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Abstract

A nonlinear equation describing the transverse vibration of an axially travelling string with
constant and time-varying length is obtained by developing a new finite element model described
by quadratic shape functions. A novel nonlinear coordinate transform is introduced with regard to
its nonlinear terms. Subsequently, a new hybrid Newmark-Beta / time varying degree of freedom
method, which can adjust the element number automatically according to the change of string
length, is proposed to improve accuracy. The proposed method as well as normal numerical
methods are compared with an analytical solution. Results show that the proposed method is in
good agreement with the Newmark-Beta method for the case of small variations in string length,
whilst superior in accuracy to the latter for the case of large variations. Complex mode theory is
adopted firstly to obtain the modal components as well as the modal energy for a travelling string.
A phenomenon is observed where the free vibration energy leaks from one mode to the others in
a travelling string. The higher the speed of translation and the modal order, the more energy that
is leaked into the modes close to the initially excited mode.
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1. Introduction

Many engineering devices which are long and narrow enough involve the transverse vibration
of string-like axially moving systems. An axially moving string is a typical model widely used to
represent a conveyor belt (Suweken and Van Horssen, 2003), elevator cables (Zhu and Xu, 2003),
paper sheet (Benson and Stolte, 1992), pipe conveying fluid (Kuiper and Metrikine, 2004) and
mine hoisting cables (Kaczmarczyk and Ostachowicz, 2003), etc. Many researchers have
intensively investigated these problems over the last few decades. Typically, Hamilton’s principle
has been used to derive the equations of motion for a travelling string, including the continuous
model represented by a partial differential equation (Carrier, 1945; Archibald and Emslie, 1958)
and finite element model producing ordinary differential equations (Yao et al., 1999; Fung et al.,



1998). The classical partial differential equation for a moving string was first introduced by
Archibald (1958). Later, Fung and Yao (1998, 1999) developed a hybrid Laplace transform /
finite element method for a variable length string.

Approximate and analytical solutions for the moving string with both constant and variable
lengths have been derived. As for the continuous model, one can obtain its approximate response
by using the Galerkin discrete method (Zhang, 2008; Chen et al., 2009) or obtain its analytical
solution to some initial conditions by using a wave superposition method (Chen et al., 2017).
Sack (1954) gave an analytical solution for a constant length string with constant travelling
speed. Kotera (1978) introduced a new coordinate transformation technology for a variable length
system, which map the time-variable domain into a time-invariant one. The equation after
applying coordinate transformation is not a system with time-variable coefficients and can be
solved by Lapalce transformation. For the Galerkin method, it is difficult to choose a truncation
order and a trial function properly, which leads to low efficiency and accuracy. Also, the wave
superposition method (Chen et al., 2017) can obtain exact results of a string only for free
vibration. As for the discrete model, Newmark-Beta and Runge-Kutta methods were applied to
obtain approximate solutions for variable length string with fixed element number. Matsuzaki et
al. (1995) compared results from FEM simulations with experimental data. Al-Bedoor, Khulief
(1997) and C-M Yao et al. (1998) used FEM with variable stiffness to analyze a variable length
string with fixed element number. Chen and Ferguson (2014) built a string model with either
constant or variable length using a FEM model with linear shape functions. It is obvious that a
fixed element number is not suitable for a string with a large variation in length due to poor
accuracy. The scientific novelty of this paper lies in four following aspects. Firstly, a quadratic
shape function instead of linear one is chosen for the elements to establish the string model.
Secondly, a new nonlinear coordinate transform method is used to transform the nonlinear term in
the system equation from local coordinate to global coordinate. Third, a time-varying degrees of
freedom (TV-DOF) technique is developed to vary the number of element automatically
according to the change of string length, so as to improve the accuracy. Finally, the complex
mode theory is adopted to obtain the modal components as well as the modal energy for a
travelling string so as to analyze the characteristics of energy transfer between modes.

The rest parts are organized as follows. The derivation of a travelling string model is presented
in section 2. In section 3, the proposed solution scheme together with TV-DOF technique is
introduced. Section 4 includes the numerical simulation. In section 5, the modal energy for a
travelling string are presented and the relationship governing the energy fluctuation is given.
Finally, the conclusions are drawn in section 6.

2. Derivation

2.1 Discretisation of the governing equation for a travelling string
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Fig.1. Travelling uniform string system with time varying length

The model in Fig.1 is a uniform string with length I(t) and a constant axial speed v. w(x,t) is the
transverse displacement of a point in the string in position x and at time t and X is the axial
velocity at that point. In this paper, the length of string can be constant, i.e. x=v, [(t)=0or
changes linearly and the change rate of the string length is equal to the travelling speed of string,
ie.x=I(t)=v.

The Lagrangian function L defined as follows is used to obtain the equation of motion.

L=T-V (1)

Here, T and V are the Kinetic and potential energy of the string, respectively. The expressions for
T and V are given as follows (Yao et al., 1999)

T= %J-(;(t)p(wtz + 2WtWXX + WXZXZ)dX (2)
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where w, = = and w, =%. A is the cross-sectional area, p is the line density, E is the Young’s

modulus of elasticity, P is the applied static tension. Using the FEM method, the displacement in

element j is expressed by

W, (x,8) = N, (x 1 ()a] () @

where, Nj(x, I(t)) is the shape function. Here a quadratic shape function is chosen to improve
accuracy in contrast to a linear shape function as shown in Fig.2.
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Fig.2. The linear (in (a)) and the quadratic (in (b)) shape functions are used for the j" element.

The detailed expression for Nj(x, I(t)) is given as follows and the derivation for the quadratic



shape function is shown in Appendix 2.
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The vector gj comprises the displacements of the nodes 3j-2, 3j-1 and 3j in the j element shown in
Eq.(6), j =1,2,...,n and n is the element number.

a4, =[tp (0.0, 0.0, O )
Table 1. Comparison of approximate frequencies with exact values for a fixed-fixed string
Exact Approximate Frequencies (Hz)
Mode  Frequency Linear element Quadratic element
(Hz) n=3 n=4 n=5 n=3 n=4 n=5
1 1.581 1.654 1.622 1.607 1582 1582 1.581
2 3.162 3.698 3.487 3.372 3.197 3.174 3.167

Increasing the number of nodes in an element can be used to improve the calculation precision
for the FEM method (Petyt, 2010). The first two natural frequencies of a non-translating
fixed-fixed string obtained using quadratic and linear elements are compared with the exact
frequencies in Table 1. Parameters of the string are shown in Table 2. Better accuracy is obtained
using the same number quadratic elements compared to the linear ones.

The element length is assumed initially to be equal. Substituting Eq.(4) into (3) and (2), the

Lagrangian function L in the j element is

L, =T -V,
1 1 . 1., (7)
:EqiTkilqj +qiTkiij +quTk13qj +quleqi +qucquj +quTmiqj =S (02104, Gs;)
Sj is given by
1 K5 T T TN T
Sj(q3i*2’q3i*1’q3j)=§EAIX2-1 qiNxqujqijqujdX (8)
2j-1

The detailed expressions for Kji, Kij2, Kjs, Cj1, Cj2, mj and §,.(q3,._2,q3,._1,q3j) are shown in Appendix 1.

Using the Lagrangian function, the equations of motion are given by
(d/dt)eL, /aqu—aLj /aqu =f, 9)

where fj is the nonconservative force acting on the j™ element. So the governing equation for each



element is

quj+quj+qul'+§j(q3j—2'q3j—l’q3j)=fj (10)

where,
k =¢,+¢,-k,—2k, k|, (11)
C;=Cp +Cjp+M;—C —Cp;’ (12)

The governing equation for the travelling string in the local coordinate system is

M (t)d+C ()a+K, (t)a+N () =F (13)

where, q is the lateral displacement vector of each node and ML(t), Cc(t), Kc(t), NL(t) are time
dependent matrices, the detailed expressions of which are shown in Appendix 1.

2.2 Nonlinear coordinate transformation

The relationship between q in local coordinate and Q in global coordinate is shown in Fig. 3.
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In order to obtain th%k?gqs%nér'l\ég' for each nodé, a transformation from the Tocal' oordinate Y in
Eq.(13) into a global coordinate Q is required. However, a linear transformation is unsuitable due
to the nonlinear term Nv(t) in Eq.(13). Here, a nonlinear transformation is given. Firstly, a linear
transformation is applied to the first three terms of Eq.(13)

0=BQ (14)

where B is constructed according to the relationship of Q and g in Fig. 3, the detailed expressions
of which is shown in Appendix 1. Then one has

M, (t)BQ+C_()BQ+K, ()BQ+N (t)=F, (15)
Left multiply by BT, Eq.(15) becomes

M(t)Q + C(t)Q + K (1)Q + N(t) = F(t) (16)



where, M(t), C(t), K(t), N(t) and F(t) are the global matrices given by

(M(t)=B™™M_(t)B
C(t)=B'C,()B
K(t)=B"K_(t)B (17)
N(t)=B"N,(t)

| F(t)=B'F (t)

A

Here, N(t) still has the local coordinates gj (j=1,2,...,3n), i.e.
S,
s,

N(t)=B'N, (t)=B" (18)

m) ..

where S, is a function of gj, (i=1---,3n;j=1---,3n) which is shown in Appendix 1. So N(t)

needs further nonlinear coordinate transformation so as to be represented only by global
coordinates. From Eq. (14), one has the nonlinear relationship between the local coordinate q and
global coordinate Q.

Q,, i=3k-2 (19)
q=4Q, i=3k-1

Q,., i=3k
(k=12,--n)

The nonlinear coordinate transformation for N(t) is completed by replacing all the local
coordinate value gi with global coordinate value Q according to Eq.(19).

3. Solution schemes

For the TV-DOF case, the Newmark-Beta method is no longer applicable due to the changing
of element number. Here, a new hybrid Newmark-Beta/TV-DOF method is presented. The
process of the method from time step i to i+1 is introduced.

Firstly, the variation of element number Ani + 1at time step i+1 is obtained by

Anisi= round( [I(ti+2)-1(6)]/dl ) (20)

where dl is the element length which is set as constant and round(-) is defined as a function which
returns an integer closest to the independent variable. Note that the dimension of Q, Q and
Q is 2ni+1 at time step i and is 2ni+1+1 at time step i+1. Recalling the Newmark-Beta method,
Qi+1, Q., and Q,, are obtained by iterating over the values of Qi, Q, and Q,. If ni+z# ni due
to a variation of length, the Newmark-Beta method is not applicable. To solve it, a cubic spline



interpolation(Li, 2008) is applied to Qi, Q, and Q,.

1Qi= CSI(xi,Qi,2ni+1+1) (21)
1Q,= CSI(xi,Q,,2ni+1+1) (22)
1Q,= CSI(xi,Q,,2ni+1+1) (23)

where CSI(x,Q,n) is a function which returns an n-dimension result after cubic spline
interpolation for vector Q over the relevant range of x. So 1Q:i, IQi and I('ji have the same
dimension as Qis1, Q,,, and Q,,, i.e. 2nis1+1. By replacing Qi, Q,and Q, into 1Qi, 1Q, and
I('ji , respectively, the Newmark-Beta method can be applied to the TV-length string case.

In this way, the vectors of displacement and velocity for Eq. (16) at time step i+1 are

Qu=1Q;+ IQiAt +%(|Qi +Q?+1)At2 (24)
Qi+1 = IQ| +%(IQ| +QT+1)At (25)
where, Q:, is
., [ (i=1) (26)
i+1 IQI + 6 | >1)

& is a 2n+1-dimensional small random vector. Then Q., can be obtained

i+1
Qm = _Mi_+11 (Ci+1Qi+1 +KiQia + Ny — BTFi+1) (27)

*
i+1?

Comparing the 2-norm of the computed Q. with the assumed Q:, if they are equal or
within a permissible difference , the process for time step i+1 is finished. Otherwise, let Q, to
be the assumed Q! in the next iteration in Eqgs.(24), (25) and (27), and continue to calculate
Q,, and Q,till they are convergent. By repeating the above process for all time steps, one can
obtain Q,Q and Qfinally.

4. Numerical simulations
4.1 Constant length case

In this case, the parameters of string are given in Table2. The assumed initial conditions are

w(x,0) = A, sin(nx /1)
{v‘v(x,O) =0 (28)
The boundary conditions are
w(0,t) =w(I(t),t) =0 (29)

Table 2. Parameters of the string model



parameters values/unit parameters values/unit

I 3m N 50
I(t) 0m/s v +0.32¢o
EA 3.2x10* N Ao 0.01 m
p 0.1 kg/m n 20
At 0.02s P 1N

Here the Newmark-Beta, the Runge-Kutta and the TV-state space function method(Chen and
Ferguson, 2014) are used to solve Eq.(16) compared to the analytical method in (Chen et al.,
2017) , which gives exact results.
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Fig.4. Comparison of the nodal displacements with opposite directions of string translation during 0.5 To.
The curves are identified using —— the analytical solution, o o o the Newmark-Beta, + + + the
Runge-Kutta and ¢ ¢ ¢ the TV- state space function methods. The speeds are 1 m/s in (a) and -1 m/s in

(b).

In Fig.4, the initial deflected shape of the string is in its first mode shape, while its free
vibration is no longer a pure modal vibration. The six curves in each plot are at the corresponding
times of 0, 0.1To, 0.2To, 0.3To, 0.4To and 0.5To. To is the minimum cycle required to return to the
initial deflection shape of a string with constant length which is given by (Chen et al., 2017)

T, =Gl (30)

where cois the free wave speed in the non-translating string, i.e.
¢, =+/P/p (31)

It is observed in Fig. 6 that the results using the three numerical methods with quadratic shape
functions are almost consistent with the analytical solution.
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Four cases with different translational speed, i.e. v = 0.3co, 0.6co, 0.9co and co, are shown in
Fig.5(a), (b), (c) and (d) using the Newmark-Beta method with the parameters in Table2. Here,
co=3.16m/s. When the translational speed is high, the waves are blocked in the opposite direction
of string moving. When the travelling velocity is close to co, divergence is produced due to the
energy accumulates at some points along the length, as shown in Fig.5(d).
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Fig.5. Displacement of a constant length string with velocities of (a) v = 0.3co, (b) v = 0.6¢o, (c) v = 0.9¢o
and (d) v = co, respectively.

In order to study the influence of nonlinear term N(t) in the governing equation on vibration
response, the orthogonal test method is adopted here. Because the nonlinear term N(t) is affected
by factors such as the product of elastic modulus E and cross-sectional area of string A, i.e. EA,
traveling velocity v and the ratio of maximum amplitude Aoand string length I, these factors are
selected for orthogonal test. The values of each factor have three levels, as shown in Table 3. The
test target R is defined in Eq.(32) and shown in Table 4.

R=3%[Q(To/2) - Qno(To/ 2)] / (nAo) (32)

where, Qno is the lateral displacement vector without the nonlinear term.

Table 3. Test factors and levels




factors levels Table 4. Orthogonal test results

1 2 3 Test AI\_eveIs ;f factorsC R
A EANN) 10* 3x10* 6Xx10° 1 1 1 1 0.11%
B v 0.1co 0.3co 0.5¢o 2 1 2 2 0.44%
C Al 015% 0.35% 0.65% 3 2 3 3 6.00%
4 2 1 3 2.38%
5 3 2 2 2.65%
6 3 3 1 0.74%

From the results shown in Table 4, the ranges for three factors, i.e. EA, v and Ado/l, are 7.83%,
4.25% and 7.53%, respectively after calculation. It can be seen after comparison that EA is the
main factor for the influence of nonlinearity and Ao/l is the second. Fig.6 shows the comparisons
of displacement responses with and without nonlinear term for the test 1 (R minimum ) and the
test 3 (R maximum).

w/ Ao
w/ Ao

(@) X/ (b) X1

Fig.6 Comparisons of the influence of nonlinearity on displacement responses for (a) test 1 (R
minimum ) and (b) test 3 (R maximum ). Key: — with nonlinear term; —0—o— without nonlinear
term.

4.2 Time-varying length case

In this case, the rate of change of length is I(t)=v. The new hybrid Newmark-Beta/TV-DOF
method is used for comparison to the fixed element number technique as well as the analytical
method. The parameters and the boundary conditions are identical to those in Section 4.1, except
for the initial number of elements n(0)=10. According to the article(Chen et al., 2017), the cycle Ti
of a variable length string is defined as
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T =2l (i=12,-) (33)

Considering the continuity for the analytical method, the initial conditions are chosen as (Chen
etal., 2017):

{W(X, 0) = Aysin®(zx/l,)
Wi(x,0) =0 (34)

where lo is the initial string length.
Fig. 7 shows the comparison of the responses using three methods. The length of string
varies from 0.7lo to 1.4lo in Fig.7(a) to (d) during O to 0.5T:1. Clearly, the element number n

remains constant for the Newmark-Beta method, while varies from 10 to 14 in Fig.7(b) (I(t)=

0.32 co) and 10 to 8 in Fig.7(d) (I(t)= - 0.32 co) for the new hybrid method. The curves of both

methods almost coincide with those of the analytical method in Fig.7(a) to (d). On the contrary, in
Fig.7(e) and (f), the length of string during T1+0.5T2 to T1+T2 increases to about 3.5lo and the
element number increases to 37 in Fig. 7 (f) from the original one n=10.
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RMSE (Root-Mean-Square Errors) are 0.069xfigr the proposed method and 0.169 for the
Newmark-Beta method, which are evaluaté) by

[ - Q. ()]
RMSE = —— (35)

where Q and Qa are the nodal displacements for numerical and analytical methods, respectively.

n1is the sum of node number in curve at times of T, +%T2 , T +§T2, T, +%T2 ;T J%TZ and

T1+T2, respectively.
It shows that the new hybrid method is similar to the Newmark-Beta method for the case of
small variations in length while superior in accuracy for large variations in length.



5. Modal energy analysis

5.1 Modal components for a travelling string

The free vibration for a fixed-fixed non-translating string without damping is composed of all
time-invariant modes. When the initial deflected shape is in its fundamental mode shape, the
mechanical energy will exist in this mode only. However, for a travelling string described in
Eq.(20), a time-varying gyroscopic term exists in C(t) due to the travelling speed v(t), so the
modes of the string are no longer time-invariant. In this part, a time-varying mode is proposed.
The characteristic matrix A(t) for Eq.(13) neglecting the nonlinear term is given as follows.

-1

—_|K@® O C(t) M
A(Y) O -M(®) M@ O ] (36)
The eigenvectors matrix of A(t) is
(1) = [wi(t), wa'(®), =, wn(), wn (V)] 37)
Here, wy.(t) and i, (t) are the i eigenvector and its conjugate vector of A(t), respectively.
(1)
(t) = 38
W) {pi(mpi(t)} )

o,(t) is the i™ order displacement mode and p,(t)is the i" eigenvalue of A(t). The transverse
displacement Q(t) and velocity Q(t) are expressed using modal coordinate Z(t).

[ggﬂ = ®(t) Z(t) (39)
z0 =z, ). z,0.20] (40)

So, Z(t) is obtained from Eq.(39)

(41)

Z(t) = (I)(t)_l|:g§3:|

Substituting Egs.(37), (38) and (40) into Eq.(39), one has

QL) |_« o, (1) I e
{Q“)} i Z{Z (t)[ b (o, (t)} . (t){ p; (t)(p:(t)}} “#2)

Eq.(42) shows the responses are composed of n modal components, so the i modal components
for displacement and velocity are

Qui(t) = zi)@i()+z" Oei (1) (43)

and
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Qui(t)= zi(t) pit) @it)+z"(Y) pi"(t) @i"(R) (44)

Egs.(43) and (44) show the modal shape ¢i(t) is a time function which changes with travelling
speed v. With v and the order of mode increasing, i(t) changes more significantly compared to
the stationary one. These changes at different v causes the energy transferring from one mode to
another although existing initially only in one mode.

5.2 Modal energy

Replacing the displacement w in Egs.(2) and (3) with Qi in Eq.(43), one has the kinetic and
potential energies for the i mode, respectively

1) . ,
Tu® =2, PQui +2QuQusX + Qu, 5 (45)
G S ) s
Vi =3 [, ToQue‘dx+ < [ EAQy, ‘dx (46)
The total energy is
EMi (t) = TMi (t) +VMi (t) (47)

The initial conditions of the string are the first four mode shapes as follows
wi (X, 0)=Aosin (izx /1) (48)
. | W (,0) =0 =L d
The energy in each mode is calculated and compared between travelling speeds of 0, 0.3co and
0.6¢o and four initial conditions in Eq.(48). Other parameters are given in Table 2.

The non-dimensional energy Ewmi(t)/E+(t) in each mode is shown in Fig.8. Here Ex(t) is the total
energy of the string at time t. In these four sub plots, the initial displacements are the lowest four
mode shapes, respectively. For a fixed-fixed string without translation, all the energy exists only
in its initial mode shape. However, for the travelling string under same initial conditions as above,
the free vibration is no longer a pure mode and the energy is transferred from the excited mode to
its adjacent modes. From the comparisons of the non-dimensional energy between the twelve
cases, it shows the higher the travelling speed is, the more energy is transferred. For example, in
Fig.8(b), the energy kept in the second mode, which is the excited mode, reduces from 100% to
about 80% when v changes from 0 to 0.3co. In Fig.8(d), the energy kept in the 4th mode, which is
the excited mode, reduces from 100% to less than 10% while the energies in adjacent third and
fourth mode increase significantly from 0 to about 50% and 30%, respectively, when v changes
from 0 to 0.6co. At the same translational speed, the energy in higher mode is easier to transfer to
others than in lower mode. For example, the first, second and third modal energy in (a), (b) and (c)
reduce from 100% to 80%, 30% and less than 10%, respectively, at the same speed v=0.6co.
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Fig.8 The first four modal energy curves of a strilﬁa)with speed of v=0, v=0.3c, and v=0.6¢o, respectively,
are identified using 000 the first, *#* the second , ©<<¢ the third and ooo the fourth order. The initial
displacements are in its (a) first, (b) second, (c) third and (d) fourth order modal shapes, respectively.

6. Conclusions

Lagrangian function in conjunction with the finite element method has been applied to develop
a transverse vibration equations for a translating string with either constant or variable length.
Elements having a quadratic shape function were used and a subsequent nonlinear transform
provides a numerical solution for the nonlinear model.

The proposed adaptive TV-DOF technique, applied in the Newmark-Beta method, guarantee
equal element lengths automatically when the string length is changing. Other approximate
numerical methods are applicable for the case of a small variation in string length, while the
proposed method is much superior in accuracy and stability when the length varies greatly.

Using a complex mode theory, the modal components as well as the modal energy for a



travelling string were expressed analytically. The changing of mode shapes with different v causes
the leakage of vibrational energy from one mode to its neighbouring modes. For increasing speed
and higher mode order, the phenomenon of energy transfer to other modes is more clearly
obvious and significant.
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Appendix 1. Detail expression for parameters.
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Appendix 2. Derivation for the quadratic shape function.

The abscissa for the three nodes in the j™ element can be expressed as
X3j2 = (] _1)|/n
X5, = (2] =D)I/2n
X5 = jI/n

(@)

Substitute three coordinate values (Xsj-2, 03j-2), (X3j-1, Qsj-1) and (Xsj, gsj) into a function of

quadratic curves
q(x) = a, + a,X +a,x? :[1, X, xz}[ai,az,as]T

where, a1, a2z and asz are undetermined coefficients, one has

q3j—2 1 X3j—2 X??j—Z al_
Osja =1 X554 X321—1 a,
03 1 X Xffj a; |
The undetermined coefficients can be obtained
-1 -
a 1 X3j—2 X:?j—Z q3j—2
a, =1 X, X§j—1 S EYI
a4 1 X3 stj 0Os; |
Substitute Eq.(d) into (b), one has
-1
1 ij—z Xe?j—z qu-z
A0 =[Lx% || 1 %5, X4 | | Gy
1 ij ng qu
Define the quadratic shape function as follows
-1
1 X3j—2 X§j—2

Nj(x,l)=[1,x,x2]1 Xsi1  Xaja

2

2
1 % X

and substitute Eq.(a) into (f), one can obtain the detailed expression for Nj(x, I(t)).
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