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Abstract—The asymptotic high-SNR symbol error rate (SER)
performance of selective decode-and-forward (DF) cooperative
multiple relay aided wireless systems is derived for )/-PSK
and M -QAM modulations. The proposed analysis considers both
dual-phase and multi-phase relaying protocols. Furthermore,
analytical results are also presented for optimal power allocation
both at the source and at each of the relays, since it significantly
influences the performance of cooperative communication. A
novel aspect of the proposed framework is that the SER and
optimal power allocation results derived are applicable to diverse
fading channels such as 1 — u, k — u, shadowed-Rician scenarios
and each for non-identical fading for the source-destination
(SD), source-relay (SR), and relay-destination (RD) links. The
applicability of the proposed framework is also demonstrated
for diverse PHY layer schemes, such as multiple-input multiple-
output (MIMO)-orthogonal space time block codes (OSTBCs),
cooperative beamforming, joint transmit/receive antenna selec-
tion, free space optical (FSO) scenarios etc. This high-SNR
analysis provides valuable insights into the impact of the diversity
orders of the SR and RD links on the end-to-end SER as well
as on the optimal power allocation factors both in the dual-
phase and multi-phase protocols of various fading channels and
schemes. Our simulation results verify the analytical results
derived.

Index Terms—Arbitrary fading model, cooperative beamform-
ing, FSO, MIMO, OSTBC, transmit-receive antenna selection,
unified framework, zero-forcing.

I. INTRODUCTION

OOPERATIVE communication [2]-[5] relying on multi-

ple spatially separated relay nodes, has gained significant
popularity due to its ability to enhance the coverage area
as a benefit of its high diversity gain. On a similar note,
cooperative communication is also capable of significantly
enhancing the reliability, lifetime and throughput of commu-
nication networks. Amongst the various protocols proposed
for cooperative communications, selective decode-and-forward
(DF) [2], [6], that relays the symbols only when the signal to
noise ratio (SNR) is above a threshold, has been shown to
be particularly resilient to error propagation. In this context,
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the authors of [6]-[18] have analyzed the performance of
multi-relay cooperative scenarios in terms of their symbol
error rate (SER), outage probability etc. However, majority of
contributions in the literature consider specific fading scenarios
in conjunction with a fixed physical (PHY) layer transmis-
sion scheme. Another idealized simplifying assumption that
the source-destination (SD), source-relay (SR), and relay-
destination (RD) links fade identically, which limits their
applicability and prevents the extension of results to other
fading scenarios.

In order to circumvent the above limitations in the literature,
we present a simplified analytical framework based on a
polynomial high-SNR approximation of the fading channel’s
probability density function (PDF) described in [19] to charac-
terize the high-SNR performance of both dual-phase (P) and
multi-phase (P,,) multi-relay selective DF systems for sev-
eral channels such as Nakagami, Weibull, Shadowed-Rician,
k — p fading etc. The advantage of the proposed analysis
is that our results characterize both the end-to-end SER, the
diversity order as well as the optimal power allocation for
several popular techniques such as multiple-input multiple-
output (MIMO)-orthogonal space time block codes (OSTBCs),
cooperative beamforming, transmit/ receive antenna selection
etc. and hence it is not restricted to a specific scheme. Our
generalized framework assists in consolidating and comparing
the performance of cooperative communications for a wide
range of fading channels, and PHY layer techniques. A brief
review of existing treatises in this context is presented next.

A. Related Work

Zhao et al. [7] presented the outage analysis of selec-
tive DF systems communicating over Rayleigh faded links.
However, the analysis therein is restricted to single antenna
nodes. Closed-form expressions have been derived by Hu and
Beaulieu [8] for both the outage and error probabilities of
selective DF relaying over dissimilar Rayleigh fading channels
using multiple relays without considering optimal power allo-
cation. An asymptotic approximation for the outage probability
has been derived by Li and Kishore [9] to quantify the diversity
order and coding gain of a multi-relay amplify-and-forward
(AF) cooperative system communicating over Nakagami-m
fading channels. In [10], [11], the high-SNR end-to-end perfor-
mance of a selective DF based multi-relay cooperative system
has been analyzed by Soleimani-Nasab et al. over independent
Nakagami-m and Rician fading links, respectively. The system



model of [9] considers only a single antenna at each of the
relays, while [10], [11] assume two antennas at each relay,
with single antenna source and destination nodes. Hence, the
results therein cannot be readily generalized to nodes with an
arbitrary number of antennas. A two-phase multi-relay single-
input single-output (SISO) cooperative beamforming system
has been analyzed in terms of its outage probability and bit
error rate (BER) by Hong et al. [12]. Hesam et al. [13] recently
conceived a cooperative beamforming technique and analyzed
its BER. However, these works are restricted to Rayleigh
fading links and cannot be readily extended to other fading
scenarios. Moreover, the optimal power allocation has not been
presented. The authors of [6], [14] presented the analysis of
a class of multi-phase multi-relay DF cooperative protocols
C(m);1 < m < M — 1, with M denoting the number of
relays, in which each relay combines the signals received both
from the source and from a subset of previous relays. However,
the SER and power allocation analyses therein have only been
presented for single antenna nodes over Rayleigh faded links.
Thus, there is a void in existing research in terms of a general
framework for the analysis of multi-relay cooperative systems,
which is applicable to a broad variety of fading channels and
PHY layer schemes.

B. Contributions and Organization of the Paper

We propose a simplified framework for the SER and optimal
power allocation analysis of selective DF based cooperative
communication systems using multiple relays, that is appli-
cable for various fading scenarios and transmission schemes
relying on M-QAM/ M-PSK modulation. The polynomial
approximation of the fading channel’s PDF of Wang and
Giannakis [19] is described in Section II-A, which provides
accurate parameterizations for diverse fading channel PDFs.
This is used for quantifying the key performance metrics
of cooperative wireless system. Closed-form expressions are
derived both for the asymptotic end-to-end SER and for the
diversity order of our dual-phase (Py) and multi-phase (P.,)
protocols in Sections II-B and III-B, respectively. We also
derive the optimal source and relay power allocation for end-
to-end error rate minimization in Sections II-B1 and III-B1.
The impact of the diversity orders of the SR and RD links on
the end-to-end SER as well as on the optimal power fractions
is explicitly demonstrated for both the dual-phase and multi-
phase protocols. A novel aspect of the work is that the ana-
Iytical results derived are not restricted to any particular PHY
layer scheme and their applicability is explicitly demonstrated
for both single as well as multiple antenna nodes relying
on MIMO-OSTBCs, MIMO-zero forcing (ZF), cooperative
beamforming, free-space optical (FSO) links etc in Section
IV. The simulation results of Section V demonstrate the
performance of the cooperative systems under consideration,
while simultaneously verifying the analytical results.

The following notation is used in the rest of the presen-
tation. The quantity A¥ denotes the Hermitian transpose of
the matrix A, |a| represents the magnitude of the complex
number a, |Al| denotes the matrix Frobenius norm given by
|A|l = /Tr(AAH), where Tr(-) is the trace of a square

TABLE I
List of Acronyms

Acronym | Description
SER Symbol Error Rate
SNR Signal to Noise Ratio

DF Decode-and-Forward

M-PSK | M-ary Phase-Shift Keying
M-QAM | M-ary Quadrature Amplitude Modulation
SD Source-Destination
SR Source-Relay
RD Relay-Destination
PHY Physical
MIMO Multiple-Input Multiple-Output
OSTBC | Orthogonal Space Time Block Code
FSO Free Space Optical
PDF Probability Density Function

AF Amplify-and-Forward
SISO Single-Input Single-Output
BER Bit Error Rate

ZF Zero Forcing

TAs Transmitter Antennas
CSI Channel State Information
QPSK Quadrature Phase Shift Keying

GP Geometric Program

KKT Karush-Kuhn-Tucker

AWGN Additive White Gaussian Noise
SIM Subcarrier Intensity Modulation
LMS Land Mobile Satellite

matrix. The symbol = is used to represent the high-SNR
approximation. Finally, E{-} denotes the expectation operator
and CV*M denotes the space of (N x M) matrices over the
complex field C. In addition, the complete list of acronyms
used in this work is given in Table I.

II. Py BASED SELECTIVE DF RELAYING

This section begins by describing our cooperative com-
munication model for the dual-phase multiple-relay protocol
Po. The analysis of the multi-phase multi-relay protocol P,
using inter-relay communication is subsequently described in
Section III. It is also worth noting that the results for the
dual-phase protocol Py cannot be derived as a special case
of the multi-phase protocol P,,, since the dual-phase protocol
involves a single phase for the transmission of multiple relays.
By contrast, the multi-phase protocol has several phases, with
a single relay transmitting in each stage based on combining
the information of one or more relays from the previous stages.

A. System Model

Consider now a selective DF cooperative wireless scenario
with a source (S)-destination (D) node pair in addition to R
relay nodes Ri, Ro,--- , Rg, as shown in Fig. 1. The cooper-
ative relaying protocol Py is described as follows. In the initial
phase, the source broadcasts an information symbol to the R
relays and destination nodes with power Fj. In the subsequent
relaying phase, the group of R relays employ selective DF
based retransmission, wherein the relays forward the symbol
to the destination node with power P.,1 < r < R only if the
decoding SNR exceeds the reliable decoding threshold, similar
to [6], [14], [21]. The source-destination, source-rt relay, and
r'" relay-destination wireless links are assumed to be fading
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Fig. 1. Selective DF based Pg cooperative system with multiple relays.

independently with average gains of 42, <5§:)
respectively. A novel aspect of the cooperative system model
considered is that the various links may obey non-identical
fading distributions, in contrast to [6]-[17], which consider
identical fading distributions for the various constituent links.
The circularly symmetric zero-mean complex additive white
Gaussian noise at each receiving node has a variance of 7y,/2
per dimension.
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Let the average SNRs ¥sp, ﬁg]%, and ﬁg}) corresponding to

the source-destination, source-relay r, and relay r-destination

links be defined as, ygp = %, Ysr = PO , and 7521)3 = 17,3(")"

respectively. The instantaneous SNRs at the destination and
relay r during the first phase and at the destination correspond-
ing to the transmission by relay r at the end of the ensuing
cooperative phase are given by:

5(?”) (r)

(r) _ pr) ~(r)
SRVSR =4

and Ypp RDVTRD>

Ysp = BspYsps W’SR

where BS R Bsp, and [3 rp are channel-dependent non-
negative random variables. For instance, for the standard
maximum ratio combining, we have 8 = ||h||?, where h is
the fading coefficient vector of the corresponding multiple-
antenna link, while for MIMO scenarios associated with zero-
forcing reception, 5 = W, where H denotes the
MIMO channel matrix of the corresponding link, with N
representing the number of transmitter antennas (TAs) and the
subscript i denoting the i"" transmitted symbol. The variable
[ plays an important role in the proposed analysis and by
appropriately choosing these parameters, one can analyze a
wide variety of cooperative PHY layer schemes and fading
channel distributions, as demonstrated in this treatise.

Since the high-SNR performance of the cooperative wireless
system depends on the channel’s probability density function
(PDF) at 3 — 07, we may invoke the following result,
originally presented by Wang and Giannakis [19]. The PDF
f3(B) of the quantity 8 corresponding to the various links can
be approximated by a single polynomial term for 3 — 0T as
[19]

fa(B) = aB’+0 (B, (1)



where € > 0, o (3') represents higher order terms, a is a
positive constant and the parameter ¢ characterizes the order
of smoothness of the PDF f3(3) at the origin. The values of
the parameters a and ¢ can be determined using the PDF of the
fading channel for single antenna nodes and are listed in Table
II. However, for multiple antenna nodes, the values of these
parameters depend also on the specific transmission/reception
scheme employed in addition to the fading distribution(s), as
it will be demonstrated in Section IV for various schemes
such as zero-forcing, OSTBC etc. It is also worth mentioning
that although the values of the parameters for Nakagami-m,
Nakagami-q and Nakagami-n channels having unit average
channel gains, i.e. 82 = 1 and single TAs are given in [19], to
the best of our knowledge, the values of these parameters for
the other fading channels listed in Table II are not available in
the open literature. Using the above framework, the following
sub-section begins by deriving a general asymptotic upper
bound on the end-to-end SER for the dual-phase protocol
Py described above, which is subsequently also employed
for deriving both the diversity order and the optimal power
fractions at the source and relays.

B. SER Analysis and Optimal Power Allocation of Py-based
Selective DF Relaying

Let & = [£(1),(2), -+, &(R)]" for 0 < j < 2 —1
represent one of the possible 2 network states, where &(r)
denotes the state of relay r for 1 < r < R that takes the binary
values 1 and O corresponding to relay r decoding correctly
and erroneously, respectively. For instance, £, represents the
specific state in which all the relays decode in error, while
on the other hand, £,=_; denotes the state in which all the
relays decode the symbol transmitted by the source correctly.
Based on this, the total end-to-end SER of the Py cooperative
system, conditioned on the channel state information (CSI),
can be written as [16], [14]

2R

ZPr (el&;, B)Pr(&518), (2)

7=0

Pr(e|p) =

where 3 = {BSD,BSR, RD71 < r < R} depends on the
CSI of the specific cooperative communication system. Fur-
thermore, Pr(e|{;, ) denotes the end-to-end SER conditioned
on the cooperative system being in state &; and the CSI g,
while Pr(¢;]3) denotes the corresponding probability of the
system being in state &;, conditioned on 3. Assuming the
nodes of the cooperative system to be spatially distributed
with independent and possibly non-identically fading links, the
probability terms Pr(e|{;, 8), Pr(§;|5) are independent, since
the former depends on the SD and RD links, while the latter
depends on the SR links. Averaging over the PDF of the CSI
B, the average end-to-end SER for the dual-phase protocol Py
is expressed as

Pr(e):Eé{Pr(e@)}

=Y Eg{Pr(cl;, HEs{Pr(;18)}- 3)

Jj=0

Let the set ¥, be defined as ¥; = {r|¢;(r) = 1,1 <r < R},
i.e. ¥; includes all the relays that decode the symbol cor-
rectly. The result below represents the generalized asymptotic
expression for the SER of the Py protocol, which is applicable
for various fading channels as well as PHY layer schemes,
considering both M-PSK and M-QAM digital modulation
schemes.

Theorem 1. At high SNRs, the average end-to-end probability
of symbol error Pr(e) at the destination node for the dual-
phase protocol Py-based selective DF cooperative system is
given by

2ft_q

I'(¢ 1
Pr(e) = aspl'(tsp +1)

)tSD—H tspt+lt Z |

= (barysp 7,

bt (85 +1)
(i) =
a)r (tg; +1)

where @j denotes the complement of the set V; and by is
defined as

X Ctg1>{+1 , 4)

5
3 for M—QAM modulation. )

b {sm (%) for M—PSK modulation,
M:
2(M—1)

The values of the constant C,, for the M-PSK and M-QAM
modulation schemes are defined in equations (6) and (7)
respectively [2.511.2, [22]].

Proof. Given in Appendix A. |

An illustrative application of the above result can be demon-
strated for the simple case of the P, protocol considering
Rayleigh fading channels and QPSK modulation. For such a
scenario, as shown in Table II, the parameters are agsp =

L o =1 g — _1 ) ) g
@’a};’:’_ (5gg)2’a;R_@at top =tpp =0in
conjunction with by = SiDQ(%) — % corresponding to QPSK

modulation. Substituting the above quantities into Eq. (4), the
resultant Pr(e) at high SNRs at the destination node is given

R— . _.
Pr(e) LN 2 11 1
- 0% p7sD A (50) 0
7=0 rev; RD ’YRD
C
<11 (r) 127<r> ' ®)
rey; (5SR) Ysr

Similarly, the corresponding SER results can now be derived
for several other fading channels listed in Table II in a straight-
forward fashion, which demonstrates the wide applicability
of the above framework. The diversity order and the optimal
power allocation of the Py protocol are developed next.
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1) Diversity Order and Optimal Power Allocation for the
Po Selective DF Multiple Relay System: Let the power frac-
tions for the source and " relay, denoted by ag, o, respec-
tively, be defined as a9 = Py/P,o, = P./P,1 < r < R.
Substituting ysp = ﬁgz-)a = % and '71(%% = 2P ipnto the
expression for the end-to-end SER Pr(e) derived in Theorem
1 yields

2t 1 dj
_ Cj (mo/P)™
Pr(e)= : ’
r(e) Eﬁ: tsp+1+ 3 tS+T;] ) iy ®
= (ag) IT ()50

rev;

where the exponent d; and the constant C; corresponding to
the state £; are given as

dj =tsp+ > thh+ Y tip+R+1,
rel; rev;

aspl(tsp + 1)CtsD+1+ >t vy

(10)

L rev; (7)
€= tspt+ X thah+ X tU+R+1 H {aRD
eV red; T'E‘I’j
(bar) ’
<r (tah 1)} T {elar (t5h+1) €0 b an
TG\T/]‘

The optimal power fractions and hence the optimal source-
relay power sharing is now given by the result below.

Theorem 2. The optimal power fractions ag, o, 1 <1 < R,
for the dual-phase protocol Py-based selective DF cooperative
system relying on R relays are given by the solution of the
optimization problem below

2F 1

win 3 G/ P ,
00,0150, AR = th+1+‘Z ‘ tpt+T;5] ()
" (ao) e IT (a)7P
rev;
R
st.ag+ Y ap=lag>0,0, 20,1<7r <R, (12)
r=1

where the quantities d; and C; are defined in (10) and (11),
respectively.

Proof. The optimization problem above can be readily for-
mulated by minimizing the value of Pr(e) from (9) together
with the total power budget of the Py protocol limited by P,
leading to the constraint in (12) in terms of the power fractions
g, Q. |

It can be seen that the optimization problem in (12) is a
standard geometric program (GP) [23] that can be solved to
obtain the optimal source-relay power fractions for a multi-
relay scenario using a convex solver such as CVX [24].
Moreover, one can also explicitly obtain the optimal power
fractions for a single relay scenario, i.e. for R = 1 as given
by the following result.

Lemma 1. The optimal power fractions o, a1 for a R =1
relay Py protocol, with tsp = tsp = trp = 0 that holds
for various fading channels such as Rayleigh, Nakagami-q,
Nakagami-n, Rician, and Shadowed Rician as shown in Table
1I, are obtained as

 Gy—2+1/46, 30,
2@ -1 7

_ 2&1 7&2:F\/ 451 7352
N 2(¢; — 1) ’

g ai 13)

Coagrp
2C12aSR :

Coagrp
C%GSR

where the constants are ¢, = and ¢y =

Proof. For R = 1, the optimization problem in (12) reduces
to

1 T2
)tSD+tSR+2 +

min
Qp,x1

)

(050 (ao)tSD-‘rl (al)tRD"rl

st. ag+a; =1, (14)

where the constants 7; and 75 are defined as

_aspl(tsp +1)Cigpp1as5r (tsr +1)Chgpin
- (bar P/mg)tspttsr+2 ’
_aSDF(tSD + 1)Ctsp+tRD+2aRDP(tRD + 1)
2= (bar P/m)tsp+trn+2 :

T1

5)

The optimization problem given in (14) can now be solved
using the Karush-Kuhn-Tucker (KKT) framework, i.e. by
differentiating it with respect to o and then setting it equal



to zero, which yields the following polynomial equation for
o

,(1 _ ao)tRD+2 + 51QESR+2 _ 52a65R+1 =0, (16)
o— T2 5, — _ (tsp+D)7a
where the constants ¢, = 7> and ¢; = (spttsnt2)m

non-negative zero of the above polynomial equation yields the
optimal power fraction aj, 0 < af < 1 at the source and
therefore, the optimal power fraction for the relay is o] =
1 — af. Furthermore, setting tsp = tsg = trp = 0 for the
various fading channels considered in Lemma 1, the roots of
the resultant quadratic equation for g can be evaluated as
shown in (13). |

The generalized expression for the diversity order of the Py
protocol and its impact on the optimal power sharing for vari-
ous scenarios is described next. Since the term corresponding
to the minimum value of the exponent d; dominates the end-
to-end SER expression of (9) at high SNRs, the diversity order
is given by

dp, = min d;
o Zocjdan 1
=tsp+R+1 i ) t S (17
sp+R+ +O<]n<1121}%1{r§ wh +§ gr - (A7)
J T 3j

In order to gain deeper insights into the diversity order and
optimal power sharing, consider tg'])2 = tspr and tg)D =trD
for 1 < r < R. For this scenario, the expression in (9) can be
simplified as

Pr(e) = 2_: l Cj ‘|

= (ao)tSDJFlJFtSR‘quH’l\T’jl H (ar)tRDJFl

rev;

Dj

(no)tSD thRD‘\Ifﬂ +tSR|\ifj| +R+1
>< —_—

P ; (18)

where the constant 5] is defined as

~  aspl'(tsp+1)Crgpsi4tnp|v, |+, (r)
G- (b tsp+trp| ;| +tsr|P;|+R+1 H{aRDF(tRD+1)}
M) rev;
< I] {ag,;r (tsr + 1)ctSR+1}. (19)
TG\T’J‘
Therefore, the diversity order is seen to be given as

dp, zmjin D;
=tsp+R+1+ mjin {trp|¥;| + tsr|V;|}
=tsp + R+ 1+ min {trp|¥;| + tsr(R — |¥;])}
=tsp+ R+ 1+ tSRR-i-mjin {(trp—tsr)|¥;[}. (20)
The results below give the simplified SER expressions for

various scenarios that are seen to yield important insights.

Lemma 2. For the scenario having diversity orders higher
than those of the source-relay links for the relay-destination

links, ie. for trp +1 > tsrp +1 = tgrp > tsr, the end-to-
end SER for the dual-phase protocol Py-based selective DF
cooperative system can be simplified to

Pr(e)

R
- aSDF(tSD + 1)Ct —+1 (T’)
- b tSD+1+tSRS}3D+R {%RF (tsr+1)
( MOZO) r=1

tsp+tsrR+R+1
C o
X Ctgp+1 F >

with the corresponding diversity order for this scenario ob-
tained as tsp +tsprR+ R+ 1.

21

Proof. For the scenario when trp > tgg, it can be seen that
min {(trp — tsr)|¥;|} = 0 when |¥,| = 0. Hence the domi-
J

nant term in (18) corresponds to the state & = [0,0,---,0]7,

with each relay in the multiple-relay system decoding in
error. Therefore, neglecting the terms j # 0, and substituting
|¥;| =0,|¥;| = R into (18) yields the end-to-end SER as

R
.aspl(tsp +1)((tsp + 1) (r)
Pr(e) = * tspt1ttsnRTR H {aSRF (tsr+1)
M) r—1
Mo tsp+tsrR+R+1
X Ctsr+1) | (F) 22)

Furthermore, from the exponent of the 1/SNR term (1o/P)
from above, it can be seen that the diversity order is tgp +
tskRR+ R+ 1. |

Moreover, it is seen from the above result that the end-
to-end SER performance of the system for this scenario of
trp > tsr depends only on the source power fraction ay.
Hence, the end-to-end error Pr(e) is minimized by setting cvg
close to its maximum possible value, i.e. to 1. In other words,
Py is approximately P, which in turn implies that a significant
portion of the available power is allocated to the source.

Lemma 3. For the scenario with the diversity orders higher
than those of the relay-destination links for the source-relay
links, i.e. trp +1 < tsg +1 = trp < tggr, the end-to-
end SER for the dual-phase protocol Py-based selective DF
cooperative system is obtained as

ﬁ afpT (trp +1)
oot (bMar)tRDJrl

tsp+trp R+R+1
C o
X Ctsp+ittroR+R

- aspl'(tsp + 1)
(bMOlO)tSDJrl

Pr(e)

o (23)

with the corresponding diversity order for this scenario deter-
mined as tsp +trpR+ R+ 1.

Proof. The proof is similar to that of Lemma 2 above and

can be derived by noting that when tgrp < tsgr, we have

min {(trp — tsr)|¥;|} = (trp — tsr)R corresponding to
J

the state &;r_q = [1,1,--+ ,1]T with |¥yr_;| = R. Retaining
only the dominant term j = 2 —1 and ignoring the rest leads
to the result above. |

Furthermore, with respect to the power sharing for this
scenario, it is seen that error rate minimization corresponds

to maximizing the product «g Hle a, in (23). This is in
turn achieved by setting o = o, = %H71 < r < R,



corresponding to equal power sharing between the source and
the relays.

Finally, for the scenario of tsg = trp, all the terms
corresponding to the states £;,0 < j < 2% _ 1 contribute to
(18). It can be seen from (20) that the diversity order achieved
for this scenario is tsp +tsrR+ R+1, since tsg —trp = 0.
Therefore, this result and the ones in Lemmas 2, 3 can now
be combined to yield the general expression for the diversity
order of

dp, ztSD—l—1+R(min{tSR7tRD}+1). 24)

As a simple illustration, setting tsp = trp = tsp = 0 corre-
sponding to various fading channels such as Rayleigh, Rician,
Nakagam-q etc. with single antenna nodes yields the standard
result of dp, = R + 1. The framework for the asymptotic
performance analysis of the class of P,,,, 1 < m < R selective
DF multi-relay multi-phase cooperative protocols is detailed
next.

III. P,,, BASED SELECTIVE DF RELAYING

A. System Model

Consider the multi-phase relaying protocol P,, as shown
in Fig. 2, which, in contrast to the dual-phase cooperative
protocol Py, allows inter-relay communication between the
relays. The channels between the various relay pairs 7 and r
are assumed to be fading independently with average gains

of (5&: M) Therefore, the instantaneous SNR corresponding
to the transmlssron between relay 7 and relay r can be
(r,7) _ A7) (r,7)
expressed as, Yrr' = Brr Trr Where 6 is a channel
fading dlstrlbutlon dependent non-negative random parameter
and the SNR constant 5\ is defined as 7\ = = In
the P,, protocol, the cooperative relaying transmissions are
spread over a total duration of R + 1 phases with each
relay receiving the signal from the source and at most m
previous relays. The source transmits the symbol in the first
phase, while each individual relay r selectively retransmits in
phase r + 1, after combining the transmission of the source
with the signals received from min{m,r — 1} previous relay
transmissions. Finally, the destination decodes the symbol after
R + 1 communication phases using the signals received from

the source and the relays.

B. SER Analysis and Optimal Power Allocation of P,, based
Selective DF Relaying

Similar to the analysis for the Py cooperative protocol in
Section II-B, let the state of relay r and the network state be
defined as £;(r) and &;, respectively. Furthermore, let ¥ (r) be
defined as, ¥;(r) = {F|max{l,r —m} <7 < r§&(F) =1},
i.e. all the relays preceding relay r which decode the sym-
bol transmitted by the source correctly. Below we derive a
generalized high-SNR end-to-end SER expression for the P,
protocol.

Theorem 3. Az high SNRs, the average end-to-end probability
of symbol error Pr(e) at the destination for a P, based

* Remaining
" (K-2) Phases '

Phase 1 Phase 2 Phase 3

Fig. 2. Selective DF based Py, cooperative system with multiple relays.

selective DF multi-relay cooperative system is given by
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where the constants by; and C,, are as defined in Theorem 1.

Proof. Given in Appendix D. |

To illustrate the applicability of the above result, one can
derive the end-to-end SER at the destination for the multi-
phase protocol P,,-based system using M-ary PSK over a

standard Rayleigh fading channel by setting the parameters
_ 1 ) 1 (r _ 1 (ar) _
4 asp = FORD T GOl OsrR T GUTR YRR S

Gutsp = (0 = T e i by =

sinéz(w /M) in Eq. (25) above. The corresponding closed-form
expression for Pr(e) of the system is obtained as

Z O|\p [+1 H {1}
= byO%pTSD rew, bar (50T,
Clw,(ml+1 { = }
y H Ti H - - . (26)
5 | (052357 g€V, (r) bar (338 Vi

rev;

The next subsection characterizes the optimal source relay
power sharing and diversity order for the P,, protocol.

1) Diversity Order and Optimal Source Relay Power Allo-
cation For Py, based Cooperative Communication: Employ-
ing the power fractions g = Py/P,, = P./P,1 <r <R,
the expression in (25) above for the end-to-end SER of the



P, system can be recast as

21 X,
Pr(e) = .
(e) ;é% tsp+l+ 3t 4[] o
(CYO) rev; Hre‘llj(ar)tRD-‘rl
x 1 RS} (%)dj’ @7)
HT‘G\T’]‘ HqE‘I/j(r)(aq) rr T
where d; = tsp + R+ 14+ Y t45) + Ztgl)%—l—
rev; rewv;

T’E‘I’j qev; (T)
to state §; is defined as

(tgglg )+ 1) and the coefficient X; corresponding

_aspl'(tsp +1)

J (bM)tSD-H Ctsn-&-l—&-re\pj b+,
(r) (r)
I agppl’ (trp +1)
X
@)
rev; (bag)'mo ™!
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re’; (bM) SR qeY;(r) (bM) R
% Ct(sr,lc+1+ > (850+41) (28)
qeY ()

It can be observed that the exponent d; can be lower-
bounded as d; > tsp + R+ 1+ > tg,)j + X tg})%

rev; rev;
IOEDS

) (K +1) = 0 e
_reyy qew;(r)

|¥;(r)] = 0,Vr € ¥;, which arises for the states, {or 1 =
1,1,1,-- 17, &ray = [0,1,1,--- 1T, &roy =
[0,0,1,--- 1T, -, & =10,0,0,---0]T. Hence, considering
the dominant (R + 1) terms in the expression of Pr(e)
corresponding to the above states, the convex optimization
problem for optimal source-relay power allocation in the P,,
protocol can be formulated as

with equality when

R

. X, Mo P d;
w3 S/ P) |
aQ,01 ..., QR =0 tsD+1+‘E\pAtSR+\\IIj\ -
j=2_1 (0) e [T ()trot?
rev;
R
st. ag+ Y _op =100 >0,0, >0,1<7 <R,
r=1

(29)

where d; = tsp+ R+ 1+ Xt + ¥ tg}% and the
TE\I’]‘ Te\i’j
constant term X; is defined as

X:aSDF(tSD +1)

j 1
(bM)tSD+ reyv; rev; M)
(r) (r)
(r) agpl'(tspt1)
<T (thp+1) } 1} { G Coor iy g G30)
rev;

(r)
i
tsp+l+ 5 b+ ;] (bag)ip+1

min d;, =
j=2k _1,0<k<R

: (r) (r)
j:zkjrf}(l)lngR rglfj trp rgij tSR}' fnter
esting insights can now be obtained both for the diversity order
and for the optimal power sharing by considering t(ST]){ =tsr
and tg,;)D = trp, Vr. For such a scenario, considering only
the dominant (R + 1) terms described above, the expression
in Eq. (27) for the average SER reduces to

R
> x4 (p)”
J P )
k=0,
j=2F-1

The associated diversity order is d =

tsp+R+1+

Pr(e) = (31)

where the exponent D; and the coefficient X; are defined as
Dj =tsp + R+ 1+ Rtgp + |¥|(tsr — trp),  (32)

_aspl(tsp +1)
(bMaO)tSD-‘rl

R (r)
appl (tgp + 1)
X H { .~ )tRD+1 }

r=|¥;|+1 (bMOb,«
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tsp+1+(trp+1)(R—|¥;))

(33)
st (bMaO)tSR-‘rl
Furthermore, by setting tg}z = tgpr and t%g) = trp, Vr, it

follows from (32) that the diversity order achieved is

d= min D;

j=2k_1,0<k<R

=tsp+R+1+Rtgp+  min  {|¥j|(tsp—trp)}
j=2k—1,0<k<R

(34)

Based on the above result, the end-to-end SER and diversity
order expressions of the P, protocol in various scenarios are
derived next.

Lemma 4. The end-to-end SERs for tsp > trp and tsp <
trp respectively at high SNRs in the P,, cooperative system
are given as

. aSDF(tSD + 1)

Pr(e)lisp>trp = (bt )tsp+1 tsp+1+(trp+1)R
Mo
R (r)
appl (trp +1) Mo\ tsp+1+Rtrp+R
<14 == (5) RNES
L (bvay)
. aspl(tsp +1)
Pr(6)|t5R<tRD = W tsp+1
« ﬁ agl)%F(tSR + 1)0 (no)tsp+1+RtSR+R
=i L (arag) T T LAP |
(36)
and the corresponding diversity orders are
d|tSR>tRD :tSD + 1 + RtRD + Ra (37)
dltsp<tnp =tsp + 1+ Rtsg + R. (38)

Proof. The proof follows from the fact that for tsp > tgrp,

min U |(¢ —t = 0 occurs when |T,| is
_umin {0 [(tsn — teo)} 75



minimum, which in turn occurs for the state {;_or_; =
[1,1,---,1]7, i.e. when none of the R relays decode erro-
neously. Hence, considering the dominant term corresponding
to §;—or_; in the SER expression (31) and neglecting all other
terms yields the end-to-end SER approximation in (35) and
the diversity order is seen to be (tsp + 1 + Rtgp + R)
from the exponent of the quantity (79/P). The analogous
result for tgp < tgrp is similarly derived by noting that
the dominant term in the Pr(e) expression in (31) for this
case corresponds to the state £j—o = [0,0,---,0]7 in which
min{|V;|(tsr — trp)} = —R occurs when |¥;|=R. W

Furthermore, for the scenario of tsgp = trp, the diversity
order can be seen from (31) to be (tsp + 1 + Rtrp + R).
Finally, by considering the minimum of the diversity orders
obtained for the scenarios of tsgp = trp, tsg > trp, and
tsr < trp, a succinct expression for the diversity order of
this system can be derived as

dp,, =tsp—|—1+R(min{tSR,tRD}—|—1). 39)
Considering now the aspect of optimal power sharing, when
tsr > trp, it can seen from (35) that all the power fractions
ag, -, 1 <1 < R contribute to the end-to-end Pr(e). Hence,
the optimal power sharing is given as ay = o, = R%H, 1<
r < R, i.e. equal power sharing across all the transmitting
nodes is optimal. On the other hand, for tsp < tgp, ag =1
is optimal since only the power fraction ¢ is present in
the dominant terms in the expression for Pr(e) in (36). For
a general scenario, the pertinent optimization problem for
source-relay power utilization in the P,, system, considering
tg})z =tggr and tg)D = trp, Vr can be formulated as

R ~
. X
min = ,
R L tsp+1+|¥;|(tsr+1) trp+1
45;‘70;1 0&0 H (675
J]1= T:|‘I’j|+l
R
s.t. ag + E a =1,
r=1

ap 20,0, 20,1 <7 <R, (40)

where the coefficient X ; corresponding to state j is defined
as

5. _aspl(tsp +1)

J (bM)tSDJrl tsp+1+(trp+1)(R—|T )
R : 151
ag;)DF (tRDJrl) a(s’})%l“(th+1)C
x H (b )tRD-‘rl H (b )tSR-H tsr+l
r=|T;]+1 M r=1 M

N0\ tsp+E+1+Rtrp+|¥;[(tsr—trp)
(%5) , (41

P

which is a geometric program that can be readily solved using
convex solvers such as CVX [23]. The next sections demon-
strate the applications of the framework developed above
for multiple-relay cooperative systems in various practical
scenarios.

IV. APPLICATIONS

One of the important aspects of the proposed framework
is that the results provided above are applicable in many
scenarios for fading distributions and PHY layer transmission
schemes such as space-time coding, cooperative beamforming
or antenna selection etc. These schemes or a combination of
these can be therefore adopted by the nodes of the cooperative
Po, Py, systems to further enhance reliability and performance
of communication. The analyses pertaining to such systems
are developed below. It can also be noted that due to page
limitations, the analysis of other practically relevant systems
is given in detail in the technical report [25].

A. MIMO-OSTBC Based Multi-Relay Cooperative Systems

OSTBCs are ideally suited for attaining beneficial diver-
sity gains in multiple-input multiple-output (MIMO) systems
since they achieve the full diversity gain despite using low-
complexity linear processing at the receiver. Furthermore, they
do not require any feedback of the channel state informa-
tion from the receiver, thus resulting in no overheads. Thus,
MIMO-OSTBC schemes have been the focus of [16], [26]. The
proposed framework can be readily extended to the analysis
of such cooperative MIMO-OSTBC systems, as demonstrated
in this section. Let us consider a multi-relay aided cooperative
scenario relying on multiple antenna assisted source and relay
nodes, each with N; = N, = NN antennas, since the source
and relays employ the same complex OSTBC design of either
a square or non-square matrix. Let N; denote the number of
antennas at the destination node. This standard cooperative
OSTBC system model is similar to the ones considered in
[27]. Due to OSTBC based transmission, this scheme does not
require CSI at the transmitter, whereas for decoding purposes
it is assumed that perfect channel knowledge is available
at each of the receiving nodes. The received codewords
Yspé(CNdXT,Y(S%G(CNXT at the destination and relay r
respectively in the first phase corresponding to the broadcast
from the source with power Py are given as

P
Ysp =/ —2-HspX + W
SD NR, SP + Wgp,
Yo =/ Pmox wh) (42)
SR NRC SR SR>

where T is the block length, R, denotes the OSTBC rate and
X € CN*T represents the OSTBC transmit matrix. The matri-
ces Hsp and H(srz)z are the MIMO channel matrices between
the source and destination, source and relay r, respectively.
The codeword Yg}, € CNaxT received at the destination
during the subsequent relay transmission phase is expressed
as

P, .
Yiib =\ i HapX + Wi, 3)

where P, is the power at relay r and Hg}, denotes the MIMO
channel matrix between relay r and the destination node. The
instantaneous SNRs of the source-destination, source-relay r,
and relay r-destination links can be seen to be given as,
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where 5SD755R and ﬁ ") are defined as Bsp = %,
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5(T) HHSBH 5(” ‘F . To illustrate the appli-

cability of the results derived, cons1der the coefficients of the
channel matrices Hgp, H( 1)% and ng)j to be the Nakagami-

2
(mgg(gg)),md
2
g,):,, (5;%) ), respectively. Therefore, Sgp is Gamma
distributed with the PDF of:

m fading with parameters (msp, 0% p),
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Using the identity exp(—z)= 37 ((—x)7/j!, the above ex-

pression for fzg, (x) can be rewritten as
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Considering the term corresponding to the summation index
jJ = 0 in the above expression, the parameters asp and tsp
for the source-destination link can be obtained as

1 NRemgp ) Vamse
(NNdeD - 1)'
tsp =NNgmgsp — 1.

asp = ;

2
5SD

Similarly, one can determine the respective parameter values
for the SR and RD channels as
(r)

N Msr
W)~ 1 NRcmg} |
(vemGhe=1)\ (563)
1) N ) 1,
NNami)
)~ 1 NRcmg% |
(NNdm() f1)! (5%)

t0) =NNgm$), — 1.

The parameter values above can now be substituted into
the results derived in Section II-B, specifically into (4)
for the end-to-end SER and into (12) for the optimal
power sharing, to obtain the desired results for the dual-
phase MIMO-OSTBC multi-relay system over Nakagami-
m fading channels. One can also derive the correspond-
ing results for the multi-phase MIMO-OSTBC multi-relay
system communicating over Nakagami-m fading links, us-

ing the same parameters above, together with a%’g) =

N nL(qu)
NRem;) f(a.r)

()"

CETREn] = N2mif) -1
in the results for end-to-end SER and optimal power allocation
derived in (25) and (29) respectively in Section III. Further-
more, using these parameter values, it can be readily seen
that the diversity orders of the Py, P, based MIMO-OSTBC
cooperative schemes communicating over Nakagami-m fading

links with mg])% = mSR,mg,)j = mpgp, Vr are

dostec =tsp + 1+ R(min {tsg,trp}+ 1)

:NNdeD +RN1nin{mSRN, mRDNd}. (46)

The above results illustrate that the diversity order of the
cooperative MIMO system depends not only on the number of
relays and antennas at the source, relay, and destination nodes,
but also on the fading parameters of the various links.

B. Multi-Relay SISO Cooperative Systems with Cooperative
Beamforming

Cooperative beamforming can be achieved by the relays
to form a ‘virtual’ antenna array, thus gleaming advantages
similar to those of multi-antenna systems with the aid of single
antenna relays. Careful selection of the beamforming weights
in such a system can lead to a significant improvement of the
diversity order and in turn of the reliability of signal reception
at the destination node. Furthermore, this technique has been
shown to be ideally suited for cognitive radio networks [29],
[30] as well as for physical layer security [31]. The results
derived for this system employing the proposed framework
are described below. Consider a cooperative beamforming-
based multi-relay SISO cooperative Py system in which the
set of relays W, that decode the signal correctly transmit in the
second phase simultaneously in the same band. Note that since
orthogonal channels are not required by the multiple relays,
this results in significant savings in terms of bandwidth. The
signal received at the destination and relay » in phase I can
be modeled as

ysp=v Pohspx+wsp, ySR vV PthRfE+w(5~1);g7

where z denotes the M-PSK or M-QAM modulated symbol,
wsp, w(s% are the additive white Gaussian noise (AWGN)

47

noise terms with variance 70/2 and hgp, hgz){ are the fading
channel coefficients between the source and destination, source
and " relay, respectively. Using the above equations, the
instantaneous SNRs at the destination and relay nodes can

: _ Blhsp®? _ = (r) _
be derived as, vsp = % = Bspysp and vygp =
L B~ where the ters 3 d B(T)

o = BsiTVsh» parameters SBsp an
are defined as Bsp = |hspl|? and B(S% = ‘h(r) In the

subsequent relaying phase, the relays in the set ¥; simulta-
neously retransmit the symbol x to the destination using the
beamforming coefficients { 3., Vr € ¥;}. The aggregate signal
received at the destination can be expressed as

YrD = Z VBB W ha + wrp,

TE\I/]'

(48)



where wgp is the symmetric complex AWGN at the destina-
tion with a variance of 7/2 per dimension and hgj)j is the
fading channel coefficient between relay r and the destination.
Using the optimal maximal ratio combining beamforming

coefficients B, = (hg,)j) for all » € ¥; [12],

Z ‘ (T’)

T E\IJ
the instantaneous SNR at the destination can be expressed

S BybTsh, where B3, =
TE‘I/]'

as, Yrp = ) 7,70 =
rev;

2
‘h(r) . Therefore, substituting the parameters (asp,tsp),
(agl)%,tgl)?), and (agl)yt(%) for the PDFs of Bsp, AT,
and ﬁg% 1)) from Table II into the expression for Pr(e) in (4),
one can readily obtain the end-to-end probability of error for
cooperative beamforming in various fading scenarios. These

parameters can be further substituted into (12) in Section II-B
to obtain the optimal power fractions at the source and relays.

C. FSO Based Multi-Relay Cooperative Systems

Free space optical (FSO) relaying systems have recently
gained significant popularity due to their low cost and rapid
deployability [32]. Furthermore, FSO systems have the ability
to support higher data-rates and use license-free spectrum for
operation, thus making them ideally suited for communica-
tion applications. Extension of the cooperative communication
paradigm to FSO systems has been proposed by Anees and
Bhatnagar [33], [34]. These systems employ the subcarrier
intensity modulation (SIM) technique for transmission of
M-ary PSK modulated optical symbols over FSO links, as
described in [35]. In such a system, the signals received at
the " relay and destination nodes after optical-to-electrical
conversion are given as

YsSD _775'D vV FPolspx + wsp,
(r) (r)
Ysr nSR V ISRm + Wgp;

where 7nsp and ngl)% are the optical-to-electrical conversion

coefficients, x denotes the transmitted symbol, while Isp and
I é% represent the real-valued irradiances of the SD and SR

links with E{Zsp} = 1, E{I{}} = 1. The quanities wsp

and w( ") are the complex-valued AWGN samples with a mean
of 0 and a variance of 7)9/2 per dimension. It is assumed that
each relay has channel knowledge for its respective SR link,
whereas the destination node has channel knowledge of the SD
and all the RD links for coherent detection. The instantaneous

SNRs at each relay r and destination node in the first phase

can be expressed as véR = BSR’X(S'})% vsp = BspYsp where

2
B(T) = ((S?-i) gg}%) and Bsp = niplip. Similarly,
one can express the instantaneous SNR at the destination

node in the second phase as, 7}(%])3 = 1({])3*1(;)3, where
(r) _ (T) 1)
RD

RD =
to be Gamma—Gamma distributed with shape parameters of
(r) () d (). o) di
(spsvsp)s | bgrsVsgk )» and | pp, VR ) corresponding to
the source-destination, source-relay r, and relay r-destination

(49)

. Let us consider now the FSO links

links, respectively. The PDF of Ssp denoted by fs, (x) can
be obtained as [33]

vep+k
fosp(x) = (Ck vsD, sp)T 2 71)
=0
> ® +k
SDTR _
+ Z (Ck KSD,VSD)T 2 1) ; (50)
k=0
where  (i(a,b) alek defined as, (x(a,b) =
m(ab) The parameters

2(nsp)etk sin((b—a)m)k!T(a)T(B)T (a—b+k+1) "
asp,tsp) corresponding to the PDF above can be obtained

by considering the dominant term with k£ = 0 as

asp = {CO(VSDa KUsD)

if vsp < psp

Co(psp,vsp) if vsp > psp,

tSD :min{VSD,,uSD}/Q —1.

Similarly, one can derive these parameters for the source-relay
r, relay r-relay ¢, and relay r-destination links as
) Jo(vSrnsn) it iy <ugy

(
agp = r . r r
Co lfg(gz)gu V_(gz)g if Vé*]%, > Nfsz)a

£ =min{v{p, ph}/2 — 1,

o[ i < iy

Arr = r N . , o
o (il wA50) i > g

tggg) _mm{VRR aMRR }/2 -1,

(T) Co VRD,MEQJ)J

@Rrp =
Co (Kb vith

tap =min{vip, uip}/2 1
Thus, substituting the above parameters into (24) and (39)
respectively, one can now derive the diversity orders of the
Py and P,, based multi-relay systems communicating over
Gamma-Gamma distributed FSO links with tgz)% = tgr and

tg}, =tgp,Vr as

if Vz(z% < u(}%

drso =tsp + 1+ R(min {tsgr,trp} + 1)

17 .
=3 [mm{VSD, psp}

+ R min { min {Z/g})%, /,Lgl)%} , min {VI(QD, ,ug])j} H . (5D
Furthermore, these parameters can also be substituted into (12)
and (29) to obtain the optimal power fractions.

D. Transmit and Receive Antenna Selection Based Multi-
Relay Cooperative Systems

It is widely recognized that multiple antennas at the trans-
mitter and receiver significantly improve the reliability of com-
munication through diversity. However, this also leads to an
increased signal processing complexity as well as to increased
higher device costs due to the individual RF chains required for
signal reception at the multiple antennas. Intelligent antenna
selection can enhance the practical appeal of such systems



by reducing their complexity and cost, while retaining their
diversity advantages [36], [37]. The proposed framework can
be exploited for the analysis of cooperative systems with
antenna selection at the source, destination and individual relay
nodes, as demonstrated below.

Consider a Py and P, based selective DF wireless coopera-
tive system using Ny, N,, and N, antennas at the source, relay
and destination nodes, respectively. The transmit and receive
antenna selection is based on instantaneous SNR maximization
at the destination node, as per the procedure detailed below.
In the first step, the i™ transmit antenna at the source and n®
receive antenna at the destination are selected for ensuring the
direct SD SISO link has the maximum channel gain amongst
all the NgN, SD links. In the second step, a single receive
antenna is selected at each relay based on the maximum
channel gain from amongst the N, channels emanating from
the ¢™ antenna at the source to each relay. This is denoted
by k., where the subscript r represents relay r. In the final
step, the (k,)™ antenna at relay 7 and (7)™ antenna at the
destination node are selected based on the maximum channel
gain of all the Ny N, links between relay r and the destination

nodes. The instantaneous SNR at the destination in the first
phase is
ep = s _ Blhsp,,|?
S0 i a2, 8, | P 1o

=BspVsDs (52)

where 3sp = max {|hsp,,
in

2} = max{Bsp,, }. For purposes
of illustration, assume the source-déstination, source-relay 7,
and relay r-destination hnks to be Nakagami-m faded with
parameters (msp, %), (m{p, (357)%). and (migp, (375)),
respectively. One can now employ the expression for the PDF
fssp,, (x) of the Gamma distributed random variable 8sp,,, .
to calculate the parameters asp and tgp as follows. The
CDF and PDF of Bgp denoted by Fay,(x) and fz,,(z)
respectively, are

Fagp (2) :Pr(izl,m ,J\I/??L}il, ,Nd(BSDm) < x)
NN,
= (Fasp,, (2) 77, (53)
where Fg,, () is the CDF of the quantity Ssp,,,. Differen-

tiating the above equation with respect to x, the PDF fz,, ()
can be obtained as

Fsn (@) =NoNg (Fpop, ()™ foep (@)
(m mspx/6% ) NeNa—t
—N.N, <V SD,MsSDT/0gp )

(msp —1)!

a™sp~Lexp (—mspx /%)

(03p/msp)m™sP (msp — 1)
Furthermore, using the identities v(s,z) = x°T'(s) exp(—x)
XYoo F(s+k+1 from [(8.2.6, 8.7.1), [38]] and exp(—x) =
Z o(—x)?/j!, the above expression can be simplified to
y1eld the values of asp,tsp as [1]

NsNa(msp/0gp)msP NN

(msp)NeNa=1((mgp—1)1)NeNa”

(54)

tsp=mgspNgNs—1.

asp=

Similarly, the parameters (ag,)j,tg,)j

be obtained using the PDF f 50) (+) as
RD

P TVLE—:)DNTNd
(5i2)
RD )
(r) N,.Ng—1 (r) N,.Ng ’tRD
(min) (o))

The received SNR at the (k)™ antenna of relay 7 correspond-
ing to transmission by the i source antenna chosen in the first
phase is obtained as

for the RD links can

N,N, (ng},
) _
RD™—

=m{5 ) NaN,—1.

Py [
Wh=, max 3L b sl 59
SR C1UON, o SRYSR
2
where 5SR—k qmax o ‘hSler }:k‘—l?a.}.(zv {@qukr}

Following a procedure similar to the one described above for

the SD link, the parameters ag })%, t(r) are determined as

r

("‘)N
Nr( 9! (5<r>)) o
RO ") 7 N, —

Aspr= (mg}%)mfl ((mg}%—l)!)m stsr=

The above parameters can be employed in the relevant re-
sults in Section II-B for the analysis of the Py cooper-
ative system with transmit and receive antenna selection.
For the P,, system, consider the antenna selected at each
relay in the third step of the procedure described above
used for inter-relay communication. The relevant parameters
for transmission from relay r to ¢ can be expressed as

m ()
(q,m) (q,m) RR
(nL "R /(5q ) > t(qu)
)

(qT) —1)!

(q,r)

(qﬂ") _ _
= Mpgpr

Orr" =

— 1 using

the Nakagami-m fadmg PDF f (@.» (+). These can in turn be
substituted into the results of SRectlon III. Using values of
tg 1)%, tsp and tS%)D above in (24) or (39), the identical diversity
order of the Py and P,, systems with transmit and receive
antenna selection over Nakagami-m faded links, assuming

tg})z =tgr and t% = tgrp, Vr, is expressed

dtras =tsp + 1+ R(Inin {tSthRD} + 1)

=mgpNsNg + RN, min{mgsr, mrpNq}. (56)

The parameters can also be substituted into (12) and (29) to
obtain the optimal power fractions for transmit and receive
antenna selection in both two-phase and multi-phase multi-
relay aided cooperative systems.

V. SIMULATION RESULTS

This section presents simulation results for validating the
proposed framework and derived results for the multi-relay
cooperative systems for the various PHY layer and signal pro-
cessing schemes considered above. For simulation purposes,
consider the transmission of QPSK modulated symbols, i.e.
M = 4 at a noise power of 79/2 = 0.5 per dimension. Fig. 3
plots the SER performance of the dual-phase and multi-phase
Pm,m = 1 protocol based selective DF SISO cooperative



Fading conditions

[ Po,ao [ Po,Oél [ Po,OéQ [ 'Pl,Ozo [ 731,()11 [ 731,(12

n — p fading links with n = 1, u = 0.5 [Format 1] | 0.6974 | 0.1513 | 0.1513 | 0.6988 | 0.1069 | 0.1943
x — p fading links with kK =0, x = 0.5 0.6669 | 0.1666 | 0.1666 | 0.6635 | 0.1190 | 0.2175
TABLE III

OPTIMAL POWER FRACTIONS FOR DIFFERENT FADING CHANNEL CONDITIONS WITH 5§‘D = JE'R = 0.1 AND 6??,D =1.

T T T T
K-H fading with K _K%;? k(L2 =0,
Hep -ug)R-ufSR -05 Kep=0, u') =10r ]
Diversity order =1.5

10

both the multi-relay protocols with the optimal source-relay
power sharing, obtained using the results in (12) and (40),
respectively. It can be clearly seen that the optimal power
fractions specified in Table III significantly improve the end-
to-end SER of the systems. Furthermore, it can be observed

x - : 77;8 :fﬁ}ﬁ g%‘éﬁ;gf’gg@er from Tgble 111 that when. the RD links are r.elatively strong in
0 —x—P; with equal power comparison to the SR links, more power is allocated to the
- % -P; with optimal power . . .

oL source in comparison to the relays in both the Py as well as
P schemes. The remaining power is equally shared amongst
0oL g;;‘fj;’;;g;,"gr“mat . ' both the relays in the Py scheme, whereas. in t.he ‘P1 scheme,
g;o,u;;).sgormgta the power allocated to the second relay is higher than that

Iversity oraer =. . .
10° ‘ ‘ ‘ . ‘ allocated to the first relay. This can be expected, since the

0 5 10 15 25 30 35 40

20
SNR (dB)

T T T

K-H fading with K _K%;Q (12) 0
Hep -u(S)R-u(SR —05 Ky —0 u )=10r ]
Diversity order =1.5

10°E

second relay is more reliable than the first relay in the P,
scheme, as it combines the signals from both the source and
the first relay prior to decoding, while the first relay decodes
only the signal received from the source.

Fig. 4 demonstrates the SER performance of Py and
Pm,m = 1 based multi-relay cooperative systems using

o —0—720 Wizﬁ eqt;_al power QPSK modulated Alamouti coded MIMO-OSTBC transmis-

-3|| - - Py with optimal power . . . . .
Wy~ 2 ) with equal power sion. For.s1mulat10n purposes, th? Nakagami fading parameters
- % -P; with optimal power of each link are set to unity. In Fig. 4, the SER plots are shown
0 for equal power sharing, i.e. for g = a1 = ag = % and
. -} fading with optimal power sharing for the scenarios when either the RD
v e link is stronger than the SR link or both the links have equal
o ‘ ‘ e — channel gains. These results lend support to the claim that the
0 5 10 15 20 2 30 35 40 optimal power sharing lead to a considerable end-to-end error
SNR (dB) rate reduction. Furthermore, a s1gn1ﬁcant SER 1mprovement

Fig. 3. SER performance of the Py and P, m=1 based selective DF ~ €an be seen for the scenarios When

SISO cooperative systems with R=2 relays, Ns=N,.=Ngz=1, noise power
no=1, and (%D:(%R:O.l, J%D:L where analytical expressions (4), (25)
with 7 — v and k — p fading parameters given in Table II are simulated to
plot asymptotic bounds, and (12) and (40) are used to obtain optimal power
fractions at the source and both the relays.

system over independent and possibly non-identical n — p
and k — p distributed SR, RD and SD links. It can be
seen from Fig. 3 that the asymptotic SER approximations
derived in (4) and (25) for the dual-phase and multi-phase
protocols respectively are in close agreement with the sim-
ulation results at high SNRs. These plots also validate the
expressions derived for the diversity order in Sections II-B1,
III-B1 for the dual and multi-phase protocols respectively, and
demonstrate that the proposed multi-relay schemes achieve a
diversity order of d = tsp + 1 + R(min {tsg,trp} +1) =
usp + Rmin{uSR,uRD} 1.5 and d = tgp + 1 +
R(min {tSR,tRD} +1) =2ugp + 2Rmin {NSR;NRD} =3
under x — p and 1 — p fading conditions respectively, with
tgz)z = tgr and tg])j = tgp for r = 1,2,--- | R. Further-
more, Fig. 3 also plots the simulated SER performance for

arises since a substantial fraction of the power is allocated to
the source in comparison to the relays, which translates into
a lower probability of error at the relay as well as destination
nodes compared to equal power sharing. Furthermore, for the
scenarios when the SR link is stronger than the RD links, equal
power sharing is optimal for both the multi-relay systems. It
can also be seen from Fig. 4 that the MIMO-OSTBC based
Po and P,,, m = 1 multi-relay cooperative systems achieve
a diversity order of tgp + 1 + R(min {tsg,trp} + 1) =
NNgmgp + RN min {T??,SR]V7 mRDNd} =12.

Fig. 5 portrays the SER performance of the MIMO-ZF
based Py and P,,,m = 1 multi-relay cooperative systems
using N = 2, N; = 3 and all the links experience independent
Rayleigh fading with equal channel gains. The net diversity
achieved in this scenario is tsp+1+ R(min{tsgr,trp}+1) =
4, where tSD = Nd—N = ].,tSR = 0and tRD = Nd—N = ].,
as demonstrated in [25, Section I-A]. It is also interesting to
note that the optimal power sharing for the MIMO-OSTBC
scenario is independent of the SNR, which arises due to
having an equal number of antennas at the source, relay and
destination nodes. However, for the MIMO-ZF selective DF
cooperative system, where the number of antennas at the des-



SNR (dB) [ Po,a0 [ Po,oa | Po,az [ Pryag | Prooa | Pioas

0 0.3512 | 0.3244 | 0.3244 | 0.3431 | 0.3218 | 0.3351

5 0.3793 | 0.3103 | 0.3103 | 0.3620 | 0.3025 | 0.3356

10 0.4321 | 0.2459 | 0.2459 | 0.4079 | 0.2649 | 0.3272
TABLE IV

OPTIMAL POWER FRACTIONS FOR MIMO-ZF BASED Py AND 7?1 MULTI-RELAY COOPERATIVE SYSTEMS WITH N = 2, Ny = 3.
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Fig. 4. SER performance of the Po and Pp,, m=1 based selective DF
MIMO-OSTBC cooperative systems with R=2 relays, Ny=N,=Ngz=2,
and noise power o = 1, where analytical expressions (4), (25) with the
parameters obtained in Section IV-A are simulated to plot asymptotic bounds,
and (12) and (40) are used to obtain optimal power fractions at the source
and both the relays.

tination is higher than that of the source and relay, the optimal
power fraction P/ P at the source progressively increases with
the SNR, as clearly seen in Table IV. This arises, since the
diversity orders of the RD links are higher than that of the
SR links. Fig. 6 depicts the end-to-end SER performance of
our cooperative beamforming based multi-relay systems. For
simulation purposes, Nakagami-m fading is considered with

AN 2
average channel gains of 6%, = 0.1, (Jg%) = 0.1 and

(6%}, ’ = 1 for the cooperative beamforming based dual-
phase Py system. For this system, the diversity order achieved
can be readily derived as, tsp + 1+ R(min{tsr,trp}+1) =
msp+ Rmin{mgsg,mrp} = 3 for mgp = mgp = mg)D =

1,¥r and 6 for mgp = miy = m¥), = 2,Vr, which is

Asymptotic bounds,
Diversity order=4 B

—@— P, with equal power
5 0tl-© =Py with optimal power| :
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- B =P, with optimal power|
10°F ;
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107E Rayleigh fading with (- &%, =(3%.)*=(332)*=(5{))?=0.5001) v
<
1075 L L L L
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Fig. 5. SER performance of Py and Pp,, m = 1 based selective DF MIMO-
ZF cooperative systems with R = 2 relays, Ny = N, = 2,Ng = 3,
and noise power 19 = 1, where analytical expressions (4), (25) with the
parameters obtained in [25, Section I-A] are simulated to plot asymptotic
bounds, and (12) and (40) are used to obtain optimal power fractions at the
source and both the relays.

T T
- Asymptotic bounds

Nakagami fading with

% 10°]| —@—Po with equal power m =m0 =m¥=1,0r, ]

) - ® - P, with optimal power
- diversity order=3
-4

10 F Nakagami fading with 3
=m® —m® =

10* mso_msn_mRD_z’ ar, ]
diversity order=6

10° I 1 1 1 1
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SNR (dB)

Fig. 6. SER performance of cooperative beamforming in dual-phase Pg based
selective DF cooperative system with R = 2 relays, Ny = N, = Ng = 2,
and noise power 19 = 1, where analytical expression (4) with the parameters
obtained in Section IV-B is simulated to plot asymptotic bound, and (12) is
used to obtain optimal power fractions at the source and both the relays.

seen in Fig. 6. Moreover, as shown in Fig. 6, the optimal
power fractions derived using (12) can significantly enhance
the performance of P, based cooperative systems.

Fig. 7 characterizes the performance of Py and P,,,m = 1
based cooperative DF FSO systems over Gamma-Gamma

distributed links with shape parameters of vgp = Vé% =
r _ a2 _ g d -, (r)
VrRp = Vrr = V.V and lsp = Hgp HRD
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Fig. 7. SER performance of dual-phase Pp and multi-phase Py, m = 1
based selective DF FSO cooperative systems with R = 2 relays, Ny = N, =
Ng4 = 1, and noise power 1o = 1, where analytical expressions (4), (25) with
the parameters obtained in Section IV-C are simulated to plot asymptotic
bounds, and (12) and (40) are used to obtain optimal power fractions at the
source and both the relays.

ug}g) = u,Vr. In our simulations, QPSK modulated sym-

bols are considered, with optical-to-electrical conversion co-

efficients of nsp n(STR = ngl)j = 1,¥r and (p =
4,v = 1.9), (0 = 4.2,v = 1.4) for the moderate and

strong turbulence regimes, respectively. It can be observed
from Fig. 7 that the diversity order achieved for the Py and

P1 based multi-relay FSO system is %[min{usp,usp} +

R min { min {l/g;)%, N(srz)z} , min {ng)j,ugl)j(} }] = 2.1 for
the strong turbulence regime and 2.85 for the moderate
turbulence regime, respectively. Finally, Fig. 8 presents the
SER performance of a Py based practical shadowed-Rician
land mobile satellite (LMS) system. The detailed analysis of
these scenarios is given in the technical report [25] due to
lack of space in this paper. It has been shown in [39] that
the parameters of a shadowed-Rician LMS channel for the
source-relay r and SD links depend on the elevation angle 6
as follows, b(#) = —4.7943 x 1078 x 03 + 5.5784 x 1076 x
62 —2.1344 x 1074 x 6 + 3.2710 x 1072, m(f) = 6.3739 x
107° x 0 +5.8533 x 1074 x #2 — 1.5973 x 10! x 6+ 3.5156
and Q(0) = 1.4428 x 107° x 6% — 2.3798 x 1073 x 62 +
1.2702 x 107! x 6 — 1.4864. For simulation purposes, the
elevation angles are set as fsp = 95@11){ = 9;21)% € {20°,40°}
and it is assumed that the channel between relay r and the
destination experiences Nakagami-m fading with a param-
eter of mpp = 0.5 and average gain of 0%, = 1. It
can be clearly seen from Fig. 8 that the asymptotic SER
approximation derived in (4) coincides with the simulation
results and also that the system achieves the diversity order of
dHybrid Satellite-Terreswial = 1 + Rmin{l,mprp} = 2, as derived
in the report [25]. One can also observe that the performance
of the hybrid satellite-terrestrial system improves using the
optimal power fractions in (12). Furthermore, the end-to-end
performance of the system can be significantly enhanced by
increasing the elevation angle.

T T T
| —@— P, with equal power
- ©-"Py with optimal power|]

SER

= = 2 _
6=40 degree, m _ =0.5, 5_ =1

Asymptotic bounds

loig L L L L L L
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SNR (dB)

Fig. 8. SER performance of a hybrid satellite-terrestrial system employing
dual-phase Pg protocol with R = 2 relays, Ns = N, = N4 = 1, and noise
power 1o = 1, where analytical expression (4) with the parameters obtained
in [25, Section I-C] are simulated to plot asymptotic bound, and (12) is used
to obtain optimal power fractions at the source and both the relays.

VI. CONCLUSIONS

A simplified analytical framework has been presented based
on a polynomial approximation of the fading channel PDF
to characterize the high-SNR performance of dual-phase Py
and multi-phase P,,, multi-relay selective DF cooperative com-
munication systems for several fading distributions. The ap-
plicability of the proposed framework has been demonstrated
through an analysis of the end-to-end SER performance of co-
operative systems considering different PHY layer transceiver
processing schemes, such as MIMO-OSTBC, MIMO-ZF, co-
operative beamforming, transmit antenna selection, amongst
others. Furthermore, a framework has also been developed for
optimal source-relay power sharing for enhancing the end-to-
end performance along with closed-form expressions of the
diversity order achieved through cooperative communication.
Our simulation results demonstrate the validity of the derived
analytical results derived and characterize the performance of
diverse cooperative communication systems.

APPENDIX A
PROOF OF THEOREM 1

For the cooperative system in state £;, since only the relays
r € W; would selectively retransmit the decoded symbol, the
net instantaneous SNR at the destination is

Bsp¥sp + Z BabTh:
rev;

(57

Therefore, the end-to-end conditional symbol error probability
for M-ary PSK modulation when the cooperative system is in
state &; can be written as [6]

Pr(el¢;, B)
1 (M—1)x b
_1 [ oM 5 @A do
=2/ XP | =g Bspsp tez\l; BrDTRD ’
| (58)



where by, = sin?(w/M). Averaging over the CSI B, the
average probability of symbol error in the state {; can be
derived at high SNRs, as shown in Appendix B, as

afibT (¢ +1)

+(r)
+1
_ RD
rev; (bM’YgD)

(59)

B aspl(tsp + 1)

(bM%D)tSDJrl

Es{Pr(el¢;, B)}

X CtSD+1+ 3 b

i

The quantity Pr(§;), which denotes the average probability of
the system being in state {;, can be expressed as

Es{Pr(&(8)} = [ ] Es{Pr(&(r)IB)},

r=1

(60)

since the links between the source and various relays fade
independently. Furthermore, let e(") denote the event of a
decoding error at relay r. Thus, it can be seen that we have:

Eg{Pr(&;(r)[B)}

_ JEs{Psrn(eP[B)}  if &(r) =
1 —Eg{Ps_, g (eM|B)} if &(r) =

The quantity Eg{Pg_, z» (e |B3)}, which denotes the aver-
age probability of decoding error at relay  can be evaluated
using a procedure similar to the one given in Appendix B for
Eq. (59) as

EQ{PS%R“‘) (e(r) |é)}

(M—1)=
1 M bM
=— Eg qexp |- (
T Jo = sin? 0

+1
(bM'V(T)> =

a(S 1)%, t(r])%) depend on the PDF of the

source-r'" relay fading link. Furthermore, at high SNRs, one
can employ the approximation 1 —Eg{Py_, pr (e™[B)} =~ 1,
similar to [6]. This can be seen to yield results that closely
approximate the end-to-end performance of our cooperative
wireless system. Hence, the expression for Eg{Pr(¢;|3)} given
in (60) can be simplified to - N

Es{Pr(18)} = T] Es{Pr(&;(r))}

re\i/j

() ()
agpl'(tgp +1
= SR SR 2 E) — )thm_H . (63)
ed (b]LI'Y )t sptl SR

It is worth mentioning that the expressions for Eg{Pr(e|¢;, 5)}
and Eg{Pr(¢;|B8)} considering M-QAM, as shown in Ap-
pendix C, are identical to the expressions (59) and (63) derived
for M-PSK modulation. However, the quantities by; and C),
in (59) and (63) for M-QAM are different. Substituting now
the expression for Eg{Pr({;|3)} from above and that for
Eg{Pr(e[¢;, 8)} from (59) into (3) yields the expression for
the high-SNR end-to-end SER performance of the cooperative
wireless system as given in (4), which completes the proof.

(61)

G2)) a0}

x C (62)

(r)
tgp+l’

where the parameters (

APPENDIX B
SIMPLIFICATION OF Eg{PR(e[;, 3)}

In order to analyze the behavior of selective DF based coop-
erative systems at high SNRs, one can now employ the results
of Section II-A for the PDFs of the various links at 3 — 0"
to evaluate the average probability of symbol error, when the
cooperative system is in state §;. Exploiting these properties,
the average end-to-end SER performance of the dual-phase
cooperative wireless system can be simplified as seen in
(64). Furthermore, using the identity fooo " exp(—pz)dr =
I'(n 4 1)p~ (Y [(3.326-2), [22]], it can be seen that

oo b =
/ exp <—MB.SIQWSD> asp(Bsp)*PdBsp
0

sin“ 0
b = *(tSRﬂ’l)
M’YSD) 7 (65)

= I(tsp +1
aspl(tsp )< sin? 6

< 5 7 T T t%‘)D T
7o (2 Y i) ()

sin 6
o) ~(thp+1)
= a%p( £) +1) (bzm ) . (66)

sin® 6

Hence, using the above integral identities and neglecting the
higher-order terms in the polynomial approximation for the
PDF at high SNRs, Equation (64) can be simplified to yield
the result for Eg{Pr(e|¢;, 5)} stated in (59).

APPENDIX C
DERIVATIONS OF Eg{PR(e[¢;, B)} AND Eg{PR(;|3)} FOR
M-QAM

The end-to-end conditional symbol error probability for M-
ary QAM when the cooperative system is in state £; can be
written as [6, Eq. 5.23]

Pr(el¢;, B)

4F 3 bM (1) ~(r)

= Bspisp + B do
/M TGZI; RDVRD
4F2? [% )

+ 7/1 €xXp 6SD'YSD+ Z BRD YRD das,

4 rewv;
(67)
where by = m and F =1 — 1M Following the same

procedure as shown in Appendix B and averaging over the
CSI 3, the average probability of symbol error in the state §;
can be derived at high SNRs as

1 al’L T (t(” +1)

)
rev; (b ’)’(T) )tRD+1

(63)
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where the constant C,, is defined in Eq. (69). Following similar
lines as shown in Equations (60)-(63), the expression for
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Es{Pr(¢;|B)} considering M-QAM can be derived as for the P, system as
Es{Pr(¢;18)} Pr(&;(r)=Eg{Pr(¢; (r)|g; (r=1), - -+ &(r—m), B}
=TT EstPr(s;(n)15)} _[EstPsro (@B} i) =0, o
rev; 1 —Eg{Ps_, g (e|B)} if &(r) =
= H r /2 Egs {exp ( _b];[ ( E@rl)QVEqTIZi)) d@} The average probability of error Eg{Ps_, z» (e(”)|3)} at relay
rel; M Jo = sin” ¢ r, can be evaluated as shown in (74). Exploiting now the fact
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APPENDIX D
PROOF OF THEOREM 3

(70)

Similar to the Py protocol, one can once again take recourse
to the fundamental relationship for the average end-to-end
SER, averaged over the instantaneous CSI ﬁ given as

2R

Pr(e)=Es{Pr(el8)}= Y Es{Pr(el¢;, H)Es{Pr(;]8)}, (7D
§=0

where the instantaneous CSI § for the P, protocol is defined

as = {BSD,BgI)%, BRD,BRT 7) ,1<r < Rmax{l,r—m} <
7 < r — 1}. The average probablhty of the system being in
state §; can be expressed as [16]

R
Es {Pr(&18)} = [ [ Pr(&(r))

r=1

(72)

where the quantity Pr(¢;(r)) is the average conditional prob-
ability of the relay r being in state &;(r) and can be defined

that 1 — (-) &~ 1 at high SNRs in (73), the expression for
Eg{Pr(¢;|B)} in (72) can be simplified to

Es{Pr(&18)} = ]] Pr(&(r)

TE\I/J'

aif T(tix +1)

1 alhrel) +1)

M )
rev; (erYé})%)tSR+ g€, (r) (b]v ,Y(QJ’)) RR +

x C (r>+1+ s (tgj;)**l) (75)

qEW ; (1)
Furthermore, it can be noted that the average probability of
symbol error in the state §; is identical to the one derived in
(59) for the Py protocol at high SNRs and is given as

(r) (r)
;(ZSDF(tSD + 1) H aRDF (tRD + 1)
 (bar¥sp) T ey ()t
ret (bM'VRD)

Eg{Pr(el¢;, 8)}

X CtSD+1+ t(r) AL (76)
rev;
Substituting both these results for Eg{Pr(¢;[3)} and

Eg{Pr(el;, 8)} in the expression for the end-to-end SER in
(71) derives the claim in the above theorem.
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