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WAVE RECEPTANCE ANALYSIS OF VIBRATING BEAMS AND STIFFENED PLATES 
by Yavuz YAMAN 

This Study develops aneuLyticaa. methods for the analysis of harmonically 

forced vibrations of multi-supported beams and stiffened plates. The 

methods are based on the response of infinite, uninterrupted structures 

to a single external excitation from which families of waves propagate 

outwards in all directions. The structures considered are uniform in 

thickness. The beams have a single-point force. The plates are 

finite in width with the two opposite parallel edges being 

simply-supported along the length. A line forcing varies sinusoidally 

between those edges. 

The first part of the thesis analyses the dynamics of infinite, 

uninterrupted structures. Special attention is subsequently paid to 

three-layered sandwich structures smd their dispersion characteristics 

are also investigated. 

The second paxt considers finite structures. An analytical approach 

is presented for single-bay and multi-bay structures with arbitrary 

support spacing. Influences of support elastic/inertial 

characteristics aare investigated in detail. Effects of end 

reflections axe fully dealt with. 

The third part deals with the free and forced vibrations of infinite, 

periodic structures. Particular attention is focused on the effects 

of stiffness characteristics and cross-sectional distortion of the 

stiffeners. 

Part four outlines experimental work undertaken to validate the above 

theories. The experimental and theoretical results are compared. 
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CHAPTER 1 

INTRODUCTION 

1.1 Background to the Study 

Even though technological advances in composite materials are 

gathering pace, many aeroplane structures are still made of stiffened 

metal plates or shells. These peurts have to endure a wide range of 

external pressure fluctuations during the different phases of take-off 

and flight and they may readily vibrate in consequence. Fatigue 

failure and unacceptable sound transmission can be the result of these 

severe working conditions. For a long time now, engineers have been 

trying to develop analytical models which can give an accurate insight 

into the complicated dynamic response of these stiffened structures. 

The stiffening provides stability under the heavy compressive 

stresses carried in the course of flight and landing. In the case of 

plate-like structures stiffening is achieved by using orthogonal, sets 

of frames and stringers (stiffeners). The frames run along the 

length of the plate and generally have very high transverse stiffness. 

The stringers aore attached to the plate across the width and provide 

both transverse and rotational constraints. The Whole plate is then 

divided into smaller plate components (bays). If the stiffener 

spacing is equal and the stif feners are the same, the plate can be 

considered as a periodic structure but practical limitations often 

render it non-periodic. 

The external pressure fluctuations which act on aeroplane 

structures are generally random in time aind their peak spectral 

densities usually occur in the range of 300-1000 Hz. These may be jet 

noise acoustic pressure at take-off, shock noise in high-altitude 

flight or boundary layer hydrodynamic pressure fluctuations at high 

speed. 

In the frequency range of interest there are many modes which 

contribute to the response. Around the resonamt regions their 



individual resonamt peaks often overlap because of high modal density. 

The prediction of the many natural modes, their corresponding natural 

frequencies and the total forced response haa been a difficult task to 

achieve. 

Finding effective ways of damping the excessive response created 

by these resonemt modes is another problem which has been challenging 

engineers. Material hysteretic damping, structural joints and the 

cidjacent air into which acoustic energy can be radiated axe the 

sources of damping of a structure. In addition, unconstrained or 

constrained layers of materials which have high damping capacity have 

been incorporated for the purpose of controlling the vibration. 

Sandwich structures with constrained layers of viscoelastic damping 

material are of particular interest. As well as providing high 

damping, some other features such sua the high stiffness for a given 

weight and in some cases the absence of stress-raising rivets lead to 

much higher fatigue life than that of pure metal skin-stringer 

construction when exposed to the same working conditions. 

However, from the analytical point of view, high damping brings 

its own problems. Due to the high modal density and heavy modaa 

coupling there axe no predominant modes in the resonant regions. 

On the other hand, certain analytical advantages of high damping 

also exist. In a heavily damped structure the waves created by the 

excitation quickly die out as they travel away from the source. 

Therefore, if the structural boundaries are sufficiently far from the 

point of disturbemce, the effect at that point of wave reflection from 

the boundaries can be ignored. This in turn suggests that the 

structure can be regaurded as being infinite in extent and this 

simplifies the analytical procedures. 



1.2 Review of Existing Methods of Theoretical Modal Analysis 

1.2.1 Theory of Single emd Multi-Bay Structures 

The dynamic behaviour of single-bay structures has long been 

amalyzed by classical methods such as the receptance theory, the 

direct solution of differential equation smd various energy methods. 

If the plate structure has many stiffeners with complicated support 

characteristics, the required algebra becomes so unwieldy that these 

methods no longer offer an easy method of analysis. 

Gorman developed a method applicable to the vibrations of 

multi-bay beams [1]. When the number of bays got large (in his case 

> 3) he assumed all the intermediate supports as single. clearly 

this situation is difficult, if not impossible, to satisfy in 

practice. The supports generally provide elastic and inertial 

constraints on the structure and further complicates the problem. 

Effects of stiffening on the plate response were analyzed and 

presented by Kirk in two articles [2,3]. He first obtained the 

natural frequencies of transverse vibration of rectangular plates 

which had stiffeners parallel to one edge. Later he determined the 

ratio of the fundamental natural frequency of a rectangular plate with 

a single stiffener to the fundamental natural frequency of the 

unstiffened plate of equal mass. 

One of the first studies on the dynamic response of stiffened 

multi-bay plates was made by Lin [4]. By considering the dynamics of 

open-section beams, he developed a model for the representation of 

stiffener characteristics [5]. He showed that the natureU. frequencies 

of an % bay structure, in vrtiich the bays are compaurable or equal in 

length, falls into groups of N^. By assuming each bay to be identical 

he was able to predict the bounding frequencies of each group as 

became infinite. Later, by using the finite difference method, Lin 

et al [6] predicted the natural frequencies, but not the normal modes, 

of vibrations of a plate with identically constructed bays and 

stiffeners. However, the support characteristics were simplified and 

either transverse stiffness or rotational stiffness effects were 



considered. Mercer at at [7] presented a transfer matrix method and 

analysed the natural frequencies and normal modes of multi-bay flat 

plates. But the method required time-consuming computations 

particularly when the nunflaer of bays wais laarge. The stiffeners were 

modelled as in [5]. 

All the work so far outlined dealt with the free vibration of 

structures. 

1.2,2 Theory of Periodic Structures 

Wave propagation and periodic structure theories were first 

studied by physicists and electrical engineers [8]. The applications 

to engineering structures are relatively new. Heckl [9] considered a 

system of grillages and found that waves can propagate in some 

frequency bamds but not in others. Mead et aV [10] included the 

effects of damping and demonstrated the influence of support 

stiffnesses on the random response. 

Advances in periodic structures theory allowed researchers to 

provide some approximate solutions for the vibrations of finite 

structures. By using the vibration characteristics of infinite, 

periodic undamped structures. Sen Gupta studied the free vibrations of 

finite multi-bay beams and plates in two articles. He considered 

equi-spaced beams on intermediate simple supports having either 

simply-supported or clamped extreme ends [11]. Later he extended the 

theory to skin-stringer structures [12]. However, he only analysed 

the simplified boundary conditions of [6]. 

In another study [13] Mead solved the differential equation of 

motion directly and studied the responses of periodic beams on 

flexible supports. In two articles [14,15] Mead determined the 

relations between the limiting frequencies of the bands at vAiich the 

waves can freely propagate and the natural frequencies of the 

individual periodic element. Abdel—Rahman at [16] used finite 

element methods in the analysis of two-dimensional periodic 

structures. 



Mead in [17] approached the problem from a different angle. He 

viewed the infinite, periodic structure as em infinite uniform 

structure on Which the supports at reguleir intervals impose reactions 

depending on their stiffnesses. He then combined those reactions and 

proceeded to obtain closed form formulae for the propagation constants 

of Euler-Bernoulli beams, Timoshenko beams aind stiffened uniform 

plates for various support conditions. 

By using transfer matrix methods, Munjal ©t al [18] presented an 

approach for the aurialysis of am infinite, periodic beam when it is 

forced only in one of its bays. A useful review covering some other 

recent works was published by Sen Gupta [19]. 

1.3 Analysis of Damping of Multi-Layered Structures 

A study conducted by Mead [20] discussed the controlling of 

acoustic fatigue stresses in stiffened plate structures and compared 

the unconstrained and constrained damping treatments. 

Multi-layered plate configurations with a constrained layer of 

damping materieuLs have been exploited as an effective method of 

vibration control. Most work has concentrated on three-layered 

plates with elastic face-plates and a soft viscoelastic dancing layer 

sandwiched between them:. -They have been used to obtain a high 

damping capacity when the plate is undergoing transverse motion at 

relatively moderate frequencies. This is the range in which the 

wavelength of the transverse vibration is much greater than the plate 

thickness. Hence the assumptions made in the analyses that the 

elastic face-plates deform in accordance with elementary theory of 

bending have been justified. To predict the vibration levels of such 

plates the analyses concentrated on determining the effective flexural 

stiffnesses and loss factors of the plates. 

Kerwin presented the first study [21]. This was followed by Mead 

[22], DiTaranto [23] and Mead et al [24]. These theories allowed the 

cross-section to move as a whole in the transverse direction. 



Furthermore they all eissunied that the longitudinal and rotatory 

inertias of the face-plates and core were negligible. 

This thesis follows the basic principles put forward by these 

investigators in the analysis of three-layered sandwich beams and 

plates. 

The effects of different samdwich beam boundaury conditions were 

analysed by Mead et at [25]. The damping properties of single-bay 

and periodic three-layered sandwich plates were investigated in [26] 

and [27] respectively. Two opposite edges along the length were 

assumed being simply—supported and across the width stiffeners 

having elastic characteristics provided the constraints, A purely 

experimental study on multi-bay stiffened sandwich plates was 

published [28]. Nakra in [29] included a useful bibliography on the 

dynamics of damped sandwich plates. 

1.4 The Response Functions of Infinite, Uninterrupted Beams and 

Plates 

If an infinite, uninterrupted structure is forced at a point (or 

line), the response of the structure to that excitation is that of 

waves emanating from the point (or line) of excitation. The response 

can be expressed in terms of 'Infinite-System Point/Line Response 

Functions' of the structure defined by Cremer at at [30]. 

If the structure has amy intermediate supports, each support 

exerts reaction( s) on the structure vrtiich depend on its 

cheiracteristics. The structure then cam be viewed as a uniform 

structure Wiich is under the action of externally applied force(s) and 

reaction( s). These reactions create their own wave fields identical 

in form to that of the external excitation but proportional to the 

support stiffnesses. 

If the structure is spatially infinite there are no reflected 

waves from the ends. The total response of the structure is then 



composed of the contributions from the ' Infinite-System Point/Line 

Response Functions' of all the reactions aind the externally applied 

force. On the other hand if the structure is finite, the reflected 

waves from the boundaries also contribute to the total response and 

must be considered in the analysis. 

In order to find the response of the structure, the amplitudes of 

all the intermediate support reactions are to be determined. This 

cam be achieved by satisfying the appropriate compatibility and 

equilibrium conditions at selected support locations. If reflected 

waves also exist then the extreme end boundary conditions should also 

be considered. 

1.5 The Contents emd Scope of This Study 

This thesis studies the harmonic responses of uniform structures. 

Euler-Bemoulli beams, three-layered sandwich beams, Euler-Bemoulli 

plates and three-layered sandwich plates are investigated. The beam 

structures have a single-point external harmonic force. The plate 

structures have two opposite edges singly—supported along the length 

and a harmonic line forcing varies sinusoidally between those edges. 

The first part of the thesis deals with the dynamics of infinite, 

uninterrupted structures. chapter 2 lays down the underlying theory 

for beam structures and Chapter 3 gives the extension for plate 

structures. Both dan$)ed cuid undanyped amalyses are undertaken. 

Special attention is paid to sandwich structures and the analyses are 

concentrated on structures having equal face-plates. Effects of core 

chaLracteristics axe investigated in detail. Also analysed in this 

part axe the dispersion characteristics of three-layered sandwich 

beams amd plates. 

"Hie second part of the thesis considers the harmonically forced 

vibrations of finite structures. An analytical approach is presented 

for multi—bay structures which is based upon the 'Infinite—System 



Point/Line Response Functions' of external forcing and intermediate 

support reactions. The effects of reflections cure fully dealt with. 

Chapter 4 gives the full theory for Euler-Bernoulli beams. 

Incorporation of different support characteristics is shown. The 

condition of multi-forcing is given. Multi-bay beams with 

intermediate simple supports and different end boundary conditions are 

studied. The effects of elastic supports axe investigated. It is 

explained how both the frequency response and the corresponding mode 

shapes may be obtained. 

Chapter 5 studies the harmonically forced vibrations of a 

single-bay sandwich beam and shows that the method can successfully 

incorporate the relevant complicated boundary conditions. 

Chapter 5 analyses the forced vibrations of multi-bay, stiffened 

plates. Both Euler-Bernoulli plate and three-layered sandwich plate 

theories are considered. Sandwich plates are assumed to have equal 

face-plates. Effects of damping, sandwich plate core shear 

stiffness, line of application of forcing, cross-sectional distortion 

and dynamic stiffness coupling of the stiffeners are studied. 

Frequency responses and mode shapes are presented. 

The third part of the thesis deals with the dynamics of infinite, 

periodic structures. Chapter 7 gives the theory of free vibrations. 

The 'Infinite-System Point/Line Response Functions' of the support 

reactions are combined to form the • Phased-Array Receptance Functions' 

of the structures. These functions have nothing to do with the 

support characteristics. However, the propagation constants of wave 

motion in infinite, periodic structures are easily obtained by 

confining these functions with the support characteristics. In this 

way closed-form equations are obtained for the determination of 

propagation constants for vaurious support conditions. Simple 

supports, sliding supports, elastic supports which only provide 

transverse constraints and general supports which provide both 

transverse and rotational constraints are studied for Euler-Bernoulli 

and three-layered sandwich structures. 



The application of the theories is carried out in Chapter 8. The 

relation between the individual periodic element response and 

•Phased-Array Receptance Functions' response is studied. The free 

vibration characteristics of infinite, periodic three—layered sandwich 

structures axe investigated in detail. Effects of core properties 

are analysed and shown. Influences of support characteristics are 

presented. Particular attention is focussed on the effects of 

dynamic characteristics amd cross-sectional distortion of the 

stiffeners. 

Chapter 9 analyses the forced vibrations of infinite, periodic 

structures excited harmonically in a single bay. It utilizes the 

•Infinite-System Point/Line Response Functions' of the structure in 

effect. It is shown how the problem may be reduced from the 

determination of an infinite number of unknown support reactions to 

the determination of a finite number of different wave amplitudes. 

Specific equations are set for structures on simple supports, 

transversely elastic supports and general supports. 

Computations based on Chapter 9 are presented in Chapter 10. 

Resonances in the harmonic response curves are studied in detail. 

Effects of support stiffness characteristics are analysed. 

In PcLTt 4, Chapter 11 outlines the ej^rimental work undertaken to 

validate the above theories. The transverse responses of 

single-layered emd three-layered stiffened plates have been measured. 

Some experiments on simple sandwich beams have aJLso been conducted. 

The experimental and theoretical results aire compared. 

1.6 Limitations of the Study 

Developed amalyticaa methods can only apply to structures vrttich 

are uniform in thickness. The beams must be straight and the plates 

flat. The plate structures should have two opposite edges along the 

length as singly-supported and the forcing (and hence the response) 

should be taken as sinusoidally varying between those edges. 



Although three-layered sandwich structures having equal 

face-plates have been considered in this thesis, the approaches 

presented aure equaJLly applicable to sandwich structures with a higher 

number of equed. or unequal layers. 

This study only considers the transverse and rotational 

stiffnesses of the stiffener and the stiffness coupling which may 

exist between them. The effects of lateral stiffness of the 

stiffener (i.e., in the plane of the plate) have been ignored. 
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SECTICm 1: DYfOMIC BEBAVIOUR OF INFINITE. UNINTERRUPTED STRUCTURE 



CHAPTER 2 

POINT RECEPTANCE FUNCTIONS OF INFINITE UNIFORM BEAMS 

2.1 Introduction 

The response of a uniform infinite beam to a harmonic point force 

or moment can be found in closed form by solving the corresponding wave 

equation. The motion of the infinite structure can then be easily 

studied in terms of the wave motion generated by the source. The 

feature of being infinite in extent prevents the occurrence of waves 

being reflected back to the source and hence simplifies the analysis 

and the motion. 

The contents of this chapter present this theory for the uniform 

Euler-Bernoulli and the three-layered semdwich beams. This is to 

provide the background for the reader vmo is not closely familiar with 

the wave approach to beam vibration analysis. 

This chapter develops the full theory for Euler—Bernoulli beams 

then outlines the relevamt points for three—layered sandwich beams with 

equal face-plates. The beams are assumed to have unit width. 

Subsequent numerical analysis has been carried out through extensive 

computer programs. The responses are found at the points of 

application of external excitations. In the case of force excitation, 

attention is focussed on the transverse displacement, whereas rotation 

is considered for moment excitation. The dispersion characteristics 

of sandwich beams have also been investigated with particular attention 

being given to the effects of core properties upon them. 
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2.2 Euler-Bernoulli Beams 

2.2.1 Theoreticail Approach 

The wave equation for the transverse motion of the beam is 

s: + % Stz = 0 (2.1) 

where i% is the mass/length of a unit-width beam. 

When the motion is haurmonic with frequency w, this becomes 

d'̂ w 

- k+W = 0 (2.2) 

Where k* = i%w^/EI. 

There are evidently four distinctly different values of k on the 

complex plcme, and they can be shown to be kĵ  = k, kg = ik, kg = -k, 

k^ = -tk where k = (nqaU^/EI)^/**. 

Consider the infinite beam of Figure 1(a) subjected to the harmonic 

force pQe^wt acting at x = 0. In all the subsequent work of this 

thesis, it will be assumed that the excitations and responses are 

harmonic, so the e^""^ term will usually be omitted. 

The transverse responses due to the force can be expressed as [30] 

N 

^right(*) ~ C a-n ^ (x > 0) 
n=l 

N 
^ l e f t ( ^ C ®-n G ^ ^ (x < 0) (2.3) 

n=l 

Therefore, the transverse displacement at the distance 1x1 to the 

right and left of the force cam be found to be, 

N 
w(x) = Fq E an e (-«> < x < oo) (2.4) 

n=l 
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The kn's are the wave numbers (real or imaginary for undamped 

beams and complex for damped beams) of the N waves which the applied 

force sends out in both directions, A purely real wave number implies 

a decaying motion, whereas a purely imaginaxy one defines a propagating 

motion with constant amplitude and wavelength X = Zir/k. N depends 

on the number of degrees of freedom of the cross-section of the 

structure. For an Euler-Bernoulli beam, N = 2, the freedoms being 

transverse motion cind rotation, though they are not independent. In 

this Ccise kĵ  = k, kg = tk. 

Figure 1(b) shows the infinite beam subjected to a moment Mq. 

Now, since the transverse displacements due to a nrament are 

antisymmetric with respect to the point of application, they can be 

expressed at a distance 1x1 as, 

2 

wright(x) = Mo £ bn (x 3- O) 
n=l 

2 
wieft(*) — —Mo E b j j e ' ^ (x < 0) (2.5) 

n=l 

By invoking the symmetry and antisymmetry arguments, similar 

expressions involving rotations, © = aw/9x, can be written as 

^ _v_x 
eright(x) = Fo £ Cn e " (x > 0) 

n—1 

2 
eieft(x) = -Fo t cn e"*"* (x < O) 

n=l 

2 
©(x) = Mq £ djj e (—<*> < x < o o ) (2.6) 

n=l 

The quantities described in equations (2.4) to (2.6) define the 

'Infinite-System Point Response Functions' of Euler-Bernoulli beams. 

The expressions for the coefficients a^, b^, and djj's can be 

obtained by considering the relevant equilibrium and compatibility 

conditions at the point of application of the force or moment. 
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To start with, consider Figure 2. External excitations Pq or Mq 

act at X = 0. Consider first the case when Fq alone is applied. 

The boundary conditions to be satisfied in the positive x region are: 

aw 
ax 

a'w 
= 0 and EI ^ 

x=0 

= (2.7) 
X=0 

By applying equation (2.4) they lead to two simultaneous equations, 

given as 

Fo(-kj_ai. - k^a^) = 0 

EI Fo(-ki*ai - kz*az) = % (2.8) 

The coefficients and a^ required in the analysis are 

therefore 

a^ = -l/4EIk', a^ = ta^ (2.9) 

Since the rotation, e, is aw/ax, the coefficients c^ and c^ 

corresponding to the force loading eure Cn = -k^ sin (" = 1,2), hence 

Ci = l/4EIk^, Cg = -Ci. (2.10) 

When the infinite beam is excited by the moment Mq, the first of 

equations (2.5) must satisfy the boundary conditions, 

a^w 

x=0 
wlx_0 = 0 and E I aif 

= - ̂  (2.11) 

Following similar arguments to those above, the required 

coefficients for the moment loading are found to be 

bi = -l/4EIk^, bi = -bj. 

di = l/4EIk, dz = tdi (2.12) 
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Now suppose that one finds the response at the points of 

application of excitations. By using equations (2.4) to (2.6), 

together with (2.9), (2.10) and (2.12), they can be written as 

2 
w(0)/Fo = E an = "(1 + t)/4EIk3 (2.13) 

n=l 

2 

e(0)/Fo = E Cn = 0 (2.14) 
n=l 

2 
w(0)/Mo = E bn = 0 (2.15) 

n=l 

2 
e(0)/Mo = E dn = (1 + i)/4EIk (2.16) 

n=i 

These equations define 'Infinite-System Point Receptance Functions' 

of uniform Euler-Bernoulli beams and they are complex quantities. 

2.2.2 Calculations amd Discussion 

Consider a rectangular beam with depth 'h' and excited at frequency 

'f Hz. The frequency emd the responses cure non-dimensionaJLized eis 

follows! 

ND Frequency: 2Trf(i%h*/EI)^/^ 

ND Transverse Point Receptance: (w(0)/Fo)(EI/h^) 

ND Rotational Point Receptance: (©(0)/Mo)(EI/h) 

Damping may be included through the complex flexural rigidity of 

the beam as EI(1 + tn). I = h V l 2 and n is the loss factor of the 

beam material. 

Figure 3 shows the vauriation with frequency of the magnitude of the 

receptances for two different damping values (ri = 0 and t) = 0.3). 

It can be seen that they vaxy linearly on log-log scale. The 

transverse receptance follows a trend of — 30 dB per decade. on the 
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other haind the rotational receptance goes down by 10 dB per decade. 

These cam theoretically be verified by considering equations (2.13) and 

(2.16) with k = 

The phase angles of the receptamces (i.e., phase between response 

and excitation) are considered in Figure 4. It can be seen that a 

constemt phase angle exists between response and excitation for all 

frequencies. In the case of no damping this is T r / 4 for both 

receptauces. The introduction of damping increases this phase for the 

rotational receptemce but lowers it for the transverse receptance. 

2.3 Three-Layered Semdwich Beams 

The beams which will be considered in this section have two equal, 

linearly elastic outer layers (face-plates) and a linearly viscoelastic 

central layer (core). Numerous authors have studied the response of 

sandwich structures in recent years. This section follows the theory 

developed by Mead and MaxJcus [24]. It assumes no significamt direct 

streiin normal to the thickness of the layers amd no shear strain in the 

face-plates. It therefore allows the cross-section to move aus a whole 

in the transverse direction. The longitudinal direct stresses in the 

core aure assumed to be negligible amd the rotatory and longitudinauL 

inertia effects of the face-plates aure excluded from the analysis. 

Dan%)ing is introduced through the core shear modulus in the form of 

Gc* = Gc(l + tP). 

2.3.1 Theoretical Approach 

To begin with, consider Figure 5. The intermediate steps vAiich are 

omitted here can easily be deduced by studying this figure. It has 

been shown [24] that the total shear force on the cross-section 5%, 

the total bending moment of the face-plates Mfp, and the bending 

moment M^f due to axial forces (= -N3), can be written as: 
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Sx = s, + S, - S, = Dt g -

9^w 
Mfp = Mj_ + M, = Dt — 2 

au, 
Maf = Na.d = (Eh ^ ) d (2.17) 

where d = h + hg, is the total flexural rigidity of the 

individual face-plates and in this case is given by 2(Eh'/12). U3 is 

the mid-plane axial displacement of the bottom face-plate. Subscripts 

1 and 3 refer to top and bottom face-plates respectively and 2 denotes 

the core. 

Furthermore it has also been proved that the equation of motion 

of the semdwich can be expressed in two simultaneous equations as. 

ax* ^ ax^ ^ Dt ax Dt 

D+- aw 

3%' - 9'". = -g'Y 3i (2-18) 

vrtiere mg is the total mass/area of the Whole sandwich. 

In the above equations two in^rtant parameters have been 

introduced as follows: 

g* = 2Gc*/Ehhc (shear parameter) 

Y = Ehd^/2Dt (geometric parameter) (2.19) 

Mead and Maxkus [24] have eliminated U3 from the pairs of (2.18) 

cuid have expressed the totaJL motion in terms of the transverse 

displacement w aus; 

This is satisfied by 

w(x) = An e^"^ (2.21) 
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Substitution of it into (2.20) yields 

kn® - g*(l + Y)kn* - = O (2.22) 

This is a sixth-order equation for the wave number of a three-

layered sandwich beam and is bi-cubic in k^^. There are six 

distinctly different solutions for k^ in three positive/negative 

pairs. 

Sandwich beeuns of the type being considered have three 

inter-related degrees of freedom on any cross-section. These axe 

transverse displacement w, rotation 3w/3x and the mid—plane axial 

displacements u^ (= -U3) of the face-plates. Therefore in this case 

the expressions for the 'Infinite-System Point Response Functions' and 

the 'Infinite-System Point Receptance Functions' have the same general 

form as those developed for Euler-Bernoulli beams but with N = 3. 

Now introduce 

6 
E 

n=l 
w(x) = E An e^"* 

6 ^ _ 
U3(x) = E Bn e " (2.23) 

n=l 

By substituting them into (2.18) euid ensuring satisfaction of the 
equations for all x, it can be shown that 

2(kn^^- g*) 

The positive sign convention of the forces and moments on a whole 

sandwich beam section is shown in Figure 6. We can express the 

transverse displacement in the positive x region, due to a single point 

harmonic force Fq, as 
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W(x) = Fo E an e 
n=l 

(2.25) 

The boundcLry conditions to be satisfied by this for the 

determination of a^'s are 

aw 
ax I = 0 

x=o 
Fo E -kn an 

n=l 

'x=0 = ° Fo<S?) E 
^ nil - 3') 

a n — 0 

fa 
x=o Fo Dt C 

n=l 
^n -

La (2 .26) 

Note that, the first two equations of (2,26) simplify the form of 

Sx given in equation (2.17) to that above. 

Hence, the an's can be obtained from the following matrix equation: 

-k, 

ki*-g* 

-Dtkj.* 

where r = (g*d)/2. 

-k; 

kj 
k^z-g* 

-Dtkz= 

-k, 

r — 
ka^-g* 

-Dtk,: 

aj." 0 

az 0 

1 
as 

.2, 

(2.27) 

Now consider the application of the single point moment, M^, and 

express the w in the positive x region by 

w(x) = Mo E bn e 
n=l 

-knx (2.28) 

The required coefficients, bn's, can be achieved by satisfying the 

following boundary conditions: 
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Mfp = - ^ 

3 
E 

n=l 
Mo Dt C bn = - -f 

'x=o ~ ° 

Mo C bn = 0 
n=:l 

Mo (- ̂ — ) L T 7 - ^ bn = 0 
'n:^;knz- gf) * 

(2.29) 

Since there is no axial force created, the moment due to them is 

zero. Hence, it has been assumed that the whole of the applied nrament 

is balanced by the total bending moment of the face-plates. The bn's 

can be found from the following matrix equation: 

Dtkj.^ Dt^z* Dtka* • r 1 
2 

1 1 1 0 

Y Y 1>3 0 Y 
kz* 9* ka^-g* 

1>3 0 (2.30) 

where Y = -(Eg*hd^)/2. 

Now © = aw/ax, and the rotational, coefficients can be obtained 

as: 

-n -kn a^ and dĵ  — b^ (n — 1,2,3) (2.31) 

Due to the great complexity involved in algebra, amalytical 

expressions for these coefficients will not be attempted, and the 

solutions will be achieved numerically. 

2.3.2 Calculations and Discussion 

This section first presents computed values of one pair of the wave 

numbers of three-layered sandwich beams with equaJL face-plates. It 

then studies the 'Infinite-System Point Receptance Functions' of the 

beams. The non-dimensional pairanffiters used are as follows; 
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ND Wave Number : k^ht 

ND Frequency* ; 2Trf( (mght* )/Dt 

ND Transverse Point Receptaince : (w( 0 )/Fo )(Dt/^t^ ) 

ND Rotational Point Receptance : (©(0)/Mo)(Dt/ht) 

where = 2h + 

The sandwich structures analysed in this work have frequency and 

temperature dependent core shear moduli and core damping values. The 

actual characteristics of the viscoelastic material to be used [28] are 

shown in Figure 7. Calculations carried out were conducted for 

constant temperature. For simplicity, the shear modulus has been 

assumed to vary linearly with frequency on a logarithmic basis. Gg. 

values corresponding to T = 15 °C and T = 18 °C have been determined 

from Figure 7 by appropriate interpolation. Unless otherwise stated, 

the temperature is assumed at 18®C in this study. The variation of 

core loss factor with frequency has been ignored and it has been taken 

as constant. On the other hand, in order to offer comparative results, 

on certain figures constant Gc values have been assumed. These 

correspond to the values at the extreme ends of the relevant frequency 

remges. The saiidwich is then assumed to have constant throughout 

the range. 

Pigure 8 shows the non-dimensional magnitudes for three 

non-dimensional wave numbers of the saindwich beam plotted against 

non-dimensional frequency. Core damping is zero. The beam has two 

purely real eind one purely imaginary wave number. The magnitude of the 

imaginary part is cusymptotic to the real values at the extreme 

frequencies. It has been found that at low frequencies, the beam 

behaves as a uniform beam having the properties of the v^ole sandwich 

section with a shear-rigid core. At high frequencies it acts as two 

separate beams each having the flexural stiffness of one face plate and 

the mass of half the sandwich [25]. 

*For a sandwich beam with aluminium face plates if h = 0.87 [mm], 
he = 1.1 [mm], Pc = 1000 [kg/m^], the ND Frequency is = 4.4E-05 f. 
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Figures 9 and 10 show the non-dimensional magnitudes of the wave 

numbers vrtien the core loss factor is taken as 0 = 1. Each wave 

nundser now hais both real cind imaginary parts and all of these aure 

plotted on the same graph. In Figure 10 the core sheeir modulus is 

cillowed to vaxy with frequency, starting from the fixed value of 

Figure 9. With decreasing frequency, the imaginary part of the second 

wave number aind the real part of the third wave number approach the 

same asymptote. This tendency cam also be observed between the 

imaginary part of the third and the real part of the second. The 

first wave number exhibits distinct real and imaginary parts. At high 

frequencies the roles of the first and third wave numbers reverse. 

The third one now has distinct real and imaginaury parts and the first 

one converges with the second in the above mentioned way. It cam also 

be noticed that the high frequency asymptotic behaviour moves to higher 

frequencies with increasing Gq. 

'Infinite-system Point Receptances* of the three-layered saundwich 

beams aire shown in Figures 11 and 12 for zero core damping. 

Investigation of the non-dimensional magnitudes in Figure 11 shows that 

they behave in a similar manner to the uniform Euler-Bernoulli beams 

but with variable slopes. Increasing Gg results in lowering the 

magnitudes of both receptamces. on the other hamd the phase curves of 

Figure 12 show that when Gg is low and the frequency is high, the 

relative phases become aLsyn^rtotic to the uniform beam value of 7r/4. 

2.4 Conclusions 

The dynamic behaviour of uniform, infinite, uninterrupted beams has 

been studied by considering the wave motion generated by the 

single-point external excitation. The parameters called 

•Infinite-System Point Response Functions' have been defined amd will 

be used in studying more complicated systems in later chapters. These 

are functions of wave numbers and of structural properties. They have 

been developed for Euler-Bernoulli beams and for three-layered sandwich 

beams having equauL face-plates. It hats been found that the 
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properties of the viscoelastic core greatly influence the wave numbers 

in the latter case and this change has reflected itself in dynamic 

response. 

The investigation of 'Infinite—System Point Receptances has 

revealed that even in the absence of damping they are complex 

quantities. The introduction of damping reduces their magnitudes. 

The phase between excitation and response is found to be constant with 

frequency for Euler-Bernoulli beams. In the case of sandwich beams, 

though this relation varies with frequency, it approaches a constant 

value at high frequencies. It has also been obtained that the 

inclusion of damping increases the phase difference of rotational 

receptances but reduces it for the transverse receptances for all the 

beams considered in this chapter. 

For the beam structures analysed, it has been shown that the 

coefficients required in the functions are easy to calculate. This 

feature will be utilised in the study of more complicated structures, 

provided they aire uniform. This task will be undertaken in the next 

chapter for plate structures. 
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CHAPTER 3 

LINE RECEPTANCE FUNCTIONS OF INFINITE UNIFORM PLATES 

3.1 Introduction 

This chapter extends the concept of infinite system analysis to 

the harmonic vibrations of two-dimensional structures. The plates 

considered axe of infinite length and finite width and are simply 

supported along the two opposite parallel edges which eire distance Ly 

apart. The excitation acts along a line perpendicular to those edges 

and is assumed to be sinusoidally-varying across the finite width 

(i.e., F(y) = Fq sin mny/Ly per unit length and M(y) = Mq sin mrry/Ly 

per unit length). The response varies across the width in the same 

way cuid one can readily ctnalyse the wave motion along the infinite 

direction. With this excitation and response the problem is 

effectively reduced from two dimensions to one. 

Euler-Bemoulli plates and three-layered sandwich plates with 

equaLL face-plates will be considered here. All the plates are taken 

to be uniform, flat amd rectangular. The assumptions previously made 

for three-layered sandwich beams in Chapter 2 axe equally vailid for 

the three—layered sandwich plates concerned. Sandwich plate wave 

numbers will be studied in detaiil. 

This chapter serves to complement Chapter 2, Therefore majny of 

the detailed points made in it axe omitted and only the features, 

which axe thought to be important for the better understanding of the 

plate theory will be outlined. 

3.2 Euler-Bernoulli Plates 

3.2.1 Theoretical Approach 

Let the width of the plate be Ly. Under the given excitation 

free harmonic waves can propagate of the form 
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w(x,y) = w(x) sin kyy (3.1) 

where ky = mrr/Ly and m defines the number of half-wave lengths 

across the width. 

Equation (3.1) must satisfy the plate equation 

D9*W + ph = 0 (3.2) 

where v* = a*/ax* + za^/axfayz + a*/ay*. The plate fiexurai 

rigidity D = EhVl2(l - v^). 

If one cissumes 

w(x) = 2^ e^"^ (3.3) 

then the wave numbers can easily be found as having the forms 

= {ky^ + w(ph/D)i/z}i/z 

kg = {ky^ - w(ph/D)i/z}i/z 

^3 ~ 

k* = -kg (3.4) 

Suppose the infinite plate is excited by a line force distributed 

across the plate at x = 0, in the form 

F( y) = Fq sin kyy per unit length (3.5) 

The transverse displacement in the positive x region may be 

expressed in the form 

N _ 
w(x,y) = Fg E an e " sin kyy (3.6) 

n=l 

For Euler-Bemoulli plates N = 2, as the degrees of freedom of a 

cross-section are the transverse displacement and rotation but these 

are not independent of each other. 
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The rotational response due to distributed force P(y) can be 

expressed for the positive x region as 

2 
e(x,y) = Po E Cn e~^"* sin kyy (3.7) 

n=l 

When the infinite plate is excited by the moment distributed 

across the plate at x = 0, in the form of 

M(y) = Mo sin kyy per unit length (3.8) 

the corresponding responses in the positive x region cam be written as 

2 
w(x,y) = Mo E t>n e" sin kyy 

n=l 

2 

e(x,y) = Mo E dn e"*"* sin kyy (3.9) 
n=l 

Equations (3.6), (3.7) and (3.9) define the 'Infinite-System Line 

Response Functions' of Euler-Bernoulli plates and in general they are 

complex quantities. 

The determination of coefficients can be achieved by satisfying 

the relevant equilibrium and geometric boundary conditions at the line 

of application of the excitation. This has been done in [17] in 

detail so only their final forms will be given here. 

a^ = -l/2Dkj_(ki^ - kg*) a^ = l/2Dk2(kiZ - kg*) 

bi = -l/2D(kiZ - kg*) bg = -bjL 

Ci = l/2D(ki^ - kgZ) Cg = -Ci 

d^ = ki/2D(ki2 - ka*) d^ =-kz/2D(ki2 - k^^) (3.10) 

The 'Infinite-System Line Receptance Functions' of the Euler-

Bernoulli plates are those functions determined by letting Fq = 1, 

Mq = 1 and by substituting x = 0 in ' Infinite—System Line Response 

Functions'. 
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3.2.2 Calculations and Discussion 

The number of half-wavelengths across the width, m, greatly alters 

the dynamic characteristics of plate structures. Unless defined 

otherwise, m = 1 will be taken throughout this thesis. Now assume a 

rectangular plate with thickness 'h', density ' p' and excited at 

'f Hz. In the analysis of these plates the following non-dimensional 

quantities are used: 

ND Frequency s 2irf( (ph)hVD)^/^ 

ND Transverse Line Receptance ; {w(0,y)/Fo(y) )(D/h') 

ND Rotational Line Receptance : (e(0,y)/Mo(y))(D/h) 

Damping has been introduced through the complex flexural rigidity, 

in the form of D(1 + tn). Poisson's ratio, v, is taken to be 0.3. 

The receptances have been computed for two different damping 

values (n = 0.0001 and n = 0.3) and their non-dimensional magnitudes 

are plotted against non-dimensional frequency in Figure 13. The 

•resonance peak' in the transverse receptance curve occurs at the 

•cut-on frequency of the plate. At this frequency, the plate 

resonates in its fundamental simply-supported mode across the width. 

It therefore results in the high transverse displacement. It is also 

the frequency at which one of the purely real wave numbers of the 

undamped plate becomes zero before becoming purely imaginary. Below 

this frequency, wave motion with m = 1 cannot propagate without 

attenuation. Note that the rotational receptance curve shows a 

discontinuity at this frequency. This is a kink rather than a peak. 

Inspection of the receptance phases in Figure 14 reveals that, in 

the case of very low damping and below the cut-on frequency, the 

excitations and the responses are in phase. This means that the 

•Infinite-System Line Receptance Functions' of undamped 

Euler-Bemoulli plates are purely real below the cut-on frequency. 

At that frequency the transverse receptance undergoes a sudden phase 

change of i r / 2 and then approaches the value of Tr/4 at high 

frequencies. On the other hand the phase of the rotational receptance 

stcirts from 0 at the cut-on frequency and gradually increases to Tr/4. 
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Higher damping results in an increase of rotational phaise, but lowers 

the transverse phcuse at high frequencies. At low frequencies the two 

damped plate receptances have the same phase. 

3.3 Three-Layered Sandwich Plates 

3.3.1 Theoretical Approach 

The coordinate, displacement and stress system to be used in this 

section is given in Figure 15. When the two face-plates are equal, 

their raid-plane axial displacements, u and v, are also equal but 

opposite (t.0., U3 = -Ui, V3 = -Vi). The differential equations of 

this plate has been derived by Mead [22] as, 

E afu^ . E a*Ua 2Gc* E ^ 
1 - yZ 2(1 + 1/) hhc ^ 2(1 - w) ax8y hhc ex 

(3.11) 

a^v3 . E afva 20^* _ . e aw 
ayz 2(1 + W) ax* hhc ' 2(1 - u) axay hhc ay 

(3.12) 

DtV^W - [dv^w - 2 ( | ^ + ^ ) ] - w^mgW = 0 (3,13) 

where w is the transverse displacement and U3 and V3 are the 

mid-plane axial displacements of the bottom face-plate in the x and y 

directions respectively. = az/ax* + a^/ay^ and the parameters 

d, Gc*/ mg are the same aa those defined for sandwich beams. Dt is 

the total flexuraJL rigidity of the two face-plates and 

2(EhVl2(l - y*)). 

Under the action of the distributed line force F(y) at x = 0, 

the displacements have the general form 
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6 k„x 
w(x,y) = E An e " sin kyy 

n=l 

^ k»x 
U3(x,y) = L Bn e sin kyy 

n=l 

V3(x,y) = E Cn e " cos kyy (3.14) 
n=l 

where the k^'s axe the wave numbers v^ich aire to be determined. 

If the above equations are inserted into (3.11) ajid (3.12), long 

algebraic manipulation leads to 

g*d 
= ( - 2(kn* - kyz - g*) 

Cn - ( - 2(kn: - %*= - g*) 

where g* is defined as the "shear parameter' and is given by 

3' ° <=•«> 

Substituting equations (3.15) to (3.14) one caji express u^ and 

V3 in terms of w. Further substitution of these back into (3.13) 

amd further long manipulation leads to the equation for the wave 

number k^ in the form: 

(kn* - ky2)3 - g*(l + Y)(kn^ - ky*)* - (mguVDtX^^n^ " - g*) = O 

(3.17) 

In this, Y is the 'geometric parameter" and is defined by 

Y = 3(1 + JSjZ (3.18) 

The bi-cubic form of equation (3.17) shows the existence of six 

wave numbers in the form of positive amd negative-going pairs. 
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Since the three—layered sandwich plate cross-section has the same 

three degrees of freedom as the sandwich beams of Chapter 2, its 

'Infinite-System Line Response Functions' and 'Infinite-System Line 

Receptance Functions' retain the same form of the uniform plate 

functions with N = 3. Due to the great complexity involved, the 

determination of the relevant coefficients is presented in Appendix A. 

3.3.2 Calculations and Discussion 

A three-layered samdwich plate is considered with equal face-plate 

thicknesses 'h' and core thickness 'hg' . The face-plates are of 

Young's modulus E. For computational purposes, it was assumed that 

the ten^rature is constant at T = 18°C and the core damping (3 is 

included through the core shear modulus as G^* = Gc(l + i/3). The 
/ r 

non- dimensionaJL parametes sure defined aua; 

ND Wave Number : k^ht 

ND Frequency : 2rrf( (mght* )/Dt 

ND Transverse Line Receptance ; (w(0,y)/Fo(y))<Dt/ht^) 

ND Rotational Line Receptance : (0<O,y)/Mo(y))(Dt/ht) 

where ht = 2h + h^. 

The wave number/frequency relationship of the samdwich plate has 

been investigated, taking into account the frequency dependent vsLLues 

of the core shear modulus. Figure 16 shows the results when there is 
V 6 

no damping in the viscoelastic core. Below the cut-on frquency the 

sandwich plate has three purely real wave numbers. With decreasing 

frequency two of them are asymptotic to one amother, whereas the third 

one is significantly higher in magnitude. At the cut-on frequency 

one of the two lower magnitude wave numbers becomes zero vAile the 

others remain real. At higher frequencies the zero wave number 

becomes imaginary and shows a steep increase with frequency, crossing 

the lower reaJ. and approaching the vaJ.ue of the higher real at high 

frequencies. 
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The effect of core damping on wave numbers is shown in Figure 17 

by taking (3 =1. With decreasing frequency the real parts emd the 

imaginairy parts of the second and third wave numbers converge, but the 

first one has different real ajnd imaginary parts. At high 

frequencies the real part of the first wave number and the imaginary 

part of the third converge. The second wave number is now different. 

The same holds for the imagineiry part of the first and the real part 

of the third wave numbers. The frequency characterised by the 

crossing of the real and the imaginary parts of the third wave number 

is the cut-on frequency of the sandwich plate. 

Figure 18 shows the effect of the number of excitation half-

wavelengths, m, across the plate width, by taking m = 2. Comparing 

this with Figure 17 clearly shows that the cut-on frequency is now 

different. At low frequencies the real parts of the second and third 

wave numbers have increased while their imaginary peucts have 

decreased. In the frequency region considered, at high frequencies 

chamging 'm* does not affect the wave number magnitudes. 

Infinite-System Line Receptances of the samdwich plates are shown 

in four figures. Figures 19 and 20 represent the magnitude and phase 

characteristics for the plate with very low core damping (g = O.OOOl) 

and different core shear moduli. Again as for Euler-Bernoulli 

plates, the transverse receptcmces have a peak at the cut-on frequency 

and the rotationaJL receptances have a discontinuity in Figure 19. 

Increasing reduces the off-peak magnitudes of both receptances. 

The phase relation in Figure 20 indicates that with zero damping and 

below the cut-on frequencies all the receptances are purely reaJ.. At 

the cut-on frequencies a sudden phase change of n/2 occurs as observed 

in the Euler-Bernoulli plates. At higher frequencies the sandwich 

plate with low constant Gg. value gives phase characteristics similar 

to those of an Euler-Bernoulli plate. 

Figures 21 and 22 show the effect of increasing core damping when 

the same, frequency dependent, Gg is used. Non-dimensional magnitudes 

of Figure 21 indicate that high damping reduces the magnitudes of both 

receptcinces. Figure 22 represents the phases and reveals that 

increasing the damping increases the pheise of the rotational 
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receptance but reduces the pheuse of the transverse receptance at high 

frequencies. Another point worthy of mention is that, when the core 

is damped the excitation and response are never in phase. Also in 

contrast to the Euler-Bernoulli plates, the phase of receptances of 

damped sandwich plates are not equal at low frequencies. 

3.4 Conclusions 

This chapter hau3 focussed on the dynamic response of uniform, flat 

and rectangulco: plates of finite width, infinite length, uninterrupted 

and simply-supported along the two opposite parallel edges. They are 

subjected to harmonic line excitations which are sinusoidally varying 

across the width. The generated responses have the sane width-wise 

veLCiation. The relations between response and excitation have been 

obtained and lead to the concept of the ' Infinite-System Line 

Receptance Functions'. These receptance functions have been computed 

for Euler-Bernoulli and three-layered sandwich plates having equal 

face plates. 

Propagating wave motion in the undamped plate camnot occur below 

particular cut-on frequencies. It has been observed that at these 

frequencies the line receptamce functions have large peak values or 

display discontinuities. Their magnitudes always fall off above 

those particular frequencies. In the absence of damping, the phase 

cingle between transverse response and excitation undergoes a sudden 

change of ir/2 at those frequencies. Increasing the number of 

half-wavelengths of excitation across the width results in higher 

cut-on frequencies. 

The behaviour of the wave numbers of the three-layered sandwich 

plates has also been investigated. It has emerged that in addition 

to the frequency the core properties Gc and (3 are the principal 

factors which influence the variation of wave numbers. These changes 

are reflected in the behaviour of receptance functions. Increasing 

Gc and /3 have lowered the magnitude of the response. 
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SECTim 2: DYNAMIC BEHAVIOUR OF FINITE STRUCTtmES 



CHAPTER 4 

FORCED VIBRATIONS OF UNIFORM FINITE EUIER-BERNOULLI BEAMS 

4.1 Introduction 

The dynamic analysis of finite structures is always more complex 

thaji the study of infinite structures, owing to the wave reflections 

which occur at the structural boundaries ajid discontinuities. 

The dynamic characteristics of single bay structures have long been 

studied by a variety of methods. They include the classical 

receptaiice theory, direct solution of the differential equation of 

notion, amd energy methods. Gorman developed a theory for the dynamic 

cinalysis of multi-bay beams [1] (albeit by considering the free 

vibrations) but when the number of bays get lairge (> 3 in his case) he 

assumed all the intermediate supports as being simple. Clearly this 

condition is unrealistic in practice. Ifost supports, if not all of 

them, provide constraints which further complicate the task that an 

engineer faces. 

One of the aims of this thesis is to develop an eaay-to-apply yet 

accurate, analytical method for the forced dynamic analysis of 

multi-bay finite structures. An approach is sought vAich relaxes the 

previously accepted constraints and reduces the otherwise unwieldy 

algebraic manipulations. 

When a structure is heirmonically excited at any point, the source 

sends out N waves in each direction. The waves axe reflected at 

boundaries and discontinuities. If a uniform Euler-Bernoulli beam is 

harmonically excited at a single point, two waves are sent out in each 

direction (i.e., one propagating and one near-field wave). These are 

reflected from each end and travel back to the other end of the beam. 

The total motion in the beam is therefore the sum of the motion 

generated by the known applied force as if it were acting on an 

infinite beam, together with the motion due to the four unknown 

reflected waves. The characteristic motion of the force on the 

infinite beam is related to the 'Infinite-System Point Response 
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Functions' of Chapter 2. If the beam has mamy supports each 

intermediate support applies a reaction force and/or nrament to the 

structure depending on the nature of the support. The motions 

generated by these unknown reactions have the same form sls those 

considered when studying the corresponding infinite-system functions. 

There axe still four waves reflected from the extreme ends of the beam. 

Hence the total unknowns in this case axe the magnitudes of the 

reactions at the intermediate supports and the magnitudes of the four 

reflected waves. 

Within the context of this thesis, the reflected waves are called 

' free waves•, whereas the motion generated by the excitations is 

referred to ais ' forced waves' . The relationship between them is found 

by satisfying the boundaxy conditions at the extreme ends and, if any, 

at the intermediate support locations. In this way a matrix equation 

is obtained for the unknowns and is solved numerically. Once the 

unknowns axe determined the response at any point is easily determined. 

This chapter develops the proposed theory for uniform Euler-

Bernoulli beams. In order to offer clarity and simplicity, a single 

bay beam is first studied with a variety of possible boundaxy 

conditions. After this the effects of intermediate supports axe 

investigated. The general equations of motion axe then dexived for an 

Njrj bay beam on simple supports at irregular support spacing. The 

necessary modifications for other types of support are illustrated. 

The capability of the method for dealing with multi eind combined 

forcing conditions is highlighted. The determination of resonant n»de 

shapes is explained and some axe presented, together with the relevant 

frequency response curves. The usually-overlooked problem of the 

effects of coupling between deflection and rotation at the supports is 

also considered. Both damped and undamped analyses axe undertaken by 

introducing damping through the complex flexuraJ. rigidity aa 

EI(1 + tTi). The beams axe assumed to have unit width. 
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4.2 Response of a Single Bay Beam Under a Single Point Harmonic Load 

Consider the finite beam of Figure 23(a) which is excited by the 

hcirmonic force Pq at x = Xq. The forced waves generated by the 

force together with the free waves reflected from the ends constitute 

the total motion. The transverse displacement at any point 

(0 < Xf < L) is then given by 

w(Xr,t) = f E An + Fq £ an e *rlUtwt (4.1a) 
Ln=l n=l 

Now consider the finite beam of Figure 23(b) which is excited by 

the harmonic moment Mq at Xq. The transverse displacement in this 

case is given by 

w(Xr,t) = f E An + (jm) Mo E *rl jgtwt (4.1b) 
n=l n=l 

where jm = -1 if Xq > x^, jm = 1 if x© < Xp. 

There are four unknown An's in these equations and hence four 

equations are required in order to find them. These equations are 

derived from the boundary conditions at x = 0 and x = L. Before 

these are considered it is helpful to list the expressions for the 

shear force and bending moment in the beam due to Fq and Mq to the 

right and left of Fq and Mq. They cire: 

2 
M(x) = Elw"(x) = EI(Fo E kn^ an e~ "*) 

n=l 

2 

Mright(x) = = EI(Mo E^ bn e"^"*) 

2 
Mieft(x) = Elw" (X) = -EI(Mo E kn' ̂ n e"^"*) 

n=l 

2 
Sright(x) = = EI(Fo C -kn' an e"^"*) 
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2 
Sleft(x) = Elw"' (X) = -El(Po £ -kn^ e"*"*) 

n=l 

2 

S(x) = EIW"'(X) = EI(Mo E -kn^ i>n e~ "*) (4.2) 
n=l 

where 'x' is the distance measured from the point of application of 

the excitation. 

A variety of possible end boundary conditions will now be 

considered. They will be outlined by assuming a single harmonic force 

excitation. Any modifications necessary for moment excitation can be 

carried out by considering equation (4.2) and the infinite-system point 

response functions of Section 2.2. 

4.2.1 Simply-Supported Ends 

At a simple support w = 0 and Moment = 0. Hence 

w(0) = O ; E An e*"(°) + Pq E a^ e °' = 0 
4 

E 
n=l n=l 

or 4 2 

E An = -Fo E an e (4.3) 
n=l n=l 

M(0) = O : w"(0) = 0 : E kn^ An °^ + F© E kn^ an e = 0 
n=l n=l 

so 

E kn^ An = -pQ E k^^ an e (4.4) 
n=l n=l 

Likewise w(L) = 0 leads to 

2 = - P o E ( 4 . 5 ) 
n=l n=l 
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and M(L) = O results in 

E kn^ An = -Po E an e (4.6) 
n=l n=l 

Equations (4.3) to (4.6) constitute the four simultaneous equations 

required to find the An's. In matrix form they become 

-k^ k^ -k^ 

gkL gikli g-kL g-tkL 

jc^ekL _]j2gtkL k^e —k*e"^kL 

•Ax' 

Az 

= -Po 

As 

A^ 

-kn^o 

n=l 

E kn^ an e 
n=l 

-knx, n-̂ o 

£ an e 
n=l 

-kn( L Xq ) 

E kn' a„ 
n=l 

(4.7) 

In this and all the relevant cases of this chapter, use has been 

made of the relations k^ = k, kg = tk, k^ = -k, k* = -tk. 

Equation (4.7) will be used in Appendix B to formally prove that the 

response of undamped structures is purely real. 

4.2.2 Clamped Ends 

These beams have zero displacement and zero slope at each end. 

Hence 

w(0) = O, W'(0) = O, W(li) = 0, W ( L ) = O (4.8) 

These conditions imposed upon equation (4.1a) lead to the equation 
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tk -k -tk 

gkL gtkL g-kL g-tkL 

k e ^ tke^^ -ke"^ -tke~^^ 

rA, 

A, 

— —Pf 

E .n 
n=l 

-E -kn an e 
n=l 

-knXo 

E an e 
n=l 

E -kn an e 
n=l 

-kn(L-Xo) 

-kn( L-Xq ) 

(4.9) 

4.2.3 Free Ends 

In this ccise, the bending moment and shear force at each end must 

vanish. Therefore, 

w"(0) = 0, W"'<0) = 0, w"(L) = O, w"'(0) = O (4.10) 

If ec[uation (4.1a) is set to satisfy these conditions, one can 

obtain 

k^ -k^ k^ -k^ 

-ik= -k® tk' 

ĵ 2gkXi «_]̂ Zg^kL k^e —̂ k̂ e 

jf-sgkli — _ ] c 3 e - k l j ^j^Sg-tkL 

= -Fr 

[ E kn^ an e 
n=l 

-E -kn^ an e 
n=l 

-knXo 

E k.' an 
n=l 

3 ^-kn(l"-Xo) 
E -kn^ an e 

n=l 

(4.11) 
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4.2.4 Linear Transverse Spring at Each End 

Let the spring resist the transverse displacement w by the force 

-K^w as shown in Figure 24(a). The spring force exerts a sheax force 

on the end of the beam but rotation is unconstrained. Therefore 

w"(0) = 0, w"(L) = 0 (4.12) 

and also 

EI w"'(0) = -Kt w(0) 

EI w"'(L) = Kt w(L) (4.13) 

These four conditions imposed upon equation (4.1a) lead to 

kz 

Elk'+Kt 

%ZgkL 

-k* 

-iEIk'+Kt 

-kfetKL 

k* 

-Elk^+Kt 

%2e-kL 

-kz 

iEIk'+Kt 

_%2e-tkL 

(EIk3-Kt)ekI' (-iEIk'-Kt )e^^ ( -Elk^-Kt )e-^ ( iEIk'-Kt )e-^^ 

A, 

= -P, 

£ kn^ an e 
n=l 

(-EI E -kn= an e 
-knX, n*o -knX, 

+ Kt E a* e 
n=l 

2 

E kn^ an e 
n=l 

2 

E 
n=l 

n=l 

-kn(L-Xo) 

-kn( L—Xq ) I (EI E -kn® an e - Kt E an e kn(L-Xo)) 
2 

E 
n=l 

(4.14) 

4.2.5 Rotational Spring and Simple Support at Each End 

Consider Figure 24(b). The simple supports prevent end transverse 

displacements. So w(0) = w(L) = 0. The rotational spring resists 
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rotation W by the moment Kj- per unit rotation and exert bending 

moments on the beam given by 

EI w"(0) = Kr W ( 0 ) 

EI w"(L) = -Kjr W ( L ) (4.15) 

Application of these four boundciry conditions to equation (4.1a) 

leads to 

Elk^-Krk -Elk^-iKj-k Elk^+K^k -Elk^+tK^k 

gkL gtkL e-kL e-tkL 

(EIk^+Krk)e^ (-EIk2+tKrk)e^^ (Elk^-Krk )e-^ (-Elk^-iKj-k )e-^^ 

•Ai" 

Az 

As 

E an e 
n=l 

-knX, n-̂ o 

2 2 

(EI E kn^ an - K* E -(-kn) an 
n=l 

E an e 
n=l 

n=l 

-kn( I^XQ ) 

2 
E 

n=l 

(EI E kn^ an e k n C r X * ) + Kr E -kn an e kn(L-Xo))j 

n=l 
(4.16) 

4.2.6 Point Mass at Each End 

Now consider Figure 24(c). The mass M which hais no rotational 

inertia is added at an otherwise free end. Therefore M(0) = M(L) = 0. 

The inertia force on the mass is -w^Mw and this creates a sheax force 

on the ends of the beam. We see 

EI w'"(0) = Wa)2 w(0) 

EI w"'(L) = -Mo)^ w(L) (4.17) 
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These four boundeiry conditions lead to 

kz 

ElkS-MwZ 

-k* 

-iEIk'-Moj^ 

—k^e^^ 

kz 

-ElkS-Ww* 

%Ze-KL 

-k^ 

iEIk^-MojZ 

_]^Ze-tkL 

(EIkHWu2)e^ (-iEIk^McjZ )e^^ (-Elk'+Mw^ )e-^ (tEIk^^+Mw^ )e -tkL 

A, 

E kn^ an e 
n=l 

-kmX 

2 2 
(-EI E -kn' an e~^"*° - E an e 

n=l n=l 

E kn^ an e 
n=l 

-kn( L"Xo) 

. (EI E -kn^ an e E an e kn(&-Xo)) 

n=l n=l 
(4.18) 

4.2.7 Determination of Magnitudes of Free Waves and Resonant Modes 

Any one of the complex matrix equations (4.7), (4.9), (4,11), 

(4.14), (4.16) and (4.18) can be solved for the An's in terms of Pq. 

Once the An's are known for a given frequency, the mode of vibration 

w(Xr) can be calculated for any x^ using equation (4.1a). The same 

equation can also be used to determine the frequency response. 

4.3 Response of Multi-Bay Beams 

4.3.1 Simply-Supported Multi-Bay Beam 

Consider an % bay finite uniform Euler-Bernoulli beam 

represented by Figure 25. Since the intermediate single supports 
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supply unknown transverse forces, their magnitudes need to be 

determined. This is achieved by satisfying the boundary conditions at 

each of the % - 1 intermediate supports. As sm illustrative example, 

consider the support at x = X3. The displacement at this point, due 

to all the intermediate support reactions Rj (j = l, % - ! ) , the 

extemcil force Fq and the waves reflected from the ends, is 

W(X,)= £ An + f, E e""" ' 
n=l n=l 

+ \ Rj E an (4.19) 
j=l n=l 

Similar expressions cam be written for the other Nb - 2 

intermediate supports. Since these supports do not deflect, the 

corresponding equations should be set to zero. This yields Nj, - 1 

equations. Another four equations Ccui be written down to e^qpress the 

boundary conditions at the extreme ends of the simply-supported beam. 

They axe the modified versions of equations (4.3) to (4.6) which now 

also include the effects of the intermediate supports. In this way 

equation (4.3) can be rewritten cis: 

w(0) = 0 : E An + E Rj E an e~^"*3 = -p^ E an e (4,20) 
n=l j=l n=l n=l 

Altogether we now have 1% + 3 equations for % + 3 unknowns 

(Nb - 1 Rj's and 4 An's). The Rj's and An's are found by 

numerical solution of the fineil matrix equation. 

The transverse displacement at x^ on the beam is now found from 

w(xr) = E An e^"Xr + p, [ a* e'^nlXo-Xrl 
n=l n=l 

E a „ e - ' = n " = r - r l ( 4 . 2 1 , 

j=l n=l 
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4.3.2 Beams with Different Intermediate Conditions 

A number of different types of intermediate supports are now 

considered. Also analysed is the case where point masses are attached 

to a singly-supported beam. 

4.3.2.1 The Linear Transverse Spring 

Suppose that the support at Xj is elaistic, requiring a transverse 

force of Kt to produce unit w( Xj). When the beam moves vertically 

by w( Xj ) the reaction force from the spring is Rj = -Ktw( Xj ). The 

displacement of the beam at Xj is given by equation (4.19) with x^ 

set to Xj. Substituting equation (4.19) into this reaction force 

equation cund rearranging, one obtains the modified boundary condition, 

for the j'th intermediate support 

E An + ""c' R, E 
n=l fl=l n=:l 

tTij 

+ E a„ + -i) = -P„ E (4.22) 
n=l ^ n=l 

Each of the remaining % - 2 intermediate supports yields an 

equation of similar form. Allowemce is easily made for each support 

having a different stiffness. Four more boundary conditions relating 

to the ends at x - o and x = L cam be written down (e.g., equations 

(4.4), (4.6), (4.13) but during setting-up of their modified versions, 

the contributions of % - 1 intermediate supports should also be 

considered) so that a matrix equation of order % + 3 cam be set up 

for the + 3 unknowns. This can be solved numericcilly to yield the 

unknown Rj's and A^'s. Once the unknowns are found, the required 

response Ccui be found again from equation (4.21). 
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4.3.2.2 The Point Mass 

Suppose that a simply-supported uniform Euler-Bernoulli beam of 

length L has % - 1 masses attached to it at irregular intervals. 

Further aasume that these maisses, M's, have no rotational inertias. 

When the beam vibrates under the influence of Pq these masses apply 

vertical forces on the beam given by Rj = Xj) at points of 

attachment Xj ' s. Substituting the beam transverse displacement w{ Xj ) 

from equation (4.19) by setting x, to Xj in it, to the above 

equation and rearranging, the modified boundary condition for the j'th 

mass location can be found to be 

£ A. a, [ a-knlx,-*]! 

n=l fi=l n=l 

+ R3< E an . -p. I (,.23, 
n=l n=l 

Similar equations can be written down for the other 1% - 2 mass 

locations. If the masses are different their appropriate values should 

be used in corresponding equations. Since the ends are 

simply-supported the required boundary conditions for the determination 

of free waves eire the modified versions of equations (4.3) to (4.6). 

Their new forms must include the effects of the reaction forces due to 

masses (e.g., equation (4.20)). Altogether we again have % + 3 

equations and % + 3 unknowns. The unknowns A^'s and Rj's can be 

found by the numerical solution of the final matrix equation and 

equation (4.21) gives the transverse displacement at any Xj- on the 

beam. 

4.3.2.3 Combined Effects of the Rotational and Transverse Springs 

Now let there be also a rotational spring at the support in 

addition to the linear spring K f % is its rotational stiffness 
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and is the moment required to produce a unit W (xj). This now 

introduces an additional unknown reaction applied on the beam given by 

Mj = -Kj- w'(Xj). Mj must satisfy the rotational boundary condition at 

Xj. Suppose each support has a rotational spring. Each reaction 

moment Mj amd each reaction force Rj generates a displacement and 

rotation at the support Xj, and these are given by the infinite-

system point response functions. Summing these axid adding the 

contributions from Fq and the four free waves from the ends enables 

an expression for w'(Xj) to be obtained. Putting -Mj/K^ = W ( X j ) 

(from above) and rearranging, one obtains 

E kn An + (jk) \ Rj E c^ 
n=l 4=1 n=l 

E a. + R) E 
mn=l n=l n=l 

mn?ij 

+ Mj( E dn + -1) = -(ij)?* E Cn (4.24) 
n=l ^ n=l 

where jj = -1 if Xq > Xj, jj = 1 if < Xj 

jk = -1 if xj > Xj, j% = 1 if X£ < Xj 

It must be remembered that, if the supports have different K^'s, 

their appropriate values should be utilized in setting-up of equation 

(4.24). 

The sign of Rj is actually irrelevant in this rotational equation 

as, in the absence of coupling, a transverse force produces no rotation 

at its point of application. This can also be seen from equation 

(2.14). However Rj is included in equation (4.24) to preserve the 

form which involves all the unknowns. By pursuing a similar argument, 

it can be concluded that in the corresponding displacement equation Mj 

makes no contribution to the displacement boundary conditions at 

support Xj. The condition at that support can be shown to be 
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E R, r a„ 
n=l fi=l n=l 

+ (jn) \ Mjnn £ e *i' + Mj L b* e *"'*] *i' 
mn=l n=l n=l 
mnjij 

+ Rj( E an e *i' + -^) = -Fo E 3^ e *"'** *i' (4.25) 
n=l ^ n=l 

where jn = —1 if 3%in > Xj, = 1 if *• *j • 

By considering equation (2.15) it can be seen that the coefficient 

of Mj in this must be zero. 

This general case leads to a matrix equation having the order 

2(Nb + 1). Satisfaction of the transverse and rotational equilibrium 

and compatibility conditions at the (1% - 1) intermediate supports 

leads to 2 ( % - 1) equations involving 2(Nb - 1) unknowns. The 

determination of four free-waves requires the appropriate applications 

of the relevajit boundary conditions of Section 4.2. The 2(Nb + 1) 

equations can numerically be solved for the An's, Rj's and Mj 's. The 

transverse displacement at any x^ caji then be found as: 

w(Xr) = E An e^"*^ + Pq E an e ^nl^o *rl 

n=l n=l 

j=l n=l 

+ (jk) Mj E bn eT*"'*]"**' (4.26) 
j=l n=:l 

where jx; = -1 if Xj > x^ and j^ = 1 if x-i < Xv 

The rotational response w'(Xr) can easily be found from equation 

(4.26), by replacing An's with knAn's, an's with Cn's, bn'® with 
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dn's and by considering the appropriate signs of the relevant 

functions. 

4.3.2.4 Effects of the Coupled Motions of the General Support 

Now, cussume that the support at Xj is asymmetric. In this case 

the force acting on it creates rotation W (xj ) and the moment 

Mxj induces the transverse displacement w(Xj). This support may be 

characterized by a symmetric linear stiffness matrix (static or 

dynamic), through the equation. 

.M, 

TCt Kc 

Kc Kr 

W( X j ) 

l W ( X j ) J ( 4 . 2 7 ) 

Rearranging this, one can find that 

W(Xj ) 

Ktot KtOt 

v,.(Xj) = - R + Mx;. 

KtOt ^ KtOt ^ 

(4.28) 

WllGlT© ^tot " Kc*. 

NOW, because of the equilibrium of the forces and moments at Xj, 

X̂-i y and Mx. -Mn Put the expressions for w(xj ) and w'(Xj) 

in terms of Pq, the Ar's, Rj's and Mj's into the modified (4.28). 

They yield the two boundary condition equations corresponding to 

support Xj. These have the same forms as equations (4.24) amd (4.25) 

but the coefficients corresponding to 

in equation (4.24) to 

and M-i should be changed 

Rj( E cn e 
n=l 

-knixj-xjl _ Kg ^ 

Ktot 

E dn + - f - ) 
n=l Ktot 

(4.29) 
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and in equation (4.25) 

E + - 5 r - ) 

n=l Ktot 

n=:l Ktot 

(4.30) 

AS can be seen, the motion coupling does not introduce any extra 

unknowns. 

4.4 Response of Beams under Multi-Point Excitation 

Consider once more the single bay beam of Figure 23(a). suppose a 

moment of magnitude Mq also acts at x^. If the ends are simply-

supported the resultant matrix equation for the A^'s can be shown to 

be: 

ekL 

%zekl, 

-kz 

gt-kL 

_jj2etkL 

k^ 

-kli 

-kz 

j^-Zg-kL -k^e 

-tkL 

-tkL 

fA, 

A, 

E an e 
n=l 

-knX, n*o Mo E bn e 
n=l 

-knX n*i 

E kn^ an e - Mo E kn' bn e 
-knX 

n=l 

2 
E 

n=l 

2 

n=l 

2 

E e + M. E s* 
n=l 

Po c kn^ an e 
n=l 

2 
E 

n=l 

-kn(L-Xo) + E kn^ bn e *n(IrXi) 

(4.31) 
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Again the terms relating to the known external forces appeair on the 

right hemd side and those relating to the four unknown free waves are 

contained on the left heind side. Notice that the left hand side of 

equation (4.31) is identical to that of equation (4.7). Any other 

external forces or moments can likewise be included in the problem 

simply by adding extra terms to the right hand side. The left hand 

side remains unchamged. This is true for the beam on a pair of simple 

supports or on multiple supports vrtiich provide elastic emd inertial 

constraints. 

4.5 Calculations and Discussion 

Various multi-bay beams, having different support conditions, have 

been studied through computer ceilculations. The following 

non-dimensional quantities are aJlso used. 

ND Frequency; 2iTf(nqhjXb*/EI )^/^ 

ND Inertance : (w/Fo)ph(Xb) (Inertance = Acceleration/Force) 

ND Transverse Stiffness RT s (Kt(Xb)')/EI 

ND Rotational Stiffness KR s (%(Xj,) )/EI 

ND Stiffness Coupling KC : (Kc(Xb)Z)/EI 

where % is the equi-distant bay length and w = -w^w. 

The supports are assumed to have stiffnesses but no inertia. Any 

inertia chaxacteristics can conveniently be included by using the 

dynamic stiffness concept. 

In order to verify the method, it hcus first been applied to some 

simple cases where results from previous investigations are available. 

Two uniform Euler-Bernoulli beams, having three and six equi-length 

bays, axe considered. In both cases the intermediate supports are 

taken ais simple supports, whereais the extreme end conditions are in 

turn made (i) Simply-Supported, (11) Clamped, (iii) Free. Excitation 

is provided by a single harmonic force. Frequency response curves 

have been computed by using equation (4.21). These apply to beams 

with n = 0.001. The transverse haxmonic force is assumed to act at 
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one-fourth of the total beam lengths. Figures 26 and 27 give the 

transverse responses in terms of non-dimensional direct inertances 

against non-dimensional frequency for three aind six-bay beams, 

respectively. The natural frequencies were identified by very 

precisely locating the frequencies for peak response with n = 10~®. 

The values obtained are compared in Tables 1 cind 2 with the natural 

frequencies quoted in [31] for three and six bay beams respectively. 

It can be seen that, on the whole, the agreement reached is impeccable 

with a maximum difference of 0.2%. 

The undamped modes of forced vibration at the resonance frequencies 

of the three-bay beam have also been computed and axe presented in 

Figures 28 to 30 in normalized form. Even though the beam is forced 

at the middle of the first bay (Xq = L/6) the mode shapes are 

independent of the point of application of the excitation. It can be 

seen that the odd-numbered modes aire symmetric with respect to the 

centre of the beam and the even-numbered ones are antisymmetric. This 

well known fact [1] is due to the structure having an odd number of 

equi-length bays. If it had an even number of bays, the reverse of 

the statement applies. 

The damped mode shapes of the three-bay beam with all supports 

being simple are plotted for the lowest resonance frequency and 

presented in Figure 31. Forcing in turn is applied at the middle of 

the first bay (Xq = L/6) and the second bay (Xq = V 2 ) . The cases 

correspond to ^ = 0.3. These illustrate the effect of the point of 

application on damped structure response. As cam be seen, the 

response levels fall off with distance from the source and are no 

longer symmetric about the centre if the excitation is off-centre. 

These can be explained on the grounds that the inclusion of damping 

results in waves which have complex wave numbers and attenuate as they 

travel away from the source or back from the supports. 

The three-bay beam is next allowed to have identical general 

supports, which provide both transverse and rotational flexibilities at 

each end and at the two intermediate support locations. Motion 

coupling at the supports is excluded from the analysis. The direct 

transverse responses are computed by using equation (4.26) and 

50 



presented in the form of non-dimensional inertajices. Force is applied 

at one-fourth of the beam length. Material loss factor is n = 0.001. 

First investigated is the effect of changing the transverse support 

stiffness on the response. Two cases corresponding to KT = lOOO and 

KT = 10000 aire studied. The value of rotational stiffness is KR = 1 

in each case. Figure 32 represents the responses against the 

square-root of the non-dimensional frequency. Then the transverse 

stiffness is kept constant aus KT = 10000 and the cases corresponding 

to rotational stiffnesses KR = 1 and KR = 10 are considered. Their 

responses axe given in Figure 33 against the non-dimensional frequency. 

These figures show that the resonance frequencies increase as the 

elastic constraints increase. The undamped nrade shapes corresponding 

to the resonance frequencies of the case KT = 10000, KR = 10 are 

obtained again by using equation (4.26) and are given in Figure 34 in 

normalized forms. The inclusion of the stiffness coupling (Kg.) has 

been found to reduce the resonance frequencies, though not appreciably. 

Its effect on the mode shapes has been hardly visible. 

4.6 Conclusions 

This chapter heis analysed the forced vibrations of the single and 

multi-bay finite uniform Euler-Bernoulli beams by introducing a new 

approach. 

The total motion in the beam heis been defined in terms of free and 

forced con^nents. In multi-bay beams, each intermediate support has 

been assumed to supply excitation(s) with unknown magnitude{s). In 

this way, the beam has been viewed as being under the influence of 

multiple excitations each of which generates a 'forced' wave field. 

Their wave fields have been taken to be those of the infinite-system 

point response functions of the infinite uninterrupted beam. The 

so-called 'free' waves are those v^ich axe reflected from the extreme 

ends of the beam and their magnitudes are found by considering the 

boundary conditions at the extreme ends in conjunction with the 

relevant boundary conditions at the intermediate support locations. 

Altogether these boundary conditions permit the determination of the 

unknown reaction forces and/or moments and the free wave magnitudes. 
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The resultant simultaneous equations have been put into a matrix form 

cind solved numerically. 

The developed method hais been verified by comparing the resonance 

frequencies obteiined for very lightly damped beams with natural 

frequencies in existing literature. Due to the scsorcity of existing 

results, only a few and relatively simple cases have been considered 

but remarkable agreement hais been obtained. The responses of various 

multi-bay beams have then been investigated with particular attention 

being given to the effects of damping and the support characteristics. 

It has been demonstrated that the proposed method possesses some 

novel features. It conveniently incorporates any number and 

combination of excitations. It relaxes the possible restrictions 

lapsed on the type and spacing of the intermediate supports and can 

easily include their individual dynamic chaoracteristics. Furthemmre 

it also allows each support condition to be different. 
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CHAPTER 5 

FORCED VIBRATIONS OF UNIFORM FINITE SANDWICH BEAMS 

5.1 Introduction 

This short chapter details the forced vibration cinalysis of a 

single-bay three-layered saindwich beam under the influence of a 

transverse harmonic force. Such beams have been investigated in 

Section 2.3. The assumptions made in that section and the 

derivations which have been undertaken still apply in this chapter auid 

will not be repeated here. 

The analytical method is the one which has been developed in 

Chapter 4. This chapter concentrates purely on the theoretical 

considerations and sets up the corresponding six simultaneous equations 

for simply-supported, claii®)ed-clamped and free-free beams. 

5.2 Response of a Single Bay Three-Layered Samdwich Beam 

£}ipressions for the displacements, rotation, sheaar force and 

bending moments in the sandwich beam have been ejqjlicitly detailed in 

Section 2.3. The 'Infinite-System Point Response Functions' due to a 

force have also been given in that section for the transverse 

displacement and rotation. Other relevant quantities are found to 

take the following forms: 

Sx,right(*) — E —kn r^ a^ e (5.1) 
n=l 

Sx,left(*) - ~Sx,right(*) (5.2) 

Mfp( X) = Fq E kn^ a.n ® (5.3) 
n=l 

3 
Maf(x) = Fo (-Ehd) E Yn k^ a^ e"^"* (5,4) 

n=l 
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3 
U3,right(x) = Po C ^ ^ (5'5) 

n=l 

U3,left(K) - ~"3,right(*) (5.6) 

where x is the distance meeisured from Fg and 

Fn = Dtkn^ - (Gc*dz/hc) (1 + g*/(kn* - 9*)) 

Yn = (kn/(]cn^ - 9*)) (9*d/2) 

5.2.1 Boundary Conditions for Simply-Supported Ends 

Suppose that the sandwich beam has a length L and the force Fq 

acts at Xq. The required boundary conditions and their parametric 

forms can be written as: 

6 3 
w(0) = O : E A n + Fo C a^ e ^ o _ ^ (5.7) 

n=l n=l 

(-6 3 -
Mfp(O) = 0 : Dt E An + Po E kn^ an e " °| = 0 (5.8) 

n=l n=l 

Maf( 0) = 0 ! (-Ehd)f E Yn kn An + Fo E Yn kn = o (5.9) 
n=l n=l 

Maf(L) = 0 : (-Ehd)f E kn An + Po C Yn ^n an e *n(L-Xo)l = o 

(5.10) 

6 3 
Mfp(L) = O : Dtf E kn^ An + Fq E ^n = 0 (5.11) 

'•n=l n=l 

w(L) = 0 : E An + Fq E an e ^n(^Xo) _ q (5.12) 
n=l n=l 
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These equations can be expressed in the matrix form of 

[C]{An) = Po{D}. The six unknown free wave magnitudes can be computed 

numerically. Once they are found, the transverse response at any 

point Xf (0 < Xf < L) Ccin be determined as: 

*'(%?)= C + P* C a n e *=! (5.13) 
n=l n=l 

5.2.2 Boundeiry Conditions for Clamped Ends 

In addition to equations (5.7) and (5.12), this condition requires 

that the rotation, 8 = aw/ax, and the axial displacement, U3, at each 

end must be zero. These conditions aire expressed by: 

6 3 X 
0(0) = 0 : E kn An - Fo E e " ° = O (5,14) 

n=l n=l 

U3(0) = O : f- E YN AN - FO C YN ^N e = 0 (5.15) 
n=l n=l 

U3(L) = 0 : (- E Yn An e^"^ + Fq E Yn an e = 0 (5.16) 
H—3. n~x 

0(1.) = 0 : F E K N A N + F O E CN E = 0 ( 5 . 1 7 ) 

n=l n=l 

Equations (5.7) cind (5,12) together with equations (5.14) to (5.17) 

can be Ccist into a matrix form and solved for the An's. Equation 

(5.13) can then be used to obtain tremsverse response w(Xr). 

5.2.3 Boundary Conditions for Free Ends 

The free condition requires all the forces and nraments acting on 

the end section to be zero. Moment boundary conditions are given by 
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equations (5.8) to (5.11). The total shear force at either ends can 

be expressed as: 

6 3 
Sx(0) = 0 : E kn Tn An + Po E kn ^n e = 0 (5.18) 

n=l n=l 

-kn^o _ 

6 3 

Sx<L) = 0 : E kn Tn An - Po E k* Fn an = 0 (5.19) 
n=l n=l 

Again a 6 x 6 matrix equation can be set up for the An's and they 

can be computed. Equation (5.13) can then be used to determine the 

response at any point x^ on the beam. 

5.3 Conclusions 

This chapter has outlined the necessary theoretical background for 

the analysis of the forced vibrations of single-bay, three-layered 

sandwich beams with classical boundary conditions. The developed and 

proven analytical method of Chapter 4 has been utilized to solve a 

considerably more complicated problem. Full attention has been given 

to the difficult boundary conditions of the sandwich beam. The theory 

presented can easily be extended to multi-bay sandwich beams, simply by 

following the relevemt sections of Chapter 4. 

No computed results are given for sandwich beams. The theory 

which has been presented is intended as a pre-cursor to the theory emd 

calculations of Chapter 6 Which relate to a two-dimensional sandwich 

plate. 
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CHAPTER 6 

FORCED VIBRATIONS OF UNIFORM FINITE STIFFENED PLATES 

6.1 Introduction 

Stiffened plate structures are widely used in aircraft and are 

often subjected to intense acoustic loading. A knowledge of natural 

frequencies and normal modes of vibration of such structures is 

essential in the study of acoustic fatigue failure. 

Various authors have studied the dynamics of stiffened structures. 

Kirk [2] obtained the natural frequencies of transverse vibration of 

rectemgular plates which had stiffeners parallel to one edge. He later 

[3] determined the ratio of the fundamental natural frequency of a 

rectangulax plate having a single stiffener to the fundamental natural 

frequency of the unstiffened plate of equal mass. 

The earliest attempts at emalysing the response of a multi-bay 

stiffened structure were based on the normal mode approach, but this 

became extremely tedious when the number of bays was large. Lin 

proposed a model consisting of a row of flat plates supported by open 

section stringers between two frames to represent am aircraft fuselage 

[4]. He initially considered each stringer (stiffener) and each panel 

(bay) to be different. For cin 'Nb' bay plate he set up a matrix 

equation of order and showed that the natural frequencies of these 

structures fall into groups. By assuming each bay to be identical Lin 

was able to predict the limiting frequencies and modes of each group as 

Nb became infinite. In this study Lin modelled the stiffeners by 

considering the dynamics of open sections [5]. Later Lin et aV [6] 

employed a finite difference method to predict the natural frequencies, 

but not the modes of a multi-bay plate with identically constructed and 

evenly spaced stiffeners. Each bay element was taken to be equal to 

the others. They only considered some speciaJL claisses of stiffeners 

which provided finite constraiints either in transverse motion or 

rotation. Mercer Qt al [7] developed a transfer matrix approach to 

study both natural frequencies and mode shapes of stiffened plates. 
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Their "technique allowed for individual bay and stiffener 

c]fiaracrteris'tics to be different but suffered from mathematical 

instability. Sen Gupta developed a graphical method to determine the 

natural frequencies of finite multi—bay beams [11]. He made use of 

propagation constants of the infinite periodic structure (a concept 

which will be analysed in chapter 7) and obtained the frequencies for 

the cases where the extreme ends of the structure either had simple or 

clamped supports. intermediate supports were assumed as simple and 

the bays were taken as equal in length. He later extended his theory 

to skin-stringer structures [12] where the extreme ends were either 

clamped or having half the stiffener. Cases considered were confined 

to those of [6]. In all these attempts the frames have been modelled 

as simple supports. This has been justified on the grounds that if 

the aspect ratio of the bay (frame spacing/stiffener spacing) is 

greater thcui two, the frames have little effect on the frequencies. 

All the cLbove—mentioned theoretical models apply to the study of 

free vibrations of the structures. A new approach will be presented 

in this chapter which analyses the harmonically forced vibrations of 

Euler—Bernoulli plates and three—layered sandwich plates having equal 

face-plates with multiple stiffening. All the plates are assumed to be 

uniform, flat and rectangular. The free vibration characteristics are 

readily deduced from the forced vibrations of the undan®>ed structures. 

In this approach, the plate of finite length L is mounted along 

one pair of edges on fraitffis which are at a distance Ly apart and are 

assumed to provide simple supports. A set of stiffeners is attached 

to the plate normal to these edges. A spatially sinusoidal line force, 

F(y) = Pg sin mtry/Iiy per unit length, acts across the uniform plate 

and sends out N waves to either side. These are the waves studied in 

Chapter 3 where it was shown that N = 2 for uniform, flat, rectangular 

plates and N = 3 for uniform, flat, three-layered sandwich plates. 

When one of these waves encounters the plate boundary at its extreme 

end, it is reflected in the form of two free waves back to the other 

end. As in the beam problems of Chapter 4, the magnitudes of these 2N 

free waves constitute some of the unknowns of the problem. Any 

stiffeners acting across the plate impose line forces and moments on 

the plate which also send out N waves in both directions. The total 
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plate motion due to all of these wave systems must satisfy the boundary 

conditions at the extreme ends of the plate, as well as the equilibrium 

and compatibility conditions at each stiffener location. Satisfaction 

of all of these conditions leads to a set of equations in the various 

unknowns vrtiich are sufficient to determine the complex amplitudes of 

the unknowns. When these have been found, the response at any point 

on the finite stiffened plate can be computed. 

The method developed in this chapter also determines the natural 

frequencies and mode shapes of the plates. Each bay may be of 

different length and each stiffener may have different characteristics. 

The theoretical analysis is carried out for a single transverse 

distributed line force but any number and/or type of such forces can 

easily be included. Even though the method will be outlined for 

multi-bay plates, it is equally applicable to the forced analysis of 

single bay plates. 

6.2 Euler-Bernoulli Plates 

6.2.1 Theoretical Approach 

To begin with, consider Figure 35. It represents an bay finite 

Euler-Bernoulli plate of length L, width Ly. It has - 1 

stiffeners and a single externally applied harmonic line force F(y,t) = 

pQ sin mjry/Iiy e^^t pgr unit length acts on the plate at (Xo,y); m = 1 

is illustrated. The plate harmonic transverse displacement at any 

distance x' from the force due to that force alone is given by 

2 
w(x,y,t) = Fq E an e sin kyy e^"'^ (6.1) 

n=l 

where the terms have their usual meanings as described in Section 

3.2.1. The method of determining the wave numbers, k^, wais aJLso given 

in the same section. 

The stiffener at location (Xj,y) reacts against the plate motion 

and exerts on the plate a distributed line force, Rj sin kyy per unit 

length, together with a distributed line moment, Mj sin kyy per unit 
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length. These reaction forces create their own forced wave fields, 

identical in form to the infinite-system line response functions given 

by Equations (3.6), (3.7) and (3.9) but proportional to the unknown 

reactions Rj's and Mj's. When the total motion due to the externally 

applied force and the stiffener reaction forces and moments impinges on 

the extreme x-wise ends, a pair of waves is reflected from each end. 

The transverse displacement due to these four reflected waves is given 

by 

w(x,y) = E An e " sin kyy (6.2) 
n=l 

The total transverse displacement at any (x^,?) can then be found 

to be 

w(Xr,y) = ( E An e^"*^ + E Rj E e 
n=l 3=1 n=l 

% - l 2 

+ <JJ) E Mj £ bn 
j=l n=l 

2 
+ Pq E an e ) sin kyy (6.3) 

n=l 

where jj = -1 if Xj > x^, jj = 1 if Xj < x̂ -. 

There are 2(Nb+l) unknowns in this equation ((Nj^-l) Rj's, (N^-l) 

Mj's and 4 An's). These are found from the group of equations set up 

by considering the boundary conditions at the extreme ends and at each 

stiffener location. In this study the finite Euler-Bernoulli plate is 

assumed to have (i) Free Ends and (ii) Ends supported by the 

stiffeners. The first case is selected, because the plate which wais 

analysed during the experimental stages of the study had that type of 

edge conditions. The second case is included because it provides the 

ultimate condition. 

Now consider Figure 36 which shows the positive sign convention 

followed in the analysis of Euler-Bernoulli plates. The bending 
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moment amd the effective shear force on a uniform plate section are 

well known to be (i.e., Kirchhoffs boundary conditions) 

Seff = + (2 - I/) per unit length (6.4) 

Mxx = + V 0 } per unit length (6.5) 

Due to a line force Rj sin mrry/Ly and a line moment Mj 

sin rniry/Ly, the bending moment emd the effective shear force at a 

distance x from Rj and Mj are found to take the following forms 

^ -knX 
Seff,right(x,y) = -Rj E An a^ e " sin kyy (6.6) 

n=l 

2 
Seff,left<X'y) = Rj E An an e"*"* sin kyy (6.7) 

n=l 

2 
Seff(x,y) = -Mj E An bn e" sin kyy 

n=l 

An = D kn (kn* - (2 - v)ky^} 

SPn = DCkn* - vky^). 

(6.8) 

2 
Mxx(x,y) = Rj E fn e'*"* sin kyy (6.9) 

n=l 

2 
Mxx,right(X,y) = Mj E *n e"*"* sin kyy (6.10) 

n=l 

2 
Mxx,left(3C,y) = -Mj E »n ^n si" kyy (6.11) 

n=l 

In these 
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When the plate has free x-wise edges, Sgff and M^x due to the 

whole set of free and forced waves should be zero at both ends. The 

end boundcury conditions are then given by 

4 Nb-1 2 
Seff(0,y) = 0 : { n An An + E Rj E An an e " 3 

n=l j=l n=l 

]%-l 2 
- C Mj n An bn e " i} sin kyy 

j=l n=l 

= -(Fo E An an sin kyy (6,12) 
n=l 

Mxx(0,y) = 0 : { E "Pn An + E Rj E 'i'n an e " J 
n=l j=l n=l 

% - ! 2 
- E Mj E *n bn e " 3} sin kyy 

j=l n-1 

2 

-(Po E $n an ) sin kyy (6.13) 
n=l 

Mxx(L,y) = 0 : { E *n An + E Rj E *n e 
n=l j=l n=l 

+ ^ E Mj E *n bn e ^n(I^*j)j g^n kyy 

j=l n=l 

= -(Fo E % an e gin kyy (6.14) 

n=l 

62 



Seff(L,y) = 0 : { C An An Rj E An an e 
n=l j=l n=l 

1 2 . . _ . 
- E Mj E An bn e " i ) sin kyy 

j=l n=l 

2 
(-Fo E An an sin kyy (6.15) 

n=l 

If the plate extreme x-wise edges sure elastically supported, it can 

be deduced from Figure 37 that the boundary conditions become 

Seff(O'y) = -Kt w(0,y) 

Mxx(0,y) = Kr W(0,y) 

Seff<L,y) = Kt w(L,y) 

Mxx(L,y) = -Kr W(Ii,y) (6.16) 

The first of Equations (6.16) cem be shown to be 

• ^ 2 Nb-1 2 
{ E An An + E Hj E An an e " 3 - E Mj E An bn e " 3} 
• n=l i=l n=l j=l n=l 

4 Nb-1 2 Nb-1 2 X -1 
+ Kt { E An + E Rj E an e " ] - E Mj E bn e " 3)j sin kyy 

n=l j=l n=l j=l n=l 

= -Fo{ E An an e + Kt E an e sin kyy (6.17) 
n=l n=l 

In cuJdition to the end boundary conditions, one needs 2(Nt, - 1) 

more equations for the remaiining 2(t^ - 1) unknowns. These are 

satisfied by considering the equilibrium and con^tibility conditions 

at the (Nb - 1) stiffener locations. 
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The stiffener transverse displacement and rotation and the 

sinusoidal distributions of force and moment per unit length acting on 

it axe related by 

[Kt Kc 

Kc KrJ 

w(Xj,y) 

LW{Xj,y) 
sin kyy (6.18) 

where the transverse stiffness K^, rotational stiffnes % and the 

stiffness coupling are derived in Appendix c. 

Now because of the equilibrium of the forces and moments at line 

(Xj^y)' Rxj = -R] and = -Mj. Hence it cam be obtained through 

equation (6.18) that 

w(Xj,y) = ( Rj + -5s_ Mj ) sin kyy 

^tot Ktot 

w'(Xj,y) = (+ Rj S ; Mj ) sin kyy 

^tot Ktot 

(6.19) 

where = KtKj- - Kc*. 

The transverse displacement emd rotation of the stiffener at (Xj,y) 

are equal to the transverse displacement and rotation of the finite 

plate due to externally applied force Pg, the free waves A^'s and 

the intermediate support reactions Rj's and Mj's. The total 

transverse displacement of the plate can be obtained from equation 

(6.3) by setting x^ to x j. In this way, it cem be found that 

compatibility of transverse displacements at the stiffener location 

<Xj,y) gives 
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[ c A„ + T ' E, I •„ + R3< I a„ 
n=l J=1 n=l n=l 

fi?sj 

+ ^ b L _ ) + Mb] C b n e k n ^ S d =i' 

K. . mj=l n=l 

mi*: 

+ Mj ( E bn e *j' Ŝ2_ )| sin kyy 
n=l Ktot 

2 

= -f Po E an sin kyy (6.20) 

'• n=l 

where jp = —1 if *nij ) Xj» jp — 1 if *inj * *3 

and rotational compatibility at (Xj,y) yields 

4 Nk—1 2 
[ E kn An e *"*]+ (jt) E R o E Cn e'^nlxga-xjl 
n=l fi 2=1 n=l 

9 Nvv—1 2 

+ R] ( [ Cn E E a . 
n=l K mt=l n=l 

mkfi 

+ Mj ( E dn + - f ^ ) | sin kyy 

n=l Ktot 

2 
[ (fit) Pq E Cn '| sin kyy (6,21) 

^ n=l 

where = - 1 if xjj > Xj, jt = 1 if xgg < Xj 

jj-t = - 1 if Xq > Xj, fit = 1 if Xq < Xj. 

2( Nb-1) similar equations can be obtained from the ( % - ! ) 

stiffeners. If the stiffeners aire all different, allowance can easily 

be made for their individual characteristics by using the required 

stiffness values in the appropriate ecjuations. These 2(Nb-l) 
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equations are independent of the end boundary conditions emd together 

with the four extreme end boundary conditions (which are different for 

different ends) constitute the set of equations which must be solved to 

find the A^'s, Rj • s and Mj's. 

general form 

The whole set of equations haus the 

2(Nu+l) X 2(Nb+l) 

Az 

= -Po 

Ml 

% b - l 

2(Nb+l) X 1 2(Nb+l) X 1 
(6.22) 

Numerical solution of the above equation gives the complex 

amplitudes of the unknowns. Once they are determined, the transverse 

displacement at any (Xj-,y) can be found from Equation (6.3). 

6.2.2 The Stiffener Characteristics to be Used 

The dynamic stiffnesses of the Z-section stiffeners used throughout 

this thesis, are computed from a method vrtiich is significantly 

different from that of [5]. The difference lies in the fact that 

distortion (deformation) of the stiffener cross—section is allowed for 

in the current work. The stiffener cross-section is deflected 

transversely and rotated about the root of the web and in addition the 

web of the cross-section is allowed to deform. The distortion of the 

flange is ignored. Figure 38 gives the stiffener cross-section and 

its exaggerated final shape when all the allowed freedoms take place. 

The effective width of the plate which works with the stiffener is also 

accounted for. An energy approach is employed to determine the 

stiffnesses. Appendix C gives the detailed analysis. From this, the 
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dynamic stiffness matrix of the stiffener is found and evaluated 

numerically. Appendix C presents stiffness calculations carried out 

both by excluding and including cross-sectional deformation and shows 

the importance of inclusion. 

6.2.3 Calculations amd Discussion 

6.2.3.1 Natural Frequency Prediction 

Firstly the validity of the developed analytical method of Section 

6.2.1 has been verified by comparing the natural frequencies obtained 

through it with those given in [7] which were found by the transfer 

matrix method. A six equal-bay uniform plate is considered Where the 

stiffeners provide dynamic constraints at the ends as well as at the 

intermediate support locations. Since the purpose is to compare the 

two methods, the stiffeners axe taken as being those used in [7] which 

were found by the methods of [5]. The dimensions and material 

properties of the plate axe given in Table 3. The line forcing is 

applied at Xq = O.ll [m] and equation (6.3) is used to determine the 

direct transverse response. The first group of six frequencies at 

which the response of a very lightly damped plate (t) = 10"®) reaches 

peak values (i.e., the resonance frequencies which axe aJLmost exactly 

equaJL to the natural undamped frequencies) axe computed by an iterative 

method. These axe then compaxed in Table 4 with the naturaJL 

frequencies quoted in [7]. The agreement achieved is excellent. 

6.2.3.2 The Response to a Line Loading 

A response curve hats been computed for a stiffened Euler-Bernoulli 

plate with eight bays and free ends (t. a., seven intermediate 

supports). The dimensions and material properties axe given in Figure 

39, which are those of the plate used in the experimental studies. 

The transverse direct line inertances of the plate axe computed using 

equation (6.3) fox two different damping values ( t) = 0.001 smd 

Tj = 0.1). The external line force is applied at Xg = 0.37 [m]. The 

intermediate supports axe genexal, in that they axe stiffenexs which 
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undergo transverse displacement, rotation and cross-sectional 

distortion. Their dynamic stiffnesses include coupling between 

flexure and torsion. The dimensions and material properties of the 

stiffeners axe given in Appendix C. Each stiffener is the same. 

In this case the order of the final matrix equation is 18 (4 

unknown free waves and 2 x 7 unknown intermediate support reactions). 

Figure 40 gives the resultant magnitudes against the frequency. 

Notice that the lightly damped plate has resonance frequencies in a 

bunch of six. Other bunches of six occur at high frequencies. When 

the damping is high, the response peak levels drop and the distinct 

peaks combine to form a much broader and flatter response. 

6.2.3.3 The Effects of Different Theories for the Stiffener 
Stiffnesses 

The effects of stiffener characteristics on the plate response have 

been investigated by computing the plate resonance frequencies. Four 

different cases have been studied: 

(i) Stiffeners with stiffness but no inertia and no 

cross-sectional distortion. Coupling between flexure and torsion is 

ignored. 

(ii) stiffeners with stiffness and inertia but without any 

distortion. Coupling is again ignored. 

(iii) Stiffeners having stiffness, inertia and with coupling but no 

cross-sectional distortion. 

(iv) The general stiffener. 

The plate of Section 6.2.3.2 is used in each cause. The stiffeners 

are those analysed in Appendix C. External line forcing is applied at 

Xq = 0.36 [m] and the direct transverse response is obtained from 

Equation (6.3). Very low damping ( TI = io~®) is assigned to the plate 

and the frequencies at which the response reaches peak values are 
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precisely located by iteration. They are virtually the natural 

frequencies of undamped plate. The results axe presented in Table 5. 

It can be seen from Table 5 that cases (i) and (iv) provide the 

limits of the variation of each resonance frequency. Frequencies are 

highest in caise (i) but progressive relaxation of constraints lowers 

them accordingly, though the differences are not too appreciable 

between cases (i) to (iii). Case (iv) reflects the importance of 

cross-sectional deformation. Its inclusion significamtly reduces the 

values of the lower frequencies of the group considered. It is 

well-known that these frequencies aore highly influenced by the 

rotational stiffnesses of the stiffeners. Since the cross-sectional 

distortion significantly lowers the rotational stiffness magnitude at 

low frequencies (see Figure C.4 ) its consideration consequently results 

in drastic reduction of the resonance frequencies. 

6.3 Three-Layered Sandwich Plate 

6.3.1 Theoretical Approach 

mm— 

In this section a three-layered sandwich plate having equal 

face-plates will be considered. The two opposite edges along the 

length, distance Ly apart, are assumed to be simply supported. The 

total plate length is L and 1% - 1 general stiffeners are attached to 

the plate across the width to provide the intermediate constraints. A 

sinusoidal harmonic line force F(y,t) = Pq sin kyy e^"^ acts on the 

plate at (Xg/y). 

It was explained in Chapter 3 that amy line excitation acting on 

such a sandwich plate sends out three waves in both directions. It can 

hence be deduced that Equation (6.2) will represent the free wave 

transverse displacement of the sandwich plate provided a total of six 

waves is allowed. The total transverse displacement of the sandwich 

plate at any (Xr,y) cam thus be found to be 
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w(xr,y) = ( C An ^ Rj E e 
n=l j=l n=l 

nlXj-Xj; I 
+ (iP)*^ Mj E bn e ^ 

j=l n=l 

+ Po E an kyy (6.23) 
n=l 

where jp = —1 if Xj > Xr« jp ~ ^ *j * ^r* 

In this Rj sin kyy amd Mj sin kyy define the force and moment 

per unit length applied on the sandwich plate by the stiffener at 

(Xj,y). The required coefficients, a^'s and ^n's, are given by 

equations (A.12) and (A.16) respectively. The wave numbers, kn's, were 

derived in Section 3.3.1. The total number of unknowns is now seen to 

be 2 ( % + 2) (I.e., 6 An's, (!% - 1) Rj's and ( % - 1) Mj's). 

We now require the equations expressing compatibility between the 

displacement of the plate and of each stiffener. The equations of 

Section 6.2.1 for the stiffened Euler-Bemoulli plate may be used for 

the sandwich sintply by changing the number of terms in each summation 

from 2 to 3. By doing this the compatibility of transverse 

displacements of the plate and the stiffener at (Xj,y) yields 

f I An R, E e"''"' •""''J' 
'• n=l &=l n=l 

*tot 

+ (is) *E MjZn E bn ' 

4n=l n=l 
4n*g 

+ Mj( E bn e ' 5c_)| sin kyy 
n=l Ktot 

= -fPo C a* e-knlxo-xjl) s m kyy (6.24) 

n=l 
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where jg 1 if xjn > Xj, jg = 1 if < Xj 

and the compatibility of rotations leads to 

6 
f - k X- 3 
[ E kn An « " ^ + (jk) C Rgg C 
n-1 (8=1 n=l 

gszj 

+ «]( C (:n _ __Ks_) 
n=l 

^ o t 

% - l 3 
+ E Mmp C dn e ^nlXmp-Xjl 

mp=l n=l 
mp/] 

+ Mj( E dn e 3 ' + —t_)l s±n kyy 

n=l Ktot ^ 

= -^(*k) Po E Cn e *ilj sin kyy (6.25) 
n=l 

where = -1 if xgg > Xj, jk = 1 if Xjgg < Xj 

j2k = -1 if Xq > Xj, gk = 1 if Xo < Xj. 

The coefficients, Cn's and dn's are given by equations (A, 13) and 

(A.17) respectively. 

These 2(1% - 1) equations vAiich axe obtained at the Nĵ  - l 

intermediate stiffener locations axe independent of the extreme end 

boundary conditions. 

For the same reasons vrtiich were stated in Section 6.2.1, the 

sandwich plates with (i) free ends, (ii) stiffener supported ends will 

be considered in this section. 

Expressions for the effective sheax force and bending moments per 

unit length on a section through a three-layered sandwich plate aure 

derived in Appendix A. It can be found that due to Rj sin kyy and 

Mj sin kyy they can be expressed in the following forms; 
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3 

Seff,right(x,y) = Rj C Tn e sin kyy (6.26) 
n=l 

^ - K X 
Seff,left<X'y) = -Rj E Tn an e " sin kyy (6.27) 

n=l 

3 

Seff(x,y) = Mj E Tn bn e sin kyy (6.28) 
n=l 

3 

Mfp(x,y) = Rj E An an e sin kyy (6.29) 
n=l 

3 ^ ^ 

Mfp,right(x,y) = Mj £ An bn e sin kyy (6.30) 
n=:l 

3 ^ 

Mfp,ieft(x,y) = -Mj £ An bn e sin kyy (6.31) 
n=l 

3 

Maf(x,y) = Rj £ % â n e sin kyy (6.32) 
n=l 

Ma£,right(X'y) = Mj £ On bn e sin kyy (6.33) 
n=l 

^ -knX 
Ma.f,left(x,y) = -Mj £ % bn e " sin kyy (6.34) 

n=l 

where 'x' is measured from the line of application of the excitation 

cind 

Tn = kn (DtCkn^ - (2 - v)ky2][l + (g*Y) / (kn* - ky' - g*)]} 

An = Dt(kn* — wky^) 

On = (-G*dz/hc)[(kn* - vky*) / (kn* - ky^ - g*)] 

The parameters used above were defined in Section 3.3.1. 
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If the ends of an % bay finite semdwich plate are free, the 

required boundary conditions eure: 

SQff(0,y) = 0 Seff(Ij,y) = 0 

Mfp(0,y) = O Mfp(L,y) = 0 

Maf(0,y) = 0 Maf{I.,y) = 0 (6.35) 

Their final forms, as explained before, include the effects of the 

free waves, the unknown intermediate support reactions at (Xj,y) 

(j = 1, Nb_i) and the known externally applied excitation. Assuming a 

single force excitation Fq sin kyy acting at (Xo,y), they cam be shown 

to be J 

6 Nb-1 3 

Seff(O.y) = 0 : E -Fn An - E Rj E Pn e 
n=l j=l n=l 

Nb-1 3 3 
+ E Mj £ Tn bn e isin kyy = -{-Fq E Fn a^ e " ®)sin kyy 

j=l n=l n=l 
(6.36) 

6 Nb-1 3 

Mfp(0,y) =0: j E An An + E Rj E An an e " 3 
n=:l i=l n=l 

^ —knXn 1 ^ —knX 

- E Mj E An bn e ^ jsin kyy = -(Fq E An an e " °)sin kyy 

3=1 (6.37) 

r 6 Nb-1 3 
Maf(0,y) = 0: I E % An + E Rj E ^n ^n e " 3 

n=:l j=l n=l 

I%-1 3 3 
- E Mj E On bn e n*i}sin ky? = -(P* E On a* e nXo)8in kyy 

5=^ (6.33) 
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6 N]3""1 3 
Seff(L,y) = 0! f E -Fn An 6*"^" + E Rj E pR e-^nC^X]) 

n=l j=i n=l 

1 3 3 

+ E Mj E Tn bn >|gin kyy = -(F* E Tn kyy 
j=l n=l -• n=l 

<6.39) 

6 1 3 
Mfp(I.,y) = 0: [ e A* An e-kn(L-Xj) 

n=l i=l n=l 

+ % Mj E An bn e %*(&-*] )j8in kyy = -(Fo E An an e kyy 

(6.40) 

6 Njj—1 3 
Maf(L,y) = Os [ e % An + E Rj E On an > 

n=l i=l n=l 

+ ^E Mj E On bn e ^"d-^j)! kyy = -(P* E % e kyy 

(6.41) 

Figure 41 represents the positive sign convention for the effective 

shear force and face-plate bending moment of a three-layered sandwich 

plate. It can easily be shown that if the stiffeners provide the 

constraints at the extreme edges of the sandwich plate, the boundary 

conditions to be satisfied become: 

Seff(0,y) = Kt w(0,y) Seff(L,y) = -Kt w(I„y) 

Mfp(0,y) = Kr W(0,y) Mfp(L,y) = - % W(L,y) 

Maf<0,y) = 0 Maf(L,y) = O (6.42) 

It is to be noted that all the applied moment is assumed to be 

carried by the face-plates. Since there is no axial force, the moment 

due to them is zero. 

74 



The first of equations (6.42) can be shown to be 

r ^ 3 % - ! 3 
( E -rn An - E Rj C Tn a* e + C Mj C b^ e ) 
n=l j=l n=l j=i n=l 

6 Nb-l 3 Nb-l 3 
Kt( " ' • " " _ - KnX. E An + E Rj E e - E Mj E b^e )|sin kyy 

n=l j=i n=l j=i n=l 

3 3 

-Po(- E Fn an e - Kt E an e ^"*°]sin kyy (6.43) 
*• 1 »%—.T J 

Depending on the end boundary conditions, 2(1% + 2) obtained 

equations can be cast into a matrix form similar to equation (6.22). 

The numerical solution gives the unknowns (6 An's, (N^ - l) Rj's and 

( % - 1) Mj's). Once they have been determined, the total transverse 

displacement at any (Xj-, y) can be found from equation (6.23). 

6.3.2 Calculations and Discussion 

6.3.2.1 The Models Studied 

This section analyses two different multi-bay, three-layered 

sandwich plates. Dimensions of the first plate (an eight-bay plate) 

are given in Figure 42. It actually represents the plate on which the 

experiments to be detailed in Chapter 11 were carried out. The second 

plate is a fictitious one and is assumed to have six bays. It retains 

the same material properties and thicknesses of the eight-bay plate but 

has an equal bay length of 0.172 [m] and an aspect ratio of two for 

each bay. Poisson's ratio, v, is now taken as 0.34. The plate has no 

overhangs at x-wise edges. At the extreme ends as well aa at the 

intermediate support locations the stiffeners provide the constraints. 

In the study of both plates the stiffeners are assumed as being general 

and their specifications axe given in Appendix C. 
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It can easily be shown that the order of the final matrix equation 

for the response is 16 (6 unknown free waves and 2 x 5 unknown 

intermediate reactions) for the six-bay plate. it increases to 20 (6 

unknown free waves amd 2 x 7 unknown intermediate reactions) for the 

eight-bay plate. 

6.3.2.2 Natural Frequency Prediction 

First, the developed analytical method of Section 6.3.1 has been 

verified by comparing the natural frequencies obtained from it with 

those found by using Sen Gupta's graphical approach [11]. It is 

assumed that the stiffeners of the six-bay plate considered in Section 

6.3.2.1 provide infinite transverse constraint but no rotational 

constraint. Hence they act like simple line supports. Since there 

are no reaction moments an ll^h order matrix equation is set up (6 An's 

and 5 Rj's) and the direct transverse response is determined from the 

modified version of Equation (6.23) (t.e., the terms corresponding to 

Mj's are ignored). The external line forcing is assumed to act at 

Xq = 0.086 [m]. By using an iterative procedure the first six 

resonzmce frequencies are precisely located for a core loss factor of 

0 = 10~®. These frequencies are then compared in Table 6 to those 

estimated from the propagation constants curve of infinite, periodic 

undamped sandwich plate on sinqple line supports. The bay dimensions 

and material properties of the infinite, periodic samdwich plate are 

equal to those of the finite plate. Despite the probable inaccuracies 

of reading from a curve, the obtained agreement is another point to 

validate the developed method. 

6.3.2.3 The Response to a Line Loading; The Effect of Damping 

The effect of core damping on the response has been demonstrated by 

computing the direct transverse line inertances of the eight-bay plate 

for a range of frequencies. The external line forcing is applied at 

Xq = 0.12 [m] and equation (6.23) is used to determine the response. 

Figure 43 gives the results for two different core loss factors (/3 = 

0.001 and j3 = 1). Since the two overhangs are relatively small as 
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compared to the six intermediate bays which are comparable, one would 

expect the response peaks to occur in bunches of six. This can be 

seen to be the csise for 0 = 0.001. With the introduction of heavy core 

damping, the peaks ajid troughs merge to form a much flatter resonant 

response. Figure 44 shows further results for four other core loss 

factors (/3 = 0.3, /3 = 0.5, (3 = 0.7, <3 = 0.9). It is apparent that 

lower damping reduces the location of the resonance plateau at which 

the resonance peaks merge together but increases the response level, 

mainly around the resonance region, up to approximately 310 Hz. The 

slight increase in response in the low frequency region is due to the 

lower magnitude of the effective shear stiffness (t.e., Gc* = 

Gc( 1 + t/3)). Around frequency 310 Hz as far as the magnitude is 

concerned the amount of the damping is irrelevant. 

6.3.2.4 The Response to a Line Loading; The Influence of Plate 
Effective Width 

This section analyses the influence of the stiffener effective 

width on the response of the eight-bay sandwich plate. As can be seen 

from Appendix C, the bending and torsional stiffnesses of the 

stiffeners are dependent on the effective width. In order to 

highlight the intact of this change, the transfer line inertemces are 

obtained for three different effective width values (bgff = 0.017 [m], 

bgff = 0.034 [m], bgff = 0.085 [m]). For each case the line force is 

cissumed to act at Xq = 0.12 [m] and the response is determined at 

Xj- = 0.13 [m] by using equation (6.23). Core loss factor is taken to 

be /3 = 1. Figure 45 gives the determined responses against the 

frequency. 

It can be seen from Figure 45 that the varying of the effective 

width is not very significant in the frequency region considered. 

Even though the higher bending stiffness leads to lower transverse 

response at low frequencies, the results still imply that the plate 

properties rather than the stiffeners dominate the response. At 

=290 Hz all the response values have the same magnitude. 
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6.3.2.5 The Response to a Line Loading; The Influence of 
Excitation Position 

The import ajnce of measurement and excitation points has been 

investigated for both the six and eight-bay sandwich plates. In each 

case direct line inertances are computed at six different locations. 

The excitation points cure taken to be at the bay centres in the caae of 

the six-bay plate. For the eight-bay plate they are assigned close to 

the centre values of bays two to seven. They are actually the points 

where the excitations were applied during the experiments conducted on 

the sandwich plate. The responses are confuted by using equation 

(6.23) and the results are presented in Figures 46 emd 47 for six and 

eight-bay plates respectively. The core loss factor is taken as 

0 = 1. The excitation points eire indicated in the corresponding 

figures. 

In both figures it can be seen that the response levels are greater 

in the bays at either end of the whole plate. This is due to the 

higher contribution of reflected waves from the ends. Because of high 

damping the reflected waves inevitably die out as they travel away from 

the ends and hence contribute less to the response. 

In the six-bay plate, since the bays are equal one would expect the 

same direct response obtained at the points which are evenly located at 

the two sides of the plate centre. The discrepancies encountered in 

Figure 46 are attributed to the coupling between flexure and torsion of 

the stiffener mat ion. The inclusion of it not only lowers the 

resonance frequencies of the sandwich plate but also makes the plate 

structure unsymmetrical about the centre. Therefore if coupling 

exists, the symmetry of the resonant mode shapes with respect to the 

centre of the finite plate greatly deteriorates. This can be seen from 

Figures 48 through 53 which show the undamped forced mode shapes of the 

six-bay plate corresponding to the first six natural frequencies. 

Line force excitation is applied at the middle of the first bay 

(Xq = 0.086 [m]) and the mode shapes are found from equation (6.23) by 

varying x^ along the length. 
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6.3.2.6 The Response to a Line Loading; The Effect of Temperature 

Increasing the temperature reduces the magnitude of the core shear 

stiffness Gp. To demonstrate the effect on the response of the 

eight-bay plate the core shear modulus is assigned three different 

frequency-dependent values which correspond to T = 15°C, T = 18°C and 

T = 20°C. The core loss factor is kept at the constant value of /3 = 1. 

The direct line inertances axe computed at Xq = 0.305 [m] and equation 

(6.23) is used in each case. They are shown in Figure 54 against 

frequency. 

It can be observed that the higher temperature results in higher 

response at low frequencies. This is due to the core shear modulus 

and sandwich plate stiffness being lower. For the same reason the 

resonance range also moves to lower frequencies. 

6.4 Conclusions 

The forced dynamic response of finite, uniform, multi-bay, 

stiffened, flat and rectajigulair plate structures heis been investigated 

through the developed analytical method. Euler-Bernoulli plates and 

three-layered sandwich plates with equal face—plates have been studied. 

Two opposite edges along the length have been eissumed as 

simply-supported. Stiffeners across the width have provided elastic 

and inertial constraints. External excitation has been applied as 

sinusoidally-varying across the width and the responses have been 

assumed to behave accordingly. 

The chcuracteristics of the stiffeners have been investigated. It 

hats been demonstrated that when their cross-sectional distortion is 

taken into account the consequent resonance frequencies show drastic 

changes. The differences are prominently apparent at the frequencies 

which are actually governed by the rotational stiffness value of the 

stiffener. Another feature, vrtiose impact on the stiffened plate 

response has been shown, is the coupling between the transverse and 

rotational motions of the stiffener. When included in the response 

calculations it has been found to slightly reduce the resonance 
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frequencies but its effect on the natural mode shapes is fax more 

significant. 

It has been demonstrated once again that the resonance frequencies 

of Nb bay stiffened plates occur in bunches of % the bays aure equal 

or comparable. When the damping is allowed to take high values, the 

resonance peaks amd troughs merge to form a plateau in the frequency 

response curve. 

The consequence of assuming different core damping and ten^jerature 

in sandwich plate studies have also been indicated. 

It can be concluded that the developed analytical method provides 

an easy tool for the dynamic analysis of multi-bay stiffened plates 

provided that they are uniform in thickness and two opposite edges are 

simply-supported. Bay numbers can easily be increased and their 

spacing need not be equal. Each stiffener may be different. Multi and 

combined loading conditions can easily be studied by simply modifying 

the forcing vector of the final matrix equation (s.g., equation 

(6.22)). Furthermore, any quantity such cu3 curvature or shear force 

can easily be obtained at the required position. 

80 



SEXTTim 3: DYNAMIC BEBAVIOUR OF INFINITE, PERIODIC STVUCmRES 



CHAPTER 7 

THEORY OP FREE WAVE MOTION IN UNIFORM INFINITE PERIODIC STRUCTURES 

7.1 Introduction 

A periodic structure consists of a number of identical elements, 

coupled together in identical ways to form the whole structure. An 

aircraft wing component consisting of a uniform plate reinforced at 

regular intervals by a set of identical stiffeners is an example of 

such a structure. The identical elements constituting the system are 

known as periodic elements. In the caise of the wing component this 

can be one plate element between adjacent pairs of stiffeners together 

with the half stiffeners along each side. 

A periodic structure can, in principle, be spatially finite or 

infinite. Free haxitranic wave motion can propagate in a periodic 

structure such that wave vectors at any two corresponding points A and 

B in adjacent periodic elanents cire related by Vectors = Vector^,. 

This is known as Floquet's Principle. Points A and B can be anywhere 

in the infinite structure as long as no external force lies between 

them. IX is a frequency dependent quantity and is generally known as 

the propagation constant. In general it has the complex form 

fi = Hj. + iiix- The real part is called the attenuation constant 

and defines the growth or decay of the wave as it propagates. The 

imaginary part is denoted as the phase constant and represents the 

phEise difference between the motions in adjacent bays. The number of 

propagation constants which can exist at any given frequency is given 

by two times the number of degrees of freedom, j^, at the junction of 

adjacent periodic elements (e.g., a uniform Euler-Bemoulli beam on 

simple supports only has one rotational freedom, so jc = !)• At any 

frequency the propagation constants occur in the pairs of equal and 

opposite values. For an undamped structure free wave propagation can 

only take place in the frequency ranges where /ij- = 0. These bands 

are called the propagation zones, and through each range the phase 

constant varies between O and ttt. Outside those bands is 

non-zero and is usually 0 or -tt. These frequency ranges are 

called the attenuation zones and in these ranges the magnitude of the 
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free wave motion decays as it travels. Over a wide frequency range 

the propagation and attenuation zones alternate. If the structure is 

damped, each propagation constant becomes complex emd the wave motion 

inevitably dies out as it moves away from the source. 

As Brillouin pointed out [8], wave propagation in periodic 

structures has long been used by physicists ajid electrical engineers to 

study crystals, optics and transmission lines. Studies in engineering 

structures axe relatively recent. Heckl [9] considered a system of 

beams coupled together to form a regular grillage and showed that waves 

can propagate in some frequency bajids but not in others. By 

considering the receptances of a periodic element. Mead at al [10] 

included the effects of damping and demonstrated the influence of 

support stiffnesses on the response. Later Mead [32] discussed the 

nature of the propagating waves and showed that for positive going 

waves (i.e., waves travelling from left to right) cam be of any sign 

though iijr is strictly negative. These were followed by a study [13] 

which solved the differential equation of motion directly. In that. 

Mead studied the haxnranic and random responses of periodic beams on 

flexible supports. in two articles [14] and [15] Mead investigated 

infinite and periodic structures which were coupled through one or nrare 

coordinates. He determined the relations between the limiting 

frequencies of the bands at which the waves can freely propagate and 

the natural frequencies of the individual periodic element. Hence he 

indicated the likelihood of occurrence of the natural frequencies of an 

% bay structure in these bands. Three-layered damped periodic 

sandwich plates were analysed [27] by considering plates of infinite 

length but finite width with the pair of infinite edges along the 

length being simply supported. Periodic stiffeners across the width 

provided elaustic constraints. Abdel-Rahman et at [16] used the finite 

element method in the analysis of two-dimensional periodic structures. 

Roy e-t at [33] studied the wave attenuation. They used a tramsfer 

matrix approach and investigated a periodic beam with a number of tuned 

cantilevers at regular intervals. Mead [17] approached the problem 

from a different angle. He viewed the infinite, periodic structure as 

an infinite uniform structure on which the supports, depending on their 

characteristics, impose forces and/or moments at regulair intervals. He 

then related those reactions through the propagation constant and 
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proceeded to obtain the closed form formulae for the propagation 

constants of Euler-Bernoulli beams, Timoshenko beams and stiffened 

Euler-Bernoulli plates for various support conditions. 

Research into wave propagation in periodic structures has gained 

momentum as time has progressed. A review of all the work is beyond 

the scope ajid intention of this thesis. However, some other useful 

source can be found in [19]. 

This chapter follows the approach of [17]. It first outlines the 

method for analysing wave motion in uniform, infinite, periodic 

Euler-Bernoulli beams and plates. It then extends the theory to the 

free wave motion analysis of infinite, periodic three-layered sandwich 

beams and plates. The structures to be considered in this chapter are 

those studied in Chapters 2 and 3 so a number of detailed derivations 

and assumptions still apply. The plate structures axe taken as being 

flat and rectangular eind are assumed to be simply-supported along the 

two infinite opposite edges. 

Purely theoretical aspects are considered in this chapter. The 

application of the method will be carried out in Chapter 8. 

7.2 Euler-Bernoulli Beams 

7.2.1 Phased Array Receptance Functions 

To begin with, consider Figure 55(a). When free wave motion takes 

place in a periodic structure, the reaction forces exerted by the 

equi—distant supports can be related through the propagation constant 

H. Hence the reaction force at the r^^ support ('r' is the number of 

the supports to the right of x = 0) can be expressed as Rg e^^. If (i 

is purely imaginary these forces constitute a set which can be 

described as a 'phajsed curray' [17]. In this thesis this term will be 

used in a more general sense where can be a con^lex quantity. 

First assume that only one of the forces Rg acts on the beam at x = 0. 

The complex displacement at the point of application of the force is 
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given by the infinite-system point response function developed in 

chapter 2, which is 

w(0) = Ro E an (7.1) 
n=l 

When the whole array of forces exists, the total response at point 

X = 0 is the sum of the response due to Rq, together with the responses 

due to all the forces to the right and left of Rq. This can 

conveniently be expressed as 

w(0) = Ro E an + E Rr E an + E Rg' E an e 
n=i r=l n=l fi=l n=l (7.2) 

where 'g• denotes the number of the support to the left of x = 0 and XL 

is the length of the periodic element. 

It can be seen that the total transverse displacement is the sum of 

the "infinite-system point response functions' due to each reaction 

force. Now, 

Rr = Ro Rg' = Ro (7.3) 

Therefore 

w(., . I .nfl + ; (7.4, 

n=l ^ r=l 

The infinite series can be summed to yield 

= S ..nXL <'.5> 

The rotational response at point x = 0 can be found in a similar 

way and can be shown to be 

e(0)= I R,. E c„ - E R. E c„ (7.6, 
t-l n=l r=l n=l 

The symmetry auid antisymmetry airguments of Section 2.2.1 have been 

taken into consideration in these derivations. The term corresponding 
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to Rq at X = 0 does not occur in equation (7.6) since the transverse 

force does not create amy rotation at its point of application. The 

summation of the infinite series of the above equation gives 

° ^ k^XL °n} ° Xo <v.7) 

Now consider Figure 55(b) which represents a phased array of 

moments, rather than of forces, applied to the beam in a manner similar 

to that above. The total transverse displacement euid rotation at x = 

0 can be shown to be 

WOM = cosh M knXL (7 =) 

n=l 

app, a^F' «FM' «MM defined by equations (7.5), (7.7), (7.8) and 

(7.9) are the generalized, 'phaused array receptance functions' of the 

infinite, periodic Euler-Bernoulli beam. It has been found that 

«FM = -<%F [17]. The required coefficients an's, bn's, c^'s, d^'s 

were given in Section 2.2.1. 

Now consider the transverse beam displacement at amy point 'x' due 

to the phased arrays of forces (see Figure 55(a) once again). The 

forces Rj_ to cause the displacement at x', given by 

C Rr E an (7.10) 
r=l n=l 

and the forces R̂ '̂ to Rjj' cause the transverse displacement 

00 2 

E Rfi' E an e 
6=1 n=l 

By using equation (7.3) and also by including the transverse 

displacement caused by R^ itself, one finds the total transverse 

displacement at 'x' due to the whole phased array of forces to be 
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2 
WR(X) = Ro L an e 

n=l 

+ R. E an C ^ ^-<k„XI^M)r-k„Kj , , 1 2 , 

n=l r=l 

The infinite series can easily be summed and the whole expression 

reduces to 

For each value of ju. and the corresponding frequency and wave 

number kn equation (7.13) represents a unique displacement pattern 

between Rq and Rĵ . Since free motion takes place, the transverse 

displacement at any corresponding point in the n^^ right-hand adjacent 

bay can be obtained simply by multiplying this expression by e"""*̂ . 

In a similar way, the transverse displacement at 'x' due to a 

phased array of moments (see Figure 55(b)) can be found. This can be 

shown to be 

n=l " 

7.2.2 Propagation Constants 

This section sets up equations for the propagation constemts of a 

periodic, infinite Euler-Bemoulli beam for a variety of support 

conditions. 

7.2.2.1 Simple Supports 

If a periodic, infinite beam rests on simple supports, the support 

reactions are pure transverse forces with no moments and the transverse 

displacement at each support is zero. The total transverse 
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displacement at x = 0 due to all the reaction forces is given by 

equation (7.5). Equating this to zero yields an equation for the 

propagation constant as 

cosh = (aĵ  * T1 * T4 + a2 * T2 * T3) / (ai * T1 + a2 *T2) (7.15) 

where T1 = sinh k^XL, T2 = sinh k^XL, T3 = cosh kj^XL, T4 = cosh k^XL 

7.2.2.2 Sliding Supports 

In this Ccuse the rotation at each support is zero vAiereas the 

transverse motion is unrestrained. There axe no transverse reaction 

forces but each support exerts reaction moments on the beam. Equation 

(7.9) gives the rotation due to the phased array of moments. The 

propagation constants of this case can be obtained by equating this 

rotation to zero. The resulting equation takes the form 

cosh ti = (djL * T1 * T4 + dg * T2 * T3) / (d^ * T1 + d^ * T2) (7.16) 

Notice that the general forms of equations (7.15) and (7.16) are 

the same. 

7.2.2.3 Transversely Elastic Supports 

Now suppose that the periodic beam rests on supports which only 

react with linear transverse elastic forces but with no moments. The 

deflection of the beam at the r^^ support location is no longer zero 

but is equal to the deflection of the support which is given by 

w(xr) = - ^ (7.17) 

The minus sign stems from the fact that the force exerted on the 

beam by the support and the force applied on the support by the beam 

are equal and opposite. 

Hence Rq = -k^wqf and this leads to 

K-tapp = -1 (7.18) 
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By substituting app from equation (7.5) eind then expanding 

equation (7.18) one obtains a quadratic equation for cosh ji as 

COsh^M - [(a^ * T1 + a^ * T2)Kt + (T3 + T4)]cosh p. 

+ t(aj_ * T1 * T4 + a^ * T2 * T3)Kt + T3 * T4] = 0 (7.19) 

7.2.2.4 General Elastic Supports 

These supports are characterised by a symmetric stiffness matrix 

(static or dynamic) which relates the applied forces amd moments to the 

displacements and rotations. The relationship was given by equation 

(4.27) for an arbitrary support location at x = xj. 

Now the displacements and rotations of the beam at x = O are 

related to the phased array of forces and moments (Rq and Mg) by 

w(0) 

.W(0). 

app apM 

«MF «MM 

o 

LMo, 

(7.20) 

Since the beam ajid supports are joined, one can modify equation 

(4.27) for the support x = O by considering that = -R^, = -Mq, 

w(Xj) = w(0), w'(Xj) = w'(0). This modified equation (4.27) can be 

combined with equation (7.20) to give 

So •Kt Kc 

-Mo. Kc Kr. 

app apM 

«MF «MM-i 

Rr 

iMoJ 

vrtTiich can be expanded and rearranged to yield 

•Ktocpp + Kc-Omp + 1 KtapM + Kc^^MM 

JĈ ô pp + K^c^p KcOcpjj + Kj-otjjM + 

Ro 

-Mo-

= o 

(7.21) 

(7.22) 

Free wave motion occurs at frequencies and ju. values which make 

the determinant of the matrix vanish. Expansion of the determinant 

gives 
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(K^Kr - Kc^XapF^'MM ~ °FM^MF) + Kt^FF + + 1 = 0 (7.23) 

By making use of apM = -a^F ^<3 inserting the expressions for the 

a's, a quadratic equation for cosh fx can be obtained; 

cosh^M - [XI * T1 + X2 * T2 + T3 + T4] cosh (i 

+ [-X4 + (1 + X4)*(T3 * T4) + X3 * T1 * T2 

+ XI * T1 * T4- + X2 * T2 * T3] = 0 (7.24) 

Where XI = K^a^ + K^d^ 

X2 = Kta^ + Kjd^ 

X3 = (aid* + azdi)KZQt 

X4 = 

K^ot = - Kc' 

In the evaluation of equation (7.24) use has been made of the 

relation a^dn = bnCn where n = 1,2 [17]. 

7.3 Euler-Bernoulli Plates 

This section extends the theory of free wave propagation for one-

dimensional Euler-Bernoulli beams to two-dimensional Euler-Bernoulli 

plates. They are the uniform, flat, rectangular plates analysed in 

Chapter 3. The derivations undertaken there and the assumptions made 

still apply here. Two opposite, infinite edges, which are Ly apart, 

are siit^ply-supported and all the forcing and response quantities are 

assumed to vary sinusoidally between those edges. 

7.3.1 Phased Array Receptance Functions 

Consider Figure 55(c) which represents the periodic, infinite plate 

under the action of distributed line forcing having the general form 

R(y) = Rsin kyy where ky = rnn/'Ly. By considering the corresponding 

infinite-system line response functions of all the phased array of line 

forces, the tremsverse displacement at x = 0 cam be found to be 
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w(0)sin kyy = (ro C an + C % C e 
n=l r=l n=l 

CO 2 
+ E Rfi' E an e gj,̂  kyy (7.25) 

i=l n=l 

Now the line forces axe related by 

Rj- sin kyy = Rq e^sin kyy, Rg' sin kyy = Rq e ^*sin kyy (7.26) 

Hence the summation of the infinite series and further 

manipulations give 

2 

"OP Sin kyy = E cosh igggT % y = sin Icyy 

(7.27) 

Con^jarison of equations (7.5) and (7.27) shows that the final forms 

of the corresponding phased array receptance functions, app's, cure the 

saire. Furthermore, the other phcused array receptance functions ajip, 

otpM' (%M Euler-Bemoulli plates are found to have the san^ forms as 

those of Euler-Bemoulli beams given by equations (7.7), (7.8) and 

(7.9) respectively. The plate coefficients a^'s, b^'s, Cn's and d^'s 

required in these expressions are those given by equation (3.10). 

7.3.2 Propagation Constants 

Since the phased array receptamce functions of infinite periodic 

Euler-Bernoulli beams and plates have the same forms, it follows that 

the propagation constants formulae derived for Euler-Bernoulli beams in 

section 7.2.2 apply aJLso to the corresponding Ccises of Euler-Bernoulli 

plates. However, the support stiffnesses defined by K^, and 

must now contain information about the dynamic characteristics and 

cross—sectional distortion of the stiffeners, and these are the 

functions of the y-wise wave number of the motion, ky. This has been 

considered in Appendix C in detail. 
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7.4 Three-Layered Sajidwich Beams 

This section extends the wave propagation theory for periodic 

Euler- Bernoulli beams to periodic three—layered seindwich beams. 

7.4.1 Phased Array Receptajice Functions 

It was explained in Chapter 2 that the cross-section of a 

three-layered sandwich beam heua three coupled degrees of freedom. The 

generalized phase array receptance functions will therefore contain 

sums of three terms but otherwise will have the same general forms as 

those of the Euler-Bernoulli beams. These functions for the sandwich 

beams are given by the following equations: 

„ r _ - sinh knXL 
wqf - o[ cosh fj. - cosh k^XL 

n=l 
^n I = Ro«PP 

®0F = Ro{ 
sinh 

, cosh pi - cosh k, 
n=l ' 

s s r =•>} = 

WOM - Moj C 
sinh 

, cosh ^ - cosh 
n=l 

sh knXL - " o " ™ 

©OM = Mof E 
n=l 

sinh k 
cosh }i - cosh '^4 = """MM (7.28) 

Where a^'s, b^'s, Cn's amd d^'s were given by equations (2.27), 

(2.30) and (2.31). It is again found that ajfp = -«PM' 

7.4.2 Propagation Constants 

These are found in the same way aua the propagation constants for 

the uniform Euler-Bernoulli beam but the three-term phased axray 

receptajice functions of ec[uation (7.28) are used instead of the two 

term functions for the Euler-Bernoulli beam. It follows that the 
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three-layered Scindwich beam equations for the propagation constants are 

one order higher thain the corresponding equations for the 

Euler-Bernoulli beam. The detailed steps of the analysis will not be 

presented but the final equations axe given. 

7.4.2.1 Simple Supports 

(-3.1 * TTl - a^ * TT2 - a^ * TT3) cosh^^ 

+ [aj_ * TTl * (TT5 + TT6) + a^ * TT2 * (TT4 + TT6) 

+ 33 * TT3 * (TT4 + TT5)] cosh /i 

- [a^ * TTl * TT5 * TT6 + a^ * TT2 * TT4 * TT6 

+ AJ * TT3 * TT4 * TT5] = 0 (7.29) 

Where TTl = sinh k^XL TT2 = sinh k^XL Tr3 = sinh k^XL 

TT4 = cosh k^XL TT5 = cosh k^XL TT6 = COSh k^XL. 

Note that equation (7.29) is quadratic in cosh fi, whereas equation 

(7.15) for the Euler-Bernoulli beam wais linear in cosh fi. 

7.4.2.2 Sliding Supports 

(-dj_ * TTl - dz * TT2 - da * TT3) cosh^ji 

+ [di * TTl * (TT5 + TT6) + d^ * TT2 * (TT4 + TT6) 

+ dj * TT3 * (TT4 + TT5)] cosh fi 

- [djL * TTl * TT5 * TT6 + d^ * TT2 * TT4 * TT6 

+ da * TT3 * TT4 * TT5] = 0 (7.30) 

7.4.2.3 Transversely Elastic Supports 

cosh^fi. + C2 cosh^fi + cosh p. + Cq = O (7.31a) 

where 

Cq = {-KtCa^ * TTl * TT5 * TT6 + a* * TT2 * TT4 * TT6 

+ a, * Tr3 * TT4 * TT5] - TT4 * TT5 * TT6} (7.31b) 
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Ci = (KtCai * TTl * (TT5 + TT6) + * TT2 * (TT4 + TT6) 

+ aa * TT3 * (TT4 + TT5)] + TT4 * TT5 + TT4 * TT6 

+ TT5 * TT6} (7.31c) 

Cz = {-Kt(ai * TTl + aj, * TT2 + * TT3) 

- (TT4 + TT5 + TT6)) (7.31d) 

7.4.2.4 General Elastic Supports 

At its point of attachment to the beam, we assume that the plate 

does not move in the x-direction. Therefore in this thesis the 

stiffnesses relating to the x-wise motion of the stiffener are ignored. 

Appendix D details the derivation of propagation constants equation for 

this complicated case. The resultant form is cubic in cosh (i and is 

given by 

C3 cosh^M + Cg cosh^M + cosh + Cq = O (7.32a) 

where 

Co = [-(3.1 * di + a* * dz + a^ * d^) * TT4 * TT5 * TT6 

- (ai * da + a^ * d^) * TTl * TT2 * TT6 

- (bi * Cg + bz * Ci) * TT6 

- (ai * ds + a^ * di) * TTl * TT3 * TT5 

- (bi * ds + bs * di) * TT5 

- (&% * 63 + a^ * dg) * TT2 * TTB * TT4 

- (bz * C3 + bg * Cg) * TT4] 

- XXI * TTl * TT5 * TT6 - XX2 * TT2 * TT4 * TT6 

- XX3 * TT3 * TT4 * TT5 - TT4 * TT5 * TT6} = O (7.32b) 
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* dj, * {-TT5 * TT6 + TT4 * (TT5 * TT6)) 

+ * dz * (-Tr4 * TT6 + TT5 * (TT4 + TT6)) 

+ ag * dj * (-TT4 * TT5 + TT6 * (TT4 + TT5)) 

+ (&! * dz + * di)*(TTl * TT2) 

+ (&! * ds + a, * di)*(TTl * Tra) 

+ (a^ * ds + a, * d2)*(TT2 * TT3) 

+ bi * Ca + bz * Ci 

+ bj. * C3 + ba * + b2 * C3 + b j * c^] 

+ XXI * TTl * (TT5 + TT6) + XX2 * TT2 * (TT4 + TT6) 

+ XX3 * TT3 * (TT4 + TT5) + TT4 * TT5 + TT4 * TT6 

+ 1T5 * TT6} (7.32c) 

C2 = [a^ * di * (TT5 + TT6 - TT4) 

+ ag * dg * (TT4 + TT6 - TTS) 

+ a^ * ds * (TT4 + TT5 - TT6) + (b^ * + b^ * c^) * TT6 

+ (bj. * C3 + ba * Cj.) * TT5 + (bg * C3 + ba * C2) * TT43 

- XXI * TTl - XX2 * TT2 - XX3 * TT3 - (TT4 + TT5 + TT6)} 

(7.32d) 

C3 = {Kz^(-ai_ * di - a* * dg - a* * d* - - 5% « 

- bi * C3 - by * Ci - bz * C3 - bg * c^) + 1) (7.32e) 

where XXI = Kta^ + Kj-d^ XX2 = Kta^ + K^d^ 

XX3 = Ktaa + Krda-

TTl to TT6 were given by equation (7.29) and was given by 

equation (7.24). 

Notice that equation (7.32) is cubic whereas equation (7.24) for 

the Euler-Bernoulli beam wais quadratic. 

7.5 Three-Layered Sandwich Plates 

This section combines the information obtained about infinite, 

periodic Euler-Bernoulli beams emd plates amd three-layered sandwich 

beams to deduce the theory of free wave propagation in three-layered 

sandwich plates. Like the Euler-Bernoulli plates the three-layered 
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sandwich plates have two opposite infinite edges which axe simply-

supported. The externally applied line forces and corresponding 

response quantities vary sinusoidally across the plate. The sandwich 

plates to be analysed in this section are those which were studied in 

Chapter 3. Therefore the detailed derivations and assumptions will not 

be repeated. 

7.5.1 Phased Array Receptajice Functions 

Sections 7.2 and 7.3 have shown that if the degrees of freedom of 

the cross-section at periodic junctions of beams and plates are the 

same in number, their phased array receptance functions have the same 

general forms. It follows that since the three-layered sandwich 

plates have the same three degrees of freedom at a periodic junction as 

the three-layered sandwich beam; phased array receptance functions of 

the plate will have the same forms as those of the beam given by 

equation (7.28). 

The sandwich plate coefficients a^'s, b^'s, Cn's and d^'s are given 

by equations (A.12), (A.16), (A.13) and (A.17) respectively. 

7.5.2 propagation Constants 

Following the arguments already outlined, it can be concluded that 

the propagation constant equations for various support conditions of 

three-layered sandwich beams are also vcilid for the corresponding cases 

of periodic three-layered sandwich plates. However, as in the case of 

periodic Euler-Bernoulli plates, the support stiffnesses must now 

include dynamic and distortional characteristics, and the effect of the 

wave number ky. 
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7.6 Conclusions 

This chapter haa developed the method of phased array receptance 

functions to set-up equations for the propagation constants of uniform, 

infinite, periodic structures on a variety of supports. Euler-

Bernoulli beams and plates, as well eis three-layered sandwich beams and 

plates, have been analysed. The approach has been bcised on the 

•Infinite-System Point and Line Response Functions' of Chapters 2 and 

3. 

An infinite, periodic structure hsus been viewed as a uniform 

infinite structure on which the supports exert forces and/or moments at 

regular intervals in proportion to the support stiffnesses. Adjacent 

reactions have been related through the propagation constant of the 

structure and the total response has been expressed in terms of these 

reactions. 

It has been shown that equations for the required propagation 

constamts can be obtained merely by satisfying the boundary conditions 

at a single support location. Simple supports, sliding supports, 

supports which provide only transverse linear constraints and supports 

which provide general linear constrsLlnts have been considered. The 

method developed can also conveniently include the coupling effects of 

cin asymmetric support. 
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CHAPTER 8 

CALCULATIONS RELATING TO FREE WAVE MOTION IN UNIFORM 
INFINITE PERIODIC STRUCTURES 

8.1 Introduction 

This chapter presents computed results relating to the free wave 

motion in uniform, infinite, periodic structures. It is confined to 

the applications of the theoretical concepts developed in Chapter 7 

and considers the same structures. The exanples given are for 

Euler-Bernoulli beams and plates and for three-layered sandwich beams 

emd plates having equal face-plates. 

Section 8.2 considers the phased array receptemce functions of the 

different structures and Section 8.3 considers the propagation 

constants of those structures with Vcirious support conditions. Both 

undamped eind damped structures axe investigated. The effects of the 

structural properties on the phased array receptance functions are 

illustrated. The influence of the support conditions and structural 

properties on the propagation constants axe demonstrated. 

8.2 Phased Array Receptance Functions 

8.2.1 Euler-Bernoulli Beams 

The following non-dimensional parameters are introduced for 

Euler-Bernoulli beams. 

ND Frequency : 2irf( ph(XL)*/EI 

ND app : app (EI/XL^) 

ND ' ®MM (EI/XL) 

ND apM s «FM (EI/XL^) 

Where the symbols have the meainings as previously defined. 
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Figure 56 shows how the magnitude of the non-dimensional phased 

array receptance function, otpp, of the beam varies with the 

squaLre—root of non-dimensional frequency. app is determined from 

equation (7.5) and is plotted for four different assigned values of 

the purely imaginary propagation constant /j. (i.e., phase constant). 

A material loss factor of n = 0.001 has been assigned. 

The curve corresponding to /j. = O has a peak at frequency i/(2n)^ 

and a trough at •(4.73)^. The curve for jx = -tn has its peaks at 

frequencies and V(.3rr)'- and its trough at •(7.85)^. 

These values can be identified with the natural frequencies of 

isolated periodic beam elements. When = O, the peaks of ocpp 

occur at the even natural frequencies of an isolated periodic beam 

element on simple supports. The frequencies at which app descends 

to a trough are the i^h odg natural frequencies of an isolated 

periodic element which is clamped at each end. When ii = -trr the j^h 

peak frequencies of app are the odd natural frequencies of the 

isolated simply-supported periodic beam element, whereas the trough 

frequencies are the even natural frequencies of the same element 

with clamped ends. 

The peak frequencies of the app curves which correspond to 

H = -iTr/2 and p. = -tn/4 can also be related to the isolated 

periodic element natural frequencies. It is found that when p. = 

—tir/2 the peak frequencies are 1/4^^ of the odd natural 

frequencies of isolated simply supported periodic element and the 

trough frequencies eure 1/4^^ of the even natural frequencies of 

the same element with clan^d ends. The peak frequencies of /x = 

-iTr/4 are ((4j - 3)n)^/16 if j is odd and ((4j - l)n)^/16 if j 

is even. Therefore the first two peak frequencies of the case = 

-in/4 are 1/16^% of the first amd the seventh natural frequencies of 

isolated periodic element with simply-supported ends. 

"Hie existence of peaks and troughs in the app curve at certain 

frequencies can best be explained with the help of Figures 57 and 58. 

These give the normalized vibration displacement of four adjacent bays 

of the beam due to the phased array of forces at those non-dimensional 
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frequencies. These displacement modes have been calculated by using 

equation (7,13). The numbered points 0,1,2,3,4 on the abscissa 

identify the points at which the forces of the phased array axe 

acting. 

First consider Figure 57 which is for n = O. At frequency (2tt)^ 

the motion is a standing wave and is anti-symmetric about each force. 

The opposite inertial loading on either side of a force leads to zero 

nett reaction force at those locations. Now there is no displacement 

at the forced points in this case. Hence the ratio of w/P (i.e., 

0 ^ ) at each force location remains finite but high. On the other 

hand at frequency (4.73)% the wave motion is symmetric about the 

forces. There is a non-zero reaction force from the inertial loading 

but still no displacement. Therefore the ratio of w/F (and 

consequently app) goes to zero. 

Figure 58 shows the displacement modes of the same beam at two 

different frequencies When p. = -trr. Again for both frequencies the 

displacements are zero at the force locations. It cam be seen that 

for the frequency (7.85)* the wave motion is symmetric about these 

points but for it is anti-symmetric. Thus, following the same 

curguments as given in the above pauragraph, it can be concluded that 

app will have a peak at rr̂  but a trough at (7.85)% for /x = -trr. 

The variation of the non-dimensional phauaed axray receptance 

function with frequency is shown in Figure 59 for the same 

frequency range aind the same fi values as opp. The values have 

been obtained from equation (7.9) with ti = 0.001. A comparison of 

Figures 56 and 59 reveals that for a given phase constsmt both app and 

reach peaks at the same frequencies but their troughs occur at 

different frequencies. It is found that the trough frequencies of awM 

for /I = 0 are the j^h even natural frequencies of an isolated 

periodic element with clamped ends. Those for /x = -tn are the 

odd naturcil frequencies of the same element. 

The existence of peaks and troughs in the ajjM curves can be 

explained with the help of Figures 60 and 61. They represent the 

normalized displacement modes of four adjacent bays of the beam due to 
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the phcised arrays of reaction moments ajtd have been found using 

equation (7.14). 

Figure 60 shows the modes for # = o. At frequency (2Tr)^ the 

inertial moments from either side of the excitation points eire equal 

and opposite so they cancel each other. There is no rotation at these 

points, so the ratio of 8/m (t.e., omm) remains finite but high. At 

frequency (7.85)2 the inertial moments from either side of the 

excitation points are equal and in the same direction so do not 

cancel. However there is still no rotation and therefore the ratio of 

e/M (and consequently 0*^) becomes zero. 

By referring to Figure 61 v^ich is for ix = -in aind using similar 

etrguments one can explain the existence of the omm peak at the 

frequency rr̂  and the trough at the frequency (4.73)^. 

It is interesting to note that at frequencies of (jrr)^ the 

infinite, periodic beams of Figures 60 and 61 have standing wave modes 

which aure the modes of isolated periodic element with sliding 

ends. This is expected because (jn)* is the non-dimensional 

natural frequency of isolated periodic element with sliding ends. 

The variation with frequency of the non-dimensionaLl magnitude of 

the phased array receptamce function is shown in Figure 62 for the 

same frec[uency range of opp and curves but for only three 

different purely imaginary L̂ values (m = -tiT/4, = -in/2, /x = -in). 

Inspection of equation (7.8) reveals that apu is zero when p. = 0, so 

the curve corresponding to ^ = 0 is excluded. Since aĵ p = -apu' 

Figure 62 also represents n is again 0.001. By comparing it 

with Figures 56 and 59, it can be seen that the peak frequencies for a 

given /x axe the same for all four phased array receptance functions. 
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8.2.2 Euler-Bernoulli Plates 

The following non-dimensional parameters are used in this section: 

ND Frequency : 2iTf(ph(XL)VD)^/^ 

ND cxpp : app (D/XL^) 

where the symbols have been defined in Chapters 3 and 7. 

The plate is simply-supported along the infinite edges. A phaised 

array of spatially-sinusoidal distributions of force is aasumed to act 

across the finite width Ly. The distribution has the form 

P(y) = Pq sin (mir/Iiy) with a single half-wave (m = 1). The aispect 

ratio of each bay (Ly/XL) is two and Poisson's ratio is w = 0.3. 

Figure 63 shows how the non-dimensional magnitude of app varies 

with frequency for (i = O. The peak at •(2.47) corresponds to the 

cut-on frequency of the plate (see Chapter 3). At this frequency the 

whole plate resonates to a large ang)litude when the array of forces, 

all in phase (fi = 0), acts on the plate. The peak at •(6.48)^ 

corresponds to the second natural frequency of an isolated periodic 

plate element with all edges simply-supported. The trough at /(4.88)Z 

corresponds to the first naturaJL frequency of am isolated periodic 

plate element with two edges along the width clamped and other two 

edges aJLong the length simply-supported. 

No other curves of receptance functions are shown for the plate. 

However, it has been found that most of the features observed on the 

Euler-Bernoulli beam curves are also found on the plate curves and can 

be explained in a similar manner. 
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8.2.3 Three-Layered Saindwich Beams 

The following non-dimensional parameters are used in this sections 

*ND Frequency s 27rf(mg(XL)*/Dt 

ND ocpp .* app( D-^/XL') 

The terms within these paxameters have the meanings defined in 

Chapters 2 and 7. Equations (7.28) have been used to find the phased 

array receptance functions. 

Computed curves of the phased array receptance functions for 

sandwich beams show a similar variation with frequency and to the 

curves for the Euler-Bernoulli beams and plates. 

For a given fi value the receptances pass through a series of 

peaks and troughs and for a given p. value app, '̂FM (- ~®Mp) 9° 

to peaks at the same frequency. 

Figure 7 which gives the core properties shows that the core shear 

modulus Gc and core loss factor (3 are strongly dependent on 

temperature and frequency hence can significantly vary under different 

operating conditions. 

Figure 64 shows the influence of changing the core shear modulus, 

Gq, on lappl. fi ±3 O and the core loss factor is /3 = 0.001. Three 

different cases are considered. In the first two cases core shear 

moduli (Gc•s) corresponding to the extreme frequencies of the ramge 

studied are computed from Figure 7 for a temperature of T = 18 °C. 

The beam is allowed to take these constant values (G^ = 2,8*10® [N/m^] 

and Gg = 3.1*10? [N/m^]) throughout the frequency range. Then the G^ 

is allowed to vary according to the frequency dependence of Figure 7 

at the same temperature. 

*For a beam with h = 0.87 [mm], he = 1.1 [mm], E = 7*10^° [N/m^] 

XL = 0.172 [m], mg = 5.798 [kg/m*], ND Frequency is a 0.16 f. 
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It cam be seen from Figure 64 that the increasing Gg increases 

aJ.1 the peak and trough frequencies. The array of forces which are 

in phase = 0) create finite transverse acceleration on the beam. 

At very low frequencies this finite harmonic acceleration leads to 

very high transverse displacement. Hence when the frequency is very 

low, app goes to infinity. 

Figure 65 shows the effects of different core damping values 

on I opF 1 for a three-layered sandwich beam when ti = -in. Two 

different core loss factors p = 0.001 and (3-1 have been considered. 

In both curves the core shear modulus is taken as frequency dependent 

from Figure 7 corresponding to a temperature of T = 18°C. 

The peak frequencies correspond to the fundamental resonance 

frequencies of an isolated periodic element which is simply-supported. 

Increasing the core damping is seen to increase the element resonance 

frequency. This has formerly been observed by Mead et al [25]. 

Higher /3 also flattens the otherwise sharp peak. 

8.2.4 Three-Layered sandwich Plates 

Curves of phased array receptance functions for the sandwich plate 

are very similar in form to those of the Euler-Bernoulli plate and eire 

not presented here. As before, all four phased array receptaxice 

functions peak at the same frequencies \^en the assigned phase 

constant is the sane. 

8.3 Propagation Constants 

8.3.1 Euler-Bernoulli Beams 

In this section the support stiffness values are 

non-dimensionalized as follows: 

ND Transverse Stiffness KT : (Kt(XL)^)/EI 

ND Rotational Stiffness KR : (Kr(XL))/EI 

where the symbols have meanings as previously defined. 
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8.3.1.1 Simple and Sliding Supports 

The propagation constants of free wave motion in periodic, 

undamped Euler-Bernoulli beams with simple supports and sliding 

supports are shown in Figures 66(a) and 66(b) ag^nst the 

non-dimensional frequency. The propagation constants of these cases 

have been found by using equations (7.15) and (7.16) respectively. 

With these support conditions there is only one degree of freedom 

at each support (rotation at a simple support and transverse 

displacement at a sliding support). There is therefore only one pair 

of propagation constants for each case. 

When the attenuation constant is non-zero wave motion attenuates 

as it progresses and no energy is propagated. Frequency zones in 

which this occurs are called the attenuation zones. When the 

attenuation constant is zero, wave motion can freely propagate. 

Frequency zones in which this can occur are called the propagation 

zones. The limiting frequencies of the propagation zones are called 

the bounding frequencies. As the frequency changes in the 

propagation zones, the phase constant varies between 0 and -tr. 

Figures 66(a) and 66(b) show that the propagation zones of the 

beam with simple supports and those of the beam with sliding supports 

complement each other. In the beam with sliding supports, free waves 

can propagate from zero frequency. 

The lower bounding frequencies of the propagation zones of the 

undamped beam with simple supports are the natural frequencies of 

an isolated simply-supported periodic beam element. The upper 

bounding frequencies of the same zones are the natural frequencies 

of an isolated periodic element with clamped ends. The mode shapes 

of the infinite, periodic simply-supported Euler-Bernoulli beam at the 

bounding frequencies of the first two propagation zones are those 

given in Figures 57 and 58. 
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Similar features apply to the bounding frequencies of a periodic 

beam with sliding supports. The upper bounding frequency of the 

propagation zone is the corresponding natural frequency of an isolated 

periodic element with sliding ends. The lower bounding frequency of 

the jth propagation zone (j > 2) is the (j - 1)®^ natural frequency of 

an isolated periodic element with clamped ends. The mode shapes of 

the infinite, periodic beam at the upper bounding frequency of the 

first zone and at the lower bounding frequency of the second zone of 

propagation constants with sliding supports are those presented in 

Figure 61. Figure 60 depicts the mode shapes at the upper bounding 

frequency of the second zone and at the lower bounding frequency of 

the third zone. 

8.3,1.2 Transversely Elastic Supports 

Now allow each support of the periodic Euler-Bernoulli beam to 

have a finite transverse stiffness but no rotational stiffness. A 

non-dimensional transverse stiffness of KT = 10000 is considered in 

this section. The corresponding propagation constants of the 

undan5>ed beam are found from equation (7.19). The propagation 

constants obtained are plotted against the non-dimensional frequency 

and are compared with those of a simply-supported beam in Figure 67. 

When both deflection and rotation are permitted at each support 

there are two degrees of freedom at each periodic junction and the 

beam has two propagation constants at each frequency. Op to the 

frequency of a 185 the value of the transverse stiffness, KT, governs 

the upper bounding frequencies of the propagation zones. It can be 

seen from Figure 67 that when KT = 10000 the upper bounding 

frequencies are then less than those of the beam with simple supports. 

The reduction of upper bounding frequencies is progressively more 

pronounced in successively higher propagation zones. Since both 

cases have no rotational constraint the lower bounding frequencies of 

the first four propagation zones are the same. 

In a very narrow frequency range around frequency a 185 both pairs 

of propagation constants of KT = lOOOO have the same real part but 
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their phase constants cure the complex-conjugates of each other. (In 

Figure 67 they are both plotted EIS negative. ) This range is called a 

Complex conjugate Zone (CCZ) [17] and is not a free propagation zone. 

At frequencies above the CCZ the tower bounding frequencies of the 

periodic beam are governed by KT. 

8.3.1.3 General Elastic Supports 

The propagation constants of a periodic Euler—Bernoulli beam with 

elastic supports which provide both transverse and rotational 

constraints are found from equation (7.24) and are compared with the 

propagation constants of the sin^ly-supported beam in Figure 68. The 

non-dimensional elastic support stiffnesses axe taken as KT = lOOOO 

and KR = 10. There is no stiffness coupling at the supports. 

The effect of increasing the rotational stiffness, KR, is to 

increase the tower bounding frequencies below the CCZ. After the CCZ 

(which is at about the frequency as 160) the roles of KT and KR are 

reversed. As before, KT governs the lower bounding frequencies and KR 

in this caae governs the upper bounding frequencies. 

8.3.2 Euler-Bernoulli Plates 

8.3.2.1 Simple and sliding Supports 

The plates to be considered here have the same bay dimensions and 

properties aa those analysed in Section 8.2.2. 

The propagation constants of periodic Euler—Bernoulli plates with 

simple supports and sliding supports sure also found from equations 

(7.15) and (7.16) respectively amd axe presented in Figures 69(a) and 

69(b). Like Euler-Bemoulli beams each caise haa a single propagation 

constant and again they complement each other, the propagation zones 

of one case being the attenuation zones of the other. This is with 

the exception of the frequency range below frequency a 10. Wave 
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propagation in the plate with sliding supports does not start from 

zero frequency as it does in beams on sliding supports. Rather it 

starts from the cut-on frequency of the plate (» 2.47). 

8.3.3 Three-Layered Sandwich Beams 

8.3.3.1 Simple and Sliding Supports 

The propagation constamts of undamped periodic sandwich beams with 

simple supports and sliding supports are obtained from equations 

(7.29) and (7.30) and are shown in Figures 70(a) and 70(b). The 

dimensions and the material properties are the same as in Section 

8.2.3. 

Each beam now has two pairs of propagation constants but the 

propagation zones of sajidwich beams with simple supports and sliding 

supports no longer complement each other. 

However the lower bounding frequencies of propagation zones of 

beams with simple supports and the upper bounding frequencies of 

corresponding propagation zones of beams with sliding supports are 

still the same. This is due to the fact that the natural frequencies 

of simply-supported and sliding-sliding isolated periodic sandwich 

beam elements are the same. 

It is also evident from Figure 70(b) that the starting frequency 

of the first propagation zone with sliding support is zero. 

8.3.3.2 The Effects of Including Core Damping; Simple Supports 

Figure 71 shows the effects of core damping on the propagation 

constants of the simply-supported three-layered sandwich beams by 

considering two different core loss factors 0 = 0 and (3 = 1. When 

damping is present neither the attenuation nor the phase constants 

ever become zero. Furthermore the phase constants never cover any 

range with a value of /i = -in. Nevertheless, particular changes in 
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the propagation constants of the damped beam can be eissociated with 

the beginning or end of a propagation zone. Through that zone one of 

the attenuation constants dips to minimum and one of the phase 

constants shows a steep chsmge. 

The upper attenuation constant of Figure 71 (which represents a 

very rapidly attenuating wave) is increased by the inclusion of 

damping in the core of the beam. 

8.3.3.3 The Effects of Temperature: Simple Supports 

Figure 72 shows the influence of temperature on the propagation 

constants of the simply-supported three-layered undamped sandwich 

beams. Frequency dependent Gg values corresponding to the 

temperatures T = 15°C and T = 18°C axe obtained from Figure 7 and are 

used in the generation of the curves. Figure 72 shows that the 

propagation zones of a sandwich beam with softer core (corresponding 

to T = 18°C) take place at lower frequencies them the zones of a beam 

with stiffer core (corresponding to T = 15°C). Also the upper 

attenuation constant is less when T = 18°C. 

8.3.4 Three-layered Sandwich Plates 

8.3.4.1 Simple and Sliding Supports 

The following non-dimensional parameter is used in this sections 

ND Frequency s 2Trf(mg(XL)''^/Dt 

The terms within this parameter have the meanings defined in 

Chapters 3 and 7. 

The sinusoidal distribution of displacement across the width is 

the same as that considered for the Euler-Bernoulli plates. The cases 

studied consider a periodic plate element with am aspect ratio of two. 

Poisson's ratio is v = 0,3. 
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Propagation constants curves for sandwich plates with simple 

supports amd sliding supports axe determined by using equations (7.29) 

and (7,30) respectively and are presented in Figures 73(a) and 73(b) 

against the non-dimensional frequency. 

The curves for the two different support conditions do not 

complement each other as in the case of three—layered sandwich beams. 

The upper bounding frequencies of the plate with sliding supports and 

the corresponding lower bounding frequencies of the plate with simple 

supports are, however, the same for the reasons given for sandwich 

beams. With sliding supports propagation starts from the plate cut-on 

frequency. 

8.3.5 The Effects of the Stiffener Properties on the Propagation 
Constants of Three-Layered Sandwich Plates 

Next investigated are the effects of the stiffener properties on 

the propagation constants by considering a particular 

sandwich-plate/stiffener configuration. The dimensions of the 

periodic samdwich plate element cire the same ais those of an element of 

the six-bay sandwich plate considered in Section 6.3.2.1. The same 

material properties are also used. The dimensions and materiaJL 

properties of the stiffeners are given in Appendix C. The required 

stiffness values of the stiffener (i.e., K^, auid Kg.) for each case 

to be considered have been computed by using the procedures outlined 

in Appendix C. The propagation constants are determined from 

equation (7.32). 

8.3.5.1. The Stiffener with Pure Stiffnesses eind No Inertia 

Figure 74 shows the propagation constants when the inertia, 

stiffness coupling and the cross-sectional distortion of the 

stiffeners are all excluded from the analysis. % e stiffeners are 

assumed to possess transverse and rotational stiffness only. 
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There are three propagation constants at any frequency. One o£ 

the attenuation constants is considerably higher than the other two. 

There is a Complex Conjugate Zone at very low frequencies (» 20 to 90 

Hz) and despite its existence it is found that the lower bounding 

frequency of the first propagation zone is still controlled by the 

value of Kj-. This appears to contradict the findings on 

Euler-Bernoulli beams and certainly deserves greater attention. It 

is also found that above a 530 Hz the value of the upper bounding 

frequency is affected by but not by . 

8.3.5.2 The Effects of Including the Rotational Inertia of the 

Stiffener 

Next, the rotational inertia is added in the anaJLysis. The 

resulting propagation constants axe presented in Figure 75. As 

compared to Figure 74 the differences axe not significant at low 

frequencies but the upper bounding frequency of the second propagation 

zone is reduced. This is because of the fact that the inclusion of 

the rotational inertia reduces the dynamic rotational stiffness. 

Since the upper bounding frequency of second propagation zone is 

controlled by the value of Kj- (see previous section), addition of the 

stiffener rotational inertia lowers the bounding frequency. 

8.3.5.3 The Effects of Including the Transverse Inertia of the 

Stiffener 

Figure 76 shows the propagation constants when the effect of 

transverse inertia (but not the rotational inertia) is added to the 

stiffener properties used in section 8.3.5.1. Compaxison of Figures 

74 and 76 shows that the lower bounding frequency of the second 

propagation zone is now reduced for the same reasons as given in the 

previous section. 

Figure 77 shows the propagation constants when the stiffness, 

transverse and rotational inertias of the stiffener axe all 

considered. 
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8.3,5.4 The Effects of Dynamic Stiffness Coupling 

Now in addition to stiffness and inertial properties, the dynamic 

stiffness coupling is also included in the analysis and Figure 78 

shows the result. Congarison of Figures 77 and 78 reveals that the 

coupling reduces both bounding frequencies of a propagation zone and 

this is more significant at higher frequencies. 

8.3.5.5 The Effects of Cross-Sectional Distortion 

Finally, the cross-sectional distortion of the stiffeners is also 

included in the analysis and the dynamic stiffness values so obtained 

are used in the generation of the curves. The propagation constants 

of this most general caise is presented in Figure 79. 

Comparison of Figures 78 and 79 shows that at low frequencies 

(i.e., first propagation zone) the cross-sectional distortion reduces 

the lower bounding frequency quite significantly. This is expected, 

because Figure C. 4 shows that at low frequencies cross-sectional 

distortion lowers the rotational dynamic stiffness. Distortion 

reduces both bounding frequencies more so at higher frequencies. 

The most in^rtant point to be observed is that at a certain 

frequency (a 880 Hz) one of the attenuation constants takes a high 

value. This frequency corresponds to the natural frequency of the 

stiffener when its line of attachment to the plate is fully-fixed. 

The stiffener then behaves like a dynamic absorber resisting both 

transverse motion and rotation of the plate, Actually at those 

frequencies nrare than one attenuation constant may go to infinity and 

corresponding phase constant(s) always show a sudden change between 0 

and -n. 
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8.4 Conclusions 

This chapter has presented computed results relating to free 

hcunnonic wave motion in uniform, infinite, periodic structures. 

Euler-Bernoulli beams and stiffened plates cis well as three-layered 

sandwich beams and stiffened sandwich plates have been investigated. 

The behaviour of phased array receptance functions and the propagation 

constants have been studied in detail. 

It has been shown that the frequencies at v^ich the phased array 

receptance functions have peaks and troughs can be identified with the 

natural frequencies of isolated periodic elements with either 

simply-supported or clamped ends. 

The propagation constants of structures having various support 

conditions have been determined and presented. It has been found 

that for periodic Euler-Bernoulli beams and plates the propagation 

zones of structures with simple supports con^lement those of 

structures with sliding supports. In the caae of three—layered 

sandwich structures this relation has not been observed but it hats 

been determined that the lower bounding frequency of propagation 

zone with simple supports is actually the upper bounding frequency of 

propagation zone with sliding supports. It has aJLso been 

verified that for periodic beams with zero transverse constraint, free 

wave propagation starts from zero frequency. For periodic plates of 

finite width and simply-supported along the infinite length, when the 

transverse constraint along the width is zero free wave propagation 

cannot begin below a certain cut-on frequency. 

It hcLS long been known that the rotational stiffness at a periodic 

support controls the lower bounding frequency of a propagation zone 

whereas the transverse stiffness controls the upper bounding 

frequency. Above the frequency of the complex conjugate zone the roles 

of the support stiffnesses are reversed. 

By considering a particular stiffener/sandwich-plate 

configuration, the effects of the stiffnesses of the stiffener have 

been analysed. For the cases concerned it has been found that even 
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When the frequency of the Complex Conjugate Zone is very low, the 

stiffener rotational stiffness still controls the lower bounding 

frequency and the transverse stiffness controls the upper bounding 

frequency of the first propagation zone. This is so whether the 

stiffeners have any inertia or not. The introduction of stiffness 

coupling and stiffener inertia reduce the bounding frequencies of 

propagation zones, more so at higher frequencies. 

It hcU3 also been found that including the effects of 

cross-sectional distortion of the stiffener in the calculation causes 

attenuation constant(s) to go to infinity at particular frequencies. 

At these frequencies the stiffener behaves like a dynamic absorber 

resisting both transverse motion and rotation of the plate. This may 

be useful in preventing undesirable wave propagation. The stiffener 

can be tuned in such a way that its natural frequency cam coincide 

with the frequency which requires to be avoided. 
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CHAPTER 9 

THEORY OF FORCED WAVE MOTION IN UNIFORM INFINITE PERIODIC STRUCTURES 

9.1 Introduction 

Very little work has been reported relating to the vibration 

cinalysis of harmonically forced, infinite, periodic structures. Munjal 

St at [18] studied the response of a rad.lway line for point harmonic 

and roughness-excited forces. They modelled the structure as an 

infinite periodic beam. They assumed that the external excitation 

generates the same type of forced wave as described in Chapter 2 but 

their analysis used impedance and transfer matrix techniques. 

This chapter follows a different approach. The infinite, 

periodic, uniform structures to be considered axe those analyzed in 

Chapter 7 emd cure harmonically forced at a single point or along a 

single line in only one of their bays. Harmonic forcing has a point 

form Foeiwt for beam structures. For plate structures a 

sinusoidally varying line force P(y,t) = Fq sin ( i m r y / L y p e r unit 

length acts on the plate across the finite width Ly. 

The reactions (forces and/or moments) applied on the structure by 

the supports at both ends of the loaded bay are under the influence of 

the external harmonic excitation but the remaining bays and supports 

respond as if the structure is undergoing free wave motion. 

Therefore in the field where the free motion takes place the reaction 

forces and/or moments exerted by the regular supports can be related 

through the propagation constant(s) of the structure and can be 

represented by sums of phased arrays of forces and moments. This 

concept has been developed in Chapter 7. The total forced response of 

the structure hence consists of components due to: 

(i) the applied harmonic force 

(ii) the reactions at the ends of the loaded bay 

(iii) the phased arrays which constitute the remaining reactions. 
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This chapter purely concentrates on theoretical considerations. 

Applications of the method will be given in Chapter 10. 

9.2 Euler-Bernoulli Beams and Plates 

When a periodic Euler-Bernoulli beam or flat rectangular plate is 

forced in one of its bays, there eure either one or two waves which 

travel outwards from the source in each direction. These are the 

waves which have been analysed in Chapter 7. Whether there are one or 

two waves depends on the support condition. In this section the 

detailed theory will be given for Euler-Bernoulli beams. The 

extension of the method to Euler-Bernoulli plates can be obtained by 

allowing the applied force and the resultant response to vary in 

proportion to sin kyy in the y direction. 

9.2.1 The Beam on Simple Supports 

Consider Figure 80 vAiich illustrates the model to be studied. A 

single transverse harmonic force Pq e^"^ acts in one of the bays at 

X = Xq measured from the left hand support of the bay. The simple 

supports exert unknown reaction forces on the beam at regular 

intervals. The reaction forces at supports Or amd oe are affected by 

the applied harmonic force vAiereas all the reaction forces to the left 

and right of these supports are affected only by the free motion. It 

was shown in Section 7.2.2.1 that a periodic Euler-Bernoulli beam on 

single supports haus only one pair of propagation constants, fi, at amy 

frequency. Hence the reaction force at the s^^ right hand support in 

the free field of the forced beam cam be related to the reaction force 

at support Ir through 

Rgr = Rir e-M(s-i) (9.1) 

where s = l,oo. 
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The reaction forces at the supports to the left of support Ofi are 

related in a similaur way 

Rgg = Rig (9.2) 

Now each of the reaction forces and the applied force Pq 

generate displacements given by their infinite-system point response 

functions (see Chapter 2). It follows that the total displacement at 

X = Xr, within the loaded bay, due to Pq, Ror' and the infinite 

number of Rgj- and Rgg's is given by 

2 

w(xr) = pQ E an e 
n=l 

•kn I Xo-Xr I 

+ R.. I a. 
n=l n=l 

+ Z Rir ^ 
s=l n=l 

+ E R., c .n *-*.( »%&+*;) (9.3) 

s=l n=l 

where O < Ix̂ -I < XL and Xjr is measured from support number Ofi. 

When the infinite series axe summed, the above equation reduces to 

w(Xr) = Pq E an e 
n=l 

2 

E 
n=l 

+ E «n f„ 

+ Ror E an 
n=l n=l 

2 
E 

n=l 
+ Rjl2 E an e fn (9-4) 
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where £„ = e / [i - e ( ^ ^ n = 1,2 ajnd the coefficients, 

ajj's, were given by equation (2.9). 

Equation (9.4) has four unknowns (R^r, Ror' ^ofi' Rig), and these 

cam only be found provided four boundary condition equations are 

available. These conditions are found by considering the transverse 

displacements at four different support locations. Simple-supports 

do not deflect at all, so the boundary conditions to be satisfied are 

the zero transverse displacements at the supports. Two of the 

supports must be on the right-hand side of the loaded bay and the 

other two must be on the left-hand side. (Attempts to satisfy the 

conditions unequally at both sides (e.g., elLI four on the right-hand 

side or one on the left-hand side and the other three on the right) 

have resulted in ill-conditioning of the final matrix equation.) In 

this study the boundciry conditions have been satisfied at the supports 

12, ofi. Or, Ir. It has been verified that the alternative case which 

considers the supports It, 06, Or, 2r also yields the same answers. 

This indicates that the selected supports do not have to be in 

corresponding pairs. 

The zero displacement condition at Or can be found from equation 

(9.4) by setting to XL. This gives 

2 2 2 

Rir C fn + Ror E ^n + ôfi C ^n ^ " 
n=l n=l n=l 

+ Rif E an e"^"^fn = -Po £ a^ (9.5) 
n=l n=l 

Similar equations can be obtained for other support locations 

(l£,0«,lr). The four simultaneous equations so obtained can be put 

into a fourth order matrix form amd the unknowns (R^f, Ror' Rofi and 

Rig) cam be solved numerically. Appendix E gives the final matrix 

form of the equations. When the unknown reactions have been found, 

the transverse displacement at amy point within the loaded bay and 

measured from Ofi, can be computed from equation (9.4). 

117 



9,2.2 The Beam on Transversely Elastic Supports 

The periodic Euler-Bernoulli beam now rests on elastic supports 

which provide transverse constraints only. Rotation is unrestrained. 

It has been shown in Section 7,2.2.3 that the beam now has two pairs 

of propagation constants Mz- There are sets of support reaction 

components for each of these waves and for the s ^ right-hand support, 

they can be written as 

(9-6) 

The total reaction force at the s^^ right hand support in the free 

field is the sum of the above components. In this way the total 

reaction forces at the s^^ right and left-hand supports can be 

expressed as 

3=1 

Rse = E Rijg e (9 7) 
j=l 

Now consider the total transverse displacement at any within 

the loaded bay. The reaction forces at 02 and Or (Rgg and Ror)' the 

phased arrays of forces given by equations (9.7) and the external 

force pQ all produce displacement at x^ and this is given by 
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w(xr) = Po E an e 
n=l 

+ I E : an 
j=l 3=1 n=l 

+ Hor L ,-k,(XL-x,) ̂  z .n 

n=l n=l 

+ C C = j ^ g ^ S ^ s X W - X r ) (g.g) 

j=l 3=1 n=l 

where is measured from support number 02. 

After the Infinite series has treen summed, w(Xr) can be 

rewritten as 

.(=r) . f. E ,-l=nl-o-«rl 

n=l 

+ E Rijr E an e"^"^^*^^fjn 
j=l n=l 

+ Ror C + ,^, E ^ 
n=l n=l 

+ E Rij£ E an fjn <9.9) 
j=l n=l 

where fjn = e / [i — e ^] j = l,2 and n = 1,2. 

This equation has six unknowns (R^zr, Riir* Ror' Rog' RijlB' Riz^)' 

so six boundary conditions are necessary at appropriate support 

locations. Since the supports now deflect, one must satisfy both 

compatibility and equilibrium conditions. The force applied on the 

beam by the j^h support at Xj is given by Rj = -Ktw(Xj) where Kt 
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is the transverse stiffness of the support. w( Xj) is the transverse 

displacement of the j^h support and this is equal to that of the beam. 

Consider the special case at support number or. The transverse 

displacement of the beam can be found from equation (9.9) by setting 

Xr to XL. If this displacement is now substituted into the above 

equilibrium equation, one obtains the following relationship between 

the reactions amd Fq! 

2 2 2 ^ 

E RjLjr C a-n ^jn ^or( C a-n ) 
j=l n=l n=l 

+ Ko« C an ® + C C ^n ^ fjn 
n=l j=l n=l 

= -Fo E an e-^n(XL-Xo) (9.10) 

n=l 

The compatibility and equilibrium conditions written for five 

other support locations yield another five equations of similar form. 

In this study the displacement boundary conditions are written for the 

support locations 2r, Ir, Or, OS, 16, 26. The total of six 

simultaneous equations can be cast into a matrix form and solved 

numerically for the unknown reactions. Appendix F outlines the steps 

amd gives the final matrix form. Thereafter the transverse 

displacement at any x^ within the loaded bay can be found from 

equation (9.9). 

9.2.3 The Beam on General Elastic Supports 

Now consider Figure 81. It shows the total reaction forces and 

moments applied on the Euler-Bemoulli beam by general supports and 

the externally applied force Fq. It was shown in Section 7.2,2.4 

that a periodic Euler-Bernoulli beam or plate on general supports has 

two pairs of propagation constants and /Xj,. Two sets of support 

reaction components corresponding to these two waves act 
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simultaneously. (These have been explained in the previous section. ) 

The total reaction forces at the s^^ right cuid s^^ left hand support 

in the free wave field have been given by equation (9.7). Rotational 

elastic constraints now also exist and the total reaction moments at 

the s^^ right and left-hand support take the forms 

Msr = C Mijr e"^3(s-i) 
j=l 

Msg = E Migg g,-Pg(8-i) (9.11) 

3=1 

Now, the beam total transverse displacement at any point is the 

sum of the infinite—system point response functions of: 

(i) The reaction forces and moments at two ends of the loeuied bay 

(Ror' ^or' 2 M^g). 

(ii) The phased arrays of the remaining reaction forces and moments 

(Rsr' ^ r ' and Mgg). 

(iii) The externally applied force Pq. 

Hence the transverse displacement at any x^, within the loaded 

bay, can be shown to be: 
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.(Xr) . f. E -o-«rI 

n=l 

+ I I Riir *-'](»-!) I 
j=l s=l n=l 

E I E ^-kn((=+.)Xt^Xr) 

j=l 3=1 n=l 

+ Ror C e 
n=l 

-k„CXI^>=r) 

n=l 

+ Mo£ E bn e + R^g £ an e 
n=l n=l 

2 00 
+ E E Ml], E bn « - W = X W ^ % ) 

j=l 8=1 n=l 

2 00 
+ E E Rijfi e" 

j=l 8=1 

Mj(s-i) ^ g-knOXL+Xr) 

n=l 

(9.12) 

In this, account has been taken of the fact that the transvese 

displacement due to mon^nt excitation is cmtisymmetric with respect to 

the point of application of the moment. 

Now the moment con^nent £,r is related to the force 

con^nent ^ through equation (7.22) which states 

%t «FP + Kc «MP + 1 Kt apM + Kc (%M 

Kc «FF + Kr (%p Kc «FM + oqyiM + 1 

Rije,r 

Mije,r-I 

= o 
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Inserting into this the expressions for the phased array 

receptance functions app, a^P' apM a^M from equations (7.5), 

(7.7), (7.8) smd (7.9) respectively and carrying out the algebraic 

manipulations one finds the ratio of the reaction moment component to 

the reaction force component at the s^^ support to be 

-K̂ - E + K c Cn sinh n ^ ^ 
^ cosh /I - cosh krPCL ^ cosh fi - cosh k^XL 

Msi*,r = _ n=l : 

» p bn ainh ix _ , ^ dp sinh knXL 
^ , cosh IX - cosh knXli ^ . cosh ii - cosh knXL 

n=l ' n=l 

= f(Mj) (9.13) 

This equation defines /(jxj) and is valid for each component wave 

provided that the corresponding propagation constamt fij is used. 

The moment terms and in equation (9.12) can now be replaced 

by Rijr/(Mj) smd Rxjef(U-j) so the number of unknowns in that equation 

can be reduced. Furthermore the infinite series can be summed and 

equation (9.12) becomes 

w(Xr) = Fo E an e 
n=l 

+ 2 Rijr f C an " f(-Pg) E 
j=l n=l n=l 

+ Ror C an E b„ 
n=l n=l 

+ Moj E bn e + Ro« E e 
n=l n=l 

+ E Rijfi I E an e fjn + f(fJ-j) E bn e fjn] (9.14) 
j=l n=l n=l 

where fjn has been defined in Section 9.2.2, 
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Notice that equation (9.14) contains f(-Mj) and The 

different signs in these stem from the fact that the positive going 

waves (i.e., waves travelling from left to right) correspond to -/Xj 

whereas negative going waves (i.e., travelling to the left) 

correspond to /ij. 

There are now eight unknown reactions (Rizr, Riir, Ror' Mor' Mog' 

Rgg, Riifi, Rizfi)' Eight boundary conditions are required to set up 

eight simultaneous equations for the solution of these reactions. 

Since the supports can deflect both compatibility and equilibrium 

conditions must be satisfied at appropriate support locations. 

The transverse displacement of the periodic beam at Or can be 

found from equation (9.14) by setting Xj- to XL. This must be equal 

to the transverse displacement of the support at Or. This is a 

statement of compatibility. The support displacement at any x =Xj 

was given by equation (4.28) in terms of the support stiffnesses and 

the forces and moments acting on it. For equilibrium at the support 

Or the reactions given in equation (4.28) become Rxj= -Ror 

= -Mor* Satisfaction of the compatibility condition then leads to 

2 2 2 

C Rijr ] C ^jn ~ /(-Mj) E fjnr 
j=l n=l n=l 

2 2 

+ Rorf E an + xri'" | + "orf & bn - | 
'• n=l tot-" '• n=l tot^ 

+ Moj E bn e + Ro« E e 
n=l n=l 

+ E Rijg f E an e " ^ " ^ fjn + f(Mj) E bn e fjnl 
j=l n=l n=l 

-Po E an e ^n(XL-Xo) (9.15) 

n=l 
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since two of ttie unknowns are moments, two of the boundary 

conditions required must satisfy the rotational compatibility and 

equilibrium. Now the reaction moments and forces in the free field 

axe related through equation (9.13). Attempts to satisfy both 

transverse displacement and rotation conditions at the same support in 

the free field have been found to lead to ill-conditioning of the 

final matrix. Hence in this study boundary conditions used are the 

six transverse displacement conditions at 26, Ifi, OS., Or, Ir, 2r and 

the two rotational conditions at Ofi and Or. These eight boundary 

conditions give equations of similar form. The eight simultaneous 

equations so obtained can be put into a matrix form and can be 

numerically solved for the unknown reactions. Appendix G details the 

procedure and gives the final matrix form. Once the unknowns are 

determined the transverse displacement at any Xĵ , within the loaded 

bay, can be obtained from equation {9.14). Equation (G.18) can be 

used to determine the rotation at any x^ in the same bay. 

9.3 Three-Layered Periodic Sandwich Beams and Plates 

When a periodic three-layered sandwich beam or plate is forced in 

one of its bays, either two or three different outward going waves 

propagate from either side of the loaded bay. The number of wave 

pairs is determined by the support conditions. This section will 

extend the theory of Section 9.2 to saindwich plates. The derivation 

procedure can be applied to sandwich beams simply by dropping the sin 

kyy term and hence the y-wise dependency. 

9.3.1 The Plate on Simple Supports 

Suppose the periodic sandwich plate is excited by a line force 

Po sin kyy at (Xq, y) in one of its bays. It was shown in Section 

7.4.2.1 and verified in Section 7.5.2 that three-layered periodic 

sandwich beams and plates on simple supports have two pairs of 

propagation constants and at any frequency. The support 
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reaction forces in the free wave field at the right and left-hand 

supports then take the forms 

2 

Rgr = E Rijr sin kyy 
j=l 

2 
Rgg = E Rijg sin kyy (9.16) 

i=i 

The transverse displacement at any (x^-.y) within the loaded bay 

can be found by considering the response due to all the reaction 

forces and Pq. Just as the infinite-system point response functions 

were used at this stage in Section 9.2,1, so we now use the 

infinite-system line response functions for the sandwich plate. 

These functions axe explained in Chapter 3. The total response at 

(Xr,y) due to Pq and all the reactions is 

w(=.r.y) = fF„ E .n 
^ n=l 

+ C C Rijr C an e-kn((8+i)XL-Xr) 

j=l s=l n=l 

+ Rot E e-*n(XL-%r) + E a. r " " " ' 
n=l n=l 

2 00 , 3 
+ E E Rijg e 1) E an e *n(*XL+*r)j sin kyy (9.17) 

j=l s=l n=l 

The infinite series can easily be summed and the above equation 

becomes 
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w(K,,y) = IP, E e-%n,x.-xr,+ J I . 
n=l j=l n=l 

+ Ror E an e ^n(Xl>-Xr) + E an e 

n=l n=l 

+ n Rijfi E an e fjn'l sin kyy (9.18) 

j=l n=l 

where fjn' — ® l^nXL y _ g n )j j — 1,2 and n — 1,2,3. 

There axe six unknowns (Rizr* ^iir' ^or' Ro&' Riig' which 

can be found from six appropriate boundaxy conditions equations. 

Since simple supports do not deflect, the conditions are ej^ressed by 

equating the transverse displacements at the support locations (in 

this study at Or, Ir, 2r, Ofi, 111, 2fi) to zero. TFhe condition 

w(Or, y) = O leads to the equation 

f n -knXL 
I Z Rijr E an fjn' + ^or E an + Ro* E e 
^j=l n=l n=l n=l 

2 3 

+ E Rijfl E an jn'i sin kyy 

3=1 n=l 

= -FQ E an e"^n(XL-Xg) kyy (9.19) 

n=l 

It is a straightforward matter to write down the other five 

equations. They are given in Appendix H, together with the final 

matrix form. The sixth order matrix equation so found can be solved 

numerically for the unknown reactions. The transverse displacement 

at any point (Xr,y), within the loaded bay, can then be found from 

equation (9.18). 
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9.3.2 The Plate on General Supports 

It was shown in Section 7.4.2.4 that when a periodic three-layered 

sandwich beam or plate structure rests on general supports, there 

exist three pairs of propagation constants: p-z and at any 

frequency. There are therefore three different waves which can 

propagate outwards from the loaded bay and corresponding to each is a 

component of a support reaction. 

The total reaction forces in the free wave field at the s^^ right 

and stli left hand side supports therefore have three terms in the 

series as 

Rgr = L Rijr e sin kyy 
j=l 

Rgg = E Rijfi e sin kyy (9.20) 

j=l 

The reaction moments in the free field can be expressed in a 

similar way and are given by 

Mgr = E Mijr sin kyy 
j=l 

Mgg = E Mj_j£ sin kyy (9.21) 

3=1 

The total transverse displacement at amy (Xr,y), within the loaded 

bay, can be obtained by considering displacements due to all the 

support line reaction forces and moments and the exciting line force 

Pq. By making use of the infinite-system line response functions, the 

displacement at (Xr,y) is found to be 

128 



w(Xr,y) = |Po C an e 
^ -knIXo-XfI 

n=l 

j=l 3=1 n=l 

- E E C 
i=l s=l n=l 

+ R., E .„ - M,, I b . 
n=l n=l 

+ Mog E bn e + Roll E e 
n=l n=l 

+ I t a - " ] ' - ' I bn a - W a X M - X r , 
j=l 3=1 n=l 

+ e e Rijg e ^3(9-1) E an e sin kyy (9.22) 

j=l s=l n=l 

The infinite series within this equation aire easily summed as 

before. Further M^jc can be expressed in terms of R^jr Mj^jg 

in terms ofR^jg (in the same way as equation (9.14) was derived) but 

the ratio f(fij) which is valid for each reaction component now 

contains series with three terms instead of two. Otherwise the form 

of equation (9.13) still applies. Using this relationship between 

and Rijr smd also and Rijjj we can eliminate and 

Mijg from equation (9.22) to yield 
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w(Xr,y) = [fq E an e 
knlXo-Kri 

"n "= 
n=l 

3 . 3 

+ E Rijr [ C an *-*n(X&-Xr) 

j=l n=l n=l 

+ R.r E a„ «-•="< I bn 9-*"':=-*') 
n=l n=l 

+ Mo2 E bn e + Roll E an e 
n=l n=l 

+ E R i j g f E a n e f j n " + /(Mj) E b n e f j n " ] ) s i n k y y 
j=l n=l n=l 

(9.23) 

where fjn" — ® ^nX&y^^ — e ^ n ^ ) j j _ 1,2,3 and n = 1,2,3, 

There are ten unknowns to be solved in this problem (Rj.3r» ^izr* 

Riir, Ror, Rog' Mor' Hog, Riig, Riz*, *i3*) and ten boundary 

conditions are required. These are the equilibrium and compatibility 

conditions between the sandwich plate and the stiffener at appropriate 

support locations. Following the procedure of Section 9.2.3 the 

displacement boundary condition at support Or, w(Or,y), can be shown 

to yield 
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f ^ r ̂  
E R i j r E an f j n " " C f j n " 

j = l n = l n = l 

3 3 

Ror f E a n + + Mor[ E b n -
'•n=l tot-" '•n=l tot-" 

+ Moa E b n e + Roe E a n e 
n = l n = l 

3 r 3 
+ E R i j g E a n f j 

j = l ^n=l 
i n e + f ( I X j ) E b n f j n " e ^ " ^ ] } s i n k y y 

n = l 

= -Po< E a n e ^ n ( ^ k y y 
n = l 

(9.24) 

Section 9.2.3 has mentioned the care 

the remaining boundcury conditions. In 

taken to be the two rotational conditions 

transverse displacement conditions at 311, 

Appendix I outlines the setting up of the 

gives their final 10 x 10 matrix equation 

once the equations are solved for the 

displacement at any (x^.y) (Ofi < x^ < 

equation (9.23). 

with which one must choose 

the present case they are 

at Ofi and Or and the seven 

2i, li, Ot, IT, 2r and 3r. 

corresponding equations and 

for the unknown reactions, 

reactions, the transverse 

Or) can be computed from 

9.4 conclusions 

This chapter has laiid down the fundamentals of forced vibration 

analysis of infinite, periodic, uniform beams and plates. 

Euler-Bernoulli beams and plates and three-layered sandwich beams and 

plates have been studied. Point or line harmonic excitation has been 

applied in one bay of the structure. 
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The principle of the method has been to set up equations for the 

reactions (forces and/or moments) exerted by the supports. In the 

most general case the two supports at either end of the loaded bay 

each exert a transverse force and moment reaction (4 unknown reactions 

in total). The remaining supports to the right axid left of the 

loaded bay (infinite in number) also each exert two reactions. By 

making use of the free wave propagation concepts in periodic 

structures, these remaining unknown reactions can be expressed in 

terms of just 2j unknown reaction force components Where j is the 

number of independent waves vrtiich can propagate in one direction at 

any one frequency. In this way 2j + 4 non-homogeneous equations have 

been set up for 2j + 4 unknown reactions. When the equations are 

solved for the reactions, the response of the structure cajti be found 

at any point in the structure. 
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CHAPTER 10 

CALOJIATIONS REIATING TO FORCED WAVE MOTION IN UNIFORM INFINITE 
PERIODIC STRUCTURES 

10.1 Introduction 

This chapter presents calculated results for the forced vibration of 

infinite, uniform, periodic structures which are haxmonically forced in 

one bay only. For beams, the force excitation takes place in point 

form Fq For plates, it takes the sinusoidally-veurying line form 

P(y,t) = Fq sin(mTr/Ly)y per unit length between the simply-

supported edges across the finite width Ly. 'm' represents the 

number of half-waves across the width. Chapter 9 has laid out the 

theoretical details of the approach. 

This chapter first presents results for Euler-Bernoulli beams and 

then for the particular sandwich plate/stiffener configuration of 

section 8.3.5. special consideration is given to the effects of the 

support (or stiffener) stiffness and the beam damping on the harmonic 

response. 

The harn»nic vibration response considered in this chapter is the 

direct receptance of the beam or plate under the action of a single 

point or line force. 

10.2 Response to a Point Force; Euler-Bernoulli Beam 

The direct receptance considered in this section has the 

non-dimensional form given by 

ND w/F : w/F (EI/XL®) (Receptance = Displacement/Force) 

A non-dimensional frequency is used for the beam as defined in 

Section 8.2.1. The non-dimensionalization procedure of the beam 

133 



support stiffness values to be considered here wais given in Section 

8.3.1, 

10.2.1 Simple Supports 

Figure 82 shows how the magnitude of non-dimensional transverse 

direct receptance w/F for a periodic beam on simple supports vaxies 

with frequency. The force is applied at 1/8^^ of the bay length from 

one stiffener (Xq = XL/8). In order to observe the peaks clearly, very 

low damping (T) = 10"®) is assigned to the beam. The transverse direct 

receptance is computed from equation (9.4) and the reactions, R's, are 

found from equation (E.6). Notice that the receptance curve consists 

of a series of pairs of resonamt peaks, adjacent pairs being sepsurated 

by an anti-resonance trough. The frequencies at which any pair of 

peaks occur are the bounding frequencies of the propagation zones of the 

periodic structure. 

Figure 83 shows the receptances of the same structure as that of 

Figure 82 but two different exciting force locations are analyzed (Xq = 

XL/2 cmd Xq = XL/3). The beam loss factor is again n = 10""®. 

Consider firstly the curve for Xq = XL/2. It can be seen that the 

number of pairs of peaks are less than Figure 82 (Xg = XL/8) and that 

the peaks at frequencies a 6.3, a 7.9, a 12.6, a 14 have been replaced 

by discontinuities in the curve. Likewise, on the curve for Xq = XL/3, 

peak at frequency at 9.4 has been replaced by a discontinuity. 

This phenomenon haa a simple explemation. When the structure is 

excited at Xq = XL/2, the resonant beam response at the second and 

fourth pairs of peaks haus a nodal point at x = XL/2 (i.e., the beam 

elements are being excited in modes with nodes at this point). It 

follows that if the beam is excited at this point, that mode cannot be 

ejoiited and resonant response cannot be obtained. Likewise, when the 

beam is excited at Xq = XL/3, a resonemt mode with a node at x = XL/3 

cannot be excited and this accounts for the lack of a peak at frequency 

as 9.4. 
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10.2.2 Transversely Elastic Supports 

The supports are now allowed to have finite transverse stiffnesses 

but zero rotational stiffness. First studied is the effect of changing 

the transverse stiffness. Figure 84 shows the direct receptances for 

non-dimensional transverse stiffness values of KT = 3000, 5000, 10000, 

30000. Forcing is applied at Xq = XL/8. In order to compare the peak 

levels, the material loss factor is increased to t) = 0.003. The curves 

are generated from equation (9.9) and equation (P.14) is used to obtain 

the reaction R's. 

As can be seen each curve has pairs of peaks and these can be shown 

to occur at the bounding frequencies of the corresponding propagation 

zones. The curves for all RT values have resonant peaks at frequencies 

a 3.1 and a 6.3. These are the bounding frequencies which are governed 

by the rotational stiffness and not by the transverse stiffness. The 

remaining resonant peaks are at the bounding frequencies governed by the 

transverse stiffness and not at all by the rotational stiffness. As 

expected, the frequencies of these peaks drop aa the transverse 

stiffness is reduced. 

Figure 85 expands the frequency scale of Figure 84 over the range of 

3 to 5. Curves for KT = 300, 500, 1000, 2000 are also presented on 

this figure. The other paurameters are those utilized in Figure 84. 

It is now clearly evident that the increasing KT reduces the peak 

levels at the bounding frequencies which are actually governed by KT. 

These resonance frequencies are the bounding frequencies of wave motion 

which is symmetric about a support. This causes transverse motion at 

the support and the frequencies are therefore influenced by KT. It is 

found that the response levels at the lower bounding frequencies (which 

are influenced by KR and occur at frequency of as 3.1) are also lowered 

as KT increases. However, this effect is too small to be seen on 

Figures 84 amd 85. 

Figure 86 shows the effect of exciting the beam at different points 

in the loaded bay. The force is applied in turn at support location 

Xg = O, Xq = XL/3 and at Xq = XL/2. KT has been taken to be 10000 and 
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the material loss factor, t), is 0.003. There is no rotational 

constraint at the supports. The magnitude of the direct receptance is 

plotted once again. 

A series of pairs of resonant peaks or discontinuities is agedLn seen 

for each loading condition. The peaks and discontinuities axe again at 

the bounding frequencies of the corresponding propagation zones. The 

figure aJLso demonstrates that at low freuencies, the response at the 

loading point increases as the loading point moves towards the centre of 

the bay. This is true at the resonant peaks also at off-resonance 

frequencies. At higher frequencies the maximum response may be 

obtcdLned when the loading point is elsewhere. 

10.2.3 General Elastic Supports; Effects of Changing the Support 

Stiffnesses 

Next presented is the response of a beam which has general elastic 

supports. The transverse and rotational support stiffness values are 

systematiccLlly varied in turn. Forcing is applied at 1/8%% of the bay 

length (Xq = XL/8) and the beam material loss factor is taken as 

T) = 0.003. The responses axe computed from equation (9.14). The 

reactions, R's, Mor amd Mqjj, are found from equation (G.23). 

Figure 87 shows the effect of vaxying the transverse stiffness When 

a small amount of the rotational stiffness is introduced (KR = 1). The 

trzmsverse stiffnesses considered axe the values used in Figure 85. As 

can be seen, each curve hcU3 a peak at the frequency a 3.3. This is the 

bounding frequency influenced by KR and, because KR now exists, is 

higher than the bounding frequency of Figure 85 (* 3.1) for which KR was 

zero. 

Reducing the value of KT agadln reduces the upper bounding 

frequencies and increases the peak responses at these frequencies. 

Since Figures 85 and 87 have the same KT vcilues these (upper) bounding 

frequencies are the same in both figures. The presence of KR slightly 

increases the peak levels at all bounding frequencies as compared to 

Figure 85. 
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Figure 88 shows the effect of varying the rotational stiffness while 

the transverse stiffness remains constant. The non-dimensional 

rotational stiffness values considered axe KR = 0.1, 0.3, 1, 3, 10, 30, 

100 and 300. The trainsverse stiffness is KT = 10000. Material loss 

factor is again ti = 0.003. 

It can be seen that reducing the value of KR reduces one of the 

resonance frequencies but has no effect on the other (at as 4.7). The 

resonance frequency which is reduced is at the lower bounding frequency 

of the corresponding propagation zones. The beam wave motion is 

anti-symmetric about the support emd is therefore influenced by KR. 

When the rotational stiffness is increased, the response at the first 

resonance peak is first reduced and then increzised at very high KR 

values. At the other peak the response is always increased. This 

une3^>ected result was first observed by Mead [36]. It contrasts 

with the expected behaviour seen in Figures 84, 85 and 87 where the peak 

responses decrease as the transverse stiffness increases. 

10.3 Response to a Line Force; Three-Layered Sandwich Plate 

Finally, the particulair Scindwich plate/stiffener configuration of 

Section 8.3.5 is considered. There are far too many parameters 

affecting the resonant response levels to permit a really comprehensive 

study. In this section, only the effects of stiffener cross-sectional 

distortion are considered by including «md disregarding it in turn. 

Equation (9.23) is used in the determination of the responses and 

equation (1.13) is utilized for the solution of unknown reactions, R's, 

Mqjj and Mor- A sinusoidally- varying line forcing with m = 1 is applied 

at 1/8^^ of the bay length from one stiffener (Xg = XL/8). The purpose 

is clearly to locate the resonance frequencies so the core loss factor 

is taken to be very low (/3 = 10~®). In both cases the stiffener 

dynamic stiffnesses are considered and dynamic stiffness coupling is 

taken into account. Stiffness vaJLues are confuted from Appendix C. 

The plate dimensions are those given in Section 6.3.2.1. The core shear 

modulus is taken to be frequency-dependent from Figure 7 corresponding 
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to a temperature of T = 18°C. Figure 89 shows the plate response both 

with the distortion of the stiffener cross-section cuid without it. 

Once again resonant peaks axe seen to occur in pairs and at the 

bounding frequencies of the propagation zones (see Figures 78 and 79). 

The effect of cross-sectional distortion on the bounding frequencies has 

already been considered in Section 8.3.5. It is therefore to be 

expected (as observed) that the frequencies of the peaks are less v^en 

stiffener cross-sectional distortion is included in the calculations. 

The response levels at low frequencies are slightly increased by the 

inclusion of stiffener distortion but within the propagation zones they 

axe slightly reduced. 

10.4 Conclusions 

This chapter has presented computed response curves for the forced 

vibrations of some infinite uniform, periodic structures. It has been 

confined to the applications of the concepts developed in Chapter 9. 

Results for an Euler-Bernoulli beam and a flat, rectangular, 

three-layered sandwich plate have been presented. Only single point 

(or line) harmonic force excitations have been considered. 

The response versus frequency curves in all cases consist of 

successive pairs of resonance peaks (or discontinuities) which occur at 

the bounding frequencies of the propagation zones of the periodic 

structure. 

It has been confirmed that when the rotational stiffness at a 

support is incresised the response of the periodic beam increases at 

bounding frequencies #iich are actually controlled by KT. The response 

levels at bounding frequencies influenced by KR aure first reduced as KR 

increases and then are increased. On the other hand, increasing RT 

lowers the response at every frequency within the propagation zones. 

This is more profound at higher frequency zones. 
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It has been shown that the low frequency response of a periodic beam 

on transversely elastic supports is higher when the exciting force is 

closest to a bay centre. At higher frequencies the response may be 

greater when the force acts at some other point. 

The theory developed may find some applications on the vibration of 

railway lines. Present day rails axe very long beams supported on 

wooden (or concrete) sleepers at regular intervals. Hence they can be 

modelled as infinite, periodic beams with flexible supports and acted 

upon by oscillating forces induced by the roughness of the mating 

surfaces of the wheel and the rail. A knowledge of driving point 

impedance (force/ velocity) is an important factor in the determination 

of the vibration levels transmitted to the wagons. 
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SECTION 4i EXPERIMENTAL WORK 



CHAPTER 11 

EXPERIMENTAL WORK 

11.1 Introduction 

This chapter describes vaxious experiments which were conducted in 

order to verify some of the developed theories. The main aim was to 

correlate the measured frequency responses of eight-bay, stiffened 

plates (uniform and three-layered sandwich) with the responses 

predicted by the methods of Chapter 6. 

The sandwich plate had a very heavily damped core. In consequence 

the frequency response curve of the plate heu3 no sharp peaks or 

troughs, the peaks of individual resonances merging to form low 

'humps'. Therefore, the task of experimentally determining the 

individual resonance frequencies of the multi-bay stiffened sandwich 

plate was impossible. On the other hand, the resonance frequencies of 

the lightly damped, uniform, stiffened plate were readily measurable. 

But the magnitude of forced response depended on certain parameters 

which could not be included in the ideaJLized theory {e.g., effects of 

acoustic damping, frequency dependent damping). 

Hence within the limitations of equipment and chosen experimental 

methods the verification of the theories of Chapter 6 is done in two 

stages. The experiments on the eight-bay uniform plate are used to 

validate the resonance frequency aspects, whereas the experiments on 

the eight-bay three-layered sandwich plate aire utilized to confirm the 

response magnitudes. 

Experiments were also conducted on narrow strips cut out from the 

sandwich plate specimen. These have been treated as sandwich beams 

and experiments on them are used to verify the sandwich beam theories 

given in Chapter 5. 

In each ej^riment, the plate or strip was excited by one or more 

electrodynamic exciters. This chapter first outlines the calibration 
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of these exciters and then describes experiments on the stiffened 

uniform plate. Experiments on the sandwich strips sure then explained 

after which the eight-bay, stiffened sandwich plate is considered. 

11.2 Calibration of Exciters 

Three Ling 101 electrodynamic exciters were used in the course of 

the experiments. It was required to obtain accurate values for each 

of the 'Head Constants', which is the force generated by the exciter 

per unit current, and also of the 'Moving Mass' of the exiciter coil and 

fittings. The latter cannot be measured (weighed) directly. 

11.2.1 Determination of Head Constants 

The general principle was as follows. The exciter was suspended 

from a bridge and was coupled to a force transducer which in turn was 

rigidly attached to a massive test-bed. The current to the exciter 

and the output from the transducer were measured in order to find the 

force per unit current. 

11.2.1.1 The Test Apparatus and Procedure 

Figure 90 gives the block-diagram of the experimental set-up and 

shows the equipment used. 

The harmonic current to the exciter passed through a known fixed 

resistance to enable an accurate measure of voltage drop (and hence of 

current) to be made. 

The exciters were driven from 100 [Hz] to 900 [Hz] at intervals of 

100 [Hz]. The voltage across the resistor was measured on a digital 

voltmeter (DVMjl). The output from the force transducer was 

conditioned by a charge amplifier whose output was also measured on 
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another digital voltmeter (DVM^). Meeisurements of OVM^ and DVM^, were 

taken at each frequency. 

11.2.1.2 Experimental and Derived Results 

The head constant is the force (Newton [N]) per unit current 

(Amporp [A]). The exact current weis deduced from DVM^^ and the known 

fixed resistance. The magnitude of the force was measured from the 

output of the charge amplifier with a suitable calibration constant 

applied. The head constants were then computed by dividing these 

force values by the measured current values. 

Table 7 presents the results and Figure 91 shows them plotted 

against frequency. As can be seen, they tend to increase slightly 

with frequency and to vary from exciter to exciter. For simplicity in 

subsequent work, the arithmetic average of these (averaged over the 

exciters and over the frequency band) has been found (a 2.4 [N/A]). 

11.2.2 Determination of the Moving Mass 

The exciter was placed on the bridge with a known extra mass 

attached to it. An accelerometer waua stuck on the mass. The 

principle of the test was to obtain the trcuisfer function (t. e., 

acceleration/force) of the exciter for a range of frequencies and for 

two different extra masses (a 8.9 [g] and a 12.3 [g]). 

11.2.2.1 The Test Appairatus and Procedure 

Figure 92 is the block-diagram of the experimental set-up and shows 

the equipment used. 

The exciter was driven by the internal noise generator of the 

signal processing unit [34] which henceforth will be denoted as TFA 

(Transfer Function Analyser). A fixed resistor in the line between 
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the power amplifier and the exciter enabled the current to the exciter 

and hence the force from it to be measured. 

The exciter was driven with a broadband random signal having a 

bandwidth of 800 [Hz]. The accelerometer signal from the charge 

amplifier was processed together with the exciter current signal to 

yield the inertance (acceleration/unit force). Data from 250 runs was 

acquired and averaged by the TFA for each value of the extra mass. 

The transfer function with the smaller mass attached was also 

determined by using a sinusoidal input current to the exciter. 

11.2.2.2 Experimental and Derived Results 

Figures 93 and 94 show the moduli of the transfer functions vmen 

the masses a 8.9 [g] and » 12.3 [g] respectively were attached. The 

transfer function evidently levels out above a frequency of 400 Hz. 

This is a 'mass controlled' region and the constant magnitude is 1/mt 

where m^ is the total mass [leg ] (•£•. e., the sum of the exciter moving 

mass, the extra mass auid the accelerometer mass). The resonant peaks 

in each transfer function occur vrtien the total mass resonates against 

the stiffness of the exciter diaphragm. 

Table 8 compares the magnitudes of the transfer function for the 

mass a 8.9 [g] found from the random experiment with that from the 

sinusoidal experiment above the resonance region. In the worst case 

(at 300 [Hz]) they only differ by about 3.5% and with increasing 

frequency the discrepancy diminishes. 

Since the transfer function at high frequencies is given by 1/mt, 

the total mass 'rat' can be obtained simply from the inverse of the high 

frequency value. From the first run the total mass was found to be 

a 17.1 [g]. The extra mass and the maas of the accelerometer was 

a 10.9 [g], so the exciter moving mass was a 6.2 [g]. 

From the second run the total mass was found to be a 20.3 [g], so 

the moving mass was a 6.0 [g]. 
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In Section 11.4 the moving mass of the exciter will be taken as the 

average of these two results (i.e., 6.1 [g]). Only one exciter was 

tested, as it has been assumed that the three exciters had 

mechanically-identical head units. 

11.3 Eight-Bay stiffened Uniform Plate 

This section descriiies the experiments conducted on ein eight-bay, 

stiffened, aluminium plate. The aim was to determine the lowest group 

of resonance frequencies for a variety of different half-wavelengths 

'm' across the width, m = 1,2 and 3 were studied. 

11.3.1 Description of the MOdel 

The dimensions and material properties of the plate have been given 

in Figure 39 and photographs are shown in Figures 95 and 96. The 

plate is stiffened along its two long edges by frames a 0.32 [m] apart 

amd across its width by seven 'Z section' stiffeners. The 

cross-sectional dimensions and material properties of the stiffeners 

are given in Appendix C. The frames and the stiffeners axe rivetted 

to the plate. The distance between the lines of fran® rivets is 

a 0.34 [m]. There are six nominally- identical intermediate bays and 

two shorter overhamging-bays. Hence the plate can be approximated as 

a periodic stjcucture with six bays. 

For testing purposes, the plate was bolted through the frames on to 

two steel sections which were bolted to a massive test-bed. Hence the 

possibility of ground induced vibrations was kept to a minimum. In 

order to excite the plate, exciters were attached to it through small 

aluminium cylinders stuck on a line across the width. Their locations 

were determined by the mode to be excited. The exciters were 

suspended from a bridge across the plate. Figure 97 shows the overall 

arrangement. 
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11.3.2 The Test Apparatus 

Figure 98 is the block-diagram of the experimental set-up and shows 

the equipment used. The TPA was the same as that used in Section 

11.2.2. An accelerometer was used to measure the response and was 

placed for each excitation mode at the point where the response was 

e:gected to be greatest. 

11.3.3 Experimental Procedure 

The exciters were driven from the TFA with a random signal of 

bandwidth 200 [Hz] between 100 to 300 [Hz]. Data from 500 runs was 

acquired and averaged for each experiment. Forcing was applied along 

a line at x = 0.36 [m] cund acceleration measurements were made at 

X = 0.37 [m] (see Figure 39). 

Since the main purpose of this experiment wais to locate the 

resonance frequencies, the calibration of forcing and response signals 

were not required. This implies that the obtained response levels had 

arbitrary scales. 

If the frames provided simple supports, the motion across the width 

of the plate would vary sinusoidally in emy of the resonant nKides. In 

order to excite preferentially the modes with one half-wave across the 

width (m = 1), all three exciters should act in phase with another. 

One should be located at the centre of the plate width and the other 

two at as w@/6 from the frame rivet lines ('Wq' denotes the width (i.e., 

0.34 [m])). If the outer two are driven with half the amount of the 

current of the central exciter, excitation of the m = 3 modes is 

minimised. The m = 2 modes cannot be excited by this currajigement. 

To excite the m = 2 modes, two exciters were used. Each was 

placed at a We/4 from the centre line and were driven 180° out of phase 

with one smother but with the same current amplitude. 

To excite the m = 3 modes, one exciter was placed at the middle and 

the others at a Wq/6 from the frame rivet lines. Each exciter was 
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driven with the same current amplitude but the central exciter was 180° 

out of phase with the other two. 

In order to ensure the repeatability of results, the experiment for 

m = 1 was conducted nine times under different conditions (I.e., 

several different excitation levels were used, the set-up was 

dismantled and re-assembled and the exciters were interchanged). 

Vibration mode shapes across the plate width were also determined 

for the first three resonance frequencies with m = 1. This was done 

using harmonic excitation. A moving accelerometer measurement was made 

along a line at x = 0.52 [m] and a reference accelerometer measurement 

(mid-way between the frames) was made simultaneously. The ratio of 

the magnitudes and the relative phase between the reference and iwDVing 

accelerometer were thus determined. 

11.3.4 Experimental Results 

Figure 99 shows the random transfer function versus frequency for 

the excitation mode m = 1. As explained in Chapter 6, the resonance 

frequencies of an % bay periodic structure occur in bunches of 

Therefore the resonance frequencies of the plate should occur in 

bunches of six. This can be observed on Figure 99. The response at 

higher frequencies appears to be damped more than the response at lower 

frequencies, probably due to acoustic damping. The peak around 260 Hz 

is because of a group of frequencies with m = 3. 

The resonance frequencies identified from Figure 99 are shown in 

Table 9. It also gives the average frequencies and the maximum 

deviations from nine sets of experiments with m = l. The resolution of 

the TFA was 0.78 Hz, hence the accuracy of the procedure is evident. 

When sinusoidal excitation was used, the first three resonance 

frequencies were found to be 131 [Hz], 140 [Hz], 151 [Hz]. Figure 100 

shows the normalised, measured mode shapes across the width at these 

frequencies and Figure 101 gives the corresponding relative phases. 

Figure 100 clearly suggests that the test piece (or the excitation) is 
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not symmetric. The curves also indicate that the frames provided 

finite transverse and non-zero rotational constraints, rather than 

infinite transverse smd zero rotational constraints as aasumed in the 

theory of Chapter 6 (i.e., simple supports). Nevertheless, to 

simplify the theoretical analysis the frames have been accepted as 

providing simple supports eind a plate width of 0.34 [m] has been 

retained in the theoretical analysis. 

Figure 102 shows transfer function versus frequency for excitation 

mode m = 2. The three small peaks between a 130 to a 160 [Hz] 

indicates that m = 1 mode resonances have also been excited. 

Figure 103 shows transfer function versus frequency for excitation 

mode m = 3. Compeirison of Figures 99 and 103 shows that excitation in 

either mode m = 1 or m = 3 can cause small responses in modes 3 and 1 

respectively. 

11.3.5 Compaxlson with the Theory 

By using the method of Section 6.2.1 the theoretical resonance 

frequencies of the eight-bay, stiffened plate can be computed. The 

dimensions amd the material properties of the plate axe shown in Figure 

39. The material loss factor is taken ais ri = 0.01, but this should 

not deeply influence the resonance frequencies. DetedLls of the 

stiffeners aure given in Appendix C. The stiffeners were assumed to 

possess dynamic stiffnesses, dynamic stiffness coupling and to undergo 

cross-sectional distortion. Sinusoidal line forcing is applied at 

Xq = 0.36 [m] and the response has been computed at Xj- = 0.37 [m]. 

These locations correspond to the experimental excitation and 

measurement positions. Equation (6.3) has been used to calculate the 

frequency response curves. Resonance frequencies have been found by 

iterating to identify the frequencies for maximum response levels. 

Table lO compares the theoretical resonance frequencies so obtained 

with the average ejqperimental frequencies for m = 1. The experimental 

and theoretical frequencies of modes 4, 5 and 6 agree quite well but 

the experimental frequencies of modes 1, 2 and 3 are substantially 
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lower than the theoretical values. These frequencies are heavily 

influenced by the rotational stiffness of the stiffeners, so it appeaxs 

that the actual rotational stiffnesses axe considerably less than those 

used in the calculations. The theoretical rotational stiffness took 

account of the effect of cross-sectional distortion of the stiffener 

and this effect was quite laurge in this particular case (see Section 

6.2,3.3), However, there appeeir to be other factors which further 

reduce the actual stiffnesses and these include the effect of 

flexibility of the rivets which join the stiffener to the plate. More 

work is required to investigate this problem. 

11.4 Free-Free Three-Layered Sandwich Beams 

This section describes experiments on free-free three-layered 

sandwich beams having equal face-plates. The aim was to obtain 

frequency response curves ajid to compare these with values calculated 

from the theories of Section 5.2. 

Two different experiments were conducted. In the first the 

calibrated exciter of Section 11.2.2 was used. The purpose was to 

determine the central direct trainsverse inertance of the beam. The 

purpose of the second was to determine the ratio of the tip transverse 

response to the central transverse response of the beam by using two 

laser vibrometers [35]. In both cases the forcing was applied at the 

middle so only the symmetric modes were excited. 

11.4.1 The Models and the Test Apparatus 

For the first experiment, the beam was attached at its centre to 

the exciter head and a 2 [g] accelerometer was fixed at the same point. 

The total mciss of the accelerometer, exciter moving mass and the 

coupler was 11.63 [g]. The beam length was 238 [mn] and the width was 

47 [mm]. 
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For the second experiment, a different exciter wais used. A mass 

of approximately 300 [g], which was 20 times that of the beam, was 

connected to the exciter spindle and the beam was attached to it. 

This arrangement served to maintain the acceleration at the excitation 

point at an aOmost constaint level as the excitation frequency was 

varied. The beam length was 278 [mm]. 

Figure 104 shows a block diagram of the equipment used for the 

first experiment. The TFA was the same as used in the previous 

sections. The voltage across the fixed resistor in the exciter 

circuit gave a signal proportional to the exciting force, and the 

output from the charge amplifier gave a signal proportional to the 

acceleration response. These signals were processed by the TFA to 

give the transfer function. 

Figure 105 shows the block diagram for the second experiment in 

which the velocity response at two points on the beam was measured by 

laser vibrometers. The output from these were processed by the TFA to 

yield the velocity transfer functions velocity close to the beam tip + 

velocity at beam centre. 

11.4.2 Experimental Procedure and Results 

In each experiment the beam was excited randomly with a bandwidth 

of 800 [Hz]. Transfer functions were obtained through the TFA by 

averaging more than 250 runs. When using the acceleroroeter the 

temperature was 20°C and when using the lasers it was 18°C. 

The measured transfer functions are shown by the dotted lines on 

Figures 106 and 107. Figure 106 shows the direct inertance at the 

beam centre (acceleration/force). Figure 107 shows the velocity 

transfer function. 
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11.4.3 Comparison with Theories 

The theoretical inertance corresponding to the first experiment can 

be conyputed by making use of the beam response theories of Sections 

4.3.2.2 and 5,2.3. It leads to a 7 x 7 matrix equation for the six 

unknown free wave amplitudes in the beam, aind for the one unknown 

reaction exerted by the central point maiss. For the second 

experiment, the velocity transfer function is independent of the 

central mass so the theory only leads to a 6 x 6 matrix equation for 

the unknown free wave amplitudes. 

The core shear modulus in the calculations was taken from Figure 7 

corresponding to either T = 20®C or T = 18°C. Over the frequency 

range f = 100 to 1000 [Hz] this is adequately represented by 

log (10 Gc) = 0.54407 log f + 6.91187 [N/mf] at 20°C 

log (10 Gc) = 0.52288 log f + 7.03342 [N/m^] at 18°C 

Over the same frequency remge and temperatures. Figure 7 gives the 

core loss factor to be approximately j3 = l.o. 

The theoretical inertance and velocity transfer function are 

superimposed upon the experimental values on Figures 106 and 107. 

Figure 107 shows quite good agreement between the theory amd experiu^nt 

aathough the theory underestimates the magnitudes of each of the peaks. 

Similar agreement (and disagreement) are seen on Figure 106 except at 

very low frequencies where the eaqperimental curve has an additional 

resonant peak. This resonance is associated with the mass of the 

system resonating against the stiffness of the exciter diaphragm» 

This stiffness was not included in the theory as the associated 

resonance was expected to be well below the frequencies of interest -

as it has turned out to be. The frequency range above a 100 Hz is of 

principal interest in this investigation. 

The experiments of this section also helped to verify the 

theoretical core data given in Figure 7. Although the peak levels 

were not in very good agreement, the accuracy in estimating the 

resonance frequencies and off-resonant response levels is a clear 
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indication that the theoretical Gg values closely represent the actual 

values. 

11.5 Eight-Bay, Stiffened. Three-Layered sandwich Plate 

This section describes the experiments carried out on an eight-bay, 

stiffened three-layered sandwich plate. The purpose was to measure 

the transverse response of the plate to a simulated line exciting force 

and thus to verify the theory developed in Section 6.3.1. Excitation 

simulated a single half-wavelength across the width (m = 1). 

For each excitation position, the measurements were made at more 

than one point. The reason stems from the fact that in the analysis 

of complicated structures, such as this stiffened multi-bay plate, the 

measured and ideal structures eire not usually identical. Therefore 

single point measurements can yield considerable error in response 

level predictions. Hence the responses were obtained by measuring at 

different points and then averaging the whole data. 

11.5.1 Description of the Model 

"jhe plate had equal face—plates and dimensions and properties as 

given in Section 6.3.2.1. Figure 42 shows the overall dimensions and 

Figures 108 and 109 show the top and bottom views of the plate. The 

frames and stiffeners were identical to those of the stiffened plate of 

Section 11.3 but were bonded (not rivetted) to the sandwich plate. 

The core of the plate consisted of the same viscoelastic material 

as already considered. Core shear modulus and loss factor 

characteristics are given by Figure 7. 

The plate was mounted, aus in Section 11.3, on steel channels on a 

massive test—bed and was excited by three electrodynamic exciters 

mounted on the same bridge (see Figure 97 >. 
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11.5.2 The Test Apparatus eind Procedure 

The apparatus used was exactly the same as that described in 

Section 11.3.2 (see Figure 98). 

The exciters were arranged preferentially to excite the modes with 

m = 1 and were supplied with a random current having a bandwidth of 400 

[Hz] (10 to 410 [Hz]). During the experiments the temperature was 

T = 20°C. 

Six sets of experiments were conducted. These were done by 

exciting each intermediate bay in turn and measuring the acceleration 

responses within the same bay. The purpose was to examine the 

variation in response of the loaded bay as the line of excitation was 

changed from one bay to another. The excitation line selected in each 

bay waLS approximately at the bay centre (see Figure 108). Response 

measurements were made at six locations at both sides of the line of 

excitation. Response was always measured along the longitudinal line 

of the central exciter. Figure 110 gives the six excitation lines and 

the corresponding meeisurement points. For each exciter and 

accelerometer location, data from 250 runs was acquired and averaged. 

Therefore for each set, data from 1500 runs were analysed (I.e., 250 

runs at six locations). 

11.5.3 Experimental Results etnd Comparison with Theory 

Figures 111 to 116 show measured average inertances SLB dotted lines 

for each of the six intermediate bays. Although the plate is periodic 

with six bays, there is no evidence of six resonance peaks in the 

frequency range considered (which covers the first propagation zone of 

the structure (see Figure 79)). The peaks have been flattened by the 

heavy damping in the plate emd have merged to form the single low 

•hump' in each curve. 

The measured values are seen to be almost independent of the 

location of the excitation. This is rather unejqpected, as the 

theoretical considerations in Section 6.3.2.5 have indicated that the 
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response at the extreme end bays should be tiiglier due to tlie 

contributions of the reflected waves from the ends. 

The experimental results axe to be compared with theoretical 

results based on Chapter 6, in which the plate is excited by a line 

distributed force Fq sin(mny/WE). In the experiment the plate was 

excited by three point forces as already described. These three forces 

can be represented by a Fourier series of distributed forces such that 

00 

Actual force distribution = H Pm sin(mTTy/We) 
in=l 

The actual force distribution consists effectively of three delta 

functions at y = Wg/6, Wg/Z, SWg/S emd of magnitudes P/2, F, F/2 (see 

Section 11.3.3). Single Fourier analysis shows that 

Fjl = 2(F sin rr/2 + F/2 sin rr/G + F/2 sin 5iT/6)/We 

Since Wg is 0.34 [m], the equivalent force per unit width of the 

plate corresponding to the Fourier component m = 1 is 

FI A (9 F ) [N/M] 

The theoretical values of inertances have been calculated using the 

method developed in Section 6.3.1. With a given frequency, line force 

location emd m = 1 inertance values were computed for the same points 

on the panel as used in the ej^riment. These inertances were then 

averaged in the same way SLS the experimental data. The value used 

in the calculations was found from the 20Oc expression of Section 

11.4.3. The core loss factor was taken to be /3 = l.0 over the whole 

frequency range. 

The theoretical average inertances so obtained have been 

superimposed on Figures 111 to 116. The general shapes and magnitudes 

of the experimental and theoretical curves are similar. The 

experimental peak frequencies are always quite close to but less than 

the theoretical values. The reason, as suggested in Section 11.3.5, 

may be attributed to the imperfect representation of the stiffener 
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dynamic stiffnesses in the theory. The resonant magnitudes of the 

ejqperinffintal and theoretical inertances are nearly identical. This 

shows that the developed emaAytical method is capable of analysing such 

a complicated structure and can provide accurate results. 
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CHAPTER 12 

CONCLUSIONS 

This study has developed analytical methods for the analysis of 

harmonically forced vibrations of beams emd plates. Infinite and 

uninterrupted, finite, infinite and periodic structures have been 

considered. The structures were uniform in thickness. The beams 

considered were straight emd the plates were flat. The plates had two 

opposite edges along the length as simply-supported. 

Detailed conclusions related to individual chapters have been 

included at the end of each chapter. This chapter concentrates on the 

points which axe thought to be most important and also tries to set the 

guidelines for any future work necessary for the better understanding 

of the phenomena involved. 

12.1 General conclusions 

The method developed for the solution of forced vibrations of 

finite structures is an exact approach. The bays of multi-bay 

structures may be of different length and each support may have 

different characteristics. The support dynamic features can easily be 

included in the analysis. The method aJLso can allow stiffness 

coupling to exist between the transverse and rotational motions of the 

support. Multi-point and/or convected loading can conveniently be 

analyzed. The free vibration characteristics such as natural 

frequencies cind mode shapes of finite structures can readily be deduced 

from the forced amalysis. Any response quantity such as slope, 

acceleration, bending moment or sheeu: force can easily be obtained. 

In the analysis of free vibrations of infinite and periodic 

structures, the method conveniently incorporates the effects of the 

infinite number of reactions imposed on the structure by the supports 

and combines them into the 'Phcised Array Receptance Functions' of the 

structure. These functions have a finite number of paxameters. By 
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considering these together with the support characteristics, the method 

enables the propagation constants to be obtained simply by satisfying 

the necessary equilibrium and compatibility conditions at a single 

support location. 

In the case of forced vibrations of infinite and periodic 

structures, the method reduces the problem from an infinite number of 

unknowns to a finite number of unknowns and provides an exact analysis. 

The study of stiffener dynamic response has revealed that When it 

is properly included in the analysis, cross-sectional distortion of the 

stiffener basically reduces the magnitude of rotational stiffness at 

low frequencies. Furthermore at frequencies vrtiich are the natural 

frequencies of the stiffener i^en it is fully-fixed along the line of 

attachment to the plate, the stiffener acts like a dynamic absorber and 

resists motions in both transverse direction and rotation. Also 

demonstrated have been the effects of dynamic stiffness coupling of the 

stiffeners. Its inclusion only slightly reduces the natural 

frequencies of finite multi-bay structures but the effect on the mode 

shapes cam be drastic. 

In the experimental studies measured transverse responses of 

sandwich beams have shown good agreement with the theory. The slight 

discrepancies encountered in stiffened plate measurements have been 

attributed to the deficiencies in the modelling of the stiffener 

characteristics. 

12.2 Recommendations for Future Work 

Since the analysis has been based on the Euler-Bemoulli Theory of 

beams and plates or the Mead-Markus Theory of sandwich beams and 

plates, it ignores the shear deformation of the elastic layers and 

rotatory inertias. The inclusion of these features will make the 

roDdels applicable to a wider range of frequencies. The method also 

excludes in-pleme longitudinal displacements. 
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The inclusion of longitudinal plate displacement in the ajialysis 

will mean that the stiffness (and inertia) of the stiffeners in that 

direction must also be included. So fax this hsis been disregarded on 

the grounds tbat the skin provides infinite resistance along the line 

of attachment against movement in this direction. For the 

completeness of the problem, consideration of this aspect might provide 

more realistic approach. 

Inclusion of cross-sectional distortion effects has led to a more 

accurate representation of the stiffener characteristics them hitherto. 

However, the experimental findings suggest that the imdel is not yet 

complete. It appeaxs that the theoretical rotational stiffness of the 

stiffener is still higher than the actual value. Further research 

into the complicated nature of stiffener behaviour is therefore 

essential. 

The method is capable of being applied to nrare complicated cases 

such cis the vibrations of uniform single or multi-layered shell 

structures under convected loading. Although this task has not been 

currently undertaken it certainly deserves attention. 

Another phenomenon vrtiich can be analysed through the developed 

method is the vibrations of open channel sections where the motions are 

coupled. Initial studies in this field are under way. 
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A P P E N D I X A. 

D E T E R M I N A T I O N O F T H E C O E F F I C I E N T S O F I N F I N I T E - S Y S T E M L I N E R E S P O N S E 

F U N C T I O N S O F T H R E E - L A Y E R E D S A N D W I C H P L A T E S H A V I N G E Q U A L F A C E - P L A T E S 

Consider Figure 15. TotaJL bending moment per unit length on 

the whole sandwich cross-section derives from the total bending 

moments of the face plates Mfp per unit length and the bending 

moment due to axial forces M^f per unit length. Hence it can be 

shown to be 

Mjj = Mfp + Maf = (Ml + M3) + crhd (A.l) 

where M̂ ^ and M3 are the bending moments of the equal top and 

bottom face-plates respectively. a is the direct stress on the 

bottom face plate and d = h + h^. 

Using elementary plate theory, the above equation can be written 

as 

M* = + ' Ifz) + (A.:) 

where Dt = 2EhV(12(l - y*)). u and v are the mid-plane axial 

displacements of bottom face-plate in x aind y directions 

respectively. 

The total twisting moment M^y per unit length on the whole 

sandwich cross-section is due to the twisting moments of the 

face-plates plus the nrament due to the face-plate shear forces 

In this way it can be written as 

= -Dt(i - V) + 1;^ (A S) 

The total transverse shear force per unit length on the whole 

section cam be found to be 

= = _ (A.4) 
^ 9x ay 
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The effective transverse shear force Sgff per unit length on the 

whole sajidwich plate cross-section can be obtciined ais 

Seff = S* + (A.5) 

Using equations (A.2), (A.3), (A.4) the above equation can be 

expressed aus 

s V . , 
S g f f = - { D t [ % - s + ( 2 - u ) ax^ axayz 

+ (1 [$32 + (1 - V) §55 + 

Equation (3.14) gives the forms of the transverse displacement w, 

smd the face-plate mid-plane axial displacements u and v of the 

bottom face-plate. By substituting it together with equation (3.15) 

into equation (A.6) and carrying out the necessary manipulations the 

effective shear force can be expressed in terms of w, as 

Seff = -(Dtkn([kn^ - (2 - i/)k/][l + - g*)"^^ (&'?) 

where the parameters have been defined in Chapter 3. 

Similarly, the total face-plate bending moment and the bending 

moment due to the face-plate axial forces can also be expressed in 

terms of w, as 

Mfp = {Dt(kn^ - i/ky^)}w (A.8) 

Suppose that a single transverse line force Pq sin kyy per unit 

length acts on the infinite sandwich plate at (0,y). The transverse 
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displacement smd rotation of the uniform, infinite, uninterrupted 

sandwich plate in the positive x region axe given by 

w(x,y) = Fq E an e sin kyy 

n=l 

e(x,y) = Fq E Cn e sin kyy (A,10) 

n=l 

The boundary conditions to be satisfied at the line of application 

of the force are 

= - -f sin kyy 

- I 
ax x=o 

0 

"Ik=O = ° ( A . 1 1 ) 

Since the sandwich plate section moves as a whole aw/ax = -k^w 

where n = l to 3 and u is given by equations (3.14) and (3.15). 

The three boundary conditions of equation (A. 11) can be expressed in 

the matrix form as 

As • •-Po/2-

-kj. -kz -k. az . = 0 

r-i. •̂ 3- . 0 . 

where An 

Tn 

Dtkn{[kn' - (2 - v)ky2] [1 + (g«Y)/(kn* 

(g*dkn)/[2(kn^ - ky^ - g * ) ] 

kyZ 

(A.12) 

9*)]} 

and cam be found from this matrix equation. As can 

be seen An is the negative of the coefficient of equation (A.7). 

This stems from the fact that equation (A.7) is derived by retaining 

all six terms of the transverse displacement expression given by 

equation (3.14), whereas An is obtained from equation (A.10) which 

only considers three terms. 
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Once the a^i's are found, the coefficients which represent the 

rotation due to a transverse force can be obtained as 

C0 — a^ (n — 1,2,3) (A..X3) 

Now, assume that a single harmonic line moment Mq sin kyy per 

unit length acts on the semdwich plate at (0,y). The transverse 

displacement and the rotation in the positive x region can now be 

expressed as 

3 
""JCr̂X 

w(x,y) = Mo £ bn e " sin kyy 
n=l 

3 

e(x,y) = Mq E dm e sin kyy (A. 14) 

n=l 

and the boundary conditions at the line of application become 

M f p l ^ = - ^2 sin kyy 

^'afljp.Q - 0 (A. 15) 

In this, it hcis been assumed that the externally applied moment 
/ e 

crates no axial forces at its line of application on the samdwich 

cross—section. The contribution of the axial forces to the total 

bending moment is therefore zero. So all the applied moment is 

balanced by the face—plates bending moment Mfp. 

The three boundary conditions of equation (A,15) can be expressed 

in the matrix form as 
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• 
1)1 -Mo/2' 

1 1 1 bz 0 

Yz Ya . bs. . 0 . (A.16) 

Where = {Dt(kn* "" ^)} 

Yn = -[(EhdZg*)/(2(l - yZ))][(kn* -yky2)/(kn* - ky^ - 9*)] 

bjL» and can now be found from equation (A. 16). The 

rotational coefficients, dn's, can be obtained from b^'s as 

*̂ n ~ kn bn (n = 1,2,3) (A.17) 

Due to the great complexity involved in algebra, all the 

coefficients aure confuted numerically. In their calculations, unit 

external excitation (Fg = = 1) is assumed. 
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APPENDIX B 

THE RESPONSE OF AN UNDAMPED FINITE BEAM TO A POINT HARMONIC FORCE 

Consider equation (4.7). It was shown in Chapter 2 that for a 

uniform Euler-Bernoulli beam = k, kg = tk and a^ = It was 

also shovm in the same chapter that for undamped beams k and â ^ axe 

purely real. Equation (4.7) can therefore be rewritten as 

1 

1 

ekL 

gJcL 

1 

-1 

;tkl. 

.tkL 

1 

1 

-kL 

1 

-1 

-tkL 

.-kL _e-tkL 

-kx. 
+ ie 

-tkx. 

a-kxo _ te-tkXo 

^-k(L-Xo) ^ ^^-tk(L-Xo) 

^-k(Ir-Xo) _ ^g-tk( L-Xq ) 
(B.l) 

Now add the second row to the first and the fourth row to the third 

in this matrix equation. Then add -1/2 of the new first row to the 

second and -1/2 of the new third row to the fourth. Equation (B.l) then 

reduces to 

2 0 

0 -1 

2 e ^ 0 

O -etkL 

2 

O 

2e -kL 

o 

-1 

0 

.-tkL 

FA, 

2e 
-k(L-Xo) 

te 
-tk(Ir-Xo) 

(B.2) 

The An's can then be found to be 
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Using these in equation (4.1a) the transverse displacement at any x^ 

is given by 

" C D = { -

sinh (k:( Xq - L)) -kx^ t sin(k(Xo - L)) -ikx^ 
sinh kL ^ sin kL 

+ e-k'=o-*rl + te-tklXo-*rlj (g,*) 

Long algebraic manipulations show that the imaginary terms in this 

cancel out and the final form of the transverse displacement becomes 

^ - r - =i.h 

si Mil 
- 3i]^ (cosh(k(Xr - L)) + sinh(k(Xr - L))) 

+ cosh k(Xo - Xj.) - sinh klx^ - x^l 

+ 2 sin kXq sin kXj- cot kli - sin kXg cos kXj-

- sin kXr cos kx^ + sin klx^ - Xflj (B.5) 

As can be seen, all the terms are purely real. It therefore proves 

that in the absence of damping the dynamic response of finite, uniform 

Euler-Bemoulli beam is purely real. 
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APPENDIX C 

DETERMINATION OF THE DYNAMIC STIFFNESSES OF A Z-SECTION STIFFENER 
INCLUDING BEAM BENDING AND TORSION AND CROSS-SECTIONAL DEFORMATION 

C.l Specification of the Stiffener Displacements and Applied Forcing 

Consider Figure C.l. It gives the coordinate system to be used, the 

dimensional parameters, the external harmonic forcing and the total 

deflection of the z-section stiffener. The cross-section haa a constant 

thickness t and is allowed to deflect transversely by w. Web BC and 

flange AB rotate by © with respect to point C and the web further 

distorts by Ur(z) relative to the tangent drawn at C. The distortion 

of the flcmge is ignored. Section CD is the effective width of the 

plate skin at Which the stiffener is attached. The length of the 

stiffener in the y direction is Ly and it is simply-supported at the 

ends y = 0 and y = Ly. All the displacements amd the rotation are 

sinusoidally varying along the length and harmonically varying in time, 

so 

w(y,t) = w sin kyy e^^t 

e(y,t) = e sin kyy e^wt 

Ur(y,z,t) = Ur(z) sin kyy e^^t 

F(y,t) = Fq sin kyy e^wt per unit length 

M(y,t) = Mq sin kyy e^*^^ per unit length (C.l) 

vrttere ky = mir/Ly aind m is the number of half-wavelengths along the 

length. 

Let us denote the web distortion relative to the tangent drawn at C 

by 

Ur(z) = <Az^ + BzS) (C.2) 

where A and B are the coefficients yet to be determined. 
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The total motion of the web in the x direction, u{z), therefore 

becomes 

u(z) = (ez + Az^ + Bz*) (C.3) 

C.2 The Kinetic Energy of the Vibrating Beam 

The approach utilized in this section [36] makes use of energy 

principles. By considering the displacements of the web in the x and z 

directions and by using the elementary theory, the kinetic energy of the 

web can be shown to be 

.h 
%• 1 r^r 

pt(u(z))Zdy dz + -

o'o o o 

where '•" denotes a/at. 

1 f f I 1 c r 
Tweb ~ 2 J J At(u(z))Zdy dz + - j j pt w* dy dz (C.4) 

Insert the values of u(z) from Equations (C.l), (C.2) and (C.3) 

and w from (C.l). Hence the kinetic energy of the web turns out to be 

1 
Tweb ~ 2 J J Pt(ez + Az^ + Bz^)^ sin^kyy dydz 

o o 

1 
+ - j 1 pt w^ sin^kyy dy dz (c.5) 

o o 

By carrying out the necessary algebra, the kinetic energy of the web 

becomes 

+ A' 

• 4^5 • • ll® 
+ 2©B — + AB — + w^h) (C.6) 
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Now consider Figure C.2. It gives the deflections of the flange 

AB. The total transverse displacement of the flange cam be found to be 

wtot = w + s (c. 7) 

where 's' is the positional coordinate along the flange, measured from 

B' . 

Using equation (C,3) it can be found that 

3Z dZ 
z=h 

= e + 2 Ah + 3Bh^ (C.8) 

Hence by considering the total flange displacements in x and z 

directions, the kinetic energy of the flange cam be expressed as 

1 
Tfiange = | J J pt[w + (8 + 2Ah + 3Bh^)s]^ sin^kyy dy ds 

o o 

+ i pdt(©h + + Bh*)* J sin^kyy dy (C.9) 

vrtiich reduces to 

Tfiange = (w^d + wGd^ + ZwAhd^ + 3wBdZhZ 

+ ez i A^h^d^ + S B ^ h M ' + I eahd^ + aSBhM^ 

+ 4ABhM=' + e^h^d + Afh+d + B2h*d + 2©toM + 2ABh=d 

+ 2eBhM} (C.lO) 

The total kinetic energy of the cross-section is the sum of the 

kinetic energies of the web and the flange. By using equations (C.6) 

and (C.lO) it can be shown to be 
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T = — ^ {w^(h + <3) + w©d^ + 2wAhd^ 

+ 3wBTn^d^ + (—— + + h^<3) + (-^ + h*d + — Ir^d^) 
3 3 5 3 

+ + h«d + ^ ) + ©A(| hd^ + ^ + 2 h M ) 

• * y'h ® " • In® 
+ 6B(2h2d3 + 2 h M + — ) + AB(4hM^ + — + 2hSd)} (C.ll) 

which can be put into the form 

T = i L q J [Mnd]{q} (ptd Ly/2) (C.12) 

where L q J = L w, ©h, Ah^, Bh^ J and the matrix of non-dimensionaJL 

parameters [Mndl is given by 

[**nd ] -

1 + 

_d 
2h 

d 
h 

3 d 
2 h 

_d 
2h 

1 ,51.h^Ji!X 
j ^ ( - 3 + M + ^ ) 

d 
h 

h 4d 

h^^ 3 •" '4d 

3 d 
2 h 

1 "h® 
^ ( 2 h M ^ + h = + ^ ) 

^ ( 2 h M ^ + h S + U ) 
6a' 

(C.13) 

When the generalized coordinates are transformed to a new set aa 

L qt -1 = I- w, ug, kh^, Bh^ J, the subsequent algebra considerably 

simplifies. Hence replace 9h by ug - Ah^ - Bh^ (see equation (C.3) 

with z = h) and also let d/h = a. After rearramging the new form of 

equation (C.12) becomes 
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T = I L J[Mnd,t]{qt}(Pth Ly/2) (C.14) 

Where the transformed non-dimensional matrix [Mnd.tl can be shown to 

be 

[Mnd,t] = 

(a + 1) 

— 

2 

of 
2 

a' 

(S, + « + ,) 

, a-
3 12' 

. 2a' 
15 

a" 

, a-

, a 

12 

+ -i 
3 30 

) ( 

a' 

,2a' 
15 

1 
'' 3 20 

( C. 15 ) 

C.3 The Potential Energy of Cross-Sectional Distortion 

Consider Figure C.3. The general expression of plate potential 

energy per unit area is given by 

V 
D 

l T « 0 + - ^ " 0 B - < 0 ^ (C.16) 
o o 

Assume that the ends of the plate at ( = 0 etnd ( = simply 

supported. The transverse displacement w cam then be given by w = 

f(n) sin and equation (C.16) becomes 

f(Tl) 

+ 2(1 - V) + k(4f*(n)}dn (C.17) 
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Now consider the flange AB of Figure C.l. The total transverse 

displacement of the flamge is given by equation (C.7) and is a function 

of s. Hence 

f(s) = (w + s = (w + ©bs) 

£fiE2 = = £HiE2| = e + 2Ah + 3Bh^ 

= o (C.18) 
as* 

Substitute these together with the values n = s, = Ly, = d, 

= ky to equation (C,17). Also put D = EtV(l2(l - w*)). After 

evaluating the integrals it becomes 

V£la„ge = ^ {i2<f- "y""' + 

^ l E ^ V +12(1"-"^) "y' ^ 

^ ^ 5 a T O V ] 

.(6* + 4hZA^ + ghtB* + 4heA + 6h^©B + 12h^AB)| (C.19) 

Now consider the web CB of Figure C.l. The motion perpendicular to 

the plane of the web is given by equation (C.3), so 

f(z) = ez + Az^ + Bz* 

- © + 2AZ + 3BzZ 
dz 

a*f( 2) 
dz^ 

2A + 6BZ (C,20) 

By substituting these into equation (C.17) together with T) = z, 

= Ly, k^ = ky, iLq = h, D = EtV(12(l - W^)) and carrying out the 

necessary manipulations it cam be shown that 

173 



^wet) - ^ { [ ht • A, ^ 
(4 4- -(2 - 3y )ky^h^ + -2---) 4 U12(l - y Z ) 3"" '"^ " 5 

+ [ i i i r ^ ) + 1 <1= - 30V.,vh- + 

^ [ n a = ^ - ^ > v + 4 - ) ' 

B* 

e* 

h*t: 
12(1 - V 

- (12 + (6 - lOu)ky4i^ + ) AB 

+ - - > + ^ ' ] -

+ [ l E ^ ^ ' 1 4 

(C.21) 

C.4 The Potential Energy of a Beam in Bending and Torsion 

Consider Figure C.l again. The lower flange CD and the x-wise 

forces on it make the principal bending axis of the cross-section 

virtually parallel to CD. Let this axis be XX. Hence, the bending 

stresses in the section due to w are 

Ob = -EZ' aps 

where z* is the distance measured from the neutral axis XX. 

(C.22) 

The effective rotation of the section giving rise to torsion-

bending stresses is ug/h = ©eff = © + Ah + Bh^. The direct stresses 

associated with this axe 

o-r 
E 2Ag afug 

h ayz 
(C.23) 

Where Ag is the swept area., as defined in the conventional 

torsion-bending theory and is taken with respect to the centre of 

rotation at C. 

Hence the total direct stress is 
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't = 0 } 

The associated potential energy of the section then becomes 

j ^ t ds = 5 { ( ^ ) ^ p J 4Ag^ t ds + ( ~ ) ^ I Z'^ t ds 
o o o 

+ < | p ® > < 0 ) i f z »'t as} (C.25) 

Now evaluate the integrals of the above equation. Î et 

r® 

1/h 2 Ag z't ds = I. From the elementary torsion-bending theory, 
o 

it is known that 

r® f® 
2Ag = Pq ds + Aq and 2Ag t ds = 0 (C.26) 

o o 

Therefore 

1 f® f® 

I = i J [J Pe ds + Aq] z't ds (C.27) 
o o 

But since z' is measured from the neutral axis XX 

I z't ds = 0 (C.28) 

Hence Equation (C.27) becomes 

a 

1 r r 
I = - J J Pe z' t ds ds (C.29) 

Evaluate the double integral 

r® r® s 1 r r 
I = [j z't ds J Pe ds Iq] " ^ J Pe j z't ds ds (C.30) 
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Because of Equation (C.28), the first part becomes zero. Now 

Pe = h from A to B and pg = 0 from B to D, Hence the above equation 

becomes 

1 ' d^t 
I = - ^ j h J z't ds ds = - z ^ -J- = -IxzAB (C,31) 

where z' is the distance between the neutral axis XX and the 
AB 

flajige AB. 

The value of the integral 4Ag^t ds for the whole section can be 
o 

found as 

as = b f g t + W . l - c 

Finally, since z' is measured from the neutral axis, it can be shown 

that 

I z'^t ds = Ixx (C.33) 

Evaluation of the integral over the Whole section yields 

Ixx = t ( ^ + (d - - hdzo) (C.34) 

\^ere Zq is the distance between the flange CD and the neutral axis 

cind is given by 

= (hd + hl/2) (CZKi) 
(h + d + beff) 

Hence Equation (C.31) can be rewritten as 

IXZAB = (C.35) 
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The potential energy of the whole length, Ly, of the section 

associated with bending and torsion can then be found as 

^section = (ky* - ky* ixzAB © w 

- ky* IXZAB h^Aw - ky* IxzAB Bw + ky-* Fc + ky* h^ 

+ ky* Fc h* b2 + 2ky* Fc h ©A + 2ky* h^ ©B + 2ky* Fc h» AB} 

(C.37) 

C.5 The Total Potential Energy 

The total potential energy is the sum of the section energy due to 

bending and torsion and the distortional energies of the flange and web. 

Using Equations (C.19), (C.21), (C.37) it can be expressed as 

3 
V = ^ (djQC + ky^ w2 

3y» Z 

+ C V I-c + 12(1 , (8(1 - + J 

+ 12;f! (4 + I (2 -

+ [ky*rch4 + ^2(1 : ^2) (12 + 18(1 - U)dh ky^ 

+ g (18 - 30v)kyZhZ + + 3ky'^hd=')]B^ 

+ [ky*rc + 12*1*Y*WZ)(2(1 - + ^-5*- + ^-3%- + 2(1 - ")%)]** 

gZts 
+ C-ky^IxZABh + 12(1 - yZ) 

+ [-ky*IxzABh^ + 12(1 - yZ) *y*]Aw 

+ [-ky+ixzaBh' + 12^? _ yZ) ky*]BW 

+ [zky'rch + ( 8 ( 1 - v)d + 5:*%! 

+ 2(2 - 3u)h + I d®ky2)3©A (cont ) 
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+ - y)d + 2d=ky^ + g^^ky:^ 

+ 2(2 - 4i/)h)]0B 

+ [2ky4 Pch^ + 12I1-WZ) (24(1 - k')dhky^ + 4d»hky* 

+ 12 + + (6 - 10w)hZkyZ)]ABj (C.38) 

This can be put into a matrix quadratic form as 

V = I L q J [I] {q} (ELyky*) (C.39) 

where L q J = L w, ©h, Ah^, Bh^ J and the elements of [I] are given 

by 

111 = Ixx + If 

Iiz = I21 = (- = ^XZ + If 

Iia= I31 = ( - 9 ^XZ + If 

I T 3o(\ 
Ii4= I41 = (" o ^ + If 5-'' 

•= I " = P + If * '^6S ^ 5; ^ ' } 

= B + If + 1 ^ ^ r M ^ A 4 

= L . = { & + : f ^ ^ I + A ' } 

= g i + I f . I < 1 ^ + ^ 4 + ; = ] } 
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where If = dtV((12(l - w*)), a = d/h, (3 = kyh, S = kyd, lyz = IxZAB' 

As before, tremsfonn from the L q J coordinate system to the 

L qt J = L w, Ub, Ah^, Bh^ J coordinate system. The quadratic form for 

the potential energy then becomes 

V = I L qt j[lt]{qt] (ELyky^) (C.41) 

where the elements of [It! can be found to be 

It,11 = Ixx + If 

It,12 = It,2i = - I 1x2 + If f 

It,13 = It,31 - If 2 

It,14 - It,41 - If « 

i t.a, = i t.3z = If - 53 - A + 4 ' 

; : _ _ .4(1 - u) 2u 2 2af, 
It,24 = It,42 - If C 02 S0 15a 3 ^ 

; ^ .2(1 - V) ^ 2 . 1 , of , 4 
It, 33 = If [ 02 + 3i0 3O0(+ "3 + 333] 

^t,,* = ;t,43 = If + aa + 25; + 1 ** + fFs] 

;t,44 = If + sig + I5&S + 1 ** + (='*=) 
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C.6 The GeneraJLized Forces 

Suppose that the distributed transverse force Fq sin kyy per unit 

length moves through the virtual transverse displacement 6w sin kyy. 

The virtual work done becomes 

T 
6W = J Po 5w sin^kyy dy = F^ Sw (C.43) 

o 

Therefore the generalized force corresponding to 'W turns out to be 

is = ^2 (C **) 

In this case the generalized forces corresponding to the other three 

transformed generalized coordinates become 

Now assume that the distributed moment Mq sin kyy per unit length 

moves through the virtual rotation 6© sin kyy. The virtual work due to 

this becomes 

T 
6W = J Mo 5© sin^kyy dy = =% 8© (C. 46 ) 

Now 

© = ^ (UB - Ah^ - Bh') (C.47) 

Then 

6© = i (SUB - SAh^ - SBh') 

5W = ^ Mo (Bug - 6Ah^ - SBh') (C.48) 
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Hence the generalized forces, corresponding to the transformed 

generalized coordinates can be shown to be 

m 
Sw 

= 0 
6Ah^ h 2 

SUg h 2 

SW 
8Bh- h 2 

(C.49) 

C.7 Equations of Motion 

The expressions for total kinetic energy T emd the total potential 

energy V can now be used in Lagrange's equations of motion 

(C.50) 

For harmonic motion q-t is — q ^ . Hence the left—hand side of 

the equation (C.50) becomes 

[[K] - wZ[M]] 

w 

"B 

Ah* 

Bh* (C,51) 

It can be shown that 

[K] = [It] 

[M] = pth ^ [Mnd,t] (C.52) 
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The total equation of motion can then be written as 

[[K] - wZ[M]] 

w • Fo " 

Mo/h 

Ah^ -Mo/h 

.Bh'. -MoAi . 

Ly/2 

(C.53) 

Now divide everything by EIgky*Ly/2. Equation (C.53) then takes 

the form 

C[K'] -
w 

Elfky" 

w 

/ "B 
[M]] 

Ah* 
Forcing 

BtlS. (C.54) 

Where [K-] = (l/lf) [It]. 

The forcing vector has different forms depending on the type of 

external loeiding. For the alternative cases of unit force and unit 

moment they are 

Forcing l/EIfky* 
0 
0 
0 

Forcing 

Mr 

0 

l/EIfky*h 
-l/EIfky+h 
l-l/EIfky+h 

(C.55) 

C.8 The Receptances and Dynamic Stiffnesses of the Beam 

Now assume that the unit force Fq alone is applied. The solution 

vector to be obtained from equation (C.54) yields values for 

iwp, UBp, Ah^, Bh^J. From these one cam obtain the forms 
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w 
W p 

= ("Bp - - Bhp/h 

pB = (UBp + AhZ + 2Bh3)/h 

1 )/F„ 
z=h 

(2Ah^ + 3Bh®)/h (C.56) 

Now let the unit moment Mq act alone. using the second of 

equations (C.55) as the forcing vector, the obtained solution vector 

gives the following receptances 

Mr 
= Wm 

© 
a; = 

a* = ("SM + 

( M l > , _ 8_ . 
dZ 

I )/Mo = sr - = - = (2Ah5 + 3Bh3)/h 
_>, Mo Mo M M 2=h 

(C.57) 

The transverse displacement and rotation of a structure cam be 

related to force and moment acting on it, through the receptance matrix, 

as 

w 

e. 

[w/F 

L © / P 

w/M 

e/M 

fF 

M (C.58) 
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Hence the force amd the moment can be expressed as 

<t> * 

. - < I ! ^ „ + 8 <C.59) 
4> <t> 

where * = (w/F)<e/M> - (w/M){e/F). 

Now F = Fq, M = Mo amd also e/Fo = w/Mq. The required dynamic 

stiffnesses then become 

Mo _ W/Fc 
*r = 5* * 

R. = Ea = & = _ (c.eo) 
^ e w v|/ 

vAiere = (w/Fo>(©/Mo) - (8/Fo)* and the receptauice expressions are 

given by equations (C.56) and (C.57). 

C.9 Dynamic Stiffnesses without the Cross-Sectional Distortion 

Now assume that there is no cross-sectional distortion of the web 

taking place. Therefore Ah^ = 0 and Bh^ = 0. Hence by using 

equations (C.54) and (C.55) together with equations (C.15), (C.42) and 

(C.52) one obtains 
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^ + 1 
If 

_ 1X3 + 5f 
2If 2 

IXZ + 2 
2If 2 

Ifh^ 3 (3^ 3a S(3 

w'^pth 

Elfky-* 

1 + a 

a' 

a' 

<2| + o, + i) 

w 

"B 

Fo/EIfky4 

Mo/EIfky*h (C.61) 

In this case ug = eh. Hence the required dynamic stiffnesses can 

be found to be 

Kt.nat = ^ = {<if^ + 1) -

Kr,ndt -
Me 
6 

f Fc a* ^ 1.4 ^ 1 ^ 1.4^ (o'̂ pth 
ICifhZ + -3 + -gz + 3^ + -sp] - Eilag/ 

( + 0( + — ) j Elfky^h^ 

Kc,ndt = 5* = = ((- #5% + 5) - (C'*2) 

where subscript ndt stands for no-distortion. 

C.IO Calculated values of the Dynamic Stiffnesses 

Throughout this thesis, one specific stringer is used. The 

dimensions and the material properties are as follows: 

t = 0.0012 [m] 

h = 0.0318 [m] 

d = 0.0254 [m] 
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beff = 0.085 [m] 

E = 7,E10 [N/m^] 

p = 2700 [kg/m^] 

V = 0.3 

Ly is equal to the width of the plates concerned. 

The effect of cross-sectional distortion on the stiffness values is 

seen in Figure C.4. This compares the stiffnesses of a beam whose 

cross-section distorts with those of a beam with a non-distorting 

cross-section. The stiffeners axe taken ais 0.34 [m] long. Up to 700 

Hz the distortion reduces the stiffness values, very significantly in 

the cases of and Kg. The next interesting feature reflects itself 

around 895 Hz where the stiffnesses of the beam with distortion go to 

infinity. The work of Beresford at aV [37] shows that the corresponding 

frequency is the natural frequency of the section vflien its root (point 

C) is fully-fixed. The section then behaves like a dynamic absorber 

resisting w smd © motions. 

C.10.1 The Influence of the Plate Effective Width 

The effect of changing the effective width on the transverse, 

rotational eind coupling dynamic stiffnesses is shown in Figures C.5 to 

C.7 respectively. Cross-sectional deformation of the web is included 

in the computations eind the stiffnesses have been computed using 

equation (C.60). 

Figures C.5 to C.7 show that increasing the effective width 

generally increases the frequencies of the peaks and troughs of all 

stiffnesses. The magnitudes of the transverse and coupling stiffnesses 

are also increased at low frequencies but that of the rotational 

stiffness is hardly affected. 
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APPENDIX D 

PROPAGATION CONSTANTS OF PERIODIC, UNIFORM THKEE-IAYERED SANDWICH BEAMS 
ON GENERAL SUPPORTS 

This section deals with sandwich beams and so assumes that the 

excitation forces act at points along the beam. The results obtained 

axe valid also for the x-wise variation of sandwich plates. 

Consider an infinite, uniform, three-layered sandwich beam subjected 

to phased arrays of forces auid moments. As explained in Chapter 7, the 

transverse displacement w, rotation w' (= ©) and the mid-plane ctxial 

displacement u at x = 0 can be related to the applied forces and 

moment through the matrix 

•w(0) 

w'(0) 

.u(0) . 

where the a' s 

defines the it 

«PF <*PM 

«MM 

«NM 

«FN 

«MN 

^NN 

Mo 

LNo (D.l) 

are the phased array receptajnce functions and a^j 

M = rotation, N = axial, displacement u) due to type of excitation 

(P = transverse force, M = moment, N = axial force in u direction). 

The forces and moments acting on the s^^ support anywhere on the 

beam can be related to the resulting displacements and rotation through 

the general support stiffness matrix as follows 

Rs 

Ms 

-Ns. 

[Ktt 

Krt 

Ktr 

^rr 

Kar 

Kta 

Kra 

K, aa 

Ws 

Ws' 

lUg (D.2) 

where defines the i^^ type of stiffness of the support due to ^1] 

type of motion (t = transverse, 

direction). 

r = rotational, a = axial in u 

This study assumes that all stiffnesses related to u direction are 

zero (t.e., = Ka-r — Kaa — Kta — ^ra — ®)• 
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Since the structure and the supports axe joined, the beam and 

support displacements and rotations are equal. Hence, w(0) = Wg, 

w'(0) = Wg', u(0) = Ug. The forces acting on the beam and the support 

are related through Pg = -Rg, Mq = -Mg, Nq = -Ng, Equations (D.l) and 

(D.2) can therefore be combined to eliminate the displacements and 

rotations and to yield 

"Fo 

Mo 

•No. 

Krt 

0 

Ktr 

Krr 

0 

app 

«MF 

"NF 

«PM 

«MM 

«NM 

«PN 

«MN 

"Po 

Mo 

•No. (D.3) 

This can be arranged in the form 

1 0 0 

0 1 0 + 

.0 0 1. 

Ktt«FP+Ktr«MF KttaFM+Ktr*MM[ ^tt^^FN+Ktr^MN 

Krt°FF+Krr«MP ^rt^PM+^rr^MM KrtapN+KrrOMN 

0 0 0 

Mr 

N, oJ 

= 0 

(D.4) 

Which is the same as 

"K-t-tcCfF+Ktr̂ MÊ l 

0 

Ktt^FK^KtraMM 

Krt«FM+Krr<*MM+l 

0 

Ktt<*FN+KtrO(MN 

Krt«FN+Krr®MN 

1 

Pol 

Mo 

iNoJ 

= o 

(D.5) 

Free wave motion occurs at frequencies and jx values which cause the 

determinant of the whole matrix to vanish. Let Ktt = K^, K^r = 

Krt = Ktr = Kc" Expanding the determinant and making use of 

= ~®MF one obtains 

(K^Kr - KC^)(«FF<2«MM - "FM ) + Ktocpp + K^OCMM + 1 (D.6) 

The forms of the phased array receptance functions (a's) are given 

by equation (7.28). When they axe substituted into equation (D.6) it 

becomes 
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^ _.r. - sinhZk^XL , ^ . sinli^k^XL 
( t r Kc 1 (cosh IX - cosh k^^XL)^ ^ ^ (cosh fi - cosh k^XL)' 

sinh2k,XL 
+ a,d 

^ ^ (cosh ix - cosh kjXL)^ 

sinh k,XL sinh k^XL 
+ (a^dg + a^dj^) ^ - cosh kj^XL)( cosh .a - cosh k^XL) 

sinh kj^XL sinh k^XL 
(3̂ 1 3 i) (cosh n - cosh kj^XL)(cosh /x - cosh k^XL) 

sinh k;^XL sinh k^XL 
3+ 2) (cosh fi - cosh k2^XL)(cosh fi - cosh k^XC,) 

rh c sinh* ^ 4- b c sinh^fx 
^ ^ ^ (cosh fx — cosh kj^XL)^ ^ ^ (cosh pi — cosh k^XL)^ 

+ b,c. 
3 3 (cosh fX - cosh kjXL)^ 

sinhz^ 
i.̂ z zCi) (cosh IX - cosh kiXL)(cosh fx - cosh k^XL) 

sinh^/x 
i.'̂ 3 3*̂ 3.) (cosh IX - cosh kiXL)(co8h ix - cosh k^XL) 

sirih^p. .1 
z^3 3^z) (cosh IX - cosh k^XLXcosh ix - cosh k^XL) J 

f â ^ sinh k^XL a^ sinh k^XL 
(cosh IX - cosh kj^XL) (cosh {x - cosh k^XL) 

;>} 
ag sinh k^XL 

(cosh IX - cosh k^XL] 

f di sinh kiXL d^ sinh k^XL 
(cosh IX - cosh k^XL) (cosh ix - cosh k^XL) 

ga sxnh kgXL 1 + ^ = q (D.7) 
(cosh IX - cosh kgXL)] 

The left-hand side of this equation cam be reaxrainged over the 

common denominator [(cosh ix — cosh k^^XL) (cosh ix — cosh k^XL) 

(cosh IX - cosh kjXL)]^. The numerator is then found to be a cubic 
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function of cosh jj. and this must be equated to zero. Much tedious 

manipulation is required in order to find the coefficients of this 

function, but simplification is achieved by utilizing andn = bnCn 

(n = 1,2,3). The final form of the cubic equation is given in equation 

(7.32). 
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APPENDIX E 

FORCED VIBRATIONS OF SIMPLY-SUPPORTED, INFINITO, PERIODIC, UNIFORM 
EULER-BERNOULLI BEAM SUBJECTED TO A SINGLE HARMONIC FORCE 

Consider Figure 80. Equations (9.3) and (9.4) give the transverse 

displacement of the beam at any within the loaded bay (i.e., 

between Or and Ofi) and equation (9.5) represents the zero transverse 

displacement condition at Or. 

The transverse displacement at OH can be obtained from equation 

(9.4) by setting to O. Since simple supports do not deflect, 

this displacement must be set to zero and the equation yields 

2 2 2 

^ir E ® ^ fn + ^or C e E â n 
n=l n=l n=l 

2 2 
+ Rig E an fn = -Fq C an e (E.l) 

n=l n=l 

~^n*o 

where fn = e _ e ( ^ ^ = 1,2. 

To find the four unknowns (R^f, Ror' Rog, R^g), two more boundary 

conditions are required in addition to equations (9.5) and (E.l). In 

this study, the transverse displacement conditions at Ir and IS. are 

considered. 

191 



The transverse displacement at Ir is found to be 

2 

C 
n=l 

w(lr) = Fo C an e ^n(2XL-Xo) 

+ C E a„ 
s=l n=l 

+ Ror E an e E an e 
n=l n=l 

+ " Ri, 2 ,_kn<s+2,XL (E.,, 

S—X H—1 

Summing the infinite series and setting this to zero, it reduces to 

Rj.r C an e ^ " ^ fn + Ror C an e"^"^ + Rgg E 
n=l n=l n=l 

+ Rig E an fn = - Fo E an g-knC^XL-Xo) (2.3) 
n=l n=l 

The transverse displacement at 14 can be written as 

w(14) = Fo E an e""^n(XIrfXo) 

n=l 

f Z R,r E =+2 )X1 

s=l n=l 

+ Ror E an e " ^ " ^ + Rofi E an e 
n=l n=l 

+ E R u £ an (s.,) 
s=l n=l 
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Summing the infinite series and setting this displacement to zero 

yields 

Rir E an e + Ror E e + Rol C e 
n=l n=l n=l 

2 
E 

ri—1 

+ E a„ f„ = - F„ C ) (c.5) 
2 

E 
n=:l 

Equations (9.5), (E.l), (E.3), (E.5) can be put into the following 

matrix form 

E an e*n*^fn 
n=l 

2 

E ^n ^n 
n=l 

E an e ^"^fn 
n=l 

2 
E an e 

h—X 

2knXL, 

E an e 
n=l 

2 

E an 
n=l 

knXL 

E an e 
n=l 

-knXL 

E an e 
n=l 

2knXI, 

E ane 
n=l 

2 
E an e 

n=l 

2 

E an 
n=l 

2 
E an e" 

n=l 

-2knXL 

-knXL 

•ItnXL 

E a„ 
n.-—1 

E an e 
n=l 

2 

E an fn 
n=l 

E an e^"^fn 
n—1 

R ir 

R, or 

Rofi 

RiiJ 

= —P, 

E an e 
n=l 

—kn( 2Xtr-Xo ) 

E an e 
n=l 

-kn(XL-Xo) 

E an e 
n=:l 

-knXo 

E an e 
n=l 

-kn(XIH-Xo) 

(E.6) 
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This equation can be solved numerically for the R's. Once they 

Y *" 

have been determined, the transvese displacement at amy Xj~, within the 

loaded bay, can be obtained from equation (9.4). 
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APPENDIX F 

FORCED VIBRATIONS OF INFINITO, PERIODIC, UNIFORM EULER-BERNOITLLI BEAM 
ON TRANSVERSELY ELASTIC SUPPORTS SUBJECTED TO A SINGLE HARMONIC FORCE 

consider Figure 80. Equations (9.8) and (9.9) give the transverse 

displacement of the beam at any Xj- within the loaded bay (i.e., 

between 04 and Or) and equation (9.10) represents the elastic boundary 

condition at support Or. 

This case has six unknowns (R^zr, R u r ' Ror' Ro6' and R^zg). 

In order to find them, five more boundary conditions which satisfy both 

compatibility amd equilibrium conditions are required. In this study 

the tremsverse displacements at support locations 2r, Ir, 06, 16, 21 

are considered. 

The transverse displacement of the beam at Ofi cam be found from 

equation (9.9) by substituting x^ = 0 into it. This should be equal to 

that of the support given by w(0«) = -Rgg/Kf By considering these, 

the elastic boundary condition at support Ofi can be found to be 

f C R±ir C fjn 
j=l n=l 

2 2 
+ Ror E an + Rofi( L a* + =:) 

n=l n=l 

2 2 2 
+ E Rij, E an fjn } = E an e (F.l) 

n~l n™! 

vrtiere fjn = e / [1 - e j = 1,2 and n = 1,2. 

By using the infinite-system point response functions of all the 

reaction forces and the external force Fg the transverse displacement 

of the beam at amy x^' between or and Ir can be shown to be: 
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w(Xr')= E .n 
n=l 

+ n E Riir E 
j=l 3=1 n=l 

+ R.r C E a„ > 
n=l n=:l 

+ E E Rij, E e " " " " ' > (F,2) 
j=l 3=1 n=l 

where 0 < Ixj-' 1 < XL and Xj-' is measured from support number Or. 

After the infinite series has been summed, equation (F.2) reduces 

to 

w(Xr') = Po C an e ^n(XL-Xo+Xr') 

n=l 

2 2 2 

+ £ Rijr C &n G ^ ^ ^jn + ^or E &n ^ ^ ^ 
3~1 ri~l It—1 

+ R., E a, ,-kn(XI^x,' , 

n=l 

+ E %jfi E an e ^ fjn (P.3) 
j=l n=l 

The beam transverse displacement at Ir can be found by setting Xj-' 

to XL in equation (P. 3) amd is equal to the support transverse 

displacement w(lr) = -(R^ir + Rizr)/Kt' Hence these conditions lead 

to 
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2 2 
£ Rijr( C an e " fjn + 
j=l n=l t 

+ Ror E an e + Roe E an e 
n=l n=l 

2 2 

E Rj . ] e E 
j=l n=l 

2 
E 

n=l 

+ E R i j , E a n e '^nCZXL) 

= -Fo C a n e * n ( Z K ^ * * ) (p,*) 

The displacement of the beam at amy between Ir and 2r can 

similarly be found as 

W ( V ) . F. I 2XI^-o«r") 
n=l 

+ E (Riir [ .n + E R.gr r »« 
j=l n=l s=2 n=l 

+ R.r E I 
n=l n=l 

+ E E R i i : E ( f . s ) 
j=l 3=1 n=l 

Where O < I Xj-" I < XL and x^" is measured from support number Ir. 

The infinite series can estsily be summed and equation (P. 5) 

simplifies to 
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v4Xr") = Po C an 
n = l 

+ E RjLjr ( E an e + e E an fjn) 
j=l n=l n=l 

n=l n=l 

+ E Rij* E an e kn(2XL+Xr")fj^ (P.6) 

j=l n=l 

The beam transverse displacement at 2r is found by setting Xy-" to 

XL in the above equation. This displacement is equal to the support 

transverse displacement given by 

w(2r) = - (*2ir t *22r) = _ (RjirG + *i2r ^ ( p . 7 ) 
Kt Kt 

Hence the satisfaction of the compatibility amd equilibrium 

conditions yields 

C Ri]r[ C an + «-*]( E a* + ;!)] 
j=l '•n=l n=l ^ 

n=l n=l 

+ E Rij, E an e'^^^^'^^fjn 
i=l n=l 

= -Fo E an eT^nC^^^o) (P.8) 
n=l 

The transverse displacement boundary conditions at supports Ifi and 

2i can likewise be obtained. The displacement of the beam at any xg' 

between Oi and 11! can be found to be 
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w ( X j g ' ) = Po £ an e k n ( X o + x * ' ) 
n=l 

+ e riir c a „ + ^-k„<xwk«•) 
j=l n=l n=l 

+ Ro« E an e * " * * ' 
n=l 

+ £ Rija E an e*"** fjn (P.9) 
j—1 n~l 

vrtiere O < Ixg'l « XL eind xj' is measured from support number 01. 

The beam displacement at If can be obtained from equation (P.9) by 

substituting Xg' = XL in it. This is equal to the displacement of the 

support given by w(lg) = -(Riig + Rizgi/Kt. Carrying out the 

necessaury algebra, the elastic boundary condition at 1« can be found to 

be 

E % j r E a n 
j=l n=l 

+ C an + 
n=l n=l 

2 2 

+ E R i j , ( E a n e ^ " ^ f j n + 
j=l n=l t 

= - F o E a n g-^nCXL+Xo) (P.IO) 

n=l 

The transverse displacement of the beam at any xg" between Ifi and 

2t can be shown to be 
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n=l 

+ I R.jr C a„ e-=n< fjn 
j=l n=l 

H-RorE J. ^ - W X W X , . ) 

n=l n=l 

+ E Rijg ( C an e + e E an fjn) (P-H) 
j=l n=l n=l 

Where O < |xg" | < XL and xg" is meaisured from support number 12. 

Substitution of xj" = XL into equation (P. 11) gives the transverse 

displacement of the beam at 2fi which is equal to the support transverse 

displacement given by 

w(2«) = - ® "** ® ( P . 1 2 ) 
Kt 

Therefore the required elastic boundary condition of support 28. 

turns out to be 

E C »n fjn 
i=l n=l 

+ R . J a„ I a„.-''n<2XL) 
n=l n=l 

+ E Rxjfi [ E an e"^"^ + e ^i( E an e ^ ^ ^ fjn + 
i=l n=l n=l 

2 
Po E an e ^ n ( 2 ^ ^ o ) (P.13) • o 

n=l 
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Equations (9.10), (F.l), (P.4), (P.8), (P.10) and (P.13) can be put 

into the following matrix form 

Rizr 

Biir 

Ror 

Rog 

= -Fo 

Riif 

Rizl! 

2 

E an e 
n=l 

E an e 
n=l 

E an e 
n=l 

kn(3XL-Xo) 

kn(2XL-Xo) 

-kn(XL-Xo) 

E an e 
n=l 

2 

E an e" 
n=l 

2 

E an e 
n=l 

-kn^o 

•]Cn(XL+Xo) 

•kn( 2XL+Xo) 

(p.14) 

where 

C a* E + 

n=l n=l 
>•6,6 

1^,2 = E an e e E an e^"^fj.n + = X*, 

n=l n=l 

Xx,3 = E an e 

n=l 

-kn( 2XL) 
X, 6,4 

(i,4 = E an e 

n=l 

-kn( 3XL) 
= X. 

2 
E 
n=l 

Xi,s = C an = X.,; 
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Xi,e = E an e kn(3XL)g^^ = 

n=l 

2 

%2,i - E a.n e " fzn + ^ = Xs,s 
n=l ^ 

a„ 
n=l 

^2,2 - r an e " f m + - %s,5 

^2,3 = E an e = Xg,* 
n=l 

Xz,* = C an e knfZXD = %,,, 

n=l 

(2,5 = C e = Xs,2 
n=l 

X*,. = C a* e *n(=*L)f2n = X,,i 
n=l 

2 
Xs,! = E an fzn = ^4,,e 

n=l 

2 

^3,z - C an fin - X^^s 
n=l 

2 1 
X3,3 - C icZ ~ *4,* 

n=i ^ 

2 
X3,* = C an e " ~ 3 

n=l 

2 
E 

n=l 

2 
E 

n=l 

XsfS - E an e " f^n = X*, 

X3,a - E an e " ^zn = X*,i 
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The above equation can be solved numerically. Once the unknown 

reactions are determined, the transverse displacement can be found 

anywhere in the beam. 
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APPENDIX G 

FORCED VIBRATIONS OF INFINITE, PERIODIC, UNIFORM EOLER-BERNOUU:.! BEAM 
ON GENERAL ELASTIC SUPPORTS SUBJECTED TO A SINGLE HARMONIC FORCE 

Consider Figure 81. Equations (9.12) and (9.14) give the 

transverse displacement of the beam at any Xj- within the loaded bay 

(i.e., between OA and Or). This case has eight unknowns (R^^r' ^xxr' 

^ r ' Mor, Mqjj, RqKj Riig and Rxzfi)* Therefore eight boundary 

conditions which satisfy both compatibility and equilibrium conditions 

are necessary. In this study they axe set up as six transverse 

displacement conditions at 2fi, 14, ofi. Or, Ir, 2r and two rotational 

conditions at 04 and Or. The reasons of selection of this particular 

set of support conditions are given in Section 9.2.3. 

Equation (9.15) gives the transverse displacement condition at 

support or. The transverse displacement of the beam at support 04 can 

be obtained from equation (9.14) by substituting Xj- = 0 in it and is 

equal to the support transverse displacement w(04) = -(Kj-ZK^tot)Ro4 

+ (Kc/K^tot)Mo4' The satisfaction of these equilibrium and 

compatibility conditions yields the displacement boundary condition at 

support 04 as. 

2 2 2 

E Rxjr[ E an fjn - f(-Mj) E bn e'^n^fjnl 
i=l n=l n=l •' 

+ Ror E an e - M^r E bn e 
n=l n=l 

2 , 2 

+ Mo# ( E bn - + Ro* ( E an + 
n=l tot n=l tot 

2 2 2 

+ E Rij4 E an fjn + /(Mj) E bn fjn 
j=l n=l n=l 

2 
E 

n=l 
-Fq E an e (G.l) 
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where fjn = e / [1 - e j= 1,2 and n =1,2. 

The beam transverse displacement at any x^' between Or amd ir can 

be shown to be 

n=l 

i=l s=l n=l 

E E M,ir I 
j=l s=l n=l 

+ Ror E an e + Mor C bn e 
n=l n=l 

+ M*, C bn e-krXXL+Xr') + 

n=l n=l 

4. E ° *ii, E a. ,-*»(<s+l)XL+%r') 

]=! s=l n=l 

+ I E Mii, E bn <G.2) 
j=l s=l n=l 

where O < Ix^'I < XL and x^' is measured from support number Or. 

Now in Chapter 9 the moment reactions in the free field have been 

represented in terms of forces through equation (9.13) for each of the 

wave motion existing on the beam. Hence by eliminating the moments 

from equation (G. 2), and summing the infinite series it can be found 

that the transverse displacement of the beam is given by 
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w(xr' ) = Po E ane ) 
n=l 

2 2 2 

+ E R i j r [ E an f j n - / ( - M j ) E b n f j n 
j=l n=l n=l 

+ Ror E an e + Mor E bn e 
n=l n=l 

+ «o« I ^ I 
n=l n=l 

+ E Rijif E an e ^ n C ^ ^ r ' + fCKj) E bn e 
n=l n=l 3=1 

(G.3) 

The beam transverse displacement at support Ir can be obtained from 

the above equation by setting ' = XL in it and is equal to the 

support transverse displacement given by 

w(lr) = - (Riir + Rizr) + (^xxx + M^zr) (G.4) 
tot tot 

which is equal to 

w(lr) = - (Riir + Rizr) + ^ (f(-^i)Riir + f(-%z)Ri2r) 
tot tot (G.5) 

The satisfaction of both compatibility smd equilibrium conditions 

at support location Ir yields 
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E Rijr [ E e " fjn + 
j=l ^=1 tot 

/(-MjX E bn fjn + ^ ) ] 
n=l tot 

-knXL -knXL. 
+ Ror E an e + Mor E bn e ' 

n=l n=l 

+ . Ro, 
n=l n=l 

-kn( 2XL) 
+ E RjLjjeĵ  E an e "" ' fjn + /(Mj) E bn e "" ' fjn 

-kn(2XL) 

j=l n=l n=l 

Fo E an e 
n=l 

-kn( 2XL-Xo) (G.6) 

The transverse displacement of the beam at any x^" between Ir and 

2r can be shown to be 
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w(Xr") = Fo E ane kn( 2XL-Xo+Xr" ) 

n=l 

+ I C an + E C R.jr C .„.-Xn< ( - 1 )XI^«r") 
j=l n=l i=l 3=2 n=l 

+ E m,3 J e - ^ n V . J C M.j, e-''i< > J (s-l )xr.x," , 

3=1 n=l 3=1 3=2 n=l 

+ Ror c ^ , - W X I ^ x , . ) 

n=l n=l 

+ M., E b n e - ' ^ n f ^ V ) E a„ ^ ) 
n=l n=l 

+ [ I C ^ e-k^Xs+2XeH*r") 

3=1 3=1 n=l 

+ c C c th e-k^(s+2XGW«r") (c.?) 

3=1 3=1 n=l 

where 0 < |Xj-"| < XL and Xj" is measured from support number ir. 

After the infinite series has been summed, equation (G.7) can be 

rewritten as 

208 



n=l 

+ E Rijr 
j=l 

E an e + e C ^n e*"** fjn 
n=l n=l 

+ /<-fij)( E bn e - e 2 bn e*"*c fjn)] 

n=l n=l 

+ Ror C ^ e-%,(XU*t")+ a,, C 
n=l n=l 

H-M„. z b„e-'="<^''>^">*Ro. E ans-*"'!*"*;.) 
n=l n—1 

+ E R x j J E an fj„ + /Cij) E 1>„ e " " " ' ' f j n ] 
j=l n=l 

(G .8 ) 

The beam transverse displacement at support 2r can be found from 

equation (G.8) by setting x^" = XL in it. This is equal to the support 

transverse displacement at 2r which can be found to be 

w(2r) = - -2^" (Riir e + ^izr ® 
tot 

(f(-Pi)Riir e + f(-U-z)Rxzr e (G-*) 
tot 

By considering the con^patibility and equilibrium conditions, the 

displacement boundary condition at support 2r yields 

209 



z Riirfi c a n * - * " * - * C a* + ;;?-) 
j=l n=l n=l tot 

+ /<-Jij)[ E bn e - e ^ i ( C e^"^fjn + 
ln=l n=l tot 

+ E .. + M., 
n=l n=l 

+ C b. « - W 3 X L ) + C .. ,-Kn(3XI.) 

n=l n=l 

, B . j J C .„ e-''n<3XI.) , „^.y , ,->^n<3X:.) 

j=l '•n=l n=l 

-P. c a n (G.IO) 
n=l 

The transverse displacement conditions at supports 16 and 2fi can 

likewise be obtained. 

It can be shown that the beam transverse displacement at any xg' 

between OH and Ifi is 
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W(xg') = Fo E ane ) 
n=l 

+ E Rijr [ E an e ^n(XL+X6 )fjn - /(-Mj) E bn e ® ^fjn 

j=l n=l 

n=l n=l 

MoU E bn e + Rofi E an e 
n=l n=l 

+ E Rijg E an fjn + /(Mj) E bn fjn] (G.ll) 

j=l >• n=l n=l 

v^ere 0 < |xg'| < XL and xg' is measured from support number 06. 

By setting xg' to XL in this equation, one obtains the transverse 

displacement of the beam at 14. This transverse displacement must be 

equal to that of the support given by 

w(14) = - - 2^ (Riig + Ri2&) + + /(Mz)Rizi!) 
tot tot (G.12) 

As before, by earring out the necessary manipulations the 

transverse displacement condition at support 14 can be found to be 

211 



C R.J J E - /(-.j) C b„ e " ' ' " ' j „ ] 
i=l n=l n=l 

4R.r I 
n=l n=l 

Mofi C bn e + Rofi C e 
n=l n=l 

+ C Rijfi E an e " 
j=l ^=1 

+ _*% 

+ f(Mj)( E bn fjn -
n=l tot 

-Fo £ an e 
n=l 

-kn(XL+Xo) (G.13) 

The trainsverse displacement of the beam at any xg" between 1« and 

2t can be shown to be 
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W(xj") = Po E an e 
n=l 

-kn(XL+Xo+X8") 

2 2 

+ C Riir 
j=l 

C a* ,-kn(2XL+x,.),:. 

n=l 
]n 

-f(-Mj)( E bn e 
n=l 

-kn< 2XL+ X f l " ) 
-]n 

+ Hor E a„ - M,, r 
n=l 

M o . E 
n=l 

2 , 2 

n=l 

2 

E 
n=l 

+ E Rije[ E an e 
j=l n=l 

+ e "J E an fjn 
n=l 

/(^J)( E b„ c bn e''""'' 
n=l n=l 

fjn) (G.14) 

where 0 < Ixg" I < XL and Xjj" is measured from support Ifi. 

The beam displacement at 22 can be found from the above equation by 

setting xg" to XL and is equal to the support transverse displacement 

w(2fi) = - (Riig e + Rizg e 
tot 

+ eT^i + f(Pz)Ri2* e"^z) 
tot 

(G.15) 

Hence, the satisfaction of both compatibility and equilibrium 

conditions at support 24 gives 
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2 ' * 
E Rijrf C an e 
j=l n=l 

n=l 

+ «., r a n "or E b„ e - ^ " ' > 
n=l n=l 

«o. E b„ + H,, 
n=l n=l 

+ z H,jJ[ E an r""'" + """^C E 'n = """" 'j. + # - > ] 
i=l n=l n=l tot 

«.3)[ E hn < E bn - 3 ^ , ] ] 
L—•• n=l tot n=l 

-P« E a„ (G.IS) 

n=l 

In addition to these transverse displacement conditions, one must 

also satisfy the rotational boundary conditions at supports Or and Ofi. 

Now the rotation at any Xj- within the loaded bay (i.e., between 0fi 

ctnd Or) caii be shown to be 
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e(%r) = (jk)Po E Cn e 
n=l 

j=l 3=1 n=l 

j=l 3=1 n=l 

R., £ cn ,-kn(XL-X;, + r a . 

n=l ri—1 

+ Mo4 £ dn e + Rofi C °n ^ 
n=l n=l 

2 ® . ./--T\ 2 ^-kn(sXIrfXr) 
+ E E M i j f i e E d n 

i=l 3=1 n=l 

+ £ £ R,i, £ cn e-*n('Xl**r) (G.17) 

j=l 3=1 n—1 

where jk = -1 if < Xq' jk = 1 if > Xq. O < 1x^1 < XL and 

Xr is measured from support number Ofi. 

When the infinite series axe summed, equation (G.17) can 

conveniently be expressed as 
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0( Xj^) — (jk) F(3 E Cn s 
n=l 

-kn 1 Xo-Xr 1 

2 . 2 

E Rijr 
j=l ••n=l 

[ I c„ E d„ 
n=l 

- R, or 
E c„ + M . , E a„ «-kn(XI^K,) 

n=l n=l 

+ Mofi E dn + Roll t Cn e 
n=:l n=l 

+ E Rijfi [ £ Cn e fjn + /(Mj) E dn fjn] 
--•• —•• n=l i=l n=l 

(G.18) 

where the rotational coefficients c^'s and d^'s were given in 

Section 2.2.1. 

Now by setting x^ to XL, one obtatins the rotation of the beam at 

support Or which is equal to the support rotation given by 

e(Or) = Ror - *^r 
tot tot 

(G.19) 

Also by setting Xf to 0, the rotation of the beam at support Ot can 

be found. This is equal to the support rotation at 01! which is 

©(0£) = Rofi - Mofi 
tot tot 

{G.20) 

Hence, by considering the above arguments amd equations (G.18) to 

(G.20), the rotational boundary conditions at supports Or and oe can be 

obtained. The condition at Or gives 
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z ^ 
E Rijr C Cn fjn - C dn fjn 
j=l ^n=l n=l n=l 

Ror ( E cn + =§=-) + Mor ( E + j ^ ) 
n=l tot n=l tot 

+ Moe C dn e + Rofi E Cn e 
n=l n=l 

2 2 

Rij a 

j=l n=l 

2 

-Fo E Cn e 
n=l 

+ E Rija [ E Cn e fjn + /(Mj) E dn e fjn] 
L — n=l 

-kn(XL-Xo) (G.21) 

and the condition at Ofi results in 

2 r 2 

E Rijr E Cn e 
j=l n=l 

fjn - /(-Mj) E dn e 
n=l 

-knXL g 
]n 

- R o r E Cn e + Mor E dn e 
-knXL 

n=l n=l 

2 z ^ 
+ Moj ( E dn + ) + Rofi ( E Cn - ĵ 2 ) 

n=l tot n=l tot 

2 2 2 
+ E R i j f i E C n f j n + / ( M j ) E dn f j n 

j=l n=l n=l 

= -(-Fo E Cn e 
n=l 

(G.22) 

Equations (9.15), (G.l), (G,6), (G.IO), (G.13), (G.16), (G.21) and 

(G.22) can be put into a matrix form as 
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"•1/3 

^izr 

2 
C an 

n=l 

g-kn(3XL-Xo) 

Riir L an e 
n=l 

Ror 

2 

E ^n 
n=l 

g-kn(XL-XQ) 

Mor 

= -PQ 

2 

E Cn 
n=l 

^-kn(XL-Xo) 

Mofl 

2 

-E cn 
n=l 

g-^nXo 

Bog 

2 

E a-n 
n=l 

g-kn^o 

2 
E an 

n=l 

^-kn(XL+Xo) 

Rizf 

2 

E an 
n=l 

g-kn(2XL+Xo) 

(G.23) 

This equation can be solved numericailly. Once the unknowns are 

determined, the transverse displacement or rotation at any bay can 

easily be found. 
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APPENDIX H 

FORCED VIBRATIONS OF INFINITE, PERIODIC THREE-LAYERED SANDWICH PLATE 
ON SIMPLE SUPPORTS SUBJECTED TO A SINGLE HARMONIC LINE FORCE 

Equations (9.17) and (9.18) give the sandwich plate transverse 

displacement at any (Xf/y) within the loaded bay (i.e., between Ofi 

eind Or) and equation (9.19) gives the zero transverse displacement 

condition at Or. 

This case has six unknowns (R^zr, R u r ' ^or' 

RizB)- Therefore in addition to equation (9.19) five more boundary 

conditions vrtiich represent the zero transverse displacement are 

necessary. In this study they are set up at support locations ir, 

2r, Ofi, la, 2fl. 

If one substitutes x^ = 0 into equation (9.18) the transverse 

displacement of the sandwich plate at (04,y) is obtained. Equating 

this to zero yields 

L E Rxjr E an e fjn' 
j=l n=l 

3 3 

+ Ror C &n e " + ôfi C 
n=l n=l 

3 

+ E Rijfi E an fjn'jsin kyy = -Fq E an sin kyy (H.l) 
j=l n=l n=l 

where fjn' = e *nX^y[l - e (^i+^n^^)^ j = 1,2 and n = 1,2, 3. 

The transverse displacement of the plate at any (Xj-',y) between Or 

and Ir can be found by considering the infinite-system line response 

functions of aill the reaction forces and the applied force Fq sin kyy. 

In this way one obtains w(Xr',y) as 
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w(xr',y) = {fo £ an e ) 
n=l 

+ I " Riir E a„ 
i=l 3=1 n=l 

+ R c r E E ' 
n=l n=l 

+ C C C (H.2) 
j=l 3=1 n=l 

where 0 < |Xr' ' < XL and x^' is meeusured from support number Or. 

The tramsverse line displacements at amy other bay can likewise be 

obtained. The procedure is the same aa given in Appendix E but now 

three-terms infinite-system line response functions must be used 

instead of two-terms infinite-system point response functions. 

The infinite series equation in equation (H.2) can easily be summed 

and it reduces to 

^ kn(Xl^Xo+Xr') 
w(Xr',y) = |fo E an e 

n=l 

+ E Rijr E an e " ^ fjn' + ^or E an e " ^ 
j=l n=l n=l 

H.R„. I a„e->'n<=<"-r') 
n=l 

+ E Rxjfi E an e ^ fjn'lsin kyy (H.3) 
j=l n=l 
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The transverse displacement of the plate at Ir Ccun be found by 

setting Xj-' = XL in equation (H.3). Equating this to zero gives the 

required boundary condition at Ir as 

( C Rijr ^ &n e " fjn' 
4=1 n=l 

+ Ror E an e + Ro« C ^n e 
n=l n=l 

+ E Rij* E an e %n(2XL) fy^'isin kyy 

j=l n=l 

-Fo E an e ^ n ( ^ y y (H.4) 
n=l 

Following similar procedures, the other boundary conditions can be 

found to be 

w( 2r,y) = O : f E R^jrC E a-n + e E an e^^^fjn' ) 
i=l n=l n=l 

n=l n=l 

+ E Rijfi E an e '*̂ n(33CL) fjn'jsin kyy 

j=l n=l 

3 
E 

n=l 

= -Fq E an e 3XL-Xo) kyy (H.5) 
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2 3 

w(lfi,y) = 0; f E Rijr E 
j=l n=l 

^ R o . I .n + % . E a„ e-'nKX. 
n=l n=l 

]r XL 1 
+ E Rijfi E an e " fjn'jsin kyy 

3=1 n=l 

-Fq E an e '^n<*o+^) g^n kyy (H.6) 

n=l 

2 3 
w(2fi,y) = 0: I E Rijr E fjn' 

1=1 n=l 

+ **r C ane-kn^')*') + R*, [ 6 - % ^ : * % ) 

n=l n=l 

+ E RijflC E an e + e E a n fjn'Jsin k y y 

j=l n=l n=l 

= -Po E an e ^n( ZXL+Xo) k^y (H.7) 

n=l 

Equations (9.19), (H.l), (H.4), (H.5), (H.6) and (H.7) can be cast 

into a matrix form as 
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Rizr 

Riir 

Ror 

= -FQ 

E an e 
n=l 

3 

E an e 
n=l 

-knOXL-Xo) 

•kn( 2XL-Xo) 

E an e 
n=l 

E an e 
n=l 

E an e 
n=l 

E an e 
n=l 

-kn(Xri-Xo) 

-knXo 

-kn(XL+Xo> 

-kn( 2XL+Xo) 

(H.8) 

This equation can be solved numericaJLly. Once the unknowns are 

determined, the transverse displacement at any (Xr,y) within the loaded 

bay cam be found from equation (9.18). 
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APPENDIX I 

FORCED VIBRATIONS OF INFINITE PERIODIC THREE-LAYERED SANDWICH PLATE ON 
GENERAL SUPPORTS SUBJECTED TO A SINGLE HARMONIC LINE FORCE 

Equations (9.22) and (9.23) give the transverse displacement of the 

plate at any (Xj-,y) within the loaded bay (t.e., between Ofi and Or) and 

equation (9.24) represents the elastic boundary condition at Or. 

This case hais ten unknowns (R^ar' Rizr' Riir* ^or' ^ r ' Mog, Rog, 

Rizg, Ri34). Therefore in addition to equation (9.24) nine more 

boundary condition equations, which satisfy both compatibility and the 

equilibrium conditions at required positions, aire necessary. This 

study considers the transverse displacement conditions at support 

locations 3r, 2r, Ir, 04, li, 211. 3t and the rotations at Or and 00. 

Appendix G outlines the determination of transverse displacements at 

the bays between 24 and 2r and rotation within the loaded bay (between 

04 emd Or) for an Euler-Bernoulli beam on general elastic supports. 

The corresponding sandwich plate displacements and rotations can 

likewise be obtained but now three-terms infinite-system line response 

functions must be used instead of two-terms point response functions. 

The plate displacements emd rotations so obtained must be equal to those 

of supports at support locations. In this section most of the detailed 

derivations will not be repeated but the results of boundary conditions 

will be given. It can be found that the following conditions are true 

224 



w(02,y) = 0: f E Rj.jr[ E e " /(-M-j) E t>n e '^"^fjn"] 
1^=1 n=l n=l 

+ Ror E an e - Mor E bn e 
n=l n=l 

3 3 K 
+ Moa ( E bn - = ^ ) + RoB < % 

n=l tot n=l tot 

3 r ̂  ^ 11 
+ E Rijg E an fjn" + f(Hj) C bn fjn"]}sin kyy 

j=l 

3 

n=l n=l 

gin ktrv - (I'l) = -Fo E an e sin kyy 
n=l 

Where fjn" — ® / [1 — e n = 1,2,3 and j =1,2,3. 

. 3 3 ^ ^ 

w(lr,y) = o : E R^jr C E an e " fjn" + iPz^ 
'•j=l n=l tot 

3 
- /(-Mj)( E bn e " fjn" + 

n=l tot 

n=l n=l 

+ H,. I bn + Ro. L «„ 

n=l n=l 

+ E R^jf [ E an E b^ k^y 
j=l n=l 

= -Po E an sin kyy ( 1 2 ) 
n=l 
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w(2r,y) = 0 : f E R^jr {[ E e + e ^i( £ an 
j=l n=l n=l 

3 

+ + /{-Mj)[ E bn 
tot n=l 

- e-"! ( E b„ + p ^ ) ] } 
n=l tot 

+ R.r C a„ «o. C J=n 
n=l n=l 

+ Mofi E bn e ^n<3XL) ^ E an e '^n(3XL) 

n=l n=l 

+ E RijfiC E an e 
j=l n=l 

3 
+ /(Mj) E bn e-kn(3XL)fj^»]l3in ky? 

n=l 

3 
E 

n=l 

Fo E an e %n(3XL-Xo)sin kyy (1.3) 
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w(lfi,y) = 0 ! f E Rijr C E e kn(2XL)fj 

j=l n=l 

n=l 

3 ' 3 ^_kn(2XL) 
+ Ror E an e ^n(2XL) _ E bn 

n=l n=l 

Moil E bn e + Ro( E e 
n=l n=l 

+ E Rije C E an fjn" + 
j=l n=l tot 

+ filijH E bn fjn" " j ^ ) ] } s i n kyy 
n=l tot 

= -Po E an e ^n(X^*o) gin kyy (I *) 

0—1 
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3 

w(2fl,y) = 0 ! ( E Rijr C C 
3=1 n=l 

- C bn e *n(3XL)f.n" ] 

n=l 

+ R. J an - «or £ 
n=l n=l 

- M . . E b„ + H„. E 
n=l n=l 

+ C Rijift E an + e~^3( £ fjn" + j ^ ^ ) ] 
j=l n=l n=l tot 

- E bn E bn fjn" - ggs-)])};!" kyy 
n=l n=l tot 

= -pQ E an e ^XL+Kq) (1.5) 

n=l 

^ ^ -knXL, 
8(0*,y) = 0 : f- E Rijr C E Cn e " fjn" 

j=l n=l 

- f(-Mj) E " fjn"] 
n=l 

- Ror C cn + M^r E <3n 
n=l n=l 

+ Mqj ( E dn + ) + Rofi ( E Cn ~ 
n=l tot n=l tot 

3 3 3 
+ E RijfiC E Cn fjn" + /(Mj) E <3n fjn"]jsin kyy 

j=l n=l n=l 

3 
= -(-Fq E Cn e sin kyy (1.6) 

n=l 
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3 3 3 
e(Or,y) = 0 : ]- E Rijr C E <̂ n ^jn" E fjn"] 

1=1 n=l n=l 

- Ror( C Cn + ) + Mor( E <3n + ) 
n=l tot n=l tot 

+ Mo, E a„ + Rol E Cn e 
n=l n=l 

+ E Rije C E Cn e + /(Mj) E dn e jn"]|sin kyy 
j=l n=l n=l 

-Fo E Cn kyy (1-7) 

n=l 

Now by considering the infinite-system line response functions of 

all the reaction forces and moments and that of the external line force 

Fq sin kyy, the transverse displacement of the sandwich plate at any 

(Xr#y) between supports 2r and 3r can be shown to be 
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w(Xr,y) = [pq E an e 
^ kn( 3XIr-Xo+Xr) 

n=l 

3=1 n=l i=l 

+ E Rijr E an e + L M^jr e C bn e " ^ 
j=l n=l j=l n=l 

+ E E R.3r E a„ 
j=l s=3 n=l 

- I t Mijr E «n 
i=l s=3 n=l 

4.R.r ? a„ + M „ E b„ a " " " ' ' 
n=l n=l 

n=l n=l 

+ E I Rijr E a« «-W(=+.)%w::r) 

j=l 3=1 n=l 

+ E E E b„ Kyy <1.8, 
j=l 3=1 n=l 

where 0 < 1x^1 < XL and x^ is measured from support number 2r. 

After the infinite series has been summed, equation (1.8) can be 

rewritten as 
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w(Xr,y) = [^o C an e 
^ -kn( 3XIr-Xo+Xr) 

n=l 

+ I R,3.C £ a„ ^ )j 
j=l n=l 3=1 

£ Rijrte E an e + /(-Mj) e E t 
3=1 n=l n=l 

+ E Rijr[e C e^"^^fjn' 
j=l n=l 

f(-lij) e £ bn 
n=l 

+ Ror E a„ + M,, cb,, 
n=l n=l 

+ M.. r b, ,-k,(3XI^Xr) + ; a, ,-kn(3XL..,) 

n=i n=l 

+ I R.J.t £ a„ 
j=l n=l 

+ /(MJ) £ b . kyy <1.9) 
n=l 

The plate transverse displacement at support 3r can be found from 

equation (1.9) by setting to XL in it. This is equal to the 

displacement of the support given by 

w(3r) = - (Riir ® + Rizr ® + Risr ^ 
tot 

+ + f(-^z)Rizr e + /(-^sXRiar e 

tot (I.10) 
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Hence by considering the above arguments, the transverse 

displacement boundaxy condition at support 3r cain be shown to be 

f I K . 3 . f C E . , - " 3 I 
j=l n=l n=l 

+ n an fjn" + ^ ) ] + C ^ ^^(ZXL) 
n=l tot n=l 

+ e C bn e - e ( C bn e ^ " ^ fjn" + j 
n=l n=l tot 

[ an + "or E hn e'*"':*'' 
n=l n=l 

n=l n=l 

+ E [ L n 
j=l n=l 

3 
+ /< Mj ) E bn e-^n( ^fjn" 1 }sin kyy 

n=l 

-Fo E a-n e ^n( 4XL-Xo kyy (1.11) 

n=l 

The transverse displacement boundary condition at support 31 can 

likewise be found as 
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f c Rj.jr [ C an e e ^n(4XL)g^^.,^ 
i=l n=l n=l 

n=l n=l 

-M<,f C b n e ^ " ( ^ ^ ) + Rog 
n=l n=l 

+ I R.3, f 
i=l n=l n=l 

+ e £ an e^^^fjn" + 
n=l tot 

+ f( .3)C-E - e-"! I ^ 

n=l n=l 

+ e 2^i( £ bn e^"^fjn" - ^=-)]}) sin kyy 
n=l tot 

= -Fq E an e kyy (1.12) 

n=l 

Equations (9.24), (I.l), (1.2), (1.3), (1.4), (1.5), (1.6), (1.7), 

(I.11) and (1.12) can be put into the following matrix form 
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TABUES 
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Simply-Supported Ends Clamped Ends Free Ends 

Current 
Method 

Reference 
[31] 

Current 
Method 

Reference 
[31] 

Current 
Method 

Reference 
[31] 

9.87 

12.65 

18.47 

9.87 

12.65 

18.46 

12.65 12.65 

18.47 18.47 

22.37 22.37 

1.99 

2.72 

12.82 

1.99 

2.72 

12.82 

TAB1£ 1: Comparison of Natural Frequencies of a Three EquaJL 

Bay Euler-Bemoulli Beam with Intermediate Simple Supports 

(Current method ri = 10~®, Reference [31] -n = 0) 

Simply-Supported Ends Clamped Ends Free Ends 

Current Reference Current Reference Current Reference 
Method [31] Method [31] Method [31] 

9.87 9.87 10.63 10.63 2.36 2.36 

10.63 10.63 12.65 12.65 2.38 2.38 

12.65 12.65 15.42 15.42 10.69 10.69 

15.42 15.42 18.47 18.47 12.73 12.73 

18.47 18.43 21.17 21.18 15.42 15.42 

21.17 21.18 22.37 22.37 18.36 18.36 

TABIiE 2 s Comparison of Natural Frequencies of a Six 

Equal Bay Euler-Bernoulli Beam with Intermediate 

Simple Supports 

(Current method rp 10~®, Reference [31] t} = 0) 



h = 0.04 [in] = 1.016 x lO"' [m] 

Xb = 8.2 [in] = 0.209 [m] 

Ly = 20.0 [in] = 0.508 [ra] 

p = 0.101 [Ib.sZ/in*] = 2795.7 [kg/mf] 

E = 10.5 X 10® [Ib/in^] = 7.24 X 10^° [N/m^] 

u = 0 , 3 

TABLE 3: Dimensions and Material Properties of the Six Equal-Bay 

Euler-Bernoulli Plate 

Current Method 

99.9 

103,04 

108.2 

114.9 

122.1 

127.9 

Reference [71 

99.9 

103.1 

108.2 

115.0 

122.1 

127.9 

TABIiE 4: Comparison of Natural Frequencies [Hz] of a Six Equal 

Bay Euler-Bernoulli Plate on Stiffeners 

(Current Method ti = 10~®, Reference [7] n = 0) 



Mode (i) (ii) (iii) (iv) 

1 170. OS 169.70 168 .41 150 .19 

2 171. 31 170.99 169 .85 153 .75 

3 173. 93 173.69 172 .78 160 .04 

4 175, 90 175.73 175 .03 166 .42 

5 177. 95 177.86 177 .43 172 .96 

6 179. 93 179.78 179 .18 176 .84 

TABIaE 5: Effects of Stiffener stiffnesses on the Natural 

Frequencies [Hz] of the Eight-Bay Euler-Bernoulli Plate 

(i) No distortion, no inertia, no coupling 

(ii) No distortion, inertia, no coupling 

(iii) No distortion, inertia, coupling 

(iv) Distortion, inertia, coupling (i.e., General Support) 

Current Method Method of Reference [11] 

207.96 208 

213.68 214 

229.73 230 

252.84 253 

277.84 278 

297.91 298 

TABIiE 6: Comparison of Natural Frequencies [Hz] of a Six Equal 

Bay Singly—Supported, Three—Layered Sandwich Plate 

(Current Method j3 = 10~®, Method of Reference [11] 0=0) 



f [HZ] ill (ii) (iii) 

100 2.366 2.327 2.361 

200 2.378 2.355 2.394 

300 2.367 2.342 2.377 

400 2.414 2.351 2.365 

500 2.414 2.409 2.424 

600 2.462 2.424 2.443 

700 2.462 2.431 2.475 

800 2.473 2.466 2.502 

900 2.521 2.502 2.537 

TABIiE 7: Experimentally Determined Head Constants [N/A] of the 

Exciters 

(i) 1.Exciter 

(ii) 2.Exciter 

(iii) 3.Exciter 

f [Hz] Random Transfer Function Sinusoidal Tramsfer Function 

[l/kg] [i/kg] 

200 79.37 81.62 

300 64.53 66.79 

400 59.74 61.54 

500 57.73 58.94 

600 57.34 58.19 

700 57.83 58.38 

800 58.02 58.30 

TABIiE 8: Comparison of Experimentally Determined Transfer 

Functions of the Exciter (m^xtra ^ [9]) 



Mode Resonajice Frequencies 
of Figure 99 [Hz] 

1 

2 

3 

4 

5 

6 

131.75 

138,28 

149.46 

165.63 

173.73 

181.25 

Average Frequencies 
of nine sets of 
mecLSurements [Hz] 

Maximum Deviations 
of nine sets of 
measurements [Hz] 

132.15 

139.35 

151.41 

166.81 

174.15 

181.82 

-0.90 

-1.07 

-1.95 

-1.18 

-1.18 

-0,57 

+1.11 

+1.84 

+2.86 

+1.87 

+1.83 

+0.87 

TABI£ 9: Experimentally Obtained Resonance Frequencies of the 

Eight-Bay Stiffened Plate (m = 1, h = 0.91 [mm]) 

Mode Average Frequencies of 
Nine Sets of Experimental 
Measurements [Hz] 

Theoretical Resonance 
Frequencies [Hz] 

1 132.15 150.03 

2 139.35 153.74 

3 151.41 160.11 

4 166.81 166.53 

5 174.15 172.93 

6 181.82 177.01 

TABtE 10J Comparison of Theoretical and Average Experimental 

Resonance Frequencies of the Eight-Bay Stiffened 

Plate (m = 1, h = 0.91 [mm]) 
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Figure 1: Diagram of Forcing, Response and Sign Conventions for 
Infinite, Uninterrupted Euler-Bemoulli Beams. 

a) Force Excitation 
b) Moment Excitation 
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Figure 2: Positive Sign Convention of Forces and Moments for 
Euler-Bemoulli Beams. 
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Figure 6: Positive Sign Convention of Forces and Moments for 
Three-Layered Sandwich Beams. 
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Fig. 7 Core Properties of Sandwich Structures 
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Figure 15: Coordinate Displacement and Stress System for 
Three-Layered Sandwich Plate with Equal Face-Plates. 
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saDUD-̂ dâ ay eun'uiaisfis a-(tutjui QN 



o — o »— 
u :i II n 
(XL CCL_ CO. CO, 

LL-Ou? 
» » d& 
•P * <? ¥ 

sanuQ-̂ daoay aut-j -s'a-̂ tutjui jo asoyj 



Xr 

^ 0 ^ 
PQ 

e 
PQ 

e 
L 

(a) 

• 1 

^0 

L 
—, 

L 

(b) 

Figure 23: The Forced and Free Waves of a Single-Bay 
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a) Harmonic Force 
b) Harmonic Moment 
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b) Rotational Spring 
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Figure 25: Ny Bay Simply-Supported Euler-Bemoulli Beam. 
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F(y,t) = Fo Sin Simply-Supported Edges 

Figure 35: Ny Bay Euler-Bemoulli Plate. 
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Figure 36: Coordinate, Displacement and Stress-System for 
Euler-Bemoulli Plates. 
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Figure 37: Positive Sign Convention for Euler-Bemoulli Plate with 
Elastically Supported x-wise Edges. 



Figure 38: Static and Deformed Cross-sections of a Z-Section 
Stiffener. 
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(N/gŜ ui) aDUD-̂ jau; -̂ oaJiQ suy 



Support Numbers 
3 2 1 0 1 2 3 

C=3 C=2 C=1 I ^ P=1 r=2 r=3 

I r : 4 R ^ iR'2 iR'i 4R, 

-CD 
(a) 

XL XL XL 

4 r i 4 ^ 2 4 % 4 ^ 4 4^] 

XL XL ^XL XL 
(»• 

) 

X 

Nfi A4o M l M ] M g ^ Mj-

(b) 

[ Z 5%) 
XL -icL K 

c) 

R 2 s m kyY 

R l s m k y Y 

Rosin kyY 
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Figure 80: Reaction Forces on a Harmonically Forced and Periodically 
Supported Beam. 
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Figure 81: Reaction Forces and Moments on a Harmonically Forced 
and Periodically Supported Beam. 
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Fig. 108 Top View of the Eight-Bay, Stiffened Three-Layered 

Sandwich Plate 



» ? 

9 * 

Fig. 109 Bottom view of the Eight-Bay, Stiffened Three-Layered 

Sandwich Plate 
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Figure CI: Coordinate, Displacement and Forcing Systems, 
Dimensions and the Total Deflection of a Z-Section 
Stiffener. 

a) Coordinate and Displacement System 
b) Dimensions and Forcing 
c ) Static position, — Deflected Position 



Figure C2: Total Deflection of Flange AB of the Stiffener. 



Figure C3: Coordinate, Displacement Systems and Dimensions of an 
Euler-Bemoulli Plate, 
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