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Abstract

Computational fluid dynamics has become the
method of choice for aerodynamic shape optimi-
sation. However, the computational cost poses
challenges for the routine use of high-fidelity
flow solvers in the early phase of aircraft design.
In this paper, a benchmark wing twist optimisa-
tion problem is investigated using two aerody-
namic solvers of different fidelity. The first solver
is the open-source SU2 software, and the second
is an efficient hybrid solver which couples a lin-
ear vortex lattice method with an infinite-swept
wing solver. Numerical details of two optimisa-
tion frameworks are presented. It is demonstrated
that the hybrid solver can accurately reproduce
the aerodynamic loads on the three-dimensional
wing. Optimisation results show that both opti-
misations can effectively minimise the induced
drag by recovering a nearly elliptical lift distri-
bution. In comparison to SU2 optimisation, the
hybrid approach achieves a speed-up of two or-
ders of magnitude.

1 Introduction

In recent years, the environmental impact of avia-
tion carbon emissions has raised increasing pub-
lic concern. To address this challenge, aircraft
manufacturers have been devoted to reducing fuel
consumption when designing new aircraft. Of the
many considerations, one important aspect is to
improve aerodynamic efficiency through drag re-
duction.

Induced drag, also known as vortex drag, is
produced by lifting wings with finite span and is
an inevitable consequence of lift. Induced drag
accounts for approximately 40% of the total drag
on a conventional aircraft in cruise flight [1]. It
is worthwhile developing approaches that can re-
duce vortex drag. For example, retrofitting an ex-
isting wing with winglets is beneficial to reduce
the induced drag, but it also raises issues extend-
ing on several disciplines. Another way to re-
duce induced drag in a wing design is to optimise
the twist distribution or planform shape, which
aims to generate relatively more lift away from
the wing tip.

With a rapid development of computer tech-
nology, we are able to perform aerodynamic
shape optimisation (ASO) with ease using com-
putational fluid dynamics (CFD). In terms of in-
duced drag minimisation, Phillips [2] used a low-
fidelity model based on lifting-line theory to find
the optimal design for finite twisted wings, and
the optimised geometry was subsequently anal-
ysed with an Euler flow solver [3]. Hicken
and Zingg [4] then explored the use of Euler-
based ASO to minimise induced drag. Follow-
ing their study, a benchmark optimisation prob-
lem was formulated and adopted by AIAA aero-
dynamic design optimisation discussion group
(ADODG) 1. The benchmark case is to min-
imise the induced drag of an inviscid, rectangular
wing through optimising the twist distribution.

1https://info.aiaa.org/tac/ASG/APATC/
AeroDesignOpt-DG/default.aspx
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Several researchers [5, 6, 7] have exercised this
optimisation case using their own CFD solvers
based on the three-dimensional (3D) Euler equa-
tions. From an industrial viewpoint, however,
these high-fidelity aerodynamic solvers are pro-
hibitive for routine use as they are computation-
ally expensive, especially in the conceptual and
preliminary design phases. Hence, there is the
need for an alternative approach, which can pro-
vide a trade-off between computational efficiency
and accuracy.

To address the above issue, this paper em-
ploys an efficient multi-fidelity solver to per-
form wing twist optimisation of the benchmark
problem. The hybrid aerodynamic solver cou-
ples a vortex lattice method (VLM) solver, based
on Katz and Plotkin formulation [8], with a
two-dimensional (2D) infinite-swept wing (ISW)
solver [9]. The hybrid solver, which is able
to capture nonlinear effects, can rapidly pre-
dict the aerodynamic loads. For the purpose of
comparison, an open-source high-fidelity solver,
SU2 [10], was also used in this study.

This work aims at demonstrating the capabil-
ity and efficiency of the hybrid solver in solving
the wing twist optimisation problem. The tech-
nical objectives of this study are to: a) verify
the effectiveness of two optimisation frameworks
for the same benchmark case; b) investigate the
sensitivity of optimal solution to dimensionality
of design variables; and c) compare the compu-
tational accuracy and efficiency of two aerody-
namic solvers of different fidelity and costs.

The remainder of this paper is organised in
the following manner. Section 2 describes the
benchmark optimisation problem. Section 3 in-
troduces the two aerodynamic solvers and de-
scribes corresponding optimisation algorithms.
The computational grid is contained in Section 4.
The optimisation results are presented and dis-
cussed in Section 5. Lastly, conclusions and fu-
ture work are summarised in Section 6.

2 Case description

The benchmark optimisation problem is the in-
duced drag minimisation of a rectangular wing

with NACA 0012 sections in inviscid, subsonic
flow. The freestream Mach number is 0.5, and
the target lift coefficient is 0.375. The design
variables are the twist of sections along the span
and about the trailing edge. The purpose of this
case is to produce a lift distribution that is close
to elliptical and a span efficiency factor approxi-
mately equal to one. This optimisation problem
is written as

Minimise: CD

w.r.t: γ(y)
Subject to: CL = 0.375

where CD and CL are the drag and lift coefficients
of the wing, respectively, and γ(y) is the twist
distribution along the wing span. The initial wing
geometry is illustrated in Fig. 1.

Fig. 1 Initial wing geometry for the benchmark
case. (source: ADODG)

3 Methodology

Two flow solvers, SU2 and a hybrid solver, are
applied to perform aerodynamic analysis in the
benchmark optimisation problem. This section
contains a brief summary of these two solvers and
the corresponding ASO algorithms.

3.1 SU2

The open-source SU2 code [10] has been recently
developed to perform tasks related to partial
differential equations (PDE) analysis and PDE-
constrained optimisation on unstructured grids.
One of the core modules in SU2 is a high-fidelity
flow solver, which is capable of solving a wide
range of problems. In this work, SU2 is em-
ployed to solve Euler equations using finite vol-
ume method (FVM).
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The SU2 software suite is designed to per-
form gradient-based shape optimisation using the
built-in adjoint approach. Schematics of the op-
timisation framework can be found in Ref. [11].
In this study, the geometry parameterisation and
deformation is manipulated by free-form defor-
mation (FFD) [12] technique. After geometry
perturbation, the volume mesh is deformed us-
ing an approach based on linear elasticity equa-
tions [13]. Sensitivity (or gradient) information
is evaluated by continuous adjoint method. The
SLSQP optimiser is used to drive the design cycle
until the convergence criteria, i.e. Karush–Kuhn–
Tucker (KKT) conditions [14, 15], are satisfied.

3.2 Hybrid solver

The hybrid solver [16, 17] is built upon two fi-
delity levels in aerodynamic analysis to rapidly
estimate the aerodynamic loads. A linear VLM
solver is used to model 3D effects on finite wings.
An ISW solver [9], also referred to as 2.5D+
solver, is employed to capture nonlinear sectional
effects. The 2.5D+ solver is specialised to solve
flows around ISWs on a 2D stencil, and the flow
solution can account for the cross-flow effects.
Therefore, the 2.5D+ solver can significantly re-
duce the computational cost compared with the
existing state-of-the-art methods, which rely on a
3D stencil.

The hybrid solver, depicted in Fig. 2, is based
on the α-based coupling algorithm [18]. This al-
gorithm corrects the freestream angle of attack,
α∞, at every VLM panel along the wing span us-
ing nonlinear sectional data. The procedure of
the coupling method is described in Algorithm 1.
The reader is referred to Ref. [16] for more de-
tails of the coupling approach.

The open-source pyOpt [19] package is used
to formulate the optimisation framework by
wrapping around the hybrid solver. A variety of
optimisers have been integrated into this pack-
age. In this study, the gradient-based optimiser
SLSQP is employed, and the gradients are com-
puted using finite difference method (FDM). The
wing twist optimisation framework is shown in
Fig. 3 and further described in Algorithm 2.

Fig. 2 Flow chart of hybrid solver.

Algorithm 1 α-based coupling method for the
hybrid solver.

1: Initialise: α = α∞ and ∆α = 0
2: Run linear VLM solver to calculate the invis-

cid lift and induced angle of attack:
α⇒CL, inv and αi

3: for Every spanwise section j do
4: Calculate effective angle of attack:

αe ( j) = α∞ − αi ( j)
5: Obtain the viscous lift from 2.5D+

database at the effective angle of attack:
αe ( j) ⇒ CL,visc ( j)

6: Calculate the angle of attack correction:

∆α( j) = ∆α( j)+ν
CL,visc ( j) −CL, inv ( j)

2π

7: Update the local angle of attack:
α( j) = α∞ +∆α( j)

8: end for
9: Repeat Steps 2-8 until |CL,visc − CL, inv| < ε

for all spanwise sections
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Fig. 3 Wing twist optimisation framework using
hybrid solver.

Algorithm 2 Wing twist optimisation using hy-
brid solver.

1: Initialise: α( j) = α∞

2: Run hybrid solver for aerodynamic analysis
3: Compute gradients using FDM
4: Update wing twist design variables: γ(k)
5: Calculate twist angle on VLM panels

through interpolation:
γ(k) ⇒ θ( j)

6: Update angle of attack on VLM panels:
α( j) = α∞ + θ( j)

7: Repeat Steps 2-6 until convergence (i.e.
KKT conditions are satisfied)

At each iteration of the design loop, it is nec-
essary to map the wing twist design variables
onto the twist angles of VLM panels, which in
general are not coincident. An example of map-
ping is shown in Fig. 4. In this work, a lin-
ear interpolation approach along the spanwise di-
rection is adopted. It is worth noting that the
VLM grid remains unchanged during optimisa-
tion, whereas the local angle of attack for each
VLM panel is updated using Eq. (1) shown be-
low

α( j) = α∞ + θ( j) + ∆α( j) (1)

where θ( j) is the geometric twist interpolated
from design variables, and ∆α( j) is angle of at-
tack correction calculated from the hybrid solver.

Fig. 4 Schematic of the interpolation on VLM
panels.

4 Computational grid

For SU2 optimisation, a 3D unstructured grid
was generated, shown in Fig. 5. The grid points
are clustered at the leading and trailing edge and
also at the wing tip to capture the flow physics.
A preliminary study was conducted, and the grid
was found adequate to guarantee grid indepen-
dent solutions.

As the sectional aerofoil remains the same
along the span, only one section needs to be de-
fined for the hybrid solver. In this work, the
2D grid on symmetry plane was used, which is
shown in Fig. 5(b). For the nonlinear predic-
tions of the hybrid aerodynamic code, SU2 was
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(a) Aerodynamic surface and symmetry plane

(b) Near view on symmetry plane

Fig. 5 Computational grid for optimisation.

used. Because the test case is unswept, the 2.5D+
method corresponds to a pure 2D analysis in this
case. The VLM panels, as illustrated in Fig. 4, are
uniformly spaced in the chordwise direction and
unevenly distributed along the span using "co-
sine" function, which results in a high resolution
at the wing tip.

5 Results

For the initial wing geometry, the freestream an-
gle of attack, α∞, was iteratively updated in the
flow simulation to reach the target lift. During
the optimisation, the freestream angle of attack
is kept fixed, whereas the twist at the wing root
is allowed to vary. For both optimisation frame-
works, the wing twist design variables are uni-
formly distributed along the span. A series of op-
timisations were run to perform dimensionality
study, and the number of design variables, ndv,
ranges from 3 to 11. Both the initial and final
drag results are plotted in Fig. 6.

With respect to baseline geometry, the drag

Fig. 6 Drag coefficient in dimensionality study.

results predicted by two flow solvers are very
close, with the difference being 1.3 counts. This
fact proves that the hybrid solver is capable of es-
timating drag accurately compared to SU2 solver.
It is also observed from Fig. 6 that the varia-
tion of drag results on optimised design is very
trivial, which indicates that the optimal solution
shows insensitivity to the dimensionality of de-
sign variables. Moreover, the amount of drag re-
duction for both optimisation frameworks is ap-
proximately one count. Thus, these two optimi-
sation frameworks are equivalently effective in
solving this benchmark problem.

The sectional lift distributions of the initial
and optimised configuration are plotted in Fig. 7.
It is evident that the two flow solvers generated
very similar results for the baseline geometry,
which further confirms the accuracy of the hy-
brid solver. In terms of the final design, both op-
timisation frameworks produced an optimal solu-
tion that shows good agreement with the theoret-
ical elliptical distribution. Hence, the benchmark
problem can be successfully solved by both opti-
misation frameworks.

The optimisation case with 5 twist design
variables is taken for further analysis. The span-
wise twist distribution for optimised design is
shown in Fig. 8. It should be noted that the twist
values are measured relative to the freestream an-
gle of attack. A similar pattern is observed from
these two solutions. The outboard sections pro-
duce negative twist to reduce the vortex drag,
whereas the inboard sections generate positive
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(a) Baseline

(b) Optimised

Fig. 7 Sectional lift distribution for the
NACA 0012 wing (ndv = 11).

twist to increase the sectional lift and thus main-
tain the desired lift coefficient.

Fig. 8 Twist distribution for the NACA 0012
wing (ndv = 5).

In SU2 optimisation, a lattice of control
points are uniformly spaced on the surface of
FFD box, and multiple control points at the same
spanwise position are grouped to perform the
twist motion. Consequently, the wing geometry
encapsulated in the FFD box undergoes the twist
deformation as well. Figure 9 displays the com-
parison between initial untwisted shape and final
deformed one.

Fig. 9 Comparisons of the FFD box and wing
geometry in SU2 optimisation (ndv = 5).

The convergence history of the objective
function is plotted in Fig. 10. It is apparent
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that only few major iterations are required for
both optimisation frameworks to meet the con-
vergence criteria. This indicates that the opti-
miser can easily locate the minimum point for
this optimisation problem.

Fig. 10 Convergence history of the objective
function (ndv = 5).

In terms of computational efficiency, the hy-
brid solver provides a physically consistent so-
lution in comparison to that obtained from a 3D
solution using SU2 solver, but at a fraction of the
computational time. Specifically, approximately
190 CPU hours were needed for the optimisa-
tion using SU2 solver, whereas the optimisation
employing the hybrid approach required around
45 minutes to pre-compute the database and less
than 1 minute to perform the optimisation. This
corresponds to a speed-up of two orders of mag-
nitude, which demonstrates extremely high com-
putational efficiency of the hybrid solver com-
pared to the 3D CFD simulation. The hybrid
solver is thus suitable for aerodynamic analysis
and optimisation in the early phase of aircraft de-
sign.

6 Conclusions

A benchmark wing twist optimisation prob-
lem was investigated using two aerodynamic
solvers. The first solver is the high-fidelity three-
dimensional (3D) SU2 solver, and the second
flow solver employs a hybrid approach that cou-
ples two fidelity levels. The multi-fidelity solver
combines a linear vortex lattice method solver,

capturing 3D effects, with a two-dimensional
infinite-swept wing solver, reproducing sectional
nonlinear effects. Gradient-based optimisations
were performed using SLSQP optimiser.

Three main conclusions may be formulated.
Firstly, the hybrid solver can accurately predict
the aerodynamic loads compared to the 3D CFD
analysis. Secondly, both optimisation frame-
works can successfully solve the benchmark
problem by producing nearly elliptical lift distri-
bution. Thirdly, the optimisation using the hybrid
solver demonstrates high efficiency compared to
SU2 optimisation, and a speed-up of two orders
of magnitude was achieved.

As the benchmark problem involves an invis-
cid, unswept wing in subsonic flow conditions,
a more realistic test case is thus required. Fu-
ture work will focus on the twist optimisation of
a viscous, swept wing in transonic flow condi-
tions, which can also fully exploit the capability
of the hybrid solver.
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