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Most water and nutrients essential for plant growth
travel across a thin zone of soil at the interface
between roots and soil, termed the rhizosphere.
Chemicals exuded by plant roots can alter the fluid
properties, such as viscosity, of the water phase,
potentially with impacts on plant productivity and
stress tolerance. In this paper, we study the effects
of plant exudates on the macroscale properties of
water movement in soil. Our starting point is a
microscale description of two fluid flow and exudate
diffusion in a periodic geometry composed from a
regular repetition of a unit cell. Using multiscale
homogenisation theory, we derive a coupled set of
equations that describe the movement of air and
water, and the diffusion of plant exudates on the
macroscale. These equations are parameterised by a
set of cell problems that capture the flow behaviour.
The mathematical steps are validated by comparing
the resulting homogenised equations to the original
pore scale equations, and we show that the difference
between the two models is S7% for 8 cells.
The resulting equations provide a computationally
efficient method to study plant-soil interactions. This
will increase our ability to predict how contrasting
root exudation patterns may influence crop uptake of
water and nutrients.
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1. Introduction

Jethro Tull’s [1] 1762 observation that ‘roots are but as guts inverted... that spew out what is
superfluous’ recognised the capacity of plants to exude chemicals from their roots to capture
nutrients from the soil. More recent research has observed that these surface active chemicals alter
fluid properties at the root-soil interface considerably [2]. This has the potential to affect storage
and transport of water and nutrients. Plant breeding may be able to manipulate the chemistry
and quantity of these exudates to improve resource capture and stress tolerance from droughts
and floods, potentially addressing food security by improving yield. Certainly between species
of plants, root exudate properties vary considerably. Understanding of root exudates and root-
soil interactions can lead to advances in agricultural techniques to improve food production,
particularly in extreme conditions [3]. Mathematical modelling provides one route through
which the complexities of water and nutrient movement in soils can be understood [4]. Hence,
developing new mathematical models, which utilize the vast computational resources that are
now available, will lead to a significant improvement in root soil interaction models. This in turn
will further improve, and potentially optimize, crop yield.

Richards’ equation is widely used to model the movement of water through partially
saturated porous media, including soil, at large scales [5]. Traditionally, Richards” equation is
derived by combining conservation of mass with Darcy’s law and parameterised by equilibrium
measurements of the soil water characteristic curve (SWCC) and hydraulic conductivity [6, 7].
More recently, Daly and Roose [8] used the Cahn-Hilliard-Stokes equations, which have been
used to model two fluid flow in porous media [9, 10, 11], to show that these hydraulic properties
of a partially saturated soil can be evaluated from the underlying geometry.

The equations derived by Daly and Roose [8] are appropriate for modelling bulk soil. However,
they might not be directly applicable to the region of soil close to the roots over which the plants
have influence, known as the rhizosphere [12]. The rhizosphere can have different structural,
chemical, biological and hydraulic properties to the bulk soil [13, 14, 15]. This can be partially due
to the the presence of root exudates. Root exudates mix with soil pore water, creating a diffusion
gradient away from the surface of the root. When exudates mix with soil pore water they can
decrease the surface tension and soil-water content, increase viscosity and affect the contact angle
between soil particles and pore water [2, 16, 17, 18]. These impacts, however, vary between species
of plants and it may be possible to breed future crops that produce exudates with desired physical
impacts on soil pore water.

The impact of the altered hydraulic properties on the movement of water at large scales has
been investigated, but is not well understood [13, 15]. Raynaud [19] used Fickian diffusion to
model exudates from a root in a simple cylindrical geometry. The water content was assumed
constant and the water movement was controlled by the rate of uptake by the root, a sink term was
used to model exudate decay and a source term was present at the root surface to model exudation
from the root. The gradient of the adsorption isotherm, decay rate of the exudate, and soil water
content primarily determined the time for the concentration to reach steady state. The effects of
exudates on the macroscale have been considered in conditions where the viscosity dominates
over surface tension in regions of high root exudate content [15, 20]. They found that an increase
in hydraulic connectivity of the rhizosphere due to the formation of liquid bridges. Daly et al. [13]
used the model derived in [8] to study the effect of increased contact angle, surface tension, and
viscosity. However, they did not explicitly model exudate diffusion or how this would affect the
derivation of Richards” equation.

The work presented here is motivated by the effect of root exudates on soil, however, the
theory can also be applied to areas such as geological waste disposal, oil production or oil-spill
clean-up problems. Numerical methods have been used to investigate two fluid flow with mass
transfer on the pore scale for applications in chemical engineering, such as determining the rate
of COg capture [21, 22]. The authors, Yang et al. [21] and Haroun et al. [22], implemented the
Navier-Stokes equations, using the one fluid formulation with a characteristic function to define
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Figure 1: The macroscale soil domain, {2, and one of the periodic units. An idealised porescale
periodic unit contains a fluid domain, B, and an illustrative example of a soil particle surface,
0B, shaded in grey.

the interface, and are coupled to the mass transfer equation through the local velocity. In these
studies, the solute concentration does not effect the behaviour of the fluid flow and the solute
is able to diffuse across the interface between the two fluids, which have different diffusion
coefficients [21, 23, 24]. Davidson and Rudman [23] considered a solute within a spherical drop
of one fluid containing a solute within a second fluid. They validated the numerical calculations
by comparison with the analytical solutions and considered mass transfer of a solute from a drop
rising in a fluid column. Haroun et al. [24] examined the effect of a periodic corrugated geometry
on mass transfer and found that recirculation zones, which held up the movement of the liquid,
affected the mass transfer because it changed the shape of the fluid-fluid interface. Yang et al. [21]
created a model of a microscale segmented flow microreactor in OpenFOAM, which shows the
gas transfer between a gas and liquid phase, and could be used to optimise this type of system.

In this paper, we derive macroscale models for water movement in soil that take account of
changes to fluid properties due to the presence of root exudates and the underlying pore scale
geometry. To do this we have extended the derivation of Daly and Roose [8] by developing
a pore scale description of exudate diffusion, which we have coupled to a two fluid model
for water movement. By including coupling terms to link the fluid properties to the exudate
diffusion we were able to capture the effect of exudates on hydraulic properties. We have applied
homogenisation theory [25] to upscale the model from the pore scale to the macroscale, e.g. pot or
field scale, and have obtained a set of coupled equations for water movement and the diffusion
of exudates. The upscaling procedure used to develop the macroscale model has been validated
against the underlying pore scale equations using an idealised geometry. The upscaled equations
agree with the underlying pore scale equations within < 7% error.

2. Derivation of equations

In this section, we describe the derivation of the macroscale coupled flow and diffusion equations.
Our aim is to start with a set of equations on the pore scale and to use these to derive a set of
macroscale equations. We will start with the Cahn-Hilliard two fluid model and couple this to a
phase dependent diffusion equation, which describes the movement of root exudates through the
pore water.

(a) The pore scale model

We consider a macroscale soil domain, 2. On the pore scale this is composed of repeating
periodic units. The periodic units contain a fluid domain, B, and the soil particle surface, 0B,
as illustrated in figure 1. We start with the dimensional Cahn-Hilliard-Stokes equations, which

H
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we write following the notation used in Daly and Roose [8],

~ ~ 2 — 2 ~
99 G () =v. LU= g icB, (2.10)
ot ¢
V 76 — Vp — ¢Vji= pges, i€ B, (2.1b)
V. -a=0, ZeB. (2.1¢)

Here, the notation - denotes a dimensional value, ¢ is the dimensionless fluid phase field, which
takes the value ¢ = 1 in water and ¢ = 0 in air, @ = ¢a'*) + 1- qb)'ll(“) is the combined velocity,
where @) and (%) are the water and air velocities, respectively, and & = (Vi) + (Va)T is the
viscous stress tensor. 5(¢) is the phase dependent density, which takes the value of the density
of air when ¢ =0 and takes the value of the density of water when ¢ =1, 7j(¢) is the phase
dependent viscosity, § is the acceleration due to gravity, 7 is time, C is the drag coefficient between
the water and air, and p is the combined pressure that enforces incompressibility of both the water
and air phases. The mobility is generally free to choose, up to some structural requirements for
tensors, and we have used M = ¢*(1 — ¢)?/C for consistency with the homogenisation of two
fluids literature [8]. We note that in the case of Daly and Roose [8], the was derived directly from
a free energy based on the idea that the two fluids exert a drag on each other with drag coefficient
C. The capillary pressure, fi, is given by

i=da (A (0) - AV%),  @eB, 22)

where # is the surface tension between air and water, o =6v/2, ) is the air-water interface
thickness, which is small compared to the geometry on which the model is applied, and f(¢) =
(1 — ¢)? is the energy of the two fluid system. f(¢) is chosen to have minima at ¢ =0and ¢ = 1.
Hence, equation (2.2), has the solution ¢ =0+ O(A) and ¢ =1 4+ O(}) everywhere except for a
region of width A where ¢ varies rapidly.

Equations (2.1) and (2.2) are the Cahn-Hilliard-Stokes equations, where equation (2.1a)
describes the movement of the air and water phases driven by the velocity of the combined
velocity, u, and the capillary pressure, fi. Equation (2.1b) is Stokes equation with capillary pressure
and gravitational effects. Equation (2.1c) ensures that the mass of both the water and air is
conserved. The Cahn-Hilliard model has been used here as it has previously been homogenised
allowing us to build on existing theory [8, 26, 27, 28]. Here we extend from the previous
application to a fuel cell in [26, 27] to consider fluid flow in soil. Using a phase field variable
within the Cahn-Hilliard framework allows the model to be more general than other models such
as Korteweg theory, which is restricted to using density as the order parameter [29].

In order to be able to homogenise the equations it is required that the component of velocity
normal to the soil surface is zero, i.e., a zero penetration condition must be used. This can be
combined with a no-slip, or generalised Navier slip condition. Here, we demonstrate the method
using a no-slip condition on the soil boundary, 0B, i.e.,

@=0, i€dB. (2.3q)

A flux condition that defines the behaviour between the water-air interface and the soil particle
surface using the soil-liquid contact angle 0 as in Daly et al. [13], is given by,

n.6¢:j6¢hmqé@», # € OB, (2.3b)

and a zero flux condition for the capillary pressure is given by,

2 2
ﬁ-?l%?flﬁﬁ:o7 % € OB. (2.3¢)

10000000 V 908 Y 0014 B10-BuiysiandAisioosieoreds:



129

130

132

133

134

135

136

137

138

139

140

142

143

144

145

146

147

148

149

150

151

152

153

154

155

156

157

158

159

160

162
163

164

165

167

168

169

170

172

173

The initial saturation S is chosen and used to establish the initial condition for the phase, ¢, ie.
#(%,0) = ¢(5), where

- 1

5= ], 0 o4
where || B|| is the volume of the pore scale domain. The initial velocity is defined as u = 0.

Assuming the functions 7, 7, and 6 are specified, e.g. from experiments, equations (2.1), (2.2)
and (2.3) provide a complete description of the fluid velocity, pressure and phase on the pore
scale. From new experimental evidence [2], we will assume that certain features of the fluid model
are dependent on the concentration of root exudate. In keeping with the literature, we assume
that the root exudate concentration ¢ affects the air-water contact angle at the surface of the
porous material, 6(¢), surface tension, 7(¢), viscosity, 7(¢, c¢) [13, 14, 30], and the fluid-fluid drag
coefficient {(c). The functions 6(é), 7(¢), and 7j(¢,c) can be parameterised using experimental
measurements [2]. The concentration dependent functions are expected to depend non-linearly
on the concentration of root exudate. Fitting to the experimental data from [2] shows that this
dependence is quadratic. The fluid-fluid drag coefficient is particularly difficult to parameterise
and it is assumed to be linearly dependent on the viscosity ¢ = ¢7j(¢, ¢), where ¢ is a constant
with units m~2. This implies that the greater the viscosity of the water phase, the greater the drag
between the water and air phases.

The viscosities of the water and air are combined into one function using ¢. The viscosity,
fi(c, ¢), takes the value, 77(*) when ¢ = 0, and 77(*") (c) when ¢ = 1. Here, /(%) is the viscosity of air
and 7(")(c) is the viscosity of water, which depends on the concentration of root exudate. The
viscosity function is defined as,

(6,0 =i + [7")(0) = 7] 6. 25)

In order to couple the Cahn-Hilliard-Stokes equations with the diffusion of root exudates
through water, we introduce a phase dependent diffusion equation. We assume that the exudate
can diffuse in water with a diffusion constant, D #0, and that in the air filled pore space the
exudate is immobile. As the interface is mobile, an additional term needs to be included to
ensure the exudate is advected with the interface as it moves. This is achieved by adding an
advection term to the diffusion model, which accounts for the movement of the phase, ¢. From
a mathematical point of view, this term ensures that the concentration in the water phase is
conserved and decays with the phase field at the air—water interface. Hence, the phase dependent
concentration equation is,

0 o o =l o ~
a—ku-chv-D(qSVc—éVqﬁ), ZeB, (2.60)
ﬁ-D(Wa—Nqs):O, 7€ OB. (2.6b)

Equations (2.6) are similar to the equation used by Haroun et al. [24, 31] without the expression
of Henry’s Law which allows the chemical species to diffuse across the interface.

(b) Dimensionless equations

Equations (2.1)=(2.6), describe the fluid flow in soil coupled with root exudate diffusion.
Equations (2.1)~(2.6) are non-dimensionalised using # = Lyy, where Ly is the microscopic length
scale and V = f/yﬁ, so the unit cell, Y = (0, 1)3, is defined with fluid part B and solid boundary
OB [8]. The macroscopic length scale is Ly and Ly /Ly = ¢ < 1. We assume the non-dimensional
surface tension to be 4 = 4(c) where # is a baseline surface tension, e.g. the surface tension of
water in air at 20°C, 0.072 N/m, and v(c) is the dimensionless exudate concentration specific
surface tension. We choose \ = ;\/ I}y. The non-dimensional variables, denoted without -, are
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given by:
Ey L, B izﬁ(w) - Aa - 5 ﬁ(w)
p=p=—, p=p==, w=u- , t=t= , c¢=¢éC, D=D= . (2.7a)
o yo Ly~a Lpii(w) Lyya
with
~ N ~(a) -
o _ 7@ (19 -1) _ Lolyg
where g = % and M = ¢% (1 — ¢)2. We define the dimensionless drag/interface parameter
i£€ =7. Using these scalings, the non-dimensional Cahn-Hilliard, Stokes and phase dependent
aél/vection—diffusion equations become,
O¢ r M
-7 . -V — B .
5t +u-Vo 6V n(C)VM yeB, (2.8a)
1 1 R
V(¢ c)o — —Vp— —6Vu=dges, yEB, (2.8b)
V.-u=0, yEB, (2.8¢)
=100 (A7 1(0) = AV6) | yeB, (2.84)

with boundary conditions

u=0, n-V¢=|Ve|cos(d(c)), y € 9B, (2.8¢)
. M
n - @V,u:(), y € 0B, (2.8f)

and the transport equation

%+u~vc—v€(¢vc—cv¢):o, yEB, (2.8¢)

with boundary condition

- D(¢Ve— V) =0, y € B, (2.8h)

where o = Vu + (Vu)”, and D is assumed to be constant. Here, to simplify the analysis, we have
neglected the influence of gravity on the air phase i.e. 5@ / ) < O(e) [8]. The scalings used here
have been chosen so that 7"~ O(1) so that the only small parameters are € and A. The scaling
results in a unit change in p driving a fluid velocity of order ¢! that corresponds to the fastest
time scale, which is defined in the next section, and implies that the capillary forces dominate
as we have assumed. Therefore, the velocity and gravity contributions first appear at order 1,
corresponding to the intermediate time scale.

(c) Homogenisation

The full set of equations (2.8) are 4th order, stiff and non-linear. Hence, it is time consuming
and computationally expensive to solve them numerically on real soil geometries. To overcome
this issue, we derive a set of equations that describe how the pore scale dynamics affect
the macroscale behaviour using the method of multiple scale asymptotic homogenisation, an
averaging procedure for periodic structures [25]. Homogenisation requires two assumptions:
firstly, that the macro and micro length scales, L, and Ly, can be treated independently; and
secondly, that the underlying geometry is periodic on the pore scale.

Homogenisation is based on a linear expansion of the dimensionless equations in terms of .
This leads to a cascade of numerical problems, in which the details of the pore scale geometry
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are captured by solving representative cell problems on one period of the domain [25]. The
results from the cell problems then parameterise averaged macroscale equations that approximate
the solution of the full set of equations. Importantly, the homogenised equations are solved on
an averaged geometry, i.e. they only depend on the pore scale geometry through the averaged
parameters. This makes the macroscale equations much more efficient to solve than the original
full set of equations.

In the homogenisation presented here, there are some differences to the standard procedure.
Firstly, in addition to the macro and micro length scales, we also consider three different time
scales. The fastest time scale, 7_1, is associated with the leading order pore scale dynamics, i.e.
the equilibration of the air-water interface. The second time scale, 79, is the intermediate timescale
associated with fluid flow driven by flux imbalances on the pore scale. Finally, the slowest time
scale, 71, is associated with the macroscale behaviour, i.e., the slow variation in saturation due to
macroscale pressure gradients. In addition, the equations (2.8) are non-linear and therefore the
accuracy of the final macroscale approximation will depend on how well the equations can be
approximated by linear expansions.

The homogenisation procedure involves a large number of mathematical steps, which are
somewhat analogous to the steps taken by Daly and Roose [8]. Hence, the full procedure has been
detailed in the supplementary material S1 and we have included here only the main steps and key
results. We seek a perturbation expansion solution to equations (2.8), i.e. we use V=V, + eV,
andt=c 17 + T0+eT_1+ 0(52) with the expansions

(oo} oo
k k
d):zs ¢k(y7$7T177—07T71)7 UZZ€ uk(y7x77—177_077—71)7

k=0 k=0
o0 o0
k k
M= Z e"My(y,z, 71,70, T=1), C= Z ey, 2,11, 70, T—1),
k=0 k=0 2.9)
k k
/L:ZE Hk(g,ﬂ?,Tl,TO,Tfl), U:ZE O—ky(y7z77—177—077—*1)7
k=0 k=0
oo
k T
p=> 'pp,x,m,70,7-1), and oo, = (Vyuo) + (Vyuo)
k=0
. . . . 1 _ 1 _m —c 0
Using Taylor series expansions, we also write, @~ + O(¢), where 1 = c1 52 oy

My :qjg (1— ¢0)2, My = ¢y ‘%{L . and 5% is the functional derivative with respect to a
=®Po

function v. We substitute these expansions into equations (2.8) and solve the problems for
increasing orders in €.

O

The first step in the homogenisation procedure is to collect the dominant terms from equations
(2.8) using expansions (2.9). In this case, the largest terms are of size e . By collecting order ¢ ~*
terms we find,

O¢o My

=TVy - —Vyug, € B, 2.10a
o711 Y 0 yHO Yy ( )
— Vypo — ¢oVypo =0, y€ B, (2.10b)
po =(co) (A_lf/(%) - )\Vf,%) , y€eB, (2.10¢)
36:01 = Vy - D (¢oVyco — coVydo) =0, y < B, (2.10d)

with boundary conditions,

1 - Vydo = [Vygo|cos(0(co)), y € 0B, (2.10¢)

H
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M,
- n—ovyuo =0, y € 0B, (2.10f)
0

- D (doVyco — coVydo) =0, y € 0B, (2.10g)

where po, o, ¢o, and cg are periodic with period 1. The initial condition is for the phase is
defined, as per equation (2.4), for a chosen macroscale saturation, S, as ¢o(z,y,0) = ¢(S(z),y),
where

1
S=— dy. 2.11
18] JB %o dy @11)

We are interested in the behaviour of the fluids and exudates on a timescale that is much longer
than 7_1, i.e. longer than the time it takes for the air—water capillary interfaces to equilibrate on
the pore scale. Hence, we are only interested in the steady state behaviour of equations (2.10).
However, as equation (2.10c) is non-linear, the solution to (2.10a) is dependent on the initial
condition. Therefore, to find the steady state solutions of pg, 10, ¢0, and cg from equations (2.10),
it is necessary to include the time derivative in equation (2.102) and numerically integrate to the
steady state.

Whilst we have to solve parts of equations (2.10) numerically, we are able to determine certain
properties of the steady state solution by analysing these equations. These properties will enable
us to progress through the homogenisation procedure without knowing the precise solution to
equations (2.10). The numerical solutions can then be calculated to parameterise the resulting
equations. We note that, at steady state, equation (2.10a) is satisfied for any g ~ po(x), i.e. po is
constant in y, and equation (2.100) is satisfied for any pg ~ po(z). Following Daly and Roose [8],
we note that at steady state ¢ is a function of £ and y and can be written as ¢g = S(, 79, 71) +
qﬁ(()m) (S(x,70,71),y,7—1), where <Z>ém) (S(x,70,71),y, 7—1) is the modulated part of ¢ with zero
average, and the only  dependence in ¢ comes through the saturation S(z). Also, at steady
state, equations (2.10d) and (2.10g) have the solution ¢y = C(x, 70, 71)$0(, ¥y, T—1, 70, 1), where
C is the macroscale component of cg.

As the value of pg is determined by equations (2.10a), (2.10c) and (2.10e), it depends on the
initial condition, ¢, the surface tension, v(cp), and the contact angle 6(co). We assume that, y(cp) =
v[C (=, 10, 71)] and 8(co) = O[C(z, 70, 71)], i-e., the surface tension and contact angle do not depend
on higher order terms in c. Rather, they are only dependent on the macroscale concentration of
exudate and not the position of the air-water interface. As a result we can scale the surface tension
out of equations (2.10), using the scalings 7_1 = 7—17(C) and fig = po/v(C), to obtain a set of
equations which depend only on the geometry and contact angle,

g0 My

g7y LV Vuko, yeB, (2.12a)
fio=X2""f'(¢0) = AV o, yEB, (2.12b)
n - %Vyﬂo =0, y € 0B, (2.12¢)
7 - Vo = |Vygo| cos(6(C)), y € 9B, (2.124d)
po(t=0)=¢. (2.12¢)

The result is that, for fixed values of S and 6, we can calculate fig by solving equations (2.12). By
repeating this for a range of different saturation values while keeping the contact angle fixed, we
obtain
F[S,0(C)] = _1lim _{folS,0(C)]}, (2.13)
T_1—00

where F[S,0(C)] is the SWCC for contact angle 8(C)). Hence, at steady state in 7_; we write
po =~(C)F[S,0(C)]. (2.14)

Equation (2.14) is the SWCC, where for constant concentration, F'[S, 6(C)], is the numerical analog
to fitting the well known van-Genuchten or Brooks and Corey models to an experimentally
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measured SWCC [6, 7]. In this case, however, the SWCC will be different for different contact
angles. Hence, if §(C) is known then the SWCC can be calculated as a function of both saturation
and concentration. In reality it will not be possible to solve equations (2.12) for all values of .S and
C. However, the curve can be numerically generated by solving for a fixed set of S and C and
using interpolation to obtain the function at all saturation and concentration values.

At this point we return to the expression for the viscosity, equation (2.7b). In order to proceed
we need to address two issues with this equation. Firstly, since the Cahn-Hilliard equation allows
the phase to be of order A outside the defined range of (0, 1), inputting ¢¢ directly into the
viscosity can result in negative viscosities, which are not physical. Secondly, as equation (2.7b) is
not in the form n(z,y) = nY(y)n" (z) it is impossible to separate the z and y dependence. Hence,
we approximate the leading order viscosity as,

no = {n(“) - (n(w) - n(“)) ( ¢0 — min(do) ))} 1) (C(a)) =nyn™)(C) (2.15)

max (o) — min(¢o

where ¢o has been scaled using the maximum and minimum values to force the value to be
strictly in the interval (0,1). The effect of having the macroscale viscosity outside the phase terms
is that both water and air are dependent on the macroscale concentration, rather than just the
water. Since 7(® < (") the effect of this approximation should be small. We will quantify the
effect of this approximation in section 3.

(i) O(£Y)

We now collect terms of O(e°) from equations (2.8). Our aim is to find an approximation for the
effect of large scale pressure and concentration gradients on the local phase, velocity, pressure and
concentration. The steps required to derive these equations are included in the supplementary
material S1 . We are interested in the behaviour of the porous medium on the long timescale, i.e.,
we assume that the equilibration of the air-water interface occurs on a timescale 7_1 that is much
quicker than the one associated with bulk fluid movement. In addition, we show that the O(Y)
fluxes balance and the resulting equations are independent of 7y, see S1. Hence, we can write,

M, M,
ug - Vygo =7 (vy 2O + V- —Ovzuo), yeB, (2.160)
1o 7o
Vy -noooy — Vapo — Vyp1 — ¢oVyu1 — ¢oVapo = dogeés, yeB, (2.16b)
Vy up =0, y€ B, (2.16¢)
p=v(CON " (@0)d1 — AV o1, yeB, (2.16d)

where the boundary conditions are,

ug=0, 7 -Vzydo+n-Vyps =|Vyo1 + Vago|cos(6(C)), y€oB, (2.16e)
A Mg vn. Moy 0 —o, y€ B, 2.16f)
10 10

and the exudate transport equation is,
Yy (60Vyer — e1Vydo) = =V - (639 C) yeB, (2.169)
with boundary condition

f - (poVyc1 — c1Vyeo) = —i - 43V C, y€OB. (2.16h)

We note that the advection term from equation (2.8¢) is not present as transport is dominated by
the diffusion term when A — 0, as shown in S1. Equations (2.16) describe the phase, velocity and

10000000 V 208 4 0014 Buo-BuysiandAieiosieforeds:



337

338

339

340

342

343

344

345

346

347

348

349

350

351
352

353

354

355

356

357

358

359

360

362

364

365

366
367

368

369

370
371

373

pressure of the air and water phases and the exudate concentration of the water on the short space
scale. We require that these equations are satisfied for all possible combinations of gradients on

the large scale. Hence, we look for solutions in a separable form,

_ B 6%/10) P, Oz, p0(T) g g
w0 =2 W) Gy @) Y e

piy = Zxk )0 o) + X4 )0 po (@) + X7 (¥)g,

p1= Zwk )0z, 1o (x) + wk( )0z, p0(x) + w? (¥)g,

o1 =

’y[c Z dﬂk )0z, o (Z) + wg(y)BIAPO(m) + 1/1g(y)g,

1= Zf ark

(2.17a)

(2.17b)

(2.17¢)

(2.17d)

(2.17¢)

We substitute the solutions in a separable form, equations (2.17), into equations (2.16) and gather

terms dependent on 19, the macroscale capillary pressure, to get,

Kl Vygo =T (vy Ovyxk +Vy- Aﬁ?ék), y€ B,
770 o

Vy njol, — Vywl — ¢oVyx} — ¢oér =0, yeB,

Vy k=0, y< B,

X =21 @)y — AV, yEB,

where o, =Vyr) + (Vyr),) T The corresponding boundary conditions are,

k=0, -Vl =|Vyyl|cos(6(0)), y € OB,
- Moéy, +n - MoVyx} =0, y€oB.

(2.18a)

(2.18b)
(2.18¢)
(2.184)

(2.18¢)
(2.18f)

Equations (2.18) determine the fluid velocity driven by a large scale variation in capillary
pressure. Physically, this corresponds to the difference in pressure between the two phases. Hence,
in the limit A — 0, only the water phase is directly driven by the capillary pressure. The air phase
is not directly driven by the capillary pressure, but can be set in motion by the water velocity at

the air-water boundary.
Next, we gather terms dependent on the macroscale combined pressure, pg,

M,
Ky -Vybo=T <Vy : ;’Vyx§> ) y€e B,
o
Vy- nf’fvﬁy — &, — Vywl! — poVyxj, =0, y€ B,
Vy- &, =0, y € B,
X =" (d0)wh — AVYL, yeb,

where o, = Vykj + (Vyn,i)T. The corresponding boundary conditions are,

k=0, 7 V= |Vwa|cos(9(C')), y€ 0B,
n- MOvaZ =0, y€0B.

(2.19a)

(2.19b)
(2.19¢)
(2.194)

(2.19)
(2.19f)

Equations (2.19) determine the fluid velocity due to a unit pressure gradient, in this case both the

air and water phases are driven by the combined pressure, pg.
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Next, we gather terms dependent on gravity, g,

k7 -Vypo =T (Vy : ]V{;)Vng) ) yEB,
o

V- n?frrgy - Vyw? — ¢oVyx? = ¢oéx, yE< B,

Vy - £9=0, yeB,

XI =T (@0) ! — AV, yeB,

where agy =Vyk9 + (Vys? )T. The corresponding boundary conditions are,

k=0, n-Vyp? =|V,09 cos(6(C)), y € OB,
n - MoVyx? =0, y € 0B.

(2.20a)

(2.200)
(2.20¢)
(2.20d)

(2.20¢)
(2.20f)

Equations (2.20) determine the fluid velocity due to gravity. As we chose to neglect the effect of
gravity on the much less dense air phase, only the water phase is directly driven by gravity. Any

induced movement of the air phase comes from the effect of water movement at the air-water

interface.
Finally, we gather terms dependent on co,

V- ($0Vytk — Vo) = =V, - (der) yeB,

with boundary condition

- (poVyth — ELVydo) = — - doex, y € OB.

(2.21a)

(2.21b)

Equations (2.21) determine the local geometry dependent diffusion offered by the soil pore
structure and the position of the air water interface. Physically, this will be combined with the
unimpeded diffusion coefficient to calculate the effective diffusion coefficient in the water phase

as a function of saturation.

Cell problems (2.18)-(2.21), for known ¢g and 6(C'), provide a complete description of how the
pore scale geometry and physical processes are dependent on large scale variations in capillary
pressure, combined pressure, acceleration due to gravity and the concentration of root exudates.

In the next section, we will derive equations for terms of order ¢!, which will relate these pore

scale behaviours to the macroscale flow.

(iiiy O (e1)

The final step in the homogenisation procedure is to expand equations (2.8) to O(¢'). Then, by
applying a solvability condition and taking a volume average over the domain B, we find a series

of macroscale equations that describe the averaged movement of air, water and exudate through

the soil. Finally, we take the limit A — 0 to obtain,

ol
||BH8T_1+V¢ U =0,
Vx . UZO,
aC - 0S ~ _
1Bl <Saﬁ + Caﬁ> +Va - (CU) = Va - D (|B|SI+ Deysy) VaC =0,
where
K[S,0(C)] b[S, 0(C)] g[S, 6(C)]
U=———"'"-"%V st R S v e 7
n(w)(C) o + n(w)(C) zpo + @) (@) €sg

e 2, (2.22a)
T e 2, (2.22b)
e, (2.22c)

(2.224)
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5 KIS, 0(0)] b[3,6(C)] be[S,0(C)]
U=—-—""->V, — =V, ——————""éa3g, 2.22
a(C) T @) VT e (2220
and we recall the SWCC is given by
1o = F1S,0(C)(C). (2.22)

The derivation of these equations involves a large number of steps and the details are included
in the supplementary material S1. Equation (2.224) is equivalent to the macroscale equation from
Daly and Roose [8] for ) (C) =~(C) =1 and 6(C) = 6(0), i.e. where the viscosity and surface
tension are constant and not dependent on the root exudate concentration. Note that if it is also
assumed that the pressure in the air phase is constant, as used in deriving Richards” equation,
equation (2.22a) reduces to Richards’ equations. If gravity is also neglected, then Buckingham-
Darcy’s Law is also recovered. Equation (2.224) describes how the macroscale saturation varies
with time depending on the concentration dependent viscosity and surface tension and it is
related to the pore scale behaviour by the parameters K[S,0(C)], b[S, 0(C)] and bgy[S, §(C)] that
are defined using volume averages,

K[S,6(C)] :J bok), @ €y dy, (2.23a)
B

b[S,6(C))] :J bok], @ &y, dy, (2.23b)
B

bg[S,6(C)] :J pok? ®e3 dy. (2.23¢)
B

Equations (2.234)-(2.23c) describe the velocity of the water phase averaged over the pore
scale domain driven by capillary pressure, combined pressure and gravity, respectively.
Equation (2.22b) ensures the conservation of mass for the saturation equation (2.22a), where the
concentration dependent viscosity and surface tension are present, and are related to the pore
scale behaviour by,

R[S, 0(C)] = J Kl © 8 dy, (2.24a)
B

B[S, 0(C)] =J KD © &, dy, (2.24D)
B

B[S, 6(C)) = J K9 © &3 dy. (2.240)
B

Equations (2.24a)-(2.24c) describe the velocity of both the air and water phases averaged over
the pore scale domain driven by capillary pressure, combined pressure and gravity, respectively.
Finally, equation (2.22c) describes the movement of exudate on the macroscale, driven by
diffusion and fluid movement, and is related to the pore scale behaviour by,

Doy f15.6(C)] = JB (60VES. — E5Vy0) © &, dy. (2.25)

Equation (2.25) is the average geometry dependent diffusion on the pore scale domain due to the
soil pore structure and position of the air-water interface. Equations (2.22) provide a complete
description of how saturation, pressure and concentration change over time. The equations are
coupled through the viscosity, surface tension, saturation dependent diffusion constant and the
SWCC which is calculated numerically from equation (2.12). In addition, the soil geometry is
captured through the parameters given in equations (2.23), (2.24), and (2.25), which are based on
the cell problems (2.21), (2.20),(2.18), and (2.19).

This is an advancement from the work of Daly and Roose [8] as we have combined the
equations for fluid flow with the equations for exudate diffusion. If we neglect diffusion and
root exudates then equations (2.22) reduce to those derived by Daly and Roose [8]. Alternatively,
if we wanted to consider diffusion of solutes, which did not directly influence the properties of

10000000 V 908 Y 0014 B10-BuiysiandAisioosieoreds:



459

460

461

463

464

465

466

467

468

469

470

473

474

475

476

477

478

479

480

482

483

484

485

486

487

488

489

490

492

493

494

495

496

497

498

499

500

502

503

504

505

506

507

water, then setting v(C) = 7(*)(C)) = 1 and 6(C) = 6(0) would provide a partially coupled set of
equations describing the movement of air and water, from which the diffusion of solutes, which
do not bind to the soil particle surfaces, could be calculated.

3. Validation of homogenisation procedure

The homogenisation procedure involved a large number of mathematical steps and assumptions.
In order to test the accuracy of these assumptions and to transparently demonstrate the
application of the method, we show that the macroscale model, equations (2.22) presented above,
provides an accurate approximation of the pore scale equations, (2.8). We do this using an
idealised geometry for two cases; firstly we compare the homogenised equations to the pore scale
equations with the original viscosity, equation (2.7). Secondly, we compare the homogenised
model to the original equations with the assumed viscosity, equation (2.15). Our overall aim is
to test the accuracy of the mathematical steps, not to compare the predictions of this model with
experimental results, which is beyond the scope of this paper.

(a) Test geometry

We consider a soil column in which the saturation is perturbed by subtracting a linear function
from the initial phase configuration. This drives a re-equilibration of both the fluid phase
and the local concentration of exudate. All equations are solved numerically using COMSOL
Multiphysics (v5.2a). In order to simplify the analysis we consider the case U=0, corresponding
to the case in which the air viscosity is much smaller than the water viscosity. In this case we also
assume pg is constant and the effects of gravity can be neglected.

For the purposes of validation, we focus on the effect of viscosity on water movement and
exudate diffusion. Hence, we choose v(C) = 1 and note that, in the case U =0, the only effect of
the surface tension changing is a variation in the timescales which appear in equation (2.22). We
also make the simplification §(C) = 0, corresponding to a fully wetted soil. Mathematically, the
contact angle features in all the cell problems either directly, or indirectly through the function
¢0. The effect of changing the contact angle in this way has been investigated by Daly et al. [13].
Hence, here we neglect these changes and focus only on viscosity.

We consider the geometry shown in figures 2a and 2b. This idealised soil physical structure is
composed of soil particles of two different sizes. The soil geometry is built from repetition of a unit
cell. At the centre of the cell we have placed a spherical soil particle of radius 0.49 [dimensionless]
and at the corners of the cell we have placed a spherical soil particle of radius 0.35 [dimensionless].
These two sizes have been chosen to force the geometry to exhibit wetting—drying hysteresis, i.e.,
the SWCC will exhibit different values depending on whether the water content is increasing or
decreasing. This hysteresis requires pores of different sizes, something which does not occur for
a single soil particle size for a perfectly packed structure. The full geometry is formed from 8
repetitions of the unit cell (which we label unit 1 to unit 8). However, to reduce the computational
load we have used symmetry to quarter the domain, see figure 2b. The cell problem is calculated
on one eighth of the unit cell and it is of size 0.5% (dimensionless), figure 2c. It was meshed with
tetrahedral elements, maximum size 0.0335 and minimum size 0.002, and one boundary layer on
the surfaces of the soil particles. This mesh was sufficient to resolve the interface with width 0.02
(dimensionless) using quadratic elements. A mesh refinement study was conducted to ensure this
was a suitable mesh. The same mesh was used for the full model. The homogenised model used
a one-dimensional mesh with 96 evenly spaced elements. All the models were solved using the
MUMPS solver with Newton’s method, with a constant damping of 1 so that it is has quadratic
convergence, within the fully coupled solver in Comsol Multiphysics. The solution was declared
converged when an absolute tolerance of 10~* was reached.

The homogenised equations (2.22), are applied to a unit cuboid, figure 2d. In order to ensure
that the homogenised equations (2.22) converge, we require that there are enough repetitions
of the unit cell such that L, /L, = < 1. As the full equations are computationally expensive we
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Figure 2: Geometry used for validation. In (a)-(c), the blue areas show the pore space and gray
shows soil particles boundaries. (a) Idealised pore space geometry for test case. The soil particles
shown have radius 0.35 [dimensionless]; (b) Idealised pore space geometry for test case. The soil
particles shown have radius 0.49 [dimensionless]; (c) Pore geometry used for cell problem; (d)
Geometry used for homogenised equation, each cube is 1 x 1 x 1 [dimensionless]. The numbers
indicate the unit cell labels.

also require that we have a small enough domain that the resulting equations are computationally
tractable. By gradually increasing the number of repetitions of the unit cell we found that eight
repetitions was sufficient for the homogenised equations (2.22) to converge. However, good
convergence between the models can also be found for as few as four repetitions.

(b) Numerical results

Before we solved the homogenised equations, the cell problem, equations (2.12), (2.18) and (2.21),
were evaluated for a range of dimensionless capillary pressures between -7 and -4 [dimensionless]
with A =2 x 1072 [dimensionless] and 7 = 1 [dimensionless]. As we have neglected the effects
of combined pressure and gravity, it is not neccesary to solve cell problems (2.19) and (2.20). We
solved equations (2.12), (2.18) and (2.21) for both increasing and decreasing capillary pressures in
order to evaluate the wetting and drying curves, figure 3a. The parameters F(.S,0) and, hence,
the effective parameters K|S, 6(C)] and D, f¢(S) exhibit wetting drying hysteresis and Haines’
jumps [32], where the topology of the air-water interfaces changes resulting in a large change in
saturation for a small change in capillary pressure. These parameters feed into equations (2.22)
and are used to calculate the solution to the homogenised equations.

To establish the initial configuration for the phase of the full model, equation (2.8), the
dimensionless capillary pressure was set to -4.25 and the model was run to steady state, resulting
in an average saturation of 0.6 over each unit in the column. This was outside the hysteresis
loop of the SWCC at the wet end, see figure 3a. The saturation was perturbed in the full model
by subtracting a linear function from the the initial configuration of the phase, i.e., ¢o = o —
A(1 — (h/8)), where ¢ is the unperturbed phase field, A is the magnitude of the perturbation
and h is the vertical position of the column. For A > 0, this resulted in a greater saturation at the
top of the column and lower saturation at the bottom. The equivalent condition was applied to
the homogenised model using the expression S(t =0) =0.6 — A(1 — (h/8)). Two perturbations
were used, a small perturbation with A = 0.1 [dimensionless] and a large perturbation with A =
0.25 [dimensionless] that allows for comparison between the models where Haines” jumps and
hysteresis are present. The initial concentration of the root exudate was set to 0.2 [dimensionless]
for the small perturbation and 0.5 [dimensionless] for the large perturbation. The expression for
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Figure 3: Solutions calculated on the cell geometry, figure 2c, using the cell problems (2.12), (2.18)
and (2.21). K(S,0) is the saturation dependent hydraulic conductivity for a 0° contact angle and
D.#(S,0) is the saturation dependent geometry dependent diffusion for a 0° contact angle. (a)
Soil water characteristic curve calculated using equations (2.12). Four different phase topologies
are shown with asterisks that indicate the corresponding points on the graph. The colour bar
represents the value of ¢, i.e. 1is water, 0 is air. The arrowheads indicate the transition between
states. (b) Hydraulic conductivity calculated using equations (2.18). (c) Geometry dependent
diffusion calculated using equations (2.21).

(a) (b)

===Unit 1 (bottom)
Unit 2
Unit 3
Unit 4
Unit 5
=—Unit 6
==Unit 7
==Unit 8 (top)

C' (Dimensionless)

102 10° 102 102 10° 102
71 (Dimensionless) 71 (Dimensionless)

Figure 4: Comparison of full model with original viscosity (*), full model with assumed viscosity
(0) and homogenised model (solid line) for the large perturbation. The colours represent the
different geometry units in the soil column. S is the saturation, C is the macroscale exudate
concentration and 7 is the slow time scale. If time is dimensionalised using the values 7 = 0.072
N/m, L;=1 m and ﬁ(w) =8.9 x 10~ Pa-s, then the time shown on the x-axis ranges from
1.46 x 107 % sto 1.46 s. (a) Saturation. (b) Concentration.

the concentration dependent viscosity was chosen to be,
n"(C) = (4C? +1) x (C >0), (3.1)

where ¢ is 1059. This value comes from fitting the function to the concentration vs viscosity
relation measured for barley root exudate from Naveed et al. [2] (unpublished data, see figure
S1.1).

We compare the results from the full model and the homogenised model as a function of
time. All equations were integrated to steady state and the dynamics can be seen in figure 4.
For the large perturbation, evidence of a Haines” jump can be seen in figure 4a as not all the unit
saturations converge to the same steady state value. For the full model with assumed viscosity,
equation (2.15), units 1 and 2 converge to a saturation of ~ 0.4, unit 3 converges to ~ 0.46 where
as the other units converge to ~ 0.51. The homogenised model exhibits the same behaviour as the
full model with the assumed viscosity, and captures the effect of the Haines” jump.
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Original Viscosity Assumed Viscosity

Saturation | Concentration | Saturation | Concentration
Homogenised model 1.82% 1.14% 0.48% 0.95%
Original Viscosity - - 0.48% 0.65%

Table 1: Relative Error, E,

Original Viscosity Assumed Viscosity

Saturation | Concentration | Saturation | Concentration
Homogenised model 6.85% 3.51% 2.14% 3.03%
Original Viscosity - - 6.32% 3.68%

Table 2: Maximum Error, E,,

The initial exudate concentration also exhibits dynamics, due to the saturation perturbation,
figure 4b. It can be seen that unit 8, which has the greatest initial saturation, has the smallest
exudate concentration due to the dilution effect. The opposite can be observed for unit 1.
The homogenised model exhibits behaviour at time 10! [dimensionless], where the exudate
concentration of each unit overshoots the steady state value of 0.63 for the exudate concentration,
before all the units converge to 0.63 concentration. For the full model in which the assumed
viscosity (2.15) is used, the concentration tends to the same value as the homogenised model,
with values of 0.62 to 0.64 at steady state. The full model in which the original viscosity (2.7b) is
used, displays different behaviour to the homogenised model for low saturation, units 1, 2, and
3. At time 102 [dimensionless], units 1 and 2 in the original viscosity model have converged
to the same saturation, 0.38. They also converge to the same saturation at steady state as the
homogenised and assumed viscosity model. Unit 3, however, converges to 0.49 at steady state,
compared to the saturation of 0.46 reached by the homogenised model. This is due to a topological
difference in the final phase configuration as can be seen by comparing figures 5b and 5c.

In figure 5, the result of the homogenised model is compared to sections from both of the
full models. It can be seen that where the homogenised model has a smaller saturation, caused
by the hysteresis and Haines” jumps present in the cell problem results, there is a different
phase configuration in the full model. This configuration is different in the original viscosity and
assumed viscosity models. The relative differences between the three models are calculated by

2
Zgzl (73% - x£>
5 % 100,

Er=2
PO (957}5 + fo)

(3.2)

where N is the total number of time steps taken by the solver for the homogenised model, z.
is the result of the homogenised model at time step n and a) is the result of the full model
(either original or assumed viscosity model) interpolated onto the time steps taken by the
homogenised model solver. The relative differences are shown in table 1. The maximum errors
between individual points of the models are calculated by

(o —oA)

(e oh)

Epm =2 |max x 100, (3.3)

and are shown in table 2. These values are small (< 7%) and similar to the variability between
different experimental methods [33]. For the small perturbation all the models exhibit the same
behaviour, resulting in a smaller maximum errors (< 1.1%) and the results can be seen in
supplementary figure S1.2.
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Figure 5: Saturation calculated using homogenised equation along the height of the soil column.
The dashed box corresponds to the section of the full models shown in figure 5b and 5c. The color
bar shows the values of the phase, ¢, in the full model images; 1 (red) indicates water - water
containing root exudate, 0 (blue) indicates air - air without root exudate. The oscillations that can
be seen either side of the jump in saturation are due to the choice of numerical solver. (a) Steady
state saturation, (b) Original Viscosity, (c) Assumed Viscosity.

(c) Discussion

The homogenised equations provide a good estimate for the saturation and concentration when
compared to the full equations. This is particularly true when considering the assumed viscosity
model (2.15). Overall it is not surprising that the homogenised equations provide a better
approximation to the assumed viscosity, rather than the original viscosity equations, as the
assumed viscosity is the one used in the homogenisation scheme. The key difference between
these two viscosities is the location at which the Haines” jump is seen to occur.

A significant advantage to the homogenised model is that it is less computationally expensive
than the full model. The cell problems for the homogenised model took 20 minutes and 3 GB ram
for each capillary pressure evaluated, in this case 24. This resulted in a total computation time
of 8 hours on a laptop. The resulting homogenised model took just 2.5 minutes and 5.8 GB of
ram on a standard desktop computer. The full model took up to 26 hours and 35 GB ram using a
segragated solver on the Iridis 4 supercomputer at the University of Southampton.

The homogenised model captures the fluid behaviour near a Haines jump with maximum
error < 7%. We only consider 8 repetitions of the unit cell, which corresponds to ¢ = Ly /L, =
0.125. Formally, we would expect an error of size ¢ to be present in the model. With this in
mind we see that the model provides a much more accurate description of the saturation and
concentration than would be expected, i.e. the error is less than 12%. It is interesting to note that
the homogenised model is able to capture the hysteresis and Haines jumps despite these violating
one of the key assumptions used in the derivation. Formally we require that S varies only on the
long spatial scale L. However, by definition VS is effectively infinite at the Haines jump. In
order to analyse the behaviour of the model at this point, future research could use matched
asymptotics to attempt to capture the behaviour around a Haines’ jump. This would allow the
homogenised solution to be defined by appropriate jump conditions.

In section 2(c), it is assumed that the surface tension and wetting angle are functions of the
spatially averaged concentration in order to be able to separate the two length scales of the
problem. This assumption is not valid in the case where significant concentrations of the root
exudate are absorbed on the air-water interface or soil particle surfaces, and therefore some
important physical processes may be ignored. However, in the present model, the concentration
is dominated by the macroscale part of the concentration, Cy(z), and therefore we would
expect that the effects of these missing physics would be small compared to the effect of the
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spatially averaged concentration. Furthermore, in soil systems, adsorption of organic compounds
to mineral surfaces is complex and the physical characteristics of root exudates have only recently
been explored [2, 14]. Greater experimental characterisation would be required before accounting
for particle adsorption and air-water interface impacts from surfactants in root exudates, but the
model could be adapted to account for these processes in the future.

4. Conclusion

In this paper, the Cahn-Hilliard-Stokes equations were combined with a phase dependent
diffusion equation for the root exudates and this full set of equations was homogenised.
The homogenised equations were shown to reduce to a exudate concentration dependent
Richards’ equation, (2.224), and a saturation dependent exudate diffusion equation, (2.22c). This
homogenisation procedure relied on two key assumptions. Firstly, the fluid—fluid drag coefficient
is linearly dependent on the viscosity; and secondly, the viscosity of the air and water are
sufficiently different that the error induced by assuming the air viscosity was dependent on
exudate concentration was negligible.

In section 3, the method was validated by comparing the homogenised, equations (2.22), and
assumed viscosity model, equations (2.8) with (2.15), to the original viscosity model, equations
(2.8) with (2.7b). The relative errors over the whole simulation for the homogenised and assumed
viscosity solutions compared to the original viscosity solution were less than 1%. The maximum
errors for a particular time point were less than 7%. This shows that the homogenised model is
an appropriate approximation to the full set of equations.

The homogenised model is a much more attractive option for calculating the local macroscale
flow and diffusion properties of soil than the pore scale description. This is particulally evident
if the pore scale geometry is taken from three dimensional images, a technique that is becomeing
more frequently used [13, 34]. The model derived in this paper captures the effects of root
exudates and could therefore be applied to rhizosphere soil. The homogenised model can also
be used to investigate the impact of altered hydraulic properties on the movement of water at
large scales and be used to improve our understanding to these effects. Detailed models of this
kind have the distinct advantage that they can be used to relate specific porescale soil geometries
to the observed macroscopic soil properties. The simulations presented here conserved the root
exudate within the domain during wetting and drying. In a natural soil system root exudates
may leach and their physical properties may alter due to microbial decomposition over time [2].
Moreover, adsorption of the exudates onto soil minerals will also affect behaviour, potentially
altering properties such as the contact angle and surface tension [2, 14]. Future modelling could
incorporate these impacts to assess the time variability and longevity of root exudate impacts on
flow and retention in soil. This would be particularly useful in exploring how properties change
with age along a growing root. Hence, this method could be used to gain greater understanding
of soil hydraulic properties in and around the rhizosphere and even lead to the possibility of
theoretically simulating the quantity of root exudates required to improve the chances of a plant
thriving in particular soil environments. Ultimately this reveals the theoretical potential for plant
breeders to manipulate root exudation in the development of crops with more effective root
systems. The theory can be further extended to other applications such as the theory can also be
applied to areas such as geological waste disposal, oil production or oil-spill clean-up problems.

Data Accessibility. Data supporting this study are available on request from the University of Southampton
repository at https:/ /doi.org/10.5258 /SOTON /D0609.

Authors” Contributions. LJ.C. and K.R.D. co-developed the COMSOL implementation, conducted the
numerical simulations and drafted the manuscript. N.K. was consulted on the physical properties of soil and
interpretation of the results. PD.H., T.S.G., and T.R. designed the study and were consulted on the physical
properties and of soil and interpretation of the results. All authors contributed to writing the manuscript and
gave final approval for publication.

Competing Interests. The authors have no conflict of interest to declare.

10000000 V 208 4 0014 Buo-BuysiandAieiosieforeds:



662

663

664

665

666

667

668

669

670

672

673

674

675

676

677

678

679

680

682

683

684

685

686

687

688

694

695

696

697

698

699

700

701

702

703

704

705

706

707

708

709

710

"

712

Funding. LJ.C. and N.K. are funded by BBSRC SARISA BB/L025620/1, L.J.C is also funded by EPSRC
EP/P020887/1. K.R.D is funded by ERC 646809DIMR. P.D.H., and T.S.G. are funded by BBSRC BB/J00868/1.
The James Hutton Institute receives funding from the Scottish Government. T.R. is funded by BBSRC
SARISA BB/1.025620/1, EPSRC EP/M020355/1, ERC 646809DIMR, BBSRC SARIC BB/P004180/1 and NERC
NE/L00237/1.

Acknowledgements. The authors acknowledge the use of the IRIDIS High Performance Computing
Facility, and associated support services at the University of Southampton, and the p-vis centre at the
University of Southampton for the provision of necessary software and high performance computer support
in the completion of the work. The authors would like to thank the ‘Rooty Team’ at the University of
Southampton, Glyn Bengough at School of Science and Engineering, University of Dundee and The James
Hutton Institute, Invergowrie, Dundee, and Muhammad Naveed at School of Biological Sciences, University
of Aberdeen, for helpful discussions related to this work.

References

1 Tull, J. Horse-hoeing husbandry: or, an essay on the principles of vegetation and tillage, 1762.

2 Naveed, M., Brown, L., Raffan, A., George, T., Bengough, A., Roose, T., Sinclair, 1., Koebernick,
N., Cooper, L., and Hallett, P., 2017. Plant exudates may stabilize or weaken soil depending on
species, origin and time. European Journal of Soil Science, submitted.

3 Comas, L. H., Becker, S. R., Von Mark, V. C., Byrne, P. E, and Dierig, D. A., 2013. Root traits
contributing to plant productivity under drought. Frontiers in plant science, 4.

4 Duncan, S.J., Daly, K. R., Sweeney, P, and Roose, T., 2017. Mathematical modelling of water
and solute movement in ridge plant systems with dynamic ponding. European Journal of Soil
Science. doi: 10.1111/ejss.12503.

5 Richards, L. A., 1931. Capillary conduction of liquids through porous mediums. Physics, 1:
318-333. doi: 10.1063/1.1745010.

6 Van Genuchten, M. T., 1980. A closed-form equation for predicting the hydraulic conductivity
of unsaturated soils. Soil science society of America journal, 44(5):892-898. doi: 10.2136/sssaj1980.
03615995004400050002x.

7 Brooks, R. and Corey, A., 1964. Hydraulic Properties of Porous Media. Colorado State U., Fort
Collins, Colorado.

8 Daly, K. R. and Roose, T., 2015. Homogenization of two fluid flow in porous media. Proceedings
of the Royal Society A, 471:20140564. doi: 10.1098 /rspa.2014.0564.

9 Cahn, J. W. and Hilliard, J. E., 1958. Free energy of a nonuniform system. i. interfacial free
energy. Journal of Chemical Physics, 28:258-267. doi: 10.1063/1.1744102.

10 Cahn, J. W,, 1959. Free energy of a nonuniform system. ii. thermodynamic basis. Journal of
Chemical P, 30:1121-1124. doi: 10.1063/1.1730145.

11 Cahn, J. W. and Hilliard, J. E., 1959. Free energy of a nonuniform system. iii. nucleation in a
two-component incompressible fluid. Journal of Chemical Physics, 31:688-699. doi: 10.1063/1.
1730447 .

12 Hiltner, L., 1904. Uber neuere erfahrungen und probleme auf dem gebiete der
bodenbakteriologie unter besonderer ber ucksichtigung der grund ungung und brache.
Arbeiten der Deutschen Landwirtschaftlichen Gesellschaft, 98:59-78.

13 Daly, K., Cooper, L., Koebernick, N., Evaristo, J., Keyes, S., van Veelen, A., and Roose, T., 2017.
Water dynamics in the rhizosphere.

14 Carminati, A., Zarebanadkouki, M., Kroener, E., Ahmed, M. A., and Holz, M., 2016.
Biophysical rhizosphere processes affecting root water uptake. Annals of Botany, 118(4):
561-571. doi: 10.1093/aob/mcw113.

15 Carminati, A., Benard, P, Ahmed, M., and Zarebanadkouki, M., 2017. Liquid bridges at the
root-soil interface. Plant and Soil, pages 1-15.

16 Read, D. and Gregory, P., 1997. Surface tension and viscosity of axenic maize and lupin root
mucilages. NEW PHYTOLOGIST, 137:623-628. doi: 10.1046/j.1469-8137.1997.00859.x.

17 Read, D., Gregory, P, and Bell, A., 1999. Physical properties of axenic maize root mucilage.
PLANT AND SOIL, 211:87-91. doi: 10.1023/A:1004403812307.

10000000 V 208 4 0014 Buo-BuysiandAieiosieforeds:



713

714

715

716

M7

718

719

720

721

722

723

724

725

726

727

728

729

730

731

732

733

734

735

736

737

738

739

740

741

742

743

744

745

746

747

748

749

750

751

752

753

754

755

756

757

758

18 Carminati, A., 2013. Rhizosphere wettability decreases with root age: a problem or a strategy
to increase water uptake of young roots? Frontiers in Plant Science, 4:1-9. doi: 10.3389/fpls.
2013.00298.

19 Raynaud, X., 2010. Soil properties are key determinants for the development of exudate
gradients in a rhizosphere simulation model. SOIL BIOLOGY & BIOCHEMISTRY, 42:210-219.
doi: 10.1016/j.s0ilbio.2009.10.019.

20 van Veelen, A., Tourell, M. C., Koebernick, N., Pileio, G., and Roose, T., 2018. Correlative
visualization of root mucilage degradation using x-ray ct and mri. Frontiers in Environmental
Science, 6:32. doi: 10.3389/fenvs.2018.00032.

21 Yang, L., Nieves-Remacha, M. J., and Jensen, K. F, 2017. Simulations and analysis of
multiphase transport and reaction in segmented flow microreactors. Chemical Engineering
Science, 169:106-116. ISSN 0009-2509. doi: {10.1016/j.ces.2016.12.003}.

22 Haroun, Y., Legendre, D., and Raynal, L., 2010. Direct numerical simulation of reactive
absorption in gas-liquid flow on structured packing using interface capturing method.
CHEMICAL ENGINEERING SCIENCE, 65:351-356. doi: 10.1016/j.ces.2009.07.018.

23 Davidson, M. and Rudman, M., 2002. Volume-of-fluid calculation of heat or mass transfer
across deforming interfaces in two-fluid flow. Numerical Heat Transfer Part B - Fundamentals,
41:291-308. doi: 10.1080/104077902753541023.

24 Haroun, Y., Raynal, L., and Legendre, D., 2012. Mass transfer and liquid hold-up
determination in structured packing by cfd. CHEMICAL ENGINEERING SCIENCE, 75:
342-348. doi: 10.1016/j.ces.2012.03.011.

25 Pavliotis, G. A. and Stuart, A. M., 2000. Multiscale methods averaging and homogenization. New
York: Springer.

26 Schmuck, M., Pradas, M., Pavliotis, G., and Kalliadasis, S., 2012. Upscaled phase-field models
for interfacial dynamics in strongly heterogeneous domains. Proc. R. Soc. A, 468:3705-3724.
doi: 10.1098/rspa.2012.0020.

27 Schmuck, M., Pradas, M., Pavliotis, G., and Kalliadasis, S., 2013. Derivation of effective
macroscopic stokes-cahn-hilliard equations for periodic immiscible flows in porous media.
Nonlinearity, 26(12).

28 Banas, L. and Mahato, H., 2017. Homogenization of evolutionary stokes-cahn-hilliard
equations for two-phase porous media flow. Asymptotic Analysis, 105(1-2):77-95.

29 Anderson, D., McFadden, G., and Wheeler, A., 1998. Diffuse interface methods in fluid
mechanics. Annu. Rev. Fluid Mech., 30:139-65. doi: 10.1146/annurev.fluid.30.1.139.

30 Gregory, P., 2006. Roots, rhizosphere and soil: the route to a better understanding of soil
science? European Journal of Soil Science, 57(1):2-12. doi: 10.1111/j.1365-2389.2005.00778.x.

31 Haroun, Y., Legendre, D., and Raynal, L., 2010. Volume of fluid method for interfacial reactive
mass transfer: Application to stable liquid film. CHEMICAL ENGINEERING SCIENCE, 65:
2896-2909. doi: 10.1016/j.ces.2010.01.012.

32 Haines, W. B., 1930. Studies in the physical properties of soils. v. the hysteresis effect in
capillary properties, and the modes of water distribution associated therewith. The Journal
of Agricultural Science, 20:97-116. doi: 10.1017 /5002185960008864X.

33 Ng, C. W. W,, Zhou, C,, and Leung, A. K., 2015. Comparisons of different suction control
techniques by water retention curves: Theoretical and experimental studies. Vadose Zone
Journal, 14. doi: 10.2136/vzj2015.01.0006.

34 Roose, T., Keyes, S., Daly, K., Carminati, A., Otten, W., Vetterlein, D., and Peth, S., 2016.
Challenges in imaging and predictive modeling of rhizosphere processes. Plant and Soil, 407
(1-2):9-38.

10000000 V 208 4 0014 Buo-BuysiandAieiosieforeds:



	1 Introduction
	2 Derivation of equations
	(a) The pore scale model
	(b) Dimensionless equations
	(c) Homogenisation
	i O(-1)
	ii O(0)
	iii O(1)


	3 Validation of homogenisation procedure
	(a) Test geometry
	(b) Numerical results
	(c) Discussion

	4 Conclusion

