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ABSTRACT:

We present a complete momentum-space prescription for the renormalisation of ten-
sorial correlators in conformal field theories. Our discussion covers all 3-point functions
of stress tensors and conserved currents in arbitrary spacetime dimensions. In dimensions
three and four, we give explicit results for the renormalised correlators, the anomalous
Ward identities they obey, and the conformal anomalies. For the stress tensor 3-point
function in four dimensions, we identify the specific evanescent tensorial structure respon-
sible for the type A Euler anomaly, and show this anomaly has the form of a double copy
of the chiral anomaly.
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1 Introduction

The classic results for CFT 2- and 3-point functions are formulated in position space [1-4].
Nevertheless, for a growing number of modern applications — from conformal anomalies
[5-9] to quantum critical transport [10-16], to holographic cosmology [17-28] — it is highly
desirable to know the counterpart of these results in momentum space. Our aim in this
paper, building on [29], is to fill this gap for tensorial correlators requiring renormalisation.

Aside from practical applications, there are a number of other motivations for devel-
oping momentum-space CFT. One is the need to better integrate CFT methods with those
of QFT more broadly. Away from the critical point, our toolkit is generally limited to
perturbative methods such as Feynman diagrams, and such calculations are typically per-
formed in momentum space. Understanding CFT in momentum space would allow us to
smoothly interpolate between physics at, and away from, the critical point.

Momentum space is also ideally suited for the study of tensorial correlators, as is our
focus here. Constructing a set of basis tensors from the metric and independent momenta,
any tensorial correlator can be decomposed into a set of scalar form factors multiplying the
elements of this basis. As the momentum-space trace and transverse Ward identities are
algebraic, we can moreover eliminate all non-transverse-traceless components by reducing
them to simpler lower-point correlators. Only transverse-traceless tensors then appear in
our basis, and taking into account the permutation symmetries associated with exchanging
identical operators, we quickly arrive at a minimal decomposition for the tensorial structure
involving the smallest possible number of form factors.

For 2- and 3-point correlators, these form factors are simply functions of the cor-
responding momentum magnitudes. The complicated tensorial Ward identities deriving
from conformal symmetry now reduce to a simple set of scalar partial differential equa-
tions for the form factors. Those corresponding to the special conformal Ward identities
factorise and can be solved by elementary separation of variables. The remaining dilatation
Ward identities can be solved by performing a Mellin transform to extract the components
of appropriate scaling weight. The resulting form factors are then conveniently expressed
in terms of triple-K integrals, a class of integrals involving three modified Bessel functions.

From a practical perspective, this first-principles approach, based on solving the con-
formal Ward identities directly in momentum space, is considerably more efficient than
attempting to Fourier transform the known expressions for position-space correlators. In
fact, for the correlators we study in this paper, a naive attempt to Fourier transform fails
due to the appearance of divergences arising from integrating over configurations with
coincident operator insertions. The position-space expressions for CF'T correlators often
quoted in textbooks are only valid at non-coincident points: specific contact terms must be
added to produce renormalised correlation functions which are well-defined distributions,
for which the Fourier transform then exists. Such renormalised position-space expressions
(constructed, for example, using differential renormalisation [30]) for some of the corre-
lators we study here can be found in [2, 3]. Even when renormalisation is not required,
however, carrying out the Fourier transform explicitly requires considerable effort, see for
example [29].



Here we find it easier to work directly in momentum space and proceed from first
principles. For specific spacetime! and operator dimensions, we find the triple-K integrals
representing the scalar form factors in our decomposition contain divergences. These diver-
gences can be regulated by infinitesimally shifting the spacetime and operator dimensions.
As these are the only dimensionless parameters appearing in the conformal Ward identities,
this scheme represents the most general universally-applicable regularisation that preserves
conformal invariance. In this scheme the regulated form factors are simply given by triple-
K integrals with correspondingly shifted parameters. To extract their divergences, we use
the Mellin mapping theorem, which relates the divergences of triple-K integrals to the
poles in a series expansion of their integrand. This easy evaluation of divergences is itself
another of the advantages of momentum space. Finally, to cancel the divergences, we add
suitable local counterterms. For the correlators of stress tensors and conserved currents
we study here, these counterterms are constructed purely from the corresponding sources.
Their contribution, upon transforming back to position space, corresponds to the missing
contact terms in our discussion above. After removing the regulator, we then recover the
finite, renormalised momentum-space correlator.

The counterterms we add introduce a dependence on the renormalisation scale, break-
ing conformal invariance. The renormalised correlators now obey modified (or ‘anomalous’)
conformal Ward identities containing additional inhomogeneous terms [31] (see also [32]
and references therein). As the trace Ward identity is similarly modified, the coefficients
appearing in these anomalous Ward identities are exactly those appearing in the trace
anomaly. In the examples we study, it turns out that both the 2- and the 3-point func-
tions are renormalised by the same counterterm. The anomaly coefficient we obtain is then
related to the overall normalisation of the 2-point function. Anomalies of this type, cor-
responding to type B in the classification of [33], represent however only half the picture.
In addition, there can be type A anomalies, whose contribution to the trace of the stress
tensor vanishes when integrated over all of flat space. Unlike type B anomalies, type A
anomalies are thus scale-invariant: they break special conformal transformations but not
dilatations. Type A anomalies arise when the regulated correlator features a divergent coef-
ficient multiplying an evanescent tensorial structure that vanishes in the physical spacetime
dimension. The result is then finite, and does not represent a genuine UV divergence.

Above two dimensions, and assuming parity invariance, the simplest flat-space corre-
lator exhibiting a type A anomaly is the stress tensor 3-point function in four dimensions.
Understanding the evanescent structure of the regulated correlator, and its role in gener-
ating the Euler contribution to the trace anomaly, is in fact one of the motivations for our
present study. Setting aside the full problem for later, the general flavour of these ideas can
already be appreciated from the 2-point function in two dimensions [33]. This correlator
also features a type A anomaly, and the corresponding tensorial structure is naturally much
simpler. In fact, the transverse and trace Ward identities alone constrain the d-dimensional
momentum-space regulated correlator to be

<<Tu1 v (p)Tsz (=p)) reg — Crr(e) pd I 0y pae (p), (1.1)

n practice, we work in the Wick-rotated theory but will continue to refer to “spacetime” dimensions.




where our double-bracket notation simply indicates the delta-function of momentum con-
servation has been removed. Here, Crr(€) is a (d-dependent) constant, and
1 PubPv

Wwpo (P) = Tu(o(P) 7o) (P) — mﬂw(p)ﬂ'pﬁ(p)a Tuw(P) = O — D2 (1.2)

are the d-dimensional transverse-traceless and transverse projectors respectively. A short
calculation shows this correlator can equivalently be expressed as

<<Tu1 v1 (p)Tuzl/z (—p) »reg = —6C77(€) pd_2 I, Vlalﬁl (p)Huwz aQﬁz (p) 5[6,111 5£3pa3}pa3- (1.3)

The right-hand side now involves a 3-form, and hence vanishes in integer dimensions below
three where a spacetime index in the antisymmetrisation must necessarily be repeated.
Since the overall coefficient O (€) has an €' pole in d = 2+ 2¢ dimensions, the regulated
correlator thus has the 0/0 structure associated with a type A anomaly.?

The remaining steps of the renormalisation procedure can be found in appendix A.1.
The final renormalised correlator,

<<T,LL1V1 (p)Tuzllz(_p)>> =Crr p277,u11/1 (p)ﬂ-wl@ (p), (1.4)

has a non-vanishing trace associated with anomalous Ward identity, (T)s = (c¢/247)R,
where the subscript s indicates an expectation value in the presence of sources and the
central charge is given by ¢ = 127Cpp. Through two-dimensional identities [33], we can
re-write this trace anomaly as the square of the chiral anomaly:

(T(P) T (=p)) = é (euap™)(evsp?). (1.5)

Strikingly, as we will see, exactly the same is true for the four-dimensional Euler anomaly!

Ultimately, type A anomalies always originate from such a 0/0 structure [33]. In
position space, the d = 4 case has been discussed in [3]. Here we will see that the mechanism
is particularly transparent in momentum space. Along the way we will also explain that
the 0/0 limit can be explicitly evaluated without counterterms (see appendix A.2), as one
would expect for a type A anomaly [33].

Earlier discussions of tensorial CF'T correlators in momentum space include [7, 8]. In
these works, the momentum-space correlators in four dimensions were obtained through
1-loop Feynman diagram calculations, utilising the observation from position space [2]
that a mixture of free conformal scalars, fermions and vectors is sufficient to generate
all the tensor structures permitted by conformal symmetry. For general spacetime and
operator dimensions, however, this approach is not always available due to the absence of
a corresponding free field realisation of the CFT. In such cases, a direct solution of the
conformal Ward identities, as we develop here, appears to be the only possibility.?

?In higher even dimensions, Crr(€) has pole but the 3-form does not vanish; we then have a genuine
UV divergence which must be cancelled with a counterterm leading to a type B anomaly, see section 3.1.
In higher odd dimensions, Crr(€) is finite as € — 0 and there is no anomaly.

3Where a holographic description is available, Witten diagram calculations effectively reduce to the
triple-K integrals we study here.



Our plan for this paper is thus to solve for the renormalised 3-point correlators of
tensorial operators in a general CFT, focusing on correlators of the stress tensor and con-
served currents. The extension to mixed correlators involving scalars involves new issues
and will be discussed in a sequel [34]. The key ingredients of our approach have been
developed over a number of papers, beginning with [29] which introduced our tensorial
decomposition and solution of the conformal Ward identities. (Related methods for purely
scalar correlators were developed independently in [35].) The results of [29] are sufficient
to understand all tensorial and scalar correlators in the general case where renormalisation
is not required.* For the special cases where the operator and spacetime dimensions are
such that divergences arise, we proposed a suitable renormalisation prescription in [36],
focusing on purely scalar correlators. Here, we extend this renormalisation prescription to
tensorial correlators. This requires a generalisation of our regularisation procedure, and
an understanding of new issues such as the tensorial degeneracies giving rise to type A
anomalies. All the triple-K integrals we encounter in this paper can be evaluated using
the reduction scheme presented in [37].

We begin in section 2 with an extended summary of our method for constructing renor-
malised tensorial 3-point functions. We review the trace and transverse Ward identities,
their role in decomposing the tensorial structure of correlators into scalar form factors, and
the classification of conformal Ward identities into primary and secondary. These identi-
ties can be solved in terms of triple-K integrals yielding the full momentum-space 3-point
functions for generic values of the operator and spacetime dimensions. As we discuss, for
specific values of these parameters, divergences then arise necessitating regularisation and
renormalisation.

Our main results for renormalised 3-point functions are presented in section 3. After
reviewing our conventions for 2-point functions, we proceed to analyse the correlators of
three currents, of one stress tensor and two currents, and of three stress tensors. For one
current and two stress tensors, the correlator is trivial (i.e., vanishes up to contact terms)
and is omitted from our discussion here; see instead [38] and section 9.10 of [29]. For each
correlator we list the relevant tensorial decomposition, the Ward identities and their solu-
tion, plus the divergences and counterterms arising in different spacetime dimensions. We
give explicit results for the regulated form factors, valid in arbitrary spacetime dimensions,
and carry out the full renormalisation procedure in dimensions three and four. This enables
a precise identification of the anomalies and the corresponding anomalous Ward identities
satisfied by the renormalised correlators.

In section 4, we discuss the type A Euler anomaly for the stress tensor 3-point function.
This presents the four-dimensional counterpart to our discussion of the two-dimensional
type A anomaly above. In section 5, we describe how to extract the physical, scheme-
independent constants appearing in the renormalised correlators, before concluding in sec-
tion 6. Five appendices present supplementary material. Appendix A.1 completes our
analysis of the two-dimensional anomaly, appendix A.2 discusses the evaluation of 0/0

“These results are presented in the published version of [29]; the original arXiv version 1 contains an
additional discussion of renormalisation which is superseded by the present work.



structures without the use of counterterms, while appendix A.3 relates alternative defini-
tions of the 3-point function. Appendix A.4 evaluates the counterterm contributions to the
stress tensor 3-point function, and appendix A.5 reviews the evanescent tensorial operators
appearing in three spacetime dimensions.

We put special effort into making this paper self-contained, and the different sections
can be read independently according to the interests of the reader. Section 2 reviews
the relevant background material, and may be skipped by those already familiar with our
method. The different subsections of section 3 are then independent, so readers interested
only in a specific correlator may head directly to the relevant subsection. Readers interested
only in our results may do likewise, after briefly reviewing our conventions in section 2.

2 Renormalisation of CFTs in momentum space

2.1 Notations and conventions for momenta

In this paper, we consider CFTs in d > 3 Euclidean dimensions. For simplicity, we will
restrict ourselves to the parity-even sector.” To get started, in this subsection we begin by
recollecting some of our main notations and conventions.

Firstly, to denote correlators with the overall delta function of momentum conservation
removed, we employ a double bracket notation, e.g.,

<T,u1V1 (pl)TMQIfz (pQ)TMzW:s (P3)> = (27T)d5(p1 +p2 + p3) «Tulvl (pl)TMQVz (p2)TM3V3 (p3)>>7

(T, (P1) Tz (P2)) = (27) %6 (p1 + D2) (s (P1) Tpiawe (—P1))- (2.1)

Due to momentum conservation, only three of the six Lorentz scalars p; - p; for a given
3-point function are independent. To preserve symmetry under permutations of operators,
we choose these to be the momentum magnitudes

pi =pjl =+/p}, =123 (2.2)

To obtain compact expressions, we define the following symmetric polynomials of the mo-

mentum magnitudes,

a123 = p1 + p2 + p3, bi23 = p1p2 + p1p3 + P2p3, €123 = P1P2P3,
aij = pi + Dj, bij = pipj, (2.3)

where 7,5 = 1,2, 3, as well as the combination

J? = (p1 + p2 + p3)(—p1 + p2 + p3)(p1 — p2 + p3) (1 + P2 — p3)
= —pi — p3 — P§ + 2p3p3 + 2p3p3 + 2p3pi. (2.4)

By Heron’s formula, v/.J2 /4 represents the area of the triangle formed by the momenta.

"Extensions to the parity-odd sector are nevertheless of considerable interest, see e.g., [39-46].



When decomposing tensor structure, in order to preserve symmetry under permuta-
tions, we select the independent momenta using a cyclic rule according to the Lorentz
index:

p1, P2 for pi,v1, po,p3 for uz, v,  ps3,p1 for uz,vs. (2.5)

Here, the numbering of a given Lorentz index derives from the operator insertion it belongs
to. Use of this convention is assumed whenever we refer to the coefficient of a particular
tensorial structure, e.g., the coefficient of ph*ph*pi® in (JH1%1(py1)JH292(py) JH3% (pg))). In
other words, before the coefficient is read off, we first replace momenta as required (using

momentum conservation) so as to ensure that only momenta consistent with (2.5) appear.

2.2 Transverse and trace Ward identities

Let us now recap the origin of the transverse and trace Ward identities satisfied by the
correlators. In a renormalised quantum field theory, under a variation of the sources, the
variation of the generating functional is

1
SW (g, A%] = 510 Z[gp, A%) = — / A /g [ (Tu)s 09 + (1), 645], (2.6)

where the subscript s on the 1-point functions indicates the presence of nontrivial sources.
The gauge field Aj; sources a conserved current J# associated with a (generally non-
Abelian) symmetry group G, where a = 1, ..., dim G with repeated indices summed. To
obtain correlation functions, we functionally differentiate this generating functional with
respect to the sources, before restoring them to their background values. (Namely, a flat
metric with the gauge field switched off, which we denote by a subscript zero.) We will
return to the details of this procedure in section 2.6.

The transverse Ward identities derive from the invariance of the generating functional
under gauge transformations and diffeomorphisms. For a gauge field transforming in the
adjoint representation, under a gauge transformation o and diffeomorphism &#, the vari-
ation of the sources is

Sghv = —avre), (2.7)
SAY = €'V, Al + ARV &Y — Vot — gf*" ADaf,
where g is the gauge coupling, f%¢ the structure constant of G, and the generators T are
normalised such that tr(TETH) = %5‘“’. Note that o is a Lorentz scalar so V,a% = d,a%.

The invariance of the generating functional under each of these transformations then yields
the respective Ward identities

0=V, (JH)s + g f 7oA (TH)s, (2.9)
0 = VA(Tp)s — F2,(JF),, (2.10)

where the field strength Fj, = QV[HAﬁ] +g fabCAZAf,. Functionally differentiating these
identities twice with respect to the various sources, we then obtain the transverse Ward



identities for 3-point functions. In momentum space, these identities are algebraic and fully
determine the longitudinal components of correlators, e.g.,

Py (S (1) JH292 (p2) 9% (p3))
= gf e (T (pa) JH292 (—pa))) — g f 02020 (p3) T (—p3)). (2.11)

The trace components of correlators involving the stress tensor are determined by the
trace Ward identities. These derive from Weyl transformations, under which®

SgM = =209, 6Aj =0, oW = /dde\@AO" (2.12)

where the anomaly A gives the transformation of the renormalised generating functional
under a Weyl variation o. Functionally differentiating twice the generating relation

(T)s = A (2.13)

then yields the various 3-point trace Ward identities. We list these identities, and the
accompanying transverse Ward identities, in the main results section of the paper. In
particular, we will obtain explicit expressions for all the anomalies that arise.

2.3 Decomposition of tensor structure

A key advantage of momentum space is that tensorial correlators can be decomposed
in a basis of general tensors constructed from the metric and momenta. Each of these
tensors appears multiplied by an accompanying scalar form factor, which for 2- and 3-point
functions can be written simply as a function of the momentum magnitudes. Moreover, as
all trace and longitudinal components of correlators are completely determined by the trace
and transverse Ward identities, this basis need only include transverse-traceless tensors.
Thus, choosing these tensors so as to respect the permutation symmetries associated with
exchanging identical operators, we obtain an extremely efficient representation of tensorial
correlators in terms of a minimal number of scalar form factors. Even the most complicated
3-point correlator, that of three stress tensors, can in general be represented in terms of
just five scalar form factors. As a full account of this decomposition may be found in [29],
here we will limit ourselves to a quick review of the main points.

First, it is useful to introduce a notation for the transverse(-traceless) parts of the

conserved current and the stress tensor,”

3 (p) = T(P) (D), tw(p) =11, (p)Tas(p), (2.14)

where the relevant projectors are defined in (1.2). Considering, for example, the 3-point
function of three currents, the transverse-traceless part then takes the form

(31 (1) (92)#5"% (P3))) = mht (P17 (p2)mhs (py) X 12002, (2.15)

SWhen scalar operators are present, one can additionally obtain beta functions, see [34].
" While technically there is no difference between raised and lowered indices for flat-space correlators,

we will retain the index placements inherited from (2.6) as a reminder for when we compute counterterm
contributions.



where X 19243919283 represents the most general third-rank Lorentz tensor that can be
constructed from the momenta and the metric, with scalar coefficients depending on the
momentum magnitudes and carrying adjoint indices ajasas. In fact, for each Lorentz
index a;; with j = 1,2,3, only a single momentum can appear, since the momentum p; is
projected out and the remaining two choices are related by momentum conservation: for
example, mh (p2)p]? = —7hs (p2)ps? since py = —py — p3. This greatly reduces the number
of tensor structures that can be written down.

In order to preserve the symmetry under permutations, we choose these independent
momenta cyclically according to their Lorentz index following the rule (2.5), i.e.,

Py, Pt pit (2.16)
We thus write 7h3 (p2)p3? in place of Ths (p2)p7?, and similarly II,,,,, 4, 8, (P1 )pg‘lp’gl in place
ar, B a1

of I vianp (P1)P3 05" or Iy 0008 (P1)p5" 3. Preserving the permutation symmetry in
this way leads to a more efficient parametrisation involving fewer form factors, as discussed
in section 1 of [29]. We therefore have the decomposition

Xala2a3a1a2a3 — AillaQaSpgllngpfféB + Agla2a35a1a2p?3 +AgIU«SU«2(p2 (—)pg)(sala?’ng

+ ALY (py 65 pg) 6203 pgL, (2.17)

where the two scalar form factors A{**** and A5'“?“* are general functions of the momen-
tum magnitudes that can be compactly expressed using the symmetric polynomials (2.3).
By convention, if no arguments are specified, we assume the standard ordering of momenta
A998 = ATY29 (py, pa, p3), while p; <> p; indicates exchanging momenta (but not adjoint
indices), e.g., A7*****(p1 <> p2) = AT*****(p2, p1,p3). Various symmetry properties of the
form factors under permutations can be deduced from the symmetry of the correlator itself,
and are listed in the main results section.

For practical purposes, an important feature of this decomposition is that the form
factors can easily be read off from a computation of the full 3-point correlator: one does
not need to explicitly separate out the projection operators as per (2.15) then manipulate
the remainder into the form (2.17). Instead, the form factors can be extracted simply by
looking up the coefficients of certain tensor structures in the full correlator. In the present
case, for example, one finds

A19293 = coefficient of ph' ph*ph®, AG12% = coefficient of 642 ph? (2.18)

in the full correlator ((J#1%1(py)JH292(py) JH3%3(p3))). Again, we list these relations in the
main results section.

We similarly list the ‘reconstruction formulae’ that allow the full correlators to be
reconstructed from their transverse-traceless parts, using the trace and transverse Ward
identities to fill in the missing pieces. These formulae typically involve the operator

1 Pa Puby
Tonal®) = % |0 = 5 (B (a- 2728 ) (2.19)



which arises from decomposing a rank-two tensor into transverse-traceless, longitudinal
and trace pieces according to

1
O(adpyw = Wuvas(P) + Tuw(a(P) Pg) + 57— v (P)as- (2.20)
Finally, we note that in specific spacetime dimensions special tensorial degeneracies exist
that allow us to reduce the number of independent form factors. For example, the number
of independent form factors in the stress tensor 3-point function can be reduced from five
to two in three dimensions, and from five to four in four dimensions. We will return to

discuss this feature in section 4 and appendix A.5.

2.4 Solving the conformal Ward identities

Having decomposed tensorial 3-point functions into scalar form factors, we can now solve
for these form factors by imposing the conformal Ward identities. A comprehensive analysis
of the momentum-space conformal Ward identities is presented in [29], so here we will once
again limit ourselves to a summary of the main points.

Inserting the form factor decomposition for a given correlator into the conformal Ward
identities, one obtains an individual dilatation Ward identity for each form factor, plus two
sets of equations which we refer to as primary and secondary conformal Ward identities
[29] (or CWI, for short). The dilatation Ward identities simply require each form factor
to be a homogeneous function of the momentum magnitudes with a certain scaling weight,
as discussed in section 4.2 of [29]. The primary CWI, which closely resemble the CWI
for scalar 3-point functions [36], can be expressed in terms of the second-order differential
operators

P L d+1-28; 9

A A TR
J

(2.21)
where ¢,7 = 1,2,3 and A; denotes the conformal dimension of the j-th operator in a given
3-point function. Thus, in (T},,,, J#?J#3) for example, we have A; = d and Ay = Az = d—1.
Each primary CWI relates K;; acting on a given form factor to a linear combination of
other form factors (or else to zero). In total, we obtain two independent primary CWI for
each of the form factors present.

The primary CWIs can easily be solved through elementary separation of variables, in
combination with a Mellin transform to satisfy the dilatation Ward identities [36]. Each
form factor is then given by a linear combination of triple-K integrals, defined as

3
(o]
Ia{51’52753}(p1,p27p3) = / dl’ l’apr]Kﬂ](pjl'), (222)
0 .
7=1

where K, is a modified Bessel function of the second kind. The parameters o and {f;} =
{p1, B2, B3} vary according to the case at hand, but generally depend on the spacetime
dimension d and the conformal dimensions of operators. In addition, the solution involves
a number of arbitrary constants C; multiplying the triple-K integrals, which we refer to

10



as primary constants. To represent the form factors for a given correlator succinctly, we
additionally define the ‘reduced’ triple-K integral

INGhikaks}) = Ld 1y N{A -9 k1 Ap— S thy Ag— D1 ks} (2.23)

where A; is the conformal dimension of the j-th operator, as appropriate to the case at
hand, and the {k;} = {k1, k2, k3} are integers.

When the triple-K integrals representing a given form factor converge, the solution
thus obtained is unique, assuming the absence of collinear singularities [29]. Where triple-
K integrals diverge, we instead need to regulate and renormalise, as we will discuss shortly.
In such cases, the solution is no longer unique reflecting our freedom to change the renor-
malisation scheme through the addition of finite counterterms [36]. Where all {3;} indices
are half integer, triple-K integrals reduce to elementary integrals and may be trivially eval-
uated. In many other cases interest, including all those studied here, the triple-K integrals
can be evaluated using the reduction scheme presented in [37].

The remaining set of equations derived from the conformal Ward identities, the sec-
ondary CWIs, can be expressed in terms of the first-order differential operators®

0 0
Ly — 2,2 0 g0

~N =p1(p1 +p2 — p3) o + 2pip2 s

+ [(2d — Ay — 289 + N)pi + (2481 — d)(p3 — p3)] , (2.24)
0
=p— —2A d 2.2

R=p o 1+d, (2.25)
?\7 = Ly with (pl > pz) and (Al > AQ), (2.26)
R’ =R with (p; — p2) and (A1 — As). (2.27)

Each secondary CWI equates a linear combination of these operators acting on a given
form factor to the coefficient of a particular tensor structure appearing in the longitudinal
projection of the correlator (i.e., its contraction with a momentum). This coefficient can
be read off from the transverse Ward identities. Plugging in our solution for form factors in
terms of triple- K integrals, we simply obtain a set of constraints fixing some of the primary
constants C; appearing in our original solution. All surviving primary constants are then
free parameters characterising the specific CFT at hand.

2.5 Regularisation

For specific operator and spacetime dimensions, the triple-K integrals appearing in our
solution for form factors diverge. The construction of a suitable regularisation and renor-
malisation procedure for dealing with these singularities is our main focus in this paper.
Correlators for which renormalisation is not required were analysed in [29].

The singularity condition for a general triple-K integral Ia{ﬁj} is

a+ 1451+ 82+ 83 =—2n, (2.28)

8In the original arXiv version of this paper, we used Ls_, and R, where s is the spin of the first operator.
As this operator is always either T, or J*, we have simplified by substituting s = A; —d+2 and redefining
Lsn =& Ly with N =s+n and Rs — R.
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where n denotes any non-negative integer (i.e., n =0,1,2...) and any independent choice
of £ sign can be made for each 3;. When this condition is satisfied, the triple-K integral
diverges as can be seen by expanding about its lower limit. Whenever this condition is
not satisfied, on the other hand, the triple-K integral either converges absolutely, or else
diverges but is uniquely defined by analytic continuation in the parameters «, {f;} from
regions where it does converge [29, 36].

To regulate these divergences, we use the generalised dimensional scheme

d— d=d+ 2ue, Aj— Aj = A+ (u+vj)e, (2.29)

where u and v; are constants representing a particular choice of scheme (to which we will
return below), and the regulator € is a small parameter that will ultimately be set to zero
after the divergences have been removed through renormalisation. This infinitesimal shift
in the spacetime and operator dimensions produces a corresponding shift in the parameters
a and {B;} appearing in triple-K integrals. As the singularity condition (2.28) is no longer
satisfied, all triple-K integrals and form factors are now finite.

Crucially, as d and A; are the only dimensionless parameters appearing in the confor-
mal Ward identities, the scheme (2.29) represents the most general universally-applicable
regularisation that preserves conformal invariance. By preserving conformal invariance,
we ensure the regulated 3-point functions take a fixed universal form, independent of all
details of the theory, which would not be the case had we chosen a regularisation breaking
conformal invariance. The form factors of the regulated theory are therefore given by ex-
actly the same set of triple-K integrals we had before, except that all parameters are now
shifted in the manner prescribed by (2.29).

Although these triple- K integrals with shifted parameters are finite, they contain poles
in € which lead to divergences as ¢ — 0. In general, these are single poles, although higher-
order poles can arise in cases where the singularity condition (2.28) is multiply satisfied
through different choices of the + signs. To proceed, we need to explicitly evaluate the
form of these divergences. This can be accomplished very easily as shown in [36], since
the divergent poles can be directly read off from a series expansion about z = 0 of the
integrand of the regulated triple- K integral. Writing this expansion as

3 -
& Bj
x Hpj’KBj(pjx): E cpa', (2.30)

J=1 n

where & and Bj represent the shifted parameters of the regulated integral, the divergences
are given by the formula®

div_ _ C—1twe 0
IS5 = > 4O, (2.31)
w
In other words, the divergences arise from terms in the expansion of the form z~1*t%¢ (for
any finite nonzero w) that become poles in the limit as € — 0. In effect, this result follows
from the Mellin mapping theorem, which relates singularities in the Mellin transform of

9When the singularity condition (2.28) is multiply satisfied, the coefficients c—14we themselves contain
poles in ¢, leading to a higher-order overall divergence.
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a function to its poles. The ease with which divergences can be extracted in this fash-
ion represents an additional advantage of momentum-space methods over position-space
techniques such as differential regularisation [30].1

Let us now return to discuss the choice of regularisation scheme specified by the pa-
rameters u and v;. For conserved currents and stress tensors, as we focus on in this paper,
gauge and diffeomorphism invariance in fact fix the dimensions of operators. These canon-
ical dimensions need to be preserved in order for the transverse Ward identities to hold in
the regulated theory. This requirement leads us to the unique regularisation scheme

U = v = vy = U3, & Ay=d—1, Ar=d. (2.32)

A subtlety arises, however, which is that for certain correlators this choice of scheme is
not always sufficient to regulate all singularities arising in the triple-K integrals for form
factors. In such cases, we can start instead from a more general scheme, such as (2.29)
with all v; = v for j = 1,2,3 but v # u. We then find that triple-K integrals have poles of
the form (u—wv)~!. These poles cancel when we sum up all triple-K integrals that make up
the form factors (or they are multiplied by factors that go to zero as u — v) and after these
cancellations one can take the limit (2.32). Perhaps this computation could be re-organised
(or the Ward identities solved) in such a way as to avoid introducing the scheme u # v in
intermediate steps, but we shall not pursue this here.

2.6 Renormalisation

Singularity type. For any divergent triple-K integral, there is a close correspondence
between the choice of + signs appearing in the solution of the singularity condition (2.28),
which we refer to as the singularity type, and the locality properties of the divergence
[36]. Singularities of type (— — —) (i.e., those satisfying (2.28) with three minus signs)
are ultralocal: they are analytic functions of the three squared momenta, corresponding in
position space to divergences with support only when all three operator insertions coincide.
Singularities of type (— — +) (and its permutations (— + —) and (+ — —)) are instead
semilocal: they are analytic in only two of the three squared momenta, corresponding
in position space to divergences with with support only when two of the three operator
insertions coincide. Singularities of type (—++) (including permutations), and also of type
(+++), are instead nonlocal: they are non-analytic in two or more of the squared momenta,
and hence in position space are non-vanishing even for separated operator insertions. Note
these are nonlocal singularities of individual triple-K integrals, however, and not of the
regulated 3-point function itself, which has only ultralocal and/or semilocal singularities.
We will return to the interpretation of these singularities shortly.

For correlators of three scalars, triple-K integrals of all singularity types can arise.
For the correlators we study here, involving only stress tensors and conserved currents,
the situation is more straightforward. In fact, in our computations for form factors, we
will only encounter triple-K integrals with singularities of type (— — —) and (— — +)
(along with permutations), and never singularities of types (— + +) or (+++). Moreover,

105ee also [8, 47] for an application of differential regularisation to CFT 3-point functions.
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after imposing the secondary conformal Ward identities, we obtain primary constants such
that all singularities of type (— — +) actually cancel out when the triple-K integrals are
summed to construct the form factors. Thus the regulated form factors have only ultralocal
divergences, derived from singularities of type (— — —).

Counterterms. The singularity type of a divergence dictates the manner of its removal'!.
First let us review this procedure in full generality, following [36], before specialising our
discussion to correlators of stress tensors and conserved currents. For a general 3-point
correlator, we can construct counterterms using either three sources, or else two sources
and an operator, along with an appropriate (even) number of covariant derivatives to bring
the operator dimension up to the spacetime dimension d. Counterterms with three sources
produce ultralocal contributions to the corresponding 3-point function: they can therefore
be used exclusively to cancel (— — —) type singularities. Counterterms of this type give
rise to conformal anomalies (which are themselves ultralocal functions of the momenta),
through their dependence on the renormalisation scale.'?

Counterterms involving two sources and an operator, on the other hand, produce
semilocal contributions to 3-point functions. As discussed in [36], their effect is to generate
counterterm contributions proportional to the 2-point function of the operator concerned,
and thus they can be used exclusively to cancel (— — +) type singularities (along with
permutations). Counterterms of this type correspond to a re-definition of the original bare
source for the operator: through their dependence on the renormalisation scale, they give
rise to a beta function for the new, renormalised source.

Finally, while it is sometimes possible to construct terms of classical dimension d featur-
ing two or more operators, terms of this type should be viewed as multi-trace deformations
of the theory. That is, unlike true counterterms, adding such terms changes the theory.'?
Our inability to cancel nonlocal divergences through counterterms means that singulari-
ties of types (+ 4+ +) and (— + +) are in effect spurious: they can be removed only by
choosing their coefficients (the corresponding primary constants) to vanish as sufficiently
high positive powers of the regulator in the limit as ¢ — 0. Thus, it is the representation
of the 3-point function in terms of triple-K integrals that is singular, and not the 3-point
function itself [36]. After these divergences are removed by selecting coefficients vanishing
as sufficiently high powers of €, one recovers nonlocal 3-point functions satisfying all the
usual (non-anomalous) conformal Ward identities. (Note we cannot similarly eliminate sin-
gularities of types (— — —) and/or (— — +), however, as this would leave us with ultralocal
and/or semilocal 3-point functions, both of which are pure contact terms.)

Returning now to the case at hand, for correlators of stress tensors and conserved
currents, the only cubic counterterms we can construct are in fact those involving three
sources. To preserve the transverse Ward identities, all counterterms must be covariant
with respect to gauge transformations and diffeomorphisms, and this in turn requires all

1 A Wilsonian approach to renormalization of composite operators in CFT can be found in [48, 49].

12 This dependence can be seen explicitly in the regulated theory, where a power of the renormalisation
scale is required to bring the counterterm dimension to match the regulated spacetime dimension d.

3Moreover, in the quantum theory, the renormalisation of UV divergences required to define composite
operators potentially introduces anomalous dimensions, shifting the overall dimension away from d.
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source dependence to enter in the form of gauge-invariant field strengths and spacetime
curvature invariants. Moreover, in general there are no composite objects transforming as
either a metric or a gauge connection, meaning counterterms cannot be constructed by
redefining the sources. On purely dimensional grounds then, we cannot construct any local
covariant counterterms involving two sources and one operator: while counterterms must
have dimension d, both the field strength and the Riemann tensor have dimension two,
and the operators T}, and J#* have dimensions d and d — 1 respectively. This absence of
counterterms involving two sources and one operator accounts for the observed cancellation
of (— — +) type singularities in the regulated form factors.

Instead, the (— — —) type singularities that remain can all be cancelled through co-
variant counterterms that are cubic in the sources. In any given spacetime dimension, it
is a straightforward exercise to construct all such possible counterterms and evaluate their
contribution to the 3-point function at hand. After adjusting the counterterm coefficients
so as to remove all divergences, the renormalised correlators then follow by sending ¢ — 0
to remove the regulator. Due to the addition of counterterms, the trace and conformal
Ward identities satisfied by the renormalised correlators are potentially anomalous. The
relevant form of these anomalies can easily be determined by inspection in any given case.
The conformal anomalies produced in this fashion are the type B anomalies in the termi-
nology of [33]. In addition, there can be type A anomalies which, like the chiral anomaly,
are produced through a more subtle 0/0 mechanism; the four-dimensional Euler anomaly
we discuss in section 4 is one such example.

Definition of 3-point function. In this paper, we define the 3-point function through
functionally differentiating the generating functional three times. In particular, to preserve
symmetry under permutations of the operator insertions, we choose to position all the /g
factors outside all functional derivatives, e.g.,

(Thyiy (®1) Thgy (®2) Thgrs (®3))
- \/g(ml)g($2)g($3) dghini (:131) dgHava (:122) dgHsvs (3}3) W o (2.33)

Notice that with this positioning, the factors of \/g are effectively set to unity.

An alternative definition of the 3-point function, which we employed in [29], is to
consider three insertions of the operator obtained through a single functional differentiation
(i.e., three insertions of the operator corresponding to the usual flat-space stress tensor or
conserved current). With this alternative definition,

<Tu1 vy (ml )T,uzl/z (932)Tu31/3 (933)>there

—9 5 -2 ) -2 0
= <\/g(73)59“3’/3(m3)) (\/9(72)@%(@)) <\/g(71)59“1”1(m1)>w‘0

5TM1V1 (:131) 5TM1V1 (.’1}1) 5TM2V2 (mQ)

2 g () 59 (w3) 59t (z3)

TM3V3 (:123)> + 2< TM2V2 (:1}2)> + 2< T,ulVl (.’131)>, (2‘34)
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where the functional derivatives reflect the implicit dependence of the operators on the
sources.'* The relation between these two definitions is then

<TM1V1 (wl)THZVQ (wQ)Tu3V3 (x3)>here
= <T,u1l/1 (wl)Tuzl/g ($2)T;43ug (x3)>there

_ 6T#1V1 (z1) =) — 5TH1V1 (.’121) o)) — 5TM2V2(:B2> T
<5g“2”2(w2)Tu3V3( 3)> <(5g“3’/3(:l:3)T#2V2( 2)> 2<59M3V3($3)TH1V1( 1))

+ 5#3”35(m13) <TM1V1 (wl)TmW (m2)> + 5M3V35(:B23) <T,u1V1 (wl)Tmlfz (:132)>

+ 6M2V25(m12)<TM1V1 (ml)TM3V3(m3)>‘ (235)

By expanding the functional derivatives in a local basis of operators, as described in [29], all
correlators involving functional derivatives can be reduced to ordinary 2-point functions.
The difference between these two definitions is thus simply a set of contact terms with
support only when two operator insertions coincide. These contact terms are at most
semilocal i.e., individually non-analytic in at most a single squared momentum.

Where these contact terms are finite, as was the case for all correlators studied in
[29], which of these two definitions of the 3-point function is adopted is purely a matter
of choice. One can straightforwardly convert from one definition to the other by adding
or subtracting the corresponding contact terms, which can be evaluated by decomposing
the functional derivatives in a local basis of operators. The required formulae for this
conversion are listed in appendix A.3.

In the present paper, however, we will encounter many cases where these contact
terms involving functional derivatives are potentially singular, as the 2-point functions to
which they reduce are themselves singular. In view of this, we have adopted here the
definition (2.33) based on three functional derivatives. This definition is guaranteed to
be finite, unlike that in (2.34), since it corresponds to taking three functional derivatives
of the renormalised generating functional with respect to the renormalised sources [51].
Moreover, by subsuming all terms involving functional derivatives into the definition of the
3-point function, a number of steps in our computations are simplified; in particular, the
secondary CWIs and reconstruction formulae take a simpler form. Use of the definition
(2.33) also facilitates comparison with the literature (e.g., [2]).

Uniqueness. Defining the 3-point function as above, the form of all conformal and trans-
verse Ward identities is uniquely fixed [2, 3]. The solutions we find are likewise unique: in
particular, no semi- or ultralocal terms are permitted besides those we list explicitly.
This is obvious for the cases that do not require renormalisation: as mentioned earlier,
in these cases the triple-K integral is the unique solution of the CWIs without collinear
singularities [29]. When the triple-K integral is divergent, however, there is a possibility
of obtaining new local solutions by replacing some of the Bessel K functions with Bessel

! Note that (despite appearances) the right-hand side is symmetric under exchanging (a;, u:, ;) and
(zj, pj,v;) for any 4,5 = 1,2,3. To verify this one uses the fact that 67T}, (x:)/dg"7"7 (x;) is related to
8Ty, (2) /69" (2;), since both can be obtained from §%S/§g"i"i (x;)5g""i (x;) (see, e.g., (4.4) of [50]).

ivi
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I and extracting the coefficient of the leading divergence. This coefficient by itself solves
the primary CWIs and is free from collinear singularities. Such cases were discussed for
scalar correlators in appendix A.3 of [36]. Here, we find that this substitution leads to
non-vanishing results only for (— — +) singularities, where a single Bessel K corresponding
to the + sign is substituted. While this procedure can generate additional semi- and
ultralocal solutions of the primary CWI, however, we have explicitly checked in all cases
that the secondary CWIs are never satisfied.

3 Results for renormalised correlators

Having now reviewed the main points of our approach, in this section we present our results
for the renormalised 2- and 3-point functions of conserved currents and stress tensors. In
each case, we list the tensorial decomposition of the correlator into form factors (including
the associated transverse and trace Ward identities and reconstruction formulae), and the
solution for the regulated form factors expressed in terms of triple-K integrals. We also
enumerate the available counterterms and the conformal anomalies they give rise to, along
with the anomalous conformal Ward identities satisfied by the renormalised form factors.
Our final results for 3-point functions depend on only a small number of parameters specific
to the given CFT at hand. These are the 2-point function normalisation constants, and
any primary constants not fixed by the secondary CWIs.

3.1 Review of 2-point functions

In our analysis of 3-point functions, we will need various results for 2-point functions. To
this end, and to establish the required notation, let us briefly review the renormalisation
of CFT 2-point functions. Further details may be found in [29, 36].

In spacetimes of general dimension d > 2, the momentum-space 2-point functions are'®
(J#(p) I (=p)) = Crs6®7* (p)p* 2, (3.1)
<<Tul/(p)TpU(*p)>> = Crrllwpe (p)pd~ (3.2)

In even dimensions, however, these expressions are unsuitable. In position space, they
correspond to local functions with support only when the operator insertions coincide. By
adding local counterterms to the action, as below, these 2-point functions can be set to
zero, which in a unitary theory would imply the operators vanish identically.

In reality, new UV divergences arise as we approach even dimensions d = 2N. In the
dimensionally regulated theory, working in a scheme with u = v; = vy so that operators
retain their canonical dimensions, we find

_Cyy

C

+CH+0@),  Crrle) = = +C+0(), (3.3)

ue

5For d = 2, see the introduction and appendix A.1. For the currents, we assume a basis where the
Killing form of the generators is diagonal.
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so that

()M s = 3 )2V | S O 4 ) 400 (3)
(T (P)Tpo (=P reg = My (0) p°V [CZ;T + Crrlnp® + CZ(FO% + O(e)} . (3.5)

The divergences as € — 0 can be removed through the addition of suitable counterterms.
To quadratic order in the sources,'® the necessary counterterms are

Sct — CJJ/dQN—‘rQuem\/§F:VDN—2FMVGM2’IL€’ (36)
Sct — CTT/d2N+2ue:B\/§WMVpUDN2W/,wpcrﬂ2ue’ (37)

where W, denotes the Weyl tensor and the renormalisation scale ;1 appears on dimen-
sional grounds. As we are assuming d > 4, the Laplacians are raised to positive integer
powers so these counterterms are local. The counterterm coefficients can be expanded as

(-D)NCyy (0

CJJ(E) = Tue +c5r+ O(E), (3.8)
-)NC
err(e) = (BMTT + ¢+ 0(e), (3.9)

where the finite pieces cf,O} and cé?% represent a particular choice of renormalisation scheme.

After removing the regulator by sending € — 0, we obtain the renormalised correlators

(749 (p) T (—p)) = bobmh (p) 2N 2 [CJJ lnjjz n Du} , (3.10)
(T (P)Tpo (=) = Wyupor (p) p*N I:CTT lnf; + DTT] . (3.11)
where
Dy =CY) —a(—1)N), (3.12)
Drr = C%), - (—1)Nt$%- (3.13)

From the perspective of the renormalised theory, however, D j; and Dpr are simply scheme-
dependent constants whose values can be changed arbitrarily by adjusting the renormal-
isation scale. Unlike (3.1) and (3.2), the renormalised correlators (3.10) and (3.11) are
nonlocal, being non-analytic functions of p?. Due to the explicit pu-dependence of the
counterterms, they acquire an anomalous scale dependence

MaaM«JW(P)JVb(—P)» — 95 (p)pPN 20, (3.14)
ui«Tuu(me(m» = ML (D) Crr. (3.15)

16 At higher orders, the Laplacians should be replaced by their Weyl-covariant generalisations.
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As usual, the anomalous terms on the right-hand side here are finite, local, and scheme
independent. They can be derived from the quadratic anomaly action

60 W lguu, AZ] = Tim 6, | Infe5)|

_ (_1)N+1

: / 4Nz, /g0 [CJ JFo,ON=2 prve +CTTWWPUDN_2W“"W}, (3.16)

which implies the trace anomaly

\N+1
<T>s:(1>+|:

CyyFe,ON-2pva C’TTWWUDN_QWW”} . (3.17)
3.2 <JM1 Jhe JN3>
3.2.1 General analysis

Decomposition. The transverse Ward identity is

Py (S (1) JH292 (p2) JH9% (p3))
= gf (T (pa) JH292 (—pa))) — g f 020 ( 20 (p3) T (—p3)). (3.18)

The full 3-point function can thus be reconstructed from the transverse-traceless part using

{(JF1 (1) JH22 (p2) "2 (p3))

= (1 (1) 12 (p2) 775" (ps))
. (Vf{ (210 (7135 () JH202 (o)) — g f220 (20 (pg) 372 (—py)) )
+

(1, a1,p1) < (p2,b2, p2)] + [(p1, a1, p1) < (M3,a3,p3)])
* ([pg%fgfambpm<<J“b<p3>wa3<—p3>>>
+ (11, a1,p1) © (s, a3,9)] + (12,02, P2) © (g, a3, po)] ). (3.19)

This formula is valid in any spacetime dimension d.
Form factors. The tensor decomposition of the transverse-traceless part is
(511 (p1) "2 (P2) "2 (P3)))
= mh (91 (p2) s () [ AT B A5
A (py o p)STTPG + AP (py 6 p)5p5 ] (3.20)

The form factors A; and A, are functions of the momentum magnitudes. If no arguments
are given, then we assume the standard ordering, A; = A;(p1,p2,p3), while by p; <> p; we
denote the exchange of the two momenta but not the corresponding adjoint indices, e.g.,

Agltmas (pl A p3) = Agla2a3 (p37p27p1)‘
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The A; factor is completely antisymmetric, i.e., for any permutation o of the set
{1,2,3} it satisfies

AT ER O (D) P2, Po(a) = (—1)7 AT (p1, pa, p3), (3.21)

where (—1)? denotes the sign of the permutation o. Under a permutation of the momenta
only, however, the form factor is completely symmetric,

A£1L1a2a3 (p0(1)7p0(2)7p0'(3)) = 14(111l12a3 (p17p27133)~ (322)
The form factor Ag is antisymmetric under (pi,a1) <> (p2,a2), i.e.,
AP (p2,p1,p3) = — A3 (p1, P2, p3)- (3.23)

Note that the group structure of the form factors requires the existence of tensors of
the form %129 with appropriate symmetry properties (fully antisymmetric for the one
associated with Aj, and antisymmetric in its first two indices for the one associated with
As). One such tensor is the structure constant f*2%. As argued in [2], the correlation
function vanishes if the symmetry group is Abelian.

The form factors correspond to the coefficients of the following tensor structures in the
full correlator ((JH1%1(pq)JH2%2(py) JH3% (p3))),

A19293 = coefficient of ph' ph*ph®, (3.24)
A2 = coefficient of §H1H2pi®. (3.25)

Here, we assume the independent momenta in the correlator have been chosen according
to the index rule (2.5).

Primary CWIs. The primary CWIs are

Kip A7 =0, Kz Ap"* =0, (3.26)
Ko Aglazas — 0’ K13 Aglazas — 2At111a2a3‘ :
Their solution in terms of triple-K integrals is
AJHR = O 30000y (3.27)
AglaQaB = Cilla?ag Jg{om} + Cglaw?’ J1{000}7 (3.28)

where the reduced triple-K integrals are defined in (2.23) and C7**?“ and C5'“*"* are
constants. We refer to all such constants arising in solutions of the primary CWI as
primary constants.

Secondary CWIs. The independent secondary CWIs are
(+) Ly AP + 2R [T — A3 (ps & py)]
— L3 A(IZI(ZQ(ZB + 2R [Agla2a3 + Agla3a2 (p2 VN p3)]
= 2(A1 — 1) - coefficient of p5*pi® in piy, (S (p1)J#2% (p2) "% (p3))),  (3.29)
L1 [A512% (py ¢ py)] + 2p7 [A5%2% (p2 > p3) — A51%2%]
= — L1 [A5°"" (p1  p3)] — 2p7 [A5' " (p2 ¢ p3) + A3'"*™]
= 2(A1 — 1) - coefficient of 6/2/3 in py,, (J*1 (p1)JH2%2 (p2) JH 3% (p3))), (3.30)

20



where the operators Ly and R are defined in (2.24) and (2.25). In each of the last lines
above, we assume that the independent momenta in the correlator have been selected ac-
cording to the index rule (2.5). To evaluate these right-hand sides, we apply the transverse
Ward identity (3.18). The identity denoted by the asterisk is redundant, i.e., it is trivially
satisfied in all cases and does not impose any additional conditions on primary constants.

Divergences. The triple-K integrals appearing in (3.27) and (3.28) have singularities
which can be identified by looking for solutions of the singularity condition (2.28). We
have compiled the results in table 1 below, using n = 0,1,2... to represent any non-
negative integer. The 3-point function is clearly finite in all odd spacetime dimensions
and has at most a single pole in € for even dimensions d > 4. (To obtain higher-order
divergences would require the singularity condition to be multiply satisfied [36].) One can
check that the regularisation scheme u = v; for j = 1,2,3 is sufficient to regularise all
these singularities. As this scheme preserves the canonical dimensions of currents (i.e.,
Aj =d— 1), as required for the transverse Ward identities to hold in the regulated theory,
we will adopt it in the following.

Form factor Integral (— - -) (_ —+)
A J3{000} d=642n | never
As o001}, Jigoooy | d =4+2n | mnever

Table 1: Singularities of triple-K integrals in the form factors for (JH1 JH2 JH3).

Counterterms. All relevant counterterms for the parity-even sector are constructed from
the field strength F - For 3-point functions, we are interested in terms that are cubic in

the source Az, which arise from counterterms with two or three Fy,, such as

/ﬁ%¢mﬁfwa /H%¢m%ﬂFW% ﬂ“/&%ﬂﬁy%y%yé (3.31)

Clearly, the available counterterms are dependent on the spacetime dimension. In four
dimensions, only the left-hand counterterm shown is available; crucially, this same coun-
terterm also contributes to the renormalisation of the 2-point function (see (3.6)), so its
coefficient is already fixed as given in section 3.1. Above four dimensions, more than one
counterterm may be present.

3.2.2 0Odd spacetime dimensions
In any spacetime dimension d # 2N for integer N > 1, the secondary CWI leads to

24_%gfala2a3c‘]‘] sin (%W)
wl’ (% - 1)

Cglaza;a + (d _ 2)0111112113 — s (332)

where Cj; is the 2-point function normalisation in (3.1). In particular, for d = 2N + 1,
this expression simplifies to

Cgla2a3 4 (d _ 2)0;’41‘120‘3 —

i

(_1)N2%—Ngfa1a2a30JJ _ (_1)N29f(l1a2a3CJJ (7.[.)_3
7l (N = 3) (d— N 2

(3.33)
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where we use the convention (—1)!! = 1.

Three dimensions. After re-scaling C7'“*** to remove an overall numerical factor, we
find the form factors

20(110,2(13
A?lagag _ 1377 (334)
G723
Agla2a3 _ C%1a2a3 ];3 _ 2gfa1a2a30‘]‘]’ (335)
ajo3 a123

where the symmetric polynomial aj23 is defined in (2.3).

3.2.3 Even spacetime dimensions

In even dimensions d > 4, both sides of the secondary CWI diverge as e~!. On the left-
hand side, the triple-K integrals appearing in the form factors are divergent as discussed
above. On the right-hand side, after making use of the transverse Ward identity, the 2-
point functions that arise are similarly divergent. To handle this, it is useful to expand the
primary constants in the regulator € as

Ci(e) = O\ + eCM + O(é2). (3.36)

Evaluating the secondary CWIs order by order in € then constrains the coefficients C’J(-n).

A useful trick here, as discussed in section 6.3 of [29], is to focus on the zero-momentum
limit in which ps — 0 and p1, po — p. In this limit, the triple-K integrals reduce to known
integrals of only two Bessel functions, yielding!”

10{515253}(17’])’ 0) = la{516253}p5t7a717 Bt = B1 + B2 + B3, (3.37)

where

29757 (B3) H r (a —B3+1+0181 + 0252) ‘ (3.38)

lo T T(a—fBa+1)
{B1B=283} M(a— B3+ 1) e{-1,+1} i
01,02 5

To handle derivatives of triple-K integrals with respect to momentum magnitudes, such as
arise from acting with the operators Ly and R on form factors, we can make use of the
recursion relations discussed in section 6.1.2 of [29] (see also section 3.2 of [37]). These
relations allow us to re-express derivatives of triple-K integrals in terms of pure triple-K
integrals, allowing a straightforward evaluation of the zero-momentum limit.

As it turns out, examination of this limiting momentum configuration is sufficient to
evaluate the coefficients CJ(-") for general even dimension d = 2N. This general solution

0)a aza 0)a aza3 1 N2 N

ngalaQaSCJJ, (339)

Cél)ala2a3 + 2(N . 1)C£1)a1a2a3 + 2u0£0)a1a2a3

(_1)N247N a1a2a3 )
N _Wugf Crg(Hy—2+In2—7p) - Cjj|, (3.40)

7Tn this formula it is assumed that 83 > 0 and that all poles of the gamma functions have been removed
by dimensional regularisation.

22



where H,, = Z?Zl 41 is the n-th harmonic number and we use the current-conserving
regularisation scheme (2.32). This general solution is valid provided suitable counterterms
exist, which as we will see, is always the case.

Four dimensions. Substituting N = 2 in (3.39) and (3.40), we find the regulated solu-
tion to the secondary CWIs,

Céo)alazag _ _2C£0)a1a2a3 1 4gfuaec; (3.41)
Cél)a1a2a3 _ _2(u0£0)a1a2a3 + C§1)a1a2a3) . 4gfa1a2a3 [CJJ(IDQ _ ny) — Cf,(?])} . (3.42)

The form factor A{***?® is then finite, while A5'***® has a single pole,
2 a1a2a30
A(211a2a3 — 9f " JJ + O(EO). (343)

In four dimensions, our only counterterm is (3.6) with N = 2. Moreover, the coefficient
of this counterterm has already been determined from the renormalisation of the 2-point
function, as given in (3.8). The contribution of this counterterm to the 3-point function
must therefore precisely cancel the divergence in the form factor above. Taking three
functional derivatives of (e~5), this counterterm contribution is

(S (p1) 122 (p2) JH3%% (P3))) et
= 4y yg frro208 p2ue [GHF2 (PhS — phd) 4 §H2K3 (pht — phT) 4 GRS (ph? — pi2)] . (3.44)

In terms of form factors, this yields
AﬂlblcﬂiQad — 07 Agfl(?tQad J— 8C]JQfa1a2a3. (345)

Substituting (3.8), we see this cancels the divergence of the second form factor as required.
The renormalised form factors can now be written

a10203 __ (a1a2a3
Al - 01 14{111}

83
= (919203 — T , 3.46
1 p1p2p3 Op10p20ps 1{000} ( )
82 a1 aoa- fin
p1p2p§76 5 Ii(o00y + 49/ C Jfé{lil}

A;1a2a3 — Cfla2a3

2 2 2
falaQaSCJ] {ln 2 + ln + In = I ] —2gf4*?% Dy, (3.47)
where for convenience we have re-labelled the (e-independent) constant C£O)a1a2a3 as C]14293
and Dy is the scheme-dependent constant defined in (3.10). Ig{ilh} represents the finite
part of the integral I5(111}, and is given by
2,2 2
(fin) _ 4pipaps 1 20,2 Dy
Ly = 72 I 000y — 62 [P1 (5 +p3 — pi)In <p%p§)
20,2 ] p2 2)] P% 4
+p5(pi +p3 —p3) In +p3(0f +p3—p)In | 525 ) |- (3.48)
p1p3 b1P3
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The integral I1g90) can be evaluated explicitly in terms of dilogarithms [37],

2
T o f XY - LibX — LibY|, (3.49)

1
Tironor = ——— |
1000y = o /=2 [ 6 p3 D3

where J2 is defined in (2.4) and

_ P+ pitpi — V- J?

_ e - VP
2p§

X
2p§

Y

(3.50)

)

Each renormalised form factor A7***** and A5'“**® thus contains a nonlocal piece involving
triple-K integrals. For A{***%® this is all we have. For A5'“***  we have in addition a scale-
violating logarithmic piece containing terms depending explicitly on the renormalisation
scale u, along with a scheme-dependent constant term proportional to D ;. This constant
can be adjusted by changing the renormalisation scale: sending > — e *u? is equivalent
to shifting Dy; — Djyj;+ ACyj.
The anomalous scale-dependence of the 3-point function is
0 . 0
Hy, (T (1) J12 42 (p2) J72% () = Tim p (TH (p1) JH22 (2) J#4%% (p3) et
K e Iz
= 209" ® [6112 (py® — ph?) + 6" (ph" — p") + 0" (p5* — p)?)],  (3.51)

or equivalently,

0
AQ19203 — § ;g £010203 (3.52)

0
2 puazas _ v

These expressions also follow from the anomaly action (3.16), which in four dimensions
extends to cubic order in Ajj. The same coeflicient C; thus controls both the 2- and
3-point anomalies.

In the renormalised theory, the primary CWI take the same form as in the regulated
theory. The secondary CWI are anomalous, however, and read

Ly AJ1*2% 4 2R AT — A5 (py 5 py)]

= Ly AP £ 2R [AG 4 ATy 6 py)] = 0, (353
Ly [43%2% (p1 > pa)] + 207 [45'72% (p2 = ps) — A5

= — Ly [P (1 pa)] = 2% (A5 & pa) + A2

— 4 coeffcient of "2 in pyy, (T (p1)"2% (p).J*>% (py)) — AC, £ 9}

9 9
= 4g fore293 [P% (CJJ In % + DJJ> -3 (CJJ In % + DJJ)} — 4Cy g " 2% p3,

(3.54)
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3.3 (Ty, JH2JHs)
3.3.1 General analysis

Decomposition. The transverse and trace Ward identities are
PV (Trn (P1)J722 (p2) JH2° (p3))
= 200" P3a) (J"*** (p2) T (=p2)) + 200/ P2a) (T (p3) J"***(=p3))),  (3.55)

Paps <<TH1V1 <p1)Ju2a2 (p2)‘]u3a3 (p3>>> =0, (3'56)

(T(p1)J"2% (p2) JH3% (p3))) = AF2Het203, (3.57)

As we will see, in odd dimensions anomalies are absent and A#2#39293 can be set to zero. In
even dimensions anomalies are generally present; see (3.120) for the case d = 4. Taking the
trace of (3.56) and swapping 1 > 2, we see the anomaly is transverse, i.e., py,, AH2H39293 =
0 and similarly ps,,, A#?#39293 = (.

The obtain the full 3-point function from the transverse-traceless part, we use the
reconstruction formula

(Tprvr (1) JH2%2 (p2) J#2% (p3))) = (1 (P1)3"2% (P2) 312 (3)))
+27,,,,%(P1) | 015 p3p) (4292 (p2) T (=p2))) + 012 pag (429 (3) T (—p3))

1
+ g T (pr) AR, (3.58)

where 7, is defined in (2.19).
Form factors. The tensorial decomposition of the transverse-traceless part is
(turon (1) (P2) "% (P3))
= H,U«lVloll,Bl (pl)ﬂ'gg (pg)ﬂgg (pg) [Alllmsp?pglpg@p??) + Ag2a35a2a3p31p51
+ A§209512py i 4 AGP (py > p3) Sy p

+ Azzas(gmas(gazﬁl} , (3.59)

where all the form factors are functions of the momentum magnitudes A; = A;(p1, p2,p3).
In the penultimate term, the momenta but not the adjoint indices are exchanged, i.e.,

AS3* (p2 <> p3) = A3***(p1, p3, p2).
The form factors A, Ay and Ay are symmetric under (p2,a2) <> (ps3, as), satisfying

A?WQ(PLPS’Z)Q) - A?Q%(plva,pS)a .] € {1)274}7 (360)

while the form factor As does not exhibit any symmetry properties.
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Given the 3-point function (7)., (p1)J*2**(p2)J#3%3 (p3))) with independent momenta
chosen according to (2.5), the form factors can be read off according to

aza; 3 2 3
A2% = coefficient of pay,, pav, P52 pI*

A5?% = coefficient of §**3py,,, pay,

A3** = 2. coefficient of 61,2 pa,, pi°,
aza3 __ o 3 H2 SH3

A*" =2 coefficient of 4,203,

Finally, as the anomaly is transverse, we can decompose its tensorial structure as

Aﬂ2ﬂ3a2a3 — 752(172)7752(173) B?2a3p32p?3 + Bg2a350¢20¢3 , (365)

2

where the form factors B?Qa?’ = B;-”a?’ (p1,p2,p3) for j = 1,2 are functions of the momentum
magnitudes. Explicit expressions for these form factors in d = 4 are given in (3.121).

Primary CWIs. The primary CWIs are

Kio A!112a3 =0, Ki3 A?2a3 =0,

Kip A0 — —2402%, Kig A0 — —2430%, (3.66)
Kig A3 =0, Kiz A32" = 4472,

Kig AP = 2A52% K3 AP*" = 2A3% (pg < p3),

Their solution in terms of triple-K integrals (2.23) is

A% = O Jyq000 (3.67)

A = C1** J311001 + 037 Jago00y» (3.68)

A = 207" J310013 + C5** Jag000} 5 (3.69)

AP® = 2072% Jaro11y + C52% (Jigo10y + J1{0013) + C2% Jogoooy s (3.70)
where the C;Q‘“ for j = 1,2, 3,4 represent primary constants. In particular, these constants
are all symmetric in the group indices, C3** = C7** for all j = 1,2,3,4. Consequently,
they can be represented by any symmetric bilinear form of the algebra, e.g., the Killing
form fa2° 93¢, although other choices may also exist.

Secondary CWIs. The independent secondary CWIs are
(%) La AP + R[AZ* — A3 (p2 < p3)]
= 2/ - coefficient of pa,, p52p!* in p* (T, (p1)JH2%2 (p2) JH2%% (P3))), (3.71)
L A 4 2R (A0 — Ag)
= 2/ - coefficient of pay, pav, PI* 0 Popy (Tpuyen (P1)JH2%% (P2) T3 (p3)),  (3.72)

Lo A2 — 52 [ — A% (g 65 )
= 2A - coefficient of 0"**3py,,, in p7* (Tyuyu, (p1)JH2%% (P2) T2 (P3))), (3.73)

Ly A$?* — 2R AP
= 4/ - coefficient of 5l’jfp’f3 in pi* (T o, (1) 292 (p2) T2 (p3))) (3.74)
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where Ly and R are defined in (2.24) and (2.25). All right-hand sides can be determined
using the transverse Ward identities (3.55) - (3.56). The first identity marked by an asterisk
is redundant, 4.e., it is trivially satisfied in all cases and does not impose any additional
constraints on the primary constants.

Divergences. The triple-K integrals in our solution (3.67) - (3.70) have singularities that
can be identified using the condition (2.28). (A similar procedure is discussed above for
(JHr gz gks) ) The possible singularities are listed in the following table, where d is the
spacetime dimension and n denotes any non-negative integer.

Form factor Integral (——=) | (==+)
Ay Ja{000} d=6+2n | never
As, Ag J3(100}: /3{001}> J2{000} d=4+2n | never
Ay Joqo11}> J1{010}> J1{001}: Jofoooy | d =2+ 2n | always

Table 2: Singularities of triple-K integrals in the form factors for (T),,,, J#2JH3).

Regularisation. We cannot immediately work in the desired scheme (2.32), as this fails
to regulate the (— — +) singularities in the triple-K integrals for the form factor Aj>“.
Instead, we begin in the more general scheme v; = v # u for j = 1,2,3, in which all
triple- K integrals are regulated, and then redefine the primary constants as necessary in
order to obtain a finite limit as v — w.

Counterterms. As there are no counterterms capable of removing (——+) singularities,'8

in order for the form factor A3>* to be finite, all the (— — ) singularities must necessarily
cancel against one another. The regulated form factors are therefore finite in odd spacetime
dimensions, while in even dimensions they contain at most ¢! poles, as only the (— — —)
singularities survive.

These surviving (— — —) singularities can be removed by counterterms constructed
from two gauge-invariant field strengths Fjj, and at most a single Riemann tensor, e.g.,

/ d'aw\/gF, e, / d®a\/gRFS, 1. (3.75)

Higher powers of the Riemann tensor cannot appear as these would generate a vanishing
contribution to (T},,,, J#2J#3) once the metric is restored to flatness. As both the Riemann
tensor and the field strength have scaling dimension two, no counterterms are available in
odd dimensions, consistent with the finiteness of the form factors. In d = 4 + 2n for any
non-negative integer n, we have counterterms involving two field strengths and 2n covariant
derivatives, while in d = 6 + 2n we have counterterms involving one Riemann tensor, two
field strengths and 2n derivatives. As the counterterms without a Riemann tensor also
contribute to the renormalisation of (J#2JH3)  their coefficients are already fixed by our
discussion in section 3.1. In d = 4, all divergences of the 3-point function should then
be set by the 2-point normalisation Cj;. The introduction of counterterms gives rise to
conformal anomalies as we will discuss.

18See the discussion on page 14.
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3.3.2 (0dd spacetime dimensions

Our first task is to evaluate the divergences arising in the triple-K integrals for the form
factor A3?**. From table 2, we see that only (— — +) singularities are present, and hence
these triple-K integrals have only single poles in €. Regulating in the scheme v; = v # u
for j = 1,2, 3, for odd dimensions d = 2N + 1 > 3 we find

JO{OOO} = Ig—l—&-ue{é-i—ve 2 _14ve, 7—1+ve}

™ 5 d—4 1
=(7)2( D= D s ~ +Inp} + (2Hy—g — Hy—1 —In2 = 7p)

2 U—v
+ (p2 < p3) + O(€2, (u — v)), (3.76)
where H, = > 1, j ~1 denotes the n-th harmonic number and (—1)!! = 1. The divergences

in the remaining triple- K integrals can then be obtained using the recursion relations given
in section 3.2 of [37], e.g.,

0
Jifo01} = Ig+ue{g+us,gfl+ve,g+ue} = (d 2+ 2ve+p3o— s > Jo{oooy (3.77)

0
J2{011} = Ig+1+UE{%+U€,g+UE,%+U€} = <d 2+ 2ve +p2y— 8}9 ) Jl{OOl} (3'78)
Assembling the form factor A3*“* according to (3.70), expanding the primary constants as

020 = 0920 1 (020 4 o), (3.79)

we find that the cancellation of the pole in €, as necessitated by the lack of counterterms,
requires

Cio)azag =—(d- 2)03()0)“2‘13. (3.80)

We now have to re-define the remaining primary constants so that the v — w limit can be
taken, in order to arrive in the scheme (2.32). To this end, it is convenient to set

Cil)azag _ —(d _ 2)C§1)a203 2 C( )a2a5 ( _ U)C’Ell)ayl?’? (381)

where C’ 4(11)@&3 is an undetermined, re-defined primary constant. With this substitution,
the limits € — 0 and v — w exist and the form factor A3*** becomes finite.

Our next task is to solve the secondary CWI, which are valid in the limit v = v. In
fact, it is sufficient to examine only the zero-momentum limit of these equations, making
use of (3.37) and (3.38). First, we note the form factors AJ?**, A52%% and A5**® are finite
and hence do not depend on any of the regulating parameters. As the secondary CWIs
(3.71) - (3.73) involve only these form factors, and not Aj***, we will solve these equations
first. Only the leading order € terms are relevant, yielding

(3.82)

C?()O)azag _ CéO)azag o dC( )agad (z

)‘2 2(—1)NCJJ5a2a3
2 (

d—2)ll
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The remaining secondary CWI (3.74) then leads to a dependence between the re-defined
primary constant C’ Ell)ma?’ and the other primary constants. Its solution is most easily

C;O)agag

expressed in terms of the constant , and reads

2

(asaz _ d—4 (0)azas <7r)—§ 2(~1)N (50208

/ J—
¢ B Cr (d—4)!

5 (3.83)

Together, equations (3.80) - (3.83) solve the secondary Ward identities, and guarantee
that the correlation function is finite in odd spacetime dimensions. While these equations

involve two undetermined constants, which we can choose as Céo)aw“ and C’él)@%, the

final 3-point function depends only on a single constant Céo)awg

Cél)agag

. The remaining constant
appears in (3.81) in such a way that it cancels from the form factor Aj3>*3.

Three dimensions. Specialising (3.80)- (3.83) to d = 3, we find

(0)azas _1 (0)azas 2 ™ _% azas
C; = 36’2 3 <2) Crro*s, (3.84)
C?EO)agag — Céo)C’QaS’ (385)
CAEO)(ZQ(lg _ _CSO)GQQS, (386)
_3
O = I — 2000 4 (=) (§) 7 200, (3.87)

For the first three form factors, the relevant triple-K integrals are finite and can be evalu-
ated setting e = 0. For the fourth form factor, it is convenient to begin in the scheme v = 1,
v; =0 for j = 1,2, 3, for which all Bessel functions reduce to elementary functions. After
evaluating the relevant triple-K integrals, we can then convert to the scheme v; = v # u
used above. (A general prescription for changing schemes is given in section 4.3.2 of [36].)
The final result is

2(4
A28 — CfﬂSM’ (3.88)
G123
2p?  2(2
Agts = opes L _ ( p12+ GQB)CJJWQ%, (3.89)
793 aia3
Ce293 2(2p1 + az3 :
Ags = S (=2p% — 3+ — 3pipa + 3ping ) — 201+ am) 0 g, (3.90)
ajys a123
2 2 2
Ai2a3 — Clazag (2p1 + a’23)(p12_ ass + 4b23) + < 2p1 _ a23> CJJ5a2a37 (391)
2a793 a123

where we have used the symmetric polynomials defined in (2.3). A straightforward check
confirms this solution satisfies all primary and secondary CWIs.

3.3.3 Even spacetime dimensions

The procedure for even spacetime dimensions d = 2N > 4 is similar to that for odd
dimensions discussed above. The two main differences are, firstly, the presence of additional
(———) singularities, which means the triple-K integrals for the form factor A3*“® now have

2

€72 poles. The primary constants must therefore be expanded to order €2. Secondly, in
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order to remove the divergences from the regulated form factors, we will need to renormalise
by introducing an appropriate counterterm.

Evaluating the divergent part of A3**® in the general scheme v; = v # w for j = 1,2, 3,
we find the singularity as v — u can be removed by re-defining the primary constants as

Cio)a2a3 _ —(d _ 2)6«?(’0)@@37 (392)
O = (= 2057 20 (- ) O(u - v)?), (399)

for n = 1,2. With these substitutions the limit v — wu is finite and the regulated secondary
Ward identities can be solved. By taking the zero-momentum limit, one arrives at the

solution
No3—N
O _ cOazes _ _ o0z (— 1() 2 )CJJ5a2a37 (3.94)
Cél)agag, _ Cél)a2a3 _ —dC{UaQaB . 2U0§0)a2a3
(_1)N23_NU azas 0
+W(5 243 CJJ(')’E—IH2_HN_1)+CL(7J)] 5 (395)
1(1)azas 71 . (0)azas _ casas (_1)N237NNCJJ
C'y = 2d(al 4)Cy ) (N =1 ) (3.96)
C/i2)a2a3 _ _d(d2_4)c£1)a2a3 . 2(d . 2)UC£O)a2a3
(—1)N237N’UCJJ
a2a3 _ _
+(5 (N—l) [ 1—I_‘N'(I{N—l ’YE—I—an)]
(CDNENNUCT) o,
— (N =11 0 (3.97)
Four dimensions. The primary constants for d = 4 are
{0t — o0 _ o) ga2as 90208, (3.98)
C§e2% = o= = 200 (v — 1 — In2) + 20(C)5%20 V%% _40N*2% - (3.99)
CZEO)GJQGB _ 20( )‘12‘13 (3100)
cDazes _ _ (UC?EO)W’ + C§D29Y) 4w — 0)Cy 602, (3.101)

C£2)02a3 _ —Q(UC?(’l)a2a3 + C§2)a2a3)
+ 2(u—v)v [C 17629 (1 — 2y + In4)) — 2¢0)5%2% — 20| = (3.102)
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With these primary constants, the limit v — w is finite and the resulting form factors solve
the secondary CWI. All that remains is to deal with the singularities in €, which are

A% = O(e"),

2C j 709293 0
Aps = 0 L0
2 u€e + (E )7
2CJJ5a2a3 0
Ages = 0 40
3 we + (E )7
azay _ Cy70%%
At = =2 (p} — 3 — 1) + O(e). (3.103)

Notice that these surviving singularities are all e~ poles proportional to the 2-point nor-

(0)

malisation C;;. Moreover, there is no dependence on C} 295 " the sole remaining undeter-
mined constant. This fits with our earlier observation that the only available counterterm
has been already fixed by the renormalisation of the 2-point function.

Specifically, this counterterm is given by (3.6), setting N = 2. The divergent part of the
counterterm coefficient is fixed by (3.8). One can easily verify that the contribution from
this counterterm cancels all the divergences in (3.103). We then obtain the renormalised

form factors

Atlmas = Cf2a3[5{211}

0 03
— (%293 G [ I — 3.104
1 "P1p2p3 <p1 o1 ) Op10p20p3 1{000} ( )
asa 0 (fin) 3 83
A3 — 91, 523 [ 9 _ — |7 _ Ca2a3 S §
2 JJ ( P 8p ) 2{111} 1~ P1b2p3 Op10p20p3 1{000}
2
2
— *CJJ&GQGS [ln ,u + In + In Zg:| + gCJJéaQaS — 25Dy, (3.105)
, 0 (fin) , 2 0 0?
APB =200 (2 —p1— | I 207293 l—pr— | m—5—1
3 JJ ( D1 6p ) 2{111} + 2077 " p1p2p3 D1 o1 ) 9p10p2 1{000}

2 2 9
_ fCJJ5a2a3 —|— ln + ln _ Q(Cilzas + 5a2a3DJJ) + 70‘]](5(12(13’
3 T T e e 3

(3.106)
azaz __ asas, 2 r(fin) azaz, 2, 2 _ 9 i
A4 =—-2Cy 6 p1[2{111} 2Ol P2D3P1 (1 P 3]91) a1 II{OOO}
1 asas, 2 2 aszas p3
+ -C;56"%p7 |In —|—ln —|—ln —Cyjé plnf+p3
3 T T 1 I
+ (Cina?’ + (5a2a3DJJ)( p2 ) 5a2a3CJJp1, (3107)

2{131} and Iyfo00} are given in (3.48) and (3.49) respectively, and Dy is the

scheme-dependent constant appearing in the renormalised 2-point function (3.10). The

where [ (fin
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solution also depends on the undetermined constant Cfo)aw?’, which we have relabelled as

C72"3. Notice that a change of renormalisation scale p? — e~ u? is equivalent to sending
Djj; — Djj+ ACjy, both for the 2-point function (3.10) and for the 3-point function.

Each renormalised form factor contains the following pieces. First, there is a nonlocal
piece involving contributions derived from triple-K integrals. (For AJ?** this is all we have.)
Next, there is a scale-violating logarithmic piece consisting of terms that depend explicitly
on the renormalisation scale p. Finally, there is an ultralocal piece containing terms that
are polynomial in the squares of momenta. While the coefficients of certain ultralocal
terms involve D ;; and hence are scheme-dependent, one can nevertheless extract scheme-
independent information by combining the coefficients of multiple terms. This is a (rare)
example of a contact term that is unambiguous. It would be interesting to understand the
physics associated with such unambiguous contact terms.

Anomalous Ward identities. The anomalous dilatation Ward identities are

M;MA‘{?‘“‘ —0, (3.108)
uaiAgm — 45%2% 0, (3.109)
uaauAgm — 45%2%C (3.110)
MSLAZW’ =262 Cy (—pi +p5 +p3) (3.111)

while of the primary CWI, only those in the fourth line below develop an anomaly,

Kip A%293 = (), K3 A%2% =0, (3.112)
Kip AJ20% = —9 49205 K3 AJ20% = —2A49205 (3.113)
Kip A22% = (), K3 AJ203 = 449293, (3.114)
Kip A%20% = 2492% 1 869203C ;5 Ky A%2% = 2492 (py ¢ p3) 4+ 80%293C;,  (3.115)

The anomalous secondary CWIs are
Ly AT + R[AS* — A% (p2 <> p3)] = 0, (3.116)
L5 A{2% + 2R/ [A52% — A92®] = 0, (3.117)
Lo A§2% — p7 [AG2% — AS2% (py ¢ p3)]
= —46"%C;;p3 + 8 - coefficient of 6"2#3py,,, in Py (Tyyu (P1)J#2%2 (p2) J#3% (p3))
= 859293 [pg <CJJ lni% + DJJ> —pg (C’JJlnz% + DJJ> — ;C’ijf] , (3.118)
Ly A3 — 2R A

= —85“2a3C’JJp% + 16 - coefficient of 55?1}‘1‘3 in pi* (Tyyn (p1)J"292 (p2) J#39 (p3)))

2 1
= 165%2%3 [—p% (CJJ In % + DJJ> — QCJJp%:| . (3.119)
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The trace anomaly is given by the first term in (3.17), setting N = 2. Expanding to
quadratic order in the gauge field, we obtain the anomaly entering the trace Ward identity
(3.57) and the reconstruction formula (3.58),

ArzH208 — Oy 59208 [(pf — p — p3)dH=Hs — 2plph? ] (3.120)
We can equivalently express this in terms of the form factor decomposition (3.65) as
B2 =20 ;6%%, B39 = Cy;6°% (p] — ps — p3). (3.121)
3.4 Ty TuswsTysvs)
3.4.1 General analysis

Decomposition. The transverse and trace Ward identities are

pllll <<Tu1 41 (pl)Tu2l/2 (p2)TM3V3 (p3)>>
= 2pl(ug, <<TV3)/L1 (p2)T,u2V2 (_p2)>> + 2p1(u2 <<T1/2)/41 (p3)T,u3V3 (_p3)>>

— D3y <<T/L2V2 (pQ)Tu:aVs (_p2)>> — D2uy <<Tu2u2 (p3)T,LL3l/3 (_p3)>>v (3-122)

(T (P1) T 200 (P2) g5 (P3))

= 2<<TM2V2 (pQ)Tu3V3(_p2)>> + 2<<TM2V2 (pB)Tugug(_p3)>> + Au2V2M3V3' (3'123)

In odd spacetime dimensions anomalies are absent and A,,,,, .., can be set to zero. In even
dimensions, the anomaly is generally present. Taking the 6#2"2 trace of (3.122), swapping
1 <> 2, then comparing with the ps? contraction of (3.123), we see that the anomaly is
transverse, i.e., p5> A,opss = 0 and similarly ps® Ajyvo s, = 0.

To decompose the tensorial structure of the 3-point function, we define the projector

T
melallh (p1) = Lolq(gfll) _ Hmmalﬂl (p1) = %1111(0‘1 (Pl)pfl) + #(}Vi(zljl)éalﬁl’ (3.124)

where we used (2.19) and (2.20). With the aid of (3.122) and (3.123), we can now write
‘XM1V1OZIB1 (pl)«Talﬁl (pl)TH2V2 (pQ)TM3V3 (p3)))

Tuiv (pl)
= £H1V1N2V2M3V3 (p17p27p3> + £M1V1N3V3u2l/2 (p17p37p2) + %Amvwsusa (3'125)

where
Loynpavapss (D1 P2,93) = |27, (PVP1(130,°) = 5 Toyin o (P1) 053015
2O s (0 () Ty (2120
Next, we proceed to expand out the trivial identity
(tprn (P1) sy (P2)busrs (P3)))
= (00188 = X ™2 (01) ) (532082 — Ko™ (92)) (5300 — Xian ™ (5)

X <<T011,31 (pl)Taz,Bz (pQ)Tag,Bg (p3)>> (3'127)
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Since the 2-point function is transverse and traceless, while the anomaly is transverse (but
not traceless), we find that

Xﬂll/lalﬂl (pl))(leaQﬁ2 (pQ) <<Ta151 (pl)TaQﬁz (pQ)TH3V3 (p3)>> (3'128)

Tprr (P1) Tpows (P2)
= Xﬂ2l/2azﬁ2 (p2)£M1V1M3V30¢2,32 (pla p37p2) + . ((d — f)221/2 50‘252,4&252“3“3 (3'129)

and similarly for permutations. Moreover,

‘Xml/lalﬂ1 (pl)XM2V2a252 (pQ)Xunga?’B?) (p3) <<Ta1,31 (pl)TOQﬁQ (pZ)Tu3V3 (p3)>> (3'130)

1 « «
= mﬂ-ﬂll/l (pl)ﬂ-;,tzllg (pZ)ﬂ-uaV:a(pi%)a 202 353"4&252113#73' (3.131)

The full 3-point function can thus be reconstructed from its transverse-traceless part using

<<TN1 Vi (pl )TM2V2 (pQ)TMBV?, (p3)>>

= ((Cusvs (P1) s (P2)tpuavs (P3)) + Z Lt 1y Vo 1y (2) Ve @) o) Vo(3) Pa(1)s Po(2), Po(3))

o

- Xy3V3a3B3 (pS)[',u,lulugygoz363 (pl , P2, Ps) - qu/lalﬂl (pl)cugygugug;oqﬂl (P2, D3, pl)

- X,u,ng azfz (pZ)E,LLng;Ll via B2 (p37 P1, p2) + <<Tu1 V1 (pl )Tugyz (pQ)Tugug (p3)>> anomaly
(3.132)

where the sum is taken over all six permutations o of the set {1,2,3}. The contribution

coming from the anomaly is
<<T#1 V1 (pl )T,LL2 V2 (p2 ) T,LL3 V3 (p3 ) >> anomaly

1 1
= Km T (P Apigvapizvs — m Tpain (P1) Tpovs (p2)5a262“4a262u3u3)

+ [(u1,v1,p1) = (p2,v2, P2) = (13,v3,p3) — (K1, 71, P1)]

+ [(p1,v1,p1) = (13, v3,P3) = (U2, v2,P2) — (M17V1,P1)]]

1
+ mﬂ'uwl (P1) T povs (P2) Tz (p3)5a2'82 5%63“4&2,32&3[33 . (3.133)
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Form factors. The tensorial decomposition of the transverse-traceless part is

(i1 (P1) Lo (P2) g5 (P3)))
= W08 (PO Wiz (P2) g (P3) [ A195 05 052 P50

+ A0 pgpee pie plt + As(pr < p3) 6% p pg pgPpt
+ Aa(pa & p3)d™ 5 5 p p

+ Ags1e26 P2 ps pl 4 Ag(py < p3)6°2s 5% plpl
+ Ag(py < p3)dros5hPopgep

+ Ag5eres5 2 Bpliplt 4 Ay(py < pa)5@1ee 620 pl
+ Au(py ¢ pg)d@r26° 2 pt i

+ A55a1625a26350361} _ (3.134)

The form factors A;, j = 1,...,5 are functions of the momentum magnitudes. If no
arguments are specified then the standard ordering is assumed, A; = A;(p1,p2, p3), while
by p; <+ p;j we denote the exchange of the two momenta, e.g., Ai(p1 <> p3) = A2(p3, p2,p1)-

The form factors A; and A5 are symmetric under any permutation of momenta, i.e.,
for any permutation o of the set {1, 2,3},

Aj(p0(1)7pa(2)7p0'(3)) = Aj(p17p2ap3)7 JE {17 5} (3135)
The remaining form factors are symmetric under p; <> po, i.e., they satisfy
Aj(p2,p1,p3) = Aj(p1,p2,p3),  J€1{2,3,4}. (3.136)

Given the full correlator (T),,., (P1)Tpovs (P2)T s, (P3)) with independent momenta
chosen according to the index rule (2.5), the form factors can be read off as

Ay = coefficient of P2y, P2u, P31sP30e P13 P1v3 5 (3.137)
Ay = 4 - coeflicient of 0., 1,2, P32 P13 D103 (3.138)
Az = 2 - coefficient of 8., 500105 D13 P15, (3.139)
Ay = 8- coeflicient of 6, 50,505P20, P3vs (3.140)
As = 8 - coeflicient of 6,,,150,15050,51, - (3.141)

In addition to decomposing the transverse-traceless part of the 3-point function, we
can introduce an analogous form factor decomposition for the anomaly A,,,.,,5.5- Since the
anomaly is transverse, but not in general traceless, we first apply (2.20) twice to separate
out the transverse-traceless and trace parts. The tensor structure of the transverse-traceless
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parts can then be decomposed in terms of form factors, yielding

Au2l/2u31/3 = HM2V20¢2,32 (pQ)H,u:aVsasﬁs (p3) Blp?Zpggp?3pf3 + 32(55253]7?2]9?3 + B35a2a36/82/83

+ By Tpovo (p2)Hu3V3a3,33 (p3)p?3pf3 + B4(p2 A p3)Hu2V2a2ﬁ2 (p2)77u3u3 (p3)p?2p§2
+ Bs T hgvo (p2)7ru3V3 (p3)- (3.142)

Here, the form factors B; = Bj(p1,p2,p3), j = 1,...5 are functions of the momentum mag-
nitudes, with standard ordering assumed unless otherwise specified. Explicit expressions
for the case d = 4 are given in (3.217)-(3.221). Using this decomposition, we can re-write
the anomalous contribution (3.133) to the reconstruction formula (3.132) as

<<Tu1 v (Pl)Tuz va (p2)T,u31/3 (p3)) anomaly
= (diil Tpan (P1) Apsvapsrs + [(P1, 11, v1) <> (P2, pi2, v2)] + [(P1, pa, 1) (ps,u3,V3)]>
- ( ﬁ Tpain (P1) T pugve (P2) | Mpugusasss (pg)p?‘"’pfg’ Bu(p1,p2,P3) + Tusws (P3)Bs (pl,pz,ps)]
+ [(p1, 1, 1) < (P3, k3, v3)] + [(P2, p2, 1) < (p3,M3,V3)]>

1
+ d—1 Bs g (pl)ﬂ-mm (p2)7ru3u3 (p3)- (3.143)

Primary CWIs. The primary CWIs are

K2 A1 =0, Ki3 A1 =0,

K2 A3 =0, K13 Ay = 84y,

Ky Ay = 4 [Az(p1 < p3) — Aa(p2 < p3)], Ki3 Ay = —4A5(p2 < p3),

Kip A5 = 2 [A4(p2 < p3) — Asa(p1 < p3)], Ki3 A5 = 2[A4 — Ag(p1 <> p3)].

The solution in terms of triple-K integrals (2.23) is

Ay = CrJgq000}» ( )
Ay = 4C1 J550013 + C2Jago00} 5 ( )
Az = 20145002y + C2J350013 + C3J200001 5 (3.147)
Ay = 8C1Jyq110y — 2C2 300013 + Cadagoooy ( )
As = 8C1J3111) + 202 (Jaq110y + Joiony + Jaqo11) + Cs o000 ( )

where Cj, j =1,...,5 are constants.
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Secondary CWIs. The independent secondary CWIs are
() Le A1 + R[As — As(p2 <+ p3)]
= 241 - coefl. of pap, P31, P3vaP1sP1s 10 DT (Thsvs (P1) Tpagwn (P2) Tpsvs (P3))), (3-150)
Lg Ay + 2R [2A43 — A4(p1 < p3)]
= 8A1 - coefficient of 5M1M2P3V2p1u3plv3 in PTl <<TM1V1 (pl)TquQ (pQ)TM:sV:; (p3)>>7
(3.151)
(*) La[Ao(p1 > p3)] + R[As(ps < p3) — Aa] + 2p7 [Aa(p2 > p3) — Ad)]
= 8A; - coefficient of 5M2M3p2u1p3u2plu3 in p? <<TM1V1 (pl)Tsz (pQ)TM3V3 (p3)>>7
(3.152)
Ly [A4(p2 < p3)] — 2R As + 2pF [Aa(p1 <> ps) — 443]
= 16A; - coefficient of 5#1#25,113”2]71% in pllll «Tuwl (pl)TMQVQ (pQ)TM3V3 (p3)>>7 (3'153)
Ly [A3(p1 < p3)] + p7 [As — Aa(p2 ¢ p3))
= 4A - coefficient of 0, 5000050241 10 DT (Tyon (P1) Thuows (P2) T puses (P3)),  (3.154)

where the operators Ly and R are defined in (2.24) and (2.25). The identities denoted by
asterisks are redundant, i.e., they are trivially satisfied in all cases and do not impose any
additional conditions on the primary constants.

Divergences. The analysis of singularities arising in the solution to the primary CWIs
is similar to that presented earlier for (J#*J#2 J#3) The triple-K integrals in the solution
may satisfy the (— — —) and/or various versions of the (— — +) singularity conditions.
The following table lists all the possibilities, depending on the spacetime dimension d. As
usual, n denotes an arbitrary non-negative integer.

Form factor Integral (——-) (——+)
Ay J6{000} d=6+2n | never
Az J5{001}> Ja{000} d=4+2n| never
Az, Ay J4{002}7 J4{110}7 J3{001}7 J2{000} d=2+2n never
As J3(111ys J2{101}> J2{011} d=2n never
Joq110}> Jo{oo0} d=2n always

Table 3: Singularities of triple-K integrals in the form factors for (T}, Tyipv0 Tyuzus)-

Regularisation. We cannot immediately work in the desired scheme (2.32), as this fails
to regulate the (— — +) singularities in the final two integrals for the form factor As in the
table above. Instead, we begin in the more general scheme say v; = v # v for j = 1,2, 3, in
which all triple-K integrals are regulated, and then redefine primary constants as necessary
in order to obtain a finite limit as v — w.

Counterterms. As there are no counterterms capable of removing (——+) singularities'?,
for the form factor As to be finite, all the (— — +) singularities must necessarily cancel

19See the discussion on page 14.
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against one another. The regulated form factors are therefore finite in odd dimensions,

while in even dimensions they contain at most e~! poles, as only the (— — —) singularities
survive.
To remove these remaining (— — —) singularities, we can add counterterms constructed

from the metric in a covariant fashion. Since the counterterms should not contribute to
the 1-point function, they must contain either two or three Riemann tensors, e.g.,

/ d*@\/gRup0 R, / d°z\/gR, /"R, R, }". (3.155)

In odd spacetime dimensions, no counterterms are present and hence the 3-point function
must be finite and non-anomalous. In even spacetime dimensions, we can construct coun-
terterms with either two or three Riemann tensors, accompanied by an even number of
covariant derivatives. The first option requires d = 4 4 2n for non-negative integer n, while
the second requires d = 6 + 2n. The introduction of counterterms such as these gives rise
to conformal anomalies, as we will discuss.

3.4.2 0Odd spacetime dimensions

The form factor As has singularities both as ¢ — 0 and as v — wu deriving from the
integrals Jo(110y and Jyropoy- The former must cancel out, while the latter can be removed
by re-defining the corresponding primary constants. To achieve this requires

CEEO) _ _QdQCéO),
cf) = —2d(40C +dC) + (u - v)C', (3-156)

where C’ él) represents the undetermined, re-defined primary constant. With these substi-
tutions, the limits v — u and € — 0 are now finite.

Next, we solve the secondary Ward identities, which are valid in the limit ©v = wv.
Making use of the zero-momentum limit (3.37)-(3.38) to simplify expressions, we obtain
the solution

_3 N
0 _ _ © , ~O] _ (T\"22(=1)"Crr
) = d[2(d+2)C’1 +02] (2) T (3.157)
i = 205" + (3d + 2)c”, (3.158)
() o, 1 o] _ (m\~2 2d(=1)NCrr
o'V = d[2d(d+2)01 +2(d+6)02} (2) TR (3.159)
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Three dimensions. In d = 3, the form factors read

8C'
A1 = aﬁil [a%% + 3a123b123 + 150123] s (3.160)
123

8C
5

a193

Ay = [4])% + 20}73&12 + 4p§(7a%2 + 6b12) + 15p3a12(a%2 + b12) + 3&%2(a%2 + b12)]

2C!
+ CL472 [ :%23 + a193b1203 + 36123] , (3.161)
123

204 p3
Az = a41p3 [7])3 + 28}9%@12 + 3])3(11&%2 + 6()12) + 12a12(a%2 + blg)]
123
Cop? 2C
+ ;pd [pf% =+ 3p3a12 + 2(61%2 + b12)] - 72TT [a:{’% — a123b123 — 0123] s (3.162)
123 o3

4C
Ay = a% [—3p5 — 12p3a12 — 9p3(ais + 2b12) + 9Ipjaiz(ais — 3bia)
123

+ (4ps + a12)(3aly — 3afybia + 4b35)]
C
?; [—p§ — 3p3aia — 6p3bia + arz(aty — b12)(3ps + a12)]
4C
— % [Cﬁzg — a123b123 — c193] (3.163)
123

204
As = =5~ [—3a?23 + 9aiysbias + 1203530793 — 33ala3c103 + 12a123b123C103 + 80%23]

123
2 Sagbizs + darazb?ys — 11a? 4b
202 [—0123“‘3@123 123 + 441230193 — llajagcios + 1230123]
123

+ 2Crr(p} + p3 + p3), (3.164)

+

making use of the symmetric polynomials defined in (2.3). A simple check confirms that
all primary and secondary CWIs are satisfied. The solution involves two undetermined
constants, C’fo) and Céo), which we have relabelled as C; and C3. Note however that
C can be eliminated through the action of three-dimensional tensorial degeneracies, as
discussed in [29] and appendix A.5.

3.4.3 Even spacetime dimensions

The procedure for even spacetime dimensions d = 2N > 4 is similar to that for odd
dimensions discussed above. The appearance of (———) singularities leads to the additional
complication of €2 divergent triple-K integrals, meaning that primary constants must be
expanded to order €2. In addition, to remove the divergences in regulated form factors we
will need to renormalise by introducing counterterms.

Our first task is to remove the singularity as v — u in the form factor As. In addition,
as there are no counterterms capable of removing (— — +) singularities, all singularities of
this type must cancel among themselves so that only (— — —) singularities remain. The

form factor should then have only an e~! divergence in the regulator, meaning the e 2
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divergences must cancel. These conditions leads to substitutions (3.156) accompanied by
a higher-order substitution. In total,

iV = —ag?2c?, (3.165)
8 = ~2d(40CY +dCSY) + (u — )" (3166)
c? = —gv2cl? — gudclM — 22 + (u—v)C'?. (3.167)

With these substitutions, the limit v — u is finite and the regulated secondary CWI can
now be solved. By taking the zero-momentum limit, we arrive at the solution

(_1)N237NCTT

¥ = —d[2d+2)c{” + cf”] - R (3.168)
¥ =20 + (3d+2)C, (3.169)
C§Y = —2u 4@+ 1) + ] — d |22+ 20 + Y]

+ W [CTT(HN_l F1n2 — ) — C% : (3.170)
oM = 20" + 6uct” + (3d + 2)cY, (3.171)
o'V = _qd [2d(d +2)c\ 4+ %(d + 6)050)} - (_1)2\274:]\;])\(CTT, (3.172)

' = —2u[2a3d + 9 + (@ +3)CY| ~ d {Qd(d +2)C) + %(d + 6)05”]

—1)N2t= NN 1

Four dimensions. Re-labelling C’{O) — (' and C’éo) — () for convenience, with the
substitutions above, the remaining singularities are

A = O(0), (3.174)
Ay = —%(166’1 + Ca) + O(%), (3.175)
Ag = —% [Crr(p? + p3 +p3) + (16C1 + C2)p5] + O(e”), (3.176)
Ay = —% [2Crr (P} + p3 + p3) + (16C1 + Co) (9 + b3 — p3)] + O(e), (3.177)
A5 = i [2Crr(pi +p3 + p3) — (1601 + C2)J%] + O("). (3.178)

To remove these singularities, we have at our disposal the counterterms

Sy = / At+2ueg /5,20 (B, + bR? + (W?), (3.179)
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where the four-dimensional Euler density E4 and squared Weyl tensor W? are given by

R,U«S,UA

Ey = RuyasR™® — 4R, R™ + R? = 6RM1? (3.180)

[r1pe papa)’

1
W? = R0 R — 2R, R™ + gR2. (3.181)

Together with R?, these form a complete basis of quadratic curvature invariants.
The contribution from these counterterms to the Weyl variation of the renormalised
generating functional is

— i 7Sct — _ |
50Wct [guu] - ll_{% 50 [1n<6 >:| - 11_% 6O'SCt

4
= lim d4+2“€ac\/§,u2“€a[ — 2ue (aE4 +bR? + cWZ) + (4(3 + 2ue)b — guec) DR].

e—0

(3.182)

In the first line, the variation of the counterterm action can be taken outside the expectation
value as it depends only on the sources, and not the dynamical fields. The term proportional
to ¢OR in the final line arises as we have chosen in (3.181) to use the four-dimensional
square of the Weyl tensor as a counterterm, rather than its d-dimensional counterpart.
This choice of scheme has the benefit of simplifying the counterterm contributions. If we
now choose the counterterm coefficients

__a 0 _ Ll 2 1 - 0
0= g + O(e”), b= B (b 3c> +O(e), ¢ = +0(e), (3.183)

we obtain the trace anomaly
(T)s = aBEy + bR + cW?2. (3.184)

Since the trace anomaly must be finite, note the R? counterterm can only contribute
at finite order. In fact, as the bJR trace anomaly would generate a nonzero trace for
the stress tensor 2-point function, our choice of scheme in section 3.1 requires that b = 0.
Moreover, since we have already used the Weyl-squared counterterm to renormalise the
stress tensor 2-point function, the coefficient ¢ is already fixed. Comparing (3.179) with
(3.7) and (3.9) (or alternatively (3.184) with (3.17)), we find

c= —%. (3.185)

The contribution of the counterterms (3.179) to the transverse traceless form factors
can be evaluated as described in appendix A.4. The R? counterterm makes no contribution,
while the others contribute

Af =0, (3.186)
ASt = —16(c + a) ", (3.187)
AS' = 8ep®“(pf + p3) — Bap®p3, (3.188)
A = 8cp®(p} + p3 + 3p3) — 8ap®“(p} + p3 — p3), (3.189)
A = e (p3 + p3 + p3)% — dapPee . (3.190)
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Using (3.185) and (3.183), it is easy to check that the Weyl-squared counterterms cancel
the divergences proportional to Cpr in (3.174) - (3.178). The remaining divergences can be
cancelled by setting

1
a= —M(CTT + 1607 + Cy) + O(°). (3.191)

Despite appearances, however, these are not genuine UV divergences as we will discuss in
section 4. From (3.183), we identify the Euler anomaly coefficient

1
= —c+8C1 + 5. (3.192)

Using this relation to eliminate Co, we can now express the renormalised form factors as

Ay = Cilzq29y, (3.193)

9 7 ;(fin)
Ay = Z[a—l— c— 201])38 }15{222}

8 2
—fa—i—c[ln +1n +ln }
glatc) u 2

—16(a +¢) — E(Jl +4Dpp — 8Dy, (3.194)

82 fin
+C1p }13(1{2;2}

0
A3—2[2c—(a+c+Cl)p3 38]?2
3

Ops3

P 3
—|—20[p21n—+plln + (P +p )ln—]—Qa 3{ln +1In ]
12 12 2

—2(a+ 3¢+ 2C1 + Drr)(pf + p3) — 4(c +4C1 + D1)p3, (3.195)
0 0 82 fin
Ay = 4[0 —a+ (a+ c)pga— +2C, (8 421)]8 +p1p28p s )]I§{2;2}
7=1

n p2 p%

p1 2 2
In 2+ +p2)lnﬁ}

+ 20[(192 +3p3) 2zt (pY + 3p3)

2 2 P% pz 2 p3
—|—2a[p —p ln——i—p In — (p7 +p5)In }
(3 2) 2 ( 1) ) (1 )

— 2(4c+ Dy + 2D1)(p2 + p3) — 2(2a + 6¢ — 8C + 3Dy — 2D1)p2, (3.196)

33
As =2(a + ¢) { 82]9]8 +2 szp]a op } 1({2%2} 801p1p2p3m 1{000}

2
P
- 26[(}?‘1‘ + p3 — ps + p3(pi +p3)> In /732’ + (p1 > p3) + (p2 & ps)}

2
P
- 2a{(p‘% +p3 — 3p5 + p3(p? +p§)) In /73 + (p1 ¢ p3) + (p2 pg)}

— (a+ ¢+ 8Cy — Dyr + 2D1)J* + 2(2a + 2¢ + Drr)(p} + p3 + p3). (3.197)
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Here

I7(229y = — <2 —Plaapl> (2 p2aap2> (2 P35~ >p1p2p36pl§;8pgll{ooo}, (3.198)
Ié?;%Q} B (2 n 3p1> (2 8292) (2 ) 5?21}’ (3.199)
- (o) ) (o) ().
If??%z} [plpzps 1172(20 +p3 + 3 ] I {000} » (3.201)

where Iz( {131} and Iyfpop} are given in (3.48) and (3.49). The scheme-dependent constant
D is related to the finite part of the counterterm coefficients in the regulated theory. In
fact, as we will discuss in section 4, D; can be removed through a degeneracy of the form
factor basis. Note that a change of renormalisation scale > — e *u? is equivalent to
sending Dpr — Dppr — 2Ac and D1 — D1 + Aa; the same applies to the 2-point function
(3.11), making use of (3.185).

Each renormalised form factor contains the following pieces. First, there is a nonlocal
piece involving contributions derived from triple-K integrals. (For A; this is all we have.)
Next, there is a scale-violating logarithmic piece consisting of terms that depend explicitly
on the renormalisation scale p. Finally, there is an ultralocal piece containing terms that are
polynomial in the squares of momenta. While the coefficients appearing in this ultralocal
piece are scheme-dependent, since each involves Dpp and/or Dj, one can nevertheless
extract scheme-independent information by combining the coefficients of multiple terms.
This is another (rare) instance in which an ultralocal contact term is unambiguous and it
would be interesting to understand the physics associated with such terms.

Anomalous Ward identities. The renormalised form factors satisfy the anomalous
dilatation Ward identities

0

Z A4 =0 3.202
Maﬂ 1 5 ( )
EA =16(c+ a) (3.203)
/‘I’au 2 — 9 N
0
Ho A = —8c(p} + p3) + 8ap3, (3.204)
0
H A= —8¢(p? + p5 + 3p3) + 8alpi + p3 — p3), (3.205)
0
M%Ag, = 4c(p] + ps + p3)° + 4aJ’. (3.206)

As we will discuss in section 4, the presence of the Euler coefficient a in these identities is
rather surprising and signals the presence of a hidden degeneracy in our form factor basis.
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The renormalised form factors satisfy the anomalous primary Ward identities

Ko A = 0, K3 A, =0, (3.207)
Ko Ag — 0, K3 Ay — 84, (3.208)
Kz A3 = 0, K3 A3 = 245 + 16(a + ¢), (3.209)
Ki2 Ay = 4[Aa(p1 <> p3) — Aa(p2 < p3)],  Kiz Ay = —4A2(p2 <> p3) — 32(a +¢),
K12 A5 = 2[A4(p2 <> p3) — Aa(p1 < p3)] Ki3 As = 2[Ag — A4(p1 < p3)]

+ 32a(p} — p3) + 32a(p} — p3) (3.211)
The anomalous secondary Ward identities are

Lg A1 +R [AQ — Ag(pg <~ pg)] =0, (3.212)
Lg A2+ 2R [2A3 — A4(p1 A4 pg)} = —32(0, + C)p%, (3213)
L [A2(p1 ¢ p3)] + R [Aa(p2 ¢ p3) — Ad] + 207 [Aa(p2 ¢ p3) — A2]

= —16(a + c)p?, (3.214)
Ly [As(p2 <> p3)] — 2R A5 + 2p? [Ag(p1 <> p3) — 443]

= 64 - coefficient of 6, 50,50,P105 I prt (Tprvn (P T o5 (P2) Tyivs (P3)))

+16p7 [a(—p + p3 + p3) + (¥} + 3p3 + p3)]

2
— 32p3 (CTT In % + DTT> +16p3 [a(—p? + p3 +p3) + c(p? +3p3 +p3)],  (3.215)

Ly [A3(p1 < p3)] + p7 [As — Aa(p2 ¢ p3)]
= 16 - coefficient of 6y,00503P201 10 P1* (Tpi1 (P1) Tpizwn (P2) Tyisws (P3))

+8p [—a(p? + p3) + cp3 + (a + c)p3]

2 2
= 8p421 (CTT In % + DTT) — 8])%l (CTT In % + DTT)

+8p7 [—alpi + p5 — p3) + c(ps +p3)] - (3.216)

Finally, the anomaly A,,.,.,., appearing in the trace Ward identity (3.123) can be
obtained by expanding the trace anomaly (3.184) to quadratic order in the perturbed
metric. The result can be expressed in terms of the transverse decomposition (3.142)
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through the form factors

B; =8(a+¢), (3.217)
By = 8(pi — p3 — p3)(a + ) — 4pib, (3.218)
Bs = —2J%(a + ¢) + 4p3p3c + bpi (b5 + p3 — 5p1), (3.219)
8 4
By = —Zap} + 4b(p} + gp%), (3.220)
4 2
Bs = saJ? + 2b(2(%p3 + 20703 + 2p303) + 303 + pd — p1)). (3.221)

These form factors also enter the reconstruction formula (3.132) through the anomalous
contribution (3.143). We have included here the terms proportional b purely for complete-
ness: in this paper, b vanishes as otherwise the blJR trace anomaly leads to a nonzero trace
for the stress tensor 2-point function.

4 Dimension-dependent degeneracies and the Euler anomaly

The appearance of the Euler coefficient a in the anomalous dilatation Ward identities
(3.202) - (3.206) presents us with a puzzle. These equations encode the response of the
form factors to a change in the renormalisation scale, or equivalently a dilatation. On
the other hand, under a dilatation, the variation of the renormalised generating functional
is given by the integral of the trace anomaly. As the integral of the Euler density is a
topological invariant, however, all subsequent variations with respect to the metric vanish:
the anomalous dilatation Ward identities for the stress tensor 3-point function thus cannot
depend on a. All renormalisation scale-dependent terms in correlators must therefore be
proportional to the Weyl-squared coefficient ¢, and not the Euler coefficient a. (In other
words, to the coefficient of the type B and not the type A anomaly [33].) How then can
the form factors contain scale-dependent terms proportional to a, but not the correlators?

This apparent contradiction is resolved by the existence of hidden dimension-dependent
degeneracies in our form factor basis. As we will explain in this section, these degenera-
cies correspond to the existence of nontrivial tensorial structures that vanish in specific
spacetime dimensions. When the full tensorial 3-point function is reassembled from its
constituent form factors, we find that all the scale-dependent terms proportional to a in
fact reassemble into precisely one of these vanishing tensorial structures. Thus, while the
individual form factors may contain scale-dependent terms proportional to a, the full ten-
sorial 3-point function does not.

Geometrically, the origin of these dimension-dependent degeneracies is simply the fact
that any n-form vanishes in spacetime dimensions d < n. In our present context, these
n-forms are constructed from the momenta and metric tensor, although a close analogy
exists with the Lovelock identities [52] constructed from spacetime curvature forms. Strip-
ping out all factors of momenta, the underlying identities can also be viewed as Schouten
identities [53]. When suitably contracted and projected into a transverse-traceless basis,
these vanishing higher forms yield a set of degenerate form factors that produce a vanishing
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contribution to the full correlator. As these degeneracies involve arbitrary functions, they
can even be used to set specific form factors to zero. In three dimensions, as we discuss
in appendix A.5, their effect is to reduce the number of independent form factors for the
stress tensor 3-point function from five to two. In four dimensions, as we will show here,
we can reduce the number of independent form factors from five to four. Our main interest
however will be to understand the connection between degeneracies and the Euler anomaly,
supplying the four-dimensional counterpart to the two-dimensional analysis of the anomaly
in the introduction and appendix A.1.

4.1 Dimension-dependent degeneracies

Let us begin with an arbitrary (2,2)-form Ku, a0, = K[alw][ﬁlﬁﬂ. In any (integer)
spacetime dimension d < 5, the totally antisymmetrised product

5P 582583 K¢ B4Bs (4.1)

[on Y2 Caz P aas]

vanishes as an index must necessarily be repeated. Upon contracting indices, we find

8 _1 Bs) Bs] (81 582 55
O, 000 K ] ™' = 1o <3K[a1a2 518267 — 6K o, 71052000 + KO 553%21)’ (4.2)
where, in analogy with the Riemann tensor, we have defined
K.’ = Ko\, K=K, =K,". (4.3)

(In fact, choosing Ka,a,”'?? to be the Riemann tensor yields a class of generalised Lovelock
identities, as discussed in [54].) For our present purposes, we will take

KoqazﬁlﬁQ = pl[a1p2ag]p[1/81p§2]v (44)

whereupon

1 1
K} = 2 (20p2apy + (07 + 93— 93) (prabs +p2ap?) + 203p10p1), K = 3J° (45

Despite appearances, note that I('alazﬁlfé’2 and its contractions are in fact symmetric under
all permutations of the momenta.

We can now decompose (4.2) into its component transverse-traceless and trace pieces
by contracting with three copies of (2.20). As any contraction of (4.2) with a momentum
vanishes, there are no longitudinal pieces. We can therefore write

a a a B a0
00 80151002 0,500 B (5! 5 03200 K ) 5)
= (HN1V1 ' (p1) + ﬁﬂ-ﬂll/l (p1)5511> (HM2V2 ? B2 (p2) + ﬁﬂlnw <p2)5522)
« 1 (87 [e% Yo%
X (H#3V3 ® B3 (ps) + HW#SVS (p3)d ;)5! 5[[215536g2Ka4045] e (4.6)

The fully transverse-traceless piece,

T, 5y (P1) 30,2 3 (P2) W™ 3, (p3) 51070 05205 K 5 247 (4.7)
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can be expressed in our standard form factor basis (3.134) as

J2
A1 =0, Ay=2, A3=p3, Ay=pi+p3—0pi, As = . (4.8)

The trace terms can instead be decomposed in the same form as the anomalous contribution
to the 3-point function, as given in (3.143) and (3.142). First, from tracing over a single
pair of indices, we find

b
d—1

(d—4)
= m T (pl)Hu2V2&2ﬂ2 (pZ)Hu3V3a3ﬂ3 (p3) [pg 2p§2p?3pf3

Ty (p1)5gl1 Huzl/z @ B2 (p2)HM3V3 a3ﬂ3 (p3) 5! 551 5g§ 552 Ka4a5] s

+ (p% _ p% )552,83 agpag _ J25a20¢355253} (49)

along with two similar terms which can be obtained by permutation of index labels and
momenta. Next, tracing over two pairs of indices, we obtain

1 [e%/X06%
((1_71)%11/1(191)5 Tpgvs (P2)0 50 Mgy 53(173)5'5[% 0200 K g 1

(d—4)(d—3)

(d— 1)2 M1 (pl)ﬂ'uzl& <p2)Hu3V3a3ﬁ3 (p3)p1 p?3 p3; (4'10)

along with two similar terms obtainable by permutation. Finally, from tracing over all
three pairs of indices, we have

1 (6% QU QL [e%Ye3

(d— 1)37Tu1V1 (pl)‘sgll Moo (p2)5522 77#31/3(193)5 . 5'5[51 5535%}(044045] e
d—4)(d—3)(d—2 1

= ( )((d _ 1))3( ) Tp1v1 (pl)ﬂ'uzl/z (p?)ﬂ-u3y3 (p3)ZJ2' (4.11)

Putting everything together, the contributions from (4.9), (4.10) and (4.11) (along with
their respective permutations) can be written in precisely the form given in (3.143) and
(3.142), with

J2
:(d_4)7 (d 4)( p2 pg)a B3:_(d_4)Z)
(d—4)(d—3) , (d—4)(d—3)(d—2)J?
Bj=———+-—""——- Bs = —. 4.12
4 -1 5 (d— 1) 4 (4.12)
Thus, in summary, we can write
6?1 5u1)ﬁ1 (p2 51/2)52 6(M36u3)ﬂ3 (5' 5{21 61% 5a3p1a4p2a5]])1 41)55)

= ({tpyn (P pows (P2)tpss (P3)) + (Thyvn (P1) Tyovs (P2) Tyusrs (P3))) anomaly (4.13)
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where on the right-hand side the first term is transverse traceless and constructed from the
form factors (4.8), and the second term takes the form of an anomaly contribution with
form factors (4.12).2

In exactly four dimensions, clearly all the expressions listed in (4.12) vanish due to the
explicit factors of (d —4). As the left-hand side of (4.13) also vanishes in d = 4, the form
factors in (4.8) are therefore degenerate: they yield a vanishing contribution to the 3-point
function. For any given tensorial component, this can be verified explicitly by writing out
all squared momenta in terms of their individual components.

4.2 Euler anomaly

Let us now discuss the implications of these results for the stress tensor 3-point function.

Firstly, any multiple of (4.8) that appears in the renormalised form factors can im-
mediately be removed. Studying the form factors in (3.193)-(3.197), we see that the
scheme-dependent terms proportional to D are of precisely this form. The same is also
true for the terms proportional to a on the right-hand side of the anomalous dilatation Ward
identities (3.202) - (3.206), or equivalently all terms proportional to aIn u? in the form fac-
tors (3.193) - (3.197). As claimed, the scale-dependence of the renormalised correlator thus
depends only on the Weyl coefficient ¢ and not on the Euler coefficient a.

More generally, we can remove any multiple of the degenerate form factors in (4.8) by
an arbitrary function of the momenta that is symmetric under all permutations. If desired,
we can use this freedom to set one of the renormalised form factors to zero, reducing
the number of independent form factors from five to four. After doing so, however, the
anomalous Ward identities for the form factors will take a more complicated form, and are
no longer given by the homogeneous conformal Ward identities plus inhomogeneous terms.

Let us now consider the role of the degeneracy from the standpoint of the regulated
theory, where d = 44-2ue. Here, the form factors contain divergent e ! poles. If we multiply
(4.13) by an overall factor of —4a/ue, we find the transverse-traceless form factors

8a da

4a 2a
A1 =0, Ay=——, A3=-—— Ay =——(p2 +p2—p?), As=-—-"J? (4.14
1 ) 2 UE’ 3 uep?,v 4 ue (pl +p2 p3)a 5 e ( )

Comparing with the actual regulated form factors for the stress tensor 3-point, which we
found earlier in (3.174)-(3.178), after using the identification (3.192) we see that all the
divergences proportional to a are in fact of exactly this form.

Putting this observation to one side, let us now examine —4a/ue times the second term
on the right hand side of (4.13). The zeros coming from the factors of (d —4) in (4.12) are
cancelled by this pole, yielding the finite form factors

8a 4a
By = —8a, By= —8a(p} —p3—p3), Bs=2aJ? By= gpg, Bs = —§J2, (4.15)

along with vanishing corrections of order e. Comparing with the terms proportional to a
in the actual anomaly contribution we found earlier in (3.217)-(3.221), we find an exact

20Note these ‘correlators’ are simply a short-hand for the corresponding form factor decompositions,
rather than representing the actual 3-point correlator.
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match up to an overall sign. The form factors (4.15) thus represent minus the Euler
anomaly contribution of the 3-point function.

Rearranging (4.13), we see the divergent form factors in (4.14) are equal to the finite
Euler anomaly contribution (i.e., minus the form factors in (4.15)) plus —4a/ue times
the left-hand side of (4.13). This last quantity is of the form 0/0, namely, an ¢! pole
multiplying an evanescent tensorial structure that vanishes in d = 4. The limit ¢ — 0 is
then finite and hence the form factors in (4.14) do not represent a genuine UV divergence.?!
Indeed, this is precisely the behaviour we expect for a scale-invariant type A anomaly
[33]. A genuine UV divergence, such as that represented by the terms proportional to
¢, would need to be removed by a divergent counterterm contribution; this counterterm
contribution would however introduce a non-vanishing dependence on the renormalisation
scale, describing instead a scale-dependent type B anomaly.

Evaluating the totally antisymmetrised product in dimensional regularisation is in
practice rather awkward [55], and the result is moreover scheme-dependent. Rather than
trying to evaluate —4a/ue times the left-hand side of (4.13) explicitly, we can simply re-
move this term through the addition of an Euler counterterm. (An alternative prescription
is discussed in appendix A.2.) As we will now show, this counterterm generates a corre-
spondingly finite and scale-invariant contribution of precisely the required form. Indeed,
this can already be anticipated from our discussion in section 3.4.3, where we showed that
the form factor divergences proportional to a are cancelled by the Euler counterterm in
(3.179). Evaluating the metric variation of this Euler counterterm about an arbitrary
d-dimensional background, we find

- et .
o fa = = [ et (5P b0+ 2R SRS
_a/1
— [ dleyaut=t (Bl — 12R B ) g™ G0,
_ d d—4 ( B1 pasas pagsas alo
— 15 / ddz. /g (5[Q1Ra2a3Ra4%])g 5o, - (4.16)
Here, to go from the first line to the second, we used
1
ORap,’ = =291a0T%, T, =27 (Vadgss + V0gas — Vsdgas ) (4.17)

to show that
ORag™ = Rap"" 9% 8,0 — 2V VD (97789 3,), (4.18)

and hence
/dda:\/gud_4RF21"$25Rgigi] = /ddm\/ﬁﬂd_4(RofjffoRgdega“%gpa

— 2Ra1a2 vasvaB (ga4o6ga4]a)>a (419)

(@12

where the last term vanishes by the Bianchi identity upon integrating by parts and ex-
tracting the final index from the explicit antisymmetrisation.

21This can be shown explicitly as discussed in appendix A.2.
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Setting g, = 0, + hy and expanding to cubic order in the perturbation A, we find

+O(hY),  (4.20)

St = a / A4z /gu**E; = 20a / dda Md—‘*hfgl 0, 021300, 074 R,

where all indices are now raised with the background metric (i.e., hf = §*7hyg). From
this expression, we then obtain the counterterm contribution to the 3-point function

<<Tu1 v (P1 )Tuzuz (p2)Tu3V3 (P3)))ct

= =960 a " 100! 0,108,002, 803,00 B s (5{2 52 5g§p1a4p2a5]p?4pgs). (4.21)

Since a = —a/2ue+O(e°) (see (3.183)), this counterterm contribution is thus exactly equal
to —4a/ue times the left-hand side of (4.13). As in our discussion above, it is finite meaning
all dependence on the renormalisation scale vanishes in the limit e — 0.%2

In summary, then, while the regulated form factors (3.174)-(3.178) of the stress ten-
sor 3-point function contain apparent divergences of the form (4.14), these divergent form
factors reassemble into a tensorial structure that vanishes in d = 4. The resulting contribu-
tion to the regulated 3-point function thus has the 0/0 form expected of type A anomalies,
providing an explicit four-dimensional counterpart to the two-dimensional discussion of
[33]. By adding an Euler counterterm, we can eliminate this 0/0 piece yielding a finite and
unambiguous trace anomaly contribution of the expected Euler type.

Finally, tracing over the first pair of indices in (4.21), note that we can write the Euler
contribution to the trace anomaly (3.123) as

Eul
A#;Vitsl/s =40a 5?#22 5522) 5(0;33 5533) (60420430440451)?41035 ) (6,32535455]9?4]955 ). (4.22)

Strikingly, as mentioned in the introduction, this is the “square” of the chiral anomaly.
Relaxing parity conservation, the transverse Ward identity (3.18) for the current 3-point
function acquires an anomalous term

Py (S (p1)JH2%2 (p2) JH5% (p3))

= g (p2) 1 (= pa))) — g (I () 11 (<)) + A AT

(4.23)
where d*1%2% ig a group theoretic tensor. This chiral anomaly takes the form
Al = N (€papsanasP7*05*) (4.24)
where N depends on the matter content, and hence we have
Eul B B hiral chiral
‘A#;VZLSVB’ X 58122 5V22) 5833611;)“4321;2 ‘A%zlﬁrg : (4'25)

This relation resembles the double-copy relation between Yang-Mills and gravity scattering
amplitudes, see [56] and references therein. It is likely that analogous relations for type A
anomalies exist in all higher even dimensions.

2 Explicitly, u(0/0u) of (4.21) is of order ¢ times a finite 0/0 piece. In contrast, a type B counterterm

contribution proportional to ' u?~* would yield a finite piece when we act with 1(8/0p).
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5 Determining the scheme-independent constants

From our analysis above, we now know the renormalised 3-point functions up to only a
few constants. Of these constants, a number are scheme-dependent and can be arbitrarily
adjusted by adding finite counterterms or by changing the renormalisation scale. The
remainder are scheme-independent, and serve to characterise the particular CFT at hand.
These physical, theory-specific constants are: (i) the constant C7, which as the only new
parameter unrelated to anomalies entering the 3-point function, effectively determines the
OPE coefficient; (ii) the normalisation of the relevant 2-point function (either C; or
Crr), which also controls the type B anomaly of the 3-point function; and (iii), for the
four-dimensional correlator of three stress tensors, the Euler coefficient a parametrising the
type A trace anomaly.

Our remaining task is thus to extract these physical constants for some given CF'T of
interest. As Cy; and Cpp are already known from the 2-point function, we will focus on
the new constants C'1 and a arising in the 3-point function. For perturbative theories, these
constants can be identified as follows. First, the scalar Feynman integrals corresponding to
the required form factors are found by examining the coefficients of the appropriate tensor
structures. We can then either evaluate these integrals directly, in special kinematic config-
urations for which they simplify, or else map them to triple-K integrals. Here, the relations
between Feynman- and/or Schwinger-parametrised integrals and triple-K integrals given
in appendix C of [29] are particularly useful.

In the rest of this section, we illustrate both these approaches, using free Dirac fermions
in four dimensions as a generic example. The corresponding flat-space operators are thus

- e B -
T;w - _“/}’Y(u 0 u)¢ + ZQ;MM 0 0/¢7 JH = Zgr¢fy“¢_ (51)

Note however that on a general curved background, T}, depends on the metric and hence
0T, /0g”° is nonzero. Our stress tensor 3-point function then involves a 2-point contri-
bution from this functional derivative operator, according to our definitions (A.13) and
(A.20). By decomposing this functional derivative operator in a local basis, as in section
4.3 of [18], one finds however that only the form factor As is affected. As this form factor
is not used in our discussion below, the contribution from 67},,/d¢g”° can be safely ignored.

5.1 The constant C,

The constant C; is most easily isolated from the form factor A;. In the 3-point function,
this form factor multiplies the tensorial structure of the highest dilatation weight, namely
that built entirely from momenta. In four dimensions, for all the correlators we study,
the dilatation weight of A; itself is then minus two. As any triple-K integral of negative
dilatation weight converges, A; is therefore finite and we can evaluate C directly in the
bare theory.?

ZMore generally, the dilatation weight of A; is d — 6 meaning A; diverges for even dimensions greater
than four; C1 can then be extracted from the coefficient of this divergence in the regulated theory.
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Let us consider, for example, the case of (T},,,, J#2J"3) for free fermions in d = 4. The
form factor A; can be obtained from the 1-loop Feynman-parametrised integral

Ay = coefficient of pay, pav, p5*py* I (Tpuy (1) (P2) " (P1)))

2 2
=200 [ ax T (5.2)
T [071]3 A
where
dX = dxldxgdxg 5(1‘1 + 9 +x3 — 1), (5.3)

2 2 2
A = pixows + pyr123 + P3T1T2.

The calculation leading to this result is straightforward and proceeds as discussed in ap-
pendix B.3 of [18] and section 7.5 of [29].24 Conformal invariance dictates that this para-
metric integral must however be equivalent to a triple-K integral. Using the mapping given
in (C.23) of [29], we can convert the triple-K integral for A; (see (3.67)) to a Feynman-
parametrised integral,

:c%xgxg
A= 01J4{000} = 01[5{211} = 9601/ dX . (5.5)
[071]3 A
Comparing with (5.2), we can immediately identify
2
g
C, = ~Is7 (5.6)

Alternatively, we can look for special kinematic configurations in which the relevant
integrals simplify. The squeezed (or collinear) limit where one momentum magnitude
vanishes is especially useful in this regard. In this limit, triple-K integrals reduce to
double-K integrals which can be evaluated via the simple analytic formula® [57]

/000 doa® Ki(om) = g ia;;paﬂ r(* 12+ %)F(a : 12_ 25>F2 (aTH) (5:7)

For the case at hand, this yields
4C

A1(0,p,p) = C1I50211}(0, p,p) = 201192/ dz 2’ K (pr) = — (5.8)

0 3p?’
The parametric integral (5.2) also simplifies in this limit, and can be likewise be evaluated:

2 2 2
9 dx Frre?s g (5.9)

A 07 ) = - ——5 5
10, ) 22 Jio,1)2 (xo + x3) 36m2p2

?4The result may also be obtained directly from the calculations of [7]. Starting from the tensors listed
in table 2 of [7], substituting (u, v, o, 8, k, p,q) — (1, v1, p2, u3, —p1, P2, p3) and putting all momenta into
their standard form (2.5), we find Ay = —4(F3 + F5 — Fy) — 2p3Fy — 2p3F10 = —C7 + 2Cs — Cy after using
(180)-(182) and (187)-(188). From (178) and table 3 in [7], one then recovers the parametric integral (5.2).

ZThe integral converges for Rea > 2|Re B8] — 1 but may be extended beyond this range by analytic
continuation as discussed in [29].
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Once again, we then recover (5.6).

Using the same methods, we can similarly compute Cy for all other correlators. For
example, for the stress tensor 3-point function of free fermions in d = 4, the form factor
Aj is given by the 1-loop integral

Ay = coefficient of P2p1 P2v1 P3uoP3voP1pusPlus n <<TM1V1 (pl)T,LL2V2 (pQ)Tu3V3 (p3)>>

2 4X (561332$3)2.

- —p [0’1]3 A (510)

This result can be obtained by adapting the analogous three-dimensional calculation in
[18].26 Comparing with our present result (3.145), using (C.23) of [18] we find

2
A1 - CIJ6{OOU} - 011—7{222} == 1152001/ dX M, (511)
and hence 1

Alternatively, we can arrive at this result by evaluating the triple-K and Feynman para-
metric integrals in the squeezed limit:

5
C1 = —p*A1(0,p,p) =

_ (z12023)% 1
== /[0’1]3 dx - (5.13)

3272 xi(zg +x3)  5760w2

5.2 The Euler coefficient «

While C; follows from the form factor Ay, which is finite in four dimensions, to compute
the Euler coefficient a we need to examine the divergences in one (or more) of the regulated
form factors Ay to As. In the appropriate scheme with u = v; for j = 1,2,3, combining
(3.192) and (3.174) - (3.178), we see these divergences take the form

Ay = 0(60)’ (5.14)
A=~ (at ) +0) (5.15)
Ay = e} +13) — and] +O(), (516)
Ay = 2 [elrh + 93+ 308) — ol + 83— )] + O(), (517)
As = —é [c? + 23 + 93 + 0% + O(). (5.18)

The form factor As is particularly convenient in that its divergence is independent of the

momenta. For free fermions in d = 4, one finds the divergent part of A in the scheme?’

?6The required integral is given by (4.13) in [18], where the loop integral is now four-dimensional rather
than three-dimensional. The right-hand side of (4.14) needs to be multiplied by an additional factor of two
as the gamma matrices are now four-dimensional, rather than two-dimensional as is the case in d = 3.

2TFrom appendix C of [29], the scheme u = v; = 1 corresponds to evaluating 1-loop tensorial Feynman
integrals in d = 4 + 2¢ while keeping the powers of momenta §; appearing in the denominators fixed.
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u = vj = 1 is given by the parametric integral

Ay = _1/ dX zy29w3(3 — 223) + O(e¥) =
[0,1]3

0
1
e +0(e0), (5.19)

and hence

a+c= (5.20)

576072
We can now either evaluate the divergence of another form factor, or else simply use the 2-
point function to compute ¢ via the relation (3.185). Taking this latter route, we calculate
for example

4

(T (P)T" (—=P) ) reg = 20TTP4 +0(") = —32];26 + 0(€%), (5.21)

where the repeated indices are summed over and we used (3.5). We then find

Crr 1 11
Crr 1 _ 5.22
2~ 320m2 T 576072 (5.22)

c=
in agreement with standard results obtained by other methods [2], [58].2%

With these values of a and ¢, the divergences in the remaining form factors As, A4
and As (including now the contribution from 67}, /0g””) take the expected form (5.14)-
(5.18). Indeed, for additional security, we have checked that we were able to reproduce the
full renormalised form factors (3.193)-(3.197). Recovering the correct dependence on the
scheme-dependent constant Dp7 is a particularly nontrivial check, requiring a consistent
regularisation for both the 2- and 3-point functions.

To summarise, for perturbative theories all scheme-independent constants entering the
renormalised 3-point functions can be obtained through elementary means. The overall nor-
malisation C'7 can be found from the finite form factor Ap; either by relating parametrised
Feynman integrals to triple-K integrals, or else by directly evaluating the form factor in
the squeezed limit. For all correlators apart from that of three stress tensors, the only
remaining scheme-independent constants are then the 2-point function normalisations. For
the stress tensor 3-point function, one has in addition the Euler coefficient a. As above,
this can be evaluated from the divergences of the regulated form factors. Alternatively, if
the renormalised correlator is already to hand, we can read off the Euler coefficient from
the fully-traced 3-point function:

(T(p1)T (p2)T (p3)) = 4aJ?. (5.23)

This formula follows from the trace Ward identity (3.123) and the decomposition of the
anomaly (3.142) in terms of the form factors (3.217)-(3.221). (We assume here we are
working in a scheme where the stress tensor 2-point function is traceless, setting b = 0 in
(3.221).) Geometrically, the right-hand side is equal to 64 a times the squared area of the
triangle formed from the three momenta.

283ee page 179, noting their stress tensor is defined with an overall minus sign relative to ours.
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6 Discussion

We have solved for the renormalised, tensorial 3-point functions of a general CFT. Our
solution highlights the advantages of working in momentum space. First, the tensorial
structure of correlators can be decomposed into a minimal set of scalar form factors, which
multiply independent basis tensors constructed from the metric and independent momenta.
Second, all non-transverse-traceless components of this basis can be eliminated through the
trace and transverse Ward identities, whose form in momentum space is algebraic. The
resulting scalar form factors now obey simple conformal Ward identities whose form is
near-identical to those obtained from purely scalar correlators. Of these momentum-space
Ward identities, those corresponding to special conformal transformations factorise and
can be solved through elementary separation of variables. The remaining dilatation Ward
identities are solved through a Mellin transform leading to triple-K integral solutions.

The divergences of these triple-K integrals are readily understood and can be regulated
through infinitesimal shifts of the operator and spacetime dimensions. This generalised
dimensional regularisation preserves conformal invariance, maintaining our control over
the form of the 3-point functions. For correlators of stress tensors and conserved currents,
all divergences can then be satisfactorily removed by the addition of counterterms cubic
in the sources. (More generally, for mixed 3-point correlators involving scalar operators,
other type of counterterms are required as discussed in [34].) The resulting renormalised
correlators now obey anomalous conformal Ward identities, whose inhomogeneous terms
encode the breaking of conformal invariance by the counterterms. In position space, the
contribution of these counterterms represents the missing contact terms whose role is to
remove the singularities associated with coincident operator insertions.

Besides scheme-dependent terms, only a small number of physical, scheme-independent
constants appear in the renormalised 3-point correlators. These are an overall normalisation
associated with the form factor of lowest dilatation weight, and the coefficients appearing
the trace anomaly. The latter can be split into the coefficients of type B anomalies (which
control the 2-point normalisations), and for the correlator of three stress tensors, the Euler
coefficient encoding the type A anomaly. The values of all scheme-independent constants
can easily be evaluated for any CFT of interest, either by evaluating the form factors in
special kinematic configurations, or else by returning them to their canonical representation
as triple-K integrals.

As we saw explicitly in d = 4, the scale-independence of the type A anomaly is asso-
ciated with a UV divergent coefficient multiplying an evanescent operator that vanishes in
the physical spacetime dimension. This general structure was predicted long ago in [33],
and our present results supply all the remaining details. The geometric origin of these
evanescent operators, as forms of higher rank than the spacetime dimension, is particu-
larly clear in momentum space. Interestingly, the Euler contribution to the anomaly of the
stress tensor 3-point function takes the form of the square of the chiral anomaly. The same
also holds in two dimensions and it is likely to be true in all even dimension. It would
be interesting to understand if there is a deeper meaning to this relation, or if it simply
follows from kinematics. Even in the latter case, it may still have non-trivial implications,
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for example by allowing results established for chiral anomalies (e.g., descent relations) to
be applied to (the Euler part of) conformal anomalies.

Looking ahead, we hope our momentum-space methods will open new approaches;
not only to contemporary problems, such as bootstrapping tensorial correlators [59], but
to classic problems whose past investigation has been hindered by the complications of
tensorial structure. In particular, our improved understanding of the stress tensor 3-point
function could provide renewed impetus for the following investigations:

Nonlocal effective actions. As 2- and 3-point functions are universal, there should
exist a nonlocal geometric effective action, whose quadratic and cubic parts are universal,
reproducing the full stress tensor 2- and 3-point functions. What is the form of this
effective action in four dimensions? While the Euler anomaly contribution follows from the
Riegert action [60, 61] (see also [3, 9, 33, 62-64]), this represents just one part of the full
3-point function. The situation is thus quite different to that in two dimensions, where,
since all two-dimensional metrics are conformally flat, the Polyakov action obtained by
integrating the anomaly captures all the information in stress tensor correlators. For a
four-dimensional CFT, the most general 2- and 3-point functions of the stress tensor can
instead be obtained from a combination of free fields. Using [65-68], these computations
should then be sufficient to obtain the general covariant effective action at cubic order. It
would be interesting to find this action and verify it reproduces the results we report here.

Anomaly matching. The matching of anomalies between broken and unbroken phases,
proposed by Schwimmer and Theisen in [69], is a fundamental ingredient in the proof of the
a-theorem [70, 71]. Given their physical importance, it is desirable to put all the arguments
of [69] on as explicit a footing as possible. Now that we have the full stress tensor 3-point
function to hand, it should be possible to clarify a number of remaining ambiguities. What
are the precise tensor structures corresponding to the A and B amplitudes of [69]? Can
we verify that the analytic structure of the B amplitude, at the special kinematic point
where all Lorentz invariants vanish, degenerates from a branch cut to an apparent pole?
How does this enable us to isolate the Euler anomaly, and how sharp an analogy can we
make with the chiral anomaly [72, 73]7

A spectral proof of the a-theorem? In two dimensions, an elegant proof of Zamolod-
chikov’s c-theorem [74] can be obtained from the positivity of the Kéllén-Lehmann spec-
tral representation [75]. Is there an analogous spectral proof for the four-dimensional a-
theorem??” Through standard dispersion relations, we can construct spectral representa-
tions for the form factors of the stress tensor 3-point function [5]. These spectral functions,
corresponding to the imaginary parts of form factors, then obey homogeneous (i.e., non-
anomalous) conformal Ward identities, as all counterterm contributions are analytic in
the squared momenta and thus are projected out. A successful spectral approach to the
a-theorem could provide complementary insight to the anomaly matching and dilaton effec-

29Unpublished work concerning such a proof, by Z. Komargodski, A. Schwimmer and S. Theisen, has
been presented at a number of conferences in recent years (A. Schwimmer, private communication).
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tive action arguments of [70, 71]. The simplicity of our tensorial decomposition — involving
only four form factors after removal of the degeneracy — could yield new insight.

Defining an a-function. As we have seen, at fixed points of RG flow we can extract the
Euler anomaly coefficient a from various projections of the renormalised 3-point function:
from the fully traced correlator as in (5.23), for example, but also from the transverse
traceless part. Projections such as these are natural candidates for an a-function: they are
well-defined observables, away from the fixed point, that reduce to the Euler coefficient at
the fixed point itself. It would be interesting to investigate whether any of these candidates
also exhibit the required monotonicity under RG flow.
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A Appendices

A.1 The type A anomaly in two dimensions

Following our discussion in the introduction, in this appendix we resume our analysis of the

stress tensor 2-point function in two dimensions. This is the simplest example featuring a

type A anomaly, and serves as a warm-up for the four-dimensional discussion in section 4.
We begin with the only available counterterm,

Sep = ¢ / ddae/gu? R, (A1)

where the renormalisation scale p enters on dimensional grounds. Setting g,, = 0, + hyw
and expanding to quadratic order, we find

[ as]

Set = —3¢ / A% T 2heY 90, 0°210% + O(R%) (A.2)

where all indices are raised with the flat background metric. The form of this result reflects
the fact that the Ricci scalar is the two-dimensional Euler density; the manipulations used
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to derive it can be found in section 4 (see page 49). The 2-point contribution from this
counterterm then takes the form

(Tyin (P) Tz (—P)) et = —6¢ 12 0020,0)5, 002 8,35, 70 02 o™, (A3)

As we see, exactly the same 3-form appears here as in the regulated 2-point function (1.3).
Thus, in d = 2 + 2¢, even if the counterterm coefficient ¢ has a e~ ! divergence as € — 0,
the vanishing of the 3-form in two dimensions means that this counterterm contribution is
finite. In addition, the dependence on the renormalisation scale drops out.

To connect the form of this counterterm contribution with that of the regulated 2-point
function, we now need to separate out its transverse-traceless and trace pieces. This can
be accomplished using two copies of the projection operator (2.20). As the counterterm
contribution is purely transverse (i.e., vanishes when any free index is contracted with the
momentum), we can write this projection using only the transverse-traceless and transverse
projectors introduced in (1.2). We thus have

<<Tu1 v (P)Tuz vs (=P))et

= _6C:ud 2<HMV1 Yoy T d— 7TN1V1(5 ) ( pava' B2 d— 7Tu2,,25 2)6@1(5&227043]17
- ot o (d — 2)
= _6C,U'd 2 [HMUJI 151 (p)HMQVQ ( )5[61 5a2pa3]p ? + 6(d _ 1)p27Tu1V1 (p)Tr,UQVQ (p) :

(A.4)

The first transverse-traceless term now matches the form of the regulated 2-point function.
The second term has a nonzero trace, and crucially an extra factor of (d — 2) which arises
from the tracing over the 3-form:

o 1
05100t 02 paap™ = (d = 2) P*m % (p). (A.5)

This extra factor of (d — 2) ensures the second term in (A.4) is finite as € — 0, even
though the corresponding tensor structure is nonvanishing. If we choose the counterterm
coefficient as minus that of the regulated 2-point function,

Crr 0 Crr 0
- A.
26 +O(6 )7 C(f) 26 +O(6 )7 ( 6)

Crr(e) =

the transverse-traceless first term of the counterterm contribution (A.4) now cancels the
regulated 2-point function (1.3). In the limit ¢ — 0, we obtain

<<T,u1V1 (p)TNQVQ (_p)>> =Crr p27TM1V1 (p)ﬂ-MQVQ (p) (A7)

This renormalised correlator is independent of the renormalisation scale, as we expect for
a type A anomaly. Let us emphasise once again that both the counterterm contribution
and the regulated 2-point function are each individually finite in the limit as e — 0. Our
introduction of the counterterm is simply a convenient device for evaluating this limit:
rather than attempting to evaluate the antisymmetrised terms in d = 2 + 2¢, we simply
cancel them against one another. An alternative prescription is given below.
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A.2 Evaluating 0/0 limits without counterterms

Type A anomalies arise from 0/0 structures in which an evanescent operator, which vanishes
in the physical spacetime dimension, appears with a linearly divergent coefficient. As we
have seen, this occurs both for the stress tensor 2-point function in d = 2, and for the
3-point function in d = 4. In the above, we opted simply to cancel these 0/0 structures in
the regulated form factors with a matching 0/0 contribution from the corresponding Euler
counterterm. In the following, we discuss an alternative approach allowing the € — 0 limit
to be defined without the introduction of counterterms. This serves to emphasise the UV
finiteness and scheme-independence of type A anomalies.

Following [33], the idea is to define the regulated correlators such that all external
tensorial structures live in the physical spacetime dimension, while their accompanying
scalar coefficients live in the regulated spacetime dimension d. In practice, this means all
external (i.e., uncontracted) Lorentz indices are restricted to take physical values, as are
all indices associated with the momenta. (In the absence of loop integrals, all momenta in
our discussion are external hence have vanishing non-physical components.) The remaining
contractions of internal indices are then summed over the full d dimensions.

The relevant 0/0 structures to evaluate are then the regulated 2-point function (1.3),
which substituting for Crr(e) using (3.3) reads

3C _
Tr pd 2

(Tr11 (P) T (=P)reg = — 2ue

H#1V1 a1,31 (p)H,uleaQﬁz (p) 5[60411 5g§p063]pa3 ) (A'S)

and the Euler part of the regulated 3-point function, namely all pole terms proportional
to a. From our discussion in section 4.2, these can be written as

<<T,u1 141 (pl )T,LLQ ) (Pz ) T,ug V3 (P3 ) >> Euler

480a

= - ? Hm vy o 81 (pl)HMQVQ . B2 (pQ)Hu3V3 8 B3 (p3) 5[%1 552 5§§P1a4p2a5]29?4p§5 . (Ag)

To evaluate these 0/0 structures, we use (2.20) to expand

(03 (67 1 (63
™ s (p1) = 5(;151/1)51 - ﬁﬂ-mvl (pl)éﬁll +... (A.10)

and similarly for the other projectors. The omitted term has a longitudinal component and
hence makes no contribution when contracted with either the 3-form in (A.8) or the 5-form
in (A.9). Notice also that the indices o; and f; in the first term on the right-hand side of
(A.10) are restricted to physical values, since p; and vy are external. In the second term,
however, the indices a; and 1 run over the full d dimensions. Thus, when we contract with
the forms in (A.8) and (A.9), the contributions derived from selecting this first term for
all the projectors vanishes, since all the indices in the forms are then restricted to physical
values. (Recall the indices on momenta are already restricted to physical values.)

The remaining terms all contain at least one d-dimensional trace arising from selecting
the second term in (A.10) for one (or more) of the projectors. Evaluating this d-dimensional
trace of the corresponding form then yields the necessary factor of € to cancel the explicit
¢! poles in (A.8) and (A.9). For the 2-point function, tracing over the 3-form gives a
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factor of (d — 2) as shown in (A.5), while in the 3-point function tracing over the 5-form
similarly gives a factor of (d — 4). After completing this evaluation and sending ¢ — 0,
we then recover precisely the renormalised 2-point function (A.7), and the 3-point Euler
anomaly contribution; namely, (3.133) with (4.22), or equivalently (3.143) with the terms
proportional to a in (3.217)- (3.221).

A.3 Relating 3-point function definitions

Here we collect for easy reference the formulae needed to convert the 3-point functions
appearing in our previous work [29] to those of the present paper. As discussed on page
15, in this paper we define the 3-point functions by

<Ju1a1 (ml)Juzaz (mQ)Jltsas (m3)>

_ -1 5 S 5

- V(@) g(w2)g(ws) 0A# @ (1) AF272 (22) 6Au3a3(m3)w o’ (A.11)
(Tpywy (1) JH292 () JH2% (23))

_ —2 5 s 5

- V(1) g(xa)g(xs) 0g#17 (1) §AH22(22) § Ar3as (333)W o (A.12)

<TM1V1 (:BI)TMsz ($2)TM3V3 (x3))
-8 1) 1) 1)

= Wi . A.13
Va(x1)g(x2)g(xs) g1V (x1) 6gH272(22) GgHs¥s (x3) )0 ( )
Those used in [29] are instead defined through
(Grssamn) (g samwy) (s samaey)"
mg 5./4“5‘13 :123 m2 5Au2a2 mz ml (514“1“1 5[31 0
= (JH (21) T2 (22) M2 (@23) ) theres (A.14)
(Grasamawy) (msameen) ey
(x3) 6AH3%3 (x3) (xx9) 0AH292(2) () 0gH¥1 (1) 0
= <T,M1V1 (wl)JMQGQ (w2)Ju3a3 (w3)>there
5TH‘1V1 (wl) H3as 6TM1V1( ) H2a2
_ ‘) JHsa ML H2a Al
<5AM2“2(332)J (@s)) = <5Ausa3( )J (2)), (A.15)
etz lvren trrrem ) vmentrrrendid
g(w3) 09+37 () ) \\/g(x2) 0922 (2)/ \ \/g(1) 09" (1)) o
= <TM1V1 (ml)T,uzug (mZ)T,ugllg (m3)>there
5T,u11/1 (ml) 5T/L1V1 (ml) 5Tu2v2 ($2)
- 2<MTM3V3($3)> - 2<MTMW($2)> - 2<MTM1V1 (z1)),
(A.16)
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where the functional derivatives reflect the implicit dependence of the operators on the
sources. As 2-point functions of operators with different dimensions vanish in a CFT,
these terms can only appear when the corresponding dimensions match.

The correlators arising through these two definitions can then be related as follows.
The current 3-point functions are identical,

(0 (p1) JH2% (p2) "2 (p3) Dhere = (JH*1 (P1) S (p2) J"** (P3) ) there,  (A.1T7)

while that of one stress tensor and two currents differs by

<<T;L1 V1 (pl)tjuza2 (p2)JN3a3 (p3)>>here = <<T,u11/1 (pl)JMQa2 (PZ)JWW (p3)>>there

(G B s ) — (e B s ) (A18)

Permuting the order of functional derivatives, this relation can equivalently be written

<<TM1V1 (pl)Jﬂzaz (pQ)JuyZB (p3)>> here

= <<TM1V1 (pl ) JHea2 (pQ)J#B(ZS (pS)»there

2 I ) — 2 B 1 )
B (22 (p) T (— o))+ By (T (pg) T (—pa).  (A9)

The stress tensor 3-point functions are related by

«Tm vy (Pl )T,uzug (p2)Tu3 V3 (p3)>> here

- <<TM1V1 (pl )T,u2l/2 (p2)T/.L3l/3 (p3)>>there

- 2 BT, (o)) — 2 G A BT ) — 205 2 P T ()
+ 5,113113 «Tmm (pQ)TlL2V2 <_p2)>> + 5M3V3 <<TM1V1 (pl)TMl/z (_p1)>>
+ 5M2V2 «TM1V1 (p3)TM3V3 (_p3)>>' (A‘QO)

Using these formulae, one can straightforwardly convert the results of [29] to our present
definitions. The form of the transverse and trace Ward identities, along with the associated
reconstruction formulae, change to those listed here. The primary and secondary CWI take
the same form with either definition of the 3-point function, although as the transverse
Ward identities are different, the specific coeflicients appearing on the right-hand sides
of the secondary CWIs may take different values. The form factors then differ by terms
that are at most semilocal. All such terms come from expanding the functional derivatives
in a local basis of operators, since the 2-point functions above do not contribute to the
transverse-traceless form factors.
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A.4 Evaluation of counterterm contributions

In this appendix, we evaluate the counterterm contributions to the form factors for the
stress tensor 3-point function in four dimensions. As these form factors are associated
with the transverse-traceless part of the correlator, it suffices to work in a gauge where the

inverse metric perturbation is transverse traceless,?’

g = 5;w + Yuvs Yo = 0, Yuvw = 0, (A-Ql)

since all other metric components are projected out in the calculation of form factors.
Writing ¢, = 0 + by, we then have

Py = —Yw + VuaYar + O(F?) (A.22)
where
h = hu, =YY + 0(73)7 hpwy = Yy Yo + 0(73)' (A-23)
The Ricci curvature
1., 1 1 . . ,
Ry = _58 by — ih,uu + hoc(u,u)oz + Z(haﬁhocﬁ)#l’ - haBSB;w,a - Saﬁﬂsﬁo”/ +0(7)
(A.24)
where 1
SWQ =TWn = i(h“”’a + hpaw — Puay) (A.25)

and we have used the fact that to O(y%) we can treat hy, as transverse traceless where it
appears quadratically. We thus have

1
Ri) = S 0%y, (A.26)
1 1

R;(,LQV) = _582 ('ﬁta%w) + (’Vaﬁ’}/oa(u),u)ﬁ - Z('Yaﬁ')’aﬁ),uu - 'Ya,BSﬂ;w,a - Saﬁus,é’au (A'27)

where 1
Syva = 5(’Yuu,a + Yuoy — 7va,u)- (A.28)

The scalar curvature

R =, (A.29)
RY = _'Y,uya Yuv — Z'Y,uu,a'}/,uu,a + 5'7#1/@7#04,1/7 (ABO)

while the Riemann curvature

1
R 5= 25,0 (A.31)
Rfy)ag = =25ur8 T 2585 ura)- (A.32)

39Tn this section, all raised indices should be understood as being raised with the full perturbed metric.
Repeated lowered indices should be summed using the flat background metric. Commas denote partial
derivatives and 9% = 8,0,,. Our conventions follow those of [76].
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We now find the Ricci-squared counterterm,
/d4+2uew \/EMQUGRMVRHV

1 1
= /d4+2uem MZue [1827;w827/u/ + 82'Y;W <_Z'Ya,8,u’7cx6,u + YaBrVus,a

1 1 1 1
= 500 Yav + SVagVuvap — 5 Va8 V8a — 5%#,%%5)]’ (A.33)

generates the form factor contributions

AS = 447" (p} + p3 + p3), (A.34)
AS = 8p%(p] + p3 + p3), (A.35)
A = —4p®(pf + p3 + p3), (A.36)

while the Riemann-squared counterterm,
/ JA+2uey, NG M2ue Ruvas RHvaB _ / q4+2uey, M2ue [ 52 Vo 52 Y — Vo Yo P Vo

- QSAyVSA,Ba’Yaﬁ,,uV + 4Sﬁua,ys)\,uas)\uﬁ - 165,8;101,1/‘9)\“[1/,04]7,3/\] ’ (A37)

generates the form factor contributions

ASE = —16p2v, (A.38)
ASH = 167" (p} + p3) + 81" p3, (A.39)
A = 2407 (p} + p3) + 40 p3, (A-40)
Agt = =120 (pf + p + p3) — 8" (D5 + PP + P5D3)- (A.41)

Since the counterterm [d**t?“‘g,/gu?" R? vanishes at cubic order in 7,,, the counterterm

action

Set = / d*t?ueg  /guc (aBy + bR? + cW?), (A.42)

where E; and W? are defined in (3.180) and (3.181), therefore generates a form factor
contribution

At — 0, (A.43)
At = —16(c + a)u*, (A.44)
AGE = Bep®(p] + p3) — Bapp3, (A.45)
AS = 8ep®(p] + p3 + 3p3) — 8ap™“(p} + p3 — p3), (A.46)
A = — e (pF + p} + pB)? — Ao 2. (A.47)

As expected, the Euler counterterm generates no contribution at quadratic order in .
Note its variation can also be computed as described in section 4; projecting (4.21) into a
transverse traceless basis leads to the same form factors as we find here.
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A.5 Degeneracies in three dimensions

In three dimensions, as described in appendix B of [29], the existence of a vector cross-

product reduces the number of independent form factors in the stress tensor 3-point func-

tion from five to two. In this appendix, we show this result can also be understood as a

dimension-dependent identity analogous to our four-dimensional discussion in section 4.
In three dimensions, we have the identity

_ 658
0=060, 02K

[ ago)

g _ KalagﬁlﬁQ _ 45[51[(52} + K55 572 (A.48)

[ ] [a1 2]’

where Ky, 0,772 is as defined in (4.4). As in section 4, the left-hand side vanishes due
to a necessary repetition of indices in the totally antisymmetrised product. In fact, this
identity is simply the trace of our four-dimensional identity (4.2). Unlike in four dimensions,
however, in three dimensions there are no divergences once the primary constants have been
suitably redefined (as described in section 3.4.2). We can thus set d = 3 exactly rather
than considering the dimensionally regulated theory.

Taking the transverse-traceless projection of (A.48) yields the three-dimensional de-
generacy

0= 4HM1V1a151 (pl)Huzl/QaZﬁz (p2) [Kaumﬁlﬁg - 45[§1K52] + K(Sﬁl (562 }

[ as] [a1 o]

= Hﬂlylalﬁl (pl)Hszazﬁz (pQ) [pglpglpg2p§2
J2
+ (7 -} — pR)omemp gl — Someehe]. (A.49)

asz, B3

Let us now multiply this identity by fIL,, 0.8, (P3)p1°P1°, where f = f(p1,p2,p3) =
f(p2,p1,p3) is an arbitrary function of dilatation weight minus two, as required on dimen-
sional grounds. After symmetrising under permutations, we then find the degenerate form
factor combination

Ay = f+ f(p1 <> p3) + f(p2 ¢ p3),
Ay = (p3 —pi — p3) [,

1
AS = *Z‘]2f,

As = 0. (A.50)

Two further degenerate form factor combinations can be found by considering instead

ok} [a1 ~as]

0=—4 Hull/lalﬁl (pl)HM2V2a2ﬂ2 (p2)HM3V3a3,33 (p3) [Kala:sﬂzﬁs - 455?[(33} + K62 0% }
—1II (p)II (p2)11 (p3) |pSt P2 s Bs | 25018 a3, B3
pivian S \P1) Hpsvaaz 82 \P2 ) psvsas 3 \P3) (P2 P37 P1 P11 P3 h

1 [ 1 , T2 B ca
5 0F = P )OS 4 (4 g )0 e 4 T s
(A.51)
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We can now multiply by either gpg1 p5? or else hé“2P1 | where on dimensional grounds we

have introduced the arbitrary functions g = g(p1,p2,p3) = g(p2,p1,p3) of weight minus
two and h = h(p1, p2,p3) = h(p2, p1,ps3) of weight zero. Symmetrising under permutations
then yields the additional degenerate form factor combinations

Ay =g+ g(p1 ¢ p3) + g(p2 < p3),

1 1
Ay = plg+ = (p? — p3 +p3)g(p1 < p3) + 5(—10? + p3 + p3)g(p2 <> p3),

2
A3 - Oa
1
A4 = ZJQ.q:
As =0, (A.52)

and similarly,

A =0,
AQ = h)
A3 :pghv
1
Ay = 5( % _|_p§ —p%)(h(m < p3) + h(p2 <_>p3))7
1
As = ZJ2 (h + h(p1 <> p3) + h(p2 <> pB))- (A.53)

As there are no further ways (modulo permutations) of contracting the four indices of
Koy a,”172 with three transverse-traceless projectors, the three degeneracies (A.50), (A.52)
and (A.53) exhaust the list of possibilities for the stress tensor 3-point function. (An alter-
native derivation of these three degeneracies is also discussed below.) Through appropriate
choice of the arbitrary functions f, g and h, we can, if we wish, set any three of the five
form factors to zero. The two remaining form factors are then non-degenerate.!

As our three-dimensional identity (A.48) is simply the trace of its four-dimensional
counterpart (4.2), we expect that our previous four-dimensional degeneracy (4.8) should
also be valid in three dimensions. This is indeed the case, as can be seen by setting

4 o

2
f= —ﬁp;;H, g

4
=5l +p—p)H,  h=ZH, (A.54)
where H = H (p1, p2, p3) is an arbitrary function of dilatation weight zero that is completely
symmetric under permutation of all momenta. Upon summing (A.50), (A.52) and (A.53),

we then recover

1
Ay =0, Ay=2H, As3=psH, Ays= (p°+ps—p2)H, As= 5J?H. (A.55)

31For example, in appendix B of [29], the choice A3 = Ay = A5 = 0 was made. From (B.6) and (B.7)
of [29], the two remaining form factors (labelled there By and Bz) are then invariant under the degenerate
combinations (A.50), (A.52) and (A.53). The primary constant C drops out, since its contribution is purely
degenerate as can be shown using a totally symmetric ansatz for h in (A.53).
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This degenerate combination is equivalent to (4.8) multiplied by the arbitrary symmetric
function H, which is the most general form of the degeneracy in four dimensions. The
four-dimensional degeneracy is thus a subset of those in three dimensions.

It is interesting to consider the three-dimensional degeneracy (A.48) from a geomet-
rical perspective. Unlike in four-dimensions, where the degeneracy (4.8) derives from the
existence of an evanescent counterterm, in three dimensions there are no counterterms.
Instead, the identity (A.48) is analogous to the vanishing of the Weyl tensor: replacing
Kaya,?'?? in (A.48) by the Riemann curvature Re,q,”', the right-hand side is equal to
the Weyl tensor Wy, a,”?2, which vanishes in three dimensions by precisely this identity.

Finally, note that the degeneracies (A.50), (A.52) and (A.53) can also be derived by
introducing appropriate antisymmetrisations in the tensor structures associated with the
various form factors. For example, we can eliminate the form factor As by writing

Huwlalﬁl (pl)H,uQVzOtsz (pQ)H,usVsOésﬁs (p3) [ Azt 5,81/8217?317?3

+ As(p <_>p3)5a2a355253p§1p§1 + A3(p2 <_>pg)5041043(5ﬂ163p§r2p§2]

=2 HHlVlalﬁl (pl)H,uwzazﬂz (p2>HM3V3043/33 (p3) [ A3 [ 551]5229?31)?3

+ As(p <_>p3)5a2[a35ﬂ2}ﬂ3pg1p§1 + Ag(pg Hpg)dal[a?’(Sﬁl]BP’ngng}.
(A.56)

Using the three-dimensional identity (A.48), we can now reduce the right-hand side to terms
involving at most one metric tensor (rather than the two we started with). This allows us
to rewrite As in terms of the form factors A; and As, yielding the first degeneracy (A.50).
The form factor A4 can be eliminated in a similar fashion, leading to the second degeneracy
(A.52). The third degeneracy (A.53) can be obtained by eliminating As. To do this, we
write

az, a3, (3

My (PO Wz (P2) Wi s (P3) | A207 %05 p2po]
+ As(pr ¢ p3)0%2%p3 pl ps2p s 4 As(pa ¢ p3)5ﬂ163p§‘1p§‘2p§2p§‘3]
= —4 1008 (P1)Wa0s026: (P2)Wpgugas 0 (P3) [ Ags™ P2 feresazfs
As(py 4 pg)0 200 L Ay (py o )P0 L (A5T)

Using (A.48), we can now reduce the right-hand side to terms involving two or three metric
tensors. In this fashion, the form factor As can be rewritten in terms of the form factors
As, Ay and As. From this latter approach it is clear that similar degeneracies also exist for
the form factors of other three-dimensional correlators besides that of three stress tensors.
In four dimensions, however, of the correlators we study here, only that of three stress
tensors has degenerate form factors.
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