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This thesis can be divided into two related parts. In the first part the idea of the holographic
beta function is reviewed and a new method is developed that allows to compute the
scalar potential of one-scalar truncations of the five-dimensional gauged supergravity theory,
provided that the beta function of the field theory is classical. A class of deformations that is
likely to have a classical beta function are the N = 1 preserving operators in short multiplets
of the N = 4. We classify all single-trace operators with such properties, and give extra
emphasis to F-terms and D-terms. By writing the deformations in the most general way
in terms of N = 1 superfields we find interesting relations to pairs of Kaluza-Klein towers
that originate from the same ten-dimensional field in the gravity dual. The ideas of the
holographic beta function can be generalized to vacuum expectation values, we record some
basic observations, and give an outlook for future work.

In the second part a full uplift of the GPPZ flow to ten dimensions is constructed using
the exceptional field theory formalism. We obtain the metric, the axion-dilaton matrix,
and a full set of RR potentials and fluxes, which are checked to satisfy the IIB equations
of motion. The uplift contains an extended version of the GPPZ solution where the mass
term m and the gaugino condensate σ are complex, and a U(1) gauge field Aµ is included
for consistency. We argue that the phases of the complex scalars are related to the U(1)R
and the bonus U(1) symmetries of the field theory. We complete a thorough analysis of the
asymptotics of the uplift close to the conformal boundary and close to the singularity. While
the near-boundary asymptotics are found to agree with the zero-temperature limit of the
Freedman-Minahan analysis, we could not fully match with the Polchinski-Strassler solution.
The near-singularity limits confirm and extend the results of Pilch-Warner. We show that
there are conformal frames in which the singularity in the Ricci scalar is improved, but
never completely eliminated. In order to relate the singularity to the presence of D-branes
a search for D-brane sources is initiated and the first preliminary results are positive. In
anticipation of a future Kaluza-Klein analysis of the solution we start a systematic derivation
of corresponding spherical harmonic functions.
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Chapter 1

Introduction

A thesis on holography necessarily has to start with a reference to Maldacena’s original
article [1] in which it was argued that a four-dimensional conformal field theory on a stack
of D3 branes, and the gravitational physics on the AdS5 × S5 geometry which arises close
to these branes are dual to each other. It took a combination of remarkable knowledge,
intuition, and insight to put different pieces together, take the right limits, and realise that
various approximations can be trusted in order to lay foundations to what is today known as
the AdS/CFT correspondence. However, one must not forget that this result was a product
of an enormous collective effort of dozens of researchers in the high energy community that
paved the way to this important breakthrough. The AdS/CFT correspondence is in fact
one concrete realisation of the so-called “holographic principle”, according to which the
degrees of freedom in certain physical systems are encoded on lower-dimensional surfaces.
The ideas that ultimately converged in this principle and in the creation of the duality had
their origins in the study of black holes and their intriguing properties, some of which remain
a mystery to this day. In the seventies Hawking and Bekenstein studied thermodynamic
properties of black holes [2–7], and discovered that many of these properties are related
to the two-dimensional black hole surface, rather than its volume. Much of this work was
refined and improved in the years that followed, and new discoveries were made. Based on
the ideas of ’t Hooft [8] the holographic principle found its way into string theory in the
nineties, among others through work done by Thorne and Susskind [9, 10]. From there it
took several years and an enormous amount of research to arrive at the discovery of the
AdS/CFT duality. A lot of effort was put in the study of black holes and black branes
in string theory, AdS and other curved spaces and their symmetry properties, truncations
and decoupling limits, and many other related topics were studied by a large number or
remarkable scientists such as Gibbons, Townsend, Skenderis, Horowitz, Strominger, Seiberg,
Sfetsos, Klebanov, and many many others. The list of citations would break all reasonable
bounds. After the duality was conjectured by Maldacena, the flood gate was opened, and
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2 Chapter 1. Introduction

many researchers committed to studying the implications of the proposal and understanding
it in a quantitative way. The articles by Witten, Gubser, Klebanov, and Polyakov [11, 12]
were among the first important contributions and filled in many details. From then the
power of the implications of the duality was recognized by a wider community and research
in various directions ensued. Big reviews were written [13, 14], and year after year we
gained a more refined and generalised idea of the inner workings of the holographic principle.
Today, twenty years after the discovery of the AdS/CFT duality, we have a much better
understanding of much of the details, however the end of the possibilities is not in sight,
and holography is still one of the dominating research areas within the high energy physics
community.

Maldacena’s conjecture relates a superconformal field theory to gravitational physics, and
since the early days of this conjecture possibilities were explored whether or not non-
conformal field theories can have a holographic dual. A natural way of approaching the
non-conformal case is by deforming the conformal field theory in such a fashion that the
conformal symmetry is restored in some appropriate limit. At the same time it was also
realised that the radial direction in the bulk gravity theory can be related to the energy
scale of the field theory so that the conformal boundary of the AdS space is dual to the
limit of infinite energies on the field theory side, and movement away from the conformal
boundary corresponds to a field theory renormalisation group flow from the UV towards
the IR [15–29]. Thus given a conformal field theory, a general deformation will break the
conformal symmetry and therefore trigger a renormalisation group flow. The dual bulk
description of this system can be thought of as foliated along the radial direction so that
different points along the radial direction correspond to different energy scales on the field
theory side. If the deformed field theory exhibits conformal fixed points, then on the gravity
side the AdS geometry is restored at some points of the radial direction, away from the field
theory conformal points the bulk geometry will deviate from the AdS. The standard way of
describing a field theory renormalisation group flow is through the so-called beta-function
which is assigned to all running coupling constants and describes the rate of change of each
constant as the energy scale is varied. Over the years a precise formulation of the dual
description of beta-functions was constructed [26, 30–34], which relates them to the scalar
potential of the gravity theory. Since general beta-functions are complicated objects this
opened up the possibility to circumvent the quantum calculations by studying the gravity
dual. In the first part of this thesis we reverse this logic and study what knowledge about the
gravitational theory can be inferred provided that the beta-function is known. We restrict
our attention to the cases of deformations by one operator, which leads to the running of
one coupling, and therefore to a domain-wall profile of one dual scalar mode in the bulk
theory. As we will show in the main text, given an exact classical beta-function one can
directly integrate it to the so-called “fake” superpotential. This superpotential describes
the self-interactions of the dual bulk mode and can be used to determine the corresponding



3

scalar potential. The scalar potentials so obtained match those computed purely from the
gravitational perspective, which can be found in literature, and we list all possible one-scalar
potentials for dimensions d ∈ {3, 4, 6} that correspond to relevant deformations.

Given the success of the holographic computation of the bulk scalar potential we perform
a systematic analysis of N = 1 preserving deformations of the N = 4 super Yang-Mills
theory in four dimensions by 1

2BPS chiral operators. These chiral operators fall into short
representations of the PSU(2, 2|4) superconformal group, the structure of which and the
relation to bulk modes has been analysed before [35–41]. Our analysis provides a general
prescription how the N = 1 branching of any operator in any short multiplet can be identified
with N = 1 superfields, and determines their quantum numbers. Given this prescription it is
straightforward to list all possible F-terms and D-terms that can be used to construct N = 1
symmetric deformations of the N = 4 super Yang-Mills theory. It was noted long before
the discovery of the holographic principle that the compactification of the ten-dimensional
supergravity theory on a five-sphere gives rise to pairs of Kaluza-Klein towers that originate
from the same ten-dimensional field [42]. Using our analysis we show that if the operators
corresponding to the modes of one of these towers are top components of an N = 1 chiral
superfield, then the operators in the twinned tower are necessarily top components of a
related real superfield. Thus for scalar superfields we obtain F-terms and D-terms that are
related to each other. By writing a general F-term and D-term deformation we see that
the former is parametrised by a holomorphic function, the N = 1 superpotential, while the
latter is gives rise to a harmonic function. This is in agreement with what was found for
supersymmetric deformations from the bulk point of view [43].

Some supersymmetric flows are accompanied by a vacuum expectation value of some
operators, such as the gaugino condensate in the GPPZ flow [21–23]. Unlike coupling
constants the condensates do not have to be added to the action, and therefore do not need
to be top components of superfields. In the GPPZ case, for example, one can show that the
gaugino bilinear operator that develops a vacuum expectation value is in fact in the bottom
component. Nevertheless there are indications that the holographic beta-function can be
generalised to condensates in the sense that the holographic description of their energy
dependence as domain-wall profiles of some supergravity modes is the same. Nevertheless,
there are still some open issues. To obtain a classical beta-function one needs to resort
to particular N = 1 non-renormalisation theorems, so that in order to apply the same
formalism for condensates one needs to first show that they are similarly protected. We
hope to address this issue in future.

In the second part of the thesis we construct a full uplift of the GPPZ solution of the
five-dimensional supergravity theory to the ten-dimensional type IIB theory. The GPPZ
solution, constructed by Girardello, Petrini, Porrati, and Zaffaroni [21–23] was one of the
first studies of a deformed CFT and its holographic dual. The four-dimensional N = 4 super
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Yang-Mills theory is deformed by addition of mass terms for chiral superfields. The mass
terms break the N = 4 symmetry down to N = 1, which is why this model is sometimes
referred to as N = 1∗, in order to distinguish it from the pure N = 1 super Yang-Mills
case. In the UV the mass terms, being a relevant deformation, become negligible and one
recovers the N = 4 super Yang-Mills. Using this fact as a boundary condition the authors
constructed a domain wall solution of the five-dimensional gauged supergravity theory in
AdS5 [44, 45]. The N = 1∗ theory is very rich in itself, exhibiting a variety of different
vacua [46–48], which can be of Higgs, confining, or Coulomb type, and are classified by the
solutions of the F-term equation and the gauge symmetry breaking pattern. The potential
ability to better understand these vacua through the holographic dual is in itself an exciting
prospect.

The original GPPZ solution of the five-dimensional gauged supergravity theory involves
two real boundary conditions, m0 and σ0 corresponding to the field theory UV mass term
and the gaugino condensate. Using these boundary conditions one finds a non-normalisable
mode m(r) and normalisable mode σ(r) in the bulk that have a domain-wall profile with
respect to the radial coordinate r and are interpreted as describing the energy dependence
of the field theory mass and condensate respectively. Because the scalars m and σ couple
to the geometry one also obtains a domain-wall profile of the metric which asymptotes to
the AdS space at infinity. One notable feature of this GPPZ solution is a singularity that
appears in the IR at some finite value of the radial coordinate. Whether the singularity in
m or in σ appears at a larger value of r is controlled by a parameter λ, so that for λ < 1
one finds the singularity in m first, and for λ > 1 in σ. For λ = 1 both singularities coincide.
It was argued by GPPZ [23] that on physical grounds one should expect λ ≤ 1, which is the
case we restricted to in this thesis.

The appearance of the singularity introduces difficulties in interpreting the field theory
dual. Even though the GPPZ solution exhibits some qualitative features that favour the
interpretation of one of the confining vacua, it is not possible to extract a definitive answer
from the five-dimensional singular solution a priori. It is known that sometimes uplifting
a five-dimensional solution to ten dimensions resolves singularities that appear in the
lower dimension [29, 48–50]. However, even though the GPPZ solution and partial uplifts
have been studied in literature [25, 51–56] before, a full ten-dimensional uplift was never
constructed. We construct such an uplift using the approach developed by Baguet, Hohm,
and Samtleben [57], which is based on exceptional field theory [58, 59]. We obtain the full
ten-dimensional metric, which agrees with that of the partial uplift by Pilch and Warner [54],
the axion-dilaton, and a full set of form-potentials and fluxes. To verify that the uplift is
indeed a solution of the IIB theory we checked explicitly the Einstein equation, as well as
the equations of motion for all fields.

The uplift that we obtain is an extension of the GPPZ solution in the sense that we promote
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the real fields m and σ to complex fields, and include an additional U(1) gauge field Aµ
which is necessary for the truncation to be consistent. The two complex phase rotations of
m and σ are accounted for by two U(1) symmetries, one of which can be identified as the
R-symmetry of the field theory and acts as coordinate diffeomorphism on in ten-dimensions,
while the other corresponds to the so-called bonus U(1) symmetry [60, 61] in field theory
and is part of the SL(2)IIB on the gravity side.

Given the full uplift of the GPPZ solution we perform some important checks on the
asymptotics of the fields. The leading order terms in the expansion close to the conformal
boundary can be seen as diagnostic of the consistency of the uplift. As expected we find
the AdS5 × S5 background and linear 2-form perturbations that correspond to the field
theory deformation. After expanding the axion-dilaton, the metric and the 3-form flux we
find agreement with the zero-temperature limit of Freedman and Minahan [62], however
some of the subleading terms cannot be matched with the analysis by Polchinski and
Strassler [48]. By taking the near singularity limit we see that the singular behaviour in the
radial coordinate can be improved, however, some singularities in the compact coordinates,
called the “ring singularity” by Pilch and Warner [54] persist. The exact structure depends
on the parameter λ that we discussed above, but the singularity can never be completely
removed. This suggests that one might need to take into account stringy effects to obtain a
full description.

As advocated by Polchinski and Strassler [48] and Pilch and Warner [54] it is possible that
the resolution of the singularity proceeds via the Myers’ effect [50] by which the D3 branes
are polarised to higher-dimensional branes by the presence of form fluxes. In order to show
that such branes are indeed present we make first attempts of their detection by integrating
the fluxes against a test function. The idea is that only in the case where there are non-zero
delta-function sources the integral will give a non-zero result, and should be a reliable
detection mechanism if applied correctly. The advantage of the integration is that it avoids
the manual search of the sources in the equations of motion, but it also introduces some
caveats. For example one needs to make sure that all boundaries are taken into account on
which the integral gives a non-zero contribution; these could be located at the singularity or
at the conformal infinity, and depend on the topology of the space-time. Another difficulty
is the analytic evaluation of the integral, and if resorting to numerical methods one needs to
ensure that the errors are under control. These are issues that we leave for investigation in
further projects.

This thesis includes some additional detailed calculations that might not appear in published
articles. In the holographic beta-function part we include the derivation of the GPPZ
potential using the gauged supergravity approach. This helps to understand the associated
group theory and the symmetry breaking on the one hand, but also shows its complexity
compared to the holographic computation on the other hand. Also in the context of the
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holographic beta-function we review the N = 2 harmonic superspace approach to N = 2
supersymmetric actions, and show how an N = 2 mass term can be added. Furthermore we
consider the N = 2 decomposition of N = 4 short multiplets in a fashion similar to that of
the N = 1 decomposition. The GPPZ uplift part contains a derivation of some formulas
for the Kaluza-Klein curvature tensors for the cases where the space-time manifold has a
compact part and where Kaluza-Klein gauge fields are turned on. In another section we
explain in detail how spherical scalar, vector, and tensor harmonics can be derived subject
to a symmetry constraint. We demonstrate two different approaches, a group theoretical
one, and one based on the defining equation. We find and list some solutions, however a
complete set of all harmonics requires further work. The appendix contains a discussion of
the so(6) sigma matrices, and an extensive list their identities. These sigma matrices appear
in the N = 4 super Yang-Mills action in four dimensions and in calculations related to it.
Finally, in another appendix we record some techniques for holographic calculations of N = 4
four-point function using the Witten-diagram approach. These techniques could be useful
in future in order to test predictions for the scalar potential provided by the holographic
beta-function approach.
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Chapter 2

The N = 4 Super Yang-Mills
Theory

2.1 The Superconformal Algebra

The AdS/CFT correspondence in its original form relates a theory of gravity in five dimensions
to a conformal field theory in four dimensions. Apart from the conformal symmetry the field
theory is also maximally supersymmetric, and these two symmetries combine into a larger
symmetry group, known as the superconformal group. Superconformal algebras only exist
in dimensions d ≤ 6, however in this section we will specialise to d = 4, in order the review
the superconformal algebra in the dimension in which our field theory computations will be
performed.

To study the structure of a superconformal algebra it is worth breaking it down to simpler
subalgebras. Start with the Lorentz algebra, the generators of which we will denote by
M . It can be extended to the Poincaré algebra by adding translations P . The Poincaré
algebra can be further extended in two ways, one can either add dilatations D and special
conformal transformations K to promote it to a conformal algebra, or one can add Poincaré
supercharges Q and Q̄, and R-symmetry generators R to get the usual supersymmetry
algebra. One may wonder if these two extensions are compatible. Indeed, it turns out that
this is the case under some conditions, and both are combined into a bigger algebra, the
superconformal algebra, which contains both the conformal algebra and the supersymmetry
algebra as subalgebras. To make the superconformal algebra close, one needs to add the
same number of additional fermionic generators as there are Poincaré supercharges. These
new supercharges are called conformal supercharges S.

The superconformal algebra is a superalgebra, and following [14] we can group the generators
in four blocks, two bosonic, which form the maximal bosonic commuting subalgebras, and

9
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two fermionic as follows: (
Mµν , Pµ,Kµ, D QAα , S̄

A
α̇

Q̄α̇A, SαA Ri

)
(2.1)

The statements made so far are true for any superconformal algebra, so let us now specialise
to the dimension d = 4. In this case the algebra is denoted by psu(2, 2|4), the corresponding
group is PSU(2, 2|4), and constitutes the global symmetry group of the N = 4 super Yang-
Mills theory in four-dimensional Lorentzian space-time. It contains 16 Poincaré supercharges
Q, Q̄, 16 conformal supercharges S, S̄, 15 generators of the conformal subgroup SU(2, 2)
and 15 generators of the R-symmetry group SU(4) [13, 14, 63–66].

The block structure of the superconformal algebra in (2.1) applied to the case d = 4 leads to
the following maximal bosonic subgroup, which makes the commuting bosonic subgroups
manifest:

PSU(2, 2|4) ⊃ SU(2, 2)× SU(4)R
∼= SO(4, 2)× SO(6)R

(2.2)

We define the algebra by listing all possible commutators. First consider the commutators
of the R-symmetry generators with the rest:

[Ri, Rj ] = if ijkRk [Ri,Mµν ] = [Ri, Pµ] = [Ri,Kµ] = [Ri, D] = 0

[Ri, QAα ] = (Ri)ABQBα [Ri, Q̄α̇A] = (R̄i) B
A Q̄α̇B

[Ri, S̄Aα̇ ] = (Ri)ABSBα̇ [Ri, SαA] = (R̄i) B
A SαB

The symbols f ijk denote the structure constants of the SU(4), and because this SU(4) is
one of the commuting bosonic factors, its generators Ri commute with all other bosonic
generators. The matrices (Ri)AB and (R̄i) B

A are the 4 and 4̄ representations of the R-
symmetry generators Ri [63], and the commutators involving supercharges reflect the fact that
they transform in the fundamental or anti-fundamental representation of the R-symmetry.
This implies that the R-symmetry is the automorphism group of the supersymmetry algebra.

The commutators of the conformal subalgebra are standard and can be found in many places
in literature:

[Mµν ,Mρσ] = −iηµρMνσ + iηνρMµσ − iηνσMµρ + iηµσMνρ

[Mµν , P ρ] = −iηµρP ν + iηνρPµ

[Mµν ,Kρ] = −iηµρKν + iηνρKµ

[Pµ, P ν ] = [Kµ,Kν ] = [D,D] = [D,Mµν ] = 0

[D,Pµ] = −iPµ
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[D,Kµ] = iKµ

[Pµ,Kν ] = 2i(Mµν − ηµνD).

The conventions for the space-time metric can be found in Appendix A. Next consider the
commutators of the supercharges with the generators of the conformal subalgebra. One can
see that the commutator of the special conformal generator K with a Poincaré supercharge Q
produces a conformal supercharge S̄, which shows that without the conformal supercharges
the algebra would not close.

[D,QAα ] = − i
2Q

A
α [Pµ, QAα ] = 0

[D,SαA] = i
2SαA [Pµ, SαA] = iσµ

αβ̇
Q̄β̇A

[Mµν , QAα ] = σµν β
α QAβ [Kµ, QAα ] = iσµ

αβ̇
S̄β̇A

[Mµν , SαA] = σµν β
α SβA [Kµ, SαA] = 0.

The definitions of the sigma matrices σµ and σµν used in the commutators can be found in
Appendix B.1. The remaining commutators are those involving two supercharges:

{QAα , Q̄β̇B} = 2σµ
αβ̇
Pµδ

A
B {QAα , QBβ } = {SαA, SβB} = {QAα , S̄Bβ̇ } = 0

{SαA, S̄Bβ̇ } = 2σµ
αβ̇
Kµδ

A
B {QAα , SβB} = −iσµναβMµνδ

A
B + εαβ(δABD +RBA),

where we have defined RBA = ∑
iR

i((R̄i) B
A −(Ri)AB). Note that as above Ri are the abstract

generators of the R-symmetry algebra su(4), while the matrices (Ri)AB and (R̄i) B
A are the

representations 4 and 4̄ of Ri. The reason why this peculiar combination of R-symmetry
generators in form of RBA appears on the right-hand side of the anti-commutator {QAα , SβB}
is the consistency with the commutators of the R-symmetry with the supercharges. Using
the Jacobi identity [R, {Q,S}] = {Q, [R,S]}+{S, [R,Q]} one finds that the matrices (Ri)AB
and (R̄i) B

A appear through the commutators [R,Q] and [R,S] and form a combination as
indicated. It is also useful to note that for unitary representations in terms of hermitian
matrices a representation and its conjugate are related by R̄ = −R∗ = −Rt so that it is
true that (R̄i) B

A = −(Ri)BA. This allows us to rewrite RBA as RBA = −2∑iR
i(Ri)BA =

2∑iR
i(R̄i) B

A .

2.2 The N = 4 SU(N) Super Yang-Mills Theory in Four Di-
mensions

The N = 4 super Yang-Mills theory will be the basis for many computations and results in
what follows, and therefore in this section we will write down the formulation of this theory
in the conventions, notation and terminology which are in accord with the rest of the thesis.
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This theory was originally derived from the N = 1 super Yang-Mills theory in ten dimen-
sions [67, 68] by dimensional reduction on a six-torus. It is an instructive exercise to perform
this reduction, however, since this computation can be found at many places in literature
and is not very useful in the current context, we shall not repeat it here.

2.2.1 Action and Fields

We will take the SU(4) covariant formulation available in literature [69–72] as a basis and
adopt it to our needs. In particular, we take the fermions λA to transform in the anti-
fundamental representation rather than fundamental. This convention is more common in
literature related to holography [13, 14, 21], and in practical terms this change amounts to
swapping the left-chiral and right-chiral Weyl fermions in the transformation rules. Other
differences are the use of the definitions for sigma matrices that we think are more standard
and intuitive, which are listed in Appendix B, and the mostly negative metric. All this leads
to some sign differences in the action and the supersymmetry transformation as compared
to some of the literature. Thus the action we will use in this text is given by

S4 = tr
∫
d4x

{
−1

2FµνF
µν − 1

2Dµφ̄ABD
µφAB + 2iλ̄Aσ̄µDµλA

+
√

2g
(
φAB[λA, λB]− φ̄AB[λ̄A, λ̄B]

)
+ g2

8 [φAB, φCD][φ̄AB, φ̄CD]
}

(2.3)

Note that it is also possible to include the topological term δL = tr
(

θ
16π2FµνF̃

µν
)
in the

action. This term does not have any effect on the local properties of the theory, and in
particular no symmetries of the theory are affected. Since we will not make reference to
this term in this text we will choose not to include it in the action. It is also possible to
rescale all fields by the coupling constant {Aµ, λA, φAB} → 1

g{Aµ, λA, φAB}, which removes
the coupling constant from the field strength, covariant derivatives, and interaction terms,
so that it appears only as an overall factor 1

g2 in front of the action. The topological term
and the rescaling will be briefly addressed in Section 2.4.

Sometimes it is more convenient to work with explicit colour indices. To this end we can
evaluate the trace in (2.3) using

tr(T aT b) = 1
2δ

ab tr(T a[T b, T c]) = i

2f
abc tr([T a, T b][T c, T d]) = −1

2f
abef cde (2.4)

to get the action in component form with respect to the SU(N) gauge group:

S4 =
∫
d4x

{
−1

4F
a
µνF

aµν − 1
4Dµφ̄

a
ABD

µφaAB + iλ̄aAσ̄µDµλ
a
A

+ ig√
2
fabc

(
φaABλbAλ

c
B − φ̄aABλ̄bAλ̄cB

)
− g2

16f
abef cdeφaABφbCDφ̄cABφ̄

d
CD

}
. (2.5)
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From the action S4 we can read off that the field content of the N = 4 SYM theory consists
of six real scalars, four chiral Weyl fermions and one gauge vector field, which together
constitute the N = 4 gauge multiplet. The SU(4)R and the Lorentz quantum numbers of
these basic fields are the given by

φAB = 6(00) λA = 4̄( 1
2 0) Aµ = 1( 1

2
1
2 ) (2.6)

If one thinks of the N = 4 theory as the dimensional reduction of the N = 1 super Yang-
Mills theory in ten dimensions, then the six scalars are the six real components of the
ten-dimensional gauge potential AM which are aligned along the compact directions. In the
notation φAB the 6 is represented by an anti-symmetric pair of SU(4) indices, and it is not
manifest that this gives six real scalar fields rather than six complex ones. A manifestly real
representation can be obtained by applying the Lie-algebra isomorphism su(4) ∼= so(6), in
which case the scalars are in the fundamental 6 of the SO(6) and can be written as

φI(x) ∈ R6, I = 1, . . . , 6. (2.7)

The linear transformation that relates φI and φAB is given by the six-dimensional sigma
matrices ΣI AB which are described in Appendix B.2, and reads

φAB = 1√
2

ΣI ABφI . (2.8)

A representation is said to be real if it is equivalent to its conjugate representation. In
other words, the conjugate representation can be obtained from the original one by a linear
transformation. In our case the scalar fields φAB are in the real representation 6 of the
SU(4) and the reality condition reads

φ̄AB =
(
φAB

)∗
= 1

2εABCDφ
CD. (2.9)

This identity follows directly from the analogous one that holds for the six-dimensional
sigma matrices described in Appendix B.2. A way of understanding the reality condition is
that it means that among the six complex scalars φAB three are in fact complex conjugates
of the other three, and thus φAB contains only six real degrees of freedom. One can also see
this by spelling out the definition of ΣI AB and the resulting components of φAB:

φAB = 1√
2


0 φ3 + iφ6 −(φ2 + iφ5) φ1 − iφ4

−(φ3 + iφ6) 0 φ1 + iφ4 φ2 − iφ5

φ2 + iφ5 −(φ1 + iφ4) 0 φ3 − iφ6

−(φ1 − iφ4) −(φ2 − iφ5) −(φ3 − iφ6) 0

 . (2.10)

One may wonder about the normalisation of the kinetic term for the scalar fields in (2.3),
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and it is instructive to transform to the manifestly real SO(6) basis. Using the identities
from Appendix B.2 we see that 1

4Dµφ
a
ABD

µφ̄aAB = 1
2Dµφ

aIDµφ̄aI , and so because the scalar
fields φaI are real, the normalisation of the kinetic term is indeed canonical.

2.2.2 Gauge Transformations

In this subsection we would like to discuss our conventions related to the SU(N) gauge
group and gauge transformations which we used in writing down the actions (2.3) and (2.5).

As customary in physics we will use the conventions for Lie algebras where the imaginary
unit appears explicitly in the commutator, while the structure constants fabc are real:

[T a, T b] = ifabcT c. (2.11)

Gauge transformations are associated with a propagating gauge field Aaµ and the correspond-
ing field strength F aµν , both of which transform in the adjoint representation of the gauge
group and can therefore be thought of as elements of the algebra by writing Aµ = AaµT

a

and Fµν = F aµνT
a. The field strength is computed from the gauge field as follows

Fµν = ∂µAν − ∂νAµ − ig[Aµ, Aν ], (2.12)

F aµν = ∂µA
a
ν − ∂νAaµ + gfabcAbµA

c
ν . (2.13)

This definition is such that the gauge coupling g appears explicitly in the field strength
and in the covariant derivatives. It is also common to rescale the gauge field according to
Aµ → 1

gAµ and eliminate the explicit gauge coupling g from both the field strength and the
covariant derivative. This possibility will be further commented on in Section 2.4.

Gauge transformations act on ordinary fields ~φ(x) as well as on the gauge fields Aµ and the
field strength Fµν . Gauge transformations that are close to the identity can be described as
exponentials of vectors on the tangent space of the gauge group, which is the gauge algebra,
and we can write an element of the group as g(x) = eα(x). For a given choice for a basis
{T a} for the algebra, the vector α(x) ∈ su(N) can be decomposed into it as α(x) = α(x)aT a.
With these definitions gauge transformation act on fields as follows

~φ→ eiα~φ δ~φ = iα~φ (2.14)

Fµν → eiαFµνe
−iα δFµν = i[α, Fµν ] (2.15)

Aµ → eiα
(
Aµ + i

g
∂µ

)
e−iα δAµ = i[α,Aµ] + 1

g
∂µα. (2.16)

Note that the field ~φ can be in any representation “R” of the gauge group, and the group
and algebra elements that act on it are represented by the corresponding matrices gR and
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T aR. The covariant derivative of ~φ is given by

Dµ
~φ = (∂µ − igAµ)~φ. (2.17)

The gauge field Aµ entering this definition is implicitly assumed to be in the correct
representation “R”, so that it can also be written as Aµ = AaµT

a
R. The covariant derivative

is defined such that it transforms covariantly under gauge transformations, and one can
check that these transformations are given by

(Dµ
~φ)→ eiαDµ

~φ δ(Dµ
~φ) = iαDµ

~φ. (2.18)

Fields that transform in the adjoint representation make no exception and have the same
gauge transformation rules and covariant derivatives as for fields in any other representation
as in (2.14) and (2.17), with the algebra generators T aadj in the adjoint representation.
However, the fact that the generators in the adjoint representation are given by the structure
constants as

(T badj)ac = ifabc (2.19)

allows us to write the transformations in (2.14) and (2.17) in an alternative way. Given
some field Ba(x) that transforms in the adjoint representation one can think of it as an
element of the algebra by writing B(x) = B(x)aT a. Then the gauge transformations and
the covariant derivative can be written as

δB = i[α,B] (2.20)

DµB = ∂µB − ig[Aµ, B]. (2.21)

2.2.3 Supersymmetry

Superconformal multiplets are built by applying supercharges to primary operators. Since
such multiplets will be the subject of our study later in this text, it makes sense to spell out
the basic supersymmetry transformations in detail. This will show that the action in (2.3) is
indeed supersymmetric and that our definitions are consistent. Moreover it will also provide
elementary building blocks for supersymmetry transformations of composite operators, which
can be build from supersymmetry transformations of basic fields. Some of the steps in the
variations involve transformations that might not be obvious on the first sight, and carrying
them out will serve us as a honing steel for our supersymmetry transformation techniques.
The action in (2.3) is invariant under the following N = 4 supersymmetry transformations

δξφ
AB = 2

√
2i
(
λ̄[Aξ̄B] − 1

2ε
ABCDλCξD

)
(2.22a)
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δξφ̄AB = −2
√

2i
(
λ[AξB] −

1
2εABCDλ̄

C ξ̄D
)

(2.22b)

δξλαA = −iFµνσµν β
α ξβA +

√
2(Dµφ̄AB)σµ

αβ̇
ξ̄β̇B + ig[φ̄AB, φBC ]ξαC (2.22c)

δξλ̄
α̇A = −iFµν σ̄µν α̇β̇ ξ̄

β̇A −
√

2(Dµφ
AB)σ̄µ α̇βξβB + ig[φAB, φ̄BC ]ξ̄α̇C (2.22d)

δξA
µ = iλ̄Aσ̄µξA + iλAσ

µξ̄A . (2.22e)

These infinitesimal transformations are related to the supercharges by

δξO = [ξAQA + ξ̄AQ̄A,O] ≡ (ξAQA + ξ̄AQ̄A)O (2.23)

which allows us to read off the action of Q and Q̄ on the fields from the infinitesimal
transformations by setting either ξ or ξ̄ to zero. The result is

QαAφBC =
√

2i εABCDλαD Q̄α̇Aφ
BC = −2

√
2i δ[B

A λ̄
C]
α̇ (2.24a)

QαAφ̄BC = 2
√

2i δA[BλαC] Q̄α̇Aφ̄BC = −
√

2i εABCDλ̄Dα̇ (2.24b)

QαAλβB = iFµνσ
µν α
β δAB + ig[φAC , φ̄CB]δαβ Q̄α̇AλβB =

√
2Dµφ̄ABσ

µ
βα̇ (2.24c)

QαAλ̄β̇B = −
√

2Dµφ
ABσ̄µ β̇α Q̄α̇Aλ̄

β̇B = iFµν σ̄
µν β̇

α̇δ
B
A + ig[φ̄AC , φCB]δβ̇α̇

(2.24d)

QαAAµ = iλ̄Aα̇ σ̄
µ α̇α Q̄α̇AA

µ = iλαAσ
µ
αα̇ (2.24e)

Let us show that the action (2.3) is indeed invariant under the supersymmetry transformations
in (2.22). Schematically the terms in the action transform as follows

δF 2
µν ∼ Fµν ξσ[µDν]λ̄+ c.c. (2.25a)

δ(Dµφ)2 ∼ Dµφ ξDµλ+ gDµφ[ξσµλ̄, φ] + c.c. (2.25b)

δλ̄σµDµλ ∼ Fµν ξσµνσρDρλ̄+Dµφ ξD
µλ (2.25c)

+ g[Fµν , φ]ξσµνλ+ gλσµ[ξσµλ̄, λ] + g[φ, φ]ξσµDµλ+ c.c. (2.25d)

δ(gλ[λ, φ] + c.c.) ∼ gξF+[φ, λ] + gDµφ ξσ
µ[φ, λ̄] + gλ[ξλ, λ] + g2[φ, φ]ξ[φ, λ] + c.c. (2.25e)

δ(g2[φ, φ][φ, φ]) ∼ g2[φ, φ]ξ[φ, λ] + c.c. (2.25f)

One can see that that terms of different orders in g match structurally, which leads to
their cancellation in the variation of the action. Let us now compute the variations exactly.
Note that throughout these computations one often needs to use various identities for
six-dimensional sigma matrices listed in Appendix B.2. We will not include the symbol
for the trace over the colour indices in our computations to avoid the clutter, but still
occasionally cyclically permute fields as if the trace was there.

Consider first the variations that give terms proportional to g2. We see from the schematic
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variations (2.25) that there are two such terms and both come from variations of interaction
terms. The variation of the quartic scalar interaction terms is easily evaluated:

δ
g2

8 [φAB, φCD][φ̄AB, φ̄CD] = g2

2 [δφAB, φCD][φ̄AB, φ̄CD]

=
√

2ig2
(
[ξAλB, φ̄CD][φAB, φCD]− [ξ̄Aλ̄B, φCD][φ̄AB, φ̄CD]

)
. (2.26)

The only other term proportional to g2 comes from the cubic interaction term involving
fermions:

δ
√

2g
(
λαA[λαB, φAB]− λ̄Aα̇ [λ̄α̇B, φ̄AB]

)∣∣∣
g2

= 2
√

2g
(
δλαA[λαB, φAB]− δλ̄Aα̇ [λ̄α̇B, φ̄AB]

)
= 2
√

2ig2
(
[φ̄AC , φCD][ξDλB, φAB]− [φAC , φ̄CD][ξ̄Dλ̄B, φ̄AB]

)
. (2.27)

To make progress note that using the definition φAB = 1√
2ΣI ABφI we can obtain a sigma

matrix from each of the scalar fields, so that we end up with a product of three sigma
matrices from each term. Moreover, the commutator of the scalar fields makes sure that
two of the six-dimensional indices of the three sigma matrices are anti-symmetrise. Using
identities for products of three sigma matrices from Appendix B.2 we obtain

ΣIΣ[JΣK] = −2δI[JΣK] + Σ[IΣJΣK]. (2.28)

Let us show that the last term in this equation inserted into the variation which we were
computing gives a vanishing result. If one evaluates the colour trace in the variation one
obtains two structure constants with one index contracted of the form fabcfade. The anti-
symmetry of the term Σ[IΣJΣK] makes it cyclic in the three indices, and because it couples
to the scalar fields the cyclicity can be transferred onto three of the four free colour indices
in fabcfade, but this vanishes by the Jacobi identity for structure constants, concluding
the proof. Thus we only need to keep the term −2δI[JΣK], and after inserting it into the
variation it is straightforward to see that the result is

δ
√

2g
(
λαA[λαB, φAB]− λ̄Aα̇ [λ̄α̇B, φ̄AB]

)∣∣∣
g2

= −
√

2ig2
(
[ξAλB, φ̄CD][φAB, φCD]− [ξ̄Aλ̄B, φCD][φ̄AB, φ̄CD]

)
. (2.29)

This is exactly the negative of the variation of the quartic scalar interaction term, and we
can conclude that the action is supersymmetry-invariant at order g2.

Next consider the variation terms of the order g0. The variation of the gauge kinetic term is
straightforward to compute and gives

δ

(
−1

2FµνF
µν
)

= −2iFµν
(
ξAσµDν λ̄

A + ξ̄Aσ̄µDνλA
)
. (2.30)
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To compute the variation of the scalar and fermion kinetic terms note first that the covariant
derivative contains the gauge field, which also needs to be varied. Thus for any field ψ in
the adjoint representation the variation is given by

δDµψ = (δDµ)ψ +Dµδψ

= −g[ξAσµλ̄A + ξ̄Aσ̄µλA, ψ] +Dµδψ.
(2.31)

Since the terms that arise from the variation of the covariant derivative are of order g we
can neglect them for order g0 calculations, and will come back to them later. With this in
mind the variation of the kinetic term for the scalar is given by

δ

(
−1

2Dµφ̄ABD
µφAB

)∣∣∣
g0

= 2
√

2i
(
Dµφ̄AB ξ̄

ADµλ̄B −Dµφ
ABξAD

µλB
)
. (2.32)

Next we will show that the order g0 terms coming from the variation of the gauge and scalar
kinetic terms are cancelled by the variation of the fermion kinetic term. The application of
the variation leads to the following intermediate result

δ
(
2iλ̄Aσ̄µDµλA

)∣∣∣
g0

= −2i(Dµλ̄
Aσ̄µδλA +DµλAσ

µδλ̄A)

= −2
(
Dρλ̄

AFµν σ̄
ρσµνξA +DρλAFµνσ

ρσ̄µν ξ̄A
)

− 2
√

2i
(
Dρλ̄

ADµφ̄ABσ̄
ρσµξ̄B −DρλADµφ

ABσρσ̄µξB
)
.

(2.33)

Consider the first term after the last equality. According to the definitions in Appendix B.1 the
sigma matrices with two indices are given by σµν = i

2σ
[µσ̄ν] and σ̄µν = i

2 σ̄
[µσν]. In the same

appendix we find that σ̄ρσ[µσ̄ν] = −2ηρ[µσ̄ν] + iερµνσσ̄σ and σρσ̄[µσν] = −2ηρ[µσν]− iερµνσσσ.
So in sum we can say that σ̄ρσµν = −iηρ[µσ̄ν]− 1

2ε
ρµνσσ̄σ and σρσ̄µν = −iηρ[µσν] + 1

2ε
ρµνσσσ.

In the second term we can integrate by parts and split the resulting pair of covariant
derivatives DµDρ into its symmetric and anti-symmetric parts. The anti-symmetric part is
proportional to the field strength, and a careful calculation shows that for any field ψ in the
adjoint representation it holds that

([Dµ, Dν ]ψ)a = gfabcF bµνψ
c. (2.34)

Since this term is proportional to g it can be discarded at the g0 order. The symmetric
combination D(µDρ), in contrast, symmetrises the two sigma matrices, and we should use
the formula σ̄(ρσµ) = σ(ρσ̄µ) = −ηρµ. After these intermediate transformations we obtain

δ
(
2iλ̄Aσ̄µDµλA

)∣∣∣
g0

= 2i
(
Dµλ̄AFµν σ̄

νξA +DµλAFµνσ
ν ξ̄A

)
+ ερµνσ

(
Dρλ̄

AFµν σ̄σξA −DρλAFµνσσ ξ̄
A
)

+ 2
√

2i
(
Dµλ̄AξBDµφ̄AB −DµλAξBDµφ

AB
)
.

(2.35)
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To simplify further recall the Bianchi identity for the field strength, ερµνσDρFµν = 0.
To prove it one uses the relation in equation (2.34) to show that [Dρ, [Dµ, Dν ]]ψc =
gfabc(DρFµν)bψc for any adjoint field ψ. We then contract with the Levi-Civita tensor
to get ερµνσ[Dρ, [Dµ, Dν ]]ψ = −ig[ερµνσDρFµν , ψ]. The left-hand side vanishes by the Jacobi
identity, and since ψ was arbitrary the proof is concluded. This eliminates the second term
from the variation and after re-ordering some terms we obtain

δ
(
2iλ̄Aσ̄µDµλA

)∣∣∣
g0

= 2iFµν
(
ξAσµDν λ̄

A + ξ̄Aσ̄µDνλA
)

− 2
√

2i
(
Dµφ̄AB ξ̄

ADµλ̄B −Dµφ
ABξAD

µλB
)
.

(2.36)

This cancels exactly the other order g0 variations we obtained earlier, so that supersymmetry
of the action (2.3) is established at this order.

Finally let us consider the order g. Such terms will appear in the variation of the scalar and
fermion kinetic terms, as well as in the variation of the cubic interaction term. The order g
terms in the variation of the scalar kinetic term arise from the variation of the covariant
derivative. Using the result in (2.31) derived earlier we obtain

δ

(
−1

2Dµφ̄ABD
µφAB

)∣∣∣
g

= −g
(
λDσ

µξ̄D[φ̄AB, Dµφ
AB] + λ̄Dσ̄µξD[φAB, Dµφ̄AB]

)
. (2.37)

The variation of the fermion kinetic term contains several order g contributions, namely one
from the variation of the covariant derivative and two from the variation of the fermions
themselves. After substituting the variations one obtains

δ
(
2iλ̄Aσ̄µDµλA

)∣∣∣
g

= −2igλ̄Aσ̄µ[ξBσµλ̄B + ξ̄Bσµλ
B, λA]

+ 2g
(
DµλAσ

µξ̄B[φAC , φ̄CB] +Dµλ̄
Aσ̄µξB[φ̄AC , φCB]

)
−
√

2i
(
λAσ

ρσ̄µξB[Dρ, Dµ]φAB − λ̄Aσ̄ρσµξ̄B[Dρ, Dµ]φ̄AB
)
.

(2.38)

Remember that the last term was obtained from the splitting of a pair of covariant derivatives
into its symmetric and anti-symmetric parts. While the symmetric combination contributed
at order g0, the anti-symmetric one is proportional to g, which is why we must include it
here.

Finally we need the variation of the cubic interaction term at order g. The fermions
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contribute two terms, and the scalar contributes one, so that we get

δ
√

2g
(
λαA[λαB, φAB]− λ̄Aα̇ [λ̄α̇B, φ̄AB]

)∣∣∣
g

=

2
√

2igFµν
(
[λAσµνξB, φAB]− [λ̄Aσ̄µν ξ̄B, φ̄AB]

)
+ 4g

(
λDσ

µξ̄B[φAD, Dµφ̄AB] + λ̄Dσ̄µξB[φ̄AD, Dµφ
AB]

)
− 4ig

(
λA[λB, ξ̄[Aλ̄B] − 1

2ε
ABCDξCλD] + λ̄A[λ̄B, ξ[AλB] −

1
2εABCD ξ̄

C λ̄D]
)
.

(2.39)

One can see that the order g variations are lengthy, and it makes sense to split the problem
of matching the terms. We can single out the terms that will cancel by the fields that they
contain, and one finds by inspection that there are three types of such terms, namely (Fλφ),
(λ3), and (Dλφ2). Let us study these terms one by one.

First consider the terms of the form (Fλφ), there are two of them, one from the interaction
term, and one from the fermion kinetic term. In the fermion kinetic term we have to evaluate
the anti-commutator of two covariant derivatives first. We have already derived the result
in (2.34), which can be conveniently written as

[Dρ, Dµ]ψ = −ig[Fρµ, ψ] (2.40)

for any adjoint field ψ. One can now substitute this result into the corresponding term in
the variation of the fermion kinetic term, use the cyclicity of the colour trace, and the fact
that σ[ρσ̄µ] = −2iσµν and σ̄[ρσµ] = −2iσ̄µν to obtain exactly the negative of the analogous
term in the variation of the cubic interaction. Thus we see that the terms of the form (Fλφ)
cancel exactly.

Next study the terms of the form (λ3). Again, the cubic interaction term and the fermion
kinetic term each contribute one term that matches this pattern. First note that in the
variation of the interaction term there are terms with three fermions of the same chirality.
After evaluating the colour trace these terms are of the form

fabcεABCD(λaAλbB)(λcCξD) and fabcεABCD(λ̄aAλ̄bB)(λ̄cC ξ̄D). (2.41)

Since such terms do not appear anywhere else we expect that they should be identically zero.
This can indeed be shown using an appropriate Fierz identity, which states that a product
of two fermion bilinears vanishes if three of the four fermions are cyclically symmetrised [73].
This is just another Jacobi-type identity, and can be written as follows. For any fermions ψi
it is true that

(ψ1ψ2)(ψ3ψ4) + (ψ2ψ3)(ψ1ψ4) + (ψ3ψ1)(ψ2ψ4) = 0. (2.42)

Thanks to the contraction with the structure constants and the Levi-Civita tensor the
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fermions λ and λ̄ in (2.41) can be symmetrised in exactly such a cyclic way, and therefore
vanish. To see that the remaining terms cancel one should now apply the identity σµαα̇σ̄β̇βµ =
−2δβαδ

β̇
α̇ to the fermion kinetic term. After some careful reshuffling of the terms one obtains

δ(λ̄Dλ) = 4ig
(
[λA, λB]ξ̄Aλ̄B + [λ̄A, λ̄B]ξAλB

)
+ . . . (2.43)

δ(gλλφ) = −4ig
(
[λA, λB]ξ̄Aλ̄B + [λ̄A, λ̄B]ξAλB

)
+ . . . (2.44)

It is manifest that both terms cancel.

Finally we would like to show the cancellation of the terms which are of the form (Dλφ2).
Each of the three variations under consideration contributes one such term, which all have
to cancel simultaneously. To bring these terms to the same form we integrate the variation
of the fermion kinetic term by parts, rename some indices, and regroup some terms. This
gives the following intermediate result

δ(DφDφ) = −g
(
λDσ

µξ̄BδDB [φ̄AC , Dµφ
AC ]− λ̄Dσ̄µξBδBD[φAC , Dµφ̄AC ]

)
+ . . . (2.45)

δ(λ̄Dλ) = 2g
(
λDσ

µξ̄B
{

[φDC , Dµφ̄CB]− [φ̄CB, Dµφ
DC ]

}
+ λ̄Dσ̄µξB

{
[φ̄DC , Dµφ

CB]− [φCB, Dµφ̄DC ]
}

+ . . .
(2.46)

δ(gλλφ) = 4g
(
λDσ

µξ̄B[φAD, Dµφ̄AB] + λ̄Dσ̄µξB[φ̄AD, Dµφ
AB]

)
+ . . . (2.47)

In the next step one adds these three terms together, and separates the six-dimensional
sigma-matrices off the scalar fields. The result of this operation is

δ(DφDφ+ λ̄Dλ+ gλλφ) =

gλDσ
µξ̄B[φI , Dµφ

J ]
(
−δDBΣI

ACΣJ AC + 4Σ[I DCΣJ ]
CB + 4ΣI ADΣJ

AB

)
+ gλ̄Dσ̄µξB[φI , Dµφ

J ]
(
−δBDΣI ACΣJ

AC + 4ΣI
DCΣJ CB + 4ΣI

ADΣJ AB
)

+ . . .

(2.48)

The cancellation is now all due to the sigma-matrix identities, which can be found in
Appendix B.2. The identities that we need here are the following

ΣI ACΣJ
AC = 4δIJ (2.49)

Σ[I DCΣJ ]
CB ≡ −2i(ΣIJ)DB (2.50)

ΣI ADΣJ
AB = δIJδCB + 2i(ΣIJ)DB. (2.51)

The cancellation is now indeed obvious. At this point we have applied all supersymmetry
variations in (2.22) to the action in (2.3) and have shown that they leave that action invariant.
To conclude the section we would like to list the complete variations of all terms in the
action, which can be used as a reference.
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The gauge kinetic term

δ

(
−1

2FµνF
µν
)

=− 2iFµν
(
ξAσµDν λ̄

A + ξ̄Aσ̄µDνλA
)
. (2.52)

The scalar kinetic term

δ

(
−1

2Dµφ̄ABD
µφAB

)
= 2

√
2i
(
Dµφ̄AB ξ̄

ADµλ̄B −Dµφ
ABξAD

µλB
)

− g
(
λDσ

µξ̄BδDB [φ̄AC , Dµφ
AC ]− λ̄Dσ̄µξBδBD[φAC , Dµφ̄AC ]

)
.

(2.53)

The fermion kinetic term

δ
(
2iλ̄Aσ̄µDµλA

)
= 2iFµν

(
ξAσµDν λ̄

A + ξ̄Aσ̄µDνλA
)

− 2
√

2i
(
Dµφ̄AB ξ̄

ADµλ̄B −Dµφ
ABξAD

µλB
)

+ 4ig
(
[λA, λB]ξ̄Aλ̄B + [λ̄A, λ̄B]ξAλB]

)
+ 2g

(
DµλAσ

µξ̄B[φAC , φ̄CB] +Dµλ̄
Aσ̄µξB[φ̄AC , φCB]

)
+ 2
√

2ig
(
λAσ

ρµξB[Fρµ, φAB]− λ̄Aσ̄ρµξ̄B[Fρµ, φ̄AB]
)
.

(2.54)

The cubic interaction

δ
(√

2g(λαA[λαB, φAB]− λ̄Aα̇ [λ̄α̇B,φ̄AB])
)

=

=− 4ig
(
[λA, λB]ξ̄Aλ̄B + [λ̄A, λ̄B]ξAλB

)
+ 4g

(
λDσ

µξ̄B[φAD, Dµφ̄AB] + λ̄Dσ̄µξB[φ̄AD, Dµφ
AB]

)
+ 2
√

2igFµν
(
[λAσµνξB, φAB]− [λ̄Aσ̄µν ξ̄B, φ̄AB]

)
−
√

2ig2
(
[ξAλB, φ̄CD][φAB, φCD]− [ξ̄Aλ̄B, φCD][φ̄AB, φ̄CD]

)
.

(2.55)

The quartic interaction

δ

(
g2

8 [φAB, φCD][φ̄AB, φ̄CD]
)

=
√

2ig2
(
[ξAλB, φ̄CD][φAB, φCD]− [ξ̄Aλ̄B, φCD][φ̄AB, φ̄CD]

)
.

(2.56)

2.3 The N = 4 Theory in N = 1 Language

The N = 4 SYM theory can also be viewed as a theory with fewer supersymmetries by only
keeping the generators of some symmetry subgroup and disregarding the rest. One might
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want to do this for example to simplify the multiplet structure or to break the symmetry
down to subgroups that one might want to consider. In our case we will make use of specific
non-renormalisation theorems that are known to hold in a theory with N = 1 supersymmetry.
Thus it makes sense to reformulate the N = 4 SYM theory that we have been considering
so far in the N = 1 language.

Restricting from N = 4 to N = 1 means breaking the R-symmetry according to SU(4)R →
SU(3)×U(1)R. In a generic N = 1 theory the U(1)R symmetry will be broken by interactions
and is therefore not a symmetry of the theory. However, in the case of the N = 4 theory
the SU(4)R is a symmetry of the action, and therefore after the restriction to N = 1 the
U(1)R is a symmetry of the action too. The SU(3) factor, in contrast, is an ordinary global
flavour symmetry for the chiral N = 1 multiplet, as we will see shortly. With respect to this
decomposition the representations in which the N = 4 fields are branch as follows

6→ 3−2 + 3̄2 (2.57)

4→ 31 + 1−3. (2.58)

The U(1) charges in the subscript correspond to the generator given by the following matrix

TU(1) =


1

1
1
−3

 . (2.59)

Because tr(TU(1)TU(1)) = 12 6= 1
2 it is not canonically normalised. Since we will use the U(1)

charges merely for bookkeeping we prefer not to rescale the generator and so to keep integer
charges. We see that under the branching just provided the six scalars decompose into a
complex triplet of scalar fields and the fermions split into a triplet and a singlet. The gauge
potential being a singlet does not decompose at all. After splitting the fundamental SU(4)
index to A→ (i, 4) we obtain the following field decomposition

φAB → {φij , φi4} ≡ {εijkzk, z̄i} (2.60)

λA → {λi, λ}. (2.61)

The complex scalar z̄i is in the 3−2 of the SU(3) × U(1) and zi is in the 3̄2. One can see
that this decomposition makes sense by writing out the components of the field φAB. This
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was already done in equation (2.10) and we just copy the same result once again:

φAB = 1√
2


0 φ3 + iφ6 −(φ2 + iφ5) φ1 − iφ4

−(φ3 + iφ6) 0 φ1 + iφ4 φ2 − iφ5

φ2 + iφ5 −(φ1 + iφ4) 0 φ3 − iφ6

−(φ1 − iφ4) −(φ2 − iφ5) −(φ3 − iφ6) 0

 . (2.62)

This shows that the new complex scalars are given by

zi = 1√
2

(
φi + iφi+3

)
(2.63)

z̄i = 1√
2

(
φi − iφi+3

)
(2.64)

and are indeed complex conjugates of one another. Overall, this branching suggests that
in the N = 1 language the gauge multiplet branches into three chiral multiplets and one
gauge multiplet, which is indeed the case [74]. The scalars and the fermions which are in
the 3 of the SU(3) are components of chiral multiplets, and the remaining fermion and the
vector, which are both singlets of the SU(3) form the gauge multiplet. We can now take the
N = 4 SYM action in (2.3) and decompose all fields in it as just explained. This gives the
formulation of the N = 4 SYM theory in terms of N = 1 fields

SN=1
4 = tr

∫
d4x

{
−1

2FµνF
µν − 2Dµz̄

iDµzi + 2iλ̄iσ̄µDµλi + 2iλ̄σ̄µDµλ

+
√

2g
(
εijkλαi [λαj , zk]− εijkλ̄iα̇[λ̄α̇j , z̄k]

)
+ 2
√

2g
(
λαi [λαz̄i]− λ̄iα̇[λ̄α̇, zi]

)
+ g2[zk, zl][z̄k, z̄l] + g2[zk, z̄l][z̄k, zl]

}
. (2.65)

By construction this action has only the N = 1 subgroup of the full N = 4 symmetry
manifestly exposed, the rest of the symmetries of the N = 4 superconformal group are not
manifest and are therefore called hidden. The fact that all cubic and quartic interactions are
proportional to the same coupling constant g is the only hint that the hidden symmetries
are there. Note that it is possible to regroup the four scalars in the quartic interaction,
and one finds different ways of writing this interaction in literature. After expanding the
commutators one realises that some terms are equal and can be grouped together. One can
also evaluate the colour trace, which produces two SU(N) structure constants contracted in
one index. This allows one to apply the Jacobi identity to further transform this interaction
term. We will just leave this term as it is.

Unlike the N = 4 theory, the N = 1 viewpoint admits a fully off-shell superfield formulation,
while the former would need an infinite number of auxiliary fields. To write the N = 1 action
in this way we view the N = 4 fields as components of the following N = 1 superfields:

Zi = zi +
√

2θλi + θ2Fi (2.66)
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V = θσµθ̄Aµ + θ2θ̄λ̄+ θ̄2θλ+ 1
2θ

2θ̄2D. (2.67)

As we anticipated before, the whole field content of the N = 4 theory fits into a triplet of
chiral superfields Zi and a vector gauge superfield V . As usual, chiral fields have to be taken
to depend on the chiral coordinate yµ rather than xµ, see Appendix A.5 for a summary of
some standard supersymmetry definitions used here. The vector superfield has already been
gauge-fixed to the Wess-Zumino gauge, and one can construct the field strength multiplet
Wα from V in the standard way:

Wα = −1
4D̄

2e−2gVDαe
2gV

= 2g
(
λα + θβ

(
εαβD + F+

αβ

)
+ θ2iDαα̇λ̄

α̇
)
,

(2.68)

where F+ = σµνFµν is the self-dual part of the vector field strength, and Dαα̇ = σµαα̇Dµ the
covariant derivative with respect to the SU(N) gauge group, which should not be confused
with the auxiliary field D in the θβ component of Wα. It is possible to remove the overall
factor of 2g in the components of the field strength Wα by rescaling V → 1

2gV . This in fact
allows to factor out the gauge coupling g out of the action, and such a normalisation is
sometimes referred to as holomorphic. See Section 2.4 for more details on this.

After this preparation it is now straightforward to show that in terms of N = 1 superfields
the N = 4 action takes the following form

SN=1
4 = 2 tr

∫
d4x

{∫
d4θ e−2gV Z̄ie

2gV Zi + 1
16g2

∫
d2θWαWα + h.c.

+ ig

√
2

3!

(∫
d2θ εijkZi[Zj , Zk] +

∫
d2θ̄ εijkZ̄

i[Z̄j , Z̄k]
)}

. (2.69)

The proof that this action indeed reproduces the action in component form (2.65) introduced
earlier is elementary but tedious, therefore we will not present it here. To sum up, the N = 4
theory written in the language of N = 1 superfields contains a gauge vector multiplet and a
triplet of chiral multiplets with the superpotential given by

W = 2 tr
(
ig

√
2

3! ε
ijkZi[Zj , Zk]

)
. (2.70)

2.4 The Holomorphic Gauge Coupling

In this section we would like to discuss two main normalisations for the Yang-Mills field
strength called the canonical and the holomorphic normalisations, which are related by
rescaling of the gauge potential, and in the supersymmetric case by the rescaling of the gauge
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vector superfield. These normalisations are often mentioned in literature [66, 75, 76], but
here we would like to give a self-consistent overview compatible with our conventions. Note
that in this section we will suppress the colour indices in expressions linear and quadratic in
fields to make the notation more transparent. To restore them simply add a colour index to
each field and contract the colour indices for all field bilinears. To distinguish quantities in
canonical normalisation from those in holomorphic normalisation sometimes we will use the
superscripts ‘c’ for canonical and ‘h’ for holomorphic

Let us start with the Yang-Mills action, and later generalise to the super Yang-Mills case.
The usual way of writing the Yang-Mills action is the following:

S
(c)
YM =

∫
d4x

(
−1

4FµνF
µν
)
. (2.71)

In this case the gauge kinetic term is said to be canonically normalised and the field strength
is given by

F (c)a
µν = ∂µA

a
ν − ∂νAaµ + gfabcAbµA

c
ν . (2.72)

To change to the holomorphic normalisation rescale the gauge potential to Aµ → 1
gAµ. This

leads the rescaling of the field strength F (c)
µν → 1

gF
(h)
µν so that the gauge coupling g does not

appear in the definition of the field strength and other quantities related to the gauge field
like the covariant derivatives and the gauge transformation of the gauge field itself:

F (c)a
µν → F (h)a

µν = ∂µA
a
ν − ∂νAaµ + fabcAbµA

c
ν . (2.73)

In this case the gauge coupling appears in the action as a factor in front of the gauge kinetic
term

S
(h)
YM =

∫
d4x

(
− 1

4g2FµνF
µν
)
. (2.74)

This way of writing the Yang-Mills action seems more natural as it separates the geometric
nature of the gauge field and its field strength from the field theoretic coupling. This form
of the Yang-Mills action is often used in the study of instantons, while the canonically
normalised one is more appropriate for perturbative calculations, where it is useful to have
the coupling g appear in the action so that it can be used as the perturbation expansion
parameter for perturbation theory.

The idea of the holomorphic coupling can be generalised to the super Yang-Mills case. We
recall the definition of the field strength superfield Wα in (2.68), which corresponds to the
canonical normalisation:

W (c)
α = −1

4D̄
2e−2gVDαe

2gV

= 2g
(
λα + θβ

(
εαβD + F+

αβ

)
+ θ2iDαα̇λ̄

α̇
)
.

(2.75)
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In order to derive the super Yang-Mills action it is useful to recall the definition of the dual
field strength F̃µν ≡ 1

2εµνρσF
ρσ, and it is possible to show using the identities and definitions

in Appendix B.1 that the following relations for various field strength bilinears hold:

F̃µν ≡
1
2εµνρσF

ρσ (2.76a)

F̃µνF̃
µν = −FµνFµν (2.76b)

(F+)αβ(F+)αβ = −2(F+)µν(F+)µν (2.76c)

(F−)α̇β̇(F−)α̇β̇ = −2(F−)µν(F−)µν (2.76d)

(F+)µν(F+)µν + (F−)µν(F−)µν = FµνF
µν (2.76e)

i
[
(F+)µν(F+)µν − (F−)µν(F−)µν

]
= FµνF̃

µν . (2.76f)

Thus we see that the F-terms of the field strength superfield bilinears are given by

WαWα = 4g2θ2
(
2iλσµDµλ̄+D2 − F+

µνF
+µν

)
+ . . . (2.77)

W α̇W
α̇ = 4g2θ̄2

(
2iλ̄σµDµλ+D2 − F−µνF−µν

)
+ . . . (2.78)

and the super Yang-Mills part of the action therefore reads

S
(c)
SYM =

∫
d4x

∫
d2θ

1
16g2W

αWα + c.c.

=
∫
d4x

(
−1

4FµνF
µν + iλ̄σ̄µDµλ+ 1

2D
2
)
.

(2.79)

To change to the holomorphic normalisation we should now rescale the whole gauge vector
superfield, rather than just the potential, therefore we set V → 1

2gV . This gives a definition
of the field-strength superfield that is independent of the gauge coupling

W (h)
α = −1

4D̄
2e−VDαe

V

= λα + θβ
(
εαβD + F+

αβ

)
+ θ2iDαα̇λ̄

α̇.
(2.80)

Analogously to the Yang-Mills case we now get an action in which the gauge coupling has
been factored out of the action:

S
(h)
SYM =

∫
d4x

∫
d2θ

1
4g2W

αWα + c.c. (2.81)

= 1
g2

∫
d4x

(
−1

4FµνF
µν + iλ̄σ̄µDµλ+ 1

2D
2
)
. (2.82)

As in the Yang-Mills case such a rescaling has the advantage of emphasising the geometric
nature of the action rather than the perturbative one. Apart from this it also allows one to
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introduce a generalised complexified gauge coupling, usually defined as follows

τ = θ

2π + 4πi
g2 . (2.83)

The θ-angle in the real part of τ is a new coupling, and is not related to the Grassmann
coordinates θα. The key insight is now that in the holomorphic normalisation the gauge
coupling does not appear in any of the field definitions nor in the covariant derivative, and
enters the action in a holomorphic way as a multiplicative factor in front of the WαWα

F-term. This in fact allows us to replace the real gauge coupling constant g by the complex
coupling τ .

Using the same identities (2.76) for the field strength as before it is straightforward to show
that

τ

16πiF
+
µνF

+µν + c.c. = − 1
4g2FµνF

µν + θ

32π2FµνF̃
µν . (2.84)

It follows immediately that the holomorphically normalised super Yang-Mills action can be
written as

SSYM =
∫
d4x

∫
d2θ

τ

16πiWαW
α + c.c. (2.85)

=
∫
d4x

(
− 1

4g2FµνF
µν + θ

32π2FµνF̃
µν + 1

g2 iλ̄σ̄
µDµλ+ 1

2g2D
2
)
. (2.86)

We see that the topological term θ
32π2F

a
µνF̃

aµν now appears naturally in the action. Since in
this text we will not touch upon topics related to this term, we will abstain from using the
complexified gauge coupling and will use the canonical way of writing the super Yang-Mills
term rather than the holomorphic one. In this way all kinetic terms will be automatically
canonically normalised.

To conclude this section let us contrast the quantities that involve the gauge coupling
g in the canonical normalisation with those in the holomorphic normalisation, where g
disappears. These quantities are the field strength, the covariant derivative, and the gauge
transformations of the gauge potential.

Recalling the Section 2.2.2 the canonical quantities are given by

Field strength:

Fµν = ∂µAν − ∂νAµ − ig[Aµ, Aν ], (2.87)

F aµν = ∂µA
a
ν − ∂νAaµ + gfabcAbµA

c
ν (2.88)
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Gauge transformations:

Aµ → eiα(Aµ + i

g
∂µ)e−iα (2.89)

δAµ = i[α,Aµ] + 1
g
∂µα (2.90)

Covariant derivative for any field ~φ:

Dµ
~φ = (∂µ − igAµ)~φ (2.91)

Covariant derivative for a field B in adjoint representation:

DµB = ∂µB − ig[Aµ, B]. (2.92)

The same quantities in holomorphic normalisation are given by the following expressions.

Field strength:

Fµν = ∂µAν − ∂νAµ − i[Aµ, Aν ], (2.93)

F aµν = ∂µA
a
ν − ∂νAaµ + fabcAbµA

c
ν (2.94)

Gauge transformations:

Aµ → eiα(Aµ + i∂µ)e−iα (2.95)

δAµ = i[α,Aµ] + ∂µα (2.96)

Covariant derivative for any field ~φ:

Dµ
~φ = (∂µ − iAµ)~φ (2.97)

Covariant derivative for a field B in adjoint representation:

DµB = ∂µB − i[Aµ, B]. (2.98)

Thus we see that in the holomorphic normalisation the coupling constant g disappears from
all definitions.
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Chapter 3

The Operator Spectrum of the
N = 4 Super Yang-Mills Theory

The holographic duality ensures that gauge invariant operators of the SYM theory, and their
correlation functions can be related to the gravity modes, and their dynamics. Thus it seems
essential to understand and classify the possible field theory operators, understand their
symmetry transformations and multiplets, and explore ways of systematically constructing
them.

Recall that the field content of the N = 4 SYM theory in four dimensions consists of six
scalars φI , four Weyl fermions λαA, and one gauge field Aµ, all in the adjoint representation
of the SU(N) gauge group. All of these fields can be identified as components of one vector
multiplet of the N = 4 supersymmetry. Thus to construct a gauge invariant operator one
can take products of various fields and their derivatives, and trace the result with respect
to the gauge group: O = tr(F (1)F (2) . . .), where F (i) can be any of the fields listed above.
Operators of this form are called single trace operators, and correspond to single particle
states of the gravity theory. These are the objects that are most interesting to us. One
can construct more general operators called multi-trace operators by taking products of
single trace operators. These operators can have identical quantum numbers as single trace
operators, but correspond holographically to multi-particle states of the gravity theory
and are generally suppressed as 1/N . In what follows we shall restrict our attention to
single-trace operators.

In a theory with conformal symmetry a common approach to classifying operator multiplets
is by finding primary operators and their descendants. Since the R-symmetry group SU(4)R
with generators Ri and the Lorentz group SO(1, 3) with generators Mµν are commuting
bosonic subgroups of the superconformal group PSU(2, 2|4), representations of the latter
can be labelled by the quantum numbers of these subgroups. Additionally, there is one more

31
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generator of the superconformal group that commutes with both Ri and Lµν , the dilaton D,
and thus can also be diagonalised at the same time [14], so that the corresponding quantum
number is the so-called conformal dimension ∆. In unitary representations the value of
∆ is bounded from below [14], and this fact is the basis for the classification by primaries
and descendants. Some generators can be assigned a conformal dimension ∆′ in the sense
that when applied to a state of conformal dimension ∆ they create another eigenstate of
the dilaton generator D with conformal dimension ∆ + ∆′. One such generator is Pµ and
its commutator with D can be written as [iD, iPµ] = iPµ, from where we immediately see
that Pµ has the conformal dimension of unity. There are three other generators in the
superconformal algebra that have a non-zero conformal dimension:

[Pµ]D = 1 [Kµ]D = −1 [Q]D = 1
2 [S]D = −1

2 (3.1)

where Q and S stand for all Poincaré supercharges QAα , Q̄α̇A and conformal supercharges
SαA, S̄Aα̇ . These pairs of conformal raising and lowering operators can now be used to
construct multiplets of the superconformal group. Because the conformal dimension must
be bounded from below, every multiplet has an operator of the lowest dimension OP , called
a primary. In pure conformal theory without supersymmetry this means that [Kµ,OP ] = 0.
In a superconformal theory the supercharges constitute a second pair of raising and lowering
operators, and in theory for a superconformal primary we should demand [Kµ,OP ] = 0
and [S,OP ] = 0. However, since the conformal dimension of S is −1

2 and that of Kµ is
−1, [S,OP ] = 0 is a stronger condition and already implies the other one. Thus we have
found that superconformal primary operators OP are those for which [S,OP ] = 0, and
the superconformal multiplet that they generate can be constructed by computing their
descendants by applying Poincaré supercharges Q and Poincaré translations Pµ. Since
according to the superconformal algebra {QAα , Q̄β̇B} = 2σµ

αβ̇
Pµδ

A
B some combinations of

supercharges can be replaced by the operator Pµ, and the number of combinations of
supercharges that can be applied to a primary without generating derivatives is therefore
finite. In fact, in a theory with 16 supercharges like the N = 4 in four dimensions, the
maximal number of such combinations is 16, and the highest dimension operator is Q8Q̄8OP .

3.1 Superconformal Primaries

At this point the task of constructing superconformal multiplets is reduced to finding
superconformal primaries. To find them observe that descendants are by construction
commutators of Poincaré supercharges Q with other operators, thus a primary operator is
one that cannot be written as such a commutator [14]. Upon inspection of the supersymmetry
transformations of all fields of the N = 4 SYM theory we realise that scalar fields appear on
the right hand side only as commutators. Thus a symmetric combination of scalar fields
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cannot be a descendant, and therefore it must be a superconformal primary.

Another refinement of the classification of multiplets is the fact that some primaries are
annihilated by certain combination of supercharges and the state of maximal conformal
dimension is never reached. Such primaries are called chiral, and the multiplets that are
based on them are called short, otherwise the primary is non-chiral and the multiplet is long.
The most typical case of a chiral primary is annihilated if more than half of all supercharges
are applied to it, thus for an N = 4 theory in d = 4 the highest dimension operator in such
short representation would be of the form Q4Q̄4OP rather than Q8Q̄8OP . Such operators
are sometimes also called 1

2BPS because they preserve half of the supersymmetry.

The reason we are interested in 1
2BPS operators is that it was shown that they are exactly

those that correspond to supergravity modes, which also turn out to be in short represen-
tations. This makes sense since supercharges have helicities ±1

2 , and in a theory with 16
Poincaré supercharges, 8 of positive and 8 of negative helicity, one would generate operators
that correspond to supergravity modes of spin higher than 2, which should not be the
case for a theory of gravity. Short representations based on 1

2BPS primaries, in contrast,
admit operators that are generated by at most 4 supercharges of the same helicity, which
corresponds to supergravity modes with spin at most 2. Representations in long multiplets
must thus correspond to stringy modes that were truncated by the supergravity limit and
are therefore not accessible in the supergravity approximation.

As we found out above, superconformal primaries are traces over symmetrised products of
scalars of the N = 4 theory. It can be shown [13] that chiral primaries are exactly those
primaries that are traceless with respect to the SU(4)R indices, which is commonly denoted
by

Op = trφ{I1 . . . φIp} (3.2)

where the curly braces mean that the SU(4) indices are symmetrised and the trace is removed.
Because the scalar fields are in the 6 = [0, 1, 0] of the SU(4), a symmetric traceless product
of p such fields corresponds to the irreducible representation [0, p, 0] of the SU(4). Further,
it can be shown that the conformal dimension if this operator is ∆ = p.

A common way to denote the chiral primaries is

Op = CAI1...Ip tr(φI1 . . . φIp), (3.3)

where CAI1...Ip is a symmetric traceless SU(4) tensor with respect to its lower indices. The
upper index A counts the multiplicity of independent symmetric traceless tensors with p
indices, and therefore its range is equal to the dimension of the representation [0, p, 0] in
which the operator is. Thus a choice of the tensors CAI1...Ip corresponds to a choice of basis for
the corresponding SU(4) representation and replaces p SU(4) indices, each of which goes from
1 to 6 by one index that goes from 1 to the dimension of the representation. For example,
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the operator trφ{I1φI2} is in the [0, 2, 0] = = 20′ of the SU(4), and can be written as
CAI1I2 tr(φI1φI2) with A ∈ {1, . . . , 20}. The fact that CAI1I2 tr(φI1φI2) is in the 20′ of the SU(4)
manifests itself in the fact that SU(4) transformations that act on it can be represented by
20× 20 matrices TAB and the transformation rule becomes CAI1...Ik → TABCBI1...Ik .

3.2 Superconformal Descendants

To construct the descendants recall again that given a superconformal primary OP only
a finite number of Poincaré supercharges can be applied to it before we start generating
derivatives, which are conformal descendants. If we only pick out those superconformal
descendants that cannot be written as derivatives, we get operators that are primaries of the
conformal subalgebra, and as we have seen, there are only a finite number of such operators
in a given superconformal multiplet.

The group theoretical treatment of superconformal descendants was performed in [77], and in
the appendix of [39] the result is presented in a convenient graphical form that we reproduce
in Figure 3.2. The down-left arrow corresponds to the action of Q, the down-right to Q̄,
and the number in the left column is the conformal dimension ∆, which increases by 1

2
at each level because the Poincaré supercharges Q and Q̄ have the conformal dimension
of 1

2 . Because the supercharges Q̄ and Q are complex conjugates of each other, the whole
short multiplet build by acting with Q and Q̄ on the primary is invariant under complex
conjugation. The action of the complex conjugation on an operator in the short multiplet
corresponds to mirroring with respect to a vertical axis, which is schematically represented in
Figure 3.1. One can convince oneself this is indeed the case by comparing the representations

Figure 3.1: The complex conjugation of operators in short multiplets interchanges operators
that are mirror-equivalent to each other with respect to the central vertical axis.

appearing in the multiplet in Figure 3.2 with their mirror images.

The representations that appear in square brackets in Figure 3.2 are the SU(4) highest
weights, and one can see that the representations that appear in an order p multiplet have
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weights up to p−4. Because negative weights are not possible this means that representations
built on a superconformal primary with p ≥ 4 are generic, while those for p = 1, p = 2 and
p = 3 will be shorter. These ultra-short multiplets can be found, at least for on-shell fields by
removing representations with negative weights. More technical details on these multiplets
can be found in [40]. The numbers in the subscript are the Lorentz quantum numbers.

Figure 3.2: The short multiplet of the N = 4 super Yang-Mills theory in four dimensions

p [0, p, 0](0,0)
↙ ↘

p+ 1
2 [0, p− 1, 1]( 1

2 ,0) [1, p− 1, 0](0, 12 )
↙ ↘ ↙ ↘

p+ 1
[0, p− 1, 0](1,0)
[0, p− 2, 2](0,0)

[1, p− 2, 1]( 1
2 ,

1
2 )

[0, p− 1, 0](0,1)
[2, p− 2, 0](0,0)

↙ ↘ ↙ ↘ ↙ ↘

p+ 3
2 [0, p− 2, 1]( 1

2 ,0)
[1, p− 2, 0](1, 12 )
[1, p− 3, 2](0, 12 )

[0, p− 2, 1]( 1
2 ,1)

[2, p− 3, 1]( 1
2 ,0)

[1, p− 2, 0](0, 12 )

↙ ↘ ↙ ↘ ↙ ↘ ↙ ↘

p+ 2 [0, p− 2, 0](0,0) [1, p− 3, 1]( 1
2 ,

1
2 )

[0, p− 2, 0](1,1)
[2, p− 3, 0](1,0)
[0, p− 3, 2](0,1)
[2, p− 4, 2](0,0)

[1, p− 3, 1]( 1
2 ,

1
2 ) [0, p− 2, 0](0,0)

↘ ↙ ↘ ↙ ↘ ↙ ↘ ↙

p+ 5
2 [1, p− 3, 0](0, 12 )

[0, p− 3, 1]( 1
2 ,1)

[2, p− 4, 1]( 1
2 ,0)

[1, p− 3, 0](1, 12 )
[1, p− 4, 2](0, 12 )

[0, p− 3, 1]( 1
2 ,0)

↘ ↙ ↘ ↙ ↘ ↙

p+ 3
[0, p− 3, 0](0,1)
[2, p− 4, 0](0,0)

[1, p− 4, 1]( 1
2 ,

1
2 )

[0, p− 3, 0](1,0)
[0, p− 4, 2](0,0)

↘ ↙ ↘ ↙
p+ 7

2 [1, p− 4, 0](0, 12 ) [0, p− 4, 1]( 1
2 ,0)

↘ ↙
p+ 4 [0, p− 4, 0](0,0)

The first non-trivial example for which traces over the colour indices do not give zero is
the p = 2 short multiplet. It is the supermultiplet built on the superconformal primary
trφ{IφJ} = [0, 2, 0] = 20′, and operators of this multiplet were used by GPPZ [21–23]
to study field theory deformations. This is exactly the multiplet that corresponds to the
massless multiplet of the graviton on the bulk side. Because of this, and since the graviton
multiplet is the only one present in the gauged supergravity approach, the p = 2 short
multiplet was one of the first and basic operator multiplets to undergo tests of the holographic
principle.
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We can check the first few terms of the p = 2 supermultiplet against the structure in
Figure 3.2. Consider the repeated application of the Poincaré supercharged Q, we expect the
following result: [0, 2, 0](0,0)

Q→ [0, 1, 1]( 1
2 ,0)

Q→ [0, 1, 0](1,0) ⊕ [0, 0, 2](0,0), or, in other words

20′(0,0)
Q→ 20( 1

2 ,0)
Q→ 6(1,0) ⊕ 10(0,0) (3.4)

these are exactly the representations we obtain if we apply the super-transformation rules
introduced earlier:

O = trφ{IφJ} = 1
2

{
Σ(I
ABΣJ)

CD −
1
3δ

IJεABCD

}
tr(φABφCD) (3.5)

QαAO = i√
2

{
Σ(I AGΣJ)

EF −
2
3δ

IJδ
[A
E δ

G]
F

}
tr(λαGφEF ) (3.6)

QβBQαAO = −2
{

Σ(I AGΣJ)BK − 1
3δ

IJεAGBK
}

tr(λ(α
[Gλ

β)
K])

− 1√
2

{
Σ(I ABΣJ)GK − 1

3δ
IJεABGK

}
tr(F+αβφGK)

+ εαβΣ(I AGΣJ)BK tr(λ(GλK))

− εαβ g√
2

{
Σ(I AGΣJ)DH − 1

3δ
IJεAGDH

}
tr(φ̄DH [φBC , φ̄CG]).

(3.7)

In the last descendant the first two terms, which are symmetric in the spinor indices (αβ),
form the operator in the 6(1,0), and the other two terms, which are proportional to εαβ , form
together the operator in the 10(0,0). These are exactly the representations we expected to
find.

3.3 Matching with the Bulk Representations

The N = 4 SYM theory is holographically related to the type IIB string theory in 10
dimensions, and therefore also to the type IIB supergravity theory on AdS5 that is obtained
by dimensionally reducing the 10-dimensional theory on the S5. By the holographic principle,
everything that appears on the field theory side must be mapped to quantities on the string
theory side, in particular the quantum numbers that appear on either side must be equivalent.
However, it is not clear that all these quantities will still appear after taking the large N
or the supergravity limit on the bulk side. In fact it must be that this is not true since
by taking these approximations we simplify the theory by eliminating degrees of freedom.
However, it has been established that the operators in short representations do map to bulk
modes that survive the supergravity limit, and in this section we would like to study what
this correspondence exactly is.

Let us start with the bulk side of the correspondence. To dimensionally reduce from ten to
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five dimensions one compactifies the string theory on a five-dimensional sphere. The resulting
field content of the type IIB supergravity theory on AdS5×S5 was systematically constructed
in [42] long time before the holographic correspondence was discovered. One starts by taking
the so-called Freund-Rubin ansatz for the background solution. The ten-dimensional modes
around this solution are then expanded into harmonics around the five-dimensional sphere,
and the expansion coefficients of each ten-dimensional field become towers of five-dimensional
modes on AdS5, the so-called Kaluza-Klein modes. The isometry group of the five-sphere
is SO(6), and the spherical harmonics determine the SO(6) representation of the modes
that they correspond to. By analysing the linearised equations of motion one can obtain
expressions for the mass of every mode. The result of this analysis is summarised in Table III
of [42]. The isometry group of AdS5 is SO(4, 2), and so one obtains the total isometry group
SO(4, 2) × SO(6). Because the ten-dimensional theory that we started with also had an
N = 2 supersymmetry, the five-dimensional theory inherits supersymmetry transformations,
and one realises that the resulting total symmetry group is PSU(2, 2|4), the superconformal
group, which is exactly the symmetry group of the N = 4 SYM theory in d = 4 that we
discussed in the previous sections.

The supergravity theory involves only modes of at most spin 2, so it is a proper theory of
gravity, and not some higher spin theory. This is possible since all fields that are kept in
the supergravity limit fit into short representations of the superconformal group. Since the
early times of the holographic duality it was found [11, 12] that gauge-invariant operators of
the SYM theory should correspond to supergravity modes, and their correlation functions
to supergravity solutions with boundary conditions dictated by the SYM operators under
consideration. This conjecture has been subjected to substantial testing ever since, and
the body of literature on this topic is immense. It emerges that in terms of representation
theory the contents of short supermultiplets of Figure 3.2 can be exactly matched with
Kaluza-Klein towers of the supergravity theory.

If one inspects more closely which field theory operators correspond to which bulk modes
some patterns start to emerge. First remember that tensor indices of ten-dimensional fields
split into those along the S5 and those that point into AdS5 directions. This gives rise to
bulk fields with various tensor structures. For example a ten-dimensional 2-form field Aµ̂ν̂ ,
where the hatted indices refer to ten-dimensional quantities will split into a 2-form field
Aµν , a 1-form field Aµα, and a scalar Aαβ after dimensional reduction. After studying the
quantum numbers of such fields and comparing them to the quantum numbers in short
multiplets one realizes that 5-dimensional fields that originate from the same 10-dimensional
one fall into columns, as shown in Figure 3.3.

The splitting of the vector indices of fields is not the only thing that happens upon dimen-
sional reduction—also the space-time coordinates on which the fields depend separate into
coordinates on the lower-dimensional AdS spacetime and the coordinates on the internal S5.
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Figure 3.3: The mapping of five-dimensional fields that emerge after dimensional reduction
on the S5 to operators in short multiplets in the N = 4 SYM theory. Those five-dimensional
fields that correspond to the same ten-dimensional field sit in columns that sweep across
short multiplets. On the left graph one can see the bosonic fields, and on the right graph
the fermionic ones. The labels in red correspond to the five-dimensional scalars. The labels
of the fields correspond to those used in [42].
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An observer living on the AdS space does not see the internal space, instead the isometries of
that space manifest themselves as symmetries of the five-dimensional fields. Instead of one
ten-dimensional field, an observer in five-dimensions will see a host of five-dimensional fields
distinguished by the way they transform under these internal isometries, thus measuring
irreducible representations. Formally speaking what happens is that ten-dimensional fields
φ(x, y) with the coordinates x on the AdS space and y on the internal space are expanded into
a basis on the S5 that provides various irreducible representations of the S5 isometry group
SO(6). These are exactly the spherical harmonics, and the expansion can be schematically
written as φ(x, y) = ∑

k φ(x)kY k(y). The infinite towers of five-dimensional modes φ(x)k
is what people refer to as Kaluza-Klein fields, and it is those fields that are physical fields
from the five-dimensional perspective. One may wonder how these Kaluza-Klein fields are
mapped to the short multiplets on the field theory side. Remember that each superconformal
primary composed of p scalar fields gives rise to a short multiplet that we call of order p.
It turns out that starting with the lowest spherical harmonics in the decomposition of the
ten-dimensional bulk fields each consecutive layer in the Kaluza-Klein tower corresponds to
an operator of a short multiplet of a higher order. The location of this operator in the short
multiplet is the same as that of all other operators corresponding to the same Kaluza-Klein
tower. Thus viewing fields mapped across the short multiplet in Figure 3.3 as roots of
Kaluza-Klein towers one can imagine the towers growing perpendicularly to those multiplets
with each new level corresponding to an order p increased by one. Figure 3.4 demonstrates



3.3. Matching with the Bulk Representations 39

what we mean on a three-dimensional picture. The precise mapping of Kaluza-Klein towers,

Figure 3.4: Mapping of Kaluza-Klein towers on AdS5 to short multiplets on the field
theory side. The green surfaces and the black contours represent the short multiplets,
while the red arrows running across them represent the Kaluza-Klein towers, where only a
selection of towers is shown as an example. One can see that the towers pierce the multiplets
perpendicularly so that the location of the operators corresponding to one Kaluza-Klein
tower stays the same. The lowest short multiplet is that with p = 2, however, some towers
only start from p = 3 or p = 4, which leads to ultra-short p = 2 and p = 3 multiplets.

B

hα
α − aαβγδ

Aαβ

p = 2

p = 3

p = 4

p = 5

and their quantum numbers and masses to the field theory operators is summarized in
Table 3.1 at the end of this section.

Before ending the section we need to explore one more detail. After looking at the mapping
of the bulk fields to field theory operators in Figure 3.3 one may notice that some bulk modes
appear multiple times. One reason for this is due to the complex conjugation symmetry of
short multiplets explained in the previous section, so that operators related by mirroring
with respect a horizontal axis as shown in Figure 3.1 in fact correspond to the same complex
bulk field. A corollary of this is that fields that sit on the symmetry axis are real. The
mirror symmetry is however not the whole story, and one can see that there are copies of the
same bulk fields in Figure 3.3 that are obtained not by mirroring, but rather by reflecting
through the centre of the diamond-shaped multiplet. In [42] it was shown that some bulk
fields give rise to two Kaluza-Klein towers, instead of just one. The additional appearances
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of bulk fields in the short multiplets corresponds exactly to two such “twinned” towers that
emerge from the same ten-dimensional field. We can formulate this more precisely: in an
order p short multiplet any operator of conformal dimension ∆ = p+ x, thus one that one
obtains by applying a supercharge to the primary 2x times has a twin operator of dimension
∆ = p+ (4− x). We see that almost all operators have twin operators, except those that
map to themselves or their own complex conjugates. These correspond to x = 2, and are
therefore operators that sit on the horizontal line exactly half way between to top and the
bottom corners of the multiplet.

It is interesting that even though the representations that appear on such twinned towers
are exactly the same, the masses of the corresponding modes are actually different. This
asymmetry is also visible in the mapping to the short multiplets and manifests itself in the
fact that in general twinned towers do not start in the same short multiplet, so that the
location of their roots is skewed. To better explain what we mean by skewed we plotted the
roots of all Kaluza-Klein towers and the multiplets in which they start in Figure 3.6. The way
in which the twinned towers are skewed gives rise to an interesting relation between operators
of the same short multiplet that sit in twinned Kaluza-Klein towers: if the distances of the
shortest connection between these operators along the edges along which the supercharges
act is 2n for some integer n, then one of the representations will be [m1, p,m2], and the other
one [m1, p−n,m2] for the same m1, m2, and p. We have plotted this relation in Figure 3.5.

Figure 3.5: Relation between SU(4) quantum numbers of twinned operators. In the
example shown there are 2n = 6 edges that connect both operators, so that n = 3. Therefore,
if one of the operators is in the representation [m1, p,m2] then the other one is in the
representation [m1, p− 3,m2]. This relation is true for all twinned operators.

1

2

3

[m1, k, m2]

[m1, k − 3, m2]

To conclude, let us describe the matching Table 3.1. Each column in this table corresponds to
one short supermultiplet, and we have written out the three lowest multiplets for p = 2, 3, 4
according to the multiplet structure in Figure 3.2. Each row corresponds to one of the
21 infinite Kaluza-Klein towers found in [42]. One can clearly see how the multiplets
corresponding to p = 2 and p = 3 are shortened because some Kaluza-Klein towers start
at a higher value of p, starting with p = 4 all higher short multiplets are generic and the
representations can be read off the table. The relations between the masses of the Kaluza-
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Klein modes and the quantum numbers of the operators are given in separate columns. After
looking at the mass formula for twinned operators one discovers an interesting detail: if the
mass squared of one of the twins expressed in terms of the order of the multiplet is given
by m2(p) then the mass of the other twin is given by m2(−p), thus the masses of twins are
related by p→ (−p).

The lowest multiplet corresponding to p = 2 is the graviton, or massless, multiplet which
constitutes the field content of the gauged supergravity theory [44, 77]. It contains the
massless graviton in the 1(1,1) at ∆ = p + 2 = 4, and the scalars in the 20, the 10c, and
the 1c with subscript ‘c’ standing for complex representation, and thus giving a total of
42 real scalar degrees of freedom. In particular, the 10c contains the scalars studied by
GPPZ [21–23] which, after the symmetry breaking SU(4) → SU(3) × U(1) branches as
10→ 6 + 3 + 1, and what in GPPZ are the scalars mij and σ are the 6 and the 1 under
this branching.
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Figure 3.6: Skewed roots of Kaluza-Klein towers with respect to short multiplets. The
horizontal lines represent short multiplets of different orders. The horizontal separation
distinguishes superconformal descendants that are obtained from the primary by applying
the supercharge Q a given number of times. On the bulk side this corresponds to different
bulk fields. The roots of Kaluza-Klein towers are represented by big single and double circles.
Red colour was used for bosons and blue colour for fermions. Double circles mean that
there are multiple towers that start at the same point. Small red and blue dots that run
upwards from the roots represent higher Kaluza-Klein modes. The twinned towers are those
connected by dashed red and blue lines, and one can see that the twins always correspond to
the same ten-dimensional field. Moreover one can see that twinned roots are all skewed in
the same way so that the connecting lines are all parallel. In fact the twin relation does not
only hold for the roots of the towers, but for all modes on all towers, so that the diagonal
lines should be copied and transposed vertically to connected all red and blue dots. Finally
note that for the cases p = 0 and p = 1 no gauge-invariant operators can be constructed,
even though from the group theoretical perspective it is perfectly possible to write down the
representations. On the bulk side these cases can be identified with the so-called singleton
fields that can be gauged away except on the boundary of AdS, and therefore decouple from
the other operators [13]. On the graph these modes correspond to the greyed out area on the
bottom of the graph, and the washed out red and blue dots. Thus the parts of the towers
that fall into the grey area should be removed and the corresponding towers should start at
the p = 2 multiplet. In spite of this the p = 0 and p = 1 layers have been included to better
demonstrate the symmetry of the set-up and the twin relations.
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Chapter 4

Scalar Potential in Gauged
Supergravity

In the course of this part of the thesis we will establish a holographic method for the
computation of the bulk scalar potential, put prior to this let us review the traditional way
of obtaining it. Thus in this chapter we will demonstrate the non-holographic computation
of the scalar potential in the framework of gauged supergravity. We will review some basic
facts first, then specialise to the GPPZ potential [23], and indicate the steps that lead to its
computation. This calculation demonstrates how fundamentally different the holographic
computation is on the one hand, but also allows us to introduce and study some technical
aspects of maximal gauged supergravity in five dimensions that will be useful later.

4.1 Gauged Supergravity in Five Dimensions

In this section we would like to recall some facts about gauged supergravity. The GPPZ
computation is done for the gauged N = 8 supergravity in a five-dimensional AdS5 space-
time, and therefore this is the theory we would like to focus on at the moment.

Gauged supergravity can be derived from ungauged supergravity by promoting some of
its global symmetries to gauge transformations. The ungauged N = 8 supergravity in five
dimensions was first considered in [78] and has a global E6(6) symmetry, which is the split,
real form of the complex E6. Since E6 has complex dimension 78, the split real form E6(6) is
of real dimension 78. The 6 in the parenthesis in the subscript stands for the difference of
the numbers of non-compact and compact generators, thus in our case the 78 generators
consist of 42 non-compact, and 36 compact ones. Apart from the global E6(6), the theory
has a composite local Sp(4) symmetry. It is local in the usual sense that it depends on the
spatial coordinates, but it is not a gauge group since it is not associated to any gauge fields.

47
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Among other fields the five-dimensional supergravity theory contains 42 scalars. These are
described by a non-linear sigma model and take values in the coset manifold E6(6)/Sp(4).
These 42 scalars correspond to the 42 non-compact directions of the E6(6), and the lo-
cal composite symmetry group Sp(4), which is the maximal compact subgroup of E6(6)

and therefore of dimension 36, mods out the 36 compact directions through the quotient
E6(6)/Sp(4). In short, the 42 scalars are in fact equivalence classes in E6(6) and the local
Sp(4) transformations correspond to the choice of a representative in each equivalence class.
Fixing a “gauge” in Sp(4) corresponds to fixing the representatives for the scalars equivalence
classes.

The gauging of the supergravity theory means that we choose a subgroup of the global E6(6)

and promote it to a gauge group. This is a non-trivial procedure, as appropriate gauge
fields need to be found, and gauge couplings have to be introduced. At the end of the day it
can be shown that it is consistent to gauge an SU(4) subgroup. It can be embedded in the
first factor of the maximal SL(6)× SL(2) subgroup of the E6(6), which is obvious from the
algebra relation su(4) ∼= so(6) ⊂ sl(6). After the subgroup SU(4) is promoted to a gauge
group, the E6(6) global symmetry is broken, and only its subgroup SL(2), which appears as
the second factor above, survives. The composite local Sp(4) remains unaffected. In total,
starting with the ungauged supergravity with the symmetry

E6(6) × Sp(4)CL , (4.1)

where “CL” stands for composite local, we promoted an SU(4) subgroup of the global E6(6)

to a gauge group breaking the latter to SL(2). The gauged supergravity theory has therefore
the symmetry

SU(4)gauge × SL(2)global × Sp(4)CL . (4.2)

More details can be found in the original literature in which the N = 8 gauged supergravity
is derived [44, 45].

4.2 The Scalar Potential

The gauged supergravity theory described in the previous section has a potential for its 42
scalars that can be written in the following way (see equation (5.4) in [45]):

P = −g
2

32
(
2WabW

ab −WabcdW
abcd

)
. (4.3)

The indices a, b, c, . . . ∈ {1, . . . , 8} refer to the fundamental representation of the Sp(4),
and are raised and lowered using the symplectic metric Ωab =

(
0 14
−14 0

)
. Furthermore

Wab = W c
acb = ΩcdWdacb. The scalar fields in the potential P are hidden in the object
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Wabcd, which is quadratic in elements called “vielbein” which parametrise the coset manifold
E6(6)/Sp(4), on which the scalars live.

In order to describe the scalars as an E6(6)/Sp(4) coset let us first find how the relevant
representations branch. The Lie algebra embedding sp(4) ⊂ e6(6) is special [79], and the
representation branching can be found by standard Lie algebra techniques, or by using
computer software [80]. We find that the fundamental, the anti-fundamental, and the adjoint
representations of the e6(6) branch as follows

27→ 27 (4.4a)

27→ 27 (4.4b)

78→ 36 + 42. (4.4c)

We see that the adjoint representation 78 of the e6(6) branches into the adjoint representation
36 of the sp(4) and an additional 42. The quotient E6(6)/Sp(4) means that we have to
remove those compact 36 generators of the sp(4) from the 78 generators of the e6(6), leaving
just the 42. To construct the coset one starts with an adjoint field of the e6(6), which can be
thought of as living on the 78-dimensional tangent space of the E6(6). The group Sp(4) is
36-dimensional so that the tangent space of the coset E6(6)/Sp(4) is 42-dimensional, and
corresponds exactly to the 42 scalars. These 42 scalars can be represented by a vielbein
V cd
A as follows:

V cd
A =

 42

 ∈ E6(6)/Sp(4) . (4.5)

Recall that the scalars have to transform both under the E6(6) and the Sp(4), and therefore the
vielbein V cd

A carries both E6(6) indices A,B, . . . ∈ {1, . . . 27}, and Sp(4) indices a, b, c, . . . ∈
{1, . . . 8}. Here we are following the standard index conventions where an upper index refers
to a fundamental representation, and a lower index to the corresponding anti-fundamental
representation. The fundamental representation of E6(6) is the 27, thus the lower index A
transforms in the anti-fundamental 27 of the E6(6). The fundamental representation of Sp(4)
is the 8, so that the anti-symmetric and symplectic-traceless index pair cd corresponds to
the 27 of the Sp(4).

In the ungauged theory the E6(6) is a global symmetry of the theory. The gauging is achieved
by promoting an SO(6) subgroup of the E6(6) to a gauge group, which sits in the E6(6) as
described by the following inclusions:

E6(6) ⊃ Sp(4) ⊃ SL(6)× SL(2) ⊃ SO(6)× SO(2). (4.6)

After the promotion of the SO(6) to a gauge group the global symmetry E6(6) is broken
down to SL(2), which is the maximal subgroup of the E6(6), which commutes with the SO(6),
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as one can see above. Thus after the gauging the representations need to be branched under
the algebra inclusions

e6(6) ⊃ sp(4) ⊃ so(6)× so(2). (4.7)

We saw the branching of the relevant representations under sp(4) ⊂ e6(6) in (4.4), the further
branching under so(6)× so(2) ⊂ sp(4) is given by

27→ (15,1) + (6,2) (4.8a)

42→ (20′,1) + (10,2) + (1,2). (4.8b)

Thus given the branching of the fundamental representation we see that the E6(6) index of
the vielbein has to be transformed as follows:

V cd
A → V cd

ab →
(
V IJcd

V cd
Iα

)
(4.9)

with indices I, J,K, . . . ∈ {1, . . . 6} and α, β, γ, . . . ∈ {1, 2} transforming in the fundamental
6 of the SO(6) and the fundamental 2 of the SO(2) respectively. It is in this basis that the
symbols Wabcd in (4.3) are expressed in terms of the vielbein [45]:

Wabcd = εαβδIJVIαabVJβcd , (4.10)

with ε12 = 1, and δIJ a six-dimensional identity matrix.

4.3 The Scalar Potential in GPPZ

In order to specialize to the GPPZ case [21–23] and apply the formula (4.3) to compute the
scalar potential a number of steps have to be taken. First, the scalar fields that one turns on
break the global symmetry, so that one needs to determine the symmetry breaking pattern,
and parametrise the tensors in terms of the remaining symmetry groups. Then the scalars
to which one truncates need to be parametrised in terms of the non-compact generators on
the scalar coset manifold. The resulting algebra element X containing the scalars is then
exponentiated to get the vielbein V . Once the vielbein is computed the formulas (4.10)
and (4.3) yield the scalar potential. In the following subsections we will go through the
details of the steps just described.

4.3.1 Symmetry Breaking and Group Theory

In the previous section the vielbein was parametrised in terms of the so(6)×so(2) subalgebra
of the e6(6). This was convenient because precisely the first factor, the so(6), is the one that
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gets gauged, and the second one, the so(2), is part of the sl(2) algebra of the residual SL(2)
global symmetry that survives the gauging. Since SO(2) is the maximal compact subgroup
of SL(2), it can be used to label representations of the latter.

Recall that in holography the SU(4) gauge group of the supergravity maps to the global
SU(4) R-symmetry group of the field theory. In GPPZ [21–23] field theory deformations
are considered that break the N = 4 supersymmetry down to N = 1. This breaks the
R-symmetry down to SU(3) × U(1) ⊂ SU(4), where U(1) is now the R-symmetry of the
N = 1 supersymmetry, and the SU(3) becomes the flavour symmetry that mixes the three
chiral multiplets that are formed after the supersymmetry breaking.

Because of the symmetry breaking pattern on the field theory side it is natural to choose an
algebra basis on the gravity side that reflects the corresponding subgroups, namely

su(4) ⊃ su(3)× u(1) , (4.11)

similar to the previous section, taking subgroups further branches the indices of the vielbein.
The relevant representation branchings that we need are (see equations (4.8))

15→ 10 + 34 + 3−4 + 80 (4.12)

6→ 3−2 + 32 . (4.13)

In total, the labelling of the representations changes according to

so(6)× so(2) ∼= su(4)× u(1) ⊃ su(3)× u(1)× u(1) . (4.14)

with

(15,1)→ 150 (4.15)

→ 1(0,0) + 3(4,0) + 3(−4,0) + 8(0,0) (4.16)

(6,2)→ 62 + 6−2 (4.17)

→ 3(−2,2) + 3(2,2) + 3(−2,−2) + 3(2,−2) . (4.18)

From these branching rules we can now induce the index structure of the vielbein:(
V IJcd

V cd
Iα

)
→
[(
V(1) V i

(2) V ı
(3) V i

(4) V i
(5) V ı

(6) V i
(7) V ı

(8)

)cd]t
(4.19)

=
(
1(0,0),3(4,0),3(−4,0),8(0,0),3(−2,2),3(2,2),3(−2,−2),3(2,−2)

)
. (4.20)

Note that the conventions for the SU(3) indices are now different: instead of denoting the
fundamental representation by an upper index and the anti-fundamental by a lower index, we
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are now following the conventions of GPPZ to denote the fundamental representation of the
SU(3), the 3, by a lower-case Latin letter from the middle of the alphabet, i, j, k, . . . ∈ {1, 2, 3},
and the anti-fundamental by the barred indices ı, , k, . . . ∈ {1, 2, 3}. The upper and lower
SU(3) indices, in contrast, shall now denote rows and columns, respectively, which makes it
easy to write the vielbein as a matrix, as we will see in what follows.

The next step is to write the vielbein V explicitly in terms of the 42 scalars. Recall that these
scalars are described by a sigma-model, and therefore take values in the target manifold
E6(6)/Sp(4). One standard way to model this is to take the scalars to be proportional to the
non-compact generators of the E6(6) and exponentiate the resulting Lie algebra element to
get the vielbein with values in the group manifold:

V = exp
( 42∑
i=1

φiTi

)
. (4.21)

Since we are considering a symmetry breaking pattern where the E6(6) group is broken to
SU(3)×U(1), we need to write the generators of the E6(6) in this basis. In particular, this
means that also the column index cd in (4.19) will have to be branched to the corresponding
subgroups, as it was done with the row index.

Recall that the 42 scalars of the theory are in the 42 of the E6(6) in the ungauged theory,
and after gauging we have to consider the subalgebras according to

e6(6) ⊃ sp(4) ⊃ so(6)× so(2) ∼= su(4)× u(1) . (4.22)

Under these inclusions the 42 branches as

42 → 42 → 20′0 + 10−2 + 102 + 14 + 1−4. (4.23)

In the GPPZ case we are breaking the symmetry further to

su(4)× u(1) ⊃ su(3)× u(1)× u(1) , (4.24)

and the representations branch as

20′0 → 8(0,0) + 6(−4,0) + 6(4,0) (4.25)

10−2 → 6(2,−2) + 3(−2,−2) + 1(−6,−2) (4.26)

102 → 6(−2,2) + 3(2,2) + 1(6,2) (4.27)

14 → 1(0,4) (4.28)

1−4 → 1(0,−4) . (4.29)

All in all, recalling that the row and column indices of the vielbein were in the 27 of the
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Sp(4), and the scalars in the 42, we can use all branching rules listed above to write the
vielbein in the following block form:

V = 27


27

42

 →
150

6−2

62


150

20′0

62

102

6−2

10−2

10−2 20′0 1−4

102 14 20′0

 →

1(0,0)

3(−4,0)

3(4,0)

8(0,0)

3(2,−2)

3(−2,−2)

3(2,2)

3(−2,2)



1(0,0)

0

3(4,0)

0

3(−4,0)

0

8(0,0)

8(0,0)

3(−2,2)

0

3(2,2)

3(2,2)

3(−2,−2)

3(−2,−2)

3(2,−2)

0

0 8(0,0) 0 6(−4,0) 0 6(−2,2) 1(−6,−2) 3(−2,−2)

0 0 0 6(4,0) 3(2,2) 1(6,2) 6(2,−2) 0

8(0,0) 6(4,0) 6(−4,0) 8(0,0) 6(−2,2) 3(2,2) 3(−2,−2) 6(2,−2)

0 0 3(−2,−2) 6(2,−2) 8(0,0) 6(4,0) 1(0,−4) 0

3(−2,−2) 6(2,−2) 1(−6,−2) 3(−2,−2) 6(−4,0) 8(0,0) 0 1(0,−4)

3(2,2) 1(6,2) 6(−2,2) 3(2,2) 1(0,4) 0 8(0,0) 6(4,0)

0 3(2,2) 0 6(−2,2) 0 1(0,4) 6(−4,0) 8(0,0)


(4.30)

This parametrisation of the E6(6)/Sp(4) coset vielbein in terms of the su(3)× u(1)× u(1)
representations leads to the following tensor structure for the vielbein and the algebra
elements: 

z z
k̄

zk z
k̄l

z
k̄

zk z
k̄

zk

zi zi
k̄

zik zi
k̄l

zi
k̄

zik zi
k̄

zik

z ı̄ z ı̄
k̄

z ı̄k z ı̄
k̄l

z ı̄
k̄

z ı̄k z ı̄
k̄

z ı̄k

zī zī
k̄

zīk zī
k̄l

zī
k̄

zīk zī
k̄

zīk

zi zi
k̄

zik zi
k̄l

zi
k̄

zik zi
k̄

zik

z ı̄ z ı̄
k̄

z ı̄k z ı̄
k̄l

z ı̄
k̄

z ı̄k z ı̄
k̄

z ı̄k

zi zi
k̄

zik zi
k̄l

zi
k̄

zik zi
k̄

zik

z ı̄ z ı̄
k̄

z ı̄k z ı̄
k̄l

z ı̄
k̄

z ı̄k z ı̄
k̄

z ı̄k



. (4.31)

The next step is to pick the scalars to turn on, fit them into the coset element just described,
and exponentiate it to get the vielbein.
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4.3.2 Computing the Vielbein of the Scalar Coset

The scalars considered by GPPZ [21–23] are in the representations 6(2,−2) and the 1(−6,−2)

that come from the branching of the 10−2, and are denoted by mij and σ. On the field
theory side mij corresponds to a mass term for the N = 1 chirals, and σ corresponds to the
gaugino condensate. The authors showed that after an appropriate choice for the generators,
which lead to canonical kinetic terms, the supergravity scalars mij and σ can be mapped
into the algebra as follows:

X =



0 0 0 0 0 0 0 0
0 0 0 0 0 mij√

3 σ 0
0 0 0 0 0 σ

mı̄̄√
3 0

0 0 0 0 ε̄k̄l̄
mil√

3 0 0 εjkl
mı̄l̄√

3
0 0 0 εjkl

mı̄l̄√
3 0 0 0 0

0 mı̄̄√
3 σ 0 0 0 0 0

0 σ
mij√

3 0 0 0 0 0
0 0 0 ε̄k̄l̄

mil√
3 0 0 0 0



(4.32)

The unbarred indices refer to the fundamental 3 of the SU(3), the barred ones to the anti-
fundamental 3̄. Repeated indices are summed over, and necessarily involve one unbarred
and one barred index to produces an SU(3) invariant contraction. It is necessary to choose
mij to be diagonal to project out an additional chiral primary operator that would otherwise
lead to a third bulk mode. Therefore the authors of GPPZ take

mij = mδij ≡
√

3αδij . (4.33)

In the last equality we defined α as a rescaling of the mass term m. Note that in (4.32) we
have reproduced the original form of X found in [23], in which the distinction between row
and column indices which we used in writing down (4.31) was not used. We shall reinstate
this distinction and denote rows by an upper index and columns by a lower index, so that
X is given by

X =



0 0 0 0 0 0 0 0
0 0 0 0 0 αδik σδi

k̄
0

0 0 0 0 0 σδı̄k αδı̄
k̄

0
0 0 0 0 αεī

k̄
0 0 αεīk

0 0 0 αεi
k̄l

0 0 0 0
0 αδı̄

k̄
σδı̄k 0 0 0 0 0

0 σδi
k̄

αδik 0 0 0 0 0
0 0 0 αεı̄

k̄l
0 0 0 0


. (4.34)
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To get the vielbein V we need to exponentiate X, which can in fact be done by hand. Notice
that X is in block form, and that each entry in the block formed by rows and columns (2, 3,
6, 7) is an identity matrix. Therefore we can separate out this block, and exponentiate it
like a normal matrix:

exp


0 0 α σ

0 0 σ α

α σ 0 0
σ α 0 0

 =

=


cosh |σ| cosh |α| σα

|σ||α| sinh |σ| sinh |α| α
|α| cosh |σ| sinh |α| σ

|σ| sinh |σ| cosh |α|
σα
|σ||α| sinh |σ| sinh |α| cosh |σ| cosh |α| σ

|σ| sinh |σ| cosh |α| α
|α| cosh |σ| sinh |α|

α
|α| cosh |σ| sinh |α| σ

|σ| sinh |σ| cosh |α| cosh |σ| cosh |α| σα
|σ||α| sinh |σ| sinh |α|

σ
|σ| sinh |σ| cosh |α| α

|α| cosh |σ| sinh |α| σα
|σ||α| sinh |σ| sinh |α| cosh |σ| cosh |α|


(4.35)

The rest of X is formed by rows and columns in positions (1, 4, 5, 8) and is given by:

X =


0 0 0 0
0 0 αεī

k̄
αεīk

0 αεi
k̄l

0 0
0 αεı̄

k̄l
0 0

 (4.36)

To exponentiate this block we need to carefully multiply the ε-tensors. It is useful to notice
that X2 = (2|α|)2Y , where Y has the properties Y 2 = Y , and Y X = XY = X, and is given
by

Y =


0 0 0 0
0 δī

k̄l
0 0

0 0 1
2δ
i
k̄

1
2
α2

|α|2 δ
i
k

0 0 1
2
α2

|α|2 δ
ı̄
k̄

1
2δ
ı̄
k

 δī
k̄l

= δ
[i
k̄
δ
̄]
l = 1

2
(
δikδ

̄
l − δilδ

̄

k̄

)
(4.37)
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Using these properties it is now easy to exponentiate X:

expX =
∞∑
n=0

1
(2n)!

(
X2
)n

+
∞∑
n=0

1
(2n+ 1)!

(
X2
)n
X

=
∞∑
n=0

1
(2n)! (2|α|)

2nY + (1− Y ) +
∞∑
n=0

1
(2n+ 1)!(2|α|)

2n+1 1
2|α|Y X

= cosh(2|α|)Y + 1
2|α|(1− Y ) + 1

2|α| sinh(2|α|)X

=


1 0 0 0
0 cosh(2|α|)δī

k̄l
α

2|α| sinh(2|α|)εī
k̄

α
2|α| sinh(2|α|)εīk

0 α
2|α| sinh(2|α|)εi

k̄l
cosh(|α|)2δi

k̄
α2

|α|2 sinh(|α|)2δik

0 α
2|α| sinh(2|α|)εı̄

k̄l
α2

|α|2 sinh(|α|)2δı̄
k̄

cosh(|α|)2δı̄k

 .

(4.38)

After combining the two blocks of X in (4.35) and (4.38) we thus obtain the vielbein, in
which both rows and columns are written in the basis in which the 27 of the Sp(4) is split
to SU(3) × U(1) × U(1) indices. Recalling the tensor W abcd is computed in terms of the
vielbein in the following way

W abcd = εαβδIJV ab
Iα V cd

Jβ , (4.39)

we see that the column indices of the vielbein have to be converted back to the Sp(4) basis,
in which the 27 is parametrised by an antisymmetric index pair ab. In GPPZ the authors
indicated that this basis change can be performed using certain gamma matrices [23], which
are contracted with the column index of the vielbein. In the basis in which we are working
the following vector of gamma matrices has to be taken:

~Γ =
(

18 ,
εijkγ̄k̄

4
√

2
,
εı̄̄k̄γjk

4
√

2
,
γī

2
√

2
,
γi(1− Γ0)

4 ,
γ ı̄(1− Γ0)

4 ,
γi(1 + Γ0)

4 ,
γ ı̄(1 + Γ0)

4

)ab
.

(4.40)
The capital gamma matrices used here are the SO(7) gamma matrices in the basis described
in [25] so that

Γ0 = iΓ1Γ2Γ3Γ4Γ5Γ6 = i

(
0 −14

14, 0

)
. (4.41)

The small gamma matrices were defined by GPPZ [23] in terms of the SO(7) gamma matrices,
and their bilinear are given by

γij = γ[iγj], γı̄̄ = γ[̄ıγ̄], γī = γ[iγ̄] −
1
3δ

kl̄γ[kγl̄]. (4.42)

After this change of basis we will denote the resulting components of the vielbein as follows:

exp(X).~Γ = 1
4
√

2

(
V(1), V(2), V(3), V(4), V(5), V(6), V(7), V(8)

)ab
. (4.43)
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Using the results for the vielbein in (4.35) and (4.38) we obtain the following vielbein
components:

V ī
(1) = 1

4
√

2
18 (4.44)

V i
(2) = εijkγ

̄k̄ cosh |σ| cosh |α|+ εi
̄k̄
γjk

σα

|σ||α| sinh |σ| sinh |α|+ (4.45)
√

2δikγk̄(1− Γ0) α|α| cosh |σ| sinh |α|+
√

2γi(1 + Γ0) σ|σ| sinh |σ| cosh |α|

V ı̄
(3) = εı̄jkγ

̄k̄ σα

|σ||α| sinh |σ| sinh |α|+ εı̄
̄k̄
γjk cosh |σ| cosh |α|+ (4.46)

√
2γ ı̄(1− Γ0) σ|σ| sinh |σ| cosh |α|+

√
2δı̄

k̄
γk(1 + Γ0) α|α| cosh |σ| sinh |α|

V ī
(4) = 2γī cosh(2|α|)+ (4.47)

√
2εī

k̄
γk(1− Γ0) α

2|α| sinh(2|α|) +
√

2εīkγ
k̄(1 + Γ0) α

2|α| sinh(2|α|)

V i
(5) = εi

k̄l
γkl̄

α

|α| sinh(2|α|) +
√

2γi(1− Γ0) cosh2 |α|+
√

2δikγk̄(1 + Γ0) α
2

|α|2 sinh2 |α|

(4.48)

V ı̄
(6) = εı̄jkγ

̄k̄ α

|α| cosh |σ| sinh |α|+ εı̄
̄k̄
γjk

σ

|σ| sinh |σ| cosh |α|+ (4.49)
√

2γ ı̄(1− Γ0) cosh |σ| cosh |α|+
√

2δı̄
k̄
γk(1 + Γ0) σα

|σ||α| sinh |σ| sinh |α|

V i
(7) = εijkγ

̄k̄ σ

|σ| sinh |σ| cosh |α|+ εi
̄k̄
γjk

α

|α| cosh |σ| sinh |α|+ (4.50)
√

2δikγk̄(1− Γ0) σα

|σ||α| sinh |σ| sinh |α|+
√

2γi(1 + Γ0) cosh |σ| cosh |α|

V ı̄
(8) = εı̄

k̄l
γkl̄

α

|α| sinh(2|α|) +
√

2δı̄
k̄
γk(1− Γ0) α

2

|α|2 sinh2 |α|+
√

2γ ı̄(1 + Γ0) cosh2 |α|.

(4.51)

The remaining step is to compute the tensor W abcd, which eventually gives the scalar
potential P via the formula in equation (4.3). Before this can be done, however, there is
another intermediate step that one has to take. Recalling the definition of W abcd again

W abcd = εαβδIJV ab
Iα V cd

Jβ , (4.52)

we see that the contraction of the rows of the vielbein is given in the so(6) × so(2) basis,
while our vielbein is written in the su(3)×u(1)×u(1) basis. Therefore we need to investigate
how the contractions in the two bases are related to one another. The following subsection
is devoted to this calculation.
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4.3.3 Contractions in the Sub-Algebra Basis

In this subsection we will show how the index contraction in (4.52), which is written with
respect to the so(6) × so(2) basis, translates to a contraction in terms of the subalgebra
su(3)× u(1)× u(1) ⊂ so(6)× so(2). Keeping only the relevant indices and considering the
most general case the contraction we are looking to rewrite is of the form

εαβδIJY I
αZ

J
β , (4.53)

where Y I
α and ZJβ are some generic tensors in the (6,2) of the so(6) × so(2). Since the

fundamental representations of both the so(6) and the so(2) are real there is no meaning to
writing the indices upstairs or downstairs, and in (4.53) we simply chose a convenient way
of writing.

First consider the so(6) contraction. To take the su(3) × u(1) ⊂ so(6) subalgebra it is
convenient to apply the isomorphism so(6) ∼= su(4) first. We used this isomorphism in the
other direction in Chapter 2, where we saw that Y AB = ΣI ABY I/

√
2. One can use the sigma

matrix identities in Appendix B.2 to invert this relation to get Y I = ΣI
ABY

AB/(2
√

2) so
that after applying another sigma matrix identity the so(6) part of the contraction in (4.53)
can be written as

δIJY IZJ = 1
8ΣI

ABΣI
CDY

ABY CD = 1
4εABCDY

ABZCD. (4.54)

Next we need to branch the 6 under the subgroup su(3)×u(1) ⊂ su(4). Using the embedding
in which the u(1) generator is given by

H =


1

1
1
−3

 (4.55)

the 6 branches as
6→ 3−2 + 3̄2. (4.56)

We also saw in the field theory discussion of Chapter 2 how this translates to the branching
of the tensors. After splitting the su(4) index A to (i, 4) the tensors in the 6 branch as
follows

6 = Y AB → {Y ij , Y i4} ≡ {εijkȲk, Y i} = {3̄2,3−2}, (4.57)

where we have introduced the su(3) tensors Ȳk and Y i. To check that we have assigned Y ij

and Y i4 to the 3̄2 and 3−2 correctly we can apply the u(1) transformations and compute
the corresponding charges. Using the U(1) generator H we defined in equation (4.55) the
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following result is obtained:

δU(1)Y
ij = H iAY Aj +HjAY iA = δiAY Aj + δjAY iA = 2Y ij (4.58)

δU(1)Y
i4 = H iAY A4 +H4AY iA = δiAY Aj − 3δ4AY iA = −2Y i4, (4.59)

so the assignment is indeed correct. To work out the contraction in (4.54) one needs to
decompose the su(4) indices as just explained, and substitute the definitions Y ij ≡ εijkȲk
and Y i4 ≡ Y i. The result is

δIJY IZJ = 1
4εABCDY

ABZCD = ȲiZ
i + Y iZ̄i. (4.60)

The same can be written using the representations and their charges rather than tensors in
the following way

〈6,6〉 → 〈3̄2,3−2〉+ 〈3−2, 3̄2〉. (4.61)

Next consider the so(2) contraction given by

εαβYαZβ. (4.62)

The generator of counter-clockwise so(2) rotations is given by

T β
α =

(
0 i

−i 0

)
exp(iαT ) =

(
cosα − sinα
sinα cosα

)
, (4.63)

and has eigenvalues ±1. Therefore carrying out the algebra isomorphism so(2) ∼= u(1)
amounts to diagonalising T β

α and branching the fundamental representation according to

2→ 11 + 1−1. (4.64)

The generator T β
α is diagonalised by the unitary matrix U = 1√

2

(
−i 1
i 1

)
so that the

isomorphism is given by

T 7→ UTU−1 =
(

1 0
0 −1

)
(4.65)

Yα =
(
Y1

Y2

)
7→ U

(
Y1

Y2

)
= 1√

2

(
Y2 − iY1

Y2 + iY1

)
≡
(
Y +

Y −

)
. (4.66)

It is manifest that Y + correspond to the eigenvalue +1, and so is in the 11, and similarly
Y − is in the 1−1. To carry out the contraction invert the isomorphism just spelled out to get

Y1 = i√
2

(Y + − Y −) Y2 = 1√
2

(Y + + Y −). (4.67)
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Thus we see that the su(2) contraction transformed to the u(1) basis is given by

εαβYαZβ = i(Y +Z− − Y −Z+). (4.68)

In terms of representations this can be written as

〈2,2〉 → i〈1+,1−〉 − i〈1−,1+〉. (4.69)

We can now combine the so(6) and the so(2) contractions to find the contraction of two
tensors in the (6,2). Note that according to equation (4.23) the so(2) charges that we need
are in fact twice as large as those considered in this section. Therefore in order to apply our
contraction formulas to the representation we encountered in the previous section we need
to take 2→ 12 + 1−2 under the isomorphism so(2) ∼= u(1). With this in mind the combined
contraction in tensor form reads

εαβδIJY I
αZ

J
β = i

(
Ȳ +
i Z

i− − Ȳ −i Zi+ + Y i+Z̄−i − Y i−Z̄+
i

)
. (4.70)

It is again convenient to write this in terms of representations and their u(1) charges:

〈(6,2), (6,2)〉 → i
[
〈3̄(2,2),3(−2,−2)〉−〈3̄(2,−2),3(−2,2)〉+ 〈3(−2,2), 3̄(2,−2)〉−〈3(−2,−2), 3̄(2,2)〉

]
.

(4.71)
The two u(1) charges we used above are with respect to the decomposition under so(6)×
so(2) → su(3) × u(1) × u(1) so that the first charge in the subscript refers to the u(1)
contained in the su(4) and the second to the u(1) from the the so(2).

4.3.4 Evaluation of the Scalar Potential

To apply the contraction rules just derived to equation (4.52) and compute W abcd recall
that in the notation (4.43) we have(

V(5), V(6), V(7), V(8)
)

= (3(−2,2), 3̄(2,2),3(−2,−2), 3̄(2,−2)). (4.72)

After comparing with the contraction rules in (4.71) we see that the tensor W abcd is given by

W abcd = εαβδIJV ab
Iα V cd

Jβ (4.73)

= i
(
V ı̄,ab

(6) V
i,cd

(7) − V
ı̄,ab

(8) V
i,cd

(5) + V i,ab
(5) V

ı̄,cd
(8) − V

i,ab
(7) V

ı̄,cd
(6)

)
. (4.74)
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At this point everything is explicit in the su(3)× u(1)× u(1) basis and we can insert W abcd

into the formula (4.75) to obtain the scalar potential. After the substitution we obtain

P = −g
2

32
(
2WabW

ab −WabcdW
abcd

)
= −g

2

32 (2ΩacΩa′c′Ωbb′Ωdd′ − Ωaa′Ωcc′Ωbb′Ωdd′)W a′b′c′d′W abcd

(4.75)

with Ωab =
(

0 1
−1 0

)
. (4.76)

In GPPZ [23] the authors set g2 = 4. The expression in (4.75) is best evaluated in a computer
algebra software such as Mathematica [81], and to this end it is convenient to rewrite the
scalar potential in the following form:

P = −i
2

8

4∑
A,B=1

(
2 tr

[
Γ0V

i
(A,2)Γ0(V j

(B,2))
tΓ0V

j
(B,1)Γ0(V i

(A,1))
t
]

− tr
[
Γ0V

i
(A,2)Γ0(V j

(B,2))
t] tr

[
Γ0V

j
(B,1)Γ0(V i

(A,1))
t
])

.

(4.77)

where we have defined

V i
A,α =

[(
V i

(5), V
i

(8)

)
,
(
V i

(6), V
i

(7)

)
,
(
−V i

(7), V
i

(6)

)
,
(
−V i

(8), V
i

(5)

)]
, (4.78)

and Γ0 is the same as in equation (4.41). After inserting the expression for the vielbein
found in (4.44) we do indeed reproduce the GPPZ scalar potential [23]:

P = −3
8
(

cosh2(2α) + 4 cosh(2α) cosh(2σ)− cosh2(2σ) + 4
)
. (4.79)

To summarise we see that to compute the scalar potential for a given truncation of gauged
supergravity one needs to go through some lengthy and non-trivial steps. This is why it is
quite surprising that the holographic computation of the same potential is rather simple and
can be performed in just a few lines, as we will see in the next chapter. Nonetheless it was
useful to review the direct approach presented in this chapter for various reasons. It gave us
an opportunity to study the group theory of the truncations in which we are interested, and
also allows to cover multi-scalar cases in a systematic way, which is not yet well understood
in the holographic computation. Even though the expression of the GPPZ potential was
known, it might be useful to repeat this calculation for other truncations in order to check
new analogous results obtained holographically.
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Chapter 5

Holographic Beta Function

Let us first recall how holography allows us to reconstruct bulk data from field theory. Start
with a field theory in d dimensions which becomes conformal in the UV. Assuming the
holographic principle holds, there is a dual description of this theory in terms of a theory
of gravity in one dimension more. The extra dimension can be interpreted as the energy
scale of the field theory, and the UV regime is matched to the asymptotic infinity of the
spacetime of the dual gravitational theory. This is why the field theory is sometimes said to
live on the boundary of the bulk. From this it follows that if the field theory is conformal in
the UV, the dual space-time is asymptotically AdS.

The degrees of freedom of the field theory are given a dual bulk description via the so-called
operator-field correspondence. Given a scalar gauge-invariant operator O∆ of conformal
dimension ∆, the dual description involves a solution to the bulk theory with a non-trivial
scalar field φ of mass m2 = ∆(∆− d). To find the correct dual interpretation of this field
one needs to look at its asymptotic behaviour at the bulk infinity in more detail [82, 83]. In
this near-boundary analysis one expands the field φ in an asymptotic series in the radial
bulk coordinate r and looks at terms of the form ∼ φ0e−(d−∆)r and ∼ φ0e−∆r. If the former
term is non-trivial, then φ is interpreted as a source for a field theory deformation by the
operator O∆:

LCFT → LCFT + φ0O∆. (5.1)

If, in contrast, the latter term is non-trivial, then the field theory remains undeformed, but
the operator O∆ acquires a vacuum expectation value given by

〈O∆〉 ∼ φ0. (5.2)

In either case the bulk solution is of domain-wall type and the metric can be cast in the
following form

ds2 = dr2 + e2A(r)ηµνdx
µdxν , lim

r→∞A(r) = r. (5.3)
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The limit r →∞ at spacial infinity ensures that the solution is asymptotically AdS. This
domain-wall profile is precisely the description of the RG-flow that is triggered on the field
theory side by the operator O∆. One of the desired properties of such RG-flows is that O∆

does not mix with other operators as one flows towards the IR. If it does, then additional
non-trivial modes have to be included on the bulk side. It has proven fruitful to find such
consistent truncations of the bulk theory with solutions to the field equations that involve
only few non-trivial fields.

Now assume we have found a field theory deformation by an operator O∆ which does not
mix with any other operators along the corresponding RG-flow. As explained above in the
dual picture this corresponds to a consistent truncation of the bulk theory to a single scalar
φ(r). In theory one should now solve the field equations for φ(r) and A(r) to determine the
radial domain-wall profile, and since this profile is related to the running coupling on the field
theory side, we should be able to extract quantitative information about the beta-function.
The bulk equations of motion can be derived from the action of the truncated theory which
is of the following form:

S = 1
2κ2

∫
dd+1x

√−g
(
−R+ (∂φ)2 + 2κ2V (φ)

)
. (5.4)

The variation of this action leads to coupled second order equations of motion for the scalar
field φ and the metric function A. For the specific case of domain-wall type solutions as in
equation (5.3) it was shown [26, 32, 33] that the solutions for φ and A can be obtained as
solutions of certain first order equations, and the second order equations of motion will be
automatically satisfied. In such a set-up the scalar potential V (φ) can be written as

V (φ) = 1
2κ2

(
(∂φW)2 − d

d− 1W
2
)

(5.5)

in terms of what is usually called a fake superpotential W(φ) and the first order differential
equations for φ and A are the following:

∂rφ(r) = ∂φW (5.6)

∂rA(r) = − 1
d− 1W. (5.7)

As mentioned before the domain-wall profile of the solution relates directly to the field
theory beta-function in the dual description. The precise correspondence was worked
out in [30, 31, 55, 84], and the beta-function can be given directly in terms of the fake
superpotential in the following way:

β(r) = −(d− 1) 1
W
dW
dφ

. (5.8)

From here one could proceed as follows. Choose a CFT with a holographic dual, then find a
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deformation by an operator O which does not mix with other operators along the RG-flow
that it triggers. Next find the gravity dual and determine the corresponding truncation. On
this truncation find the scalar potential and the superpotential, and finally compute the
beta-function for the running coupling of O using (5.8). Such computations have been done
before, however the computation of the superpotential is rarely trivial. Therefore we would
like the ask the opposite question: are there cases where the beta-function is known exactly?
In this case we could reverse the procedure and learn about the superpotential of the gravity
theory. Let us see how this works.

Assume we know β(r). It follows from the first-order equation of motion (5.6) for φ(r) that

dW(φ(r))
dr

= dW
dφ

dφ

dr
=
(
dW
dφ

)2
. (5.9)

This can be used to turn the equation (5.8) for the holographic beta-function into a first-
order differential equation with respect to the radial coordinate r, and to integrate it. The
integration constant can be determined by matching the leading constant term in the large
r expansion of W with the cosmological constant of the asymptotic AdS space. For large
radii r we must get

LEH ∼
(
R− 2κ2V

)
→
(
R+ d(d− 1)

L2

)
, (5.10)

where L is the radius of the asymptotic AdS space. From this one can infer that the leading
constant term in W should be −(d− 1)/L. Furthermore we can insert the first order field
equation (5.6) for φ in the beta-function equation (5.8) and integrate to get φ in terms of
the beta-function, where the integration constant is fixed by the asymptotic behaviour of
φ(r) for large radii. From now on we will measure distances in term of the AdS radius L,
and thus effectively set L = 1. The procedure just outlined leads to the following results:

W(r) = (d− 1)2

−(d− 1)− ∫ r dr′β(r′)2 (5.11)

φ(r) = − 1
d− 1

∫ r

dr′β(r′)W(r′). (5.12)

Using the fact that φ(r) is monotonic we can invert it to r(φ) and then insert into W(r)
to obtain W(φ), and eventually, using (5.5), the scalar potential of the bulk theory V (φ).
The question to ask now is: are there interesting cases in which the beta-function is known
exactly? The beta-function βλ(µ) corresponding to a generic coupling λ receives several
contributions. It has a classical part, which is in essence given by the dimension [λ] of
the coupling. Quantum loop corrections might renormalise the coupling as well and add
additional terms to the beta function. Finally, the wave function renormalisation ZO might
be not scale-invariant itself, and contribute corrections to the beta-function known as
anomalous dimension γO(µ). One of the classical results is that supersymmetry is strong
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enough to provide cancellations of many quantum loop corrections, in fact, it is known that in
N = 1 theories the superpotential does not renormalise at all [85]. Thus in supersymmetric
theories where interactions for component fields arise as F-terms of a superpotential, the
beta-functions for the corresponding couplings only renormalise through wave function
renormalisations which contribute the anomalous dimension. On the other hand it is also
known that there are classes of operators with protected dimensions, those are the operators
for which the wave function renormalisation Z is scale invariant. For the couplings that
multiply these operators this means that the contribution of the anomalous dimension
vanishes. In fact there are theories with operators that are both N = 1 F-terms, and have
a protected dimension. One such class of operators, which we will discuss in detail later,
are operators in superconformal theories sitting in short multiplets. These operators are
particularly interesting for holography because they are precisely those with the dual gravity
modes surviving the supergravity limit. Some of these protected operators are also F-terms
of some N = 1 subgroup of the full supersymmetry, and therefore the beta-function for their
couplings is free of quantum corrections and anomalous dimension, and is simply given by its
classical value. For an operator O∆ in d dimension the coupling has dimension [λ] = d−∆,
and therefore the classical beta-function reads

βλ(µ) = −(d−∆)λ(µ). (5.13)

With this result we can now go on to evaluate equations (5.11) and (5.12) to determine
the superpotential W and the radial profile of the gravity mode φ. Using the definition
βλ(µ) = dλ(µ)

d logµ we can integrate (5.13) to get λ(µ) = λ0µ−(d−∆). In holography we interpret
φ as the source for the operator O∆, and the radial bulk direction as the energy scale,
therefore we need to identify λ with φ, and µ with er and get

β(r) = −(d−∆)φ0e
−(d−∆)r. (5.14)

As expected this matches exactly the derivative of the leading term of the asymptotic
expansion of φ(r) for large r. This form of the beta-function can now be directly integrated
as shown in equations (5.11) and (5.12) to get

W(r) = −(d− 1)

1−
(
φ0
α

)2
e−2(d−∆)r

with α =
√

2(d− 1)
d−∆ (5.15)

φ(r) = α

2 ln
(
α+ φ0 e−(d−∆)r

α− φ0 e−(d−∆)r

)
. (5.16)

One can check that W(r) produces the correct cosmological constant for the asymptotic
AdS space and φ(r) has the correct asymptotic behaviour near the boundary. As mentioned
before, we can now invert φ(r) and insert into W(r) to obtain the superpotential as a
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function φ. The result is:
W(φ) = −(d− 1) cosh2

(
φ

α

)
. (5.17)

Finally, using (5.5) one can use the superpotential to construct the scalar potential:

V (φ) = d− 1
4κ2 cosh2

(
φ

α

)[
(d− 2∆) cosh

(2φ
α

)
− (3d− 2∆)

]
. (5.18)

Before turning to a general discussion we can test our result on the well-known holographic
flow discovered by GPPZ [21–23]. The authors discuss the deformation of the N = 4 SYM
theory in dimension d = 4 by mass terms that preserve N = 1 supersymmetry. Written in
N = 1 language the N = 4 SYM theory contains a triplet Zi of chiral superfields, and the
deformation is given by the superpotential

δW = mδij trZiZj (5.19)

We will see later that the operator O = δij trZiZj is in a short multiplet of the N = 4 SYM,
and therefore fits our requirements. Its F-term is a relevant operator of conformal dimension
∆ = 3, and m is the coupling that holographically corresponds to a supergravity mode.
Plugging d = 4 and ∆ = 3 into our formulas, and transforming conventions via κ2 → 2,
φ→

√
2m, W → 2W we recover exactly the superpotential and the scalar potential given in

equations (25) and (21) in [23]:

W = −3
4

[
cosh

(2m√
3

)
+ 1

]
(5.20)

V = −3
8

[
cosh2

(2m√
3

)
+ 4 cosh

(2m√
3

)
+ 3

]
. (5.21)

Let us now generalise this construction and explore further deformations of N = 4 SYM in
d = 4 in a systematic way.
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Chapter 6

N = 1 Deformations of the N = 4
Theory

In the previous chapter we noted that for deformations of the N = 4 super Yang-Mills theory
that preserve an N = 1 supersymmetry non-renormalisation properties of the superpotential
can be used to facilitate the computation of the beta function. Moreover, it is known that
operators in short representations of the N = 4 super Yang-Mills theory that we discussed
in Chapter 3 are protected and therefore have vanishing anomalous dimension [14]. In this
chapter we are going to combine these two ideas and study deformations by chiral operators
that preserve an N = 1 supersymmetry. We will use the formulation of the N = 4 super
Yang-Mills theory in the N = 1 language which we introduced in Section 2.3, and will recall
the most important facts in the next few paragraphs.

The representations of the N = 4 fields are as follows. The six Lorentz scalars φI are in the
6 of the SU(4)R symmetry, the four Lorentz fermions λA in the 4̄ of the SU(4)R, and the
gauge fields Aµ are SU(4)R singlets. Restricting to N = 1 is equivalent to the decomposition
under U(2, 2|1)×SU(3)×U(1) ⊂ SU(2, 2|4) [37]. In particular, the R-symmetry decomposes
as SU(4)R → SU(3)×U(1)R. Under this decomposition the fundamental representations of
the SU(4) branch as

4→ 31 + 1−3

6→ 3−2 + 3̄2

4̄→ 3̄−1 + 13 .

(6.1)

with the normalisation of the U(1) charges chosen such that the U(1) ⊂ SU(4) generator is
given by diag(1, 1, 1,−3). Thus the basic fields of the N = 4 theory decompose as

φI → {z̄i, zi}
λA → {λi, λ},

(6.2)
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and we get complex scalar triplets z̄i and zi in the 3−2 and 32 of the SU(3) × U(1), one
fermion triplet λi in the 3−1, and a singlet fermion λ in the 13. The vector Aµ was an SU(4)
singlet to begin with and therefore remains an SU(3) singlet with no U(1) charge. While the
N = 4 SYM theory does not admit an off-shell superfield description with a finite number
of auxiliary fields, its N = 1 description does, and we can pack all fields into three chiral
multiplets and one vector multiplet as described in Section 2.3:

Zi = zi +
√

2θλi + θ2Fi

V = θσµθ̄Aµ + θ̄2θλ+ θ2θ̄λ̄+ 1
2θ

2θ̄2D .
(6.3)

Note that since the complex scalar zi has two units of U(1)R charge, and λi one negative
unit, the fermionic coordinate θα must have a charge of three positive units under the U(1)R
automorphisms. The vector multiplet V is in Wess-Zumino gauge, and can be used to
construct the field strength multiplet:

Wα = −1
4D̄

2e−VDαe
V

= λα + θβ
(
εαβD + F+

αβ

)
+ θ2iDαα̇λ̄

α̇ ,
(6.4)

where F+ = σµνFµν is the self-dual part of the vector field strength with σµν = i
2σ

[µσ̄ν],
and Dαα̇ = σµαα̇Dµ the covariant derivative with respect to the SU(N) gauge group. The
on-shell values of the auxiliary fields can be determined by writing the N = 4 action in
terms of N = 1 off-shell multiplets and by deriving their equations of motion, the result is

F ai = g√
2
fabcεijkz̄

jbz̄kc (6.5a)

Da = igfabcz̄iazai . (6.5b)

Next we would like to discuss the branching of short multiplets. In particular, we would like to
describe the branched operators in terms of N = 1 superfields, find their quantum numbers,
and indicate a way to obtain all operators explicitly. A way of explicitly constructing short
multiplets was described in [38]. One starts with the so-called “twisted chiral superfield”
W[AB], which was defined in [86], and contains all N = 4 fields. Then the operators that
comprise the order-p short multiplet are found as components of the superfield W p

[AB]. This
is a good starting point for the decomposition under an N = 1 sub-algebra, and the method
was outlined in [37]. The crucial point is that W[AB] decomposes to N = 1 superfields as

W[AB] → {Zi, Z̄i,Wα, W̄
α̇} , (6.6)

with the chiral superfields Zi and Wα as above. Because the fields of the order-p short
multiplet can be found as components of W p

[AB], after the restriction to N = 1 the branched
operators can be found as components of superfields that are constructed by taking products
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of p superfields in {Zi,Wα} and their conjugates. For example, for p = 2 some of the
combinations include Z(iZj), ZiZ̄j − 1

3δ
j
iZkZ̄

k, ZiWα, W 2, and so forth. Note that the
superfields have to be combined in such a way that they form irreducible representations of
the SU(3) group. All possible combinations for p ∈ {2, 3, 4} can be found in [37]. Starting
with this construction we would like to understand in more detail how these N = 1 superfields
fit into the N = 4 short multiplet.

First consider the easiest case, the order-2 multiplet. Under SU(3)×U(1)R ⊂ SU(4)R the
representations of this multiplet branch as in Figure 6.1. Now we know that the branched

Figure 6.1: Branching of the order-2 short multiplet under an N = 1 ⊂ N = 4 subalgebra,
which induces the branching su(3)× u(1)R ⊂ su(4)R of the R-symmetry algebra.
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representations on the right diagram have to be components of some N = 1 superfields, but
how to determine which exactly? First of all we know the quantum numbers of the chiral
superfield Zi and the field strength superfield Wα that capture all fields of the N = 4 theory
in the N = 1 language:

Zi = 32(00)

Wα = 13( 1
2 0),

(6.7)

where the first number in the subscript is the U(1)R charge and the two numbers in
parentheses are the Lorentz quantum numbers in the SU(2)× SU(2) notation. Additionally,
as explained above, we also know that fields in order-p short multiplets are contained in
superfields build of p-fold products of Zi and Wα. This information is enough to reconstruct
the decomposition in terms of N = 1 superfields. Consider the superfield Z2 ≡ Z(iZj). Here
we have just introduced a short-hand notation in which the SU(3) indices are suppressed.
In this case we will implicitly assume that all SU(3) indices are symmetrised and the traces
are removed, so that a general product (Z)m(Z̄)n corresponds to the SU(3) representation
[n,m]. Given the representations in (6.7) we see that the resulting superfield corresponds to
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the representation
Z(iZj) = 64(00) . (6.8)

Since Zi is a chiral superfield, so is Z(iZj), and given that the representation of θ is

θα = 13( 1
2 0) (6.9)

we observe that the θ0, θ1, and θ2 components correspond to the 64(00), the 61( 1
2 ,0), and the

6−2(00), respectively. The way these components fit into the decomposition can be read off
from the multiplet decomposition above, which is presented in Figure 6.2.

Figure 6.2: The way the components of the N = 1 chiral superfield Z(iZj) fit in the N = 4
order p = 2 short multiplet.

Z2 = 64(00)

The lowest component of Z(iZj) is encircled and can be found at the top of the diagram.
As we take superfield components with higher powers in θ we descend down the graph, θ
corresponds to going down left, and θ̄ corresponds to going down right. The fact that Z(iZj)

is a chiral superfield is manifest in the sense that its representation is a straight line going
down left. Proceeding in the same way we can find other combinations of Zi, Z̄i, Wα, and
W α̇ that cover the whole order-2 multiplet. The result is presented in Figure 6.3, and can
also be found in Appendix F along with higher order short multiplets up to p = 5.

We can generalize the N = 1 decomposition to p ≥ 2 along the same lines as the p = 2
case. First fix the order p, and list all p-fold products of superfields Zi and Wα and their
complex conjugates, where W and W can at most occur quadratically. The representation
of the resulting superfield and its components can be derived from those of Zi, Wα, and the
coordinate θ as shown for the p = 2 case. For a general product of superfields it is given by

(Z)n1(Z̄)n2(W )k1(W )k2 = [n2, n1]2(n1−n2)+3(k1−k2)( k1 mod 2
2 ,

k2 mod 2
2 ). (6.10)

The way the resulting superfield sits in the short multiplet can be determined without doing
explicit branchings. If one denotes the sites in the short multiplet where representations
sit by two-dimensional coordinates (k1, k2) with the origin being in the top corner and the
first coordinate going down left, and the second down right, then the bottom component
of the superfield (Z)n1(Z̄)n2(W )k1(W )k2 sits precisely at the site with coordinates (k1, k2),
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Figure 6.3: Complete decomposition of the N = 4 order-2 short multiplet under the N = 1
subalgebra up to complex conjugation. The diagrams for conjugated superfields can be
found by mirroring with respect to a vertical axis.

Z2 = 64(00) WZ = 35( 1
2 0) W 2 = 16(00) ZZ̄ = 80(00)

WZ̄ = 31( 1
2 0) WW̄ = 10( 1

2
1
2 )

and has a rectangular shape. The length of the side of this rectangle that corresponds to
the first coordinate is equal to the number of chiral superfields Zi and Wα that appear in
the product, the length of the other side is equal to the number of anti-chiral superfields Z̄i

and W α̇. However the length of either side can at most be 2, as we cannot go beyond θ2.

Let us take WZ2Z̄ as an example. It is a product of 4 basic superfields, and therefore sits
in the p = 4 short multiplet. Because W is an SU(3) singlet, the SU(3) representation is
determined by Z and Z̄, and is equal to [1, 2] = = 15. The superfields Z and Z̄ contribute
a U(1)R charge equal to ±2 and W and W a charge equal to ±3, thus the total U(1) charge
equals to 5. The superfields Z and Z̄ are Lorentz scalars, and Wα is a left-handed Weyl
fermion, thus the Lorentz quantum numbers are (1

2 , 0). Since there is one superfield W

and no W , the top corner that corresponds to the lowest component is located at (1, 0).
The total number of chiral superfields is 3, the number of anti-chiral superfields is 1, and
therefore the dimensions of the rectangular region are (2, 1). The result of this construction
can be found in Figure 6.4.

The representations of the component fields that appear read

1 : 15
5( 1

2 ,0)
θ : 153(1,0),153(0,0) θ2 : 15−1( 1

2 ,0)

θ̄ : 15
8( 1

2 ,
1
2 )

θθ̄ : 15
5(0,12 )

,15
5(1,12 )

θ2θ̄ : 15
2( 1

2 ,
1
2 )

The corresponding fields can be derived by simply extracting the correct components from
WZ2Z̄, and one can check that these representations really appear by starting with theN = 4
representations in Figure 3.2 and performing the decomposition under SU(3)×U(1) ⊂ SU(4).
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Figure 6.4: Fitting of the N = 1 superfield
(
WαZ(iZj)Z̄

k − traces
)
into the N = 4 order

p = 4 short multiplet.

WZ2Z̄ = 155( 1
2 0)

.

6.1 Composite Chiral Superfields and F-Terms

With this complete decomposition of the N = 4 chiral multiplets in terms of the N = 1
subgroup it is now straightforward to extract operators which are N = 1 F-terms. The
only chiral superfields into which a short multiplet decomposes are shown in Figure 6.5.
Due to our construction everything is explicit, the representations can be read off, and

Figure 6.5: Chiral N = 1 multiplets in order-p N = 4 short multiplet. The bottom
components are encircled in red, the top components are encircled in blue. The corresponding
anti-chiral superfields can be constructed by vertically mirroring the diagrams and conjugating
the representations.

Zp = [0, p]2p(00) Zp−1W = [0, p − 1]2p+1( 1
2 0) Zp−2W 2 = [0, p − 2]2p+2(00)

the operators can be extracted as corresponding superfield components. These are exactly
the operators we set out to look for. The superfield Zp is a generalization of the GPPZ
deformation Z2, and its F-term can be used as an N = 1 deformation. The superfield
Zp−1Wα is chiral, but also has a free spinor index which makes it less useful for constructions
of supersymmetric deformations. Lastly, the chiral superfield Zp−2WαWα is a Lorentz scalar,
but it also contains gauge kinetic terms, so that after the addition of its top component
to the action a deformation of these kinetic terms will be produced which depends on the
scalars zi.

It is interesting to note which supergravity modes the top components of these chiral
superfields correspond to. This can be done in a straightforward way by looking up the
corresponding representations in Table 3.1 in Section 3.3. As pointed out previously, each of
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the three types of chiral top components in Figure 6.5 corresponds to a Kaluza-Klein tower
in the bulk, so that there are only three Kaluza-Klein towers with modes corresponding to
top components of chiral superfields on the field theory side. The chiral top components in
the lowest possible short multiplet p = 2 correspond to three modes in the bulk graviton
multiplet, and top components in higher short multiplets with p > 2 build Kaluza-Klein
towers on top of these modes. More concretely, we see from Figure 3.2 that the F-term in
Zp originates from the SU(4) representation [0, p− 2, 2](00) and has conformal dimension
∆ = p+ 1. From Table 3.1 we read off that this operator corresponds to the bulk mode Aαβ
with mass m2 = ∆(∆− 4). The next case, the top component of Zp−1Wα, sits within the
representation [0, p− 2, 1]( 1

2 0) and has conformal dimension ∆ = p+ 3
2 so that according to

Table 3.1 it corresponds to the supergravity mode λIL with mass m2 = 2−∆. Finally the
top component of Zp−2W 2 comes from the representation [0, p− 2, 0](00), has ∆ = p + 2,
and corresponds to the supergravity mode B with mass m2 = ∆(∆− 4).

6.2 Composite Real Superfields and D-Terms

As it is known, another way of generating supersymmetric actions is by taking top components
of real superfields, which for scalar superfields are known as the D-terms. Let us therefore
study which N = 4 chiral operators can be written as top components of N = 1 real
superfields. Given our construction of the N = 1 decomposition of the N = 4 short multiplet
one can immediately make one observation: since the top component is the one proportional
to θ2θ̄2 we need a product of at least two basic chiral and two basic anti-chiral superfields in
{Zi, Z̄i,Wα,W α̇}. In the language of the pictorial diagrams that we drew this is reflected
by the fact that the N = 1 multiplet with a θ2θ̄2 term has the following shape

.

Thus the simplest N = 4 chiral operators which correspond to a θ2θ̄2 component of a N = 1
superfield can be found in the order p = 4 short multiplet, while operators corresponding
θ2 components of chiral superfields can be found in all short multiplets, as we saw in the
previous section.

A further observation is that there are many more operators which can be found in top
components of real superfields than in top components of chiral superfields. Recall that we
showed in the previous section that up to complex conjugation any order-p short multiplet
has exactly three chiral composite superfields Zp, WαZ

p−1 and W 2Zp−2, which lead to
three different types of θ2 components. To obtain a θ2θ̄2 component one does not require a
chiral superfield, but rather some generic superfield plus its complex conjugate. This leads
to a number of possible θ2θ̄2 components that is increasing with the increasing order of
the multiplet. For example, as we argued above, the p = 2 and p = 3 multiplets do not
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contain such operators, the p = 4 multiplet contains six, namely Z2Z̄2, WZZ̄2 + c.c., W 2Z̄2,
WWZZ̄, W 2WZ̄ + c.c., W 2W

2, the p = 5 multiplet has 9 and so forth. They can all be
easily constructed by starting with at least two chiral and two anti-chiral superfields and
adding further superfields until one reaches the required order. The cases for p = 4 and
p = 5 can be looked up in Appendix F.

While each of these operators may or may not be of relevance, we would like to point out
one class of θ2θ̄2 operators, that in some sense can be called twins of the F-term and other
θ2 operators we found in the previous section. Consider the chiral superfield Zp. One way
of including its θ2 term in the Lagrangian is to add a term of the form∫

d2θ d2θ̄ (θ̄2Zp). (6.11)

Now we can use the fact that the Grassmann variable θ̄α̇ has the same quantum numbers as
the field strength superfield W α̇ to extend this to∫

d2θ d2θ̄ (θ̄2 +W
2)Zp + c.c. (6.12)

Thus we have added the top component of the superfield W
2
Zp. Because the SU(3)

representation only depends on the Zp piece, the top components in both W 2
Zp and Zp

transform in the same representation. In fact, as we will see in Section 6.4 the top components
in both Zp and in W 2

Zp holographically correspond to Kaluza-Klein modes of the same
bulk field.

The remaining two types of θ2 components discussed in the previous section also have their
θ2θ̄2 twins, which can be constructed in exactly the same way as follows∫

d2θ d2θ̄ (θ̄2 +W
2)WαZ

p + c.c. (6.13)

and ∫
d2θ d2θ̄ (θ̄2 +W

2)W 2Zp + c.c. (6.14)

and all conclusions made about the Zp-type top components also apply to these two types.

6.3 The N = 1∗ Flow and Additional Bulk Modes

After the general arguments of the previous sections now is a good time to perform a sanity
check and see how the GPPZ flow fits into our general scheme. In addition we will learn how
the elimination of auxiliary fields leads to additional terms which need to be analysed in
detail. The GPPZ deformation breaks N = 4 to N = 1, and can be written as a deformation
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of the superpotential:
W →W + δW, δW = mijZiZj . (6.15)

In order to get a deformation by a chiral operator the coupling mij has to be taken symmetric
in the SU(3) indices, and is therefore in the 6, the chiral superfield Z(iZj) has the quantum
numbers 6̄4(00). From our previous analysis it is obvious that this deformation will introduce
operators from the order-2 short multiplet. The components of Z(iZj) sit in this multiplet
as in Figure 6.6. Given that θα is in the 13 we expect the F-term of this deformation to

Figure 6.6: The N = 1 composite superfield that was used in the GPPZ deformation is
Z2, and its components can found in the order p = 2 short multiplet of the N = 4 theory.

Z2 = 64(00)

.

contribute operators in the representation 6̄−2 and their complex conjugates. Let us see how
this is realised. The deformation of the superpotential leads to the following new terms that
appear in the action:

S → S + tr
∫

d4x

(
λiλj

∂2(δW)
∂Zi∂Zj

+ FiδF̄ i + c.c.
)

+ |δFi|2, (6.16)

where the F-terms are defined as usual:

F̄ i + δF̄ i = ∂W
∂Zi

+ ∂(δW)
∂Zi

∣∣∣
Zi→zi

. (6.17)

The 6̄−2 that we were looking to obtain is the operator in parenthesis in (6.16) and is linear
in δW and δFi. With δFi integrated out it becomes of the form m(λ2 +z3). This is the chiral
operator of our interest, and the corresponding coupling m is interpreted as a supergravity
mode living in AdS5. However, supersymmetry forces us to include an additional term,
|δFi|2, which after integrating out the auxiliary field reads

tr
∫

d4x (mikm̄jkziz̄
j) . (6.18)

The representation of the scalars is zi = 3̄2, and therefore for generic couplings mij the
representations that appear in the product are 32× 3̄−2 = 80 + 10. This is just the traceless
part of the tensor product, and the trace. Given that the N = 1 decomposition of short
multiplets consists of symmetric and traceless combinations of superfields Zi and Z̄i, we see
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that the traceless part, the 8, is indeed a chiral operator, and we therefore should include
another mode in the gravity description. More precisely it is the bottom component of the
superfield (ZiZ̄j − trace) in the order-2 short multiplet, and corresponds to the bulk mode
hαα − aαβγδ. For the same reasons the trace part is not a chiral operator, it is in fact the
Konishi operator, and is known to correspond to a stringy mode. It is possible to project out
the traceless part by a specific choice of mij , and therefore eliminate the additional gravity
mode. To do so we need to choose mij such that the traceless part of mikm̄jk vanishes, in
other words that its trace is equal to the coupling itself:

mikm̄jk
!= 1

3δ
i
jm

lkm̄lk. (6.19)

It is easy to see that a diagonal mass term mij = mδij does indeed have this property, which
is exactly the choice made by GPPZ. In the end what remains is a single chiral operator,
m(λ2 +z3), the relevant coupling m triggers an RG-flow, which can be described by a gravity
mode.

One may wonder if this procedure can be generalised. We can start by replacing Z2 by Zp

as deformation of superpotential:

δW = mi1...ipZi1 . . . Zip , (6.20)

with a couplingmi1...ip completely symmetric in its indices. From the group theory perspective
the situation is very similar, and the part of the N = 4 multiplet that is involved is exactly
the same, as one can see in Figure 6.7. As above, the F-term operator is marked by the blue

Figure 6.7: Generalization of the GPPZ deformation from Z2 to Zp. In terms of the N = 4
short multiplets of order p the components of Zp can be found at the same sites.

Zp = [0, p]2p(00)

circle and will appear as the operator

O = λi1λi2
∂2(δW)
∂Zi1∂Zi2

+ FiδF̄ i ∼ (λλ+ zz̄z̄)zp−2 (6.21)

and corresponds to a Kaluza-Klein mode in the same tower on top of Aαβ. Again, the
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additional term |δFi|2 will make an appearance and is given by

tr
∫

d4x |δFi|2 = tr
∫

d4x (mki2...ipm̄kj2...jpzi2 . . . zip z̄
j2 . . . z̄jp). (6.22)

As before we have to check whether or not this operator contains any chiral parts. Group-
theoretically this corresponds to the decomposition of the tensor product

3p−1 × 3̄p−1 = [p− 1, 0]× [0, p− 1], (6.23)

but we know that chiral operators built of scalar fields have to form symmetric and traceless
combinations. Therefore an operator of this kind will be the only chiral contribution from
the tensor product decomposition and is equal to the SU(3) representation [p− 1, p− 1]. To
project out this operator we need to choose mi1...ip such that the symmetric traceless part
of mki2...ipm̄kj2...jp corresponding to the representation [p− 1, p− 1] vanishes.

6.4 N = 1 Preserving Deformations and the G(3) Flux

The N = 1 preserving deformations studied so far have one thing in common: they all
come from F-terms of superfields of the form Zp, which we used as a short-hand notation
for the symmetrised products Z(i1 . . . Zip) of chiral SU(3) triplets. We showed that these
F-terms correspond to operators in the N = 4 short multiplets which are of the same type,
namely those with the quantum numbers [0, p− 2, 2](0,0) and their complex conjugates. In
holography this has as consequence that these operators correspond to Kaluza-Klein modes in
the same Kaluza-Klein tower, in this particular case the tower originating from the harmonic
expansion of the anti-symmetric potential Aαβ with indices pointing in the internal directions
in the bulk, where we have used the notation of [42]. The corresponding field strength is
the G(3) form field, and therefore the deformations we are considering correspond to G(3)

flux in the bulk. This type of deformations has previously been discussed in literature,
including GPPZ [23], Distler-Zamora [20], Leigh-Strassler [87], Polchinski-Strassler [48],
Polchinski-Graña [43] and others.

We can write this type of deformations in a general way. Consider the series expansion of a
holomorphic function f(Zi) around the origin:

f(Zi) = f(0) + Zi∂
if(0) + 1

2!ZiZj∂
i∂jf(0) + 1

3!ZiZjZk∂
i∂j∂kf(0) + . . . (6.24)

We can rename f evaluated at the origin and its derivatives to m in order to bring the
expansion to the following form:

f(Zi) = m+miZi + 1
2(2− 1)m

ijZiZj + 1
3(3− 1)m

ijkZiZjZk + . . . (6.25)
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which gives su(3) tensors mi1i2... which are symmetrised in their indices. This allows us to
write the most general superpotential deformation by short multiplets as follows

δW = ZiZj∂
i∂jf(Z)

= mijZiZj +mijkZiZjZk +mijklZiZjZkZl + . . .
(6.26)

We took the second derivative of f because the constant leading term in its expansion only
contributes a constant shift when inserted into the action, and the linear terms will vanish
after taking the colour-trace. This is reflected in the fact that the short multiplets start at
p = 2, and are therefore quadratic in N = 1 superfields. Thus one class of N = 1 preserving
deformation by chiral operators using N = 1 F-terms and leading to G(3) flux in the bulk
can be parametrised by the second derivative of a holomorphic function f(Zi).

At this point it is worth remembering that upon harmonic expansion on the sphere many of
the ten-dimensional bulk fields give rise to two Kaluza-Klein towers. In terms of the SO(6)
quantum numbers these two towers are identical up to a few low-lying modes that can only
be found in one of the towers [42]. However, the masses of these modes are different, and
in the notation of Section 3.3 are related by m(p)2 → m(−p)2, see said Section for details.
The anti-symmetric potential Aαβ which we found to be dual to the F-terms of the type
Zp also has this property, and gives rise to two Kaluza-Klein towers. Therefore a natural
question to ask is what kind of operators corresponds to this second tower and whether
there are operators among them that can be used as N = 1 preserving deformations. First
let us locate these operators in the N = 4 short multiplet in Figure 3.2. After comparing
with the bulk modes in Table 3.1 we see that the Kaluza-Klein towers of Aαβ correspond to
operators sitting at the locations depicted in Figure 6.8. The operators in representations

Figure 6.8: The bulk field Aαβ gives rise to two Kaluza-Klein towers. The modes on these
two towers are dual to N = 4 operators in representations R1 and R2 and their conjugates,
which can be found in short multiplets of any order p. Exceptions are the multiplets p = 2
and p = 3, which are ultra short and therefore do not contain R2.

R1 R̄1

R̄2 R2

R1 = [0, p− 2, 2](0,0) and their complex conjugates R̄1 are the ones discussed above and
are associated with one of the two Kaluza-Klein towers. The other tower is covered by
the operators in representations R2 = [0, p− 4, 2](0,0) and its conjugate R̄2. We see that as
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expected the representations are really the same, with the only difference being that the
order of the short multiplet in which R1 and R2 sit differ by 2, and therefore for p ∈ {2, 3}
only R1 is present, but not R2. The corresponding dual bulk modes are the low-lying modes
that can only be found in one of the towers. Because the representations of R1 and R2 are
the same, they decompose in the same way under the N = 1 subgroup. In particular, the
su(3) ⊂ su(4)R decomposition is identical, and since Wα and W α̇ are su(3) singlets, R2 will
be covered by N = 1 superfields that are composed of the same number of Zi and Z̄i, but
since the order of R2 differs from R1 by 2, we need to add two powers of Wα and W α̇. It is
easy to see that only W 2 works out, and so the fields in R1 which sit at the θt1 component
in the superfield Zk1Z̄k2 will sit at the θt1 θ̄2 component of W 2

Zk1Z̄k2 in R2. The superfield
W α̇ and θ̄α̇ have the same quantum numbers, and therefore compensate each other. To
illustrate what we just said consider the case p = 3 for R1 and p = 3 + 2 = 5 for R2. For
both cases the Aαβ harmonics are in the 45, which under su(3) ⊂ su(4)R decomposes as

45→ 34 + 3̄8 + 6̄4 + 80 + 100 + 15−4. (6.27)

The operators in R1 and R2 can then be found in the N = 1 superfields listed in Table 6.1
below.

Table 6.1: The bulk field Aαβ gives rise to two Kaluza-Klein towers, both of which contain
a mode in the 45 of the so(6). The gauge theory duals of these modes are two operators in
the 45 of the su(4)R, which are in the p = 3 and p = 5 short multiplets. The table shows
the N = 1 decomposition of these operators and the components of the N = 1 superfields in
which they can be found.

R1 and R2 Superfield Component in R1 Superfield Component in R1

34 W 2Z̄ W
2
W 2Z̄

3̄8 W 2Z W
2
W 2Z

6̄4 WZ2 W
2
WZ2

80 WZZ̄ W
2
WZZ̄

100 Z3 W
2
Z3

15−4 Z2Z̄ W
2
Z2Z̄

One can see that the effect of adding W 2 is to push the representations of the N = 1
multiplet contained in the components of the superfields by 2 in the θ̄ direction. Consider,
for example W 2Z̄ = . The marked operator is the bottom component of this superfield
and is in the 34. To find where the operators with the same quantum numbers are located
in W 2

W 2Z̄ proceed as in the following cartoon:
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→ → →

At this point we can make several observations. The first is that top components of the
superfields Zp are always mapped to top components of W 2

Zp. These are exactly the θ2θ̄2

operators that we called twins of θ2 operators in Section 6.2. This follows directly from the
procedure just discussed, and pictorially the mapping is given by

→ .

The precise operators that appear are λ(iλj)z
p−2 in the θ2 component and (F−)2

λ(iλj)z
p−2

in the θ2θ̄2 component, plus additional terms enforced by supersymmetry which involve
auxiliary fields and derivatives.

A further observation is that while for a given order p there is always only one possible θ2

component corresponding to the mode Aαβ, namely

Zp|θ2 = ∼ λ(iλj)z
p−2, (6.28)

which sits in the representation R1, there are generally multiple different possible θ2θ̄2

components contained in R2. We have seen that there is at least one, with the same quantum
numbers as Zp|θ2 and is given by

W
2
Zp
∣∣∣
θ2θ̄2

= , (6.29)

but there are other superfields of the same order which correspond to the same box diagram
as in equation (6.29), and are therefore also θ2θ̄2 components. Those are superfields of the
form W

2
Zk1Z̄k2 with k1 + k2 = p, and k1 ≥ 2, and it is easy to see that there are p− 1 such

superfields.

As with the deformations of θ2-type in R1 we would now like to write down the most general
θ2θ̄2-type deformation in R2. Consider the series expansion of an analytic function g(Zi, Z̄i):

g(Zi, Z̄i) = g(0, 0) + Zi∂
ig(0, 0) + Z̄i∂ig(0, 0) + ZiZ̄

j∂i∂jg(0, 0) + 1
2!ZiZj∂

i∂jg(0, 0) + . . .

(6.30)
As before we can rename g evaluated at the origin and its derivatives to m̃ in order to obtain
a nicer representation:

g(Zi, Z̄i) = m̃+ m̃iZi + m̃iZ̄
i + m̃i

jZiZ̄
j + 1

2(2− 1)m̃
ijZiZj + . . . (6.31)

and the components m̃i...
j... are automatically symmetrised in their upper and lower indices

because partial derivatives commute. To represent W 2
Zk1Z̄k2 with k1 ≥ 2 we again have to
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take the second derivative with respect to Zi, and therefore the deformation reads

δS =
∫

d2θ d2θ̄
(
W

2
ZiZj∂

i∂jg(Zi, Z̄j) + c.c.
)

(6.32)

This is almost correct, except for the fact that in order to give irreducible representations
of the su(3) algebra, additionally to being symmetric, the products Zk1Z̄k2 also have to
be traceless. Equivalently, we should demand that the component tensors m̃ be traceless:
m̃i...
i... = 0. This property is enforced on g(Zi, Z̄i) by simply demanding that

∂i∂ig ≡ ∂2g = 0. (6.33)

In other words, g should be a harmonic function. These results are in accord, and provide
further insights into the findings of Polchinski and Graña [43]. In their paper the authors
analysed perturbations to the G(3) flux in the bulk which are compatible with the boundary
N = 1 supersymmetry. They found that the flux receives two contributions. The first one is
expressed in terms of a holomorphic function φ(z), and matches with the quantum numbers of
operators of the form λiλj∂i∂jφ. This is exactly the superpotential deformation by operators
in R1 we found, and the holomorphic function φ is exactly what we called holomorphic
function f . Furthermore the authors noted that after integrating a second order differential
equation for the G(3) flux a second contribution appears as an integration “constant”. This
contribution appeared to be a harmonic function ψ(z, z̄), and the operators parametrised by
it had the same quantum numbers as the ones parametrised by the holomorphic function
φ, and a conformal dimension ∆′ greater than the conformal dimension ∆ of the first
contribution by 4. Our results show that ψ, which corresponds to operators of the form
F 2λ̄iλ̄j∂ı̄∂̄ψ, is exactly the harmonic function g that we found above. The field theoretical
explanation as to why ψ has to be harmonic rather than holomorphic is that the short
multiplets are built on top of superconformal primaries which are symmetric and traceless
products of the N = 4 scalars φI :

Op = trφ{I1 . . . φIp}. (6.34)

As one decomposes these multiplets under the N = 1 subgroup and re-expresses all operators
in terms of N = 1 superfields the property of being symmetric and traceless descends down
to su(3) indices of the superfields Zi and Z̄i. Therefore any deformation involving both Zi
and Z̄i will be traceless, or equivalently vanishing under the action of ∂2, and therefore a
harmonic function of Zi and Z̄i.
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6.5 Condensates

A further feature of supersymmetric theories that is worth exploring is the condensation of
gaugino bilinears. As pointed out in Chapter 5 true deformations of the gauge theory are
related to non-normalisable asymptotics of bulk modes, while normalisable modes correspond
to vacuum expectation values of gauge-invariant operators. In the previous sections we
explored operator deformations of the N = 4 super Yang-Mills theory that break the
supersymmetry to N = 1. Let us now look for potential operators that might acquire
expectation values and fit them into our scheme.

Recall that in the case of GPPZ [23] it was found that after the deformation of the N = 4
theory by mass terms for N = 1 chirals the gaugino bilinear does indeed acquire an
expectation value. The authors then proceeded to show how both the mass term and the
gaugino condensate can be simultaneously described as a particular supergravity solution.
Let us briefly review which operators are involved.

The authors considered the N = 4 descendant Q2
N=4 trφ{IφJ} of the order p = 2 chiral

primary trφ{IφJ}. It is in the 10 of the SU(4)R, and under N = 1 ⊂ N = 4 decomposes
as 10 → 6̄ + 3̄ + 1. In terms of N = 1 operators the 6̄, the 3̄, and the 1 correspond
to the θ2-component of Z2, the θ-component of WαZ, and the bottom component of W 2

respectively. This is reflected in the multiplet diagrams in Figure 6.9. Note that it is only

Figure 6.9: The descendant Q2
N=4 trφ{IφJ} is in the 10 of the SU(4)R, and under N =

1 ⊂ N = 4 decomposes as 10→ 6̄ + 3̄ + 1. In terms of N = 1 operators the 6̄, the 3̄, and
the 1 correspond to the θ2-component of Z2, the θ-component of WαZ, and the bottom
component of W 2 respectively.

Z2 = 64(00) WZ = 35( 1
2 0) W 2 = 16(00)

true for the order-2 multiplet that the second descendant of the chiral primary decomposes
into N = 1 superfields that are all chiral. Starting with the order-3 multiplet the second
descendant Q2

N=4 trφ{IφJφK} decomposes into chiral and non-chiral N = 1 superfields, we
saw the explicit decomposition as an example in Section 6.4.

The conclusion of this analysis is that the mass terms correspond to the top component of
Z2, which is a 6̄, and the gaugino bilinear which acquires an expectation value is the bottom
component of the N = 1 operator W 2, which is the singlet 1. We can now try and apply
our holographic beta-function formalism developed in Chapter 5 to the condensate. The
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conformal dimension of both m and σ is ∆ = 3, but the fact that m is a non-normalisable
solution and goes as e−(d−∆)r, and σ, in contrast, is normalisable and goes as e−∆r suggests
that for σ we should take ∆→ d−∆ = 1. Changing conventions in the same way we did for
m in Chapter 5 and using formulas (5.17) and (5.18) for the superpotential and the scalar
potential we obtain the following result

W = −3
4(cosh (2σ) + 1) (6.35)

V = −3
8
[
5 + 4 cosh (2σ)− cosh2 (2σ)

]
. (6.36)

This indeed reproduces correctly the results in (A.19) and (A.22) in GPPZ [23] if one sets
m = 0. This result is very pleasant, but requires an explanation. The formulas that we just
used to derive the superpotential and the scalar potential were derived in Chapter 5 from
the point of view of the running coupling to which modes like m correspond to, and their
description by the beta function and its relation (5.8) to the bulk superpotential eventually
led to the result. The same description is not possible for condensates, as they do not
appear as couplings in the action for which we could write a beta function. It seems that
the way to proceed here is to study the energy dependence of the condensates, which is
what the beta function describes for the couplings. For the gaugino condensate we know
that it is proportional to Λ3, where Λ is the UV scale. From this we can now compute
d〈σ〉/d log Λ = 3Λ3, which indeed does look like the classical beta function (5.13) for the
coupling of an operator of dimension ∆ = 1. However there are still several questions to
answer. First of all one needs to argue why the relation (5.8) between the beta function
and the bulk superpotential is also true for the condensates. Next one may wonder whether
or how this scheme generalises to higher chiral multiplets. We saw that in the case of
F-terms it is rather straightforward to go from Z2 to Zp. Extending this to the condensates
it is now tempting to go from the bottom component of W 2 to the bottom component of
W 2Zp−2. The superfield components in which we are looking for deformation operators and
condensates are marked by blue circles in Figure 6.10. However, it is not obvious which of

Figure 6.10: The F-term operators are the top components of Zp, the generalizations of
the gaugino condensate 〈λλ〉 to 〈λλzp−2〉 are the bottom components of Zp−2W 2. Both
types of operators are highlighted by blue circles in the diagrams above.

Zp = [0, p]2p(00) Zp−2W 2 = [0, p − 2]2p+2(00)
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the corresponding condensates 〈λλzp−2〉 are non-zero and how to compute their values. It
was shown Cachazo, Douglas, Seiberg, and Witten [88] that in N = 1 theories one can write
down certain Ward-identities for chiral operators:

〈trW 2∂f(Z,W )
∂Z

〉 ∼ 〈tr ∂W
∂Z

f(Z,W )〉, (6.37)

where f(Z,W ) is a holomorphic function and W is the classical superpotential. We can now
substitute f(Z,W ) = Zp−1 to obtain exactly the operators W 2Zp−2 that we need:

〈trW 2Zp−2〉 ∼ 〈trZ∂W
∂Z

Zp−2〉. (6.38)

This relates the expectation values of operators W 2Zp−2 to expectation values of chiral
operators made up of only the chiral superfields Z, and so to answer the question whether
some operator W 2Zp−2 acquires an expectation value we may study operators on the right
hand side of (6.38). The exploration of the answers to this and other related questions is
part of an ongoing project.



Chapter 7

N = 2 Deformations of the N = 4
Theory

In this section the N = 4 theory is written in the N = 2 harmonic superspace language.
We derive the kinematic equations and eliminate auxiliary fields to obtain the component
form of the action. It is known that any potential term that is a function of the the N = 2
hypermultiplet superfield leads to a non-trivial Kähler potential and a non-trivial metric
for the resulting sigma-model. A mass-term that preserves the N = 2 supersymmetry
can be added by a Scherk-Schwarz construction. We analyse the operators that the mass
deformation adds to the action by writing out the physical component fields. It is found that
this mass deformation produces two scalar chiral operators, thus in order to holographically
describe this deformation one needs to turn on two supergravity modes. Both modes are in
the graviton multiplet.

7.1 Decomposition of the Fields

Recall that the field content of the N = 4 super Yang-Mills theory consists of six real scalars
φAB = 1√

2ΣI ABφI in the 6 of the SU(4)R, four fermions λA in the 4̄, and a gauge field
Aµ, which are all in the adjoint of the colour SU(N) gauge group. The description the
N = 4 theory in the N = 2 language amounts to the branching of representations under the
following subgroup of the R-symmetry:

SU(2)H × SU(2)R ×U(1)X ⊂ SU(4)R . (7.1)

The index ‘H’ stand for ‘hypermultiplet’ as the corresponding SU(2)H group will become
the flavour symmetry for the hypermultiplets. The index ‘R’ is for R-symmetry, and ‘X’ has
no meaning other than to distinguish the U(1)X form another U(1) that will appear later.

87
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The U(1)X also acts as an R-symmetry, and is only allowed in scale-invariant theories [89].
The embedding of the product subgroup into the SU(4)R can be specified by providing the
Cartan generators of the corresponding Lie algebra. Disregarding any normalisation of the
generators we choose the following embedding:

HH =


1 0 0 0
0 −1 0 0
0 0 0 0
0 0 0 0

 HR =


0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 −1

 HX =


1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

 . (7.2)

Using this subalgebra embedding we can deduce the branching of the representations of the
N = 4 fields. The U(1) charges will be specified with respect to the normalisation of the
HX generator as specified above, which we will not normalise to any conventions in order to
have integer charges for the bookkeeping. The branching is as follows:

6→ (2,2)0 + (1,1)2 + (1,1)−2 (7.3)

4→ (2,1)1 + (1,2)−1 (7.4)

4̄→ (2,1)−1 + (1,2)1 . (7.5)

To apply this branching to the fields we choose to denote the SU(2)H index by “a, b, . . .”
and the SU(2)R by “i, j, . . .”. With this choice the fundamental SU(4) index decomposes as
A→ (a, i), and the N = 4 fields split into the following N = 2 fields:

φAB →


φab ≡ εabφ = (1,1)2

φai ≡ fai = (2,2)0

φij ≡ εijφ̄ = (1,1)−2

λA →
ψa = (2,1)−1

λi = (1,2)1
λ̄A →

ψ̄
a = (2,1)1

λ̄i = (1,2)−1
. (7.6)

Using the explicit components of φAB in equation (2.10) one can check that φ̄ is really the
complex conjugate of φ, and that fai contains a pair of complex scalars and their conjugates,
which makes a total of four real degrees of freedom.

A more careful analysis reveals that in terms of N = 2 supermultiplets these branched
fields fall into a gauge supermultiplet and a hypermultiplet doublet [89, 90]. One way of
representing these supermultiplet is by writing them into superfields. A more detailed
off-shell superfield analysis will be preformed in the following sections, but at this point
we can write out the physical components in a schematic way. The hypermultiplet doublet
contains all fields that are doublets under SU(2)H, and we can write it as an N = 2 superfield
Qia in which the physical components sit as follows:

Qia = f ia + θiψa + θ̄iψ̄a = (2,2)0. (7.7)
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The Grassmann variables θ used above are doublets under the SU(2)R, and consistency of
the superfield Qia and its components require that the rest of the quantum numbers of the
fermionic coordinates are as follows:

θi = (1,2)1 θ̄i = (1,2)−1 . (7.8)

We can see that θi have a non-zero U(1)X charge, which shows that U(1)X is really an
R-symmetry. The remaining fields are singlets under the SU(2)H and make up the gauge
multiplet which fits into a real vector superfield in the following way

V = θiσµθ̄iAµ + θ2φ̄+ θ̄2φ+ θ̄2θiλi + θ2θ̄iλ̄i = (1,1)0 . (7.9)

Here we have suppressed the SU(2)R doublet indices in θ2 and θ̄2 for simplicity. Analogously
to N = 1 we can apply certain superderivatives to this superfield to get a chiral field
strength [91], and its anti-chiral conjugate. It has the following form:

W = φ+ θiλi + θiαθβi F
+
αβ = (1,1)2 (7.10a)

W = φ̄+ θ̄iλ̄
i + θ̄iα̇θ̄β̇i F

−
α̇β̇

= (1,1)−2 , (7.10b)

where F+ and F− are the self-dual and anti-self-duel parts of the fields strength corresponding
to Aµ. This structure can also be motivated by the fact that the field strength multiplet
can be written in terms of N = 1 superfields as follows [90]:

W (x, θi) = Φ(x, θ1) + (θ2)αWα(x, θ1) + (θ2)2
G(x, θ1) , (7.11)

with G being auxiliary, and Φ and Wα the two N = 1 superfields into which the N = 2
gauge multiplet decomposes. Their physical components can be written as follows:

Φ(x, θ1) = φ+ θ1λ (7.12)

Wα(x, θ1) = λ̃α + (θ1)βF+
αβ . (7.13)

After inserting these component into (7.11) and omitting the auxiliary superfield G we
recover exactly (7.10) upon identification λi = (λ, λ̃).

We can make a connection to the N = 1 representation of the N = 4. We obtained
the N = 1 description of the fields by branching the representations of the fields under
SU(3)×U(1)Y ⊂ SU(4), where U(1)Y is the R-symmetry of the N = 1 theory, and we have
used the subscript ‘Y’ instead of ‘R’ in order not to confuse it with the R-symmetry of the
N = 2 description. To relate N = 1 and N = 2 fields one needs to branch the global SU(3)
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symmetry of the N = 1 theory further as follows:

SU(2)H ×U(1)N ×U(1)Y ⊂ SU(3)×U(1)Y ⊂ SU(4) . (7.14)

The Cartan generators of the N = 1 description are given by the following matrices:

HN =


1 0 0 0
0 1 0 0
0 0 −2 0
0 0 0 0

 HY =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −3

 (7.15)

and we see that the SU(2)H factor is the same as in the N = 2 case. To match the U(1)
charges one needs to relate the corresponding U(1) generators, which is:

2
3HN + 1

3HY = HX =


1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

 (7.16)

Thus the representations in the N = 2 language can be recovered up to the SU(2)R factor
by branching the SU(3) global symmetry and summing the U(1) charges as above.

The decomposition we just did can also be understood from the perspective of short multiplets.
As explained previously one usually defines short multiplets for orders p ≥ 2. The case
p = 1 corresponds to the N = 4 fields themselves, and is usually not considered as a short
multiplet because the fields by themselves are not gauge invariant. Nonetheless, from the
group theory point of view there is nothing that stops one to consider the p = 1 case and
the fields can be arranged in a multiplet diagram very much like the p ≥ 2 cases. Together
with the branching to the N = 2 quantum numbers we obtain the following picture:

6(00)

4̄( 1
2 0) 4(0 1

2 )

1(10) 1(01)

⇒

(1,1)2(2,2)0(1,1)−2

(1,2)1(2,1)−1 (2,1)1(1,2)−1

(1,1)0 (1,1)0

.
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We saw the the 6, the 4 and the 4̄ correspond to the scalars and the fermions. The
singlets are given by the self-dual and anti-self-dual curvature tensors of the connection
Aµ by 1(10) = F+ = Fµνσ

µν and 1(01) = F− = Fµν σ̄
µν . The decomposition to the N = 2

sub-symmetry performed earlier can by summarized as follows:

V = {φ, λi, F+} = {(1,1)2, (1,2)1, (1,1)0}
Qa = {qai, ψa, ψ̄a} = {(2,2)0, (2,1)−1, (2,1)1} . (7.17)

By comparing the content of the superfields with the representations in the multiplet diagram
it is obvious how the N = 2 superfields fit into the N = 4 multiplet. This can be summarised
by the following diagrams:

Q = (2, 2)0(00) W = (1, 1)2(00) W̄ = (1, 1)−2(00)

.

The construction goes very much like in the N = 1 case and can be readily generalised
to the short multiplets with p ≥ 2. For any given p one needs to construct all possible
products of the superfields Q, W , and W with exactly p terms. The representations of the
composite superfield is determined from the quantum numbers of Q, W and W since W is
a singlet with respect to both SU(2)H and SU(2)R all non-trivial SU(2) quantum numbers
arise from the hypermultiplet Q = (2,2)0. To obtain the representation of Qn for some
n ≥ 1 remember that the N = 4 primaries are given by symmetric products of the scalar
fields, this property descends down to N = 2 so that in the tensor product decomposition of
Qn only the completely symmetric representations must be kept. For SU(2) the dimension
of any representation [k] is given by k + 1, in particular the fundamental representation is

= [1] = 2. The completely symmetric part of the product of n fundamentals, [1]n is given
by [n], from which it follows that that representation of Qn is given by

Qn = (n + 1,n + 1)0. (7.18)

This completely determines the quantum numbers of any product of N = 2 superfields.
After obtaining the quantum numbers for the composite superfields the representation
of the component fields can be determined using compatibility with θi = (1,2)1. Given
the quantum numbers of the component fields the last step requires the matching of the
representation to those obtained from the branching of the N = 4 representations in the
short multiplet. Unlike for the N = 1 case there does not seem to be a straightforward rule
that determines which components of the superfields enter the short multiplet. We performed
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the decomposition for the cases p = 2 and p = 3 manually by matching all components, and
it turned out the superfield components can be assigned to the multiplet in a unique way just
from their representations alone. The complete decomposition is presented in Appendix F.

7.2 N = 4 Theory in N = 2 Language

Our ultimate goal is to find deformations of the N = 4 super Yang-Mills theory that preserve
an N = 2 supersymmetry subgroup. We cannot simply pick a deformation of our choice, for
example an operator in N = 2 decomposition of a short multiplet and add it to the action,
since a general deformation would break the supersymmetry completely. It is therefore
necessary to find a way of adding deformations to the action in which the preservation of an
N = 2 supersymmetry is ensured. Analogously to the N = 1 case there is a way to formulate
action for N = 2 supersymmetric theories in terms of superfields [91]. The construction is
more subtle and technical since an infinite number of auxiliary fields in form of S2 harmonics
have to be added. The N = 4 theory can be written in the N = 2 harmonic superspace
language as follows:

S = SSYM + Sq

= 1
4

∫
d4x d4θ̄ tr(WW ) + 1

2

∫
d4xA dud4θ+ tr(Q+

a D++Q+a) .
(7.19)

The du integral integrates over the coset SU(2)/U(1) = S2 which is parametrised by the
vielbeins u±i , and the coordinates xµA = xµ − 2iθ(iσµθ̄j)u+

i u
−
j are used to parametrise the

analytic superspace, which comprises half of the whole harmonic superspace. The SU(2)R

doublet indices can be contracted with the vielbeins u±i , so that for examples Q+ = Qiu+
i ,

which converts any number of SU(2)R indices to a number of ‘+’ and ‘−’ superscripts. For
a large number of superscripts an abbreviation is used which allows to write a number
followed by a plus or minus sign, so that one could write Q+ = Q(+1) and D++ = D(+2). The
θ-integration is normalised so that

∫
d4θ+(θ+)4 =

∫
d4θ̄(θ̄)4 = 1, and W is the non-abelian

field strength constructed from the pre-potential V ++. Note that W does not depend on
the harmonic coordinate u. All fields in the action above are in the adjoint representation of
the gauge group SU(N), and therefore are elements of the corresponding algebra. In order
to follow the conventions in [91] we choose the N by N matrices T a spanning the algebra to
be normalised so that tr(T aT b) = δab.

A particularity of the harmonic superspace approach is that the introduction of the S2

harmonics u±i leads to infinite towers of auxiliary fields, which is equivalent to the standard
harmonic expansion on the two-sphere. On the other hand, we are dealing with a gauge
theory, and in particular the gauge parameters λ(x, θ, θ̄, u) will also depend on the harmonic
coordinates on S2 and have an infinite harmonic expansion. One can show [91] that the
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gauge can be chosen in such a way that the infinite harmonic towers of λ(x, θ, θ̄, u) and
V ++(x, θ, θ̄, u) cancel leaving only a finite number of fields in V ++(x, θ, u). This is similar to
choosing the Wess-Zumino gauge in N = 1 theories, which also reduces the number of fields
in the vector superfield V . After this gauge fixing the following non-vanishing components
remain in the pre-potential:

V ++
WZ (x, θ, θ̄, u) = − 2iθ+σµθ̄+Aµ(x)− i

√
2(θ+)2

φ̄(x) + i
√

2(θ̄+)2
φ(x)

+ 4(θ̄+)2
θ+λi(x)u− − 4(θ+)2

θ̄+λ̄i(x)u−i
+ 3(θ+)2(θ̄+)2

Dij(x)u−i u−j .

(7.20)

The construction of the field strength W from V ++ is non-trivial, however, the details are
not important at this point and can be found in [91]. What matters is the form of the super
Yang-Mills part of the N = 4 action which is obtained after the superspace integration is
carried out. In the Wess-Zumino gauge mentioned above the component form of this part of
the action is given by the following:

SSYM = tr
∫
d4x

{
− 1

4FµνF
µν +DµφD

µφ̄− iλi /Dλ̄i

− 1
2[φ, φ̄]2 − 1√

2
λi[φ̄, λi]−

1√
2
λ̄i[φ, λ̄i] + 1

4D
ijDij

}
.

(7.21)

We see the kinetic terms of all fields in the vector multiplet appearing in their canonical
form, as well as the auxiliary fields Dij . The superspace integration also generates some
interaction terms, which take a form similar to the N = 4 action. Next, consider the matter
part of the N = 4 action in (7.19):

Sq = 1
2 tr

∫
d4xA dud4θ+

(
Q+
a D++Q+a

)
, D++Q+a = D++Q+a + i[V ++, Q+a] (7.22)

The superfield Q+a(x, θ+θ̄+, u) can be expanded in its Grassmann parameters to a finite
sum of components, and reads:

Q+a = F+a + θ+ψa + θ̄+ψ̄a + (θ+)2
M−a + (θ̄+)2

N−a + iθ+σµθ̄+A−aµ

+ (θ̄+)2
θ+η(−2)a + (θ+)2

θ̄+χ̄(−2)a + (θ+)2(θ̄+)2
P (−3)a (7.23)

where all component fields F+a, ψa, ψ̄a, M−a, N−a, A−aµ , η(−2)a, χ̄(−2)a, and P (−3)a still
depend on both the space-time coordinate x, and the harmonic coordinate u on the sphere.
Thus each of these component fields leads to an infinite harmonic expansion in the coordinate
u.

The standard way to carry on from here is to first insert the expansion of Q+a into the
action and integrate over the Grassmann coordinates. Since everything is explicit here
the computation is very straightforward. Next one varies the action with respect to the
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component fields. Many of the resulting equations of motion are not dynamical with respect
to space-time coordinates x, and reveal that the only dynamical fields are contained in the
towers of F+a, ψa, and ψ̄a. Thus one uses the kinematic equations of motion to eliminate
all auxiliary component fields, and all auxiliary fields in the harmonic towers of F+a, ψa,
and ψ̄a. This leads to the action written in terms of physical fields only. Since we will need
the equations of motions just mentioned for the mass deformation, let us write them out
more explicitly. After integrating over the Grassmann coordinates the matter action Sq take
the following form:

Sq =
∫
d4x du

{
P (−3)ā
a ∂++F+āa − 1

2η
(−2)ā
a ∂++ψāa − 1

2 χ̄
(−2)ā
a ∂++ψ̄āa − i

2ψ
ā
a /Dψ̄

āa

+M−āa ∂++N−āa − 1
4A
−µā
a ∂++A−āaµ +A−µāa DµF

+āa
}

+ i

2f
āb̄c̄
{

3F+ā
a F+b̄aDijc̄(x)u−i u−j + 4F+ā

a λ̄b̄i(x)ψ̄c̄au−i − 4F+ā
a λb̄i(x)ψc̄au−i

+ i2
√

2F+ā
a φb̄(x)M−c̄a − i2

√
2F+ā

a φ̄b̄(x)N−c̄a

+ i√
2
ψāaψ

b̄aφc̄(x)− i√
2
ψ̄āaψ̄

b̄aφ̄c̄(x)
}
.

(7.24)

The barred indices ā, b̄ ∈ {1, . . . , N2 − 1} refer to the adjoint representation of the gauge
group SU(N), and the corresponding covariant derivative is denoted by Dµ. The fields
where the dependence on x is explicit depend on x only, while all other fields depend on
both x and the harmonic coordinate u. After varying the action above we get the following
equations of motion:

δ/δP (−3)ā
a : ∂++F+āa = 0 (7.25)

δ/δη(−2)ā
a : ∂++ψāa = 0 (7.26)

δ/δχ̄(−2)ā
a : ∂++ψ̄āa = 0 (7.27)

δ/δM−āa : ∂++N−āa + f āb̄c̄
√

2F+b̄aφ(x)c̄ = 0 (7.28)

δ/δN−āa : ∂++M−āa − f āb̄c̄
√

2F+b̄aφ̄(x)c̄ = 0 (7.29)

δ/δA−µāa : −1
2∂

++A−āaµ +DµF
+āa = 0 (7.30)

Note that we should also write down the equations of motion resulting from the variation
with respect to F+āa, ψāa, and ψ̄āa, as well as all fields that come from V ++, but this is not
necessary at this point.

Next one notes that the action in (7.24) is linear in P (−3), η(−2), and χ̄(−2) and therefore to
integrate out these fields we just remove the corresponding terms. This action is also linear
in M− and N−, but these two fields mix in M−āa ∂++N−āa, and so the total contribution
from all terms containing M− and N− will be −M−āa ∂++N−āa. Similarly, for A−µ there is
one term that is quadratic, and therefore the contribution to the action from all terms with
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A−µ is 1
4A
−µā
a ∂++A−āaµ . After these observations the action in (7.24) reduces to

Sq =
∫
d4x du

{
− i2ψ

ā
a /Dψ̄

āa −M−āa ∂++N−āa + 1
4A
−µā
a ∂++A−āaµ

}
+ i

2f
āb̄c̄
{

3F+ā
a F+b̄aDijc̄(x)u−i u−j + 4F+ā

a λ̄b̄i(x)ψ̄c̄au−i − 4F+ā
a λb̄i(x)ψc̄au−i

+ i√
2
ψāaψ

b̄aφc̄(x)− i√
2
ψ̄āaψ̄

b̄aφ̄c̄(x)
} , (7.31)

where we have to substitute M−, N−, and A−µ with the corresponding solutions of equa-
tions (7.28), (7.29), and (7.30). Moreover, equations (7.25), (7.26), and (7.27) determine
the dependence of F+, ψ, and ψ̄ on the harmonic coordinate u and truncate the infinite
harmonic towers to only one term. Thus for P (−3), η(−2), and χ(−2) on-shell we have

F+āa(x, u) = f iāa(x)u+
i , ψāa(x, u) = ψāa(x) , ψ̄āa(x, u) = ψ̄āa(x) . (7.32)

At this point all the dependence on the harmonics u±i is completely explicit and we can
perform the u-integration using∫

du 1 = 1 ,
∫
du u+

i u
−
j = 1

2εij ,
∫
du u+

(iu
+
j)u
−
(ku
−
l) = 1

3εimεjnδ
mn
kl = 1

6(εikεjl + εilεjk) .
(7.33)

Finally we can restore the super Yang-Mills part of the action given in equation (7.21) and
integrate out the auxiliary field Dij . This gives us the complete N = 4 action in N = 2
component form:

S = SSYM + Sq

=
∫
d4x

{
− i2ψ

ā
a /Dψ̄

āa + 1
2D

µf āaiDµf
āai
}

+
{
−1

4F
ā
µνF

āµν +Dµφ
āDµφ̄ā − iλāi /Dλ̄āi

}
+if āb̄c̄

{
f āia λ̄

b̄
i ψ̄

c̄a − f āia λb̄iψc̄a + i

2
√

2
ψāaψ

b̄aφc̄ − i

2
√

2
ψ̄āaψ̄

b̄aφ̄c̄
}

+if āb̄c̄
{ 1√

2
λ̄āi λ̄

b̄iφc̄ − 1√
2
λāi λ

b̄iφ̄c̄
}

+f āb̄c̄f āb̄′c̄′
{
f b̄aif

b̄′iaφ̄c̄φc̄
′ + 1

4f
b̄
aif

b̄′i
b f c̄aj f

c̄′bj
}

+f āb̄c̄f āb̄′c̄′
{1

2φ
b̄φb̄
′
φ̄c̄φ̄c̄

′}

(7.34)

= tr
∫
d4x

{
−1

4FµνF
µν +DµφD

µφ̄+ 1
2D

µfaiDµf
ai − iλi /Dλ̄i −

i

2ψa
/Dψ̄a

}
+
{
fai[λi, ψa]− fai[λ̄i, ψ̄a] + i

2
√

2
φ[ψa, ψa]−

i

2
√

2
φ̄[ψ̄a, ψ̄a] + 1√

2
φ[λ̄i, λ̄i]−

1√
2
φ̄[λi, λi]

}
−
{

[fai, φ̄][fai, φ] + 1
4[fai, faj ][f ib , f bj ] + 1

2[φ, φ̄]2
}
.

(7.35)
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7.3 Deformation by N = 2 Mass Term

In the previous section we showed how the action of the N = 4 SYM can be written in
the language of N = 2 harmonic superspace. In this section we would like to consider
deformations of the N = 4 theory that break the supersymmetry down to N = 2. In the
N = 2 language of the previous section this amounts to adding operators to the action (7.19)
that preserve the already manifest N = 2 supersymmetry.

A natural way to do so is to add potential terms to the matter part of the action in (7.22):

Sq →
1
2 tr

∫
d4xA dud4θ+

(
Q+
a D++Q+a + L+4(q+, u)

)
. (7.36)

In the end we would like to generate a scalar potential for the physical fields, associate the
emerging couplings to bulk modes, and potentially study their RG flows from a holographic
perspective. However, it was shown in [91] that a deformation of the N = 2 theory like
above does not generate a scalar potential, but rather a non-trivial metric for the scalar
manifold.

It turns out that a way of generating a non-trivial N = 2 scalar potential is by the Scherk-
Schwarz dimensional reduction method [92]. One imagines that the theory in four dimensions
comes from a dimensional reduction from another theory with one dimension more, and
a supersymmetry that extends to that extra dimension. One then gauges an electric U(1)
subgroup of the higher-dimensional supersymmetry so that translations along the extra
dimension correspond to U(1) rotations. This gauging partially breaks the higher-dimensional
supersymmetry to N = 2, and the unbroken supersymmetry algebra acquires a central charge
that corresponds to the gauged U(1) [93]. After dimensional reduction to four dimensions
we end up with the N = 2 theory that we started with, where the central charge is realised
as shifts along the extra dimension as Z = −iσ3∂5, where σ3 is the Cartan generator of the
SU(2)H. The only dependence of the matter fields on the extra dimension is through a U(1)
phase: Q+a(x5) = eimx

5
Q+a. Thus the central charge is nothing else than a mass for the

superfield
(ZQ+)a = m(σ3)abQb , (7.37)

and can also be seen as rotations by the U(1) subgroup of the SU(2)H global symmetry. In
the presence of the supercharge the harmonic derivative is altered to

(D++
cc )ab = δabD

++ + i(θ+)2
Z̄ab + i(θ̄+)2

Zab (7.38)
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and the matter part of the action now reads

Scc
q = 1

2 tr
∫
d4xA dud4θ+

(
Q+
a [δabD++ −m(σ3)ab(θ+)2 +m(σ3)ab(θ̄+)2]Q+b

)
= tr

∫
d4xA dud4θ+

(1
2Q

+
a D++Q+a + [m(θ+)2 −m(θ̄+)2]Q+

1 Q
+
2

)
.

(7.39)

Note that the integrand does not depend on the extra dimension, and thus the integration
goes only over the four-space. Moreover, the explicit appearance of θs in the action is only
possible if the supersymmetry has a central charge. The fact that the sigma matrix σ3,
a generator of the SU(2)H, appears in the action explicitly breaks SU(2)H to its Cartan
subgroup, which is just the U(1) that is generated by σ3 itself, since SU(2) has rank one.

It seems possible to generalise the massive action just derived to a complex m so that the
N = 2 symmetry is still preserved. In this case we would like to write

Scc
q = Sq + δSm

= tr
∫
d4xA dud4θ+

(1
2Q

+
a D++Q+a + [m̄(θ+)2 −m(θ̄+)2]Q+

1 Q
+
2

)
.

(7.40)

We can see the change induced by the addition of δSm by performing the θ-integration, the
result of which is

δSm = tr
∫
d4x du m

(
F+

2 M
−
1 −

1
2ψ2ψ1 +M−2 F

+
1

)
− m̄

(
F+

2 N
−
1 −

1
2 ψ̄2ψ̄1 +N−2 F

+
1

)
.

(7.41)
We see that because the integrand in δSm is proportional to θ2 and θ̄2, no new terms are
added for P (−3), η(−2), and χ̄(−2). Looking at equations (7.25), (7.26), and (7.27) we realise
this has for consequence that then kinematic equations of motion that eliminate the infinite
harmonic towers for the physical fields remain the same and are given by (7.32). This allows
us to read off the component form of the mass deformation for fermions from the equation
above:

δSferm
m = tr

∫
d4x du

(
−m2 ψ2ψ1 + m̄

2 ψ̄2ψ̄1

)
= tr

∫
d4x du 1

4(σ3)ab
(
mψaψ

b − m̄ψ̄aψ̄b
)
.

(7.42)

The other part of δmS contributes additional terms to the equations of motion (7.28)
and (7.29) that were obtained by varying with respect to M− and N−. The new equations
are given by

δ/δM−ā1 : ∂++N−ā1 +
(√

2f āb̄c̄f b̄1iφ(x)c̄ +mf āi2
)
u−i = 0 (7.43)

δ/δM−ā2 : ∂++N−ā2 +
(√

2f āb̄c̄f b̄2iφ(x)c̄ +mf āi1
)
u−i = 0 (7.44)
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δ/δN−ā1 : ∂++M−ā1 −
(√

2f āb̄c̄f b̄1iφ̄(x)c̄ + m̄f āi2
)
u−i = 0 (7.45)

δ/δN−ā2 : ∂++M−ā2 −
(√

2f āb̄c̄f b̄2iφ̄(x)c̄ + m̄f āi1
)
u−i = 0. (7.46)

The different components of M− and N− can be grouped together, which introduces the
Cartan generator σ3 in the mass term:

δ/δM−āa : ∂++N−āa +
(√

2f āb̄c̄f b̄aiφ(x)c̄ −m(σ3)abf ābi
)
u−i = 0 (7.47)

δ/δN−āa : ∂++M−āa −
(√

2f āb̄c̄f b̄aiφ̄(x)c̄ − m̄(σ3)abf ābi
)
u−i = 0 . (7.48)

As before, the whole contribution to the action comes from the term∫
d4x du

(
−M−āa ∂++N−āa

)
. (7.49)

After eliminating the auxiliary fields M− and N− by solving their equations of motion we
arrive at the following mass contribution to the action

δSboson
m = tr

∫
d4x

(
− |m|2f i1f2i +

√
2(m̄φ+mφ̄)[f i1, f2i]

)
(7.50)

= tr
∫
d4x

1
2(σ3)ab

(
− |m|2faif bi +

√
2(m̄φ+mφ̄)[fai, f bi]

)
. (7.51)

Finally, we should combine the bosonic and fermionic contribution to obtain the total change
in the N = 2 action due to the mass term:

δSm = tr
∫
d4x du

(
−|m|2f i1f2i +

√
2(m̄φ+mφ̄)[f i1, f2i]−

m

2 ψ2ψ1 + m̄

2 ψ̄2ψ̄1

)
= tr

∫
d4x du 1

2(σ3)ab
(
− |m|2faif bi +

√
2(m̄φ+mφ̄)[fai, f bi] + m

2 ψaψ
b − m̄

2 ψ̄aψ̄
b
)
.

(7.52)

We can see several operators appearing in this deformation. Their holographic interpretation
will be the subject of the following section.

7.4 Relation to the Bulk Modes

In this section we would like to analyse the operators that emerge after the mass deformation.
In particular we would like to answer the question whether they correspond to chiral operators
and are therefore part of a short multiplet of the N = 4 theory. If this is the case, then the
corresponding modes in the bulk have to be turned on.

We have shown in the previous section that the deformation of the N = 4 theory by N = 2
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mass terms leads to the addition of the following component fields to the action:

δSm = tr
∫

d4x
{
− |m|2f i1f2i +

√
2(mφ+ m̄φ̄)[f i1, f2i]−

m̄

2 ψ2ψ1 −
m

2 ψ̄
2ψ̄1

}
. (7.53)

Furthermore we recall the representations of the N = 2 fields with respect to the Lie group
SU(2)H × SU(2)R ×U(1)X ⊂ SU(4)R:

f iā = (2,2)0(00) ψā = (2,1)−1( 1
2 0) φ = (1,1)2(00) . (7.54)

The fields f iā and ψā are in the N = 2 hypermultiplet, and φ is the complex scalar
from the N = 2 vector multiplet. We can see explicitly that the mass term breaks the
SU(2)H symmetry. Thus the terms in the action transform as follows under the remaining
SU(2)R ×U(1)X:

m tr
(
ψ̄2ψ̄1 − 2

√
2φ[f i1, f2i]

)
+ c.c. = 12(00) + 1−2(00) (7.55)

|m|2 tr
(
f i1f2i

)
= 10(00) (7.56)

It is straightforward to see that the fermion bilinears in equation (7.55) are the same as
the ones that were considered by GPPZ [23], and therefore are part of the order-2 short
multiplet. The N = 4 order-2 short multiplet can be represented as follows

20′
(00)

20( 1
2 0) 20(0 1

2 )

15( 1
2

1
2 )6(10)10(00) 6(01)10(00)

4( 1
2 0)

4(1 1
2 ) 4( 1

2 1)
4(0 1

2 )

1(00) 1(11) 1(00)

and the operators that we are looking for sit in the 10(00) and the 10(00), and are given by

λ(AλB) and λ̄(Aλ̄B) (A,B = 1, . . . , 4) . (7.57)

Thus we conclude that the fermion bilinears in (7.55) are chiral operators of dimension
∆ = 2 + 1 = 3, and correspond to the bulk mode Aαβ with mass m2 = ∆(∆ − d) = −3.
Recall that under the inclusion SU(2)H × SU(2)R ×U(1)X ⊂ SU(4)R the 10 decomposes as
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follows:
10→ (2,2)0 + (3,1)−2 + (1,3)2 (7.58)

The bilinear ψ2ψ1 = 1−2 is contained in the (3,1)−2 since SU(2)H is broken and we have to
omit the first factor. The operator ψ̄2ψ̄1 is contained in the 10 in the same way. Exactly as
in the GPPZ case, there are also cubic scalar terms that appear in the 10 and 10, these are
exactly the scalars in (7.55), and therefore have to be considered together with the fermion
bilinears.

Next consider the operator in (7.56) given by

f i1fi2 = f1
1 f

2
2 − f2

1 f
1
2 (7.59)

It is a quadratic operator made of scalars only, thus we have to look in the top component
of the order-2 short multiplet, which is the 20′. In terms of the 6 N = 4 scalars φI , which
are in the 6 of the SU(4) the 20′ is a symmetric traceless product of two such fields and
can be written as 20′ = CiIJφ

IφJ for some symmetric traceless constants CiIJ . As we saw in
Section 7.1, we can write f i1f2i in terms of it’s real components φI as

f i1f2i = −1
2
(
(φ1)2 + (φ2)2 + (φ4)2 + (φ5)2) = −1

2CIJφ
IφJ , (7.60)

with C11 = C22 = C44 = C55 = 1 . (7.61)

we see that CIJ is not equal to its trace so that the traceless part of it is non-zero, and
therefore corresponds to a component of the 20′. In terms of the branching of the 20′ we
can say that this component corresponds to the following term:

20′ → (1,1)0 + . . . (7.62)

Thus we have shown that the operator in (7.56) has a chiral component with dimension ∆ = 2,
and therefore corresponds to the bulk mode hαα − aαβγδ with mass m2 = ∆(∆− 4) = −4.
The remaining part of this operator, the trace, is not chiral, and the corresponding bulk
mode is not visible in supergravity.

In sum we have found that the N = 2 mass deformation leads to two chiral operators, and
therefore two different bulk modes need to be turned on. Note that in the N = 1 mass
deformation of GPPZ a similar situation arises: additionally to the 10 and 10 the following
operator is produced:

mikmjkφiφ
j = 3× 3̄ = 8 + 1 . (7.63)

The 1 is not chiral and therefore is not visible in supergravity. The 8, however, is, and
would lead to an additional supergravity mode. In GPPZ the 8 is eliminated by choosing
mij = mδij , which also eliminates the additional bulk mode. In the N = 2 case, in contrast,
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the additional term (7.56) is proportional to |m|2, and therefore there is no freedom of
choosing a non-vanishing component in m to eliminate it, and so both bulk modes have to
be considered.
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Part III

GPPZ Uplift
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Chapter 8

IIB Uplift of D = 5 Maximal
Supergravity

This chapter summarises the main uplift formulas which are used to construct the GPPZ
uplift in the next chapter. In the first section the general formalism is presented, while in
the second section a particular parametrisation of the scalar matrix tailored for the four
scalar truncation is worked out.

8.1 Main Uplift Formulas

D = 5 maximal SO(6) gauged supergravity [44, 45, 94] is a consistent truncation of IIB
supergravity around AdS5 × S5. Its field content comprises the D = 5 metric gµν together
with 42 scalar fields parametrising a 27× 27 symmetric E6(6) matrix which we parametrise
in an SL(6)× SL(2) basis as

MMN =
(
Mab,cd Mab

cβ

Maα
cd Maα,cβ

)
, with inverse MMN =

(
Mab,cd Mab

cβ

Maα
cd Maα,cβ

)
, (8.1)

according to the decomposition of the fundamental representation of E6(6) as

27 −→ (15,1)⊕ (6,2) , (8.2)

under SL(6)×SL(2). Indices a, b, c, d = 1, . . . , 6, and α, β = 1, 2, label the fundamental repre-
sentations of SL(6) and SL(2), respectively. Index pairs ab and cd in (8.1) are antisymmetric.
The remaining bosonic field content in five dimensions is given by 15 non-abelian vectors
fields Aabµ and 12 topologically massive 2-forms Bµν,aα. The truncation we are eventually
interested in and which which carries the GPPZ solution [23] contains four scalar fields, a
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single vector and no 2-forms.

In this section we collect the relevant IIB uplift formulae of D = 5 supergravity from [57] (see
also [52, 53, 95–97]), in the next section we explicitly evaluate these formulas for the four-
scalar truncation. The IIB fields are expressed in terms of the D = 5 fields introduced above
while their dependence on the five internal coordinates ym is carried by the fundamental S5

sphere harmonics, Ya, (a = 1, . . . , 6), with YaYa = 1, and the S5 Killing vectors

K[ab]m = −
√

2Y [a∂mYb] , m = 1, . . . , 5 . (8.3)

By G̊mn we denote the round metric on S5 which can be expressed as

G̊mn = K[ab]mK[ab]n , (8.4)

in terms of the Killing vectors (8.3). We also define its volume form

ω̊klmnp ≡
√

det G̊ εklmnp ≡ 5 ∂[kC̊ lmnp] , (8.5)

in terms of a 4-form potential C̊klmn . We will also need the tensors

K[ab]mn ≡ ∂mK[ab]n − ∂nK[ab]m ,

K[ab] klm ≡
1
2 ω̊klmnpK[ab]

np , (8.6)

where indices n, p on the right-hand side are raised with the background metric (8.4). In
terms of these objects, the IIB metric takes the following form

ds2 = ∆−2/3(x, y) gµν(x) dxµdxν

+Gmn(x, y)
(
dym +K[ab]

m(y)Aabµ (x)dxµ
) (
dyn +K[cd]

n(y)Acdν (x)dxν
)
, (8.7)

with the internal block Gmn(x, y) given by inverting the matrix

Gmn(x, y) = ∆(x, y)2/3K[ab]
m(y)K[cd]

n(y)Mab,cd(x) , (8.8)

in terms of the submatrixMab,cd(x) from (8.1). We use indices µ, ν and m,n for the external
five and internal five coordinates, respectively. The warp factor ∆(x, y) is defined as

∆(x, y) =
√

detGmn(x, y)
det G̊mn(y)

. (8.9)

The IIB dilaton and axion combine into a symmetric SL(2) matrix mαβ whose inverse is
given by

mαβ(x, y) = ∆(x, y)4/3 Ya(y)Yb(y)Maα,bβ(x) . (8.10)



8.2. Parametrisation of the Scalar Matrix 107

The relevant components of the IIB 2-form doublet and 4-form gauge potentials are given by

Cmn
α = −1

2 ε
αβ∆4/3mβγ YcK[ab]mnMab

cγ , (8.11)

Cµkmn = −1
8 ω̊kmnpq∇̊

pK[ab]
q Aµ

ab −K[ab]
pAµ

[ab] C̊pkmn ,

Cmµνρ = − 1
32 K[ab]m

(
2
√
|g| εµνρστ Mab,cdF

στ cd + 3
√

2 εabcdef ∂[µAν
cdAρ]

ef
)
,

Cklmn = C̊klmn −
1
6 ω̊klmnp G̊

pq ∆−1∂q∆ ,

Cµνρσ = − 1
16 Y

aYb
√
|g| εµνρστDτMbc,NM

N ca + Λµνρσ ,

with Fµνab being the five-dimensional field strength of Aµab . The function Λµνρσ(x) in the
last line is defined by integrating

D[µΛνρστ ] = 1
600

√
|g| εµνρστ

(
10 δdhδae + 2Mfd,gaMgh,fe −Meα

gaMgh
dα
)
M bh,ec δcdδab

− 1
480

√
|g| εµνρστDλ

(
MN acDλMac,N

)
(8.12)

+ 1
240

√
|g| εµνρστ Mab,cd Fκλ

ab F κλ cd + 1
32
√

2 εabcdef F[µν
abFρσ

cdAτ ]
ef .

The p-forms (8.11) are given in the standard Kaluza-Klein basis

Dym = dym +K[ab]
m(y)Aabµ (x)dxµ , (8.13)

see equation (8.7). As compared to the full uplift formulas [57] we have suppressed in the
p-forms (8.11) all terms anti-symmetric in more than one vector field since these will not
survive in the truncation to a single vector field which we will impose next.

8.2 Parametrisation of the Scalar Matrix

In this section we spell out the explicit parametrisation of the scalar E6(6) matrix MMN (8.1)
in the 4-scalar truncation of D = 5 maximal supergravity. To this end, we change to a
complex basis, in which the SL(6) vector decomposes according to

{Xa} −→ {Xi, Xi = X∗i } , i, i = 1, 2, 3 . (8.14)
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In this decomposition, the E6(6) matrix (8.1) decomposes as

MMN =



Mij,kl Mij,kl Mij,kl Mij
kβ Mij

kβ

Mij,kl Mij,kl Mij,kl Mij
kβ Mij

kβ

Mij,kl Mij,kl Mij,kl Mij
kβ Mij

kβ

M iα
kl M iα

kl M iα
kl M iα,kβ M iα,kβ

M iα
kl M iα

kl M iα
kl M iα,kβ M iα,kβ


, (8.15)

with its non-vanishing entries given in terms of the SL(2) vector vα ≡ (1,−i)α by

Mij,kl = −δijkl e−i (ϕ+ω) sinh
(2m√

3

)
sinh (2σ) , (8.16)

Mij,kl = δij
kl cosh

(2m√
3

)
cosh (2σ) , (8.17)

Mij
kα = 1

2 ε
ijk e−iϕ sinh

(2m√
3

)
cosh (2σ) vα , (8.18)

Mij
kα = −1

2 ε
ijk eiω cosh

(2m√
3

)
sinh (2σ) vα , (8.19)

Mij
kα = 1

4 ε
ijk e−iϕ sinh

(4m√
3

)
vα , (8.20)

M iα,jβ = 1
2 e

2iϕ sinh2
(2m√

3

)
(vαvβ)∗ − 1

2 e
i(ω−ϕ) sinh

(2m√
3

)
sinh (2σ) vαvβ , (8.21)

M iα,jβ = 1
2 cosh2

(2m√
3

)
(vα)∗ vβ + 1

2 cosh
(2m√

3

)
cosh (2σ) vα (vβ)∗ , (8.22)

together with those components related by complex conjugation. Plugging this explicit form
of the scalar matrix into the uplift formulas of Section 8.1 yields the IIB uplift of the 4-scalar
truncation of the D = 5 theory which we will describe in Section 9.2.



Chapter 9

Uplift of GPPZ Solution

9.1 The GPPZ Flow

The GPPZ flow [23] is a solution of the N = 8 SO(6) gauged supergravity in five dimen-
sions [44, 94]. The field content of the theory can be organised in representations of the
SO(6)× SL(2) subgroup of E6(6). It consists of 15 massless vectors fields in the adjoint of
the SO(6), 12 topologically massive 2-forms transforming in the (6,2) of SO(6)× SL(2) and
42 scalars transforming as

42 = 20′(0) + 10(−2) + 10(2) + 1(4) + 1(−4) , (9.1)

where the subscripts are the charges under the SO(2) subgroup of the SL(2). The masses of
these scalars are m2 = −4 for the 20′, m2 = −3 for the 10 and 10 and m2 = 0 for the two
1s.

According to the AdS/CFT dictionary, the 42 scalars are dual to relevant and marginal
operators1 of the N = 4 SYM. The N = 4 SYM contains six scalars φI and four fermions
λa transforming in the 6 and 4 of the SU(4), respectively. Then the scalars in the 20′

correspond to scalar bilinears (trφ(IφJ) − traces) of conformal dimension ∆ = 2, the scalars
in the 10 are massive deformations (∆ = 3), schematically

Q2 trφ(IφJ) ∼ tr(λaλb + φ3) (9.2)

and the scalars in the 1 are the gauge-coupling deformations.

We are interested in massive deformations of four-dimensional N = 4 SU(N) SYM that
break supersymmetry to N = 1. In N = 1 notation the six scalar fields φI are arranged

1Recall that the mass of an AdS scalar is mapped to the conformal dimension of the dual field theory
operator by ∆ = 2 +

√
4 +m2.
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in three complex scalars, which together with three of the four fermions form three chiral
superfields Zi, i = 1, 2, 3, while the remaining fermion sits in the vector multiplet. Of the
full SO(6) R-symmetry only a U(1)× SU(3) subgroup is manifest, under which the vector
superfield is neutral and the three chiral superfields transform in the 32/3.

To identify the relevant 5d scalars we need to describe the mass deformation in more detail.
The mass deformation in N = 1 language is a change in the superpotential of the theory,

δW = mij tr(ZiZj) (9.3)

and we need to decompose the SU(4) ∼ SO(6) representations into SU(3)×U(1) and single
out the gaugino. The fundamental of the SU(4) splits as

4→ 3 + 1 (9.4)

and thus the λa, which is in the 4 of the SU(4), splits into a 3 corresponding to the three
fermions in the chiral multiplets Zi and a 1 which is the gaugino λ. The fermionic mass
term in the 10 then decomposes as

10→ 1 + 3 + 6 . (9.5)

and we identify the 6 with the mass deformation, while the scalar in the 1 corresponds
to a gaugino condensate. Integrating out the auxiliary fields we find that N = 4 SYM is
deformed not only by the mass term but also by a part of the 20′ (and also by the Konishi
operator, which however decouples in the supergravity limit), unless the three fermion masses
are taken to be equal. If the masses are equal, the part corresponding to the 20′ does not
appear, and there is a residual SO(3) symmetry that allows us to keep only two holomorphic
scalars, σ ∈ 1 and m ∈ 6, while setting all the remaining fields consistently to zero. These
two fields are dual to the operators2

O3 =
3∑
i=1

tr(λiλi), O4 = tr(λ4λ4). (9.6)

Similarly, we get two anti-holomorphic scalars, σ̄, m̄ (the complex conjugates of σ and m)
from the 10. This is as expected, since m and σ are dual to chiral operators.

In AdS/CFT the QFT generating functional of correlation functions becomes the on-shell
value of the bulk action. Sincem and σ couple to complex operators, the generating functional
will only contain the modulus of m and σ. Indeed, in N = 4 SYM, 〈O3O3〉 = 〈O3O3〉 = 0
but 〈O3O3〉 6= 0 and the same is true for O4, which means the generating function will

2These operators are obtained from the 20′ by acting with two supercharges and they contain also a part
proportional to φ3 that we suppress here.
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depend on |m|2 and |σ|2 but not on m2, m̄2, σ2, σ̄2, and similarly for the contributions coming
from higher point functions. Indeed, we will see in the next section that there is consistent
truncation of the bulk supergravity to the modulus m and σ of m and σ,

m = meiϕ , σ = σ eiω . (9.7)

We are thus lead to looking for 5d solutions of the form

ds2 = dy2 + e2φ(y)dxµdxµ (9.8)

with µ = 0, . . . , 3 and non-trivial profile for the real fields m(y) and σ(y). The radial
coordinate y ranges from −∞, which corresponds to the IR, to +∞, which corresponds to
the UV. With this truncation the Lagrangian reduces to

L =
√−g

{
−1

4R+ 1
2(∂m)2 + 1

2(∂σ)2

−3
8

[
(cosh 2m√

3
)2 + 4 cosh 2m√

3
cosh 2σ − (cosh 2σ)2 + 4

]}
(9.9)

Because of fake supersymmetry, the fields φ, m and σ satisfy the first order equations

φ̇ = 1
2

[
cosh 2m√

3
+ cosh 2σ

]
, (9.10)

ṁ = −
√

3
2 sinh 2m√

3
, (9.11)

σ̇ = −3
2 sinh 2σ , (9.12)

descending form the superpotential

W = −3
4

[
cosh 2m√

3
+ cosh 2σ

]
. (9.13)

The solution, which is often denoted as the GPPZ flow [23], is given by

m(y) =
√

3
2 log

[
1 + e−(y−C1)

1− e−(y−C1)

]
=
√

3 arctanh e−(y−C1) , (9.14)

σ(y) = 1
2 log

[
1 + e−3(y−C2)

1− e−3(y−C2)

]
= arctanh e−3(y−C2) , (9.15)

φ(y) = y + 1
2 log

[
1− e−2(y−C1)

]
+ 1

6 log
[
1− e−6(y−C2)

]
= y − log cosh m(y)√

3
− 1

3 log cosh σ(y) .
(9.16)
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where C1 and C2 are two arbitrary integration constants3.

Generically, solutions of the type (9.14) can represent both deformations of the dual field
theory by an operator O and/or different vacua of the same theory characterised by a
vacuum expectation value 〈O〉. The behaviour of the solution in the asymptotic AdS region,
y → +∞, discriminates between the two options. For y → +∞, the asymptotic behaviour
of some field ϕ consists of a non-normalisable part and a normalisable one

ϕ ∼
y→+∞

e(∆−4)y(A+ · · · ) + e−∆y(B + · · · ) , (9.17)

where ∆ is the conformal dimension of the dual operator and the dots in the leading
non-normalisable part are local functions of A while the dots in the normalisable part are
functions of both A and B. The coefficient A of the non-normalisable solution is interpreted
as a deformation of the Lagrangian while the coefficient B of the normalisable solution is
related to the vacuum expectation value of the dual operator, B = 1/(2∆− 4)〈O〉, where O
is the operator dual to ϕ [82, 98].

For y → +∞, the GPPZ solution behaves as

φ(y) ∼
y→+∞

y (9.18)

m(y) ∼
y→+∞

m0e
−y, m0 =

√
3eC1 (9.19)

σ(y) ∼
y→+∞

1
2σ0e

−3y, σ0 = 2e3C2 . (9.20)

From these asymptotics we see that, since ∆ = 3, m0 corresponds to a mass deformation
and σ0 = <〈λλ〉 is the real part of the gaugino condensate. It is then natural to interpret
the solution as a flow from the mass deformed N = 4 to N = 1∗ in the IR.

The metric has a naked singularity for y → C1 (with y ≥ C1),

ds2 = dy2 + a(y − C1)dxµdxµ + . . . , (9.21)

where a = 2eC1+C2(2 sinh (3(C1 − C2)))1/3. The Ricci scalar is singular

R = −(y − C1)−2 + . . . (9.22)

and there is no change of frame in which the singularity disappears or is milder. Notice that
3The integration constants Ci used here are identical to those used by Pilch & Warner [54], and are

related to those used by GPPZ [23] by C(GPPZ)
1 = C1, C(GPPZ)

2 = 3C2. Also the definition of φ(y) differs
between Pilch & Warner and GPPZ. Here we are using the Pilch & Warner definition, which is related to
GPPZ by φ(GPPZ) = φ− C1+C2

2 . See Appendix A for more details.
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also the solution for m diverges at y = C1

m(y) = −
√

3
2 log(y − C1) + . . . (9.23)

while the behaviour of σ depends on the relation between C1 and C2. If C2 ≤ C1 then σ is
regular.

Singularities of this kind are common in most 5d solutions and criteria have been proposed
to establish whether the solutions are physically acceptable or not. In particular in [99] it
was proposed that a singular solution is physically acceptable if it can be obtained as the
zero temperature limit of a regular black-hole. The conditions for the existence of the black
hole solution constrain the parameter of the singular solution. In this case the criterion
gives C2 ≤ C1. By looking at the behaviour of Wilson loops it was shown in [23] that the
solutions with C2 ≤ C1 confines. Such solutions should then be dual to the confining vacua
of N = 1∗.

9.2 Uplift of the GPPZ Solution

The general uplift of the N = 8 SO(6) gauged supergravity to type IIB was constructed
in [57], and we recalled the main formulas in Chapter 8. In this section we first review the
4-scalar truncation of D = 5 maximal supergravity in which the GPPZ solution lives and
then apply the uplift formulas to obtain the full IIB uplift of the GPPZ solution. Finally, we
explicitly verify that the entire set of IIB field equations is satisfied by the ten-dimensional
solution.

9.2.1 Four-Scalar Truncation of D = 5 Supergravity

As discussed above, an important ingredient in the construction of the GPPZ solution is
the invariance under an SO(3) subgroup of the gauge group SO(6) that allows to truncate
the full theory to a pair of complex scalars [23]. One can actually embed the flow in a
larger theory that is obtained by truncating the N = 8 supergravity to the full set of SO(3)
invariant fields [54]. This gives an N = 2 supergravity coupled to two hyper-multiplets. Of
the 42 scalars of the N = 8 in (9.1) we only keep the 8 singlets under the

SO(3)diag ⊂ SO(3)× SO(3) ⊂ SO(6) , (9.24)
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subgroup of the gauge group SO(6) ∼ SU(4). These form the coset space G2(2)/SO(4) and
are dual to the operators

O1 = tr
3∑
i=1

(φiφi − φi+3φi+3) , O2 = tr
3∑
i=1

(φiφi+3), (9.25)

O3 = tr
3∑
i=1

(λiλi) O4 = tr(λ4λ4) (9.26)

O5 = tr(F+F+), O6 = tr(F−F−), (9.27)

where F± are the self-dual and anti-self-dual field strengths. O1 and O2 are the SO(3)diag

singlets contained in the 20′, the complex operators O3 and O4 are the SO(3)diag singlets
in the 10 and the 10, and O5 and O6 correspond to the two 1s. Among the SU(4)R gauge
fields, the truncation to singlets under (9.24) only keeps a single U(1) gauge field, dual to
the U(1)R subgroup of SU(4)R → SU(3)×U(1)R.4

The further truncation to the 2 complex scalars dual to O3 and O4 can also been shown to
be consistent as it corresponds to the truncation to singlets under an additional discrete
subgroup within U(1)R × SL(2), the latter being the global symmetry of the N = 8 gauged
supergravity, see [54] for details. We parametrise these scalars as

m = meiϕ , σ = σ eiω . (9.28)

The five-dimensional theory [45] then reduces to

1√
g
L = −1

4 R−
1
12 Fµν F

µν − 1
54 ε

µνρστ AµFνρFστ + 1
2 ∂µm∂µm+ 1

2 ∂µσ ∂
µσ

+ 3
8 sinh2

(2m√
3

)
DµϕD

µϕ+ 1
8 sinh2 (2σ)DµωD

µω − Vpot , (9.29)

with the Maxwell and Chern-Simons terms of minimal supergravity, covariant derivatives

Dµω = ∂µω + 2Aµ , Dµϕ = ∂µϕ+ 2
3 Aµ , (9.30)

and the scalar potential

Vpot = −3
8

(
4 cosh

(2m√
3

)
cosh(2σ) + cosh2

(2m√
3

)
− cosh2(2σ) + 4

)
, (9.31)

only depending on the absolute values of the complex scalars. The scalar kinetic term is an
(SU(1, 1)/U(1))2 coset space, and the covariant derivatives (9.30) correspond to the gauging
of U(1)R which is realised as a linear combination of the two U(1)s.

4We normalise the U(1) so that the charges are those of the QFT, see the discussion around (6.88) in [83].
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Note that the angles ϕ, ω source the Maxwell equation

∇νFµν + 1
6 ε

µνρστ FνρFστ = 3
2 sinh2

(2m√
3

)
Dµϕ+ 3

2 sinh2 (2σ)Dµω

≡ 3
2 J

µ .

(9.32)

Setting the vector field to zero thus implies the constraint Jµ ≡ 0 among the derivatives of
the angles ω and ϕ .

The GPPZ solution (9.14) lives in the further (consistent) truncation of (9.29) to two real
scalars, i.e. setting angles and the vector field to zero. For the uplift formulas we will also
employ the variables [54]

µ ≡ eσ , ν = em/
√

3 , (9.33)

in terms of which the flow equations (9.10) take the form

µ̇ = 3
4µ (1− µ4) , (9.34)

ν̇ = 1
4ν (1− ν4) , (9.35)

φ̇ = 1
4µ2 (1 + µ4) + 1

4ν2 (1 + ν4) . (9.36)

Employing the U(1)R gauge symmetry, we can also give a version of this solution with
non-vanishing angles by setting

ω = −λ , ϕ = −1
3 λ , Aµ = 1

2 ∂µλ , (9.37)

for some function λ.

9.2.2 Uplift of the Four-Scalar Truncation: Metric and Axion-Dilaton

In order to apply the explicit uplift formulas for the uplift given in Chapter 8, we first
evaluate the matrix (8.1) for the four-scalar truncation (µ, ν, ϕ, ω) by exponentiating the
associated generators within the group E6(6) . Since all scalars are SO(3) singlets according
to (9.24) it proves useful to decompose the S5 sphere harmonics Ya into

Ya −→ {ui, vi} , (9.38)

with uiui + vivi = 1 . Moreover, for the compactness of notation, it is useful to define the
rotated functions

U i = cos
(1

4(ϕ+ ω)
)
ui + sin

(1
4(ϕ+ ω)

)
vi , (9.39)
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V i = − sin
(1

4(ϕ+ ω)
)
ui + cos

(1
4(ϕ+ ω)

)
vi , (9.40)

where ϕ and ω are the x-dependent phases of the scalars m and σ of the D = 5 theory
defined in equation (9.28). This transformation is a local U(1)R transformation from the
perspective of the dual QFT. Similarly, we define the rotated 1-forms

Θi = cos
(1

4(ϕ+ ω)
)
Dui + sin

(1
4(ϕ+ ω)

)
Dvi , (9.41)

Λi = − sin
(1

4(ϕ+ ω)
)
Dui + cos

(1
4(ϕ+ ω)

)
Dvi , (9.42)

where the covariant derivatives

Dui ≡ dui − 1
3 v

iAµ dx
µ , (9.43)

Dvi ≡ dvi + 1
3 u

iAµ dx
µ , (9.44)

correspond to the Kaluza-Klein basis (8.13). Let us also note that the proper identification
of the U(1) vector field Aµ among the 15 SO(6) fields Aµab gives rise to the relations

Fµν
abMab,cd F

µν cd = 4
3 FµνF

µν , (9.45)

εabcdef F
ab
µνF

cd
ρσA

ef
τ = −32

√
2

9 FµνFρσAτ . (9.46)

We can now give the fields of the uplifted solution. The IIB metric (8.7) takes the explicit
form

ds2
IIB = ∆−2/3

(
gµν(x) dxµdxν + ∆8/3 dŝ2

5
)

(9.47)

with the warp factor ∆ and the internal metric dŝ2
5 given by

∆−8/3 =
(
1 + µ2ν2)3 (µ2 + ν6)

16µ4ν6 + U2 V 2

16µ4ν8

(
1− ν4

)2 (
µ2 − ν2

)2 (
1 + µ2ν2

)2

− (U · V )2

16µ4ν8

(
1− ν4

)2
(1− µ2ν2)2

(
µ2 + ν2

)2
, (9.48)

dŝ2
5 =

(
1 + ν4) (µ2 + ν2) (1 + µ2ν2)

8µ2ν4

(
ΘiΘi + ΛiΛi

)
−
(
1− ν4)2

8 ν4

(
(U2 − V 2) (ΘiΘi − ΛiΛi) + 4 (U · V ) ΘiΛi

)
+
(
1− µ4) (1− ν4)

8µ2ν2

(
(U2 − V 2) (ΘiΘi − ΛiΛi)− 4 (U · V ) ΘiΛi

)
+
(
1− µ4ν4) (1− µ2ν2)

(
µ2 + ν6)

16µ4ν6

(
(V iΘi)(V jΘj) + (U iΛi)(U jΛj)

)
+
(
1− µ4ν4) (1 + µ2ν2) (µ2 − ν6)

8µ4ν6 (V iΘi)(U jΛj)
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− (µ4 − ν4)(1− ν8)
4µ2ν6 (U iΘi)(V jΛj) , (9.49)

respectively. For vanishing angles (i.e. U i = ui, V i = vi, Θi = dui, Λi = dvi) we recover the
result from [54]5. It is important to note that the only singularities of the IIB metric can be
located at µ, ν = 0 or µ, ν =∞. Indeed, the warp factor (9.48) can be estimated using that
U2 V 2 ≥ (U · V )2, and U2 V 2 = U2 (1− U2) ≤ 1

4 to be

∆−8/3 ≥
(
1 + µ2ν2)3 (µ2 + ν6)

16µ4ν6 − U2 V 2

4µ2ν6

(
1− µ4

) (
1− ν4

)3
(9.50)

≥
(
1 + µ2ν2)3 (µ2 + ν6)

16µ4ν6 − 1
16µ2ν6

(
1− µ4

) (
1− ν4

)3
(9.51)

=
(
µ2 + ν2)3 (1 + µ2ν6)

16µ4ν6 > 0 . (9.52)

We will take a closer look at the possible singularities in Section 13.2. For the symmetric
SL(2) dilaton/axion matrix mαβ,

mαβ = 1
=τ

(
|τ |2 −<τ
−<τ 1

)
, τ = C0 + ie−Φ , (9.53)

the uplift formula (8.10) yields

mαβ = ∆4/3 SαaSβbmab , (9.54)

where S is an SO(2) rotation matrix parametrised by

S =

 cos
(

3
4 ϕ− 1

4 ω
)

sin
(

3
4 ϕ− 1

4 ω
)

− sin
(

3
4 ϕ− 1

4 ω
)

cos
(

3
4 ϕ− 1

4 ω
) , (9.55)

and mab is a GL(2) matrix with entries

m11 = 1 + µ2ν2

8µ2ν4

( (
1 + ν4

) (
µ2 + ν2

)
+
(
1− ν4

) (
µ2 − ν2

) (
U2 − V 2

) )
, (9.56)

m12 =
(
1− µ2ν2) (1− ν4) (µ2 + ν2)

4µ2ν4 (U · V ) , (9.57)

m22 = 1 + µ2ν2

8µ2ν4

( (
1 + ν4

) (
µ2 + ν2

)
−
(
1− ν4

) (
µ2 − ν2

) (
U2 − V 2

) )
. (9.58)

It is straightforward to check that the determinant of mab is given by ∆−8/3 (9.48) as
required in order to have mαβ ∈ SL(2) . Again, for vanishing angles we recover the result
from [54].

5We corrected a typo in [54] in the form of index contractions of the pen-ultimate term in (9.49).
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It is remarkable that the dependence of the IIB uplift on the a priori x-dependent 5D
angles (ϕ, ω) is entirely captured by a rotation of the internal coordinates (9.40) and an
SO(2) ⊂ SL(2)IIB rotation (9.55). We will see in the following that this feature persists for
the full IIB uplift. In particular the 2π-periodicity of the 5D theory implies that the IIB
uplift is invariant under the combination of an exchange U i ↔ V i with a constant SL(2)
rotation (9.55) with S = −iσ2, as is easily verified for (9.49) and (9.58).

9.2.3 Uplift of the Four-Scalar Truncation: p-Forms

We now evaluate the uplift formulas in (8.11) on the four scalar truncation in order to derive
the IIB p-forms. For the 2-form doublet, we find

Cmnα = ∆8/3 SαaCmna , (9.59)

where S is the SO(2) rotation matrix in (9.55), and the 2-form Ca are

C1 = b1 ε
ijk
( (

1− µ2ν2
) (
µ2 + ν6

)
V i Θj ∧Θk +

(
1 + µ2ν2

) (
µ2 − ν6

)
V i Λj ∧ Λk

+ 2 ν2
(
1− µ4ν4

)
U i Θj ∧ Λk

)
+ b2 ε

ijk
( (

1 + µ2ν2
) (
µ2 − ν6

)
U i Θj ∧Θk +

(
1− µ2ν2

) (
µ2 + ν6

)
U i Λj ∧ Λk

+ 2 ν2
(
1− µ4ν4

)
V i Θj ∧ Λk

)
, (9.60)

C2 = −C1
∣∣∣
U i↔V i,Θi↔Λi

, (9.61)

with the functions

b1 = −1 + µ2ν2

64µ4ν8

( (
1 + ν4

) (
µ2 + ν2

)
+
(
1− ν4

) (
µ2 − ν2

) (
U2 − V 2

) )
, (9.62)

b2 = 1− µ2ν2

32µ4ν8

( (
1− ν4

) (
µ2 + ν2

)
(U · V )

)
. (9.63)

Again, the dependence on the 5D angles (ϕ, ω) is entirely captured by the SO(2) rota-
tion (9.55) and the rotated basis (9.40). The internal component of the 4-form potential
takes the form

C = C̊ + 1
4! ∆8/3 εijmεkln

(
f1 (UmUn − V mV n) + 2 f2 U

(mV n)
)

Θi ∧Θj ∧ Λk ∧ Λl

+ 1
4! ∆8/3 f3 Θi ∧Θj ∧ Λi ∧ Λj , (9.64)

where the background field C̊ is given in (8.5) and

f1 = −3 (U · V )
32µ4ν8

(
1− ν4

)2 (
µ2 + ν2

)2 (
1− µ2ν2

)2
, (9.65)
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f2 = 3
(
U2 − V 2)
64µ4ν8

(
1− ν4

)2 (
µ2 − ν2

)2 (
1 + µ2ν2

)2
, (9.66)

f3 = 3 (U · V )
(
U2 − V 2)

8µ2ν6

(
1− ν4

)3 (
1− µ4

)
. (9.67)

Finally, the external component Cµνρσ is determined by integrating the y-independent
function6

5 ∂[µCνρστ ] = −1
3 ωµνρστ

(
Vpot −

1
6 Fκλ F

κλ
)
− 20

√
2

9 F[µνFρσAτ ] , (9.68)

with the scalar potential Vpot from equation (9.31).

9.2.4 Five-Form Field Strength and Self-Duality Equations

As a first consistency check, we compute the IIB 5-form field strength

Fµ̂1...µ̂5 ≡ 5 ∂[µ̂1Cµ̂2...µ̂5] −
15
4 εαβ C[µ̂1µ̂2

α∂µ̂3Cµ̂4µ̂5]
β , (9.69)

and verify that it satisfies the first order self-duality equations

F = ?F . (9.70)

Here and in the following, indices µ̂ refer to the ten-dimensional coordinates, split as
{xµ̂} = {xµ, ym} . After some computation we find that the internal components Fm1...m5

calculated from the above expressions for Cmnα and Cklmn, take the compact form

Fm1...m5 = −1
3 ∆8/3 ω̊m1...m5 Vpot , (9.71)

with Vpot the scalar potential in (9.31). The external component of the 5-form field strength
Fµνρστ is computed from (9.68) and (9.69) as

Fµνρστ = 5 ∂[µCνρστ ] − 10F[µν
mCρστ ]m (9.72)

= −1
3 ωµνρστ

(
Vpot −

1
12 Fκλ F

κλ
)
− 2

9 F[µνFρσAτ ]

+ 5
16 F[µν

gaYgYb
(
4 ωρστ ]κλMab,cdF

κλ cd + 3
√

2 εabcdef FρσcdAτ ]
ef
)

(9.73)

= −1
3 ωµνρστ Vpot , (9.74)

6Here, and in the following, we use the notation ωµνρστ =
√
|g| εµνρστ for the 5D volume form.
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upon using (9.46). Comparing to (9.71), we find that the 5-form we have is indeed self-dual.
Similar calculations lead to the other components of the 5-form

Fµm1...m4 Dy
m1 ∧Dym2 ∧Dym3 ∧Dym4 = 3 ∆ ?5

(
U iΛi − V iΘi

)
Jµ , (9.75)

where the current Jµ is defined in (9.32) and the 5D Hodge dual ?5 gives explicitly

2 ∆−5/3 ?5
(
U iΛi − V iΘi

)
= Θi ∧Θj ∧ Λi ∧ Λj

+ (1− ν4)2

ν4

(
U iU j + V iV j

)
Θi ∧Θk ∧ Λj ∧ Λk . (9.76)

Comparing to the result for

FµνρσmDy
m = 1

12 ωµνρσλ
(
DκF

λκ + 1
6 ω

λν1...ν4 Fν1ν2Fν3ν4

)(
U iΛi − V iΘi

)
, (9.77)

shows explicitly that the IIB self-duality equations (9.70) reduce to the Maxwell equations
of the D = 5 theory (9.32). For the remaining components, we obtain after some calculation

Fµνρmn = − 1
12 ωµνρστ F

στ (Θi ∧ Λi)mn , (9.78)

Fµνkmn = −∆1/3

12 Fµν ?5
(
Θi ∧ Λi

)
kmn

, (9.79)

again in accordance with the self-duality of the IIB field strength.

9.2.5 Dual Six-Forms

For an explicit check of the remaining field equations, we further truncate down to two
real scalar fields, i.e. we assume constant angles and set the vector field to zero, so that in
particular the IIB metric is block diagonal. This is precisely compatible with the GPPZ
solution (9.14). The ten-dimensional IIB 3-form field equations take the form

∇ρ̂
(
mαβF µ̂ν̂ρ̂β

)
= −2

3 ε
αβF µ̂ν̂κ̂λ̂ρ̂Fκ̂λ̂ρ̂ β , (9.80)

and we have explicitly checked that they are verified if the five-dimensional scalar fields
satisfy five-dimensional equations of motion induced by (9.29). Rather than going through
the details of this calculation, let us give an equivalent consistency check by extracting the
dual 6-forms in ten dimensions. The field equations (9.80) may be rewritten as the Bianchi
identities

∂[ρ̂1Fρ̂2...ρ̂8]
α = 28 εαβ F[ρ̂1...ρ̂5Fρ̂6ρ̂7ρ̂8]β (9.81)
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for the dual 7-form field strength Fρ̂1...ρ̂7
α defined by

Fρ̂1...ρ̂7
α ≡ 1

6

√
|G| ερ̂1...ρ̂7µ̂ν̂ρ̂m

αβ F µ̂ν̂ρ̂β . (9.82)

The Bianchi identities (9.81) may then be integrated to

Fρ̂1...ρ̂7
α = 7 ∂[ρ̂1Cρ̂2...ρ̂7]

α − 84 εαβ C[ρ̂1ρ̂2 βFρ̂3...ρ̂7]

− 70 εαβ εγδ C[ρ̂1ρ̂2 βCρ̂3ρ̂4 γFρ̂5ρ̂6ρ̂7] δ , (9.83)

in terms of the dual 6-form gauge potential Cρ̂1...ρ̂6
α . With the above explicit expressions

for the IIB gauge potentials (9.61) and field strengths (9.71), (9.74) of our ten-dimensional
solution, we find that equations (9.82) can be explicitly integrated to give the following
non-vanishing components of the 6-form

Cµνρστ m
α = ωµνρστ Ξmα (9.84)

Cµνρσ,mn
α = ωµνρστ g

τλ Ξλmnα , , (9.85)

which are given in terms of the following 1-forms and 2-forms

Ξ1 = −(1− µ2ν2)
(
(µ4 − ν4)(1− µ2ν2) + 2µ2ν2 (1 + µ2ν2)

)
8µ4 ν4 εijk U

i V j Λk , (9.86)

Ξ2 = Ξ1
∣∣∣
U↔V,Θ↔Λ

, (9.87)

Ξλ1 = εijk

(
∂λν

ν
− ∂λµ

3µ

)
U i Θj ∧Θk + εijk

(
∂λµ

µ
+ ∂λν

ν

)
U i Λj ∧ Λk , (9.88)

Ξλ2 = Ξλ1
∣∣∣
U↔V,Θ↔Λ

. (9.89)

9.2.6 Einstein Equations

It remains to check the dilaton/axion equations and the Einstein equations. In our IIB
conventions, these read

∇µ̂
(
mβγ∂µ̂mαγ

)
= −1

6 m
βγFµ̂1µ̂2µ̂3 γF

µ̂1µ̂2µ̂3
α + 1

12 δα
βmγδFµ̂1µ̂2µ̂3 γF

µ̂1µ̂2µ̂3
δ , (9.90)

and

Rµ̂ν̂ −
1
2 Gµ̂ν̂ R = 1

6 Fµ̂κ̂λ̂σ̂τ̂Fν̂
κ̂λ̂σ̂τ̂ + 1

4 Fµ̂σ̂τ̂
αFν̂

σ̂τ̂ βmαβ −
1
24 Gµ̂ν̂ Fρ̂σ̂τ̂

αF ρ̂σ̂τ̂ βmαβ

− 1
4 ∂µ̂mαβ∂ν̂m

αβ + 1
8 Gµ̂ν̂ ∂ρ̂mαβ∂

ρ̂mαβ . (9.91)
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It is a tedious computation to check that with the above expressions for the metric (9.47),
the dilaton-axion matrix (9.54), gauge potentials (9.61) and field strengths (9.71), (9.74),
these field equations are indeed satisfied. We have explicitly verified all components of these
equations using Mathematica [81]. Let us just note that the contribution from the 5-form
field strength to the energy-momentum tensor on the right-hand side of (9.91) is simply
given by

Fµ
ρ1ρ2ρ3ρ4 Fνρ1ρ2ρ3ρ4 = −8

3 ∆10/3 V 2
potGµν , (9.92)

Fm
k1k2k3k4 Fnk1k2k3k4 = 8

3 ∆10/3 V 2
potGmn . (9.93)

In contrast, the remaining terms on the right-hand side of (9.91) produce very lengthy
expressions in the scalars µ, ν, their derivatives, and the internal coordinates U i, V i,
which we do not report in detail. They combine however precisely into the Einstein tensor
computed from the metric (9.47) upon using the first order flow equations (9.36). All the
ten-dimensional equations are thus satisfied.



Chapter 10

Curvatures for Kaluza-Klein
Metrics

The process of dimensional reduction via compactification of some of the space-time dimen-
sions and Kaluza-Klein expansion of the fields leads to space-time metrics of a particular
form. It is clear that also the inverse process of uplifting lower-dimensional theories to
higher-dimensional theories with compact dimensions and Kaluza-Klein towers leads to the
same type of metrics. We saw an example of such an uplift in equations (8.7) and (9.47),
and the metric that appears in these equations is of the following prototypical form:

d̂s2 = Ω(x, y)2
{
gµν(x)dxµdxν

+ g̃mn(x, y)
[
dym −Kim(y)Aiµ(x)dxµ

] [
dyn −Kjn(y)Ajν(x)dxν

]}
. (10.1)

A general Kaluza-Klein metric as in equation (10.1) contains an overall warp-factor Ω2(x, y)
that depends on both external and internal coordinates, an external metric gµν(x) which is
independent of the internal coordinates and serves as the metric of the lower-dimensional
theory, an internal metric g̃mn(x, y) which in general depends on both the external and
internal coordinates, and Kaluza-Klein gauge fields Aiµ(x), which by assumption can only
depend on the external coordinates, contracted with a set of Killing vectors Kim(y) of
the internal manifold. The index conventions used in writing the metric in (10.1) are the
following. The curved coordinates will be denoted by letters from the middle of the alphabet,
and the flat indices by letters from the beginning of the alphabet. As in the other chapters
we will use capital Latin indices for the total manifold, small Latin indices for the internal
space and small Greek indices for the external manifold. Moreover the coordinates on the
external manifold will be called xµ, the coordinates on the internal manifold ym, and the
coordinates on the total manifold ZM = (xµ, ym).
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Kaluza-Klein theories often admit various truncations in which many fields can consistently
be set to zero, leaving only a small number of non-vanishing fields. The back-reaction of
these non-zero fields to the geometry will produce space-time metrics of different forms,
in particular there might be a simple enough truncation that removes the warp factor, or
in which the gauge fields are all zero. In such a set-up one might be interested in first
computing the curvatures corresponding to gµν and g̃mn, then use these curvatures to
deduce the curvature of ds2 = gµν(x)dxµdxν + g̃mn(x, y)dymdyn, and finally turn on a non-
trivial warp factor and gauge fields to obtain curvatures of the metric as in equation (10.1).
Therefore in this chapter we will carry out a study of how such a computation can be done.

Let us first consider a metric as in (10.1) and assume that the warp factor is trivial. A
similar example was considered by Duff, Nilsson, and Pope [100], in which it was assumed
that the internal metric only depends on the internal coordinates. However, we would like
to maintain a general internal metric g̃mn(x, y), which can depend on both the external
and internal coordinates, and thus generalise the formulas found in [100]. Thus our goal
is to compute the curvature for a metric in block form deformed by off-diagonal elements
containing the gauge field which is of the following form

dŝ2 = êα ⊗ êβηαβ + êa ⊗ êbδab. (10.2)

As in [100] it is useful to work in the tetrad formalism and we define the hatted vielbeins as
follows:

êα = eα(x) (10.3)

êa = ea(x, y)−Kia(x, y)Ai(x). (10.4)

The unhatted vielbeins are those of the external and internal metric in the case where the
gauge field is set to zero, so that ηαβeαeβ = gµνdx

µdxν and δabe
aeb = g̃mndy

mdyn, and
we have extended [100] by promoting the internal tetrad ea(y) to ea(x, y). The vectors
Kia(x, y) = eam(x, y)Kim(y) are components of the Killing vectors of the internal manifold.
As such they satisfy the Killing equation ∇(mK

i
n) = 0. Moreover these vectors form an

algebra with the commutator [Ki,Kj ] = f ijkKk, where the vectors Ki are understood as
the elements Ki = Kim ∂

∂ym of the tangent space, which act by differentiation. Therefore
the components of the Killing vectors satisfy

Kim∂mK
jn −Kjm∂mK

in = f ijkKkn. (10.5)

As we will be working with flat indices, it is useful to note that the following identity holds

Kia∇aKj
b −Kja∇aKi

b = f ijkKk
b . (10.6)
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This identity can be proven by converting to curved indices with the tetrad and noting that
∇aemb = 0, or by spelling out the covariant derivatives and using the fact that a certain
anti-symmetrisation of the spin connection can be expressed in terms of the vielbeins as
follows: ω[c,b]a = −em[c ∂b] ema.

In the tetrad set-up just described the computation of the curvatures will be performed in
two steps. We will start by using the first Cartan equation to determine the spin connection.
Once this is done one can use the second Cartan equation which relates the Riemann tensor
to the spin connection to compute the curvatures.

10.1 The Spin Connection

To compute the spin connection we will use the first Cartan structure equation. Since we
are looking for a solution which corresponds to a Levi-Civita connection we need to assume
that the torsion vanishes. The first Cartan equation with zero torsion is the following:

dêA + ω̂AB ∧ êB = 0. (10.7)

After splitting the space-time index into its external and internal parts we see that there are
six types of components of the spin connection that need to be determined:

ω̂AB =


ω̂αβ = ω̂γ,αβ ê

γ + ω̂c,αβ ê
c

ω̂ab = ω̂γ,abê
γ + ω̂c,abê

c

ω̂αb = ω̂γ,αbê
γ + ω̂c,αbê

c

(10.8)

The first Cartan equation involves the computation of the differential of the tetrad, dêA. In
order to compute it one needs to express the hatted tetrads in terms of the unhatted ones
first, compute the differential while substituting the differentials of the unhatted tetrads by
the corresponding spin connections using the unhatted version of the first Cartan equation,
and finally express the unhatted tetrads of the result back in terms of the hatted ones. The
external tetrads êα = eα do not receive any contributions from the gauge field, and therefore
the corresponding Cartan equation is easily evaluated:

0 = dêα + ω̂αβ ∧ êβ + ω̂αb ∧ êb

= −ωαβ ∧ eβ + ω̂αβ ∧ êβ + ω̂αb ∧ êb

= (ω̂γ,αβ − ωγ,αβ)êγ ∧ êβ + (ω̂c,αβ − ω̂β,αc)êc ∧ êβ + ω̂c,αbê
c ∧ êb.

(10.9)
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Each of the three 2-forms above has to vanish separately, which allows us to obtain the
following equations for the spin connection:

ω̂γ,αβ − ω̂β,αγ = ωγ,αβ − ωβ,αγ (10.10a)

ω̂c,αβ − ω̂β,αc = 0 (10.10b)

ω̂c,αb − ω̂b,αc = 0. (10.10c)

Next consider the Cartan equation for êa. It is useful to compute the differential dêa first.
After some lengthy algebra we find the following result:

dêa = −ωc,abêc∧ êb−
1
2K

i
aF

i
αβ ê

α∧ êβ + (∇bKi
aA

i
α + emb ∂αeam−ωc,abKicAiα)êα∧ êb. (10.11)

After substituting dêa just found into the Cartan equation the rest of the algebra is trivial,
and we find a second set of equations for the spin connection:

ω̂c,ab − ω̂b,ac = ωc,ab − ωb,ac (10.12a)

ω̂α,aβ − ω̂β,aα = Ki
aF

i
αβ (10.12b)

ω̂α,ab − ω̂b,aα = ∇aKi
bA

i
α − emb ∂αeam + ωc,abK

icAiα (10.12c)

It is a general fact that the six equations (10.10) and (10.12) do not determine a unique spin
connection, and further conditions have to be specified to single out a particular solution.
In our case the condition that we impose on the spin connection is that it be of Levi-Civita
type, and it is known that the restriction to Levi-Civita solutions is sufficient to find a unique
solution. By definition a Levi-Civita connection is a connection which is compatible with the
metric and for which the torsion is zero. The zero torsion condition was already implemented
by writing the first Cartan equation with vanishing right hand side. Metric compatibility
in the tetrad basis reads ∇̂CηAB = 0, which directly translates to ω̂C,(AB) = 0. With this
condition we can now use equations (10.10) and (10.12) to find the anti-symmetric parts
ω̂C,[AB], which automatically give the full spin connection. Let us consider one example that
is demonstrative for this procedure. We pick a component type of the spin connection with
a certain distribution of external and internal indices, for example ω̂α,ab. There are three
cyclic permutations of the indices, for which we write down the corresponding equations
obtained in (10.10) and (10.12):

ω̂α,ab − ω̂b,aα = ∇aKi
bA

i
α − emb ∂αeam + ωc,abK

icAiα (10.13a)

ω̂a,bα − ω̂α,ba = ∇aKi
bA

i
α + ema ∂αebm + ωc,abK

icAiα (10.13b)

ω̂b,αa − ω̂a,αb = 0. (10.13c)

To obtain the anti-symmetric parts of the spin-connection add two of these three equations
together and subtract the remaining one. After using the fact that ∇(mK

i
n) = 0 we obtain
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the following results:

ω̂α,[ab] = ∇[aK
i
b] + 1

2(ema ∂αebm − emb ∂αeam) + ωc,abK
icAiα (10.14)

ω̂a,[bα] = 1
2(ema ∂αebm + emb ∂αeam) (10.15)

ω̂b,[aα] = 1
2(ema ∂αebm + emb ∂αeam). (10.16)

Thus we have found the solutions for two different types of spin connection components
since one of the three solutions above is redundant due to the anti-symmetry. Proceeding in
an analogous fashion we obtain the whole set of components of the spin connection

ω̂α,βγ = ωα,βγ (10.17)

ω̂c,βγ = 1
2K

i
cF

i
αβ (10.18)

ω̂γ,αb = 1
2K

i
bF

i
αγ (10.19)

ω̂c,αb = −1
2(emc ∂αebm + emb ∂αecm) (10.20)

ω̂γ,ab = ∇[aK
i
b] + 1

2(ema ∂γebm − emb ∂γeam) + ωc,abK
icAiγ (10.21)

ω̂c,ab = ωc,ab. (10.22)

These components can be assembled back to 1-forms by contracting with the hatted vielbeins
giving us the final solution:

ω̂αβ = ωαβ + 1
2F

i
αβK

i
cê
c (10.23a)

ω̂αb = 1
2K

i
bF

i
αγ ê

γ − 1
2(emc ∂αebm + emb ∂αecm)êc (10.23b)

ω̂ab = ωab +∇[aK
i
b]A

i + 1
2(ema ∂γebm − emb ∂γeam)êγ . (10.23c)

10.2 Curvature Tensors

Once the spin connection ω̂AB has been computed one can use the second Cartan equation
to obtain the Riemann tensor. The second Cartan equation can be written in terms of
2-forms as follows:

1
2R̂ABCDê

C ∧ êD ≡ ΘAB = dω̂AB + ω̂ C
A ∧ ω̂CD. (10.24)

In what follows we would like to make a simplification by assuming that the gauge group
is the U(1), which is abelian. The reason for taking this assumption is that on the one
hand this case is of most relevance to the uplift described in the preceding section, where
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an abelian gauge potential appears in the metric, and on the other hand the restriction to
G = U(1) leads to some simplification in the algebra. The generalisation to the non-abelian
case should be straightforward, but tedious. After restricting to the U(1) gauge group there
is only one gauge field Aµ(x) and one Killing vector Km(y). The abelian field strength is
simply given by F = dA = 1

2Fαβ ê
α ∧ êβ . The only change in the spin connection is that the

gauge algebra index counting Killing vectors and gauge fields can now be omitted. After a
direct application of the second Cartan equation (10.24) to the Levi-Civita spin connection
in (10.23) the following components of the Riemann tensor are obtained:

R̂αβγδ = Rαβγδ −
1
4K

aKa(FαγFβδ − FαδFβγ + 2FαβFγδ) (10.25)

R̂αβγd = 1
2∇γFαβKd + 1

2(Fαβ∂γ g̃mn − Fγ[α∂β]g̃mn)Kmend (10.26)

R̂αβcd = Fαβ∇̃[cKd] −
1
2 g̃

mner[ce
s
d]∂αg̃mr∂γ g̃ns (10.27)

R̂αbγd = 1
2∇̃[bKd]Fαγ + 1

4KbKdFαβF
β

γ + 1
2e

r
be
s
d

(
−∇γ∂αg̃rs + 1

2 g̃
mn∂γ g̃mr∂αg̃ns

)
(10.28)

R̂αbcd = enb e
r
[ce

s
d]

(
−∇̃r∂αg̃ns + 1

2Fαγ∂
γ g̃nrKs

)
(10.29)

R̂abcd = R̃abcd −
1
2e

m
a e

n
b e
r
[ce

s
d]∂αg̃mr∂

αg̃ns. (10.30)

Note that the flat indices in the Riemann tensor above refer to the hatted vielbein, which
has to be used to convert to curved indices. Thus, while êα = eα, the vielbein with the
internal index is êa = ea−KaA. After restriction to g̃mn(x, y)→ g̃mn(y) we find a complete
agreement with [100]. Additionally we provide the component R̂αbγd, which might have
been missed by the authors. Note that the sign for the Killing vector used here is consistent
with [100], but opposite to our uplift. To obtain the Ricci tensor we contract with ηαβ and
δab and get

R̂αγ = Rαγ −
1
2KaK

aFαβF
β

γ (10.31)

+ 1
2 g̃

rs
(
−∇γ∂αg̃rs + 1

2 g̃
mn∂γ g̃mr∂αg̃ns

)
(10.32)

R̂αc = −1
2∇

βFαβKc −
1
2Fαβ∂

β g̃mnK
menc −

1
4Fαβ∂

β g̃mnKcg̃
mn (10.33)

+ 1
2 g̃

mnerc

(
∇̃n∂αg̃mr − ∇̃r∂αg̃mn

)
(10.34)

R̂ac = R̃ac + 1
4KaKcFαβF

αβ (10.35)

+ ema e
n
c

(
−1

2∇
2g̃mn −

1
4 g̃

rs∂αg̃mn∂
αg̃rs + 1

2 g̃
rs∂αg̃mr∂

αg̃ns

)
(10.36)

Yet another contraction with the flat metric yields the Ricci scalar, which can be written
entirely in terms of the Ricci scalars corresponding to gµν and g̃mn, the Field strength Fαβ
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and some covariant derivatives of the internal metric:

R̂ = R+ R̃− 1
4KaK

aFαβF
αβ (10.37)

− g̃mn∇2g̃mn + g̃mng̃rs
(3

4∂µg̃mr∂
µg̃ns −

1
4∂µg̃mn∂

µg̃rs

)
. (10.38)

10.3 Conformal Rescaling of Metric

So far we have expressed the curvatures of the total manifold in terms of the curvatures
of the external and internal manifolds, the gauge field strength coupled to Killing vectors,
and some derivatives of the metric. The last step in the generalisation to the metric in
equation (10.1) that we started with is the restoration of the warp factor, which is achieved
by a conformal rescaling as follows:

ĝMN → Ω2(x, y)ĝMN . (10.39)

The effect of such a rescaling of the metric on the curvatures is known [101], which have to
be transformed in the following way:

R̂MNRS → R̂MNRS + 2ĝS[M∇̂N ]∇̂R ln Ω− 2ĝR[M∇̂N ]∇̂S ln Ω

+ 2ĝS[N∇̂M ] ln Ω∇̂R ln Ω− 2ĝR[N∇̂M ] ln Ω∇̂S ln Ω

− 2ĝR[M ĝN ]S∇̂L ln Ω∇̂L ln Ω

(10.40)

R̂MR → R̂MR − (D − 2)∇̂M∇̂R ln Ω− ĝMR∇̂2 ln Ω

+ (D − 2)∇̂M ln Ω∇̂R ln Ω− (D − 2)ĝMRĝ
SL∇̂S ln Ω∇̂L ln Ω

(10.41)

R̂→ 1
Ω2

(
R̂− 2(D − 1)∇̂2 ln Ω− (D − 2)(D − 1)ĝMR∇M ln Ω∇R ln Ω

)
(10.42)

The letter D denotes the total dimension of the space-time manifold for which ĝMN is
the metric. These rescaling formulas can be readily applied to the curvatures without the
conformal factor derived in the previous subsection.
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Chapter 11

Spherical Harmonics on the S5

11.1 General Considerations

Any scalar and tensor valued analytic function on an n-sphere can be expanded into a
complete set of functions that transform covariantly under the corresponding rotation algebra
so(n+ 1). These functions are the spherical harmonics. Historically one of the first examples
to be considered was the reduction on 7-spheres, and the corresponding formalism was for
example described in [102, 103] and applied in [104, 105]. Some details about the general
expansion on n-spheres can be found in [106, 107], and the important analysis of the mass
spectrum upon reduction on S5 was done in [42]. More recent reviews and applications of
this formalism include [108–110].

In this section we would like to study various scalar, vector, and tensor harmonics on the S5

which appear upon Kaluza-Klein reductions of tensor and scalar fields on the five-sphere.
For each given tensor type they constitute a complete set, and therefore any tensor can
be expanded in a basis made of appropriate S5 harmonics. The spherical harmonics we
will consider in this section can be defined as solutions to the following Laplace eigenvalue
equations on the five-sphere:

0 = ∇̊2Y (k,m) + k(k + 4)Y (k,m) (11.1a)

0 = ∇̊2Y
(k,m)

5n + (k2 + 6k + 4)Y (k,m)
5n (11.1b)

0 = ∇̊2Y
(k,m)

10 [np] + (k2 + 6k + 3)Y (k,m)
10 [np] (11.1c)

0 = ∇̊2Y
(k,m)

14 {np} + (k2 + 8k + 10)Y (k,m)
14 {np}. (11.1d)

(k = 0, 1, 2, . . . )

The symbol ∇̊ denotes the covariant derivative on the S5, and upper and lower Latin
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indices n, p, . . . refer to the S5 tangent and cotangent spaces. The bold numerals written as
subscripts serve as a distinction between harmonics of various tensor types and the value of
the numeral gives the number of independent tensor components. We will omit the subscript
1 for the scalar harmonics in order to simplify the notation. For each given eigenvalue k one
generally finds multiple solutions, which are distinguished using the superscript m = m(k).
Sometimes m can be viewed as an eigenvalue of some differential operator acting on the
harmonic, however we will use it exclusively for bookkeeping to count the degeneracy for a
given k.

Additionally to being solutions of their defining equations, all but the scalar harmonics have
to be divergence-free, so that the defining harmonic eigenvalue problems above have to be
supplemented by the following constraint equations:

0 = ∇̊nY (k,m)
5n = ∇̊nY (k,m)

10 [np] = ∇̊nY (k,m)
14 {np}, (11.2)

It is useful to orthonormalise the harmonics so that the harmonic expansion can be performed
by projecting out the corresponding coefficients via integration on the S5. We will choose
the following normalisation for all harmonics:
∫
S5
Y (k,m)Y (k′,m′) =

∫
S5
Y

(k,m)
5n Y

(k′,m′)n
5 =

∫
S5
Y

(k,m)
10 [np]Y

(k′,m′) [np]
10

=
∫
S5
Y

(k,m)
14 {np}Y

(k′,m′) {np}
14 = π3

2k−1(k + 1)(k + 2)δ
kk′δmm

′
. (11.3)

While this particular normalisation is standard for scalar harmonics, it is rather deliberate
for vector and tensor harmonics, and was chosen purely for convenience reasons.

As mentioned at the beginning, all Sn spherical harmonics transform covariantly under the
isometry group of the sphere, which is the SO(n+ 1) rotation group, in other words, they
form irreducible representations of the so(n+ 1) algebra. The isometry group of the S5 is
the SO(6), and the harmonics transform in the following SO(6) representations:

Y (k,m) = [k, 0, 0] = 1
12(k + 1)(k + 2)2(k + 3) = 1,6,20′, . . . (11.4a)

Y
(k,m)

5n = [k, 1, 1] = 1
3(k + 1)(k + 3)2(k + 5) = 15,64,175, . . . (11.4b)

Y
(k,m)

10 [np] = [k, 2, 0]⊕ [k, 0, 2] = 1
4(k + 1)(k + 2)(k + 4)(k + 5) = 10c,45c,126c, . . .

(11.4c)

Y
(k,m)

14 {np} = [k, 2, 2] = 3
4(k + 1)(k + 4)2(k + 7) = 84,300,729, . . . .

(11.4d)

One can see that for a given harmonic type the index k fixes the representation, and the
index m enumerates the states in that representation. For example if we set k = 1 in the
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vector harmonic then Y (1,m)
5n will transform as the 64 of the so(6) and therefore the index m

will assume 64 different values which can be taken to be m ∈ {1, . . . , 64}.

The supergravity solution that we are studying in this text was obtained after a truncation
of the full theory to a certain invariant sub-sector. This sub-sector corresponds to those
solutions that are invariant under the SO(3)diag subgroup which is embedded in the SO(6)
isometry group as

SO(3)diag ⊂ SO(3)× SO(3) ⊂ SO(6). (11.5)

This means that all solutions for all fields that we obtain are invariant under this SO(3)diag,
which in particular implies that all harmonics into which these fields can be expanded have
to be invariant too. This can be either enforced at the level of their defining equations (11.1),
or in terms of their representations in (11.4). For the latter this means that if a set of
harmonics is known, then we must only keep those that are singlets under the SO(3)diag

subgroup. As an example consider again the vector Y (1,m)
5n = 64. We need to determine how

many singlets there are under the embedding (11.5). We have listed a number of relevant
branchings in Appendix E, and we find that

64→ 2(1) + 6(3) + 6(5) + 2(7). (11.6)

Thus we expect that among the 64 vector harmonics there are only two that are invariant
under the SO(3)diag and will show up in the expansion of vector fields in our solution. If all of
the 64 harmonics are known then the singlets can be explicitly constructed by decomposing
the so(6) indices into so(3) indices and forming the singlets in the standard way. If this is
not the case then one is forced to work with the defining equations (11.1), and to find a way
to enforce the invariance on the level of differential equations. In what follows we will take
both routes and use the differential equation approach to find solutions for general values of
k. In situations where the differential equation approach is to cumbersome the group theory
method can be used to treat individual cases, which turns out to be tractable for the lowest
values of k.

11.2 Scalar Spherical Harmonics with SO(3)× SO(3) Sym-
metry

This section can be seen as a warm up exercise for the determination of the SO(3)diag

spherical harmonics. The solution strategy for the SO(3)× SO(3) invariant harmonics turns
out to be simpler, and by performing it several concepts can be explained and studied that
will be relevant for the SO(3)diag harmonics which we will study in the next section.

Scalar spherical harmonics corresponding to a d-dimensional sphere Sd can be identified
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with symmetric and traceless representations of the so(d + 1) algebra, which in terms of
Dynkin labels can be written as [k, 0, . . . , 0]. This can be seen by thinking of the Sd as
embedded into Rd+1, in which case the harmonics can be written as

Y (k,m)(yI/r) = 1
rk
C

(k,m)
I1...Ik

yI1 . . . yIk . (11.7)

The notation here is such that the capital indices I, J, . . . ∈ {1, . . . , 6} refer to the embedding
coordinates of the S5 in R6, and can also be viewed as the fundamental index of the so(6).
The radius r is given by r2 = (y1)2 + · · ·+ (yd+1)2 and C(k,m)

I1...Ik
is a set of linearly independent

symmetric and traceless k-tensors. A straightforward counting shows that for a given k

there are
(d+k
d

) − (d+k−2
d

)
such tensors, and this is exactly equal to the dimension of the

representation [k, 0, . . . , 0] of the so(d+ 1), as it should be. So we see that the easiest way
to find all scalar spherical harmonics for any given d is to choose the tensors C(k,m)

I1...Ik
and to

express the coordinates yI/r in terms of the angles on the sphere. One can then use the
Gram-Schmidt procedure to find a basis in which the C(k,m)

I1...Ik
are normalised and orthogonal.

Yet another defining property of the spherical harmonics is that they are annihilated by the
Rd+1 Laplacian, which is where they derive their name “harmonics” from:

∇2
(
rkY (k,m)

)
= 0. (11.8)

This follows directly from the fact that C(k,m)
I1...Ik

are traceless. We can change to spherical
coordinates on Rd+1 and re-write the Laplacian to get [111]

0 = ∇2(rkY (k,m)) =
( 1
rd

∂

∂r
rd
∂

∂r
+ 1
r2 ∇̊

2
)
rkY (k,m) = rk−2

(
k(k + d− 1) + ∇̊2

)
Y (k,m)

(11.9)
thus obtaining

∇̊2Y (k,m) = −k(k + d− 1)Y (k,m), k = 0, 1, 2, . . . (11.10)

For d = 5 this reduces to the defining eigenvalue equation in (11.1). This method was
for example used in [109] to find a set of harmonics with a particular symmetry, which is
different from the one considered here. The advantage of this method is that we do not have
to refer to an embedding in Rd+1 and can solve the Laplace equation in terms of coordinates
on the sphere that are appropriate for the problem at hand.

We are interested in scalar spherical harmonics on S5, thus we have to set d = 5 and the
spherical harmonics will be organised in terms of representations of the so(6). As we saw
before the dimensions of the lowest representations are given by

[k, 0, 0] =
(

5 + k

5

)
−
(

5 + k − 2
5

)
= 1

12(k + 1)(k + 2)2(k + 3) = 1,6,20′,50,105,196, . . .

(11.11)
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Further, among these harmonics we would like to pick out those that are invariant under the
subgroup SO(3)×SO(3) ⊂ SO(6), in other words those that correspond to the SO(3)×SO(3)
singlets under the branching of the representations [k, 0, 0] of the SO(6). To find these
harmonics we will take the path of solving the Laplace eigenvalue problem. First we need to
choose coordinates in which the action of the SO(3)× SO(3) is manifest. This is done by
imagining R6 as R3 × R3 so that each SO(3) acts on the corresponding R3 factor. Next we
can write each of these R3 factors in spherical coordinates so that the complete metric on
R6 is given by

ds2 = dr2 + r2dθ2 + r2 cos2 θdΩ2
(1) + r2 sin2 θdΩ2

(2). (11.12)

We can now derive the form of the Laplacian ∇̊2 on the S5 written in these coordinates.
Using ∇̊2

(1) and ∇̊2
(2) to denote the Laplacians on the spheres corresponding to dΩ2

(1) and
dΩ2

(2) we get

∇̊2 = 1
cos2 θ sin2 θ

∂

∂θ
cos2 θ sin2 θ

∂

∂θ
+ 1

cos2 θ
∇̊2

(1) + 1
sin2 θ

∇̊2
(2). (11.13)

For SO(3)× SO(3)-invariant solutions we must impose ∇̊2
(1) = ∇̊2

(2) = 0, thus the harmonics
we are looking for must be solutions to the following equation:

1
cos2 θ sin2 θ

∂

∂θ

(
cos2 θ sin2 θ

∂

∂θ
Y (k)

)
= −k(k + 4)Y (k). (11.14)

One can show that a general solution to this equation is of the form

Y (k) = C1 cos(k + 2)θ + C2 sin(k + 2)θ
sin 2θ . (11.15)

Not all of these solutions are good spherical harmonics. Note that in the coordinates on R6

that we chose it is true that r2 cos2 θ = (x1)2+(x2)2+(x3)2 and r2 sin2 θ = (x4)2+(x5)2+(x6)2.
To be compatible with the definition of Y (k) in (11.7) the solutions Y (k) thus have to be
homogeneous polynomials in cos θ and sin θ of degree k. However, one can show that this
is only possible when both C1 = 0 and k is even. The latter assertion makes sense since
otherwise one would have odd powers of cos θ and sin θ leading to square roots, which is not
acceptable. All in all our solutions are given by

Y (2l) = 1
2l
√

1 + 3l + 2l2
sin 2(l + 1)θ

sin 2θ (l = 0, 1, 2, . . . )

= 1
2l
√

1 + 3l + 2l2
l∑

n=0
cos(2nθ) cos(2θ)l−n

= 1
2l
√

1 + 3l + 2l2
l∑

n=0

(−1)n
2

(
2l + 2
2n+ 1

)
(cos2 θ)l−n(sin2 θ)n.

(11.16)
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Note that the form of Y (2l) in the last line is particularly useful for rewriting the harmonic
to a form as in equation (11.7), one simply needs to substitute the expression of cos2 θ and
sin2 θ in terms of the coordinates yI that was provided above to obtain

Y (2l) = 1
2l
√

1 + 3l + 2l2
l∑

n=0

(−1)n
2r2l

(
2l + 2
2n+ 1

)
[(y1)2 +(y2)2 +(y3)2]l−n[(y4)2 +(y5)2 +(y6)2]n.

(11.17)
The solutions Y (2l) have been normalised to conform with the standard convention set in
equation (11.3), which is also used in [111] and many other places in literature:

∫
S5
Y kY k′ = δkk

′ π3

2k−1(k + 1)(k + 2) . (11.18)

The reason for this particular choice of normalisation is that it implies that

∑
I1...Ik

CkI1...IkC
k′
I1...Ik = δkk

′
. (11.19)

We can list the lowest lying harmonics corresponding to l ∈ {0, 1, 2, 3}. The angles θ and φ
can be transformed to coordinates ~u and ~v, which were used in Chapter 9 and are summarised
in Appendix A.4, using cos2 θ = u2, sin2 θ = v2, and sin θ cos θ cosφ = (u · v):

Y (0) = 1 (11.20)

Y (2) = 1√
6

cos 2θ = 1√
6

(u2 − v2) (11.21)

Y (4) = 1
4
√

15
(2 cos 4θ + 1) = 1

4
√

15
(3u4 − 10u2v2 + 3v4) (11.22)

Y (6) = 1
8
√

7
(cos 2θ + cos 6θ) = 1

4
√

7
(u6 − 7u4v2 + 7u2v4 − v6) (11.23)

To sum up, we find that among all SO(6) scalar spherical harmonics there is always one for
each even k that is invariant under SO(3)×SO(3) ⊂ SO(6), and there are no such harmonics
for odd k. In terms of group theory this means that for even k the SO(6) representation
[k, 0, 0] has exactly one singlet after the branching under SO(3)× SO(3), while for odd k
there are no singlets. We can verify this for the lowest representations by comparing with
the branching rules in Appendix E:

[0, 0, 0] = 1 → (1,1) (11.24)

[1, 0, 0] = 6 → (3,1) + (1,3) (11.25)

[2, 0, 0] = 20′ → (1,1) + (3,3) + (5,1) + (1,5) (11.26)

[3, 0, 0] = 50 → (3,1) + (1,3) + (5,3) + (3,5) + (7,1) + (1,7) (11.27)

etc.
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The fact that there are no singlets for odd k makes sense: to get a singlet all k indices have
to be contracted into traces, which is only possible for even k. For the same reason it is
clear that for even k there will be at least one singlet. It is not obvious to us why there is
exactly one, but one can view the explicit construction of the harmonics above as a proof
that this is indeed the case.

11.3 Scalar Spherical Harmonics with SO(3)diag Symmetry

In this section we would like to describe a subset of the S5 scalar spherical harmonics that
are invariant under the SO(3)diag ⊂ SO(3)× SO(3) ⊂ SO(6) symmetry. We will proceed as
described in the previous section and solve the Laplace eigenvalue problem

∇̊2Y (k) = −k(k + 4)Y (k), k = 0, 1, 2, . . . (11.28)

First of all we need to fix a coordinate system on R6 in which the SO(3)diag symmetry
is manifest. A good choice are the coordinates introduced in [54], which we reviewed in
Appendix A.4. The metric on the R6 written in these coordinates reads

ds2 = d(rui)d(rui) + d(rvi)d(rvi)

= dr2 + r2
[
dθ2 + cos2 θ (σ2

1 + σ2
2) + sin2 θ (dφ+ σ1)2 + sin2 θ (cosφ σ2 − sinφ σ3)2

]
.

(11.29)

The terms proportional to r2 form the round metric on the S5. The left-invariant 1-forms σi
were constructed in Appendix D, and are parametrised through three Euler angles. We are
looking for solutions Y (k)(θ, φ) that do not depend on these Euler angles, and are therefore
invariant under SO(3)diag rotations. In these coordinates and under the assumption that
Y (k) do not depend on the SO(3)diag angles the Laplace equation (11.28) becomes

1
sin2 θ cos2 θ

∂

∂θ

(
sin2 θ cos2 θ

∂

∂θ
Y (k)

)
+ 1

sin2 θ cos2 θ sinφ
∂

∂φ

(
sinφ ∂

∂φ
Y (k)

)
+k(k+4)Y (k) = 0.

(11.30)
This partial differential equation is separable. After separating the angles and equating the
two parts to ±m(m+ 1) one obtains the following solutions:

Y (θ, φ) = A(θ)B(φ) (11.31)

A(θ) = c1(sin θ cos θ)m2F1(−k2 +m,
k

2 +m+ 2;m+ 3
2; cos2 θ)

+ c2(sin θ cos θ)−(m+1)
2F1(−k2 −m− 1, k2 −m+ 1; 1

2 −m; cos2 θ)
(11.32)

B(φ) = c3Pm(cosφ) + c4Qm(cosφ). (11.33)
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The four constants ci are integration constants, 2F1(a, b; c;x) is the hypergeometric function,
and Pm(x) and Qm(x) are the Legendre polynomials of the first and second kind. Our
separation ansatz was invariant under m→ −(m+1), and so are the solutions A(θ) and B(φ)
up to redefinition of c4. This is because P−(m+1) = Pm but Q−(m+1) = Qm− π

tan(πm)Pm [112].

To find which of these solutions are good spherical harmonics note first that Qm is never a
finite polynomial in its argument, so we should discard it by setting c4 = 0. Because the
terms proportional to c1 and c2 in A(θ) are interchanged upon m→ −(m+ 1) but Pm is
invariant, we can set c2 = 0 without loss of generality. Furthermore, Pm is only a finite
polynomial for integer values of m, and 2F1(a, b; c;x) is a finite polynomial only if a or b is a
negative integer or zero. Therefore k must be an even integer and we should set k = 2l, and
assume m ≤ l. The series expansion of 2F1 is in non-negative powers of cos2 θ and therefore
for a negative m the denominator in (sin θ cos θ)m cannot be cancelled, so we need to take
m ≥ 0. Thus we obtain the following solutions for the scalar spherical harmonics:

Y (2l,m)(θ, φ) = cl,m (sin θ cos θ)m 2F1(−l +m, l +m+ 2;m+ 3
2; cos2 θ)Pm(cosφ) (11.34)

cl,m = (−1)l+m
√

21−2l+4m

2l + 1
m!(m+ 1)!(l +m+ 1)!
(2m)!(2m+ 2)!(l −m)! , (11.35)

l = 0, 1, 2, . . . and 0 ≤ m ≤ l.

The constants cl,m are chosen such that the harmonics are properly normalised according to
the normalisation in equation (11.3). In determining cl,m we made an arbitrary sign choice
by adding a factor of (−1)l+m. This sign choice makes the harmonics look nice by removing
overall minus signs and additionally with this convention the m = 0 case matches exactly
the SO(3)× SO(3) invariant solutions in (11.16).

Under our assumptions on the range of the variables l and m the hypergeometric function
and the Legendre polynomials can be expanded into finite-order polynomials as follows:

2F1(− l +m, l +m+ 2;m+ 3
2; cos2 θ) =

=
l−m∑
n=0

(l +m+ n+ 1)!
(l +m+ 1)!

(l −m)!
(l −m− n)!

(m+ n+ 1)!
(m+ 1)!

(2m+ 2)!
(2m+ 2n+ 2)!

(−4 cos2 θ
)n

n!
(11.36)

Pm(cosφ) =
m∑
n=0

(
m

n

)(
m+ n

n

)
(cosφ− 1)n

2n . (11.37)

This determines the harmonics uniquely up to an overall sign. The result for the harmonics
Y (2l,m) in (11.34) and the allowed quantum numbers are again supported by the explicit
construction of representations and the appearance of SO(3)diag singlets. Under SO(3)diag ⊂
SO(3) × SO(3) the representations (r1, r2) collapse to r1 ⊗ r2, and we see the following
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picture

[0, 0, 0] = 1 → 1 (11.38)

[1, 0, 0] = 6 → 3 + 3 (11.39)

[2, 0, 0] = 20′ → (1 + 1) + 3 + (5 + 5 + 5) (11.40)

[3, 0, 0] = 50 → (3 + 3 + 3 + 3) + (5 + 5) + (7 + 7 + 7 + 7) (11.41)

etc.

We see the explicit appearance of one singlet in the case l = 0 and two singlets in the case
l = 1. We see also that for odd k there are again no singlets at all.

Here is a list of the first few harmonics corresponding to l ∈ {0, 1, 2, 3}. They are properly
normalised and the angles θ and φ were transformed to coordinates ~u and ~v using cos2 θ = u2,
sin2 θ = v2, and sin θ cos θ cosφ = (u · v).

Y (0,0) = 1 (11.42)

Y (2,0) = 1√
6

cos 2θ = 1√
6

(u2 − v2) (11.43)

Y (2,1) = 1√
6

cosφ sin 2θ =
√

2
3(u · v) (11.44)

Y (4,0) = 1
4
√

15
(2 cos 4θ + 1) = 1

4
√

15
(3u4 − 10u2v2 + 3v4) (11.45)

Y (4,1) = 1
2
√

10
cosφ sin 4θ =

√
2
5(u · v)(u2 − v2) (11.46)

Y (4,2) = 1√
30

sin2 θ cos2 θ (3 cos 2φ+ 1) =
√

2
15[3(u · v)2 − u2v2] (11.47)

Y (6,0) = 1
8
√

7
(cos 2θ + cos 6θ) = 1

4
√

7
(u2 − v2)(u4 − 6u2v2 + v4) (11.48)

Y (6,1) = 1
8
√

35
cosφ (sin 2θ + 3 sin 6θ) = 1

2
√

35
(u · v)(5u4 − 14u2v2 + 5v4) (11.49)

Y (6,2) = 1
2
√

7
sin2 θ cos2 θ cos 2θ (3 cos 2φ+ 1) = 1√

7
(u2 − v2)[3(u · v)2 − u2v2] (11.50)

Y (6,3) = 1√
35

sin3 θ cos3 θ cosφ (5 cos 2φ− 1) = 2√
35

(u · v)[5(u · v)2 − 3u2v2] (11.51)

We see that the harmonics with m = 0 correspond exactly to the SO(3)× SO(3) invariant
ones found in the previous section. Note also that while ~u 2 and ~v 2 are invariant under both
SO(3)× SO(3) and SO(3)diag, the combination ~u · ~v is only invariant under SO(3)diag. This
is why in all harmonics with m = 0 only powers of ~u 2 and ~v 2 show up, while for m 6= 0
terms proportional to ~u · ~v appear and break SO(3)× SO(3) down to SO(3)diag.

The scalar harmonics can also be converted to the {w1, w2} basis, which is introduced in
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Appendix A.4, using w1 = 2u2 − 1 = 1− 2v2 = u2 − v2 and w2 = 2(u · v). Here is the result:

Y (0,0) = 1 (11.52)

Y (2,0) = w1√
6

(11.53)

Y (2,1) = w2√
6

(11.54)

Y (4,0) = 4w2
1 − 1

4
√

15
(11.55)

Y (4,1) = w1w2√
10

(11.56)

Y (4,2) = w2
1 + 3w2

2 − 1
2
√

30
(11.57)

Y (6,0) = w1(2w2
1 − 1)

4
√

7
(11.58)

Y (6,1) = w2(6w2
1 − 1)

4
√

35
(11.59)

Y (6,2) = w1(w2
1 + 3w2

2 − 1)
4
√

7
(11.60)

Y (6,3) = w2(3w1 + 5w2
2 − 3)

4
√

35
. (11.61)

11.4 Vector Spherical Harmonics with SO(3)diag Symmetry

11.4.1 Lowest Vector Harmonics from Group Theory

The lowest vector harmonic Y (0,m)
5 with k = 0 transforms in the [0, 1, 1] = 15 of the so(6).

This is the symmetric and traceless part of the product of two so(6) spinors of different
chiralities, and it can also be viewed as the antisymmetric part of the product of two so(6)
vectors. Both can be mapped to each other by some appropriately defined Clebsch-Gordan
coefficients Σ[IJ ] B

A , which are also discussed in Appendix B. However, it is also true that
the lowest vector harmonics corresponding to the case k = 0 are given by the S5 Killing
vectors K [IJ ]

n , which are defined as [57]

Y
(0,m)

5n ∼ K [IJ ]
n = ∂ny

[IyJ ]. (11.62)

The coordinates yI are the embeddings of the S5 into R6, and the anti-symmetrised index
pair [IJ ] corresponds to the 15 of the so(6) in which the lowest vector harmonics transform.
This also implies that the index m will assume 15 distinct values, as it has to be mapped to
the index pair [IJ ]. These Killing vectors satisfy the Killing equation

∇̊nK [IJ ]
p + ∇̊pK [IJ ]

n = 0, (11.63)
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and the overall normalisation in (11.62) was chosen such that viewed as differential operators
KIJ = K [IJ ]n∂n the SO(6) commutator is canonical:

[KIJ ,KKL] = δIKKJL + δJLKIK − δILKJK − δJKKIL. (11.64)

The decomposition of the 15 under SO(3)diag ⊂ SO(3)× SO(3) ⊂ SO(6) is given by

15→ (3,1) + (1,3) + (3,3)→ 3 + 3 + (1 + 3 + 5). (11.65)

We see that one singlet appears. If one decomposes the 6-index I → (i, ı̄), then the first step
in the decomposition above can we written as

K [IJ ] → {K [ij],K [̄ı̄],K [ī]} ≡ {εijkKk
(3,1), ε

ı̄̄k̄K k̄
(1,3),K

ī
(3,3)}, (11.66)

and the second step is the identification i ↔ ı̄. The singlet that we saw appearing above
comes from (3,3)→ 3⊗ 3 = 1 + 3 + 5 and corresponds to the trace

Y
(0,0)

5 ∼
∑
i=ı̄

K īı
(3,3) = K [14] +K [25] +K [36] = y[1dy4] + y[2dy5] + y[3dy6], (11.67)

where we are viewing the components of the Killing vectors as components of some 1-forms
on the sphere. We can now parametrise the embedding of the S5 into R6 as in [54] in terms
of two three-vectors ~u and ~v and write yI = (~u,~v). The SO(3) × SO(3) rotations act on
the components of ~u and ~v in the fundamental representation. We then decompose the
differentials dyI into left-invariant 1-forms. This gives the following expression for the vector
harmonics 1-form:

Y
(0,0)

5 ∼ 2 cos θ sin θ sinφ σ1 − cosφ dθ + cos θ sin θ sinφ dφ (11.68)

=
√

1− w2
1 − w2

2 σ
1 + 1

2
w2

w1 + 1 dw1 −
1
2 dw2. (11.69)

We can now proceed similarly and use group theory to find the k = 1 vector harmonics that
are SO(3)diag singlets. The k = 1 vector harmonics on the S5 transform in the [1, 1, 1] = 64
of the SO(6), and the harmonics with the SO(3)diag symmetry should appear as singles of
the decomposition of this representation under SO(3)diag ⊂ SO(6). It is not straightforward
to find this decomposition by appropriately symmetrising the indices since both vector
and spinor indices appear in the [1, 1, 1]. We can make progress by noting that the [1, 1, 1]
appears in the following tensor product

6⊗ 15 = [1, 0, 0]⊗ [0, 1, 1]

= [1, 0, 0] + [0, 2, 0] + [0, 0, 2] + [1, 1, 1]

= 6 + 10 + 10 + 64.

(11.70)
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All other representations in this decomposition can be written with vector indices only, and
can therefore be decomposed by hand. After writing I → (i, ı̄) as before we get the following
decomposition under SO(3)× SO(3) ⊂ SO(6):

6 = T I → {T i, T ı̄} = (3,1) + (1,3) (11.71)

15 = [0, 1, 1] = T [IJ ] → {T [ij], T [ī], T [̄ı̄]}
= {εijkT [jk], T [ī], εı̄̄k̄T [̄k̄]}
= (3,1) + (3,3) + (1,3)

(11.72)

(10 + 10) = T [IJK] → {T [ijk], T [̄ıjk], T [̄ı̄k], T [̄ı̄k̄]}
= {εijkT [123], εijkT [̄ıjk], εı̄̄k̄T [īk̄], εı̄̄k̄T [1̄2̄3̄]}
= (1,1) + (3,3) + (3,3) + (1,1)

(11.73)

As a side remark note that the tensor T [IJK] is reducible because it can be decomposed into
the self-dual and anti-self-dual parts using the 6-dimensional epsilon tensor εIJKLMN , which
correspond exactly to the 10 and the 10. This has no effect on the decomposition. We
can now compute the tensor product on the left-hand side of (11.70) using the decomposed
representations and compare them to the representations that appear on the right-hand side
to find what the 64 decomposes into. The result is

64→ (5,3) + (3,5) + (5,1) + (1,5) + (3,1) + (1,3) + (3,3) + (3,3). (11.74)

To compute the decomposition under SO(3)diag ⊂ SO(3)× SO(3) we recall that the repre-
sentations (r1, r2) collapse to r1 ⊗ r2, and we get

64→ (7 + 5 + 3) + (7 + 5 + 3) + 5 + 5 + 3 + 3 + (5 + 3 + 1) + (5 + 3 + 1). (11.75)

We see that the 64 contains two SO(3)diag singlets, therefore we expect to find two k = 1
vector harmonics that are invariant under the SO(3)diag.

To construct explicit expressions for the harmonics recall that the scalar harmonics were
constructed by taking symmetric and traceless products of k embedding coordinates yI , see
equation (11.7). In terms of group theory, since each yI is in the [1, 0, 0], this corresponds to

[1, 0, 0]k
∣∣∣
[k,0,0]

. (11.76)

We can generalise this construction to vector harmonics by taking products of k coordinates
yI = [1, 0, 0] with one Killing vector K [IJ ] = [0, 1, 1] and project out the representations that
we need, in other words we need to take

([1, 0, 0]k ⊗ [0, 1, 1])
∣∣∣
[k,1,1]

. (11.77)
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For k = 1 we get the case that we studied above:

yIK [JK]
∣∣∣
[1,1,1]

= ([1, 0, 0]⊗ [0, 1, 1])|[1,1,1] . (11.78)

As before, its not straightforward to see what the projector to the [1, 1, 1] should look like,
but we know that the singlets are contained in the (3,3) parts of the 64. Two possibilities
to construct a (3,3) out of xIK [JK] are the following:

εijkxjK [kı̄] and εı̄̄k̄x̄K [k̄i]. (11.79)

There are two other inequivalent ways to construct a (3,3), they, however, correspond to
those in the (10 + 10), therefore we can assume that the representations we constructed
in (11.79) are indeed those contained in the 64. The SO(3)diag singlets in the (3,3) are the
traces over the free indices after identifying i with ı̄. This gives us the following expressions
for the harmonics

Y
(1,0)

5 ∼
∑
i=ı̄

εijkxjK [kı̄] = − sin θ cos2 θ sinφ σ2 (11.80)

Y
(1,1)

5 ∼
∑
i=ı̄

εı̄̄k̄x̄K [k̄i] = sin2 θ cos θ sinφ cosφ σ2 − sin2 θ cos θ sin2 φ σ3. (11.81)

Finally, we can normalise the vector harmonics as fixed in equation (11.3). With this
normalisation and an arbitrary choice for the overall sign the SO(3)diag invariant k = 0 and
k = 1 vector harmonics read

Y
(0,0)

5 = cos θ sin θ sinφ (2σ1 + dφ)− cosφ dθ = uidvi − vidui (11.82)

Y
(1,0)

5 = 2√
3

sin θ cos2 θ sinφ σ2 = 2√
3

(εijkviujduk) (11.83)

Y
(1,1)

5 = 2√
3

sin2 θ cos θ sinφ (cosφ σ2 − sinφ σ3) = 2√
3

(εijkviujdvk). (11.84)

We can change the (θ, φ) coordinates to (w1, w2) and re-write the harmonics as follows

Y
(0,0)

5 =
√
ζ σ1 + 1

4

(1 + w1
2

)−1
w2 dw1 −

1
2 dw2 (11.85)

Y
(1,0)

5 =
√

1
3

(1 + w1
2

)1/2√
ζ σ2 (11.86)

Y
(1,1)

5 =
√

1
12

(1 + w1
2

)−1/2
(w2

√
ζσ2 − ζσ3). (11.87)

We verified explicitly that these harmonics indeed solve the defining equation (11.1) for k = 0
and k = 1, and the divergence constraint (11.2). Also the orthogonality and normalisation
holds as in (11.3).
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In general, it is true that after branching the representation [k, 1, 1] of the SO(6) to repre-
sentations of the SO(3)diag only odd-dimensional representations with d = 1, 3, 5, . . . , 2k + 5
appear. This is because the sum of the weights in [k, 1, 1] that correspond to spin represen-
tations, 1 + 1, is even, and this property is preserved by the branching. Remember that
for SO(3) a representation with weight w has dimension d = w + 1, and so even SO(3)
weights give rise to odd-dimensional representations. The meaning of this is that bosons
branch to bosons. The multiplicity with which an SO(3)diag representation of dimension
d appears in [k, 1, 1] seems to be given by the formula k + 1 + 2x(2 + k − x), where x is
defined by d ≡ 2x+ 1 and has the range x ∈ {1, . . . , k + 2}. For the singlets, that is x = 0,
the multiplicity becomes k + 1 and is the upper bound on the number of SO(3)diag invariant
vector harmonics that we are expecting to find. Even though this is exactly the number
of singlets we found for the cases k = 0 and k = 1, for some singlets the harmonics might
actually turn out to vanish, so this upper bound does not have to be satisfied.

11.4.2 Solving the Laplace Equation

The lowest vector harmonics found from group theory arguments allow us to make some
important observations. First of all it is clear that the solutions have to be of the form

Y5 = v1(θ, φ)σ1 + v2(θ, φ)σ2 + v3(θ, φ)σ3 + v4(θ, φ)dθ + v5(θ, φ)dφ. (11.88)

Because we are looking for SO(3)diag invariant solutions the only 1-forms that can be
considered as a basis are the invariant forms dθ and dφ, and the left-invariant 1-forms σi.
Moreover the coefficient functions vi(θ, φ) must not depend on the internal angles αi. Let
us recall that we are solving the following differential equation that we already gave in
equation (11.1):

∇̊2Y
(k)

5n = −(k2 + 6k + 4)Y (k)
5n , k = 0, 1, 2, . . . (11.89)

Note that this equation is written in some coordinate basis such as {dαi, dθ, dφ}, where αi
are the internal Euler angles, which is why after applying it to our ansatz in (11.88) the
internal angles reappear and it is hopeless to solve the resulting coupled partial differential
equations directly. It is therefore useful to rewrite the defining equation in terms of the
invariant 1-form basis. The framework in which this is done is the well-known Cartan
formalism. We view the invariant 1-forms as a set of local sections of the cotangent bundle,
and define

ea ≡ {σ1, σ2, σ3, dθ, dφ} = eamdy
m. (11.90)

One could now define the metric gab = ema gmne
n
b and the Christoffel symbols Γbma =

enaΓrmnebr − ena∂mebn in the new basis and start computing the curvatures. However, for our
problem it is sufficient to contract the defining equation (11.89) with the transformation
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matrices ema . Note that the divergence constraint (11.2) is invariant under the change of
basis and therefore does not need to be rewritten. After carrying out the transformations
just described we arrive at the following differential equations for the components vi(θ, φ):

0 = (8 + 6k + k2)v1 + 1
sin2 θ

∂θ(sin2 θ ∂θv1) + 1
sin2 θ cos2 θ

( 1
sinφ∂φ(sinφ∂φv1)− 1

sin2 φ
v1

)
+ 2

sin θ cos θ (∂φv4 − ∂θv5)

(11.91)

0 = (8 + 6k + k2)v2 + 1
sin2 θ

∂θ(sin2 θ ∂θv2) + 1
sin2 θ cos2 θ

( 1
sinφ∂φ(sinφ∂φv2)− 1

sin2 φ
v2

)
+ 2

sin θ cos θ

( 1
tanφ∂θv3 −

1
sin θ cos θ∂φv3

)
(11.92)

0 = (8 + 6k + k2)v3 + 1
cos2 θ

∂θ(cos2 θ ∂θv3) + 1
sin2 θ cos2 θ

sinφ∂φ( 1
sinφ∂φv3) (11.93)

0 = (8 + 6k + k2)v4 + 1
sin2 θ cos2 θ

(
∂θ(sin2 θ cos2 θ ∂θv4) + 1

sinφ∂φ(sinφ∂φv4)− 2v4

)
− 2

sin θ cos θ

(
tan2 θ

1
sinφ∂φ(sinφ v1) + ( 1

sin2 θ
− 1

cos2 θ
) 1
sinφ∂φ(sinφ v5)

)
(11.94)

0 = (8 + 6k + k2)v5 + 1
cos2 θ

∂θ(cos2 θ ∂θv5) + 1
sin2 θ cos2 θ

( 1
sinφ∂φ(sinφ∂φv5)− 1

sin2 φ
v5

)
+ 2

sin θ cos θ cos2 θ∂φv4.

(11.95)

One might notice that the original eigenvalue that we used in the Laplace equation is
(4+6k+k2), while here these terms have become (8+6k+k2). This is because the Laplacian
contains a part that is proportional to the Ricci tensor, which in case of the sphere S5 is
simply given by Rmn = 4gmn, and therefore contributes an additional 4 to the equation.

The divergence constraint takes the following form

0 = sin2 θ
1

sinφ∂φ(sinφ v1)− ∂θ(sin2 θ cos2 θ v4)− 1
sinφ∂φ(sinφ v5). (11.96)

One can split the set of partial differential equations for vi into their homogeneous parts
and the inhomogeneities. The differential equations can then be written as

0 =
[
(8 + 6k + k2)δji +Hji + 2

sin θ cos θI
j
i

]
vj . (11.97)
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The homogeneous differential operator Hji , which by definition is diagonal, is given by

H1
1 = 1

sin2 θ
∂θ sin2 θ ∂θ + 1

sin2 θ cos2 θ

( 1
sinφ∂φ sinφ∂φ −

1
sin2 φ

)
(11.98)

H2
2 = 1

sin2 θ
∂θ sin2 θ ∂θ + 1

sin2 θ cos2 θ

( 1
sinφ∂φ sinφ∂φ −

1
sin2 φ

)
(11.99)

H3
3 = 1

cos2 θ
∂θ cos2 θ ∂θ + 1

sin2 θ cos2 θ
sinφ∂φ

1
sinφ∂φ (11.100)

H4
4 = 1

sin2 θ cos2 θ

(
∂θ sin2 θ cos2 ∂θ + 1

sinφ∂φ sinφ∂φ − 2
)

(11.101)

H5
5 = 1

cos2 θ
∂θ cos2 θ ∂θ + 1

sin2 θ cos2 θ

( 1
sinφ∂φ sinφ∂φ −

1
sin2 φ

)
(11.102)

The inhomogeneous part is given by

Iji =



0 0 0 ∂φ −∂θ
0 0 1

tanφ∂θ − 1
sin θ cos θ∂φ 0 0

0 0 0 0 0
− tan2 θ 1

sinφ∂φ sinφ 0 0 0 −( 1
sin2 θ

− 1
cos2 θ ) 1

sinφ∂φ sinφ
0 0 0 cos2 θ∂φ 0


.

(11.103)
Note that the divergence constraint (11.96) is similar in structure to the inhomogeneities in
the v4 differential equation. It turns out that one can indeed use the divergence constraint
equation to eliminate v1 from that equation in favour of an additional homogeneous v4

term. After adding (− tan θ) times the constraint equation to the v4 differential equation
one obtains

0 = (8 + 6k + k2)v4 + 1
sin2 θ cos2 θ

(
∂θ(sin2 θ cos2 θ ∂θv4)− 2 tan θ ∂θ(sin2 θ cos2 θ v4)

+ 1
sinφ∂φ(sinφ∂φv4)− 2v4

)
− 2

sin3 θ cos θ
1

sinφ∂φ(sinφ v5). (11.104)

q Consider first the system for v2 and v3. The homogeneous parts of each of these differential
equations can be solved by separation of variables, and we need to introduce degeneracy
parameters m2 and m3. After applying the separation rule and equating the resulting parts
to ±mi(mi + 1) we obtain the following homogeneous solution for v2

v2(θ, φ) = A2(θ)B2(φ) (11.105)

A2(θ) = c1(tan θ)m22F1(−k2 − 1, k2 + 2; 1
2 −m2; cos2 θ)

+ c2(tan θ)−(m2+1)
2F1(−k2 − 1, k2 + 2; 3

2 +m2; cos2 θ)
(11.106)
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B2(φ) = c3 sinφ 2F1(m2
2 + 1, 1

2 −
m2
2 ; 1

2; cos2 φ)

+ c4 sinφ cosφ 2F1(m2
2 + 3

2 , 1−
m2
2 ; 3

2; cos2 φ)
(11.107)

Next observe that the partial differential equation for v3 does not have any inhomogeneities,
so that the solution we just found is the full solution for v3. Moreover, since vi = 0 are
also solutions to the homogeneous equations, the homogeneous solution for v2 together with
v1 = v3 = v4 = v5 = 0 provides a full solution to the vector harmonics Laplace equation.
This solution produces good vector harmonics only for the range of parameters k = 2l + 1,
l = 0, 1, 2, . . . , and m2 = 1, 2, . . . , (l + 1). This can be derived as follows. Consider the
solution B2(φ). The symmetry m2 → −(m2 + 1) leaves all terms invariant, and has the
fixed point m0 = −1

2 . Therefore we can assume m2 ≥ m0 = −1/2. For this range of m2,
the c3 term produces finite polynomials only for m2 = 1, 3, 5, . . . , and the c4 term only for
m2 = 2, 4, 6, . . . , so that in total we get a good B2(φ) solution for m2 = 1, 2, 3, . . . Next
consider A2(θ). The invariance of the eigenvalue (k2 + 6k + 4) under k → −(k + 6) is
reflected in the solution and leaves both terms invariant. This symmetry has the fixed point
k0 = −3, and we can restrict the values of k to k ≥ k0 = −3,−2,−1, . . . . The form of
the solution A2(θ) suggests to consider the cases of even and odd k separately. For even
k = 2l it is obvious that the hypergeometric function turns into a finite series. However, this
series starts with a constant term and both the c1 and the c2 parts contain overall powers
of tan θ. Because we already found that m2 > 0 these terms will produce negative powers
of sin θ and cos θ which render the solution unacceptable. Therefore the even case k = 2l
is ruled out. For odd k = 2l + 1 we need to first apply the Euler transformation formula
2F1(a, b; c; z) = (1− z)c−a−b2F1(c− a, c− b; c; z) and obtain

A2(θ)→ c1(sin θ)−(m2+1)(cos θ)−m22F1(k + 3
2 −m2,−

k + 3
2 −m2; 1

2 −m2; cos2 θ)

+ c2(sin θ)m2(cos θ)m2+1
2F1(k + 5

2 +m2,−
k + 1

2 +m2; 3
2 +m2; cos2 θ).

(11.108)

We see again that the negative powers of the trigonometric functions in the c1 terms spoil
the solution so that we are forced to set c1 = 0. The c2 part yields a good solution whenever
−k+1

2 + m2 ≤ 0, which implies m2 ≤ k+1
2 = l + 1. Moreover, because m2 ≥ 1 we need to

take k ≥ 1. Using the notation Ỹ (k,m2)
5 to denote the particular solution corresponding to

v1 = v3 = v4 = v5 = 0 we get

Ỹ
(2l+1,m2)

5 (θ, φ) = cl,m2σ
2(sin θ)m2(cos θ)m2+1

2F1(l + 3 +m2,−l − 1 +m2; 3
2 +m2; cos2 θ)×

×
{

2F1(−m2
2 − 1

2 ,
m2
2 ; 1

2 ; cos2 φ) for odd m2

2F1(−m2
2 ,

m2
2 + 1

2 ; 3
2 ; cos2 φ) cosφ for even m2

(11.109)
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l ≥ 0, m2 = 1, 2, . . . , (l + 1).

The constants cl,m2 are an overall normalisation. Here are the few first such solutions
so obtained, for which we have chosen an arbitrary overall sign, and which we have also
normalised as in Subsection 11.4.1:

Ỹ
(1,1)

5 = 2√
3

sin θ cos2 θ sinφ σ2 (11.110)

Ỹ
(3,1)

5 =
√

3
5 sin θ cos2 θ cos(2θ) sinφ σ2 (11.111)

Ỹ
(3,2)

5 =
√

3
5 sin2 θ cos3 θ sin(2φ) σ2 (11.112)

Ỹ
(5,1)

5 =
√

1
105 sin θ cos2(θ)(3 cos(4θ) + 2) sinφ σ2 (11.113)

Ỹ
(5,2)

5 = 2√
7

sin2 θ cos3 θ cos(2θ) sin(2φ) σ2 (11.114)

Ỹ
(5,3)

5 =
√

2
35 sin3 θ cos4 θ sinφ(5 cos(2φ) + 3) σ2 (11.115)

Ỹ
(7,1)

5 = 1
12
√

2
sin θ cos2 θ(3 cos(2θ) + 2 cos(6θ)) sinφ σ2 (11.116)

Ỹ
(7,2)

5 = 1
4

√
5
42 sin2 θ cos3 θ(4 cos(4θ) + 3) sin(2φ) σ2 (11.117)

Ỹ
(7,3)

5 = 1
2
√

3
sin3 θ cos4 θ cos(2θ) sinφ(5 cos(2φ) + 3) σ2 (11.118)

Ỹ
(7,4)

5 = 1
6

√
5
7 sin4 θ cos5 θ sin(2φ)(7 cos(2φ) + 1) σ2 (11.119)

Note that the solution Ỹ (1,1)
5 is exactly one of the solutions found by group theory arguments.

As before we can change the basis from the angles {θ, φ} to the variables {w1, w2} and
obtain

Ỹ
(1,1)

5 =
√

1
3

(1 + w1
2

)1/2√
ζ σ2 (11.120)

Ỹ
(3,1)

5 =
√

3
5

(1 + w1
2

)1/2 w1
2
√
ζ σ2 (11.121)

Ỹ
(3,2)

5 =
√

3
5

(1 + w1
2

)1/2 w2
2
√
ζ σ2 (11.122)

Ỹ
(5,1)

5 =
√

1
105

(1 + w1
2

)1/2 6w2
1 − 1
2

√
ζ σ2 (11.123)

Ỹ
(5,2)

5 =
√

1
7

(1 + w1
2

)1/2
w1w2

√
ζ σ2 (11.124)

Ỹ
(5,3)

5 =
√

1
70

(1 + w1
2

)1/2 w2
1 + 5w2

2 − 1
2

√
ζ σ2 (11.125)

Ỹ
(7,1)

5 =
√

2
24

(1 + w1
2

)1/2 (8w2
1 − 3)w1

2
√
ζ σ2 (11.126)
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Ỹ
(7,2)

5 = 1
4

√
5
42

(1 + w1
2

)1/2 (8w2
1 − 1)w2

2
√
ζ (11.127)

Ỹ
(7,3)

5 = 1
4
√

3

(1 + w1
2

)1/2 (w2
1 + 5w2

2 − 1)w1
2

√
ζ σ2 (11.128)

Ỹ
(7,4)

5 = 1
12

√
5
7

(1 + w1
2

)1/2 (3w2
1 + 7w2

2 − 3)w2
2

√
ζ σ2 (11.129)

The system of equations for v2 and v3 admit a second set of solutions, namely the one with
v1 = v4 = v5 = 0 and v3 6= 0. To find these solutions we need to first solve the homogeneous
differential equation for v3, then plug the solution into the differential equation for v2 and
solve the resulting inhomogeneous differential equation to obtain the full solution with both
v2 6= 0 and v3 6= 0. Observe that there are no inhomogeneities in the equation for v3, so that
it can be solved directly by separation of variables. It is also separable and therefore splits
into two ordinary differential equations that we have to set equal to a constant that we call
±m(m+ 1). This leads to the following solution:

v3(θ, φ) = A3(θ)B3(φ) (11.130)

A3(θ) = c1(tan θ)m+1
2F1(−k2 − 1, k2 + 2; 1

2 −m; cos2 θ)

+ c2(tan θ)−m2F1(−k2 − 1, k2 + 2; 3
2 +m; cos2 θ)

(11.131)

B3(φ) = c3 2F1(−m2 −
1
2 ,
m

2 ; 1
2; cos2 φ) + c4(cosφ)2F1(−m2 ,

m

2 + 1
2; 3

2; cos2 φ) (11.132)

First of all note that since the term m(m + 1) in the original ansatz is invariant under
m→ −(m+ 1) this symmetry must manifest itself in the solution. Indeed, we see that in
A3(θ) this simply swaps c1 with c2. In B3(φ) each of the two terms is invariant under this
symmetry. Moreover, the term proportional to c3 is a finite polynomial only if m is an odd
integer, while the same is true for the c4 term for even m. In total we see that m has to
be an integer, and also without any loss of generality we can set c1 = 0. This gives the
following solutions for v3.

v3(θ, φ) = ck,m(tan θ)−m2F1(−k2 − 1, k2 + 2; 3
2 +m; cos2 θ)×{

2F1(−m
2 − 1

2 ,
m
2 ; 1

2 ; cos2 φ) for odd m
2F1(−m

2 ,
m
2 + 1

2 ; 3
2 ; cos2 φ) cosφ for even m

(11.133)

The next step is to substitute this solution into the differential equation for v2, and look for
a solution. As the resulting differential equation is inhomogeneous one needs to first find
the solution for its homogeneous part and then use methods like the variation of parameters
to derive a particular solution for the inhomogeneous equation. The general solution can
then be constructed as a sum of the particular solution and a linear combination of the
homogeneous solutions. This computation is still work in progress, and the results will be
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reported elsewhere.

11.5 Tensor Spherical Harmonics with SO(3)diag Symmetry

In this section we will again resort to group theory methods to find a set of the lowest
SO(3)diag invariant tensor harmonics Y (k,m)

10 [np]. As indicated in equation (11.4) these tensor
harmonics will be the singlets in the 10c of the so(6) after the branching to the SO(3)diag

subgroup. The 10c = 10 ⊕ 10 can be represented by an anti-symmetric 3-tensor of the
SO(6):

10⊕ 10 = T [abc]. (11.134)

The 10 and the 10 can be extracted by splitting T [abc] into its self-dual and anti-self-dual
parts. Taking an educated guess based on the construction of the vector harmonics we
can attempt to construct these tensor harmonics as tensor products of S5 Killing vectors
K

[IJ ]
n = ∂ny

[IyJ ] and embedding coordinates yI . We are looking for a combination that
gives a harmonic of the form Y

[IJK]
[np] , and one such combination is

yIKJL
[n K

KL
p]

∣∣∣
[IJK]

= 3
4y

[I∂[ny
J∂p]y

K]. (11.135)

To find tensor harmonics that are invariant under the SO(3)diag we need to find the singlets
that are contained in the 10c. According to Appendix E the 10 contains two singlets,
and therefore the 10c contains four of them. After splitting the SO(6) index to a pair of
SO(3)× SO(3) indices as I → (i, ı̄) and then taking the diagonal subgroup by identifying
i ≡ ı̄ one obtains the following singlets

εijkT [ijk] ∑
i=ı̄

εijkT [̄ıjk] ∑
i=ı̄

εı̄̄k̄T [īk̄] εı̄̄k̄T [̄ı̄k̄], (11.136)

where we have to substitute y[I∂[ny
J∂p]y

K] for T [IJK]. By our choice of coordinates we have
xi = ui and xı̄ = vi, and so we can write the singlets in (11.136) as

Y
(0,0)

10 = εijk(uiduj ∧ duk) (11.137)

Y
(0,1)

10 = 1√
3
εijk(viduj ∧ duk + ujduk ∧ vi + ukdvi ∧ duj) (11.138)

Y
(0,2)

10 = 1√
3
εijk(uidvj ∧ dvk + vjdvk ∧ ui + vkdui ∧ dvj) (11.139)

Y
(0,3)

10 = εijk(vidvj ∧ dvk). (11.140)

We have checked that these four tensor harmonics indeed verify the defining Laplace
equation (11.1) for k = 0, as well as the divergence condition (11.2). Moreover these
harmonics were normalised according to the conventions set in (11.3). As for the vector
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harmonics we can change basis to the (w1, w2) variables and express the forms in terms of
left-invariant forms σi. To further simplify the expressions these left-invariant forms can be
traded for the vector harmonics Y (k,m)

5 which we found in the previous section, which gives:

Y
(0,0)

10 =
√

3
ζ

(1 + w1)
(
Y

(0,0)
5 − w2dw1

2(1 + w1) + dw2
2

)
∧ Y (1,0)

5 (11.141)

Y
(0,1)

10 = 1
ζ

(1 + w1)
(
Y

(0,0)
5 − w2dw1

2(1 + w1) + dw2
2

)
∧ Y (1,1)

5 + 1
ζ

(2w2Y
(0,0)

5 − dw1) ∧ Y (1,0)
5

(11.142)

Y
(0,2)

10 = 1
ζ

(1− w1)
(
Y

(0,0)
5 − w2dw1

2(1− w1) −
dw2

2

)
∧ Y (1,0)

5 + 1
ζ

(2w2Y
(0,0)

5 − dw1) ∧ Y (1,1)
5

(11.143)

Y
(0,3)

10 =
√

3
ζ

(1− w1)
(
Y

(0,0)
5 − w2dw1

2(1− w1) −
dw2

2

)
∧ Y (1,1)

5 . (11.144)

These are all SO(3)diag invariant Y10 harmonics with k = 0 since there are no more singlets
contained in the 10c. The construction of higher tensor harmonics is still in progress and
will be reported elsewhere.
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Chapter 12

UV Asymptotics of the Uplifted
Solution

In order to interpret our ten-dimensional solution we can compute its asymptotic behaviour
for large values of the radial coordinate and check whether the various fields have the fall-off
expected from the AdS/CFT dictionary. It is also interesting to compare our results with
the asymptotic behaviours of the other supergravity solutions that are supposed to describe
N = 1∗, namely the Polchinski-Strassler solution [48] and the zero-temperature limit of
the Freedman-Minahan solution [62]. To this purpose we perform the change of variable
t = eC1/r, where r is the radial coordinate used in [48, 62]. In this section we only give
terms up to quadratic order in the deformation parameters m and σ and we fix the values
of the angles ϕ and ω to zero.

Axion-Dilaton The expansion takes a particularly simple form for the field B = 1+iτ
1−iτ

that appears in the Kaluza-Klein expansion around S5 [42]. The first terms can be easily
computed for any value of the angles ϕ and ω and are

B ∼ −
(

4m2
0

9r2 e
−2iϕ − 2m0σ0

3
√

3r4 e
−i(ϕ−ω)

)
(u2− v2)− 2i

(
4m2

0
9r2 e

−2iϕ + 2m0σ0

3
√

3r4 e
−i(ϕ−ω)

)
(u · v) ,

(12.1)
where m0 and σ0 are given in Appendix A and are related to the UV mass deformation and
the expectation value of gaugino condensate. From (12.1), setting the angles ϕ and ω to
zero, we can compute the expansions of the dilaton and axion

eΦ ∼ 1 + 2
3
m2

0
r2 (u2 − v2) + m0σ0√

3r4 (u2 − v2) (12.2)

C0 ∼
4
3
m2

0
r2 (u · v) + 2√

3
m0σ0
r4 (u · v). (12.3)
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The leading behaviour of the dilaton is the same as for the zero-temperature limit of the
Freedman-Minahan solution [62]. As already discussed in their paper, the behaviour does
not agrees with the asymptotic limits of the dilaton in the Polchinski-Strassler solution [48],
where the leading behaviour of the dilaton is given by a scalar of the SO(6).

Metric The large r behaviour of the metric is

ds2
10 = r2

(
1 + m2

0
24r2

)
ds2

4 +
(

1 + m2
0

16r2

)
dr2

r2 + ds2
5 (12.4)

where ds2
4 is the flat Minkowski metric in four dimensions and the internal metric ds2

5 is
given by

ds2
5 = (dui)2 + (dvi)2 + duiduj

(
m2

0
r2 Aij + m0σ0

r4 Bij

)

+ dvidvj

(
m2

0
r2 Cij + m0σ0

r4 Dij

)
+ duidvj

(
m2

0
r2 Eij + m0σ0

r4 Fij

)
(12.5)

with coefficients

Aij = −1
6(3 + 4(u2 − v2))δij + 1

3vivj (12.6)

Bij = 1√
3

[(u2 − v2)δij + vivj ] (12.7)

Cij = −1
6(3− 4(u2 − v2))δij + 1

3uiuj (12.8)

Dij = 1√
3

[−(u2 − v2)δij + uiuj ] (12.9)

Eij = 1
3[−8(u · v)δij − 8uivj + 6viuj ] (12.10)

Fij = 2√
3

[−2(u · v)δij + uivj + viuj ] (12.11)

Two-Form Potentials and Field Strengths The first terms in the expansion of the
2-forms potentials (9.59) are

C1 = 1
2

( 1√
3
m0
r

+ 1
2
σ0
r3

)
εijkviduj ∧ duk + 1

2

(√
3m0
r
− 1

2
σ0
r3

)
εijkvidvj ∧ dvk (12.12)

+
( 1√

3
m0
r

+ 1
2
σ0
r3

)
εijkuiduj ∧ dvk (12.13)

C2 = −1
2

(√
3m0
r
− 1

2
σ0
r3

)
εijkuiduj ∧ duk −

1
2

( 1√
3
m0
r

+ 1
2
σ0
r3

)
εijkuidvj ∧ dvk (12.14)

−
( 1√

3
m0
r

+ 1
2
σ0
r3

)
εijkviduj ∧ dvk . (12.15)
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A simple derivation gives the asymptotic behaviour of the fully internal components of the
field strengths Fi = dCi

F1 = 3
2

( 1√
3
m0
r

+ 1
2
σ0
r3

)
εijkdui ∧ duj ∧ dvk +

(
3
√

3m0
r
− 3

2
σ0
r3

)
dv1 ∧ dv2 ∧ dv3 (12.16)

F2 = −3
2

( 1√
3
m0
r

+ 1
2
σ0
r3

)
εijkdui ∧ dvj ∧ dvk −

(
3
√

3m0
r
− 3

2
σ0
r3

)
du1 ∧ du2 ∧ du3

(12.17)

The terms in 1/r in equation (12.12) reproduce the large r behaviour of the 2-form potentials
of the Polchinski-Strassler background [48], but the leading terms in σ0 disagree. For
different values of the angles, ϕ = π/2 and a constant arbitrary ω we also recover the leading
behaviour in the T = 0 limit of the 3-forms in the [62].

Five-form flux Using (9.71) it is easy to derive the large r behaviour of the purely internal
component of the 5-form flux

F5 = − 1
5!

(
4
r6 −

12m2
0

r8

)
εm1...m6y

m1dym2 ∧ dym3 ∧ dym4 ∧ dym5 ∧ dym6 , (12.18)

where ym are the six coordinates of R6 that parametrise the internal manifold. Again this
expression agrees with that given by Freedman and Minahan.
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Chapter 13

Singularity

13.1 Uplift in Pilch-Warner Coordinates

In this section we present the uplift solution in the coordinates introduced in [54]. First let
us recall the definition of the new radial coordinate t and other constants

t = e−(y−C1), λ = e3(C2−C1), C1 = log
(
m0√

3

)
, C2 = 1

3 log
(
σ0
2

)
, (13.1)

where C1 and C2 are the 5d integration constants, and m0 and σ0 are related to the leading
asymptotic behaviour of the 5d fields m and σ (note that m0 and σ0 differ by constants
relative to the ones in [54]). Defining µ, ν as in (9.33), the solution of the first order equations
in terms of these variables takes the form

µ(t) =
√

1 + λt3

1− λt3 , ν(t) =
√

1 + t

1− t . (13.2)

For more definitions and conventions see Appendix A.

Warp-Factor The warp-factor ∆ we used earlier and the warp factor ξ in [54] are related
by

ξ2 = ∆−8/3. (13.3)

In the new coordinates we find

ξ2 = 1
(1− t2)4 (1− λ2t6)2×[(

1 + t2
)2 (

1− λ2t8
)2
− 4w2

1 t
4
(
1− λt2

)2 (
1 + λt4

)2
− 4w2

2 t
4
(
1 + λt2

)2 (
1− λt4

)2
]

(13.4)
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Metric The uplifted ten-dimensional metric was already obtained by Pilch and Warner [54],
see equations (6.1)–(6.7) in their text. It takes a block form containing the AdS5 and the
S5 parts as follows

ds2
10 = ξ1/2ds2

1,4 + ξ−3/2ds2
5 (13.5)

ds2
1,4 = e2φ(y)ηµνdx

µdxν + dy2 (13.6)

ds2
5 = a1du

idui + 2a2du
idvi + a3dv

idvi

+ a4(uidvi + vidui)2 + 2a5(uidvi)(vjduj) + 2a6(uidui)(vjdvj).
(13.7)

The coefficients ai of the internal metric can be found in equation (6.3) in the Pilch and
Warner text [54]. We can expand the fields µ(t) and ν(t) in terms of the radial coordinate t
to get the following expressions for the coefficients ai:

a1 =
(
1 + λt4

) (
1 + t2(1− 2w1)

(
1− λt2)− λt6)

(1− t2)2 (1− λ2t6)
(13.8)

a2 = −2w2t2
(
1 + λt2

) (
1− λt4)

(1− t2)2 (1− λ2t6)
(13.9)

a3 =
(
1 + λt4

) (
1 + t2(1 + 2w1)

(
1− λt2)− λt6)

(1− t2)2 (1− λ2t6)
(13.10)

a4 = t2
(
1 + λt2

)2 (1 + λt4
) (

1 + 3t2
(
1− λt2)− λt6)

(1− t2)3 (1− λ2t6)2 (13.11)

a5 = 2t2
(
1− λ2t4

(
1 + t4

(
1− λ2t4

)))
(1− t2)2 (1− λ2t6)2 (13.12)

a6 = −4t2
(
1 + t2

) (
1− λt2 (1 + t2

(
1− λt2)))

(1− t2)3 (1− λ2t6)
. (13.13)

Axion/Dilaton The axion/dilaton matrix mαβ is given by

mαβ = 1
ξ
mab = 1

ξ

(
m11 m12

m12 m12

)
(13.14)

with the components

m11 =
(
1 + λt4

)
(1− t2)2 (1− λ2t6)

[
(1− λt6) + t2(2w1 + 1)− λt4(2w2 + 1)

]
(13.15)

m22 =
(
1 + λt4

)
(1− t2)2 (1− λ2t6)

[
(1− λt6) + t2(2w1 − 1)− λt4(2w2 − 1)

]
(13.16)

m12 = 2w2t2
(
1− λt4) (1 + λt2

)
(1− t2)2 (1− λ2t6)

(13.17)
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Two-Form Potential The 2-form potential is given by

Cα = Cmn αdy
m ∧ dyn. (13.18)

The new basis for the 2-forms will be given by the following six 2-forms

{dw1, dw2, σ1} ∧ {σ2, σ3} (13.19)

The expression for Cα in terms of this basis is rather complicated, but reduces to a manageable
expression in the t→ 1 limit, which we will report later in Section 13.2.

Four-Form Potential The 4-form potential is given by

C = C̊ + 1
4! ξ2 (f1d

1
4 + f2d

2
4 + f3d

3
4) (13.20)

with the coefficients

f1 = −12w2 t4(1 + λt2)2(1− λt4)2

(1− t2)4(1− λ2t6)2 (13.21)

f2 = 12w1 t4(1− λt2)2(1 + λt4)2

(1− t2)4(1− λ2t6)2 (13.22)

f3 = 48w1w2 λt6

(1− t2)3(1− λ2t6) (13.23)

and the 4-forms

d1
4 = εijmεkln(umun − vmvn)dui ∧ duj ∧ dvk ∧ dvl (13.24)

= ζ1/2

4
(w1 − 1)
(w1 + 1) dw1 ∧ dw2 ∧ σ2 ∧ σ3

+ 1
2(1 + w2

1 − w2
2) dw1 ∧ σ1 ∧ σ2 ∧ σ3 + w1w2 dw2 ∧ σ1 ∧ σ2 ∧ σ3

d2
4 = εijmεkln(umvn + vmun)dui ∧ duj ∧ dvk ∧ dvl (13.25)

= ζ1/2

4
w2

(w1 + 1) dw1 ∧ dw2 ∧ σ2 ∧ σ3

+ w1w2 dw1 ∧ σ1 ∧ σ2 ∧ σ3 + 1
2(1− w2

1 + w2
2) dw2 ∧ σ1 ∧ σ2 ∧ σ3

d3
4 = dui ∧ duj ∧ dvi ∧ dvj (13.26)

= ζ1/2

4
1

w1 + 1 dw1 ∧ dw2 ∧ σ2 ∧ σ3

+ w1
2 dw1 ∧ σ1 ∧ σ2 ∧ σ3 + w2

2 dw2 ∧ σ1 ∧ σ2 ∧ σ3
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The combined 4-form reads

C = C̊ + t4

4ξ2(1− t2)4(1− λ2t6)2

[
f̃1 dw1 ∧ dw2 ∧ σ2 ∧ σ3

+ f̃2 dw1 ∧ σ1 ∧ σ2 ∧ σ3

+ f̃3 dw2 ∧ σ1 ∧ σ2 ∧ σ3
] (13.27)

with

f̃1 = ζ1/2

2
w2

1 + w1
(1 + λt2)2(1− λt4)2 (13.28)

f̃2 = −w2
[
(1 + λt2)2(1− λt4)2 − w2

1(1− λt2)2(1 + λt4)2 − w2
2(1 + λt2)2(1− λt4)2

]
f̃3 = w1

[
(1− λt2)2(1 + λt4)2 − w2

1(1− λt2)2(1 + λt4)2 − w2
2(1 + λt2)2(1− λt4)2

]
.

Six-Form Potential The non-vanishing components of the 6-form potential are the
following

Cµνρστ m
α = ωµνρστ Ξmα ,

Cµνρσ,mn
α = ωµνρστ g

τλΞλmnα . (13.29)

We can transform the 1-forms Ξα and 2-forms Ξαλ into the Pilch-Warner basis and rewrite
some of the differentials in terms of vector harmonics. The result for the 1-forms is

Ξα =
√

3
2

(
λt3 + t

) (
λ3t12 + λ3t10 + λ2t8 − 3λ(λ+ 1)t6 + λt4 + t2 + 1

)
(t2 − 1)2 (λ2t6 − 1)2

 Y
(1,1)

5
−Y (1,0)

5

 .
(13.30)

For the 2-forms we get

Ξαy =
√

3
ζ

t
(
λt2 − 1

) (
λt4 + 1

)
(t2 − 1) (λ2t6 − 1)

(
(1 + w1)

√
ζσ1

−w1w2
1+w1

dw1 − (1− w1)dw2 + (1− w1)
√
ζσ1

)
∧
Y (1,0)

5
Y

(1,1)
5


+
√

3
ζ

t(λ2t6 + 3λt4 − 3λt2 − 1)
(t2 − 1) (λ2t6 − 1)

(
−1

2
ζ

1+w1
dw1 + w2

√
ζσ1 − w1dw1 − w2dw2

−1
2

ζ
1+w1

dw1 + w2
√
ζσ1

)
∧
Y (1,1)

5
Y

(1,0)
5


(13.31)

Note that there is further t-dependence in the volume form ωµνρστ and the inverse metric
gτλ. In the basis where t is used for the radial coordinate they are given by

gλτ = diag(−e−2φ(t), e−2φ(t), e−2φ(t), e−2φ(t), t2) (13.32)

e2φ(t) = 1
t2

(1− t2)(1− λ2t6)1/3e2C1 (13.33)
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ωµνρστ = 1
t
e4φ(t)εµνρστ = 1

t5

(
1− t2

)2 (
1− λ2t6

)2/3
e4C1εµνρστ . (13.34)

13.2 Singularity

In this section we discuss the behaviour of the ten-dimensional solution as we approach the
position where the five-dimensional solution has a curvature singularity.

As we reviewed in Section 9.1, in five dimensions we have a metric coupled to two real scalars
m and σ, which have a domain-wall profile along the radial direction. The complete solution
is given in (9.14) and contains two integration constants C1 and C2, which parametrise the
mass deformation and the gaugino condensate, respectively, as discussed in Section 9.1. The
geometry is singular as the radial coordinate y approaches either C1 or C2, as one can verify
by computing curvature invariants. As in [54] we parametrise the location of the singularity
by defining

t = exp (−(y − C1)) , χ = 2
√

1− t (13.35)

The singularity of the 5d metric is then located at t → 1 or equivalently χ → 0, and the
curvature scalar and Kretschmann invariant are given by

R = −16
χ4 +O(χ−2), RµνρσR

µνρσ = 640
χ8 +O(χ−6) (13.36)

Since the scalar fields are also singular in this limit one may wonder if there is a different
conformal frame than the Einstein frame, where the geometry is regular or at least less
singular. It turns out that this is not the case. We will see later that the situation is different
in 10 dimensions. We also define (again following [54])

λ = e−3(C1−C2). (13.37)

It was argued in [23] that C1 ≥ C2 and this translates to λ ≤ 1 with the equality corresponding
to the case where the singularities in m(y) and σ(y) coincide. The singularity structure
of the 10d solution depends on whether λ < 1 or λ = 1 and we will discuss the two cases
separately.

13.2.1 The λ < 1 Case

We have computed the curvature scalar of the 10d solution and it has a limit which is regular
in the radial coordinate as χ→ 0:

lim
χ→0

R(full) =
√

2
1− λ2

3(1 + λ2)− w2
1(1− 4λ+ λ2)− w2

2(1 + 4λ+ λ2)
(1− w2

1 − w2
2)5/4 . (13.38)
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However, the Ricci scalar is now singular at

ζ ≡ 1− w2
1 − w2

2 = 0 (13.39)

which is precisely the ring singularity discussed in [54]. The metric near the singularity is
given by

ds2 = ζ1/4
√

2

{
(1 + χ2f0)(2e2C1(1− λ2)1/3ηµνdx

µdxν + dχ2) + χ2

4

(1
ζ
Y

(0,0)
5

2
+ σ2

2 + σ2
3

)

+ 1
2ζ

(1− λ
1 + λ

dw2
1 + 1 + λ

1− λdw
2
2

)
+ χ2

8ζ(1− λ2)ω‖ + χ2

16ζ2(1− λ2)2ωD

}
+O(χ4)

(13.40)

where Y (0,0)
5 is an SO(3) vector harmonic, the expression for which can be found in Chapter 11.

The coefficient f0 and the differentials ω‖ and ωD are given by

f0 = λ
w2

1 − w2
2

4ζ(1− λ2) (13.41)

ω‖ = (1 + λ2)(2ζ + 1)2e2C1(1− λ2)1/3ηµνdx
µdxν + (2 + (3ζ − 1)(1− λ2))dχ2 (13.42)

ωD =
[
(1− λ)2d(w2

1) + (1 + λ)2d(w2
2)
]2

−
[
(1 + λ2)(3− 2ζ)− 2λ(w2

1 − w2
2)
] [

(1− λ)2dw2
1 + (1 + λ)2dw2

2
]

+ 8λ(ζ + 1)
[
(1− λ)2dw2

1 − (1 + λ)2dw2
2
] (13.43)

Pilch and Warner in [54] also computed the near-singularity metric. Their metric is
reproduced by setting f0 = ω‖ = ωD = 0 and 1

ζY
(0,0)

5 → σ1 (modulo a typo in one of
the coefficients of dw2

1). Note that dχ2 + 1
4χ

2(σ2
1 + σ2

2 + σ2
3) is just the flat metric on R4

and the terms in the first line of (13.40) combine to give the eight-dimensional Minkowski
spacetime. This was interpreted in [54] as evidence that the singularity is associated with
7-branes. We cannot however ignore the terms with f0, ω‖, ωD and 1

ζY
(0,0)

5 because they
are of the same order as 1

4χ
2(σ2

1 + σ2
2 + σ2

3). Taking these terms into account, we find no
evidence for 7-branes in the near-singularity structure of the metric. At the position of the
5d singularity, χ = 0, the 10d metric is of co-dimension 4:

ds2 = ζ1/4
√

2

(
2e2C1(1− λ2)1/3ηµνdx

µdxν + 1
2ζ

(1− λ
1 + λ

dw2
1 + 1 + λ

1− λdw
2
2

))
. (13.44)

Note that the limit χ→ 0 is not a decoupling limit, i.e. the metric in (13.40) does not solve
the bulk equations of motion and the curvature of this metric does not agree with (13.38).
To properly account for (13.38) one needs to keep higher order terms in χ. First consider the
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ten-dimensional metric GMN . One can check that in the expansion in the radial coordinate
χ around χ = 0 the lowest order in χ that occurs is the constant order χ0, which is also
manifest in (13.40). The same analysis performed on the full inverse metric GMN shows
that its lowest order in χ is the order χ−2. Given this information we can deduce to which
orders we need to expand GMN and GMN in order to obtain results consistent with the full
computation of the Ricci scalar in the limit χ→ 0. Schematically the Riemann tensor and
the Ricci scalar are given in terms of the metric and its inverse as follows:

RMNRS ∼ ∂2G+G−1∂G∂G (13.45)

R ∼ G−1G−1(∂2G+G−1∂G∂G). (13.46)

Since G−1 ∼ 1/χ2 to get the correct constant term in the Ricci scalar the Riemann tensor
needs to be at least of order χ4. Then, from the second term in (13.45) we infer that ∂G∂G
has to be at least of order χ6, and since a derivative with respect to χ lowers the order in χ
by 1, G has to be at least of order χ7. Similarly, one can deduce that one needs to keep
terms at least up to order χ4 in the inverse metric G−1. We have explicitly checked that
keeping the metric and inverse metric to these orders one indeed obtains a curvature scalar
consistent with (13.38).

Similarly, one can study the order to which one has to keep the other fields in order for the
bulk equations to be satisfied, order by order in χ2. In general, one cannot truncate this
series at some fixed order and have the field equations satisfied, as different orders contribute
to different terms in the field equations.

We now provide the near-singularity behaviour of the warp factor and all other fields.

Warp-Factor Following [54] we define

ξ2 = ∆−8/3 (13.47)

Then the warp factor has the following leading behaviour as χ→ 0,

ξ = 8ζ1/2

χ4 +O(χ3) (13.48)

Axion/Dilaton In the limit χ → 0 the axion/dilaton matrix mαβ is regular and takes
the following form:

mαβ = ζ−1/2
(

1 + w1 w2

w2 1− w1

)
+O(χ2) (13.49)
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Two-Form Potential In the limit χ→ 0 the 2-form reduces to the following expression,

C1 =
√

3
ζ

(
Y

(0,0)
5 ∧ Y (1,1)

5 − 1
2dw1 ∧ Y (1,0)

5 − 1
2dw2 ∧ Y (1,1)

5

)
+O(χ2) (13.50)

C2 =
√

3
ζ

(
−Y (0,0)

5 ∧ Y (1,1)
5 + 1

2dw1 ∧ Y (1,1)
5 − 1

2dw2 ∧ Y (1,0)
5

)
+O(χ2) (13.51)

where the SO(3)diag invariant vector harmonics Y (k,m)
5 = Y

(k,m)
5n dyn are 1-forms on the S5

cotangent bundle, and k and m are integers that label the harmonics, see Chapter 11 for
more details.

Four-Form Potential The limit χ→ 0 for the 4-form is regular and gives the following
result

C = C̊+ 1
4

(1 + w1
2

)−1 w2
16
√
ζ
dw1∧dw2∧σ2∧σ3+ 1

16(w1dw2−w2dw1)∧σ1∧σ2∧σ3+O(χ2)
(13.52)

Six-Form Potential We get

C(6) →
√

3
2 e4C1(1− λ2)2/3dτ ∧ dx1 ∧ dx2 ∧ dx3 ∧ (χdχ) ∧

 Y
(1,1)

5
−Y (1,0)

5

+O(χ2). (13.53)

The coordinate τ denotes the time. Note that there are some powers of χ that come from
the volume form ωµνρστ and cancel some divergences. See equation (13.34) for the expansion
of ωµνρστ in terms of the radial coordinate.

13.2.2 The λ = 1 Case

We now set λ = 1 first and then take the χ→ 0 limit. The Ricci scalar then becomes

R(λ=1) = 1
6
√

3

( 8
χ2 − 1

) (8 + w2
1 − 8w2

2)(10− w2
1 − 10w2

2)
(4− w2

1 − 4w2
2)9/4 +O(χ). (13.54)

Thus in this case the 10d metric is still singular at χ = 0, though diverging at slower
rate than the 5d solution. In addition, the metric is singular at (w1, w2) = (0,±1) (which
corresponds to (θ, φ) = (π/4, π/2 ± π/2)), but there is no ring singularity anymore. The
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metric itself takes the following form

ds2
5 = Ω1/2

[
121/3e2C1ηµνdx

µdxνχ2/3 +
(3

8χ
2 + 1

)
dχ2 + 1

24Ω̂2

( 8
χ2 − 1

)
dw2

2 + χ2

4ζ δ2

]
+O(χ7/3)

(13.55)

The differential δ2 is given by

δ2 = Y
(0,0)

5
2

+ 3
4dw

2
1 −

1
4dw

2
2 −

ζ

48Ω̂2
dw2

2 −
ζ(1 + w2

2)
18Ω̂4

dw2
2 + 2− w2

1
6Ω̂2

dw2
2 + w1w2

2Ω̂2
dw1dw2

+ w1

3Ω̂2
Y

(0,0)
5 dw2 + 9

2 + w1
Y

(1,0)
5

2
+ 2 + w1

Ω̂2

( 2w2
2 + w1

Y
(1,0)

5 − Y (1,1)
5

)2
,

(13.56)

and Ω̂ is defined as
Ω̂ = 1

3

√
4− w2

1 − 4w2
2. (13.57)

The leading order terms in this metric reproduce the result found by Pilch and Warner [54],
but we have additional subleading terms.

Warp-Factor The warp factor has the following leading behaviour under λ → 1, then
χ→ 0

ξ = 16Ω̂
χ4 +O(χ−3) (13.58)

Axion/Dilaton The axion/dilaton matrix mαβ is regular and takes the following form:

mαβ = 1
3Ω̂

(
2 + w1 2w2

2w2 2− w1

)
+O(χ2). (13.59)

Two-Form Potential The limit of the 2-form may be written in terms of wedge products
of the vector harmonics found in Chapter 11:

C1 =
√

3
ζ

(
Y

(0,0)
5 − 2ζ − 3w1

18Ω̂2
dw2

)
∧ Y (1,1)

5 −
√

3
2ζ

(
dw1 + w1w2

3Ω̂2

)
∧ Y (1,0)

5 +O(χ2)

(13.60)

C2 =
√

3
ζ

(
−Y (0,0)

5 − 2ζ + 3w1

18Ω̂2
dw2

)
∧ Y (1,0)

5 +
√

3
2ζ

(
dw1 + w1w2

3Ω̂2

)
∧ Y (1,1)

5 +O(χ2)

(13.61)
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Four-Form Potential The limit of the 4-form is regular, and is given by

C = C̊ + w2ζ1/2

72(1 + w1)Ω̂2
dw1 ∧ dw2 ∧ σ2 ∧ σ3 − w1

48Ω̂2
dw2 ∧ σ1 ∧ σ2 ∧ σ3

+ 1
16(w1dw2 − w2dw1) ∧ σ1 ∧ σ2 ∧ σ3 +O(χ2)

(13.62)

= C̊ +
(1 + w1

2

)−1 w2ζ1/2

144Ω̂2
dw1 ∧ dw2 ∧ σ2 ∧ σ3 − w1

48Ω̂2
dw2 ∧ σ1 ∧ σ2 ∧ σ3

+ 1
16(w1dw2 − w2dw1) ∧ σ1 ∧ σ2 ∧ σ3 +O(χ2)

(13.63)

Six-Form Potential For the 6-form we get

C(6) → −
7e4C1

22/335/6dτ ∧ dx
1 ∧ dx2 ∧ dx3 ∧ (χ7/3dχ) ∧

 Y
(1,1)

5
−Y (1,0)

5

+O(χ)10/3, (13.64)

where τ is the time coordinate. Again, as in the case λ < 1, there are some powers of χ that
come from the volume form ωµνρστ and cancel some divergences. See equation (13.34) for
the expansion of ωµνρστ in terms of the radial coordinate.

13.2.3 Different Frames

Since the solution involves non-trivial scalars there is an intrinsic ambiguity in the definition
of the spacetime metric: one can rescale the metric with powers of the scalars. Different
probes see different metrics and different conformal frames carry different physical meaning.
For example, supergravity probes see the Einstein frame metric and strings see the string
frame metric. In some cases singular geometries are regular in a different frame. For
example, the geometry of non-conformal Dp branes is singular in the Einstein and string
frame but it is regular in the “dual frame” [113] and this is also the frame best suited for
holography [18, 114]. Here we want to analyse the dependence of the singularity on the
choice of frame.

Usually one uses the dilaton when discussing different frames1. Since our solution has both
an axion and a dilaton we will consider a general rescaling by both: gµ̂ν̂ → g̃µ̂ν̂ = Ω2gµ̂ν̂

with the scaling factor Ω = exΦCz0 given by some powers of the dilaton eΦ and the axion C0

parametrised through constants x and z. Given the definition of the axion/dilaton matrix
mαβ

mαβ = 1
=τ

(
|τ |2 −<τ
−<τ 1

)
, τ = C0 + ie−Φ, (13.65)

1One reason for this is that the axion is more properly viewed as a 0-form potential and has an associated
gauge invariance.
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we can write the rescaling parameter as Ω = mx
22(−m12/m22)z. To compute the effect of

the rescaling on the Ricci scalar we can use the standard formula for the Weyl rescaling of
the Ricci scalar (see for example [101]), which we also discussed in Chapter 10:

R̃ = Ω−2
[
R− 18gµ̂ν̂∇µ̂∇ν̂ log Ω− 72gµ̂ν̂(∇µ̂ log Ω)(∇ν̂ log Ω)

]
. (13.66)

The λ < 1 case After the rescaling the Ricci scalar takes the following form:

R̃(λ<1) = P(λ<1)(w1, w2)
(1− w2

1 − w2
2) 5

4−xw2+2z
2 (1− w1)2+2x−2z

+O(χ), (13.67)

where P(λ<1)(w1, w2) is a polynomial in w1 and w2 with coefficients containing x, z, and
λ. After a careful inspection it is evident that there is no choice of x and z that removes
the denominator. One can also show that the numerator P(λ<1)(w1, w2) is non-zero for any
choice of x, z, and λ < 1, therefore the singularity in the curvature cannot be completely
removed.

One can now study what type of singular behaviour the terms in the denominator entail.
The term (1−w2

1−w2
2) is just the original ring singularity along the circle w2

1 +w2
2 = 1. The

term w2 leads to singularities on parts of the ring corresponding to θ ∈ {0, π} or φ = π/2,
while the term (1 − w1) reduces the singularity to a single point (w1, w2) = (1, 0), which
is equivalent to the value θ = 0. Thus we see that the least singular behaviour that we
can get is achieved by choosing x ≥ 5/4 and z ≤ −1 which leads to a singularity of type
(1−w1)a with a ≥ 9/4, i.e. in this case we only have a singularity at a single point. It would
be interesting to understand the meaning of these frames.

The λ = 1 case We can now repeat the same analysis for the case λ = 1. The transformed
Ricci scalar has the form

R̃(λ=1) =
( 8
χ2 − 1

) P(λ=1)(w1, w2)
(4− w2

1 − 4w2
2) 9

4−xw2z
2 (2− w1)2+2x−2z

+O(χ). (13.68)

First of all, also in this case it can be shown that P(λ=1)(w1, w2) cannot be identically zero
for any choice of x and z. This means that the singularity χ−2 in the radial coordinate
can never be removed. Notice however that the term (2− w1) in the denominator is never
zero since −1 ≤ w1 ≤ 1, and therefore we can arrange that the singularity in the angular
directions is removed completely by choosing x ≥ 9/4 and z ≤ 0.
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Chapter 14

Identification of D-Branes

One of the most intriguing and controversial features of the GPPZ solution [23] is the
singularity that one finds as one follows the radial direction from the conformal boundary
towards the inside of the bulk. On the field theory side the flow along the radial direction can
be interpreted as the renormalisation group flow from the UV to the IR, and the appearance
of the singularity in the bulk suggests that the strongly coupled IR physics on the field theory
side cannot be accounted for by the five-dimensional dual. By uplifting the five-dimensional
solution to ten dimensions one is hoping that the features of that theory might suffice to
shed light on the singularity and provide physical input to the field theory counterpart.
If this is the case then the singularity in five dimension should be removed, or at least
improved, in higher-dimensional physics. One mechanism by which this could come about is
that the singularity that one sees in five dimensions is a remnant of a brane source in ten
dimensions. If this is indeed the case, then one should be able to see the source appearing in
the equations of motion of the ten-dimensional form-fields that couple to the corresponding
branes. In the GPPZ solution both scalars that are turned on correspond to components of
the ten-dimensional 3-form flux F3 and its dual F7, which couple electrically and magnetically
to D1 and D5 branes. One might wonder how this type of branes might appear in a set-up
in which one had only D3 branes to begin with. One possible explanation was suggested by
Polchinski and Strassler [48] in which they argue that the transverse F7 flux can polarise
D3 branes, which makes them acquire dipole momenta under the F7. The fact that such
polarisation processes should be possible was first observed and described by Myers [50].
We saw that after the uplift various other F(p+2) fluxes get turned on, which may or may
not lead to polarisations of the corresponding Dp branes. For example it was suggested
by Pilch and Warner after examining the ten-dimensional metric near the singularity that
7-branes might be present in the system too. If such claims are to be true, then it should be
possible to find the corresponding delta function source in the equations of motion of the
field strength that the branes couple to. Such a delta function source would appear because

169
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in the presence of branes the action has to be extended to contain the DBI part, which after
variation becomes the source in the equations of motion.

Finding a delta function source in the equations of motion is certainly not easy. As one
knows from the simple example of a point source in electrodynamics one needs to carefully
examine the equations of motion at points at which the field strength is singular and decide
whether a delta function appears. In what follows we would like to start with the example
of a point charge and develop an efficient method for point source detection which avoids
the manual examination of the equations of motion.

14.1 Looking for a Point Charge

In this section we would like to study the simple example of a static electric point charge
in four dimensions, and how it can be described via a source term in the action. We will
see how the delta function source appears in the equations of motion, and how it can also
be detected by integrating the electric flux. Thus let us consider the free theory of a U(1)
gauge potential C1 = Aµdx

µ. Up to an irrelevant overall rescaling the action reads

S ∼
∫

d4x FµνF
µν ∼

∫
F2 ∧ (?F2). (14.1)

In the last term we have written the field strength as a 2-form F2 = dC1 which is the
differential of the potential C1. To obtain the equations of motion we need to vary the action
with respect to Aµ, which gives the familiar result

∂µF
µν = 0. (14.2)

Before solving this equation of motion we may choose a gauge, which we set to the Coulomb
gauge by fixing ∂µAµ = 0. It is now straightforward to show that the following potential
and field strength indeed solve the equation of motion (14.2):

Aµ = δµ0 q

4π
1
r

F 0i = −∂iA0 = q

4π
xi

r3 . (14.3)

In solving the equation of motion we have introduced the integration constant q, which, as
we know, is the charge of the point particle located at the centre of the coordinate system.
However, it turns out that we were too quick to conclude that the equations of motion
are solved, and what really is the case is that we have solved the equations of motion only
almost everywhere. Indeed, it is true that for r = 0 both the potential and the field strength
diverge, and we can verify the equation of motion only where the field strength is finite.
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Therefore, the precise statement is:

∂iF
0i = q

4π

(
δii
r3 −

xixi

r5

)
= 0 (r 6= 0). (14.4)

One may wonder what physical process the divergence at r = 0 corresponds to, and how
one could quantify it. One standard way is to regularise the divergence at r = 0, and to
show that ∂µFµν indeed produces a delta function, which one interprets as a source. A more
systematic and cleaner way to arrive at the same conclusion is to integrate the equation of
motion against a sufficiently nice test function. If there is no source then the integral should
vanish, otherwise one will obtain a non-vanishing result. For our purposes the Gaussian
G(x) = e

1
2 r

2 is a good enough test function, not least because it falls off exponentially at
infinity and therefore allows integration by parts without picking up additional boundary
terms. One may object that our choice of the Gaussian centred at the coordinate origin is
biased by the knowledge that there should be a source at exactly that location, however,
any shifts of the Gaussian would lead to exactly the same results. The integration of the
equations of motion against the Gaussian test function can be performed analytically and
yields the following result:∫

d3x ∂iF
0iG(x) =

∫
d3x xiF

0ie
1
2 r

2 = q

∫ ∞
0

dr r2 1
r
e

1
2 r

2 = q. (14.5)

The fact the the result is non-vanishing shows that the left-hand side of the equation of
motion, ∂iF 0i, cannot have been zero everywhere. Moreover, since we know that ∂iF 0i = 0
everywhere except at r = 0 we can conclude that ∂iF 0i must be proportional to a delta
function, and its integration against the Gaussian should give the Gaussian evaluated at the
origin times the coefficient in front of the delta function. Since G(0) = 1 we thus find

∂iF
0i = qδ3(x). (14.6)

This result can be viewed from two different angles. Taking one point of view one might say
that the solution in equation (14.3) is not a solution at all, which is a perfectly acceptable
claim. Taking a different perspective, however, one might say that the solution is correct,
but the equations of motion are missing the source on the right hand side. To obtain such a
source term the action has to be extended in such a way that upon variation with respect to
the potential Aµ a source term appears. It is straightforward to check that such an extension
would have to be of the following form:

S → S + δS with δS =
∫

d4x AµJ
µ ∼

∫
C1 ∧ (∗J), (14.7)

where we have defined the source 1-form J1 = Jµdx
µ, and Jµ = qδ3(x)δµ0. We can think of

this source as a 0-brane, and the source part of the action as an integral over the world-sheet
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of that brane, which is a string in 4 dimensions located at the origin in space and extending
infinitely in the time direction. This can be made manifest by rewriting the new source term
in the action in the following way:

δS =
∫
C1 ∧ (∗J) = q

∫
A0(0, t) dt = q

∫
brane world-sheet
C1. (14.8)

In summary, by not discarding the invalid solution we found an extended version of our
theory which allows for electrically charged particles. The change in the action that produces
this extension is the integral of the potential that couples to that source over the source
world-sheet. Moreover we saw that such sources can appear in solutions to the equations
of motion that originate from an action in which the source was not accounted for and
that it can be detected by integrating a test function across the part of the space-time that
is transverse to the world-sheet of the source. The same logic generalises seamlessly to
higher-dimensional sources called p-branes, which shall be explored in the following section.

14.2 Sources for p-Branes in Flat Space

Analogously to the previous section we can start with an action for a 3-from field F3. If it
does couple to any source then it will be through its potential C2. This potential has to be
integrated over the world-volume of a two-dimensional source object, a 1-brane, and the
two-dimensional source shall be denoted by J2. Thus the 1-brane action we would like to
write is of the following form:

S ∼
∫
F3 ∧ (∗F3) + C2 ∧ (∗J2)

∼
∫
F3 ∧ (∗F3) + q

∫
1-brane world-sheet
C2.

(14.9)

After varying with respect to C2 we obtain the equation of motion for the field strength F3

with a source term on the right-hand side:

∂µF
µρσ = Jρσ. (14.10)

The source Jρσ describes a two-dimensional object, a string extending along one direction in
space and another in time. For a frame in which the string extends spatially along the x1

direction and sits at the origin of the (x2, x3) plane the source would be given by

Jµν ∼ qδ(x2)δ(x3)δ[µν]
01 . (14.11)

The tensorial indices of the source necessarily span the part of the space-time tangent space
that is parallel to the brane. This means that the equations of motion will exhibit a source
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term only in the case where the free tensor indices of the field strength are oriented along
the source, which in our adapted frame reads

∂µF
µ01 = J01 = qδ(x2)δ(x3). (14.12)

As in the previous section we can detect the presence of the string by integrating the
source over the space transverse to the string against a Gaussian test function G(x) =
exp

[
1
2((x2)2 + (x3)2)

]
. The result is as in the case of the point particle the charge, and by

using the equation of motion and integrating by parts we see that

q =
∫

(x2, x3)-plane
d2x J01G(x) = −

∫
d2x Fµ01∂µG(x) =

∫
d2x Fµ01(δµ2x

2 + δµ3x
3)G(x)

=
∫

d2x xµF
µ01G(x). (14.13)

We observe that the charge is obtained by integrating the quantity xµFµν1,ν2 over the space
transverse to the brane and with the free indices νi pointing along the brane. We can
generalise to arbitrary frames by introducing a projector P ρσ‖ onto the parallel directions on
the tangent space and write

q =
∫

d2x⊥ P‖ρσ xµF
ρσµ G(x⊥). (14.14)

It is clear that there is nothing special about choosing a 1-brane and exactly the same
computation can be carried out for arbitrary p-branes in flat space. In a realistic setting the
branes carry some mass and energy and therefore back-react onto the geometry warping it
in the vicinity of the source. We will investigate in the following section how the detection
of such sources can be approached.

14.3 Realistic Branes

Before studying the brane sources first note that even though form-fields can couple both
electrically and magnetically to branes, only the electric coupling needs to be studied. This
is because one can always pass to a dual description in which a magnetic source is viewed as
an electric source for the dual potential.

Let us now study the brane sources in curved space-time. Consider a (p+ 1) potential Ap+1

that couples electrically to a stack of N Dp-branes located at the origin of the transverse
space. The resulting geometry was described in detail in literature, and we will follow the
conventions used in [115]. The metric and the potential Ap+1 are described in terms of a
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warp factor H, which is given by

H = 1 + Q

r(7−p) , p < 7, (14.15)

where r is the radial coordinate in the space transverse to the brane, and the charge Q is
given by [115]

Q = (2πls)7−pNgs
(7− p)ω9−p

, ωk = 2πk/2
Γ(k/2) . (14.16)

The symbol ωk denotes the surface area of a (k−1)-sphere Sk−1 embedded in a k-dimensional
Euclidean space Rk. The warp factor H appears with complementary powers in front of the
parallel and transverse parts of the metric, while the components of the potential parallel to
the brane contain the inverse of H:

ds2 = H−1/2ds2
(p,1) +H1/2ds2

(9−p) (14.17)

A01...p = H−1 − 1. (14.18)

The Yang-Mills part of the action of this set-up is of the standard form S ∼ ∫ √−gFp+2 ∧
(?Fp+2). Note, however, that we now have to include the non-trivial metric contribution in
the measure of the integral. The variation of this action leads to the sourceless equation of
motion for the field strength Fp+2. Because of the non-trivial metric the partial derivatives
from the previous section are replaced by covariant derivatives:

0 = ∇µ1F
µ1...µp+2 = 1√−g∂µ1

(√−gFµ1...µp+2
)
. (14.19)

The last equality in the equation of motion above is due to the anti-symmetry of the indices
in Fp+2: the Christoffel symbols corresponding to some free index ν in ∇µFµ...ν... will
appear contracted as ΓνµρFµ...ρ..., and since Γνµρ is symmetric in its lower indices the whole
contribution vanishes. Thus, in sum the covariant derivative in ∇µ1F

µ1...µp+2 is really only
covariant with respect to the contracted index, and the identity follows from the definition
of the Christoffel symbols in terms of the metric.

Given the solution for the potential Ap+1 in (14.18) it is easy to derive the field strength
Fp+2 = dAp+1. The non-vanishing components are given by Fi0...p = ∂iA0...p = −∂iH/H2,
where the index i can be any of the transverse directions, and after raising the indices using
the inverse of the metric in (14.17) we obtain

F i0...p = −Hp/2Fi0...p = Hp/2−2∂iH = ∂iH√−g . (14.20)

It is noteworthy that the result it proportional to 1/√−g. This factor cancels exactly the
equivalent contribution in the covariant derivative in (14.19), so that the equation of motion
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takes a very simple form:
∇iF i0...p = ∂i∂iH√−g ≡

�⊥H√−g . (14.21)

Further, given the expression for H in (14.15) it is easy to see that ∂i∂iH is identically
zero away from the origin of the transverse space, so its support is at most the surface
corresponding to r = 0. Since the term √−g has no zeroes away from the origin of the
transverse space we can conclude that the equation of motion ∇iF i0...p = 0 is true almost
everywhere, except at r = 0, where further investigation is necessary. This observation is
completely analogous to the sources in flat space discussed earlier. As before we can decide
whether ∇iF i0...p is identically zero or proportional to a delta function source by integrating
against a flat Gaussian test function G(x⊥) = e−

1
2x
ixi = e−

1
2 r

2 . The integral is elementary,
and to carry it out we integrate the covariant derivative by parts to get
∫

d9−px
√−g ∇iF i0...p G(x⊥) =

∫
d9−px

√−g xiF i0...p G(x⊥)

= −(7− p)ω9−pQ = −(2πls)7−pNgs. (14.22)

Thus we do find the delta function source indeed, and the correct equation of motion
therefore reads

∇iF i0...p = −1√−g (2πls)7−pNgsδ9−p(xi) (14.23)

This is the result we were looking for: we see that the equations of motion are solved almost
everywhere in the 10-dimensional space, apart from the points that are on the brane. As
before one can take this as a reason to discard the solution, or extend the action to include
the source that we just found by adding a DBI part to the action.

One can easily generalise this procedure to a stack of N Dp branes located at an arbitrary
point ~x0 in the transverse space. The only change in the solution enters through a coordinate
change in the warp factor:

H = 1 + Q

|~x− ~x0|7−p
. (14.24)

Using ∂iH = −(7− p)Q (~x−~x0)i
|~x−~x0|9−p the integration against the transverse Gaussian leads to

the following expression∫
d9−px

√−g xiF i0...p G(x) = −(7− p)Q
∫

d9−px
~x(~x− ~x0)
|~x− ~x0|9−p

G(x). (14.25)

We can carry out this integral analytically by shifting the integration variable to ~x→ ~x+ ~x0,
and writing the integration in adapted spherical coordinates where the angle between ~x and
~x0 is one of the angle coordinates θ so that ~x~x0 = xx0 cos θ. This gives

− (7− p)QG(~x0)
∫

d8−pΩ
∫ ∞

0
dx (x+ x0 cos θ) exp

(
−1

2x
2 − xx0 cos θ

)
. (14.26)
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The integrand is a total derivative so that the radial integration is equal to unity. The
angular integration gives the surface area of an (8− p)-sphere, which we denote by ω9−p so
that the final result reads

− (2πls)7−pNgsG(~x0). (14.27)

This result is equivalent to the previous case of a delta function source at the origin, and
the only difference is the shift in the transverse direction. A further generalisation is to k
stacks of Ni Dp-branes located at ~xi, with

∑
iNi = N . In this case the warp-factor is given

by [116]

H = 1 +
k∑
i=1

Qi
|~x− ~xi|7−p

, Qi = Ni

N
Q. (14.28)

Due to the linearity of H the computations performed for one stack carry over straightfor-
wardly to the k-stack case and we get∫

d9−px
√−g xiF i0...p G(x) = −(2πls)7−pNgs

∑
i

Ni

N
G(~xi). (14.29)

For a continuous distribution σ(~x) of Dp branes,
∫
σ(~x) = 1, the warp factor is given by

H(~x) = 1 +Q

∫
d9−px′

σ(~x′)
|~x− ~x′|7−p . (14.30)

For the same reasons of linearity the generalisation is again straightforward and we get∫
d9−px

√−g xiF i0...p G(x) = −(2πls)7−pNgs
∫

d9−pxσ(~x)G(~x), (14.31)

which is the continuous version of all the results obtained so far, and can be reduced to the
discrete case by an appropriate choice of the distribution σ(~x).

Yet another generalisation that one could think of is the case of intersecting branes. As
an example we will consider stacks of D5 and D3 branes intersecting on a two-dimensional
surface, which in the notation of [115] shall be denoted by (2|D5 ⊥ D3). We can choose the
branes to be embedded in the 10-dimensional space as follows

t 1 2 3 4 5 6 7 8 9

D3 × × × × · · · · · ·
D5 × × × · × × × · · ·

The solution for this system can be expressed in terms of two warp factors H3 and H5

defined as
H3 = 1 + Q3

r
, H5 = 1 + Q5

r
, (14.32)

where Q3 and Q5 are some charges with a particular value [117, 118] that is of no relevance
to the current discussion. Note that both warp factors have exactly the same behaviour
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with respect to the radial coordinate r, even though they correspond to different branes.
The radial coordinate r in this case shall only refer to the three-dimensional part of the
transverse space that is shared by the D3 and D5 branes. This is a general feature and for
any system of intersecting branes with the common transverse space of dimension k all warp
factors will be of the form H = 1 + Q/rk−2 so that �⊥H ∼ δ(x⊥). The solution for the
metric is given by

ds2 = (H3H5)1/2
[
(H3H5)−1(−dt2 + dx2

1 + dx2
2)

+H−1
3 dx2

3 +H−1
5 (dx2

4 + dx2
5 + dx2

6) + (dx2
7 + dx2

8 + dx2
9)
]
, (14.33)

which reduces to the one stack case considered earlier by setting Q3 = 0 or Q5 = 0. The
field strengths expressed through the warp factors take exactly the same form as before:

F
(5)
i0123 = −∂iH3

H2
3
, F

(7)
i012456 = −∂iH5

H2
5
, (14.34)

and as before we can use the inverse of the metric above to raise the indices of the field
strengths. With √−g = H

1/2
3 H

−1/2
5 we obtain

F (5)i0123 = ∂iH3√−g , F (7)i012456 = ∂iH5√−g . (14.35)

In complete analogy to the previously considered cases the divergences of the field strengths
read

∇iF (5)i0123 = �⊥H3√−g , ∇iF (7)i012456 = �⊥H5√−g . (14.36)

Given that �⊥Hi ∼ δ⊥(x⊥) the detection of the branes can be performed through an
integration of the divergences ∇iF (5) and ∇iF (7) against a Gaussian test function across
the common transverse space.

14.4 D-Branes in the Uplift

14.4.1 General Considerations

In this section we would like to apply the knowledge about the brane sources just developed
to our uplift setting and try to integrate various ten-dimensional form-fields in order to
investigate the presence of branes. There is one big difference between the toy examples of
the previous sections and the search of the branes in the uplift, namely that in the staged
settings we knew exactly which direction were parallel to the branes, and which transverse.
In our setting we cannot infer such knowledge, and so it is not possible a priori to write
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an integral with respect to the transverse coordinates only. Note however, that in the
previous examples one could in fact have integrated over the whole space rather than just
the transverse directions since the field strength did not depend on the parallel coordinates
x‖. Thus the integral

∫
dx‖ would just give the infinite world volume of the brane. To

regularise it we can extend the Gaussian to cover the parallel directions as well, so that each
would contribute a factor of

∫
R dx e− 1

2x
2 =
√

2π. This extension to the integral over the
whole space would also eliminate the problem that d9−px⊥

√−g is not an invariant measure,
while d10x

√−g is.

Another issue one might wonder about is how to deal with the angular coordinates that we
use in the uplift and whether or not they need to be treated differently in the integration.
One observation that one might make is that since angular coordinates describe compact
domains no regularisation via the Gaussian is necessary. Thus with respect to our coordinate
system where xµ = {x1, x2, x3, x4, y, α1, α2, α3, θ, φ}, with x1 being the time coordinate, we
can take the Gaussian to be

G(x) = exp
[
−1

2(x2
1 + x2

2 + x2
3 + x2

4 + y2)
]
. (14.37)

Since we do not know a priori which directions on the tangent space correspond to transverse
and which to parallel directions we will need to integrate all components of the field strength.
Thus the integrals of the equations of motion that we would like to evaluate will be of the
following form
∫
d10x
√−g ∇µ1F

µ1...µp G(x)

=
∫
∂bulk
d9Σµ1

√−g Fµ1...µp G(x)−
∫
d10x

√−g Fµ1...µp ∂µ1G(x). (14.38)

This is just partial integration written in terms of the product rule. As long as the bulk
boundary corresponds to {x1, . . . , x4} → ±∞ or y →∞ the Gaussian G(x) will make sure
that the contribution from the boundary integral

∫
d9Σµ(. . . ) vanishes. However, if there

are other horizons in the bulk, for example if the space-time is cut off at some finite value of
the radial coordinate y = y0, then there would be non-zero contributions, which require a
careful analysis. If there are no such horizons and therefore

∫
d9Σµ(. . . ) = 0 we see that the

integration by parts does not lead to any problems related to the compact coordinates and
we obtain ∫

d10x
√−g ∇µ1F

µ1...µp G(x) = −
∫
d10x

√−gFµ1...µp ∂µ1G(x). (14.39)

We can further simplify by first noting that ∂µG(x) = −xµG(x) for xµ ∈ {x1, . . . , x4, y}, and
∂µG(x) = 0 whenever xµ is one of the angular coordinates. Furthermore, because we know
that our specific solution does not depend on the coordinates {x1, x2, x3, x4} the contribution
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where xµ is one of these coordinates vanishes by parity. So we see that the only contribution
that we get is when xµ = y ≡ x5, and in absence of boundary terms we can write∫

d10x
√−g ∇µ1F

µ1...µp G(x) =
∫
d10x

√−g(δ5
µ1y)Fµ1...µp G(x). (14.40)

The integration formulas developed so far allow us to perform a check on the uplifted
form-fields. Since in the uplift all possible fluxes are turned on, it should be in principle
checked for each one of them whether or not they contain an electric D-brane source. The
most plausible attempts at explaining the GPPZ singularity are based on D5 branes [48]
and D7 branes [54], which is why we would like to start by focussing our attention on these
two cases.

14.4.2 Looking for D5 Branes

The D5 branes couple electrically to the C6 form, which produces an F7 flux, therefore in
order to detect the presence of D5 branes we need to analyse the F7 equations of motion,
which in their source-less form are given by

∇µ̂1(mαβF
µ̂1...µ̂7 β) = 0. (14.41)

The presence of D5 branes with electric coupling to F7 would produce a delta-function source
on the right-hand side of (14.41). Before applying the integration prescription in (14.40) we
recall that in principle we need to perform the integration for all possible configurations of
indices µ2 . . . µ7. In order to reduce the amount of data to analyse it is possible to reduce
the number of free indices in (14.41) by passing from F7 to its dual F3. In our conventions
their components are related by

F µ̂1...µ̂7 β = 1
6(−g)−1/2 εµ̂1...µ̂10mβγFµ̂8µ̂9µ̂10 γ . (14.42)

Note that whenever we write √−g we mean the determinant of the full ten-dimensional
metric. The dualisation transforms the equation of motion of F7 into the Bianchi identity
for the F3, which is given by

∂[µ̂1Fµ̂2µ̂3µ̂4]α = 0. (14.43)

Recall that sources that are electric with respect to F7 would appear as magnetic sources
in the Bianchi identity for its dual F3. To check for the presence of electric D5 source we
will integrate the equation of motion (14.41) over the bulk, as described in the previous
subsection. After substituting the equation of motion (14.41) into (14.40), and changing the
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integrand to the dual description we arrive at the following expression:∫
d10x
√−g ∇µ̂1(mαβF

µ̂1...µ̂7 β) G(x) = 1
6ε

µ1...µ10

∫
d10x (yδ5

[µ1
Fµ8µ9µ10]α) G(x)

≡ 1
6ε

µ1...µ10I(7)
µ1µ8µ9µ10;α.

(14.44)

As explained above, none of the fields in our solution depend on any of the coordinates
{x1, x2, x3, x4}, and they enter in the integral I(7) only through the Gaussian G(x). Therefore
the integration with respect to these coordinates is trivial and contributes a factor of 4π2.

We can carry out the integration with respect to the SO(3) angles {α1, α2, α3}. Since they
do not appear in the warp factor it turns out that the integrand in I(7) is just a polynomial
in trigonometric functions in αi, and therefore the integration with respect to these angles
can be carried out analytically. After this is done many components in I(7) vanish by parity,
and only the following six components remain non-zero:

I(7)
5,6,9,10;α I(7)

5,7,8,9;α I(7)
5,7,8,10;α with α ∈ {1, 2}. (14.45)

Next the integration with respect to the other two angles θ and φ can be studied. Since
they appear explicitly in the warp factor the integrand becomes a fraction with polynomials
in trigonometric functions in θ and φ in the numerator and the denominator, and it seems
that in general an analytic evaluation would be impossible to perform. However, it is still
easy to check whether or not some of the integrals vanish by parity. It turns out that three
out of the six components of I(7) in (14.45) are set to zero, and the remaining non-zero
components are

I(7)
5,6,9,10;1 I(7)

5,7,8,9;2 I(7)
5,7,8,10;1. (14.46)

To make progress we can compute the remaining three integrals in y, θ, and φ numerically.
To do so, we need to give numerical values to all parameters entering in the integrals, which
in our case are the two constants C1 and C2. The numerical values we will choose are

C1 = 1.3 and C2 = 1.0. (14.47)

Given the singular behaviour of the solution at y = C1 we would like to regularise the
integration by setting the domain for the radial coordinate to y ∈ [C1 + c,∞], where c is
a cut-off parameter. We will evaluate the integral for various values of c in order to check
to which value the series of integrals with decreasing c converges. In [54] it was found that
as one approaches the singularity along the radial direction the solution starts exhibiting
singular behaviour along the boundary of the (θ, φ) domain. This singularity was referred to
by the authors of [54] as the ring singularity, and we are able to confirm its presence. In
view of this we will also regularise the angular integration with the same cut-off parameter
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c. The integration domains for y, θ, and φ will be therefore taken to be

y ∈ [C1,∞]→ y ∈ [C1 + c,∞] (14.48a)

θ ∈ [0, π/2]→ θ ∈ [c/2, π/2− c/2] (14.48b)

φ ∈ [0, π]→ φ ∈ [c, π − c]. (14.48c)

Note that we evaluate the radial integral over the domain [C1,∞] rather than [−∞,∞]. The
reason is that it seems that the integrand is badly behaved in the interval y ∈ [C2, C1], and
numerical integration fails there. This certainly requires a more thorough investigation, and
one might need to conclude that the space-time terminates at the radial value y = C1 thus
introducing a new horizon. If this is the case then then one will need to also include the
boundary integration as described in equation (14.38). Leaving this issue for a thorough
investigation in future we evaluated the integrals I(7)

5,6,9,10;1, I
(7)
5,7,8,9;2, and I

(7)
5,7,8,10;1 in the

regularised range as described in equation (14.48). The numerical integration was performed
using the software Mathematica [81]. We used various built in integration strategies in
order to ensure numerical stability. An example for such an integration performed for the
component I(7)

5,6,9,10;1 is shown in Figure 14.1. One can see that different integration methods
all give very similar results and converge to a non-zero value for vanishing cut-off c → 0.
However, at this stage we cannot yet claim with certainty that this indeed corresponds to
D5 brane sources. As noted above it is still not clear whether or not one needs to include a
horizon at y = C1 and the corresponding boundary integral. The exploration of this issue is
subject of an ongoing investigation.

14.4.3 Looking for D7 Branes

The case of D7 branes can be processed similarly to the D5 brane case. The potential electric
sources for these branes will be found in the equations of motion for the F9 form-field, which
is given by

∇µ̂1F
µ̂1...µ̂9

α
β + j β

µ̂1 γ
F µ̂1...µ̂9

α
γ = 0. (14.49)

The term j β
µ̂ γ appearing in this equation is the axion-dilaton current defined by j β

µ̂ γ =
∂µ̂mγαm

αβ . If there are any D7 branes to which F9 electrically couples then the corresponding
source terms will appear on the right-hand side of equation (14.49). To find these sources
we will proceed similarly to the previous subsection and integrate the F9 equation of motion
over the bulk. Again it proves useful to change to the dual form, which is essentially the
axion-dilaton current. The precise relation between the components is the following:

F µ̂1...µ̂9
α
β = (−g)−1/2 εµ̂1...µ̂10 jµ̂10α

β. (14.50)
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Figure 14.1: Numerical evaluation of I(7)
5,6,9,10;1 for a cut-off c ∈ {0, 1}, and the radial

integration performed in the interval y ∈ [C1 + c,∞). The upper graph shows the value of
the integral produced by different numerical integration methods, the lower graph shows
the standard deviation computed from the values of the integral corresponding to different
numerical integration methods.
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As in the case of F7, the equation of motion of F9 transforms into the Bianchi identity for
its dual and reads

∂[µ̂1j
β

µ̂2]α + j β
[µ̂1 γ

j γ
µ̂2]α = 0. (14.51)

After performing similar steps as for the F7 in the previous section we arrive at the following
expression for the bulk integral which we would like to evaluate:∫

d10x
√−g ∇µ̂1F

µ̂1...µ̂9
α
β + jµ̂1 γ

βF µ̂1...µ̂9
α
γ G(x)

= εµ1...µ10

∫
d10x (yδ5

[µ1
j β
µ̂10]α + j β

[µ̂1 γ
j γ
µ̂10]α ) G(x)

≡ εµ1...µ10I(9) β
µ1µ10;α .

(14.52)

Note that the axion-dilaton matrix mαβ is SO(3)-invariant and therefore does not depend
on the three SO(3) angles αi. Consequently also the axion-dilaton current j β

µ;α does not
depend on αi, and all components of the Bianchi-identity (14.51) which refer to these angles
vanish. This descends down to the bulk integral (14.52) in which the integrand does not
depend on αi, and therefore the integration with respect to these angles is trivial and gives
a numerical factor of 4π3. Since as in the previous subsection the integrand does not depend
on the coordinates {x1, x2, x3, x4}, we can also evaluate the corresponding integrals, which
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give a contribution equal to 4π2. In this way seven of the ten integrals are trivial and give a
cumulative contribution of 16π5. The remaining non-vanishing components of I(9) β

µ1µ10;α

are given by

I(5) β
5,9;α I(5) β

5,10;α I(5) β
9,10;α ∀{α, β} ∈ {1, 2}. (14.53)

After also taking into account the parity in θ and φ only half of the components above turn
out to be non-vanishing, namely the following:

I(5) 1
5,9;1 I(5) 2

5,10;1 I(5) 2
9,10;1 (14.54)

I(5) 2
5,9;2 I(5) 1

5,10;2 I(5) 1
9,10;2 . (14.55)

These are the integrals that have to be evaluated numerically. We applied to same strategy
as for the D5 branes and employed different integration methods to evaluate the regularised
integral over the domain described in (14.48) while gradually decreasing the cut-off. The
emerging results are qualitatively similar in that the integration seems to converge to a
non-zero value for a vanishing cut-off. However, the numerical stability of the integration
worsens as one approaches the singularity, and different numerical integration methods
spread significantly close to the cut-off value c = 0, which should be taken as a sign that it
might be necessary to employ more sophisticated integration methods. We hope the the
ongoing investigation will be able to improve the results of the numerical analysis as well
as clarify the precise topology of the space-time and the existence or non-existence of a
space-time horizon at the critical radial value.
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Chapter 15

Summary and Conclusion

In this thesis we set off by reviewing and recapitulating the N = 4 super Yang-Mill theory in
four dimensions and aspects related to it. Since the particular application of the holographic
principle used in the text is restricted to the case of the correspondence between four-
dimensional gauge theories and their gravitational duals, it proved useful to set the stage by
introducing the field theory in the conventions that were used throughout the rest of the text.
We devoted a substantial time to writing down the supersymmetry transformations and
checking explicitly that they are indeed a global symmetry of the action. This was important
for several reasons. On the one hand the superconformal multiplets that are used later in the
text are built by repeated application supersymmetry transformations on primary operators,
which is why we had to make sure that the transformations that we used were indeed correct
and consistent. On the other hand, even though the N = 4 super Yang-Mills theory is one of
the most used field theories in the context of holography, maybe even the most used theory,
it was not possible to find an explicit check of the invariance of the action in literature
in the way we performed it. While we are sure that such a computation has been carried
out by others, and might exist in a written down form, we find that going through some
non-trivial steps as they appear in matching the cancellations between various terms might
well contribute to the common knowledge of the community and be henceforth available as a
useful resource. A handy side-effect of reviewing the supersymmetry transformations of the
N = 4 super Yang-Mills theory was the recollection and derivation of certain sigma matrix
identities. While various versions and listings for so(1, 3) sigma matrices exist in literature,
of which we chose and reviewed a particular one, identities for so(6) sigma matrices are
more difficult to come by. We derived and checked an extensive list of such identities, and
highlighted the group theoretical aspect of some of them in one of the appendices.

A part of the revision of the N = 4 theory was the construction of short superconformal
multiplets and their relation to the dual gravitational modes. Even though this material
is considered well-known we believe that we found a way to present some aspects of the

185
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duality in a new light. We pointed out that the mapping of the supergravity modes to
operators in short multiplets exhibits interesting patterns; after the mapping to the short
multiplet, different tensorial components of the same ten-dimensional field fall into columns,
and Kaluza-Klein towers together with their twins “grow” perpendicularly to the multiplets
sweeping across multiplets of all orders in a skewed way. We also found that the masses of
twinned Kaluza-Klein modes are related in a simple way when expressed in terms of the
order of the short multiplet that they correspond to.

The next part of the thesis built upon the idea that renormalisation group flows in field
theory can be holographically related to domain wall solutions in supergravity. While this
relation per se is widely known the novel idea that we developed is that for some classes
of operators the beta-functions are classical and can be therefore computed exactly. After
invoking the holographic dictionary it is possible to relate these exact beta-functions to
domain-wall solutions in the bulk, which, in turn allows us to exactly determine the scalar
potential to which these modes are subjected. We were able to confirm these findings by
comparison to known potentials that were derived non-holographically.

The renormalisation group flows we considered are triggered by certain deformations of
the N = 4 super Yang-Mills theory which share the common property of preserving an
N = 1 symmetry. This property rendered the exact computation of the beta-function
possible in the first place, and served as an inspiration to try and classify all possible N = 1
preserving deformations. What has emerged from this idea is a systematic study of the
N = 1 decomposition of the N = 4 short multiplets, and a complete understanding of
the operators that would appear in the action. We understood that each F-term chiral
operator is always accompanied by an additional chiral operator which turns on an extra
bulk mode. One might eliminate this operator by carefully choosing the tensorial structure
of the corresponding coupling.

During the study of F-term operators and the similar non-scalar operators corresponding to
top components of chiral superfields it became clear that what was found to be the so-called
twin operators can be modelled as D-terms, or more generally as top-components of certain
real superfields. On the field theory side the two types of operators can be grouped by writing
a deformation containing both twins in a unified manner. We expanded further on the
supersymmetric deformation by top components of compound superfields and studied what
a general deformation containing operators from an arbitrary number of short multiplets
of different orders would look like. It was not surprising to find that chiral superfields
can be generalised to arbitrary holomorphic functions thereof, since this is the well-known
superpotential formulation. A similar analysis performed on real superfields shows that they
can be generalised to harmonic functions, which neatly matches the harmonic functions
that were independently found [43] to appear in the bulk description of the deformations we
considered.
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A prototypical field theory deformation that our investigation built upon is the GPPZ
mass term, which can be found in the lowest order short multiplet and corresponds to
a mode in the graviton multiplet in the bulk. An additional attractive feature of the
GPPZ deformation is the presence of a non-trivial gaugino condensate. This feature is
quite similar to what happens in real-life strongly coupled field theories, which develop
condensates as well. The holographic description of condensates follows a similar pattern as
true field theory deformations in the sense that for each operator that condenses a dual bulk
mode has to be turned on. While we can classify the corresponding operators in the same
scheme we developed for true deformations it seems that our understanding of the precise
relationship between the energy dependence of the condensates and the bulk physics needs to
be further understood. Even though in the GPPZ case the application of the beta-function
formalism to the condensate yields the expected results, one needs to further investigate if
any amendments are necessary in the general case. In particular we would like to understand
the subtle role of non-perturbative contributions, as well as anomalies, which have been
seen appearing in such settings. A similar disclaimer also applies to the true deformations
that were considered. While N = 1 non-renormalisation theorems can be used at their full
power to exclude certain quantum corrections, the absence of the anomalous dimension for
operators in short multiplets is not expected to be upheld once the the N = 4 symmetry is
broken down to N = 1. Thus it would be desirable to investigate and quantify under which
conditions the absence of an anomalous dimension can be maintained.

Apart from understanding the condensates in the framework of the holographic beta function
there are various other natural research directions that present themselves. One limitation
of our beta-function description is that it requires a one-scalar truncation in the bulk and
correspondingly a one-operator deformation in the field theory. Moreover since the bulk
radial direction can be related to the energy scale of the field theory the deformation operator
must not mix with other operators along the RG flow, otherwise additional modes in the
bulk would be turned on. Thus a natural extension seems to find descriptions that involve
multiple operators and bulk modes. These could either be pure deformation operators like
the mass term we saw earlier, or contain both true deformations and vacuum expectation
values that place the theory in a different vacuum, similarly to the case of the GPPZ.

Yet another attractive application of the formalism we introduced is holography in cosmology
and inflation, aspects of which were introduced and discussed in [34, 119]. Domain wall
solutions in AdS spaces similar to those that we used for modelling of field theory RG
flows can be analytically continued to FLRW cosmologies that interpolate between a static
Einstein Universe and a de Sitter vacuum [34] with the potential of the theory obtained
from that of the AdS theory by inverting the overall sign. Some applications to the study of
the inflationary universe were made by McFadden and Skenderis [120, 121] which confirmed
that perturbative quantum field theories can be used to describe cosmological inflation
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holographically, and to obtain quantitative results. In doing so we can reverse the logic we
were using in the holographic-beta function computation presented in this thesis. One can
start with the gravity potential with the properties that are required by inflation or other
processes that we would like to study in cosmology, and then try to determine the form
of the beta-function that could generate such a potential. From this one could attempt to
construct a field theory dual that could be used to further study the gravity side and with it
the cosmology, thus closing the loop.

The second project discussed in detail in this thesis is the uplift of the GPPZ solution from
five to ten dimensions. Even though it was constructed almost twenty years ago, to this
day the GPPZ solution remains one of the most interesting applications of the holographic
duality. It shares many properties with field theories used to describe the Standard Model
of particles, therefore making it an excellent candidate for providing a holographic handle
on the treatment of otherwise hardly accessible strongly coupled non-perturbative physics
of the QCD. The original GPPZ solution was constructed by relating the N = 4 super
Yang-Mills theory deformed by a chiral mass term with the maximal gauged supergravity
in five dimensions. This theory exhibits such features as a running coupling constant,
gaugino condensation, and confinement in the infra-red, but as one descends down the energy
scale a singularity in the dual bulk description appears, indicating that the supergravity
approximation has reached the boundary of its possibilities. In a collaboration we generalised
and upgraded the supergravity construction by uplifting the five-dimensional solution to ten
dimensions, and initiated a study of the new features that come with it which were invisible
from the five-dimensional point of view.

The uplift of the GPPZ solution was made technically possible due to ideas of generalised
geometry and double field theory which were used by Samtleben and Hohm to formulate the
so-called exceptional field theory construction [58, 122, 123]. This framework was further
specialised to prove that any solution of five-dimensional gauged supergravity lifts to IIB
supergravity in ten dimensions [57], and provided explicit formulas how to construct such
uplifts. We used precisely these formulas to obtain a full ten-dimensional version of the
GPPZ solution including all non-trivial fluxes. Along the way it became clear that it makes
sense to uplift a generalised version of the GPPZ solution in which the complex phases of the
modes corresponding to the mass deformation and the gaugino condensate are kept, thereby
doubling the number of uplifted degrees of freedom from two to four. In fact, a fifth degree
of freedom needs to be included in form of a U(1) gauge field to make the uplift consistent.
The complex angles just mentioned enter completely covariantly in the ten-dimensional uplift
and can be related to two distinct local U(1) symmetries. One of these U(1) symmetries
can be identified as the counterpart of the U(1)R symmetry of the dual N = 1 field theory.
The other U(1) might be part of the local composite symmetry that appears in the coset
formulation of the supergravity scalar fields, and is necessary to maintain a previously fixed
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gauge. However, the details of this additional U(1) still need to be better understood, and
we are hoping to find a precise quantitative way of putting it in the right context.

Once the full uplift was obtained we initiated various studies and tests of the solution. After
spending some time on numerically checking that the uplift indeed satisfies all equations
of motion we proceeded with the analysis of the asymptotic structure of the fields and
the metric near the conformal boundary. Since the GPPZ solution was obtained by a
deformation by relevant operators, the contribution of which vanishes in the deep UV, one
necessary condition for the consistency of the solution is that it asymptotes to the AdS5×S5

vacuum near the conformal boundary. One way of thinking of this property is as boundary
conditions under which the solution was constructed in the first place. After looking at
subleading orders of the axion-dilaton matrix we found perfect agreement with the zero
temperature limit of the asymptotic analysis of Freedman and Minahan [62], but differences
to the analysis of Polchinski and Strassler [48].

For an expansion to subleading orders it is worth to remember that the solution can be
seen as a deformation of a background containing an S5 part. Thus a natural basis for a
systematic expansion of fields is in terms of S5 harmonics. The deformation breaks the
SO(6) isometry group of the five-sphere to an SO(3) subgroup, which is why the expansion
only contains those harmonics that are invariant under this symmetry. We devoted some
effort to the construction of such harmonics using their defining differential equation, as well
as by using group theory techniques. We derived the full set of scalar harmonics with this
property, an infinite subset of vector harmonics, and the lowest tensor harmonics. In the
further course of this project it will be useful to continue this derivation and complete the
number of the SO(3) invariant harmonics to a full set.

While the asymptotic analysis is very useful as a consistency check of the holographic
dictionary, as well as for a comparison with the asymptotics found by other authors, the
expansion of our solution near the singularity is expected to provide new clues about its
nature and physical interpretation. The behaviour of the metric close to the singularity
was constructed by Pilch and Warner [54], and an interpretation was given that the near
singularity geometry that emerges is that of D7 branes. However, we find that if all terms
of the same order are kept in the expansion then this interpretation can no further be
maintained. In fact, from this new point of view it seems that the geometry might be much
rather that of D5 branes. This would be consistent with the dielectric interpretation of
Polchinski and Strassler [48], where D3 branes are polarised to D5 branes. In the same
article Polchinski and Strassler also derive an asymptotic form of the metric close to the
singularity. However, we were not able to match the terms in our expansion with those
arising in the asymptotic expansion in their article.

The question about the presence of D-branes, and the possibility that they source the
singularity is of central importance to the uplift and was in fact one of the motivations for
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this project. The evidence available so far, some examples of which were discussed earlier,
is based on the asymptotic expansion of fields and the metric, and is therefore of indirect
and ambiguous nature. Thus it seems indispensable to find a better and more direct way to
detect the presence or absence of D-branes. By their coupling to form fields D-branes would
appear as delta-function sources in the equations motion, and even though the equations of
motion have been verified to hold without the source terms, the possibility for the presence
of branes should not be considered as ruled out. We use an example of a classical point
charge to show that the delta function sources typically appear upon differentiation of some
fields, which, if not treated with extreme care are easily interpreted to give no source terms.
Thus it appears that the manual search for source terms in complicated equations of motion
can prove to resemble the search for a needle in a haystack, which is why a better method for
the source detection is necessary. As we showed it is possible to fold the equations of motion
with certain test functions over the space-time manifold, with the result being either exactly
zero, or non-zero depending on whether or not sources are present. However, there are
important caveats to be aware of. It is crucial to understand the geometry of the space-time
that one integrates over, in particular all of its horizons and boundaries, which have to be
taken into account. Additionally one needs to check for contributions from the singularity.
The integration itself might be non-trivial, and require special algebraic care in order to
yield the correct results. As for now we have numerical evidence that certain D-branes are
indeed in the system, but to make the definitive claim further analysis is necessary. We
hope to complete this stage of our study in future.
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Appendix A

Notation, Conventions, Identities

A.1 General Conventions

In this appendix we would like to list the conventions and identities that we used throughout
this thesis. For Lorentzian space-times of any dimension we will use the “mostly positive”
metric. In the four-dimensional Minkowski space it reads

ηµν = diag(−,+,+,+) (A.1)

η = det(ηµν) = −1 . (A.2)

We fix the conventions for the the two-dimensional and four-dimensional Levi-Civita tensors
in such a way that when written with all indices up they have the canonical positive sign.
Because the determinant of the four-dimensional Minkowski metric is negative, the four-
dimensional Levi-Civita tensor with all indices down acquires an additional sign. We also
define the two-dimensional Levi-Civita tensors with an additional minus sign so that the
SU(2) indices can be raised an lowered by contracting with the ε-tensors from the left, which
is the standard convention.

ε12 = ε1̇2̇ = ε1234 = 1 ε12 = ε1̇2̇ = ε1234 = −1. (A.3)

The generalised Kronecker delta with n upper and n lower indices is defined as a completely
anti-symmetrised tensor product of n ordinary delta functions:

δi1...inj1...jn
= δ

[i1
j1
· · · δin]

jn
. (A.4)

Note that by anti-symmetrising the upper indices, we automatically anti-symmetrises the
lower indices. A contraction of two epsilon tensors using the Minkowski metric ηµν can be
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expressed in terms of the generalised delta-function as follows:

εi1...ink1...kmε
j1...jnk1...km = η n!m! δj1...jni1...in

(A.5)

The definitions for the Riemann tensor, the Ricci tensor, and Ricci scalar are chosen to be
identical to those used by Freedman and van Proyen [63]:

R σ
µνρ = (−∂µΓσνρ + ∂νΓσµρ + ΓτρµΓσντ − ΓτρνΓσµτ )

= 2(−∂[µΓσν]ρ + Γτρ[µΓσν]τ )
(A.6)

Rµν = R ρ
µρν (A.7)

R = gµνRµν (A.8)

A.2 Summary of Conventions for the Uplift

This subsection is a plain list of various definitions that we used in this text, which serves as
an easy look up, irrespective of similar definitions that may exist elsewhere in literature.

m(y) =
√

3
2 log

(
1 + e−(y−C1)

1− e−(y−C1)

)
=
√

3 arctanh(e−(y−C1)) (A.9)

σ(y) = 1
2 log

(
1 + e−3(y−C2)

1− e−3(y−C2)

)
= arctanh(e−3(y−C2)) (A.10)

φ(y) = 1
2 log(2 sinh(y − C1)) + 1

6 log(2 sinh(3(y − C2)))

= y − C1 + C2
2 − log cosh m(y)√

3
− 1

3 log cosh σ(y).
(A.11)

C1 ≤ C2 (A.12)

m0 =
√

3eC1 , σ0 = 1
2e

3C2 . (A.13)

m(y) = m0 e
−y + · · · (A.14)

σ(y) = 2σ0 e
−3y + · · · = 2〈λλ〉e−3y + · · · (A.15)

φ(y) = y + · · · (A.16)

ξ2 = ∆−8/3. (A.17)
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t = e−(y−C1), χ = 2(1− t)1/2, λ = e−3(C1−C2) ≤ 1 (A.18)

AdS boundary: y =∞ t = 0 χ = 2 (A.19)

Singularity: y = C1 t = 1 χ = 0 (A.20)

µ = eσ =
√

1 + λt3

1− λt3 ν = em/
√

3 =
√

1 + t

1− t . (A.21)

R6 ⊃ S5 3 ~y = (y1, . . . y6) = (u1, u2, u3, v1, v2, v3) = (~u,~v). (A.22)

~y 2 = ~u 2 + ~v 2 = 1 (A.23)

~u = R


0
0

cos θ

 ≡ R.~u0 ~v = R


0

sin θ sinφ
sin θ cosφ

 ≡ R.~v0 (A.24)

R ∈ SO(3), θ ∈ [0, π/2], φ ∈ [0, π] (A.25)

w1 = 2 ~u 2 − 1 = 1− 2~v 2 = ~u 2 − ~v 2 = cos(2θ) (A.26)

w2 = 2 ~u.~v = sin(2θ) cosφ (A.27)

− 1 ≤ w1, w2 ≤ 1 (A.28)

ζ = 1− w2
1 − w2

2

= 4 sin2 θ cos2 θ sin2 φ

= sin2(2θ) sin2 φ

(A.29)
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Ω̂ = 1
3

√
4− w2

1 − 4w2
2

= 1
3

√
4(1− w2

1 − w2
2) + 3w2

1

= 1
3

√
4ζ + 3w2

1

= 1
3

√
4 sin2(2θ) sin2 φ+ 3 cos2(2θ)

(A.30)

A.3 Fields and the Radial Coordinate in GPPZ and PW

In this section we introduce the notation used by Girardello, Petrini, Porrati, and Zaffaroni
(GPPZ) [23] and by Pilch, Warner (PW) [54], and point out their similarities and differences.
The definitions that we decided to use in this text are listed above in Appendix A.2.

The GPPZ solution [23] is given as

φ(y) = 1
2 log(2 sinh(y − c1)) + 1

6 log(2 sinh(3y − c2)) (A.31)

m(y) =
√

3
2 log

(
1 + e−(y−c1)

1− e−(y−c1)

)
(A.32)

σ(y) = 1
2 log

(
1 + e−3(y−c2/3)

1− e−3(y−c2/3)

)
. (A.33)

We have replaced the capital integration parameters C1 and C2 by the small-lettered c1 and
c2, otherwise the solution is as in equations (38)–(40) in [23]. The authors argue that on
physical grounds one should assume that c2 ≤ 3c1. The radial coordinate y used in GPPZ is
such that the AdS metric takes the form

ds2 = e2yηµνdx
µdxν + dy2. (A.34)

The AdS boundary is at y = ∞, and corresponds to the UV of the field theory. The
asymptotics of the fields in the near boundary limit y →∞ are the following:

m(y) =
√

3 e−(y−c1) +O
(
e−2(y−c1)

)
(A.35)

σ(y) = e−3(y−c2/3) +O
(
e−6(y−c2/3)

)
. (A.36)

The fields m(y) and σ(y) can also be rewritten as follows

m(y) =
√

3 arctanh
(
e−(y−c1)

)
(A.37)

σ(y) = arctanh
(
e−3(y−c2/3)

)
. (A.38)
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Using these expressions it is easy to see that φ(y) can be brought to the following form:

φ(y) = y − c1 + c2/3
2 + 1

2 log(1− e−2(y−c1)) + 1
6 log(1− e−6(y−c2/3))

= y − c1 + c2/3
2 − log cosh m(y)√

3
− 1

3 log cosh σ(y).
(A.39)

The metric of the GPPZ domain-wall solution is given by

ds2 = e2φ(y)ηµνdx
µdxν + dy2 (A.40)

and because m→ 0 and σ → 0 as one approaches the boundary at y =∞ it is clear from
equation (A.39) that in this limit the AdS geometry of (A.34) is recovered.

We can connect the GPPZ notation with the notation in Section 7 in PW. First the authors
define

µ(y) = eσ(y) (A.41)

ν(y) = em(y)/
√

3. (A.42)

Note that there is a typo above the equation (7.1) in [54] where there is a factor of 2 in the
definition of ν(y) that should not be there. The correct definition is in their equation (6.4).
The radial coordinate r used in PW is equivalent to the radial coordinate y used in GPPZ
up to rescaling. With L being the AdS radius the precise correspondence is

y = r

L
. (A.43)

Let us denote the integration constants used in PW by capital letters C1 and C2 to distinguish
them from the integration constants c1 and c2 used in GPPZ. Their identification is as
follows:

C1 = c1 (A.44)

C2 = c2/3. (A.45)

The radial coordinate y and one of the integration constant Ci can be traded for new
variables t and λ defined as follows in PW:

t = e−(y−C1) (A.46)

λ = e−3(C1−C2). (A.47)



198 Appendix A. Notation, Conventions, Identities

The fields µ and ν expressed in terms of these new variables take a simple form:

µ(t) =
√

1 + λt3

1− λt3 (A.48)

ν(t) =
√

1 + t

1− t . (A.49)

Yet another definition of the radial coordinate introduced in PW is the following

χ = 2(1− t)1/2. (A.50)

Furthermore Pilch and Warner define the field A(t) that controls the domain-wall profile of
the metric:

A(t) = 1
6 log(t−3 − λ2t3) + 1

2 log(t−1 − t) + C1

= y + 1
6 log(1− (λt3)2) + 1

2 log(1− t2)

= y − 1
3 log µ+ µ−1

2 − log ν + ν−1

2
= y − 1

3 log cosh σ − log cosh m√
3
.

(A.51)

After comparing the definition of φ(y) in (A.39) and A(t) in (A.51) we see that they are
related by

A = φ+ C1 + C2
2 . (A.52)

A shift of φ(y) by a constant drops out in the first order equations of motion so that A(y) is
also a solution. This shift freedom is equivalent to an integration constant that we could
have called C3 that appears after solving the equations of motion for φ(y). Note that any
shift of φ(y) by a finite constant leads to exactly the same asymptotic behaviour near the
boundary because φ(y)→ y as y becomes large and the constant shift can be neglected.

Finally PW define the following constants

m0 =
√

3
2 eC1 , σ0 = 1

3e
3C2 . (A.53)

Given the asymptotics in equations (A.35)–(A.36) these definitions seem somewhat unnatural
as the asymptotic behaviour of the fields becomes

m(y) = 2m0 e
−y + . . . (A.54)

σ(y) = 3σ0 e
−3y + . . . (A.55)

Generically, solutions of such type can represent both a deformation of the dual field theory
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by an operator O and/or different vacua of the same theory characterised by a vacuum
expectation value 〈O〉. The behaviour of the solution in the asymptotic AdS region, y → +∞,
discriminates between the two options. For y → +∞, the asymptotic behaviour consist of a
non-normalisable part and a normalisable one

ϕ ∼
y→+∞

e(∆−d)y(A+ · · · ) + e−∆y(B + · · · ) , (A.56)

where ∆ is the conformal dimension of the dual operator and the dots in the leading
non-normalisable part are local functions of A while the dots in the normalisable part are
functions of both A and B. The coefficient A of the non-normalisable solution is interpreted
as a deformation of the Lagrangian, while the coefficient B of the normalisable solution is
related to the vacuum expectation value of the operator O dual to ϕ by B = 1

2∆−d〈O〉 [82].
In this light it is more natural to define

m0 =
√

3eC1 , σ0 = 2e3C2 , (A.57)

which leads to the asymptotics

m(y) = m0 e
−y + . . . (A.58)

σ(y) = σ0
(2∆− d)e

−3y + . . . (A.59)

In our problem we have ∆ = 3 and d = 4, so that 2∆ − d = 2. In this way m0 and
σ0 represent directly physical quantities, namely the mass deformation and the gaugino
condensate σ0 = 〈λλ〉.

A.4 Coordinates on the S5

For the internal manifold we think of the round sphere as embedded in R6 described by the
coordinates y1, . . . y6, so that on the sphere ~y 2 = 1. The six coordinates can be thought of
as split into two triplets

~y = (y1, . . . y6)→ (u1, u2, u3, v1, v2, v3) ≡ (~u,~v). (A.60)

This definition is in agreement with that used by Pilch and Warner [54]. By definition it
is true that ~u 2 + ~v 2 = 1 and the diagonal SO(3) acts on ui and vj simultaneously in the
vector representation. In [54] the authors show that ~u and ~v can be written as

~u = R.


0
0

cos θ

 ≡ R.~u0 ~v = R.


0

sin θ sinφ
sin θ cosφ

 ≡ R.~v0 (A.61)
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with θ ∈ [0, π/2], φ ∈ [0, π] and R = R(α1, α2, α3) a generic SO(3) matrix parametrised by
three Euler angles αi. In [54] the authors further define

w1 = 2 ~u 2 − 1 = cos(2θ) (A.62)

w2 = 2 ~u.~v = sin(2θ) cosφ (A.63)

so that the internal manifold is described by the coordinates {α1, α2, α3, w1, w2}. To write
form-fields in terms of these coordinates it is useful to compute the differentials dui and dvi.
In the coordinates just introduced this translates to

d~u = dR.~u0 +R.d~u0 = R.(R−1dR.u0 + d~u0). (A.64)

As explained in Appendix D the Maurer-Cartan form R−1dR can be decomposed into
left-invariant 1-forms σi so that the differentials dui can be written as

d~u = R(iσiT i.u0 + du0), (A.65)

and analogously for dvi. Since in the quantities in which we are interested the SO(3) indices
are always contracted the overall factor of R in the differentials drops out. With the fact
that the SO(3) generators are given by (T j)ik = iεijk, in SO(3)-invariant expressions we can
substitute

dui → εijkuj0σ
k + dui0 (A.66)

dvi → εijkvj0σ
k + dvi0. (A.67)

PW define the following two useful variables which we also used in this thesis:

ζ = 1− w2
1 − w2

2 (A.68)

Ω̂ = 1
3

√
4(1− w2

1 − w2
2)− 3w2

1 = 1
3

√
4− w2

1 − 4w2
2. (A.69)

More precisely, they will turn out to be the coefficients of the leading terms of the warp
factor in the t→ 1 and λ→ 1, t→ 1 limits.

A.5 Supersymmetry

The so(1, 3) sigma matrices σµ and σ̄µ that appear in calculations involving four-dimensional
Weyl fermions are defined in Appendix B. The two-dimensional epsilon tensors, which are
introduced in Appendix A.1 are defined in such a way that the SU(2) doublet index is raised
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and lowered by contractions with the epsilon tensor from the left:

ψα = εαβψβ ψα = εαβψ
β ψα̇ = εα̇β̇ψβ̇ ψα̇ = εα̇β̇ψ

β̇. (A.70)

The convention for the contraction of two four-dimensional Weyl spinors follows the standard
that is recognised in most of the literature:

ηχ ≡ ηαχα η̄χ̄ ≡ η̄α̇χ̄α̇ . (A.71)

The tensor product of two equal Weyl spinors is anti-symmetric in the spinor index, and is
therefore proportional to the two-dimensional epsilon tensor. With the contraction definitions
as above this leads to the following identities

ψαψβ = 1
2εαβψ

2 ψ̄α̇ψ̄β̇ = 1
2ε

α̇β̇ψ̄2 (A.72)

ψαψβ = −1
2ε

αβψ2 ψ̄α̇ψ̄β̇ = −1
2εα̇β̇ψ̄

2. (A.73)

It might be easier to remember where the minus sign is by raising or lowering one of the
spinor indices. If the spinor indices end up in the same positions as for the contraction
convention in equation (A.71) then the sign is positive, otherwise it is negative:

ψαψβ = 1
2δ

α
βψ

2 ψ̄α̇ψ̄
β̇ = 1

2δ
β̇
α̇ψ̄

2 (A.74)

ψαψ
β = −1

2δ
β
αψ

2 ψ̄α̇ψ̄β̇ = −1
2δ

α̇
β̇
ψ̄2. (A.75)

Using these identities we can derive another useful identity involving four Grassmann
variables θ and θ̄ and two sigma-matrices:

(θσµθ̄)(θσν θ̄) = 1
2θ

2θ̄2ηµν . (A.76)

In this thesis we used the definitions for the chiral derivatives and chiral coordinates that
are equivalent to the definition in Wess and Bagger [66] and read

Dα = ∂

∂θα
+ i(σµθ̄)α∂µ D̄α̇ = − ∂

∂θ̄α̇
− i(θσµ)α̇∂µ (A.77)

yµ = xµ + iθσµθ̄ ȳµ = xµ − iθσµθ̄ = (yµ)†. (A.78)
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Appendix B

Sigma and Gamma Matrices

B.1 SO(1, 3) Sigma Matrices

Our definition of the sigma matrices and their compounds differs from the standard refer-
ence [66] but is fairly common otherwise. Therefore we provide an extensive list of definitions
and identities that we used throughout this thesis.

The Pauli matrices are defined as usual:

σ1 =
(

0 1
1 0

)
σ2 =

(
0 −i
i 0

)
σ3 =

(
1 0
0 −1

)
, (B.1)

and we define the extended Pauli matrices by

σµαα̇ = (1, σi) (B.2)

σ̄µ α̇α = εα̇β̇εαβσµ
ββ̇

= (1,−σi) (B.3)

As usual, the two-dimensional sigma-matrices can be used to define the four-dimensional
gamma matrices. Note that there is a minus sign in the Clifford algebra since we chose the
Minkowski metric to have a minus sign in the time component. Some authors rescale the
gamma matrices by an imaginary unit γµ → iγµ in order to restore the canonical form of
the anti-commutator, but we prefer to keep the minus sign:

γµ =
(

0 σµ

σ̄µ 0

)
{γµ, γν} = −2ηµν1 . (B.4)

Throughout this thesis we will work in the two-dimensional Weyl basis, therefore the
properties of the four-dimensional gamma matrices are not really needed at this point. For
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the sake of completeness let us just remark that apart from the symmetric combination of
two gamma matrices, which gives the anti-commutator of the Clifford algebra one can also
form an anti-symmetric combination. With the correct pre-factor these matrices furnish a
four-dimensional (Dirac) spinor representation for the Lorentz algebra:

γµν = i

2γ
[µ, γν] = i

2 (γµγν + ηµν) (B.5)

[γµν , γρσ] = i(ηµργνσ + ηνσγµρ − ηµσγνρ − ηνργµσ). (B.6)

B.1.1 Identities

This subsection is a collection of useful formulas involving the two-dimensional sigma matrices.
We tried to cover most of the formulas found in [66], adapted their form to our conventions,
and checked the validity of all formulas using computer software.

The symmetric product of two sigma-matrices is just the anti-commutator of the Clifford
algebra:

σ(µσ̄ν) = −ηµν1 (B.7)

σ̄(µσν) = −ηµν1. (B.8)

It is useful to compute various traces over the space-time and SU(2) indices:

tr(σµσ̄ν) = −2ηµν (B.9)

σµαα̇σ̄
β̇β
µ = −2δβαδ

β̇
α̇. (B.10)

An important definition are the anti-symmetric products of the sigma matrices:

σµν β
α = i

2(σ[µσ̄ν]) β
α = i

2σ
[µ
αγ̇ σ̄

ν]γ̇β (B.11)

σ̄µν α̇
β̇

= i

2(σ̄[µσν])α̇
β̇

= i

2 σ̄
[µ α̇γσ

ν]
γβ̇
. (B.12)

They are both traceless, self-dual and anti-self-dual, and each furnish a two-dimensional
(Weyl) spinor representation of the Lorentz algebra

tr(σµν) = tr(σ̄µν) = 0 (B.13)
1
2εµνρσσ

ρσ = iσµν (B.14)
1
2εµνρσσ̄

ρσ = −iσ̄µν (B.15)

[σµν , σρσ] = i(ηµρσνσ + ηνσσµρ − ηµσσνρ − ηνρσµσ) (B.16)
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[σ̄µν , σ̄ρσ] = i(ηµρσ̄νσ + ηνσσ̄µρ − ηµσσ̄νρ − ηνρσ̄µσ) (B.17)

The tensors σµν and σ̄µν with both spinor indices raised or lowered are symmetric in these
spinor indices

σµναβ = σµν(αβ)

σµν αβ = σµν (αβ)

σ̄µν
α̇β̇

= σ̄µν(α̇β̇)

σ̄µν α̇β̇ = σ̄µν (α̇β̇).
(B.18)

By combining the equations (B.7) and (B.8) for the symmetric products with the definitions
for the anti-symmetric products in (B.11) and (B.12) one arrives at formulas that allow to
expand products of two sigma matrices:

σµσ̄ν = −ηµν1− 2iσµν (B.19)

σ̄µσν = −ηµν1− 2iσµν . (B.20)

The following block of equations covers all possible expansions for the tensor products of
two sigma matrices, i.e. the cases where no SU(2) indices are contracted.

σ
[µ
αα̇σ

ν]
ββ̇

= i σµναβεα̇β̇ − i σ̄
µν

α̇β̇
εαβ (B.21)

σ
(µ
αα̇σ

ν)
ββ̇

= −1
2η

µνεαβεα̇β̇ + 2ηρσσµραβσ̄
νσ
α̇β̇

(B.22)

σµαα̇σ
ν
ββ̇

= −1
2η

µνεαβεα̇β̇ + 2ηρσσµραβσ̄
νσ
α̇β̇

+ i σµναβεα̇β̇ − i σ̄
µν

α̇β̇
εαβ (B.23)

σ̄α̇α[µ σ̄
β̇β
ν] = −i σαβµν εα̇β̇ + i σ̄α̇β̇µν ε

αβ (B.24)

σ̄α̇α(µ σ̄
β̇β
ν) = −1

2ηµνε
α̇β̇εαβ + 2ηρσσαβµρ σ̄α̇β̇νσ (B.25)

σ̄α̇αµ σ̄β̇βν = −1
2ηµνε

α̇β̇εαβ + 2ηρσσαβµρ σ̄α̇β̇νσ − i σαβµν εα̇β̇ + i σ̄α̇β̇µν ε
αβ (B.26)

σ
[µ
αα̇σ̄

ν] β̇β = −i δβ̇α̇σµν β
α + i δβασ̄

µν β̇
α̇ (B.27)

σ
(µ
αα̇σ̄

ν) β̇β = −1
2η

µνδβαδ
β̇
α̇ + 2ηρσσµν β

α σ̄µν β̇α̇ (B.28)

σµαα̇σ̄
ν β̇β = −1

2η
µνδβαδ

β̇
α̇ + 2ηρσσµν β

α σ̄µν β̇α̇ − i δβ̇α̇σµν β
α + i δβασ̄

µν β̇
α̇ (B.29)
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Next we list various products of three sigma matrices.

1
2(σµσ̄νσρ − σρσ̄νσµ) = −iεµνρσσσ (B.30)
1
2(σ̄µσν σ̄ρ − σ̄ρσν σ̄µ) = iεµνρσσ̄σ (B.31)

1
2(σµσ̄νσρ + σρσ̄νσµ) = ηµρσν − ηµνσρ − ηνρσµ (B.32)
1
2(σ̄µσν σ̄ρ + σ̄ρσν σ̄µ) = ηµρσ̄ν − ηµνσ̄ρ − ηνρσ̄µ (B.33)

After adding the symmetric and anti-symmetric cases we get expressions for general products
of three sigma matrices:

σµσ̄νσρ = ηµρσν − ηµνσρ − ηνρσµ − iεµνρσσσ (B.34)

σ̄µσν σ̄ρ = ηµρσ̄ν − ηµν σ̄ρ − ηνρσ̄µ + iεµνρσσ̄σ. (B.35)

We can anti-symmetrise the last two indices in equations (B.34) and (B.35) to derive products
of σµ and σ̄µ with σνρ and σ̄νρ:

σµσ̄νρ = −iηµ[νσρ] + 1
2ε

µνρσσσ (B.36)

σ̄µσνρ = −iηµ[ν σ̄ρ] − 1
2ε

µνρσσ̄σ. (B.37)

Finally, using (B.34) and (B.35) again and the trace identity (B.9) on obtains the trace of a
product of four sigma matrices:

1
2 tr(σµσ̄νσρσ̄σ) = ηµνηρσ − ηµρηνσ + ηµσηνρ + iεµνρσ (B.38)
1
2 tr(σ̄µσν σ̄ρσσ) = ηµνηρσ − ηµρηνσ + ηµσηνρ − iεµνρσ. (B.39)

After symmetrising the space-time indices pairwise and scaling by appropriate factors one
obtains yet another set of useful identities

(σµν)αβ (σρσ)αβ = −ηµ[ρησ]ν + i

2ε
µνρσ (B.40)

(σ̄µν)α̇β̇ (σ̄ρσ)α̇β̇ = −ηµ[ρησ]ν − i

2ε
µνρσ. (B.41)
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B.1.2 Self-Duality Projector

In this section we will show that the matrices σµν β
α and σ̄µν α̇

β̇
defined in equations (B.11)

and (B.12) not only furnish the spinor representations 4 and 4̄ of the SO(1, 3), as was shown
in equations (B.16) and (B.17), but can also be used as projectors onto the self-dual and
anti-self-dual parts of anti-symmetric SO(1, 3) two-tensors, such as the field strength Fµν .

Given an anti-symmetric two-tensor like field strength tensor Fµν its Hodge dual is defined
as

F̃µν = 1
2εµνρσF

ρσ. (B.42)

Because of the minus sign in the inverse relation 1
2εµνρσF̃

ρσ = −Fµν we can split the field
strength into its self-dual and anti-self-dual parts by writing

Fµν = 1
2(Fµν − iF̃µν) + 1

2(Fµν + iF̃µν) = F+
µν + F−µν . (B.43)

The self-duality and anti-self-duality are checked by taking the Hodge dual

(?F+)µν = 1
2εµνρσF

+µν = iF+
µν (B.44)

(?F−)µν = 1
2εµνρσF

−µν = −iF−µν . (B.45)

We will now show that that σµναβ and σ̄µν
α̇β̇

are exactly the projectors on the self-dual part
F+
µν and anti-self-dual part F−µν of the field strength tensor. The key insight needed for the

proof are the relations (B.14) and (B.15). They are used in a straightforward way to show
that

σµναβF
−
µν = σ̄µν

α̇β̇
F+
µν = 0. (B.46)

Thus given the decomposition Fµν = F+
µν + F−µν we see that

σµναβFµν = σµναβF
+
µν ≡ F+

αβ (B.47)

σ̄µν
α̇β̇

= σ̄µν
α̇β̇
F−µν ≡ F−αβ. (B.48)

Finally, we can use the relation in (B.21) to obtain the splitting into F+ and F− in the
same equation:

σ
[µ
αα̇σ

ν]
ββ̇
Fµν = i F+

αβεα̇β̇ − i F−α̇β̇εαβ (B.49)

From the group theory perspective this is the manifestation of the fact that under the
identification of the (complexified) algebra of the SO(1, 3) with that of the SU(2)× SU(2),
the 6 of the SO(1, 3) becomes the (3,1) + (1,3) of the SU(2)× SU(2):

6→ (3,1) + (1,3). (B.50)
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One can easily convince oneself by a simple counting that the field strength F[µν] carries 6
independent components, and is therefore the 6 of the SO(1, 3). As we saw in equations (B.18)
the matrices σµναβ and σ̄µν

α̇β̇
are both symmetric in their SU(2) indices and so corresponds

to the 3 of the left and right SU(2) factors in the SU(2)× SU(2). Finally the anti-symmetric
tensors εαβ and εα̇β̇ are the singlets 1. To summarise we have

Fµν = 6 of the SO(1, 3) (B.51)

F+
αβεα̇β̇ = (3,1) of the SU(2)× SU(2) (B.52)

εαβF
−
α̇β̇

= (1,3) of the SU(2)× SU(2). (B.53)

B.2 SO(6) Sigma Matrices

The six-dimensional sigma-matrices for the SO(6) can be introduced in a complete analogy
to the SO(1, 3) case, and we define them following [72] in terms of the ’t Hooft symbols ηiAB
and η̄iAB. Note that the SU(4) epsilon tensor εABCD used in this subsection has nothing to
do with the SO(1, 3) group and therefore its components are given by ε1234 = ε1234 = 1.

ΣI,AB = {η1
AB, η

2
AB, η

3
AB, iη̄

1
AB, iη̄

2
AB, iη̄

3
AB} (B.54)

ΣI
AB = {η1

AB, η
2
AB, η

3
AB,−iη̄1

AB,−iη̄2
AB,−iη̄3

AB} (B.55)

ηiAB = εiAB4 + δiAδB4 − δiBδA4 (B.56)

η̄iAB = εiAB4 − δiAδB4 + δiBδA4. (B.57)

By their definition the matrices ΣI,AB and ΣI
AB are anti-symmetric in their spinor indices:

ΣI,AB = −ΣI,BA ΣI
AB = −ΣI

BA. (B.58)

The symbols ΣI,AB are also equivalent to their four-dimensional counterparts σµαα̇ in the
sense that they can be interpreted as Clebsch-Gordan coefficients for tensor products of two
spinor representations. There are two spinor representations in the SO(6), the 4 and the
4̄, and the sigma matrices project onto the real 6, which is the anti-symmetric part of the
tensor products of two spinors of the same chirality. This is part of a more general statement
that any representation in a tensor product of any two spinors can be projected out by an
anti-symmetric product of a number of sigma matrices. The same is true for Dirac fermions
with sigma matrices replaces by the gamma matrices. For SO(6) the tensor products of
spinors are

4⊗ 4 = 6 + 10 (B.59)

4̄⊗ 4̄ = 6 + 10 (B.60)
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4⊗ 4̄ = 1 + 15. (B.61)

To cover all representations in the tensor product of two SO(2N) spinors one needs to take
anti-symmetric products of 0, 1, 2, . . . , N sigma matrices. Anti-symmetric products of more
than N sigma matrices can be reduced to products of fewer than N sigma matrices by
contractions with the 2N -dimensional ε-tensor of the SO(2N). Thus for SO(6) we need to
take anti-symmetric products of up to three sigma matrices:

14 = 1 (B.62)

ΣI = ΣI = 6 (B.63)

Σ[IΣJ ] = Σ[IΣJ ] = 15 (B.64)

Σ[IΣJΣK] = 10 (B.65)

Σ[IΣJΣK] = 10. (B.66)

Moreover, we recall that the so(6) and the su(4) algebras are isomorphic to each other.
Under this identification the spinor representation 4 of the so(6) becomes the fundamental
representation of the su(4), and the sigma matrices ΣI and ΣI can be viewed as a way to
represent the real 6 of the su(4) by an anti-symmetric pair of fundamental indices.

The identities that hold for ΣI,AB and ΣI
AB are structurally very similar to those for their

four-dimensional counterparts σµαα̇ and σ̄µ,α̇α, however sometimes they differ slightly, and
sometimes one finds new relations due to the altered index structure. Below we provide an
extensive list of identities and properties of the six-dimensional sigma matrices, all of which
have been checked using a computer algebra system.

First of all we note that ΣI,AB and ΣI
AB are related to each other both by complex

conjugation and the contraction with the ε-tensor. These properties combined lead to the
reality conditions in equation (B.71) and (B.72) which ensure that the sigma matrices in
fact carry six real degrees of freedom, and not six complex ones. This is in agreement with
the fact that the 6 of the su(4) is a real representation.

(ΣI,AB)∗ = ΣI
AB (B.67)

(ΣI
AB)∗ = ΣI,AB (B.68)

1
2εABCDΣI,CD = ΣI

AB (B.69)
1
2ε
ABCDΣI

CD = ΣI,AB (B.70)
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(ΣI,AB)∗ = 1
2εABCDΣI

CD (B.71)

(ΣI
AB)∗ = 1

2ε
ABCDΣI

CD (B.72)

Various contraction of the vector and spinor indices lead to trace-like relations similar to the
four-dimensional case

ΣI,ABΣJ
AB = 4δIJ (B.73)

ΣI,ABΣI
CD = 4δ[A

C δ
B]
D (B.74)

ΣI,ABΣI,CD = 2εABCD (B.75)

ΣI
ABΣI

CD = 2εABCD. (B.76)

Also similarly to the four-dimensions the symmetric product of two sigma matrices is
proportional to the identity

Σ(I,ACΣJ)
CB = −δIJδAB (B.77)

Σ(I
ACΣJ),CB = −δIJδBA (B.78)

Again, while the symmetrisation of six-dimensional indices of ΣI and ΣI can be reduced,
as we just saw in equation (B.77), the anti-symmetrisation cannot. We therefore define
symbols ΣIJ and ΣIJ as follows:

ΣIJ A
B = i

2Σ[I,ACΣJ ]
CB (B.79)

ΣIJ B
A = i

2Σ[I
ACΣJ ]CB. (B.80)

They have the property of being traceless and can be transformed into the negatives of
each other by swapping the spinor indices. Additionally one also finds an interesting trace
property:

(ΣIJ)AA = 0 = (ΣIJ) A
A (B.81)

(ΣIJ) B
A = −(ΣIJ)BA (B.82)

tr
(
ΣIJΣKL

)
= (ΣIJ)AB(ΣKL)BA = δIKδJL − δILδJK . (B.83)

Finally, as should be expected, the symbols ΣIJ furnish the spinor representation 4 of the
SO(6), this is in complete analogy to the sigma matrices σµν in the case of the Lorentz
group. Since it holds that ΣIJ = −(ΣIJ)∗, the symbols ΣIJ correspond to the conjugate
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spinor representation 4̄. One can check that ΣIJ and ΣIJ indeed represent the algebra by
computing their commutators:

[ΣIJ ,ΣKL] = iδIKΣJL + iδJLΣIK − iδILΣJK − iδJKΣIL (B.84)

[ΣIJ ,ΣKL] = iδIKΣJL + iδJLΣIK − iδILΣJK − iδJKΣIL . (B.85)

We can construct new sigma matrices by contractions with the ε-tensor followed by an
anti-symmetrisation. Unlike in four dimensions, the ε-tensor that we need to use has four
indices so that we not just raise or lower an index but end up with four of them:

(ΣIJ)ABCD = (ΣIJ)[ABCD] = 1
2

{
(ΣIJ)AEεEBCD − (ΣIJ)BEεEACD

}
(B.86)

(ΣIJ)ABCD = (ΣIJ)[ABCD] = 1
2

{
(ΣIJ) E

A εEBCD − (ΣIJ) E
B εEACD

}
. (B.87)

As before it is useful to expand various products of pairs of ΣI AB and ΣI
AB in which the

vector indices are either symmetrised or anti-symmetrised. By adding the symmetrised
and anti-symmetrised identities one also obtains the tensor products of two sigma-matrices
without any symmetrisation.

Σ[I ABΣJ ]CD = 2i(ΣIJ)ABCD (B.88)

Σ[I
ABΣJ ]

CD = 2i(ΣIJ)ABCD (B.89)

Σ[I,ABΣJ ]
CD = 4i(ΣIJ)[A

[Cδ
B]
D] (B.90)

Σ(I ABΣJ)CD = 3
4δ

IJεABCD + (ΣIK)[A
E(ΣJK)B]

F ε
EFCD (B.91)

Σ(I
ABΣJ)

CD = 3
4δ

IJεABCD + (ΣIK) E
[A (ΣJK) F

B] εEFCD (B.92)

Σ(I ABΣJ)
CD = 3

2δ
IJδ

[A
C δ

B]
D + 2(ΣIK)[A

[C(ΣJK)B]
D] (B.93)

ΣI ABΣJ CD = 3
4δ

IJεABCD + 2i(ΣIJ)ABCD + (ΣIK)[A
E(ΣJK)B]

F ε
EFCD (B.94)

ΣI
ABΣJ

CD = 3
4δ

IJεABCD + 2i(ΣIJ)ABCD + (ΣIK) E
[A (ΣJK) F

B] εEFCD (B.95)

ΣI ABΣJ
CD = 3

2δ
IJδ

[A
C δ

B]
D + 4i(ΣIJ)[A

[Cδ
B]
D] + 2(ΣIK)[A

[C(ΣJK)B]
D] (B.96)
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All these identities involving two sigma-matrices are various manifestations of the group
theoretical fact that in SO(6) the product of the fundamental representations decomposes
as 6⊗ 6 = 1 + 15 + 20′. We can contract two of the spinor indices to obtain another useful
identity

ΣI ACΣJ
AB = δIJδCB + 2i(ΣIJ)CB. (B.97)

After adding a third sigma matrix and contracting various indices one arrives at some useful
properties for products of three sigma matrices

1
2
(
ΣIΣJΣK + ΣKΣJΣI

)
= δIKΣJ − δIJΣK − δJKΣI (B.98)

1
2
(
ΣIΣJΣK + ΣKΣJΣI

)
= δIKΣJ − δIJΣK − δJKΣI (B.99)

1
2
(
ΣIΣJΣK − ΣKΣJΣI

)
= Σ[IΣJΣK] = − i

3!ε
IJKLMNΣLΣMΣN (B.100)

1
2
(
ΣIΣJΣK − ΣKΣJΣI

)
= Σ[IΣJΣK] = i

3!ε
IJKLMNΣLΣMΣN (B.101)

ΣIΣJΣK = δIKΣJ − δIJΣK − δJKΣI + Σ[IΣJΣK] (B.102)

ΣIΣJΣK = δIKΣJ − δIJΣK − δJKΣI + Σ[IΣJΣK]. (B.103)

It is interesting that in equations (B.100) and (B.101) the anti-symmetrisation of only two
indices automatically anti-symmetrises all three of them. The second equality in the same
set of equations is due to the fact that for all SO(2N) groups an anti-symmetric N -tensor is
in fact reducible and decomposes into its self-dual and anti-self-dual parts. For SO(6) this
corresponds to the reducible

(6
3
)

= 20 which decomposes into 10 + 10. Thus the right-hand
side of one of the equations (B.100) and (B.101) is the 10 and the other one is the 10. The
equations (B.102) and (B.103) can also be viewed from the group theory perspective and
correspond to the decomposition 6⊗ 6⊗ 6 = 3× 6 + (10 + 10) + 50 + 2× 64. The first
three terms on the right-hand side of (B.102) and (B.103) correspond to the 3 × 6 while
the remaining term is the 10 in one of the equations and the 10 in the other one. We see
that there are no terms corresponding to the 50 and 2× 64. The reason is the following.
Were the spinor indices on the three sigma matrices on the left-hand side not contracted,
then we would have expected that all representations of the tensor product decomposition
should appear on the right-hand side. But since we did contract the spinor indices to get the
matrix multiplication on the left-hand side, the same index contraction on the right-hand
side made all entries in the matrices corresponding to the 50 and the 64 vanish, which is



B.2. SO(6) Sigma Matrices 213

why they disappeared from the decomposition.

By adding yet another sigma-matrix and taking the traces we obtain

tr
(
ΣIΣJΣKΣL

)
= 4(δIJδKL − δIKδJL + δILδJK) (B.104)

tr
(
ΣIΣJΣKΣL

)
= 4(δIJδKL − δIKδJL + δILδJK). (B.105)

Let us just for completeness sake mention that also in six dimensions the gamma matrices
in Weyl basis can be defined in terms of the sigma matrices. The definition is completely
analogous to four dimensions:

γ̂I =
(

0 ΣI

ΣI 0

)
{γ̂I , γ̂J} = −2δIJ1 . (B.106)

Also here it is possible to show that properly normalised and anti-symmetrised products of
two gamma-matrices represent the so(6) algebra:

γ̂IJ = i

2 γ̂
[I , γ̂J ] = i

2
(
γ̂I γ̂J + δIJ

)
(B.107)

[γ̂IJ , γ̂KL] = i(δIK γ̂JL + δJLγ̂IK − δILγ̂JK − δJK γ̂IL). (B.108)
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Appendix C

Quartic Bulk Couplings from
Witten Diagrams

In this appendix we would like to demonstrate how the results for the scalar potential in
supergravity can be related to quantities on the field theory side. In particular, we will
see that the most direct way to probe supergravity couplings is to compute field theory
correlation functions of very specific operators.

Recall that in the previous chapter we showed how a specific deformation of the field theory by
a chiral primary operator O∆ of conformal dimension ∆ allows to relate the beta function for
the induced RG flow to the supergravity scalar potential for the modes that holographically
correspond to O∆. In particular, we are able to integrate the differential equation for the
beta function in the specific case under consideration and obtain an expression for the
supergravity scalar potential. This scalar potential, expanded in a power series, provides a
prediction for n-point supergravity couplings to all orders.

After having obtained the scalar potential for the supergravity it would be desirable to
perform some consistency checks, and confirm that the assumptions that were made in the
derivation are indeed correct. To perform the easiest non-trivial test for the supergravity
couplings, in the following sections we would like to describe the holographic computation of
a generic four point function of chiral primary operators O∆. Later we can specialise to the
operators that fulfil the assumptions made in the holographic beta function computation
and test the predications made by the calculation.

Let us recall how holography relates field theory correlation functions to modes on the
gravity side. The fundamental idea of holography is that the string theory partition function
in the bulk should be equivalent to the boundary field theory partition function [13]:

Zstring = ZFT (C.1)

215
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On the field theory side we can define the generating functional for connected correlations
functions Γ[J ] by writing ZFT = e−Γ[J ], where J collectively denotes all possible sources.
Another proposition of holography is that a source J∆ for a given field theory operator
O∆ can be associated with a bulk mode φ∆. In the supergravity limit, where the ’t Hooft
coupling λ is assumed to be large, this translates to the fact that operators O∆ in the UV of
the boundary theory are sourced by bulk supergravity modes close to the boundary, thus we
can identify J∆ with the boundary values φ0,∆ of the supergravity modes φ∆. In the saddle
point approximation the string partition function, that is now actually the supergravity
partition function is dominated by the extremal value of the supergravity action, in other
words the on-shell action where the equations of motion are solved with boundary conditions
φ0,∆. In sum, the saddle point approximation allows us to write

Γ[φ0,∆] = Ssugra
on-shell[φ0,∆] (C.2)

where on the left side we have replaced the sources J by the boundary conditions φ0 as
explained above, and the supergravity action on the right side is a functional of the said
boundary conditions. Given this identification, and the definition of the generating functional,
we see that the field theory correlation functions can be computed by taking functional
derivatives of the on shell supergravity action with respect to the sources, which we identified
with the boundary conditions φ0 for the supergravity modes [13, 14, 124]:

〈O∆1(x1)O∆2(x2) . . .〉 = δ

δφ0,∆1(x1)
δ

δφ0,∆2(x2) . . . S
sugra
on-shell[φ0,∆]

∣∣∣
φ0=0

(C.3)

The non-trivial part at this point is to find solutions to the supergravity equations of motion
given the boundary conditions φ0,∆. Given the complexity of the supergravity theory, in the
general case the full solutions cannot be obtained. To still be able to obtain the correlators,
one solves the equations of motion perturbatively order by order in fields. Because in (C.3)
the sources are set to zero after functional derivatives are taken, to get an expression for
the n-point function one needs to solve the equations of motion to the n-th order in the
corresponding fields.

Very much like for the Feynman diagrams, perturbative solutions of the supergravity
equations of motion can be visualised diagrammatically. One such sample diagram, called
Witten diagram is shown below

w

z

x3x1

x4x2
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Unlike for Feynman diagrams, however, here the computations are done in position space,
and the big circle represents the bulk boundary on which the field theory lives. The
internal vertices represent the couplings of the supergravity theory, and we have two types
of propagators. The ones that connect internal vertices to points on the boundary are called
bulk to boundary propagators K(z, ~x). Those incorporate boundary conditions that have to
be applied at first order in perturbation theory, for example, if the first order equation for a
scalar φ(z) = φ(0)(z) + . . . is given by

(�−m2)φ(0) = 0 (C.4)

then it can be solved in terms of the boundary condition φ0(~x) by

φ(0)(z) =
∫
ddxK(z, ~x)φ0(~x) (C.5)

with the Green’s function K(z, ~x) that we call the the bulk to boundary propagator that
obeys

(�z −m2)K(z, ~x) = 0 (C.6)

lim
z0→0

z∆−d
0 K(z, ~x) = δ(~z − ~x) . (C.7)

Note that we are using a coordinate system for the Euclidean AdS space in which the metric
is given by

ds2 = 1
z2

0
(dz2

0 + d~z2) gµν = z−2
0 δµν (C.8)

with z = (z0, ~z), z0 = 0 corresponding to the AdS boundary, and z0 = ∞ to the origin.
Field theory amplitudes with Lorentzian signature can be obtained by analytic continuation.
The asymptotic behaviour of K(z, ~x) near the boundary in (C.7) reflects the fact that the
boundary conditions for the fields are imposed such that [11]

φ(z) z0→0→ z∆−d
0 φ0(~z) (C.9)

As before, d is the dimension of the boundary manifold where the field theory lives, thus the
bulk manifold is a (d+ 1)-dimensional AdS space. The operator dimension ∆ is related to
the mass of φ by m2 = ∆(∆− d). One can show that K(z, ~x) is given by [11, 124, 125]

K∆(z, ~x) = C∆

(
z0

z2
0 + (~z − ~x)2

)∆

(C.10)

with
C∆ = Γ(∆)

πd/2Γ(∆− d/2)
for ∆ >

d

2 , Cd/2 = Γ(d/2)
2πd/2

. (C.11)

Higher orders in perturbation theory will involve bulk to bulk propagators G(z, z′) since
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equations for higher orders in perturbation theory are not solved in terms of boundary
conditions, but in terms of lower order solutions, which are bulk fields, such as φ(0)(z). These
Green’s functions are represented by lines in Witten diagrams that connect two internal
vertices. Their explicit form is known [125], but is not relevant for us. What is important is
the fact that being Green’s functions they satisfy

− (�z −m2)G(z, z′) = δ(z − z′)√
g′

= (z′0)d+1
δ(z − z′) (C.12)

The problem that the rest of this chapter is devoted to is the holographic computation of the
four point function of a chiral primary operator O∆(x). It is obvious that the computation
will involve the evaluation of the following Witten diagrams

∆ ∆

∆∆

w

x3x1

x4x2

∆ ∆

∆∆
w

z

x3x1

x4x2

∆ ∆

∆∆
w

z

x3x1

x4x2

∆ ∆

∆∆
w

z

x3x1

x4x2 ,

and additionally analogous t and u channel graphs for the exchange diagrams above. The
three exchange diagrams above show the contributions from the scalar, vector, and graviton
exchange, and it is part of the problem to correctly determine the exchanged particles, at
least for the scalar and the vector case. An additional inherent difficulty of the evaluation of
exchange diagrams is the fact that they contain two internal vertices which means that two
bulk integrals have to be carried out. An elegant way to simplify such diagrams was found
in [126], which we will describe in the next section and use for the evaluation.

The results that we will obtain for the exchange diagrams can be summarised as

〈O∆(x1)O∆(x2)O∆(x3)O∆(x4)〉 ∝
lmax∑
l=1

C̃l

∫
w
K∆−l(w, ~x1)K∆−l(w, ~x3)K∆(w, ~x2)K∆(w, ~x4)

×
(
D

(s)
l (w, ~xi) +D

(v)
l (w, ~xi) +D

(t)
l (w, ~xi)

) (C.13)

which involves a finite sum over four point contact bulk diagrams with pre-factors C̃l and a
various factors for the scalar (s) vector (v) and the tensor (t) exchange contributions that
need to be determined. We will explain these building blocks and give their explicit form in
the following sections.



C.1. Reduction of Exchange Diagrams 219

C.1 Reduction of Exchange Diagrams

In this section we would like to discuss the method for the reduction of exchange Witten
diagrams for four point amplitudes involving scalar, vector, and graviton exchange to finite
sums of four point contact graphs. The general procedure was discussed by [126], here we
would like to outline the method, and complement by additional computations. The results
will be used in the next section for a concrete case.

As mentioned in the previous section, unlike the contact Witten diagram, which corresponds
to one bulk integral, the exchange graphs require the computation of two bulk integrals. In
the past the evaluation of one of the two integrals was done by expanding the integrand in a
power series and re-summing the terms back in a clever way, as was done in [125, 127, 128]
and other papers. The procedure of expansion and summation is quite involved, and given
the relatively simple final expressions obtained, the authors of [126] recognised that there
could be a simpler method. The general idea is that one can apply (�−m2) to one of the
bulk integrals and use the defining property of the bulk to bulk propagators in (C.12) to
get a differential equation, all while using the conformal symmetry to reduce the number of
degrees of freedom. The resulting differential equation can be solved recursively and the
recursion is finite for exactly those sets of parameters that correspond to supergravity.

In what follows we would like to sketch the main steps for the scalar exchange which were
described in [126]. The idea for the vector and graviton exchange is similar, although the
complexity is higher due to tensorial structures involved. For these cases we will limit
ourselves to a summary of the relevant results that we will need for our computation.

Using AdS coordinates as in the previous section, consider the following four point scalar
exchange Witten diagram:

∆1 ∆3

∆4∆2

∆̃
w

z

~x3~x1

~x4~x2

As explained in the previous section, the graph contributes to the four point function

〈O∆1(~x1)O∆2(~x2)O∆3(~x3)O∆4(~x4)〉 (C.14)

and represents the following amplitude

S(~x1, ~x2, ~x3, ~x4) =
∫
w

∫
z
K∆1(z, ~x1)K∆3(z, ~x3)G∆̃(z, w)K∆2(w, ~x2)K∆4(w, ~x4) (C.15)
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with the following short-hand notation that we will be using throughout the rest of the
chapter ∫

z
≡
∫

AdS
dd+1z

√
g =

∫
AdS
dd+1z

1
zd+1

0
. (C.16)

Further, we will usually use ~x to denote boundary coordinates and add a vector arrow to
distinguish them from bulk coordinates, which will be denoted by z or w without the vector
arrow.

Before we proceed, we would like to discuss some identities and conventions regarding the
coordinates and their symmetry transformations, as these will be useful at several points
throughout further computations.

First recall that in the coordinates we are using the metric is given by gµν = 1
z2
0
δµν and

g ≡ det(gµν) = z−2D
0 , with D = d + 1 the dimension of the AdS space. As in [126]

we would like to write coordinate contractions using δµν rather than gµν , for example
z2 = δµνz

µzν = ∑
µ z

µzµ. One of the key ingredients for the computation is the use of the
inversion transformation, which is given by zµ = z′µ

z′2 , in other words, z2 = 1/(z′)2. Consider
the transformation of (z − w)2 under inversions:

(z − w)2 = z2 +w2− 2zw = 1
z′2

+ 1
w′2
− 2 z′w′

z′2w′2
= w′2 + z′2 − 2z′w′

z′2w′2
= (z′ − w′)2

z′2w′2
. (C.17)

This allows us to define the so-called “chordal distance” u that is now manifestly invariant
under inversions:

u = (z − w)2

2z0w0
. (C.18)

Note also that because z = (z0, ~z), w = (w0, ~w) we can split off the d-dimensional coordinates
in the chordal distance and write it as

u = (z0 − w0)2 + (~z − ~w)2

2z0w0
(C.19)

which reveals that the chordal distance is also invariant under the d-dimensional Poincaré
subgroup of the conformal group that acts on the components ~z and ~w. It is known [125,
129, 130] that the bulk to bulk propagator G(z, w) is in fact a function of the chordal
distance only, and therefore we can write G(z, w)→ G(u) and it follows from the properties
of the chordal distance that G(u) is invariant under D-dimensional bulk inversions and the
d-dimensional boundary Poincaré group.

It is natural to re-interpret boundary coordinates ~x as bulk coordinates with x = (0, ~x) and
write expressions like (z − ~x)2. This allows us to write bulk to boundary propagators as

K∆(z, ~x) = C∆

(
z0

(z − ~x)2

)∆

= C∆

(
z′0

(z′ − ~x ′)2

)∆

(~x ′)2∆ ~x ′ = ~x 2

|~x|2 (C.20)



C.1. Reduction of Exchange Diagrams 221

Finally let us show that the bulk integration measure dDz√g is invariant under bulk
inversions. Given the inversion transformation zµ = z′µ

z′2 , the corresponding Jacobian is given
by

J µν (z) = ∂zµ

∂z′ν
= z2

(
δµν − 2z

µzν
z2

)
= z2Jµν (z) . (C.21)

To compute the Jacobian determinant J = det(J µν ) observe that JµρJρν = δµν , from where
it follows that J =

√
det(z4δµν ) = z2D. Thus we conclude immediately that

dDz√g = dDz 1
zD0

= dDz′ J
zD0

= dDz′
(
z2

z0

)D
= dDz′ 1

(z′0)D
= dDz′

√
g′ . (C.22)

Given these transformations it is now not too difficult to follow the steps in [126]. Start with
the amplitude defined in (C.15) and perform a coordinate translation on both integration
variables by ~x1: z → z + ~x1, w → w + ~x1. Because the bulk to bulk propagator is invariant
under this shift, the net effect is the shift in the bulk to boundary propagators and we get

S(~x1, ~x2, ~x3, ~x4) =
∫
w

∫
z
K∆1(z, 0)K∆3(z, ~x31)G∆̃(u)K∆2(w, ~x21)K∆4(w, ~x41) (C.23)

with ~x31 = ~x3 − ~x1 and similarly for other coordinates. Now we can split the amplitude into
two parts as follows

S(~x1, ~x2, ~x3, ~x4) =
∫
w
A(w, ~x31)K∆2(w, ~x21)K∆4(w, ~x41) (C.24)

A(w, ~x31) =
∫
z
K∆1(z, 0)K∆3(z, ~x31)G∆̃(u) (C.25)

and convert A(w, ~x31) into an expression without integrals, which reduces the expression for
the whole amplitude to only one bulk integration. First, apply inversion to ~x31, z, and w.
Using the identities for coordinate inversions above it is easy to check that this leads to

A(w, ~x31) = |~x31|−2∆3C∆1C∆3I(w′ − ~x ′31) (C.26)

I(w) =
∫
z
G∆̃(u)(z0)∆1

(
z0
z2

)∆3

. (C.27)

The normalisation constants C∆ for the bulk to boundary propagators were defined in (C.11),
mind also the difference in the argument of I in the equations above. It is easy to see that
I(w) = λ∆13I(w/λ), ∆13 = ∆1 −∆3, for any real number λ. Choose λ = w0 such that

w

w0
=
(

1, ~w
w0

)
(C.28)

and by the fact that I(w) is invariant under rotations in ~w we realise that I(w/w0) only
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depends on |~w|w0
, or equivalently on

t = w2
0

w2 = 1
1 + |~w|

w0

. (C.29)

This allows us to reduce the number of degrees of freedom in I(w) further, and we can write

I(w) = (w0)∆13f(t) . (C.30)

Given that I(w) contains the bulk to bulk propagator, which, in turn, satisfies its defining
differential equation (C.12), one can apply the corresponding differential operator to f(t),
which results in a differential equation. Imposing asymptotic conditions on the behaviour of
f(t) selects one solution, and the differential equation can be solved recursively resulting in
a finite sum

f(t) =
kmax∑
k=kmin

akt
k kmin = ∆̃−∆13

2 kmax = ∆3 − 1 . (C.31)

This is only true if Σ+ is a positive integer, where

Σ± = ∆1 + ∆3 ∓ ∆̃
2 , (C.32)

in which case it is also true that kmin ≤ kmax. In the cases which we will be considering this
condition is fulfilled up to the case Σ+ = 0, this extremal case will be commented on in the
next section.

The coefficients ak were given in [126] in a recursive form. We can re-sum the recursion to
obtain the following expression for kmin ≤ k ≤ kmax:

ak = 1
4

Γ(Σ+)Γ(Σ− − d
2)

Γ(∆3)Γ(∆1)
Γ(k)Γ(k + ∆13)

Γ(k + ∆13−∆̃
2 + 1)Γ(k + ∆13+∆̃−d

2 + 1)
(C.33)

Now we can go all steps backwards and re-substitute the expressions obtained into the
amplitude S(xi). As a last step, shift the only remaining integration variable w backwards
to w → w − ~x1 to get

S(~x1, ~x2, ~x3, ~x4) =
kmax∑
k=kmin

ak
C∆1C∆3

CkC∆13+k
|~x31|2k−2∆3× (C.34)

×
∫
w
K∆13+k(w, ~x1)Kk(w, ~x3)K∆2(w, ~x2)K∆4(w, ~x4) (C.35)

We can reduce the number of constant pre-factors by redefining ak to incorporate the Ci in
it, and also shift the summation variable k to l = ∆3− k to render the expression symmetric
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in ~x1 and ~x3. This leads to

S(~x1, ~x2, ~x3, ~x4) =
Σ+∑
l=1

al|~x31|−2l
∫
w
K∆1−l(w, ~x1)K∆3−l(w, ~x3)K∆2(w, ~x2)K∆4(w, ~x4)

(C.36)

al = 1
4

Γ(Σ+)Γ(Σ− − d
2)

Γ(Σ+ − l + 1)Γ(Σ− − d
2 − l + 1)

Γ(∆1 − d
2 − l)Γ(∆3 − d

2 − l)
Γ(∆1 − d

2)Γ(∆3 − d
2)

(C.37)

We see that the net result is that a scalar exchange diagram can be reduced to a finite sum
over contact graphs, or pictorially:

∆1 ∆3

∆4∆2

2∆̃
w

z

~x3~x1

~x4~x2

=
Σ+∑
l=1

al|~x31|−2l

∆1 − l

∆3 − l

∆4∆2

w

~x3~x1

~x4~x2

(C.38)

This completes the discussion of the scalar exchange diagram, and we can proceed with
the vector and graviton exchange diagrams. The basic idea remains the same: split the
amplitude into two parts, convert one of them into a differential equation, and solve it
recursively. Some additional complexity is added by the tensorial structures that appear.
For this reason, we will abstain from going into the details of the derivation and will list the
net outcome, which is similar to the scalar exchange: the diagram reduces to a sum over
contact graphs weighted by some coefficients.

For the vector exchange it is assumed that the vector fields couple to conserved currents of
the scalars, in other words, a cubic vertex with a vector field will have two scalar fields of the
same dimension attached, and we must identify ∆1 = ∆3 and ∆2 = ∆4. This also implies
that the scalar that couples to the vector has a corresponding charge and the correlator that
the vector exchange diagram contributes to is 〈O∆1(x1)O∆2(x2)O∗∆1

(x3)O∗∆2
(x4)〉.Thus the

amplitude we want to compute corresponds to the following Witten diagram

V (~x1, ~x2, ~x3, ~x4) =

∆1 ∆∗
1

∆∗
2∆2

m2

w

z

~x3~x1

~x4~x2

=
∫
w

∫
z
K∆1(z, x1)

←→
∂

∂zρ
K∆1(z, ~x3)× gρµ(z)Gµν(u)gνσ(w)×K∆2(w, ~x2)

←→
∂

∂wσ
K∆2(w, ~x4) .

(C.39)
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Splitting this amplitude in the same way as for the scalar exchange and following similar
steps one can show that the amplitude is given by

V (~x1, ~x2, ~x3, ~x4) =
Π+∑
l=1

al|~x31|−2l
∫
w
K∆1−l(w, ~x1)K∆1−l(w, ~x3)K∆2(w, ~x2)K∆2(w, ~x4)×

(C.40)

×
[

(w − ~x3)µ
(w − ~x3)2 −

(w − ~x1)µ
(w − ~x1)2

]
w2

0

[
(w − ~x2)µ
(w − ~x2)2 −

(w − ~x4)µ
(w − ~x4)2

]
(C.41)

al = (∆1 − l)∆2
Γ(Π+)Γ(Π−)

Γ(Π+ − l + 1)Γ(Π− − l + 1)
Γ(∆1 − d

2 − l)
2

Γ(∆1 − d
2)2 (C.42)

Π± = ∆1 −
(
d− 2

4 ± 1
4

√
(d− 2)2 + 4m2

)
. (C.43)

Finally, let us consider the graviton exchange. After making a similar assumption as for the
vector, namely that the graviton couples to scalar bilinears of scalars of the same dimension,
we would like to evaluate the following diagram:

G(~x1, ~x2, ~x3, ~x4) =

∆1 ∆1

∆2∆2
w

z

~x3~x1

~x4~x2

(C.44)

=
∫
w

∫
z
Tµ
′ν′(z, ~x1, ~x2)Gµνµ′ν′(u)Tµν(w, ~x2, ~x4) (C.45)

Tµν(w, ~x2, ~x4) = DµK∆2(w, ~x2)DνK∆2(w, ~x4)− 1
2gµν× (C.46)

×
[
DρK∆2(w, ~x2)DρK∆2(w, ~x4) + ∆2(∆2 − d)K∆2(w, ~x2)K∆2(w, ~x4)

]
(C.47)

Applying similar techniques as previously, we obtain the following result for the graviton
exchange:

G(~x1, ~x2, ~x3, ~x4) =
∆1+1− d2∑
l=1

al|~x31|−2l
∫
w
K∆1−l(w, ~x1)K∆1−l(w, ~x3)K∆2(w, ~x2)K∆2(w, ~x4)×

(C.48)

×
[
Jµ0(w − ~x1)Jµ0(w − ~x2)Jν0(w − ~x1)Jν0(w − ~x4)− d(d−∆2)

∆2(d− 1)

]
(C.49)
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al = −∆2
2

2
Γ(∆1 + 1− d

2)
Γ(∆1 + 1− d

2 − l + 1)
Γ(∆1 + 1)
Γ(∆1 − l)

Γ(∆1 − d
2 − l)

2

Γ(∆1 − d
2)2 (C.50)

C.2 Exchange Diagrams for a Particular Case

In this section we would like start with the results obtained in the previous section and
specialise to a particular case. One interesting case is the four point function of chiral
primary operators of equal dimension ∆ in d = 4 super Yang-Mills which is dual to a
supergravity theory in AdS5.

Start with the scalar exchange diagram, and substitute ∆1 = ∆3 = ∆ into the definition of
Σ±:

Σ± = ∆1 + ∆3 ∓ ∆̃
2 = ∆∓ ∆̃

2 . (C.51)

The dimension ∆̃ is the dimension of the exchanged scalar operator, and its values are
restricted by the form of the trilinear couplings of scalars. We can study this coupling
by looking at the underlying group theory. In the cubic vertices under consideration ∆̃
couples to two superconformal primaries of dimension ∆, the SU(4) representation of which
is therefore given by [0,∆, 0]. Consider for example the case ∆ = 3, [0,∆, 0] = [0, 3, 0] = .
The tensor product of two such operators decomposes as follows:

[0, 3, 0]⊗ [0, 3, 0] = ⊗ = + + + + . . . (C.52)

= + + + •+ . . . (C.53)

= [0, 6, 0] + [0, 4, 0] + [0, 2, 0] + [0, 0, 0] + . . . (C.54)

It is easy to see the pattern: the tensor product of two superconformal chiral primaries of
dimensions ∆ decomposes into a sum that contains dimensions ∆̃ ∈ {0, 2, . . . , 2∆}. To get
a vertex that is a singlet with respect to SU(4) the third operator has therefore to be of
exactly one of these dimensions, and we can therefore write Σ± as follows:

Σ± = ∆∓ s , s ∈ {0, . . . ,∆} (C.55)

This is consistent with the condition for the termination of the recursive solution for the
exchange diagram Σ+ > 0 up to the extremal case where s = ∆. This was also noticed
in [126], and the authors suggest that this case should be discussed separately. In the
appendix of [125] it is suggested that for such extremal cases the scalar coupling may need
to be altered to include derivatives, which seems to lead to sensible results.

Proceeding with the scalar amplitude we insert ∆1 = ∆3 = ∆ and the parametrisation of ∆̃
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suggested above into (C.36) to get

S(~x1, ~x2, ~x3, ~x4) =
∆−s∑
l=1

al|~x31|−2l
∫
w
K∆−l(w, ~x1)K∆−l(w, ~x3)K∆(w, ~x2)K∆(w, ~x4) (C.56)

al = 1
4

Γ(∆− s)Γ(∆ + s− 2)
Γ(∆− s− l + 1)Γ(∆ + s− 2− l + 1)

Γ(∆− 2− l)2

Γ(∆− 2)2 (C.57)

As we will see, the factor

C̃l = Γ(∆− 2− l)2

Γ(∆− 2)2 (C.58)

in al will also appear in the vector and graviton exchange in exactly the same form, and it
makes sense to separate it out:

S(~x1, ~x2, ~x3, ~x4) =
∆−s∑
l=1

C̃l|~x31|−2l
∫
w
K∆−l(w, ~x1)K∆−l(w, ~x3)K∆(w, ~x2)K∆(w, ~x4)D(s)

l

(C.59)

D
(s)
l = 1

4
Γ(∆− s)Γ(∆ + s− 2)

Γ(∆− s− l + 1)Γ(∆ + s− 2− l + 1) (C.60)

Next, consider the vector exchange, for which we defined the variables

Π± = ∆1 −
(
d− 2

4 ± 1
4

√
(d− 2)2 + 4m2

)
. (C.61)

As noted in [126], in AdS5 supergravity the mass m2 of Kaluza-Klein vectors is restricted to
values m2 = p2 − 1 with 1 ≤ p < 2∆1 − 1 and p odd. This is enforced by the SU(4) group
theory, and the fact that the Kaluza-Klein fields have been worked out explicitly in [42] and
one can read off the masses for the vectors that appear. It is convenient to write p = 2v − 1
with v ∈ {1, . . . ,∆1 − 1}, and with ∆1 = ∆ we obtain

Π+ = ∆− v , Π− = ∆ + v − 1 , v ∈ {1, . . . ,∆− 1} . (C.62)

We can now substitute this into the vector exchange amplitude found in (C.40) to obtain

V (~x1, ~x2, ~x3, ~x4) =
∆−v∑
l=1

al|~x31|−2l
∫
w
K∆−l(w, ~x1)K∆−l(w, ~x3)K∆(w, ~x2)K∆(w, ~x4)×

(C.63)

×
[

(w − ~x3)µ
(w − ~x3)2 −

(w − ~x1)µ
(w − ~x1)2

]
w2

0

[
(w − ~x2)µ
(w − ~x2)2 −

(w − ~x4)µ
(w − ~x4)2

]
(C.64)

al = ∆(∆− l) Γ(∆− v)Γ(∆ + v − 1)
Γ(∆− v − l + 1)Γ(∆ + v − l)

Γ(∆− 2− l)2

Γ(∆− 2)2 . (C.65)
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Finally, as for the scalar exchange, we would like separate out the common factor C̃l in al,
and obtain

V (~x1, ~x2, ~x3, ~x4) =
∆−v∑
l=1

C̃l|~x31|−2l
∫
w
K∆−l(w, ~x1)K∆−l(w, ~x3)K∆(w, ~x2)K∆(w, ~x4)D(v)

l

(C.66)

D
(v)
l = ∆(∆− l) Γ(∆− v)Γ(∆ + v − 1)

Γ(∆− v − l + 1)Γ(∆ + v − l)× (C.67)

×
[

(w − ~x3)µ
(w − ~x3)2 −

(w − ~x1)µ
(w − ~x1)2

]
w2

0

[
(w − ~x2)µ
(w − ~x2)2 −

(w − ~x4)µ
(w − ~x4)2

]
(C.68)

Since there is only one graviton field, no special discussion regarding various couplings is
necessary, and we can give the result directly, with the correct dimensions substituted, and
the coefficients split off as before:

G(~x1, ~x2, ~x3, ~x4) =
∆−1∑
l=1

C̃l|~x31|−2l
∫
w
K∆−l(w, ~x1)K∆−l(w, ~x3)K∆(w, ~x2)K∆(w, ~x4)D(g)

l

(C.69)

D
(g)
l = −∆2

2
Γ(∆− 1)
Γ(∆− l)

Γ(∆ + 1)
Γ(∆− l)× (C.70)

×
[
Jµ0(w − ~x1)Jµ0(w − ~x2)Jν0(w − ~x1)Jν0(w − ~x4)− 4(4−∆)

3∆

]
(C.71)

It is pleasant to see that all exchange diagrams assume a similar form. In particular, the
w-integral corresponds to the same four point contact graph in all three cases. This gives
hope that the amplitudes can be summed over to give a sensible expression for the four point
correlator. However, several things need yet to be worked out. First of all, the extremal case
for the scalar exchange where Σ+ = 0 needs to be addressed separately. As mentioned before,
it is possible, that the cubic coupling for this case may need to be altered, this would lead to
a different expression for the corresponding amplitude which is not yet known. Furthermore,
so far we only discussed s-channel exchange diagrams. In the full correlator the t and u
channels also contribute and need to be integrated in the sum. In practise nothing new
needs to be worked out and we only need to change the labels for the ~xi and add more terms
to the sum. However, changing the labels for the ~xi means also that we will get different
contact graphs that we are summing over. In the best case, the s, t, and u channels can be
summed separately by taking into account all corresponding graphs for the scalar, vector,
and graviton exchange. Finally, to sum over diagrams, each of them needs to be weighted
by the corresponding values for the trilinear couplings. These couplings can be found in
literature [109, 131–134], and need to be matched carefully.
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Appendix D

Left-Invariant One-Forms for the
SO(3)

The left invariant 1-forms are dual to left-invariant vector-fields that span the Lie algebra
g of a Lie group G. Let {T a} be the set of generators that span g, and fabc the structure
constants so that

[T a, T b] = ifabcT c. (D.1)

To derive the left-invariant 1-forms start by choosing a group element g ∈ G and compute
the corresponding Maurer-Cartan form ωg = g−1dg. An elementary computation shows that
dωg + ωg ∧ ωg = 0. Note that the Maurer-Cartan form is a Lie algebra valued 1-form and
one can therefore decompose it with respect to the basis {T a} by writing

ωg = iσaT a. (D.2)

The 1-forms σa are exactly the left-invariant 1-forms. After inserting the decomposition
in (D.2) into dωg + ωg ∧ ωg = 0 we see that the forms σa have the following property:

dσa = 1
2f

abcσb ∧ σc. (D.3)

Let us find a set of left-invariant 1-forms for the SO(3) rotation group. The so(3) structure
constants are given by fabc = εabc, and because the fundamental representation of the so(3)
is equivalent to the adjoint representation of the su(2) the generators of the so(3) algebra
are given by the structure constants, and can be taken to be (T b)ac = iεabc. The group
elements are computed by exponentiation of the algebra elements, Ra(α) = exp(iαT a), and
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are given by the standard rotation matrices

Rx(α) =


1 0 0
0 cosα sinα
0 − sinα cosα

 Ry(α) =


cosα 0 − sinα

0 1 0
sinα 0 cosα

 Rz(α) =


cosα sinα 0
− sinα cosα 0

0 0 1

 .
(D.4)

We can choose the parametrisation of a generic SO(3) rotation by three Euler angles to
be g(α1, α2, α3) = Rz(α3)Rx(α2)Rz(α1), where the range of the angles is 0 ≤ α1, α3 ≤ 2π,
and 0 ≤ α2 ≤ π. Next we compute the Maurer-Cartan form ωg(α1, α2, α3) = g−1dg, and
using the fact that the generators are normalised so that tr(T aT b) = 2δab, the left-invariant
1-forms are projected out by σa = 1

2i tr(ωgT a). Thus we obtain the following result:

σ1 = cosα1 dα2 + sinα1 sinα2 dα3 (D.5a)

σ2 = sinα1 dα2 − cosα1 sinα2 dα3 (D.5b)

σ3 = dα1 + cosα2 dα3. (D.5c)

These are the left-invariant 1-forms that we used in this thesis. A different set of left-
invariant 1-forms is discussed in the well-known review article by Eguchi, Gilkey, and
Hanson [135]. The forms mentioned on page 247 in their article can be constructed using
the same rotation matrices as we used above by taking the group element parametrisation
to be g(ψ, θ, φ) = Rz(φ)Ry(θ)Rz(ψ) with 0 ≤ ψ, φ ≤ 2π and 0 ≤ θ ≤ π. The derivation
by Eguchi et al. was performed for the SU(2) group, which is a double cover of the SO(3),
hence the range of the angle ψ is doubled to 0 ≤ ψ ≤ 4π. However, since both algebras
su(2) and so(3) are isomorphic, the left-invariant 1-forms are exactly the same. With this
parametrisation the following 1-forms are determined:

σ1 = sinψ dθ − cosψ sin θ dφ (D.6a)

σ2 = − cosψ dθ − sinψ sin θ dφ (D.6b)

σ3 = cos θ dφ+ dψ. (D.6c)

To obtain exactly the same normalisation as in Eguchi et al. one needs to further rescale the
1-forms to σa → 1

2σ
a.
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Explicit Representation Branching

E.1 SO(6)→ SO(3)× SO(3)→ SO(3)diag

In this section we tabulate some useful branching rules for the decomposition under SO(3)×
SO(3) ⊂ SO(6) and SO(3)diag ⊂ SO(3)× SO(3) ⊂ SO(6). By the Lie algebra isomorphisms
so(6) ∼= su(4) and so(3) ∼= su(2) this is equivalent to studying the special embedding
SU(2)× SU(2) ⊂ SU(4) [79], and has nothing to do with the regular embedding SU(2)×
SU(2) × U(1) ⊂ SU(4). Note that the conjugate SO(6) representations are computed as
[k,m1,m2]∗ = [k,m2,m1]. The representations that can be obtained by conjugation are not
listed. Note that because all SO(3) representations are real, any SO(6) representation will
decompose in exactly the same way as its conjugate. Because the two SO(3) subgroups
are embedded symmetrically into the SO(6), all decomposed representations are symmetric
under the exchange of the two SO(3) factors. Note also that all SO(6) representations
[k,m1,m2] for which the sum m1 +m2 is even, in other words those with an integer spin,
decompose into odd SO(3) representations and vice versa.

We used the Mathematica package “LieART” [136] to generate the representations and their
branching. Because the algebra embedding SO(3)×SO(3) ⊂ SO(6) is special, first one needs
to generate a projection matrix by providing the branching of the SO(6) generating spinor
representation 4→ (2,2). This branching can be deduced from the fact that 4×4 = 6 + 10
and the fact that taking tensor products commutes with the branching. We can compute
the branching of the representations on the right-hand side by realizing that the 6 is just the
fundamental representation and the (10 + 10) corresponds to an anti-symmetrized triplet
of fundamental indices. The branching of these representations can be done by hand by
looking at how an SO(6) index splits into two SO(3) indices. With the branching for the 6
and the 10 so obtained, the only branching for the 4 which is compatible with the tensor
product decomposition 4× 4 = 6 + 10 is 4→ (2,2).
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Finally, under the embedding SO(3)diag ⊂ SO(3)× SO(3) the representations branch accord-
ing to (r1, r2)→ r1 ⊗ r2.

Table E.1: Some representation branching rules under the special subalgebra embedding
SO(3)× SO(3) ⊂ SO(6)

SO(6) → SO(3)× SO(3)

[0, 1, 0] = 4 → (2,2)
[1, 0, 0] = 6 → (3,1) + (1,3)
[0, 2, 0] = 10 → (1,1) + (3,3)
[0, 1, 1] = 15 → (3,1) + (1,3) + (3,3)
[1, 0, 1] = 20 → (2,2) + (4,2) + (2,4)
[2, 0, 0] = 20′ → (1,1) + (3,3) + (5,1) + (1,5)
[0, 0, 3] = 20′′ → (2,2) + (4,4)
[0, 4, 0] = 35 → (1,1) + (3,3) + (5,5)
[0, 2, 1] = 36 → (2,2) + (4,2) + (2,4) + (4,4)
[1, 2, 0] = 45 → (3,1) + (1,3) + (3,3) + (5,3) + (3,5)
[3, 0, 0] = 50 → (3,1) + (1,3) + (5,3) + (3,5) + (7,1) + (1,7)
[2, 1, 0] = 60 → (2,2) + (4,2) + (2,4) + (4,4) + (6,2) + (2,6)
[1, 1, 1] = 64 → (3,1) + (1,3) + 2(3,3) + (5,1) + (1,5) + (5,3) + (3,5)
[0, 3, 1] = 70 → (3,1) + (1,3) + (3,3) + (5,3) + (3,5) + (5,5)
[0, 2, 2] = 84 → (1,1) + 2(3,3) + (5,1) + (1,5) + (5,3) + (3,5) + (5,5)
[1, 3, 0] = 84′ → (2,2) + (4,2) + (2,4) + (4,4) + (6,4) + (4,6)
[4, 0, 0] = 105 → (1,1)+(3,3)+(5,1)+(1,5)+(5,5)+(7,3)+(3,7)+(9,1)+

(1,9)
[0, 1, 4] = 120 → (2,2) + (4,2) + (2,4) + (4,4) + (6,4) + (4,6) + (6,6)
[2, 2, 0] = 126 → (1,1) + 2(3,3) + (5,1) + (1,5) + (5,3) + (3,5) + (5,5) +

(7,3) + (3,7)
[1, 1, 2] = 140 → (2,2)+2(4,2)+2(2,4)+2(4,4)+(6,2)+(2,6)+(6,4)+(4,6)
[3, 0, 1] = 140′ → (2,2)+(4,2)+(2,4)+(4,4)+(6,2)+(2,6)+(6,4)+(4,6)+

(8,2) + (2,8)
[1, 4, 0] = 140′′ → (3,1) + (1,3) + (3,3) + (5,3) + (3,5) + (5,5) + (7,5) + (5,7)
[0, 3, 2] = 160 → (2,2) + (4,2) + (2,4) + 2(4,4) + (6,2) + (2,6) + (6,4) +

(4,6) + (6,6)
[2, 1, 1] = 175 → (3,1) + (1,3) + 2(3,3) + (5,1) + (1,5) + 2(5,3) + 2(3,5) +

(7,1) + (1,7) + (5,5) + (7,3) + (3,7)
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Table E.2: Some representation branching rules under the special subalgebra embedding
SO(3)diag ⊂ SO(3)× SO(3) ⊂ SO(6)

SO(6) → SO(3)diag

[0, 1, 0] = 4 → 1 + 3
[1, 0, 0] = 6 → 2(3)
[0, 2, 0] = 10 → 2(1) + 3 + 5
[0, 1, 1] = 15 → 1 + 3(3) + 5
[1, 0, 1] = 20 → 1 + 3(3) + 2(5)
[2, 0, 0] = 20′ → 2(1) + 3 + 3(5)
[0, 0, 3] = 20′′ → 2(1) + 2(3) + 5 + 7
[0, 4, 0] = 35 → 3(1) + 2(3) + 2(5) + 7 + 9
[0, 2, 1] = 36 → 2(1) + 4(3) + 3(5) + 7
[1, 2, 0] = 45 → 1 + 5(3) + 3(5) + 2(7)
[3, 0, 0] = 50 → 4(3) + 2(5) + 4(7)
[2, 1, 0] = 60 → 2(1) + 4(3) + 5(5) + 3(7)
[1, 1, 1] = 64 → 2(1) + 6(3) + 6(5) + 2(7)
[0, 3, 1] = 70 → 2(1) + 6(3) + 4(5) + 3(7) + 9
[0, 2, 2] = 84 → 4(1) + 5(3) + 7(5) + 3(7) + 9
[1, 3, 0] = 84′ → 2(1) + 6(3) + 5(5) + 3(7) + 2(9)
[4, 0, 0] = 105 → 3(1) + 2(3) + 6(5) + 3(7) + 5(9)
[0, 1, 4] = 120 → 3(1) + 7(3) + 6(5) + 4(7) + 3(9) + 11
[2, 2, 0] = 126 → 4(1) + 5(3) + 9(5) + 5(7) + 3(9)
[1, 1, 2] = 140 → 3(1) + 9(3) + 10(5) + 6(7) + 2(9)
[3, 0, 1] = 140′ → 2(1) + 6(3) + 7(5) + 7(7) + 4(9)
[1, 4, 0] = 140′′ → 2(1) + 8(3) + 6(5) + 5(7) + 3(9) + 2(11)
[0, 3, 2] = 160 → 4(1) + 8(3) + 9(5) + 7(7) + 3(9) + 11
[2, 1, 1] = 175 → 3(1) + 9(3) + 11(5) + 9(7) + 3(9)

E.2 SU(4)→ SU(3)×U(1)

Table E.3: Some representation branching rules under the regular subalgebra embedding
SU(3)×U(1) ⊂ SU(4)

SU(4) → SU(3)×U(1)

[1, 0, 0] = 4 → 1−3 + 31
[0, 1, 0] = 6 → 3−2 + 32
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Table E.3: Some representation branching rules under the regular subalgebra embedding
SU(3)×U(1) ⊂ SU(4) (continued)

SU(4) → SU(3)×U(1)

[2, 0, 0] = 10 → 1−6 + 3−2 + 62
[1, 0, 1] = 15 → 10 + 34 + 3−4 + 80
[0, 1, 1] = 20 → 31 + 35 + 61 + 8−3
[0, 2, 0] = 20′ → 64 + 6−4 + 80
[2, 0, 1] = 36 → 1−3 + 31 + 3−7 + 65 + 8−3 + 151
[2, 1, 0] = 45 → 3−8 + 3−4 + 6−4 + 80 + 100 + 154
[0, 3, 0] = 50 → 10−6 + 106 + 15−2 + 152
[1, 2, 0] = 60 → 61 + 6−7 + 8−3 + 10−3 + 151 + 155
[1, 1, 1] = 64 → 3−2 + 32 + 6−2 + 62 + 86 + 8−6 + 15−2 + 152
[2, 0, 2] = 84 → 10 + 34 + 3−4 + 6−8 + 68 + 80 + 154 + 15−4 + 270
[0, 4, 0] = 105 → 15′−8 + 15′8 + 244 + 24−4 + 270
[2, 2, 0] = 126 → 6−2 + 6−10 + 8−6 + 10−6 + 15−2 + 152 + 15′−2 + 242 + 276
[1, 1, 2] = 140 → 31+35+61+65+89+8−3+10−3+151+155+15−7+241+27−3
[0, 3, 1] = 140′ → 10−3 + 109 + 151 + 155 + 15′5 + 241 + 24−7 + 27−3
[1, 2, 1] = 175 → 64 + 6−4 + 80 + 100 + 100 + 154 + 15−8 + 158 + 15−4 + 244 +

24−4 + 270
[0, 5, 0] = 196 → 2110 + 21−10 + 35−6 + 356 + 42−2 + 422
[2, 3, 0] = 280 → 10−12 + 100 + 15−8 + 15−4 + 15′−8 + 21−4 + 244 + 24−4 +

270 + 350 + 424 + 428
[1, 4, 0] = 280′ → 15′−11+15′5+21−7+241+24−7+27−3+35−3+359+421+425
[2, 1, 2] = 300 → 3−2 + 32 + 6−2 + 62 + 86 + 8−6 + 106 + 10−6 + 1510 + 15−2 +

152 + 15−10 + 24−2 + 242 + 276 + 27−6 + 42−2 + 422
[2, 2, 1] = 360 → 61 + 6−7 + 8−3 + 10−3 + 10−3 + 151 + 15−11 + 155 + 15−7 +

15′1 + 241 + 245 + 24−7 + 279 + 27−3 + 35−3 + 421 + 425
[1, 3, 1] = 384 → 10−6 + 106 + 15−2 + 152 + 15′−2 + 15′2 + 2410 + 24−2 + 242 +

24−10 + 276 + 27−6 + 35−6 + 356 + 42−2 + 422

E.3 SU(4)→ SU(2)× SU(2)×U(1)→ SU(2)× SU(2)

Table E.4: Some representation branching rules under the regular subalgebra embedding
SU(2)× SU(2)×U(1) ⊂ SU(4)

SU(4) → SU(2)× SU(2)×U(1)

[1, 0, 0] = 4 → (2,1)1 + (1,2)−1

[0, 1, 0] = 6 → (1,1)2 + (1,1)−2 + (2,2)0
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Table E.4: Some representation branching rules under the regular subalgebra embedding
SU(2)× SU(2)×U(1) ⊂ SU(4) (continued)

SU(4) → SU(2)× SU(2)×U(1)

[2, 0, 0] = 10 → (2,2)0 + (3,1)2 + (1,3)−2

[1, 0, 1] = 15 → (1,1)0 + (2,2)2 + (2,2)−2 + (3,1)0 + (1,3)0

[0, 1, 1] = 20 → (2,1)1 + (2,1)−3 + (1,2)3 + (1,2)−1 + (3,2)−1 + (2,3)1

[0, 2, 0] = 20′ → (1,1)4 + (1,1)0 + (1,1)−4 + (2,2)2 + (2,2)−2 + (3,3)0

[2, 0, 1] = 36 → (2,1)1 + (1,2)−1 + (3,2)3 + (3,2)−1 + (2,3)1 + (2,3)−3 +
(4,1)1 + (1,4)−1

[2, 1, 0] = 45 → (2,2)2+(2,2)−2+(3,1)4+(3,1)0+(1,3)0+(1,3)−4+(3,3)0+
(4,2)2 + (2,4)−2

[0, 3, 0] = 50 → (1,1)6 + (1,1)2 + (1,1)−2 + (1,1)−6 + (2,2)4 + (2,2)0 +
(2,2)−4 + (3,3)2 + (3,3)−2 + (4,4)0

[1, 2, 0] = 60 → (2,1)5 + (2,1)1 + (2,1)−3 + (1,2)3 + (1,2)−1 + (1,2)−5 +
(3,2)3 + (3,2)−1 + (2,3)1 + (2,3)−3 + (4,3)1 + (3,4)−1

[1, 1, 1] = 64 → (1,1)2 + (1,1)−2 + (2,2)4 + 2(2,2)0 + (2,2)−4 + (3,1)2 +
(3,1)−2+(1,3)2+(1,3)−2+(3,3)2+(3,3)−2+(4,2)0+(2,4)0

[2, 0, 2] = 84 → (1,1)0 +(2,2)2 +(2,2)−2 +(3,1)0 +(1,3)0 +(3,3)4 +(3,3)0 +
(3,3)−4+(4,2)2+(4,2)−2+(2,4)2+(2,4)−2+(5,1)0+(1,5)0

[0, 4, 0] = 105 → (1,1)8+(1,1)4+(1,1)0+(1,1)−4+(1,1)−8+(2,2)6+(2,2)2+
(2,2)−2 + (2,2)−6 + (3,3)4 + (3,3)0 + (3,3)−4 + (4,4)2 +
(4,4)−2 + (5,5)0

[2, 2, 0] = 126 → (2,2)4+(2,2)0+(2,2)−4+(3,1)6+(3,1)2+(3,1)−2+(1,3)2+
(1,3)−2 + (1,3)−6 + (3,3)2 + (3,3)−2 + (4,2)4 + (4,2)0 +
(2,4)0 + (2,4)−4 + (4,4)0 + (5,3)2 + (3,5)−2

[1, 1, 2] = 140 → (2,1)1 + (2,1)−3 + (1,2)3 + (1,2)−1 + (3,2)3 + 2(3,2)−1 +
(3,2)−5 + (2,3)5 + 2(2,3)1 + (2,3)−3 + (4,1)1 + (4,1)−3 +
(1,4)3 + (1,4)−1 + (4,3)1 + (4,3)−3 + (3,4)3 + (3,4)−1 +
(5,2)−1 + (2,5)1

[0, 3, 1] = 140′ → (2,1)5 + (2,1)1 + (2,1)−3 + (2,1)−7 + (1,2)7 + (1,2)3 +
(1,2)−1 + (1,2)−5 + (3,2)3 + (3,2)−1 + (3,2)−5 + (2,3)5 +
(2,3)1 + (2,3)−3 + (4,3)1 + (4,3)−3 + (3,4)3 + (3,4)−1 +
(5,4)−1 + (4,5)1

[1, 2, 1] = 175 → (1,1)4 + (1,1)0 + (1,1)−4 + (2,2)6 + 2(2,2)2 + 2(2,2)−2 +
(2,2)−6 + (3,1)4 + (3,1)0 + (3,1)−4 + (1,3)4 + (1,3)0 +
(1,3)−4 + (3,3)4 + 2(3,3)0 + (3,3)−4 + (4,2)2 + (4,2)−2 +
(2,4)2 + (2,4)−2 + (4,4)2 + (4,4)−2 + (5,3)0 + (3,5)0
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Table E.4: Some representation branching rules under the regular subalgebra embedding
SU(2)× SU(2)×U(1) ⊂ SU(4) (continued)

SU(4) → SU(2)× SU(2)×U(1)

[0, 5, 0] = 196 → (1,1)10 + (1,1)6 + (1,1)2 + (1,1)−2 + (1,1)−6 + (1,1)−10 +
(2,2)8+(2,2)4+(2,2)0+(2,2)−4+(2,2)−8+(3,3)6+(3,3)2+
(3,3)−2 + (3,3)−6 + (4,4)4 + (4,4)0 + (4,4)−4 + (5,5)2 +
(5,5)−2 + (6,6)0

[2, 3, 0] = 280 → (2,2)6+(2,2)2+(2,2)−2+(2,2)−6+(3,1)8+(3,1)4+(3,1)0+
(3,1)−4 + (1,3)4 + (1,3)0 + (1,3)−4 + (1,3)−8 + (3,3)4 +
(3,3)0 + (3,3)−4 + (4,2)6 + (4,2)2 + (4,2)−2 + (2,4)2 +
(2,4)−2 + (2,4)−6 + (4,4)2 + (4,4)−2 + (5,3)4 + (5,3)0 +
(3,5)0 + (3,5)−4 + (5,5)0 + (6,4)2 + (4,6)−2

[1, 4, 0] = 280′ → (2,1)9+(2,1)5+(2,1)1+(2,1)−3+(2,1)−7+(1,2)7+(1,2)3+
(1,2)−1 + (1,2)−5 + (1,2)−9 + (3,2)7 + (3,2)3 + (3,2)−1 +
(3,2)−5 + (2,3)5 + (2,3)1 + (2,3)−3 + (2,3)−7 + (4,3)5 +
(4,3)1 + (4,3)−3 + (3,4)3 + (3,4)−1 + (3,4)−5 + (5,4)3 +
(5,4)−1 + (4,5)1 + (4,5)−3 + (6,5)1 + (5,6)−1

[2, 1, 2] = 300 → (1,1)2 + (1,1)−2 + (2,2)4 + 2(2,2)0 + (2,2)−4 + (3,1)2 +
(3,1)−2 + (1,3)2 + (1,3)−2 + (3,3)6 + 2(3,3)2 + 2(3,3)−2 +
(3,3)−6 + (4,2)4 + 2(4,2)0 + (4,2)−4 + (2,4)4 + 2(2,4)0 +
(2,4)−4 + (5,1)2 + (5,1)−2 + (1,5)2 + (1,5)−2 + (4,4)4 +
(4,4)0 + (4,4)−4 + (5,3)2 + (5,3)−2 + (3,5)2 + (3,5)−2 +
(6,2)0 + (2,6)0

[2, 2, 1] = 360 → (2,1)5 + (2,1)1 + (2,1)−3 + (1,2)3 + (1,2)−1 + (1,2)−5 +
(3,2)7 + 2(3,2)3 + 2(3,2)−1 + (3,2)−5 + (2,3)5 + 2(2,3)1 +
2(2,3)−3 + (2,3)−7 + (4,1)5 + (4,1)1 + (4,1)−3 + (1,4)3 +
(1,4)−1 + (1,4)−5 + (4,3)5 + 2(4,3)1 + (4,3)−3 + (3,4)3 +
2(3,4)−1 + (3,4)−5 + (5,2)3 + (5,2)−1 + (2,5)1 + (2,5)−3 +
(5,4)3 + (5,4)−1 + (4,5)1 + (4,5)−3 + (6,3)1 + (3,6)−1

[1, 3, 1] = 384 → (1,1)6 + (1,1)2 + (1,1)−2 + (1,1)−6 + (2,2)8 + 2(2,2)4 +
2(2,2)0 + 2(2,2)−4 + (2,2)−8 + (3,1)6 + (3,1)2 + (3,1)−2 +
(3,1)−6 + (1,3)6 + (1,3)2 + (1,3)−2 + (1,3)−6 + (3,3)6 +
2(3,3)2 + 2(3,3)−2 + (3,3)−6 + (4,2)4 + (4,2)0 + (4,2)−4 +
(2,4)4 + (2,4)0 + (2,4)−4 + (4,4)4 + 2(4,4)0 + (4,4)−4 +
(5,3)2 + (5,3)−2 + (3,5)2 + (3,5)−2 + (5,5)2 + (5,5)−2 +
(6,4)0 + (4,6)0

The branchings under SU(2)× SU(2) ⊂ SU(4) can be obtained by removing the U(1) charge
from the branchings under SU(2)× SU(2)×U(1) ⊂ SU(4) in the table above.
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Table E.5: Some representation branching rules under the regular subalgebra embedding
SU(2)× SU(2) ⊂ SU(4)

SU(4) → SU(2)× SU(2)

[1, 0, 0] = 4 → (2,1) + (1,2)
[0, 1, 0] = 6 → 2(1,1) + (2,2)
[2, 0, 0] = 10 → (2,2) + (3,1) + (1,3)
[1, 0, 1] = 15 → (1,1) + 2(2,2) + (3,1) + (1,3)
[0, 1, 1] = 20 → 2(2,1) + 2(1,2) + (3,2) + (2,3)
[0, 2, 0] = 20′ → 3(1,1) + 2(2,2) + (3,3)
[2, 0, 1] = 36 → (2,1) + (1,2) + 2(3,2) + 2(2,3) + (4,1) + (1,4)
[2, 1, 0] = 45 → 2(2,2) + 2(3,1) + 2(1,3) + (3,3) + (4,2) + (2,4)
[0, 3, 0] = 50 → 4(1,1) + 3(2,2) + 2(3,3) + (4,4)
[1, 2, 0] = 60 → 3(2,1) + 3(1,2) + 2(3,2) + 2(2,3) + (4,3) + (3,4)
[1, 1, 1] = 64 → 2(1,1) + 4(2,2) + 2(3,1) + 2(1,3) + 2(3,3) + (4,2) + (2,4)
[2, 0, 2] = 84 → (1,1) + 2(2,2) + (3,1) + (1,3) + 3(3,3) + 2(4,2) + 2(2,4) +

(5,1) + (1,5)
[0, 4, 0] = 105 → 5(1,1) + 4(2,2) + 3(3,3) + 2(4,4) + (5,5)
[2, 2, 0] = 126 → 3(2,2)+3(3,1)+3(1,3)+2(3,3)+2(4,2)+2(2,4)+(4,4)+

(5,3) + (3,5)
[1, 1, 2] = 140 → 2(2,1)+2(1,2)+4(3,2)+4(2,3)+2(4,1)+2(1,4)+2(4,3)+

2(3,4) + (5,2) + (2,5)
[0, 3, 1] = 140′ → 4(2,1)+4(1,2)+3(3,2)+3(2,3)+2(4,3)+2(3,4)+(5,4)+

(4,5)
[1, 2, 1] = 175 → 3(1,1)+6(2,2)+3(3,1)+3(1,3)+4(3,3)+2(4,2)+2(2,4)+

2(4,4) + (5,3) + (3,5)
[0, 5, 0] = 196 → 6(1,1) + 5(2,2) + 4(3,3) + 3(4,4) + 2(5,5) + (6,6)
[2, 3, 0] = 280 → 4(2,2)+4(3,1)+4(1,3)+3(3,3)+3(4,2)+3(2,4)+2(4,4)+

2(5,3) + 2(3,5) + (5,5) + (6,4) + (4,6)
[1, 4, 0] = 280′ → 5(2,1)+5(1,2)+4(3,2)+4(2,3)+3(4,3)+3(3,4)+2(5,4)+

2(4,5) + (6,5) + (5,6)
[2, 1, 2] = 300 → 2(1,1)+4(2,2)+2(3,1)+2(1,3)+6(3,3)+4(4,2)+4(2,4)+

2(5,1) + 2(1,5) + 3(4,4) + 2(5,3) + 2(3,5) + (6,2) + (2,6)
[2, 2, 1] = 360 → 3(2,1)+3(1,2)+6(3,2)+6(2,3)+3(4,1)+3(1,4)+4(4,3)+

4(3,4) + 2(5,2) + 2(2,5) + 2(5,4) + 2(4,5) + (6,3) + (3,6)
[1, 3, 1] = 384 → 4(1,1)+8(2,2)+4(3,1)+4(1,3)+6(3,3)+3(4,2)+3(2,4)+

4(4,4) + 2(5,3) + 2(3,5) + 2(5,5) + (6,4) + (4,6)
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Appendix F

Explicit Branching of Short
Multiplets

In this appendix we would like to tabulate the explicit fitting of N = 1 and N = 2 superfields
into short N = 4 representations for the lowest orders p ∈ {2, 3, 4, 5} in the N = 1 case and
p ∈ {2, 3} in the N = 2 case. More details on the way these decompositions were constructed
can be found in the main text in Chapters 2 and 7.

F.1 Short Multiplets in the N = 1 Description

The general rule for the decomposition is that for a given order p short multiplet one
should take all possible p-fold products of the field strength superfield Wα, the chiral
superfields Zi, and their conjugates W α̇ and Z̄i. The quantum numbers of the composite
operators so constructed are computed from the quantum numbers of the superfields,
and the representations of the component fields can be deduced by consistency with the
transformation properties of the Grassmann coordinates θ.

F.1.1 Case p = 2

The p = 2 short multiplet is given by
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20′
(00)

20( 1
2 0) 20(0 1

2 )

15( 1
2

1
2 )6(10)10(00) 6(01)10(00)

4( 1
2 0)

4(1 1
2 ) 4( 1

2 1)
4(0 1

2 )

1(00) 1(11) 1(00)

After restriction to an N = 1 sub-algebra these representations branch under SU(3)×U(1) ⊂
SU(4) as described in Appendix E.2, and can be found in the following N = 1 superfields
and their conjugates that cover the short N = 4 multiplet:

Z2 = 64(00) WZ = 35( 1
2 0) W 2 = 16(00) ZZ̄ = 80(00) WZ̄ = 31( 1

2 0)

WW̄ = 10( 1
2

1
2 )

F.1.2 Case p = 3

The p = 3 short multiplet is given by
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50(00)

60( 1
2 0)

60(0 1
2 )

64( 1
2

1
2 )20′

(10)45(00) 20′
(01)45(00)

20( 1
2 0) 20(1 1

2 )36(0 1
2 )

20( 1
2 1)36( 1

2 0) 20(0 1
2 )

6(00) 15( 1
2

1
2 ) 6(11)10(10)10(01)

15( 1
2

1
2 ) 6(00)

4(0 1
2 ) 4( 1

2 1)
4(1 1

2 ) 4( 1
2 0)

1(01) 1(10)

After restriction to an N = 1 sub-algebra these representations branch under SU(3)×U(1) ⊂
SU(4) as described in Appendix E.2, and can be found in the following N = 1 superfields
and their conjugates that cover the short N = 4 multiplet:

Z3 = 106(00) Z2Z̄ = 152(00) WZ2 = 67( 1
2 0) WZZ̄ = 83( 1

2 0) WZ̄2 = 6−1( 1
2 0)

W 2Z = 38(00) W 2Z̄ = 34(00) WW̄Z = 32( 1
2

1
2 ) W 2W̄ = 13(0 1

2 )

F.1.3 Case p = 4

The p = 4 short multiplet is given by
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105(00)

140′
( 1

2 0) 140′
(0 1

2 )

50(10)126(00)
175( 1

2
1
2 ) 50(01)126(00)

60( 1
2 0)

60(1 1
2 )140(0 1

2 ) 60( 1
2 1)140( 1

2 0)
60(0 1

2 )

20′
(00) 64( 1

2
1
2 )

20′
(11)45(10)

45(01)84(00)
64( 1

2
1
2 ) 20′

(00)

20(0 1
2 )

20( 1
2 1)36( 1

2 0) 20(1 1
2 )36(0 1

2 )
20( 1

2 0)

6(01)10(00) 15( 1
2

1
2 ) 6(10)10(00)

4(0 1
2 ) 4( 1

2 0)

1(00)

After restriction to an N = 1 sub-algebra these representations branch under SU(3)×U(1) ⊂
SU(4) as described in Appendix E.2, and can be found in the following N = 1 superfields
and their conjugates that cover the short N = 4 multiplet:

Z4 = 15′
8(00) Z3Z̄ = 244(00) Z2Z̄2 = 270(00) WZ3 = 109( 1

2 0) WZ2Z̄ = 155( 1
2 0)

WZZ̄2 = 151( 1
2 0) WZ̄3 = 10−3( 1

2 0) W 2Z2 = 610(00) W 2ZZ̄ = 86(00) W 2Z̄2 = 62(00)

WW̄Z2 = 64( 1
2

1
2 ) WW̄ZZ̄ = 80( 1

2
1
2 ) W 2W̄Z = 35(0 1

2 ) W 2W̄ Z̄ = 31(0 1
2 ) W 2W̄ 2 = 10(00)

F.1.4 Case p = 5

The p = 5 short multiplet is given by
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196(00)

280′
( 1

2 0) 280′
(0 1

2 )

105(10)280(00)
384( 1

2
1
2 ) 105(01)280(00)

140′
( 1

2 0) 140′
(1 1

2 )360(0 1
2 ) 140′

( 1
2 1)360( 1

2 0) 140′
(0 1

2 )

50(00) 175( 1
2

1
2 )

50(11)126(10)

126(01)300(00)
175( 1

2
1
2 ) 50(00)

60(0 1
2 ) 60( 1

2 1)140( 1
2 0)

140(1 1
2 )140(0 1

2 ) 60( 1
2 0)

20′
(01)45(00) 64( 1

2
1
2 ) 20′

(10)45(00)

20(0 1
2 )

20( 1
2 0)

6(00)

After restriction to an N = 1 sub-algebra these representations branch under SU(3)×U(1) ⊂
SU(4) as described in Appendix E.2, and can be found in the following N = 1 superfields
and their conjugates that cover the short N = 4 multiplet:

Z5 = 2110(00) Z4Z̄ = 356(00) Z3Z̄2 = 422(00) WZ4 = 15′
11( 1

2 0) WZ3Z̄ = 247( 1
2 0)

WZ2Z̄2 = 273( 1
2 0) WZZ̄3 = 24−1( 1

2 0) WZ̄4 = 15′−5( 1
2 0) W 2Z3 = 1012(00)

W 2Z2Z̄ = 158(00) W 2ZZ̄2 = 154(00) W 2Z̄3 = 100(00) WW̄Z3 = 106( 1
2

1
2 )
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WW̄Z2Z̄ = 152( 1
2

1
2 ) W 2W̄Z2 = 67(0 1

2 ) W 2W̄ZZ̄ = 83(0 1
2 ) W 2W̄ Z̄2 = 6−1(0 1

2 )

W 2W̄ 2Z = 32(00)

F.2 Short Multiplets in the N = 2 Description

As for the branching under N = 1, the decomposition of the N = 4 short multiplets
under N = 2 can be formulated in terms of products of N = 2 superfields. To find the
decomposition of the order-p N = 4 short multiplet take all possible p-fold products of the
N = 2 superfields Q, W , and W̄ that we introduced in the previous section. Their physical
components span the area of the N = 4 short multiplet that is covered.

F.2.1 Case p = 2

The order-2 N = 4 short multiplet
20′

(00)

20( 1
2 0) 20(0 1

2 )

15( 1
2

1
2 )6(10)10(00) 6(01)10(00)

4( 1
2 0)

4(1 1
2 ) 4( 1

2 1)
4(0 1

2 )

1(00) 1(11) 1(00)

decomposes into N = 2 superfields as follows:
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W 2 = (1, 1)4 WW̄ = (1, 1)0 W̄ 2 = (1, 1)−4

WQ = (2, 2)2 Q2 = (3, 3)0 W̄Q = (2, 2)−2

F.2.2 Case p = 3

The order-3 N = 4 short multiplet
50(00)

60( 1
2 0)

60(0 1
2 )

64( 1
2

1
2 )20′

(10)45(00) 20′
(01)45(00)

20( 1
2 0) 20(1 1

2 )36(0 1
2 )

20( 1
2 1)36( 1

2 0) 20(0 1
2 )

6(00) 15( 1
2

1
2 ) 6(11)10(10)10(01)

15( 1
2

1
2 ) 6(00)

4(0 1
2 ) 4( 1

2 1)
4(1 1

2 ) 4( 1
2 0)

1(01) 1(10)

decomposes into N = 2 superfields as follows:

W 3 = (1, 1)6 W 2W̄ = (1, 1)2 W 2Q = (2, 2)4



246 Appendix F. Explicit Branching of Short Multiplets

WW̄Q = (2, 2)0 WQ2 = (3, 3)2 Q3 = (4, 4)0

Here we have omitted those diagrams that can be obtained from the presented ones by
complex conjugation.



Appendix G

Holographic Supergravity
Potentials Listing

In this appendix we list explicit expressions for supergravity potentials that were obtained
using the formula (5.18) in Chapter 5, which was obtained using holographic RG flow
techniques. This formula is valid for supergravity modes that are dual to field theory
operators that preserve at least an N = 1 supersymmetry. We limit ourselves to dimensions
d =3, 4, and 6, which seem most relevant. Only relevant operators of the field theory with
dimensions ∆ < d were considered.

G.1 Dimension d = 3 dual to AdS4

∆ = 1:

V = 1
4κ2

[
cosh2(

√
2φ)− 6 cosh(

√
2φ)− 7

]
(G.1)

= 1
4κ2

(
cosh(

√
2φ) + 1

) (
cosh(

√
2φ)− 7

)
(G.2)

= 1
2κ2 cosh2

(
φ√
2

)(
cosh(

√
2φ)− 7

)
(G.3)

∆ = 2:

V = − 1
4κ2

[
cosh2(φ) + 6 cosh(φ) + 5

]
(G.4)

= − 1
4κ2 (cosh(φ) + 1) (cosh(φ) + 5) (G.5)

= − 1
2κ2 cosh2

(
φ

2

)
(cosh(φ) + 5) (G.6)
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G.2 Dimension d = 4 dual to AdS5

∆ = 1:

V = 3
4κ2

[
cosh2(

√
2φ)− 4 cosh(

√
2φ)− 5

]
(G.7)

= 3
4κ2

(
cosh(

√
2φ) + 1

) (
cosh(

√
2φ)− 5

)
(G.8)

= 3
2κ2 cosh2

(
φ√
2

)(
cosh(

√
2φ)− 5

)
(G.9)

∆ = 2:

V = − 3
κ2

(
cosh

( 2φ√
3

)
+ 1

)
(G.10)

= − 6
κ2 cosh2

(
φ√
3

)
(G.11)

∆ = 3:

V = − 3
4κ2

[
cosh2

(√
2
3φ
)

+ 4 cosh
(√

2
3φ
)

+ 3
]

(G.12)

= − 3
4κ2

(
cosh

(√
2
3φ
)

+ 1
)(

cosh
(√

2
3φ
)

+ 3
)

(G.13)

= − 3
2κ2 cosh2

(
φ√
6

)(
cosh

(√
2
3φ
)

+ 3
)

(G.14)

G.3 Dimension d = 6 dual to AdS7

∆ = 1:

V = 5
2κ2

[
cosh2(

√
2φ)− 3 cosh(

√
2φ)− 4

]
(G.15)

= 5
2κ2

(
cosh(

√
2φ) + 1

) (
cosh(

√
2φ)− 4

)
(G.16)

= 5
κ2 cosh2

(
φ√
2

)(
cosh(

√
2φ)− 4

)
(G.17)

∆ = 2:

V = 5
4κ2

[
cosh2

(√
8
5φ
)
− 6 cosh

(√
8
5φ
)
− 7

]
(G.18)

= 5
4κ2

(
cosh

(√
8
5φ
)

+ 1
)(

cosh
(√

8
5φ
)
− 7

)
(G.19)
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= 5
2κ2 cosh2

(√
2
5φ
)(

cosh
(√

8
5φ
)
− 4

)
(G.20)

∆ = 3:

V = − 15
2κ2

(
cosh

(√
6
5φ
)

+ 1
)

(G.21)

= −15
κ2 cosh2

(√
3
10φ

)
(G.22)

∆ = 4:

V = − 5
4κ2

[
cosh2

( 2√
5
φ

)
+ 6 cosh

( 2√
5
φ

)
+ 5

]
(G.23)

= − 5
4κ2

(
cosh

( 2√
5
φ

)
+ 1

)(
cosh

( 2√
5
φ

)
+ 5

)
(G.24)

= − 5
2κ2 cosh2

(
φ√
5

)(
cosh

( 2√
5
φ

)
+ 5

)
(G.25)

∆ = 5:

V = − 5
2κ2

[
cosh2

(√
2
5φ
)

+ 3 cosh
(√

2
5φ
)

+ 2
]

(G.26)

= − 5
2κ2

(
cosh

(√
2
5φ
)

+ 1
)(

cosh
(√

2
5φ
)

+ 2
)

(G.27)

= − 5
κ2 cosh2

(
φ√
10

)(
cosh

(√
2
5φ
)

+ 2
)

(G.28)
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