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Integration-by-parts identities between loop integrals arise from the vanishing integration of total
derivatives in dimensional regularization. Generic choices of total derivatives in the Baikov or parametric
representations lead to identities which involve dimension shifts. These dimension shifts can be avoided
by imposing a certain constraint on the total derivatives. The solutions of this constraint turn out to be a
specific type of syzygies which correspond to logarithmic vector fields along the Gram determinant formed
of the independent external and loop momenta. We present an explicit generating set of solutions in Baikov
representation, valid for any number of loops and external momenta, obtained from the Laplace expansion
of the Gram determinant. We provide a rigorous mathematical proof that this set of solutions is complete.
This proof relates the logarithmic vector fields in question to ideals of submaximal minors of the Gram
matrix and makes use of classical resolutions of such ideals.
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I. INTRODUCTION

The increasing precision of the experimental measure-
ments of scattering processes at the Large Hadron Collider
(LHC) is calling for increased precision in the theoretical
prediction of cross sections. The computations of the
leading-order (LO) and next-to-leading-order (NLO) con-
tributions to the cross sections are by now automated, but for
many processes the next-to-next-to-leading-order (NNLO)
contribution is needed to reach the required precision.
The NNLO cross section has double-real, real-virtual

and double-virtual contributions. The aim of this paper is to
provide new tools for computing the latter contributions,
i.e., the two-loop scattering amplitudes. Results for the
latter may in turn motivate progress on the combination of
all virtual and real contributions to the NNLO cross section.

A key tool in the calculation of multiloop amplitudes are
integration-by-parts (IBP) reductions. The latter arise from
the vanishing integration of total derivatives in dimensional
regularization,Z YL

i¼1

dDli

iπD=2

XL
j¼1

∂
∂lμ

j

vμjP

Dν1
1 � � �Dνm

m
¼ 0; ð1:1Þ

where P and the vectors vμj are polynomial in the loop
momenta li and external momenta, the Dk denote inverse
propagators, and the νi are integers. The IBP identities turn
out to generate a large set of linear relations between loop
integrals. This then allows formost integrals to be reexpressed
as a linear combination of basis integrals. In practice, the basis
contains much fewer integrals than the number of integrals
produced by the Feynman rules for a multiloop amplitude.
The step of performingGaussian elimination on the linear

systems that arise from Eq. (1.1) may be carried out with the
Laporta algorithm [1,2], which leads in general to relations
that involve integrals with squared propagators. There are
various publicly available implementations of automated
IBP reduction: AIR [3], FIRE [4,5], Reduze [6,7], LiteRed
[8], Kira [9], as well as private implementations. A formal-
ism for obtaining IBP reductions without squared propa-
gators was developed in Refs. [10,11]. A systematic method
of deriving IBP reductions on generalized-unitarity cuts was
given in Ref. [12]. A recent approach [13] uses sampling
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over finite fields to construct the reduction coefficients.
Other recent developments include software for determining
a basis of integrals [14] and a D-module theory based
approach for computing the number of basis integrals [15].
The IBP reductions moreover allow setting up differ-

ential equations for the basis integrals, thereby enabling
their evaluation. [16–24]. Differential equations have
proven to be a powerful tool for calculating multiloop
integrals, enabling for example the computation of the basis
integrals for numerous two-loop amplitudes of 2 → 2
processes. This method can therefore reasonably be
expected to be of relevance to two-loop amplitudes for
2 → 3 processes. We note that, in the context of the latter,
impressive results have recently appeared [25–28].
In this paper we study integration-by-parts identities (1.1).

Generic choices of total derivatives in the Baikov or para-
metric representations lead to identities which involve unde-
sirable dimension shifts. These dimension shifts can be
avoided by imposing a certain constraint on the total deriv-
atives. The solutions of this constraint turn out to be a specific
type of syzygieswhich correspond to logarithmic vector fields
along the Gram determinant formed of the independent
external and loop momenta. We will present an explicit
generating set of solutions in Baikov representation, valid
for any number of loops and externalmomenta, obtained from
the Laplace expansion of the Gram determinant. Wewill then
present a rigorousmathematical proof that this set of solutions
is complete. This proof relates the logarithmic vector fields in
question to ideals of submaximal minors of the Gram matrix
and makes use of classical resolutions of such ideals.
An important feature of the obtained generating set of

syzygies is that they are guaranteed to have degree at most
one. In contrast, a generating set of syzygies obtained from
an S-polynomial computation would in general have higher
degrees. The fact that the syzygies obtained here are of
degree at most one is useful because it dramatically
simplifies the computation of solutions which satisfy
further constraints. For example, one may be interested
in imposing the further constraint on the total derivatives
that no integrals with squared propagators are encountered
in the integration-by-parts identities.
This paper is organized as follows. In Sec. II we set up

notation and give the Baikov representation of a generic
Feynman loop integral. In Sec. III we study integration-by-
parts relations on unitarity cuts and derive the syzygy
equation of interest. In Sec. IV we obtain a closed-form
generating set of solutions to the syzygy equation. In Sec. V
we present a proof that the set of syzygies is complete. In
Sec. VI we provide an example of the formalism. In
Sec. VII we give our conclusions.

II. BAIKOV REPRESENTATION
OF LOOP INTEGRALS

In this paper we will make use of the Baikov represen-
tation of Feynman loop integrals. As will be explained later,

this parametrization is useful for our purpose of studying
integration-by-parts identities (1.1) on so-called cuts where
some number of propagators are put on shell, i.e., after
evaluating the residue at Dα ¼ 0. Since the Baikov repre-
sentation uses the inverse propagators Dα as variables, it
greatly facilitates the application of cuts.
In this section we fix our notations and review the

Baikov representation of a general Feynman loop integral.
We consider an integral with L loops and k propagators.
We denote the loop momenta as l1;…;lL and the external
momenta as p1;…; pE; pEþ1, where E thus denotes the
number of linearly independent external momenta.
Furthermore, the integrand may involve m − k irreducible
scalar products—that is, polynomials in the loop momenta
and external momenta which cannot be expressed as a
linear combination of the inverse propagators. As will be
shown below, m is a function of L and E. We apply
dimensional regularization to regulate infrared and ultra-
violet divergences and normalize the integral as follows,

Iðν1;…; νm;DÞ≡
Z YL

j¼1

dDlj

iπD=2

Nk;m

Dν1
1 � � �Dνk

k
; νi ≥ 0:

ð2:1Þ

The inverse propagators Dj are of the form P2 where P is
an integer-coefficient linear combination of vectors taken
from the ordered set of all independent external and loop
momenta,

V ¼ ðv1;…; vEþLÞ ¼ ðp1;…; pE;l1;…;lLÞ: ð2:2Þ

Furthermore, the quantity Nk;m in Eq. (2.1) is defined as
Nk;m ≡Dνkþ1

kþ1 � � �Dνm
m .

We now proceed to present the Baikov representation
[29] of the integral (2.1). To this end, we start by writing
down the Gram matrix S of the independent external and
loop momenta,

S¼

0
BBBBBBBBBBBB@

x1;1 � � � x1;E x1;Eþ1 � � � x1;EþL

..

. . .
. ..

. ..
. . .

. ..
.

xE;1 � � � xE;E xE;Eþ1 � � � xE;EþL

xEþ1;1 � � � xEþ1;E xEþ1;Eþ1 � � � xEþ1;EþL

..

. . .
. ..

. ..
. . .

. ..
.

xEþL;1 � � � xEþL;E xEþL;Eþ1 � � � xEþL;EþL

1
CCCCCCCCCCCCA
;

ð2:3Þ

where the entries are given by,

xi;j ¼ vi · vj; ð2:4Þ
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where vi and vj are entries of V in Eq. (2.2). In addition, we
let F denote the determinant of S,

F≡ det S: ð2:5Þ
The entries of the upper-left E × E block of S are

constructed out of the external momenta only, and it will
be convenient for the following to emphasize this by
relabeling these entries,

λi;j ¼ xi;j for 1 ≤ i; j ≤ E: ð2:6Þ
Furthermore we define G as the Gram matrix of the
independent external momenta,

G ¼

0
BB@

λ1;1 � � � λ1;E

..

. . .
. ..

.

λE;1 � � � λE;E

1
CCA; ð2:7Þ

and let U denote its determinant,

U ¼ detG: ð2:8Þ
We remark thatU is equal to the square of the volume of the
parallelotope formed by the independent external momenta
fp1;…; pEg. Thus, U is nonvanishing provided that
p1;…; pE are not linearly dependent.
The entries of the remaining blocks of S depend on the

loop momenta. As S is a symmetric matrix, not all entries
are independent. We can choose as a set of independent
entries for example the entries of the upper-right E × L
block along with the upper-triangular entries of the lower-
right L × L block,

xi;j where

�
1≤ i≤E and Eþ1≤ j≤EþL;

Eþ1≤ i≤ j≤EþL:
ð2:9Þ

Hence we find that S contains LEþ LðLþ1Þ
2

independent
entries which depend on the loop momenta. From the fact
that each inverse propagator Dα is the square of a linear
combination of the elements of V in Eq. (2.2) and the fact
that the elements of V are linearly independent, it follows
thatDα can be written as a unique linear combination of the
xi;j in Eq. (2.9). We therefore conclude that the combined
number of propagators and irreducible scalar products in
Eq. (2.1) is given by the expression,

m ¼ LEþ LðLþ 1Þ
2

: ð2:10Þ
Keeping the relabeling in Eq. (2.6) inmind,we canwrite any
inverse propagator Dα (with α ¼ 1;…; m) as an explicit
linear combination of the xi;j in Eq. (2.9) as follows,

Dα ¼
Xm
β¼1

Aα;βxβ þ
X

1≤k≤l≤E
ðBαÞk;lλk;l −m2

α; ð2:11Þ

where Aα;β and the entries of Bα are integers. In writing this
expression we introduced a lexicographic order on the set

of elements ði; jÞ in Eq. (2.9) and let β ¼ 1;…; m denote the
element label in the ordered set.
The variables of the Baikov representation [29] are

chosen as the inverse propagators and the irreducible scalar
products,

zα ≡Dα where 1 ≤ α ≤ m: ð2:12Þ
We can now present the Baikov representation of the
integral in Eq. (2.1). It takes the following form,1

Iðν;DÞ ¼ CL
EU

E−Dþ1
2

Z
dz1 � � � dzm
zν11 � � � zνkk

F
D−L−E−1

2 Nk;m; ð2:13Þ

where the first prefactor is given by the expression,

CL
E ≡ π−LðL−1Þ=4−LE=2Q

L
j¼1 ΓðD−L−Eþj

2
Þ detA; ð2:14Þ

where A is the matrix defined in Eq. (2.11).

III. INTEGRATION-BY-PARTS IDENTITIES
ON UNITARITY CUTS

In this section we consider integration-by-parts identities
(1.1) on cuts where some number of propagators are put
on shell, i.e., roughly speaking 1

Di
→ δðDiÞ. This has the

advantage of reducing the linear systems to which Gauss-
Jordan elimination is to be applied. As explained in
Ref. [12], it is possible to determine complete integra-
tion-by-parts reductions by performing the reductions on a
suitably chosen spanning set of cuts and merge the
information found on each cut.
The virtue of the Baikov representation (2.13) is that it

makes manifest the effect of cutting propagators. Cf.
Refs. [11,12], we consider applying a c-fold cut (where
0 ≤ c ≤ k) to Eq. (2.13). We let Scut, Suncut and SISP denote
the sets of indices labeling cut propagators, uncut propa-
gators and irreducible scalar products respectively, and set,

Scut ¼ fζ1;…; ζcg
Suncut ¼ fr1;…; rk−cg
SISP ¼ frk−cþ1;…; rm−cg: ð3:1Þ

We will restrict the analysis to the case where the
propagator powers in Eq. (2.1) are equal to one, νi ¼ 1.

1We remark that the Baikov representation in Eq. (2.13) is
consistent with that used in Ref. [12]. This is a consequence of the
identity deti;j¼1;…;L μi;j ¼ F

U, which in turn follows from the Schur
complement theorem in linear algebra. Moreover, Ref. [12]
makes use of the four-dimensional helicity scheme. It is therefore
imposed as a constraint on the external momenta that they span a
vector space of dimension at most four. In order words, one must
have dim spanfp1;…; pEg ≤ 4. Accordingly, the exponent of the
Baikov polynomial F is modified from D−L−E−1

2
in Eq. (2.13) to

D−L−5
2

and D−L−4
2

for E ≥ 4 and E ¼ 3, respectively.

COMPLETE SETS OF LOGARITHMIC VECTOR FIELDS … PHYS. REV. D 98, 025023 (2018)

025023-3



The result of applying the cut,Z
dzi
zi

⟶
cut

I
Γϵð0Þ

dzi
zi

where i ∈ Scut; ð3:2Þ

where Γϵð0Þ denotes a circle centered at 0 of radius ϵ > 0 to
Eq. (2.13) is obtained by evaluating the residue at zi ¼ 0
where i ∈ Scut,

Icutðν;DÞ ¼ CL
EðDÞUE−Dþ1

2

×
Z

dzr1 � � � dzrm−c
Nk;m

zr1 � � � zrk−c
FðzÞD−L−E−1

2

����
zi¼0; i∈Scut

:

ð3:3Þ
We now turn to integration-by-parts identities evaluated

on the c-fold cut Scut. Such identities correspond to exact
differential forms of degree m − c. The most general exact
differential form which is of the form of the integrand of
Eq. (3.3) is,

0 ¼
Z

d

�Xm−c

i¼1

ð−1Þiþ1ariFðzÞ
D−L−E−1

2

zr1 � � � zrk−c
× dzr1 ∧ � � � ∧ ddzri ∧ � � � ∧ dzrm−c

�
; ð3:4Þ

where the ai are polynomials in fzr1 ;…; zrm−c
g. Expanding

Eq. (3.4), we get an integration-by-parts identity,

0 ¼
Z �Xm−c

i¼1

�∂ari
∂zri

þD − L − E − 1

2FðzÞ ari
∂F
∂zri

�
−
Xk−c
i¼1

ari
zri

�

×
FðzÞD−L−E−1

2

zr1 � � � zrk−c
dzr1 � � � dzrm−c

: ð3:5Þ

We observe that, for an arbitrary choice of polynomials
aiðzÞ, the two terms in the parenthesis ð� � �Þ in Eq. (3.5)
correspond to integrals in D and D − 2 dimensions,
respectively. This is because the 1

FðzÞ factor in the second

term has the effect of modifying the integration measure,
thereby shifting the space-time dimension fromD toD − 2.
To get the exact form in Eq. (3.4) to correspond to an

integration-by-parts relation in D dimensions, we require
the aiðzÞ to be chosen such that,

bF þ
Xm−c

i¼1

ari
∂F
∂zri

¼ 0; ð3:6Þ

where b denotes a polynomial, since then the 1
F factor

in Eq. (3.5) cancels out, and no dimension shift
occurs. Equations of the type (3.6) are known in algebraic
geometry as syzygy equations (describing in our setting
the polynomial relations—that is, syzygies, between
F; ∂F

∂zr1 ;…; ∂F
∂zrm−c

). They have also been considered

in the context of integration-by-parts relations in

Refs. [10–12,30–32]. We remark that it follows from
Schreyer’s theorem that a generating set of solutions of
Eq. (3.6) can be found algebraically by determining a
Gröbner basis of the ideal generated by the above poly-
nomials, considering the S-polynomials involved in the
Buchberger test, and expressing the corresponding relations
in terms of the original generators [33]. We refer to
Refs. [11,14] for a geometric interpretation of Eq. (3.6).

IV. SYZYGY GENERATORS FROM
LAPLACE EXPANSION

In this section we turn to obtaining a generating set
T ¼ hg1;…; gdi of syzygies gi ¼ ðar1 ;…; arm−c

; bÞ of
Eq. (3.6). By this we mean that T is such that any solution
of Eq. (3.6) can be written in the form gip where gi ∈ T
and p denotes a polynomial.
For a general polynomial F, determining a generating set

of syzygies would require an S-polynomial computation.
However, as we will shortly see, in the case where F is the
determinant of a matrix, a generating set of syzygies can be
obtained from the Laplace expansion of the determinant of
F. We remark that related work has appeared in Ref. [32].

A. Off-shell case

For simplicity we start with the case where no cuts are
applied, c ¼ 0. LetM ¼ ðmi;jÞi;j¼1;…;n be a generic matrix,
i.e., such that all entries are independent. We consider the
determinant of M and perform Laplace expansion of the
determinant along the ith row,�Xn
k¼1

mj;k
∂ðdetMÞ
∂mi;k

�
− δi;j detM ¼ 0; 1 ≤ i; j ≤ n:

ð4:1Þ
The identities with i ≠ j follow by replacing the ith row
of M by the jth row, mi;k → mj;k, as the resulting matrix
clearly has a vanishing determinant.
For a symmetric matrix S ¼ ðsi;jÞi;j¼1;…;n, the entries

satisfy si;j ¼ sj;i and are thus not all independent. For this
case, one obtains from the Laplace expansion the following
identities,

�Xn
k¼1

ð1þδi;kÞsj;k
∂ðdetSÞ
∂si;k

�
−2δi;jdetS¼0; 1≤ i;j≤n:

ð4:2Þ

In taking the derivatives one must take into account that the
entries are not independent. To do so, we replace sj;i → si;j
with i ≤ j in S before taking derivatives and furthermore

replace ∂ðdet SÞ
∂si;k with i > k by ∂ðdet SÞ

∂sk;i .
We will now apply the identity (4.2) to the Gram matrix

S in Eq. (2.3). However, before doing so, we note that the
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first E rows only contain external invariants λi;j and entries
which also appear in the last L rows by symmetry of S.
Derivatives with respect to the λi;j are not of interest in the
problem at hand, since for integration-by-parts identities
(1.1), only derivatives with respect to the loop momenta
play a role. We therefore apply the identity (4.2) only to the
last L rows of S, from which we find,�XEþL

k¼1

ð1þ δi;kÞxj;k
∂F
∂xi;k

�
− 2δi;jF ¼ 0; ð4:3Þ

where Eþ 1 ≤ i ≤ Eþ L and 1 ≤ j ≤ Eþ L. We can
express the derivatives with respect to xi;k in terms of
derivatives with respect to zα by making use of the chain
rule,

∂F
∂xi;k ¼

Xm
α¼1

∂zα
∂xi;k

∂F
∂zα for

�
1≤ i≤E; Eþ1≤ k≤EþL;

Eþ1≤ i≤ k≤EþL:

ð4:4Þ

By splitting the sum in Eq. (4.3) into sums over the first E,
subsequent i − 1 − E and Eþ L − iþ 1 terms and using
that xi;k ¼ xk;i for the former two, application of the chain
rule (4.4) yields,

Xm
α¼1

ðai;jÞα
∂F
∂zα þ bi;jF ¼ 0; ð4:5Þ

where ai;j and b are given by the following expressions,

ðai;jÞα ¼
XEþL

k¼1

ð1 þ δi;kÞ
∂zα
∂xi;k xj;k and bi;j ¼ −2δi;j;

ð4:6Þ

for Eþ 1 ≤ i ≤ Eþ L, 1 ≤ j ≤ Eþ L and 1 ≤ α ≤ m. We
conclude that

ti;j ¼ ððai;jÞ1;…; ðai;jÞm; bi;jÞ; ð4:7Þ
with ai;j and bi;j given in Eq. (4.6) are solutions of Eq. (3.6)
in the case c ¼ 0.
We note that it follows from the relations in Eqs. (2.11)

and (2.12) that the derivatives ∂zα∂xi;k are integers.

Furthermore, we may use the relations to express the
x-variables as a linear combination of the z-variables.
This shows that the syzygies ti;j in Eq. (4.7) are at most
linear polynomials in the Baikov variables zα.
We emphasize that the closed-form expressions in

Eqs. (4.6) and (4.7) are valid for any number of loops
and external legs. The only quantities that depend on the
graph in question are the relations of the z-variables to
the x-variables in Eqs. (2.11) and (2.12). We note that the
approach of using Laplacian expansion to obtain syzygies

works equally well in cases where the propagators are
massive, since the variables xi;j in Eq. (2.4) will be
independent of the internal mass parameters. These mass
parameters will appear explicitly after the linear trans-
formation from the xi;j variables to the Baikov variables zi.
For an explicit example we refer to Sec. VI B.
We emphasize that the closed-form expressions allow the

construction of purely D-dimensional integration-by-parts
identities in cases where S-polynomial based computations
of syzygies are not feasible. Another important aspect of
the syzygies in Eqs. (4.6) and (4.7) is that they are of degree
one. This would not be guaranteed for the output of an S-
polynomial-based computation of the syzygy generators
which in relevant examples (see below) turn out to have
higher degrees. Low-degree syzygies are particularly
advantageous if we are interested in imposing additional
constraints on the Ansatz for the exact form in Eq. (3.5).
For example, we may demand that no integrals with
squared propagators are encountered in the IBP identities,

ai þ bizi ¼ 0 where i ¼ 1;…; k: ð4:8Þ
Namely, we can obtain solutions of Eqs. (3.6) and (4.8) by
taking the module intersection of the module of the
syzygies in Eqs. (4.6) and (4.7),

T ¼hti;j jEþ1≤ i≤EþL and 1≤ j≤EþLi; ð4:9Þ
and the module,

L ¼ hz1e1;…; zkek; ekþ1;…; emi: ð4:10Þ
That is, the generators of T ∩ L form a generating set of
solutions of Eqs. (3.6) and (4.8) [34]. The fact that the
syzygies in Eqs. (4.6) and (4.7) are of degree one
dramatically simplifies the computation of the module
intersection T ∩ L. We remark that efficient methods for
computing module intersections are presented in Ref. [35],
and that in this reference nontrivial computations are
carried out using these methods for nonplanar multiscale
diagrams.
In Sec. V we give a proof that the LðLþ EÞ syzygies in

Eq. (4.7) form a generating set.

B. On-shell case

We now turn to obtaining a generating set of syzygies
of Eq. (3.6) for a generic cut Scut ¼ fζ1;…; ζcg. We start
by taking the module of the syzygies in Eq. (4.9) and
evaluating this on the cut Scut,

T̂ ¼ T jzq¼0; q∈Scut
: ð4:11Þ

Now, the generators t̂i;j of T̂ will not in general be solutions
of Eq. (3.6) because the ζn-entries of t̂i;j may be nonzero on
the cut.
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This leads us to consider the module,

Z ¼ her1 ;…; erm−c
i; ð4:12Þ

where eri is an (mþ 1)-dimensional unit vector with 1 in
the ri entry and 0 elsewhere. Namely, the generators of the
intersection T̂ ∩ Z are solutions of Eq. (3.6).
The module intersection can be found with SINGULAR

and in practice takes less than a second to compute.

V. PROOF OF COMPLETENESS OF SYZYGIES

In this section we show that the LðLþ EÞ syzygies in
Eqs. (4.6) and (4.7) form a generating set of syzygies of
Eq. (3.6). In order to give a formal proof of this fact we
adopt a more general setup considering polynomial loga-
rithmic vector fields along determinants of generic (sym-
metric) square matrices. We reduce the problem to known
resolutions of ideals of submaximal minors of such
matrices.
Fix a field K. For 0 ≠ m ∈ N denote by Y ¼ Km affine

m-space. The coordinate ring of Y is a polynomial ring

O ¼ OY ¼ K½y1;…; ym�: ð5:1Þ
Note that its group of units is O� ¼ K� ¼ Knf0g. Since O
is a Cohen–Macaulay ring, the grade or depth of any ideal
of O equals its height or codimension (cf. Cor. 2.1.4 and
Thm. 2.1.9 of Ref. [36]).
The polynomial vector fields on Y form a free O-module

(cf. Prop. 16.1 of Ref. [37])

Θ ¼ ΘY ¼ DerKðOÞ ¼ ⨁
m

i¼1

O
∂
∂yi :

A polynomial function

f∶ Y ¼ Km → K

is given by an element f ∈ O. The O-submodule of Θ of
logarithmic vector fields along the divisor (f) is defined by
(classically for squarefree f ∈ OnO� and K ¼ C, cf. Sec. 1
of Ref. [38])

Derð− logðfÞÞ ¼ fδ ∈ Θ j δðfÞ ∈ Ofg ⊂ ΘY: ð5:2Þ
We denote the ideal of partial derivatives of f by

Jf ¼
� ∂f
∂y1 ;…;

∂f
∂ym

	
:

Then Derð− logðfÞÞ identifies with the projection to the
first m components of the syzygy module [cf. Eq. (3.6)]

syz

� ∂f
∂y1 ;…;

∂f
∂ym ; f

�
≅ syzðJf þ OfÞ:

We call χ ∈ Derð− logðfÞÞ an Euler vector field for f if

χðfÞ ∈ O�f ¼ K�f:

If f admits an Euler vector field, then

Derð− logðfÞÞ ¼ Oχ þ AnnΘðfÞ; ð5:3Þ
where

AnnΘðfÞ ¼ fδ ∈ Θ j δðfÞ ¼ 0g ≅ syzðJfÞ ð5:4Þ
is the annihilator of f in Θ and can be identified with the
syzygy module of Jf.
In the remainder of the section we specialize to the case

where f is the determinant of a (symmetric) n × n matrix
where 0 ≠ n ∈ N. We write MatnðOÞ for the O-module of
n × nmatrices with entries O, SymnðOÞ (and SkwnðOÞ) for
its submodule of (skew-)symmetric matrices and

SlnðOÞ ¼ kerðtr∶ MatnðOÞ → OÞ
the kernel of the trace map. For any A ¼ ðai;jÞ ∈ MatnðOÞ
denote by A⋆ ¼ ða⋆i;jÞ ∈ MatnðOÞ its adjoint matrix and by

In−1ðAÞ ¼ ha⋆i;j j 1 ≤ i ≤ j ≤ ni⊲O

its ideal of submaximal minors.
Consider the determinant functions

det ∶ X ¼ MatnðKÞ → K; det0∶ X0 ¼ SymnðKÞ → K:

The preceding discussion applies to both these cases. The
coordinate rings of X and X0 are polynomial rings

OX ¼ K½xi;j j 1 ≤ i; j ≤ n�;
OX0 ¼ K½xi;j j 1 ≤ i ≤ j ≤ n� ¼ OX=hxi;j − xj;ii:

The modules of polynomial vector fields on X and X0
respectively are

ΘX ¼ DerKðOXÞ ¼ ⨁
i;j
OX

∂
∂xi;j ;

ΘX0 ¼ DerKðOX0 Þ ¼ ⨁
i≤j

OX
∂

∂xi;j :

The following result provides generators of the modules
of logarithmic vector fields along f ¼ det and f ¼ det0
[cf. Eq. (5.2)].
Denote by M ¼ ðxi;jÞ ∈ MatnðOXÞ the generic n × n

matrix and by S ¼ ðxi;jÞ ∈ SymnðOX0 Þ its symmetric
counterpart. Note that

det ¼ detM; det0 ¼ det S:

Assume from now on that K has characteristic different
from 2 (which will be the case in our applications).
Goryunov and Mond made the following observation
(cf. Secs. 3.1 and 3.2 of Ref. [39]).
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Proposition 1: There are surjective maps

MatnðOXÞ⊕2↠
π
Derð− logðdetÞÞ;

ðA;BÞ ↦
X
i;j

ðMA − BMÞi;j
∂

∂xi;j ;

MatnðOX0 Þ↠π
0
Derð− logðdet0ÞÞ;

A ↦
X
i≤j

ðSAþ AtSÞi;j
∂

∂xi;j :

Proof.—Since

∂ det
∂xi;j ¼ m⋆

j;i;
∂det0
∂xi;j ¼ ð2 − δi;jÞs⋆i;j; ð5:5Þ

we have

Jdet ¼ In−1ðMÞ; Jdet0 ¼ In−1ðSÞ; ð5:6Þ

and, by Laplace expansion, π and π0 map to the given target.
Since both det and det0 are homogeneous, they admit
standard Euler vector fields

χ ¼
X
i;j

xi;j
∂

∂xi;j ; χ0 ¼
X
i≤j

xi;j
∂

∂xi;j :

Note that

πððδi;jÞ; 0Þ ¼ χ; π0ððδi;jÞÞ ¼ 2χ: ð5:7Þ

By Gulliksen–Negård [40] and Józefiak [41] respectively,
there are exact sequences

SlnðOXÞ⊕2 ⟶ MatnðOXÞ ⟶ In−1ðMÞ ⟶ 0;

ðA; BÞ ↦ MA − BM;

C ↦ trðM⋆CÞ;

SlnðOX0 Þ ⟶ SymnðOX0 Þ ⟶ In−1ðSÞ ⟶ 0;

A ↦ SAþ AtS;

D ↦ trðS⋆DÞ;

where, using Eq. (5.5),

trðM⋆CÞ ¼
X
i;j

m⋆
j;ici;j ¼

X
i;j

ci;j
∂ det
∂xi;j ;

trðS⋆DÞ ¼
X
i;j

s⋆i;jdi;j ¼
X
i≤j

ð2 − δi;jÞs⋆i;jdi;j

¼
X
i≤j

di;j
∂det0
∂xi;j : ð5:8Þ

Using Eqs. (5.4) and (5.6) this means that

πðSlnðOXÞ⊕2Þ ¼ AnnΘX
ðdetÞ;

π0ðSlnðOX0 ÞÞ ¼ AnnΘX0 ðdet0Þ:
With Eqs. (5.3) and (5.7) surjectivity of π and π0
follows. ▪
Dropping the genericity hypothesis, we now consider

polynomial matrix families

Y ¼ Km⟶
M

MatnðKÞ ¼ X;

Y ¼ Km⟶
S

SymnðKÞ ¼ X0:

They are defined by matrices M ∈ MatnðOÞ and S ∈
SymnðOÞ with entries in O ¼ OY [cf. Eq. (5.1)]. By abuse
of notation, we set

JM ¼
�∂M
∂yk

���� k ¼ 1;…; m

	
⊂ MatnðOÞ;

JS ¼
� ∂S
∂yk

���� k ¼ 1;…; m

	
⊂ SymnðOÞ:

Consider the (truncated) Gulliksen–Negård and Józefiak
complexes

SlnðOÞ⊕2 ⟶
ρ

MatnðOÞ ⟶ In−1ðMÞ ⟶ 0;

SlnðOÞ ⟶
ρ0

SymnðOÞ ⟶ In−1ðSÞ ⟶ 0: ð5:9Þ

Proposition 2:
(a) If In−1ðMÞ has (the maximal) codimension 4, then

there is a surjective map

In particular, if detM admits an Euler vector field χ ∈ Θ,
then Derð− logðdetMÞÞ is generated by χ and the image
of π.
(b) If In−1ðSÞ has (the maximal) codimension 3, then there

is a surjective map

In particular, if det S admits an Euler vector field χ ∈ Θ,
then Derð− logðdet SÞÞ is generated by χ and the image
of π0.
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Proof.—Using Eq. (5.8), the chain rule yields

tr
�
M⋆ ∂M

∂yk
�

¼
X
i;j

∂mi;j

∂yk
∂ det
∂xi;j ðMÞ ¼ ∂ detM

∂yk ;

tr

�
S⋆ ∂S

∂yk
�

¼
X
i≤j

∂si;j
∂yk

∂ det
∂xi;j ðSÞ ¼

∂ det S
∂yk : ð5:10Þ

By Gulliksen–Negård [40] and Józefiak [41] respectively,
the hypotheses imply that the complexes (5.9) are exact. By
Eq. (5.10) they induce exact sequences

ρ−1ðJMÞ ⟶
ρ

JM ⟶ JdetM ⟶ 0;

ρ0−1ðJSÞ ⟶
ρ0

JS ⟶ Jdet S ⟶ 0:

With Eq. (5.4) surjectivity of π and π0 follows. The
particular claims are due to Eq. (5.3). ▪
Finally we specialize to the case of interest in our

context.
Corollary 3: Assume that S ∈ SymnðOÞ has a block

form

S ¼ ðsi;jÞ ¼
�
S1;1 S1;2
S2;1 S2;2

�
;

where S1;1 is constant invertible and si;j ¼ xi;j ¼ yσi;j for
i ≤ j with ði; jÞ in block column 2. Then Derð− logðdet SÞÞ
is generated by all

π0ðAÞ ¼
Xm
k¼1

ck
∂
∂yk ;

where (cf. Proposition 2.(b))

Xm
k¼1

ck
∂S
∂yk ¼ SAþ AtS; A ¼

�
0 A1;2

0 A2;2

�
∈ MatnðOÞ:

ð5:11Þ
Proof.—By Micali–Villamayor (see Lemma (1.1) of

Ref. [41]), there is an invertible matrix C such that

CtSC ¼
�
S0 0

0 S0

�
:

The matrix S0 is still constant invertible and S0 ≡ S2;2
modulo the variables xi;j with ði; jÞ in block (1,2). The
entries of S0 ∈ Symn0 ðOÞ are thus algebraically independent
over the polynomial ring over K in these variables. By
Józefiak (Thm. (2.3) of Ref. [41]) it follows that In−1ðSÞ ¼
In0−1ðS0Þ has codimension 3.
For well-definedness of π0, it suffices to verify that

π0ðAÞ ∈ Derð− logðdet SÞÞ if A ¼ ðδi;kδj;lÞ. In this case

SAþ AtS ¼
Xn
i¼1

ð1þ δi;lÞyσi;k
∂S

∂yσi;l
;

and hence, using Eq. (5.5) and Laplace expansion,

π0ðAÞðdet SÞ ¼
Xn
i¼1

ð1þ δi;lÞyσi;k
∂ det S
∂yσi;l

¼
Xn
i¼1

ð1þ δi;lÞð2 − δi;lÞsi;ks⋆i;l ¼ 2δk;l det S:

Note that det S admits the Euler vector field

χ ¼ π0ððδi;nδj;nÞÞ ¼
Xn
i¼1

ð1þ δi;nÞyσi;n
∂

∂yσi;n
:

So the hypotheses of Proposition 2.(b) are satisfied.
The module JS consists of all symmetric matrices with

(1,1)-block 0. Writing A ∈ SlnðOÞ in block form

A ¼
�
A1;1 A1;2

A2;1 A2;2

�
;

Eq. (5.11) reduces to

S1;1A1;1 þ S1;2A2;1 þ At
1;1S1;1 þ At

2;1S2;1 ¼ 0: ð5:12Þ
For any W ∈ SkwnðOÞ, adding WS to A leaves SAþ AtS
invariant. Using

W ¼
�−A1;1S−11;1 − S−11;1A

t
2;1S2;1S

−1
1;1 S−11;1A

t
2;1

−A2;1S−11;1 0

�

makes A�;1 ¼ 0 and turns Eq. (5.12) into 0 ¼ 0. ▪
Returning to the setup of Sec. II, consider the matrix S

in Eq. (2.3) with the given block form. Its submatrix S1;1
is the Gram matrix G in Eq. (2.7) whose entries are the
Mandelstam variables λi;j in Eq. (2.6) which are treated as
constants in the integration and IBP reduction. As noted
below Eq. (2.8), U ¼ detG is nonvanishing provided that
p1;…; pE are linearly independent. Let K ¼ Qðλi;jÞ be the
field of rational functions in the Mandelstam variables over
the rational numbers. Note that the characteristic ofK is 0, so
that the above assumption on the characteristic is satisfied.2

Then S1;1 is constant invertible and Corollary 3 applies. As a
result theLðLþ EÞ syzygies in Eqs. (4.6) and (4.7) generate
all syzygies in Eq. (3.6).

VI. EXAMPLES

In this section we work out explicit expressions for the
syzygy generators presented in Sec. IV for three diagrams.

2Note that while in the actual integration the variables corre-
sponding to the external momenta may take real values and the
remaining ones may take complex values, the IBP relations have a
generating system defined over the rationals. Both the Laplace
expansion and a syzygy module computation via Gröbner basis
methods lead to such a generating system. This again simplifies the
computation of solutions satisfying further constraints.
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A. Fully massless planar double box

As a simple example we consider the fully massless
planar double-box diagram shown in Fig. 1.
In this case, the combined number of propagators and

irreducible scalar products (2.10) is m ¼ 9. In agreement
with Eq. (2.12), we define the z-variables as follows, setting
P1;2 ≡ p1 þ p2,

z1¼l2
1; z2¼ðl1−p1Þ2; z3¼ðl1−P1;2Þ2;

z4¼ðl2þP1;2Þ2; z5¼ðl2−p4Þ2; z6¼l2
2;

z7¼ðl1þl2Þ2; z8¼ðl1þp4Þ2; z9¼ðl2þp1Þ2:
ð6:1Þ

We choose as the set (2.2) of all independent external
and loop momenta V ¼ ðp1; p2; p3;l1;l2Þ. The lexico-
graphically-ordered set of elements ði; jÞ in Eq. (2.9) then
becomes,

ðx1;…; x9Þ≡ ðx1;4; x1;5; x2;4; x2;5; x3;4; x3;5; x4;4; x4;5; x5;5Þ;
ð6:2Þ

and it immediately follows that the matrices in Eq. (2.11)
are given by,

A ¼

0
BBBBBBBBBBBBBBBB@

0 0 0 0 0 0 1 0 0

−2 0 0 0 0 0 1 0 0

−2 0 −2 0 0 0 1 0 0

0 2 0 2 0 0 0 0 1

0 2 0 2 0 2 0 0 1

0 0 0 0 0 0 0 0 1

0 0 0 0 0 0 1 2 1

−2 0 −2 0 −2 0 1 0 0

0 2 0 0 0 0 0 0 1

1
CCCCCCCCCCCCCCCCA

; ð6:3Þ

and, for α ¼ 1;…; 9,

Bα ¼ 0 for α ∉ f3; 4g and B3 ¼ B4 ¼

0
B@

0 1 0

1 0 0

0 0 0

1
CA;

ð6:4Þ

and mα ¼ 0. We can now use Eqs. (2.11) and (2.12) to
express the syzygy generators in Eqs. (4.6) and (4.7) in
terms of the zα, yielding,

t4;1 ¼ ðz1 − z2; z1 − z2;−sþ z1 − z2;0;0;0; z1

− z2 − z6 þ z9; tþ z1 − z2;0;0Þ;
t4;2 ¼ ðsþ z2 − z3; z2 − z3; z2 − z3;0;0;0; z2

− z3 þ z4 − z9;−tþ z2 − z3;0;0Þ;
t4;3 ¼ ð−sþ z3 − z8; tþ z3 − z8; z3 − z8;0;0;0; z3

− z4 þ z5 − z8; z3 − z8;0;0Þ;
t4;4 ¼ ð2z1; z1 þ z2;−sþ z1 þ z3;0;0;0; z1

− z6 þ z7; z1 þ z8;0;−2Þ;
t4;5 ¼ ð−z1 − z6 þ z7;−z1 þ z7 − z9; s− z1

− z4 þ z7;0;0;0;−z1 þ z6 þ z7;−z1 − z5 þ z7;0;0Þ;
t5;1 ¼ ð0;0;0; s− z6 þ z9;−t− z6 þ z9; z9 − z6; z1

− z2 − z6 þ z9;0; z9 − z6;0Þ;
t5;2 ¼ ð0;0;0; z4 − z9; tþ z4 − z9;−sþ z4 − z9; z2 − z3

þ z4 − z9;0; z4 − z9;0Þ;
t5;3 ¼ ð0;0;0; z5 − z4; z5 − z4; s− z4 þ z5; z3 − z4

þ z5 − z8;0;−t− z4 þ z5;0Þ;
t5;4 ¼ ð0;0;0; s− z3 − z6 þ z7;−z6 þ z7 − z8;−z1

− z6 þ z7; z1 − z6 þ z7;0;−z2 − z6 þ z7;0Þ;
t5;5 ¼ ð0;0;0;−sþ z4 þ z6; z5 þ z6;2z6;−z1 þ z6

þ z7;0; z6 þ z9;−2Þ: ð6:5Þ

Syzygies obtained from S-polynomial-based computations
are not guaranteed to be of degree one. For example, from
the SINGULAR command syz one can obtain a representa-
tion with 13 generators of up to cubic degree. More
specifically, syz produces 10 generators of degree one,
two generators of degree two, and one generator of degree
three.
Expressions for on-shell syzygies are too lengthy to

record here, but we give a few examples: on the cut Scut ¼
f1; 4; 7g one can find a representation of T̂ ∩ Z with 18
generators of up to cubic degree, and on the cut Scut ¼
f2; 5; 7g a representation of T̂ ∩ Z with 20 generators of
up to cubic degree.

FIG. 1. The fully massless planar double-box diagram. All
external momenta are taken to be outgoing.
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B. Planar double box with internal mass

As a more nontrivial example we consider a planar
double-box diagram with propagators of equal mass as
shown in Fig. 2.
As in the massless case in Sec. VI A, the combined

number of propagators and irreducible scalar products
(2.10) is m ¼ 9. In analogy with Eq. (2.12), we define
the z-variables as follows, setting P1;2 ≡ p1 þ p2,

z1 ¼ l2
1 −M2; z2 ¼ ðl1 − p1Þ2 −M2;

z3 ¼ ðl1 − P1;2Þ2 −M2; z4 ¼ ðl2 þ P1;2Þ2 −M2;

z5 ¼ ðl2 − p4Þ2 −M2; z6 ¼ l2
2 −M2;

z7 ¼ ðl1 þ l2Þ2; z8 ¼ ðl1 þ p4Þ2;
z9 ¼ ðl2 þ p1Þ2: ð6:6Þ

Again we choose as the set (2.2) of all independent external
and loop momenta V ¼ ðp1; p2; p3;l1;l2Þ. The lexico-
graphically-ordered set of elements xi;j in Eq. (2.9) is again
that in Eq. (6.2), and the matrices in Eq. (2.11) are given by
Eqs. (6.3) and (6.4), whereas mα in Eq. (2.11) is given by
mα ¼ M for 1 ≤ α ≤ 6 and mβ ¼ 0 for 7 ≤ β ≤ 9.
Using Eqs. (2.11) and (2.12) to express the syzygy

generators in Eqs. (4.6) and (4.7) in terms of the zα, we find
in the case at hand,

t4;1¼ðz1−z2;z1−z2;−sþz1−z2;0;0;0;z1−z2−z6

þz9−M2; tþz1−z2;0;0Þ;
t4;2¼ðsþz2−z3;z2−z3;z2−z3;0;0;0;z2−z3þz4

−z9þM2;−tþz2−z3;0;0Þ;
t4;3¼ð−sþz3−z8þM2; tþz3−z8þM2;z3−z8

þM2;0;0;0;z3−z4þz5−z8þM2;z3−z8þM2;0;0Þ;
t4;4¼ð2z1þ2M2;z1þz2þ2M2;−sþz1þz3

þ2M2;0;0;0;z1−z6þz7;z1þz8þM2;0;−2Þ;
t4;5¼ð−z1−z6þz7−2M2;−z1þz7−z9−M2;s−z1

−z4þz7−2M2;0;0;0;−z1þz6þz7;−z1
−z5þz7−2M2;0;0Þ;

t5;1¼ð0;0;0;s−z6þz9−M2;−t−z6þz9−M2;z9

−z6−M2;z1−z2−z6þz9−M2;0;z9−z6−M2;0Þ;
t5;2¼ð0;0;0;z4−z9þM2; tþz4−z9þM2;−sþz4

−z9þM2;z2−z3þz4−z9þM2;0;z4−z9þM2;0Þ;
t5;3¼ð0;0;0;z5−z4;z5−z4;s−z4þz5;z3−z4þz5−z8

þM2;0;−t−z4þz5;0Þ;
t5;4¼ð0;0;0;s−z3−z6þz7−2M2;−z6þz7−z8

−M2;z7−z1−z6−2M2;z1−z6þz7;0;z7

−z2−z6−2M2;0Þ;
t5;5¼ð0;0;0;−sþz4þz6þ2M2;z5þz6

þ2M2;2z6þ2M2;−z1þz6þz7;0;z6

þz9þM2;−2Þ; ð6:7Þ

which agrees with Eq. (6.5) in the case M ¼ 0.

C. Fully massless nonplanar double pentagon

As a yet more nontrivial example we consider the fully
massless nonplanar double-pentagondiagramshown inFig. 3.
In this case, the combined number of propagators and

irreducible scalar products (2.10) is m ¼ 11. In agreement
with Eq. (2.12), we define the z-variables as follows, setting
Pi;j ≡ pi þ pj,

z1¼l2
1; z2¼ðl1−p1Þ2; z3¼ðl1−P1;2Þ2;

z4¼ðl2−P3;4Þ2; z5¼ðl2−p4Þ2; z6¼l2
2;

z7¼ðl1þl2Þ2; z8¼ðl1þl2þp5Þ2; z9¼ðl1þp3Þ2;
z10¼ðl1þp4Þ2; z11¼ðl2þp1Þ2: ð6:8Þ

We choose as the set (2.2) of all independent external and
loop momenta V ¼ ðp1; p2; p3; p4;l1;l2Þ. The lexico-
graphically-ordered set of elements ði; jÞ in Eq. (2.9) then
becomes,

FIG. 3. The fully massless nonplanar double-pentagon dia-
gram. All external momenta are taken to be outgoing.

FIG. 2. Planar double-box diagram. The bold lines represent
massive propagators with the same mass M. All external
momenta are taken to be outgoing.
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ðx1;…; x11Þ≡ðx1;5; x1;6; x2;5; x2;6; x3;5; x3;6; x4;5; x4;6;
x5;5; x5;6; x6;6Þ; ð6:9Þ

and it immediately follows that the matrices in Eq. (2.11)
are given by,

A¼

0
BBBBBBBBBBBBBBBBBBBBB@

0 0 0 0 0 0 0 0 1 0 0

−2 0 0 0 0 0 0 0 1 0 0

−2 0 −2 0 0 0 0 0 1 0 0

0 0 0 0 0 −2 0 −2 0 0 1

0 0 0 0 0 0 0 −2 0 0 1

0 0 0 0 0 0 0 0 0 0 1

0 0 0 0 0 0 0 0 1 2 1

−2 −2 −2 −2 −2 −2 −2 −2 1 2 1

0 0 0 0 2 0 0 0 1 0 0

0 0 0 0 0 0 2 0 1 0 0

0 2 0 0 0 0 0 0 0 0 1

1
CCCCCCCCCCCCCCCCCCCCCA

;

ð6:10Þ

and, for α ¼ 1;…; 11,

Bα ¼ 0 for α ∉ f3; 4g and ð6:11Þ

B3 ¼

0
BBB@

0 1 0 0

1 0 0 0

0 0 0 0

0 0 0 0

1
CCCA; B4 ¼

0
BBB@

0 0 0 0

0 0 0 0

0 0 0 1

0 0 1 0

1
CCCA;

ð6:12Þ

and mα ¼ 0. We can now use Eqs. (2.11) and (2.12) to
express the syzygy generators in Eqs. (4.6) and (4.7) in
terms of the zα, yielding,

t5;1¼ðz1−z2;z1−z2;−s1;2þz1−z2;0;0;0;

z1−z2−z6þz11;−s1;2−s1;3−s1;4þz1−z2−z6þz11;

s1;3þz1−z2;s1;4þz1−z2;0;0Þ;
t5;2¼ðs1;2þz2−z3;z2−z3;z2−z3;0;0;0;

−s3;4þz1þz2þz4þz7−z8−z9−z10−z11;

s1;3þs1;4þz1þz2þz4þz7−z8−z9−z10−z11;

s1;2þs2;3þz2−z3;−s1;3−s1;4−s2;3

−s3;4þz2−z3;0;0Þ;
t5;3¼ðz9−z1;−s1;3−z1þz9;−s1;3−s2;3−z1þz9;0;0;0;

s3;4−z1−z4þz5þz9;−s1;3−s2;3−z1−z4þz5þz9;

z9−z1;s3;4−z1þz9;0;0Þ;

t5;4¼ðz10−z1;−s1;4−z1þz10;−s1;4−s2;4−z1þz10;

0;0;0;−z1−z5þz6þz10;

s1;2þs1;3þs2;3−z1−z5þz6þz10;

s3;4−z1þz10;z10−z1;0;0Þ;
t5;5¼ð2z1;z1þz2;−s1;2þz1þz3;0;0;0;

z1−z6þz7;−s1;2þ2z1þz3−z6þz7−z9−z10;

z1þz9;z1þz10;0;−2Þ;
t5;6¼ð−z1−z6þz7;−z1þz7−z11;

s1;2þs3;4−2z1−z3−z4þz8þz9þz10;0;0;0;

−z1þz6þz7;s1;2−2z1−z3þz6þz8þz9þz10;

s3;4−z1−z4þz5−z6þz7;−z1−z5þz7;0;0Þ;
t6;1¼ð0;0;0;−s1;3−s1;4−z6þz11;−s1;4−z6þz11;

z11−z6;z1−z2−z6þz11;

−s1;2−s1;3−s1;4þz1−z2−z6þz11;0;0;z11−z6;0Þ;
t6;2¼ð0;0;0;s1;3þs1;4þz1þz3þz4þz7−z8

−z9−z10−z11;

s1;3þs1;4þs2;3þz1þz3þz4þz7−z8−z9−z10−z11;

−s1;2−s3;4þz1þz3þz4þz7−z8−z9−z10−z11;

−s3;4þz1þz2þz4þz7−z8−z9−z10−z11;

s1;3þs1;4þz1þz2þz4þz7−z8−z9−z10−z11;0;0;

−s3;4þz1þz3þz4þz7−z8−z9−z10−z11;0Þ;
t6;3¼ð0;0;0;z5−z4;z5−z4;s3;4−z4þz5;s3;4−z1−z4þz5

þz9;−s1;3−s2;3−z1−z4þz5þz9;0;0;

s1;3þs3;4−z4þz5;0Þ;
t6;4¼ð0;0;0;−s3;4−z5þz6;z6−z5;z6−z5;−z1−z5þz6

þz10;s1;2þs1;3þs2;3−z1−z5þz6þz10;0;0;

s1;4−z5þz6;0Þ;
t6;5¼ð0;0;0;z1−z6þz7−z9−z10;−z6þz7−z10;−z1−z6

þz7;z1−z6þz7;−s1;2þ2z1þz3−z6þz7−z9−z10;

0;0;−z2−z6þz7;0Þ;
t6;6¼ð0;0;0;−s3;4þz4þz6;z5þz6;2z6;−z1þz6þz7;

s1;2−2z1−z3þz6þz8þz9þz10;0;0;z6þz11;−2Þ:
ð6:13Þ

In contrast, for this example the SINGULAR command syz
did not produce output after 56 hours of running time with
52 GB of RAM used.

VII. CONCLUSIONS

Integration-by-parts (IBP) identities between loop inte-
grals arise from the vanishing integration of total derivatives
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in dimensional regularization. The condition that a total
derivative leads to an IBP identity which does not involve
dimension shifts can be stated as the syzygy equation (3.6).
We presented in Eqs. (4.6) and (4.7) an explicit generating
set of solutions of the syzygy equation, valid for any number
of loops and external momenta. In general, S-polynomial
computations would be required in order to obtain the
syzygies. However, as the Baikov polynomial (2.5) is the
determinant of a matrix, a generating set of syzygies can be
obtained from the Laplace expansion of the determinant.
Moreover, we showed that the syzygies needed for IBP
identities evaluated on a generalized-unitarity cut can be
obtained immediately from Eqs. (4.6) and (4.7) by a
straightforward module intersection computation.
We emphasize that the closed-form expressions in

Eqs. (4.6) and (4.7) are valid for any number of loops
and external legs. The only quantities that depend on
the graph in question are the relations of the z-variables
to the x-variables in Eqs. (2.11) and (2.12). In particular, the
closed-form expressions allow the construction of purely
D-dimensional IBP identities in cases where S-polynomial
based computations of syzygies are not feasible. An
example of the latter is the nonplanar double-pentagon
diagram considered in Sec. VI C.
Moreover, an important feature of the syzygies Eqs. (4.6)

and (4.7) is that they are guaranteed to have degree at most
one. In contrast, a generating set of syzygies obtained
from an S-polynomial computation would in general have
higher degrees. The fact that the syzygies obtained here
are of degree at most one is useful because as a result the
computation of solutions which satisfy further constraints is
dramatically simplified. For example, one may be interested
in imposing the further constraint on the total derivatives that

no integrals with squared propagators are encountered in the
IBP identities.
It is worth pointing out that Ref. [42] makes use of

syzygies to construct IBP identities which involve arbitrary
numerator powers. These are then solved as difference
equations to obtain the IBP reductions. Based on prelimi-
nary tests of several two-loop examples, the syzygies from
Laplacian expansion considered here can also produce
recursive relations similar to the relations in Ref. [42].
This direction merits further investigation.

ACKNOWLEDGMENTS

We thankRomanN.Lee for collaboration at an early stage
of thiswork.We also thank Jorrit Bosma, JamesDrummond,
Johannes Henn, Harald Ita, David Kosower, David Mond,
Costas Papadopoulos and Mao Zeng for useful discussions.
The research leading to these results has received funding
from Swiss National Science Foundation (Ambizione Grant
No. PZ00P2 161341) and funding from the European
Research Council (ERC) under the European Union’s
Horizon 2020 research and innovation programme (Grant
Agreement No. 725110). The work of Y. Z. is also partially
supported by the Swiss National Science Foundation
through the NCCR SwissMap, Grant No. 141869. The
work ofA. G. is supportedby theKnut andAliceWallenberg
Foundation under Grant No. 2015-0083. The work of
K. J. L. is supported by ERC-2014-CoG, Grant
No. 648630 IQFT. The work of J. B. and M. S. was
supported by Project II.5 of SFB-TRR 195 “Symbolic
Tools in Mathematics and their Application” of the
German Research Foundation (DFG).

[1] S. Laporta, Phys. Lett. B 504, 188 (2001).
[2] S. Laporta, Int. J. Mod. Phys. A 15, 5087 (2000).
[3] C. Anastasiou and A. Lazopoulos, J. High Energy Phys. 07

(2004) 046.
[4] A. V. Smirnov, J. High Energy Phys. 10 (2008) 107.
[5] A. V. Smirnov, Comput. Phys. Commun. 189, 182 (2015).
[6] C. Studerus, Comput. Phys. Commun. 181, 1293 (2010).
[7] A. von Manteuffel and C. Studerus, arXiv:1201.4330.
[8] R. N. Lee, arXiv:1212.2685.
[9] P. Maierhoefer, J. Usovitsch, and P. Uwer, Comp. Phys.

Commun. 230, 99 (2018).
[10] J. Gluza, K. Kajda, and D. A. Kosower, Phys. Rev. D 83,

045012 (2011).
[11] H. Ita, Phys. Rev. D 94, 116015 (2016).
[12] K. J. Larsen and Y. Zhang, Phys. Rev. D 93, 041701

(2016).
[13] A. von Manteuffel and R. M. Schabinger, Phys. Lett. B 744,

101 (2015).

[14] A. Georgoudis, K. J. Larsen, and Y. Zhang, Comput. Phys.
Commun. 221, 203 (2017).

[15] T. Bitoun, C. Bogner, R. P. Klausen, and E. Panzer,
arXiv:1712.09215.

[16] A. V. Kotikov, Phys. Lett. B 254, 158 (1991).
[17] A. V. Kotikov, Phys. Lett. B 267, 123 (1991).
[18] Z. Bern, L. J. Dixon, and D. A. Kosower, Nucl. Phys. B412,

751 (1994).
[19] E. Remiddi, Nuovo Cimento Soc. Ital. Fis. A110, 1435

(1997).
[20] T. Gehrmann and E. Remiddi, Nucl. Phys.B580, 485 (2000).
[21] J. M. Henn, Phys. Rev. Lett. 110, 251601 (2013).
[22] C. G. Papadopoulos, J. High Energy Phys. 07 (2014) 088.
[23] J. Ablinger, A. Behring, J. Blümlein, A. De Freitas, A. von

Manteuffel, and C. Schneider, Comput. Phys. Commun.
202, 33 (2016).

[24] X. Liu, Y.-Q. Ma, and C.-Y. Wang, Phys. Lett. B 779, 353
(2018).

BÖHM, GEORGOUDIS, LARSEN, SCHULZE, and ZHANG PHYS. REV. D 98, 025023 (2018)

025023-12

https://doi.org/10.1016/S0370-2693(01)00256-8
https://doi.org/10.1142/S0217751X00002159
https://doi.org/10.1088/1126-6708/2004/07/046
https://doi.org/10.1088/1126-6708/2004/07/046
https://doi.org/10.1088/1126-6708/2008/10/107
https://doi.org/10.1016/j.cpc.2014.11.024
https://doi.org/10.1016/j.cpc.2010.03.012
http://arXiv.org/abs/1201.4330
http://arXiv.org/abs/1212.2685
https://doi.org/10.1016/j.cpc.2018.04.012
https://doi.org/10.1016/j.cpc.2018.04.012
https://doi.org/10.1103/PhysRevD.83.045012
https://doi.org/10.1103/PhysRevD.83.045012
https://doi.org/10.1103/PhysRevD.94.116015
https://doi.org/10.1103/PhysRevD.93.041701
https://doi.org/10.1103/PhysRevD.93.041701
https://doi.org/10.1016/j.physletb.2015.03.029
https://doi.org/10.1016/j.physletb.2015.03.029
https://doi.org/10.1016/j.cpc.2017.08.013
https://doi.org/10.1016/j.cpc.2017.08.013
http://arXiv.org/abs/1712.09215
https://doi.org/10.1016/0370-2693(91)90413-K
https://doi.org/10.1016/0370-2693(91)90536-Y
https://doi.org/10.1016/0550-3213(94)90398-0
https://doi.org/10.1016/0550-3213(94)90398-0
https://doi.org/10.1016/S0550-3213(00)00223-6
https://doi.org/10.1103/PhysRevLett.110.251601
https://doi.org/10.1007/JHEP07(2014)088
https://doi.org/10.1016/j.cpc.2016.01.002
https://doi.org/10.1016/j.cpc.2016.01.002
https://doi.org/10.1016/j.physletb.2018.02.026
https://doi.org/10.1016/j.physletb.2018.02.026


[25] T. Gehrmann, J. M. Henn, and N. A. Lo Presti, Phys. Rev.
Lett. 116, 062001 (2016); 116, 189903(E) (2016).

[26] C. G. Papadopoulos, D. Tommasini, and C. Wever, J. High
Energy Phys. 04 (2016) 078.

[27] S. Badger, C. Brønnum-Hansen, H. B. Hartanto, and T.
Peraro, Phys. Rev. Lett. 120, 092001 (2018).

[28] S. Abreu, F. Febres Cordero, H. Ita, B. Page, and M. Zeng,
Phys. Rev. D 97, 116014 (2018).

[29] P. A. Baikov, Phys. Lett. B 385, 404 (1996).
[30] R. M. Schabinger, J. High Energy Phys. 01 (2012) 077.
[31] R. N. Lee, in Proceedings, 49th Rencontres de Moriond on

QCD and High Energy Interactions: La Thuile, Italy, 2014
(ARISF, Paris, 2014), pp. 297–300, http://moriond.in2p3.fr/
Proceedings/2014/Moriond_QCD_2014.pdf.

[32] Z. Bern, M. Enciso, H. Ita, and M. Zeng, Phys. Rev. D 96,
096017 (2017).

[33] D. A. Cox, J. B. Little, and D. O’Shea, Using Algebraic
Geometry, Graduate Texts in Mathematics (Springer,
New York, 1998).

[34] Y. Zhang, arXiv:1612.02249.
[35] J. Böhm, A. Georgoudis, K. J. Larsen, H. Schönemann, and

Y. Zhang, arXiv:1805.01873.
[36] W. Bruns and J. Herzog, Cohen-Macaulay Rings,

Cambridge Studies in Advanced Mathematics (Cambridge
University Press, Cambridge, England, 1993), Vol. 39.

[37] D. Eisenbud, Commutative Algebra: With a View Toward
Algebraic Geometry, Graduate Texts in Mathematics
(Springer-Verlag, New York, 1995), Vol. 150.

[38] K. Saito, J. Fac. Sci. Univ. Tokyo Sect. IA Math. 27, 265
(1980).

[39] V. Goryunov and D. Mond, J. Lond. Math. Soc. 72, 205
(2005).

[40] T. H. Gulliksen and O. G. Negård, C. R. Acad. Sci. Paris
Sér. A-B 274, 16 (1972).

[41] T. Józefiak, Commentarii mathematici Helvetici 53, 595
(1978).

[42] D. A. Kosower, Phys. Rev. D 98, 025008 (2018).

COMPLETE SETS OF LOGARITHMIC VECTOR FIELDS … PHYS. REV. D 98, 025023 (2018)

025023-13

https://doi.org/10.1103/PhysRevLett.116.062001
https://doi.org/10.1103/PhysRevLett.116.062001
https://doi.org/10.1103/PhysRevLett.116.189903
https://doi.org/10.1007/JHEP04(2016)078
https://doi.org/10.1007/JHEP04(2016)078
https://doi.org/10.1103/PhysRevLett.120.092001
https://doi.org/10.1103/PhysRevD.97.116014
https://doi.org/10.1016/0370-2693(96)00835-0
https://doi.org/10.1007/JHEP01(2012)077
http://moriond.in2p3.fr/Proceedings/2014/Moriond_QCD_2014.pdf
http://moriond.in2p3.fr/Proceedings/2014/Moriond_QCD_2014.pdf
http://moriond.in2p3.fr/Proceedings/2014/Moriond_QCD_2014.pdf
http://moriond.in2p3.fr/Proceedings/2014/Moriond_QCD_2014.pdf
http://moriond.in2p3.fr/Proceedings/2014/Moriond_QCD_2014.pdf
https://doi.org/10.1103/PhysRevD.96.096017
https://doi.org/10.1103/PhysRevD.96.096017
http://arXiv.org/abs/1612.02249
http://arXiv.org/abs/1805.01873
https://doi.org/10.1112/S0024610705006575
https://doi.org/10.1112/S0024610705006575
https://doi.org/10.1007/BF02566100
https://doi.org/10.1007/BF02566100
https://doi.org/10.1103/PhysRevD.98.025008

