑

i=N+1

α2,ikI2,i fi

















, (25)

rM,2N+3
∗∗
=

2N
∑

i=N+1

α2,ikI2,i fi , (26)

whererM,2N+3
∗∗ represents the production rate forf2N+3,2 due to the dispersal phenomena andα2,i = 1−α1,i expresses

the fraction of inactive biomass which becomes pores. The overall expression forf2N+3 can be obtained by summing
equation (16)1 for f2N+3,1 and f2N+3,2. The derived reaction term takes the form

rM,2N+3 =
f∗

1− f∗

















2N+2
∑

i=1

rMi +

2N
∑

i=N+1

α2,ikI2,i fi

















+

2N
∑

i=N+1

α2,ikI2,i fi , (27)

where f∗ = f2N+3,1, for brevity, represents the innate pore volume fraction which coincides withf2N+3(z,0), that is, the
porosity of the biofilm before dispersal occurs.

Planktonic species present in the bulk liquid and diffusinginto the biofilm may strongly affect biofilm dynamics.
Indeed, the free cells might switch their status from planktonic to sessile and vice versa. Planktonic cells can diffuse
into the biofilm where they can find a favorable environment for their growth (the invasion phenomenon [24]). This
phenomenon actively contributes to biofilm growth through the termrcol,i in equation (16)1, that models the growth of
the active biomassi due to the invasion phenomenon, and can assume different forms depending on the problem to be
modeled. A specific form will be provided in Section 5.

The two termsrdispψ,i andrcolψ,i in equation (19)1 model the production rate of dispersed cells from biofilm during
dispersal and the loss of dispersed cells due to invasion respectively. They are expressed by

rdispψ,i = α2,ikI2,i fi+N, rcolψ,i = −rcol,i/Ycol,i , i = 1, ...,N, (28)

whereYcol,i represents the yield of conversion from planktonic to sessile status.
The net conversion rates for substrates in equation (20)1 are expressed asrS, j =

∑N
i=1 µi fi/Yi , j = 1, ...,m, with Yi

denoting the conversion yield.
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3.7. Model parameters

Parameters are listed in Tables (1,3,5). In particular fourparameters play a key role. The first one,Inactivation
constant KI1, is related to the formation of the inactive biomass when dispersal occurs. According to [1], the phe-
nomenon is quite fast (e.g. a few hours) and for this reason weselected aKI1 value of the same order of magnitude
of the maximum growth rate of microbial species. Based on thesame reasoning the value of thedecay constant for
inactive biomass KI2 has been chosen of the same order of magnitude asKI1. The assumptionα1,i + α2,i = 1 follows
from a mass balance on inactive biomass and reflects the empirical evidence (see section 1) that during dispersal part
of the inactive biomass is released as dispersed cells whilethe remaining part can be considered to be inert [1]. The
loss of mass due to the release of free cells in the surrounding environment determines an increase in biofilm porosity.

4. Qualitative properties of solutions

In this section, some properties of the solutions to the freeboundary value problem are presented in order to
emphasize model consistency and prediction capability.

Proposition 4.1Let Xi be a specific microbial species, whose dynamics are governedby equation (1), rewritten
here in terms ofX for convenience

∂Xi

∂t
+

∂

∂z
(uXi) = ρiRM,i(z, t,ψ,X,S),

RM,i = rM,i(z, t, f ,S) + rcol,i(z, t,ψ,S),0 ≤ z≤ L(t), t > 0. (29)

Suppose that
ϕi(z) = 0, rM,i |Xi=0 = 0, rcol,i |ψi=0 = 0. (30)

Then equation (29) admits the unique solutionXi = 0.
Proof. The result is obtained from standard arguments.
The hypotheses (30)2,3 are usually satisfied for active microbial species (both sessile and planktonic) as shown in

equation (21). The expression forrcol,i will be provided in Section 5 (Equation 43). In addition, note that hypothesis
(30)3 could be substituted byrcol,i |S=0 = 0, as the presence of planktonic bacteria alone does not determine the col-
onization of a new species, indicating that merely the simultaneous presence of substrates and colonizing planktonic
species can lead to the growth of sessile bacteria.

Let us focus on the corresponding inactive microbial species denoted by indexi+N. Note that under the assumption
rM,i+N|Xi=Xi+N=0 = 0 and consideringϕi+N(z) = 0, the equation for the inactive microbial species admits the unique
solution Xi+N = 0. This result also implies absence of dispersal for speciesi, as will be highlighted in the next
property.

Proposition 4.2Let ψi be the solution of the following initial-boundary value problem

∂ψi

∂t
−
∂

∂z

(

DM,i
∂ψi

∂z

)

= rdispψ,i(z, t,X,S) − rcolψ,i(z, t,ψ,S),

ψi(z,0) = 0, 0 ≤ z≤ L(0),
∂ψi

∂z
(0, t) = 0, ψi(L(t), t) = 0,0 < z< L(t), t > 0, (31)

wherei is the same index considered in equation (29). Suppose that

rdispψ,i |Xi+N=0 = 0, rcolψ,i |ψi=0 = 0. (32)

Then the problem (31) admits the unique solutionψi = 0.
Proof. The result is obtained from standard arguments.
If a species is not present in the bulk liquid and in the biofilm(either as sessile or planktonic), then it cannot

diffuse into the biofilm or further disperse in the bulk liquid. Therefore, in absence of planktonic bacteria, the term
rdispψ,i and so the presence of inactive microbial speciesXi+N is essential for the dispersal and further colonization of
speciesi. Note that according to (32)1, the presence of inactive microbial speciesXi+N does not influence the species

11
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in planktonic stateψ j with j , i as there is a direct correspondence between the active microbial speciesXi and the
related planktonic statusψi .

Proposition 4.3Consider the initial-value problem (18) and suppose that

σa(t) = 0, σd(L(t)) = 0,
n

∑

i=1

RM,i |S=0 = 0. (33)

Then, equation (181) admits the unique solutionL = L0.
Proof. The assumption (33)3, with the initial condition u(0, t) = 0 for equation (3), implies that u(L(t), t) = 0 and

the result is proved.
In absence of mass flux between biofilm and bulk liquid and substrates within the biofilm, the microbial activity

stops and the biofilm thickness remains constant. Note that hypothesis (33)1 is satisfied for mature biofilms since
the attachment biofilm flux has relevance only in the initial growth phase of biofilm. However,σd(L(t)) is usually
different from zero. In such case, in absence of substrates,biofilm thickness decreases with time.

5. Applications and numerical solutions

We apply the model to three illustrative cases. The first one is based on the observations of Shleheck et al. [1] who
identified nutrient starvation as the main cause of dispersal in a Pseudomonas Aeruginosa (PA)biofilm. The second
shows the dependence of biofilm dispersal on the presence of an inhibiting agent as reported in [9]. The third describes
dispersal induced by a self-produced biocide in aPA biofilm. For all model applications, numerical solutions tothe
free boundary problem stated in Sections 3.2 − 3.5 have been obtained by using the method of characteristics,e.g.
[34, 35]. Accuracy was checked by comparison to the constraint

∑n
i=1 fi(z, t) = 1. Simulations were performed using

original software developed for this work.

5.1. Application 1: Pseudomonas aeruginosa dispersal uponstarvation

The first numerical application has been based on the experimental evidence of Schleheck et al. [1]. In their work,
the authors performed batch tests on PA biofilms growing on pieces of polyester fleece which were continuously
moving in an aerated chemostat inoculated with cultivated PA biomass and fed with a known initial concentration
of glucose. They observed that in presence of a significant concentration of glucose, planktonic growth was not
detectable within the bulk liquid, while upon glucose limitation (starvation), the PA-attached biofilms dispersed into
single cells, resulting in an increase in optical density independent of cellular growth. In addition, it was reported
that the biofilm biomass remaining on surface supports exhibited increased amounts of eDNA (the release of genomic
DNA, known as extracellular DNA (eDNA) is symptomatic of cell death and lysis phenomena) and dead cells, and
appeared to lack viable cells, indicative of dispersal events.

The experiment reported in [1] has been qualitatively reproduced here insilico. A schematic representation of the
simulated system is reported in fig (4). The biofilm reactor system used for the experimental tests is characterized by
a elevated surface/volume ratio so a 1D biofilm model lends itself well to describe the problem. The model considers
the growth and decay of five different components, includingPA active biomassX1 = ρ1 f1, inactive biomass resulting
from the inactivation of PA biomassX2 = ρ2 f2, inert materialX3 = ρ3 f3, EPSX4 = ρ4 f4 and voidsX5 = ρ5 f5. Two
substrates, glucoseS1 and oxygenS2 are included. As outlined before (Section 3.6), the inactive biomass, the inert
material and the EPS are modeled as fictitious microbial species.

Biofilm growth is governed by equations (1), rewritten here for convenience,

∂ fi
∂t
+

∂

∂z
(u fi) = RM,i(z, t,ψ,X,S), 0 ≤ z≤ L(t), t > 0, i = 1,2,3,4,5, (34)

where
RM,i = rM,i(z, t, X,S) + rcol,i(z, t,ψ,S). (35)

The biomass growth ratesrM,i are expressed for PA active biomass fractionf1 as

12
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Figure 4. Schematic representation of the simulated system reported in the Application 1. The biofilm grows on the surfacesof suspended carriers,
which continuously move thanks to the aeration system. The reactor is operated in batch conditions. The biofilm is modeled asa one-dimensional,
continuous, homogeneous system growing in a direction perpendicular to the substratum.
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rM,1 = ((1− KEPS)µ1(S) − kd − µI1(S)) f1, (36)

for PA inactive biomass fractionf2 as

rM,2 = µI1(S) f1 − α1KI2 f2 − α2KI2 f2 = µI1(S) f1 − α1KI2 f2 − rd (37)

for inert fraction f3 as

rM,3 = kd f1 + α1KI2 f2, (38)

for EPS fractionf4 as

rM,4 = KEPSµ1(S) f1, (39)

and for pore fractionf5 as

rM,5 =
f∗

1− f∗
(

4
∑

i=1

rMi + rd) + rd. (40)

The parameterskI2, KEPS, α1, α2, f∗ = f5,0(z) have been defined in Section (3.6), while their values assumed for
numerical simulations are reported in Tables 1 and 2.
According to [36], double Tessier kinetics have been found to be more appropriate than commonly double Monod
kinetics in modelling PA biofilm dynamics. The net biomass growth ratesµ1 and the inactivation rate of the active
microbial speciesµI1 are given by

µ1 = µmax

(

1− e−S1/Ks1
) (

1− e−S2/Ks2
)

, (41)

µI1 = KI1

(

1
1+ S1/I1

)

, (42)

following [36], whereµmax, Ks1, Ks2 are the maximum growth rate, the glucose affinity constant and the oxygen
affinity constant for PA biofilm, respectively.KI1 is the inactivation constant andI1 is the inhibition constant for the
inactivation process (Table 1).

The planktonic species loss ratercol,1, due to the invasion phenomena [24] is given by

rcol,1 = Kcol,1
ψ1

kψ,1 + ψ1

(

1− e−S1/Ks1
) (

1− e−S2/Ks2
)

, (43)

whereKcol,1 is the maximum colonization rate of planktonic species, while kψ,1 is the kinetic constant for planktonic
bacteria (Table 1).

The following initial conditions will be considered for equations (34)

fi(z,0) = fi,0(z),0 ≤ z≤ L0, i = 1,2,3,4,5. (44)

The functionsfi,0(z), i = 1, ...,5, represent the initial volume fractions of biofilm components and their values are
reported in Table 2. Diffusion of species in planktonic stateψ1 is governed by the equation

∂ψ1

∂t
−
∂

∂z

(

DM,i
∂ψ1

∂z

)

= rdisp,ψ1(z, t,X,S) − rcol,ψ1(z, t,ψ,S).

0 < z< L(t), t > 0, (45)

The planktonic species loss rate and the planktonic speciesproduction rate are

rcol,ψ1 =

rcol,1

Ycol,1
=

Kcol,1

Ycol,1

ψ1

kψ,i + ψ1

(

1− e−S1/Ks1
) (

1− e−S2/Ks2
)

, (46)
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rdisp,ψ1 = α2kI2X2, (47)

whereYcol,1 the yield of sessile bacteria on planktonic state (Table 1).The following initial-boundary conditions will
be considered for equation (45):

ψ1(z,0) = 0, 0 ≤ z≤ L0, (48)

∂ψ1

∂z
(0, t) = 0, ψ1(L(t), t) = ψ∗1(t) 0 < t ≤ T, (49)

whereψ∗1(t) satisfies equation (55). The diffusion of substrates is governed by the equations

∂S j

∂t
−
∂

∂z

(

DS, j
∂S j

∂z

)

= rS, j(z, t,X,S), j = 1,2, (50)

whereDS, j denotes the diffusivity coefficient andrS, j(z, t,X,S) the net conversion rate of substratej. They are ex-
pressed by

rS,1 = −
µ1(S)

Y1
X1, (51)

rS,2 = −
µ1(S)

Y2
X1, (52)

for the glucoseS1 and for the OxygenS2. Y1 andY2 are the yields of PA on glucose and oxygen, respectively. The
values assumed for the previous parameters are reported in Tables 1 and 2. The following initial-boundary conditions
will be considered for equations (50)

S j(z,0) = S j0(z), 0 ≤ z≤ L0, j = 1,2, (53)

∂S j

∂z
(0, t) = 0, S1(L(t), t) = S∗1(t), S2(L(t), t) = S2L, 0 < t ≤ T, (54)

whereS∗1(t) satisfies equation (56) andS2L denotes the constant oxygen level within the bulk liquid, whose value is
reported in Table 2.

The evolution in time of glucoseS1 and dispersed cells concentrationψ1 in the bulk liquid are set by

ψ̇∗1(t) = −
A
V

DM,1
∂ψ1

∂z
(L(t), t), (55)

Ṡ∗1(t) = −
A
V

DS,1
∂S1

∂z
(L(t), t), (56)

whereV andA are the volume of the chemostat and the total biofilm surface area respectively [37]. Equations 55 and
56 are subject to initial conditions

S∗1(0) = S̄1, (57)

ψ∗1(0) = ψ̄1. (58)

The functionsS j0(z) represent the initial values of substrates within the biofilm. The functionsψi0(z) = 0, represent
the initial values of the planktonic species. The functionsS̄1, ψ̄1 represent the initial concentrations of glucose and
planktonic bacteria in the bulk liquid, respectively (Table 2). L0 denotes the initial biofilm thickness (Table 2).

The free boundary evolution is governed by equation (15) with initial conditionL(0) = L0; the velocityσa(L(t))
is fixed equal to zero, whileσd(L(t)) is assumed to be a known function ofL, in particular
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Table 1. Kinetic parameters used for model simulations of Application 1.

Parameter Definition Unit Value References
µmax Maximum growth rate of PA01 h−1 0.29 [36]
KEPS EPS formation by PA01 gEPS/gbiomass 0.03 This study
Ks1 Glucose affinity constant for PA01 mgl−1 26.9 [36]
Ks2 Oxygen affinity constant for PA01 mgl−1 1.18 [36]
Y1 Yield of PA01 on glucose gbiomass/gsubstrate 0.628 [36]
Y2 Yield of PA01 on oxygen gbiomass/gsubstrate 0.635 [36]
Kd Microbial decay constant of PA01 h−1 0.00021 This study
KI1 Inactivation constant h−1 4.17 This study
KI2 Decay constant for inactive biomass h−1 2.5 This study
α1 Fractionation constant for inactive biomass to inert - 0.8 This study
α2 Fractionation constant for inactive biomass to voids - 0.2 This study
I1 Inhibition constant for the inactivation process mgl−1 0.0005 This study
Kcol,1 Maximum colonization rate of planktonic species h−1 8.3 · 10−5 [24]
kψ,1 Kinetic constant for planktonic bacteria mgl−1 4.1 · 10−9 [24]
Ycol,1 Yield of planktonic gplanktonic/gbio f ilm 0.015 This study
ρ biofilm density gm−3 65000 This study
λ Biomass shear constant md−1 150 This study
DS,1 Diffusion coefficient of Glucose m2d−1 0.000073 This study
DS,2 Diffusion coefficient of Oxygen m2d−1 0.000175 [21]
DM,1 Diffusion coefficient of planktonic species m2d−1 0.000045 This study
A Reactor surface area dm2 54 This study
V Reactor volume dm3 1.5 This study

σd(L(t)) = λL2(t), (59)

whereλ is a shear constant whose value is reported in Table 1. In the appendix 8, the model equations in matrix form
are shown.

The model outputs are reported in figure 5. Numerical simulations demonstrate model capability of predicting
particulate components distribution, substrate and dispersed cells concentration profiles over biofilm depth, biofilm
thickness, glucose and planktonic species concentration in the bulk liquid over time. The initial biofilm composition
has been defined in Table 2. In particular, the biofilm is set tobe initially constituted only by PA active biomass (90%)
and EPS (10%) with an initial thickness of 0.3mm; the oxygen concentration in the bulk liquid has been fixed to 7
mg/l, consistent with continuously aerated systems. The concentrations att = 0 of glucose and dispersed cells in bulk
liquid are 1.35 mg/l and 0, respectively. Note that the biofilm is initially characterized by an innate porosity which
is expected to increase over time due to dispersal. We initialize using a 300 um thick biofilm grown with no nutrient
limitation and then allow the model to explore how starvation in the interior of the biofilm might influence dispersal.

Figure 5(A1) shows the biofilm distribution and substrate profiles after 6 hours. The biofilm composition is close
to the initial one, whereas the glucose concentration in theinner part of the biofilm has already reached zero. Under
these conditions, bacteria living in the biofilm experiencenutrient starvation, which in turn induces the formation of
an inactive biomass, the precursor of dispersal. Even if notvisible in the figures (fig. 5(A1)), the overall inactive
biomass fraction has already increased from zero to 0.57% of the total biofilm, mostly located in the inner part of the
biofilm where bacterial metabolism is most subject to adverse growing conditions.

After 18 hours, glucose concentration in the biofilm is practically equal to zero everywhere (fig. 5(B2)). The
concentration of oxygen remains the same as the value in the bulk liquid throughout the biofilm, confirming the
inactivity of the PA biomass. The volume fraction of active biomass is reduced mostly in the inner part, where
it is possible to find an increased fraction of inert and inactive biomass (fig. 5(A2)). Dispersal has been initiated
by nutrient starvation: it results in the release of dispersed cells, which diffuse through the biofilm and out to the
bulk liquid. Indeed, compared to earlier times, the dispersed cells concentration is noticeably different from zero
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Table 2. Initial-boundary conditions for model Application1.

Parameter Symbol Unit Value
Initial glucose concentration S̄1 mgl−1 1.35
Oxygen concentration atL = L(t) S2L mgl−1 7
Initial planktonic species concentration ψ̄1 mgl−1 0
Time Simulation T h 54
Initial Biofilm thickness L0 mm 0.3
Initial Volume Fraction of PA01 f1,0(z) – 0.85
Initial Volume Fraction of Inactive biomass f2,0(z) – 0.0
Initial Volume Fraction of Inert f3,0(z) – 0.0
Initial Volume Fraction of Pores f4,0(z) – 0.05
Initial Volume Fraction of EPS f5,0(z) – 0.1
Initial Glucose distribution S1,0(z) mgl−1 0.0
Initial Oxygen distribution S2,0(z) mgl−1 0.0
Initial ψ1 distribution ψ1,0(z) mgl−1 0.0

throughout the biofilm and higher in the deepest layers of themicrobial mass where dispersal started (fig. 5(A2)).
Inert material originates from both the natural decay of active biomass and the disintegration of inactive material:

its concentration remains higher in the inner part of the biofilm, where the dispersal phenomenon was initiated and
continuously affects biofilm dynamics. Inactive biomass derives from the inactivation of PA biomass with a rate that
is a function of the glucose concentration within the biofilm. As expected, its concentration is higher in the innermost
layers of the biofilm but remains lower than the inert concentration, to which it converts at a constant rate. The rest of
the inactive biomass disperses leading to the formation of voids which contributes to increased biofilm porosity.

In Figure 5(A3) it can be seen that dispersal, which was initiated in the inner part of the biofilm, has now affected
the whole microbial mass. The concentration of active microbial species has further decreased in the outmost layers
while inert and inactive biomass further increase in the inner part. Biofilm porosity is found to increase throughout
the biofilm, confirming the loss of biomass due to the release of dispersed cells (fig. 5(A3)). The concentration of
the latter is higher than in earlier simulation times. No differences in glucose and oxygen profiles can be seen (fig.
5(B3)).

Computations consist of 54h of simulation time. Convergence to a steady state configuration occurs after ap-
proximately 42 hours, at which time the biofilm is constituted of only inert material, EPS and voids. This is due to
the fact that all the active biomass has converted in inactive due to nutrient starvation; inactive biomass in turn has
been dispersed which has led to loss of free dispersed cells from the microbial mass with accompanying formation
of inert material and increase in biofilm porosity (fig. 5(A4)). According to mass balance, biofilm porosity reaches
a constant value in depth depending on initial constant biomass fractions. The concentration of oxygen remains at
7mg/l throughout the biofilm while glucose has been totally consumed by the system (figs 5(B4)). Time course data
from 42 to 54 hours are not shown.

In Figure 6, we show cells and glucose concentrations in the bulk liquid over time. Glucose concentration de-
creases with time as it is continuously consumed by the active biomass growing in the batch system, approaching zero
at 15 hours. As soon as the glucose is depleted both in the biofilm and in the bulk liquid, dispersal starts and cells
are released into the bulk liquid, with concentration approaching stationary value of approximately 0.5mg/l. Profiles
obtained by numerical simulations show the same trends of the experimental results reported in [1] (see figure 5A in
[1]).

Note in addition, also as reported in [1], by analyzing the biofilm structure after dispersal, the remaining biomass
exhibited increased eDNA and dead cells, and appeared to lack viable cells, all indicative of dispersal events This
implies that Surface-attached biofilm growth predominateswith favorable environmental conditions (presence of glu-
cose), while the biofilms disperses into the planktonic phase when not favourable environmental condition occurs
(glucose starvation). The biofilm configuration after dispersal is comparable with simulation results. Indeed, as re-
ported in Figure 5A4, the biofilm is constituted by inert material and EPS and without the presence of active biomass.
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Figure 5. Effect of Starvation-induced dispersal of a PA biofilm on bacterial volume fractions,ψ1 profile (dotted-starred red line) and substrate
concentration profiles in a batch system after 6 (A1,B1), 18 (A2,B2), 24 (A3,B3), 42 (A4,B4) hours. Simulation results refer to Application 1.
Note that glucose concentration reaches too low values to bevisible over the biofilm after 6 hours of simulation time.
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Figure 6. Dispersed cells and glucose profiles in the bulk liquid over 50 hours time simulation. (red line)ψ1∗, dispersed cells profile. (blue line)
Glucose profile. Simulation results refer to Application 1.

Figure 7. Biofilm volume fractions after 54 hours (A) and 600 hours (B) in a multispecies biofilm growing in a batch system and experiencing
nutrient starvation. Simulation results are obtained by using the Wanner-Gujer biofilm model and assuming the same initial and boundary conditions
of Application 1.

If we consider a lower initial biofilm thickness 50µm (results not shown) the glucose goes to zero in more time
respect to the case of initial biofilm of 300µm (Figure 5). A substantial biofilm growth (from 50 to 76 m) occurs in
the first days of the simulation until the complete depletionof glucose.

To highlight model capability of reproducing dispersal phenomenon we reproduce the same biological case pre-
sented in sec.(5.1) with a model that does not account for biofilm dispersal. To this aim, we consider the Wanner based
model presented in this study withrdisp = µI = 0. After approximately 54 hours, the active biomass stops growing
and slowly converts to inert material. The simulations shows that though glucose substrate is completed depleted,
nevertheless biofilm structure is characterized by significant presence of active biomass (fig.7,(A)). This is because
the decay rate is low and not suitable to model a phenomenon that, as reported in experimental evidence [1], takes
place in few hours. We then run the simulation for more time and as expected the active biomass volume fraction
decreases and becomes zero according to the reaction kinetics. However, the biofilm assumes a different steady-state
configuration compared to the dispersal model (fig.5,(A4)).Indeed the pore volume fraction is smaller in comparison
to the proposed model and as expected the biofilm is mainly constituted by inert material (fig.7,(B)). Due to the long
time needed to reach a biofilm constituted only by inert material, erosion results in a significant reduction in biofilm
thickness.

5.2. Application 2: Modeling dispersal induced by a non-lethal antibiofilm agent

In this example, the model is applied to the case of PA biofilm dispersal triggered by the presence of an antibiofilm
agent that, as a biocide-free strategy, does not exert lethal effects on active microbial cells but rather it interfereswith
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their propensity to follow a sessile lifestyle, inducing inmost of the cases the release of planktonic cells from the
microbial mass, i.e., dispersal [9]. Thus, in this example,the PA biofilm is assumed to grow in a system constantly
fed with glucose and continuously aerated, and, when the biofilm reaches a stationary state att = t1, an antibiofilm
agent is supplied to the system. Reaction of antibiofilm agent with active biomass results in formation of the inactive
biomass, which precedes the dispersal phenomenon. The samebiofilm components,fi , i = 1, ...,5, as in the previous
application case are considered (Table 2). However glucoseS1 and oxygenS2 are now provided continuously to the
system. An antibiofilm agentθ is supposed to reach the surface of the biofilm att = t1 and then begins to diffuse into
the biofilm. Biofilm dynamics are governed by equations (34)-(44). Equation (42) for the inactivation rate is replaced
by:

µI1 = KI1

(

θ

Kθ + θ

)

, (60)

whereKI1 still represents the inactivation constant for active microbial speciesf1 andKθ denotes the half saturation
constant of speciesf1 on θ. The fate of dispersed cells within the biofilm and in the bulkliquid is modeled by
equations (45)-(49), (55), (58). Glucose and oxygen dynamics are governed by equations (50)-(54)1,3. Condition
(54)2 is replaced byS1(L(t), t) = S1L, whereS1L is the time-independent glucose concentration in the bulk liquid.
The values assumed forS1L andS2L in numerical simulations are provided in Table 3. Diffusionand consumption of
θ are modeled as

∂θ

∂t
−
∂

∂z

(

Dθ

∂θ

∂z

)

= rθ(z, t,X, θ), (61)

whereDθ andrθ are the diffusion coefficient (Table 3) and the conversion rate of θ. The latter is expressed by

rθ = −
µI1

Yθ
X1, (62)

whereYθ denotes the conversion yield (Table 3). We set initial-boundary conditions for equation (61) to be

θ(z,0) = θ0(z), 0 ≤ z≤ L0, (63)

∂θ

∂z
(0, t) = 0, θ(L(t), t) = θL(t), 0 < t ≤ T, θL(t) =

{

0, 0 < t ≤ t1,
> 0, t1 < t ≤ T,

(64)

where the functionθ0(z) is the initial distribution ofθ within the biofilm att = t0 andθL(t) is the antibiofilm agent
concentration in the bulk liquid. Note in equation (64) thatthe concentration ofθ on the free boundary is a step
function defined byθL = 0 for for t ≤ t1, and fort ≥ t1, θL is equal to the constant value reported in table 4. The
free boundary evolution is governed by equations (15),(59)with initial conditionL(0) = L0. The values ofL0, t1 and
λ used in numerical simulations are reported in Tables 3 and 4,for all the other parameters the values are reported in
Tables 1 and 2.

The diffusion-reaction of planktonic stateψ1 is governed by the equation

∂ψ1

∂t
−
∂

∂z

(

DM,1
∂ψ1

∂z

)

= rdisp,ψ1(z, t,X,S). 0 < z< L(t), t > 0, (65)

with species production rate

rdisp,ψ1 = α2kI2X2, (66)

The following initial-boundary conditions will be considered for equation (65):

ψ1(z,0) = 0, 0 ≤ z≤ L0, (67)

∂ψ1

∂z
(0, t) = 0, ψ1(L(t), t) = ψ∗1t 0 < t ≤ T, (68)
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Table 3. Kinetic parameters used for model simulations of Application 2.

Parameter Definition Unit Value References
Yθ like-yield constant of PA onθ gbiomass/gsubstrate 10 This study
Kθ like half saturation constant of PA onθ mgl−1 4.17 This study
Dθ Diffusion coefficient ofθ m2d−1 0.00015 This study
λ Biomass shear constant mmh−1 50 This study

Table 4. Initial-boundary conditions for model Application2.

Parameter Symbol Unit Value
Glucose concentration atL = L(t) S1L mgl−1 5
Oxygen concentration atL = L(t) S2L mgl−1 7
θ concentration atL = L(t) θL mgl−1 5
Time Simulation T h 336
Initial Biofilm thickness L0 mm 0.3
Time of inhibitor injection t1 h 24
Initial θ distribution θ0(z) mgl−1 0.0

whereψ∗1(t) is the constant concentration in the bulk liquid.
In the appendix 9, the model equations in matrix form are shown. The results of numerical simulations for

Application 2 are reported in Figures 8. In Figure 8(A1) the spatial distribution of particulate components and the
substrate profiles within biofilm after 24h of simulation time are shown. The biofilm has reached a steady-state
composition: the active biomass represents the most abundant component due to the high availability of nutrients; the
remaining part of the biofilm is constituted by EPS (second highest volume fraction), inert material, which forms from
the natural decay of active bacteria, and voids filled with liquid (Fig. 8(A1)). Glucose and oxygen are characterized by
stationary and fully penetrated profiles. At this point, an antibiofilm agent is supplied to the system, where it diffuses
into and reacts with the active biomass.

Figures 8(A2)-(B2) show biofilm composition and substrate profiles after 42 hours of simulation time. The active
biomass volume fraction is reduced mostly in the outer biofilm where inert and inactive biomass are increased (fig.
8(A2)). This is mostly due to the fact that dispersal is initiated in the outer areas where the concentration ofθ is
higher. The direct dependence of the inactivation rate on the concentration of the antibiofilm agent is consistent with
this distribution of active and inactive biomass. Similarly, inert material shows a higher concentration near the surface
of the biofilm and represents, after the active biomass, the most abundant component as it is both produced through
natural decay and dispersal. The presence of dispersed cells demonstrates that dispersal has already occurred and part
of the inactive biomass has been loss in planktonic form. Theloss of biomass contributes to increase biofilm porosity
(fig. 8(A2)). Both oxygen and glucose present a fully penetrated profile (fig. 8(B2)). The antibiofilm agentθ is
characterized, in contrast, by a penetration limited profile due to its reaction with the active biomass.

In figure 8(A3) it is possible to observe a significant reduction in active biomass in the external part of the biofilm
where its concentration approaches zero. Inert material ispresent throughout the biofilm and predominates near the
surface. Inactive biomass is significantly reduced everywhere due to its continuous release in the form of planktonic
cells and to its transformation into inert material. The increase in pore volume fraction throughout the biofilm confirms
the loss of biomass due to the release of dispersed cells (fig.8(A3)). Due to inactivation induced by the antibiofilm
agent, glucose concentration increases as it is only consumed in the inner layers where the biomass is still active and
has not reacted with the antibiofilm agent. Note that antibiofilm agent is still transport limited. Oxygen concentration
presents the same trend as the glucose concentration and is characterized by a fully-penetrated profile (fig. 8(B3)).

Glucose and oxygen concentrations are increased throughout the biofilm when compared to previous simulation
times. This is due to inactivation of cell metabolisms as a consequence of the presence of sub-critical antibiofilm
agent. However, the oxygen and glucose concentrations within the biofilm are still lower than the value assumed in
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Figure 8. Dispersal phenomenon induced by the diffusion of anantibiofilm agent in non-lethal concentration: bacterial volume fractions,ψ1 profile
(dotted-starred red line) and substrate concentration profiles after 24 (A1,B1), 42 (A2,B2), 96 (A3,B3), 336 (A4,B4) hours. Simulation results refer
to Application 2.
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the bulk liquid as they are consumed by the remaining fraction of active biomass at the bottom of the biofilm.
After 336 hours of simulation time, the biofilm reaches a steady configuration constituted only by inert material,

EPS and voids. This particulate distribution resembles thestationary configuration obtained in the previous simula-
tion set, demonstrating that both nutrient starvation and the presence of a non-lethal antibiofilm agent result in the
temporary ”death” of the biofilm and its dispersal through the release of planktonic cells. As seen in figure 8(A4), all
the active biomass has been converted into inert material after transiting the intermediate inactive state, which in turn
is subject to dispersal. This leads to the loss of free planktonic cells from the microbial mass with consequent increase
in biofilm porosity (fig. 8(A4)). For all the dissolved components, the concentration in each point of the biofilm is
equal to the value assumed in the bulk liquid. These constantprofiles confirms the absence of microbial metabolism
within the biofilm (fig. 8(B4)). As expected, inert material represents the most abundant component throughout the
biofilm.

5.3. Application 3: Modeling dispersal induced by a self-produced biocide agent

In this example, the model is applied to PA biofilm dispersal triggered by the formation of a self-produced biocide
agent. The biofilm is constituted by PA bacteria which oxidize organic matter under aerobic regimes. In the inner
part of the biofilm, bacterial respiration can induce the formation of an anoxic zone. Under anoxic conditions PA
bacteria can switch their metabolism and, in presence of nitrate (NO−3 ), can perform denitrification [29, 30]. During
denitrification, nitrate is reduced to nitrite (NO−2 ) first, and then nitric oxide (NO). NO is ultimately reduced to
nitrogen gasN2 (via N2O). Experimental results [29, 30] have shown that temporary accumulation of NO can occur in
the transition zone between the aerobic and anoxic regions and induce dispersal. Here we consider a biofilm of depth
60µm fed with a constant concentration of 1000mg/L of organic matter (glucose, expressed as COD equivalent in the
simulation), 7mg/L oxygen and 25mg/L nitrate. NO−3 diffuses into the biofilm and in the inner part (anoxic zone) is
reduced toNO−2 and further toNO. The accumulation of NO induces inactivation leading subsequently to dispersal.
Biofilm components considered in this application (fi , i = 1, ...,4) are: PA active biomassX1 = ρ1 f1, inactive biomass
resulting from the inactivation of PA biomassX2 = ρ2 f2, inert materialX3 = ρ3 f3, and voidsX4 = ρ4 f4. Five
substrates, glucoseS1, oxygenS2, nitrateS3, nitrite S4 and nitric oxideS5, are tracked.
Biofilm growth is governed by equations (34)-(35), where thebiomass growth ratesrM,i are expressed as

rM,1 = (µ1(S) − kd − µI1(S)) f1, (69)

rM,2 = µI1(S) f1 − α1KI2 f2 − α2KI2 f2 = µI1(S) f1 − α1KI2 f2 − rd (70)

rM,3 = kd f1 + α1KI2 f2, (71)

rM,4 =
f∗

1− f∗
(

4
∑

i=1

rMi + rd) + rd, (72)

for PA active biomassf1, PA inactive biomassf2, inert f3 and pores fractionf5, respectively.
The parameterskI2, α1, α2, f∗ = f5,0(z) have been defined in Section (3.6), while their values assumed for numerical
simulations are reported in Tables 1 and 2.
The net biomass growth rateµ1 and the inactivation rateµI1 of the active microbial species are given by

µ1 = µ1,1 + µ1,2 + µ1,3 + µ1,4 (73)

with:

µ1,1 = µmax,1
S1

KS1 + S1

S2

KS2 + S2
(74)

µ1,2 = β1µmax,1
S1

KS1 + S1

S3

KS3 + S3

Kin

Kin + S2
, (75)
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µ1,3 = β2µmax,1
S1

KS1 + S1

S4

KS4 + S4

Kin

Kin + S2
, (76)

µ1,4 = β3µmax,1
S1

KS1 + S1

S5

KS5 + S5

Kin

Kin + S2
, (77)

µI1 = KI1
Sn

5

Kn
NO + Sn

5

, (78)

whereµmax,i , KS, j , are the maximum growth rates, and the substrate affinity constants for PA biofilm, respectively
[38]. Kin represents the oxygen inhibition constant whileKI1 is the inactivation constant andKNO denotes the half
saturation constant of speciesf1 on NO. The values assumed for numerical simulations are reportedin Tables3.

The diffusion-reaction of planktonic stateψ1 is governed by the equation

∂ψ1

∂t
−
∂

∂z

(

DM,1
∂ψ1

∂z

)

= rdisp,ψ1(z, t,X,S). 0 < z< L(t), t > 0, (79)

with species production rate

rdisp,ψ1 = α2kI2X2, (80)

The following initial-boundary conditions will be considered for equation (79):

ψ1(z,0) = 0, 0 ≤ z≤ L0, (81)

∂ψ1

∂z
(0, t) = 0, ψ1(L(t), t) = ψL 0 < t ≤ T, (82)

whereψL is the constant concentration in the bulk liquid (Table 6).
Glucose, oxygen, nitrate and nitrite dynamics are governedby equations (50) where the net conversion rates

rS, j(z, t,X,S) for substratesj = 1, ..,5 are

rS1 = −
µ1(S)

Y1
X1, (83)

rS2 =

(

1−
1
Y1

)

µ1,1(S)X1, (84)

rS3 =

(

1−
1
Y1

)

1
1.14

µ1,2(S)X1, (85)

rS4 = −

(

1−
1
Y1

)

1
1.14

µ1,2(S)X1 +

(

1−
1
Y1

)

1
0.58

µ1,3(S)X1, (86)

rS5 = −

(

1−
1
Y1

)

1
0.58

µ1,3(S)X1 +

(

1−
1
Y1

)

1
1.14

µ1,4(S)X1, (87)

The following initial-boundary conditions will be considered for equations (50):

S j(z,0) = S j0(z), 0 ≤ z≤ L0, j = 1, ...,5. (88)

∂S j

∂z
(0, t) = 0, S j(L(t), t) = S jL , j = 1, ...,5, 0 < t ≤ T, (89)

whereS jL denotes the substrate levels within the bulk liquid, whose value is reported in Table 6. The free boundary
evolution is governed by equations (15),(59) with initial conditionL(0) = L0. The values ofL0 andλ used in numerical
simulations are reported in Tables 5 and 6, for all the other parameters the values are reported in Tables 1 and 2.
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Table 5. Kinetic parameters used for model simulations of Application 3.

Parameter Definition Unit Value References
µmax,1 Maximum growth rate of PA01 h−1 0.29 [36]
Ks1 COD affinity constant for PA01 mgl−1 26.9 [36]
Ks2 Oxygen affinity constant for PA01 mgl−1 1.18 [36]
Ks3 Nitrate affinity constant for PA01 mgl−1 1.18 This study
Ks4 Nitrite affinity constant for PA01 mgl−1 1.18 This study
Ks5 NO affinity constant for PA01 mgl−1 1.18 This study
Y1 yield of PA gbiomass/gsubstrate 10 This study
KNO like half saturation constant of PA onNO mgNO/L 0.95 This study
β1 Reduction factor for denitrificationNO3 − NO2 − 0.5 This study
β1 Reduction factor for denitrificationNO2 − NO − 0.7 This study
β1 Reduction factor for denitrificationNO− N − 0.9 This study
D1 Diffusion coefficient ofCOD m2d−1 0.000253 This study
D2 Diffusion coefficient of Glucose m2d−1 0.000375 This study
D3 Diffusion coefficient of Nitrate m2d−1 0.000375 This study
D4 Diffusion coefficient of Nitrite m2d−1 0.000375 This study
D5 Diffusion coefficient of NO m2d−1 0.000675 This study
Kin Oxygen inhibition constant mgl−1 0.001; This study
λ Biomass shear constant mmh−1 50 This study
n Exponent in the inhibition function − 20 This study

Table 6. Initial-Boundary conditions for model Application3.

Parameter Symbol Unit Value
COD concentration atL = L(t) S1L mg/L 1000
Oxygen concentration atL = L(t) S2L mg/L 7
Nitrate concentration atL = L(t) S3L mg/L 400
Nitrite concentration atL = L(t) S4L mg/L 0
NO concentration atL = L(t) S5L mg/L 0
ψ concentration atL = L(t) ψL mg/L 0
Time Simulation T h 552
Initial Biofilm thickness L0 µm 60
Initial COD distribution S1,0 mg/L 0
Initial Oxygen distribution S2,0 mg/L 0
Initial Nitrate distribution S3,0 mg/L 0
Initial Nitrite distribution S4,0 mg/L 0
Initial NO distribution S5,0 mg/L 0
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Figure 9. Effect of dispersal phenomenon induced by a self-produced biocide (NO) on bacterial volume fractions,ψ1 profile (dotted-starred red
line) and substrate concentration profiles in a batch systemafter 6 (A1,B1), 24 (A2,B2), 552 (A3,B3) hours (NOconcentration is multiplied by 100
and Glucose is divided by 10). Simulation results refer to Application 3.

In the appendix 10, the model equations in matrix form are shown.
The dynamics of the described biofilm system are reported in figure (9) in terms of bacterial volume fractions

and substrate profiles. Figure (9A1) shows biofilm composition after 6 hours simulation time: the biofilm is mostly
constituted by active cells which perform both organic carbon oxidation and denitrification according to substrate
distributions. In the central part of the biofilm, close to the transition zone, the active biomass start to convert to
inactive due to the accumulation ofNO (fig9(B1)). Oxygen is consumed in the outmost part of the biofilm and
the concentration drops to zero in the middle. Glucose is supplied in excess and hence fully penetrates. Nitrate
concentration trend show a typical parabolic profile [39, 38] which reaches zero near the bottom of the biofilm.

After 24 hours simulation time the phenomenon of interest becomes evident: inactive biomass volume fraction
increases and as is more apparent after 552 hours. Voids and inert fraction increase too (Figs 9(A3)). Continuing,
inactive biomass fraction is predominant in the middle partof biofilm (9(A3)).

6. Conclusion

We have presented a mathematical model for mobility of free cells in biofilms induced by dispersal. Dispersal
plays a crucial role in the survival of microbial species as it induces biofilm relocation on new surfaces upon unfavor-
able environmental conditions. In other cases biofilm dispersal represents the means of spread of pathogenic bacteria
in human hosts. The study presents a theoretical model analyzing interaction between environmental cues triggering
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In the framework of continuous models, this study presents,to our knowledge, a first theoretical approach ana-
lyzing interaction between environmental cues triggeringthe cells release , including nutrient starvation, presence of
toxic agent and self- produced biocide, and the dispersal phenomenon in multispecies biofilm. In particular the model
considers the release of dispersal cells without neglecting the mechanical detachment due to the shear forces effect, in
order to evaluate and predict the loss of biomass resulting from the two inherently different mechanisms.

The model is characterized by the tracing both the dynamics of microbial species growing in a sessile lifestyle and
the motility of corresponding dispersed free cells originating from the inactivation of the biomass and further released
into the bulk liquid. Those cells are modeled by introducinga new variableψ, as firstly introduced in [24], in order to
explicitly consider the different nature of sessile and dispersed cells. The release of dispersing cells is consequentto
the environmental cues which are in turn explicitly modeled. The formation of voids due to the release of dispersed
cells has been explicitly taken into account by modeling biofilm porosity as a state variable and introducing a reaction
term which relates to the production of dispersed cells.

The complete model is a free boundary value problem for a system of nonlinear hyperbolic and parabolic partial
differential equations. Qualitative properties of solutions showed the consistency of the model. Three illustrative
biological cases for a PA biofilm have been studied by using numerical simulations developed by the method of
characteristics. The model applications differ on the environmental cues that have been considered to trigger dispersal
from biofilm: nutrient starvation in the first case, a non-lethal biofilm agent and a self-produced biocide in the second
and third case respectively. The numerical results are in general agreement with experimental evidence and can
particularly explain the hollowing of biofilm structure which is commonly observed when dispersal occurs. The
model is able to predict dispersal occurrence in different locations of the biofilm. Indeed, in the first case, dispersal
is shown to be initiated in the inner part of the biofilm with the inert concentration and biofilm porosity increasing
over time. The second application is related to the release of dispersed cells from the outermost layers of the biofilm
where the highest concentration of the inhibiting agent canbe found. In the third case, the self-produced biocide is
produced and temporary accumulates in the central part of the biofilm where it induces dispersal. Although the model
applications are related to PA biofilms, the developed framework is general and could be applied to other biofilm
systems as it captures many of the characteristics generally observed in biofilm dispersal.

For all the numerical studies performed in this work, the dispersal process has been considered as a continuous
phenomenon as it is induced by continuous environmental cues. Future work might be related to simulation studies
where the dispersal cues are considered instantaneous. In addition, a sensitivity analysis of the model parameters
newly introduced in this work could be addressed in a future contribution. Based on the results achieved in [37, 40],
existence and uniqueness of solutions to the mathematical problem can be proved by using the method of character-
istics. Other relevant questions should be investigated, e. g. the generalization to problems regarding more complex
biological cases and stability problems [41, 42].
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Components 1 2 3 4 5 6 7 8
Process S1 S2 X1 X2 X3 X4 X5 ψ1 Process rate

1 Growth of X1 - 1
Y1

- 1
Y2

(1− KEPS) KEPS µ1X1

2 Inactivation of X1 −1 1 µI1X1
3 Decay ofX1 −1 +1 KdX1
4 Dispersal −(α1 + α2) α1 α2 α2 K1,2X2

5 Colonization +1 - 1
Ycol,1

rcol,1

G
lucose

O
xygen

A
ctive

P
A

Inactive
P

A

Inert

E
P

S

P
ores

P
lanktonic

cells

Table 7. Petersen matrix of the model Application 1.

Table 8. Kinetic rate expressions for model Application 1.

Process Rate Expression
1. Growth ofX1 µ1X1 = µmax

(

1− e−S1/Ks1
) (

1− e−S2/Ks2
)

X1

2. Inactivation ofX1 µI1X1 = KI1

(

1
1+S1/I1

)

X1

3. Decay ofX1 KdX1

4. Dispersal Ki2X2

5. Colonization rcol,1 = Kcol,1
ψ1

kψ,1+ψ1

(

1− e−S1/Ks1
) (

1− e−S2/Ks2
)

8. Appendix A
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Components 1 2 3 4 5 6 7 8 9
Process S1 S2 S3 X1 X2 X3 X4 X5 ψ Process rate

1 Growth of X1 - 1
Y1

- 1
Y2

(1− KEPS) KEPS µ1X1

2 Inactivation of X1 − 1
Yθ

−1 1 µI1X1

3 Decay ofX1 −1 +1 KdX1
4 Dispersal −(α1 + α2) α1 α2 α2 Ki2X2

G
lucose

O
xygen

Inhibentagent

A
ctive

P
A

Inactive
P

A

Inert

E
P

S

P
ores

P
lanktonic

C
ells

Table 9. Petersen matrix of the model Application 2.

Table 10. Kinetic rate expressions for model Application 2.

Process Rate Expression
1. Growth ofX1 µ1X1 = µmax

(

1− e−S1/Ks1
) (

1− e−S2/Ks2
)

X1

2. Inactivation ofX1 µI1X1 = KI1

(

S3
Kθ+S3

)

X1

3. Decay ofX1 KdX1

4. Dispersal Ki2X2

9. Appendix B
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10. Appendix C
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Components 1 2 3 4 5 6 7 8 9 10 11
Process S1 S2 S3 S4 S4 X1 X2 X3 X4 X5 ψ Process rate

1 Aerobic
growth of X1

- 1
Y1

(1− 1
Y1

) (1− KEPS) KEPS µ1,1X1

2 Growth of X1
on Nitrate

- 1
Y1

(1− 1
Y1

) ∗ ( 1
1.14) −(1− 1

Y1
) ∗ ( 1

1.14) (1− KEPS) KEPS µ1,2X2

3 Growth of X1
on Nitrite

- 1
Y1

(1− 1
Y1

) ∗ ( 1
0.58) −(1− 1

Y1
) ∗ ( 1

1.14) (1− KEPS) KEPS µ1,3X3

4 Growth of X1
on Nitric Ox-
ide

- 1
Y1

(1− 1
Y1

) ∗ ( 1
0.58) (1− KEPS) KEPS µ1,4X4

5 Inactivation
of X1

−1 1 µI1X1

6 Decay ofX1 −1 +1 KdX1
7 Dispersal −(α1 + α2) α1 α2 α2 Ki2X2

G
lucose

O
xygen

N
itrate

N
itrite

N
itric

O
xide

A
ctive

P
A

Inactive
P

A

Inert

E
P

S

P
ores

M
otile

C
ells

Table 11. Petersen matrix of the model Application 3.
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Table 12. Kinetic rate expressions for model Application 3.

Process Rate Expression
1. Aerobic growth ofX1 µ1,1X1 = µmax,1

S1
KS1+S1

S2
KS2+S2

X1

2. Growth ofX1 on Nitrate µ1,2X1 = β1µmax,1
S1

KS1+S1

S3
KS3+S3

Kin
Kin+S2

X1

3. Growth ofX1 on Nitrite µ1,3X1 = β2µmax,1
S1

KS1+S1

S4
KS4+S4

Kin
Kin+S2

X1

4. Growth ofX1 on Nitric Oxide µ1,4X1 = β3µmax,1
S1

KS1+S1

S5
KS5
+S5

Kin
Kin+S2

X1

5. Inactivation ofX1 µI1X1 = KI1

(

S5
n

Kn
NO+S5

n

)

X1

6. Decay ofX1 KdX1

7. Dispersal Ki2X2
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