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Abstract—The state-of-the-art eco-driving techniques does not
take into account the naturalistic behaviour of human drivers.
Therefore, in this paper, a unified driver model is proposed
which describes the driver preference during car following and
cornering cases. The model is formulated based on the optimal
control theory. The fuel consumption model of a traditional
vehicle with an internal combustion (IC) engine and CVT
transmission is combined with the driver model. The proposed
optimal controller is designed to generate speed profile and
powertrain inputs, which give a compromise between the driver
preference and fuel economy. The simulation results demonstrate
that eco-friendly speed profile and optimal powertrain input
trajectories could be selected which has good fuel economy and
matches the driver desires.

I. INTRODUCTION

The energy exhaustion and environment pose great chal-
lenge on automobile industry. It become more urgent to
effectively improve energy efficiency and reduce energy con-
sumption of the motor vehicles. In addition to vehicular drive
trains and mechanical systems impacting on fuel usage, the
way a vehicle is driven can significantly influence overall
fuel use and subsequent emissions. Research has estimated
that 5-10% of fuel can be saved if drivers pursued a more
fuel efficient, economical and environmentally friendly driving
style referred to as eco-driving [1][2][3][4].

Schwarzkopf and Leipnik [5] adopted Pontryagin maximum
principle to formulate optimal speed trajectories with mini-
mized fuel consumption. An on-board controller is proposed
to generate an optimal speed profile by Hellstrm et al. [6].
The road test has demonstrated a 3.5% reduction of fuel use
over an entire route of 120 km without an increase in trip
time. Model predictive control has been used by Kamal et
al. [7] in order to develop a eco-driving, which can avoid
inappropriate control inputs, such as unnecessary brakes or
high control inputs, for realizing a comprehensive eco-driving
assistance system. However, all these works fail to model the
human drivers’ preference for the speed profile optimisation.
The efficacy of the eco-driving facilities is limited by the
user acceptance. Even the most fuel economy speed profile is
useless if the drivers feel uncomfortable to follow it. Burnham
[8] has proposed a driver model to describe the naturalistic
driver behaviour for car following case based on optimal
control theory. Reymond etc. [9] proposed a cornering driver

model, which gives the lateral acceleration limitation during
curve driving. However, a unified driver model is need which
could taken into the two most common driving scenarios: car
following and cornering at the same time.

Therefore, the motivation of this paper is investigating the
possibility of developing fuel optimization technique which
meet the driver demands , such as travel time reduction,
safety maximization, and ride comfort, in the mean time.
The driver model proposed in this paper blended Burnham’s
and Reymond’s model together. The combined optimization
problem is solved by an orthogonal collocation method.

II. DRIVER MODEL

In this paper, the driver model is proposed based on a
optimal control formulation [10] as follow.

min
u(t)∈U

J [x,u]

s.t. ẋ = f(x,u, t) (1)
g(x,u, t) ≤ 0 (2)
Boundary Conditions (3)

where the vector x ∈ Rn represents the state of some physical
system, which evolves according to the differential equation
ẋ = f(x,u, t), and the vector u ∈ Rm represents a control
input. Therefore, in this formulation, the driver is modelled as
a optimal controller which minimises the cost function J [x,u],
subject to the system dynamics (1), inequality constraints (2)
and some boundary conditions (3) for the system state and in-
put. This formulation has been chosen because is immediately
compatible with fuel consumption minimisation models.

Burnham has proposed a optimal control based car follow-
ing driver model in [8] which consist of differential equations
and constraints to describe the driver’s natural behaviour and a
cost function to indicate the driver preference when following
a lead vehicle. For human drivers, they always attempt to
adjust their speed and headway distance by making a trade
off between the urge to reduce trip time and maximize safety.

The driver model proposed here is based on a similar
framework as Burnham’s Model. Define the system state as
x = [xe, ve]

T and the input as u = [ax], where xe and ve are
the travel distance and speed of the ego-vehicle respectively,
ax the longitudinal acceleration. Therefore, the driver-vehicle



system dynamics (1) can be described by following differential
equations:

ẋe = ve (4)
v̇e = ax (5)

If we assume that the travelled distance profile of the lead
vehicle is given by a time series function xl(t), where the time
t is within a fixed period [0, T ], the headway distance between
the ego-vehicle and the lead vehicle, which is a dependent
variable, is calculated as:

s = xl(t)− xe (6)

The driver cost can then be defined as:

J [x,u] =
1

T

∫ T

0

LD dt (7)

LD = qv

(
ve
vd
− 1

)2

+ qs

(
ŝ

sd

)2

+ qa

(
ax
amax

)2

(8)

where qv , qs and qa are three weighting factors, vd is the
desired speed of the ego vehicle, which should be equal to
the top speed of a specific car, and amax is the maximum
longitudinal acceleration.

For Burnham’s model, ŝ is equal to (s− sd), where sd is the
desired headway distance for the reason of safety. However,
this term will become relatively large or infinity when the
headway distance s is much larger than sd. Therefore, the
driver model will have unrealistic behaviour when the lead
vehicle is far away or there is no traffic, as minimizing the term
ŝ2 will result in the ego-vehicle travelling as fast as possible
to decrease s. Therefore, it leads to more natural behaviour if
ŝ is equal to zero when the headway distance s is larger than
sd. In order to model this, an additional input variable ŝ is
introduced with the following constraint.

ŝ ≤ s− sd (9)

sd can be calculated as sd = sd,0 + T0ve, where sd,0 is the
minimum headway distance which the ego-vehicle should keep
when it is stationary. T0 is the driver’s reaction time. Hence,
the term qsŝ

2 will equal to qs (s− sd)
2 when the headway

distance is smaller than the desired distance sd to avoid the
collision into the lead vehicle, which is same as Burnham’s
paper [8]. But the term qsŝ

2 will be equal to zero when the
headway distance is larger than the desired distance sd, which
means the driver behaviour will not be affected when the lead
vehicle is relatively far away.

In order to model the driver behaviour when the ego vehicle
is driving through a curved road section, a cornering driver
model developed by Reymond et al. [9] is adopted, which
adds an inequalities constraint on the lateral acceleration ay
as follows

ay = κ(xe)v
2
e ≤ Γmax − δv2e (10)

where κ(se) is the curvature, which is function of the traveled
distance, Γmax is maximum lateral acceleration, and δ is
the driver’s ”safety margin” of error in their estimate of the

curvature when approaching the corner. Based on the natu-
ralistic driving data collected using a non-intrusive, portable,
Automobile Data Acquisition Module developed by an EPRSC
project at University of Southampton [11], sensible values
of Γmax are about 5 − 6m/s2 while δ should be around
4− 5rad/km.

In summary, the optimal control formulation of the driver
model is shown in the Table I where vmax is the speed
limit; smin is the minimum headway distance; amin is the
maximum deceleration; xe,init and xe,final are the initial and
final travelled distance of the ego-vehicle; L is the fixed total
travelled distance.

TABLE I
OPTIMAL CONTROL FORMULATION OF THE PROPOSED DRIVER MODEL

x [xe, ve]T

u [ax, ŝ]T

J [x,u] 1
T

∫ T
0 LD dt

ẋ = f(x,u, t)
ẋe = ve
v̇e = ax

g(x,u, t) ≤ 0
ŝ ≤ s− sd
ay = κ(xe)v2e ≤ Γmax − δv2e

Boundary Conditions

0 ≤ ve ≤ vmax

0 ≤ smin ≤ xl − xe
amin ≤ ax ≤ amax

ve(0) = ve(T ) = v0
xe(0) = 0
xe(T ) = L

Although the proposed driver model includes the two driv-
ing scenarios of car following and cornering in a unified way,
these two driving cases are studied separately in order to
clearly demonstrate the merit of the model.

A. Case 1: Car Following

In this case, it is assumed that the ego-vehicle is following
a lead vehicle, which has a given speed profile and that both
the lead and ego vehicle stay in a single lane, straight road
(κ(xe) = 0) as shown in Fig. 1, without any overtaking
behaviour.

𝒙𝒍 

𝒙𝒆 

𝒙𝒆 

Fig. 1. Car Following Case

Hence, for the stage cost LD (8), minimising the term(
ve
vd
− 1
)2

represents the urge to reduce the travel time. Min-
imising the term ŝ2 means the driver would like to maintain
a safe distance from the lead vehicle. The stage cost also
considers minimising the vehicle acceleration for ride comfort
by the term qaa

2
x. Tuning the weighting factors qv , qs and

qa will make a compromise among travel time minimisation,
safety maximisation and ride comfort.
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Fig. 2. Cornering Case

B. Case 2: Cornering with No Traffic

In this case, the road curvature κ is given as the function
of the ego-vehicle’s travel distance xe. And it is assumed that
the lead vehicle is far enough away from the ego vehicle so
that it does not affect the ego vehicle motion, and travels with
same speed of the ego-vehicle.

vl = ve (11)
s = smax (12)

We assumed that smax is larger than sd. Hence, the ŝ is
equal to zero, which means that the lead vehicle will have no
impact on the behaviour of the ego vehicle. In other words,
the ego vehicle travels with no traffic around.

III. FUEL CONSUMPTION MODEL

In this section, the dynamic model for the vehicle longi-
tudinal motion and the fuel consumption of a traditional IC
engine passenger car will be given.

A. Driving Losses

The overall traction force F on the wheels can be calculated
as

F = max + Fa + Fr (13)

Fa =
1

2
ρAfCdv

2
e

Fr = Crrmg

where m is the vehicle mass, F the force input to the
powertrain, Fa is the aerodynamic resistance force, Fr the
rolling friction force, ρ the air density, Af the frontal area,
Cd the coefficient of drag and Crr the coefficient of rolling
resistance.

B. Internal Combustion Engine powertrain

For the powertrain, a traditional passenger car is con-
sidered with a 2.0 litre internal combustion engine and a
CVT transmission. The internal combustion engine model is
implemented as a lookup table that maps engine torque Te and
crankshaft speed ωe to the fuel mass flow rate qf as shown in
Fig. 3. Hence we may consider the fuel mass flow rate qf as
a single mathematical function

qf = h (ωe, Te) (14)

In order to correlate the engine speed with the vehicle speed,
the CVT ratio Ng is considered as an additional system input

Fig. 3. Fuel mass rate map for the IC engine

with a boundary condition Ng ∈ [4, 10]. Hence, the engine
torque and crankshaft speed can be calculated as:

ωe = max

(
ve
rw
Ng, 100

)
(15)

Te =
max(F, 0)

Ng
rw (16)

where rw is the radius of the wheels and the engine has a idle
speed of 100 rad/s.

Substituting (13)(15)(16) into (14), the fuel mass rate be-
comes a function of the system state and input.

qf = ĥ (ve, ax, Ng) (17)

In addition, the maximum engine torque is given as a poly-
nomial function of the engine speed Tmax (ωe). This limitation
is incorporated by the following inequality constraint in the
optimal control formulation:

Te ≤ Tmax (ωe) (18)

IV. FUEL ECONOMY AND DRIVER PREFERENCE

For the majority of human drivers, the objective of driving
will be travelling to the destination safely and comfortably
within a reasonably short time and paying less for the fuel.
Therefore, in this section, a combined optimization problem
will be established which will trade off the driver preference
and fuel economy.

For the combined optimization problem, the system state of
the driver-vehicle system is x = [ xe, ve]

T , while the control
input is u = [ax , ŝ , Ng]T .

The combined cost function J [x,u] for this problem is
defined as follows

J [x,u] =
1

T

∫ T

0

(w1LD + w2qf ) dt (19)

where w1 and w2 are the two weighting factors for the
driver cost and for the fuel economy minimization respectively.
Hence, for a fixed w2, larger w1 will result in a solution with
a smaller mean LD and a larger mean qf and vice versa.



Compared to the driver model formulation, the combined
optimization problem also include the additional inequality
constraint (18) from the fuel consumption model.

In this paper, the Legendre-Gauss-Radau (LGR) pseudo-
spectral method is adopted to solve the optimization problem
numerically, which is featured by the general purpose optimal
control software (GPOPS-II) [12]. The orthogonal collocation
method is used by this Matlab software to generate the LGR
points. The main advantage of GPOPS-II is that an adaptive
mesh refinement algorithm is employed to iteratively adjust the
number of mesh intervals, the width of each interval, and the
polynomial degree. In the following subsections, the optimiza-
tion problem is solved under different boundary conditions to
investigate the benefit of the proposed problem formulation.
Firstly, the model parameters and optimization boundaries
which are identical in different scenarios are presented in Table
II.

TABLE II
LIST OF PARAMETERS

Powertrain
Parameters

DriverModel
Parameters

Optimization
Boundaries

m = 1200 kg qv = 1 smax = 3000 m
ρ = 1.225 kg/m3 qs = 1 smin = 5 m
Af = 2 m2 qa = 1e− 2 amin = −4 m/s2

Cd = 0.35 T0 = 2 s amax = 2.5 m/s2

Crr = 0.01 sd,0 = 10 m vmax = 50MPH
ρpetrol = 0.75 kg/L Γmax = 5 m/s2

4 ≤ Ng ≤ 10 δ = 5rad/km

In order to reflect how each solution is close to the nat-
uralistic driving, we defined the deviation of the naturalistic
driving index as:

Πnature =

∫ T

0
LD dt

xe(T )
[1/m] (20)

It should be noted that a smaller value of this index means
that the driver will feel more comfortable during this driving
trajectory. And for the total fuel consumption is converted
to the average fuel consumption in the common used unit
L/100km.

Πfuel =

∫ T

0
qf dt

xe(T )ρpetrol100
[L/100km] (21)

In the following part, it demonstrated that how fuel mini-
mization strategy affects the naturalistic driving behaviour of
the human in different driving situation.

A. Case 1: Car-following

In this part, the speed trajectory of the lead vehicle is given.
For simplicity, we assume the speed profile of the lead vehicle
is featured as a five segment structure: stationary, acceleration,
constant top speed, deceleration and stationary. It is assumed
that the top speed of the lead vehicle is 30MPH as shown in
Fig. 5 with the magenta dashed line. The total travel time is
60s, the total travel distance is 400m, and the initial and final
headway distance are both 10m. While the weighting factor
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Fig. 4. Trade-off of two weighting factors
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Fig. 5. Speed, traction force and headway distance trajectories for car
following case

w2 in the cost function J (19) is set as 1, the optimization
problem is solved by varying w1 between 10−6 to 106. For
each pair of w1 and w2, we calculated the deviation of the
naturalistic driving Πnature and the averaged fuel consumption
Πfuel. Then the two indexes are plotted in Fig. 4 for all pairs
of weighting factors. The trade-off between the driver model
cost and the fuel economy are clearly displayed in the Figure.
The drivers could save fuel by scarifying their comfort, while
the vehicle will consume more fuel by following the drivers’
desires.

In Fig. 5, ego-vehicle’s speed and force input trajectories
for three different weighting factor combination are presented
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Fig. 6. Engine operation points and CVT ratio for car following case

as well as the headway distance between lead and ego ve-
hicles. The colors of the trajectories in Fig. 5 and Fig. 6
correspond to the filled colored points in Fig. 4. Therefore,
the blue trajectories represent the case with the lowest fuel
consumption. As shown in the figure, the ego vehicle firstly
gently accelerates to a high speed, then the vehicle coasts down
between 21s and 51s. The headway distance experiences a
large variation between 5m to 90m. Even though the fuel
economy is lowest of the three cases, the trajectory is not
acceptable for a human driver due to the large variation of
speed and headway distance.

The green trajectory is the test case that the Πnature is the
lowest, which means that the trajectory follows the desires of
the driver defined in section II. The speed profile of the ego-
vehicle mimics the behaviour of the lead vehicle, which also
results in a headway distance with low variation. However, in
this case, the fuel consumption is the highest.

However, the red trajectory strikes a trade-off between
the other two test cases. The index Πnature (0.13[1/m]) is
very close to the driver model only test case (0.12[1/m]),
while fuel consumption has reduced from 12.1[L/100km] to
10.4[L/100km].

In addition, the time series of engine operation points and
CVT ratio are shown in Fig. 6. A high CVT ratio is selected
during low speed sections to generate large traction forces to
the wheel, while a low CVT ratio is selected during the high
speed section to make the engine speed stay relatively low for
better fuel economy.

B. Case 2: Cornering with No Traffic

In this part, the curvature of the road is given as a function of
the travelled distance as shown in the Fig. 7. So the ego-vehicle
travels between two curves with a straight section in the
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Fig. 7. Curvature vs the travelled distance

middle. The total travel time is 40s and the total travel distance
is 600m. Similar to the car following case, the weighting factor
w2 in the cost function J (19) is set as 1 and the optimization
problem is solved by varying w1 between 10−2 to 106. For
each pair of w1 and w2, we also calculated the two indexes
Πnature and Πfuel.
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Fig. 8. Trade-off of two weighting factors

The trade-off feature between the naturalistic driving and
the fuel economy is presented for the cornering case similarly
to the car following case. However, the variation of the index
Πnature is much smaller than the car following case. In this
subsection, the system state, input and dependent variable
trajectories are also plotted for three test cases: fuel economy
only (w1 = 1e − 2), driver model only (w1 = 1e6) and
combined case (w1 = 33.9) and the colors of the trajectories
in Fig. 9 and Fig. 10 are corresponding to the filled colored
points in Fig. 8.

The trade-off between the naturalistic driving and the fuel
economy are clearly displayed in the Figure. The drivers could
save fuel by sacrificing their comfort, while the vehicle will
consume more fuel by following the drivers’ desires. In Fig.
9, ego-vehicle’s speed and force input trajectories for three
different weighting factor combination are presented as well
the headway distance between lead and ego vehicles. The
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Fig. 9. Speed, traction force and headway distance trajectories for cornering
case

0 10 20 30 40
0

200

400
Fuel Economy Only Combined Driver Model Only

0 10 20 30 40
100

200

300

0 10 20 30 40
4

4.5

5

Fig. 10. Engine operation points and CVT ratio for cornering case

colors of the trajectories in Fig. 9 is corresponding to the filled
colored points in Fig. 8. For the three test case, the vehicle all
travels in low speed due to the curvature constraint (10).

The blue trajectories represent the case with lowest fuel
consumption. As shown in the figure, the ego vehicle firstly
accelerates to a high speed, then the vehicle coasts down
between 7.5s and 35.5s.

The green trajectory is the test case in which the index
Πnature is the lowest, which means that the trajectory follows
the desires of the driver defined in Section II. Hence, the
vehicle accelerates to a constant speed and keeps this speed
until the next curve is close, which is the naturalistic way of

driving without considering the fuel economy. However, in this
case, the fuel consumption is the highest.

The red trajectory is a trade-off between the two test cases
above. The value of Πindex is very close to the driver model
only test case, while the fuel consumption has reduced from
5.4[L/100km] to 4.99[L/100km]. The saving is achieved by
coasting down between 23s and 35.

In addition, the time series of engine operation points and
CVT ratio are also shown in Fig. 10. High CVT ratio is
selected during the acceleration part in order to generate large
traction forces to the wheel.

V. CONCLUSION

A combined optimization problem has been formulated
which includes a unified driver model and fuel consumption
model for IC engine passenger car. The proposed optimal con-
troller could trade off the driver preference and fuel economy
by adjusting the weighting factors. Based on the results, for
car following and cornering cases, eco friendly speed and
drivetrain input profiles could be given which have low fuel
consumption and good user acceptance.
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