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1. Introduction

Although neutrino oscillation experiments have provided the
first laboratory evidence for new physics beyond the Standard
Model (BSM) in the form of neutrino mass and mixing [1], the
nature of neutrino mass and lepton flavour mixing remains un-
known [2,3]. While T2K consistently prefers an almost maximal
atmospheric mixing angle [4], NOVA originally excluded maximal
mixing at 2.6 CL [5], but the latest analysis with more data is
now consistent with maximal mixing [6-9]. Furthermore, although
the CP violating Dirac phase relevant for neutrino oscillations has
not been directly measured, the global analyses seem to favour
somewhat close to maximal values for this phase as well. The
latest neutrino data therefore seems to be consistent with the hy-
pothesis of maximal atmospheric mixing and maximal CP violation
in the lepton sector. This could either be a coincidence, or may be
pointing towards some underlying symmetry or structure under-
pinning the lepton flavour sector.

The leading candidate for a theoretical explanation of neutrino
mass and mixing remains the seesaw mechanism [10-14]. How-
ever the seesaw mechanism involves a large number of free pa-
rameters at high energy, and is therefore difficult to test. One
approach to reducing the number of seesaw parameters is to con-
sider the minimal version involving only two right-handed neutri-
nos (2RHN), first proposed by one of us [15,16]. In such a scheme
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the lightest neutrino is massless. An early simplification [17], in-
volved two texture zeros in the Dirac neutrino mass matrix consis-
tent with cosmological leptogenesis [18-25]. Although the normal
hierarchy (NH) of neutrino masses, favoured by current data, is in-
compatible with the 2RHN model with two texture zeros [24,25],
the one texture zero case originally proposed [15,16] remains vi-
able.

Recently the Littlest Seesaw (LSS) model has been proposed as
a particular type of 2RHN model with one texture zero, which
also postulates a well defined Yukawa structure with a particu-
lar constrained structure involving just two independent Yukawa
couplings [26-31], leading to a highly predictive scheme. Interest-
ingly, the LSS model predicts close to maximal atmospheric mixing
and CP violation, as favoured by current data, a result which can
be understood from analytic results.

On the other hand, traditionally, the predictions of maximal at-
mospheric mixing arise from the notion of interchange symmetry
between the muon neutrino v, and the tau neutrino v;, namely
vy, <> Vg, known as w7 interchange symmetry in the neutrino sec-
tor. When combined with CP symmetry, such a 7 symmetry, also
known as ut reflection symmetry, can also lead to maximal CP vi-
olation. For a review of ut symmetry see e.g. [32] and references
therein.

In this paper, motivated by the latest neutrino oscillation data
which is consistent with maximal atmospheric mixing and CP vi-
olation, we give a timely survey of various results in @7 symme-
try, making several new observations and clarifications along the
way. We then apply the new results to the neutrino mass matrix
associated with the Littlest Seesaw model, and show that it ap-
proximately satisfies a general form of (.t symmetry, and that this
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is responsible for its approximate predictions of maximal atmo-
spheric mixing and maximal CP violation in the lepton sector.

The layout of the remainder of this paper is as follows. In sec-
tion 2 we introduce and define different types of ut symmetry as
applied to the PMNS matrix V, the neutrino mass matrix M,, and
its hermitean square H, = M]:Mv. In section 3 we give basis in-
variant conditions on H, leading to maximal atmospheric mixing
and maximal CP violation. In section 4 we present a general form
for M), with ut symmetry leading to maximal atmospheric mix-
ing and maximal CP violation. In section 5 we show how the ut
conjugation operation can be useful for relating different neutrino
mass matrices which have the general form of ut symmetry. In
section 6 we apply the results to the LSS mass matrix and show
why this model has approximate put symmetry. In section 7 we
discuss accidental implementations of pt symmetry and give an
example. Finally section 8 concludes the paper. The Appendices
contain some of the proofs of results in the paper. Appendix A
provides a proof that a ut symmetric H, implies and is implied
by @t symmetric PMNS mixing. Appendix B makes the connection
of the general form of M, with 7t symmetry with CP transforma-
tions.

2. Other types of 7 symmetry: u7-Uand ut-R

Let us denote by w7 universal (pt-U) mixing the PMNS matrix
V characterized by the following two conditions: (i) fully nonvan-
ishing first row,

[Vejl #0,
and (ii) equal moduli for the w (second) and t (third) rows [33,34],

j=1,2,3, (1)

|V[Lj| = |Vrj|’

In other words the modulus of the p7-U PMNS matrix elements
have the form

|Vel| |V€2| |Ve3|
Vil IVl Vsl |- (3)
Vil [Viypal Vsl

One can show within the standard parametrization that conditions
(1) and (2) are equivalent to having nonzero 6,3 together with
maximal atmospheric angle and Dirac CP phase':

013#0, 63 =45° Jcp==+90°, (4)

which are consistent with current data. The condition (1) ensures
the first inequality while (2) ensures the rest. In fact, condition (1)
implies that both 63 and 6, are nontrivial (different from 0 or
7 /2). Notice that the Majorana phases in V are not constrained.

Harrison and Scott [33] showed that, allowing rephasing trans-
formations from the left and from the right,> any ut-U PMNS
mixing matrix V can be cast in the form

[Vetl [Veal [Vesl
Vo= Vl,L] V[LZ V/L3 . (5)
V:h V;z V;‘l3

j=12,3. (2)

V=

Moreover, when all |V,;j| are nonzero, i.e., condition (1) is valid,
it is guaranteed that not all of the phases in V,; can be removed
and Vy is essentially complex. This fact is consistent with the pres-
ence of CP violation in (4). The form (5) can be easily checked

1 Also denoted as cobimaximal mixing in Ref. [35].
% The following rephasing freedom from the left still survives: V, — el V ik
Vik — el Vik.

by imposing maximal angle and phase in (4) in the standard
parametrization and applying appropriate rephasing transforma-
tions; see Ref. [36] for the explicit form. In Ref. [33] a different
proof was originally supplied and the restriction (1) was not im-
posed.

Instead of characterizing the mixing matrix, it is often more
interesting to characterize the neutrino mass matrix M, that is
responsible for the mixing in the flavor basis where the put-U
PMNS matrix comes from the diagonalization of the neutrino mass
matrix. As condition (2) is insensitive to Majorana phases, it is use-
ful to consider the hermitean square H, = MT,MV of the neutrino
mass matrix M, for both Majorana or Dirac neutrinos.

We say a hermitean or symmetric 3 x 3 matrix A is ut-reflec-
tion (wz-R) symmetric® if

Pyt APy = A*, (6)
where
1 00
P,;=|0 0 1 (7)
010

represents (7t interchange. According to this definition, the her-
mitean square mass matrix H, = HT, is ut-R symmetric [33] if it
has the form

A D D*
H,=|D* B C*|, (8)
D C B

with A, B real and positive while C, D should have irremovable
phases (Im[C*D?] s 0). It can readily be checked that, if the her-
mitean square mass matrix H, is ut-R symmetric in the flavour
basis (i.e. has the form in Eq. (8)), then this leads to a ;#7-U PMNS
matrix, with the usual predictions of maximal atmospheric mixing
and maximal CP violation. In fact it can be proved that a put-U
PMNS matrix implies and is implied by H, being n7-R symmetric
in the flavour basis (see Appendix A).

For Majorana neutrinos, the complex symmetric mass matrix
M, which leads to a ut-R symmetric hermitean square mass ma-
trix H, (and hence pt-U PMNS matrix) may take the following
special ;£T-R symmetric form [34]*

a d d*
My=|d ¢ b, (9)
dc b c*

with real a, b and Im[c*d?] # 0. It can readily be checked that the
mass matrix of the special ©7-R symmetric form in (9) leads to a
T-R symmetric hermitean square mass matrix H, as in (8) when
the hermitean square is taken (and hence a ut-U PMNS matrix).
However it is not necessary for M, to be n7-R symmetric, in order
to lead to a 47-R symmetric hermitean square mass matrix H,.’
Unlike Ref. [33], we shortly show that, while ©7-U PMNS mixing
is equivalent to having a ;ut-R symmetric Hy, it is not equivalent
to having a ;t-R symmetric M, in the case of Majorana neutrinos.
In other words, (9) is not the most general form of neutrino mass
matrix with wt symmetry. But, before giving that, we first discuss
the basis invariant conditions on H, with @t symmetry.

3 Also denoted as CP#7 in Ref. [40].

4 This form resulting from a model was first proposed in Ref. [37].

5 These points were already made in Refs. [38,39] but here we extend their anal-
ysis.
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3. Rephasing invariants for H, with gt symmetry

We should remark that the discussion in the previous section
was based on a phase convention where (5) or (8) was valid. If
put-U mixing follows accidentally (Refs. [38,39] show one way),
we do not expect H, to be in the form (8) as the flavor basis is
unique only up to rephasing of the e, i, T flavors. Therefore, for
the task of detecting wt-U mixing using H,, it is more useful to
formulate the following three rephasing invariant conditions:

Im [(HU)CM(HU)M‘[(HV)‘EE] #0,
|(Hu)eu| =[(Hyp)erl|, (Hv)uu = Hy)rr -

See appendix A for more discussions. Establishing the equivalence
between the conditions in (10b) and the form (8) is straightfor-
ward in the basis where (eu) and (et) entries of H, are real and
positive after appropriate rephasing transformations. In contrast,
the first condition in (10a) is merely the requirement of CP viola-
tion as, generically,

(10a)
(10b)

Im [(Hy)ep (Hv) iz (Hy)ze] = (mf —m3)(m3 —m3)(m3 —m) J ,
(11)

where m; are neutrino mass eigenvalues and J is the usual Jarlskog
invariant,

J=1m[Ve1 V1 V2 V] = €12512€73513€23523 5In(8) - (12)

Note that (11) is Im[C*D?] in the notation of (8) and the sign of
(11) is given by the sign of J for physical cases.

The conditions in (10) do not seem to be clearly written in
the literature. For example, the review [32] only mentions the first
condition in (10b). Generically, only one of the conditions in (10b)
is not enough and simple numerical examples quickly show that
deviation from any of the two conditions spoils (4). Another im-
portant aspect is that these conditions can be simplified if specific
phase conventions are adopted.

Specifically for Majorana neutrinos, since a ©7-U mixing matrix
in the form (5) diagonalizes H,, it can still diagonalize M, as

VIM, Vo = diag(m;e'®), (13)

where two of the differences of o j—the Majorana phases—are ar-
bitrary and in principle nontrivial. One of «; can be eliminated by
a global rephasing.

We can now describe the stronger case of having a 7-R sym-
metric M, in the form (9) for Majorana neutrinos. In this case,
apart from the predictions from pt-U mixing in (4), ut-R sym-
metry leads to the additional consequence that all the Majorana
phases are trivial [34]. The form (9) is more interesting for model
building because it can be enforced by pt-reflection symmetry at
the level of fields as

R T (14)

where pt interchange symmetry is combined with the standard
CP transformation denoted by cp.

The conclusion that Majorana phases are trivial can be drawn
as follows. The diagonalizing matrix Vo in (13) has the form (5)
which exhibits the special property that complex conjugation has
the same effect as the interchange of the second () and third ()
rows. Then, the additional property that M, itself is ut-R sym-
metric as in (6) tells us that

VoM, Vo = (V{M, Vo)* = diag(m}), (15)

implying real m; = £m;. Hence Majorana phases are trivial and CP
parities can be defined depending on the signs of m]. See Ref. [40]
for generic implications of (t-R symmetry on neutrinoless double
beta decay and leptogenesis.

We are now naturally led back to the question: What is the
most general form of neutrino mass matrix M, which has put-R
symmetric H, but may not itself be w7-R symmetric? This ques-
tion has been only partially answered in the literature and we
devote Sec. 4 to this question.

4. General form of M, with yut symmetry

We characterize here all the Majorana neutrino mass matri-
ces M, whose hermitean square is ;t-R symmetric as in (8). We
stress that M, itself does not need to be p7-R symmetric, i.e., it
does not have to take the form (9).

The main result is that any M, can be always decomposed into
two ut-R symmetric matrices A, B, not both zero, as

M, =A+iB, (16)
and M, has put-U mixing if and only if

A*B = B*A, (17)

provided that (10a) ensures one irremovable phase. Of course, in
this case, H, = M]T,M,, is both w7-R and put-U symmetric.

The first decomposition (16) can be always performed, irrespec-
tive of any symmetry, by

1 ~ 1 —
AZE(MU‘i_MU)v BZZ_i(MU_MU)v (18)
where we have defined the @t conjugation operation as
M — M =P, :M*P,, (19)

which we denote by a tilde. By construction both components are
MUT-R symmetric: A=A and B = B. Note, however, that iB is not
MU T-R symmetric and it is frequently considered as a quantifier of
the breaking of pt-R (see review in [32]). Here, we clarify that
it is only the component in A or B that does not satisfy (17) that
leads to the breaking of (2). So for A # 0 it is possible to have large
breaking of pt-R symmetry in the form of large B but still pre-
serving ut-U mixing. For example, a large breaking of the put-R
symmetric M, in the form of (16),

a d d* x 00
My=|d ¢ b |+il0 0 x (20)
d* b c* 0 x O

where x is real and not small in general, leads to p7-U mixing.®
It follows from the simple fact that the second matrix is propor-
tional to P,;. We will see another example of a mass matrix with
ut-U mixing without put-R later in (38) for which |(M))er] is
three times larger than [(My)ey|.

The proof of condition (17) is straightforward.” Using the de-
composition (16) with (18), we can write

H,=A"A+ B*B+i(A*B — B*A). (21)
Since A, B are ut-R symmetric by construction, it is clear that
6 Other forms in this direction can be found in [41] but the general form was not

shown.
7 We thank the anonymous referee for pointing to this route.
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H,=A*A+B*B—i(A*B — B*A). (22)

Then A*B = B*A should hold if H, is wt-R symmetric. The
converse is obvious from the expressions above. One point to
note is that CP violation in (10a) should be ensured separately.
For example, M, = ei® Mgy, where Mg is real and symmetric by
Jut-interchange, has components that satisfy (17) but has trivial
Dirac CP phase.

We should also remark that the decomposition (16) is not
rephasing invariant: components A and B get mixed up when the
decomposition is performed after some rephasing transformation.
And then condition (17) may be satisfied in one basis but not in
another connected by rephasing. We can analyze the different sit-
uations by decomposing a general rephasing transformation as the
product of the following transformations on the (e, u, 7) flavors:

(e, el el®)  (1,e e7¥) (1,6 el®), (23)

The first transformation induces a global rephasing of M, and H,
is invariant. In this case, A and B get mixed but once (17) is sat-
isfied, it is satisfied after any global rephasing with subsequent
decomposition. The second transformation preserves the form of
MUT-R symmetry (14) and thus preserves the decomposition (16):
A, B are transformed separately preserving the @t-R symmetric
form. The third transformation in (23) do not preserve the decom-
position (16) and rephasing generically transforms a pair (A, B)
that satisfies condition (17) into a pair that does not. We can use
the first two transformatios in (23) to set a convention for M,. One
possibility is to use global rephasing to choose the (ee) entry real
and positive® and the second transformation to make the phases
of (e;) and (et) entries equal. Another possibility is to use global
rephasing so that the phase on m; in (13) is removed.

Let us check the number of parameters using the convention
mentioned above. If we use the phase convention where the (ee)
entry of M, is real, we would have B, = 0. We can still elimi-
nate one phase in A so that it has 5 parameters, as in (9) with
real d. The component B in this basis also has 5 parameters be-
cause there is no more rephasing freedom left. We end up with
5+ 5 — 3 =7 parameters from A, B minus the number of condi-
tions from (17). This number coincides with the three masses (m;),
two angles (613, 612), and two independent Majorana phases that
appear in (13).

We can confirm the number of conditions by defining C by

iC = AB* — BA*. (24)

The matrix C is then hermitean but ut-R antisymmetric, i.e.,
C = —C. Thus we can write

0 y —y*
C=|y* x 0 , (25)
-y 0 —x

with real x. Therefore, C = 0 imposes three conditions. Explicit cal-
culation leads to 2x = (Hy)z¢ — (Hy)py and 2y = (Hy)ze — (Hy)ep-
So H, is ut-R symmetric if they vanish.

It is important to stress that our discussions are valid in a basis
where ut-R symmetry of H, is manifest. When it is not known
a priori that pt-U mixing holds, one should resort to (10) for the
truly rephasing invariant criterion. If one detects that the condi-
tions in (10) are satisfied but H, is not explicitly in the form (8),
rephasing transformations should be applied to get to that form

8 In case that entry is zero, we could choose the (uT) entry. See Refs. [36,42]
for explicit models exhibiting (+7-R symmetry and one texture-zero in the neutrino
mass matrix or its inverse.

and then M, in the same basis should be taken. It is in this basis
that condition (17) holds.

5. Neutrino mass matrices related by ;T conjugation

Here we show that the wt conjugation operation defined
in (19), when applied to neutrino mass matrices,

_ 100 100
M,—>M,=[0 0 1|M|0 0 1], (26)
010 010

can be useful for relating the predictions from the different neu-
trino mass matrices M, and M, even when they do not exhibit
ut-U mixing or ut-R symmetry.

Generically, even without put-U mixing, we can always adopt
the phase convention in (5) for the PMNS matrix, without Ma-
jorana phases, where the first row is real and positive. Without
ut-U mixing, the third row does not need to have the same mod-
ulus as the second. Assuming Majorana neutrinos, the diagonaliza-
tion (13) is still valid. Taking the complex conjugate of such an
expression, we conclude that the pt conjugate of M, is diagonal-
ized as

Vo' I, Vo = diag(mje ™), (27)

with Majorana phases flipping sign and the wt conjugate of the
mixing matrix defined as

Vo="P,.V§. (28)

For Dirac neutrinos, the conclusion is the same, without Majorana
phases.

With wt-U mixing, @t conjugation is trivial: Vo = Vo. For
generic mixing, the (7T conjugation operation

100

00 1]vg, (29)
010

V0—>\765

keeps the first row and the Jarlskog invariant unchanged whereas
the values for |(Vo),kl| and |(Vo)«kl, k=1,2,3, are interchanged.
Comparing to the standard parametrization, this means that
613, 612, remain unchanged whereas

923 — 7'[/4 — 923 (30)

is mapped to its complement in the opposite octant. Since the
combination that enters the Jarlskog invariant, sin6,3cos6fys, re-
mains the same, the value of sind is unchanged but cos$ changes
sign. Therefore, the Dirac CP phase transforms as

8

eld » o718, (31)

Since present neutrino oscillation data is favoured by values close
to the wt-U mixing, then @t conjugate mass matrices can be
equally appropriate to describe data. Note that put conjugation
contrasts with plain complex conjugation on the mass matrix and
mixing matrix which maintains all mixing angles the same but
flips all CP phases.

The sign flip of cosé can be confirmed from

[(Vo)uz|* — (Vo) |? = (¢, — s35533) (¢35 — 533)
— 4c0s(8) $12€12523€23513 (32)

in the standard parametrization. As the lefthand side and the first
term of the righthand side flip sign under the conjugation (29),
cos(8) has to flip sign because its coefficient is invariant.
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In summary, two mass matrices M,, AZ, related by nt conju-
gation in (26) lead to identical predictions for 613,612, with 623
changing octant as in (30), while sind is unchanged but cosd
changes sign corresponding to the phase transformation in (31).

Furthermore, M,,, M, related by ut conjugation will predict
opposite Majorana phases, even in the special case that they are
diagonalizable by the same w©7-U mixing matrix with maximal at-
mospheric mixing and maximal Dirac CP violation.

6. Littlest seesaw and approximate g7 symmetry

We are now ready to apply the foregoing results to a well
known minimal example in the literature. The Littlest Seesaw (LSS)
neutrino mass matrix proposed in Ref. [30] is a highly predictive
two-parameter neutrino mass matrix given by

000 113
My=ma[0 1 1]4+wms|[1 1 3], (33)
01 1 3309

where m, and m; are real and positive while w = e'27/3 .2 The form
(33) leads to TM1 mixing which predicts sfch3 = %(1 —35%3) [43].
This mass matrix is closely related to the original LSS mass matrix
proposed in [28]:

_ 000 131
My=ma |0 1 1]+e?’ms|[3 9 3], (34)
011 13 1

with real and positive m; and ms. In fact, they are related by ut
conjugation in (26). Since the neutrino parameters from one case
can be easily extracted from the other, we can focus on (33).

The best-fit values for m, s in (33) are [30]

m, =26.57 meV, ms=2.684 meV. (35)

These values result in mq =0, my = 8.59 meV, m3 =49.8 meV and

03 =44.2°, Scp=—93.3°. (36)

The rest of the parameters are 612 = 34.3°, 613 = 8.67°. From ut
conjugation, all the predictions for (34) are the same as for (33),
except that 6,3 and dcp get complementary values with respect to
45° and —90°, respectively.

We can immediately see that the values in (36) are close to
the wt-U mixing predictions in (4). In fact, one can check that an
exact put-U mixing is obtained if m, s satisfy the special ratio

M _ 11, (37)
mg

as can be checked explicitly using the analytic formulas in
Refs. [28,30]. Inserting this ratio of masses, the neutrino mass ma-
trix in (33) becomes, after multiplying by an overall physically
irrelevant phase of w?,

1 1 3
My=ms| 1 1+110? 3+4w? |. (38)
3 3+110? 9+ 11w?

Clearly, there is no wt-R symmetry on M,, i.e., it does not have
the form in (9). However, by comparing to (8), it is easy to check
that its hermitean square,

9 The phase w = e'?"/3 is denoted as e in [30] and here we define the neutrino

mass matrix elements as (My);jv; vji in the flavor basis in contrast to (M);j va ij.L
used in [30].

H, = M/ M,
1 —1-2i/3 1-2i/3
=11|ms)? | =1+2iv3 19 17 +4iv3 |, (39)
142iv/3 17 —4iV/3 19

does satisfy wu7-R symmetry after we flip the sign of the sec-
ond row and column. Thus we conclude that the LSS mass matrix
obeys ut-U PMNS mixing in the limit of Eq. (37). Since the best
fit parameters of the LSS model are close to Eq. (37) then we can
understand why its predictions for the atmospheric angle and CP
phase are both close to maximal. However, since the LSS mass ma-
trix has only two input parameters, which fixes all neutrino masses
and PMNS mixing parameters, there are other predictions includ-
ing the reactor angle, the solar angle, the absolute neutrino masses
and the Majorana phase, which put symmetry by itself does not
address.

Obviously, the rephasing invariant conditions in (10b) are also
satisfied. To check that H, is essentially complex, we can use (10a)
and obtain

Im [(Hy)ep (Ho)pr (Ho)ze] = =112Ims|® x 24V3#£0. (40)

Since it is negative, the ambiguity in the sign of § in (4) is now re-
moved and we have § = —7 /2 in this case. Alternatively, we could
use rephasing with opposite phases for  and 7 on (39) to elimi-
nate the arguments of the entries (en) and (et) so that

1 V13 V13
Hy, — 11|mg)? | V13 19 337¢7 |, (41)
V13 /337¢ 19

where y = arctan(%?) ~0.175. As expected from the absence of

MT-R symmetry on M,, one Majorana phase is nontrivial as

P =diag(1,1,e" /2 (42)

where 8~ 1.8 and we use the convention where V = VP, with
Vo having the first row real and positive.

Since (39) is not explicitly in the pt-R symmetric form (8), we
flip the sign of the second row and column of both H, and M,
in (38). We obtain for M, /ms,

1 -1 3
My/ms=| -1 1+110*> -3-110* |, (43a)
3 —3-110? 9+110?
1 -1 3 0 0 O
=[-1 1 =3|+110*|0 1 —1], (43b)
3 -3 9 0 -1 1

where we automatically have real (ee) entry. For illustration, we
can apply the decomposition (16), M, /ms = A 4+ iB, where in this
case:

11 1
1 5
A=|1 —3 3 |-
1 2 -1
2 2 44)
0 2i —2i (
B=| 20 4i-13 153
R

Both A and B are pt-R symmetric as in (9) but the sum A +iB is
not (since iB is not). One can check that these two matrices satisfy
the modified commutation relation in (17).
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We conclude that the neutrino mass matrix in (38), or its equiv-
alent form (43), does indeed satisfy the general form of ut-R
symmetry M, /ms= A+ iB where A, B are given in (44). One may
call this the wt symmetric Littlest Seesaw (ut-LSS).

The matrix (43) completely determines the mixing matrix
which has first row given by

(|V<|2)—(2 1+ 1 1 11 )
“TTTN\376 18176 18117
~ (0.667,0.315,0.0185) . (45)

Hence we obtain 613 = 7.807°, 612 = 34.5°. Although 615 is nicely
consistent with global fit data, the value of 63 is slightly lower
than what is allowed within 30 [9].

We can also calculate the eigenvalues,

m% =0,
m3 = 11m? x 3 (13 — 3v/17) ~ (3.226 x m)?, (46)
m3 = 11m? x 3(13 +3/17) ~ (20.46 x m;)>.

It is also not possible to fit ms so that we can simultaneously ac-
commodate Am%1 and Am%l within 30. We therefore conclude
that the @ t-LSS neutrino mass matrix cannot give correct predic-
tions in the exact wt symmetric limit in Eq. (37). However the
LSS neutrino mass matrix does give successful predictions for all
observables close to this limit, namely with m,/ms =~ 10 as com-
pared to the pt symmetric limit of my/ms =11.

7. Accidental implementations of gt symmetry

The observation that pt-R symmetric H, is always real in a
CP basis—a basis where the generalized CP transformation (14)
becomes canonical—suggests an interesting way to obtain put-U
mixing accidentally [38]; see appendix B for more details. In other
words, ut-U mixing may be obtained without implementing £ t-R
symmetry at the field level and hence allowing for nontrivial Ma-
jorana phases. The key idea is that in a CP basis the automatic
Ly — Ly symmetry of the charged leptons [44],

e, (47)

i0
eL—>eL, MuL—>e UL,

is translated to a real orthogonal symmetry T (depending on 6); see
appendix B. Therefore, in a CP basis, (i) there is a real symmetry
element T that leaves the (lefthand) charged lepton mass matrix
invariant and in such a basis (ii) the neutrino mass matrix M,
is diagonalizable by a real orthogonal matrix. This last property
follows from the fact that in a CP basis, the decomposition (16)
can be rewritten as

M,=A+iB, (48)
with A, B being real matrices. The modified commutation relation
(17) becomes simply the commutation relation [A, B] = 0; see ap-
pendix B. Then ut-R symmetry in this basis simply corresponds
to usual CP conservation and B = 0.

For the accidental implementation of pt-U proposed in Refs.
[38,39], one must promote the symmetry T (one fixed and non-
trivial 6 is enough) to an actual flavor symmetry of the charged

lepton sector. One simple example for T that is commonly found
in nonabelian discrete groups such as A4 or Sy is

00 1
T = 0 0]. (49)
10

1
0

At the same time, the neutrino mass matrix M, in the same basis
should be diagonalizable by a real matrix in an accidental way.
This can be arranged by a structure such as [38]

M, ~ 1 + e'®(real matrix). (50)

This would lead (for o # 0, r) to nontrivial Majorana phases that
cannot be obtained from @t-R symmetry on M,. Another option
would be to also assume that M, is invariant by one or two real
symmetries of a larger nonabelian symmetry such as As [39].

We can go beyond the previous example by using the structure
of vev alignments in indirect models [45] to achieve the structure
in (48). In a CP basis, we can write for the neutrino mass matrix,

M, = e""mquiu] + mpuaud +meusul, (51)

where uj, i =1,2,3 are real vev alignments obtained from flavon
Vevs, Mg p . are real parameters and el is a phase that can origi-
nate from spontaneous CP violation [28]. If we require the orthog-
onality condition

uq J_U2,U3, (52)

which is easy to be imposed in indirect models, we clearly obtain
two real commuting matrices in the form of

A = cos(n)mququ] 4 mpupul +meusuy (53)
B =sin(m)mquyu],

which clearly obeys (48). And then we achieved our goal of obtain-
ing a M, with u7r-U mixing without u7-R. Below in Subsec. 7.1
we give an explicit example compatible with current data.

7.1. Example

Here we show an explicit example of the idea of accidental im-
plementation in indirect models. We use the CP basis where the
mass matrix for the charged leptons comes from the vev align-
ment (1,1, 1) and then M;M; is invariant by T in (49) inside, e.g,,
Ay4. We then take the form (51) with nontrivial n and
u3=(2,-1,1)7, (54)

u=0,1,1", u=01,-1,1)T,

so that orthogonality (52) is ensured. These vev alignments can be
easily obtained for example from A4 symmetry in the CSD frame-
work [27] in the real triplet basis of A4. For

mg~6meV, my~34meV, mc~—11meV, (55)

we obtain NO spectrum with observables within 30 and lightest
mass m; &~ 12 meV. The phase 1 can take any value and a nonzero
value leads to nontrivial Majorana phases without disrupting the
predictions of w7-U mixing. In additional, the mixing obeys the
TM1 form.

If required, we can go to the flavor basis in which the neutrino
mass matrix is

M, =ULM,U% (56)
where

1 1 1 1
— |1 o o*]. (57)
V3\1 o o
One can check that when 7 is nontrivial, the mass matrix M, is

not ut-R symmetric but H, is and obey the invariant conditions
in (10).

Up =
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8. Conclusion

Motivated by the latest data which is consistent with maximal
atmospheric mixing and maximal CP violation, we have provided
a timely survey of various results in ut symmetry, including sev-
eral new observations and clarifications. We have then applied the
new results to the neutrino mass matrix associated with the Lit-
tlest Seesaw model, and shown that it approximately satisfies a
general form of wt symmetry, and that this is responsible for its
approximate predictions of maximal atmospheric mixing and max-
imal CP violation in the lepton sector.

It is worth highlighting the new results and clarifications con-
tained in this paper:

e We have carefully defined and distinguished between different
kinds of pt symmetry, namely w7 universal (ut-U) and pt
reflection (7-R) symmetry, as applied to the PMNS matrix V,
the neutrino mass matrix M), and its hermitean square H, =
MT,MV (this is a clarification of known results).

e We have shown that @ t-R can be badly violated for the Majo-
rana mass matrix M, without having large breaking of n7-U
PMNS mixing, and highlighted the role of Majorana phases
(a clarification).

e We have provided basis invariant conditions on H, leading to
maximal atmospheric mixing and maximal CP violation (this
is a clarification of the Harrison and Scott result).

e We have presented a general form for M, leading to maximal
atmospheric mixing and maximal CP violation (a new result).

e We have related pairs of M, and M, related by @t conjuga-
tion which have closely related predictions (a new result).

e We have applied these results to the Littlest Seesaw model and
show that there is an approximate accidental ut symmetry at
work in this model (a new observation).

e Finally we have investigated new classes of models based on
implementing @ t-U without ut-R on the Majorana mass ma-
trix M,, based on the indirect approach and orthogonality on
some vev alignments, where CP is spontaneously broken as in
the littlest seesaw models (a new direction).

In conclusion, if the present indications of maximal atmo-
spheric mixing and maximal CP violation continue to hold up in
future high precision neutrino experiments, then this may point to
some exact or approximate ut symmetry underpinning the ori-
gin of neutrino mass and lepton mixing. We have reviewed this
possibility, making several new observations and clarifications, and
applied our results to the Littlest Seesaw model.
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Appendix A. Proof that ut-R symmetric H, implies
and is implied by x 7-U PMNS mixing

In this Appendix we review the connection between wut-U
PMNS mixing and pt-R symmetric H, for both Dirac and Ma-
jorana neutrinos.

Explicitly, for a generic neutrino mass matrix M, in the flavor
basis to be diagonalizable by a u7-U mixing matrix satisfying (1)

and (2), it is necessary and sufficient that H, = MIM,, is complex
and additionally invariant by wt-reflection symmetry:

(Hy)* #Hy
Pl HyPyur = (Hy)*,

(58a)
(58b)

after allowing for appropriate rephasing transformations. The second
condition is just (6). The first condition is important to distin-
guish 17-R symmetry from the simpler ©t interchange symmetry,
which predicts 613 = 0 and is now excluded.

Necessity is straightforward to check: once the PMNS mix-
ing is ut-U, apply rephasing transformations to write it in the
form (5). In that phase convention, the diagonalization relation
H,=Vy diag(miz)vg allows us to check (58b) because Vg in (5)
enjoys the property

Pl Vo=Vg. (59)

The complexity of H, in (58a) follows because Vq is essentially
complex.

Now, sufficiency is also easy to prove [33]. However, we de-
tail the proof to emphasize where condition (58a) plays a role.
We adapt the proof of Grimus and Lavoura [34] from M, to H,.
The symmetry (58b) implies that if u; is an eigenvector of H,
with eigenvalue m?, then P,T”u;k is also an eigenvector with the
same eigenvalue. Then it follows that P,T”u;‘ = uj, assuming non-
degenerate masses and conveniently choosing the first component
of u; to be real and positive. The previous relation is equivalent
0 (59) which is consistent with (2). The last step is to check if
condition (1) is guaranteed. Let us use the basis where the (eu)
and (et) entries of H, are real and positive so that the (ut)
entry is the only complex entry, following from (58a). Assume
in addition that the first component of some u; is zero. Then
the eigenvector relation (H,u;)1 = miz(um =0 together with the
form (8) implies that u; should be of the form u; ~ (0,1, —1)".
Checking the second and third components of the eigenvector rela-
tion for u;, we conclude that (Hy),: should be real, contradicting
the hypothesis.

Appendix B. CP basis

When H, or M, are ut-R symmetric, as in Egs. (8) or (9), it
is always possible to change basis so that it becomes real and the
Ly — L symmetry in (47) becomes a real symmetry; see appendix
B of Ref. [40]. Such a basis is also a CP basis (or real basis) with
respect to the generalized CP symmetry in (14) where the latter
becomes the canonical CP transformation [46]. In such a basis, the
part of the Lagrangian invariant by (14) will only contain real pa-
rameters. See, however, caveat in [47].

One possible basis transformation that takes us to one CP basis
is given by the matrix

1 O 0
1 i
Uie=|0 5 —5 |, (60)
1 i
05 X

as, in the new basis, the w7 -R involves the trivial interfamily trans-
formation

Ulie PucUsy = 13. (61)

If we perform the explicit basis transformation (60) to H, of
the form (8), we obtain
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A V2Re(D) +/2Im(D)
Hy=Ul:HUur = | v2Re(D) B+Re(C) Im(C)
V2Im(D)  Im(C) B —Re(C)

(62)

By inspection we see that the resulting matrix H, is a generic real
and symmetric matrix, except that it is required to be a positive
semidefinite matrix due to its nature as a hermitean square. Anal-
ogously, M,, of the form (9) is transformed to (62) with uppercase
letters replaced by lowercase letters. Then components A, B in the
general form (16) become two generic real matrices A, B and the
modified commutation condition (17) becomes simply the commu-
tation relation [A, B] = 0.

One can also check explicitly that the L, —L; symmetry in (47)
is transformed to

1 1
T=U}, e Uy = cosf sing |, (63)
e f —sin® cosé

in the CP basis connected by (60). The transformation (63) is a real
and orthogonal matrix. Any further real basis change will keep T
as a real orthogonal matrix.

Clearly, there are infinitely many CP bases reachable by any fur-
ther real basis transformation from the basis defined by (60). This
class exhausts all possible CP bases, except for additional discrete
symmetries of the theory, which we can factor. The transformation
(57) is another common example of this class.
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