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A Hexagonal Pseudo-Polar FFT for
Formation-Flying Interferometric Radiometry

Ahmed Kiyoshi Sugihara El Maghraby, Angelo Grubišić, Camilla Colombo and Adrian Tatnall

Abstract—A novel mission concept applying satellite formation
flight to passive microwave interferometry was recently proposed
to significantly improve the interferometer’s spatial resolution.
This concept was shown to sample the visibility in a hexagonal tile
of polar grids, and to recover the brightness map, this visibility
must be inverted via a discrete polar inverse Fourier transform.
For a fast and accurate solution, this letter develops a modified
hexagonal variant of the Pseudo-Polar Fast Fourier Transform
(PPFFT) and its inverse, and explores its performance when
applied to the proposed formation-flight radiometer. Compared
to the conventional rectangular PPFFT, we find approximately
a five-fold improvement in the recovered radiometric accuracy,
where the RMS radiometric error is in the order of 10−2 K.
The impact of visibility interpolation method is also explored,
showing that an FFT-based interpolation technique leads to the
most accurate final image recovery.

Index Terms—Synthetic aperture imaging, image reconstruc-
tion, microwave radiometry, satellite formation flight, mission
concept.

I. I NTRODUCTION

M ICROWAVE radiometers are highly versatile Earth
observation instruments which map the brightness tem-

perature of the Earth at specific microwave frequency bands.
Careful choice of the frequency allows the observation of dif-
ferent features of the Earth; for example the L-band (1.4 GHz)
is most sensitive to ocean salinity and soil moisture, and
radiometry at the resonance frequencies of oxygen and water
molecules is the basis of atmospheric sounding. While real-
aperture radiometers rely on scanning reflectors to map the
brightness temperature, interferometric — i.e., synthetic aper-
ture — radiometers produce the map using a set of coherent
receivers, ridding the need for large scanning mechanisms thus
enabling the synthesis of very large apertures, as demonstrated
by the Soil Moisture and Ocean Salinity mission (SMOS) [1].

Recent years have seen a remarkable acceleration in the de-
velopment of geostationary interferometric radiometer systems
for atmospheric sounding. The development of the rotating
interferometers, e.g., the Geostationary Atmospheric Sounder
(GAS) [2] and the Geostationary Interferometric Microwave
Sounder (GIMS) [3] has brought in demand a fast and accurate
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Fig. 1. Nine-cubesat configuration for the proposed interferometer (a, top) and
its instantaneous sampling pattern (a, bottom). Rotation of the central array
leads to a hexagonal tile of polar grids (b). + shows the overlapping regions.
The hexagon shows the area in which the proposed hexagonal PPFFT grids
are interpolated, while the square shows that for the conventional PPFFT.

method for polar Fourier transform for image reconstruction.
The problem stems from the fact that interferometric ra-
diometers do not measure the brightness temperature directly,
but instead they measure an intermediary quantity known
as the visibility function, which is related to the brightness
temperature via the Van Cittert-Zernike theorem, stating that
the visibility function is the spatial Fourier transform ofthe
modified brightness temperature map, as follows. [4], [5]

T̂B(ξ, η) =

+∞
∫∫

−∞

W (u, v) · V (u, v) · e2πi(uξ+vη)dudv (1)

Here T̂B(ξ, η) is the recovered modified brightness tempera-
ture map of the target, where[ξ, η] are the direction cosines.
V (u, v) is the visibility function, where[u, v] are the horizon-
tal and vertical components of the baseline vector, andW (u, v)
[6] is a window function designed to reduce Gibbs ringing.

In practice, interferometers measure the visibility function
as a set of point-samples. Given a pair of antennas separated
by a known distance[u, v], called the baseline vector, the
microwave signals each of these antennas receive from the
source, i.e., Earth, are cross-correlated to produce a single
Hermitian pair of visibility samples at points[u, v] and
[−u,−v]. The set of all possible baseline pairs produce the
visibility sample set. Polar sampling grids arise from rotating
interferometers, e.g., GAS and GIMS. The rotating design is
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motivated by the need to minimise system complexity and
mass, where the rotation allows each antenna pair to take
multiple visibility samples as they move in space, minimising
the required number of antennas. From these samples, the
brightness temperature map of the Earth is recovered via
discrete inverse Fourier transform. Here it must be highlighted
that the method that best suits the application depends closely
on the given type of grid. For example, the SMOS mission
produces a hexagonal grid, therefore the hexagonal FFT is
the fastest and most accurate method [7], while for GIMS the
pseudo-polar FFT (PPFFT) has shown the best results [8].

Now, a multi-satellite interferometric radiometer concept
has been described in [9] which uses inter-satellite baselines
to achieve unprecedented baseline lengths, thus significantly
improving the interferometers spatial resolution. Fig. 1ashows
the formation configuration for a 9-cubesatellite design, and
the resultant visibility sampling pattern is shown in Fig. 1b.
The grid is a hexagonal tile of overlapping polar grids. As the
central satellite rotates, the central part of Fig. 1b is sampled by
central satellite on its own, while baselines between different
satellites — i.e., the inter-satellite baselines — producethe
remaining samples, highlighted in dashed contours.

While the conventional rectangular PPFFT can still be
applied to invert this set of visibility samples, it is foundthat
the overlapping areas introduce a strong noise at the polar
grids’ interfaces with neighbouring grids (see Fig. 6a right).
If a grid can be found that can be tiled without overlaps, we
can expect a significant improvement in the accuracy of the
recovered map. In this pursuit, we develop a new hexagonal
variant of the PPFFT method.

II. T HE HEXAGONAL PSEUDO-POLAR FAST FOURIER

TRANSFORM

The conventional PPFFT applies the combination of 1-D
FFT and 1-D fractional Fourier transform — for which fast
algorithms are available — to find the Fourier transform of
an input image in the pseudo-polar grid. Averbuch et al. [10]
have presented a comprehensive description of the rectangular
PPFFT and its inverse, and Zhang et al. [8] have presented
the technique as an effective method to invert the visibility
sampled by the rotating radiometer GIMS. The method in [11]
further generalises the PPFFT to include polygons of multiples
of four, however the hexagonal case still remains unexplored.
Based on these precedents, the following paragraphs describe
the forward and inverse transforms to the hexagonal grid.

Given an N by N input image, hexagonal PPFFT outputs
three N by 2N grids designated asG1, G2 and G3, the
arrangement of which is shown in Fig. 2. The axesξξ and
ξη are as defined in [10], where they refer respectively to
the horizontal and vertical components of the angular spa-
tial frequency present in the discrete N by N image. The
conventional two-dimensional FFT produces an equispaced N
by N rectangular grid within the2π by 2π square, which
is also the area the rectangular PPFFT covers. Unlike the
rectangular PPFFT, the hexagonal grid does not capture all
spatial frequency content present in the input image. This is
to allow all spatial frequency samples in the hexagonal grid
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Fig. 2. Proposed hexagonal PPFFT grid with N=8. Shaded area shows the
full spatial frequency content of the input N by N image, and the hexagon
shows the tile size.

to remain within the frequencies reproducible by the original
N by N image. This means the forward hexagonal PPFFT is a
lossy process if the input image contained frequencies outside
the hexagonal area, shown by the shaded square in Fig. 2.
This is acceptable for our application however, since we are
concerned with the inverse PPFFT, in which we start with
the hexagonal grid, for which we can losslessly recover their
spatial frequency components. To achieve this, the hexagonal
PPFFT requires two 1-D Fractional FFTs. The hexagonal
PPFFT process to findG1 is defined as follows.

1) The input N by N image,g1, is zero-padded to N by
2N, with indexes0 ≤ k1 < N and 0 ≤ k2 < 2N . A
single-dimensional fractional Fourier transform is taken
in the horizontal direction as follows.

g̃1[k1, l] =

2N−1
∑

k2=0

g1[k1, k2] · exp
(

−2πik2l

2N

√
3

2

)

(2)

with index −N ≤ l < N . The fractional Fourier
transform can be evaluated using three FFTs [12].

2) Fractional Fourier transform is then applied to each
column with the fractionα gradually shifting from
−

√
3
2

1√
3
= − 1

2 to 1
2 , defined as follows.

G1[m, l] =

N−1
∑

k1=0

g̃1[k1, l] · exp
(−2πik1m

N

l

2N

)

(3)

with −N
2 ≤ m < N

2 .
As inherent to FFT, this method presumes the cellk1 =

k2 = 0 as the origin of the input image. To shift this origin to
k1 = k2 = N

2 , the following may be applied.

G∗
1[m, l] = G1[m, l] · exp

[

πi

2

(

m
l

N
+ l

√
3

2

)]

(4)

To find theG2 andG3 sets, the input image is rotated about
k1 = k2 = N

2 by 60 and 120 degrees clockwise respectively,
and the above process is repeated.
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While the process is strictly speaking irreversible due to
incomplete rank [10], an iterative approach as described by
Averbuch et al. shows a reliable inverse PPFFT process. For
this the adjoint transfer process is defined.

ĝ1[k1, k2] =

N

2
−1
∑

m=−N

2

N−1
∑

l=−N

G1[m, l] ·
√
3

2
· | l

2N
| · 1

2N2

·exp
(

2πik1m

N

l

2N
+

2πik2l

2N

√
3

2

)

(5)

which is followed by the image recombination process

ĝk = ĝ1k + rot60(ĝ2k) + rot120(ĝ3k) (6)

where rot60 and rot120 are the 60- and 120-degree anti-
clockwise rotation processes respectively, aboutk1 = k2 = N

2 .
The scalar weights

√
3
2 , | l

2N | and 1
2N2 account for the differ-

ential area corresponding to, respectively, the horizontal and
vertical fractional Fourier transforms and the discrete N by 2N
Fourier transform. The iteration procedure is then as follows.

gk+1 = gk − TH
PP (TPP (gk)−G) (7)

WhereG is the concatenation ofG1, G2 andG3, gk is the N
by N iteration image initialised as a zero matrix,TPP () is the
forward PPFFT process finding the three grids concatenated
to a single matrixGk, and TH

PP () is its adjoint process.
Gk converges from a zero matrix to the givenG. Here,
TH
PP (TPP (gk)−G) is the residual, and the stopping condition

is when the RMS of this map falls under a specified threshold.
One key consideration here is that the 60- and 120-degree

rotations of the input image when finding gridsG2 and G3

mean thatG2 is not sensitive to sources in areas 2 and 4
in Fig. 3b, and neither isG3 to areas 3 and 4. Equivalently,
the rotations ofg2 andg3 made as part of the recombination
process cause the edges of these grids to fall out ofg1, which
is the output grid. Both of these properties mean that the
hexagonal PPFFT is unable to reconstruct objects lying in
areas 2, 3 and 4, and these areas are set to zero at the end
of every iteration to ensure convergence. This is acceptable in
the presented application, however, when the image contains
objects in these areas, it must be zero-padded to ensure the
areas 2, 3 and 4 are zero before forward transformation.

Further, it is found that the rotation process is a key step that
can introduce significant noise when performed poorly. Unlike
the 90-degree rotation required for the conventional PPFFT,
for which an exact solution is available, the 60- and 120-
degree rotations require two-dimensional image interpolation.
Several interpolation methods are tried as presented in Table I,
finding that the FFT interpolation produces the best result.This
method [13] first applies a two-dimensional FFT to the input
array, zero-padding the result in the frequency domain and
applying an inverse FFT to recover the interpolated image.

The processes so far recover an image from a pseudo-polar
grid of visibility. The remaining task is to interpolate thevisi-
bility from the polar grid to the pseudo-polar grid, which can
be done in two steps of single-dimensional interpolation: first
interpolating in the angular direction, followed by the radial
direction. For the first step it has been found that the cyclic
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Fig. 3. Tested input brightness temperature maps (a). Input image shown
in scale, as viewed from the geostationary orbit (b). Subgrids G1, G2 and
G3 recover sub-imagesg1, g2 andg3 respectively. The 60- and 120-degree
rotations mean that only area 1 contains contributions from all sub-images.

sinc interpolation is suitable [8]. Radial interpolation drives
the quality of the recovered image, as this is the dimension
with sparse sampling (see Fig. 1b). In Table I we compare
linear, spline and FFT interpolation, and again we find the
FFT method most suitable. Note that if we wish to recover
the brightness temperature map centred atk1 = k2 = N

2 , the
interpolation process maps toG∗ in (4), and notG.

III. S IMULATION RESULTS

Now we evaluate the performance of the proposed method at
reconstructing the brightness temperature map from a visibility
set taken by the proposed multi-satellite interferometer.We
simulate the full-size array, with nine cubesatellites and236
elements per arm. This generates 19 polar grids, seven of
which are as shown in Fig. 1b. One of these grids is considered
at a time and interpolated into the PPFFT grid. The proposed
hexagonal grid corresponds to the hexagonal area shown in
Fig. 1b, while the conventional PPFFT corresponds to the
square. The sum of the recovered maps from all 19 grids
produces the final map. The Blackman window [6] is applied
to the visibility samples prior to inverting, and the radiometric
error map is defined as the difference between the recovered
map and the original map passed through the Blackman low-
pass filter to account for the radiometer’s spatial resolution.
The RMS is taken within the central part of this map (see
Fig. 5), and reported in Fig. 4 and Table I.

To compare the proposed method against the method pro-
posed in [9], the same input image of the Earth is used,
as shown in Fig. 3a (top), and the visibility samples are
obtained in the same manner, summarised as follows. The
input 2048 by 2048 image is zero-padded by a factor of 8 and
its FFT is taken, producing an over-sampled visibility given in
a Cartesian grid. Our input visibility samples are interpolated
from within this grid to the grid pattern shown in Fig. 1b, via
two-dimensional planar spline interpolation. To ensure that the
error introduced by this method is sufficiently low, we use the
Shepp-Logan phantom [14], amplified in magnitude by a factor
of 200 to better represent the brightness temperature of the
Earth, to compare the brightness temperature error for the case
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Fig. 5. Error map of input 1 recovered with linear visibility interpolation (left)
and spline interpolation (right). Both cases exhibit sensitivity loss away from
the origin. RMS is taken within the inner ring. Middle ring isthe Earth-sky
horizon, and the outer is the interferometer’s Alias-Free Field of View.

the visibility is taken analytically, against the case the visibility
is taken by interpolation. The disagreement between the two
cases was 7.0×10−4 K. Two other input images are tested to
study the method’s response to extreme scenarios. Shown in
Fig. 3a (mid) is a simulated map at 53 GHz, produced by the
SAIRPS simulator [15]. Since the map is extremely smooth,
we expect to see the best performance from this map. Then, we
add a Gaussian white noise to this image with 1σ = 100 K to
represent the opposite extreme, as shown in Fig. 3a (bottom).

Fig. 4 shows the convergence rate of the retrieval method
shown in (7). Both the raw visibility and the pre-processed
visibility using a-priori information, as suggested in [16], are
inverted. This information includes the locations of the Earth-
sky horizon, the sun and the moon, and the average brightness
temperatures of the Earth, sun, moon and the background
radiation. Pre-processing the visibility measurements results
in an almost immediate convergence.

Table I shows the impact of visibility interpolation technique
in the radial direction to the radiometric accuracy of the
reconstruction method, for the raw and pre-processed sets of
visibility samples. The cyclic sinc interpolation is used for
the angular direction for all cases. The poor performance
of linear and spline interpolations were expected since the
3λ sampling period of the interferometer is just under the
Nyquist limit, which is 3.29λ [9]. Fig. 5 shows the brightness
temperature error maps for linear (left) and spline (right)
interpolation, for the pre-processed visibility samples.Severe

TABLE I
RADIOMETRIC ERROR OFRECOVEREDMAP BY V ISIBILITY

INTERPOLATION AND IMAGE ROTATION TECHNIQUES

Interpolation
Technique

Visibility Interpolation (Radial) Image
Rotation [K]Rectangular

PPFFT [K]
Hexagonal
PPFFT [K]

raw apr. raw apr. raw apr.

Im. 1
Lin. 35.8 3.49 35.8 3.50 3.86 2.33
Spl. 7.82 0.54 8.00 0.43 0.77 0.70
FFT 0.11 0.11 0.02a 0.02b 0.02a 0.02b

Im. 2
Lin. 34.91 0.65 34.94 0.61 0.07 2.9E-3
Spl. 7.28 0.20 7.57 0.23 0.02 1.0E-3
FFT 0.06 2.9E-3 0.01c 4.9E-4d 0.01c 4.9E-4d

Im. 3
Lin. 35.79 7.64 35.82 7.59 36.53 19.98
Spl. 7.38 1.21 7.61 0.63 7.92 7.15
FFT 1.06 1.05 0.23e 0.23f 0.23e 0.23f

All results after 16 iterations, for linear, spline and FFT interpolation. All
image rotation techniques apply FFT visibility interpolation. Im. 1 through 3
= input images shown in Fig. 3a top to bottom. a pr. = a priori information
applied prior to inversion. Pairsa throughf are the same values.

loss of sensitivity is seen away from the origin as both methods
struggle to interpolate the high frequency sinusoids in the
visibility domain, which are responsible for off-axis sources.
The interferometer’s Alias-Free Field of View is marked by
the outer-most circle, beyond which the first alias of the Earth
is visible. Table I also lists the performance of the three
interpolation methods for image rotation processes, and again
the FFT method produces the best radiometric accuracy.

In practice, a threshold residual will be set as a stopping
condition for the iteration process. Fig. 6 shows the results
for input 1 with 1×10−3 K threshold. The conventional
method converges in 11 iterations while the hexagonal method
converges in 4 iterations. Fig. 6a (left) is the radiometricerror
map for the conventional PPFFT, and (right) is the Fourier
transform of this map, produced by simply applying an FFT
to the left image. This map clearly shows the spikes present
at the boundaries of the overlapping polar grids. This noise
can be attributed to the fact that the overlapping visibility
samples are selected discretely, as shown in Fig. 1b as +,
and this discrete choice can cause strong quantisation error if
sampling is sparse. The hexagonal PPFFT reduces this noise
by eliminating these overlaps. In Fig. 6b (right) the interfaces
between neighbouring grids are much smoother, with the
circular spikes removed. The noise levels within the hexagonal
grids are in fact slightly higher compared to the conventional
PPFFT due to the image rotation processes. However, the
total noise level shows a factor of 4.8 improvement for this
particular input with 0.023 K error, shown in Fig. 6b. The
best and worst cases tested with inputs 2 and 3 indicate
improvement factors of 6.0 and 4.7 respectively.

Finally, we note that the proposed method does not attempt
to remove aliases. Strong alias of the sun, in particular, can
substantially reduce the radiometric accuracy in the aliasing
regions, thereby limiting the advantage of the method to the
conventional PPFFT. Fig. 7 shows the worst cases for the
two methods when the sun appears just next to the Earth.
We can see both methods are convergent, and suffer equally
from the alias. Aliases of the moon and other celestial bodies
are negligible compared to the Earth’s brightness temperature.
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Fig. 6. Recovered brightness temperature error maps for the conventional
and the proposed method, applied on input 1 with10

−3 K threshold residual.
Spatial distribution of the error (left) and spatial frequency distribution (right).
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Fig. 7. Radiometric error map for input 2 when the sun’s first alias enters
the image, for conventional PPFFT (left) and the proposed method (right).

IV. CONCLUSION

A novel hexagonal variant of the Pseudo-Polar FFT and
its inverse have been developed to recover the Earth’s bright-
ness temperature map from the visibility sampled by the
proposed multi-satellite interferometric radiometer. Compared
to the conventional rectangular PPFFT, the proposed method
achieves approximately a five-fold improvement in the recov-
ered radiometric accuracy when applied to the proposed inter-
ferometer. Three input maps have been tried, representing the
brightness temperature map of the Earth at various frequencies.
The best result is achieved for the smoothest map (Im 2) with
a factor of 5.95 improvement, while the roughest map (Im 3)
showed 4.67, and the average expected map (Im 1) showed
4.73. The proposed method requires that the corners of the
rectangular input image are empty. When objects exist in these
corners, e.g., the sun, the method converges with these objects
removed. To fully harness the advantages of this method, a
separate method is needed to remove the aliases of the sun,
by either subtracting the brightness temperature map of the
sun from the visibility samples prior to image recovery, or by
post-recovery deconvolution, e.g., CLEAN.
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