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Abstract
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1 Introduction

Threshold regression (TR) is an important statistical model that has been influential in many fields. There
are extensive applications in economics and Hansen (2011) provides a summary of the empirical literature.
The typical setup has the following form
_ .T//81+U17 qgf% (1)
By +u2, >

where u, satisfies E [ug|z,q] = 0 and may be conditionally heteroskedastic over the two regimes ¢ = 1, 2E|
the variable g governs the threshold trigger « that splits the sample and ¢ has density f, (-) and distribution
F, (+), the regressor z € R* may include g as a covariate, and 3 := (87, 35)" € R?* is the coefficient vector
covering the two regimes. The setup is similar to simple linear regression except that the slope coefficients
depend on whether the threshold variable ¢ crosses the threshold point . The parameter 7 is often of
primary interest in applications.

Under the conditional mean independence assumption E [us|x, ¢] = 0, the threshold parameter v can be
estimated by nonlinear least squares regression giving the least squares estimator (LSE)

5 = arg min M, ,
7 = argmin M, (7)
where I is the parameter space of -y, which is assumed to be a proper subset of the support of ¢, the criterion

function is
n

Mo (1) = min 3~ (g = @i (a: <) = @ial(a: > 7))’
i=1

and 1(-) is the indicator function. Optimization of M, (y) typically leads to an interval estimate of .
Common practice in the literature on threshold regression employs the left-endpoint LSE (LLSE) to resolve
this uncertainty, although Yu (2012, 2015) has recently shown that the middle-point LSE (MLSE) is more
efficient in most cases. The precise definition of the arg min, operation or the particular choice (LLSE or
MLSE) of practical implementation of the regression estimator 7 do not affect any of the results in this
paper.

Two approaches have been proposed for inference about « in the TR model . The first is the fixed-
threshold-effect framework of Chan (1993) where the break differential dg := 8,y — 84 is taken as fixed and

where we use the zero subscript to indicate true value. In this framework, 7 is n-consistent, and

n (=) = argmin D (v), (2)
v
where
N(|v])
214y if v < Oa

D) ={ v 3)
S zo, ifv >0,
i=1

2¢; has an absolutely continuous distribution, Ny (-) is a Poisson process with intensity fg (7o), and {z1;, 22i };5 1,

IThe symbol ¢ is used to indicate the two regimes in and, to simplify notation in what follows, the explicit values
"¢ =1,2" are often omitted.



Ni(-) and Ns(-) are independent of each other. Define the variables

Zy = 2zidour; + Spziwido,

Zoi = —2x}8oug; + Sxixido,

where Zy; represents the effect on M, () — M, (7y,) when ~ is displaced on the left of v, and Z3; represents
the converse case. Then zi; = limaoZ1i1 {79 + A < ¢ < ¢} is the limiting conditional value of Z1; given
Yo+ A < ¢ <75, A <0 with A70, and z9; = limajoZ2;1 {7y < ¢; < v+ A} is the limiting conditional
value of Zy; given 75 < ¢ < 7o+ A, A > 0 with A | 0. It follows that the density of the quantity
ze; 18 fz,.4(20,70)/ f4(70), the conditional density of Z, given ¢ = ~y,. In this framework, the asymptotic
distribution of 7 is given as the argmin of the compound Poisson process D (v) in .

The second approach is the shrinking-threshold-effect framework of Hansen (2000) which is borrowed
from the structural change literature such as Picard (1985) and Bai (1997), where the break differential d
shrinks to zero as n — oo and is therefore denoted by d,,. As long as ||6,]] — 0 and /n||d,] — oo (i.e., d,
does not fall in a contiguous neighborhood of the unidentified case d,, = 0, or in other words, there is sufficient
identification information asymptotically in the sample data), then 7 is consistent with the convergence rate
an = nl6,]%, and

~ d .
an (5 7o) % argmin C (v), (4)

where
Clv) =

()

2v/fa(vo)uWi([v]) + fo(v0)@ o], if v <0,
fa(v0)Q2Wa(|v]) + fu(vo)@Q v, if v >0,

. . 8! Blza'|g=7,]0n . 5! E wmu?|q:’\/0 On
with Q = lim Sl 0 =y el

dent standard Brownian motions defined on [0,00). In this framework, the asymptotic distribution of 7 is

, and the pair {W;(v),£ = 1,2} being two indepen-

given as the argmin of the drifted two-sided Brownian motion C(v) in with different scale parameters in
the two directions.

An interesting question that emerges from these two different asymptotic distributions of 7 is how they
are related, given that they both arise from the same statistical problem. In particular, why and how does
the argmin of a compound Poisson process transition to the argmin of a two-sided Brownian motion as the
parameter J§p changes from being treated as ‘fixed’ to one that ‘shrinks to zero’. The goal of the present

paper is to provide the connection between the two limit theories.

2 Two Asymptotic Distributions and Their Connection

This section provides some background on the two different limit forms D(-) and C(-) and some intuition on
how they determine the asymptotic distributions of 4 and influence the different convergence rates. From

Yu (2014), we have the finite sample formulation

n (¥ =) = argmin Dy, (v) + 0p(1), (6)
where

n B v n B v
Dn(v)Zzzul(%‘*‘E<Q¢§’Yo>+zzzi1(%<qz‘ﬁ’yo+ )
i—1

: n
i=1



From Hansen (2000), we have the alternate formulation

an (5~ o) = argmin Gy, (v) + 0,(1), )

where
— v
’U) = Zzlil (’Yo ”5 || <¢g = ’Yo) + ZZQ’L <’Yo <qi <o+ n||5|2> .
i=1 n

Note from these criteria that in estimating 7, we may effectively assume that the parameter vector (§ is
known. The reason is that estimation of « involves only local information around the threshold value 7,
while estimation of  involves global information and these two components of the information set are
independent — see Yu (2012, 2015).

The difference between the criteria D, (-) and Cy, (-) is that the localizing parameter v in D, () is
standardized to v/ ||8,]|° in C,, (), taking account of the shrinking differential d,,. As a result, we may write
(Eb as argmin C,, (v) = ||6,|* argmin D,, (v) . This restandardization relating the criteria explains why the
convergence rate of 5 changes from n to a, = n ||8,” in moving from @ to .

To understand the limit theory in which D, () converges to D (-), we may rewrite D, (-) as

Nin(|vl)
Z14, if v < 07
Dy (v) = N;,,L:(};)
Z Zai, if v > 0,
=1

where Ny, (Jv]) =37 1 (70 + 2 < ¢ <) and Nap(v) =371 1 (79 < ¢ < 79 + 2). Note that Np,(+) is
a binomial process. For example, for any given v > 0,

N2n (U) ~ Bin (n’pn (U)) ’

with p,, (v) = Fy (7o + ) — F, (70), and for any vy > vy > 0, the increment Nay, (v2) — Nay, (v1) is independent
of Nay,(v1). It is well known that a binomial process will converge to a Poisson process if np,, (v) converges
to a finite number for any v. In our case, np, (v) — fq (7o) v, where f, (-) is assumed to be continuous,
positive and finite in a neighborhood of ’YoE' This explains why D, (-) ~ D (-), where we use ~ to indicate
weak convergence of a stochastic process on the associated probability space.

The reason why the variable Z,; changes to zy; is because only those g; that are local to 7, are involved
in D, (-). In D, (-), Ng,(-) and Zy; are correlated through the correlation between ¢; and Z,. But for
two random variables (X,Y), their joint density f(X,Y) = f(Y|X) f(X) factors so that Y given X is
statistically independent of X although f(Y|X) may still be functionally dependent on X — see footnote
10 of Heckman (1997). This explains why z¢;, as a conditional random variable given g;, is independent of
No(+).

In contrast to the case of D, (-), observe that n (Fq (’yo + W) - F, (’Yo)) ~ fq (7o) W — 00, as
l05]] — 0, so that infinitely many ¢;’s are involved asymptotically in the local neighborhood of 7, for any
given v > 0. As a result, a central limit theorem can be applied for a given v to the sums involved in C,, ()

and under tightness a functional law gives rise to . It is not hard to show the following moment limits

E[C, (v)] = nE

v
8wy - 1 <70 <qi <7+ n||62>] — Q- fq(vo)v

2See Yu and Zhao (2013) for cases where the density fq(-) need not be continuous at «, and need not be bounded below by
zero and bounded above by a positive constant in a neighborhood of .



and

v
V(Cn (v)) = nV (‘2332571“21‘ -1 (70 <q <+ ||5||2>> — 4Qs - fq (7)) v-
T ||On

Then, because C,, (+) is an independent increments process, it follows by standard empirical process methods
that C,, (-) converges to the process C (-) in (5).

3 Sequential Asymptotics

Given the different limits described above, the question studied in the present paper is the mechanism by
which the convergence n (¥ — v¢) = argmin, D,, (v)+o0,(1) %, argmin, D (v) changes to n [|6,]* (3 = 7,) =
arg min, C,, (v) + o0p,(1) N arg min, C (v) when ||0,]] — 0. Note that Cp,(v) = D, (W), so the second
limit distribution follows by a joint asymptotic argument in which both n — oo and ||d,|| — 0. On the other
hand, the first limit distribution is obtained by letting n — oo with §y fixed. Given that arg min, D (W) =

60 |* arg min, D (v) it follows that n ||do|* (3 — ) is approximately argmin, D (W) in the first frame-

work. We therefore seek to explain why argmin, D( ) —4, argmin, C (v) as [|do]] — 0. In other

U
50l
words, the question involves explaining the mechanism by which sequential asymptotics generates the same
asymptotic distribution as joint asymptotics, viz., why letting n — oo and ||d,]] — 0 jointly generates the
same limit distribution of 7 as first letting n — oo and then letting ||do|| — OE| The relevant processes are

simply represented in the following diagram:

n (V) = | D(v)
lv=pp 71 v = o 190 — 0
C, (v "= | C

) oo | €

Problems of joint and sequential limit theory have been addressed before in weak convergence the-
ory (Billingsley, 1968, Theorem 4.2), in panel data asymptotics (Phillips and Moon, 1999) and in near-
unit root limit theory (Phillips, 1987, Chan and Wei, 1987, Bykhovskaya and Phillips, 2018). The lat-
ter work, which bears some similarity to the present context in terms of taking limits to the boundary
of the domain of definition of the parameters, deals with the first order autoregression (AR(1)) model
{yr = ayt +ug; t=1,2,--- ,n} with parameter a = e/ —00 < ¢ < O When a is fixed, or ¢ diverges
to negative infinity at the rate n so that ¢ ~ ¢*n for some fixed ¢* < 0 then the model is a stable, or
asymptotically stable AR(1) model. In this case, we have joint asymptotics where both |c¢| and n diverge to
00, and the asymptotic distribution of the LSE @ of a is normal. When n — oo and the localizing parameter
¢ < 0 is fixed, the model has a root that is local to unity since a — 1, and the asymptotic distribution of @
involves quadratic functionals of a diffusion process. Theorem 2 of Phillips (1987) shows that the sequential
limit distribution of @ (after normalization and centering) by first letting n — co and then letting ¢ — —oo
is the same as the joint limit distribution obtained by letting n — oo and ¢ — —oo at the simultaneous rate
n.

The following theorem provides a rigorous statement of the corresponding asymptotic distributional

equivalence that obtains in the threshold regression model.

3 As suggested by the referee, in the sequential asymptotics, dg in D(-) does not depend on n because n has already diverged
to 0o, so we maintain the notation dgp in the sequential asymptotics.

4The case where ¢ > 0 and ¢ — oo at the upper boundary of the domain of definition is also considered in Phillips (1987).
Bykhovskaya and Phillips (2018) consider cases where ¢(-) = cg(-) is a function and the scale coefficient ¢ — +oo.



. - SoE 2lg=",18
Theorem 1 If mwﬁmnd%w
0 0

(i) 0 < f < folvo) < F < oo; (iti) the conditional distributions of ug|yq=y and x|q— are continuous at

— Qg as ||0o]l 70,0 <Q <00 and 0 < Qy < o0;

q="0 Bluglz,g =", =0 and E {||33||4 lg = ’yo} < 00, then

v

U := arg min D <||5v||2> <, argmin C (v) as ||do]] — 0, (8)
0 v

where D(-) and C(-) are defined in (3) and (5).

Proof. We apply Theorem 2.7 of Kim and Pollard (1990) to derive this result. We need to check two
conditions for that theorem to apply: (i) ¥ = Op(1) as ||do]| — 0; and (ii) D (W) ~» C(v) € Cuin (R)
as ||0p]| — 0, where Cpin (R) is defined as the subset of continuous functions g(-) € Bio. (R) for which (a)
g(t) — oo as |t| — oo and (b) g(t) achieves its minimum at a unique point in R, and By, (R) is the space of
all locally bounded real functions on R endowed with the uniform metric on compacta. Two lemmas in the
Appendix are used to establish these conditions. The shelling method (see, e.g., Theorem 3.2.5 of van der
Vaart and Wellner (1996)) is used in Lemma of the Appendix to prove condition (i); and we apply Theorem
2.3 of Kim and Pollard in Lemma [2| to prove condition (ii). These two lemmas then give the convergence
result stated in the theorem. m

An important and novel feature in the above theorem is that as distinct from usual limiting objective
functions that arise in extremum estimation problems, the limit function D (-) involves a random rather
than deterministic number of summands. It is this feature that is decisive in determining the asymptotic

equivalence in the theorem.

4 Heuristic Arguments and An Illustrative Example

To provide some intuition on the limit result we use the following simple example. Suppose z = 1,
g~ U0,1], u3 = uy = u with variance 1, and u is independent of ¢ in . In this simple case, ||(5nH2 = 63,
fq(’YO) = 17 Q = 1a Q@ = 17

— 2 = 2
214 = 14 = (50 + 2(50”1' and Z9i = Z9; = 50 — 25()1%,

so that

Let v > 0 be given. Then

E[D (v)] =E[E[D (v) [Nz (-)] = B [N2(0)E [22:]] = E [Na(0)53] = 650,

Nz(v)
and, since D (v) = > z9; when v > 0, we have
i=1
V(D (v)) =

V(D (v) N2 (1))] + V(E[D (v) [N2 (-)])
[N2 (1) V (22:)] + V (N2(v)E [22i])

E
= E
E [405No(v)] + V (No(v)dg) = 465v + dgv = dgv (4 +83) - (9)



By Example 3(i) of Robbins (1948), we have the following CLT for a random number of summands

D(v) ~E[D@)] SN 25 — 530 1o

v) = Lis <20 N(0,1).
VDw) o) Y

Na(v)
Z; 295 ~q 020 + 1/ 520 (44 62) N (0,1),

where the symbol ~ is read as ‘approximately distributed as’. Making the change-of-variables v — v/ 6(2),

Na(0/82)
S s ~av o+ RN (0,1) (10)

~g v+ 2N (0,1) =444 C(v), (11)

That is, as v — o0,

we have

as 6o — 0, giving the finite dimensional distribution (represented as ‘=yqq" in (L1))) for given v of C(v) in
(b)) in the present example.

In the final line of approximation above, the quantity 531}, which is present in the variance of Zf\fl(”) Zo;
in @ and which appears after the transformation v — v/ég as 5(2)11 in , is negligible when 6y — 0. Since
this term Jyv arises from the randomness of the number of summands Ny (-), it follows from that it can
be neglected asymptotically if 69 — 0 as it is of smaller order. In other words, if N5 (+) is replaced by its mean
or if the random number of summands is changed to a deterministic summation, the final approximation is
unchanged. In effect, upon rescaling so that v — v/ 6(2) — o0 as §g — 0, the random sum CLT argument
leads directly to the finite dimensional distribution of C(v).

While the CLT of Robbins (1948, Theorem 1) cannot strictly be applied as it stands in the present exam-
ple, it provides a powerful measure of intuition Moreover, because D (v/ 5(2)) is an independent increments
process, we naturally expect tightness to hold and then, in view of , we have weak convergence of the
random sum process Zf\fl(v/ég) 29; ~> v + 2W (v) as a stochastic process on [0,00). In sum, these heuristics
deliver the sequence of approximations

N2('U

)
2 o 2 .
ndo (Y —70) ~a dparg min Zi:l 22i

2

. o)
= argmvin E ie1 2924
~ g argmin {v + 2W (v)}

= argmin C(v),

which are rigorously justified in the general setting by Theorem 1 above.

5The key point is that as dg — 0, the mean E [z%l] = 6% (4 + 6%) depends on 58 in the present case and is not fixed as in
2
Robbins (1948). If we check the condition (10) in Robbins (1948), we note that A = v/63 — oo, 02 = Var (Ziv:"’l(v/%) zzi) =
v (4 + 62) does not diverge to infinity, and v = |/Var (N2(v/62)) = 1/v/0% # o(c?). In other words, the Robbins (1948)
theorems and corollaries cannot be strictly applied in the present case but are nonetheless highly intuitive in the illustrative
example.
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Appendix: Lemmas

Throughout the appendix, = means higher order terms are neglected, C refers to a positive constant which
may not be the same at each occurrence, and ~~ signifies the weak convergence of a stochastic process on

the relevant probability space.
Lemma 1 ¥ = O,(1) as ||do] — 0.

Proof. Take v > 0 for illustration and v < 0 can be similarly proved. Partition Ry := {v|v > 0} into the
"shells" S; = {v 27l < < Qj} with j ranging over the integers. Given an integer J,

P(w>2")< PZ‘}P(@( (60”2>>§D(0)=O>.
inf

ot (0 () <0

Jélsf & [2 ()] -2 () -2 [2 (i) ]) go)
(fé? ’D(wou"‘) ~E D (5)] 2 Jof B [D(M’O’F)D
B sup D (i) — B[P (w%)”j/ﬁ&fﬁ [D(H[;:j”z)r

where the first equality is because

Now,

9

which implies E [D ( o )] - (D (—) —E [D ( v )} < D( v ) the second equality is because
o (E [D (Wﬂ - ‘D (II«SZHZ) —B [D (W)] ) 2 Jnf B {D (Haanﬂ e, p (Hé Hz) -5 {D (W)}

and the last equality is from Markov’s inequality. Note that the demeaned process D (v) :=D (” 50H2) —

E {D <W)} satisfies for any s < ¢,

s[pel{pe) | = B[pw-be|{Pe) _|+=[pul{pm} ]

B D6| {0} _| =B,

where the second to last equality is because D (v) is an independent increments process with mean zero such
that D (t) — D (s) is independent of {D (7')} and has mean zero. So D (v) is a continuous martingale

T7<s

indexed by v and )f) (v)| is a submartingale. To calculate E

vES;
inequality (see, e.g., Theorem 20 of Protter (2004)). First, by Assumption (iii),

-~ 2
sup |D (v)’ ], we apply Doob’s martingale

E [22;] = B [—2200ug; + doxix;00|q; = vo+] = 00 [zx]|q = 7] do =: 160> Qs,



and

V (22:) = V (=2x}ou2; + dozixidolqi = vo+)

=E [V (=2zidouz; + dowizido|zi, i = Yo+) [ai = Yo+ + V(B [-22{0ouzi + dowizidolzi, ¢ = Yo+ |6 = Yo +)
=E [(—2»’%50%22‘)2 g = %] +V (Sozizidola = 7o)

= 460E [zaud|q = o] 60 + O (H(SO||4) =: 4|60]|” Qas,

60E[$xu§|q:’yo]5o
0490

T <l () =2

= 16/, (70) 2/ + 0(1),

where Q5 = 76°E[x§£%j%]50 — Q and Qs =

(i). Now, by Doob’s martingale inequality,
v v
D|—s|-E|D|——
<||50||2> [ (naon?ﬂ

where the equality is because

(2 () =B [V (2 () | 22.0)] + v (B[ 2 () | 72 1))
=B [N (2 ) V (eai)| +V (N2 (2 ) Bleai

_ fa(vo)v i fa(vo)v 12 _ fa(vo)v 2
= ol V (220) + S5l Blaw]” = 5B 23]

= Ja () v (49225 + 1160]* Q3) = 44, (70) v822 + (1),

+0 (||50||2) — {23 as ||dg]| — 0 from Assumption

E | sup
’UGSJ‘

with the last equality from Assumption (i) and ||dg|| — 0. Since

()] - bl (o)) -2 ()=

= () Iﬁ‘gn] — £y (1) @5 = f (0) vQ + o(1),

P(inf <D (1}2>> §0> < 16fq(70)2j922 _ ?1,
v Aol @ (0@ ¥

where C' = 32Q4/f, (7o) @2 is a positive constant. As a result,

we have

~ C
P(u>2<’)g22?1_>0
JizJ

as J — oo and the proof is complete.
Lemma 2 D (W) ~ C'(v) € Cpin (R) as ||0o]| — 0.

Proof. As in Lemmall] take v > 0. Define

Zs5 (v) = 7 (W> " [D (Hsgu?)} D (W) — gV

Ve (o () /v "

)



where fi5 = fq (7o) Qs and 0F = fo (7o) <4Q25 + ||50H2Q(2$>' Since 15 — fq (70) Q and 0§ — 4f, (7o) 2, by
Slutsky’s theorem, we need only show that Zs (v) ~ Wy (v). We check the two conditions in Theorem 2.3 of
Kim and Pollard. Specifically, (i) fidi-convergence: for any vy > vy > 0 and t;,t3 € R,

E [exp {V—=1[t1Zs (v1) + t2Zs (v2)]}] — exp{_; (t1,12) ( vy ) ( t )}7

U1 U2

and (ii) stochastic equicontinuity: for any € > 0,1 > 0, there exist a A > 0 such that

n—0o0 |[ve—v1|<A

limP< sup Zg(vg)—Zg(U1)|>€><77.

To prove (i), note that

E [exp {v=T[t1 25 (v1) + 225 (v2>]}]
E[ [exp{rt125(vl)+t226 }|N2 ]]

v v ZNQ(HJ?\P)
exp{\/—l[ t BeL ¢y “"2]}~E exp { /—1 |t; &=t

gs o5

v2
v (52 ) .
:

+ t2 Lim

224

gs gs

]|

exp{m[ g -z} |3 I8 o (100

o5
Z2i

‘B (\\50\\2) {exp{
e—fq(wo)lq/H%ll (fq(’Yo) \\50\\2 )k

-1

N2 (¢)

1 N2(H6 H?) +1

exp{\/jl[ 131 “2:1 ts “0”2}} i_oj { - Hl B {QXP{F(tl +ty) 22 H}
3y {EM)(UH”/MZ!Q (00 B52) 11t 8 foxp { VT2 )] }

k=0
=:T1-T5- T3,

where H?:l -:= 1. Because ||dp]| — 0, we take Taylor expansion of

E {exp {\ﬁ(t1 +1g) 226’ H E [exp {ﬁ(tl +t3) [|8 22/(7!50”}}

E [exp { V=1 (t1 + t2) |60l Z2: }] == g((t1 + t2) |60ll)

about (t1 + t2) ||00] at 0, giving

E [exp {\/jl(tl —+ t2) H50|| Zgl}]
L4 VT (4 2) 100l B[ 2] — 5 (11 + 12)? 100l B (23] + 0 (12 + 12)* 10 °)

zo] 1 o B [Zgz]

1+ﬁ(t1+t2)EL6 -5 (i +t) -2 +0(H5 II)
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where E [Z%i] = O (1). In consequence,

— p 2 k
oo {e fa(r0)v1 /1150 (fq(%)“(;)lw

Ty=3 i ) e, {1 VT (t 1) 22— Lty 1) E[jg] +o (||50|2)] }

k=0
X k
atroyorslol 2 (00 )" — lsol?@s 1 2 B[]
~ ¢ Ja70)U1 0 Z+ 1—|— —1(t1+t2)T—§(t1+t2) W
k=0 st B[]

o0
= e~ faCro)ur/ oo kz 2 (fq('yo)ng)ﬁ +V-1(t1 +t2) fll(ﬂ/?yi)ng - 5(t+ t2)2 ’Ul)
=0

= eI/ 1900 excp { £, () 2 + v/ (b1 + 1) 2090280 — 11y 1157 0y )
= exp {\/—1 (tl +t2) ﬂ,(vgi)st — % (tl + t2)2 ’Ul} .

Similarly,

T3 = exp {ﬁtz fQ(%)QZ(UQ —v) %t% (vg — vl)} .

0

In summary,

E [exp {v/=1[t1Z5 (v1) + t2Z5 (v2)] }]
o [t Ly (T 41 558 41

- exp {\/—71t27f“(%)%;(v27v1) — %t% (vg — vl)}
= exp {—% (t1 + t2)? 01 — 313 (v2 — Ul)}

— ex 1 v U1 tl
()8}

giving the required result.

To prove (ii), note that

P sup |Zs(v2) —Zs(v)|>e€| =P sup ‘w
lvg—v1]<A [vg—v1|<A s

)

- 2 ~ - 2
<E sup ’D(’Ug) —D(vl)‘ ‘|/O'(2;62 < 4E UD(vl +A) - D(vl)‘ }/a%eQ
|’U27’L)1‘<A
= At:?:eg = Cs%’

where the last inequality is from Doob’s martingale inequality with the submartingale defined as ‘f) (s4+wv1)— D (v1)
indexed by 0 < s < A. So we can choose A arbitrarily small to make the above probability smaller than the
given 7).

Finally, we confirm that C (v) € Cyin (R). It is not hard to check that C(v) is continuous, has a unique

minimum (see Lemma 2.6 of Kim and Pollard (1990)), and ‘ llim C(v) = oo almost surely, which follows

since | llirn Wi (v) / |v] = 0 almost surely by virtue of the law of the iterated logarithm for Brownian motion.
V[—00
[
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