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This thesis presents several developments in analysing the fatigue life of mechanical 
components subjected to various kinds of random excitations and the subsequent mechanical 
vibration. Typically components must be designed in such a way that they can withstand the 
effects of the exposure to environmental conditions without being damaged. Their design 
must be verified using laboratory testing or by Finite Element (FE) calculations. Often, 
design and testing are performed on the basis of specifications taken from internal, national 
or international standards, with the implicit assumption that if the equipment survived the 
particular environment it would also survive the vibrations it will see in service.  

Previous work in the area has developed computer-based models to predict the fatigue 
damage witnessed by components under random loads, but most of these are limited to only 
stationary Gaussian random excitations. A few have concentrated on non-Gaussian 
responses, not excitation, resulting from some non-linearities in the structure being activated. 

This thesis describes the development of original statistical analysis methods with the ability 
to determine extreme responses and fatigue life estimates for linear structures when 
subjected to non-Gaussian random excitations. The emphasis is mainly on two sources of 
non-Gaussian random excitations namely clipped random excitations and random 
excitations with a high kurtosis value. Fatigue damage from specific sine-on-random 
excitations is also studied. In all cases, theoretical formulations were derived to obtain 
fatigue life estimates without the need for long time domain realisations. Such a statistical 
approach is particularly suited for simulating the fatigue damage induced during a random 
test on a shaker system.  

One of the main benefits of being able to assess the fatigue life in the case of a structure 
subjected to a leptokurtic random excitation is to create an accelerated test definition. The 
idea is to associate a specific kurtosis value to a given Power Spectral Density (PSD) in order 
to reduce the exposure duration, while encompassing the same fatigue damage potential as 
the original stationary and Gaussian random test. In practice, the engineer will be able to 
simulate the effects of the kurtosis control capability of some commercial vibration control 
systems on the fatigue damage experienced by in the device under test. This process will be 
achieved using a FE-based fatigue analysis tool, where the user specifies the excitation PSD, 
the kurtosis value and an FE results file representing the frequency response function linking 
the excitation and the stress response at each node or element of the FE model of the test 
article. The stress response PSD with the associated response kurtosis are obtained and the 
statistical rainflow histogram is extracted. Fatigue life estimates are then derived by 
associating the statistical rainflow histogram with the material fatigue curve.  

The theoretical formulations derived are applied to examples coming from numerical 
simulations. The estimate of the probability density functions obtained for the response stress 



and fatigue life correlate well with the results obtained from time domain simulated data, 
showing the robustness and the accuracy of the theoretical expressions. 
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𝐺𝐺𝑥𝑥𝑥𝑥(𝑓𝑓)   One-sided PSD of x(t) 
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𝐿𝐿(𝑓𝑓)    Frequency Response Function (FRF) of a colouring filter 
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𝑀𝑀𝑥𝑥,𝑟𝑟
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positive slope 
Np Number of expected peaks per unit time 
𝑁𝑁𝑝𝑝,𝑥𝑥≥𝑥𝑥0 The mean number of peaks greater than 𝑥𝑥0 per unit time 
𝑃𝑃𝑓𝑓 Probability of failure 
𝑃𝑃𝑥𝑥𝑝𝑝    the Cumulative Distribution Function (CDF) of the peaks 
𝑃𝑃𝑋𝑋𝑚𝑚   CDF of the maximum peak 
𝑅𝑅   Material strength 
𝑅𝑅𝑎𝑎(𝑝𝑝) Correlation function of the Fourier coefficients 𝑎𝑎𝑘𝑘 of the periodic 

modulation function 
𝑅𝑅𝑥𝑥𝑥𝑥(𝜏𝜏)   Autocorrelation function of x(t) 
𝑅𝑅𝑥𝑥𝑥𝑥(𝜏𝜏)   Cross-correlation function of x(t) and y(t) 
𝑅𝑅𝑥𝑥𝑥𝑥𝛼𝛼 (𝜏𝜏)   Cyclic autocorrelation function of x(t) 
𝑆𝑆𝑚𝑚   Mean stress 
𝑆𝑆𝑅𝑅    Stress range 
𝑆𝑆𝑥𝑥𝑥𝑥(𝑓𝑓)   Two-sided PSD of x(t) 
𝑆𝑆𝑥𝑥𝑥𝑥(𝑓𝑓)   Two-sided CSD of x(t) and y(t) 
𝑆𝑆𝑥𝑥𝑥𝑥𝛼𝛼 (𝑓𝑓)   Cyclic spectrum of x(t) 
𝑇𝑇𝑓𝑓    Time to failure 
𝑇𝑇𝑠𝑠    Service life 
𝑇𝑇𝑡𝑡    Test duration 
𝑇𝑇   Period of the modulation function 
𝑇𝑇0    Length of a burst in the modulation function 
𝑇𝑇𝑟𝑟,𝑥𝑥≥𝑥𝑥0 Return period such that on average, there is one peak equal to or 

higher than a given threshold 𝑥𝑥0 
𝑋𝑋𝑚𝑚���� Average value of the largest peak 
 
 
 
 
 
 
 



𝛼𝛼    Cyclic frequency 
𝛾𝛾   Irregularity factor 
𝛿𝛿(𝜏𝜏)    Kronecker delta function 
𝜀𝜀   Euler constant 
𝜅𝜅𝑥𝑥   Kurtosis value of signal x(t) 
𝜅𝜅𝑤𝑤   Kurtosis associated with a white noise 
𝜆𝜆𝑥𝑥   Skewness value of signal x(t) 
𝜇𝜇𝑥𝑥   Mean value of signal x(t) 
𝜌𝜌    Correlation coefficient 
𝜎𝜎𝑥𝑥   Root Mean Square (RMS) value of signal x(t) 
𝜏𝜏p   Average time interval between two successive maxima 
𝜏𝜏p,,𝑥𝑥≥𝑥𝑥0 Average time interval between two successive maxima above the 

level 𝑥𝑥0 
𝜑𝜑   Phase of the modulation function 
 𝜑𝜑𝑥𝑥    First characteristic function of the random variable 𝑥𝑥 
Ψ𝑥𝑥    Second characteristic function of the random variable 𝑥𝑥 
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1 Introduction 
 
In all industrial sectors such as Automotive, Aerospace, Energy, etc. components are designed 
to withstand the real operational conditions to which they will be subjected during their service 
life. A fatigue resistant design may reduce warranty costs and unnecessary maintenance. A 
reliable design will also increase safety and will invariably yield a better corporate reputation. 

Fatigue life estimates require a good knowledge of the material’s resistance to fatigue and the 
level of stress in the material. This research work concentrates on the latter. When the external 
load is random, it cannot be considered deterministic since random loads cannot be described 
by an explicit mathematical relationship. In this case a statistical approach needs to be adopted 
to estimate the distributions of peaks and stress cycles that can possibly lead to static or fatigue 
failures. 

This first chapter is a global introduction to the subject of environmental test and vibration 
induced fatigue. It also explains the motivations that led to this work, the aims and objectives 
of this thesis and underlines the questions considered and the original contributions that have 
been obtained in answering them.  

1.1 Introduction to environmental testing 

1.1.1 The need for environmental testing 
 
Environmental testing is a form of vibration testing, where a test article is subjected to vibration 
of a specified form and amplitude for a period of time, in order to assess its operational integrity. 
Shaker tests are typically performed to qualify the endurance of a product.  

An example vibration test is illustrated in Figure 1. 

 
 
 Figure 1: Example vibration test of an automotive radiator on a shaker (image courtesy of Valeo) 
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The objective of product testing is to check that the test article is qualified for its expected 
service life. In order to replicate the same failure mechanism as in real conditions, the test 
specification must be representative of the service loads. In practice, vibration test requirements 
are often specified by industry standards such as STANAG 4370 [1], MIL STD 810 [2], DEF 
STAN [3], RTCA DO 160G [4], GAM EG-13 [5] etc. or synthesized from measurements under 
real operational conditions using a test tailoring approach [6, 7]. The test profile must 
incorporate at least the same damage content, which the original data would produce, but will 
also require considerably shorter test times than the true service life.  

1.1.2 Random vibration tests 
 

Often, long term operational loads are stochastic in nature, with a given distribution of energy 
across various frequencies. For random vibration tests, the input excitation is typically defined 
as a vibration profile called Power Spectral Density (PSD). An example PSD is illustrated in 
Figure 2. 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
From the PSD profile, an excitation signal is generated to drive the shaker or excitation system 
[8]. The reproduced signal is meant to be random stationary and Gaussian. A process is said to 
be stationary if its statistics are not affected by a shift in the time origin. A random process is 
qualified as Gaussian if its values are distributed according to a normal distribution. 

1.1.3 Random vibration tests with sigma clipping 
 
In the laboratory, however, the controller typically limits the drive signal to prevent high 
amplitude peaks from damaging shaker components [9, 10]. The high amplitude peaks are 
truncated at a given level, typically described as a number, which is a product of the root mean 
square of the excitation signal (RMS, but also denoted 𝜎𝜎, hence the name “sigma clipping”). 
Due to this amplitude limiting, the shaker system can deliver more power without exceeding 
the amplifier/shaker abort limits since the high amplitude peaks are eliminated.  

Figure 2: Example profiles for an acceleration PSD from the military standard MIL STD 810 [2] 
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1.1.4 Random vibration tests with kurtosis-control 
 
The various standards for environmental tests require the test laboratories to adopt specific 
actions when simulating random vibration environments that appear to be non-Gaussian when 
measured in service. The MIL-STD-810G [2] standard, in method 528, recommends to 
“carefully examine field measured response probability density information for non-Gaussian 
behaviour”. In this case, it establishes that “specialized shaker control system software is 
required…to replicate an autospectral density estimate with a non-Gaussian amplitude 
distribution”. The UK Defence Standard 00-35 [3], in part 5, acknowledges that “although the 
vibration experienced by a road vehicle is of random character, it does not usually conform to 
a Gaussian distribution of amplitudes”. The risk of not considering the non-Gaussian behaviour 
is clearly stated: “the measured data represent a greater damage potential than Gaussian data 
because of their higher probability of high amplitudes”. The NATO Standard [1] , in STANAG 
4370, AECTP 200, describes the vibration environment generated by wheeled and tracked 
vehicles in this way: “it can be non-stationary resulting in relatively high peak to RMS ratios. 
It is therefore also non-Gaussian. These properties of non-stationary and non-Gaussian are in 
contrast to the character of vibration generated in test laboratories. Consequently, special steps 
may need to be taken to avoid under testing in the laboratory.” 

Recently, several shaker controllers developed a way to reproduce leptokurtic excitation 
signals. This is often referred to as “kurtosis control” [8]. The kurtosis is defined as the fourth 
standardised statistical moment. Values of kurtosis greater than three indicate that a probability 
density function has heavier tails, i.e. more higher peaks, than a Gaussian distribution. This is 
why the kurtosis is often used as a metric to describe the "peakedness" or the "impulsiveness" 
of the data.  

The generated signal with a different kurtosis than found in a Gaussian distribution can possess 
the same PSD and hence overall energy in terms of mean square level, but is more impulsive 
compared to a stationary Gaussian signal. Figure 3 shows the probability density functions of 
two standardised excitation signals with zero mean values. The one using a dashed black line 
corresponds to a Gaussian stationary signal, the one using a red line corresponds to a non-
Gaussian signal where the kurtosis is set to 6.0. The horizontal axis represents the acceleration 
level of the original input time series. Both excitation signals have the same unitary RMS value. 
The vertical axis represents the probability density plotted on a logarithmic axis. 
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From Figure 3, it is clear that the signal with high kurtosis exhibits higher amplitude peak levels 
than the Gaussian one. Tests with high kurtosis values can therefore be more representative of 
certain real non-Gaussian, impulsive environments [11]. 

Another application of kurtosis control is the acceleration of a test in order to reduce the time 
taken for qualification testing. More impulses means higher expected damage on the test article, 
so that the test duration can be reduced while reproducing the same overall damage [6].  

 

1.1.5 Sine-on-random vibration tests 
 
Rotating machinery typically produces non-Gaussian vibration environments. Examples of 
rotating machines are internal combustion engines, turbines, pumps, electric motors or 
generators. The generated vibration environment is typically made of harmonic tones from the 
rotation or firing orders superimposed on background noise.  

Such sine-on-random excitations are also considered in several military and civil standards such 
as MIL STD 810G [2] and RTCA DO 160G [4]. An example test specification for helicopter 
vibration from MIL STD 810G involving sine-on-random is given in Figure 4, where 𝑓𝑓1 is the 
rotor rotating frequency, 𝑓𝑓2 = 𝑁𝑁𝑓𝑓1 the blade passing frequency and 𝑓𝑓3, 𝑓𝑓4 its harmonics. 

Figure 3: Example distribution of excitation signals: Gaussian (dashed black) and with high kurtosis (red) 



 
24 

 

 
Figure 4: Example test specification - Helicopter vibrations exposure - MIL STD 810G Figure 514.6C-8 [2] 
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1.2 Virtual vibration endurance tests 

1.2.1 The need for virtual vibration tests 
 
Durability simulations based on numerical predictions using, for example, Finite Element 
Analysis (FEA) can help to optimise the design of a component. It allows sensitivity analysis 
to be performed in order to select the optimum material, geometry, process, etc. required to 
fulfil a target in terms of service life. The design often aims to minimise the maximum stresses 
within the component when loaded, which will subsequently improve the fatigue life. 

Durability simulations can also drastically limit the number of prototypes in the design phase. 
At the qualification stage, if the test article fails during the qualification test, FE-based 
durability simulations can help investigate why failure has occurred. 

Other applications of FEA-based durability simulations include finding out what the margins 
of a successful test are or checking that a profile for random vibration test is not over-
accelerated. In this last case, the excessive loads might introduce a non-linear response such as 
levels of stress above yield, which alters the load paths and changes the failure mode or creates 
forms of non-linear damping [12, 13, 14]. 

1.2.2 State of the art of virtual vibration tests 
 
When a linear system is excited by a random stationary and Gaussian signal, the spectral and 
statistical characteristics of its stress response are known [15, 16, 17, 18, 19, 20, 12, 21]. When 
the linear system is a mechanical device and the excitation is the acceleration signal produced 
by a electrodynamic or hydraulic shaker, then the stress response can be derived in terms of 
both its Power Spectral Density and its Probability Density Function. Statistical methods exist 
to derive the distribution of peaks and valleys [15, 16, 22, 17, 20, 23, 21, 24, 25] and to 
approximate the distribution of the rainflow stress ranges [26, 27, 28, 29, 30, 31, 32] for 
stationary and Gaussian stress responses.  

The benefits of such a statistical approach are:  

• Increased performance - since there is no need to perform long time domain realisations 
• Better accuracy - since the distributions obtained are smooth, with well-defined tails. 

It is indeed worth noting that fatigue damage and stress range are linked in a power law, so 
when considering a distribution of stress cycles, the fatigue damage is governed essentially by 
the larger cycles in the tail of the distribution. This is where the distributions obtained from 
generated signals show a significant variability due to the finite duration of a signal realization, 
leading to larger spread in the estimated damage values. In contrast, the distributions obtained 
from a statistical approach provide a good estimate of the mean number of cycles of various 
ranges. 

The time domain approach can be time consuming and does not encourage an engineering 
understanding of the problem. This is the main reason why a spectral approach is relevant and 
preferable.  
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The current state of the art in virtual vibration endurance testing does not allow one to simulate 
kurtosis-control tests nor sine-on-random tests nor the effects of clipping the excitation signal. 
Even for stationary and Gaussian random tests, there is no methodology to take into account 
the effects of sigma clipping. 
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1.3 Motivations 
 

Engineers from both design and test departments want to estimate the fatigue life of a structure 
subjected to random vibrations. When the mechanical environment is random, a common way 
to proceed is to adopt a statistical approach to assess the number of stress peaks in the response 
at various levels or the stress cycles in various ranges. Current statistical approaches are limited 
to inputs (excitations) that are random stationary and Gaussian excitations. 

The present work is motivated by the need to provide engineers with a solution based on a 
statistical approach to non-Gaussian excitations found in industrial situations such as: 

i. clipped random excitations, 
ii. random excitations with high kurtosis. 

Note that the fatigue damage due to a sine-on-random excitation was also considered in this 
thesis, but since the developments in that domain were not very significant the work done can 
be found in the appendix with a summary of the output in the main content of the thesis.  

1.4 Aims of the study 
 
The main aim of this thesis is to simulate and predict the fatigue life for non-Gaussian loadings, 
which are typically applied in environmental tests. The approaches described in this work will 
be beneficial to Finite Element Analysis (FEA) engineers wanting to estimate the fatigue life 
under practical non-Gaussian mechanical environments. With a robust way to estimate the 
fatigue life of a component, a design engineer can perform sensitivity analysis and assess the 
influence of changing geometry, material, surface finish, etc. in order to optimise its design. 

Engineers in test departments will also find benefit in having a robust methodology to derive 
the expected fatigue life under random excitations. A first application is to make sure the test 
will be successful before actually running it. In the case of premature failure, the expert can 
investigate what caused it and establish how to remedy it. In the case of a successful test, it is 
useful to understand what the margins or limits are for the design.  

Finally, for maintenance purposes, a better life prediction leads to optimized inspection 
planning during the service life of the product. 

The findings of this work are hence applicable to improving the time-to-failure estimates for 
more realistic loadings. 

1.5 Objectives of the research 
 

The global objective is to extend the existing statistical approach for fatigue analysis under non-
Gaussian random loads. This will be achieved by obtaining some intermediate results, such as 
the statistical distributions of the response stress peaks and rainflow cycles for various non-
Gaussian excitations of a linear structure.  

The non-Gaussian excitations studied and considered as the main objectives in this thesis are:  
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i. Clipped random signals: the design engineer needs to understand the influence of 
limiting the drive signal on the fatigue life of a specimen when simulating a random 
shaker test. The test engineer would need some guidelines to help decide how clipping 
should be applied under different test scenarios. 

ii. Random signals with high kurtosis: the design engineer needs to understand the 
influence of the kurtosis parameter on the resulting fatigue life. The test engineer wants 
to know the relationship between kurtosis and test duration in order to reduce the test 
duration, while reproducing the same amount of fatigue damage. 

These objectives will be answered in various sections in this thesis, which will highlight the 
relevant background literature (chapter 2), the means to generate non-Gaussian signals (chapter 
3), the statistics of the response (chapter 4), the rainflow cycle distribution and finally the 
fatigue damage estimates (chapter 5). A theoretical formulation will be proposed and applied 
to examples coming from numerical simulations, demonstrating the benefits and potential for 
adoption by academics and practical engineers. 

In the final concluding chapter, the reader will see how these objectives were met. The original 
contributions are summarised in the following section. 

1.6 Contributions presented in the thesis 
 
Based on the well-known and well documented statistical approach for random stationary and 
Gaussian excitations [15, 16, 22, 17, 20, 23, 21, 24, 25], some extensions are proposed to take 
into account the fact that the excitation is clipped, or leptokurtic or contains sine tones. 

The contributions in the various themes are detailed hereafter. 

Influence of sigma clipping on the fatigue life 

Sigma clipping was considered as a zero-memory non-linear transformation of a Gaussian 
signal. The original contributions include:  

• The influence of various clipping techniques applied to a stationary Gaussian random 
signal in terms of statistics (see chapter 3.3, pages 92 to 97).  

• Formulations are given for the stress response statistics and for the peak and valley 
distributions, which are produced after the clipped signal is filtered through a linear 
system (see chapter 4.3, pages 119 to 124).  

• An algorithm was developed and proposed to estimate the fatigue life of a structure 
based on the excitation PSD, the level of clipping and the dynamic characteristics of the 
structural configuration (see chapter 5, pages 134 to 159).  

Fatigue from kurtosis controlled tests 

Various ways to generate a signal from a prescribed PSD and kurtosis value were investigated. 
The original contributions include: 
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• Formulation for the stress response statistics and for the peak and valley distributions, 
after the leptokurtic signal is filtered through a linear system (see chapter 4.4, pages 125 
to 131 and chapter 5, pages 134 to 159).  

• A new way to generate a signal from a prescribed PSD and kurtosis value has been 
developed, optimizing the kurtosis transfer rate between the excitation and response (see 
chapter 3.5, pages 103 to 116 and chapter 4.5, pages 131 to 132).  

• An algorithm to estimate the fatigue life of a structure based on the excitation PSD, the 
kurtosis and the dynamic characteristics of the structural configuration has been 
produced (see chapter 5, pages 134 to 159).  

Fatigue from sine-on-random tests 

The derivations of the peak and valley distributions from sine-on-random loadings is mostly 
based on various papers by S.O. RICE written between 1944 and 1974 in connection with the 
analysis of electrical noise signals [15, 33, 34] and later adapted to the field of fatigue analysis. 
The thesis produced original contributions which include:  

• The number of expected peaks per unit time (see Appendix C, page 192). 
• The distribution of peaks for the case where the random process is broadband (see 

Appendix C, pages 192 to 193). 

Note that the fatigue damage due to a sine-on-random excitation was also considered in this 
thesis, but since the developments in that domain were not very significant the work done can 
be found in appendix.  

More generally, the basic theories and their extensions have been implemented and extensively 
tested for robustness, accuracy and applicability.  

 

Table 1.1 helps the reader to find which chapter covers a specific aspect for each of the 
different types of signal.  
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Table 1.1: Sumary table giving the chapters where the various aspects of a specific type of signal are studied 

Aspect 

studied 

Signal 

type 

Signal 
generation 

Statistics after 
linear filtering 

Distributions of 
instantaneous 

values and 
peaks in the 

stress response 

Rainflow cycle 
count histogram 

and fatigue 
damage 

estimates 

Stationary 
Gaussian 
random 

Chapter 3.2 Chapter 4.2 
Chapter 2.2.4 
Chapter 2.2.8 

Chapter 2.6.3 
Chapter 2.6.4 

Sigma clipping Chapter 3.3 Chapter 4.3 
Chapter 5.2.2 
Chapter 5.3.2 

Chapter 5.5.2 
Chapter 5.6.2 

Kurtosis (steady 
leptokurtic) Chapter 3.4 Chapter 4.4 

Chapter 5.2.1 
Chapter 5.3.1 

Chapter 5.5.1 
Chapter 5.6.1 

Kurtosis 
(nonstationary 

leptokurtic) 
Chapter 3.5 Chapter 4.5 

Chapter 5.2.3 
Chapter 5.3.3 

Chapter 5.5.3 
Chapter 5.6.3 

Sine on random Appendix C Appendix C Appendix C Appendix C 
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1.7 Overview of the thesis contents 
 
The thesis topic, “Fatigue life for non-Gaussian random excitations”, will be explored in the 
following chapters using a combination of theoretical aspects and numerical simulation or 
physical results.  

The present chapter, chapter 1, sets the scene for the background knowledge. The requirements 
and current practice are discussed such that the motivations and the objectives become clear. 

Chapter 2 presents a literature review. Some of the fundamental technical basics of statistics, 
spectra and fatigue analysis are recalled and summarised. These basics will be used and 
referenced throughout the thesis. 

Chapter 3 introduces ways to generate Gaussian and non-Gaussian random signals. Note that 
the outcome of chapter 3 will be used only for simulation and validation purposes. The objective 
of this work is to find a statistical (as opposed to deterministic) approach to some specific non-
Gaussian loadings, that does not require realisations of long time domain signals. 

Chapter 4 will discuss the statistics of the response of a linear system to Gaussian and various 
non-Gaussian excitations. The linear system is considered to be a mechanical component and 
the response is expressed in terms of the stress response. The reader will realise that, for some 
specific non-Gaussian loadings, it is possible to determine the statistics of the response knowing 
only some statistics of the excitation and the dynamic characteristics of the linear system, 
without having to perform simulations with long time histories. 

Figure 5 illustrates how chapter 3 and 4 interact. It also introduces the variables that are used 
throughout this thesis: 𝑥𝑥(𝑡𝑡) is a Gaussian signal, 𝑦𝑦(𝑡𝑡) is a non-Gaussian, transformed version 
of 𝑥𝑥(𝑡𝑡). When 𝑦𝑦(𝑡𝑡) is used as an input to a linear system, then the response signal is 𝑧𝑧(𝑡𝑡). 

Note that 𝑥𝑥(𝑡𝑡) and 𝑦𝑦(𝑡𝑡) are generally considered to be acceleration signals in this thesis, while 
𝑧𝑧(𝑡𝑡) is considered to be stress. Acceleration is typically assumed as coming from real in-service 
measured data. 



 
32 

 

 
Figure 5: Some notations used and the order that ideas are considered 

Chapter 5 will use the statistics of the response to derive the distributions of the peaks and 
valleys and to obtain an approximation for the rainflow cycle distribution. Estimates of the 
time-to-failure are then possible. 

Figure 6 gives a very concise overview of the logic built into the content presented in this thesis. 
The green boxes are the inputs, the blue ones contain algorithms. Each blue box corresponds to 
a particular chapter. It is suggested to read through the thesis linearly, but if the interest is in 
signal generation or input/output statistics, then the reader can start or stop where relevant. 

 

 
Figure 6: Outline of the thesis content and its interaction 
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The final chapter, chapter 6, will summarise the thesis, highlighting the original contributions, 
and will suggest areas for future research.  

References used in this thesis are given at the end. Some of the derivations, mathematical 
manipulations, etc., are given in the appendices to ensure clarity in the main body of the text. 

  



 
34 

 

2 Review of random vibration and fatigue analysis 
 
This chapter presents a brief review of the well-known formulations concerning fatigue analysis 
from random vibration loadings. It covers the literature on the various subjects that form the 
basis for this study. 

It starts with some definitions linked with random vibrations; reviews the statistics involved, 
the behaviour of linear systems and the probabilistic peak distributions of the subsequent stress 
response for mechanical systems. It continues with the modelling of fatigue damage. 

The last section introduces the various methods for accelerating an endurance vibration test. It 
will particularly mention the traditional load amplification endurance tests and introduce a more 
recent technique called Kurtosis control. There are outstanding questions around the Kurtosis 
control technique, which will be answered in the rest of this thesis. 

2.1 Random variables - definitions 

2.1.1 Random and deterministic variables 
 
Any observed data representing a physical phenomenon can be classified as being either 
deterministic or nondeterministic [16]. Deterministic data are those that can be described by an 
explicit mathematical relationship allowing the data to be an explicit function of time or space. 
In mechanical engineering, random vibration is related to non-deterministic motion, meaning 
that future behaviour cannot be precisely predicted but its statistical properties can be estimated. 
Examples of random loads include road surfaces, wind turbulence, wave loading and general 
vibrations. Structural response to random vibration is usually treated using probabilistic 
approaches. 

2.1.2 Random variables – probability fundamentals 
 
The possible outcomes of an experiment represent a set of points called the sample space. A 
random variable 𝑥𝑥(𝑘𝑘) is a set function defined for points 𝑘𝑘 from the sample space. In the rest 
of this thesis the index 𝑘𝑘 will be omitted for simplicity in notation. 

2.1.3 Probability Density Function 
 
A probability density function (PDF) is a function that describes the probability for a random 
variable to take a given value. The probability for the random variable to fall within a particular 
range of values is given by the integral of this density function over the range. The probability 
density function is nonnegative everywhere, and its integral over the entire range of possible 
values in the sample space is equal to one. 

If a random variable 𝑥𝑥 has a probability density function 𝑝𝑝(𝑥𝑥), then the probability that 𝑥𝑥 
satisfies 𝑎𝑎 ≤ 𝑥𝑥 ≤ 𝑏𝑏 is given by: 

http://en.wikipedia.org/wiki/Integral
http://en.wikipedia.org/wiki/Random_variable
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 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃{𝑎𝑎 ≤ 𝑥𝑥 ≤ 𝑏𝑏} = � 𝑝𝑝(𝑥𝑥)𝑑𝑑𝑑𝑑
𝑏𝑏

𝑎𝑎
 Equation 2.1 

The cumulative distribution function (CDF) of 𝑥𝑥, 𝑃𝑃(𝑥𝑥), is defined by the equation:  

 𝑃𝑃(𝑥𝑥) = � 𝑝𝑝(𝑢𝑢)𝑑𝑑𝑑𝑑
𝑥𝑥

−∞
 Equation 2.2 

Providing 𝑃𝑃(𝑥𝑥) is continuous, the PDF 𝑝𝑝(𝑥𝑥) is obtained as the derivative of the CDF. Thus 

 𝑝𝑝(𝑥𝑥) =
𝑑𝑑𝑑𝑑(𝑥𝑥)
𝑑𝑑𝑑𝑑

 Equation 2.3 

2.1.4 Expected values 
 
The expected value or mean 𝜇𝜇𝑥𝑥 of a random variable 𝑥𝑥 is by definition the integral  

 E[𝑥𝑥] = � 𝑥𝑥𝑥𝑥(𝑥𝑥)𝑑𝑑𝑑𝑑
∞

−∞

= 𝜇𝜇𝑥𝑥 Equation 2.4 

where 𝐸𝐸[∙] denotes the expectation operator.  

For a random variable 𝑥𝑥 with mean 𝜇𝜇𝑥𝑥, the quantity 𝑥𝑥 − 𝜇𝜇𝑥𝑥 represents the deviation of the 
random variable from its mean. Since this deviation can be either positive or negative, the 
quantity (𝑥𝑥 − 𝜇𝜇𝑥𝑥)2 is used and its average value 𝐸𝐸[(𝑥𝑥 − 𝜇𝜇𝑥𝑥)2] represents the average square 
deviation of 𝑥𝑥 around its mean. The variance 𝜎𝜎𝑥𝑥2 of the random variable 𝑥𝑥 is by definition the 
integral: 

 𝜎𝜎𝑥𝑥2 = E[(𝑥𝑥 − 𝜇𝜇𝑥𝑥)2] = �(𝑥𝑥 − 𝜇𝜇𝑥𝑥)2𝑝𝑝(𝑥𝑥)𝑑𝑑𝑑𝑑
∞

−∞

 Equation 2.5 

The positive square root of the variance 𝜎𝜎𝑥𝑥 = �E[(𝑥𝑥 − 𝜇𝜇𝑥𝑥)2] is known as the standard deviation 
of 𝑥𝑥. Note that 𝜎𝜎𝑥𝑥 represents the root mean square (RMS) value of the variation of the random 
variable 𝑥𝑥 around its mean 𝜇𝜇𝑥𝑥. 

2.1.5 The Gaussian distribution 
 
A random variable 𝑥𝑥 is qualified as being Gaussian if its values are distributed according to a 
Gaussian distribution. The Probability Density Function (PDF) of a Gaussian variable is given 
by: 

 𝑝𝑝𝑥𝑥(𝑥𝑥) =
1

𝜎𝜎𝑥𝑥√2𝜋𝜋
. 𝑒𝑒

−12
(𝑥𝑥−𝜇𝜇𝑥𝑥)2
𝜎𝜎𝑥𝑥2  Equation 2.6 

where 𝜇𝜇𝑥𝑥 is the mean value and 𝜎𝜎𝑥𝑥2 the variance of the random variable 𝑥𝑥. 

http://en.wikipedia.org/wiki/Cumulative_distribution_function


 
36 

 

The mean value indicates the value which is at the centre of the distribution. The variance gives 
the spread of the distribution around the mean value. 

Note that the PDF of a centred Gaussian process only depends on its variance. The frequency 
bandwidth of the process does not have any influence on the shape of the distribution. 

The cumulative distribution function (CDF) for a Gaussian distribution is given by:  

 Φ𝑥𝑥(𝑥𝑥) = �𝑝𝑝𝑥𝑥(𝛼𝛼)𝑑𝑑𝑑𝑑
𝑥𝑥

−∞

=
1
2
�1 + erf�

𝑥𝑥 − 𝜇𝜇𝑥𝑥
𝜎𝜎𝑥𝑥√2

�� Equation 2.7 

where erf () is the error function, defined as [35]: 

 erf(𝑥𝑥) =
2
√𝜋𝜋

�𝑒𝑒−𝑡𝑡2𝑑𝑑𝑑𝑑
𝑥𝑥

0

 Equation 2.8 

Figure 7 shows the standardised PDF of a Gaussian function.  

 
Figure 7: Standardised Gaussian distribution with linear (a) and logarithmic (b) vertical axis 

About 68% of values drawn from a normal distribution are within one standard deviation 𝜎𝜎𝑥𝑥 
away from the mean; about 95% of the values lie within two standard deviations; and about 
99.7% are within three standard deviations. More generally, the probability that the random 
Gaussian variable 𝑥𝑥 lies in the range 𝜇𝜇𝑥𝑥 − 𝑛𝑛.𝜎𝜎𝑥𝑥 and 𝜇𝜇𝑥𝑥 + 𝑛𝑛.𝜎𝜎𝑥𝑥 is given by: 

 𝑃𝑃(𝜇𝜇𝑥𝑥 − 𝑛𝑛𝜎𝜎𝑥𝑥 ≤ 𝑥𝑥 ≤ 𝜇𝜇𝑥𝑥 + 𝑛𝑛𝜎𝜎𝑥𝑥) = � 𝑝𝑝𝑥𝑥(𝑥𝑥)𝑑𝑑𝑑𝑑

𝜇𝜇𝑥𝑥+𝑛𝑛𝜎𝜎𝑥𝑥

𝜇𝜇𝑥𝑥−𝑛𝑛𝜎𝜎𝑥𝑥

= erf �
𝑛𝑛
√2
� Equation 2.9 

Using Equation 2.9, Table 2. can be established. It shows the probability that the variable 𝑥𝑥 lies 
between 𝜇𝜇𝑥𝑥 − 𝑛𝑛𝜎𝜎𝑥𝑥 and 𝜇𝜇𝑥𝑥 + 𝑛𝑛𝜎𝜎𝑥𝑥 for various integer values of 𝑛𝑛: 
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Table 2.1: Probability table for a Gaussian random variable 

n Probability to lie between 𝜇𝜇𝑥𝑥 ± 𝑛𝑛𝜎𝜎𝑥𝑥 Probability to lie outside 𝜇𝜇𝑥𝑥 ± 𝑛𝑛𝜎𝜎𝑥𝑥 
1 0.68269 0.3173 
2 0.95449 0.0455 
3 0.99730 0.00269 
4 0.99993 0.000063 
5 0.9999994 0.00000057 

 

2.1.6 Central Limit Theorem 
 
Given 𝑛𝑛 independent continuous random variables 𝑥𝑥𝑖𝑖, let 𝒙𝒙 be their sum 𝒙𝒙 = 𝑥𝑥1 + ⋯+ 𝑥𝑥𝑛𝑛. 
Note that the random variables 𝑥𝑥𝑖𝑖 need not to be normally distributed. Then 𝒙𝒙 is a random 
variable with mean 𝝁𝝁 = 𝜇𝜇1 + ⋯+ 𝜇𝜇𝑛𝑛 and variance 𝝈𝝈2 = 𝜎𝜎12 + ⋯+ 𝜎𝜎𝑛𝑛2. 

The central limit theorem (CLT) states [36] that the probability density function 𝑝𝑝(𝑥𝑥) of 𝒙𝒙 
approaches a normal probability density function with the same mean 𝝁𝝁 and variance 𝝈𝝈: 

 𝑝𝑝(𝑥𝑥)
𝑛𝑛→∞
�⎯⎯�

1
𝝈𝝈√2𝜋𝜋

𝑒𝑒−
(𝑥𝑥−𝝁𝝁)2
2𝝈𝝈2  Equation 2.10 

In other words, the sum of a large number of independent 𝑛𝑛-dimensional random variables is 
asymptotically normally distributed [37]. For the exact conditions for the validity of the 
theorem, the reader is referred to Cramer [37] or Papoulis [36]. 

2.1.7 Joint Gaussian distributions 
 
Consider two random variables 𝑥𝑥 and 𝑦𝑦. The joint probability distribution function 𝑝𝑝𝑥𝑥𝑥𝑥(𝑥𝑥,𝑦𝑦) is 
defined to be the probability that both random variables simultaneously take on a given set of 
values 𝑥𝑥0 and 𝑦𝑦0.  

In particular, the joint probability of two random variables 𝑥𝑥 and 𝑦𝑦 both distributed normally, 
with zero mean and variances 𝜎𝜎𝑥𝑥2 and 𝜎𝜎𝑦𝑦2 respectively will be: 

 𝑝𝑝𝑥𝑥𝑥𝑥(𝑥𝑥,𝑦𝑦) =
1

2𝜋𝜋𝜎𝜎𝑥𝑥𝜎𝜎𝑦𝑦�1 − 𝜌𝜌2
𝑒𝑒𝑒𝑒𝑒𝑒 �−

1
2(1 − 𝜌𝜌2) �

𝑥𝑥2

𝜎𝜎𝑥𝑥2
+
𝑦𝑦2

𝜎𝜎𝑦𝑦2
−

2𝜌𝜌𝜌𝜌𝜌𝜌
𝜎𝜎𝑥𝑥𝜎𝜎𝑦𝑦

�� Equation 2.11 

where 𝜌𝜌 is the correlation coefficient, which lies between -1 and +1. Two random variables 𝑥𝑥 
and 𝑦𝑦 whose correlation coefficient is zero are said to be uncorrelated [16]. 

If 𝑝𝑝𝑥𝑥𝑥𝑥(𝑥𝑥,𝑦𝑦) = 𝑝𝑝𝑥𝑥(𝑥𝑥)𝑝𝑝𝑦𝑦(𝑦𝑦) then the two random variables 𝑥𝑥 and 𝑦𝑦 are said to be statistically 
independent [16, 20]. 

2.1.8 Change of variables 
 
The PDF of a random variable 𝑥𝑥 can be transformed to the PDF of a different random variable 
𝑦𝑦 using the “PDF transform” [16, 12, 36, 37]:  
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 𝑝𝑝𝑦𝑦(𝑦𝑦) =
𝑝𝑝𝑥𝑥(𝑥𝑥)

�𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑� �
 Equation 2.12 

when there is a one-to-one monotonic relationship between 𝑥𝑥 and 𝑦𝑦. The monotonic 
requirement ensures a unique one to one correspondence of one value of 𝑥𝑥 maps to one value 
of 𝑦𝑦 and vice versa. 

The linear transform of a random variable is a particular and simple case of the PDF transform. 
Let 𝑥𝑥 be a random variable with PDF 𝑝𝑝𝑥𝑥 and 𝑎𝑎 and 𝑏𝑏 two constants, then the random variable 
𝑦𝑦 = 𝑎𝑎𝑎𝑎 + 𝑏𝑏 has the following PDF: 

 𝑝𝑝𝑦𝑦(𝑦𝑦) =
1

|𝑎𝑎|𝑝𝑝𝑥𝑥 �
𝑦𝑦 − 𝑏𝑏
𝑎𝑎

� Equation 2.13 

This technique will be used extensively throughout this thesis to obtain the PDF after a change 
of variable. 

2.1.9 Probability density functions of two random variables 

2.1.9.1 PDF of the sum of two independent random variables 
 
Consider two independent variables 𝑥𝑥 and 𝑦𝑦 with PDF 𝑝𝑝𝑥𝑥 and 𝑝𝑝𝑦𝑦 respectively. The PDF 𝑝𝑝𝑧𝑧 of 
the variable 𝑧𝑧 defined as 𝑧𝑧 = 𝑥𝑥 + 𝑦𝑦 is [36]:  

 𝑝𝑝𝑧𝑧(𝑧𝑧) = � 𝑝𝑝𝑥𝑥(𝑧𝑧 − 𝑦𝑦)𝑝𝑝𝑦𝑦(𝑦𝑦)
∞

−∞

𝑑𝑑𝑑𝑑 Equation 2.14 

This expression is the convolution product of both marginal PDFs.  

2.1.9.2 PDF of the product of two independent random variables 
 
Let 𝑥𝑥 and 𝑦𝑦 be independent random variables with PDFs 𝑝𝑝𝑥𝑥(𝑥𝑥) and 𝑝𝑝𝑦𝑦(𝑦𝑦). The PDF of the 
product of two random variables 𝑧𝑧 = 𝑥𝑥𝑥𝑥 is [36]: 

 𝑝𝑝𝑧𝑧(𝑧𝑧) = �
1

|𝑥𝑥|𝑝𝑝𝑥𝑥
(𝑥𝑥).𝑝𝑝𝑦𝑦 �

𝑧𝑧
𝑥𝑥
�

∞

−∞

𝑑𝑑𝑑𝑑 = �
1

|𝑦𝑦|𝑝𝑝𝑥𝑥 �
𝑧𝑧
𝑦𝑦
� .𝑝𝑝𝑦𝑦(𝑦𝑦)

∞

−∞

𝑑𝑑𝑑𝑑 Equation 2.15 

2.1.10 Higher order statistics 
 
The 𝑟𝑟𝑡𝑡ℎ raw statistical moment of a probability density function 𝑝𝑝(𝑥𝑥) is defined as: 

 𝑀𝑀𝑥𝑥,𝑟𝑟
′ = 𝐸𝐸[𝑥𝑥𝑟𝑟] = � 𝑥𝑥𝑟𝑟𝑝𝑝(𝑥𝑥).𝑑𝑑𝑑𝑑

∞

−∞

 Equation 2.16 

where 𝐸𝐸[∙] denotes the expectation operator.  
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The moments about its mean are called central moments 𝑀𝑀𝑥𝑥,𝑟𝑟  

 𝑀𝑀𝑥𝑥,𝑟𝑟 = 𝐸𝐸[(𝑥𝑥 − 𝜇𝜇𝑥𝑥)𝑟𝑟] = �(𝑥𝑥 − 𝜇𝜇𝑥𝑥)𝑟𝑟𝑝𝑝(𝑥𝑥).𝑑𝑑𝑑𝑑
∞

−∞

 Equation 2.17 

The  𝑟𝑟𝑡𝑡ℎ standardised moment of a probability distribution is 𝑀𝑀𝑥𝑥,𝑟𝑟/��𝑀𝑀𝑥𝑥,2�
𝑟𝑟
 where 𝑀𝑀𝑥𝑥,𝑟𝑟 is the 

 𝑟𝑟𝑡𝑡ℎ central moment and 𝑀𝑀𝑥𝑥,2 is the second central moment, i.e. the variance. The advantage of 
standardised moments over central moments is that they are scale invariant and they are also 
dimensionless numbers. Note that the first standardised moment is always zero, by definition 
of the mean, and the second standardised moment is always one.  

The third moment about the mean 𝑀𝑀𝑥𝑥,3 is a measure of asymmetry of the process’s probability 
density function. For symmetric distributions such as a Gaussian distributions, 𝑀𝑀𝑥𝑥,3 = 0. The 
standardized third moment is called skewness and is calculated as: 

 𝜆𝜆𝑥𝑥 =
𝑀𝑀𝑥𝑥,3

𝑀𝑀𝑥𝑥,2
3/2 Equation 2.18 

A zero value indicates that the values are evenly distributed on both sides of the mean, typically 
implying a symmetric distribution. 

The fourth moment about the mean 𝑀𝑀𝑥𝑥,4 is related to the degree of flatness of a distribution 
near its centre. The standardized fourth moment is called kurtosis and is defined as the fourth 
moment centred about the mean, normalized by the square of the variance: 

 𝜅𝜅𝑥𝑥 =
𝑀𝑀𝑥𝑥,4

𝑀𝑀𝑥𝑥,2
2 Equation 2.19 

The word kurtosis comes from the Greek and means the action of making curved, or making 
convex. This means that the kurtosis, like the other standardized moments, remains unchanged 
through multiplication of a constant scalar. In the case of unimodal distributions, the kurtosis is 
often described as a measure of the "peakedness" of a process.  

For a Gaussian distribution, the kurtosis 𝜅𝜅 is 3.0. Values of kurtosis greater than three indicate 
that a probability density function has heavier tails than found in a Gaussian distribution and 
are known as leptokurtic. Kurtosis values of less than three are known as platykurtic.  

Note that the “coefficient of excess”, is defined as: Excess = kurtosis – 3.0 [37]. The classical 
kurtosis (i.e. 3.0 for a Gaussian distribution) will be used in this thesis. 

Kurtosis and skewness are important indicators describing the non-Gaussian features of a 
unimodal probability distribution. Figure 8 compares the PDF of a standardised Gaussian 
random variable using a dashed black line with the PDF of a standardised random variable with 
a nonzero skewness of 1.0 using a red line. 
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Figure 8 : Comparison of the PDF of a Gaussian random variable (dashed black) with the PDF of a random variable 
with positive skewness (red) 

Figure 9 compares the PDF of a standardised Gaussian random variable using a dashed black 
line with the PDF of a standardised random variable with a kurtosis value of 9.0 using a red 
line plotted on a logarithmic vertical axis. 

 

Figure 9 : Comparison of the PDF of a Gaussian random variable (dashed black) with the PDF of a random variable 
with a high kurtosis (red) 

In the rest of this thesis, the mean (assumed to be zero) of a signal 𝑥𝑥(𝑡𝑡) will be written 𝜇𝜇𝑥𝑥, the 
variance 𝜎𝜎𝑥𝑥2 and the root mean square (RMS) value 𝜎𝜎𝑥𝑥. The skewness will be assumed to be 
zero and the kurtosis will be denoted 𝜅𝜅𝑥𝑥. 
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Note that the higher order statistical moments are rarely used in practice. Generally speaking, 
the higher the order the more the PDF is considered in detail [18]. 

2.1.11 Characteristic function and cumulants 
 
The cumulants of a probability distribution are a set of quantities that provide an alternative to 
the moments of the distribution. Cumulants are sometimes also called semi-invariants in the 
literature [15, 37]. Working with cumulants can have an advantage over using statistical 
moments, because the cumulants of the sum of statistically independent random variables is the 
sum of the individual cumulants [18]. This fact will largely be used in this study. For example, 
in the case of two independent random variables 𝑥𝑥 and 𝑦𝑦, with 𝑟𝑟𝑡𝑡ℎ order cumulants 𝑐𝑐𝑥𝑥,𝑟𝑟 and 
𝑐𝑐𝑦𝑦,𝑟𝑟, the cumulants of their sum 𝑐𝑐𝑥𝑥+𝑦𝑦,𝑟𝑟 is : 

 𝑐𝑐𝑥𝑥+𝑦𝑦,𝑟𝑟 = 𝑐𝑐𝑥𝑥,𝑟𝑟 + 𝑐𝑐𝑦𝑦,𝑟𝑟 Equation 2.20 

The cumulants of a random variable 𝑥𝑥 are defined using the second characteristic function 
Ψ𝑥𝑥(𝜐𝜐), which is the natural logarithm of the first characteristic function  𝜑𝜑𝑥𝑥(𝜐𝜐): 

Ψ𝑥𝑥(𝜐𝜐) = 𝑙𝑙𝑙𝑙� 𝜑𝜑𝑥𝑥(𝜐𝜐)� 

The first characteristic function 𝜑𝜑𝑥𝑥(𝜐𝜐) of a random variable 𝑥𝑥 is defined as [36]: 

 𝜑𝜑𝑥𝑥(𝜐𝜐) = � 𝑝𝑝𝑥𝑥(𝑢𝑢)𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗𝑑𝑑𝑑𝑑
+∞

−∞
 Equation 2.21 

where  𝑗𝑗 is the imaginary number, 𝑝𝑝𝑥𝑥 the probability density function of the variable  𝑥𝑥 and 𝜐𝜐 is 
a real value representing the transform variable.  

Cumulants are defined as the values of the derivative of the second characteristic function 
Ψ𝑥𝑥(𝜐𝜐) at the origin (𝜐𝜐 = 0). The 𝑟𝑟𝑡𝑡ℎ order cumulant of the random variable 𝑥𝑥 is denoted 𝑐𝑐𝑥𝑥,𝑟𝑟 
and calculated as [18, 36]:  

𝑐𝑐𝑥𝑥,𝑟𝑟 = (−𝑗𝑗)𝑟𝑟
𝑑𝑑𝑟𝑟Ψ𝑥𝑥(𝜐𝜐)
𝑑𝑑𝜐𝜐𝑟𝑟

�
𝜐𝜐=0

 

where  𝑗𝑗 is the imaginary number. 

The first characteristic function is continuous and its value at the origin (𝜐𝜐 = 0) is 1.0 [36]. 
Note that the moments of various orders are obtained via the derivative of the first characteristic 
function at the origin (𝜐𝜐 = 0) [18, 36, 37]. The 𝑟𝑟𝑡𝑡ℎ order moment of the random variable 𝑥𝑥 is 
obtained using:  

 𝐸𝐸[𝑥𝑥𝑟𝑟] = (−𝑗𝑗)𝑟𝑟
𝑑𝑑𝑟𝑟𝜑𝜑𝑥𝑥(𝜐𝜐)
𝑑𝑑𝜐𝜐𝑟𝑟

�
𝜐𝜐=0

 Equation 2.22 

The first characteristic function of a centred Gaussian distribution is calculated in Appendix A 
and obtained as: 
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 𝜑𝜑𝑥𝑥(𝜐𝜐) = 𝑒𝑒−
1
2𝜎𝜎𝑥𝑥

2𝜐𝜐2 Equation 2.23 

The second characteristic function is thus expressed as: 

Ψ𝑥𝑥(𝜐𝜐) = −
1
2
𝜎𝜎𝑥𝑥2𝜐𝜐2 

Note that all cumulants above the second order are zero for a Gaussian and centered distribution. 

The statistical moments can be recovered from the cumulants using the Leonov and Shiryayev 
formula [18, 37]. For example, in the case of a random variable with zero mean, Equation 2.24 
gives the four first cumulants in function of the first moments: 

 

𝑐𝑐𝑥𝑥,1 = 𝑀𝑀𝑥𝑥,1 

𝑐𝑐𝑥𝑥,2 = 𝑀𝑀𝑥𝑥,2 

𝑐𝑐𝑥𝑥,3 = 𝑀𝑀𝑥𝑥,3 

𝑐𝑐𝑥𝑥,4 = 𝑀𝑀𝑥𝑥,4 − 3𝑀𝑀𝑥𝑥,2
2 

Equation 2.24 

The  𝑟𝑟𝑡𝑡ℎ standardised cumulant is denoted 𝐶𝐶𝑥𝑥,𝑟𝑟 and is: 

 𝐶𝐶𝑥𝑥,𝑟𝑟 = 𝑐𝑐𝑥𝑥,𝑟𝑟/��𝑐𝑐𝑥𝑥,2�
𝑟𝑟
 Equation 2.25 

where 𝑐𝑐𝑥𝑥,𝑟𝑟 is the  𝑟𝑟𝑡𝑡ℎ cumulant and 𝑐𝑐𝑥𝑥,2 is the second cumulant. 

2.2 Stationary random processes 

2.2.1 The concept of a random process 
 
A random process {𝑥𝑥𝑘𝑘(𝑡𝑡)} is an ensemble of real-valued or complex-valued functions that can 
be characterised through its probability structure. The variable 𝑡𝑡 will be interpreted as time in 
the rest of this thesis. A random process is also called a stochastic process or a time series. Each 
particular function 𝑥𝑥𝑘𝑘(𝑡𝑡), where 𝑡𝑡 is variable and 𝑘𝑘 is fixed is called a sample function. A 
sample function may be thought of as the observed result of a single experiment, where the 
quantities 𝑥𝑥𝑘𝑘(𝑡𝑡1),𝑥𝑥𝑘𝑘(𝑡𝑡2), … , 𝑥𝑥𝑘𝑘(𝑡𝑡𝑁𝑁) represent 𝑁𝑁 random variables over the index 𝑘𝑘. Figure 10 
illustrates an ensemble of sample functions forming a random process. 



 
43 

 

 
Figure 10: Ensemble of time histories defining a random process 

One particular sample function 𝑥𝑥𝑘𝑘(𝑡𝑡), would not be suitable for representing the entire random 
process {𝑥𝑥𝑘𝑘(𝑡𝑡)}, unless the random process is ergodic (see section 2.2.3). So, in the general 
case, the statistics are computed across sample functions, at fixed value of 𝑡𝑡. The first statistical 
quantities of interest are the ensemble mean values at an arbitrary fixed instant 𝑡𝑡: 

𝜇𝜇𝑥𝑥(𝑡𝑡) = 𝐸𝐸[𝑥𝑥𝑘𝑘(𝑡𝑡)] 

In general, the mean values are different at different times. 

The next statistical quantities of interest are the covariance functions at arbitrary values of 𝑡𝑡 and 
𝑡𝑡 + 𝜏𝜏, defined as:  

 
𝒞𝒞𝑥𝑥𝑥𝑥(𝑡𝑡, 𝑡𝑡 + 𝜏𝜏) = 𝐸𝐸��𝑥𝑥𝑘𝑘(𝑡𝑡) − 𝜇𝜇𝑥𝑥(𝑡𝑡)� ∙ �𝑥𝑥𝑘𝑘(𝑡𝑡 + 𝜏𝜏) − 𝜇𝜇𝑥𝑥(𝑡𝑡 + 𝜏𝜏)�� 

𝒞𝒞𝑥𝑥𝑥𝑥(𝑡𝑡, 𝑡𝑡 + 𝜏𝜏) = 𝐸𝐸�(𝑥𝑥𝑘𝑘(𝑡𝑡) − 𝜇𝜇𝑥𝑥(𝑡𝑡)) ∙ �𝑦𝑦𝑘𝑘(𝑡𝑡 + 𝜏𝜏) − 𝜇𝜇𝑦𝑦(𝑡𝑡 + 𝜏𝜏)�� 
Equation 2.26 

where 𝑦𝑦𝑘𝑘(𝑡𝑡) is a sample function of the random process {𝑦𝑦𝑘𝑘(𝑡𝑡)}. Again, in general these 
quantities are different for each combination of 𝑡𝑡 and 𝜏𝜏. 

Note that at 𝜏𝜏 = 0: 

 𝒞𝒞𝑥𝑥𝑥𝑥(𝑡𝑡, 𝑡𝑡) = 𝐸𝐸 ��𝑥𝑥𝑘𝑘(𝑡𝑡) − 𝜇𝜇𝑥𝑥(𝑡𝑡)�
2
� = 𝜎𝜎𝑥𝑥2(𝑡𝑡) Equation 2.27 
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Therefore the covariance function 𝒞𝒞𝑥𝑥𝑥𝑥(𝑡𝑡, 𝑡𝑡) represents the ordinary variance of {𝑥𝑥𝑘𝑘(𝑡𝑡)} at a 
fixed value of 𝑡𝑡. Other statistical quantities can be defined over the ensemble that involve fixing 
three or more times [38] (e.g. 𝒞𝒞𝑥𝑥𝑥𝑥𝑥𝑥(𝑡𝑡, 𝑡𝑡 + 𝜏𝜏1 , 𝑡𝑡 + 𝜏𝜏2)), which permits the probability structure 
of the random process to be described in finer and finer details. 

If the sample functions form a multi-dimensional joint Gaussian distribution at a fixed time, 
then the sample functions are separately Gaussian at the fixed time considered. The mean values 
and covariance functions described above provide a complete description of the underlying 
probability structure. 

2.2.2 Stationary random process 
 
If the mean values 𝜇𝜇𝑥𝑥(𝑡𝑡) and 𝜇𝜇𝑦𝑦(𝑡𝑡) and the covariance functions 𝒞𝒞𝑥𝑥𝑥𝑥(𝑡𝑡, 𝑡𝑡 + 𝜏𝜏), 𝒞𝒞𝑦𝑦𝑦𝑦(𝑡𝑡, 𝑡𝑡 + 𝜏𝜏) 
and 𝒞𝒞𝑥𝑥𝑥𝑥(𝑡𝑡, 𝑡𝑡 + 𝜏𝜏) yield the same results for all fixed values of 𝑡𝑡, then the random processes 
{𝑥𝑥𝑘𝑘(𝑡𝑡)} and {𝑦𝑦𝑘𝑘(𝑡𝑡)} are said to be weakly stationary. If all possible probability distributions 
involving {𝑥𝑥𝑘𝑘(𝑡𝑡)} and {𝑦𝑦𝑘𝑘(𝑡𝑡)} are independent of time translation, then the random processes 
are said to be strongly stationary. Note that for Gaussian random processes, weak stationary 
implies strong stationary because all possible probability distributions may be derived from the 
mean values and covariance functions [16].  

For a stationary random process, the mean value becomes independent of 𝑡𝑡, that is, for all 𝑡𝑡,  

 𝜇𝜇𝑥𝑥 = 𝐸𝐸[𝑥𝑥𝑘𝑘(𝑡𝑡)] Equation 2.28 

The covariance functions of stationary random processes are also independent of 𝑡𝑡, therefore 
the variance value becomes independent of 𝑡𝑡, that is, for all 𝑡𝑡, 

 𝜎𝜎𝑥𝑥2 = E[(𝑥𝑥𝑘𝑘(𝑡𝑡) − 𝜇𝜇𝑥𝑥)2] Equation 2.29 

The autocorrelation function of {𝑥𝑥𝑘𝑘(𝑡𝑡)} and the cross-correlation function of {𝑥𝑥𝑘𝑘(𝑡𝑡)} and 
{𝑦𝑦𝑘𝑘(𝑡𝑡)} are introduced as: 

 
𝑅𝑅𝑥𝑥𝑥𝑥(𝜏𝜏) = 𝐸𝐸[𝑥𝑥𝑘𝑘(𝑡𝑡)𝑥𝑥𝑘𝑘(𝑡𝑡 + 𝜏𝜏)] 

𝑅𝑅𝑥𝑥𝑥𝑥(𝜏𝜏) = 𝐸𝐸[𝑥𝑥𝑘𝑘(𝑡𝑡)𝑦𝑦𝑘𝑘(𝑡𝑡 + 𝜏𝜏)] 
Equation 2.30 

For nonzero mean values, 𝑅𝑅 is different from 𝒞𝒞. The covariance functions 𝒞𝒞 are related to the 
correlation functions 𝑅𝑅 by the relationships:  

 
𝒞𝒞𝑥𝑥𝑥𝑥(𝜏𝜏) = 𝑅𝑅𝑥𝑥𝑥𝑥(𝜏𝜏) − 𝜇𝜇𝑥𝑥2 

𝒞𝒞𝑥𝑥𝑥𝑥(𝜏𝜏) = 𝑅𝑅𝑥𝑥𝑥𝑥(𝜏𝜏)− 𝜇𝜇𝑥𝑥𝜇𝜇𝑦𝑦 
Equation 2.31 

By definition, two stationary random processes are uncorrelated if 𝒞𝒞𝑥𝑥𝑥𝑥(𝜏𝜏) = 0 for all possible 
lag 𝜏𝜏 [36]. In this case, 𝑅𝑅𝑥𝑥𝑥𝑥(𝜏𝜏) = 𝜇𝜇𝑥𝑥𝜇𝜇𝑦𝑦. 

A random process {𝑥𝑥𝑘𝑘(𝑡𝑡)} is white noise if its values are uncorrelated i.e. 𝒞𝒞𝑥𝑥𝑥𝑥(𝜏𝜏) = 0 for all 
possible lag 𝜏𝜏 and 𝜏𝜏 ≠ 0 [36]. In this case,  
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 𝒞𝒞𝑥𝑥𝑥𝑥(𝜏𝜏) = 𝜎𝜎𝑥𝑥2𝛿𝛿(𝜏𝜏) Equation 2.32 

where 𝛿𝛿(𝜏𝜏) is the Kronecker delta function. 

From the stationarity assumption, it follows that the autocorrelation function is an even function 
of 𝜏𝜏,  

 𝑅𝑅𝑥𝑥𝑥𝑥(−𝜏𝜏) = 𝑅𝑅𝑥𝑥𝑥𝑥(𝜏𝜏) Equation 2.33 

The cross-correlation function satisfies the equation  

 𝑅𝑅𝑥𝑥𝑥𝑥(−𝜏𝜏) = 𝑅𝑅𝑦𝑦𝑦𝑦(𝜏𝜏) Equation 2.34 

Therefore the correlation properties of stationary random processes need be calculated only for 
positive values of 𝜏𝜏. 

When τ=0, by definition, the covariance function corresponds to the variance of the data and 
the autocorrelation function corresponds to the mean square value. 

2.2.3 Ergodic random processes 
 
The collection of all realisations of a random process is known as the ensemble of the process. 
The statistics of a random process are obtained from the averages taken over the ensemble of 
many different realisations of the process. The mean value of an individual arbitrary sample 
function 𝑥𝑥𝑘𝑘(𝑡𝑡) computed by a time average is denoted: 

 𝜇𝜇𝑥𝑥(𝑘𝑘) = lim
𝑇𝑇→∞

1
𝑇𝑇
�𝑥𝑥𝑘𝑘(𝑡𝑡)𝑑𝑑𝑑𝑑
𝑇𝑇

0

 Equation 2.35 

Similarly, the covariance function can be computed by a time average, as in the expression:  

 𝒞𝒞𝑥𝑥𝑥𝑥(𝜏𝜏, 𝑘𝑘) = lim
𝑇𝑇→∞

1
𝑇𝑇
�[𝑥𝑥𝑘𝑘(𝑡𝑡) − 𝜇𝜇𝑥𝑥(𝑘𝑘)][𝑥𝑥𝑘𝑘(𝑡𝑡 + 𝜏𝜏) − 𝜇𝜇𝑥𝑥(𝑘𝑘)]𝑑𝑑𝑑𝑑
𝑇𝑇

0

 Equation 2.36 

If these quantities are equal to the ensemble mean value 𝜇𝜇𝑥𝑥 and the ensemble covariance 
function 𝒞𝒞𝑥𝑥𝑥𝑥(𝜏𝜏), independently of 𝑘𝑘, then the random process {𝑥𝑥𝑘𝑘(𝑡𝑡)} is said to be ergodic. 

For a random process to be ergodic, it must first be stationary. An ergodic process is therefore 
necessarily stationary.  

In many practical cases, only one realisation of a process is available. With an ergodic stationary 
random process, one can effectively take a single sampled time history from the process and 
safely assume that its time-averaged statistics may be used instead of the ensemble-averaged 
statistics of the parent process [20]. 

A random process is considered as weakly ergodic if it is weakly stationary and if the time 
averages 𝜇𝜇𝑥𝑥(𝑘𝑘) and 𝒞𝒞𝑥𝑥𝑥𝑥(𝜏𝜏,𝑘𝑘) are the same for all sample functions 𝑘𝑘. Therefore, often the index 
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𝑘𝑘 is no longer needed because the properties of any one sample function will be representative 
of all other sample functions. 

2.2.4 Gaussian random processes 
 
A random process {𝑥𝑥𝑘𝑘(𝑡𝑡)} is said to be Gaussian if, for every set of fixed times {𝑡𝑡𝑛𝑛}, the random 
variables 𝑥𝑥𝑘𝑘(𝑡𝑡𝑛𝑛) follow a multidimensional Gaussian distribution [16].  

The instantaneous values of a sample function 𝑥𝑥(𝑡𝑡) of an ergodic Gaussian process are 
distributed according to a Gaussian distribution (see Equation 2.6 and more details about 
distributions in Section 2.1.3). The Gaussian probability density function is fully determined 
by knowledge of the mean value (generally zero in the case of linear mechanical vibration) and 
the standard deviation. This explains why it is very convenient to consider time histories to be 
sample functions of an ergodic Gaussian process [22, 18]. The Gaussian assumption is very 
often loosely made in practice by invoking the Central Limit Theorem [22]. 

Note that an ergodic random process may have any probability structure and is not necessarily 
Gaussian. Similarly, a Gaussian process is not necessarily ergodic, nor even stationary.  

2.2.5 The power spectrum 
 
Random signals are expressed in terms of time histories or Power Spectral Densities (PSD). 
The PSD is a condensed way of representing random processes. For more details about the 
definition and use of PSDs, the reader is referred to Newland [20], Bendat & Piersol [16] or 
Lalanne [22]. 

The Power Spectral Density (PSD) is defined as : 

 𝑆𝑆𝑥𝑥𝑥𝑥(𝑓𝑓) = lim
𝑇𝑇→∞

𝐸𝐸[|𝑋𝑋𝑇𝑇(𝑓𝑓)|2]
𝑇𝑇

 Equation 2.37 

where 𝑋𝑋𝑇𝑇(𝑓𝑓) is the Fourier transform of a truncated sample function 𝑥𝑥𝑇𝑇(𝑡𝑡) of a random process 
𝑥𝑥(𝑡𝑡). The duration of 𝑥𝑥𝑇𝑇(𝑡𝑡) is 𝑇𝑇 seconds. 

Furthermore, the PSD can also be obtained from the Fourier transform of the autocorrelation 
function 𝑅𝑅𝑥𝑥𝑥𝑥(𝜏𝜏), referred to as the Wiener Khinchin theorem [39]:  

 𝑆𝑆𝑥𝑥𝑥𝑥(𝑓𝑓) = � 𝑅𝑅𝑥𝑥𝑥𝑥(𝜏𝜏)𝑒𝑒−𝑗𝑗2𝜋𝜋𝜋𝜋𝜋𝜋𝑑𝑑𝑑𝑑
∞

−∞

 Equation 2.38 

Similarly the two-sided Cross-Power Spectral Density (CSD), denoted 𝑆𝑆𝑥𝑥𝑥𝑥(𝑓𝑓), is obtained 
from:  

 𝑆𝑆𝑥𝑥𝑥𝑥(𝑓𝑓) = � 𝑅𝑅𝑥𝑥𝑥𝑥(𝜏𝜏)𝑒𝑒−𝑗𝑗2𝜋𝜋𝜋𝜋𝜋𝜋𝑑𝑑𝑑𝑑
∞

−∞

 Equation 2.39 
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From the symmetry properties of the stationary correlation functions given in Equation 2.33 
and Equation 2.34, one can demonstrate that: 

 
𝑆𝑆𝑥𝑥𝑥𝑥(−𝑓𝑓) = 𝑆𝑆𝑥𝑥𝑥𝑥∗(𝑓𝑓) = 𝑆𝑆𝑥𝑥𝑥𝑥(𝑓𝑓) 

𝑆𝑆𝑥𝑥𝑥𝑥(−𝑓𝑓) = 𝑆𝑆𝑥𝑥𝑥𝑥∗(𝑓𝑓) = 𝑆𝑆𝑦𝑦𝑦𝑦(𝑓𝑓) 
Equation 2.40 

where ∗ is the complex conjugate. 

Note that 𝑆𝑆𝑥𝑥𝑥𝑥(𝑓𝑓) and 𝑆𝑆𝑥𝑥𝑥𝑥(𝑓𝑓) are sometimes called the two-sided spectral densities [39]. The 
one-sided PSD and CSD are defined by: 

 
𝐺𝐺𝑥𝑥𝑥𝑥(𝑓𝑓) = 2𝑆𝑆𝑥𝑥𝑥𝑥(𝑓𝑓) 𝑖𝑖𝑖𝑖 0 < 𝑓𝑓 < ∞ 𝑜𝑜𝑜𝑜ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧 

𝐺𝐺𝑥𝑥𝑥𝑥(𝑓𝑓) = 2𝑆𝑆𝑥𝑥𝑥𝑥(𝑓𝑓) 𝑖𝑖𝑖𝑖 0 < 𝑓𝑓 < ∞ 𝑜𝑜𝑜𝑜ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧 
Equation 2.41 

Strictly speaking, only stationary time series can be represented as PSDs [16, 36]. A stationary 
random process is typically represented as a Power Spectral Density (PSD) showing its spectral 
content as a function of frequency, i.e. power in each frequency band versus frequency.  

Figure 11 shows example PSDs, for narrow and broadband processes with unitary RMS. These 
two PSDs could represent the dynamic stress response of a system showing respectively one 
and two resonances.  

 
 
 
From a PSD, one can generate time series realisations, as will be described in chapter 3. Figure 
12 shows 0.2 second extracts of the time series corresponding to the narrow and broadband 
PSDs given in Figure 11. 

 
 

Figure 11: Example Narrowband and Broadband (bi-modal) PSD with unitary RMS value 

Figure 12: Example time series corresponding to the PSDs of Figure 11 
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The sample time history extracts illustrated in Figure 12 come from the full time series, which 
are 500 seconds long and sampled at 8192 points per seconds, making a total of over 4 million 
data points. Figure 12 (a) represents an extract of a narrowband signal, typically corresponding 
to a spectrum which is confined to a narrow band of frequencies (in the vicinity of a resonant 
frequency for instance). A narrowband signal typically resembles a sine wave of varying 
amplitudes and phase [20]. Figure 12 (b) represents an extract of a broad band signal, typically 
corresponding to a spectrum which covers a broad band of frequencies. A broad band signal is 
made up of the superposition of the various bands of frequencies.  

2.2.5.1 Spectral RMS 
 
The RMS value 𝜎𝜎𝑥𝑥 is calculated as the square root of the area under the PSD 𝐺𝐺𝑥𝑥𝑥𝑥, also called 
the zero order spectral moment of 𝐺𝐺𝑥𝑥𝑥𝑥: 

 𝜎𝜎𝑥𝑥2 = � 𝐺𝐺𝑥𝑥𝑥𝑥(𝑓𝑓)𝑑𝑑𝑑𝑑
∞

0

 Equation 2.42 

Higher order statistics cannot be calculated from the PSD as it contains only information about 
the second statistical moment [40].  

2.2.5.2 Spectral moments 
 
The r𝑡𝑡ℎ order spectral moment 𝑚𝑚𝑟𝑟 of 𝐺𝐺𝑥𝑥𝑥𝑥 is calculated as: 

 𝑚𝑚𝑟𝑟 = � 𝑓𝑓𝑟𝑟 .𝐺𝐺𝑥𝑥𝑥𝑥(𝑓𝑓)𝑑𝑑𝑑𝑑
∞

0

 Equation 2.43 

Note that the expression used in Equation 2.42 to calculate the mean square value is equivalent 
to calculating the zero order spectral moment 𝑚𝑚0. 

2.2.5.3 Narrowband and broadband processes 
 
A narrowband process is a random process whose PSD shows a small frequency spread 
compared to the centre frequency [16]. Narrowband random processes are typically found when 
studying the response of lightly damped linear mechanical systems having one predominant 
mode of response.  

A broadband process is a random process whose PSD has significant values over a frequency 
band which is of the same order of magnitude as the central frequency of the band [22]. 
Broadband random processes are typically found when studying the random response of a 
system at frequencies below its first natural resonance (i.e. in the quasi-static regime). 
Excitations such as jet engine [2], turbulence of supersonic boundary layer [22] or road 
excitation data [2] can be considered broadband sources.  
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2.2.5.4 White noise and coloured noise 
 
In a statistical sense, a time series representing white noise is a sequence of serially uncorrelated 
random variables with zero mean and finite variance. Strong white noise also has the quality of 
being independent and identically distributed, which implies no autocorrelation. Such signals 
are also said to be time independent. In particular, if the time series is normally distributed with 
zero mean and standard deviation σ, the series is called a Gaussian white noise random signal.  

Note that an infinite-bandwidth white noise signal is a purely theoretical construction since the 
energy of such a theoretical infinite bandwidth white noise would be infinite. The bandwidth 
of white noise is limited in practice. Therefore, a random signal is considered "white noise" if 
it is observed to have a flat spectrum over the bandwidth considered [20]. 

Note that the term ‘white’ generally refers to mean and variance being constant at all 
frequencies of the bandwidth of interest but in a more general sense, it could also refer to higher 
order statistics such as skewness, kurtosis, etc. being constant at all frequencies [18]. 

As opposed to white noise, coloured noise does not vary completely randomly. There is 
temporal dependency in the input process. In other words, there is a co-variance between the 
sample values at different time-indexes. Its power spectrum is not constant. Coloured noise can 
be generated by sending a white noise through a dynamic system, typically a filter. Such a 
system will be denoted by a colouring filter in this thesis.  

2.2.6 Level Crossings 
 
From this point forward in the thesis, a random processes will be denoted 𝑥𝑥(𝑡𝑡), omitting its 
dependence on 𝑘𝑘. Also, unless otherwise stated, ergodic processes are considered from this 
point forward, such that the behaviour of a sample time history over a long period of time will 
exhibit the same statistical characteristics as corresponding ensemble averages at various fixed 
times. 

Figure 13 illustrates what is called a level crossing. The expected number of crossings of a 
given level per unit time can be found by calculating the probability that some data exceeds this 
level, while its derivative is positive. The processes considered are assumed to be stationary 
and differentiable. 
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Figure 13: Level crossings of a time history indicated by triangles for exceeding either a value of 𝜷𝜷 (red triangles) or 
zero (black triangles) with a positive slope  

The expected number of crossings of the level 𝛽𝛽 per unit time with a positive slope is written 
𝑁𝑁𝛽𝛽+ and is given by [16, 20, 15]: 

 𝑁𝑁𝛽𝛽+=
1

2𝜋𝜋
𝜎𝜎𝑥̇𝑥
𝜎𝜎𝑥𝑥
𝑒𝑒𝑒𝑒𝑒𝑒 �−

𝛽𝛽2

2𝜎𝜎𝑥𝑥2
� Equation 2.44 

where 𝜎𝜎𝑥̇𝑥2 is the variance of the derivative of the process, calculated from the area under the 
PSD of the derivative as: 

 𝜎𝜎𝑥̇𝑥2 = � 𝑓𝑓².𝐺𝐺𝑥𝑥𝑥𝑥(𝑓𝑓)𝑑𝑑𝑑𝑑
∞

0

 Equation 2.45 

𝜎𝜎𝑥̇𝑥2 is also typically referred to the second spectral moment of the PSD 𝐺𝐺𝑥𝑥𝑥𝑥 [13, 22, 41, 42]. 
The derivations to obtain Equation 2.44 can be found in Appendix A. 

The number of zero crossings per unit time 𝑁𝑁0+ is obtained by setting 𝛽𝛽 = 0 in Equation 2.44 
and is expressed as: 

 𝑁𝑁0+=
1

2𝜋𝜋
𝜎𝜎𝑥̇𝑥
𝜎𝜎𝑥𝑥

 Equation 2.46 

Note that 𝑁𝑁0+ is also sometimes referred to as the apparent frequency [15]. 

N.B.: By analogy with the statistical moments obtained from a PDF, if the PSD is considered 
as a distribution of energy across frequencies expressed in Hz, then 𝑁𝑁0+ is comparable to the 
standard deviation of the double sided spectrum. 

Inserting Equation 2.46 into Equation 2.44, the expected number of crossings of the level 𝛽𝛽 per 
unit time is given by: 
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 𝑁𝑁𝛽𝛽+=𝑁𝑁0+𝑒𝑒𝑒𝑒𝑒𝑒 �−
𝛽𝛽2

2𝜎𝜎𝑥𝑥2
� Equation 2.47 

The formulations in Equation 2.46 and in Equation 2.44 apply to any stationary Gaussian 
random process, irrespective of its bandwidth. 

The level crossing (LC) histogram shows how many times the signal has crossed a given level 
with a positive slope over a given duration. The expected number of crossings of various levels 
can be of great interest for ensuring the reliability of a product via analyses such as first passage 
failure (see section 2.5.2). Figure 14 represents the theoretical LC histogram using dashed black 
lines is overlaid with the LC histogram (using red lines) of the narrowband and broadband 
processes given in Figure 11 (a) and Figure 11 (b) respectively. 

 

Figure 14: Theoretical LC histogram (dashed black) versus LC histogram (red) of the numerical simulations of a 
narrowband process (a) broadband process (b)  

As expected, one can observe that there is a very good match between the theoretical level cross 
(LC) histogram and the LC histogram obtained from the time domain simulations.  

2.2.7 Number of peaks 
 
Figure 15 illustrates an example signal with its peaks and valleys.  
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Figure 15: Peaks and valleys of a signal represented with plain and hollow circles respectively 

The total number of expected peaks per unit time Np can be derived by stating that a local 
maximum is obtained when the first derivative of the signal is equal to zero and when the second 
derivative is negative. In other words, the number of peaks corresponds to the number of zero 
crossings of 𝑥̇𝑥, the derivative of the process, with a negative slope. Np is obtained similarly as 
𝑁𝑁0+ (see Equation 2.46) [15, 16, 20]: 

 Np=
1

2𝜋𝜋
𝜎𝜎𝑥̈𝑥
𝜎𝜎𝑥̇𝑥

 Equation 2.48 

with 𝜎𝜎𝑥̈𝑥 the RMS value of the second derivative of the process calculated from the area under 
the PSD of the second derivative, also called the fourth spectral moment of the PSD 𝐺𝐺𝑥𝑥𝑥𝑥 [13, 
22, 41, 42]: 

 𝜎𝜎𝑥̈𝑥2 = � 𝑓𝑓4.𝐺𝐺𝑥𝑥𝑥𝑥(𝑓𝑓)𝑑𝑑𝑑𝑑
∞

0

 Equation 2.49 

The average time interval between two successive maxima 𝜏𝜏p is calculated from the number of 
peaks per unit time Np, as: 

𝜏𝜏p = 1/Np 

2.2.8 Distribution of peaks 
 
In this section centred processes (zero-mean) with symmetric marginal distributions are 
considered, therefore valleys and peaks are simply opposite to each other and all statistics 
related to the peaks are also valid for the valleys (e.g. number of peaks per second, etc.). 
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2.2.8.1 PDF of peaks and valleys for a narrowband random process 
 
For narrowband data, each cycle of the random data leads to a single positive peak and there 
are therefore 𝑁𝑁0+ cycles per unit time. The peak probability function 𝑝𝑝𝑥𝑥𝑝𝑝(𝑥𝑥) is an extension of 
the probability of the level crossings. The number of cycles per unit time with peak value 
exceeding 𝛽𝛽 will be 𝑁𝑁𝛽𝛽+. Therefore, the proportion of cycles whose peak value exceeds 𝛽𝛽 is 
𝑁𝑁𝛽𝛽+/𝑁𝑁0+.  

So, the probability that any peak is greater than 𝛽𝛽 can be expressed as: 

 � 𝑝𝑝𝑥𝑥𝑝𝑝(𝑥𝑥)𝑑𝑑𝑑𝑑 =
𝑁𝑁𝛽𝛽+

𝑁𝑁0+

∞

𝛽𝛽

 Equation 2.50 

𝑝𝑝𝑥𝑥𝑝𝑝(𝑥𝑥) is obtained by first inserting Equation 2.44 and Equation 2.46 into Equation 2.50 and 
then differentiating. 

In the case of a Gaussian narrowband random process, the following expression is found: 

 
𝑝𝑝𝑥𝑥𝑝𝑝(𝑥𝑥) =

𝑥𝑥
𝜎𝜎𝑥𝑥²

. e-12�
𝑥𝑥
σx
�

2

 
Equation 2.51 

which is a Rayleigh distribution with scale parameter 𝜎𝜎𝑥𝑥. 

Note that the same expression can be obtained using the Rice representation of narrowband 
noise [15]. The details of the derivation are given in Appendix A. 

2.2.8.2 An indicator of bandwidth: the irregularity factor 
 
In the case of a narrowband process, each zero crossing corresponds to a cycle so the total 
number of expected peaks per unit time 𝑁𝑁𝑝𝑝 is very similar to the number of zero crossings per 
unit time with a positive slope 𝑁𝑁0+. Therefore, one interesting indicator of bandwidth is the rate 
𝑁𝑁0+/𝑁𝑁𝑝𝑝, referred to as the irregularity factor 𝛾𝛾.  

 𝛾𝛾 =
𝑁𝑁0+

𝑁𝑁𝑝𝑝
 Equation 2.52 

In the narrowband case, 𝛾𝛾 tends to 1.0 since a zero crossing is typically followed by a peak and 
there are therefore approximatively an equal number of peaks and zero crossings, as illustrated 
in Figure 12 (a). Similarly, in the broadband case, 𝛾𝛾 is smaller than 1.0 since a zero crossing 
may be followed by a number of peaks and there are therefore a larger number of peaks than 
zero crossings, as illustrated in Figure 12 (b). 

The irregularity factor 𝛾𝛾 can be expressed in terms of the spectral moments (see section 2.2.5.2, 
Equation 2.43): 
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 𝛾𝛾 =
𝑚𝑚2

�𝑚𝑚0.𝑚𝑚4
 Equation 2.53 

Cartwright and Longuet-Higgins [23] show that 0 < 𝛾𝛾 < 1, and that 𝛾𝛾 may take values 
indefinitely near zero or one.  

For example, the PSDs shown in Figure 11 (a) and (b) have irregularity factors of 0.99 and 0.82 
respectively. Other examples of irregularity factors are given next for some particular cases: 

Irregularity factor for a band-limited white noise process: 

For a band-limited white noise, whose spectrum is flat and constant between the frequencies 𝑓𝑓1 
and 𝑓𝑓2 the irregularity factor γ is expressed as: 

𝛾𝛾 =
√5
3

𝑓𝑓23 − 𝑓𝑓13

�(𝑓𝑓25 − 𝑓𝑓15)(𝑓𝑓2 − 𝑓𝑓1)
 

Now, writing 𝑓𝑓𝑟𝑟 = 𝑓𝑓2/𝑓𝑓1, it becomes clear that the irregularity factor γ tends to √5
3

 as the 
frequency ratio 𝑓𝑓𝑟𝑟 tends to infinity. 

Irregularity factor for a bi-modal process 

Consider a bi-modal process, where each mode is assumed to be extremely narrowband. The 
first mode is centred around 𝑓𝑓1 Hz and contains an energy value 𝐺𝐺1. Similarly, the second mode 
is at 𝑓𝑓2 Hz and contains an energy value 𝐺𝐺2. The irregularity factor is expressed as: 

𝛾𝛾 =
(𝑓𝑓12𝐺𝐺1 + 𝑓𝑓22𝐺𝐺2)

�(𝐺𝐺1 + 𝐺𝐺2)(𝑓𝑓14𝐺𝐺1 + 𝑓𝑓24𝐺𝐺2)
 

Now, writing 𝑓𝑓𝑟𝑟 = 𝑓𝑓2/𝑓𝑓1 , it becomes clear that the irregularity factor γ tends to 1.0 as 𝑓𝑓𝑟𝑟 tends 
to zero. 

Writing 𝐺𝐺𝑟𝑟 = 𝐺𝐺2/𝐺𝐺1 , when 𝑓𝑓𝑟𝑟 tends to infinity, then γ tends to �𝐺𝐺𝑟𝑟
�𝐺𝐺𝑟𝑟+1

 

So, for a bi-modal process γ tends to zero if 𝑓𝑓2 ≫ 𝑓𝑓1 and 𝐺𝐺2 ≪ 𝐺𝐺1. In this case, the number of 
peaks between two zero crossings is indeed very large leading to a very small irregularity factor. 

Note that if 𝐺𝐺2 = 𝐺𝐺1, the lowest possible irregularity factor is 1
√2

. 

2.2.8.3 PDF of peaks and valleys for a broadband random process 
 
Rice [15] stated that a local maximum is obtained when the first derivative of the signal is equal 
to zero and when the second derivative is negative. Rice [15] showed that in the case of a 
broadband process, the peak distribution is expressed by Equation 2.54. It is the sum of a 
Rayleigh distribution, a Gaussian distribution and an interaction term. The irregularity factor 𝛾𝛾 
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plays the role of a weighting coefficient so that the distribution will tend towards Rayleigh if γ 
is approaching 1.0 (i.e. narrowband), and towards Gaussian as 𝛾𝛾 reduces close to 0.0 (i.e. 
broadband). 

 
𝑝𝑝𝑥𝑥𝑝𝑝(𝑥𝑥) =

1
𝜎𝜎𝑥𝑥
�
�1 − 𝛾𝛾²
√2𝜋𝜋

. 𝑒𝑒
− 𝑥𝑥2
2.𝜎𝜎𝑥𝑥²(1−𝛾𝛾²)

+
𝑥𝑥. 𝛾𝛾
2𝜎𝜎𝑥𝑥

. 𝑒𝑒
− 𝑥𝑥2
2.𝜎𝜎𝑥𝑥².�1 + erf �

𝑥𝑥. 𝛾𝛾

𝜎𝜎𝑥𝑥�2(1 − 𝛾𝛾²)
��� 

Equation 2.54 

A novel derivation to obtain Equation 2.54 is proposed in this study. Equation 2.54 can indeed 
be obtained by considering that the value of a peak 𝑥𝑥𝑝𝑝 is the weighted sum of two independent 
random variables 𝑥𝑥𝑟𝑟 and 𝑥𝑥𝑔𝑔, distributed respectively according to Rayleigh and Gaussian laws. 

It was found that if the peak 𝑥𝑥𝑝𝑝 is written 𝑥𝑥𝑝𝑝 = 𝛾𝛾. 𝑥𝑥𝑟𝑟 + �1 − 𝛾𝛾². 𝑥𝑥𝑔𝑔, then calculating the PDF 
of 𝑥𝑥𝑝𝑝 leads to the same expression as Equation 2.54. The derivations are given in Appendix A. 

Note that for large positive values of the variable 𝑥𝑥, the distribution of peaks tends 
asymptotically to : 

 𝑝𝑝𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎(𝑥𝑥) =
𝑥𝑥𝑥𝑥
𝑚𝑚0

𝑒𝑒
−𝑥𝑥2
2𝑚𝑚0 Equation 2.55 

which is a Rayleigh distribution multiplied by the irregularity factor. 

An example peak distribution is illustrated in Figure 16 for several values of the irregularity 
factor. The transition from the Rayleigh distribution (𝛾𝛾 → 1) to the Gaussian distribution (𝛾𝛾 →
0) can be clearly seen. 

 

Figure 16: Example of the peak distributions for the irregularity factor γ ranging from 0.01 to 0.99 
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Figure 17 shows the peak distributions for the narrowband and broadband signals introduced in 
Figure 11 and Figure 12. The theoretical peak distributions are represented using dashed black 
lines and the peak distributions obtained from time series simulations are represented using red 
lines.  

 
Figure 17: Theoretical peak PDF (dashed black) versus peak PDF (red) of the numerical simulations of a narrowband 

(a) and broadband process (b) 

There is again a clear match between theory and simulations. The peak distribution for the 
narrowband process (Figure 17 (a)) has the shape of a Rayleigh distribution. In the broadband 
case (Figure 17 (b)) the peak distribution is clearly a mixture between Gaussian and Rayleigh 
distributions. 

The valley distribution function 𝑝𝑝𝑥𝑥𝑣𝑣 is obtained from the peak distribution function 𝑝𝑝𝑥𝑥𝑝𝑝 using 
the fact that a centred Gaussian stationary process is symmetric and therefore: 

 𝑝𝑝𝑥𝑥𝑣𝑣(𝑥𝑥) = 𝑝𝑝𝑥𝑥𝑝𝑝(−𝑥𝑥) Equation 2.56 

Figure 18 shows the peak and valleys distributions for the narrowband and broadband signals 
introduced in Figure 11 and Figure 12.  

 

 Figure 18: Peak (in blue) and Valley (in red) distributions for the narrow band (γ=0.99) and broad band γ=(0.85) processes 
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Note that the distributions intersect at 𝑥𝑥 = 0. This is even more pronounced in the broadband 
case, meaning that there is a higher probability of finding negative peaks and positive valleys. 

The distribution function of the peaks is obtained by integration and given by: [16] 

 

𝑃𝑃𝑥𝑥𝑝𝑝(𝑥𝑥) =
1
2
�1 + erf �

𝑥𝑥

𝜎𝜎𝑥𝑥�2(1 − 𝛾𝛾²)
�

− 𝛾𝛾𝑒𝑒
− 𝑥𝑥2
2.𝜎𝜎𝑥𝑥² �1 + erf �

𝑥𝑥𝑥𝑥

𝜎𝜎𝑥𝑥�2(1 − 𝛾𝛾²)
��� 

Equation 2.57 

When 𝑥𝑥 is large, the error function tends towards 1.0 and 𝑃𝑃𝑝𝑝(𝑠𝑠) tends towards 1 − 𝛾𝛾𝑒𝑒−
𝑠𝑠2

2.𝜎𝜎𝑋𝑋². 

The proportion of peaks with negative values is therefore given as 𝑃𝑃𝑥𝑥𝑝𝑝(0) which is: 

 𝑃𝑃𝑥𝑥𝑝𝑝(0) =
1 − 𝛾𝛾

2
 Equation 2.58 

As displayed in Figure 16, half the peaks have indeed negative values when 𝛾𝛾 is theoretically 
zero, whereas none have a negative value when 𝛾𝛾 is theoretically one. 

The probability that the random variable 𝑥𝑥 exceeds a given threshold 𝑥𝑥0 is : 

 𝑃𝑃(𝑥𝑥 ≥ 𝑥𝑥0) = 1 − 𝑃𝑃𝑥𝑥𝑝𝑝(𝑥𝑥0) Equation 2.59 

The mean number of peaks greater than a given threshold per unit time is therefore:  

 𝑁𝑁𝑝𝑝,𝑥𝑥≥𝑥𝑥0 = 𝑁𝑁𝑝𝑝 �1 − 𝑃𝑃𝑥𝑥𝑝𝑝(𝑥𝑥0)� Equation 2.60 

The average time interval between two successive maxima above the level 𝑥𝑥0, denoted by 
𝜏𝜏p,,𝑥𝑥≥𝑥𝑥0 is equal to the inverse of 𝑇𝑇.𝑁𝑁𝑝𝑝,𝑥𝑥≥𝑥𝑥0, which represents the mean number of peaks greater 
than 𝑥𝑥0 during the exposure time T: 

 𝜏𝜏p,,𝑥𝑥≥𝑥𝑥0  = 1/�𝑇𝑇.𝑁𝑁𝑝𝑝,𝑥𝑥≥𝑥𝑥0� Equation 2.61 

The return period is the time necessary such that on average, there is one peak equal to or higher 
than a given threshold 𝑥𝑥0. The return period in seconds 𝑇𝑇𝑟𝑟,𝑥𝑥≥𝑥𝑥0 is calculated by rearranging 
Equation 2.60: 

𝑇𝑇𝑟𝑟,𝑥𝑥≥𝑥𝑥0𝑁𝑁𝑝𝑝 �1 − 𝑃𝑃𝑥𝑥𝑝𝑝(𝑥𝑥0)� = 1 

In the case of a narrowband process, this equation can be solved and the return period in seconds 
𝑇𝑇𝑟𝑟,𝑥𝑥≥𝑥𝑥0 is calculated as: 
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𝑇𝑇𝑟𝑟,𝑥𝑥≥𝑥𝑥0 =
1
𝑁𝑁𝑝𝑝

𝑒𝑒
𝑥𝑥02
2.𝜎𝜎𝑥𝑥² 

Note that for a broadband process, an expression for 𝑇𝑇𝑟𝑟,𝑥𝑥≥𝑥𝑥0 cannot be obtained using 
conventional algebra and a numerical approach is needed. 

2.2.9 Statistics of extreme values 
 
There are a number of research papers involved with finding the distribution for the maximum 
peak 𝑋𝑋𝑚𝑚 out of 𝑁𝑁𝑝𝑝𝑇𝑇 peaks [43, 44, 23, 45]. For a large value of peaks 𝑁𝑁𝑝𝑝𝑇𝑇, an asymptotic 
expression for the mean 𝑋𝑋𝑚𝑚���� was calculated to be [23]: 

 𝑋𝑋𝑚𝑚���� ≈ 𝜎𝜎𝑥𝑥

⎝

⎛�2 𝑙𝑙𝑙𝑙�𝛾𝛾𝑁𝑁𝑝𝑝𝑇𝑇� +
𝜀𝜀

�2 𝑙𝑙𝑙𝑙�𝛾𝛾𝑁𝑁𝑝𝑝𝑇𝑇�⎠

⎞ Equation 2.62 

where 𝑙𝑙𝑙𝑙(. )  is the natural logarithm and 𝜀𝜀 denotes the Euler constant: 𝜀𝜀 = 0.577215 … 

Equation 2.62 is valid for an irregularity factor 0 < 𝛾𝛾 ≤ 1. When 𝛾𝛾 approaches zero, the above 
expression is no longer valid. Fisher & Tippett [43] have shown that the average value of the 
largest peak out of 𝑁𝑁𝑝𝑝𝑇𝑇 peaks in this case is given by: 

 𝑋𝑋𝑚𝑚���� ≈ 𝜎𝜎𝑥𝑥 �m +
𝜀𝜀𝜀𝜀

𝑚𝑚2 + 1
� Equation 2.63 

where 𝑚𝑚 is the mode of the distribution of maximum peaks 𝑚𝑚 =

�𝑙𝑙𝑙𝑙 ��𝑁𝑁𝑝𝑝𝑇𝑇�
2

2𝜋𝜋
� − 𝑙𝑙𝑙𝑙 �𝑙𝑙𝑙𝑙 ��𝑁𝑁𝑝𝑝𝑇𝑇�

2

2𝜋𝜋
��. 

Using the characteristic function of an asymptotic expression for the distribution of maximum 
peaks, Fisher and Tippett [43] also calculated the statistical moments and found the variance to 
be: 

 𝜎𝜎𝑋𝑋𝑚𝑚
2 ≈ 𝜎𝜎𝑥𝑥2

𝜋𝜋2

6
𝑚𝑚2

(𝑚𝑚2 + 1)2 Equation 2.64 

Additional details such as the PDF of the largest peak value out of 𝑁𝑁𝑝𝑝𝑇𝑇 peaks are found in 
Appendix A. 

Figure 19 illustrates how the average maximum peak increases with the number of peaks from 
which it is extracted. The value of the maximum peak is displayed for three irregularity factors, 
showing how the average maximum peak increases as the bandwidth of the spectrum increases. 
It was calculated using Equation 2.62 and Equation 2.63. 
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Figure 19: Evolution of the average maximum peak with the number of peaks and the bandwidth 

Figure 20 illustrates how the standard deviation of the largest peaks decreases with the number 
of peaks from which it is extracted. It was calculated using Equation 2.64. 

 

Figure 20: Standard Deviation of largest peaks 

Figure 21 shows the results of 500 realisations of signals of various lengths (10, 100 and 1000 
seconds). The maximum value obtained for each realisation is displayed as a red cross. The 
distribution of maxima was computed and displayed next to them. Each realisation is sampled 
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at 4096 points per second. The realisations correspond to a bandlimited white noise between 0 
and 100Hz, with unitary RMS, irregularity factor 𝛾𝛾 = 0.99 and 𝑁𝑁𝑝𝑝 ≈ 100 peaks per second.  

 

Figure 21: Mean and standard deviation of extreme values observed for various signal lengths 

From Figure 21, it is clear that the greater the amount of data values are simulated for, i.e. a 
longer time history, the higher the probability of finding a high maximum. Also, the longer the 
signal, the less variation there is around a mean maximum. The mean and standard deviations 
were calculated using Equation 2.62 and Equation 2.64 respectively and seem to give sensible 
estimates. 

It was seen in this section that each realisation of a time series of stress response produces 
another maximum value. Similarly each realisation will lead to another fatigue life estimation 
(see section 2.6). Since design engineers are looking for mean values and central tendencies, it 
is advisable to adopt a probabilistic approach.  
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2.3 Nonstationary random processes 
 
So far, only stationary random processes have been introduced. Stationarity is a necessary 
condition to legitimately apply the signal processing techniques mentioned in the previous 
sections. However, stationarity is only a mathematical concept and is never fully met in 
practice. So stationarity is more a matter of convenience than of actuality [46]. Random data in 
nature is nonstationary when viewed as a whole [16]. In practice, only generated signals such 
as the excitation signals for shaker tests in the laboratory can be considered stationary.  

A process which exhibits statistical properties that vary with translations in time is called a 
nonstationary process. Nonstationary data require more complex processing techniques 
compared to stationary data. Unfortunately, there is no general methodology for analysing the 
properties of any type of nonstationary data. The precise nature of the nonstationarity must be 
described to adopt an ad-hoc analysis technique. Several classes of nonstationary processes are 
considered in the literature [16, 47, 46]: 

• Time-varying mean value 
• Time-varying mean square value 
• Time-varying frequency content 

This thesis will focus on nonstationary data with time-varying mean square value because it 
represents well the type of nonstationary vibration encountered during the service life of many 
mechanical devices. 

Nonstationary environmental loads with time-varying mean square value that are of concern in 
the field of civil engineering are due to wind [48, 49, 50], waves [50] and earthquakes [51]. 
Example nonstationary loads that are of concern for aerospace engineers are due to turbulent 
boundary flow [19, 52, 53]. Generally speaking, wheeled vehicle vibrations are likely to be 
nonstationary due to variations in road surface quality and vehicle speed [54, 55, 56, 57, 58]. 
Similarly, in the military [59] or in the rail industry [60] excitations show clear nonstationary 
segments of data.  

A nonstationary process can often be represented as a signal with time-varying variance [16]. 
The nonstationary and non-Gaussian character of the atmospheric turbulence is now well 
recognized and gust loading is an important part of the fatigue induced on an aircraft structure 
[52]. Press and Steiner [61] established a formula giving the frequency of exceedance of gust 
velocities and induced loads and stresses on the aircraft structure. This formula also appears in 
the certification rules [62] to account for atmospheric variations such as horizontal gusts, 
penetration of jet streams and cold fronts. In this case, gusts with various amplitudes and 
directions must be considered. Similarly, road irregularities and vehicle speed variations are the 
primary cause of failure in automotive structures and components [59]. Both gust loading and 
road irregularities can be represented by signals with a smooth time-varying variance.  

In this case, one can use a specific model consisting of deterministic factors applied to a 
stationary random process: 
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 𝑦𝑦(𝑡𝑡) = 𝑎𝑎(𝑡𝑡). 𝑥𝑥(𝑡𝑡) Equation 2.65 

where 𝑥𝑥(𝑡𝑡) is a sample record of a stationary random process with variance 𝜎𝜎𝑥𝑥2 and 𝑎𝑎(𝑡𝑡) is a 
deterministic function that is repeated exactly on each record. 𝑥𝑥(𝑡𝑡) and 𝑎𝑎(𝑡𝑡) are assumed to be 
independent. This model will largely be used in this study.  

In some cases, the nonstationary data can be sliced into piecewise stationary segments and the 
analysis performed on the various segments separately [16].  

Both piecewise stationary and “smooth” time-varying mean square value data will be studied 
hereafter. 

2.3.1 Time-averaged probability structure 
 
Analysing a single record of nonstationary data by time-averaging procedures is generally not 
appropriate since the statistical properties are not invariant with respect to translation in time. 
However, for long enough time series of time-varying mean square nonstationary random data, 
time averaging analysis procedures can produce meaningful results. 

In practice, only one record or a limited number of records are available to study a nonstationary 
process. Bendat and Piersol [16] proved that considering a model of a time-varying mean square 
nonstationary random process, such as described in Equation 2.65, the time varying mean 
square value of the process {𝑦𝑦(𝑡𝑡)} can be calculated from a single sample record as:  

 𝐸𝐸[𝑦𝑦2(𝑡𝑡)] = E[𝑎𝑎2(𝑡𝑡)𝑥𝑥2(𝑡𝑡)] = 𝐸𝐸[𝑎𝑎2(𝑡𝑡)]𝐸𝐸[𝑥𝑥2(𝑡𝑡)] = 𝑎𝑎2(𝑡𝑡)𝜎𝜎𝑥𝑥2 Equation 2.66 

So that 𝑎𝑎2(𝑡𝑡) can be interpreted as the instantaneous mean square value of the process {𝑦𝑦(𝑡𝑡)}. 

Note that, similarly, the mean value of the process {𝑦𝑦(𝑡𝑡)} can be calculated. If the sample record 
of a stationary random process 𝑥𝑥(𝑡𝑡) is zero centred, then the mean value of the process {𝑦𝑦(𝑡𝑡)} 
is also zero. 

A random signal is known as quasi-stationary if it can be divided into intervals of duration 𝑇𝑇 
sufficiently long compared with the characteristic correlation time to allow treatment in each 
interval as if the signal were stationary [22]. In practice, if two sample records of stationary 
time history with PDFs 𝑝𝑝1and 𝑝𝑝2, lasting 𝑡𝑡1 seconds and 𝑡𝑡2 seconds respectively, then the 
concatenated signal would last 𝑡𝑡1 + 𝑡𝑡2 seconds and its PDF would be the weighted sum of the 
PDFs of both records, namely [16] : 

 𝑝̂𝑝(𝑥𝑥) =
𝑡𝑡1

𝑡𝑡1 + 𝑡𝑡2
𝑝𝑝1(𝑥𝑥) +

𝑡𝑡2
𝑡𝑡1 + 𝑡𝑡2

𝑝𝑝2(𝑥𝑥) Equation 2.67 

The weighting factors applied to 𝑝𝑝1and 𝑝𝑝2 ensure the resulting PDF has still a unit area. These 
factors are actually representing the fraction of the signal that stays at a particular variance. 
More generally, if 𝑁𝑁 signals were concatenated, each lasting 𝑡𝑡𝑖𝑖 seconds, then the overall PDF 
would be: 
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 𝑝̂𝑝(𝑥𝑥) =
1
𝑇𝑇
�𝑡𝑡𝑖𝑖.𝑝𝑝𝑖𝑖(𝑥𝑥)
𝑁𝑁

𝑖𝑖=1

 Equation 2.68 

with 𝑇𝑇 = ∑ 𝑡𝑡𝑖𝑖𝑁𝑁
𝑖𝑖=1 . 

If the PDF of the various sample records of stationary time histories are normally distributed 
and have zero mean, then it can be shown [16] that the resulting PDF will tend to increase the 
probability density of low and high values at the expense of intermediate values. This means 
that the PDF computed by time averaging of a single record of time-varying mean square 
random data will not be Gaussian and will show a high kurtosis value (𝜅𝜅 > 3). 

Road vibration tests on public roads or on proving ground show a divergence of the actual 
distribution from the normal distribution at the tails [59]. This indicates that the actual measured 
values at the extreme ends of the distribution are larger in magnitude than would be predicted 
by the assumption of a normal distribution. The kurtosis values generally exceeded a value of 
3.0 (3.0 is the expected value for a Gaussian distribution).  

Figure 22 (a) shows a time domain extraction of an example vertical excitation signal measured 
on a paved test track at the French car manufacturer Renault SA [63]. The measured signal, 
represented with a blue line, was normalised to a unit RMS. It has a kurtosis value of 7. Figure 
22 (b) shows a random stationary Gaussian signal which has the same PSD and therefore the 
same overall vibration level.  

 
Figure 22: comparison of a measured automotive road excitation signal (blue) with an RMS-equivalent Gaussian 

signal (red) 

It is clear that the measured data has much higher peaks than the RMS-equivalent stationary 
Gaussian signal. Even though most measured service excitation signal have such non-Gaussian 
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features, it is typical that they are considered under the form of PSDs. In practice, due to lack 
of time and experimental data, the necessary checks for stationarity and ergodicity are rarely 
properly carried out before any vibration analysis [22]. 

2.3.2 Cyclostationary processes 
 
It is not appropriate to apply the same processing techniques established for ergodic data to a 
single record of time-varying mean square data since the statistical properties are not invariant 
with respect to translation in time [16]. However, there exist alternative techniques that are 
applicable to cyclostationary processes. 

Cyclostationary is a class of random process, which can represent the random excitation for a 
wide class of structural systems, such as turbine blades, submarine propellers and internal 
combustion engines. A key characteristic of a cyclostationary excitation is that its statistics are 
not constant in time, as a stationary model would assume, but they vary periodically in time 
[47, 46].  

Physical phenomena that involve periodicities give rise to random data for which appropriate 
probabilistic models exhibit periodically time-variant parameters. Most of the precursory works 
pertain to the field of communications, where it was recognised that the process of modulating 
a signal for Hertzian transmission naturally led to a cyclostationary behaviour [46]. However, 
the cyclostationary framework is appropriate for any physical phenomenon that gives rise to 
data with periodic statistical characteristics. For example, in mechanical-vibration monitoring 
and diagnosis for machinery, periodicity arises from rotation, revolution and reciprocation of 
gears, belts, chains, shafts, propellers, bearings, pistons, etc. For these and many other 
examples, the periodicity can be an important characteristic that should be reflected in an 
appropriate probabilistic model. Therefore, stationary processes, with their time-invariant 
probabilistic parameters, are in general inadequate for the study of such phenomena, and 
cyclostationary processes are indicated. For example, a stationary random signal modulated 
with a periodic amplitude modulation function is a second-order cyclostationary signal [46]. 
Some application [64] showed that the road excitation on a vehicle could be modelled as a 
cyclostationary process too. 

A process 𝑦𝑦(𝑡𝑡) is said to be cyclostationary in the wide sense if its mean and autocorrelation 
are periodic with some period 𝑇𝑇: 

 𝜇𝜇𝑦𝑦(𝑡𝑡 + 𝑇𝑇) = 𝜇𝜇𝑦𝑦(𝑡𝑡) Equation 2.69 

 

 
𝑅𝑅𝑦𝑦𝑦𝑦(𝑡𝑡 + 𝑇𝑇,𝑢𝑢 + 𝑇𝑇) = 𝑅𝑅𝑦𝑦𝑦𝑦(𝑡𝑡,𝑢𝑢) Equation 2.70 

for all 𝑡𝑡 and 𝑢𝑢.  

The attention will be primarily focused on the autocorrelation function. Using Equation 2.70, 
the autocorrelation can be re-expressed as: 
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𝑅𝑅𝑦𝑦𝑦𝑦 �𝑡𝑡 + 𝑇𝑇 +
𝜏𝜏
2

, 𝑡𝑡 + 𝑇𝑇 −
𝜏𝜏
2
� = 𝑅𝑅𝑦𝑦𝑦𝑦 �𝑡𝑡 +

𝜏𝜏
2

, 𝑡𝑡 −
𝜏𝜏
2
� 

𝑅𝑅𝑦𝑦𝑦𝑦 �𝑡𝑡 + 𝜏𝜏
2

, 𝑡𝑡 − 𝜏𝜏
2
� is a function of two independent variables, 𝑡𝑡 and 𝜏𝜏, and is periodic with 

period 𝑇𝑇. It is assumed that the Fourier series representation for this periodic function 
converges, so that 𝑅𝑅𝑦𝑦𝑦𝑦 can be expressed as: 

𝑅𝑅𝑦𝑦𝑦𝑦 �𝑡𝑡 +
𝜏𝜏
2

, 𝑡𝑡 −
𝜏𝜏
2
� = �𝑅𝑅𝑦𝑦𝑦𝑦𝛼𝛼

𝛼𝛼

(𝜏𝜏)𝑒𝑒𝑗𝑗2𝜋𝜋𝜋𝜋𝜋𝜋 

For which �𝑅𝑅𝑦𝑦𝑦𝑦𝛼𝛼 � are the Fourier coefficients and 𝛼𝛼 ranges over all integer multiples of the 
fundamental frequency 1/𝑇𝑇. 

𝑅𝑅𝑦𝑦𝑦𝑦𝛼𝛼 (𝑡𝑡) is referred to as the cyclic autocorrelation function and 𝛼𝛼 is called the cyclic frequency 
parameter. 𝑅𝑅𝑦𝑦𝑦𝑦𝛼𝛼 (𝑡𝑡) can be written [47]: 

 𝑅𝑅𝑦𝑦𝑦𝑦𝛼𝛼 (𝜏𝜏) =
1
𝑇𝑇0

� 𝑅𝑅𝑦𝑦𝑦𝑦 �𝑡𝑡 +
𝜏𝜏
2

, 𝑡𝑡 −
𝜏𝜏
2
� 𝑒𝑒−𝑗𝑗2𝜋𝜋𝜋𝜋𝜋𝜋

𝑇𝑇0/2

−𝑇𝑇0/2

𝑑𝑑𝑑𝑑 Equation 2.71 

Modelling the signal as cyclostationary therefore results in a two-dimensional autocorrelation 
function, where the extra dimension is denoted 𝛼𝛼, i.e., the cycle frequency at which the one-
dimensional autocorrelation function has been computed. For each 𝛼𝛼, a Fourier transform of 
the cyclic autocorrelation function produces a cyclic-spectrum-cut for that particular frequency 
separation 𝛼𝛼. Repeating this process for other values of 𝛼𝛼 gives rise to a three-dimensional 
cyclic spectrum with the three axes being: 𝑓𝑓, 𝛼𝛼, and magnitude. The cyclic spectrum is given 
as: 

 𝑆𝑆𝑦𝑦𝑦𝑦𝛼𝛼 (𝑓𝑓) = � 𝑅𝑅𝑦𝑦𝑦𝑦𝛼𝛼 (𝜏𝜏)
∞

−∞

𝑒𝑒−𝑗𝑗2𝜋𝜋𝜋𝜋𝜋𝜋𝑑𝑑𝑑𝑑 Equation 2.72 

Note that, for 𝛼𝛼 = 0 the cyclic autocorrelation function 𝑅𝑅𝑦𝑦𝑦𝑦𝛼𝛼  and the cyclic spectrum 𝑆𝑆𝑦𝑦𝑦𝑦𝛼𝛼  reduce 
to the conventional autocorrelation and the conventional PSD [47]. Equation 2.72 is therefore 
comparable to Equation 2.38 giving the conventional two-sided PSD 𝑆𝑆𝑥𝑥𝑥𝑥 from the 
autocorrelation function 𝑅𝑅𝑥𝑥𝑥𝑥. Also, for a stationary process, 𝑅𝑅𝑦𝑦𝑦𝑦𝛼𝛼 ≡ 0 and 𝑆𝑆𝑦𝑦𝑦𝑦𝛼𝛼 ≡ 0 for all 𝛼𝛼 ≠ 0 
[65]. Therefore, for a stationary random signal, the cyclic spectrum is given by: 

 𝑆𝑆𝑦𝑦𝑦𝑦𝛼𝛼 (𝑓𝑓) = �𝑆𝑆𝑦𝑦𝑦𝑦
(𝑓𝑓), 𝛼𝛼 = 0

0, 𝑜𝑜𝑜𝑜ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒
 Equation 2.73 

Now, the random signal 𝑦𝑦(𝑡𝑡) = 𝑎𝑎(𝑡𝑡)𝑥𝑥(𝑡𝑡) is considered, where 𝑥𝑥(𝑡𝑡) is a stationary random 
signal, 𝑎𝑎(𝑡𝑡) is a periodic modulation function, with period 𝑇𝑇, and 𝑥𝑥(𝑡𝑡) and 𝑎𝑎(𝑡𝑡) are statistically 
independent (in the sense that their joint probability distributions factor into the product of the 
two individual marginal distributions, cf. section 2.1.7). The cyclic autocorrelation function and 
the cyclic spectrum of 𝑦𝑦(𝑡𝑡) will be calculated next. 
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The periodic modulation function 𝑎𝑎(𝑡𝑡) can be decomposed into Fourier series: 

 𝑎𝑎(𝑡𝑡) = �𝑎𝑎𝑘𝑘𝑒𝑒
𝑗𝑗2𝜋𝜋𝑘𝑘𝑘𝑘𝑇𝑇

𝑘𝑘

 Equation 2.74 

The autocorrelation function of 𝑦𝑦(𝑡𝑡) is [47]: 

𝑅𝑅𝑦𝑦𝑦𝑦(𝑡𝑡, 𝜏𝜏) = 𝑎𝑎(𝑡𝑡 + 𝜏𝜏 2⁄ )𝑎𝑎∗(𝑡𝑡 − 𝜏𝜏 2⁄ )𝑅𝑅𝑥𝑥𝑥𝑥(𝜏𝜏) 

where 𝑅𝑅𝑥𝑥𝑥𝑥(𝜏𝜏) is the autocorrelation function of the stationary process 𝑥𝑥(𝑡𝑡). 

Inserting Equation 2.74, the expression for the autocorrelation function becomes: 

𝑅𝑅𝑦𝑦𝑦𝑦(𝑡𝑡, 𝜏𝜏) = �𝑎𝑎𝑘𝑘𝑎𝑎𝑙𝑙∗𝑒𝑒
𝑗𝑗2𝜋𝜋(𝑘𝑘−𝑙𝑙)𝑡𝑡

𝑇𝑇 𝑒𝑒𝑗𝑗2𝜋𝜋
(𝑘𝑘+𝑙𝑙)𝜏𝜏
2𝑇𝑇 𝑅𝑅𝑥𝑥𝑥𝑥(𝜏𝜏)

𝑘𝑘,𝑙𝑙

 

The cyclic autocorrelation function is therefore (see Equation 2.71) 

𝑅𝑅𝑦𝑦𝑦𝑦𝛼𝛼 (𝜏𝜏) = 〈𝑅𝑅𝑦𝑦𝑦𝑦(𝑡𝑡, 𝜏𝜏)𝑒𝑒−𝑗𝑗2𝜋𝜋𝛼𝛼𝛼𝛼〉 

which is equivalent to [65]: 

 𝑅𝑅𝑦𝑦𝑦𝑦𝛼𝛼 (𝜏𝜏) = �
𝑅𝑅𝑥𝑥𝑥𝑥(𝜏𝜏)�𝑎𝑎𝑘𝑘𝑎𝑎𝑘𝑘−𝛼𝛼𝛼𝛼∗

𝑘𝑘

𝑒𝑒𝑗𝑗2𝜋𝜋�
𝑘𝑘
𝑇𝑇−

𝛼𝛼
2�𝜏𝜏,𝛼𝛼  multiple of 1 𝑇𝑇⁄

0,  otherwise
 Equation 2.75 

The cyclic spectrum is obtained using Equation 2.72: 

 𝑆𝑆𝑦𝑦𝑦𝑦𝛼𝛼 (𝑓𝑓) = �
�𝑎𝑎𝑘𝑘𝑎𝑎𝑘𝑘−𝛼𝛼𝛼𝛼∗

𝑘𝑘

𝑆𝑆𝑥𝑥𝑥𝑥 �𝑓𝑓 −
𝑘𝑘
𝑇𝑇

+
𝛼𝛼
2
� ,𝛼𝛼  multiple of 1 𝑇𝑇⁄

0,  otherwise
 Equation 2.76 

with 𝑆𝑆𝑥𝑥𝑥𝑥(𝑓𝑓) the two-sided PSD of 𝑥𝑥(𝑡𝑡).  

Or, considering the harmonic cyclic frequency 𝛼𝛼 = 𝑝𝑝 𝑇𝑇⁄ , 

 𝑆𝑆𝑦𝑦𝑦𝑦
𝑝𝑝/𝑇𝑇(𝑓𝑓) = �𝑎𝑎𝑘𝑘𝑎𝑎𝑘𝑘−𝑝𝑝∗

𝑘𝑘

𝑆𝑆𝑥𝑥𝑥𝑥 �𝑓𝑓 −
𝑘𝑘
𝑇𝑇

+
𝑝𝑝

2𝑇𝑇
� Equation 2.77 

where ∑ 𝑎𝑎𝑘𝑘𝑎𝑎𝑘𝑘−𝑝𝑝∗
𝑘𝑘  is the correlation function of the Fourier coefficients 𝑎𝑎𝑘𝑘 of the periodic 

modulation function. 

N.B.: if the period 𝑇𝑇 is large compared to the autocorrelation of 𝑥𝑥(𝑡𝑡), then this expression can 
be approximated: 

 𝑆𝑆𝑦𝑦𝑦𝑦
𝑝𝑝/𝑇𝑇(𝑓𝑓) ≈ 𝑆𝑆𝑥𝑥𝑥𝑥(𝑓𝑓)�𝑎𝑎𝑘𝑘𝑎𝑎𝑘𝑘−𝑝𝑝∗

𝑘𝑘

 Equation 2.78 
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2.4 Dynamic characteristics of physical systems 
 
A system is typically defined as a collection of mathematical models, hardware, components or 
subsystems that is typically mapping a set of inputs to a set of outputs. In this thesis, the 
principal system is a mechanical component, the input is the excitation e.g. the drive signal of 
acceleration in the case of a shaker and the output is a response signal representing acceleration, 
displacement or more specifically stress. The impulse response of the system is denoted ℎ(𝜏𝜏). 
The system’s behaviour can usually be modelled or represented mathematically.  

2.4.1 Linear and time-invariant systems 
 
Linear and time-invariant (LTI) systems with constant parameters will be mainly considered in 
this thesis.  

A system 𝐿𝐿ℎ is linear if the response characteristics are additive and homogeneous [16, 20]. 
This means that 𝐿𝐿ℎ[𝑁𝑁.𝑎𝑎 + 𝑀𝑀. 𝑏𝑏] = 𝑁𝑁. 𝐿𝐿ℎ[𝑎𝑎] + 𝑀𝑀. 𝐿𝐿ℎ[𝑏𝑏], where 𝑎𝑎, 𝑏𝑏 are inputs and 𝑁𝑁, 𝑀𝑀 are 
some arbitrary linear scaling. 

A system has constant parameters if all fundamental properties of the system are invariant with 
respect to time. A system is time invariant if any shift 𝑡𝑡0 of the input 𝑥𝑥(𝑡𝑡) to 𝑥𝑥(𝑡𝑡 + 𝑡𝑡0) causes 
a similar shift of the output 𝑦𝑦(𝑡𝑡) to 𝑦𝑦(𝑡𝑡 + 𝑡𝑡0): 

𝐿𝐿ℎ[𝑥𝑥(𝑡𝑡 + 𝑡𝑡0)] = 𝑦𝑦(𝑡𝑡 + 𝑡𝑡0) 

A system is considered to be stable if the output to a bounded input is bounded. 

Note that for a system to be physically realisable, it is necessary that the system responds only 
to past inputs i.e. its impulse response function ℎ(𝜏𝜏) = 0 for 𝜏𝜏 < 0. In this case, the system is 
called causal. 

If the input 𝑥𝑥(𝑡𝑡) is from a stationary random process and if the system 𝐿𝐿ℎ is linear and time 
invariant, then the output 𝑦𝑦(𝑡𝑡) = 𝐿𝐿ℎ[𝑥𝑥(𝑡𝑡)] will form a stationary random process. This result is 
proved in reference [16]. 

Also, if 𝑥𝑥(𝑡𝑡) follows a Gaussian distribution and if the system 𝐿𝐿ℎ is linear, then 𝑦𝑦(𝑡𝑡) = 𝐿𝐿ℎ[𝑥𝑥(𝑡𝑡)] 
will also follow a Gaussian distribution. This result is proved in reference [36]. 

It is worth noting that the converse of the two previous properties of an LTI system is not true 
i.e. a nonstationary random input will not necessarily lead to a nonstationary output and a non-
Gaussian input will not necessarily lead to a non-Gaussian output [66]. 

Figure 23 represents a linear system with one input 𝑥𝑥 and one output 𝑧𝑧. 
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If the input is a constant amplitude fixed harmonic sine wave of frequency 𝑓𝑓:  

𝑥𝑥(𝑡𝑡) = 𝑥𝑥0𝑠𝑠𝑠𝑠𝑠𝑠(2𝜋𝜋𝜋𝜋𝜋𝜋) 

Then, by definition of a linear system, the steady state output must also be a constant amplitude 
sine wave of the same frequency but, in general, with a different amplitude and phase: 

𝑧𝑧(𝑡𝑡) = 𝑧𝑧0𝑠𝑠𝑠𝑠𝑠𝑠(2𝜋𝜋𝜋𝜋𝜋𝜋 − 𝜑𝜑) 

The dynamic characteristics of an LTI system can be modelled mathematically. In the time 
domain, the impulse response function of the system - generally denoted ℎ(𝜏𝜏) - is defined as 
the output of the system at any time to a unit impulse input applied a time 𝜏𝜏 before. The 
relationship between the input 𝑥𝑥(𝑡𝑡) and the output 𝑧𝑧(𝑡𝑡) is given by the convolution integral 
[20]: 

 𝑧𝑧(𝑡𝑡) = �ℎ(𝑡𝑡 − 𝜏𝜏). 𝑥𝑥(𝜏𝜏)𝑑𝑑𝑑𝑑
𝑡𝑡

−∞

 Equation 2.79 

In the frequency domain, the dynamic characteristics of an LTI system can be described by a 
frequency response function (FRF) 𝐻𝐻(𝑓𝑓), which is defined as the Fourier transform of ℎ(𝜏𝜏).  

Equation 2.80 gives the relationship between ℎ(𝜏𝜏) and 𝐻𝐻(𝑓𝑓):  

 𝐻𝐻(𝑓𝑓) = � ℎ(𝜏𝜏). 𝑒𝑒−𝑗𝑗2𝜋𝜋𝜋𝜋𝜋𝜋𝑑𝑑𝑑𝑑
∞

0

 Equation 2.80 

The equivalent of Equation 2.79 can be obtained in the frequency domain. Indeed, the frequency 
response function 𝐻𝐻(𝑓𝑓) can be used to relate the Fourier transforms of the input and output [16, 
20] as expressed in Equation 2.81 : 

 𝑍𝑍(𝑓𝑓) = 𝐻𝐻(𝑓𝑓).𝑋𝑋(𝑓𝑓) Equation 2.81 

A similar expression exists to relate the PSDs of the input and output of a linear system. It is 
obtained by using Equation 2.79 to write the autocorrelation function of the output 𝑧𝑧(𝑡𝑡). 
Newland [20] then shows that taking the Fourier transforms of both parts of the equation gives 
the relationship linking the PSDs and the frequency response function 𝐻𝐻(𝑓𝑓): 

 𝐺𝐺𝑧𝑧𝑧𝑧(𝑓𝑓) = 𝐻𝐻∗(𝑓𝑓).𝐻𝐻(𝑓𝑓).𝐺𝐺𝑥𝑥𝑥𝑥(𝑓𝑓) Equation 2.82 

𝑥𝑥(𝑡𝑡) 
Excitation (input) 

𝑧𝑧(𝑡𝑡) 
Response (output) Linear system 

ℎ(𝜏𝜏) 

Figure 23: Simple system with one input and one output 
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where 𝐻𝐻∗ is the complex conjugate of 𝐻𝐻. 𝐺𝐺𝑧𝑧𝑧𝑧 and 𝐺𝐺𝑥𝑥𝑥𝑥 are the PSDs of the input to and output 
of the system respectively.  

The system considered in this thesis is typically a component fixed on a shaker table. Figure 24 
shows an outlined view of the shaker system with its principal sub-systems.  

 
Figure 24: global view of the vibration test system 

2.4.2 Non-linear systems 
 
In this thesis the system is assumed to be linear, i.e. the relationship between the control signal 
and the stress response follows Equation 2.79 and Equation 2.81 presented in the previous 
section. However, in practice, nonlinearities always occur to some degree. A common case of 
non-linearity in the component is when it is made of materials with nonlinear properties. 
Elastomer materials (e.g. rubber) are common examples that exhibit nonlinear load deflection 
responses. Plastic and elastomeric materials often have a complex modulus that changes with 
temperature and loading frequency [12, 67, 14]. Another example is in the case of large 
deformation and material response, where the stress is above the yield strength and complicated 
cyclic hardening occurs [13].  

There are a number of analysis methods for nonlinear response prediction. More complete 
reviews of the various methods are given by Worden [68, 69] or by Sweitzer [12].  

The linearity assumption taken in this thesis is based on the fact that the (stress) response 
characteristics for many mechanical systems may be assumed to be linear, at least over some 
limited range of inputs, without involving unreasonable errors [16]. 

2.5 Static failure analysis 
 
Although static failure is not the main concern of this thesis, some basic concepts are introduced 
in this section. It illustrates the probabilistic aspects of static failure under random loading. The 
objective is to design a structure such that the probability of failure during service life is 
acceptably small. Two approaches are presented; the three-sigma and the first passage failure. 
In both approaches, the mechanical stress is considered as a random variable. 
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2.5.1 The “three-sigma” design criterion 
 
The “three-sigma” design criterion is typically used to design structures where brittle fracture 
or fatigue are not considered to be the principal failure modes [21, 70]. 

The mechanical stress 𝑧𝑧(𝑡𝑡) is assumed to be a random Gaussian variable with RMS 𝜎𝜎𝑧𝑧 and zero 
mean value. The strength 𝑅𝑅 is deterministic. A basic requirement could be that, for a safe design, 
𝑅𝑅 ≥ 3𝜎𝜎𝑧𝑧 [21]. 

Since the random stress 𝑧𝑧(𝑡𝑡) is assumed to be Gaussian, the probability that stress will exceed 
three times its RMS value is 𝑃𝑃(𝑧𝑧 ≥ 3𝜎𝜎𝑧𝑧) = 0.00135 (see Table 2. in section 2.1.5, where the 
Gaussian PDF is introduced). Thus, the stress exceeds the strength only less than 0.15% of the 
time if 𝑅𝑅 = 3𝜎𝜎𝑧𝑧.  

In reality, the strength 𝑅𝑅 is a random variable, with known mean and standard deviation.  

The stress-strength analysis used in reliability engineering can be seen as a generalized “three-
sigma” criterion. Figure 25 shows an example of the stress and strength distributions. In this 
example, stress and strength are considered as independent random variables. The overlap of 
these distributions, referred to as stress-strength interference, represents the probability of 
failure [71, 72]. 

 
Figure 25: Example stress-strength diagram 

 

2.5.2 The first passage failure 
 
In the first passage failure criterion, failure is defined as the first time the stress 𝑧𝑧(𝑡𝑡) exceeds 
the strength 𝑅𝑅. The goal of design is to ensure that the probability of a first-passage failure in 
service life 𝑇𝑇𝑠𝑠 is acceptably small [21].  

The term “first passage failure”, however, does not necessarily indicate that a structure fails 
immediately at the first time the response exceeded a given threshold level. Instead, the first 

https://en.wikipedia.org/wiki/Reliability_engineering
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passage probability is frequently used to measure the probability that the structural response 
exceeds certain design limit conditions, such as yield stress at least once within a specific time 
interval. So the first passage problem is meaningful as a measure of likelihood for the structure 
to be in a design limit state, which is an important indicator for structural safety [25]. 

Over the years, several investigators have addressed the first-passage problem. Some of the 
pioneers have been Lin [19], Yang and Shinozuka [24, 25], Winterstein [50] or Ortiz [21]. 

The probability of a first-passage failure 𝑃𝑃𝑓𝑓 can be formulated as: 

𝑃𝑃𝑓𝑓 = 𝑃𝑃�𝑇𝑇𝑓𝑓 < 𝑇𝑇𝑠𝑠� 
with 𝑇𝑇𝑓𝑓 time to failure and 𝑇𝑇𝑠𝑠 service life. 

In the case where the strength 𝑅𝑅 is deterministic and constant, the probability of a first-passage 
failure can be written: 

𝑃𝑃𝑓𝑓 = 𝑃𝑃(𝑍𝑍𝑚𝑚 > 𝑅𝑅) = 1 − 𝑃𝑃𝑍𝑍𝑚𝑚(𝑅𝑅) 

where 𝑍𝑍𝑚𝑚 is the largest stress peak value during 𝑇𝑇𝑠𝑠 and 𝑃𝑃𝑍𝑍𝑚𝑚 is the CDF of the random variable 
𝑍𝑍𝑚𝑚. 

An important application is the special case of a fatigue problem, where crack growth is 
modelled by the fracture mechanics fatigue model [21]. As the crack grows, the ultimate 
strength becomes smaller (regardless of whether a ductile or brittle fracture model is used). 
Failure occurs the first time that the random stress 𝑧𝑧(𝑡𝑡) exceeds the ultimate strength.  

Other important applications of the first passage problem are related to the reliability of 
structures when subjected to earthquake [25] or ocean wave [50] excitations modelled as 
random processes. 

2.6 Fatigue failure analysis 

2.6.1 Introduction to fatigue phenomenon and modelling 
 
The majority of component design involve parts subjected to fluctuating or cyclic loads. Such 
loading induces fluctuating or cyclic stresses that often result in failure by fatigue [73]. 

According to the ASTM standard [74], material fatigue is “the process of progressive localized 
permanent structural change occurring in a material subject to conditions that produce 
fluctuating stresses and strains at some point or points and that may culminate in cracks or 
complete fracture after a sufficient number of fluctuations”. Another more conceptual definition 
of material fatigue is “failure under a repeated or otherwise varying load which never reaches 
a level sufficient to cause failure in a single application” [75]. 

Between 1852 and 1870 the German railway engineer August Wöhler set up and conducted the 
first systematic fatigue investigation [76]. Some of Wöhler's data are plotted in terms of nominal 
stress versus cycles to failure, on what has become well known as the S-N diagram, as shown 
in Figure 26. Each curve on such a diagram is still referred to as a Wöhler curve. 
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Figure 26: Example Wöhler curves showing alternating stress versus number of cycles to failure 

From the Wöhler curve, it becomes obvious that the fatigue life of a structure is largely 
dependent upon the amplitudes of local stress - also called stress response in this thesis. 

It is widely accepted that the fatigue process actually embraces two domains of cyclic stressing 
or straining that are distinctly different in character, and in each of which failure occurs by 
apparently different physical mechanisms. One domain of cyclic loading is that for which 
significant plastic strain occurs during at least some of the loading cycles. This domain involves 
some large stress response cycles, relatively short lives and is usually referred to as low cycle 
fatigue. The other domain of cyclic loading is that for which the stress or strain cycles are 
largely confined to the elastic range. This domain is associated with low loads and long lives 
and is commonly referred to as high-cycle fatigue. Low cycle fatigue is typically associated 
with fatigue lives between about 10 to 100,000 cycles and high cycle fatigue to lives greater 
than 100,000 cycles. The assumption of high-cycle fatigue will be adopted in this thesis. 

The high-cycle fatigue approach is really only valid where the applied stress is nominally within 
the elastic range of the material and the number of cycles to failure is large. Typical types of 
cyclic stresses which contribute to the fatigue process are shown in Figure 27.  
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Figure 27: Typical Fatigue stress cycles: (a) fully reversed, (b) mean and dynamic stress components and (c) random 

stress response 

Figure 27(a) illustrates a fully reversed stress cycle with a sinusoidal form. Figure 27 (b) 
illustrates the more general situation where the maximum and minimum stresses are not equal, 
in this case they are both tensile, and so define an offset for the cyclic loading. Figure 27 (c) 
illustrates a more complex, random loading pattern which is more representative of the cyclic 
stresses found in structures during real service life. From the above it is clear that a fluctuating 
stress cycle can be considered to be made up of two components, a static or steady state stress 
𝑆𝑆𝑚𝑚, and an alternating or variable stress amplitude 𝑆𝑆𝑎𝑎. It is also often necessary to consider the 
stress range, 𝑆𝑆𝑅𝑅, which is the algebraic difference between the maximum and minimum stress 
in a cycle.  

S-N data is nearly always presented in the form of a log-log plot of alternating stress, amplitude 
𝑆𝑆𝑎𝑎 or range 𝑆𝑆𝑅𝑅, versus cycles to failure, with the actual Wöhler line representing the mean life. 
Certain materials, e.g. steels, display a fatigue limit, 𝑆𝑆𝑒𝑒, which represents an alternating stress 
level below which the material has an infinite life. When plotted on log-log scales, the 
relationship between alternating stress, 𝑆𝑆𝑅𝑅, and number of cycles to failure, 𝑁𝑁𝑓𝑓 can be described 
by the Basquin power-law relationship [73, 77] given in Equation 2.83.  

 𝐶𝐶 = 𝑁𝑁𝑓𝑓 . 𝑆𝑆𝑅𝑅𝑏𝑏 Equation 2.83 

where 𝑆𝑆𝑅𝑅 is the stress range in MPa, 𝑁𝑁𝑓𝑓 is the number of rainflow cycles to failure, 𝐶𝐶 is the 
Basquin coefficient (intercept of the SN curve with the stress axis) and 𝑏𝑏 is the Basquin 
exponent (gradient of the SN curve in log-log space). Figure 28 shows an example S-N curve. 
This curve is curve fitted through the life data of the various coupons tested. The life data of 
each coupon is represented using either a cross (for the failed coupons) or an arrow for the ones 
that did not fail). 
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Figure 28: Example stress-life fatigue curve showing the test data points and the curve fit using the Basquin equation 

Fatigue tests can be conducted using a given nonzero mean stress. Corrections for the effect of 
mean stress can be adopted. This would typically modify the stress range of a cycle with any 
mean stress value to obtain a fatigue-equivalent cycle, whose mean stress correspond to the one 
of the fatigue curve [73]. Note that the stress range 𝑆𝑆𝑅𝑅 is the most significant aspect to consider 
in a cycle and the mean stress 𝑆𝑆𝑚𝑚 has a secondary effect [73]. 

It is worth noting that, according to Equation 2.83, fatigue damage is related exponentially to 
stress. This means that a small under-estimation in stress leads to a large under-estimation of 
the fatigue damage.  

2.6.2 Deterministic rainflow cycle count 
 
Fatigue lives of specimens are determined from constant amplitude tests. Real structures 
however rarely experience constant amplitude loading. The rainflow cycle counting (RFC) 
method [78] is a cycle counting scheme employed to reduce a complex irregular loading history 
into a series of constant amplitude events, each defined by its range and its mean value. This 
method defines cycles as closed stress/strain hysteresis loops [79]. 

For decades now, RFC has been the most popular and effective way of extracting cycles for 
fatigue life assessment [80, 81, 29]. The rule for the four points algorithm [80] is described as 
follows:  

Take four consecutive points, starting from the first data point. A cycle is found when the 
second and third points are within the range defined by the first and last points. 

To illustrate this, an example is given based on the red signal displayed in Figure 29: 

 Consider points 1, 2, 3, 4: there is no cycle since point 3 is lower than 1. 
 Continue with points 2,3,4,5: no cycle since 4 is higher than 2 
 Continue with points 3,4,5,6:  no cycle since 4 is higher than 6 
 Continue with points 4,5,6,7: Cycle C1 is counted. Its range is 4 and mean is 7. 
 Now remove the cycle C1, join points 4 and 7 and continue from point 4: 
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 Continue with points 4,7,8,9: Cycle C2 is counted. Its range is 1 and mean is 3.5. 
 Now remove C2, join points 4 and 9 and continue from point 4: 
 Etc. 

 

 
Figure 29: Example rainflow cycle extraction. For example, a cycle comprising points 4, 5, 6, 7 is identified and 

extracted. 

The result of a rainflow cycle count can be represented as a matrix showing how many cycles 
were counted for various {Min; Max} values. In practice, a histogram representation is often 
preferred. An example MinMax histogram is illustrated in Figure 30. It shows the number of 
cycles along the vertical axis counted for various {Min; Max} bins. 
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Figure 30: Example MinMax rainflow histogram 

Alternative representations of the rainflow cycles include the so-called RangeMean histogram, 
as illustrated in Figure 31.  

 

Figure 31: Example RangeMean rainflow histogram 

Note that in some cases, where the influence of the mean values is considered negligible, the 
range-only 2D histogram, written 𝑁𝑁(𝑆𝑆𝑅𝑅) is often preferred. An example range-only rainflow 
histogram is illustrated in Figure 32. 
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Figure 32: Example range-only 2D histogram 
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2.6.3 Probabilistic rainflow cycle count  
 
When a time history of stress is random, deterministic cycle counting becomes prohibitive and 
shows risks of inaccuracy. Indeed, a time domain simulation raises the question of how long 
the signal should be to ensure convergence on fatigue life estimate. The time domain approach 
can therefore be time consuming and this is the main reason why a spectral approach is relevant. 
While an exact distribution for the peaks of a Gaussian random process is known (see section 
2.2.8 Distribution of peaks), an exact distribution for the ranges of rainflow cycles is unknown. 

The random variable considered is stress and is represented by the symbol 𝑧𝑧. The stress range 
is noted 𝑧𝑧𝑅𝑅. 

The objective of this section is to deduce the PDF of the ranges of rainflow-like cycles from the 
PDF of the peaks and the PDF of the valleys. The range of a rainflow cycle is defined as {peak 
– valley} of that cycle. Section 2.6.2 shows that finding a rainflow cycle is by definition a 
deterministic process. Modelling such a complex process is not straightforward and the rainflow 
cycles cannot be obtained from the peak distribution alone. Some observations can however be 
made: 

 The peak and valley of a cycle are not necessarily consecutive. 
 The biggest cycle is always made of the highest peak and the lowest valley.  

Those observations lead one to consider several ways of combining peaks and valleys to form 
rainflow cycles:  

- 1. Peaks and valleys are randomly associated to form a range  
- 2. Peaks and valleys are paired as they arrive in the time history. The range is the 

distance between successive peaks and troughs. 
- 3. Each peak is paired with the valley of the same magnitude i.e. the highest peak goes 

with the lowest valley, the second highest peak goes with the second lowest valley, 
etc. 

It is clear that, in the case of random stress responses, the last case (case 3) is the most 
conservative because it will lead to a calculation which considers cycles with the highest ranges 
and will therefore lead to the highest predicted damage.   

2.6.3.1 The consequences of the peaks and valleys paired randomly 
 
In this case, the PDF of the ranges is calculated considering the random variable “range” as the 
sum of the peaks and the valleys, which are considered as two independent random variables. 
The PDF of the sum of two independent variables with PDF 𝑝𝑝𝑧𝑧𝑝𝑝 and 𝑝𝑝𝑧𝑧𝑣𝑣 is expressed using the 
convolution product of both marginal PDF, as expressed in Equation 2.14: 

 𝑝𝑝𝑧𝑧𝑅𝑅(𝑧𝑧) = 𝑝𝑝𝑧𝑧𝑝𝑝(𝑧𝑧) ∗ 𝑝𝑝𝑧𝑧𝑣𝑣(𝑧𝑧) Equation 2.84 

where ∗ represents the convolution product. 

The PDF obtained has negative ranges. These are due to negative peaks associated with some 
positive valleys. Instead of ignoring such cycles with negative ranges, it is suggested to fold 
them back and add them to the positive side of the ranges, as per Equation 2.85.  
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 𝑝𝑝𝑧𝑧𝑅𝑅(𝑧𝑧)= �
0, 𝑧𝑧 < 0

𝑝𝑝𝑧𝑧𝑅𝑅(𝑧𝑧) +  𝑝𝑝𝑧𝑧𝑅𝑅(−𝑧𝑧), 𝑧𝑧 ≥ 0 Equation 2.85 

This gives the range PDF corresponding to the event where all peaks and valleys are randomly 
mixed. The PDF of the mean values could be extracted in a similar manner.  

Figure 33 shows the resulting range distribution obtained in the random association case for the 
narrow and broadband cases compared with the rainflow range distributions obtained from 
Monte-Carlo simulations of the spectra presented in Figure 11. The theoretical PDFs are in blue 
whereas the PDFs of the time domain simulation are in red. 

 
Figure 33: Theoretical range distribution when peaks and valleys are randomly mixed (blue) versus rainflow range 
distribution (red) in the case of a narrowband process (a) broadband process (b) 

 
The random association of peaks and valleys to form cycles does not suit the way the cycles are 
combined in a rainflow procedure (see section 2.6.2). For instance, according to this random 
mixture, the probability of the maximum peak being paired with the minimum valley is 
1/(𝑁𝑁𝑝𝑝𝑇𝑇), which is extremely low, whereas this event is the maximum range that the material 
will experience and it will always be counted by the rainflow counting algorithm (see previous 
section 2.6.2 Deterministic rainflow cycle count). 

2.6.3.2 The consequences of the peaks and valleys paired in sequence 
 
A rise is defined as the difference between the value of 𝑧𝑧(𝑡𝑡) at a valley and the value of 𝑧𝑧(𝑡𝑡) at 
the next peak. A fall is the difference between the value of the signal at a peak and at the next 
valley. If the process is stationary, the distributions of rise and fall are symmetric [21, 82]. The 
rises and falls of a random process are of interest in oceanography, as they correspond to the 
heights of waves in the ocean [21]. The rises and falls were also considered of interest in 
engineering design for metal fatigue, as fatigue damage is better related to cyclic stress ranges 
than to stress peaks [21, 82].  

J. R. Rice et al. [82] studied the 'rise and fall' densities for stationary Gaussian random 
processes. The PDFs are determined from the joint probability density functions of 𝑧𝑧(𝑡𝑡), 𝑧̇𝑧(𝑡𝑡) 
and 𝑧̈𝑧(𝑡𝑡) with a 6-by-6 correlation matrix and their computation is complex. In this study, it 
was observed that the rise and fall densities showed an unexpected likelihood (referred to as a 
‘hump’ in the paper) near the origin, and the authors were unable to say if it was due to 
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numerical inaccuracies or if it was inherent in the approximation developed. It appears that this 
PDF local maximum at low stress ranges is observed in the rise and fall PDF computed from 
time domain simulations (see Figure 34), especially for small irregularity factors. This is due 
to the higher number of small fluctuations introduced by a broadband signal compared to a 
narrowband signal. For example, in Figure 12 (b), showing a signal regenerated from a bimodal 
PSD, a number of high frequency cycles are distorted because they sit on the top of low 
frequency cycles, which leads to smaller rises and falls.  

Ortiz et al. [21] developed an approximation for the rise and fall distributions, based on a 
Rayleigh distribution. Similarly, Dirlik [29] defined 'an ordinary range' as the distance between 
successive peaks and troughs and proposed a model for the ordinary range PDF based on a sum 
of a Rayleigh distribution and an exponential distribution. Note that the exponential distribution 
was used to model the PDF local maximum near the origin. Figure 34 compares a rise and fall 
distribution using a blue line with the rainflow-range density using a red line for both the 
narrowband and broadband cases presented in Figure 11. Both were computed from time 
domain simulations. The approximations introduced by Ortiz et al. [21] and Dirlik [29] are 
represented in dashed and dotted lines respectively. 

 

Figure 34: Rise and fall PDF (blue) versus rainflow range PDF (red) of the numerical simulations of a narrowband 
process (a) broadband process (b), overlaid with the theoretical rise and fall PDFs from Ortiz et al. [21] (dashed 
black) and Dirlik [29] (dotted black) 

Both the Ortiz and Dirlik models approximate well the rise and fall PDFs. Dirlik’s has the 
advantage of representing the PDF local maximum behaviour at low stress ranges. A 
comparison of rise and fall PDFs and rainflow-range PDFs shows distinctive differences 
between the two sets of densities corresponding to the same power spectrum, especially in the 
broadband case. The most important difference from fatigue damage point of view, is that the 
rainflow range density becomes considerably higher than the rise and fall density at higher 
ranges. For example, in Figure 34 (b), the rise and fall PDFs approach zero much sooner than 
the rainflow-range density, which exhibits higher probabilities for large ranges.  

The rise and fall distribution (or ordinary-range distribution), where the peaks and valleys are 
paired in sequence, does not suit the rainflow distribution. The peaks and valleys are combined 
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in a more specific way to form rainflow cycles (see section 2.6.2) and the probability of finding 
cycles with high range is underestimated when using the models presented in this section for 
approximating the rise and fall distributions. Therefore the models presented in this section for 
approximating the rise and fall distributions are not retained as valid candidates for the 
estimation of fatigue damage. 

2.6.3.3 The consequences of the peaks and valleys paired by magnitude 
 
In this case, the PDF of the ranges is obtained by considering that each peak is paired with a 
valley of the same magnitude but with a negative value. Therefore, the random variable 
representing stress range is written  

 𝑧𝑧𝑅𝑅 = 2 . 𝑧𝑧𝑝𝑝 Equation 2.86 

where 𝑧𝑧𝑅𝑅 represents the stress range and 𝑧𝑧𝑝𝑝 the value of a peak in stress. 

So, using Equation 2.13 from section 2.1.8 referred to as the PDF transform, the range PDF is 
directly obtained from the PDF of the peaks, as expressed in Equation 2.87. 

 𝑝𝑝𝑧𝑧𝑅𝑅(𝑧𝑧) =
1
2
𝑝𝑝𝑧𝑧𝑝𝑝 �

𝑧𝑧
2
� Equation 2.87 

Note that in this way of pairing peaks and valleys, the cycles formed are considered to have 
zero mean values. The range PDF is eventually found by inserting Equation 2.54 into Equation 
2.87:  

 
𝑝𝑝𝑧𝑧𝑅𝑅(𝑧𝑧) =
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Equation 2.88 

where 𝜎𝜎𝑧𝑧 is the RMS value of the stress signal 𝑧𝑧(𝑡𝑡). 

Figure 35 shows the resulting range distribution obtained with this way of pairing peaks and 
valleys by magnitude for the narrow and broadband cases compared with the deterministic 
rainflow range distributions obtained from Monte-Carlo simulations of time series 
corresponding to the spectra presented in Figure 11. The theoretical PDF are in red whereas the 
PDF of the time domain simulation are in blue. 
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Figure 35: Rainflow ranges distribution of the numerical simulations (red) overlaid with the range distribution when 

peaks and valleys are symmetrically paired (blue) in the narrow band (right) and broadband (left) cases 

This distribution matches extremely well the tail of the rainflow-range distribution, but gets less 
and less similar as the ranges decrease. This difference happens essentially in the broadband 
case, since in the narrowband case every peak is associated with its corresponding valley and 
the distribution of ranges follows a Rayleigh distribution (see section 2.2.8). In the broadband 
case the discrepancy is quite obvious up to the mid-range area. 

Figure 36 illustrates why some cycles are transferred from the mid stress range area to the very 
low stress levels as in Figure 35 (b). It is due to the potential presence of low frequency cycles 
which distort some cycles of higher frequency and make the rainflow algorithm consider lower-
range cycles.  

 

 
Figure 36: Example of the range distribution derived from Rice's peak distribution not being the same as the rainflow 

distribution 

Note that, from a fatigue view point, it is clear that the high ranges have more importance as 
fatigue damage and stress range are linked in a power law. Therefore, the proposed theoretical 
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distribution of the ranges obtained in Equation 2.88 and displayed in Figure 35 can be 
considered satisfactory.  

This way of pairing peaks and valleys will however introduce some conservatism in the case of 
broadband stress results as illustrated in Figure 36. This conservatism will be more pronounced 
for applications, where the slope 𝑏𝑏 of the fatigue curve is not sufficiently steep as to be able to 
neglect the influence of the cycles of small and mid amplitudes on fatigue damage. See section 
2.6.4 for more details on how the fatigue damage is computed from the rainflow cycle 
histogram.  

In the rest of this thesis, the histogram of the rainflow ranges will be calculated from the PDF 
of the peaks using Equation 2.88. A zero mean value will be considered.  

2.6.3.4 Empirical approaches from the literature 
 
Empirical methods exist to derive the distribution of the rainflow stress ranges [26, 27, 28, 29, 
30, 31, 32, 41, 42, 56] for stationary and Gaussian stress responses. Figure 37 shows Dirlik’s 
empirical is compared with the rainflow-range distribution from time domain simulations and 
the pairing method where each peak is paired with the valley of the same magnitude (i.e. peaks 
and valleys are paired symmetrically).  

 
Figure 37: Rainflow range PDF (red) of the numerical simulations overlaid with the theoretical range PDF when the 
peaks and valleys are paired symmetrically (blue) and with Dirlik's theoretical rainflow range PDF (dotted black) in 

the narrow band (right) and broadband (left) cases 

 
Although the Dirlik method has been used successfully for many years and offers good 
correlation with the time domain simulation [26]; it is empirical in its derivation which makes 
it difficult to develop mathematically. The method where peaks and valleys are paired 
symmetrically is based on Rice’s peak distribution. It gives comparable results to Dirlik’s 
approach [28] and it is derived analytically. Therefore the method where peaks and valleys are 
paired according to their magnitude will be used for the development of this thesis with regards 
to non-Gaussian stress responses.  
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2.6.4 Fatigue damage and fatigue life 
 
The rainflow cycle count histogram can be obtained from the PDF of ranges by multiplying it 
with the total number of expected cycles during the exposure duration, that is E[𝑃𝑃].𝑇𝑇𝑡𝑡, with 
E[𝑃𝑃] the expected number of peaks per unit time (as per Equation 2.48) and 𝑇𝑇𝑡𝑡 the exposure 
duration. 

One obtains the general equation giving the number of cycles at stress range 𝑧𝑧𝑅𝑅: 

 𝑁𝑁(𝑧𝑧𝑅𝑅) = 𝐸𝐸[𝑃𝑃].𝑇𝑇𝑡𝑡.𝑝𝑝𝑧𝑧𝑅𝑅(𝑧𝑧𝑅𝑅) Equation 2.89 

where 𝑝𝑝𝑧𝑧𝑅𝑅(𝑧𝑧𝑅𝑅) is the PDF of stress ranges as per Equation 2.88.  

This histogram will be called the range-only rainflow histogram. The damage from each 
individual cycle extracted by the RFC method is determined from the fatigue life curve (see 
example SN curve in Figure 26). Equation 2.83 can be used to find the number of cycles to 
failure 𝑁𝑁𝑓𝑓 for every individual cycle. The damage is computed as the number of cycles of a 
given stress range counted divided by the number of cycles to failure for that specific stress 
range. The damage is then summed linearly using the Miner damage accumulation law [83], as 
described by Equation 2.90: 

 𝐷𝐷 = �
𝑁𝑁(𝑧𝑧𝑅𝑅)
𝑁𝑁𝑓𝑓(𝑧𝑧𝑅𝑅) Equation 2.90 

where 𝑁𝑁(𝑧𝑧𝑅𝑅) is the number of cycles counted having a stress range 𝑧𝑧𝑅𝑅 and 𝑁𝑁𝑓𝑓(𝑧𝑧𝑅𝑅) is the total 
number of cycles stress range 𝑧𝑧𝑅𝑅 that the material is capable to withstand.  

Considering a Range-only histogram 𝑁𝑁(𝑧𝑧𝑅𝑅), as described in chapter 2.6.1, fatigue damage is 
determined by inserting Equation 2.83 into Equation 2.90: 

𝐷𝐷 =
1
𝐶𝐶
�𝑁𝑁(𝑧𝑧𝑅𝑅). 𝑧𝑧𝑅𝑅𝑏𝑏 Equation 2.91 

𝐷𝐷 is the fatigue damage ratio. If 𝐷𝐷 ≥ 1, then the component is likely to fail within the test 
duration 𝑇𝑇𝑡𝑡. If 𝐷𝐷 < 1, then the fatigue life can be determined as 𝑇𝑇𝑡𝑡/𝐷𝐷 in seconds. 

For random vibration data, the cycle mean stress effect is usually ignored because the effect is 
much less significant than stress range and the cycles are approximately symmetric; therefore, 
the more damaging effect of a tensile mean is largely negated by the less damaging effect of a 
compressive mean [28]. 

In this study, it will be considered that the fatigue damage is dependent on the number of cycles 
of stress response and their amplitudes and not the frequency at which the cycles occur.  
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2.7 Accelerated vibration endurance tests 
 
Test engineers want to accelerate a test whilst keeping the same failure mechanisms. 
Accelerating a test certainly helps reduce the time-to-market, but it is also extremely useful 
from an engineering point of view. If the test fails, the engineers will know it soon enough and 
they will have the means to remedy it. If a test is successful, the engineers may want to push it 
further to assess the safety margins. 

2.7.1 Vibration testing systems 
 
Accelerated endurance vibration tests are typically performed by fixing the test article on a 
hydraulic or electrodynamic vibration testing system, generally referred to as a shaker. 

The controller is a software, which performs closed-loop control during a shaker test. The 
controller generates an electronic signal which, once amplified, becomes the drive signal to the 
vibration testing system. It is a closed-loop control because the component under test is 
instrumented and its response, typically acceleration, is fed back to the controller. This ensures 
that the test article effectively sees vibrations as defined in the vibration specification. A 
vibration specification can be random, harmonic, shock, sine-on-random or the replication of a 
time domain signal. 

For random vibration testing, the Fast Fourier Transform (FFT) is typically used to correct the 
input signal using the feedback signal [84]. The input signal’s FFT is performed and compared 
to the FFT of the control signal. If there is a difference between both spectra, then the correction 
to apply is added to the next drive spectrum and a new drive signal is generated from it. See 
chapter 3 for more details on signal generation.  

2.7.2 Deterministic vibration endurance tests 
 
Deterministic loads should always be represented by time histories. Example deterministic test 
specifications include sine dwells, sine sweeps and Time Waveform Replication (TWR) [1, 2]. 
The TWR technique is sometimes used for simulating loads that are random in nature. In the 
TWR technique, the actual signal measured in operational conditions is reproduced on a shaker. 
Although this method seems useful, it doesn’t capture the variability which can actually occur 
in the field since the waveform produced in the test is just one field measurement. For example, 
in the automotive sector, two drivers will behave differently, will take different routes, etc., so 
simply reproducing and repeating a single trip removes this variability. Note also that it is 
seldom practical nor possible to conduct durability tests using real measured data because of 
the volume of data necessary, the duration over which components must survive and inherent 
problems in achieving correlation between the actual test rig output and that desired [84]. 

Although the TWR technique is well suited for the reproduction of deterministic excitation 
loads, it is not adapted nor practical for random loads with inherent variability. This thesis is 
about random vibrations and will therefore concentrate on spectral approaches. 
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2.7.3 The load amplification method 
 
For endurance tests, a classic way to accelerate a test is the “load amplification method” [2, 6]. 
The load amplification method simply scales the input signal by an appropriate amount in order 
to reduce the test duration. Scaling the load will reduce the test duration exponentially. The 
scale factor is calculated using Equation 2.92. 

 𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 = �
𝑇𝑇𝑠𝑠
𝑇𝑇𝑡𝑡
�
1/𝑏𝑏

 Equation 2.92 

Where 𝑇𝑇𝑠𝑠 is the target life, typically the service life, 𝑇𝑇𝑡𝑡 is the reduced test duration and 𝑏𝑏 is the 
slope of the Wöhler line as per Equation 2.83. 

Considerable care is required when using this method to ensure that loads are not scaled 
excessively thereby inducing local yield, which alters the load path away from the observed 
failure point. The engineer must always ensure a sufficient margin in the scale factor to avoid 
local yielding.  

The method is ideal for components that are designed to resist a high load event like a collision, 
for example, but require fatigue testing for many repeats of a lower amplitude load. In this case 
the lower amplitude loads can be scaled quite significantly without exceeding the design 
envelope. Typically, in the automotive or aerospace industry, test reduction factors vary from 
5 to 500 or more [85, 86].  

2.7.4 The kurtosis control method 
 
Kurtosis control is primarily presented as a way to better simulate service loads. In some cases, 
product failures are caused by high excursions in the excitation [11] and running a Gaussian 
test will not reproduce these peaks, or at least not with the sufficient rate. Increasing the global 
RMS value is no longer representative of the real environment and the failure mode reproduced 
on the shaker may be different to the one in service. Kurtosis control focusses on the ability to 
produce high excursions in the excitation signal. The excitation signal has the prescribed 
frequency content and global RMS (i.e. its PSD is matching the target the PSD profile), but its 
wave form contains high peaks that are meant to be more realistic compared to what is 
encountered in real life. The generation of such excitation signals with high kurtosis will be 
presented in chapter 3.  

Another application of kurtosis control is to accelerate a test. The higher excursions of the 
excitation signal are likely to cause higher stress responses, which in turn will increase the 
damage rate. Since the damage rate is higher, the test duration could be reduced while 
reproducing the same overall damage. The main objective of this thesis is to provide engineers 
with a way to estimate the fatigue life of a structure under non-Gaussian random loads, and 
especially loads with high kurtosis. Once this objective is achieved, the engineer will be able to 
use a similar rule to the one presented in Equation 2.92, whereby the test duration can be 
reduced by applying both a scale factor and a specific kurtosis value to the excitation. However, 
obtaining this relationship is not straightforward as the damage depends on how the leptokurtic 
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excitation signal was generated, how the leptokurtic properties are transferred to the stress 
response and how the characteristics of the response influence the fatigue life. The generation 
of leptokurtic random excitation signals, the transfer of the excitation’s non-Gaussian features 
to the stress response and the effects on fatigue life will be presented in chapters 3, 4 and 5 
respectively. 

2.7.5 Conclusions 
 
Although the load amplification method is referenced in standards and used in practice, it 
suffers from limitations such as the potential for it not to reproduce the same failure mode. 
Kurtosis control is a fairly recent technique. It has the advantage of causing the test article to 
experience more time duration at high accelerations without necessarily changing the global 
RMS. 

One outstanding question to answer in this thesis is how the kurtosis of the excitation can be 
related to the test reduction. 

Note that to further reduce the duration of a test, one could potentially combine both 
approaches. 

2.8 Final conclusions 
 
This chapter provided a review of some of the fundamental aspects of random processes, the 
linear dynamics of physical systems excited by random processes and mechanical failure 
prediction. 

When the vibration environment is random, then the response stress is a random variable too. 
Providing the statistical properties of the random stress are known, one can adopt a probabilistic 
fatigue analysis to determine the mean fatigue damage. If conditions of stationarity and 
ergodicity are met and if the stress response is Gaussian, then the fatigue analysis including a 
probabilistic rainflow cycle count as described in section 2.6.3 can be carried out. It is 
convenient to consider a random load as ergodic and Gaussian, since statistics such as the peak 
distribution are readily available for this specific class of Gaussian random time histories. In 
this case, statistics can be extracted from one relatively short realisation or measurement of a 
phenomenon. A fatigue analysis should theoretically be carried out from the stress response, 
over a given timeframe. 

However, if an excitation signal cannot be considered as Gaussian, then further characterisation 
of the excitation and stress response is required and a dedicated probabilistic analysis must take 
place. The objective of this work is to find a statistical (as opposed to deterministic) approach 
to some specific non-Gaussian loadings that does not require realisations of long time domain 
signals. 

Chapter 3 introduces how to generate stationary Gaussian random signals and some specific 
non-Gaussian random signals. These signals will then be used for investigations of the statistics 
of the response of linear systems and comparison with theoretical and experimental data. 
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From this point forward in this thesis, all metrics are considered along the vibration random 
process as opposed to ensemble averages (through the process) e.g. statistical moments are 
based on temporal averages and PDFs are the probability distributions of instantaneous values.  
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3 Non-Gaussian signal generation  

3.1 Introduction and assumptions 
 
In this chapter some methods for simulating non-Gaussian signals are presented. Some existing 
methods presented and a new method is introduced and developed. 

The generated signals represent non-Gaussian loadings, which are typically applied in 
environmental tests. The signals produced will be used only for simulations and validations of 
the distributions and statistics that will be derived later in chapters 4 and 5. The excitation 
signals considered are real valued with zero mean and zero skewness values. 

The types of non-Gaussian random excitation signals produced include:  

i. Clipped random signals: to simulate how the drive signal is limited during a shaker test.  
ii. Random signals with high kurtosis: to simulate non-Gaussian loads found in service 

such as inputs due to potholes in roads for the automotive industry.  

A new method for generating random signals with high kurtosis is presented and is shown to 
give the required statistics. 

In this thesis only the four first statistical moments (see section 2.1.10) will be considered and 
more specifically two of them namely the standard deviation and the kurtosis.  

The kurtosis value considered in this thesis is not a function of frequency, such that when used 
as an excitation signal all resonances must be impacted by the increased kurtosis and not just 
some of them. The global time averaged kurtosis is considered in this thesis. Also, the phase of 
the excitation signals is always considered to be distributed uniformly, so that the kurtosis or 
skewness are not due to any phase relationship between different frequency components. 

Note that shaker controllers typically prevent signal clipping to be used with kurtosis control 
since the produced leptokurtic signal is more likely to reach higher levels than the equivalent 
Gaussian one and the test is likely to be rapidly aborted. To avoid a test with high kurtosis to 
be systematically aborted, the sigma clipping parameter is often required to be set to a very high 
value. This enables the study of leptokurtic and clipped excitations to be done separately 
without the need to consider any interaction between the two.  
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3.2 Stationary random Gaussian noise generation 
 
A very common approach to characterize random vibrations is to compute the temporal average 
Power Spectral Density (PSD) of the vibrations [22]. PSDs are useful for identifying prevalent 
frequencies and the overall RMS vibration level. When the process is both Gaussian and 
stationary, the nature of the signal is well defined by the normal distribution and its associated 
statistical moments (see section 2.2). 

The generation of Gaussian and stationary signals is presented in this section. The method 
presented is based on an Inverse Fourier Transform, as it is the method typically used by 
vibration controllers [84]. 

3.2.1 The inverse Fourier transform technique 
 
The signal generation technique is based on the inverse discrete Fourier transform (IDFT) of a 
frequency domain spectrum constructed with amplitudes directly related to the target PSD and 
a random phase. The approach to obtain a random time domain signal 𝑥𝑥(𝑡𝑡) is described in 
Equation 3.1. [9, 15, 87]: 

 𝑥𝑥(𝑡𝑡) = �𝐴𝐴𝑘𝑘

𝑀𝑀

𝑘𝑘=1

𝑐𝑐𝑐𝑐𝑐𝑐(2𝜋𝜋𝜋𝜋∆𝑓𝑓𝑓𝑓 − 𝜑𝜑𝑘𝑘) Equation 3.1 

with 𝐴𝐴𝑘𝑘 the amplitudes of the harmonics determined from the shape of the PSD, 𝐺𝐺𝑋𝑋𝑋𝑋, that is 
discretized over 𝑀𝑀 frequency lines, with the frequency increment, ∆𝑓𝑓, as given in Equation 3.2: 

 𝐴𝐴𝑘𝑘 = �2∆𝑓𝑓𝐺𝐺𝑥𝑥𝑥𝑥(𝑘𝑘∆𝑓𝑓) Equation 3.2 

The phase angles, 𝜑𝜑𝑘𝑘, are defined as samples of a random variable uniformly distributed in the 
range from 0 to 2π radians, mutually independent of each other and of the amplitudes 𝐴𝐴𝑘𝑘. The 
signal produced can be considered as a random phase multisine signal. 

The length and sample rate of the signal generated depend on the frequency resolution and the 
maximum frequency of the PSD respectively.  

3.2.2 Applications 
 
When a random excitation is known to be stationary and Gaussian, then all the statistics of it 
can be derived from its PSD [16, 20, 22, 15]. When applied as an input to a known or specified 
linear system, the response is also perfectly known in terms of spectral content and statistics.  

Time domain simulations of a stationary and Gaussian process can be used:  

- to validate some theoretically derived statistics 
- to simulate the excitation of a non-linear system  
- as an intermediate step in the creation of a non-Gaussian signal (see sections 3.3 to 

sections 3.5)  
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Table 3.1 shows an example PSD from the international standard MIL STD 810-G [2] 
corresponding to the general exposure to vibrations due to a jet aircraft cargo. The overall RMS 
vibration level is 4.02 g. 

 
Frequency (Hz) Acceleration Spectral 

Density (g²/Hz) 
15 0.01 
106 0.01 
150 0.02 
500 0.02 
2000 0.0013 

Global RMS = 4.02 g 
Table 3.1: Example PSD profile from MIL STD 810G [2] 

The spectrum profile described in Table 3.1 is displayed in Figure 38: 

 
Figure 38: Example PSD 

The vibration environment for materiel installed in jet aircraft stems from four principal 
mechanisms. These are: 

1. engine noise impinging on aircraft structures,  
2. turbulent aerodynamic flow over external aircraft structures,  
3. turbulent aerodynamic flow and acoustic resonance phenomena within cavities open to 

the external airflow, and  
4. airframe structural motions due to manoeuvres, aerodynamic buffet, landing, taxi, etc.  

A signal of 100s sampled at 8192 points per seconds was generated using the methodology 
based on the inverse Fourier transform. Figure 39 shows an extract of the obtained signal.  
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Figure 39: Example stationary and Gaussian Signal realisation corresponding to target PSD 

The PSD and the PDF of the obtained signal are displayed in Figure 40. The PSD and PDF are 
overlaid with the target PSD profile and the ideal Gaussian distribution respectively in dashed 
black lines.  

 
Figure 40 : (a) PSD of the obtained signal (blue) overlaid with target PSD (dashed black), (b) PDF the obtained signal 

(blue) overlaid with ideal Gaussian PDF (dashed black) 

Note that in Figure 40 the ideal PDF and the calculated PDF don’t perfectly match, especially 
for extreme values. This is typically due to an insufficient number of samples, i.e. the longer 
the signal, the more chances to find extreme values. The error between the ideal PDF and the 
calculated PDF reduces when several realisations of time signals are concatenated. 

3.2.3 Limitations 
 
The signal obtained with the IDFT method is generally considered as having a lower level of 
randomness than a natural random noise [88]. For instance, a natural random noise is expected 
to be unbounded, whereas the maximum of a signal obtained with the IDFT method is limited 
to:  
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max
𝑡𝑡
�𝑥𝑥(𝑡𝑡)� ≤ �𝐴𝐴𝑘𝑘

𝑀𝑀

𝑘𝑘=1

 

This limitation can be problematic when 𝑀𝑀, the number of spectral lines is small.  

In the rest of this thesis, stationary random Gaussian noise generation will be done using the 
so-called ‘inverse Welch’ method, as it was modelled after the Welch method for estimating 
the spectral density [89, 88]. Sections of random data obtained from the IFT method are 
multiplied by a window function, overlapped and added to form a nearly stationary output. The 
weighting windows allow continuous frequency content and help limit leakage. A typical 
window is the Hanning window. The level of overlap dictates whether the resulting signal will 
be stationary or not. For instance, a typical window such as the Hanning window will provide 
a uniform statistical weighting when overlapped by 67%, which in turn will generate a 
stationary signal.  
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3.3 Clipped signal generation 
 
Shaker controllers often limit the drive signal to prevent high amplitude peaks. Limiting 
therefore allows the shaker system to deliver more power, because it can represent random 
signals of greater RMS power by eliminating the rare high amplitude peaks. Because the high 
amplitudes are removed above a given level, the resulting limited signal is no longer Gaussian. 
In the PDF of a clipped signal, the tails will appear modified compared to the Gaussian PDF. 
Methods for limiting a drive signal will be presented in this section. 

3.3.1 Limiting the excitation signal 
 
The high amplitude peaks may either be truncated at a given level (a so-called brick wall 
limiting or abrupt clipping), or compressed (soft limiting), resulting in drive signals which are 
no longer Gaussian [90]. Both techniques are presented in the next two sections.  

3.3.1.1 Abrupt clipping 
 
Brick wall limiting or abrupt clipping is a technique that simply cuts off the peaks at a given 
level. The resulting signal is therefore non-Gaussian. Abrupt clipping directly influences the 
resulting signal’s crest factor, 𝐶𝐶𝐶𝐶, which is defined as the maximum value divided by the RMS 
of the signal. The maximum value reached by a clipped signal is denoted as 𝑥𝑥𝑡𝑡ℎ. 

The probability density function (PDF) of an abruptly clipped signal shows peaks at the clipping 
level [16]. Figure 41 shows the PDF of a signal with abrupt clipping occurring at 𝑥𝑥𝑡𝑡ℎ = ±6𝑔𝑔 
compared with the PDF of the original unclipped Gaussian signal. 

 
Figure 41: PDF of a brick wall limited signal (solid) versus a Gaussian signal (dashed). The abrupt clipping occurs at 

+/- 6 g 

The PDF of an abrupt clipped signal can be expressed as: 
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 𝑝𝑝𝑦𝑦(𝑦𝑦) =

⎩
⎪
⎨

⎪
⎧𝑝𝑝𝑥𝑥(𝑦𝑦)                                                  𝑖𝑖𝑖𝑖|𝑦𝑦| < 𝑥𝑥𝑡𝑡ℎ

1
2
�1 − 𝑒𝑒𝑒𝑒𝑒𝑒 �

|𝑥𝑥𝑡𝑡ℎ|

√2𝜎𝜎𝑥𝑥
��                      𝑖𝑖𝑖𝑖|𝑦𝑦| = 𝑥𝑥𝑡𝑡ℎ 

0                                                          𝑖𝑖𝑖𝑖|𝑦𝑦| > 𝑥𝑥𝑡𝑡ℎ

 Equation 3.3 

 

where 𝑝𝑝𝑥𝑥(𝑥𝑥) is the PDF of a centered Gaussian distribution with standard deviation 𝜎𝜎𝑥𝑥. It can 
be verified that the area under the abrupt clipped PDF equals 1.0.  The PDF obtained is an even 
function and therefore the 1st and 3rd central moments are zero, giving zero mean 𝜇𝜇𝑦𝑦 and 
skewness 𝜆𝜆𝑦𝑦. The root-mean-square (RMS) is then equal to the standard deviation. 

The 2nd and 4th central moments, 𝑀𝑀2 and 𝑀𝑀4, of the abrupt clipped signal can be calculated from 
the definition of the moments of a probability distribution (see Equation 2.17). The probability 
distribution of the abrupt clipped signal is given in Equation 3.3.  The expressions obtained for 
𝑀𝑀2 and 𝑀𝑀4 are then: 

 𝑀𝑀2 = 𝜎𝜎𝑥𝑥2 �𝐶𝐶𝐶𝐶2 + (1 − 𝐶𝐶𝐶𝐶2) erf �
𝐶𝐶𝐶𝐶
√2
� −

2𝐶𝐶𝐶𝐶
√2𝜋𝜋

𝑒𝑒−
1
2𝐶𝐶𝐶𝐶

2
� Equation 3.4 

 𝑀𝑀4 = 𝜎𝜎𝑥𝑥4 �𝐶𝐶𝐶𝐶4 + (3 − 𝐶𝐶𝐶𝐶4) erf �
𝐶𝐶𝐶𝐶
√2
� −

2𝐶𝐶𝐶𝐶
√2𝜋𝜋

𝑒𝑒−
1
2𝐶𝐶𝐶𝐶

2
(𝐶𝐶𝐶𝐶2 + 3)� Equation 3.5 

The kurtosis 𝜅𝜅𝑦𝑦 is related to the 2nd and 4th moments as per Equation 2.19. 

Equation 3.4 and Equation 3.5 clearly express that both the RMS and the kurtosis of the signal 
are reduced when a random Gaussian signal is clipped. Figure 42 shows how the RMS and 
kurtosis evolve against the crest factor 𝐶𝐶𝐶𝐶. The theoretical RMS and the theoretical kurtosis are 
represented using dashed black lines and the RMS and the kurtosis values obtained from time 
series simulations are represented using red lines. The kurtosis value is particularly sensitive to 
the level of clipping. 

 

Figure 42: (a) Theoretical RMS value (dashed black) versus RMS value (red) of the numerical simulations and (b) 
theoretical kurtosis value (dashed black) versus kurtosis value (red) of the numerical simulations 
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3.3.1.2 Soft Clipping 
 
Soft clipping, or compression, is an alternative way of limiting a signal.  The main advantage 
of soft clipping is to reduce the high frequency distortion. Different compression techniques 
exist. One simple way is to use a logistic sigmoid function such as the hyperbolic tangent, the 
arctangent or the error function to limit the amplitudes of a Gaussian signal.  In this work, the 
hyperbolic tangent was used as the nonlinear zero-memory transformation of a Gaussian 
random signal 𝑥𝑥(𝑡𝑡) with standard deviation 𝜎𝜎𝑥𝑥 into a non-Gaussian signal 𝑦𝑦(𝑡𝑡), according to: 

 𝑦𝑦(𝑡𝑡) = 𝐶𝐶𝐶𝐶𝜎𝜎𝑥𝑥𝑡𝑡𝑡𝑡𝑡𝑡ℎ �
𝑥𝑥(𝑡𝑡)
𝐶𝐶𝐶𝐶𝜎𝜎𝑥𝑥

� Equation 3.6 

Applying the PDF transform (see Equation 2.12 in section 2.1.8) leads to the following 
expressions for the PDF of a compressed signal [91]: 

 𝑝𝑝𝑦𝑦(𝑦𝑦) = �
1

√2𝜋𝜋𝜎𝜎𝑥𝑥

1
1 − (𝑦𝑦/𝑥𝑥𝑡𝑡ℎ)2 𝑒𝑒

−12𝐶𝐶𝐶𝐶
2𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎ℎ2(𝑦𝑦/𝑥𝑥𝑡𝑡ℎ)           𝑖𝑖𝑖𝑖|𝑦𝑦| ≤ 𝑥𝑥𝑡𝑡ℎ

0                                                                                   𝑖𝑖𝑖𝑖|𝑦𝑦| > 𝑥𝑥𝑡𝑡ℎ
 Equation 3.7 

It can be verified that the area under the PDF of a compressed signal equals 1.0.  As for the 
abrupt clipped signal, the PDF obtained is even and therefore, the 1st and 3rd central moments 
are zero. The 2nd and 4th central moments, 𝑀𝑀2 and 𝑀𝑀4, can be calculated via numerical 
integration of Equation 3.7. An example PDF for a compressed signal showing reduced tails is 
illustrated in Figure 43. 

 
Figure 43: PDF of compressed signal (solid) versus Gaussian signal (dashed). 

Finally, Figure 44 shows a time domain comparison of a Gaussian drive signal (red) with its 
clipped versions. One is obtained from abrupt clipping (blue) and the other from soft clipping 
(green). The abrupt clipping version is seen to generate a flat top response at the clipped peak. 
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Figure 44: Effect of abrupt clipping versus compression shown in the time domain. 

 

3.3.2 Applications  
 
The same example presented in Table 3.1 and in Figure 38 is used here. A signal of 100s 
sampled at 8192 points per seconds was generated using first the abrupt clipping technique and 
then the soft clipping technique. In both cases, a prescribed crest factor of 2 was used. Figure 
45 shows an extract of the signal obtained after abrupt clipping.  

 
Figure 45 : Example of a signal obtained after “abrupt” clipping of a stationary and Gaussian signal  

Figure 46 shows an extract of the signal obtained after soft clipping. 
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Figure 46: Example of a signal obtained after “soft” clipping of a stationary and Gaussian signal 

None of the clipped signals obtained exceed indeed a level corresponding to twice the RMS 
value (i.e. 8.04 g). It is however difficult to detect soft clipping through a simple visual 
inspection of the time history record. A stronger detection is achieved by computing the PDF 
of the clipped data. 

The PSD and the PDF of the obtained signals are displayed in Figure 47. The PSD and PDF 
corresponding to the abrupt clipped signal are represented in blue line, the PSD and PDF 
corresponding to the soft clipped signal are represented in red line and the target PSD profile 
and the ideal Gaussian distribution are in dashed black lines.  

 
Figure 47 : (a) PSD of the “abruptly” clipped signal in blue overlaid with the PSD of the “soft” clipped signal in red 
and with the target PSD in dashed black lines. (b) PDF the “abruptly” clipped signal overlaid with the PDF of the 

“soft” clipped signal and with the ideal Gaussian PDF 

Note that in Figure 47 (a), the ideal and the calculated PSD don’t match perfectly. This is due 
to clipping, which reduces the variance of the signal. For the case of abrupt clipping, using 
Equation 3.4, one obtains 𝑀𝑀2= 14.87 which corresponds to an RMS value of 3.86, instead of 
the original value of 4.02, representing a loss in the RMS value of about 4%. For the case of 
soft clipping, 𝑀𝑀2 can be calculated from Equation 3.7, and is found to be 𝑀𝑀2= 11.3 in this case 
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which corresponds to an RMS value of 3.36, representing a loss in the RMS value of about 
17%. Clearly, this loss reduces as the crest factor increases. 

Note also the high frequency distortion introduced in the PSD of both clipped signals in Figure 
47 (a). 

3.3.3 Limitations 
 
Although very easy to implement, using either analogue or digital means, abrupt clipping 
introduces strong high frequency distortion in the resulting spectrum [50, 92]. Conceptually, 
this can be understood by thinking of clipping a sine wave, where the spectrum of a sine wave 
is a single line at the fundamental frequency. The more the sine wave is clipped, the closer it 
gets to resemble a square wave. The Fourier series of a square wave is made up of one 
component at the fundamental frequency and an infinite number of odd harmonics, whose 
amplitudes decrease as 1/𝑓𝑓. Soft clipping produces less high frequency distortion compared to 
abrupt clipping but introduces a greater reduction in variance. 

Random vibration tests with various values for sigma clipping have been made and reported on 
a test article instrumented with strain gauges [90]. It was concluded that for endurance tests the 
user should avoid sigma clipping below 3.0 for several reasons. Firstly, clipping the signal 
introduces high frequency distortion. The extra energy above the required cut-off frequency can 
cause damage to components that are sensitive to the additional higher frequency excitation and 
this may not be representative of the real-world excitation. Secondly, it also leads to a reduction 
of energy in the bandwidth of the originally specified test. Finally, and most importantly, it 
noticeably reduces the fatigue damage potential on the test article, due to the reduced number 
of stress cycles of high amplitudes. 

3.4 Steady leptokurtic signal generation 
 
Modern shaker controllers generate drive signals with specific RMS and kurtosis value by 
means of kurtosis control [8]. As previously discussed in section 2.6, damage depends strongly 
on the amplitudes of a process and a high kurtosis means a more impulsive signal with therefore 
higher amplitude peaks in the excitation.  

There are a number of benefits in generating synthetic leptokurtic time series:  

• Simulating a more realistic vibration environment than standard Gaussian distributed 
signals 

• Creating a more severe test to precipitate the failure and reveal probable failure modes 
• Creating a more severe test specification in order to reduce the duration of an endurance 

test while cumulating the same amount of fatigue damage. (i.e. Accelerated testing) 

The kurtosis value represents only one statistical moment and a complex non-Gaussian PDF 
could require a very high number of statistical moments for a perfect match; since the 
probability density function of a random variable is uniquely defined only if all its moments are 
known [36]. There are therefore a multitude of possible PDFs verifying the four lowest order 
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moments, which means that different signals may have the same four lowest order moments 
but different PDFs. Note also that the PDF alone cannot intrinsically differentiate between a 
stationary non-Gaussian signal and a nonstationary signal [16, 58]. So, depending on how 
kurtosis is implemented, a leptokurtic signal will match only some specific non-Gaussian PDFs 
obtained from measured data. There are a number of existing methods in the literature for 
generating random time histories with specified spectral density and kurtosis [88, 50, 84, 87, 
40, 42, 93].  

Two different algorithms for the generation of excitation signals with a high kurtosis are 
presented in this thesis. The first algorithm, described in this section, generates a stationary 
signal with instantaneous, high-excursion peaks. This first technique can be used to generate 
response signals due to nonlinearities in a structure, typically used to obtain a non-Gaussian 
stationary signal that deviates from the normal distribution, showing a steady rate of 
instantaneous peaks [93]. This algorithm has been described in a number of reference papers 
[42, 50] and it is used in this study primarily for comparison purposes with the second 
algorithm. 

The second algorithm, developed in this study as a novel approach and presented in section 3.5, 
creates non-stationary signals with bursts of high amplitude excursions, typically representing 
varying-variance signals. 

3.4.1 The polynomial transform technique 
 
When there is a one-to-one monotonic relationship between two different random signals 𝑥𝑥(𝑡𝑡) 
and 𝑦𝑦(𝑡𝑡), that is, 𝑦𝑦(𝑡𝑡) = 𝑔𝑔(𝑥𝑥(𝑡𝑡)), the PDF of 𝑦𝑦(𝑡𝑡) can be deduced from the PDF of 𝑥𝑥(𝑡𝑡) using 
the PDF transform, as expressed in Equation 2.12. Several formulae for the transformation 𝑔𝑔(. ) 
have been proposed in the literature [50, 94, 95, 96, 97] to adjust the kurtosis of a Gaussian 
random variable. The idea is based on the fact that squaring part of a Gaussian signal will have 
the effect of skewing it, whereas cubing a Gaussian signal will make it leptokurtic. Several 
authors [50, 95, 96] proposed a polynomial transform of the general form:  

 𝑦𝑦(𝑡𝑡) = 𝑐𝑐0 + 𝑐𝑐1𝑥𝑥(𝑡𝑡) + 𝑐𝑐2𝑥𝑥(𝑡𝑡)2 + 𝑐𝑐3𝑥𝑥(𝑡𝑡)3 Equation 3.8 

where 𝑐𝑐0, 𝑐𝑐1, 𝑐𝑐2 and 𝑐𝑐3 are real coefficients driving the type and amount of non-Gaussianity 
that is required. The coefficients can take any value positive, zero or negative, as long as the 
transformation 𝑔𝑔(. ) remains monotonic. Typically, the constant 𝑐𝑐0 in Equation 3.8 specifies the 
mean value, while 𝑐𝑐1 controls the standard deviation of 𝑦𝑦(𝑡𝑡). The 𝑐𝑐2 and 𝑐𝑐3 coefficients 
influence the skewness and kurtosis respectively. The goal is therefore to find a relationship 
between the coefficients in Equation 3.8 and the required statistics for 𝑦𝑦(𝑡𝑡).  

Note that choosing the transformation 𝑔𝑔(. ) as a monotonically increasing function allows the 
process 𝑥𝑥(𝑡𝑡) and its corresponding transformed 𝑦𝑦(𝑡𝑡) to have zero crossings, peaks or valleys at 
the same instants in time and in the same sequence [42]. Consequently, both 𝑥𝑥(𝑡𝑡) and its 
transformed version 𝑦𝑦(𝑡𝑡) will share the same irregularity factor. Moreover, since the rainflow 
counting extracts cycles by pairing peaks and valleys based on their relative positions and time 
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sequence (ref section 2.6.2), the same number of rainflow cycles will be counted in the 𝑥𝑥(𝑡𝑡) 
and transformed 𝑦𝑦(𝑡𝑡) random signals. 

Winterstein [50] considered using Hermite polynomials to expand a Gaussian PDF to match 
the first statistical moments required of the transformed signal 𝑦𝑦(𝑡𝑡). For a leptokurtic process, 
Winterstein’s second order model [50, 56] defines the direct transformation 𝑔𝑔 that allows one 
to obtain 𝑦𝑦(𝑡𝑡) from a standardised Gaussian normal signal 𝑥𝑥(𝑡𝑡) as: 

 𝑦𝑦(𝑡𝑡) = 𝜇𝜇𝑌𝑌 + 𝜎𝜎𝑌𝑌.𝐾𝐾. �𝑥𝑥(𝑡𝑡) + ℎ�3(𝑥𝑥(𝑡𝑡)2 − 1) + ℎ�4(𝑥𝑥(𝑡𝑡)3 − 3𝑥𝑥(𝑡𝑡))� Equation 3.9 

with: 

𝐾𝐾 =
1

�1 + 2ℎ�3
2

+ 6ℎ�4
2
 

ℎ�3 =
𝜆𝜆𝑦𝑦

6�1 + 6ℎ�4�
 

ℎ�4 =
�1 + 1.5�𝜅𝜅𝑦𝑦 − 3� − 1

18
 

where 𝜆𝜆𝑦𝑦 and 𝜅𝜅𝑦𝑦 are the expected skewness and kurtosis respectively.  

So, typically, values for 𝜆𝜆𝑦𝑦 and 𝜅𝜅𝑦𝑦 are specified and the corresponding coefficients 𝐾𝐾, ℎ�3 and 
ℎ�4 are calculated and used in Equation 3.9 to create a leptokurtic signal with the required 
statistical properties from 𝑥𝑥(𝑡𝑡), the realisation of a stationary Gaussian signal.  

The Winterstein second order model was adopted in this thesis for the generation of steady non-
Gaussian signals, because it appears to be widely accepted and it is known to provide an 
accurate representation of a wide range of nonlinear behaviour [56]. Although it is limited by 
the fact that the transformation 𝑔𝑔(. ) must be monotonic i.e. the first derivative of Equation 3.9 
must always be positive. This last condition implies that not all values of skewness and kurtosis 
can be treated by the Hermite model, but for zero skewness, all kurtosis values can be modelled 
[42, 50]. 

Note that Equation 3.9 is an approximate solution using only the first four Hermite coefficients 
ℎ�𝑛𝑛 and neglecting the cross terms ℎ�𝑛𝑛ℎ�𝑚𝑚. This approximation is considered sufficient to capture 
the non-Gaussian characteristics of the signal generated [50, 42].  

Note also that only "softening" responses are considered here (with wider than Gaussian 
distribution tails; e.g. 𝜅𝜅𝑦𝑦 > 3). Another model [50, 56] covers the "hardening" responses (with 
narrower than Gaussian distribution; e.g. 𝜅𝜅𝑦𝑦 < 3). 

Winterstein [50] used the orthogonal properties of the Hermite polynomials to calculate the 
autocovariance function 𝐶𝐶𝑦𝑦𝑦𝑦(𝜏𝜏) and the spectral density 𝑆𝑆𝑦𝑦𝑦𝑦(𝑓𝑓) of a nonlinear transformed 
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signal 𝑦𝑦(𝑡𝑡) in terms of functions related to the original Gaussian process 𝑥𝑥(𝑡𝑡). In the case of a 
four Hermite coefficients approximation, the autocovariance function 𝐶𝐶𝑦𝑦𝑦𝑦(𝜏𝜏) and the spectral 
density 𝑆𝑆𝑦𝑦𝑦𝑦(𝑓𝑓) are approximated as follows:  

 
𝐶𝐶𝑦𝑦𝑦𝑦(𝜏𝜏) = �𝜎𝜎𝑦𝑦.𝐾𝐾�

2
. �𝐶𝐶𝑥𝑥𝑥𝑥(𝜏𝜏) + 2ℎ�3

2
𝐶𝐶𝑥𝑥𝑥𝑥(𝜏𝜏) ∗ 𝐶𝐶𝑥𝑥𝑥𝑥(𝜏𝜏)             

+ 6ℎ�4
2
𝐶𝐶𝑥𝑥𝑥𝑥(𝜏𝜏) ∗ 𝐶𝐶𝑥𝑥𝑥𝑥(𝜏𝜏) ∗ 𝐶𝐶𝑥𝑥𝑥𝑥(𝜏𝜏)� 

Equation 3.10 

and therefore: 

 
𝑆𝑆𝑦𝑦𝑦𝑦(𝑓𝑓) = �𝜎𝜎𝑦𝑦.𝐾𝐾�

2
. �𝑆𝑆𝑥𝑥𝑥𝑥(𝑓𝑓) + 2ℎ�3

2
𝑆𝑆𝑥𝑥𝑥𝑥(𝑓𝑓) ∗ 𝑆𝑆𝑥𝑥𝑥𝑥(𝑓𝑓)               

+ 6ℎ�4
2
𝑆𝑆𝑥𝑥𝑥𝑥(𝑓𝑓) ∗ 𝑆𝑆𝑥𝑥𝑥𝑥(𝑓𝑓) ∗ 𝑆𝑆𝑥𝑥𝑥𝑥(𝑓𝑓)� 

Equation 3.11 

where 𝐾𝐾, ℎ�3 and ℎ�4 are defined in Equation 3.9 as a function of the expected skewness and 
kurtosis and ∗ represents the convolution product.  

Looking at the expression giving the spectral density 𝑆𝑆𝑦𝑦𝑦𝑦(𝑓𝑓), the 2 and 3-fold convolution 
products will induce sub and superharmonics to the original spectral density 𝑆𝑆𝑥𝑥𝑥𝑥(𝑓𝑓). These 
extra harmonics will be subsequently more pronounced as the prescribed kurtosis is high. This 
shows that the zero-memory polynomial transform technique generates some signal power 
redistribution across the frequencies. 

3.4.2 Applications 
 
The polynomial transform method is straightforward to implement, in both an open or closed-
loop algorithm. This technique generates stationary signals that represent responses to zero-
memory nonlinear systems [12, 50]. The signal generated can match the PDF of the structural 
response of a softening or hardening nonlinear system (i.e. with nonlinear stiffness), by 
applying an appropriate monotone function, 𝑔𝑔, to a Gaussian process. 

The non-Gaussian characteristics of the structural response may be due to actual softening/ 
hardening properties of the nonlinear system or to non-Gaussian excitation. For instance, 
systems with nonlinear stiffness subjected to Gaussian stationary excitation will show non-
Gaussian responses. Alternatively, linear responses to typical wind and wave (non-Gaussian) 
loads show leptokurtic characteristics [50]. Note that this method has the advantage of 
potentially modelling the skewness typically due to wind and wave loads. 

It is useful to note that the signal generated 𝑦𝑦(𝑡𝑡) shows peaks that are exaggerated (in the case 
𝜅𝜅𝑦𝑦 > 3) or attenuated (in the case 𝜅𝜅𝑦𝑦 < 3) compared to the peaks in the Gaussian signal 𝑥𝑥(𝑡𝑡). 
This makes this approach also useful to simulate soft clipping [9, 10]. 

The same example presented in Table 3.1 and in Figure 38 is used here. A signal of 100s 
sampled at 8192 points per seconds was generated using the methodology based on the 
polynomial transform technique. A prescribed kurtosis of 12 was used. Figure 48 shows an 
extract of the leptokurtic signal obtained.  
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Figure 48: Example stationary non-Gaussian Signal realisation corresponding to the target PSD and with kurtosis of 

12 

The PSD and the PDF of the obtained signal are displayed in Figure 49. The PSD and PDF are 
overlaid with the target PSD profile and the ideal Gaussian distribution respectively in dashed 
black lines.  

 
Figure 49 : (a) PSD of the obtained signal with kurtosis of 12 overlaid with the target PSD and (b) PDF of the obtained 

signal overlaid with the ideal Gaussian PDF 

The difference with the Gaussian signal is very clear in the PDF, where the leptokurtic signal 
shows a much higher probability of finding high values compared to the Gaussian signal. The 
PSD of the transformed signal is clearly evidencing the harmonic distortions due to the non-
linear transform of the original Gaussian signal. This phenomenon is explained at the end of 
the previous section 3.4.1. 

3.4.3 Limitations of the polynomial transform technique 
 
The first limitation of the polynomial transform technique is that, as discussed in section 3.4.1, 
the zero-memory nonlinear 𝑔𝑔 transformation function has to be monotonic, which introduces a 
limitation on the values of skewness and kurtosis that can be treated by the Hermite model. In 

(a) (b) 
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other words, not all combinations of skewness and kurtosis are allowed. However, for the 
present case of a generally zero skewness process, then all kurtosis values are possible [50, 42].  

Now, as shown in section 3.4.1 and reported in [9, 88], a high prescribed kurtosis introduces 
harmonic distortions which reduce the dynamic range for the spectral density of the generated 
data. This phenomenon can be seen in Figure 49 (a). In the context of shaker tests, it is difficult 
for the controller to compensate for such distortions when driving a vibration test, especially 
when there is a resonance of the test article within the excited frequency band [98]. If the control 
loop is not successful in limiting the induced harmonic distortions, then frequencies that are 
expected to lie outside of the frequency band of interest may well end up being excited.  

However, the main limitation of this technique is that it fails to correctly model the nature of 
some excitations. For instance, the primary cause of the leptokurtic nature of road vehicles 
vibrations is the result of the nonstationarity of the process rather than an inherent non-Gaussian 
character. Often, field data show a continuously varying class of non-stationary signals and this 
approach does not succeed in reproducing the variations in the processes’ amplitude that are 
considered essential if realistic simulations are to be achieved [54, 57].  
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3.5 Nonstationary leptokurtic signal generation 
 
Two different algorithms for the generation of excitation signals with a high kurtosis are 
proposed in this thesis. The first algorithm was presented in section 3.4. The second algorithm, 
developed in this study and proposed here, creates non-stationary signals with bursts of high 
amplitude excursions, typically representing varying-variance signals. This second algorithm 
is a novel approach. 

Such a non-stationary signal can be obtained through a modulation process. A stationary 
Gaussian signal is first generated. This signal is then amplitude modulated by a low frequency 
wave, independent of the Gaussian signal. Although any periodic amplitude modulation 
function could be used to turn a stationary Gaussian process into a nonstationary non-Gaussian 
one, the amplitude modulation comprising spaced and non-centred sine waves will be adopted 
in the rest of this thesis.  

3.5.1 The amplitude modulation technique 
 
Let us assume the nonstationary random process 𝑦𝑦(𝑡𝑡) can be represented as: 

 𝑦𝑦(𝑡𝑡) = 𝑎𝑎(𝑡𝑡). 𝑥𝑥(𝑡𝑡) Equation 3.12 
where 𝑥𝑥(𝑡𝑡) is a stationary Gaussian random process with zero mean and variance 𝜎𝜎𝑥𝑥2 and where 
𝑎𝑎(𝑡𝑡) is a periodic function, each period being made of the concatenation of a constant amplitude 
flat portion and a half sine pulse representing a burst. 

It is suggested that the burst is made of a sine wave window in order to produce a continuous 
junction between the burst and the flat portion, resulting in a nonstationary random signal with 
a continuously varying variance. Bursts have a length of 𝑇𝑇0 and appear once every 𝑇𝑇 seconds 
(i.e. at a rate 1/𝑇𝑇) with 𝑇𝑇0 ≤ 𝑇𝑇, such that they cover 100 ∗ 𝑇𝑇0/𝑇𝑇 % of the total time.  

An example modulation function 𝑎𝑎(𝑡𝑡) is illustrated in Figure 50. 

 
Figure 50: an example modulation function containing spaces 

Over one period lasting 𝑇𝑇 seconds and starting at zero second, the deterministic modulation 
function  𝑎𝑎(𝑡𝑡) is defined as: 

𝑎𝑎(𝑡𝑡) = �     𝐴𝐴. sin(2𝜋𝜋𝜋𝜋/𝑇𝑇0) + 𝐵𝐵                   𝑖𝑖𝑖𝑖 0 ≤ 𝑡𝑡 < 𝑇𝑇0
        𝐵𝐵 − 𝐴𝐴                                         𝑖𝑖𝑖𝑖 𝑇𝑇0 ≤ 𝑡𝑡 ≤ 𝑇𝑇   
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where 𝐴𝐴 is the amplitude of the sine wave making a burst in a period of the modulation function, 
𝑇𝑇0 its period and 𝐵𝐵 its offset. 

In the rest of this thesis, 𝐵𝐵 and 𝐴𝐴 are chosen such that 𝐵𝐵 > 𝐴𝐴, so the modulating function is 
always strictly positive. It is assumed in the rest of this section that 𝑎𝑎(𝑡𝑡) and 𝑥𝑥(𝑡𝑡) are 
independent. Note also that the period 𝑇𝑇 of the modulation function is assumed to be chosen 
such that 1/𝑇𝑇 is below the range of frequencies contained in the original stationary signal 𝑥𝑥(𝑡𝑡). 
The resulting modulated signal 𝑦𝑦(𝑡𝑡) is a nonstationary random process with a constant (zero) 
mean and a time-dependent variance. The variance increases in the vicinity of a burst and 
decreases to a lower, steady value between the bursts of energy. By analogy with amplitude 
modulation in radio communications, the modulation index can be defined as 𝐴𝐴/𝐵𝐵.  

Note that in real life, the bursts are not identical. For instance, Rouillard [99] studied the 
distribution of the length of the various bursts of energy found in vehicles during road 
measurements. Also, the amplitudes 𝐴𝐴 of the bursts should not be constant but should fluctuate 
according to some distribution. Some assumptions were made in the rest of this thesis to keep 
the theory simple and tractable: 

(i) The length of the bursts pulse will be considered constant.  
(ii) The amplitudes of the bursts will remain constant.  
(iii)The bursts may appear at random instants within a period but they will not overlap.  

It is believed that the pure random nature of the underlying stationary signal tends to mask the 
deterministic aspects of the amplitude modulation function. Note that the position in time of the 
bursts within a period, the global statistics of the nonstationary process remain the same, as 
long as the bursts do not overlap. 

The proportion of the burst deviation in a period is noted 𝑟𝑟𝑏𝑏 and is calculated as: 

 𝑟𝑟𝑏𝑏 = 𝑇𝑇0/𝑇𝑇 Equation 3.13 

with 𝑇𝑇0 ≤ 𝑇𝑇 such that 0 ≤ 𝑟𝑟𝑏𝑏 ≤ 1. 

The PDF of the amplitude modulated process can be calculated as the weighted sum of the PDF 
of the Gaussian part and the PDF of the burst, as described in section 2.3.1, Equation 2.67. 
Considering one period of 𝑇𝑇 seconds, the Gaussian part lasts 𝑇𝑇 − 𝑇𝑇0 = 𝑇𝑇(1 − 𝑟𝑟𝑏𝑏) seconds, 
whereas the burst lasts 𝑇𝑇0 = 𝑇𝑇𝑟𝑟𝑏𝑏 seconds. Therefore, the statistical moments associated with 
the amplitude modulated process are the weighted sum of the statistical moments of the 
Gaussian part and the statistical moments of the bursts (see the definition of statistical moments 
in section 2.1.10). 

Three cases of amplitude modulation will be considered and compared next. These are namely 
no burst, only bursts with no stationary portion inbetween and the general case where bursts are 
interlaced with stationary non-modified portions. In each case, the PDF of the random signal 
obtained will be calculated and its statistical moments will be deduced. 
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3.5.1.1 Amplitude modulation using a constant modulation 
 
If 𝑟𝑟𝑏𝑏 = 0, in other words, if the bursts of energy have a zero length 𝑇𝑇0 = 0, then the signal 
obtained is stationary random with variance 𝜎𝜎𝑥𝑥2(𝐵𝐵 − 𝐴𝐴)2, where (𝐵𝐵 − 𝐴𝐴) is the value of the 
“flat” or constant part of the modulation function. 

In this case, the PDF of 𝑦𝑦(𝑡𝑡) is Gaussian and can be calculated using Equation 2.13 in section 
2.1.8 as:  

 𝑝𝑝𝑦𝑦(𝑦𝑦) =
1

√2𝜋𝜋. (𝐵𝐵 − 𝐴𝐴).𝜎𝜎𝑥𝑥
𝑒𝑒
− 𝑦𝑦2
2.(𝐵𝐵−𝐴𝐴)2𝜎𝜎𝑥𝑥2 Equation 3.14 

The statistical moments are those of a Gaussian-distributed random time history (see section 
2.1.10). The first statistical moment 𝐸𝐸[𝑦𝑦] is zero, the second moment is 𝐸𝐸[𝑦𝑦2] = 𝜎𝜎𝑥𝑥2(𝐵𝐵 − 𝐴𝐴)2, 
third moment 𝐸𝐸[𝑦𝑦3] is zero and the fourth moment is 𝐸𝐸[𝑦𝑦4] = 3𝜎𝜎𝑥𝑥4(𝐵𝐵 − 𝐴𝐴)4. Note that the 
Kurtosis is 3. 

3.5.1.2 Amplitude modulation using successive bursts 
 
If 𝑟𝑟𝑏𝑏 = 1, then the variance of the process is constantly oscillating. The modulation function is 
made purely of a non-centred sine wave of amplitude 𝐴𝐴 and mean value 𝐵𝐵. The periodic 
modulation function 𝑎𝑎(𝑡𝑡) is defined as: 

𝑎𝑎(𝑡𝑡) = 𝐴𝐴. cos(2𝜋𝜋𝑓𝑓0𝑡𝑡 + 𝜑𝜑) + 𝐵𝐵 

where 𝐴𝐴 is the amplitude of the modulation function, 𝑓𝑓0 its frequency, 𝜑𝜑 its phase and 𝐵𝐵 its 
offset such that 𝐵𝐵 > 𝐴𝐴  

If the initial phase of this sine wave is considered a random variable, the PDF giving the 
probability of finding a value between (𝐵𝐵 − 𝐴𝐴) and (𝐵𝐵 + 𝐴𝐴) is given as [20, 15]: 

 𝑝𝑝𝑎𝑎(𝑠𝑠) = �
1

𝜋𝜋�𝐴𝐴² − (𝑠𝑠 − 𝐵𝐵)²
     𝑖𝑖𝑖𝑖 |𝑠𝑠 − 𝐵𝐵| < 𝐴𝐴

                0                    𝑖𝑖𝑖𝑖 |𝑠𝑠 − 𝐵𝐵| ≥ 𝐴𝐴
 Equation 3.15 

The PDF of the underlying random noise 𝑥𝑥(𝑡𝑡) follows a Gaussian law. 

The formula for determining the distribution of the product of two independent random 
variables (see section 2.1.9.2, Equation 2.15) can be used to find the distribution of 𝑦𝑦(𝑡𝑡), which 
can be written: 

 𝑝𝑝𝑌𝑌(𝑦𝑦) =
1

√2𝜋𝜋.𝜋𝜋.𝜎𝜎𝑥𝑥
� 𝑒𝑒

− 𝑎𝑎2
2.𝜎𝜎𝑥𝑥2

1
�𝑎𝑎²𝐴𝐴² − (𝑦𝑦 − 𝑎𝑎𝑎𝑎)²

𝑦𝑦/(𝐵𝐵−𝐴𝐴)

𝑦𝑦/(𝐴𝐴+𝐵𝐵)

𝑑𝑑𝑑𝑑 Equation 3.16 

No closed form solution to this integral has been found after an extensive search was conducted. 
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The statistical moments of 𝑦𝑦(𝑡𝑡) though can be derived. The underlying Gaussian signal 𝑥𝑥(𝑡𝑡) 
has a variance 𝐸𝐸[𝑥𝑥2] = 𝜎𝜎𝑥𝑥2. Since the modulating function 𝑎𝑎(𝑡𝑡) is the sum of a harmonic signal 

of amplitude A and a constant B, its variance can be easily calculated as 𝐸𝐸[𝑎𝑎2] = �𝐵𝐵2 + 1
2
𝐴𝐴2�. 

Therefore, the global variance of the signal obtained is 𝐸𝐸[𝑦𝑦2] = 𝐸𝐸[𝑎𝑎2]𝐸𝐸[𝑥𝑥2] = �𝐵𝐵2 +
1
2
𝐴𝐴2� 𝜎𝜎𝑥𝑥2. Note that since 𝑎𝑎(𝑡𝑡) and 𝑦𝑦(𝑡𝑡) are nonstationary, the expectation operator 𝐸𝐸[. ] is 

defined here as an average over an infinite time so that the results obtained are independent of 
the time 𝑡𝑡. 

Similarly, the fourth statistical moment is calculated using 𝐸𝐸[𝑦𝑦4] = 𝐸𝐸[𝑎𝑎4]𝐸𝐸[𝑥𝑥4]. The fourth 
statistical moment of the underlying Gaussian signal 𝑥𝑥(𝑡𝑡) is 𝐸𝐸[𝑥𝑥4] = 3𝜎𝜎𝑥𝑥4. Based on the 
additive property of cumulants, the fourth statistical moment of the modulating function 𝑎𝑎(𝑡𝑡) 
is calculated in Appendix B as: 𝐸𝐸[𝑎𝑎4] = 3

8
𝐴𝐴4 + 𝐵𝐵4 + 3𝐴𝐴2𝐵𝐵2. Finally, the fourth statistical 

moment of 𝑦𝑦(𝑡𝑡) is obtained as: 

𝐸𝐸[𝑦𝑦4] = 𝐸𝐸[𝑎𝑎4]𝐸𝐸[𝑥𝑥4] = �
3
8
𝐴𝐴4 + 𝐵𝐵4 + 3𝐴𝐴2𝐵𝐵2�3𝜎𝜎𝑥𝑥4 

Note that the kurtosis of 𝑦𝑦(𝑡𝑡) is: 

𝜅𝜅𝑦𝑦 = 3
�3

8𝐴𝐴
4 + 𝐵𝐵4 + 3𝐴𝐴2𝐵𝐵2�

�𝐵𝐵2 + 1
2𝐴𝐴

2�
2  

which can be rearranged as:  

 𝜅𝜅𝑦𝑦 =
3
2
𝐴𝐴2.

(𝐴𝐴2 + 16𝐵𝐵2)
(𝐴𝐴2 + 2𝐵𝐵2)2

+ 3 Equation 3.17 

Note that for a given value of the offset 𝐵𝐵, when 0 ≤ 𝐴𝐴 ≤ 𝐵𝐵, 𝜅𝜅𝑦𝑦 is an increasing function of 𝐴𝐴 
because its derivative with respect to 𝐴𝐴 is always positive.  

The value of 𝜅𝜅𝑦𝑦 takes its maximum when 𝐴𝐴 = 𝐵𝐵. This means the maximum kurtosis obtained 
using this approach is 35/6. Also, it is clear from Equation 3.17 that 𝜅𝜅𝑦𝑦 is always greater than 
3.0. 

The case of successive bursts is analogous to an amplitude modulation process with a non-
centered sine wave. Such a signal is always leptokurtic, with a kurtosis value in the range 3 ≤
𝜅𝜅𝑦𝑦 ≤ 35/6. Figure 51 illustrates the value of the kurtosis obtained for various values of 𝐵𝐵 (0 <
𝐵𝐵 ≤ 1) and for various values of  𝐴𝐴 (𝐴𝐴 ≤ 𝐵𝐵).  
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Figure 51 : The kurtosis for a random signal amplitude modulated with successive sinusoidal bursts having various 

amplitude A and offset B values 

For a given offset 𝐵𝐵, the maximum kurtosis is obtained when the amplitude of the modulating 
function 𝐴𝐴 gets close to 𝐵𝐵. This corresponds to the case where bursts of energy are dominant 
and the stationary amplitude modulation part inbetween bursts is comparatively very low. 

3.5.1.3 Amplitude modulation using spaced bursts  
 
In the general case, when 0 ≤ 𝑟𝑟𝑏𝑏 ≤ 1, the global PDF of 𝑦𝑦(𝑡𝑡) is a weighted sum of the PDFs 
of : 

- the stationary part (see Equation 3.14) that is present during (1 − 𝑟𝑟𝑏𝑏) of a period, 
- the purely oscillating part (see Equation 3.16) that is present the remaining fraction 𝑟𝑟𝑏𝑏 

of a period. 

The PDF of the concatenated time history can be calculated using Equation 2.67 in chapter 
2.3.1. The global PDF 𝑝𝑝𝑌𝑌 of 𝑦𝑦(𝑡𝑡) can be expressed as: 

 

𝑝𝑝𝑌𝑌(𝑦𝑦) =
(1 − 𝑟𝑟𝑏𝑏)

√2𝜋𝜋. (𝐵𝐵 − 𝐴𝐴).𝜎𝜎𝑥𝑥
𝑒𝑒
− 𝑦𝑦2
2.(𝐵𝐵−𝐴𝐴)2𝜎𝜎𝑥𝑥2

+
𝑟𝑟𝑏𝑏

√2𝜋𝜋.𝜋𝜋.𝜎𝜎𝑥𝑥
� 𝑒𝑒

− 𝑎𝑎2
2.𝜎𝜎𝑥𝑥2

1
�𝑎𝑎2𝐴𝐴2 − (𝑦𝑦 − 𝑎𝑎𝑎𝑎)2

𝑦𝑦
𝐵𝐵−𝐴𝐴

𝑦𝑦
𝐴𝐴+𝐵𝐵

𝑑𝑑𝑑𝑑 
Equation 3.18 

The PDF obtained in Equation 3.18 is the sum of two parts. The first part is due to the stationary 
sections in the excitation signal; it is a Gaussian PDF with standard deviation (𝐵𝐵 − 𝐴𝐴)𝜎𝜎𝑥𝑥. No 
closed form solution to the integral present in Equation 3.18 has been found. It is therefore 
recommended to use a numerical integration to solve it.  

Note that the PDFs of the particular cases with no bursts or successive bursts presented in the 
two previous sections can be found by setting 𝑟𝑟𝑏𝑏 = 0 and 𝑟𝑟𝑏𝑏 = 1 respectively. 
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The second and fourth statistical moments of the concatenated process can deduced from their 
definition, based on PDFs (see Equation 2.16 in chapter 2.1.10). They are therefore calculated 
as a weighted sum of the second and fourth statistical moments of the stationary and the 
amplitude modulated processes. 

 

⎩
⎪
⎨

⎪
⎧ 𝐸𝐸[𝑦𝑦2] = 𝑟𝑟𝑏𝑏.𝜎𝜎𝑥𝑥2.�

𝐴𝐴2 

2
+ 𝐵𝐵2� + (1 − 𝑟𝑟𝑏𝑏).𝜎𝜎𝑥𝑥2. (𝐵𝐵 − 𝐴𝐴)2

𝐸𝐸[𝑦𝑦4] = 𝑟𝑟𝑏𝑏 . �
3
8

.𝐴𝐴4 + 𝐵𝐵4 + 3𝐴𝐴2𝐵𝐵2� . 3𝜎𝜎𝑥𝑥4 + (1 − 𝑟𝑟𝑏𝑏). 3𝜎𝜎𝑥𝑥4. (𝐵𝐵 − 𝐴𝐴)4
 Equation 3.19 

The expression for the kurtosis is then deduced: 

 𝜅𝜅𝑦𝑦 = 3 ∙
𝑟𝑟𝑏𝑏 �

3
8 .𝐴𝐴4 + 𝐵𝐵4 + 3𝐴𝐴2𝐵𝐵2�+ (1 − 𝑟𝑟𝑏𝑏). (𝐵𝐵 − 𝐴𝐴)4

�𝑟𝑟𝑏𝑏. �𝐴𝐴
2 

2 + 𝐵𝐵2� + (1 − 𝑟𝑟𝑏𝑏)(𝐵𝐵 − 𝐴𝐴)2�
2  Equation 3.20 

Note that the variance and kurtosis of the particular cases with no bursts or successive bursts 
presented in the two previous sections can be found by setting 𝑟𝑟𝑏𝑏 = 0 and 𝑟𝑟𝑏𝑏 = 1 respectively. 

The system of equations given in Equation 3.19 can be simplified. The generated nonstationary 
excitation 𝑦𝑦(𝑡𝑡) is meant to have the same variance as the original stationary Gaussian signal it 
is obtained from, so 𝐸𝐸[𝑦𝑦2] = 𝜎𝜎𝑥𝑥2. Also, using the definition of the kurtosis value, the fourth 
moment of the generated excitation signal 𝐸𝐸[𝑦𝑦4] can be substituted with 𝜅𝜅𝑦𝑦𝐸𝐸[𝑦𝑦2]2, which is 
known since 𝜅𝜅𝑦𝑦 is the value of the prescribed kurtosis. 

In this more general case, 𝑟𝑟𝑏𝑏 can be very small, leading to a very peaky amplitude modulation 
signal, which in turn leads to an amplitude modulated signal with a very high kurtosis value.  

Let 𝐵𝐵 be a fixed value and let 𝜅𝜅𝑦𝑦 be a function of two variables 𝐴𝐴 and 𝑟𝑟𝑏𝑏. For a given value of 
B, virtually any kurtosis bigger than 3.0 can be obtained by varying 𝐴𝐴 and 𝑟𝑟𝑏𝑏. Figure 52 shows 
a surface plot showing kurtosis for a fixed value of 𝐵𝐵 = 1 and for 0 ≤ 𝐴𝐴 ≤ 1 and various values 
of 𝑟𝑟𝑏𝑏.  
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Figure 52: The kurtosis value for a random signal amplitude modulated with spaced sinusoidal bursts having a fixed 

offset B and varying amplitude A and proportion of bursts rb 

Only the first four colours corresponding to the lowest ranges of kurtosis (3-23) are displayed 
in the legend for the sake of clarity. The other colours correspond to kurtosis values above 23 
and the black area contains kurtosis values higher than 150. The horizontal and vertical scales 
are not linear, but concentrate around low values of 𝑟𝑟𝑏𝑏 and high values of 𝐴𝐴, where high values 
of kurtosis are typically obtained. This area corresponds to scenarios where bursts of energy are 
dominant and the stationary part inbetween is comparatively very low.  

By examination of the contour curves, it appears that there are several different cases leading 
to a similar value of kurtosis. For instance, a signal with very rare bursts of low amplitudes (low 
𝑟𝑟𝑏𝑏 and low 𝐴𝐴) may have the same kurtosis as a signal mostly made of high fluctuations (high 𝑟𝑟𝑏𝑏 
and high 𝐴𝐴). Both signals will have very different PDF distributions though and will therefore 
represent different physical phenomena. Also, as will be shown in section 4.4, when both 
signals are used as excitations to a component with a given frequency response, they will lead 
to responses with very different kurtosis values. This is why the rate of bursts shall be typically 
left as a user input parameter when it comes to simulating some leptokurtic nonstationary 
excitations. 

To produce a signal that follows both the prescribed PSD and kurtosis using amplitude 
modulation, it is proposed to first derive a stationary signal 𝑥𝑥(𝑡𝑡) from the PSD, as described in 
section 3.2 and then multiply it by a modulation function 𝑎𝑎(𝑡𝑡). The characteristics of 𝑎𝑎(𝑡𝑡) are 
calculated based on the value of the target kurtosis and the rate of bursts 𝑟𝑟𝑏𝑏, chosen based on 
the type of phenomenon – more or less impulsive – that one wants to simulate.  

The objective is therefore to solve the system of equations given in Equation 3.19 to find the 
unknown coefficients 𝐴𝐴 and 𝐵𝐵 for a prescribed kurtosis value and a given proportion of bursts 
𝑟𝑟𝑏𝑏. Newton’s method [100] can be used to solve the system of nonlinear equations in Equation 
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3.19. This type of iterative algorithm requires initial estimates for 𝐴𝐴 and 𝐵𝐵 to converge more 
rapidly. Also, in case where there are multiple solutions, the algorithm will converge to the 
solution closest to the initial guess. 

The calculation of the initial estimates is given in Appendix B. An initial estimate for 𝐴𝐴 and 𝐵𝐵 

can be: 𝐴𝐴𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 = 0.5�
1

�𝑟𝑟𝑏𝑏2−
3
2𝑟𝑟𝑏𝑏�

 and  

𝐵𝐵𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 = 𝐴𝐴𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒(1 − 𝑟𝑟𝑏𝑏) + �𝐴𝐴𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒2(𝑟𝑟𝑏𝑏² − 3/2𝑟𝑟𝑏𝑏) + 1. 

Routines based on Newton’s method such as zeros_sys_eqn in IMSL [101] can be used to solve 
the system of nonlinear equations using the provided initial estimates 𝐴𝐴𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 and 𝐵𝐵𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒.  

In actual fact, different physical phenomena may lead to bursts of energy having different 
durations. In some cases, bursts can be quite instantaneous, whereas in other case, they are made 
of a rather continuous and slow variation of the variance of the signal. Also, bursts can occur 
more or less often, depending on how many bursts occur per unit time. So there is a need to 
give the user the ability to define the proportion of bursts with two properties: the burst duration 
in seconds and the burst rate in the number of bursts per second. The proportion of bursts 𝑟𝑟𝑏𝑏 is 
therefore obtained as the product of the burst’s duration with the burst rate. 

Note that only the proportion of bursts 𝑟𝑟𝑏𝑏 has a role at this stage. The burst’s duration will play 
a role, however, on the kurtosis value of the response of a linear system which responds to this 
excitation (see section 4.4). 

To define the spectral structure of time series, it is not appropriate to apply the same processing 
techniques established for stationary data to time-varying mean square data (see section 2.2). 
Alternative techniques do exist that are dedicated to nonstationary data such as poly-spectra 
[38] and time-frequency instantaneous spectra [16]. These techniques are used generically for 
many different types of nonstationary signals. However, the signal of interest is very specific 
i.e. a stationary random signal modulated with a periodic function. It can be considered as 
cyclostationary and specific techniques apply to such a class of random signal [46, 47]. 

Assuming the underlying zero mean stationary Gaussian random process 𝑥𝑥(𝑡𝑡) and the 
modulation function 𝑎𝑎(𝑡𝑡) are independent, the mean of the amplitude modulated signal 𝑦𝑦(𝑡𝑡) is 
then calculated as 𝐸𝐸[𝑦𝑦] = 𝐸𝐸[𝑎𝑎]𝐸𝐸[𝑥𝑥] = 0. 

Using the Parseval identity, the sum of the moduli squared of the complex Fourier coefficients 
𝑎𝑎𝑘𝑘 of the periodic function 𝑎𝑎(𝑡𝑡) is equal to the average value of |𝑎𝑎(𝑡𝑡)|2 over one period. One 
can thus write: 𝐸𝐸[𝑎𝑎2] = ∑|𝑎𝑎𝑘𝑘|2 and the variance of 𝑦𝑦(𝑡𝑡) is: 

𝐸𝐸[𝑦𝑦2] = 𝐸𝐸[𝑎𝑎2]𝐸𝐸[𝑥𝑥2] = 𝜎𝜎𝑥𝑥2�|𝑎𝑎𝑘𝑘|2
𝑘𝑘

 

where 𝜎𝜎𝑥𝑥2 is the variance of the stationary ergodic signal 𝑥𝑥(𝑡𝑡) and 𝑎𝑎𝑘𝑘 are the Fourier coefficients 
of the periodic function 𝑎𝑎(𝑡𝑡). Note that since 𝑎𝑎(𝑡𝑡) and 𝑦𝑦(𝑡𝑡) are nonstationary, the expectation 
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operator 𝐸𝐸[. ] is defined here as an average over an infinite time so that the results obtained are 
independent of the time 𝑡𝑡. 

The derivations to obtain the kurtosis 𝜅𝜅𝑦𝑦 presented next are based on the theory of 
cyclostationary processes (see section 2.3.2) and constitute a novel approach developped in this 
thesis.  

The fourth statistical moment of 𝑦𝑦(𝑡𝑡) is : 

𝐸𝐸[𝑦𝑦4] = 𝐸𝐸[𝑎𝑎4]𝐸𝐸[𝑥𝑥4] = �|𝑅𝑅𝑎𝑎(𝑝𝑝)|2
𝑝𝑝

. 𝜅𝜅𝑥𝑥.𝜎𝜎𝑥𝑥4 

where 𝑅𝑅𝑎𝑎(𝑝𝑝) = ∑ 𝑎𝑎𝑘𝑘𝑎𝑎𝑘𝑘−𝑝𝑝∗
𝑘𝑘  is the correlation function of the Fourier coefficients 𝑎𝑎𝑘𝑘 of the 

periodic modulation function and 𝜅𝜅𝑥𝑥 the kurtosis of the stationary Gaussian signal 𝑥𝑥(𝑡𝑡). Noting 
that ∑ |𝑎𝑎𝑘𝑘|2𝑘𝑘 = 𝑅𝑅𝑎𝑎(0), the kurtosis 𝜅𝜅𝑦𝑦 of the signal 𝑦𝑦(𝑡𝑡) can be expressed as : 

𝜅𝜅𝑦𝑦 =
∑ |𝑅𝑅𝑎𝑎(𝑝𝑝)|2𝑝𝑝

|𝑅𝑅𝑎𝑎(0)|2 𝜅𝜅𝑥𝑥 

This expression can be modified to include the cyclic autocorrelation function [102]. This is 
done by noting that using Equation 2.75, 𝑅𝑅𝑦𝑦𝑦𝑦

𝑝𝑝 𝑇𝑇⁄ (0) = 𝑅𝑅𝑥𝑥𝑥𝑥(0)∑ 𝑎𝑎𝑘𝑘𝑎𝑎𝑘𝑘−𝑝𝑝∗ = 𝑅𝑅𝑥𝑥𝑥𝑥(0)𝑘𝑘 𝑅𝑅𝑎𝑎(𝑝𝑝), 

hence 𝑅𝑅𝑎𝑎(𝑝𝑝) = 𝑅𝑅𝑦𝑦𝑦𝑦
𝑝𝑝 𝑇𝑇⁄ (0) 𝑅𝑅𝑥𝑥𝑥𝑥(0)�  and : 

𝜅𝜅𝑦𝑦 =
∑ �𝑅𝑅𝑦𝑦𝑦𝑦

𝑝𝑝 𝑇𝑇⁄ (0)�
2

𝑝𝑝

�𝑅𝑅𝑦𝑦𝑦𝑦0 (0)�
2 𝜅𝜅𝑥𝑥 

The kurtosis 𝜅𝜅𝑦𝑦 of the signal 𝑦𝑦(𝑡𝑡) can be obtained in terms of the cyclic spectrum: 

 𝜅𝜅𝑦𝑦 =
∑ �∫ 𝑆𝑆𝑦𝑦𝑦𝑦

𝑝𝑝 𝑇𝑇⁄ (𝑓𝑓)𝑑𝑑𝑑𝑑�
2

𝑝𝑝

�∫ 𝑆𝑆𝑦𝑦𝑦𝑦0 (𝑓𝑓)𝑑𝑑𝑑𝑑�
2 𝜅𝜅𝑥𝑥 Equation 3.21 

Equation 3.21 shows that the kurtosis 𝜅𝜅𝑦𝑦 of the signal 𝑦𝑦(𝑡𝑡) depends on the sum of the cyclic 
spectral variances and on the kurtosis of the input 𝜅𝜅𝑥𝑥. Note that 𝜅𝜅𝑥𝑥 = 3 in the present case, but 
the underlying stationary random signal does not need to be Gaussian. The number of cyclic 
spectra considered (𝑝𝑝 here) depend on the number of Fourier coefficients required to represent 
the modulation function 𝑎𝑎(𝑡𝑡). 

Replacing 𝑆𝑆𝑦𝑦𝑦𝑦
𝑝𝑝 𝑇𝑇⁄ (𝑓𝑓) with its expression given in Equation 2.77 and noting that ∫ 𝑆𝑆𝑥𝑥𝑥𝑥 �𝑓𝑓 −

𝑘𝑘
𝑇𝑇

+∞
−∞

𝑝𝑝
2𝑇𝑇
�  𝑑𝑑𝑑𝑑 is independent on 𝑘𝑘 or 𝑝𝑝, one obtains the relationship relating the kurtosis of the 

amplitude modulated signal with the characteristics of the amplitude modulation function as:  
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 𝜅𝜅𝑦𝑦 =
∑ �∑ 𝑎𝑎𝑘𝑘𝑎𝑎𝑘𝑘−𝑝𝑝∗

𝑘𝑘 �
2

𝑝𝑝

|∑ 𝑎𝑎𝑘𝑘𝑎𝑎𝑘𝑘∗𝑘𝑘 |2 𝜅𝜅𝑥𝑥 Equation 3.22 

The amplitude modulated signal 𝑦𝑦(𝑡𝑡) is cyclostationary of order 2 [46]. Its cyclic spectrum is 
derived in section 2.3 and is found to be:  

 𝑆𝑆𝑦𝑦𝑦𝑦
𝑝𝑝/𝑇𝑇(𝑓𝑓) = �𝑎𝑎𝑘𝑘𝑎𝑎𝑘𝑘−𝑝𝑝∗

𝑘𝑘

𝑆𝑆𝑥𝑥𝑥𝑥 �𝑓𝑓 −
𝑘𝑘
𝑇𝑇

+
𝑝𝑝

2𝑇𝑇
� Equation 2.77 

with 𝑆𝑆𝑥𝑥𝑥𝑥(𝑓𝑓) the PSD of the underlying stationary signal 𝑥𝑥(𝑡𝑡) and 𝑎𝑎𝑘𝑘 the Fourier coefficients of 
the modulating function. In the case where the modulation function comprises a half sine wave 
interlaced with stationary portions, the Fourier coefficients 𝑎𝑎𝑘𝑘 are calculated in Appendix B 
and are: 

 𝑎𝑎𝑘𝑘 = 𝐴𝐴. 𝑟𝑟𝑏𝑏 .�1 +
𝑘𝑘2

(1/𝑟𝑟𝑏𝑏)2 − 𝑘𝑘2
� �

𝑠𝑠𝑠𝑠𝑠𝑠(𝜋𝜋𝜋𝜋𝑟𝑟𝑏𝑏)
𝜋𝜋𝜋𝜋𝑟𝑟𝑏𝑏

� Equation 3.23 

for all 𝑘𝑘 ≠ 0, and for 𝑘𝑘 = 0, 𝑎𝑎0 = (𝐵𝐵 − 𝐴𝐴) + 𝑟𝑟𝑏𝑏𝐴𝐴.  

Note that 𝑎𝑎𝑘𝑘 are not defined in Equation 3.23 for 𝑟𝑟𝑏𝑏 = 1 i.e. when the modulation function is a 
non-centred sine wave expressed as 𝑎𝑎(𝑡𝑡) = 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴(2𝜋𝜋𝜋𝜋0𝑡𝑡) + 𝐵𝐵. In this trivial case, the Fourier 
coefficients 𝑎𝑎𝑘𝑘 are all zero except 𝑎𝑎0 = 𝐵𝐵 and 𝑎𝑎±1 = 𝐴𝐴/2.  

Note that for 𝑝𝑝 = 0, the cyclic spectrum reduces to the conventional PSD [47]. Using Equation 

2.77, 𝑆𝑆𝑦𝑦𝑦𝑦0 (𝑓𝑓) is expressed as ∑ |𝑎𝑎𝑘𝑘|2𝑘𝑘 𝑆𝑆𝑥𝑥𝑥𝑥 �𝑓𝑓 −
𝑘𝑘
𝑇𝑇
�, which reveals the presence of sidebands due 

to the spectrum being shifted by 𝑘𝑘
𝑇𝑇
. The level of the sidebands is reduced when the rate 𝑎𝑎𝑘𝑘/𝑎𝑎0 

is reduced. In order to reduce the out of band effects in the PSD of the nonstationary signal 
generated, it is suggested to have a very high value for 𝑇𝑇 i.e. a very low burst rate (typically 
below the range of frequencies contained in 𝑆𝑆𝑥𝑥𝑥𝑥), with a low proportion of bursts 𝑟𝑟𝑏𝑏 and with a 
small modulation index 𝐴𝐴/𝐵𝐵. It is worth noting that limiting the modulation index can limit the 
value of the kurtosis obtained (see Figure 52). So in practice, if a very high kurtosis is required 
then there will be sideband effects. 

Figure 53 shows the values of the 20 first Fourier coefficients calculated using Equation 3.23 
for two proportion of bursts 𝑟𝑟𝑏𝑏 = 0.1 (represented using triangles) and 𝑟𝑟𝑏𝑏 = 0.01 (represented 
using circles) in the case of a modulating function with 𝐴𝐴 = 1 and 𝐵𝐵 = 2. Note that the values 
were normalised with respect to 𝑎𝑎0. It clearly illustrates the values that the rate 𝑎𝑎𝑘𝑘/𝑎𝑎0 can take 
for different proportions of bursts 𝑟𝑟𝑏𝑏. 



 
115 

 

 

Figure 53: Fourier coefficients for a modulating function with rb = 0.1 (triangles) and rb =0.01 (circles) 

The kurtosis of the excitation 𝑦𝑦(𝑡𝑡) can be obtained by applying Equation 3.22 linking the 
Fourier coefficients 𝑎𝑎𝑘𝑘 and the kurtosis of a cyclostationary process. 

Equation 3.22 is a generic expression for the kurtosis of an amplitude modulated signal 𝜅𝜅𝑦𝑦 using 
the Fourier coefficients 𝑎𝑎𝑘𝑘 of the periodic modulation function. A closed form solution can be 
found in the case of successive half-sine bursts, i.e. when the modulation function is a non-
centred sine wave. In this specific case, the Fourier coefficients 𝑎𝑎𝑘𝑘 and 𝑏𝑏𝑘𝑘 are zero for all 𝑘𝑘 but 
for 𝑘𝑘 = 0 and for 𝑘𝑘 = ±1, where 𝑎𝑎𝑘𝑘 = 𝐵𝐵 and 𝑎𝑎𝑘𝑘 = 𝐴𝐴/2 respectively.  

Using Equation 3.22, the kurtosis 𝜅𝜅𝑦𝑦 becomes: 

𝜅𝜅𝑦𝑦 =
3
8𝐴𝐴

4 + 𝐵𝐵4 + 3𝐴𝐴2𝐵𝐵2

�𝐵𝐵2 + 1
2𝐴𝐴

2�
2 𝜅𝜅𝑥𝑥 

This is the same expression as given in Equation 3.17, found by calculating the statistical 
moments of the amplitude modulated random signal.  

The cyclostationary theory will be used in section 4.4 to calculate the cyclic spectrum of the 
response signal obtained when the excitation signal is filtered with the frequency response 
function of the component of interest. Then the kurtosis of the response will be calculated using 
Equation 3.21. 

Note that since the bursts are randomly distributed in time, the process is not strictly 
cyclostationary. The theory of cyclostationarity is however used here, because it is convenient 
to understand the relationship between the input and output statistics. Looking at the global 
time-averaged statistical moments only, providing the bursts do not overlap, their position in 
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time relative to each other does not play any role. In section 4.4 it will be assumed that the 
statistics of the response can be derived using the theory of cyclostationarity.  

Note also that the calculation of the kurtosis of the signal only requires the proportion of time 
duration containing bursts 𝑟𝑟𝑏𝑏. There is no parameter for the burst width 𝑇𝑇0 nor for the length of 
the modulator 𝑇𝑇. So, for the global statistics, having 10 bursts per second of 0.01 s each is 
equivalent to having 1 burst per second of 0.1s each. In section 4.4, however, the prediction of 
the kurtosis of the response to a linear and time-invariant (LTI) system will require one to know 
how large each burst is and how spaced they are apart.  

3.5.2 Applications  
 
Some specific vibratory environments such as road vehicle vibrations can be significantly non-
stationary mainly due to variations in road roughness and vehicle speed [54, 55]. Some authors 
[54, 55] argue that non-stationary random vehicle vibrations consist of segments of Gaussian 
stationary data. So, a road excitation signal can be seen as an amplitude modulated process. 
Road sections with a high degree of roughness are of special interest, since these have a 
significant impact on the fatigue life of a vehicle. It has been shown [57, 103] that most of the 
fatigue damage accumulated in a vehicle are consequence of short-duration oscillations caused 
by local irregularities on the road surface. The road excitation can be modelled as Gaussian 
loads with superimposed bursts of energy due to a sudden short change of surface variability. 
Similarly, in the military [59] or in the rail industry [60], excitations show clear nonstationary 
segments of data. 

Gaussian loads with time-varying mean square values are present in many other fields. For 
example, responses of a sailing vessel can be modelled as a Gaussian process with bursts due 
to ‘slams’ which occur when a ship proceeds at certain speeds in rough seas and the front part 
of the underside of the hull sustains large forces as the result of impact with the sea surface 
[57]. In the field of civil engineering, bursts of energy are due to wind [48, 49, 50], waves [50] 
and earthquakes [51], whereas in the aerospace industry they are typically due to turbulent 
boundary flow [19, 52, 53]. Other typical examples are found in mechanical systems consisting 
of rotating parts, where bursts of energy are released a number of times per revolution [46]: 
combustion of gas in internal combustion engines, admission and exhaust of fluids in pumps, 
turbulence around fan blades, etc. 

The same example presented in Table 3.1 and in Figure 38 is used here.  

A signal of 100s sampled at 8192 points per seconds was generated using the methodology 
based on the amplitude modulation technique described in this section. A prescribed kurtosis 
of 12 was used. Figure 54 shows an extract of the leptokurtic signal obtained.  
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Figure 54: An example nonstationary non-Gaussian Signal realization corresponding to target PSD and kurtosis of 12 

The PSD and the PDF of the signal obtained are displayed in Figure 55. The PSD and PDF are 
overlaid with the target PSD profile and the ideal Gaussian distribution respectively in dashed 
black lines.  

 
Figure 55 : (a) PSD of the obtained signal with kurtosis of 12 overlaid with the target PSD and (b) PDF of the obtained 

signal overlaid with the ideal Gaussian PDF 

The difference with the Gaussian signal is very clear in the PDF, where the leptokurtic signal 
shows a much higher probability of finding high values compared to the Gaussian signal. As 
expected from Equation 3.18, the PDF is indeed made of two constituents. This is revealed by 
the change in slope in the shape of the non-Gaussian PDF obtained.  

Both techniques for generating leptokurtic signals can be compared. The PSD and the PDF of 
the signals obtained are compared in Figure 56. The PSD and PDF corresponding to the steady 
leptokurtic signal are represented in blue line, the PSD and PDF corresponding to the 
nonstationary leptokurtic signal are represented in red line and the target PSD profile and the 
ideal Gaussian distribution are in dashed black lines.  

 

(a) (b) 
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Figure 56: (a) PSD of the steady leptokurtic signal generated in blue overlaid with the PSD of the nonstationary 
leptokurtic signal in red and with the target PSD in dashed black lines. (b) PDF the steady leptokurtic signal overlaid 
with the PDF of the nonstationary leptokurtic signal and with the ideal Gaussian PDF. Both leptokurtic signals have 

the same kurtosis value of 12. 

Both leptokurtic signals share the same target kurtosis value of 12. Figure 56 (a) reveals how 
much harmonic distortion can be introduced by the polynomial transform technique, when used 
to generate a steady leptokurtic random signal. Comparatively, the amplitude modulation 
technique shows a much better dynamic range. Indeed, the sidebands generated by the 
amplitude modulation can be drastically reduced by adopting a low proportion of bursts 𝑟𝑟𝑏𝑏 with 
a small modulation index 𝐴𝐴/𝐵𝐵. 

3.5.3 Limitations 
 
This method requires not only the kurtosis but also additional parameters, which define the 
proportion of the time duration of the bursts of energy. Depending on the proportion of bursts 
𝑟𝑟𝑏𝑏, not all values for the kurtosis can be achieved. For instance, using a proportion of bursts of 
1.0 will lead to a sinusoidal modulation function, which only allows a maximum kurtosis of 
5.83 (see section 3.5.1.2). Basically, according to Figure 52, 𝑟𝑟𝑏𝑏 must be strictly positive and 
smaller than 1 for the amplitude modulated signal obtained to be able to reach high kurtosis 
values.  

This method, being based on amplitude modulation, will introduce sidebands which in turn 
reduce the dynamic range for the spectral density of the generated data. However, for a given 
kurtosis value, the out of band energy introduced by the amplitude modulation technique is 
typically much smaller than the one introduced by the polynomial transform technique (see 
Figure 56 (a)). This is a benefit of this novel approach proposed in this section for generating 
nonstationary leptokurtic excitation signals. 

So far, the method proposed produces signals with zero skewness and does not allow modelling 
or introduction of any non-zero skewness value.  
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3.6 Conclusions 
 
Chapter 3 introduced methods that can be used to generate stationary Gaussian random signals 
and some specific non-Gaussian random signals including:  

i. Clipped random signals: to simulate how the excitation signal is typically limited during 
a shaker test.  

ii. Random signals with high kurtosis: to simulate non-Gaussian loads found in service 
such as potholes in the automotive industry.  

Two different algorithms for the generation of excitation signals with a high kurtosis were 
presented. The first algorithm generates a stationary signal with instantaneous, high-excursion 
peaks, whereas the second algorithm creates non-stationary signals with bursts of high 
amplitude excursions, typically representing varying-variance signals. For this second 
methodology, the relationship between the characteristics of the modulation function and the 
kurtosis desired was developed in this study as an original contribution.  

Each method was detailed and applications were discussed. Each signal generation procedure 
was illustrated with numerical examples. Finally, the known limitations of each technique were 
described and explained.  

Chapter 3 will now serve for simulation and validation purposes in the rest of this thesis. Indeed, 
the next chapters will concentrate on statistical methods for deriving output distributions and 
fatigue damage; the various theories presented will be validated and supported by generating 
signals and running time domain numerical simulations.  

Chapter 4 will discuss the statistics of the response of a linear system to Gaussian and various 
non-Gaussian excitations. The linear system is considered to be a mechanical component and 
the response is expressed in terms of the stress response. The reader will realise that, for some 
specific non-Gaussian loadings, it is possible to determine the statistics of the response knowing 
only the statistics of the excitation and the dynamic characteristics of the linear system, without 
having to perform simulations requiring the production of long excitation time histories. 
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4 Relationship between the input and output statistics  
 

4.1 Introduction and assumptions 
 
Various means to generate a signal with a specified power spectral density (PSD) and kurtosis 
have been identified and studied in chapter 3. A signal generated using the techniques presented 
in chapter 3 is meant to represent the excitation applied to a mechanical device, not the stress 
response at a critical location. 

In this chapter, the mechanical device or object is considered to be a linear and time invariant 
system (see section 0) and is represented by a linear filter. The linearity assumption taken in 
this thesis is based on the fact that the (stress) response characteristics for many mechanical 
systems may be assumed to be linear, at least over some limited range of inputs, without 
involving unreasonable errors [16]. The linear system is represented by a frequency response 
function (FRF), which can represent a multimodal system. The output stress obtained has 
specific characteristics and statistics such as root mean square (RMS) and kurtosis values.  

The response of linear systems to non-Gaussian inputs have been previously documented [51, 
104, 105], but they are often based on simulations and none of them provide a clear relationship 
between the input and output kurtosis for instance. The so-called Papoulis rule [66] states that 
the response of a narrowband filter will tend towards a Gaussian process, as the bandwidth of 
the filter tends to zero. This is irrespective of the distribution associated with the input signal.  

The main objective of this chapter is to find out the non-Gaussian characteristics of the output 
stress signal, knowing the non-Gaussian characteristics of the input excitation signal; without 
the need for numerical simulations. Formulations are proposed that give the statistics of the 
response due to specific non-Gaussian random excitations, including steady non-Gaussian 
loadings, non-stationary signals with high amplitude excursions.  

The synoptic presented in Figure 57 illustrates the inputs and results obtained in this chapter, 
more specifically related to the kurtosis. Note that in the case of clipped excitations, the crest 
factor used is associated with the excitation PSD instead of the kurtosis value.   

 

Figure 57 : Inputs required and results obtained in this chapter in the case of kurtosis controlled excitations 

Three types of random excitations will be considered next: stationary random Gaussian noise, 
stationary non-Gaussian excitations, including clipped and leptokurtic signals and finally 
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nonstationary excitations. For the non-Gaussian cases, theoretical expressions will be 
developed and proposed to predict the non-Gaussian characteristics of the output stress signal. 

4.2 Output statistics from a stationary random Gaussian noise excitation 
 
Section 2.4 presents the input-output relationships for a stationary Gaussian excitation of a 
linear system. Ways to calculate the output signal waveform are also described in section 2.4, 
with Equation 2.79: 

 𝑧𝑧(𝑡𝑡) = �ℎ(𝑡𝑡 − 𝜏𝜏). 𝑥𝑥(𝜏𝜏)𝑑𝑑𝑑𝑑
𝑡𝑡

−∞

 Equation 2.79 

where ℎ(𝜏𝜏) is the impulse response function of the system, 𝑥𝑥(𝑡𝑡) the input signal and 𝑧𝑧(𝑡𝑡) the 
output signal. 

And the calculation of the output PSD is done using Equation 2.82 : 

 𝐺𝐺𝑧𝑧𝑧𝑧(𝑓𝑓) = 𝐻𝐻∗(𝑓𝑓).𝐻𝐻(𝑓𝑓).𝐺𝐺𝑥𝑥𝑥𝑥(𝑓𝑓) Equation 2.82 

where 𝐻𝐻∗ is the complex conjugate of 𝐻𝐻. 𝐺𝐺𝑧𝑧𝑧𝑧 and 𝐺𝐺𝑥𝑥𝑥𝑥 are the PSDs of the input to and output 
of the system respectively.  

The RMS of the response 𝜎𝜎𝑧𝑧 can be calculated by incorporating Equation 2.82 into Equation 
2.42 as: 

 𝜎𝜎𝑧𝑧2 = � 𝐻𝐻∗(𝑓𝑓).𝐻𝐻(𝑓𝑓).𝐺𝐺𝑥𝑥𝑥𝑥(𝑓𝑓)𝑑𝑑𝑑𝑑
∞

0

 Equation 4.1 

Note that these expressions (Equation 2.79, Equation 2.82 and Equation 4.1) are valid for all 
types of excitations, stationary Gaussian or not, as long as the system is linear and time-
invariant (LTI) [20]. 

Section 2.4 especially states that when the input 𝑥𝑥(𝑡𝑡) is from a stationary random process and 
if the system 𝑓𝑓 is linear and time invariant, then the output 𝑧𝑧(𝑡𝑡) = 𝑓𝑓[𝑥𝑥(𝑡𝑡)] will form a stationary 
random process [16]. Also, if 𝑥𝑥(𝑡𝑡) follows a Gaussian distribution, then 𝑧𝑧(𝑡𝑡) = 𝑓𝑓[𝑥𝑥(𝑡𝑡)] will 
also follow a Gaussian distribution [36]. 

4.3 Output statistics from a stationary, non-Gaussian random excitation 
 
In recent work by Rizzi et al. [106], it was found that a leptokurtic loading having a steady rate 
of instantaneous, high-excursion peaks produced essentially the same response as if the load 
was Gaussian. It was found that the linear response to a non-Gaussian loading was Gaussian 
when the length of the system impulse response is much greater than the rate of the peaks in 
the loading. Practically, lower damping would typically reduce the excess kurtosis in the 
response, since a lower damping means a longer impulse response function which averages out 
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the peak values during the convolution process. This section introduces a formulation to 
calculate the kurtosis of the response due to specific non-Gaussian stationary signals. 

A non-Gaussian stationary signal 𝑦𝑦(𝑡𝑡) can be obtained from a Gaussian stationary signal 𝑥𝑥(𝑡𝑡) 
using the polynomial transform as described in section 3.4. This non-Gaussian stationary signal 
𝑦𝑦(𝑡𝑡) will be then used as the input of a linear system where the statistics of the response 𝑧𝑧(𝑡𝑡) 
will be of interest. Figure 58 illustrates this process and the associated notations. 

 
 
 
 
 
 
 

4.3.1 Output statistics from a white noise non-Gaussian excitation 
 
Consider a random stationary non-Gaussian and white noise process 𝑦𝑦(𝑡𝑡) that is filtered through 
a LTI system of impulse response function defined by its coefficients ℎ𝑖𝑖. Using the fact that the 
cumulants are additive under convolution, Lacoume [18] proves that the cumulants 𝑐𝑐𝑧𝑧,𝑘𝑘 of the 
output signal 𝑧𝑧(𝑡𝑡) can be calculated from the cumulants 𝑐𝑐𝑦𝑦,𝑘𝑘 of the input signal 𝑦𝑦(𝑡𝑡) and the 
coefficients ℎ𝑖𝑖 of the impulse response function as: 

 𝑐𝑐𝑧𝑧,𝑘𝑘 = 𝑐𝑐𝑦𝑦,𝑘𝑘�(ℎ𝑖𝑖)𝑘𝑘
𝑖𝑖

 Equation 4.2 

Details of the derivation to obtain Equation 4.2 are given in Appendix D. 

In practice, setting 𝑘𝑘 = 2 and 𝑘𝑘 = 4, the 2nd and 4th cumulants of the response signal 𝑐𝑐𝑧𝑧,2 and 
𝑐𝑐𝑧𝑧,4 can be derived from the 2nd and 4th cumulants of the input signal 𝑐𝑐𝑦𝑦,2 and 𝑐𝑐𝑦𝑦,4 respectively 
and from the coefficients ℎ𝑖𝑖 of the impulse response function as: 

𝑐𝑐𝑧𝑧,2 = 𝑐𝑐𝑦𝑦,2�(ℎ𝑖𝑖)2
𝑖𝑖

 

𝑐𝑐𝑧𝑧,4 = 𝑐𝑐𝑦𝑦,4�(ℎ𝑖𝑖)4
𝑖𝑖

 

From Equation 4.2 and using Equation 2.25 that defines standardised cumulants 𝐶𝐶𝑧𝑧,𝑘𝑘, the input-
output relationship for the standardised cumulants becomes: 

 𝐶𝐶𝑧𝑧,𝑘𝑘 = 𝐶𝐶𝑦𝑦,𝑘𝑘
∑ (ℎ𝑖𝑖)𝑘𝑘𝑖𝑖

�∑ ℎ𝑖𝑖
2

𝑖𝑖 �
𝑘𝑘/2 Equation 4.3 

Donoho [107] demonstrates that the output cumulants are always smaller (i.e. closer to zero) 
than the input cumulants of a white noise signal - unless the IRF is a zero signal with only its 

𝑥𝑥(𝑡𝑡) 𝑦𝑦(𝑡𝑡) 𝑧𝑧(𝑡𝑡) H(f) 
Linear response 

function 

PDF 
transform 

Figure 58: Synoptic showing how to obtain a filtered non-Gaussian stationary signal 



 
123 

 

first value at 1.0 (i.e. corresponding to an all-pass system). This means that a linear filter applied 
to a non-Gaussian white noise signal will always tend to make the response more Gaussian than 
the input. 

The kurtosis 𝜅𝜅𝑧𝑧 is defined as the 4th standardized statistical moment. In the case of a zero-mean 
stationary process, the kurtosis 𝜅𝜅𝑧𝑧 is related to the 4th standardized cumulant 𝐶𝐶𝑧𝑧,4 by [18]: 

 𝜅𝜅𝑧𝑧 = 𝐶𝐶𝑧𝑧,4 + 3 Equation 4.4 

Inserting Equation 4.3 with 𝑘𝑘 = 4 into Equation 4.4, one obtains the expression giving the 
output kurtosis 𝜅𝜅𝑧𝑧 from the system’s impulse response function ℎ𝑖𝑖 and the input kurtosis 𝜅𝜅𝑦𝑦: 

 𝜅𝜅𝑧𝑧 =
∑ℎ𝑖𝑖4

(∑ℎ𝑖𝑖2)2 �𝜅𝜅𝑦𝑦 − 3.0� + 3.0 Equation 4.5 

The expression in Equation 4.5 only depends on the coefficients ℎ𝑖𝑖 of the discrete Impulse 
Response Function (IRF) of the dynamic system and the input kurtosis 𝜅𝜅𝑦𝑦.  

The IRF corresponding to a system with very low damping will oscillate longer than the IRF 
corresponding to a highly damped system. In relation to Equation 4.5, when both the numerator 
and the denominator are divided by ℎ0, it becomes evident that an IRF with long decaying 
oscillations will maximize the squared terms in the denominator compared to the terms raised 
to the 4th power in the numerator. This will lead to a lower output kurtosis for a lightly damped 
system than for a more heavily damped one. A mathematical demonstration of this phenomenon 
is given in Appendix D. This behaviour is consistent with the observation that the output signal 
tends to be Gaussian as the bandwidth of the filter, i.e, the amount of damping, decreases [66, 
106]. Appendix D also shows that this tendency towards Gaussianity is even more pronounced 
for the higher order statistical moments.  

Equation 4.5 also shows that the output kurtosis 𝜅𝜅𝑧𝑧 cannot exceed the input kurtosis 𝜅𝜅𝑦𝑦 since 
∑ℎ𝑖𝑖

4

�∑ℎ𝑖𝑖
2�2

< 1. 

Equation 4.5 gives the kurtosis of the response knowing the kurtosis of the excitation and the 
dynamic characteristics of the linear system and it is only applicable to steady, non-Gaussian 
and white noise processes. Such processes are typically generated using a polynomial transform 
method. The next section shows how the kurtosis input-output relationship can be generalized 
to coloured noise. 
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4.3.2 Generalisation to coloured noise 
 
The formulation found in the previous section (Equation 4.5) is applicable to white noise input 
signals only. A coloured noise can be obtained from a white noise by using a linear numerical 
filter. The colouring process is illustrated in Figure 59: 

 
 
 
 
 
 
 

In Figure 59, 𝐿𝐿(𝑓𝑓) is a ‘colouring filter’ that turns an original white noise to the coloured noise 
of interest. This coloured noise is then filtered using 𝐻𝐻(𝑓𝑓), the frequency response function of 
the system. This process is equivalent to using one combined system frequency response 
function, illustrated in Figure 60: 

 
 
 
 
 
 
 
 

The computation of the output kurtosis is using the same formulae as in the previous section; 
the impulse response function 𝑓𝑓𝑖𝑖 to consider is obtained by convolving the impulse response 
function 𝑙𝑙𝑖𝑖 associated with the colouring filter 𝐿𝐿(𝑓𝑓) with the impulse response function of the 
system ℎ𝑖𝑖: 

 𝑓𝑓𝑖𝑖 = 𝑙𝑙𝑖𝑖 ∗ ℎ𝑖𝑖 Equation 4.6 

where the sign * represents the convolution product. 

Note that the coefficients 𝑙𝑙𝑖𝑖 are the coefficients of the autocorrelation function of the excitation 
(coloured) signal. 

Applying Equation 4.5 using 𝑓𝑓𝑖𝑖 as the coefficients of the impulse response function, one obtains: 

 𝜅𝜅𝑧𝑧 =
∑𝑓𝑓𝑖𝑖4

(∑𝑓𝑓𝑖𝑖2)2
(𝜅𝜅𝑤𝑤 − 3.0) + 3.0 Equation 4.7 

with 𝜅𝜅𝑤𝑤 the kurtosis associated with the white noise. 

The limitation in using Equation 4.7 is that the kurtosis associated with the white noise 𝜅𝜅𝑤𝑤 is 
not known. The prescribed kurtosis 𝜅𝜅𝑦𝑦 is indeed associated with the coloured noise. So, in order 

White Noise Coloured Noise Response  

𝐿𝐿(𝑓𝑓) 𝐻𝐻(𝑓𝑓) 

White Noise 
Response  

𝐿𝐿(𝑓𝑓)𝐻𝐻(𝑓𝑓) 

Figure 59: White noise to coloured noise process for simulation 

Figure 60: Combining two consecutive transfer functions into one 
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to use Equation 4.7, we need to calculate what the kurtosis of the white noise process should 
be, knowing the colouring filter frequency response 𝐿𝐿(𝑓𝑓) and 𝜅𝜅𝑦𝑦, the kurtosis associated with 
the coloured input noise. Inverting Equation 4.5 and noting 𝑙𝑙𝑖𝑖 the coefficients of the IRF 
associated with the colouring filter 𝐿𝐿(𝑓𝑓), one finds: 

 𝜅𝜅𝑤𝑤 =
(∑ 𝑙𝑙𝑖𝑖2)2

∑ 𝑙𝑙𝑖𝑖4
�𝜅𝜅𝑦𝑦 − 3.0� + 3.0 Equation 4.8 

Therefore, inserting Equation 4.8 into Equation 4.7, the output kurtosis is obtained from the 
system’s impulse response function, the autocorrelation function of the excitation and the input 
kurtosis as: 

 𝜅𝜅𝑧𝑧 =
∑𝑓𝑓𝑖𝑖4

(∑𝑓𝑓𝑖𝑖2)2
(∑ 𝑙𝑙𝑖𝑖2)2

∑ 𝑙𝑙𝑖𝑖4
�𝜅𝜅𝑦𝑦 − 3.0� + 3.0 Equation 4.9 

Note that for a white noise excitation, then 𝑙𝑙𝑖𝑖 =  𝛿𝛿[𝑖𝑖], and 𝑓𝑓𝑖𝑖 =  𝑙𝑙𝑖𝑖 ∗ ℎ𝑖𝑖 = ℎ𝑖𝑖 and Equation 4.9 
becomes identical to Equation 4.5.  

Note also that, if the input noise is Gaussian, then 𝜅𝜅𝑦𝑦 = 3 and 𝜅𝜅𝑧𝑧 = 3. Similarly, the output 
higher order cumulants 𝑐𝑐𝑧𝑧,𝑘𝑘 (for 𝑘𝑘 > 2) calculated in Appendix D are zero when the input higher 
order cumulants 𝑐𝑐𝑦𝑦,𝑘𝑘 are zero – which is property of a Gaussian signal [18]. This supports the 
statement that a Gaussian signal remains Gaussian after linear filtering [20]. 

Following the same logic discussed after establishing Equation 4.5, Equation 4.9 shows that to 
maximise the output kurtosis, the system must be rather heavily damped. Similarly, it appears 
in Equation 4.9 that a narrowband leptokurtic input signal will allow more kurtosis in the 
response signal.  

In the particular case where the system is responding almost instantaneously to the input i.e. the 
first natural frequency is above the frequencies of the applied load, the output kurtosis is 
maximised. This can be shown mathematically by using Equation 4.5 or understood 
conceptually by considering that the system’s behaviour is close to an all-pass filter.  

Figure 61 illustrates by numerical examples the relationship between the input and the output 
kurtosis for input signals of various bandwidth and single degree of freedom systems with a 
natural frequency at 150 Hz and various damping ratios. The input signal is leptokurtic with 
kurtosis 5. It was obtained using the polynomial transform of a 100 second random noise 
sampled at 4096 Hz, centred around 100 Hz, with various bandwidths. The vertical axis of 
Figure 61 (a) shows the output kurtosis observed from numerical simulations and the vertical 
axis of Figure 61 (b) shows the output kurtosis calculated using Equation 4.9:  
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Figure 61: (a) output kurtosis observed from numerical simulations of a narrowband input signal with kurtosis of 5 

with various bandwidths filtered using a linear unimodal FRF with various damping ratios and (b) theoretical output 
kurtosis calculated 

Figure 61 illustrates indeed that the output kurtosis is maximised, when the system is highly 
damped and/or the input signal is narrowband. The output kurtosis calculated using Equation 
4.9 is in good agreement with the output kurtosis observed after digital filtering with less than 
2% error in this case. 

Equation 4.9 gives the kurtosis of the response knowing the kurtosis of the excitation and the 
dynamic characteristics of a single or multi-degree of freedom linear system. Equation 4.9 is 
valid for stationary coloured excitation signals, which can be leptokurtic or platykurtic. This 
means that Equation 4.9 is also applicable in the case of a clipped input signal to understand 
the statistics of the response after linear filtering. This section provides mathematical 
expressions showing why and how an LTI filter tends to turn a stationary non-Gaussian signal 
into a Gaussian signal. The next section shows how the kurtosis input-output relationship can 
be calculated in the case of non-stationary excitation signals with high amplitude excursions. 

 
 
  

(a) (b) 



 
127 

 

4.4 Output statistics from an amplitude modulated random excitation 
 
In recent work by Rizzi et al. [106], it was found that the response to a non-Gaussian leptokurtic 
loading with bursts of high input values was non-Gaussian and also leptokurtic, even when 
filtered through a lightly damped linear system. This was in contrast with using steady 
leptokurtic excitations, where the output signal produced was essentially the same as if the input 
was Gaussian. This section introduces a formulation to calculate the kurtosis of the response 
due to specific non-stationary signals with high amplitude excursions obtained using an 
amplitude modulation function comprising spaced and non-centred sine waves. 

A nonstationary random signal 𝑦𝑦(𝑡𝑡) obtained by an amplitude modulation technique can be 
represented as: 

𝑦𝑦(𝑡𝑡) = 𝑎𝑎(𝑡𝑡). 𝑥𝑥(𝑡𝑡) 

with 𝑎𝑎(𝑡𝑡) is a deterministic periodic modulation function, each period comprising a constant 
amplitude flat portion and a half sine pulse representing a burst. See section 3.5.1 for details. 

The modulation function 𝑎𝑎(𝑡𝑡) can be calculated in order to produce a nonstationary random 
signal 𝑦𝑦(𝑡𝑡) with a prescribed kurtosis value as described in section 3.5. The nonstationary 
random signal 𝑦𝑦(𝑡𝑡) obtained will then be used as the input to a linear system and the statistics 
of the response 𝑧𝑧(𝑡𝑡) will be investigated. Figure 62 illustrates this process and the associated 
notations. 

 
 
 
 
 
 
 
The excitation signal 𝑦𝑦(𝑡𝑡) considered is therefore a stationary random signal modulated with a 
periodic function. Its statistics vary periodically in time and it can therefore be considered as 
cyclostationary [47, 46]. The reader is referred to section 2.3.2 for more background on 
cyclostationary processes and on the specific techniques that apply to such a class of random 
signals. The cyclostationary theory will be used in this section to calculate the cyclic spectrum 
of the response signal and the kurtosis of the response using Equation 3.21. 

Note that the same assumptions as used in section 3.5, where the generation of the excitation 
signal 𝑦𝑦(𝑡𝑡) is described, are used in this section: 

i. The length of the bursts pulse will be considered constant.  
ii. The amplitudes of the bursts will remain constant.  

iii. The bursts may appear at random instants within a period but they will not overlap.  

The third assumption (iii) is particularly important here, as the theory of cyclostationarity 
requires the amplitude modulation function to be periodic. By looking at the global time-

𝑥𝑥(𝑡𝑡) 𝑦𝑦(𝑡𝑡) 𝑧𝑧(𝑡𝑡) 
𝐻𝐻(𝑓𝑓) Modulation 

𝑎𝑎(𝑡𝑡) 

Figure 62: Synoptic showing how to obtain a filtered non-stationary signal 
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averaged statistical moments only, providing the bursts do not overlap, their position in time 
relative to each other does not play any role. It is therefore assumed that the theory of 
cyclostationarity can be used to understand the relationship between the input and output 
statistics. The cyclostationarity assumptions used for this signal are discussed in chapter 3.5. 

In chapter 2.4, Equation 2.82 gives the input-output relationship for conventional power 
spectra. The extension to the input-output cyclic spectrum relation for LTI systems is given by 
Gardner [47]: 

 𝑆𝑆𝑧𝑧𝑧𝑧𝛼𝛼 (𝑓𝑓) = 𝐻𝐻 �𝑓𝑓 +
𝛼𝛼
2
� . 𝑆𝑆𝑦𝑦𝑦𝑦𝛼𝛼 (𝑓𝑓).𝐻𝐻∗ �𝑓𝑓 −

𝛼𝛼
2
� Equation 4.10 

where 𝐻𝐻(𝑓𝑓) is the frequency response function of the linear system and 𝑆𝑆𝑧𝑧𝑧𝑧𝛼𝛼 (𝑓𝑓) and 𝑆𝑆𝑦𝑦𝑦𝑦𝛼𝛼 (𝑓𝑓) are 
the cyclic spectra for 𝑧𝑧(𝑡𝑡) and 𝑦𝑦(𝑡𝑡) respectively. 𝛼𝛼 is the cyclic frequency, ranging over all 
integer multiples of the fundamental frequency 1/𝑇𝑇 of the modulation function. The spectral 
frequency 𝑓𝑓 and the cyclic frequency 𝛼𝛼 are illustrated using an example signal in Figure 63.  

 

Figure 63: Example amplitude modulated signal illustrating the spectral frequency f and the cyclic frequency α of a 
cyclostationary waveform. 

Note that when the process is stationary, then 𝛼𝛼 = 0, 𝑆𝑆𝑧𝑧𝑧𝑧𝛼𝛼 (𝑓𝑓) = 𝑆𝑆𝑧𝑧𝑧𝑧(𝑓𝑓) (see Equation 2.73), and 
Equation 4.10 becomes 𝑆𝑆𝑧𝑧𝑧𝑧(𝑓𝑓) = 𝐻𝐻∗(𝑓𝑓).𝑆𝑆𝑥𝑥𝑥𝑥(𝑓𝑓).𝐻𝐻(𝑓𝑓), which is identical to Equation 2.82. 

The kurtosis of the response 𝑧𝑧(𝑡𝑡) can be obtained from Equation 3.21 linking the kurtosis of an 
amplitude modulated cyclostationary process 𝜅𝜅𝑦𝑦 and its cyclic spectrum 𝑆𝑆𝑦𝑦𝑦𝑦𝛼𝛼 . The amplitude 
modulated cyclostationary excitation 𝑦𝑦(𝑡𝑡) is filtered through an LTI filter to obtain the response 
signal 𝑧𝑧(𝑡𝑡), which is assumed to be also an amplitude modulated cyclostationary signal. Then, 
Equation 3.21 can be used again to obtain the kurtosis of the response 𝜅𝜅𝑧𝑧 from the cyclic 
spectrum of the response 𝑆𝑆𝑧𝑧𝑧𝑧𝛼𝛼  : 

 𝜅𝜅𝑧𝑧 =
∑ |∫𝑆𝑆𝑧𝑧𝑧𝑧𝛼𝛼 (𝑓𝑓)𝑑𝑑𝑑𝑑|2𝑝𝑝

|∫𝑆𝑆𝑧𝑧𝑧𝑧0 (𝑓𝑓)𝑑𝑑𝑑𝑑|2
𝜅𝜅𝑥𝑥 Equation 4.11 

where 𝑝𝑝 is an integer. The harmonic cyclic frequency 𝛼𝛼 being considered to be a multiple of 
the fundamental frequency 1/𝑇𝑇 of the modulation function, 𝑝𝑝 = 𝛼𝛼𝛼𝛼. 

Using the input-output cyclic spectrum relation for LTI systems given in Equation 4.10,  
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 𝜅𝜅𝑧𝑧 =
∑ �∫𝐻𝐻 �𝑓𝑓 + 𝛼𝛼

2� . 𝑆𝑆𝑦𝑦𝑦𝑦𝛼𝛼 (𝑓𝑓).𝐻𝐻∗ �𝑓𝑓 − 𝛼𝛼
2�𝑑𝑑𝑑𝑑�

2
𝑝𝑝

�∫𝐻𝐻(𝑓𝑓).𝑆𝑆𝑦𝑦𝑦𝑦0 (𝑓𝑓).𝐻𝐻∗(𝑓𝑓)𝑑𝑑𝑑𝑑�
2 𝜅𝜅𝑥𝑥 Equation 4.12 

Replacing 𝑆𝑆𝑦𝑦𝑦𝑦𝛼𝛼  with its expression given in Equation 2.77: 

𝜅𝜅𝑧𝑧 =
∑ �∫𝐻𝐻 �𝑓𝑓 + 𝛼𝛼

2� . �∑ 𝑎𝑎𝑘𝑘𝑎𝑎𝑘𝑘−𝛼𝛼𝛼𝛼∗
𝑘𝑘 𝑆𝑆𝑥𝑥𝑥𝑥 �𝑓𝑓 −

𝑘𝑘
𝑇𝑇 + 𝛼𝛼

2�� .𝐻𝐻∗ �𝑓𝑓 − 𝛼𝛼
2�𝑑𝑑𝑑𝑑�

2

𝑝𝑝

�∫𝐻𝐻(𝑓𝑓). �∑ 𝑎𝑎𝑘𝑘𝑎𝑎𝑘𝑘∗𝑘𝑘 𝑆𝑆𝑥𝑥𝑥𝑥 �𝑓𝑓 −
𝑘𝑘
𝑇𝑇�� .𝐻𝐻∗(𝑓𝑓)𝑑𝑑𝑑𝑑�

2 𝜅𝜅𝑥𝑥 

where 𝑎𝑎𝑘𝑘 are the Fourier coefficients of the modulation function, 𝐻𝐻(𝑓𝑓) is the frequency 
response function of the linear system and 𝑆𝑆𝑥𝑥𝑥𝑥(𝑓𝑓) is the PSD of 𝑥𝑥(𝑡𝑡), the original stationary 
Gaussian random signal. 

Knowing that the harmonic cyclic frequency 𝛼𝛼 is a multiple of 1 𝑇𝑇⁄ , it can be replaced with 
𝛼𝛼 = 𝑝𝑝 𝑇𝑇⁄ , with 𝑝𝑝 ∈ ℤ (all integers, including zero) and the equation giving 𝜅𝜅𝑧𝑧 can be re-
expressed as: 

 𝜅𝜅𝑧𝑧 =
∑ �∫𝐻𝐻 �𝑓𝑓 + 𝑝𝑝

2𝑇𝑇� . �∑ 𝑎𝑎𝑘𝑘𝑎𝑎𝑘𝑘−𝑝𝑝∗
𝑘𝑘 𝑆𝑆𝑥𝑥𝑥𝑥 �𝑓𝑓 + 𝑝𝑝 − 2𝑘𝑘

2𝑇𝑇 �� .𝐻𝐻∗ �𝑓𝑓 − 𝑝𝑝
2𝑇𝑇�𝑑𝑑𝑑𝑑�

2

𝑝𝑝

�∫𝐻𝐻(𝑓𝑓). �∑ 𝑎𝑎𝑘𝑘𝑎𝑎𝑘𝑘∗𝑘𝑘 𝑆𝑆𝑥𝑥𝑥𝑥 �𝑓𝑓 −
𝑘𝑘
𝑇𝑇�� .𝐻𝐻∗(𝑓𝑓)𝑑𝑑𝑑𝑑�

2 𝜅𝜅𝑥𝑥 
Equation 
4.13 

Note that the kurtosis 𝜅𝜅𝑧𝑧 of the response signal is predicted by considering both the period 𝑇𝑇 of 
the modulating function 𝑎𝑎(𝑡𝑡) and the proportion of bursts 𝑟𝑟𝑏𝑏 (𝑟𝑟𝑏𝑏 is used in the computation of 
the Fourier coefficients 𝑎𝑎𝑘𝑘 – see Equation 3.23).  

Note also that 𝜅𝜅𝑧𝑧 ≥ 𝜅𝜅𝑥𝑥 because the response kurtosis is obtained from a sum over a number of 
positive terms for various 𝑝𝑝 values and in the case 𝑝𝑝 = 0, then the numerator equals the 
denominator.  

For a narrowband system whose bandwidth is much smaller than the frequency of the modulator 
1
𝑇𝑇
, then the modulus of 𝐻𝐻 �𝑓𝑓 + 𝑝𝑝

2𝑇𝑇
� and 𝐻𝐻∗ �𝑓𝑓 − 𝑝𝑝

2𝑇𝑇
� almost do not overlap for 𝑝𝑝 ≠ 0 and the 

numerator in Equation 4.13 tends to be equal to the denominator, which in turn means that the 
output kurtosis tends towards 𝜅𝜅𝑥𝑥. This is in agreement with the so-called Papoulis rule [66], 
which states that the response to a narrowband filter will tend towards a Gaussian process, as 
the bandwidth of the filter tends to zero. Indeed, in the case of a very narrowband filter, close 
bursts may be smoothed out in the response leading to a more stationary response signal with a 
smaller kurtosis. 

On the other hand, if the frequency of the modulator 1
𝑇𝑇
 is less than half the bandwidth of the 

narrowband filter, then the numerator is maximised and the output kurtosis can be much higher 
than 𝜅𝜅𝑥𝑥. Comparing Equation 4.13 and Equation 3.22 giving 𝜅𝜅𝑧𝑧 and 𝜅𝜅𝑦𝑦 respectively, it is clear 
that 𝜅𝜅𝑧𝑧 ≤ 𝜅𝜅𝑦𝑦. In other words, the output kurtosis 𝜅𝜅𝑧𝑧 is always smaller than the input kurtosis 𝜅𝜅𝑦𝑦, 
unless the frequency response function corresponds to an all pass system i.e. 𝐻𝐻(𝑓𝑓) ≡ 1. 
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The proportion of bursts 𝑟𝑟𝑏𝑏 also plays an important role in maximising the output kurtosis. The 
smaller the proportion of bursts 𝑟𝑟𝑏𝑏, the more the Fourier coefficients 𝑎𝑎𝑘𝑘 are comparable to an 
impulse function, with a relatively high first value 𝑎𝑎0 followed by comparatively small values 
with a small decay rate (see Figure 53 comparing the Fourier coefficients for two different 
values of 𝑟𝑟𝑏𝑏, obtained using Equation 3.23 linking the Fourier coefficients 𝑎𝑎𝑘𝑘 and 𝑟𝑟𝑏𝑏). On the 
other hand, a high value for the proportion of bursts 𝑟𝑟𝑏𝑏 will lead to a high values for the Fourier 
coefficients immediately following 𝑎𝑎0 but with a lower decay rate. Therefore a large proportion 
of bursts will tend to increase the product 𝑎𝑎𝑘𝑘𝑎𝑎𝑘𝑘−𝑝𝑝∗  and thus increase the value for the output 
kurtosis 𝜅𝜅𝑧𝑧. This means that the response signal obtained from an excitation with wider bursts 
will tend to be more leptokurtic. Inversely, a leptokurtic excitation signal containing very short 
bursts will be less successful in transmitting a high kurtosis value to the response.  

Three cases of amplitude modulated excitations will be analysed next: excitation with no burst 
(𝑟𝑟𝑏𝑏 = 0), excitation with only bursts with no stationary portion inbetween (𝑟𝑟𝑏𝑏 = 1) and the 
general case where the excitation comprises bursts interlaced with stationary portions (0 ≤ 𝑟𝑟𝑏𝑏 ≤
1). In each case, the output kurtosis 𝜅𝜅𝑧𝑧 will be calculated from Equation 4.13. 

4.4.1 Response to an excitation with constant amplitude modulation 
 
If 𝑟𝑟𝑏𝑏 = 0, in other words, if the bursts of energy have a zero length 𝑇𝑇0 = 0, then the excitation 
signal 𝑦𝑦(𝑡𝑡) is stationary random with variance 𝜎𝜎𝑥𝑥2(𝐵𝐵 − 𝐴𝐴)2, where (𝐵𝐵 − 𝐴𝐴) is the value of the 
“flat” or constant part of the modulation function.  

The Fourier coefficients 𝑎𝑎𝑘𝑘 of the modulation function are zero except for 𝑘𝑘 = 0, where 𝑎𝑎0 =
𝐵𝐵 − 𝐴𝐴. The numerator in Equation 4.13 is non-zero only when 𝑝𝑝 = 0 and in this case it is equal 
to the denominator: therefore 𝜅𝜅𝑧𝑧 = 𝜅𝜅𝑥𝑥 = 3.0, as expected in the case of a stationary random 
Gaussian excitation. 

4.4.2 Response to an excitation with successive bursts 
 
If 𝑟𝑟𝑏𝑏 = 1, then the excitation signal 𝑦𝑦(𝑡𝑡) is constantly oscillating, with a sine wave modulation 
function. The Fourier coefficients 𝑎𝑎𝑘𝑘 of the modulation function are all zero except 𝑎𝑎0 = 𝐵𝐵 and 
𝑎𝑎−1 = 𝑎𝑎1 = 𝐴𝐴/2. Using these values for the coefficients 𝑎𝑎𝑘𝑘, Equation 4.13 is developed in 
Appendix B and the expression for the output kurtosis is: 
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Equation 
4.14 

Note that for a narrowband system whose bandwidth is smaller than half the frequency of the 

modulator, then the modulus of 𝐻𝐻 �𝑓𝑓 + 1
𝑇𝑇
� and 𝐻𝐻∗ �𝑓𝑓 − 1

𝑇𝑇
� do not overlap and the numerators 

in Equation 4.14 tend to zero, which means that the output kurtosis 𝜅𝜅𝑧𝑧 tends towards 𝜅𝜅𝑥𝑥.  
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4.4.3 Response to an excitation with spaced bursts 
 
In the general case, when 0 ≤ 𝑟𝑟𝑏𝑏 ≤ 1, the excitation comprises bursts interlaced with stationary 
portions. The Fourier coefficients 𝑎𝑎𝑘𝑘 of the modulation function are introduced and discussed 
in section 3.5 and given in Equation 3.23 as: 

 𝑎𝑎𝑘𝑘 = 𝐴𝐴. 𝑟𝑟𝑏𝑏 .�1 +
𝑘𝑘2

(1/𝑟𝑟𝑏𝑏)2 − 𝑘𝑘2
� �

𝑠𝑠𝑠𝑠𝑛𝑛(𝜋𝜋𝜋𝜋𝑟𝑟𝑏𝑏)
𝜋𝜋𝜋𝜋𝑟𝑟𝑏𝑏

� Equation 3.23 

for all 𝑘𝑘 ≠ 0, and for 𝑘𝑘 = 0, 𝑎𝑎0 = (𝐵𝐵 − 𝐴𝐴) + 𝑟𝑟𝑏𝑏𝐴𝐴. 

Inserting Equation 3.23 in Equation 4.13, the output kurtosis can be calculated numerically. 
Note that the output kurtosis of the specific cases with no bursts or successive bursts are found 
by setting 𝑟𝑟𝑏𝑏 = 0 and 𝑟𝑟𝑏𝑏 = 1 respectively. 

Figure 64 illustrates the relationship between the input and the output kurtosis when a 
leptokurtic input signal is filtered through a single degree of freedom system with various 
damping ratios. The degree of freedom system has a natural frequency at 150 Hz with damping 
ratios ranging from 1% to 10% of critical damping. The input signal is leptokurtic with a 
kurtosis value of 5. It was obtained by amplitude modulating a 100 second random noise 
sampled at 4096 Hz and centred around 100 Hz, with a 10 Hz bandwidth. The amplitude 
modulating function has the following characteristics: a period 𝑇𝑇 of 0.5 second with bursts 
lasting 0.02 second (𝑇𝑇0), which corresponds to a proportion of bursts 𝑟𝑟𝑏𝑏 = 4%. The vertical 
axis of Figure 64 compares the output kurtosis observed after a numerical simulation of a 
leptokurtic signal is filtered through a single degree of freedom system with various damping 
ratios represented with blue circles and the output kurtosis calculated using Equation 4.13 
represented using red circles: 

 

Figure 64: Comparison of the output kurtosis obtained from numerical simulations (blue circles) and the theoretical 
expression (red circles) when filtered through a one degree of freedom system with various damping ratios. 
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Figure 64 shows indeed that the output kurtosis is maximised when the system is highly 
damped. The output kurtosis calculated using Equation 4.13 is in good agreement with the 
output kurtosis observed after digital filtering with less than 5% error in this case. This over-
prediction of the estimate of the kurtosis is explained later in this section.  

Figure 65 illustrates the influence of the duration of the bursts to the output kurtosis when the 
leptokurtic signal is filtered through a single degree of freedom system. The degree of freedom 
system has a natural frequency at 150 Hz with a fixed damping ratio of 2 % of critical damping. 
The input signal is leptokurtic with a kurtosis value of 5. It was obtained by amplitude 
modulating a 100 second random noise sampled at 4096 Hz and centred around 100 Hz, with a 
10 Hz bandwidth. The amplitude modulating function has the following characteristics: a period 
𝑇𝑇 of 0.5 second with bursts duration 𝑇𝑇0 ranging from 0.01 second to 0.08 second, which 
correspond to proportions of bursts 𝑟𝑟𝑏𝑏 ranging from 2% to 16%. The vertical axis of Figure 65 
compares the output kurtosis observed after a numerical simulation of a leptokurtic signal with 
various bursts durations filtered through a single degree of freedom system represented with 
blue circles and the output kurtosis calculated using Equation 4.13 represented using red circles: 

 

Figure 65: Comparison of the output kurtosis obtained from numerical simulations (blue circles) and the theoretical 
expression (red circles) for various lengths of bursts when filtered through a one degree of freedom system 

Figure 65 shows indeed that the output kurtosis increases with the length of the bursts in the 
leptokurtic excitation signal. In practice, consider two leptokurtic excitation signals with same 
RMS and same kurtosis, one with very short, high amplitude bursts (e.g. almost instantaneous 
peaks) and the other with longer bursts with relatively smaller amplitudes. Once filtered through 
the same linear multimodal system with low damping, the kurtosis of the output signal due to 
the excitation with short bursts will be lower than the kurtosis of the output signal due to the 
excitation with longer bursts.  

Note that the spacing of the bursts also has an important role. A larger period 𝑇𝑇 for the 
modulation function of the excitation signal will provide more kurtosis in output (for a fixed 
proportion of bursts 𝑟𝑟𝑏𝑏). Conceptually, once an excitation signal containing bursts close to each 
other is filtered through a system with low damping, the response due to one burst might not 
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have died out before the following burst appears, leading to a more stationary response with 
less pronounced excursions and therefore a smaller kurtosis. 

The output kurtosis calculated using Equation 4.13 is in good agreement with the output 
kurtosis observed after digital filtering. It provides a conservative estimate of the kurtosis of a 
response signal with typically less than 10% error. This conservatism is due to a number of 
reasons, the main one being that the bursts in the time domain numerical simulations are 
randomly positioned in time, sometimes getting close to each other (without overlapping 
though, see section 3.5), whereas the algorithm considers that the modulation function is 
periodic and hence the bursts are equidistant in time. The error between the output kurtosis 
calculated and observed would reduce considerably if the bursts were occurring at a fixed period 
and the error would tend to zero as the duration of the input signal increases. 

Equation 4.13 gives the kurtosis of the response knowing the characteristics of the modulation 
function used to create a nonstationary excitation signal and the dynamic characteristics of a 
single or multi-degree of freedom linear system. Equation 4.13 is valid for non-stationary 
excitation signals with high amplitude excursions obtained by amplitude modulation with a 
periodic modulation function. This section gave mathematical expressions showing why and 
how a narrowband LTI filter tends to turn a nonstationary excitation signal with high amplitude 
excursions into a stationary and Gaussian signal.  

4.5 Comparison of the output kurtosis from the two leptokurtic signal 
generation techniques 

 
The resulting kurtosis values after the filtering of leptokurtic signals generated using both the 
polynomial transform approach and the amplitude modulation technique are compared using 
example signals filtered through various linear systems.  

As an illustration, the same example of a leptokurtic excitation signal considered in section 
3.4.2 is used here. Both leptokurtic signal generation techniques were used to produce excitation 
signals with a kurtosis value of 12 and an RMS value of 4.02g. The excitation signals were then 
filtered through bi-modal linear systems with natural frequencies 200 and 350 Hz and modal 
damping ratios ranging from 1% to 10%. Figure 66 illustrates the various gains of the FRF of 
the linear systems used, in units of MPa/g. 
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Figure 66: The modulus of the bimodal FRF representing a linear system with modes nominally at 200 and 350 Hz, 
and with modal damping ratios ranging from 1% (red) to 10% (black) 

The values for the output kurtosis of the bimodal system using the expressions given in this 
chapter are compared in Figure 67. Note that the characteristic of the modulation function 
considered were a period of 0.25 second and a burst length of 0.03 second (so a proportion of 
bursts of 12%).The calculated kurtosis corresponding to the steady leptokurtic signal are 
represented using circles, the calculated kurtosis corresponding to the nonstationary leptokurtic 
signal are represented using triangles. 

 

 

Figure 67: Comparison of the theoretical output kurtosis from a stationary leptokurtic excitation (triangles) and from 
a nonstationary leptokurtic excitation (circles) 

Figure 67 reveals that using an amplitude modulation technique (with sufficiently long and 
spaced bursts) can be far more effective in terms of output kurtosis than using a polynomial 
transform technique, which essentially creates instantaneous peaks in the excitation signal. 
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4.6 Conclusions 
 
Chapter 4 provided the theoretical expressions that can be used to predict the non-Gaussian 
characteristics of the output response or stress signal, knowing the non-Gaussian characteristics 
of the input excitation signal; without the need for numerical simulations. Characterising the 
input excitation with its PDF or its kurtosis alone is not sufficient. For instance, a nonstationary 
signal comprising long bursts and a non-Gaussian steady state signal may have similar kurtosis 
and even similar PDFs but they will produce very different responses with different PDFs once 
filtered. Original formulations were proposed that give the statistics of the response due to 
specific non-Gaussian random signals, including steady non-Gaussian loadings and non-
stationary signals with high amplitude excursions.  

In the case of leptokurtic excitation signals, the kurtosis of the response is generally lower than 
the kurtosis of the excitation signal i.e. the LTI system tends to make the output signal Gaussian. 
This phenomenon is more pronounced as the bandwidth of the LTI system reduces, in 
agreement with the so-called Papoulis rule [66]. This phenomenon was explained 
mathematically for both cases of leptokurtic excitations studied in this thesis; stationary 
leptokurtic signals obtained by applying a polynomial transform and nonstationary leptokurtic 
signals obtained by amplitude modulation. The kurtosis of a response signal due to a non-
Gaussian stationary excitation to an LTI system will be maximised when the system is heavily 
damped and if the excitation signal is narrowband. In the case of a signal due to an amplitude 
modulated nonstationary exciting an LTI system, the kurtosis of the response will be maximised 
when the system is heavily damped and if the frequency of the modulator is small compared to 
the bandwidth of the LTI system. In both cases, the minimum kurtosis obtained for the response 
signal is 3.0 and the maximum kurtosis cannot exceed the kurtosis of the excitation. 

The amplitude modulation technique for generating leptokurtic excitation signals can produce 
filtered responses with much higher kurtosis values compared to the kurtosis obtained from 
polynomial transformed excitations. In the case of an amplitude modulated excitation, the level 
of the response kurtosis depends on the distance between the bursts and the length of the bursts, 
which can be set by the user. 

Chapter 5 will propose formulations to predict the various statistical distributions for a non-
Gaussian stress response, knowing the non-Gaussian characteristics of the stress response 
without the need for numerical simulations. This will allow one to compute fatigue damage and 
fatigue life knowing the excitation PSD with its associated non-Gaussian characteristics 
(clipping level or kurtosis value) and the dynamic characteristics of the linear system 
representing the mechanical component subjected to the random non-Gaussian excitation. 
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5 Distributions of the peaks and rainflow ranges for filtered non-
Gaussian processes 

 

5.1 Introduction and assumptions 
 
Various non-Gaussian excitation signals were studied in chapter 3, with chapter 4 introducing 
the means to predict their time averaged kurtosis after linear filtering. This chapter focusses on 
the stress response and more specifically on the distributions of its instantaneous values, the 
distributions of its peaks and the distributions of its rainflow cycles. Statistical approaches will 
be presented to predict these distributions. 

The distribution of the instantaneous values, the distribution of the peaks and the distribution 
of the rainflow cycles for a stationary Gaussian random stress response have been documented 
in many places [15, 16, 19, 20, 21, 26, 27, 28, 29, 31], but the expressions are not applicable to 
non-Gaussian random stress responses. Several spectral approaches exist in the literature to 
address the non-Gaussian random stress responses [50, 94, 95, 96, 97, 56]. These latter 
approaches provide analytical formulae to derive the level cross counting histogram, the peak 
distributions or the distribution of the rainflow cycles from the stress response spectrum and a 
prescribed kurtosis value. Typically, they do not study the transfer of the non-Gaussian features 
from the excitation to the response due to the dynamic characteristics of the mechanical 
component. Moreover, they are often based on a polynomial transform approach and are 
therefore more adapted to the specific type of steady leptokurtic stress responses.  

The previous chapter showed that the non-Gaussian features of an input signal are still present, 
to a certain extent, in the output response of a linear filter. When the response is non-Gaussian, 
the use of spectral methods developed under the Gaussian assumption can lead to 
underestimates of the number of high level cycles and their related fatigue damage contribution 
[50, 42].  

The main aim of this chapter is to predict the various statistical distributions for a non-Gaussian 
stress response, knowing the non-Gaussian characteristics of the stress response without the 
need for numerical simulations. Formulations are proposed that give the various distributions 
of the response due to specific filtered non-Gaussian random signals, including steady non-
Gaussian loadings and non-stationary excitations with high amplitude excursions. 

The diagram presented in Figure 68 illustrates the inputs and results obtained in this chapter, 
more specifically related to the kurtosis. 

 

Figure 68 : Inputs required and results obtained in this chapter in the case of kurtosis controlled excitations 
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In the case where a structure is designed against static failure (see section 2.5), it is useful to 
predict what maximum stress value could be present in the leptokurtic random response. This 
chapter also provides formulations to predict the maximum value of the response due to specific 
non-Gaussian random signals, that might occur during the exposure duration. 

The characteristics of the responses to several specific excitations will be considered next: 
stationary random inputs, stationary polynomial transformed leptokurtic excitations and non-
stationary amplitude modulated loadings excitations.  

For each of the specific non-Gaussian excitations considered, the response is assumed to be of 
the same nature as the excitation. For instance, the response due to a stationary leptokurtic 
random excitation can be approximated as a polynomial transform of the stationary Gaussian 
response of the identical linear system when subjected to a Gaussian excitation having the same 
RMS as the non-Gaussian excitation. Similarly, an amplitude modulated signal remains 
amplitude modulated after linear filtering. 

5.2 PDF of instantaneous values in the response resulting from non-
Gaussian excitations 

 
For all the cases presented below, the stress response is represented by a PSD, calculated using 
Equation 2.82 with an associated kurtosis value calculated using either Equation 4.9 (for steady 
non-Gaussian excitations) or Equation 4.13 (for nonstationary excitations). In this section, it is 
proposed to predict the distributions of the instantaneous response values, the peaks and the 
ranges from the response PSD and response kurtosis only. 

5.2.1 PDF of instantaneous values in the response resulting from a stationary, 
leptokurtic random excitation 

 
Two types of clipped excitations are described in chapter 3: a Gaussian random signal can be 
indeed truncated at a given level (a so-called brick wall limiting or abrupt clipping), or 
compressed (soft limiting). Both techniques generate a stationary non-Gaussian signal. 

It is assumed that the response due to a stationary leptokurtic random excitation can be 
approximated as a polynomial transform of the stationary Gaussian response of the identical 
linear system when subjected to a Gaussian excitation having the same RMS as the non-
Gaussian excitation. 

Winterstein [50] proposed a monotonic function 𝑔𝑔 acting as a zero-memory nonlinear system 
to model leptokurtic responses. For more details on the polynomial transform technique, please 
refer to section 3.4. In the case of a zero mean, symmetric, standardised Gaussian signal 𝑥𝑥(𝑡𝑡), 
the transformation 𝑔𝑔 that allows one to obtain 𝑧𝑧(𝑡𝑡) is given by Equation 3.9. Winterstein [50] 
also gave the inverse transform. When used with ℎ�3 = 0 (i.e. zero skewness – see section 3.4), 
the inverse transform 𝑔𝑔−1�𝑧𝑧(𝑡𝑡)� giving a centred Gaussian random signal with unit variance 
𝑥𝑥(𝑡𝑡) is:  
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Equation 
5.1 

where 𝜎𝜎𝑧𝑧 is the RMS value of the response signal calculated using Equation 4.1 and where 𝐾𝐾 
and ℎ�4 are the same coefficients as in Equation 3.9, which are defined as:  

𝐾𝐾 =
1

�1 + 6ℎ�4
2
 

ℎ�4 =
�1 + 1.5(𝜅𝜅𝑧𝑧 − 3) − 1

18
 

where 𝜅𝜅𝑧𝑧 is the output kurtosis value calculated in Equation 4.9. 

The derivative of the transformation 𝑔𝑔 is given by:  
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Equation 
5.2 

Since the transformation 𝑔𝑔 is a piecewise one-to-one monotonic function, the PDF transform 
(see section 2.1.8) can be applied to obtain the PDF of instantaneous values for the response. 
The PDF for the response 𝑧𝑧(𝑡𝑡) is hence obtained as: 

 𝑝𝑝𝑧𝑧(𝑧𝑧) =
𝑝𝑝𝑥𝑥�𝑔𝑔−1(𝑧𝑧)�
�𝑔𝑔′�𝑔𝑔−1(𝑧𝑧)��

 
Equation 
5.3 

where 𝑝𝑝𝑥𝑥 is a Gaussian PDF with unit variance. 

As an illustration, the same example of a leptokurtic signal considered in section 3.4.2 is used 
here. A prescribed kurtosis value of 12 was used and the signal has an RMS value of 4.02. 
Figure 48 shows an extract of the leptokurtic signal obtained. This excitation signal was then 
filtered through a bi-modal linear system with natural frequencies 200 and 350 Hz and a modal 
damping ratio of 5%. Figure 69 illustrates the gain of the FRF of the linear system used, in units 
of MPa/g. 
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Figure 69: The modulus of the bimodal FRF representing a linear system with modes nominally at 200 and 350 Hz, 
and with 5% modal damping 

Both the theoretical approach and numerical simulations were carried out. The theoretical 
method is using a purely spectral approach, whereas numerical simulations use realisations of 
time histories. The response signal obtained from numerical simulations has an RMS value of 
52 MPa and a kurtosis of 4. When using the theoretical expressions given in chapter 4, the RMS 
value for the stress response calculated from Equation 4.1 is 52 MPa and the output kurtosis 
value calculated using Equation 4.9 is 4, which is in very good agreement with the values 
observed from numerical simulations. The irregularity factor is 0.78, which means the response 
has to be considered broadband (see section 2.2.8 for more details on the irregularity factor). 

Figure 70 shows the normalised PDF of the stress response obtained from time domain 
numerical simulations (in blue), overlaid with the theoretical PDF obtained using Equation 5.3 
using a red line and with the theoretical distribution corresponding to a Gaussian random 
response signal with same RMS using a dashed black line. The horizontal axis represents 
normalised stress, i.e. the stress divided by the RMS value.  
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Figure 70: The PDF of the response to the bimodal linear system from numerical simulations (blue), from the 
theoretical prediction (red) and using the Gaussian assumption (dashed black) 

The theoretical PDF obtained using Equation 5.3 (red) is a good fit of the PDF of the stress 
response obtained from time domain numerical simulations. Even though the response kurtosis 
is only 4, assuming a Gaussian response (dashed black) dramatically underestimates the 
response PDF, especially for high response levels where fatigue damage might occur. 

5.2.2 PDF of instantaneous values in the response resulting from a clipped 
excitation 

 
Winterstein [15] proposed a monotonic function 𝑔𝑔 acting as a zero-memory nonlinear system to 
model hardening responses, that is, platykurtic responses with kurtosis < 3. It uses Hermite 
polynomials to approach a non-Gaussian distribution and is perfectly suited for mild deviations 
from a normal law. In the case of a symmetric, standardised Gaussian signal 𝑥𝑥(𝑡𝑡), the inverse 
transform 𝑔𝑔−1�𝑧𝑧(𝑡𝑡)� giving a centred Gaussian random signal with unit variance 𝑥𝑥(𝑡𝑡) is:  

 𝑥𝑥 = �1 + 3ℎ�4�
𝑧𝑧
𝐾𝐾𝜎𝜎𝑧𝑧

− ℎ�4 �
𝑧𝑧
𝐾𝐾𝜎𝜎𝑧𝑧

�
3
 Equation 5.4 

where 𝜎𝜎𝑧𝑧 is the RMS value of the response signal calculated using Equation 4.1 and where 𝐾𝐾 
and ℎ�4 are defined for hardening responses as [42]:  

𝐾𝐾 =
1

�1 + 6ℎ�4
2
 

ℎ�4 =
𝜅𝜅𝑧𝑧 − 3

24
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where 𝜅𝜅𝑧𝑧 is the output kurtosis value calculated in Equation 4.9. 

The monotonic function 𝑔𝑔 acting as a zero-memory nonlinear system to model hardening responses, 
that is, platykurtic responses with kurtosis < 3 can be calculated as the inverse of the expression 
given in Equation 5.4 and expressed as: 
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Equation 
5.5 

The derivative of the transformation 𝑔𝑔 is calculated as:  
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Equ. 
5.6 

As discussed in chapter 3, the zero-memory nonlinear function 𝑔𝑔 is an approximate solution 
using only the first four Hermite coefficients ℎ�𝑛𝑛 (only ℎ�4 in this case) and neglecting the high 
order coefficients and the cross terms ℎ�𝑛𝑛ℎ�𝑚𝑚. This approximation is considered sufficient to 
capture the mild non-Gaussian characteristics of the signal generated [50, 42]  

Since the transformation 𝑔𝑔 is a piecewise one-to-one monotonic function, the PDF transform 
(see section 2.1.8) can be applied to obtain the PDF of instantaneous values for the response. 
The PDF for the response 𝑧𝑧(𝑡𝑡) is expressed using Equation 5.3 from the previous section: 

 𝑝𝑝𝑧𝑧(𝑧𝑧) =
𝑝𝑝𝑥𝑥�𝑔𝑔−1(𝑧𝑧)�
�𝑔𝑔′�𝑔𝑔−1(𝑧𝑧)��

 
Equation 
5.3 

where 𝑝𝑝𝑥𝑥 is a Gaussian PDF with unit variance. 

As an illustration, the same example of a leptokurtic signal considered in section 3.3.2 is used 
here. An abrupt clipping technique was used with a prescribed crest factor of 2. The clipped 
signal obtained has an RMS value of 3.85, i.e. smaller than the 4.02 obtained with the original 
Gaussian signal generated before clipping. Figure 45 shows an extract of the clipped signal 
obtained. This excitation signal was then filtered through a bi-modal linear system with natural 
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frequencies 200 and 350 Hz and damping ratio of 5%. Figure 69 illustrates the gain of the FRF 
of the linear system used, in units of MPa/g. 

Both the theoretical approach and numerical simulations were carried out. The theoretical 
method is using a purely spectral approach, whereas numerical simulations use realisation of 
time histories. The response signal obtained from numerical simulations has an RMS value of 
49 MPa and a kurtosis of 2.95. When using the theoretical expressions given in chapter 4, the 
RMS value for the stress response calculated from Equation 4.1 is 49 MPa and the output 
kurtosis value calculated using Equation 4.9 is 2.95, which is in excellent agreement with the 
values observed from time domain numerical simulations. 

Figure 72 shows the normalised PDF of the stress response obtained from time domain 
numerical simulations (in blue), overlaid with the theoretical PDF obtained using Equation 5.3 
using a red line and with the theoretical distribution corresponding to a Gaussian random 
response signal with same RMS using a dashed black line. The horizontal axis represents 
normalised stress, i.e. the stress divided by the RMS value. 

 

Figure 71: The PDF of the platykurtic response to the bimodal linear system from numerical simulations (blue), from 
the theoretical prediction (red) and using the Gaussian assumption (dashed black) 

The theoretical non-Gaussian PDF obtained using Equation 5.3 (red) shows indeed a lower 
probability of obtaining instantaneous values of the response occurring at a high levels. The 
theoretical non-Gaussian PDF obtained is a good fit of the PDF observed from the time domain 
simulations (blue), although it slightly overestimates the probability of values occurring at a 
high level. This last observation can be explained by the finite length of the time series 
simulations. The proposed theoretical PDF is conservative and closer to the results than when 
assuming a Gaussian response (dashed black), especially for high response levels, where fatigue 
damage might occur. 
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5.2.3 PDF of instantaneous values in the response resulting from an amplitude 
modulated excitation 

 
The stress response is assumed to be of the same nature as the input signal, i.e. amplitude 
modulated. The response signal is therefore made of a stationary Gaussian signal multiplied by 
a periodic, modulating signal. The output modulating function is assumed to have excursions 
made of the same waveform as in the input modulating function (i.e. sine bursts), occurring at 
the same rate but having a different amplitude due to the filtering process. The reader is referred 
to section 3.5 for more details on the modulation function. Although, it is expected that the 
modulating function be distorted by the convolution with the system impulse response, this 
assumption is adopted for practical reasons.  

The stress response 𝑧𝑧(𝑡𝑡) is nonstationary random with a constant (zero) mean and a time-
dependent variance. The variance increases in the vicinity of a burst and decreases to a lower, 
steady value between the bursts of energy. The response is therefore considered as being the 
concatenation of: 

- a stationary part lasting (1 − 𝑟𝑟𝑏𝑏)𝑇𝑇 seconds over a period of 𝑇𝑇 seconds, 
- an oscillating part lasting 𝑟𝑟𝑏𝑏𝑇𝑇 seconds over a period of 𝑇𝑇 seconds. 

The output kurtosis for a cyclostationary excitation is given in Equation 4.13. The first objective 
is therefore to find the characteristics of the amplitude modulating signal, i.e. the amplitude of 
the bursts which is used to produce the calculated output kurtosis. 

Using the same logic as in section 3.5, the second and fourth statistical moments of the 
amplitude modulated response are calculated as a weighted sum of the second and fourth 
statistical moments of the stationary and the amplitude modulated signals respectively: 

 𝐸𝐸[𝑧𝑧2] = 𝜎𝜎𝑠𝑠𝑠𝑠2𝑟𝑟𝑏𝑏 �
𝐴𝐴𝑟𝑟2 

2
+ 𝐵𝐵𝑟𝑟2� + 𝜎𝜎𝑠𝑠𝑠𝑠2(1 − 𝑟𝑟𝑏𝑏)(𝐵𝐵𝑟𝑟 − 𝐴𝐴𝑟𝑟)2 Equation 5.7 

(a) 

 𝐸𝐸[𝑧𝑧4] = 3𝜎𝜎𝑠𝑠𝑠𝑠4𝑟𝑟𝑏𝑏 �
3
8
𝐴𝐴𝑟𝑟4 + 𝐵𝐵𝑟𝑟4 + 3𝐴𝐴𝑟𝑟2𝐵𝐵𝑟𝑟2� + 3𝜎𝜎𝑠𝑠𝑠𝑠4(1 − 𝑟𝑟𝑏𝑏)(𝐵𝐵𝑟𝑟 − 𝐴𝐴𝑟𝑟)4 (b) 

where 𝜎𝜎𝑠𝑠𝑠𝑠2 is the variance of the stationary response (which is amplitude modulated), 𝐴𝐴𝑟𝑟 and 
𝐵𝐵𝑟𝑟 are the amplitude and offset of the modulation function applied to the stationary response 
respectively and 𝑟𝑟𝑏𝑏 is the proportion of the burst deviation in a period. 

The output kurtosis is expressed as: 

 𝜅𝜅𝑧𝑧 = 3 ∙
𝑟𝑟𝑏𝑏 �

3
8𝐴𝐴𝑟𝑟

4 + 𝐵𝐵𝑟𝑟4 + 3𝐴𝐴𝑟𝑟2𝐵𝐵𝑟𝑟2� + (1 − 𝑟𝑟𝑏𝑏). (𝐵𝐵𝑟𝑟 − 𝐴𝐴𝑟𝑟)4

�𝑟𝑟𝑏𝑏 .�𝐴𝐴𝑟𝑟
2 

2 + 𝐵𝐵𝑟𝑟2� + (1 − 𝑟𝑟𝑏𝑏)(𝐵𝐵𝑟𝑟 − 𝐴𝐴𝑟𝑟)2�
2  Equation 5.8 

The system of equations given in Equation 5.7 can be simplified. The variance of the 
nonstationary response 𝐸𝐸[𝑧𝑧2] and the variance of the underlying stationary response 𝜎𝜎𝑠𝑠𝑠𝑠2 are 
both calculated from Equation 4.1 and are equal, i.e. 𝐸𝐸[𝑧𝑧2] = 𝜎𝜎𝑠𝑠𝑠𝑠2. Also, by definition of the 
kurtosis, the fourth moment of the response signal 𝐸𝐸[𝑧𝑧4] can be substituted with 𝜅𝜅𝑧𝑧𝐸𝐸[𝑧𝑧2]2.  
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The objective is therefore to solve the system of equations given in Equation 5.7 to find the 
unknown coefficients 𝐴𝐴𝑟𝑟 and 𝐵𝐵𝑟𝑟 for a prescribed output kurtosis value 𝜅𝜅𝑧𝑧 and a given proportion 
of bursts 𝑟𝑟𝑏𝑏. Newton’s method [100] can be used to solve the system of nonlinear equations in 
Equation 5.7. This type of iterative algorithm requires initial estimates for 𝐴𝐴𝑟𝑟 and 𝐵𝐵𝑟𝑟 to 
converge more rapidly. The original values 𝐴𝐴 and 𝐵𝐵, representing the amplitude and the offset 
of the modulation function of the excitation, can be taken as initial estimates. Routines based 
on Newton’s method such as zeros_sys_eqn in IMSL [101] can be used to solve the system of 
nonlinear equations using the initial estimates provided.  

In the general case, when 0 ≤ 𝑟𝑟𝑏𝑏 ≤ 1, the global PDF of 𝑧𝑧(𝑡𝑡) is a weighted sum of the PDFs 
of : 

- the stationary part (see Equation 3.14) that is present during (1 − 𝑟𝑟𝑏𝑏) of a period, 
- the purely oscillating part (see Equation 3.16) that is present 𝑟𝑟𝑏𝑏 of a period,  

The PDF of the concatenated time history can be calculated using Equation 2.67 in chapter 
2.3.1 as a weighted sum of PDFs. The global PDF of 𝑧𝑧(𝑡𝑡) can be expressed as: 

 

𝑝𝑝𝑧𝑧(𝑧𝑧) =
(1 − 𝑟𝑟𝑏𝑏)
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− 𝑧𝑧2
2.(𝐵𝐵𝑟𝑟−𝐴𝐴𝑟𝑟)2𝜎𝜎𝑧𝑧2
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𝑟𝑟𝑏𝑏
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�𝑎𝑎2𝐴𝐴𝑟𝑟2 − (𝑧𝑧 − 𝑎𝑎𝐵𝐵𝑟𝑟)2

𝑧𝑧
𝐵𝐵𝑟𝑟−𝐴𝐴𝑟𝑟

𝑧𝑧
𝐴𝐴𝑟𝑟+𝐵𝐵𝑟𝑟

𝑑𝑑𝑑𝑑 
Equation 5.9 

This equation is similar to Equation 3.18, that gives the PDF of the input excitation. No closed 
form solution to the integral in Equation 5.9 has been found. It is therefore recommended to use 
a numerical integration to solve it. 

As an illustration, the same example of a leptokurtic signal considered in section 3.5.2 is used 
here. A prescribed kurtosis value of 12 was used and the signal has an RMS value of 4.02. 
Figure 54 shows an extract of the leptokurtic signal obtained. This excitation signal was then 
filtered through a bi-modal linear system with natural frequencies 200 and 350 Hz and damping 
ratio of 5%. Figure 69 illustrates the gain of the FRF of the linear system used, in units of 
MPa/g. 

Both the theoretical approach and numerical simulations were carried out. The theoretical 
method is using a purely spectral approach, whereas numerical simulations use realisation of 
time histories. The response signal obtained from numerical simulations has an RMS value of 
52 MPa and a kurtosis of 8.4. When using the theoretical expressions given in chapter 4, the 
RMS value for the stress response calculated from Equation 4.1 is 52 MPa and the output 
kurtosis value calculated using Equation 4.9 is 9, which is in agreement with the values 
observed from numerical simulations. 

Figure 72 shows the PDF of the stress response obtained from time domain numerical 
simulations (in blue), overlaid with the theoretical PDF obtained using Equation 5.9 using a red 
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line and with the theoretical distribution corresponding to a Gaussian random response signal 
with same RMS using a dashed black line. 

 

Figure 72: The PDF of the response to the bimodal linear system from numerical simulations (blue), from the 
theoretical prediction (red) and using the Gaussian assumption (dashed black) 

The theoretical non-Gaussian PDF obtained using Equation 5.9 (red) is indeed made of two 
constituents. This is revealed by the change in slope in its shape. The theoretical non-Gaussian 
PDF obtained is matching the curvature of the PDF observed from the time domain simulations 
(blue), although it slightly overestimates the probability of values occurring at the higher levels. 
This last observation can be explained by the finite length of the time series simulations. The 
proposed theoretical PDF is conservative and much closer than the expected results than when 
assuming a Gaussian response (dashed black), especially for high response levels where fatigue 
damage might result. 

Figure 70 and Figure 72 can be compared, because both result from an excitation with the same 
kurtosis value exciting the same bimodal system. Figure 70 is due to a steady leptokurtic 
excitation, whereas Figure 72 is due to a nonstationary leptokurtic excitation. After the filtering 
process, the response signal obtained from the latter has a much higher kurtosis value and shows 
a much higher probability of values occurring at a higher levels. 

  



 
146 

 

5.3 Peak response distribution in the response resulting from non-
Gaussian excitations 

 
The derivation of theoretical expressions to predict the distribution of the peaks for the various 
non-Gaussian cases studied is proposed in this section as an original contribution.  

5.3.1 Peak response distribution in the response resulting from a stationary, 
leptokurtic random excitation 

 
In the case of a stationary leptokurtic excitation, the distribution of the peaks 𝑝𝑝𝑧𝑧𝑝𝑝 for the 
response 𝑧𝑧(𝑡𝑡) is based on the PDF transform of the PDF for the peaks corresponding to a 
Gaussian case. The peak PDF 𝑝𝑝𝑧𝑧𝑝𝑝 for the response 𝑧𝑧(𝑡𝑡) is hence obtained as: 

 𝑝𝑝𝑧𝑧𝑝𝑝(𝑧𝑧) =
𝑝𝑝𝑥𝑥𝑝𝑝�𝑔𝑔

−1(𝑧𝑧)�

�𝑔𝑔′�𝑔𝑔−1(𝑧𝑧)��
 Equation 5.10 

where 𝑝𝑝𝑥𝑥𝑝𝑝 is the peak distribution for a Gaussian process with unit variance, as defined in 
Equation 2.54, 𝑔𝑔′ is the derivative of the monotonic function 𝑔𝑔 used to model the leptokurtic 
response, as defined in Equation 3.9 and 𝑔𝑔−1 its inverse. 

The following example uses the same response signal as in section 5.2.1. This response signal 
was obtained from a leptokurtic signal with kurtosis 12 described in section 3.4.2, filtered using 
a bi-modal linear system whose gain is represented in Figure 69. Figure 73 illustrates the 
normalised PDF of the stress peaks obtained from time domain numerical simulations (in blue), 
overlaid with the theoretical PDF of the stress peaks obtained using Equation 5.10 using a red 
line and with the theoretical distribution corresponding to a Gaussian random response signal 
with the same (unitary) RMS shown by the dashed black line. 

 
Figure 73: The peak distributions for the leptokurtic response of the bimodal linear system from numerical 
simulations (blue), from the theoretical expression (red) and using the Gaussian assumption (dashed black) 
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Once again, the theoretical distribution provides a very good fit for the probability of finding 
peaks. Due to the finite length of the simulated signal, the peak PDF obtained from time domain 
numerical simulations is not well defined at high positive response levels but the theoretical 
distribution seems to provide a good estimate of the mean probability of finding peaks, 
especially for positive values of the peaks. Apart from the extreme values, there is a slight 
overestimation of the probability of finding positive stress peaks due to the fact that the 
instantaneous peaks in the response are actually smoothed by the filtering process, making them 
less sharp and smaller in amplitude than expected by the polynomial transform modelling.  

Note that the distribution of the valleys is equally as well predicted, especially for the negative 
valleys. The negative peaks (and positive valleys) are underestimated by this approach, but this 
is less problematic since the rainflow cycles are built by pairing the peaks and valleys of equal 
magnitude (see section 5.5) and the large cycles are of particular interest compared to the small 
cycles for the assessment of fatigue and strength of a material. When assuming a Gaussian 
response (dashed black in Figure 73) the theoretical peak distribution underestimates 
dramatically the response PDF, especially for high response levels, where fatigue damage might 
occur.  

Other example results are shown in Appendix E. One is showing the theoretical output kurtosis 
and peak distribution obtained from the same input signal and the same FRF but with a lighter 
damping ratio of 2% (see Figure 89) and the other one is using a unimodal FRF with only the 
resonance at 200 Hz and still with a lighter damping ratio of 2% (see Figure 90). The theoretical 
approach gives equally as good results in both cases. Note that the case presented in this chapter 
is considered as a quite extreme one, because the kurtosis value chosen for the excitation signal 
is quite high in practice and the response signal is rather broadband (with an irregularity factor 
of 0.78) and tends to show a higher kurtosis value of 4.0 compared to the cases shown in 
appendix E.  

5.3.2 Peak response distribution in the response resulting from a clipped 
excitation 

 
In the case of a platykurtic excitation, the distribution of the peaks 𝑝𝑝𝑧𝑧𝑝𝑝 in the response 𝑧𝑧(𝑡𝑡) is 
based on the PDF transform of the PDF for the peaks corresponding to a response under a 
Gaussian excitation. The peak PDF 𝑝𝑝𝑧𝑧𝑝𝑝 for the response 𝑧𝑧(𝑡𝑡) is expressed using Equation 5.10 
from the previous section: 

 𝑝𝑝𝑧𝑧𝑝𝑝(𝑧𝑧) =
𝑝𝑝𝑥𝑥𝑝𝑝�𝑔𝑔

−1(𝑧𝑧)�

�𝑔𝑔′�𝑔𝑔−1(𝑧𝑧)��
 Equation 5.10 

where 𝑝𝑝𝑥𝑥𝑝𝑝 is the peak distribution for a Gaussian process with unit variance, as defined in 
Equation 2.54, 𝑔𝑔′ is the derivative of the monotonic function 𝑔𝑔 used to model the platykurtic 
response, as defined in Equation 5.5 and 𝑔𝑔−1 its inverse. 

The following example uses the same response signal as in section 5.2.2. Figure 74 illustrates 
the normalised PDF of the stress peaks obtained from time domain numerical simulations (in 
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blue), overlaid with the theoretical PDF of the stress peaks obtained using Equation 5.10 using 
a red line and with the theoretical distribution corresponding to a Gaussian random response 
signal with the same (unitary) RMS shown by the dashed black line. 

 
Figure 74: The peak distributions for the platykurtic response of the bimodal linear system from numerical 
simulations (blue), from the theoretical expression (red) and using the Gaussian assumption (dashed black) 

As previously, the theoretical distribution provides a good fit for the probability of finding 
peaks. The theoretical peak PDF is closer to the results from the time domain simulations than 
when assuming a Gaussian response (dashed black). The theoretical peak PDF is slightly 
conservative as it slightly overestimates the probability of finding peaks at high response levels 
where fatigue damage might occur. 

5.3.3 Peak response distribution in the response resulting from an amplitude 
modulated excitation 

 
In the case of an amplitude modulated excitation, the peaks of the output signal are obtained by 
multiplying the peaks of the underlying stationary Gaussian signal by the modulating function. 
Therefore the peak distribution of the response can be calculated using the rule to find the PDF 
of the product of two independent random variables, namely the peaks of the underlying 
stationary Gaussian signal and the instantaneous values of the modulating function. The 
expression for the peak distribution of the response 𝑝𝑝𝑧𝑧𝑝𝑝(𝑧𝑧) can be calculated based on Equation 
2.15 (see Section 2.1.9): 

 𝑝𝑝𝑧𝑧𝑝𝑝(𝑧𝑧) = � 𝑝𝑝𝑥𝑥𝑝𝑝(𝑎𝑎)
1

|𝑎𝑎|𝑝𝑝𝑎𝑎 �
𝑧𝑧
𝑎𝑎
�

∞

−∞

𝑑𝑑𝑑𝑑 
Equation 
5.11 

with 𝑝𝑝𝑥𝑥𝑝𝑝 the peak PDF of the underlying stationary Gaussian signal and 𝑝𝑝𝑎𝑎 the PDF of the 
modulating function. This expression requires the PDF of the modulating function 𝑝𝑝𝑎𝑎 to be 
determined.  
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Considering a periodic modulation function made of half sine pulses, covering 𝑟𝑟𝑏𝑏 of a period, 
as described in chapter 3.5.1, then the PDF of the modulating function 𝑝𝑝𝑎𝑎 is a weighted sum of 
the PDFs of: 

- the constant amplitude flat portion that is present during (1 − 𝑟𝑟𝑏𝑏) of a period, which 
PDF is expressed using the Dirac delta function 

- the purely oscillating part that is present 𝑟𝑟𝑏𝑏 of a period, which PDF is given in Equation 
3.15 

The PDF of the concatenated time history can be calculated using Equation 2.67 in chapter 
2.3.1. The PDF of the modulating function 𝑝𝑝𝑎𝑎 can be expressed as: 

 

𝑝𝑝𝑎𝑎(𝑠𝑠)

= �
𝑟𝑟𝑏𝑏

1

𝜋𝜋�𝐴𝐴𝑟𝑟² − (𝑠𝑠 − 𝐵𝐵𝑟𝑟)²
+ (1 − 𝑟𝑟𝑏𝑏)𝛿𝛿(𝑠𝑠 + 𝐴𝐴𝑟𝑟 − 𝐵𝐵𝑟𝑟)    𝑖𝑖𝑖𝑖 |𝑠𝑠 − 𝐵𝐵𝑟𝑟| < 𝐴𝐴𝑟𝑟

                     0                                                                       𝑖𝑖𝑖𝑖 |𝑠𝑠 − 𝐵𝐵𝑟𝑟| ≥ 𝐴𝐴𝑟𝑟
 

Equation 
5.12 

where 𝐴𝐴𝑟𝑟 and 𝐵𝐵𝑟𝑟 are the amplitude and offset of the modulation function applied to the 
stationary response, 𝑟𝑟𝑏𝑏 is the proportion of the burst deviation in a period and 𝛿𝛿 is the Dirac 
delta function, which satisfies the identity ∫ 𝛿𝛿(𝑥𝑥)𝑑𝑑𝑑𝑑∞

−∞ = 1.  

The peak PDF for a stationary Gaussian process of arbitrary bandwidth is given in Equation 
2.54 in section 2.2.8 as: 

 𝑝𝑝𝑥𝑥𝑝𝑝(𝑠𝑠) =
1
𝜎𝜎𝑋𝑋
�
�1 − 𝛾𝛾²
√2𝜋𝜋

. 𝑒𝑒
− 𝑠𝑠2
2.𝜎𝜎𝑋𝑋²(1−𝛾𝛾²) +

𝑠𝑠. 𝛾𝛾
2𝜎𝜎𝑋𝑋
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− 𝑠𝑠2
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𝜎𝜎𝑋𝑋�2(1 − 𝛾𝛾²)
��� 

Equation 
2.61 

Inserting this expression for 𝑝𝑝𝑥𝑥𝑝𝑝 and Equation 5.12 for 𝑝𝑝𝑎𝑎 into Equation 5.11, one obtains an 
expression for the peak PDF for the amplitude modulated stress response as: 

 

𝑝𝑝𝑧𝑧𝑝𝑝(𝑧𝑧) = 𝑟𝑟𝑏𝑏
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Equation 
5.13 

This expression has to be evaluated numerically as no closed form solution has been found. 

Note that the integration goes from 𝑧𝑧/(𝐴𝐴𝑟𝑟 + 𝐵𝐵𝑟𝑟) to 𝑧𝑧/(𝐵𝐵𝑟𝑟 − 𝐴𝐴𝑟𝑟). This avoids the integrand 
containing the square root of a negative value. 
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Note that in the case of a Gaussian narrowband random process, the peak PDF tends towards a 
Rayleigh distribution and is given in Equation 2.51 in section 2.2.8 as: 

 𝑝𝑝𝑥𝑥𝑝𝑝(𝑠𝑠) =
𝑠𝑠
𝜎𝜎𝑋𝑋²

. e-12�
𝑠𝑠
σx
�

2

 
Equation 
2.54 

When inserting this expression for 𝑝𝑝𝑥𝑥𝑝𝑝 into Equation 5.11, the expression for the peak PDF 
obtained for the amplitude modulated response signal is expressed in a simpler form as: 

𝑝𝑝𝑧𝑧𝑝𝑝(𝑧𝑧) = 𝑟𝑟𝑏𝑏 �
1

|𝑎𝑎|
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𝐵𝐵𝑟𝑟 − 𝐴𝐴𝑟𝑟
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The following example uses the same response data as in section 5.2.3. Figure 75 illustrates the 
normalised PDF of the stress peaks obtained from time domain numerical simulations (in blue), 
overlaid with the theoretical PDF of the stress peaks obtained using Equation 5.13 using a red 
line and with the theoretical distribution corresponding to a Gaussian random response signal 
with the same (unitary) RMS shown by the dashed black line. 

 

Figure 75: The peak distributions for the leptokurtic response of the bimodal linear system from numerical 
simulations (blue), from the theoretical expression (red) and using the Gaussian assumption (dashed black) 

The theoretical non-Gaussian peak PDF obtained using Equation 5.13 (red) is indeed made of 
two constituents. This is revealed by the change in slope in its shape. The theoretical non-
Gaussian PDF obtained is matching the curvature of the PDF observed from the time domain 
simulations (blue). The proposed theoretical PDF is slightly conservative due to the 
conservatism associated with the theoretical kurtosis of the response (see section 4.4). It is 
nevertheless much closer than the expected results than when assuming a Gaussian response 
(dashed black), especially for high response levels where fatigue damage might occur. 
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Figure 73 and Figure 75 can be compared, because both result from an excitation with the same 
kurtosis value exciting the same bimodal system. Figure 73 shows the peak PDF due to a steady 
leptokurtic excitation, whereas Figure 75 shows the peak PDF due to a nonstationary leptokurtic 
excitation. After the filtering process, the response signal obtained from the latter has a much 
higher kurtosis value and shows a much higher probability of peaks at higher levels. 

Other example results are shown in Appendix E. One is showing the theoretical output kurtosis 
and peak distribution obtained from the same input signal and the same FRF but with a lighter 
damping ratio of 2% (see Figure 91) and the other one is using a unimodal FRF with only the 
resonance at 200 Hz and still with a lighter damping ratio of 2% (see Figure 92). The theoretical 
approach gives equally as good results in both cases. Note that the case presented in this chapter 
is considered as a quite extreme one because the kurtosis value chosen for the excitation signal 
is quite high in practice and the response signal is rather broadband (with an irregularity factor 
of 0.78) and tends to show a higher kurtosis value of 4.0 compared to the cases shown in 
appendix E.  

5.4 Maximum peak in the response resulting from non-Gaussian 
excitations 

 
Another typical requirement for design purpose is to calculate the largest peak in the non-
Gaussian response from the response PSD and its associated kurtosis value. The average value 
of the largest peak together with the distribution of the extreme values can be used to define a 
limit for the theoretical peak and range distributions. 

5.4.1 Maximum peak in the response resulting from a stationary, leptokurtic 
random excitation 

 
In the Gaussian case, the average value of the largest peak out of 𝑁𝑁𝑝𝑝𝑇𝑇 peaks is given in Equation 
2.62 and can be adapted to calculate the largest peak in the response signal resulting from a 
stationary and Gaussian excitation 𝑍𝑍𝑚𝑚

𝑔𝑔���� as: 

 𝑍𝑍𝑚𝑚
𝑔𝑔���� ≈ 𝜎𝜎𝑧𝑧

⎝

⎛�2 ln�𝛾𝛾𝑁𝑁𝑝𝑝𝑇𝑇� +
𝜀𝜀

�2 ln�𝛾𝛾𝑁𝑁𝑝𝑝𝑇𝑇�⎠

⎞ Equation 5.14 

where 𝜎𝜎𝑧𝑧 is the RMS value of the response signal calculated using Equation 4.1, 𝛾𝛾 is the 
irregularity factor, 𝑁𝑁𝑝𝑝 is the number of expected peaks per unit time, 𝑇𝑇 is the exposure duration 
and 𝜀𝜀 is the Euler constant. 

The expression proposed for the average value of the largest peak out of 𝑁𝑁𝑝𝑝𝑇𝑇 peaks in the 
leptokurtic response is based on a modification of the expression given for a Gaussian response. 
The nonlinear memoryless transformation 𝑔𝑔 used in Winterstein’s second order model [50] (see 
Equation 3.9 in section 3.4) is assumed to hold at all instants in time. It can therefore be used 
to relate the maximum peak in the leptokurtic case 𝑍𝑍𝑚𝑚���� with the maximum peak in the Gaussian 
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case 𝑍𝑍𝑚𝑚
𝑔𝑔����. So, inserting Equation 5.14 into Equation 3.9, one obtains an estimate of the largest 

peak out of 𝑁𝑁𝑝𝑝𝑇𝑇 peaks for a steady leptokurtic response signal as:  

 𝑍𝑍𝑚𝑚���� = 𝜎𝜎𝑧𝑧𝐾𝐾 �
𝑍𝑍𝑚𝑚
𝑔𝑔����

𝜎𝜎𝑧𝑧
+ ℎ�4 ��

𝑍𝑍𝑚𝑚
𝑔𝑔����

𝜎𝜎𝑧𝑧
�
3

− 3
𝑍𝑍𝑚𝑚
𝑔𝑔����

𝜎𝜎𝑧𝑧
�� Equation 5.15 

where 𝜎𝜎𝑧𝑧 is the RMS value of the response signal calculated using Equation 4.1, 𝐾𝐾 and ℎ�4 are 
the same coefficients as in Equation 5.1 and 𝑍𝑍𝑚𝑚

𝑔𝑔���� is the largest peak in the response signal 
resulting from a stationary and Gaussian excitation. 

Winterstein [50] also proposed an expression for the distribution of the extreme values.  
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5.4.2 Maximum peak in the response resulting from a clipped excitation 
 
The probability distribution and the average value of the largest peak in the response signal can 
be calculated from the response PSD and its associated kurtosis value. The expression proposed 
here for the average value of the largest peak out of 𝑁𝑁𝑝𝑝𝑇𝑇 peaks in the platykurtic response is 
the same as the expression given for a Gaussian response. This will provide a slight 
overestimation of the real average value, which is acceptable in the case of mild platykurtic 
responses.  

5.4.3 Maximum peak in the response resulting from an amplitude modulated 
excitation 

 
The probability distribution of the largest peak in the response signal is obtained from Equation 
A.10 (see appendix A): 

𝑝𝑝𝑍𝑍𝑚𝑚(𝑧𝑧) = 𝑁𝑁𝑝𝑝𝑇𝑇𝑝𝑝𝑝𝑝(𝑧𝑧) �𝑃𝑃𝑝𝑝(𝑧𝑧)�
𝑁𝑁𝑝𝑝𝑇𝑇−1

 

where 𝑝𝑝𝑝𝑝 is the PDF of the peaks given in Equation 5.13 and 𝑃𝑃𝑝𝑝 is the cumulative distribution 
function of the peaks.  

The expected value for the largest peak 𝑍𝑍𝑚𝑚���� i.e. the average value of the largest peak out of 𝑁𝑁𝑝𝑝𝑇𝑇 
peaks is obtained using Equation 2.4 as: 

𝑍𝑍𝑚𝑚���� = � 𝑠𝑠𝑝𝑝𝑍𝑍𝑚𝑚(𝑠𝑠)𝑑𝑑𝑑𝑑
∞

−∞

 

This expression has to be evaluated numerically as no closed form solution has been found.  

5.5 Rainflow cycle count histogram 
 
The PDF of the rainflow ranges is calculated from the PDF of the peaks based on the fact that 
the peaks and valleys are paired symmetrically (as discussed in chapter 2.6.3), i.e. a peak is 
paired with a valley of same magnitude. Note that this way of pairing peaks and valleys will 
however introduce some conservatism in the case of broadband stress results, as illustrated in 
Figure 36 in section 2.6.3. So the PDF of the ranges is obtained from the distribution of peaks 
using Equation 2.87, which is  

 𝑝𝑝𝑧𝑧𝑅𝑅(𝑧𝑧𝑅𝑅) =
1
2
𝑝𝑝𝑧𝑧𝑝𝑝 �

𝑧𝑧𝑅𝑅
2
� Equation 2.87 

where 𝑧𝑧𝑅𝑅 is the stress range, 𝑝𝑝𝑧𝑧𝑝𝑝 is the PDF of the peaks and 𝑝𝑝𝑧𝑧𝑅𝑅 is the PDF of the ranges. 

The rainflow cycle count histogram can be obtained from the PDF of the ranges by multiplying 
it with the total number of expected cycles during the exposure duration, that is 𝑁𝑁𝑝𝑝𝑇𝑇𝑡𝑡, with 𝑁𝑁𝑝𝑝 
the expected number of peaks per unit time and 𝑇𝑇𝑡𝑡 the exposure duration. The assumption is 
made that the polynomial transform does not change the number of peaks per unit time 𝑁𝑁𝑝𝑝, nor 
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the number of zero crossings per unit time 𝑁𝑁0+. So both values are calculated from the response 
PSD using Equation 2.48 and Equation 2.46 respectively, applicable to any stationary random 
data with any PDF [16]. 

One obtains the general equation giving the number of cycles at a particular stress range 𝑁𝑁(𝑧𝑧𝑅𝑅) 
using Equation 2.89:  

 𝑁𝑁(𝑧𝑧𝑅𝑅) = 𝑁𝑁𝑝𝑝.𝑝𝑝𝑧𝑧𝑅𝑅(𝑧𝑧𝑅𝑅) Equation 2.89 

where 𝑁𝑁(𝑧𝑧𝑅𝑅) forms the rainflow cycle count histogram. 

5.5.1 Rainflow cycle count histogram resulting from a stationary, leptokurtic 
random excitation 

 
The following example uses the same response signal as in section 5.2.1. This response signal 
was obtained from a leptokurtic signal with kurtosis 12 described in section 3.4.2, filtered using 
a bi-modal linear system whose gain is represented in Figure 69. Figure 76 illustrates the 
rainflow cycle count histogram obtained from time domain numerical simulations (in blue), 
overlaid with the theoretical rainflow cycle count histogram obtained using Equation 2.89 
shown by the red line and with the theoretical rainflow cycle count histogram corresponding to 
a Gaussian random response signal with same RMS given using the dashed black line. 

 

Figure 76: The rainflow range distributions for the leptokurtic response of the bimodal linear system from numerical 
simulations (blue), from the theoretical expression (red) and using the Gaussian assumption (dashed black) 

The theoretical rainflow cycle count histogram provides a very good fit for the probability of 
finding cycles at the high ranges. The theoretical rainflow cycle count histogram is slightly 
conservative when assessing the number of stress cycles of mid-range values. The discrepancy 
at the low ranges is due to the complex way peaks and valleys are paired. This is discussed in 
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section 2.6.3. From a fatigue view point, it is however clear that the high ranges have more 
importance as fatigue damage and stress range are linked in a power law.  

Due to the finite length of the simulated signal, the rainflow histogram obtained from time 
domain numerical simulations shows a high variability at high range levels, but the theoretical 
histogram seems to provide a good estimate of the mean number of cycles. When assuming a 
Gaussian response (dashed black), the theoretical rainflow cycle count histogram dramatically 
underestimates the observed rainflow cycle count histogram, especially for high ranges where 
most fatigue damage might occur. 

Note that the PDF transform can be applied to Dirlik’s empirical approach [29] too. In this case 
the quality of the fit is enhanced in the low range region but provides no particular benefit for 
the mid or high ranges. 

5.5.2 Rainflow cycle count histogram resulting from a clipped excitation 
 
The following example uses the same response data as in section 5.2.2. Figure 77 illustrates the 
rainflow cycle count histogram obtained from time domain numerical simulations (in blue), 
overlaid with the theoretical rainflow cycle count histogram obtained using Equation 2.89 
shown by the red line and with the theoretical rainflow cycle count histogram corresponding to 
a Gaussian random response signal with same RMS given using the dashed black line. 

 

Figure 77: The rainflow range distributions for the platykurtic response of the bimodal linear system from numerical 
simulations (blue), from the theoretical expression (red) and using the Gaussian assumption (dashed black) 

As previously, the theoretical rainflow cycle count histogram obtained using Equation 2.89 
(red) and taking into account the platykurtic nature of the response provides a good fit to the 
rainflow cycle histogram obtained from the time domain simulation (blue). Due to the finite 
length of the simulated signal, the rainflow histogram obtained from time domain numerical 
simulation shows a high variability at high range levels but the theoretical histogram seems to 
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provide a good estimate of the mean number of rainflow cycles. When assuming a Gaussian 
response (dashed black) the theoretical rainflow cycle count histogram overestimates slightly 
the observed rainflow cycle count histogram, especially for high ranges where most fatigue 
damage might occur. 

5.5.3 Rainflow cycle count histogram resulting from an amplitude modulated 
excitation 

 
The following example uses the same response data as in section 5.2.3. Figure 78 illustrates the 
rainflow cycle count histogram obtained from time domain numerical simulations (in blue), 
overlaid with the theoretical rainflow cycle count histogram obtained using Equation 2.89 
shown by the red line and with the theoretical rainflow cycle count histogram corresponding to 
a Gaussian random response signal with same RMS given using the dashed black line. 

 

Figure 78: The rainflow range distributions for the leptokurtic response of the bimodal linear system from numerical 
simulations (blue), from the theoretical expression (red) and using the Gaussian assumption (dashed black) 

Once again, the theoretical rainflow cycle count histogram obtained using Equation 2.89 (red) 
and taking into account the amplitude modulated nature of the response provides a good fit to 
the rainflow cycle histogram obtained from the time domain simulation (blue). The theoretical 
rainflow cycle count histogram is quite conservative, particularly for high cycle ranges where 
fatigue damage might occur. When assuming a Gaussian response (dashed black) the theoretical 
rainflow cycle count histogram underestimates dramatically the observed rainflow cycle 
histogram, especially for high ranges. 
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5.6 Fatigue life predictions 
 
The estimate of fatigue damage here is determined based on the rainflow cycle count histogram, 
as described in chapter 2.6.4 using Equation 2.91 with various values for the Basquin exponent 
𝑏𝑏 accounting for the fatigue material curves:  

- 𝑏𝑏 = 4 typically used with electronic components [70],  
- 𝑏𝑏 = 8 adequate for metallic materials such as steels and aluminium alloys [1, 5],  
- 𝑏𝑏 = 12 to represent certain steels alloys [27]  

To illustrate the importance of the 𝑏𝑏 coefficient, Figure 79 shows an example rainflow 
histogram overlaid with several fatigue curves. Note that the axes of the rainflow histogram are 
transposed. 

 

Figure 79: Illustration of an example rainflow cycle histogram overlaid with three fatigue curves, with different 
slopes. As the slope value increases, the cycles with high stress range have more importance. 

In most practical situations, fatigue curves with higher values for the exponent 𝑏𝑏 only exist 
beyond the endurance limit, where the amount of cumulated damage is less significant. In most 
practical situations, the effective fatigue damage at the critical failure location is governed by 
notches, surface finish effects, or welds; and the Basquin exponent 𝑏𝑏 usually lies in the range 3 
– 7 [28]. The stress range intercept 𝐶𝐶 = 2000 MPa was used and no fatigue limit was 
considered. 

5.6.1 Fatigue life predictions resulting from a stationary, leptokurtic random 
excitation 

 
Based on the same example response as in the previous sections, Table 5.1 compares the fatigue 
damage values obtained from time domain numerical simulations with the damage values 
obtained based on the theoretical statistical rainflow cycle count histogram, considering the 
leptokurtic nature of the stress response and with the theoretical statistical rainflow cycle count 
histogram considering a Gaussian random response.  
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Ten realisations of 500 sec time domain signals were produced and the maximum, minimum 
and mean damage observed are reported in Table 5.1, together with the damage values 
calculated from the theoretical rainflow histograms considering both a leptokurtic and a 
Gaussian stress response. 

Table 5.1: Comparison of relative fatigue damage values calculated for various materials 

Basquin 
exponent 

Interval of damage 
from time domain 
simulations 

Mean damage 
from time 
domain 
simulations 

Damage from 
theoretical 
rainflow - 
leptokurtic 

Damage from 
theoretical 
rainflow – 
Gaussian 

b=4 [6.2 – 6.4] 6.3 7 5.4 
b=8 [3.9 10-3 – 6.0 10-3] 4.5 10-3 4.3 10-3 1.5 10-3 
b=12 [1.0 10-5 – 4.1 10-5] 1.7 10-5 1.2 10-5 0.1 10-5 

 

In Table 5.2, the damage values are scaled with respect to the mean damage out of the ten time 
domain simulations and displayed in percent. 

Table 5.2: Percent damage values with respect to the mean damage from the time domain simulations 

Basquin 
exponent 

Interval of damage 
from time domain 
simulations 

Mean damage 
from time 
domain 
simulations 

Damage from 
theoretical 
rainflow - 
leptokurtic 

Damage from 
theoretical 
rainflow – 
Gaussian 

b=4 [98% – 102%] 100% 112% 86% 
b=8 [86% – 125%] 100%   95% 33% 
b=12 [55% – 245%] 100%   73%   6% 

 

The theoretical damage obtained from the classical (Gaussian) spectral approach is always 
below the lower limit of the interval of observed damages from time domain simulations. Also, 
this underestimation of the damage is even more significant as the Basquin exponent 𝑏𝑏 
increases.  

The theoretical damage predicted with the proposed leptokurtic spectral approach is much 
higher than the Gaussian spectral approach and is closer to the mean damage observed from 
time domain simulations. For a more shallow fatigue curve (Basquin exponent 𝑏𝑏=12), the 
fatigue damage is governed essentially by the larger cycles in the tail of the distribution. This 
is where the observed rainflow histogram shows a significant variability mostly due to the 
limited duration of the reconstructed signals, inadequate to statistically capture the extreme 
amplitude cycles (see section 2.2.9 on extreme values, showing how the standard deviation of 
the distribution of extreme values decreases as the signal duration increases). Therefore, in the 
case of a high Basquin exponent, the few cycles of extreme stress range that appear beyond the 
theoretical distribution (as illustrated in Figure 76) have an important contribution to the overall 
damage, hence the larger spread in the observed damage values as 𝑏𝑏 increases. This is also why 
the damage from the leptokurtic spectral approach slightly underestimates the mean damage 
observed from time domain simulations. For a steeper fatigue curve (Basquin exponent 𝑏𝑏=4), 
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extreme cycles are less influential and stress cycles in the mid-range can govern the fatigue 
damage more easily, providing they are sufficiently numerous. The proposed formulation for 
the leptokurtic spectral approach shows a slight overestimation of the number of stress cycles 
(as illustrated in Figure 76), which is the reason why the damage from the leptokurtic spectral 
approach slightly overestimates the mean damage observed from time domain simulations, 
when using a low value for the Basquin exponent. 

5.6.2 Fatigue life predictions resulting from a clipped excitation 
 
Based on the same example as in the previous sections, Table 5.3 compares the fatigue damage 
values obtained from time domain numerical simulations with the damage values obtained 
based on the theoretical statistical rainflow cycle count histogram, considering the leptokurtic 
nature of the stress response and with the theoretical statistical rainflow cycle count histogram 
considering a Gaussian random response. Ten realisations of 500 sec time domain signals were 
produced and the maximum and minimum damages found are reported in Table 5.3. 

Table 5.3: Comparison of relative fatigue damage values calculated for various materials 

Basquin 
exponent 

Interval of damage 
from time domain 
simulations 

Mean damage 
from time 
domain 
simulations 

Damage from 
theoretical 
rainflow - 
platykurtic 

Damage from 
theoretical 
rainflow – 
Gaussian 

b=4 [4.75 – 4.85] 4.8 5 5.5 
b=8 [1.0 10-3 – 1.1 10-3] 1.1 10-3 1.2 10-3 1.5 10-3 
b=12 [5.1 10-7 – 5.7 10-7] 5.3 10-7 7.0 10-7 10 10-7 

 

In Table 5.4, the damage values are scaled with respect to the mean damage found out of the 
ten time domain simulations and displayed in percent. 

Table 5.4: Percent damage values with respect to the mean damage from the time domain simulations 

Basquin 
exponent 

Interval of damage 
from time domain 
simulations 

Mean damage 
from time 
domain 
simulations 

Damage from 
theoretical 
rainflow - 
platykurtic 

Damage from 
theoretical 
rainflow – 
Gaussian 

b=4 [99% – 101%] 100% 104% 114% 
b=8 [97% – 101%] 100% 109% 136% 
b=12 [96% – 106%] 100% 131% 188% 

 

The theoretical damage obtained from the classical (Gaussian) spectral approach is always 
above the higher limit of the range of observed damages from time domain simulations and this 
overerestimation of the damage is more significant as the Basquin exponent 𝑏𝑏 increases. The 
theoretical damage obtained from the proposed platykurtic spectral approach seems to take into 
account the beneficial effect on damage that the clipping of the excitation has produced. 
Although slightly conservative, the theoretical damage obtained from the proposed platykurtic 
spectral approach is very close to the mean damage obtained from the time domain simulations. 



 
160 

 

In addition to the numerical approach exposed here, random vibration tests with various values 
for sigma clipping were made on a test article instrumented with strain gauges [90]. It was 
concluded that for endurance tests, the user should avoid sigma clipping below 3 because it 
noticeably reduces the fatigue damage potential on the test article, due to the reduced number 
of stress cycles at high amplitudes. It was also shown how the “classical” spectral fatigue 
approach using a Gaussian assumption could overestimate the fatigue damage on the test article. 

5.6.3 Fatigue life predictions resulting from an amplitude modulated excitation 
 
Based on the same example as in the previous sections, Table 5.5 compares the fatigue damage 
values obtained from time domain numerical simulations with the damage values obtained 
based on the theoretical statistical rainflow cycle count histogram, considering the leptokurtic 
nature of the stress response and with the theoretical statistical rainflow cycle count histogram 
considering a Gaussian random response. Ten realisations of 500 second time domain signals 
were produced and the maximum and minimum damages found are reported in Table 5.5. 

Table 5.5: Comparison of relative fatigue damage values calculated for various materials 

Basquin 
exponent 

Interval of damage 
from time domain 
simulations 

Mean damage 
from time 
domain 
simulations 

Damage from 
theoretical 
rainflow - 
leptokurtic 

Damage from 
theoretical 
rainflow – 
Gaussian 

b=4 [15.9 – 17.6] 16.7 19.6 5.4 
b=8 [13 10-2 – 19 10-2] 15 10-2 29 10-2 0.15 10-2 
b=12 [28 10-4 – 66 10-4] 38 10-4 136 10-4 0.01 10-4 

 

In Table 5.6, the damage values are scaled with respect to the mean damage found out of the 
ten time domain simulations and displayed in percentages. 

 

Table 5.6: Percent damage values with respect to the mean damage from the time domain simulations 

Basquin 
exponent 

Interval of damage 
from time domain 
simulations 

Mean damage 
from time 
domain 
simulations 

Damage from 
theoretical 
rainflow - 
leptokurtic 

Damage from 
theoretical 
rainflow – 
Gaussian 

b=4 [95% – 105%] 100% 117% 32% 
b=8 [87% – 122%] 100% 188%   1% 
b=12 [75% – 175%] 100% 357% 0.03% 

 

The theoretical damage obtained from the classical (Gaussian) spectral approach is always far 
below the lower limit of the interval of observed damages from time domain simulations. Also, 
this underestimation of the damage is even more significant as the Basquin exponent 𝑏𝑏 
increases. The theoretical damage predicted with the proposed leptokurtic spectral approach is 
closer to the mean damage observed from time domain simulations with an increasing degree 
of conservatism as the the fatigue exponent 𝑏𝑏 increases.  
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When looking at the comparison between the theoretical rainflow cycle count histogram and 
the one obtained from time domain simulations (see previous section), the overestimation of 
the probability of obtaining cycles in the high response ranges leads one to expect a 
conservative predicted damage compared to the time domain simulations. This is indeed the 
case here. It is even more pronounced in the case of high values for the fatigue exponent 𝑏𝑏, 
where damage is almost purely driven by the stress response cycles with high amplitudes 
(section 5.6 discusses the importance of the 𝑏𝑏 coefficient in more details).  

The damage predicted from the theoretical expression taking into account the leptokurtic nature 
of the loading is clearly conservative. In contrast, the standard approach (for Gaussian 
responses) underestimates severely the damage and may therefore lead to an under-design of a 
structure. Hence it is critical that predictions do not use the Gaussian assumption where it is 
suspected that the stress response might be leptokurtic. A test for Gaussianity in the response is 
thus a priority. 
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5.7 Conclusions 
 
Chapter 5 introduced novel formulations to predict the PDF of instantaneous values, the 
maximum stress value, the peak PDF and the rainflow cycle count histogram for a non-Gaussian 
stress response, knowing its PSD and kurtosis without the need for numerical simulations.  

The distributions and histograms obtained were compared with those obtained from time 
domain signal realisations and fatigue estimates were calculated from the rainflow cycle count 
histograms. 

In the leptokurtic case (kurtosis higher than 3), two sorts of leptokurtic responses were studied 
separately; the stationary one, typically modelled using a zero-memory polynomial transform 
of a stationary Gaussian signal and the nonstationary one, generated by amplitude modulating 
a stationary Gaussian signal. It was shown that making the Gaussian assumption in presence of 
a leptokurtic response can significantly underestimate the damage, even for steep fatigue 
material curves. Both stationary and nonstationary leptokurtic responses show a much higher 
probability of obtaining cycles with large ranges than when the Gaussian assumption is made. 
This is also reflected when comparing the fatigue damage estimates, i.e. the damage due to a 
leptokurtic response can be orders of magnitudes higher than when compared to the damage 
due to a Gaussian response with same RMS. This fact gets more pronounced as the kurtosis 
increases.  

In the platykurtic case (kurtosis smaller than 3), the theoretical damage obtained making the 
Gaussian assumption is overerestimated. The theoretical damage obtained from the proposed 
platykurtic spectral approach takes into account the beneficial effect of a lower kurtosis and 
provides fatigue damage estimates that are in better correlation with numerical simulations and 
experimental tests.  

This chapter illustrated how the standard approach (for Gaussian responses) severely 
underestimates the damage and may therefore lead to an under-design of a structure. Hence it 
is critical that predictions do not use the Gaussian assumption where it is suspected that the 
stress response might be leptokurtic. A test for Gaussianity properties for the response, such as 
the one proposed by Bendat and Piersol [16], is thus a priority. 
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6 Overall conclusions 
 

6.1 Conclusions of the research 
 
Engineers want to estimate the fatigue life of a structure subjected to random vibrations. When 
the mechanical environment is random, it is typically characterised by Power Spectral Density 
(PSD) and a common way to proceed is to adopt a spectral fatigue analysis, which is based on 
a statistical approach to assess the number of stress peaks at various levels or the stress cycles 
of various ranges.  

In modern CAE-based fatigue analysis tools, the user specifies the excitation PSD, and a FE 
results file representing the frequency response function linking the excitation and the stress 
response. The stress response PSD is obtained and the statistical rainflow histogram is 
extracted. Fatigue life estimates can be derived by associating the statistical rainflow histogram 
with the material fatigue curve. Such a spectral fatigue approach can offer an efficient and 
accurate fatigue life estimation compared to using time domain realisations.  

However, statistical approaches are currently limited to random stationary and Gaussian 
excitations only. 

The global objective of this PhD thesis was to extend the existing statistical approach for fatigue 
analysis under non-Gaussian random loads. Non-Gaussian random excitations found in 
industrial applications and studied in this thesis include clipped random excitations and 
excitations with high kurtosis. These objectives were gradually achieved in the various chapters 
in this thesis. After an introduction and an overview of the background literature, the means to 
generate non-Gaussian signals were exposed in chapter 3, expressions for the statistics of the 
response to a linear filter were presented in chapters 4 and the rainflow cycle distribution and 
fatigue damage estimates were obtained in chapter 5. This means that it is sufficient to know 
the characteristics of the excitation and the linear filter for the proposed formulations to provide 
the theoretical distributions for the response stress cycle ranges - the fatigue damage being then 
derived from it. Time domain signals were simulated only to compare the statistics and 
histograms obtained from the theoretical formulations with those resulting from the counting 
algorithms applied to the signals. They have shown the robustness and accuracy of the 
theoretical expressions. 

This thesis has therefore brought new techniques to extend the usage of the spectral fatigue 
analysis to non-Gaussian cases, including clipped and leptokurtic processes. The novel 
formulations can be used to improve the time-to-failure estimates for more realistic loadings. 
The proposed expressions are robust, with no empiricism and are compatible with any fatigue 
curve. It was clearly shown that the standard approach for Gaussian responses can dramatically 
underestimate the damage due to leptokurtic excitations and may therefore lead to an under-
design of a structure. Hence it is highly recommended to do a Gaussianity test when it is 
suspected that the stress response might be leptokurtic. 
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A noticeable benefit of being able to assess the fatigue life in the case of a structure subjected 
to a leptokurtic random excitation is to create an accelerated test specification. The idea is to 
associate a specific kurtosis value to a given PSD in order to reduce the exposure duration, 
while encompassing the same fatigue damage potential as the original stationary and Gaussian 
random test. The use of kurtosis control in addition to the usual load amplification method leads 
to an accelerated test that has a smaller RMS value than the equivalent random stationary and 
Gaussian test which is accelerated using the load amplification method only. So an advantage 
of the leptokurtic test is that it can reach very short durations without using exaggerated RMS 
levels. 

6.2 Perspective for future research 
 
Whilst performing this work, some additional avenues of research have been identified that 
may be of interest. The main ones being: 

• Derivation of the range-mean rainflow matrix of the response stress due to random 
Gaussian and non–Gaussian excitations. The mean stress can have a significant impact 
on the fatigue life [108] and it would be interesting to be able to take it into account. 

• Accounting for material nonlinearity when the structure subjected to Gaussian and non–
Gaussian random excitations. Material non-linearity occurs typically when the 
excitation is severe enough to produce large deformations and large material response. 
In this case, the linear relationship relating the excitation and the stress response is no 
longer valid. In some other cases, a high temperature can affect the material properties 
and activate nonlinear phenomena such as viscosity. 

• Consideration of other high order statistics such as the skewness. For instance, the 
skewness helps to account for asymmetric probability distributions, which occurs in 
road vehicles under certain circumstances [96].  

• Further research on the damage induced by sine-on-random excitations, especially when 
the frequencies of the sine tones are multiple of each other, which typically occurs with 
helicopters [86], thermal engines [85] or more generally with machinery with rotating 
parts [46]. 
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APPENDICES 

APPENDIX A: Statistics and Derivations 

The characteristic function of a normal process 
 
The probability density function 𝑝𝑝𝑟𝑟 of a normally distributed stationary time history with zero 
mean and variance 𝜎𝜎𝑥𝑥2 is: 

𝑝𝑝𝑥𝑥(𝑥𝑥) =
1

√2𝜋𝜋𝜎𝜎𝑥𝑥
𝑒𝑒−𝑥𝑥2/2𝜎𝜎𝑥𝑥2 

The characteristic function 𝜑𝜑𝑥𝑥 of a PDF 𝑝𝑝𝑥𝑥 is written: 

𝜑𝜑𝑥𝑥(𝑘𝑘) = � 𝑝𝑝𝑥𝑥(𝑢𝑢)𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗𝑑𝑑𝑑𝑑
+∞

−∞
 

where 𝑘𝑘 is a real value representing the transform variable and 𝑗𝑗 the imaginary number. 
So, for a normal and cantered distribution: 

𝜑𝜑𝑥𝑥(𝑘𝑘) = �
1

√2𝜋𝜋𝜎𝜎𝑥𝑥
𝑒𝑒−

1
2�

𝑢𝑢
𝜎𝜎𝑥𝑥
�
2

𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗𝑑𝑑𝑑𝑑
+∞

−∞
 

Which can be also written: 

𝜑𝜑𝑥𝑥(𝑘𝑘) =
1

√2𝜋𝜋𝜎𝜎𝑥𝑥
� 𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗−

1
2�

𝑢𝑢
𝜎𝜎𝑥𝑥
�
2

𝑑𝑑𝑑𝑑
+∞

−∞
 

Rearranging: 

𝜑𝜑𝑥𝑥(𝑘𝑘) =
1

√2𝜋𝜋𝜎𝜎𝑥𝑥
� 𝑒𝑒

−1
2𝜎𝜎𝑥𝑥2

��𝑢𝑢−𝑗𝑗𝑗𝑗𝜎𝜎𝑥𝑥2�
2
+𝑘𝑘2𝜎𝜎𝑥𝑥4�𝑑𝑑𝑑𝑑

+∞

−∞
 

Using the variable substitution 𝜆𝜆 = 𝑢𝑢−𝑗𝑗𝑗𝑗𝜎𝜎𝑥𝑥2

√2𝜎𝜎𝑥𝑥
, characteristic function 𝜑𝜑𝑥𝑥 becomes 

𝜑𝜑𝑥𝑥(𝑘𝑘) =
1

√2𝜋𝜋𝜎𝜎𝑥𝑥
𝑒𝑒−

𝑘𝑘2𝜎𝜎𝑥𝑥2
2 √2𝜎𝜎𝑥𝑥 � 𝑒𝑒𝜆𝜆2𝑑𝑑𝑑𝑑

+∞

−∞
 

The Gaussian integral is identified:  

� 𝑒𝑒𝜆𝜆2𝑑𝑑𝑑𝑑 = √𝜋𝜋 
+∞

−∞
 

Then,  

𝜑𝜑𝑥𝑥(𝑘𝑘) = 𝑒𝑒−
1
2𝜎𝜎𝑥𝑥

2𝑘𝑘2  

This is Equation 2.23. 
Note that if 𝜇𝜇𝑥𝑥 ≠ 0, then  

𝜑𝜑𝑥𝑥(𝑘𝑘) = 𝑒𝑒𝜇𝜇𝑥𝑥𝑘𝑘−
1
2𝜎𝜎𝑥𝑥

2𝑘𝑘2 
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Level crossings for a stationary and Gaussian process 
 
The expected number of crossings of the level 𝛼𝛼 per unit time with a positive slope is written 
𝑁𝑁𝛼𝛼+ and is given by [16, 20, 15]: 

 𝑁𝑁𝛼𝛼+=� 𝑦𝑦.𝑝𝑝𝑥𝑥,𝑦𝑦(𝛼𝛼,𝑦𝑦)𝑑𝑑𝑑𝑑
∞

0

 Equation A.1 

Where 𝑝𝑝𝑥𝑥,𝑦𝑦(𝑥𝑥,𝑦𝑦) is the joint probability density function of the random data 𝑥𝑥(𝑡𝑡) and its 
derivative 𝑦𝑦(𝑡𝑡) = 𝑥̇𝑥(𝑡𝑡). To calculate the joint probability density function 𝑝𝑝𝑥𝑥,𝑦𝑦(𝑥𝑥,𝑦𝑦), both 
variables are assumed to be Gaussian. The variances of the process and its derivative are 
respectively 𝜎𝜎𝑥𝑥2 and 𝜎𝜎𝑥̇𝑥2, where 𝜎𝜎𝑥̇𝑥2 is calculated from the area under the PSD of the derivative, 
also called the second spectral moment of the PSD 𝐺𝐺𝑥𝑥𝑥𝑥: 

 𝜎𝜎𝑥̇𝑥2 = � 𝑓𝑓².𝐺𝐺𝑥𝑥𝑥𝑥(𝑓𝑓)𝑑𝑑𝑑𝑑
∞

0

 Equation A.2 

The covariance is 𝜎𝜎𝑥𝑥𝑥𝑥 = 𝐸𝐸[𝑥𝑥(𝑡𝑡).𝑦𝑦(𝑡𝑡)] = 0 as proven by Bendat & Piersol [16] in the section 
called Derivative Random Processes or Newland [20] in chapter 8 “Statistics of narrow-band 
processes”. Therefore, the random variables 𝑥𝑥 and 𝑦𝑦 are uncorrelated and the joint probability 
density function 𝑝𝑝𝑥𝑥,𝑦𝑦(𝑥𝑥,𝑦𝑦) is calculated as the product of 𝑝𝑝𝑥𝑥(𝑥𝑥) and 𝑝𝑝𝑦𝑦(𝑦𝑦) and expressed as: 

 𝑝𝑝𝑥𝑥,𝑦𝑦(𝑥𝑥, 𝑦𝑦) =
1

𝜎𝜎𝑥𝑥√2𝜋𝜋
𝑒𝑒𝑒𝑒𝑒𝑒 �−

𝑥𝑥2

2𝜎𝜎𝑥𝑥2
�

1
𝜎𝜎𝑥̇𝑥√2𝜋𝜋

𝑒𝑒𝑒𝑒𝑒𝑒 �−
𝑦𝑦2

2𝜎𝜎𝑥̇𝑥2
� Equation A.3 

Inserting Equation A.3 into Equation A.1, the expression for 𝑁𝑁𝛼𝛼+ becomes for Gaussian 
processes: 

𝑁𝑁𝛼𝛼+=
1

2𝜋𝜋𝜎𝜎𝑥𝑥𝜎𝜎𝑥̇𝑥
𝑒𝑒𝑒𝑒𝑒𝑒 �−

𝛼𝛼2

2𝜎𝜎𝑥𝑥2
�� 𝑦𝑦. 𝑒𝑒𝑒𝑒𝑒𝑒 �−

𝑦𝑦2

2𝜎𝜎𝑥𝑥2
�𝑑𝑑𝑑𝑑

∞

0

 

Using entries in section 3.321 of [109], the integral is solved and its value is 𝜎𝜎𝑥𝑥2. For a stationary 
Gaussian random process, the expected number of crossings of the level 𝛼𝛼 per unit time with a 
positive slope 𝑁𝑁𝛼𝛼+ is now expressed: 

 𝑁𝑁𝛼𝛼+=
1

2𝜋𝜋
𝜎𝜎𝑥̇𝑥
𝜎𝜎𝑥𝑥
𝑒𝑒𝑒𝑒𝑒𝑒 �−

𝛼𝛼2

2𝜎𝜎𝑥𝑥2
� Equation A.4 

This is Equation 2.44 
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The peak PDF of a narrowband process 
 
The expression in Equation 2.51 can be derived using the Rice representation of narrowband 
noise. Rice [15] suggests a representation of the random noise 𝑥𝑥(𝑡𝑡) based on the Fourier series: 

 𝑥𝑥(𝑡𝑡) = �(𝛼𝛼𝑘𝑘. cos(2𝜋𝜋𝑓𝑓𝑘𝑘𝑡𝑡) + 𝛽𝛽𝑘𝑘. sin(2𝜋𝜋𝑓𝑓𝑘𝑘𝑡𝑡))
𝑀𝑀

𝑘𝑘=1

 Equation A.5 

where 𝑀𝑀 is a large number (𝑀𝑀 → ∞) and 𝛼𝛼𝑘𝑘, 𝛽𝛽𝑘𝑘 are independent coefficients distributed 
normally. Or more conveniently: 

 𝑥𝑥(𝑡𝑡) = �𝑐𝑐𝑘𝑘. cos(2𝜋𝜋𝑓𝑓𝑘𝑘𝑡𝑡 −  𝜑𝜑𝑘𝑘)
𝑀𝑀

𝑘𝑘=1

 Equation A.6 

where 𝑀𝑀 is a large number (𝑀𝑀 → ∞), 𝜑𝜑𝑘𝑘 are independent random phase angles with a uniform 
distribution on the interval [0,2π[ and the coefficients 𝑐𝑐𝑘𝑘 are distributed normally [23]. 

Let 𝑓𝑓𝑚𝑚 be a representative mid-band frequency for the narrowband noise. The noise signal may 
be written as:  

𝑥𝑥(𝑡𝑡) = �𝑐𝑐𝑘𝑘 . cos(2𝜋𝜋𝑓𝑓𝑘𝑘𝑡𝑡 − 2𝜋𝜋𝑓𝑓𝑚𝑚𝑡𝑡 −  𝜑𝜑𝑘𝑘 + 2𝜋𝜋𝑓𝑓𝑚𝑚𝑡𝑡)
𝑀𝑀

𝑘𝑘=1

 

Using simple trigonometric relationships: 

𝑥𝑥(𝑡𝑡) = cos(2𝜋𝜋𝑓𝑓𝑚𝑚𝑡𝑡) . 𝑥𝑥𝑐𝑐(𝑡𝑡) − sin(2𝜋𝜋𝑓𝑓𝑚𝑚𝑡𝑡) . 𝑥𝑥𝑠𝑠(𝑡𝑡) 

where 𝑥𝑥𝑐𝑐 and 𝑥𝑥𝑠𝑠 are the components of the random noise that are respectively “in phase” and 
“in quadrature” with the mid-band frequency 𝑓𝑓𝑚𝑚. Those components can be expressed as: 

𝑥𝑥𝑐𝑐(𝑡𝑡) = �𝑐𝑐𝑘𝑘. cos(2𝜋𝜋𝑓𝑓𝑘𝑘𝑡𝑡 − 2𝜋𝜋𝑓𝑓𝑚𝑚𝑡𝑡 −  𝜑𝜑𝑘𝑘)
𝑀𝑀

𝑘𝑘=1

 

𝑥𝑥𝑠𝑠(𝑡𝑡) = �𝑐𝑐𝑘𝑘. sin(2𝜋𝜋𝑓𝑓𝑘𝑘𝑡𝑡 − 2𝜋𝜋𝑓𝑓𝑚𝑚𝑡𝑡 −  𝜑𝜑𝑘𝑘)
𝑀𝑀

𝑘𝑘=1

 

Rice [15] showed that 𝑥𝑥𝑐𝑐 and 𝑥𝑥𝑠𝑠 are independent random variables, distributed normally around 
zero and with the same variance 𝜎𝜎𝑥𝑥2 as 𝑥𝑥(𝑡𝑡). 

A typical narrowband signal is depicted in Figure 80. 
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Figure 80: Example narrowband signal and its envelope 

Such a signal can be expressed: 

 𝑥𝑥(𝑡𝑡) = 𝑟𝑟(𝑡𝑡) . cos�2𝜋𝜋𝑓𝑓𝑚𝑚𝑡𝑡 +  𝜃𝜃(𝑡𝑡)� Equation A.7 

where 𝑟𝑟(𝑡𝑡) is the signal’s envelope and 𝜃𝜃(𝑡𝑡) the phase angle.  

𝑟𝑟(𝑡𝑡) and 𝜃𝜃(𝑡𝑡) are slowly varying functions of time relative to the mid-band frequency 𝑓𝑓𝑚𝑚. 

The envelope can be expressed as 𝑟𝑟(𝑡𝑡) = �𝑥𝑥𝑐𝑐(𝑡𝑡)2 + 𝑥𝑥𝑠𝑠(𝑡𝑡)2. 

Papoulis [36] gives the distribution of the root mean square (RMS) value of two independent 
normal distributions, (see example 6.15 in [36]) and the resulting probability density function 
is found to be: 

𝑓𝑓𝑅𝑅(𝑟𝑟) =
r
𝜎𝜎𝑋𝑋2

. e
-� 𝑟𝑟2
2𝜎𝜎𝑋𝑋2

�
 

This is the same Rayleigh distribution with scale parameter 𝜎𝜎𝑋𝑋 as found in Equation 2.51. 

  

Envelope r(t) 
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PDF of peaks and valleys for a broadband random process 
 
Rice [15] stated that a local maximum is obtained when the first derivative of the signal is equal 
to zero and when the second derivative is negative. The marginal distribution of peaks, called 
the peak probability density function is given by (see [15]):  

 𝑝𝑝𝑥𝑥𝑝𝑝(𝑠𝑠)=
1
𝑁𝑁𝑝𝑝

�−𝑧𝑧. p𝑋𝑋,𝑌𝑌,𝑍𝑍(𝑠𝑠,0, 𝑧𝑧)𝑑𝑑𝑑𝑑
0

−∞

 Equation A.8 

where p𝑋𝑋,𝑌𝑌,𝑍𝑍(𝑥𝑥,𝑦𝑦, 𝑧𝑧) is the joint probability density function of the random data 𝑥𝑥(𝑡𝑡), its 
derivative 𝑦𝑦(𝑡𝑡) = 𝑥̇𝑥(𝑡𝑡) and its second derivative 𝑧𝑧(𝑡𝑡) = 𝑥̈𝑥(𝑡𝑡). The joint probability density 
function pX,Y,Z(x,y, z) can be calculated if all variables are assumed to be Gaussian. Using the 
generic results from the section on N-dimensional normal distributions in [16], the joint 
probability density function p𝑋𝑋,𝑌𝑌,𝑍𝑍(𝑥𝑥,𝑦𝑦, 𝑧𝑧) can be calculated from the marginal distributions 
px(x), py(y) and pz(z) and the covariance matrix. 

The variances of the process and its derivatives are respectively 𝜎𝜎𝑥𝑥2, 𝜎𝜎𝑥̇𝑥2 and 𝜎𝜎𝑥̈𝑥2. 

The covariances 𝜎𝜎𝑋𝑋𝑋𝑋 and 𝜎𝜎𝑌𝑌𝑌𝑌 are zero as proven by Bendat & Piersol [16] in the section called 
Derivative Random Processes or Newland [20] in chapter 8 “Statistics of narrow-band 
processes”. The covariance 𝜎𝜎𝑋𝑋𝑋𝑋 is 𝜎𝜎𝑋̇𝑋2 as proven by Rice [15] in section 3.6.  

Finally, an expression for p𝑋𝑋,𝑌𝑌,𝑍𝑍(𝑠𝑠,0, 𝑧𝑧) is found and Equation A.8 can be solved. Rice [15] 
showed that in the case of a broadband process, the peak distribution is expressed by Equation 
2.54.  
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Distribution of the weighted sum of Rayleigh and Normal distributed 
random variables 

 
The value of a peak 𝑆𝑆 is a random variable. It is assumed that the value of the random variable 
𝑆𝑆 is a weighted sum of two independent random variables 𝑆𝑆𝑟𝑟 and 𝑆𝑆𝑔𝑔 which are respectively 
distributed according to Rayleigh and Normal laws.  

𝑆𝑆 = 𝛼𝛼. 𝑆𝑆𝑔𝑔 + 𝛽𝛽. 𝑆𝑆𝑟𝑟 

with 𝛼𝛼 and 𝛽𝛽 two real valued weighting coefficients. 

The first and second order statistical moments of 𝑆𝑆 are:  

𝐸𝐸[𝑆𝑆] = 𝐸𝐸�𝛼𝛼. 𝑆𝑆𝑔𝑔 + 𝛽𝛽. 𝑆𝑆𝑟𝑟� = 𝛼𝛼.𝐸𝐸[𝑆𝑆𝑔𝑔] + 𝛽𝛽.𝐸𝐸[𝑆𝑆𝑟𝑟] 

𝐸𝐸[𝑆𝑆2] = 𝐸𝐸 ��𝛼𝛼. 𝑆𝑆𝑔𝑔 + 𝛽𝛽. 𝑆𝑆𝑟𝑟�
2
� = 𝛼𝛼2.𝐸𝐸[𝑆𝑆𝑔𝑔2] + 𝛽𝛽2.𝐸𝐸[𝑆𝑆𝑟𝑟2] 

There are several possible solutions for 𝛼𝛼 and 𝛽𝛽. Those solutions contain the irregularity factor 
γ since, as stated in previous section when γ tends to 1.0, S tends to 𝑆𝑆𝑟𝑟, and when γ tends to 0.0, 
S tends to 𝑆𝑆𝑔𝑔. 

Taking the weighting coefficients to be 𝛼𝛼2 = 1 − 𝛾𝛾² and 𝛽𝛽2 = 𝛾𝛾2, S can be written: 

𝑆𝑆 = �1 − 𝛾𝛾². 𝑆𝑆𝑔𝑔 + 𝛾𝛾. 𝑆𝑆𝑟𝑟 

The random variable 𝑆𝑆𝑔𝑔is normal with zero mean and variance 𝜎𝜎𝑥𝑥², therefore �1 − 𝛾𝛾².𝑆𝑆𝑔𝑔 is 
normal with zero mean and variance 𝜎𝜎12 = 𝜎𝜎𝑥𝑥². (1 − 𝛾𝛾2) and its PDF is given as : 

𝑓𝑓𝐺𝐺(𝑥𝑥) =
1

√2𝜋𝜋𝜎𝜎1
𝑒𝑒
−𝑥𝑥2
2𝜎𝜎1² 

The random variable 𝑆𝑆𝑟𝑟is distributed according to a Rayleigh distribution with scale parameter 
𝜎𝜎𝑥𝑥, therefore 𝛾𝛾. 𝑆𝑆𝑟𝑟 is distributed as Rayleigh with scale parameter 𝜎𝜎2 = 𝜎𝜎𝑥𝑥. 𝛾𝛾 and its PDF is 
given as : 

𝑓𝑓𝑅𝑅(𝑥𝑥) =
𝑥𝑥
𝜎𝜎22

𝑒𝑒
−𝑥𝑥2
2.𝜎𝜎22 

Papoulis [5] demonstrates that the PDF of the sum of 2 independent variables with PDF 𝑝𝑝𝑅𝑅 and 
𝑝𝑝𝐺𝐺 is expressed: 

𝑝𝑝𝑝𝑝(𝑠𝑠) = � 𝑝𝑝𝑅𝑅(𝑥𝑥).𝑝𝑝𝐺𝐺(𝑠𝑠 − 𝑥𝑥)𝑑𝑑𝑑𝑑
+∞

0

 

Which can be then developed: 
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𝑝𝑝𝑝𝑝(𝑠𝑠) = �
𝑥𝑥
𝜎𝜎22

𝑒𝑒
−𝑥𝑥2
2.𝜎𝜎22 .

1
√2𝜋𝜋𝜎𝜎1

𝑒𝑒
−(𝑠𝑠−𝑥𝑥)2
2.𝜎𝜎1² 𝑑𝑑𝑑𝑑

+∞

0

 

𝑝𝑝𝑝𝑝(𝑠𝑠) =
1

√2𝜋𝜋.𝜎𝜎1.𝜎𝜎22
� 𝑥𝑥. 𝑒𝑒

−𝑥𝑥2(𝜎𝜎12+𝜎𝜎22)
2.𝜎𝜎22.𝜎𝜎12 . 𝑒𝑒

𝑥𝑥.𝑠𝑠
𝜎𝜎12 . 𝑒𝑒

−𝑠𝑠²
2.𝜎𝜎12𝑑𝑑𝑑𝑑

+∞

0

 

 

𝑝𝑝𝑝𝑝(𝑠𝑠) =
1

√2𝜋𝜋.𝜎𝜎1.𝜎𝜎22
� 𝑥𝑥. 𝑒𝑒

−𝑥𝑥2�𝜎𝜎12+𝜎𝜎22�+𝑥𝑥.2.𝑠𝑠.𝜎𝜎22−𝑠𝑠².𝜎𝜎2
2

2.𝜎𝜎22.𝜎𝜎12 𝑑𝑑𝑑𝑑
+∞

0

 

Using 𝑎𝑎 = 𝜎𝜎12+𝜎𝜎22

2.𝜎𝜎22.𝜎𝜎12
, 𝑏𝑏 = 𝑠𝑠

𝜎𝜎12
, 𝑐𝑐 = − 𝑠𝑠2

2.𝜎𝜎12
 , this simplifies to : 

𝑝𝑝𝑝𝑝(𝑠𝑠) =
1

√2𝜋𝜋.𝜎𝜎1.𝜎𝜎22
� 𝑥𝑥. 𝑒𝑒−𝑥𝑥2𝑎𝑎+𝑥𝑥.𝑏𝑏+𝑐𝑐𝑑𝑑𝑑𝑑
+∞

0

 

Now rewriting the exponent: 

−𝑥𝑥2𝑎𝑎 + 𝑥𝑥. 𝑏𝑏 + 𝑐𝑐 =  −𝑎𝑎 �𝑥𝑥 −
𝑏𝑏

2𝑎𝑎
�
2

+ 𝑐𝑐 +
𝑏𝑏2

4𝑎𝑎
 

Therefore  

𝑒𝑒−𝑥𝑥2𝑎𝑎+𝑥𝑥.𝑏𝑏+𝑐𝑐 = 𝑒𝑒−𝑎𝑎�𝑥𝑥−
𝑏𝑏
2𝑎𝑎�

2

. 𝑒𝑒𝑐𝑐+
𝑏𝑏2
4𝑎𝑎 

𝑝𝑝𝑝𝑝(𝑠𝑠) can be rewritten: 

𝑝𝑝𝑝𝑝(𝑠𝑠) =
𝑒𝑒𝑐𝑐+

𝑏𝑏2
4𝑎𝑎

√2𝜋𝜋.𝜎𝜎1.𝜎𝜎22
� 𝑥𝑥. 𝑒𝑒−𝑎𝑎�𝑥𝑥−

𝑏𝑏
2𝑎𝑎�

2

𝑑𝑑𝑑𝑑
+∞

0

 

writting 𝑥𝑥 = 𝑥𝑥 − 𝑏𝑏
2𝑎𝑎

+ 𝑏𝑏
2𝑎𝑎

: 

𝑝𝑝𝑝𝑝(𝑠𝑠) =
𝑒𝑒𝑐𝑐+

𝑏𝑏2
4𝑎𝑎

√2𝜋𝜋.𝜎𝜎1.𝜎𝜎22
�� �𝑥𝑥 −

𝑏𝑏
2𝑎𝑎
� . 𝑒𝑒−𝑎𝑎�𝑥𝑥−

𝑏𝑏
2𝑎𝑎�

2

𝑑𝑑𝑑𝑑
+∞

0

+ �
𝑏𝑏

2𝑎𝑎
. 𝑒𝑒−𝑎𝑎�𝑥𝑥−

𝑏𝑏
2𝑎𝑎�

2

𝑑𝑑𝑑𝑑
+∞

0

� 

And using the substitution = 𝑥𝑥 − 𝑏𝑏
2𝑎𝑎

 , the first integral is evaluated and the second integral can 
be expressed in terms of the error function defined as : 

𝑒𝑒𝑒𝑒𝑒𝑒(𝑥𝑥) =
2
√𝜋𝜋

�𝑒𝑒−𝑡𝑡2𝑑𝑑𝑑𝑑
𝑥𝑥

0

= 1 −
2
√𝜋𝜋

� 𝑒𝑒−𝑡𝑡2𝑑𝑑𝑑𝑑
∞

𝑥𝑥
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Therefore: 

𝑝𝑝𝑝𝑝(𝑠𝑠) =
𝑒𝑒𝑐𝑐+

𝑏𝑏2
4𝑎𝑎

√2𝜋𝜋.𝜎𝜎1.𝜎𝜎22
�

0.5
𝑎𝑎

. 𝑒𝑒−
𝑏𝑏²
4.𝑎𝑎 +

𝑏𝑏√𝜋𝜋
4𝑎𝑎√𝑎𝑎

.�1 + erf �√𝑎𝑎 �
𝑏𝑏

2𝑎𝑎
���� 

Substituting a, b and c with 𝜎𝜎1 and 𝜎𝜎2 and then with 𝛾𝛾 and 𝜎𝜎𝑥𝑥² gives: 

𝑝𝑝𝑝𝑝(𝑠𝑠) =
1

�2𝜋𝜋𝜎𝜎𝑥𝑥²(1 − 𝛾𝛾²).𝜎𝜎𝑥𝑥²𝛾𝛾²
.�𝜎𝜎𝑋𝑋²𝛾𝛾²(1 − 𝛾𝛾²). 𝑒𝑒

− 𝑠𝑠2
2.𝜎𝜎𝑥𝑥²(1−𝛾𝛾²)

+
𝑠𝑠. 𝛾𝛾3.�2𝜋𝜋𝜎𝜎𝑥𝑥²(1 − 𝛾𝛾²)

2
. 𝑒𝑒

− 𝑠𝑠2
2.𝜎𝜎𝑋𝑋².�1 + erf �

𝑠𝑠. 𝛾𝛾
�2𝜎𝜎𝑥𝑥²(1 − 𝛾𝛾²)

��� 

Which simplifies as: 

𝑝𝑝𝑝𝑝(𝑠𝑠) =
�1 − 𝛾𝛾²
√2𝜋𝜋𝜎𝜎𝑥𝑥

. 𝑒𝑒
− 𝑠𝑠2
2.𝜎𝜎𝑥𝑥²(1−𝛾𝛾²) +

𝑠𝑠. 𝛾𝛾
2𝜎𝜎𝑥𝑥²

. 𝑒𝑒
− 𝑠𝑠2
2.𝜎𝜎𝑥𝑥².�1 + erf �

𝑠𝑠. 𝛾𝛾
�2𝜎𝜎𝑥𝑥²(1− 𝛾𝛾²)

�� 

Factoring by 1/𝜎𝜎𝑥𝑥: 

𝑝𝑝𝑝𝑝(𝑠𝑠) =
1
𝜎𝜎𝑥𝑥
�
�1 − 𝛾𝛾²
√2𝜋𝜋

. 𝑒𝑒
− 𝑠𝑠2
2.𝜎𝜎𝑥𝑥²(1−𝛾𝛾²) +

𝑠𝑠. 𝛾𝛾
2𝜎𝜎𝑥𝑥

. 𝑒𝑒
− 𝑠𝑠2
2.𝜎𝜎𝑥𝑥².�1 + erf �

𝑠𝑠. 𝛾𝛾

𝜎𝜎𝑥𝑥�2(1 − 𝛾𝛾²)
��� 

 

Which is identical to the expression in Equation 2.54. 
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PDF of the maximum peak 
 
There are a number of research papers involved with finding the distribution for the maximum 
peak 𝑋𝑋𝑚𝑚 out of 𝑁𝑁𝑝𝑝𝑇𝑇 peaks [43, 44, 23, 45]. If 𝑃𝑃 is the probability of an observation being less 
than 𝑠𝑠, the probability that the greatest of a sample of 𝑁𝑁 peaks is less than 𝑠𝑠 is 𝑃𝑃𝑁𝑁 [43]. 
Consequently, if 𝑃𝑃𝑝𝑝 is the Cumulative Distribution Function (CDF) of the peaks in a sample 
signal, then out of 𝑁𝑁𝑝𝑝𝑇𝑇 peaks, the CDF of the maximum peak is:  

 𝑃𝑃𝑋𝑋𝑚𝑚(𝑠𝑠) = �𝑃𝑃𝑝𝑝(𝑠𝑠)�
𝑁𝑁𝑝𝑝𝑇𝑇 Equation A.9 

Note that the PDF of the largest peak value out of 𝑁𝑁𝑝𝑝𝑇𝑇 peaks of a random process can be 
obtained by differentiation of Equation A.9 and is expressed as:  

 𝑝𝑝𝑋𝑋𝑚𝑚(𝑠𝑠) = 𝑁𝑁𝑝𝑝𝑇𝑇𝑝𝑝𝑝𝑝(𝑠𝑠)�𝑃𝑃𝑝𝑝(𝑠𝑠)�
𝑁𝑁𝑝𝑝𝑇𝑇−1 Equation A.10 

The expected value for the largest peak i.e. the average value of the largest peak out of 𝑁𝑁𝑝𝑝𝑇𝑇 
peaks 𝑋𝑋𝑚𝑚���� is computed using Equation 2.4 as 𝑋𝑋𝑚𝑚���� = ∫ 𝑠𝑠𝑝𝑝𝑋𝑋𝑚𝑚(𝑠𝑠)𝑑𝑑𝑑𝑑∞

−∞ . 

In the case of a narrowband signal (𝛾𝛾 → 1), for a large value of peaks 𝑁𝑁𝑝𝑝𝑇𝑇, an asymptotic 
expression for 𝑋𝑋𝑚𝑚���� was calculated to be [44]: 

 𝑋𝑋𝑚𝑚���� ≈ 𝜎𝜎𝑋𝑋

⎝

⎛�2 ln�𝑁𝑁𝑝𝑝𝑇𝑇� +
𝜀𝜀

�2 ln�𝑁𝑁𝑝𝑝𝑇𝑇�⎠

⎞ Equation A.11 

Here 𝜀𝜀 denotes the Euler constant: 𝜀𝜀 = 0.577215 … 

In the case of a broadband signal (0 < 𝛾𝛾 ≤ 1), for a large value of peaks 𝑁𝑁𝑝𝑝𝑇𝑇, the asymptotic 
expression above was adapted to take into account the irregularity factor [23]: 

 𝑋𝑋𝑚𝑚���� ≈ 𝜎𝜎𝑋𝑋

⎝

⎛�2 ln�𝛾𝛾𝑁𝑁𝑝𝑝𝑇𝑇� +
𝜀𝜀

�2 ln�𝛾𝛾𝑁𝑁𝑝𝑝𝑇𝑇�⎠

⎞ Equation A.12 

When 𝛾𝛾 approaches zero, the above expression is no longer valid. Fisher & Tippett [43] have 
shown that the average value of the largest peak out of 𝑁𝑁𝑝𝑝𝑇𝑇 peaks in this case is given by: 

 𝑋𝑋𝑚𝑚���� ≈ 𝜎𝜎𝑋𝑋 �m +
𝜀𝜀𝜀𝜀

𝑚𝑚2 + 1
� Equation A.13 

where 𝑚𝑚 is the mode of the distribution of maximum peaks 𝑚𝑚 ≈

�𝑙𝑙𝑙𝑙 ��𝑁𝑁𝑝𝑝𝑇𝑇�
2

2𝜋𝜋
� − 𝑙𝑙𝑙𝑙 �𝑙𝑙𝑙𝑙 ��𝑁𝑁𝑝𝑝𝑇𝑇�

2

2𝜋𝜋
��. 

  



 
180 

 

APPENDIX B: Amplitude modulated random signals 
 

Kurtosis of an amplitude modulated signal with successive bursts 
 
The fourth statistical moment of the amplitude modulated signal 𝑦𝑦(𝑡𝑡) is calculated using 
𝐸𝐸[𝑦𝑦4] = 𝐸𝐸[𝑎𝑎4]𝐸𝐸[𝑥𝑥4].  

The fourth statistical moment of the underlying Gaussian signal 𝑥𝑥(𝑡𝑡) is 𝐸𝐸[𝑥𝑥4] = 3𝜎𝜎𝑥𝑥4.  

The additive property of cumulants shall be used to calculate the fourth statistical moment of 
the modulating function 𝑎𝑎(𝑡𝑡). The fourth cumulant 𝐶𝐶𝑎𝑎,4 of the modulating function 𝑎𝑎(𝑡𝑡) is the 
sum of the fourth cumulants of the harmonic signal 𝐶𝐶𝐴𝐴,4 and the constant signal 𝐶𝐶𝐵𝐵,4 (see 
Equation 2.20 in section 2.1.11):  

𝐶𝐶𝑎𝑎,4 = 𝐶𝐶𝐴𝐴,4 + 𝐶𝐶𝐵𝐵,4 

Then, using the cumulants-moments relationships (see Equation 2.24 in section 2.1.11) 

𝐶𝐶𝑎𝑎,4 = 𝑀𝑀𝐴𝐴,4 + 𝑀𝑀𝐵𝐵,4 − 3�𝑀𝑀𝐴𝐴,2�
2
− 3�𝑀𝑀𝐵𝐵,2�

2
 

and since 𝐶𝐶𝑎𝑎,4 =  𝑀𝑀𝑎𝑎,4 − 3�𝑀𝑀𝑎𝑎,2�
2
 

then, 𝑀𝑀𝑎𝑎,4 = 𝑀𝑀𝐴𝐴,4 + 𝑀𝑀𝐵𝐵,4 − 3�𝑀𝑀𝐴𝐴,2�
2
− 3�𝑀𝑀𝐵𝐵,2�

2
+ 3�𝑀𝑀𝑎𝑎,2�

2
. 

Now, replacing 𝑀𝑀𝐴𝐴,2 with 1
2
𝐴𝐴2 , 𝑀𝑀𝐴𝐴,4 with 3

2
�𝐴𝐴

2

2
�
2
 (since the kurtosis of a sine wave is 3

2
), 𝑀𝑀𝐵𝐵,2 

with 𝐵𝐵2 and 𝑀𝑀𝐵𝐵,4 with 𝐵𝐵4 and 𝑀𝑀𝑎𝑎,2 with �𝐵𝐵2 + 1
2
𝐴𝐴2�, the expression for 𝑀𝑀𝑎𝑎,4 becomes: 

𝑀𝑀𝑎𝑎,4 = 𝐸𝐸[𝑎𝑎4] = 3
8
𝐴𝐴4 + 𝐵𝐵4 + 3𝐴𝐴2𝐵𝐵2  

Finally, the fourth statistical moment of 𝑦𝑦(𝑡𝑡) is obtained as: 

𝐸𝐸[𝑦𝑦4] = 𝐸𝐸[𝑎𝑎4]𝐸𝐸[𝑥𝑥4] = �3
8
𝐴𝐴4 + 𝐵𝐵4 + 3𝐴𝐴2𝐵𝐵2�3𝜎𝜎𝑥𝑥4  

Note that the kurtosis of 𝑦𝑦(𝑡𝑡) is: 

𝜅𝜅𝑦𝑦 = 3
�3

8𝐴𝐴
4 + 𝐵𝐵4 + 3𝐴𝐴2𝐵𝐵2�

�𝐵𝐵2 + 1
2𝐴𝐴

2�
2  

which can be rearranged as:  

𝜅𝜅𝑦𝑦 =
3
2
𝐴𝐴2.

(𝐴𝐴2 + 16𝐵𝐵2)
(𝐴𝐴2 + 2𝐵𝐵2)2

+ 3 

This is Equation 3.17. 
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Initial estimates of A and B for a prescribed Kurtosis value 
 
To produce a signal that follows both the prescribed PSD and kurtosis using amplitude 
modulation, it is proposed to first derive a stationary signal 𝑥𝑥(𝑡𝑡) from the PSD, as described in 
section 3.2 and then multiply it by a modulation function 𝑎𝑎(𝑡𝑡). The characteristics of 𝑎𝑎(𝑡𝑡) are 
calculated based on the value of the target kurtosis and the rate of bursts 𝑟𝑟𝑏𝑏, chosen based on 
the type of phenomenon, more or less impulsive, that one wants to simulate.  

The objective is therefore to solve the system of equations given in Equation 3.19 to find the 
unknown coefficients 𝐴𝐴 and 𝐵𝐵 for a prescribed kurtosis value and a given proportion of bursts 
𝑟𝑟𝑏𝑏. Newton’s method can be used to solve the system of nonlinear equations in Equation 3.19. 
Initial estimates for 𝐴𝐴 and 𝐵𝐵 are required for the iterative algorithm to converge more rapidly. 
The calculation of the initial estimates is given here.  

First, note that the amplitude modulation is expected to keep the global energy of the signal, in 
other words, the variance of the amplitude modulated signal 𝑦𝑦(𝑡𝑡) should be the same as the 
variance of the underlying random signal 𝑥𝑥(𝑡𝑡). This means that 𝐸𝐸[𝑦𝑦2] = 𝜎𝜎𝑥𝑥2. Therefore, the 
first equation of the system of equations given in Equation 3.19 can be developed and re-written 
as: 

𝐵𝐵2 + 2𝐴𝐴𝐴𝐴(𝑟𝑟𝑏𝑏 − 1) + �1 −
1
2
𝑟𝑟𝑏𝑏�𝐴𝐴2 − 1 = 0 

If one considers 𝐵𝐵 as the unknown, the discriminant of the quadratic equation ∆ is found to be: 

∆= 4𝐴𝐴2 �𝑟𝑟𝑏𝑏2 −
3
2
𝑟𝑟𝑏𝑏� + 4 

In order to obtain real roots, A must be chosen such that 𝐴𝐴2 �𝑟𝑟𝑏𝑏2 −
3
2
𝑟𝑟𝑏𝑏�+ 1 ≥ 0. In this case, 

the real roots obtained are: 

𝐵𝐵 = 𝐴𝐴(1 − 𝑟𝑟𝑏𝑏) ±
√∆
2

 

Note that in the case of a zero discriminant, then 𝐵𝐵 = 𝐴𝐴(1 − 𝑟𝑟𝑏𝑏), which is not acceptable since 
in this case 𝐵𝐵 ≤ 𝐴𝐴 and the modulating function is therefore not always positive. So the 
discriminant must be strictly positive, which corresponds to a positive bound for: 

𝐴𝐴2 <
1

�𝑟𝑟𝑏𝑏2 −
3
2 𝑟𝑟𝑏𝑏�

 

Note that 𝑟𝑟𝑏𝑏2 − 3/2𝑟𝑟𝑏𝑏 < 0  for 0 < 𝑟𝑟𝑏𝑏 ≤ 1, and the case 𝑟𝑟𝑏𝑏 = 0 is excluded here since it would 
lead to a zero denominator.  

So an initial estimate for 𝐴𝐴 can be: 𝐴𝐴𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 = 0.5�
1

�𝑟𝑟𝑏𝑏2−
3
2𝑟𝑟𝑏𝑏�
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Then, the initial estimate for 𝐵𝐵 can be deduced from the equation 𝐵𝐵 = 𝐴𝐴(1 − 𝑟𝑟𝑏𝑏) ± √∆
2

. Since 𝐵𝐵 
must be positive, the initial estimate for 𝐵𝐵 can be:  

𝐵𝐵𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 = 𝐴𝐴𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒(1 − 𝑟𝑟𝑏𝑏) + �𝐴𝐴𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒2(𝑟𝑟𝑏𝑏² − 3/2𝑟𝑟𝑏𝑏) + 1 

Routines based on Newton’s method such as zeros_sys_eqn in IMSL [101] can be used to solve 
the system of nonlinear equations using the provided initial estimates 𝐴𝐴𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 and 𝐵𝐵𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒.  

Fourier coefficients of the modulating function 
 
Considering the random process 𝑦𝑦(𝑡𝑡) = 𝑎𝑎(𝑡𝑡)𝑥𝑥(𝑡𝑡) where 𝑥𝑥(𝑡𝑡) stationary and 𝑎𝑎(𝑡𝑡) a periodic 
modulation function, with period 𝑇𝑇,  

𝑎𝑎(𝑡𝑡) = �
         (𝐵𝐵 − 𝐴𝐴)                            − 𝑇𝑇/2 ≤ 𝑡𝑡 ≤ −𝑇𝑇0/2

(𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴(2𝜋𝜋𝜋𝜋0𝑡𝑡) + 𝐵𝐵)          − 𝑇𝑇0/2 ≤ 𝑡𝑡 ≤ 𝑇𝑇0/2
(𝐵𝐵 − 𝐴𝐴)                                𝑇𝑇0/2 ≤ 𝑡𝑡 ≤ 𝑇𝑇/2

 

The modulation function is graphically represented below: 

 

The modulation function has the following decomposition into Fourier series: 

𝑎𝑎(𝑡𝑡) = 𝑎𝑎0 + �𝑎𝑎𝑘𝑘 cos �2𝜋𝜋
𝑘𝑘𝑘𝑘
𝑇𝑇
� + �𝑏𝑏𝑘𝑘sin �2𝜋𝜋

𝑘𝑘𝑘𝑘
𝑇𝑇
�

𝑘𝑘≠0𝑘𝑘≠0

 

where  

𝑎𝑎0 =
1
𝑇𝑇

� 𝑎𝑎(𝑡𝑡)𝑑𝑑𝑑𝑑

𝑇𝑇/2

−𝑇𝑇/2
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𝑎𝑎𝑘𝑘 =
1
𝑇𝑇
�𝑎𝑎(𝑡𝑡) cos �−2𝜋𝜋

𝑘𝑘𝑘𝑘
𝑇𝑇
� 𝑑𝑑𝑑𝑑

𝑇𝑇
2

−𝑇𝑇2

 

𝑏𝑏𝑘𝑘 =
1
𝑇𝑇

� 𝑎𝑎(𝑡𝑡) sin �−2𝜋𝜋
𝑘𝑘𝑘𝑘
𝑇𝑇
� 𝑑𝑑𝑑𝑑

𝑇𝑇/2

−𝑇𝑇/2

 

Since 𝑎𝑎(𝑡𝑡) is an even function of 𝑡𝑡, the 𝑏𝑏𝑘𝑘 coefficients are all zero. The 𝑎𝑎0 coefficient is 
calculated as: 

𝑎𝑎0 =
1
𝑇𝑇
�2(𝐵𝐵 − 𝐴𝐴)

𝑇𝑇 − 𝑇𝑇0
2

+ 𝑇𝑇0𝐵𝐵 + 𝐴𝐴 � 𝑐𝑐𝑐𝑐𝑐𝑐(2𝜋𝜋𝜋𝜋0𝑡𝑡)𝑑𝑑𝑑𝑑

T/2

−T/2

� 

𝑎𝑎0 = (𝐵𝐵 − 𝐴𝐴) +
𝑇𝑇0
𝑇𝑇
𝐴𝐴 +

𝐴𝐴
𝑇𝑇
�
𝑠𝑠𝑠𝑠𝑠𝑠(2𝜋𝜋𝜋𝜋0𝑡𝑡)

2𝜋𝜋𝜋𝜋0
�
−T/2

T/2

 

𝑎𝑎0 = (𝐵𝐵 − 𝐴𝐴) +
𝑇𝑇0
𝑇𝑇
𝐴𝐴 

And now the 𝑎𝑎𝑘𝑘 coefficients: 

𝑎𝑎𝑘𝑘 =
(𝐵𝐵 − 𝐴𝐴)

𝑇𝑇
� cos �2𝜋𝜋

𝑘𝑘𝑘𝑘
𝑇𝑇
� 𝑑𝑑𝑑𝑑

−𝑇𝑇0/2

−𝑇𝑇/2

+
𝐴𝐴
𝑇𝑇

� 𝑐𝑐𝑐𝑐𝑐𝑐(2𝜋𝜋𝜋𝜋0𝑡𝑡) cos �2𝜋𝜋
𝑘𝑘𝑘𝑘
𝑇𝑇
� 𝑑𝑑𝑑𝑑

𝑇𝑇0/2

−𝑇𝑇0/2

+
𝐵𝐵
𝑇𝑇

� cos �2𝜋𝜋
𝑘𝑘𝑘𝑘
𝑇𝑇
� 𝑑𝑑𝑑𝑑

𝑇𝑇0/2

−𝑇𝑇0/2

+
(𝐵𝐵 − 𝐴𝐴)

𝑇𝑇
� cos �2𝜋𝜋

𝑘𝑘𝑘𝑘
𝑇𝑇
� 𝑑𝑑𝑑𝑑

𝑇𝑇/2

𝑇𝑇0/2

 

Using 𝑐𝑐𝑐𝑐𝑐𝑐(2𝜋𝜋𝜋𝜋0𝑡𝑡) cos �2𝜋𝜋 𝑘𝑘𝑘𝑘
𝑇𝑇
� = 1

2
�𝑐𝑐𝑐𝑐𝑐𝑐 �2𝜋𝜋 �𝑓𝑓0 + 𝑘𝑘

𝑇𝑇
� 𝑡𝑡� + cos �2𝜋𝜋 �𝑓𝑓0 −

𝑘𝑘
𝑇𝑇
� 𝑡𝑡��, the 

coefficients become : 

𝑎𝑎𝑘𝑘 =
(𝐵𝐵 − 𝐴𝐴)

𝑇𝑇
� cos �2𝜋𝜋

𝑘𝑘𝑘𝑘
𝑇𝑇
� 𝑑𝑑𝑑𝑑

−𝑇𝑇0/2

−𝑇𝑇/2

+
𝐴𝐴

2𝑇𝑇
� 𝑐𝑐𝑐𝑐𝑐𝑐 �2𝜋𝜋 �𝑓𝑓0 +

𝑘𝑘
𝑇𝑇
� 𝑡𝑡� 𝑑𝑑𝑑𝑑

𝑇𝑇0/2

−𝑇𝑇0/2

+
𝐴𝐴

2𝑇𝑇
� 𝑐𝑐𝑐𝑐𝑐𝑐 �2𝜋𝜋 �𝑓𝑓0 −

𝑘𝑘
𝑇𝑇
� 𝑡𝑡� 𝑑𝑑𝑑𝑑

𝑇𝑇0/2

−𝑇𝑇0/2

+
𝐵𝐵
𝑇𝑇

� cos �2𝜋𝜋
𝑘𝑘𝑘𝑘
𝑇𝑇
� 𝑑𝑑𝑑𝑑

𝑇𝑇0/2

−𝑇𝑇0/2

+
(𝐵𝐵 − 𝐴𝐴)

𝑇𝑇
� cos �2𝜋𝜋

𝑘𝑘𝑘𝑘
𝑇𝑇
� 𝑑𝑑𝑑𝑑

𝑇𝑇/2

𝑇𝑇0/2

 

Writing the primitives: 
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𝑎𝑎𝑘𝑘 =
(𝐵𝐵 − 𝐴𝐴)

𝑇𝑇
�
𝑠𝑠𝑠𝑠𝑠𝑠 �2𝜋𝜋 𝑘𝑘𝑘𝑘𝑇𝑇 �

2𝜋𝜋 𝑘𝑘𝑇𝑇
�

−𝑇𝑇/2

−𝑇𝑇0/2

+
𝐴𝐴

2𝑇𝑇
�
𝑠𝑠𝑠𝑠𝑠𝑠 �2𝜋𝜋 �𝑓𝑓0 + 𝑘𝑘

𝑇𝑇� 𝑡𝑡�

2𝜋𝜋 �𝑓𝑓0 + 𝑘𝑘
𝑇𝑇�

�

−𝑇𝑇0/2

𝑇𝑇0/2

+
𝐴𝐴

2𝑇𝑇
�
𝑠𝑠𝑠𝑠𝑠𝑠 �2𝜋𝜋 �𝑓𝑓0 −

𝑘𝑘
𝑇𝑇� 𝑡𝑡�

2𝜋𝜋 �𝑓𝑓0 −
𝑘𝑘
𝑇𝑇�

�

−𝑇𝑇0/2

𝑇𝑇0/2

+
𝐵𝐵
𝑇𝑇
�
𝑠𝑠𝑠𝑠𝑠𝑠 �2𝜋𝜋 𝑘𝑘𝑘𝑘𝑇𝑇 �

2𝜋𝜋 𝑘𝑘𝑇𝑇
�

−𝑇𝑇0/2

𝑇𝑇0/2

+
(𝐵𝐵 − 𝐴𝐴)

𝑇𝑇
�
𝑠𝑠𝑠𝑠𝑠𝑠 �2𝜋𝜋 𝑘𝑘𝑘𝑘𝑇𝑇 �

2𝜋𝜋 𝑘𝑘𝑇𝑇
�

𝑇𝑇0/2

𝑇𝑇/2

 

Developing: 

𝑎𝑎𝑘𝑘 =
(𝐵𝐵 − 𝐴𝐴)

2𝜋𝜋𝜋𝜋
�𝑠𝑠𝑠𝑠𝑠𝑠 �−𝜋𝜋

𝑘𝑘𝑇𝑇0
𝑇𝑇
�� −

𝐴𝐴
2𝑇𝑇

�
𝑠𝑠𝑠𝑠𝑠𝑠 �𝜋𝜋 𝑘𝑘𝑇𝑇 𝑇𝑇0�

𝜋𝜋 �𝑓𝑓0 + 𝑘𝑘
𝑇𝑇�

� +
𝐴𝐴

2𝑇𝑇
�
𝑠𝑠𝑠𝑠𝑠𝑠 �𝜋𝜋 𝑘𝑘𝑇𝑇 𝑇𝑇0�

𝜋𝜋 �𝑓𝑓0 −
𝑘𝑘
𝑇𝑇�

�

+
𝐵𝐵

2𝜋𝜋𝜋𝜋
�2. 𝑠𝑠𝑠𝑠𝑠𝑠 �𝜋𝜋

𝑘𝑘𝑇𝑇0
𝑇𝑇
�� +

(𝐵𝐵 − 𝐴𝐴)
2𝜋𝜋𝜋𝜋

�−𝑠𝑠𝑠𝑠𝑠𝑠 �𝜋𝜋
𝑘𝑘𝑇𝑇0
𝑇𝑇
�� 

Which can be rearranged: 

𝑎𝑎𝑘𝑘 =
𝐴𝐴
𝜋𝜋𝜋𝜋

�𝑠𝑠𝑠𝑠𝑠𝑠 �𝜋𝜋
𝑘𝑘𝑇𝑇0
𝑇𝑇
�� −

𝐴𝐴
2𝑇𝑇

�
𝑠𝑠𝑠𝑠𝑠𝑠 �𝜋𝜋 𝑘𝑘𝑇𝑇 𝑇𝑇0�

𝜋𝜋 �𝑓𝑓0 + 𝑘𝑘
𝑇𝑇�

� +
𝐴𝐴

2𝑇𝑇
�
𝑠𝑠𝑠𝑠𝑠𝑠 �𝜋𝜋 𝑘𝑘𝑇𝑇 𝑇𝑇0�

𝜋𝜋 �𝑓𝑓0 −
𝑘𝑘
𝑇𝑇�

� 

Factoring: 

𝑎𝑎𝑘𝑘 =
𝑇𝑇0
𝑇𝑇

𝐴𝐴

𝜋𝜋 𝑘𝑘𝑇𝑇0𝑇𝑇

�𝑠𝑠𝑠𝑠𝑠𝑠 �𝜋𝜋
𝑘𝑘𝑇𝑇0
𝑇𝑇
�� + 𝑘𝑘

𝑇𝑇0
𝑇𝑇

𝐴𝐴

2𝜋𝜋 𝑘𝑘𝑇𝑇 𝑇𝑇0
𝑠𝑠𝑠𝑠𝑠𝑠 �𝜋𝜋

𝑘𝑘
𝑇𝑇
𝑇𝑇0� �

1
(𝑇𝑇𝑓𝑓0 − 𝑘𝑘) −

1
(𝑇𝑇𝑓𝑓0 + 𝑘𝑘)� 

Rearranging: 

𝑎𝑎𝑘𝑘 = 𝐴𝐴
𝑇𝑇0
𝑇𝑇
�
𝑠𝑠𝑠𝑠𝑠𝑠 �𝜋𝜋 𝑘𝑘𝑇𝑇0𝑇𝑇 �

𝜋𝜋 𝑘𝑘𝑇𝑇0𝑇𝑇

��1 +
𝑘𝑘

2(𝑇𝑇𝑓𝑓0 − 𝑘𝑘) −
𝑘𝑘

2(𝑇𝑇𝑓𝑓0 + 𝑘𝑘)� 

In more compact notations: 

𝑎𝑎𝑘𝑘 = 𝐴𝐴
𝑇𝑇0
𝑇𝑇
�1 +

𝑘𝑘2

(𝑇𝑇/𝑇𝑇0)2 − 𝑘𝑘2
��

𝑠𝑠𝑠𝑠𝑠𝑠 �𝜋𝜋 𝑘𝑘𝑇𝑇0𝑇𝑇 �

𝜋𝜋 𝑘𝑘𝑇𝑇0𝑇𝑇

� 

The real coefficients of the Fourier transform are even i.e. 𝑎𝑎−𝑘𝑘 = 𝑎𝑎𝑘𝑘. 
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This is Equation 3.23 

Expression for the output kurtosis for an excitation made of successive 
bursts 

 
When the modulation function is a non-centred sine wave : 𝑎𝑎(𝑡𝑡) = 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴(2𝜋𝜋𝜋𝜋0𝑡𝑡) + 𝐵𝐵, i.e. when 
𝑟𝑟𝑏𝑏 = 𝑇𝑇0

𝑇𝑇
= 1, then the Fourier coefficients 𝑎𝑎𝑘𝑘 of the modulation function are all zero except 

𝑎𝑎0 = 𝐵𝐵 and 𝑎𝑎−1 = 𝑎𝑎1 = 𝐴𝐴/2. 

Using Equation 2.72, the cyclic spectrum of 𝑦𝑦(𝑡𝑡) is zero but for 𝛼𝛼 = 0, 𝛼𝛼 = 1 𝑇𝑇⁄  and 𝛼𝛼 = 2 𝑇𝑇⁄ . 
The cyclic spectrum of the amplitude modulated excitation 𝑆𝑆𝑦𝑦𝑦𝑦𝛼𝛼 (𝑓𝑓) is therefore given as: 

𝑆𝑆𝑦𝑦𝑦𝑦𝛼𝛼 (𝑓𝑓) =

⎩
⎪⎪
⎨

⎪⎪
⎧𝐵𝐵2𝑆𝑆𝑥𝑥𝑥𝑥(𝑓𝑓) +

𝐴𝐴2

4
𝑆𝑆𝑥𝑥𝑥𝑥 �𝑓𝑓 −

1
𝑇𝑇
� +

𝐴𝐴2

4
𝑆𝑆𝑥𝑥𝑥𝑥 �𝑓𝑓 +

1
𝑇𝑇
� ,𝛼𝛼 = 0

𝐴𝐴𝐴𝐴
2
𝑆𝑆𝑥𝑥𝑥𝑥 �𝑓𝑓 +

1
2𝑇𝑇
� +

𝐴𝐴𝐴𝐴
2
𝑆𝑆𝑥𝑥𝑥𝑥 �𝑓𝑓 −

1
2𝑇𝑇
� ,𝛼𝛼 = 1/𝑇𝑇

𝐴𝐴2

4
𝑆𝑆𝑥𝑥𝑥𝑥(𝑓𝑓),𝛼𝛼 = 2/𝑇𝑇

0,  otherwise

 

Consider a non-centred sine wave where the Fourier coefficients 𝑎𝑎𝑘𝑘 are all zero except 𝑎𝑎0 = 𝐵𝐵 
and 𝑎𝑎±1 = 𝐴𝐴/2.  

Using Equation 4.13, the output kurtosis 𝜅𝜅𝑧𝑧can be calculated for the cases 𝑝𝑝 = 0, 𝑝𝑝 = ±1 and 
𝑝𝑝 = ±2 with 𝑘𝑘 = 0 or 𝑘𝑘 = ±1: 

𝜅𝜅𝑧𝑧 =

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎛1 +

�∫𝐻𝐻 �𝑓𝑓 + 1
2𝑇𝑇� . �𝐴𝐴𝐴𝐴2 𝑆𝑆𝑥𝑥 �𝑓𝑓 −

1
2𝑇𝑇� + 𝐴𝐴𝐴𝐴

2 𝑆𝑆𝑥𝑥 �𝑓𝑓 + 1
2𝑇𝑇�� .𝐻𝐻∗ �𝑓𝑓 − 1

2𝑇𝑇�𝑑𝑑𝑑𝑑�
2

�∫𝐻𝐻(𝑓𝑓). �𝐵𝐵2𝑆𝑆𝑥𝑥(𝑓𝑓) + 𝐴𝐴2
4 𝑆𝑆𝑥𝑥 �𝑓𝑓 −

1
𝑇𝑇� + 𝐴𝐴2

4 𝑆𝑆𝑥𝑥 �𝑓𝑓 + 1
𝑇𝑇�� .𝐻𝐻∗(𝑓𝑓)𝑑𝑑𝑑𝑑�

2 +

�∫𝐻𝐻 �𝑓𝑓 + 1
2𝑇𝑇� . �𝐴𝐴𝐴𝐴2 𝑆𝑆𝑥𝑥 �𝑓𝑓 −

1
2𝑇𝑇� + 𝐴𝐴𝐴𝐴

2 𝑆𝑆𝑥𝑥 �𝑓𝑓 + 1
2𝑇𝑇�� .𝐻𝐻∗ �𝑓𝑓 − 1

2𝑇𝑇�𝑑𝑑𝑑𝑑�
2

�∫𝐻𝐻(𝑓𝑓). �𝐵𝐵2𝑆𝑆𝑥𝑥(𝑓𝑓) + 𝐴𝐴2
4 𝑆𝑆𝑥𝑥 �𝑓𝑓 −

1
𝑇𝑇� + 𝐴𝐴2

4 𝑆𝑆𝑥𝑥 �𝑓𝑓 + 1
𝑇𝑇�� .𝐻𝐻∗(𝑓𝑓)𝑑𝑑𝑑𝑑�

2 +

2
�∫𝐻𝐻 �𝑓𝑓 + 1

𝑇𝑇� . �𝐴𝐴
2

4 𝑆𝑆𝑥𝑥(𝑓𝑓)� .𝐻𝐻∗ �𝑓𝑓 − 1
𝑇𝑇�𝑑𝑑𝑑𝑑�

2

�∫𝐻𝐻(𝑓𝑓). �𝐵𝐵2𝑆𝑆𝑥𝑥(𝑓𝑓) + 𝐴𝐴2
4 𝑆𝑆𝑥𝑥 �𝑓𝑓 −

1
𝑇𝑇� + 𝐴𝐴2

4 𝑆𝑆𝑥𝑥 �𝑓𝑓 + 1
𝑇𝑇�� .𝐻𝐻∗(𝑓𝑓)𝑑𝑑𝑑𝑑�

2

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎞

𝜅𝜅𝑥𝑥 

Noting that the 2 first lines are identical: 
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𝜅𝜅𝑧𝑧 =

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎛1 + 2

�∫𝐻𝐻 �𝑓𝑓 + 1
2𝑇𝑇� . �𝐴𝐴𝐴𝐴2 𝑆𝑆𝑥𝑥 �𝑓𝑓 −

1
2𝑇𝑇� + 𝐴𝐴𝐴𝐴

2 𝑆𝑆𝑥𝑥 �𝑓𝑓 + 1
𝑇𝑇�� .𝐻𝐻∗ �𝑓𝑓 − 1

2𝑇𝑇� 𝑑𝑑𝑑𝑑�
2

�∫𝐻𝐻(𝑓𝑓). �𝐵𝐵2𝑆𝑆𝑥𝑥(𝑓𝑓) + 𝐴𝐴2
4 𝑆𝑆𝑥𝑥 �𝑓𝑓 −

1
𝑇𝑇� + 𝐴𝐴2

4 𝑆𝑆𝑥𝑥 �𝑓𝑓 + 1
𝑇𝑇�� .𝐻𝐻∗(𝑓𝑓)𝑑𝑑𝑑𝑑�

2 +

2
�∫𝐻𝐻 �𝑓𝑓 + 1

𝑇𝑇� . �𝐴𝐴
2

4 𝑆𝑆𝑥𝑥(𝑓𝑓)� .𝐻𝐻∗ �𝑓𝑓 − 1
𝑇𝑇�𝑑𝑑𝑑𝑑�

2

�∫𝐻𝐻(𝑓𝑓). �𝐵𝐵2𝑆𝑆𝑥𝑥(𝑓𝑓) + 𝐴𝐴2
4 𝑆𝑆𝑥𝑥 �𝑓𝑓 −

1
𝑇𝑇� + 𝐴𝐴2

4 𝑆𝑆𝑥𝑥 �𝑓𝑓 + 1
𝑇𝑇�� .𝐻𝐻∗(𝑓𝑓)𝑑𝑑𝑑𝑑�

2

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎞

𝜅𝜅𝑥𝑥 

Getting 𝐴𝐴𝐴𝐴
2

 and 𝐴𝐴
2

4
 out of the integral : 

𝜅𝜅𝑧𝑧 =

⎝

⎜
⎜
⎜
⎜
⎜
⎛1 +

𝐴𝐴2𝐵𝐵2

2
�∫𝐻𝐻 �𝑓𝑓 + 1

2𝑇𝑇� . �𝑆𝑆𝑥𝑥 �𝑓𝑓 −
1

2𝑇𝑇� + 𝑆𝑆𝑥𝑥 �𝑓𝑓 + 1
𝑇𝑇�� .𝐻𝐻∗ �𝑓𝑓 − 1

2𝑇𝑇�𝑑𝑑𝑑𝑑�
2

�∫𝐻𝐻(𝑓𝑓). �𝐵𝐵2𝑆𝑆𝑥𝑥(𝑓𝑓) + 𝐴𝐴2
4 𝑆𝑆𝑥𝑥 �𝑓𝑓 −

1
𝑇𝑇� + 𝐴𝐴2

4 𝑆𝑆𝑥𝑥 �𝑓𝑓 + 1
𝑇𝑇�� .𝐻𝐻∗(𝑓𝑓)𝑑𝑑𝑑𝑑�

2 +

𝐴𝐴4

8
�∫𝐻𝐻 �𝑓𝑓 + 1

𝑇𝑇� . 𝑆𝑆𝑥𝑥(𝑓𝑓).𝐻𝐻∗ �𝑓𝑓 − 1
𝑇𝑇�𝑑𝑑𝑑𝑑�

2

�∫𝐻𝐻(𝑓𝑓). �𝐵𝐵2𝑆𝑆𝑥𝑥(𝑓𝑓) + 𝐴𝐴2
4 𝑆𝑆𝑥𝑥 �𝑓𝑓 −

1
𝑇𝑇� + 𝐴𝐴2

4 𝑆𝑆𝑥𝑥 �𝑓𝑓 + 1
𝑇𝑇�� .𝐻𝐻∗(𝑓𝑓)𝑑𝑑𝑑𝑑�

2

⎠

⎟
⎟
⎟
⎟
⎟
⎞

𝜅𝜅𝑥𝑥 

Which is Equation 4.14. 

 
  



 
187 

 

APPENDIX C: Sine-On-Random 
 
The vibration environment generated by rotating machines such as internal combustion engines, 
turbines, pumps, electric motors for generators, etc. typically comprises harmonic tones 
superimposed on background noise [110].  

Time domain simulations of a sine-on-random process can be used:  

- to validate some theoretically derived statistics 
- to simulate the excitation of a non-linear system  

Sine-on-random excitations are specified in international standards such as in MIL STD 810G 
[2] or in DO 160G [4].  

The description and various distributions associated with sine-on-random signals are presented 
in this section. The sine-on-random process is a composite process, comprising a deterministic 
sine wave and a random process. The random noise is considered to be stationary, ergodic and 
Gaussian. Mean values of the noise and harmonics are considered to be zero in the rest of this 
analysis. The random noise and the sine tones are considered to be independent processes. 

Sine-on-random representation and statistical properties 
 
A sine-on-random process is typically represented by a Power Spectral Density (PSD) showing 
power spectral density versus frequency on the top of which there are vertical peaks 
representing the superimposed sine tones.  

Note that if a sine-on-random process was represented with a PSD only, the presence of a pure 
tone of amplitude 𝐴𝐴 at frequency 𝑓𝑓 will produce a peak at that frequency with an infinite 

magnitude lim
∆𝑓𝑓→0

𝐴𝐴2

4∆𝑓𝑓
 indicating that an unbounded quantity of energy is necessary to produce it 

[46]. Hence, checking for the presence of peaks in the PSD is the common practice to 
investigate whether the signal of interest contains periodic waveforms or whether it is purely 
random [46]. 

Figure 81 shows an example spectral representation of a sine-on-random process, as can be 
found in various military and civil standards [1, 4, 2]. 
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Figure 81 : Spectral representation of a sine-on-random process 

A sine-on-random signal can be represented as: 

 𝑦𝑦(𝑡𝑡) = 𝑥𝑥(𝑡𝑡) +  �𝑏𝑏𝑖𝑖. cos(2𝜋𝜋𝑓𝑓𝑖𝑖𝑡𝑡 + 𝜑𝜑𝑖𝑖)
𝑁𝑁

𝑖𝑖=1

 Equation C.1 

with 𝑥𝑥(𝑡𝑡) some random noise and 𝑏𝑏𝑖𝑖, 𝑓𝑓𝑖𝑖 and 𝜑𝜑𝑖𝑖 the amplitude, frequency and phase of the 𝑁𝑁 
sine tones. 

The probability density function 𝑝𝑝𝑠𝑠 of a sine wave of amplitude A and random initial phase 
angle 𝜑𝜑𝐴𝐴 is [20, 15]:  

 𝑝𝑝𝑠𝑠(𝑠𝑠) = �
1

𝜋𝜋�𝐴𝐴² − 𝑠𝑠²
     𝑖𝑖𝑖𝑖 |𝑠𝑠| < 𝐴𝐴

    0             𝑖𝑖𝑖𝑖 |𝑠𝑠| ≥ 𝐴𝐴
 Equation C.2 

The probability density function 𝑝𝑝𝑥𝑥 of a normally distributed stationary time history with zero 
mean and variance 𝜎𝜎𝑥𝑥2 is: 

 𝑝𝑝𝑥𝑥(𝑥𝑥) =
1

√2𝜋𝜋𝜎𝜎𝑥𝑥
𝑒𝑒−𝑥𝑥2/2𝜎𝜎𝑥𝑥2 Equation C.3 

Papoulis [36] demonstrates that the PDF of the sum of two independent variables with PDFs 
𝑝𝑝𝑥𝑥 and 𝑝𝑝𝑠𝑠 is expressed as a convolution product of the individual PDFs (see Equation 2.14 in 
section 2.1.9.1). The PDF of a sine-on-random process 𝑝𝑝𝑦𝑦 is therefore expressed as: 

𝑝𝑝𝑦𝑦(𝑦𝑦) = � 𝑝𝑝𝑥𝑥(𝑦𝑦 − 𝜏𝜏).𝑝𝑝𝑠𝑠(𝜏𝜏)
∞

−∞
𝑑𝑑𝑑𝑑 

Inserting the expressions for 𝑝𝑝𝑥𝑥 and 𝑝𝑝𝑠𝑠 one has: 
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𝑝𝑝𝑦𝑦(𝑦𝑦) =
1

𝜋𝜋√2𝜋𝜋𝜎𝜎𝑥𝑥
�

𝑒𝑒−(𝑦𝑦−𝜏𝜏)2/2𝜎𝜎𝑥𝑥2

�𝐴𝐴² − 𝜏𝜏²
.

𝐴𝐴

−𝐴𝐴
𝑑𝑑𝑑𝑑 

Using the change of variable 𝜏𝜏 = 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 and 𝑑𝑑𝜏𝜏 = −𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 = −√𝐴𝐴2 − 𝜏𝜏2𝑑𝑑𝑑𝑑, the 
expression for 𝑝𝑝𝑦𝑦 becomes: 

 𝑝𝑝𝑦𝑦(𝑦𝑦) =
1
𝜋𝜋𝜎𝜎𝑥𝑥

� 𝜓𝜓 �
𝑦𝑦 − 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴

𝜎𝜎
�

𝜋𝜋

0
𝑑𝑑𝑑𝑑 Equation C.4 

where 𝜓𝜓(𝑥𝑥) = 1
√2𝜋𝜋

𝑒𝑒−
1
2𝑥𝑥

2
 is the standardized normal probability density function. 

Note that this general expression for 𝑝𝑝𝑦𝑦 is identical to the one found by Bendat and Piersol [16]. 

Another expression can be obtained by considering the characteristic functions 𝜑𝜑𝑠𝑠 and 𝜑𝜑𝑥𝑥 of 𝑝𝑝𝑠𝑠 
and 𝑝𝑝𝑥𝑥. 

From the definition of the characteristic function: 

𝜑𝜑𝑠𝑠(𝑘𝑘) =
1
𝜋𝜋
�

𝑒𝑒−𝑗𝑗2𝜋𝜋𝜋𝜋𝜋𝜋

�𝐴𝐴² − 𝑥𝑥²

+𝐴𝐴

−𝐴𝐴
𝑑𝑑𝑑𝑑 

Adopting the change of variable 𝑥𝑥 = 𝐴𝐴. 𝑠𝑠𝑠𝑠𝑠𝑠(𝑦𝑦) leads to 𝑑𝑑𝑑𝑑 = 𝐴𝐴. 𝑐𝑐𝑐𝑐𝑐𝑐(𝑦𝑦)𝑑𝑑𝑑𝑑 and 𝐴𝐴² − 𝑥𝑥2 =

𝐴𝐴² 𝑐𝑐𝑐𝑐𝑐𝑐2(𝑦𝑦), therefore �𝐴𝐴² − 𝑥𝑥2 = 𝐴𝐴 𝑐𝑐𝑐𝑐𝑐𝑐(𝑦𝑦) since 𝐴𝐴² − 𝑥𝑥2 ≥ 0. 

The integral becomes: 

𝜑𝜑𝑠𝑠(𝑘𝑘) =
1
𝜋𝜋
� 𝑒𝑒−𝑗𝑗2𝜋𝜋𝜋𝜋𝜋𝜋.𝑠𝑠𝑠𝑠𝑠𝑠(𝑦𝑦)
∞

−∞
𝑑𝑑𝑑𝑑 

The integral can be limited to ∓𝜋𝜋/2. Noting that sin (2𝜋𝜋𝜋𝜋𝜋𝜋. 𝑠𝑠𝑠𝑠𝑠𝑠(𝑦𝑦)) is an odd function and 
cos (2𝜋𝜋𝜋𝜋𝜋𝜋. 𝑠𝑠𝑠𝑠𝑠𝑠(𝑦𝑦)) is an even function, the integral becomes: 

𝜑𝜑𝑠𝑠(𝑘𝑘) =
2
𝜋𝜋
� cos (2𝜋𝜋𝜋𝜋𝜋𝜋. 𝑠𝑠𝑠𝑠𝑠𝑠(𝑦𝑦))𝑑𝑑𝑑𝑑
𝜋𝜋/2

0
 

Using entry WA 30(7) in [109], 𝜑𝜑𝑠𝑠 can be expressed using the Bessel function of the first kind 
𝐽𝐽0 as: 

𝜑𝜑𝑠𝑠(𝑘𝑘) = 𝐽𝐽0(𝑘𝑘𝑘𝑘) 

The characteristic function of the composite process is obtained by multiplying the individual 
characteristic functions. Then, the PDF of the composite process is found by inverse Fourier 
transforming the characteristic function. In the end, the generic expression for the probability 
density function of a sine-on-random process is: 
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 𝑝𝑝𝑦𝑦(𝑦𝑦) =
1
𝜋𝜋
� 𝐽𝐽0(𝐴𝐴𝐴𝐴)
∞

0
. 𝑒𝑒−

1
2𝜎𝜎𝑥𝑥

2𝑡𝑡2cos (𝑦𝑦𝑦𝑦)𝑑𝑑𝑑𝑑 Equation C.5 

This expression is identical to the one found by Rice [15, 34]. 

More generally, considering 𝑁𝑁 sine waves 𝑠𝑠1, 𝑠𝑠2, … , 𝑠𝑠𝑁𝑁, assuming their frequencies are 
incommensurable, the characteristic function of a sine-on-random process is given as : 

𝜑𝜑𝑠𝑠𝑠𝑠(𝑘𝑘) = �𝐽𝐽0(2𝜋𝜋𝜋𝜋𝑏𝑏𝑖𝑖)
𝑁𝑁

𝑖𝑖=1

. 𝑒𝑒−
1
2𝜎𝜎𝑥𝑥

2(2𝜋𝜋𝜋𝜋)2 

with 𝑏𝑏𝑖𝑖 the amplitudes of the ith sine wave. 

The PDF of the sine-on-random process 𝑝𝑝𝑦𝑦 is calculated by inverse Fourier transform of 𝜑𝜑𝑠𝑠𝑠𝑠, 
and after some variable substitution, is found to be:  

 𝑝𝑝𝑦𝑦(𝑦𝑦) =
1
𝜋𝜋
� �𝐽𝐽0(𝑏𝑏𝑖𝑖𝑡𝑡)

𝑁𝑁

𝑖𝑖=1

∞

0
. 𝑒𝑒−

1
2𝜎𝜎𝑥𝑥

2𝑡𝑡2cos (𝑦𝑦𝑦𝑦)𝑑𝑑𝑑𝑑 Equation C.6 

with 𝑏𝑏𝑖𝑖 the amplitudes of the ith sine wave. 

Equation C.6 is the generic expression for the probability density function of a signal 
comprising multiple sine waves combined with a random process. This expression is also 
identical to the one found by Rice [15]. Both expressions in Equation C.5 and in Equation C.6 
have to be evaluated numerically as no closed form solution was found. 

The relative importance of the deterministic part in terms of power is indicated by the sine-to-
random power ratio 𝑎𝑎02, defined as [15, 34]: 

 𝑎𝑎02 =
𝜎𝜎𝑠𝑠2

𝜎𝜎𝑥𝑥2
=

1
2𝜎𝜎𝑥𝑥2

�𝑏𝑏𝑖𝑖
2

𝑁𝑁

𝑖𝑖=1

 Equation C.7 

with 𝜎𝜎𝑥𝑥 the RMS value of the random noise and 𝜎𝜎𝑠𝑠 the RMS value of the combined sine waves.  

Figure 82 (e) and (f) show two example PDFs obtained for two sine-to-random power ratios of 
𝑎𝑎02 = 1 and 𝑎𝑎02 = 8 respectively. The top two graphs (a) and (b) represent the PDFs obtained 
from 20 seconds of a random Gaussian signal, with a flat spectrum between 50 and 250 Hz and 
an RMS value of 1(see the red spectrum in Figure 81). The two graphs in the middle (c) and (d) 
represent the PDF of two 100 Hz sine waves of amplitude √2 for (c) and an amplitude of 4 for 
(d). When the random signal and the sine tone are summed, the sine-on-random signal obtained 
possesses a sine-to-random power ratio of 𝑎𝑎02 = 1 and 𝑎𝑎02 = 8 respectively. The two graphs 
of the bottom, (e) and (f), represent the PDF of the sine-on-random process obtained, together 
with the theoretical distributions using dashed lines, calculated using Equation C.5. 
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Figure 82 : Example PDF for various sine-on-random processes with a02=1 (left) and a02=8 (right) 

A sine tone buried into the noise with a sufficiently high amplitude tends to make the PDF 
wider and for high sine-to-random power ratios, the global PDF tends to be multimodal.  

The mean, variance and kurtosis for a sine-on-random process will be evaluated next. First, the 
global mean value is the sum of the mean value of the background noise and the mean values 
of the sine tones. The global mean value is therefore zero, since all mean values are considered 
to be zero in this thesis.  

Under the assumption of independence between the sine tones and the noise, the variance of 
the sine-on-random process is the sum of the variances of the sine tones and the variance of the 
background noise. Therefore, the variance of the sine-on-random process is the quadratic sum 
of the variance of the sine tones and the variance of the background noise, as expressed in 
Equation C.8.  

 𝜎𝜎𝑦𝑦2 = 𝜎𝜎𝑥𝑥2 +
1
2
�𝑏𝑏𝑖𝑖2 Equation C.8 

For the calculation of the kurtosis and more generally for higher order statistics, the use of 
cumulants is required (see section 2.1.11). Note that since the random noise is assumed to be 
Gaussian and centred, its higher order cumulants are all zero (see section 2.1.11). So that the 
cumulants of a sine-on-random process equal the cumulants of the sine tones only. This 
illustrates an interesting use of cumulants: they allow to detect and characterizing deterministic 
signals buried into Gaussian noise. Statistical moments are then recovered from the cumulants 
using the Leonov and Shiryayev formula (see Equation 2.24). 

The kurtosis 𝜅𝜅 is defined as: 𝜅𝜅 = 𝑚𝑚4/𝑚𝑚2
2, with 𝑚𝑚2 and 𝑚𝑚4 the second and fourth statistical 

moments. 
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Now, 𝑚𝑚2 is the sum of all variances and 𝑚𝑚4 can be written in terms of cumulants and can be 
expressed:  

𝑚𝑚4 =  𝑐𝑐4 + 3. 𝑐𝑐22 

with 𝑐𝑐2 and 𝑐𝑐4 the second and fourth cumulants. 

Since the mean values are all zero and since 𝑐𝑐2 = 𝑚𝑚2, the kurtosis can be expressed as: 

𝜅𝜅 =
(𝑐𝑐4 + 3. 𝑐𝑐22)

𝑐𝑐22
=

𝑐𝑐4
𝑐𝑐22

+ 3.0  

The fourth cumulant c4 is calculated as the sum of the fourth cumulant of each sine wave 
considered. The kurtosis of a sine wave is known to be 1.5, so rearranging the equation above 
giving 𝑚𝑚4: 

𝑐𝑐4 =  𝑚𝑚𝑠𝑠4 − 3. 𝑐𝑐𝑠𝑠22 = 1.5𝑐𝑐𝑠𝑠22 − 3𝑐𝑐𝑠𝑠22 = −1.5𝑐𝑐𝑠𝑠22 

where the subscript s stands for sine wave, meaning the statistics considered are those from the 
deterministic part of the signal only. Therefore 𝑐𝑐𝑠𝑠22 =  ∑ (𝑏𝑏𝑖𝑖2)2𝑖𝑖 , where 𝑏𝑏𝑖𝑖 is the amplitude of 
the ith sine wave.  

In the end, the generic equation can be expressed as: 

 𝜅𝜅𝑦𝑦 = 3.0 −
1.5∑𝑏𝑏𝑖𝑖4

(2𝜎𝜎𝑥𝑥2 + ∑𝑏𝑏𝑖𝑖2)2 Equation C.9 

Note that the kurtosis of a sine-on-random signal cannot exceed 3.0. 

Table C.1 shows an example random noise PSD, together with a sine wave, forming a sine-on-
random vibration profile, similar to the one presented in Figure 81. The RMS of the random 
vibration signal is 1.0 g, the amplitude of the sine wave is 4 and the sine-to-random power ratio 
is therefore 𝑎𝑎02 = 8. The global RMS of the sine-on-random signal is 3. 

Frequency 
(Hz) 

Acceleration 
Spectral Density 
(g²/Hz) 

 Frequency 
(Hz) 

Sinusoidal peak 
acceleration (g) 

50 0.005  100 4 
250 0.005    

Global RMS = 1.00 g    
Table C.1: Example sine-on-random vibration profile  

A signal of 20s sampled at 4096 points per seconds was generated. Figure 83 shows one second 
of the sine-on-random obtained.  
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Figure 83: Example sine-on-random signal realisation  

The PSD and the PDF of the sine-on-random signal are displayed in Figure 84. The PSD and 
PDF are overlaid with the theoretical PSD profile and the theoretical distribution respectively 
in dashed black lines. The theoretical distribution for the sine-on-random signal was calculated 
using Equation C.5. Note that the theoretical distribution for a Gaussian random process of 
RMS 3 is also displayed in Figure 84 (b) using a dotted red line.  

 
Figure 84 : (a) PSD of the sine-on-random signal overlaid with theoretical PSD in dashed black, (b) PDF the sine-on-

random signal overlaid with the theoretical solution in dashed black and the theoretical equivalent Gaussian PDF 

Note that the tails of the distribution for the sine-on-random signal are well below the tails of 
the theoretical distribution for a Gaussian random process of RMS 3. This illustrates the fact 
that the kurtosis of a sine-on-random signal is below 3. 
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Output statistics from a sine on random excitation 
 
The previous section introduces the sine-on-random excitation type and how to represent it. In 
this section, the statistics of the response of an LTI system to a sine-on-random excitation are 
predicted knowing the characteristics of both the sine-on-random excitation and the LTI system. 
This enables one to obtain the sine-on-random spectral representation of the stress response as 
well as the PDF associated with it.  

The input-output relationship for linear systems presented in section 0 is applicable to a sine-
on-random process: it is applied separately to the harmonic part and the random part, as in 
Equation C.10 (a) and (b): 

 𝐺𝐺𝑍𝑍𝑍𝑍(𝑓𝑓) = 𝐻𝐻(𝑓𝑓).𝐺𝐺𝑋𝑋𝑋𝑋(𝑓𝑓).𝐻𝐻∗(𝑓𝑓) Equation C.10 (a) 

 𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑍𝑍(𝑓𝑓) = 𝐻𝐻(𝑓𝑓).𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑋𝑋(𝑓𝑓) Equation C.10 (b) 

Equation C.10 (a) is used to calculate PSD corresponding to the random part of the response 
and Equation C.10 (b) is used to find the amplitudes and phases of the harmonic part of the 
response. 

Then, Equation C.8 and Equation C.9 can be used to predict the RMS 𝜎𝜎𝑧𝑧 and the kurtosis value 
𝜅𝜅𝑧𝑧 of the sine-on-random response. 

Note that Equation C.10 (a) and (b) are applicable for cases with multiple harmonic components 
on random, which is typical in the case of vibrations generated by rotating machines such as 
engines with their multiple engine order components.  

Stress distributions from a sine-on-random excitation 
 
The sine-on-random process is called a mixture or composite process, made of a deterministic 
sine wave and a (probabilistic) random process. 

A statistical approach is needed to recover the cycle distribution. A new and original approach 
based on the distribution of peaks established by S.O. Rice is presented here. A comparison 
with the existing approaches in use in the industry is provided at the end of this section. 

Assumptions 
 
The random noise is assumed to be stationary, ergodic and Gaussian. 

The power spectrum of the noise is assumed to be narrowband. The frequencies of the harmonic 
components are assumed to be within the frequency range of the noise. 

Mean values of the noise and harmonics are considered to be zero in the rest of this analysis. 

Another important assumption is that the sine waves frequencies are incommensurable. This 
means that the frequencies of the sine waves are relatively prime, i.e. they have no common 
factors. In other words, the sine waves frequencies must be irrational relative to each other. This 
means they can be considered independent and the relative phase has no importance. 
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Note that the main assumptions made here are useful to establish theoretical results. These 
assumptions are discussed at the end of this section and it will be seen that the results are still 
acceptable even if some of the assumptions are violated. 

Number of peaks 
 
The total number of expected peaks per unit time Np_sor can be derived by extending Equation 
2.48. The suggested extension consists of adding the spectral moments of the sine wave to the 
spectral moments of the noise. Np_sor is therefore expressed: 

Np_sor=�
𝜎𝜎𝑥̈𝑥2 + ∑ 𝑓𝑓𝑖𝑖

4𝑏𝑏𝑖𝑖
2/2𝑁𝑁

1

𝜎𝜎𝑥̇𝑥2 + ∑ 𝑓𝑓𝑖𝑖
2𝑏𝑏𝑖𝑖

2/2𝑁𝑁
1

 Equation C.11  

where 𝜎𝜎𝑥̇𝑥2 and 𝜎𝜎𝑥̈𝑥2 are referred to as the second and fourth spectral moments of the PSD 𝐺𝐺𝑥𝑥𝑥𝑥 
and their expressions given in Equation 2.45 and Equation 2.49 and 𝑓𝑓𝑖𝑖 and 𝑏𝑏𝑖𝑖 are the frequency 
and amplitude of the 𝑖𝑖thharmonic out of the 𝑁𝑁 harmonics added to the noise. 

Distribution of Peaks and Valleys 
 
Rice [15] showed that when the power spectrum of the noise is confined to a narrow band 
containing the frequencies of the sine waves, the probability density of the envelope of a multi-
sine-on-random signal is:  

𝑓𝑓𝑆𝑆(𝑠𝑠) = s.� 𝑥𝑥. 𝑒𝑒−�
𝜎𝜎𝑟𝑟2𝑥𝑥2
2 �𝐽𝐽0(𝑥𝑥𝑥𝑥)�𝐽𝐽0(𝑥𝑥𝑏𝑏𝑖𝑖)

𝑁𝑁

𝑖𝑖=1

𝑑𝑑𝑑𝑑
∞

0

 Equation C.12 

Theoretically, Equation C.12 is only valid when the noise is narrowband. To establish a more 
generic expression for sine waves on the top of noise, irrespective of its bandwidth, a similar 
approach as in section 2 must be adopted using the joint probability density function 
p𝑋𝑋,𝑌𝑌,𝑍𝑍(𝑥𝑥,𝑦𝑦, 𝑧𝑧) of the random data 𝑥𝑥(𝑡𝑡), its derivative 𝑦𝑦(𝑡𝑡) = 𝑥̇𝑥(𝑡𝑡) and its second derivative 
𝑧𝑧(𝑡𝑡) = 𝑥̈𝑥(𝑡𝑡) and stating that a local maximum is obtained when the first derivative of the signal 
is equal to zero and when the second derivative is negative to obtain the marginal distribution 
of peaks. This approach is not straightforward due to the non-Gaussian nature of the combined 
data. 

Equation C.12 provides a solution for the probability density of the envelope of a multi-sine-
on-random signal, only when the noise is narrowband. This is similar to the Rayleigh 
distribution in the case of a narrowband random signal (see chapter 2.2.8, Equation 
2.51Equation 2.51Equation 2.51Equation 2.51Equation 2.51Equation 2.51Equation 
2.51Equation 2.50). The expression of the PDF of the peaks for a broadband random signal is 
somewhat more complex, as it involves the sum of a Rayleigh distribution, a Gaussian 
distribution and an interaction term (see chapter 2.2.8, Equation 2.54). It is interesting to note 
that for large positive values of the variable 𝑥𝑥, the distribution of peaks tends asymptotically to 
Rayleigh distribution multiplied by the irregularity factor (see Equation 2.55). The same 
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approach is proposed to match asymptotically the distribution of the peaks of large positive 
values. So Equation C.12 can be extended so that it provides an expression for the probability 
density of the envelope of a multi-sine-on-random signal, irrespective of the bandwidth of the 
noise. The suggested extension consists of multiplying the expression of the PDF by the 
irregularity factor. The probability density of the envelope of a multi-sine-on-broadrandom 
signal tends asymptotically to:  

𝑓𝑓𝑆𝑆(𝑠𝑠) = 𝛾𝛾s.� 𝑥𝑥. 𝑒𝑒−�
𝜎𝜎𝑟𝑟2𝑥𝑥2
2 �𝐽𝐽0(𝑥𝑥𝑥𝑥)�𝐽𝐽0(𝑥𝑥𝑏𝑏𝑖𝑖)

𝑁𝑁

𝑖𝑖=1

𝑑𝑑𝑑𝑑
∞

0

 Equation C.13 

where 𝛾𝛾 is the irregularity factor of the sine on random noise. 
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Distribution of the Ranges  
 
The objective of this section is to deduce the PDF of the ranges of rainflow-like cycles from the 
PDF of the peaks and the PDF of the valleys.  

As seen in 2.6.3, the complex nature of the rainflow counting algorithm makes this exercise 
non-trivial, but the expression in Equation 2.87 where peaks and valleys are paired 
symmetrically was discussed and adopted. Equation 2.87 will be used in this section to obtain 
the PDF of the ranges from the peak PDF of a sine-on-random process because the assumptions 
adopted here make the composite process narrowband too, i.e. each peak goes with a trough of 
equal magnitude. Using Equation 2.87 and Equation C.12, the distribution of stress ranges is 
expressed as: 

𝑝𝑝𝑅𝑅(𝑠𝑠𝑅𝑅) =
𝑠𝑠𝑅𝑅
2

.�
𝑥𝑥
2

. 𝑒𝑒−�
𝜎𝜎𝑟𝑟2𝑥𝑥2
8 �𝐽𝐽0 �

𝑥𝑥𝑠𝑠𝑅𝑅
4
��𝐽𝐽0 �

𝑥𝑥𝑏𝑏𝑖𝑖
2
�

𝑁𝑁

𝑖𝑖=1

𝑑𝑑𝑑𝑑
∞

0

 Equation C.14  

where 𝑠𝑠𝑅𝑅 represents the stress range. 

It is suggested to call the expression in Equation C.14 “the Rician integral”.  

Several particular cases are investigated next: only one harmonic added to the noise and no 
harmonic.  

Only one harmonic added to the narrowband noise: 

In the case of only one harmonic input with amplitude A, Equation C.14 becomes: 

𝑝𝑝𝑅𝑅(𝑠𝑠𝑅𝑅) =
𝑠𝑠𝑅𝑅
2

.�
𝑥𝑥
2

. 𝑒𝑒−�
𝜎𝜎𝑟𝑟2𝑥𝑥2
8 �𝐽𝐽0 �

𝑥𝑥𝑠𝑠𝑅𝑅
4
� 𝐽𝐽0 �

𝑥𝑥𝑥𝑥
2
� 𝑑𝑑𝑑𝑑

∞

0

 

Using entry KU 146(16)a in [109] leads to a closed-form solution: 

𝑝𝑝𝑅𝑅(𝑠𝑠𝑅𝑅) =
𝑠𝑠𝑅𝑅
𝜎𝜎𝑟𝑟2

. e
-�𝑠𝑠𝑅𝑅

2/4+4𝐴𝐴2
2𝜎𝜎𝑟𝑟2

�
𝐼𝐼0 �

𝑠𝑠𝑅𝑅𝐴𝐴
2𝜎𝜎𝑟𝑟2

� Equation C.15  

where 𝐼𝐼0 is the modified Bessel function of order zero. 

The expression in Equation C.15 is a closed form solution for the distribution of stress ranges 
in the case where only one harmonic is added to the random signal.  

The expression in Equation C.15 is called the Rician Distribution in the literature [36]. The 
Rician distribution is typically used in fading and multipath propagation of radio waves. The 
pdf of the mean square of two Gaussian processes with the same standard deviation and non-
zero mean corresponds to a Rician distribution (see example 6.15 in [36]). 
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Narrowband noise only: 

In the case where all the added harmonics have zero amplitude, then 𝐽𝐽0 �
𝑥𝑥𝑏𝑏𝑖𝑖
2
� = 1.0 and 

Equation C.14 becomes: 

𝑝𝑝𝑅𝑅(𝑠𝑠𝑅𝑅) =
𝑠𝑠𝑅𝑅
2

.�
𝑥𝑥
2

. 𝑒𝑒−�
𝜎𝜎𝑟𝑟2𝑥𝑥2
8 �𝐽𝐽0 �

𝑥𝑥𝑠𝑠𝑅𝑅
4
�𝑑𝑑𝑑𝑑

∞

0

 

Now, using entry WA 403(4) in [109] leads to a closed-form solution: 

𝑝𝑝𝑅𝑅(𝑠𝑠𝑅𝑅) =
𝑠𝑠𝑅𝑅
𝜎𝜎𝑟𝑟2

. e
-�𝑠𝑠𝑅𝑅

2

8𝜎𝜎𝑟𝑟2
�
 

which is the Rayleigh Distribution given in Equation 2.51. 

Apart from those particular cases, no closed form solution was found for the general case, i.e. 
where more than one sine tone is added to random noise and numerical integration is required. 

Testing the assumptions 
 
This section discusses the effects of violating the assumptions established to derive the 
formulation in Equation C.13. 

Influence of Phase 

Although the theory established by Rice and adapted here to fatigue analysis can handle the 
case of multiple sine waves added to random noise, the relative phase between the sine waves 
is not considered. The relative phase is not taken into account because the sine waves are 
assumed to have incommensurable frequencies, therefore the resulting wave is not periodic and 
there will forever be peaks moving relative to each other. This means that the phase has no 
importance and that the sine waves may be considered to be independent of each other. Note 
that an equivalent assumption is that frequencies are commensurable but with random relative 
phases. 

This assumption is hard to satisfy in mechanisms such as rotating machines, as often 
frequencies are harmonics with given phases. In the case where sine waves frequencies are 
multiples of one another, the relative phase is important. Note however that the expressions in 
this paper are derived as if phase was zero, which makes the results conservative when sine 
waves are even harmonics. 

Other observations:  

• The importance of phase decreases as the harmonic’s order increases: the influence of 
relative phase becomes negligible when the frequency rate between the harmonics 
exceeds 4. 
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• The importance of phase decreases as the noise power increases: the influence of 
relative phase becomes negligible when the sine-to-random power ratio 𝑎𝑎02 is smaller 
than 1.0. 

In the case where sine waves are harmonics and where the sine-to-random power ratio a02 is 
higher than 1.0, the proposed formulation may give a conservative result in the case of even 
harmonics and optimistic results in the case of odd harmonics. In this case, it is suggested to 
use time domain simulations. 

Influence of Bandwidth 

The theory established by Rice and adapted here to fatigue analysis considers narrowband noise.  

Often, stress responses are not truly narrowband but rather multimodal. In this case, as 
discussed in section 2.6.3, there are negative peaks and positive valleys. Therefore, the PDF of 
stress peaks and valley cross and the combination proposed in Equation 2.87, where peaks and 
valleys are paired symmetrically to derive the PDF of stress range, should show some 
probability of occurrence of negative ranges.  

Therefore, applying Equation C.13 to sine tones on broadband noise will overestimate the 
overall histogram and therefore produce conservative results.  

Simulations show that the statistical distribution of cycles provided by Equation C.13 is 
satisfactory when the random noise shows an irregularity factor above 0.85. It tends however 
to be conservative when the random noise bandwidth grows broader. For instance, an 
irregularity factor of 0.75 leads to more than 50% damage overestimation. 

Equation C.14 is an extension to Equation C.13 that provides the theoretical PDF of stress peaks 
in the case of broadband noise.  

Influence of the frequency of the harmonics 

From a physical point of view, the presence of noise in the response is dependent on the FRF 
and so is the presence of a sine wave in the response. So it makes sense to limit the 
investigations to the case where the sine wave’s frequencies are within the noise frequency 
range. 

Three cases can be considered: the sine frequency is below, within or above the range of 
frequencies of the noise. Those three cases are illustrated in Figure 85: the three spectra are on 
the left hand side and the three corresponding range-only rainflow histograms computed from 
time domain simulations are on the right hand side. 
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Figure 85 : Example sine on random spectra and associated Rainflow histograms 

 
In the case where the sine wave’s frequency is outside the noise frequency range, simulations 
clearly show a bimodal rainflow distribution as shown in Figure 85 (a) and (c). This is due to 
the fact that rainflow cycles are constructed differently. Figure 86 illustrates this with a rainflow 
cycle extracted from a sine-on-random signal (in green) built from a low frequency high 
amplitude sine wave (in red) added to a low energy random noise contained in a higher range 
of frequencies (in blue). The resulting cycle is not necessarily centred around zero and its range 
is much smaller than the range of the corresponding cycle in the noise only. 

 
Figure 86: Rainflow cycles obtained when a low frequency sine wave (red) is summed with a high frequency noise 

(blue) giving the composite signal (green) 

From a fatigue perspective, Figure 85 and Figure 86 lead to some observations: 

 Cycles with non-zero mean stress values appear 
 Cycles ranges are distorted 
 But the maximum range will be the same in all cases (see Figure 85) 

Although the proposed approach considers all the deterministic components of the composite 
process to be in the same frequency range as the random noise, it still gives acceptable results 
for fatigue applications. The higher ranges are still found and since the distortion of the cycles 
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is not taken into account, it is expected that the proposed approach produces conservative results 
when the sine wave’s frequencies are far from the frequency range of the random noise. 

In this case, simulations show that applying Equation C.13 will indeed overestimate the 
histogram in its high-range end and therefore produce conservative results. The level of 
conservatism goes generally up to 50% on the predicted fatigue damage.  

Note that the mean stress does have an influence on fatigue life. It is often reported [73] that a 
tensile mean stress tends to increase the level of fatigue damage (compared to the value 
calculated from the stress range only), whereas a compressive mean stress tends to be beneficial 
to the fatigue life. The sine-on-random processes considered in this study are centred around 
zero. Therefore the distribution of the mean values is also centred and assumed symmetrical. 
This is why the influence of mean stress is assumed negligible in this study.  
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Comparison with existing methods for multiple sine tones on random 
 
There is a need in the industry to predict life of components and structures submitted to sine-
on-random loadings. Fairly basic approaches are in use today. Those approaches are described 
and discussed here. 

The simplest and most popular approach is to sum-up the damage from the sine tone and the 
random noise separately. This approach underestimates the damage severely as the sinusoid 
and random stresses combine additively to produce higher stress peaks than either random 
stresses or sine tones acting alone. This is equivalent to considering the sine and random loads 
appearing in sequence. Lambert [111] concludes that the actual damage induced by the 
combined sine-on-random stress can be several orders of magnitude greater than that done by 
the sum of each stress type acting alone.  

Another approach, suggested by Halfpenny [112], consists in summing the spectral moments 
resulting from each sinusoidal tone and the random noise and then calculating the resultant 
fatigue damage treating the composite process as a random PSD. This approach is equivalent 
to using the energy of the harmonics to increase the overall random PSD. Although technically 
more elaborate, this approach does not consider the complex interactions between the sine and 
the random noise.  

Fatigue damage from sine-on-random loadings has been treated by other authors like Lalanne 
[27], Lambert [111]. Both use the Ricean distribution to describe the peak distribution for a 
single sine-on-random process, see Equation (49). In the case of multiple harmonic inputs on 
top of random noise, Lalanne suggests retaining only the maximum damage from each sine 
calculated separately (see section 5.8 of [113]). 

Figure 18 shows an overlay of various Rainflow cycles distributions obtained from the same 
sine-on-random spectrum but using different methods. The red histogram was obtained by 
Rainflow cycle counting a signal obtained by Monte-Carlo simulations. The green and the 
orange curves show the statistical cycles distributions obtained from the approach by Lalanne 
and Halfpenny respectively. Finally, the blue curve is the statistical cycles distributions 
obtained from the proposed approach. 

As depicted in Figure 88, Halfpenny’s approach tends to overestimate the fatigue damage, 
whereas Lalanne’s tends to slightly underestimate the damage. The proposed approach seems 
to be the most accurate. 

The sine-on-random spectrum used is displayed in Figure 87. 
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Figure 87: Example sine-on-random spectral representation 

 
Figure 88: Example rainflow cycle count and some model estimation results 
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APPENDIX D: Stationary non-Gaussian random signals 
 

Input-output kurtosis for a linear system subject to a steady non Gaussian 
input 

 
The PDF of the sum of two independent variables is expressed using the convolution product 
of both marginal PDF, as expressed in Equation 2.14 in chapter 2. 

The convolution product can be seen as a weighted sum of shifted copies of the input signal. 
This can be generalized by considering the sum of 𝑁𝑁 independent random variables:  

The probability density function of their sum equals the convolution of their individual 
densities. Since convolution is associative, multiple convolutions of 𝑁𝑁 PDFs 𝑝𝑝1,𝑝𝑝2, … ,𝑝𝑝𝑁𝑁 can 
be written as 𝑝𝑝1 ∗ 𝑝𝑝2 ∗  … ∗ 𝑝𝑝𝑁𝑁 with no ambiguity. 

The characteristic function is described in section 2.1.11 as the Fourier transform of the PDF. 
Therefore, by virtue of the convolution theorem, the convolution of 𝑁𝑁 pdfs becomes the product 
of 𝑁𝑁 characteristic functions [37]. The second characteristic function is described in section 
2.1.11 as the logarithm of the characteristic function. Therefore, the convolution of the PDFs 
becomes a sum of the second characteristic functions. It becomes now clear that cumulants are 
additive under convolution. 

Now the output signal of an LTI system is a weighted sum of independent processes. Each 
independent process has the same moments but is simply multiplied by a constant scalar ℎ𝑖𝑖, the 
value of the impulse response function at the 𝑖𝑖𝑡𝑡ℎ index. The process considered must therefore 
be constituted of independent and identically distributed (i.i.d) values. 

If one considers a signal with statistical moments 𝑚𝑚𝑛𝑛, that is multiplied by a constant ℎ. Using 
the fundamental definition of moments: 𝑚𝑚𝑛𝑛 = 𝐸𝐸[𝑥𝑥𝑖𝑖] and the linearity of the expectation 
operator, the 𝑛𝑛𝑡𝑡ℎ moment of the obtained signal will be ℎ𝑛𝑛𝑚𝑚𝑛𝑛. 

Note: the kurtosis, like the other standardized moments, remains unchanged through 
multiplication. 

So, if a process is multiplied by a constant coefficient ℎ, then its variance will be multiplied by 
ℎ2. The characteristic function of 𝑧𝑧, the output of an LTI system with impulse response function 
ℎ(𝜏𝜏) and a zero mean white noise input 𝑦𝑦 with standard deviation 𝜎𝜎𝑦𝑦 is written: 

𝜑𝜑𝑧𝑧(𝑓𝑓) = �𝑒𝑒−
1
2ℎ𝑖𝑖

2𝜎𝜎𝑦𝑦
2
𝑓𝑓2

𝑁𝑁−1

𝑖𝑖=0

 

Which is : 

𝜑𝜑𝑧𝑧(𝑓𝑓) = 𝑒𝑒−
1
2�∑ℎ𝑖𝑖

2𝜎𝜎𝑦𝑦
2
�𝑓𝑓2 
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The equation shows that the response 𝑧𝑧 will also have a Gaussian distribution of variance 𝜎𝜎𝑧𝑧2 =
∑ℎ𝑖𝑖

2 𝜎𝜎𝑦𝑦2. 

Consider an i.i.d process with first four statistical moments being 𝜇𝜇1, 𝜇𝜇2, 𝜇𝜇3, 𝜇𝜇4. If this process 
is zero-mean, Equation 2.24 gives the four first cumulants in terms of the first moments:  

𝑐𝑐1 = 0, 𝑐𝑐2 = 𝜇𝜇2, 𝑐𝑐3 = 𝜇𝜇3, 𝑐𝑐4 = 𝜇𝜇4 − 3𝜇𝜇22 

Note that the cumulants up to order three match the moments. It is only at, and above, the fourth 
order that the distinction between moment and cumulants has an impact [38, 18].  

The fact that the cumulants are additive under convolution will now be used. Once a signal 𝑦𝑦(𝑡𝑡) 
is filtered through a LTI system of impulse response function ℎ, the output signal 𝑧𝑧(𝑡𝑡) will have 
the following cumulants: 

𝑐𝑐𝑧𝑧,1 = �ℎ𝑖𝑖𝑐𝑐𝑦𝑦,1
𝑁𝑁

, 𝑐𝑐𝑧𝑧,2 = �ℎ𝑖𝑖
2𝑐𝑐𝑦𝑦,2

𝑁𝑁

, 𝑐𝑐𝑧𝑧,3 = �ℎ𝑖𝑖
3𝑐𝑐𝑦𝑦,3

𝑁𝑁

, 𝑐𝑐𝑧𝑧,4 = �ℎ𝑖𝑖
4𝑐𝑐𝑦𝑦,4

𝑁𝑁

 

The generalisation of the expressions above to the order 𝑘𝑘 is Equation 4.2. 

This can be expressed in terms of the moments as: 

𝑐𝑐𝑧𝑧,1 = 𝜇𝜇𝑦𝑦,1�ℎ𝑖𝑖
𝑁𝑁

 

𝑐𝑐𝑧𝑧,2 = 𝜇𝜇𝑦𝑦,2�ℎ𝑖𝑖2

𝑁𝑁

 

 𝑐𝑐𝑧𝑧,3 = 𝜇𝜇𝑦𝑦,3�ℎ𝑖𝑖3

𝑁𝑁

 

𝑐𝑐𝑧𝑧,4 = (𝜇𝜇𝑦𝑦,4 − 3. 𝜇𝜇𝑦𝑦,2
2)�ℎ𝑖𝑖4

𝑁𝑁

 

Similarly, one can obtain the moments of a zero mean process in terms of their cumulants:  

𝜇𝜇1 = 0, 𝜇𝜇2 = 𝑐𝑐2, 𝜇𝜇3 = 𝑐𝑐3, 𝜇𝜇4 = 𝑐𝑐4 + 3𝑐𝑐22 

and the kurtosis 𝜅𝜅𝑧𝑧 of the output z will be:  

𝜅𝜅𝑧𝑧 =
𝜇𝜇𝑧𝑧,4

𝜇𝜇𝑧𝑧,2
2 =

𝑐𝑐𝑧𝑧,4

𝑐𝑐𝑧𝑧,2
2 + 3.0 

Developing: 

𝜅𝜅𝑧𝑧 =
(𝜇𝜇𝑦𝑦,4 − 3. 𝜇𝜇𝑦𝑦,2

2)
𝜇𝜇𝑦𝑦,2

2
∑ℎ𝑖𝑖4

(∑ℎ𝑖𝑖2)2 + 3.0 
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And noting that 𝜇𝜇𝑦𝑦4
𝜇𝜇𝑦𝑦22

= 𝜅𝜅𝑦𝑦, the kurtosis of the input signal, one obtains the expression giving 

the output kurtosis from the system’s impulse response function and the input kurtosis 𝜅𝜅𝑦𝑦: 

𝜅𝜅𝑧𝑧 =
∑ℎ𝑖𝑖4

(∑ℎ𝑖𝑖2)2 �𝜅𝜅𝑦𝑦 − 3.0� + 3.0 

Which is the same expression as in Equation 4.5. 

Input-output higher order cumulants  
 
Equation 4.2 was established in the previous section; it gives the expression for a 𝑘𝑘 order output 
cumulant. The Leonov and Shiryayev formula [18, 37] can be used to express the 𝑘𝑘 order output 
cumulant in terms of the statistical moments of the input signal. For example, for 𝑘𝑘 = 6, one 
obtains: 

𝑐𝑐𝑧𝑧,6 = �ℎ𝑖𝑖
6𝑐𝑐𝑦𝑦,6 = (𝜇𝜇𝑦𝑦,6 − 15𝜇𝜇𝑦𝑦,2𝜇𝜇𝑦𝑦,4 + 30𝜇𝜇𝑦𝑦,2

3)�ℎ𝑖𝑖6

𝑁𝑁

 
𝑁𝑁

 

Similarly for 𝑘𝑘 = 8: 

𝑐𝑐𝑧𝑧,8 = �ℎ𝑖𝑖
8𝑐𝑐𝑦𝑦,8 = (𝜇𝜇𝑦𝑦,8 − 28𝜇𝜇𝑦𝑦,2𝑚𝑚𝑦𝑦,6 − 35𝜇𝜇𝑦𝑦,4

2 + 420𝜇𝜇𝑦𝑦,2
2𝜇𝜇𝑦𝑦,4 − 630𝜇𝜇𝑦𝑦,2

4)�ℎ𝑖𝑖8

𝑁𝑁

 
𝑁𝑁

 

And so on for any other 𝑘𝑘  

Ley 𝑝𝑝𝑦𝑦(𝑦𝑦) be the pdf of a zero-mean i.i.d. signal that can be represented by a gram-charlier 
series 𝑝̂𝑝𝑦𝑦(𝑦𝑦): [18] 

𝑝̂𝑝𝑦𝑦(𝑦𝑦)=
1

√2π𝜎𝜎𝑦𝑦
.e

-12�
y
𝜎𝜎𝑦𝑦
�

2

�1 + �
𝑐𝑐𝑦𝑦,𝑘𝑘

𝑘𝑘!𝜎𝜎𝑦𝑦𝑘𝑘

𝑁𝑁

𝑘𝑘=4

𝐻𝐻𝑘𝑘 �
𝑥𝑥
𝜎𝜎𝑦𝑦
�� 

Where only the even orders are considered. 

When going through an LTI filter of impulse response function ℎ, the output pdf 𝑝̂𝑝𝑧𝑧(𝑧𝑧) can be 
written: 

𝑝̂𝑝𝑧𝑧(𝑧𝑧)=
1

√2π𝜎𝜎𝑧𝑧
.e-12�

z
𝜎𝜎𝑧𝑧
�

2

�1 + �
𝑐𝑐𝑧𝑧,𝑘𝑘

𝑘𝑘!𝜎𝜎𝑧𝑧𝑘𝑘

𝑁𝑁

𝑘𝑘=4

𝐻𝐻𝑘𝑘 �
𝑧𝑧
𝜎𝜎𝑧𝑧
�� 

Where 𝜎𝜎𝑧𝑧² = 𝜎𝜎𝑦𝑦².∑ℎ𝑖𝑖2 is the variance (or second cumulant) of the output, and more generally, 
𝑐𝑐𝑧𝑧𝑧𝑧 = 𝑐𝑐𝑦𝑦𝑦𝑦.∑ℎ𝑖𝑖𝑘𝑘. Therefore the output pdf 𝑝̂𝑝𝑧𝑧(𝑧𝑧) can be re-written: 

𝑝̂𝑝𝑧𝑧(𝑧𝑧)=
1

√2π𝜎𝜎𝑧𝑧
.e-12�

z
𝜎𝜎𝑧𝑧
�

2

�1 + �
𝑐𝑐𝑦𝑦,𝑘𝑘

𝑘𝑘!𝜎𝜎𝑦𝑦𝑘𝑘
∑ℎ𝑖𝑖𝑘𝑘

(∑ℎ𝑖𝑖2)𝑘𝑘/2

𝑁𝑁

𝑘𝑘=4

𝐻𝐻𝑘𝑘 �
𝑧𝑧
𝜎𝜎𝑧𝑧
�� 
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The same term ∑ℎ𝑖𝑖
𝑘𝑘

�∑ℎ𝑖𝑖
2�𝑘𝑘/2 is found in this expression as well as in Equation 4.3 defining the input-

output relationship for the standardised cumulants (𝐶𝐶𝑧𝑧,𝑘𝑘 = 𝐶𝐶𝑦𝑦,𝑘𝑘
∑ (ℎ𝑖𝑖)𝑘𝑘𝑖𝑖

�∑ ℎ𝑖𝑖2𝑖𝑖 �
𝑘𝑘/2) 

The idea is now to study the convergence of ∑ℎ𝑖𝑖
𝑘𝑘

�∑ℎ𝑖𝑖
2�𝑘𝑘/2 with increasing values of 𝑘𝑘. 

Dividing numerator and denominator with ℎ0𝑘𝑘, one obtains: 

∑ℎ𝑖𝑖𝑘𝑘 /ℎ0𝑘𝑘

(∑ℎ𝑖𝑖2)𝑘𝑘/2/ℎ0𝑘𝑘
=

∑(ℎ𝑖𝑖 ℎ0⁄ )𝑘𝑘

[∑(ℎ𝑖𝑖 ℎ0⁄ )2]𝑘𝑘/2 

Now, since ℎ𝑖𝑖 are the coefficients of the IRF of a linear system, it is a sum of decaying 
exponentials. The numerator ∑ℎ𝑖𝑖𝑘𝑘 /ℎ0𝑘𝑘 is a decreasing function starting at 1.0. For high values 
of the order 𝑘𝑘, ∑ℎ𝑖𝑖𝑘𝑘/ℎ0𝑘𝑘 will quickly tend to 1.0, and even quicker for lightly damped systems, 
where the exponential decay is high. 

The denominator ∑ℎ𝑖𝑖2 /ℎ02 will be much higher (typically >>1) as the order is only 2. When 
raised at the power 𝑘𝑘/2 its value increases even further compared to the numerator. 

Therefore ∑ℎ𝑖𝑖
𝑘𝑘/ℎ0𝑘𝑘

�∑ℎ𝑖𝑖
2/ℎ02�

𝑘𝑘/2 tends quickly to 0 as the order 𝑘𝑘 increases. 

As a corollary, one concludes that for a given impulse response function with coefficients ℎ𝑖𝑖, 
the higher the order considered, the quicker 𝐶𝐶𝑧𝑧,𝑘𝑘 will tend to zero. This explains why an LTI 
filter tends to turn any non-Gaussian input data into a Gaussian response. And this tendency 
will be even more pronounced for lightly damped systems. 
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APPENDIX E: More example results 
 
This appendix contains additional examples of theoretical results found for response signals 
resulting from a stationary, leptokurtic random excitation or from an amplitude modulated 
excitation. In all cases, the theoretical results match the results observed from time domain 
numerical simulations.  

Output kurtosis and peak response distribution in the response resulting 
from a stationary, leptokurtic random excitation 

 
The first example is showing the theoretical output kurtosis and peak distribution obtained from 
the same input signal as in chapter 5.3 filtered through the same bimodal FRF but with a lighter 
damping ratio of 2%. The response signal has an irregularity factor of 0.87 so it can be 
considered narrowband.  

 

Figure 89: The peak distributions for the leptokurtic response of the bimodal linear system (2% damping) from 
numerical simulations (blue), from the theoretical expression (red) and using the Gaussian assumption (dashed black). 

The next example is showing the theoretical output kurtosis and peak distribution obtained from 
the same input signal as in chapter 5.3 but using this time a unimodal FRF with a damping ratio 
of 2%. The response signal has an irregularity factor of 0.97 so it can be considered narrowband.  
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Figure 90: The peak distributions for the leptokurtic response of the unimodal linear system (2% damping) from 
numerical simulations (blue), from the theoretical expression (red) and using the Gaussian assumption (dashed black). 

Output kurtosis and peak response distribution in the response resulting 
from an amplitude modulated excitation 

 
The first example is showing the theoretical output kurtosis and peak distribution obtained from 
the same input signal as in chapter 5.3 filtered through the same bimodal FRF but with a lighter 
damping ratio of 2%. The response signal has an irregularity factor of 0.87 so it can be 
considered narrowband.  
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Figure 91: The peak distributions for the leptokurtic response of the bimodal linear system (2% damping) from 
numerical simulations (blue), from the theoretical expression (red) and using the Gaussian assumption (dashed black) 

The next example is showing the theoretical output kurtosis and peak distribution obtained from 
the same input signal as in chapter 5.3 but using this time a unimodal FRF with a damping ratio 
of 2%. The response signal has an irregularity factor of 0.97 so it can be considered narrowband.  

 

Figure 92: The peak distributions for the leptokurtic response of the unimodal linear system (2% damping) from 
numerical simulations (blue), from the theoretical expression (red) and using the Gaussian assumption (dashed black) 
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