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Abstract

This work investigates structural wave propagation in one dimensional waveguides with randomly
varying properties along the axis of propagation, specifically when the properties vary slowly enough
such that there is negligible backscattering, even if the net change is large. Wave-based methods are
typically applied to homogeneous waveguides but the WKB (after Wentzel, Kramers and Brillouin)
approximation can be used to find a suitable generalisation of the wave solution in terms of the change
of phase and amplitude but is restricted to analytical solutions. A wave and finite element (WFE)
approach is proposed to extend the applicability of the WKB method to cases where no analytical
solution of the equations of motion is available. The wavenumber is expressed as a function of the
position along the waveguide. A Gauss-Legendre quadrature scheme is subsequently used to obtain the
phase change, while the wave amplitude is calculated using conservation of power. The WFE method
is used to evaluate the wavenumbers at each integration point. Moreover, spatially correlated
randomness can be included in the formulation by random field properties and in this paper is expressed
by a Karhunen-Loéve expansion. Numerical examples are compared to a standard FE approach and to
available analytical solutions. They show good agreement when compared to either a full FE or
analytical solution and require only a few WFE evaluations, providing a suitable framework for efficient
stochastic analysis in waveguides.

Keywords: Wave propagation, Finite element, WKB approximation, Random field, Karhunen-Lo¢ve
expansion

1. Introduction

Wave-based methods commonly assume that waveguide properties are homogeneous in the direction
of wave propagation, limiting the application of such approaches. This assumption arises mainly
because analytical solutions for non-homogeneous waveguides are only possible for very particular
cases, for example acoustic horns, ducts, rods and beams, e.g. [1-4]. Moreover, randomly varying
material and geometric properties along the axis of propagation play a significant role in the so-called
mid-frequency region.

Wave solutions for non-homogeneous waveguides can be found by applying the classical WKB
approximation [5—8]. Named after Wentzel, Kramers and Brillouin, it was initially developed for
solving the Schrodinger equation in quantum mechanics. The formulation assumes that the waveguide
properties vary slowly enough spatially such that there are no or negligible reflections due to these local
changes, even if the net change is large. It maintains the wave-like interpretation of non-uniform

*Corresponding author
Email address: fabro@unb.br (A.T. Fabro)



waveguides, but it is restricted to available analytical solutions. Pierce [9] presented a physical
interpretation for inhomogeneous beams and plates, deriving the leading terms of the approximation in
terms of conservation of power. Recently, Nielsen and Sorokin [10] generalised the WKB method with
applications to Rayleigh and Timoshenko beam theories in curved waveguides, using a FE model as a
benchmark solution. Additionally, they have also shown that the energy flux conservation property
leads to the exact amplitude function to the leading order of the approximation. Moreover, Foucaud et
al. [11] have experimentally shown the validity of the WKB model for a plate of varying thickness
immersed in a fluid connected to an acoustic black hole, modelling a passive cochlea. They have also
shown experimentally the variation of the wavenumber as a function of position, a working assumption
of the WKB method.

The fact that the wavenumber is a function of the position in a slowly varying waveguide can lead to
the situation in which, for a given frequency, there could exist a part of the waveguide in which a
particular wave mode is propagating in one region while it becomes non-propagating in another region.
The transition between these two regions, a cut-on or cut-off transition, is known as a critical section or
turning point [12] and leads to wave reflection due to the sudden change of the characteristics of wave
propagation, even though the mechanical properties are slowly varying. In this region, the WKB
approximation is no longer valid and a uniformly valid solution is required (e.g. [8,13,14]).

In engineering applications, manufacturing variability introduces variability in homogeneous or
periodic structures affecting the dynamic performance of the designed structure [15]. Typically, this
variability is such that it can be spatially varying with some degree of spatial correlation. Random field
theory provides the means for a probabilistic representation of this variability and typically involves
expressions for the probability density function together with a model for the spatial variability of the
properties, given by a correlation function and correlation length, for a second order homogeneous
random field [16]. The most commonly used methods of representing a random field in a mechanical
model include the use of series expansions, such as the Karhunen-Loéve (KL) decomposition or the
Polynomial Chaos expansion [17]. Fabro et al. [18] have applied the WKB method to investigate wave
propagation in rods and beams with spatially correlated randomness, using random field theory. An
experimental validation was also presented showing the validity of the approximation for low order
beam theory using a set of randomly distributed added masses [18] and for chopped fibre composite
beams [19].

Waveguides with complicated cross-sections, such as laminates or sandwich-structured composites,
typically have no analytical solution available, so the WKB formalism cannot be directly applied. For
such cases involving homogeneous or periodic waveguides, the wave and finite element (WFE)
approach can be applied. The WFE is a wave-based method that is used to predict the wavenumbers
and wave modes of a waveguide from a finite element (FE) model of a small segment of the waveguide,
by postprocessing the mass and stiffness matrices typically obtained from a commercial or in-house FE
package. This method has been applied to a number of cases in structural dynamics including free and
forced vibration [20-28]. Because of its computational efficiency, the WFE approach offers a suitable
framework for the analysis of randomness in periodic structures, but its applications have been limited
to spatially homogeneous randomness [29-31], even though it can be used to model non-uniform cross-
sections.

In this work, a WFE approach is proposed to model waveguides with slowly varying properties using
conservation of the time-averaged energy flow, which is in principle equivalent to the WKB
approximation to its leading order, as described by Pierce [9]. Therefore, the wave properties are
calculated using the WFE approach and they are expressed as a function of the position along the
waveguide. The phase change of a propagating wave over a distance is calculated using a Gauss-



Legendre quadrature scheme for numerical integration of the local wavenumber. The WFE method is
used to evaluate the wavenumbers at each integration point, and these are kept to a minimum to reduce
computation cost while still being able to capture the non-homogeneity to a given specified level of
accuracy. The wave amplitude change is calculated using conservation of power.

Various numerical examples comprising a rod, beam and plate strip with non-uniform material and
geometrical properties are considered. Results obtained from deterministic and stochastic examples are
compared to standard FE and analytical solutions, the latter when available. Spatially correlated
randomness is given by a KL expansion. Results show good agreement and require only a few WFE
evaluations, providing a suitable framework to account for spatially correlated randomness in
waveguides.

In the next section, the WKB approximation is briefly reviewed and described in terms of propagation
and reflection matrices for the forced response of a finite length waveguide. In section 3, the WFE
approach is reviewed and, in Section 4, a framework for introducing slowly varying properties along
the lines of the WKB assumption to a WFE formulation is proposed. Section 5 presents numerical
results for waveguides with properties that vary along the waveguide. Rods, beams and plate strips with
varying and known (i.e. deterministic) material and geometric properties are considered. Section 6
introduces random variability using the KL expansion for Gaussian and non-Gaussian random fields.
Even though results in this work are given for an analytical expression of the KL expansion for an
exponentially decaying correlation function, it is straightforward to extend them for other numerical
solutions. Section 6 then presents numerical examples of rods, beams and plate strips with stochastic
properties. Finally, concluding remarks are given in section 7.

2. The WKB approximation

The WKB formulation has been applied in many fields of engineering, including acoustics [12,32] and
structural dynamics [9,10,18,33,34]. However, the WKB approximation breaks down if the properties
change rapidly or when the travelling wave reaches a local cut-off section where the wave mode ceases
to propagate. This transition, also known as a turning point or critical section, leads to an internal
reflection, breaking down the main assumption in the theory and requiring a different approximation
for certain frequency bands [7,35]. Uniformly valid approximations, i.e., solutions valid close and far
from the critical section can be derived. A single turning point can happen in different positions for
different frequencies [13,14]), or it is possible to have the presence of more than one turning point,
creating the effect of wave tunnelling, if two turning points are close together [8].

Assuming a time harmonic solution, u(x, t) = U(x) el®?, it is possible to define a local wavenumber
k(x). Thus, the eikonal function S(x) = log U(x) + i8(x) is introduced, in order to find wave solutions
of the kind [6]

U(x) = eS® = J(x)et?®, (H

Suppose there are n wave modes in the waveguide propagating in both the positive and negative
directions. Given vectors of the amplitudes of the positive and negative going waves a*, a”, b* and
b~, it is possible to define positive and negative going propagation matrices for waves travelling
between x, and x;, [18], such that b* = A* (x4, x;,)a™ and a™ = A~ (x;, x,)b~, where

At (x4, %) = diag [exp (—in (Xq, Xp) +¥; (xa,xb))],

A~ (xp, x,) = diag [eXP (_iej (xa Xp) —¥; (xa'xb))]' @



where diag[-] stands for a diagonal matrix and, for the general case of a complex wavenumber [36]

Xp Xp
b+
0;(xq, xp) = f Re{kj(x)}dx +i f Im{kj(x)}dx and y;(xq, Xp) = 10g< prs ) 3)

The real part of 8;(xg, xp) is related to the phase change while the imaginary part of 6;(x4, xp) is

related to the wave attenuation due to damping. For a propagating wave in an undamped medium 6 is
pure real. The term y; (x4, Xp,) is the wave amplitude change due to changes in the waveguide properties.
Note that the latter causes At (xg, x,) # A~ (x},, x4), unlike the homogeneous case.

Additionally, the response to a point force can be considered as illustrated in Figure 1. The wave
amplitudes at the excitation point are given by

ct=e"+bTand b- =e™ + 7, “

where e and e are the amplitudes of the waves directly generated by the excitation and which can be
calculated from equilibrium and continuity conditions. Wave amplitudes at the boundaries are related
by the reflection matrices as a* = I;a™ and d~ = I'rd™. The travelling wave amplitudes are related by
the propagation matrices as b* =A*(0,L,)at , d* = AT(L, L)ct , a  =A"(L,0)b ,
c = A(LL)d ,ht =A"(L,, L, )ctandh™ = A™(L,L,)d".
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Figure 1. Point excitation and wave amplitudes on a waveguide with slowly varying properties.

These relations can be used to find

ct =[1—AY(0,L)I,A (L, 0)[RAY (L, L)] et + AT (0, L )T, A" (L., 0)e7], &)
¢ = A (L, L)TRA*(L,, L)c*, (6)
from which the forced response can be calculated. The same rationale can be used to calculate the
response at any point in the waveguide from the wave amplitudes h* and h~.

3. The wave and finite element approach

In this section, a brief review of the WFE approach is presented for one-dimensional periodic or
homogeneous waveguide. A section of the waveguide of axial length A is cut from the structure and,
assuming harmonic motion, its dynamic stiffness matrix D = K + iwC — w?M can be obtained from a

conventional FE analysis, such that Dq = f, where K, Cand M are, respectively, the stiffness, damping



and mass matrices, q is the vector of nodal degrees of freedom and f is the vector of nodal forces. The
dynamic stiffness matrix D can be condensed to eliminate any interior degrees of freedom, leading to
the matrix D that can be partitioned as

Dy, DLR] q. fL]
= 7
[DRL Drr [qR] frl’ M
relating the degrees of freedom and nodal forces on the left (L) and the right (R) cross-sections [20].
For a wave freely propagating along the waveguide, a propagation constant relates displacements and

forces at the left and right sides of the section s, i.e. q3 = Aq; and fg = —Af]. Moreover, from
continuity of displacements and equilibrium of forces between sections s and (s + 1) it follows that
q;*™! = q3 and f{*1 = —f3. Then, a transfer matrix can be defined such that

Q| _ . [ai

fs+1| = T £5] (8)
where

T = [ _Dl_,I%DLL_l Dz _1]_ )
—Dgy, + DrrDi gDy, —DgrDir

The eigenvalues and eigenvectors of the transfer matrix can be separated into two sets related to the n
positive-going waves (4; and (I);-') and the n negative-going waves (1/4; and ¢ ). The eigenvectors

correspond to wave modes and the j* eigenvalue can be written as A= exp(—iij). The eigenvectors

+ -
can be partitioned such that ¢p* = $i] and ¢~ = $‘1]. These are used to define a linear
f f
transformation
q, = ¢ja* + dza~andf, = pfa* + dpra, (10)

from the wave domain (in terms of wave amplitudes a* and a™) to the physical domain (i.e. nodal
DOFs and forces). Note that, due to the assumption that the waveguide is homogeneous, the wave modes
are the same at any given position of the waveguide. This is unlike the non-homogeneous case. When
damping is considered, then |/1j| < 1 for positive-going waves [26]. Additionally, any boundary

condition can be written algebraically as Af + Bq = 0. Then the reflection matrices are given by [4,26]

I, = —(Adf +Bd:) " (Ad; +Bob;) and Iy = —(Ad; +Bd;)  (Ad; + Bdy). (11)

The amplitudes of the positive and negative going waves generated by a point excitation can be
calculated using Eq. (10) along with continuity and equilibrium conditions, leading to [25,26]

bt —dg] (et 0
¢:+1 —¢;] {2-} - {fext}' (12)

which can be solved either by direct inversion or by using the orthogonality properties of the left
eigenvector of the transfer matrix, which improves numerical conditioning [24,25]. The response to
general spatially distributed excitation can be calculated following the procedure given by Renno and



Mace [26]. A number of parameters yielding information about the wave propagation characteristics
can be calculated from this approach. In this work, it is particularly interesting to calculate the time
average power transmitted through the cross-section, i.e.

1
P = —sRefioff!q,} = > Im{fl'q,), (13)

where the superscript H stands for the Hermitian. For the undamped case, if |Aj| = 1, the wave is

positive-going when P > 0.
4. Wave and finite element approach with slowly varying properties

Under the assumptions of the WKB approximation, it is necessary to calculate the phase change
considering the locally defined wavenumber k;(x) as well as the amplitude change caused by the slowly

varying waveguide properties. In this section, the WFE approach is used to estimate k;(x) at a number
of points to calculate the phase change 68, (x4, x;) from position x, to x;,. A numerical integration using
a Gauss-Legendre (GL) quadrature scheme is applied, i.e. [36]

Xp Xp Ngl
0 (xq, xp) = f Re{kj(x)}dx +i f Im{kj(x)}dx ~ 2 Gi[Re{kj (xl-)} + ilm{kj(xl-)}], (14)
Xa Xq i=1

where G; are the weights and k;(x;) is the j th wavenumber calculated at the sampling point x;, defined
from the GL quadrature. The properties are evaluated at x; from a given function describing the spatial
variability of these properties and then assumed constant within the segment used for the WFE. This is
equivalent to a mid-point discretization for the spatial variability given by a random field within each
segment. Therefore it is recommended, as a rule of thumb, that the segment size A is at least four times
smaller than the random field correlation length [37—39]. The integration scheme gives the exact integral
for a polynomial of a given order depending on the number of points Ny, therefore it is the same as a
polynomial fitting of the wavenumber over the waveguide between x, and x;. The number of points
used by the quadrature should be kept to a minimum number of evaluations, to avoid excessive
computational cost. Additionally, no re-meshing of the FE model is necessary for each WFE evaluation.
Figure 2 shows the positions of the WFE evaluations for Ny; = 3 compared to the homogeneous case,
in which only one WFE evaluation is necessary.

The forced response requires a number Ny; of WFE evaluations for the calculation of propagation
matrices to the left and also to the right side of the excitation point, one evaluation at the left and right
boundaries and one evaluation at the excitation point itself, with a total of Neyq; = 2Ng; + 3 WFE
evaluations, as represented in Figure 2. Note that an integration scheme which includes the points at the
boundaries and at the point force could be used, such as Gauss-Lobato quadrature, for instance. That
would further increase the computational efficiency of the proposed approach.
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Figure 2. Segments for WFE evaluations for (a) homogeneous and (b) slowly varying waveguide at
the Gauss-Legendre integration points x;, for Ng; = 3.

The amplitude change can be calculated from energy conservation for an undamped system as a
consequence of the WKB approximation [9]. It can be shown that the two approaches are equivalent to
the leading order of the WKB approximation [10,34]. Therefore, for a positive-going wave travelling
from x,, with amplitude a*, to x;, with amplitude b*, as shown in Figure 3, assuming no damping, the
time average power (Eq. (13)) transmitted through the cross-sections, at the two positions must be equal,
leading to

|a]-"-|2Re{iw¢}-5'1(xa)¢zl-,j(xa)} = |b;-|ZRe{iwq);,I}l(xb)q);,j(xb)}- (15)
N> af bit AVas
Xa Xp

Figure 3. Positive-going wave travelling from x,, with amplitude a}, to x;,, with amplitude b}, in an
infinite waveguide.

Equation (15) can be rearranged in order to express the amplitude change, giving

(16)

Y_] (xa: xb) =

110 <Re{iw¢}’”f(xa)¢;j(xa)}>
2% Refiwd " (x,) 7 ;(xy)})

Both 6;(xg, x;) and y; (x4, xp) are then used to calculate the positive and negative going propagation
matrices, defined by Eq. (2). Note that, although the wave modes propagate independently, the wave
mode shapes (I)li (x) vary slowly along the slowly varying waveguide. Their amplitude change
¥j(x0,x), with respect to a reference position x,, must be taken into account when calculating the
response at an arbitrary position x of the waveguide. In principle, an interpolation scheme could be
employed to that end using the evaluations at the GL points, further decreasing the computation cost.

Light damping can be included straightforwardly by calculating the complex wavenumber k;(x) at each

segment using the WFE approach and then Eq. (14) is applied to calculate the total phase change and
attenuation.



5. Numerical simulations for one-dimensional waveguides

In this section, some numerical examples are given for rods, beams and plate strips, with given
variability in material and geometrical properties. The input mobility, i.e. velocity per unit force at the
excitation position, is calculated for the rod and beam examples. In the rod example, the case of spatially
varying Young’s modulus is considered and the results obtained from the proposed approach and a
standard model FE are presented. For the beam, two variable properties are considered. First, linearly
varying thickness is considered in which results are compared with an available analytical solution. The
second beam example assumes spatially varying Young’s modulus and the results from the proposed
approach are compared to a WKB approximation and a standard FE model. Finally, the case of a plate
strip with simply supported edges and with linearly varying thickness is presented and the results are
compared to the WKB approximation. In addition, a second example with spatially varying Young’s
modulus is presented in which the results are compared to a WKB approximation and a standard FE
model. Simulations for random waveguides are presented in section 6.

5.1. Thin rod

For the case of longitudinal vibration in a straight thin rod, only a plane propagating wave is considered.
The governing equation of motion with spatially varying Young’s modulus E (x) is given by

0%u(x, t)
at?

d

where A is the area of the cross section, pA is the mass per unit length, p(x, t) is the excitation and
u(x, t) is the axial displacement. From the analytical WKB approximation, it is possible to define a

local wavenumber k; (x) = w/c;(x), where ¢, (x) = \/EA(x)/pA(x) is the local phase velocity at

1/2

position x. Assuming a time harmonic solution as in Eq. (1), thus U(x) = k; ' (x) and the amplitude

change is given by y; (x4, xp) = %log[kL (xo)/ky (xp)] [18]. For a homogeneous undamped waveguide,

k; = k; (x) is a constant and the total phase change reduces to 6, (0,L) = k; L, as well as there being
no change in the amplitude, i.e. y,(0,L) = 0.

For the sample example, a FE model of a rod cross-section is built using a single element with two
nodes and one degree of freedom per node, assuming constant properties within the element. The WFE
approach is used to calculate the phase change by evaluating the wavenumber at the positions defined
by the GL quadrature, Eq. (14), and the amplitude change is calculated from Eq. (16). More details are
given in Appendix A.1.

5.1.1. Numerical results

In this section, a numerical example of longitudinal vibration is presented for an aluminium rod with
spatially varying Young’s modulus described by E(x) = E[1 + H(x)], in which E, = 70GPa and
H(x) is a function describing the spatial variability, mass density p = 2700 kg/m’, L = 5 m total
length, rectangular cross-section 5 cm X 0.1 c¢m, free-free boundary conditions and point excitation at
L, = 0.25L. Structural damping is included using a complex Young’s modulus E(1 + in), withn =
1073, The function H(x) was generated from a single sample of a Karhunen-Loéve expansion



assuming ¢ = 0.1, correlation length [, = 0.5L and N;; = 10 (see Section 6), and is shown in Figure 4
along with the excitation point and the points used for integration using GL quadrature.

Figure 5 shows the rod input mobility calculated using the slowly varying WFE approach using Ng; =
8 and A = 0.01, i.e. fifty times smaller than [, and within the required accuracy for the given frequency
range. Results are compared to a full FE model with 300 elements, i.e. 150 times smaller than [.. A
mid-point random field discretization method is used in conjunction with the KL expansion [39] such
that the Young’s modulus E (x) is sampled at the centre of each element with constant properties within
the element [38]. A relative error measure is chosen such that

A = [KIY])s — (| Yrer|)s |
ove [(IYreeDsl

(18)

in which () is a frequency average over a frequency band B and || is the magnitude of the frequency
response function. In this case, Y is the input mobility from the slowly varying WFE approach and Yggx
the reference FEM case. Errors in frequency averages are presented because of the presence of large
errors at discrete frequencies around the resonance and antiresonance frequencies, which are a
consequence of even small errors in the estimates of these frequencies. In addition, the frequency
responses are calculated at discrete frequencies and a fine frequency resolution is needed to ensure that
the errors due to discrete frequency sampling are small enough. In this paper the frequency resolution
used to calculate frequency averages (-)g are smaller than 0.1 times the half-power bandwidth of a
resonance at the centre of the frequency range under consideration. In the case of Figure 6, the resolution
is 0.3 Hz.

Figure 6 presents the relative error of the frequency averaged response magnitudes obtained by the
proposed approach and the standard FE solution for Ng; = 8 and Ny; = 12 points, using 15 equally
spaced non-overlapping frequency bands of width B =375 Hz and a frequency resolution of 0.3 Hz. A
reduction in the error to less than 0.7% at high frequencies and less than 1 % at lower frequencies is
found when increasing the number of GL points from Ng; = 8to Ny; = 12 withn = 1073, Slightly

higher error levels are found for n = 1072,
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Figure 4. The normalized Young’s modulus as a function of the position for the deterministic rod
case. In addition, the WFE evaluation points (dot symbol) and excitation point (cross symbol) are
shown.
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Figure 5. Magnitude and phase of the input mobility of the rod at x = 0.25L using FE (black
line) and the slowly varying WFE approach (grey dashed line) are shown.
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Figure 6. Relative error of the frequency averaged magnitude of the rod input mobility,
compared to a full FE model, at x = 0.25L with varying Young’s modulus for different
numbers of GL points: Ng; = 8 (dashed line), Ny; = 12 (full line) withn = 1073 and Ny, =
12 with n = 1072 (dotted line).

5.2. Thin beam

In this example, a Euler-Bernoulli beam undergoing flexural vibration with propagating and evanescent
waves is considered. The proposed approach for wave propagation is applied for slowly varying
material and geometrical properties.
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In the case of flexural vibration of a beam, the governing equation of motion with spatially varying
properties is given by

W(x t) 0°w(x,t)

—[EI( )————| t pA(x )— q(x,t), (19)

where EI(x) is the spatially varying bending stiffness, q(x,t) is the excitation per unit length and
w(x, t) is the flexural displacement. Assuming a time harmonic solution w(x, t) = W (x)e™*t, the
eikonal S(x) is used here in order to find wave solutions of the kind W (x) = W (x)et?8(®)  where
W(x) = [pA(x)]73/8 [EI(x)]~/® [9]. Propagating and evanescent waves are therefore taken into
account, and then the propagation matrices are given by [18]

A* (x4, xp) = diag{exp[—ifp (x4, xp) + V5 (Xq, xp)], exp[—0p (x4, xp) + V5 (xg, xp)13, (20)

A~ (xq, xp) = diag{exp[—i6p (xq, Xp) — V5 (¥a, Xp)], exp[—0p (Xa, xp) — V5 (Xa, xp)]}, 2D

where the phase and amplitude changes are respectively given by Eq. (3).

A WFE model for a short segment of the beam is built using a single Euler-Bernoulli element with two
nodes and two degrees of freedom per node [40] assuming constant properties within the element.
Moreover, assuming that the material properties of the beam are constant while the cross-sectional area
and the second moment of area are given by A(x) = a,x* and I(x) = a;x#*2, where ay > 0, a; > 0,
x > 0 and p > 0 is the flaring index, then an analytical solution of Eq. (19) can be found in terms of a
linear combination of Hankel and modified Bessel functions representing positive and negative going
propagating and evanescent waves [4], as presented in Appendix A.2.

Two cases of numerical examples are presented in the following sections. The first considers a non-
uniform cross-sectional area while the second considers spatial variability of the Young’s modulus.
Specifically, the Young’s modulus is modelled in the same way as in the previous example.

Both examples use an aluminium beam undergoing flexural vibration with constant mass density, with
L = 1 m total length, free-free boundary conditions and point excitation at L, = 0.25L. Structural
damping is included using a complex Young’s modulus E(1 + in), withn = 1073, The wavenumbers
from the WFE analysis were calculated with a segment length A = 0.01 m.

5.2.1. Variable cross-section

In this case, the section is assumed to be rectangular with constant width b = 10 mm and linearly
changing thickness, i.e. g = 1, with h; = 1 mm at the left boundary and hy = 3 mm at the right
boundary and Young’s modulus E = 70 GPa. Figure 7 shows the wavenumber divided by w'/?
the beam obtained from the analytical solution and with the WFE evaluations. Note that the position

axis is defined fromx = 2 m to x = 3 m, i.e. L = 1 m, due to the analytical formulation [4]. More

along

details are given in Appendix A.2. Note that the results are in very good agreement and, for an increase
in the thickness, the wavenumber decreases, because kp(x) « h™%/2(x). Figure 8 shows the input
mobility at x = 0.25L, using the analytical solution and the slowly varying WFE method. Here Ny; =
3 with the location of the points defined by the GL quadrature scheme and properties assumed to be
constant within each segment. For calculation of the forced response a total of Neygq = 2Ng; +3 =9
WEFE evaluations were needed.
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Figure 9 presents the frequency averaged relative error of the proposed approach with respect to the
analytical solution, using Eq. (18) and 10 equally spaced non-overlapping frequency bands of width
B = 45 Hz, with frequency increments of 0.01 Hz, smaller than 0.1 times the half-power bandwidth at
250Hz, the centre of the frequency range considered. The overall error is smaller than 1.5%. No
significant difference is found when increasing the number of GL integration points.
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Figure 7. Normalized wavenumber with respect to w'/? along the beam with non-uniform linearly

varying area using the analytical solution (black line), the WFE (grey square) and the excitation point
location (grey circle), with 4 = 1.
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Figure 8. Magnitude and phase of the input mobility of the beam with linearly varying area at x =
0.25L using the analytical solution (black solid) and the slowly varying WFE method (grey dashed).
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Figure 9. Beam with varying cross-sectional area: relative error of the frequency averaged
magnitude of the beam input mobility at x = 0.25L, compared to the analytical solution.

5.2.2. Variable Young’s modulus

In the second case, the Young’s modulus is considered to vary in the same way as in the rod example
(Figure 10) while the mass density and the geometric properties remain constant, with thickness h = 1
mm. Numerical results are compared to a standard FE model, with 300 elements and mid-point random
field discretization (see Section 6), and to the analytical WKB approximation. Figure 11 shows the input
mobility at x = 0.25L using the standard FE model, the analytical WKB solution and the slowly
varying WFE approach with Nj; = 8 points. Additionally, Figure 12 presents the frequency averaged
relative error of the proposed approach with respect to the full FE method for Ny; = 8 (dashed line) and
Ng; = 12 (dotted line), using 15 equally spaced non-overlapping frequency bands of width B = 25 Hz
and a frequency increment of 0.01 Hz, equivalent to less than 0.1 times the half-power bandwidth at the
centre of the frequency range under consideration. Overall, a slight improvement is found when
increasing Ng; = 8 to Ny; = 12, with errors below 0.4% to 0.3 % at the low frequencies and from 0.3%
to 0.1% at higher frequencies. For increasing damping to n = 1072, the error levels are slightly
increased but still are overall smaller than 0.4%. It is not shown in Figure 12, but using the analytical
WKB solution as the reference solution rather than the FE model produces extremely small relative
errors around 107%%.
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Figure 10. The normalized Young’s modulus as a function of the position used for the deterministic
beam case. In addition, the WFE evaluation points (dot symbols) and excitation point (cross symbol)
are shown.
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Figure 11. Beam with varying Young’s modulus: magnitude and phase of the input mobility at x =
0.25L using FE (black solid), analytical WKB (dark grey dotted) and the slowly varying WFE (light
grey dashed).
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magnitude of the beam input mobility at x = 0.25L, compared to the full FE model, for Ny; =

8 (dashed line) and Ng; = 12 (solid line) withn = 1073 and Ny; = 12 with n = 1072 (dotted
line).

5.3. Plate strip with simple supported edges

In this example, a rectangular plate strip with simply supported length-wise edges, and free ends,
undergoing flexural vibration is considered, as shown in Figure 13. Setting a small parameter € such

RUICHY)
that e™* = w? and assuming solutions of the kind w(x,y) = A(x,y)e”" ¢ , itis possible to derive an
analytical governing equation, Appendix A.3., from which the eikonal [9,19]

2 272
d 0 _ ph(x,y)
(al/i(x' }’)> + (@lp(% }’)> = mwz, (22)

is obtained from the €° order terms, where ph(x, y) is the product of the mass density and thickness,
and B(x,y) is the plate bending stiffness. Assuming that the material properties vary only along the
direction of propagation, i.e. the X axis, then B(x,y) = B(x), and ph(x,y) = ph(x). Assuming also
simply supported edges along y =0, L,,, then the wavenumber components in the y-direction are k,,, =
mm /L, with m = 1,2,3.... It is then possible to derive expressions for the wavenumbers Ky 1 yom (X)
and the wave amplitude ratios A,,,o(x)/Axmo(xo) for the mth wave mode [19]. Expressions for the
nodal force and DOF vectors ¢,% and ¢qi of the wave modes and the propagation matrices A (x4, x},)
are given in Appendix A.3. From these the directly excited waves et and reflection matrices I’z , can
be calculated.
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Figure 13. Finite length plate strip with slowly varying material properties undergoing flexural
vibrations.

In the following sections, two sets of results are presented. The first considers a linear variation of the
plate thickness along its length while the second considers variability of the Young’s modulus along
the plate strip in the same way as previous examples. Both examples use a steel plate strip with uniform
mass density p = 7800 kg/m® and nominal Young’s modulus E, = 210 GPa, with total length L, = 5
m, width L, = 1.2 m. Point excitation is applied at the left boundary with L., = 0.21 m and the
response calculated at the right boundary in steps of 0.5 Hz. In this case, the number of WFE evaluations
reduces to Ngyq = Ng; + 2, further reducing the computational cost. The plate strip has simply
supported edges and free-free boundary conditions at the ends. Structural damping is included using a
complex Young’s modulus E(1 + in), withn = 1073, A total of eight wave modes are used for all of
the numerical simulations, among which there are two fundamental wave-types k,qp, (x) and kyppm (%),
for m = 1,2,3,4. This was enough to achieve convergence of the forced response in the frequency band
and, in particular, to accurately resolve the antiresonances. The k,,,(x) waves can be evanescent or
propagating depending on the frequency and position while the k,,,,(x) waves are fundamentally
evanescent waves and attenuate more quickly than k., (x).

5.3.1. Variable thickness

In this case, the thickness varies from 10 mm to 21 mm, as shown in Figure 14, and Ng; = 3 integration
points are used. Figure 15 presents the transfer receptance obtained from both the analytical solution
and from the proposed slowly varying WFE approach, assuming = 1073. Note that, unlike the
previous examples, because the excitation and response are not in the middle of the structure, only the
phase and amplitude changes between the boundaries need to be calculated. The relative error between
the proposed approach and the WKB approximation, Eq. (18), for Ny; = 3 is shown in Figure16 using
10 equally spaced non-overlapping frequency bands of width B = 8.2 Hz and frequency increments of
0.005 Hz, which is 0.1 times the half-power bandwidth at the centre of the frequency range under
consideration. No significant improvement is found by increasing Ng,;. Overall, for n = 1073, the error
levels are lower than 0.1% but for the last frequency which is lower than 0.15%. Moreover, forn =
1072, the error levels are lower than 0.05% at the low frequencies decreasing until the frequency band
around 62 Hz, where it increases again to 0.2%.
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Figure 16. Plate strip with linearly varying thickness: relative error of the frequency averaged
magnitude of the transfer receptance from the left to the right ends for Ny; = 3 withn = 1073

(full line) and n = 1072 (dashed line), compared to the WKB method.

5.3.2. Variable Young’s modulus

Figure 17 shows the phase change and attenuation constant for a plate strip with the varying Young’s
modulus shown in Figure 18 and neglecting damping. Positive values indicate the real parts of the
wavenumbers and negative values indicate imaginary parts. Note that because the wavenumber in the
WKB approximation is a function of position, i.e. k1 (@) = kg 2,y (w, x), it is possible that, at some
frequency w, a particular wave mode might be a propagating wave, i.e. real wavenumber, and a non-
propagating wave, i.e. imaginary wavenumber, at different positions along the plate strip, giving rise to
a critical section. They can be recognised in the frequency bands where 6(0, L,) has both real and
imaginary parts. These turning points cause internal reflection in the plate strip, due to the sudden
change of wavenumber characteristics along the plate strip, even though the Young’s modulus is slowly
varying. These frequency bands generally lie around the cut on frequencies of the wave modes in the
homogeneous plate strip, for which the Young’s modulus takes its nominal value Ej. It is possible that
more than one turning point, or critical section, exist at the same frequency but in different locations
along the plate strip. Determining the exact position of these critical sections or the number of
occurrences is not within the scope of this paper. Additionally, Figure 19 presents the magnitude of the
transfer receptance obtained from the proposed approach, the analytical WKB approximation and the
full FE model, assuming n = 1073, The slowly varying WFE method is equivalent to the WKB
approximation only to the leading order, and the approximation of the wave amplitude change, Eq.
(A.17), in Appendix A.3., might suffer from numerical differences at the critical sections, which might
explain the differences from the proposed approach to the WKB approximation at these frequencies.
Responses in these frequency bands have to be treated separately and will be subject of future work.
The relative error between the proposed approach and the FE model, Eq. (18), is shown in Figure 20
for Ny = 6 and Ny; = 8 with n = 1072 and for Ny; = 9 with n = 1073, using 10 equally spaced non-
overlapping frequency bands of width B = 7.7 Hz and frequency increments of 0.005 Hz, equivalent
to 0.1 times the half-power bandwidth at the centre of the frequency range under. It is observed that for
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n = 1072, the errors are smaller than 2% close to the first turning point and then decrease until the
second turning point is reached. At the latter point the errors increase, but are still less than 4% before
decreasing again as the frequency is further increased. For n = 1073, the error levels are of 14% in the
first turning point frequency band, decreasing to less than 4% until the second turning point frequency
band, where it increases again to 8%. Despite the large errors at the turning point frequencies,
differences at the resonance frequencies are not larger than 0.2% for n = 1073 and much smaller for
n =102
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Figure 17. Phase change (positive values) and attenuation constant (negative values) over the plate
length for kyq,, (w, x) and kyy,, (w, x) from the analytical model (black) and from the WFE approach
(dashed grey). Positive values are the real part (propagating waves) and negative values are the
imaginary part (non-propagating waves). Frequency bands with turning points are highlighted.
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Figure 18. The normalized Young’s modulus as a function of the position used for the plate strip. Also
shown are the WFE evaluation points (square symbols).
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Figure 19. Plate strip: magnitude of the transfer receptance from the left to the right ends obtained
from the WKB method (full line), from the slowly varying WFE approach (dashed grey) and from the
FE model (dotted line) with varying Young’s modulus.
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Figure 20. Plate strip with varying Young’s modulus: relative error of the frequency averaged
magnitude of the transfer receptance, compared to a full FE model, with Ny; = 8 andn =

1073 (dotted line) and with Ng; = 6 (solid line) and Ny; = 8 (dashed line) for n = 1072,
6. Random variability of waveguide properties

Spatially distributed randomness can be modelled by the well-established random field theory using a
probability measure. There are a number of methods available in the literature for generating random
fields [16,17,38,39], including formulations using series expansions that are able to represent the field
using deterministic spatial functions and random uncorrelated variables. The KL expansion is a special
case where these deterministic spatial functions are orthogonal and derived from the correlation
function.

A homogeneous random field H (x) with a finite, symmetric and positive definite correlation function
Cy (x4, x), defined over a domain D, has a spectral decomposition in the generalized series [17]

HG) = o)+ ) [63550) (23)
=1

where §; are random variables and [; and f;(x) are eigenvalues and eigenfunctions of Cy (xq, x,). The
eigenvalues and eigenfunctions can be ordered in descending order of eigenvalues and the KL
expansion is then truncated at a finite number of terms N;, chosen by the accuracy of the series in
representing the correlation function [41]. As a rule of thumb, N, can be chosen such that Iy, /l; <

0.1, and Ng; will depend on the correlation length of the random field.
The random variables ¢; are obtained from the projection of Eq. (23) on its corresponding eigenfunction

1
6= Df H) f(x) do. (24)
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If H(x) is a Gaussian random field, ¢; are always Gaussian random variables, therefore this projection
does not need to be evaluated. If, on the other hand, the random field is not Gaussian, then the variables
¢; have unknown joint probability density function (PDF). Therefore, it is not possible to use the KL
expansion to directly generate a non-Gaussian random field. However, this issue can be overcome by
using another method for simulating a random field and for finding ¢ j- For that end, the Memoryless
Non Linear Transformation (MNLT) can be used. This is defined such that Y (x) = Fy }(Fy (H(x)),
[42,43] where Fy1(x) is the inverse marginal cumulative distribution of the targeted non-Gaussian
process and Fy(x) is the standard Gaussian cumulative distribution function (CDF). Despite its
simplicity, this has the drawback of altering the correlation function Cy (x4, x,) of the non-Gaussian
process from Cy (x4, x,) of the underlying Gaussian process. Therefore, the problem can be stated in
terms of finding the appropriate Cy (x4, x,) for a prescribed Cy (x4, x,), which is not a trivial task. For
a limited number of cases, it is possible to find an analytical relation between the two correlation
functions [44], otherwise a numerical scheme must be employed [43]. For instance, if the non-Gaussian
random field has a Gamma distribution then Cy (x1, x,) = C7 (x1, x3).

On the other hand, an iterative scheme can be used that maintains the correlation structure of the
underlying Gaussian process and adjusts the targeted CDF by applying a MNLT and updating ¢; until
convergence is achieved [45,46]. It has the advantage of directly using the KL expansion and can
simulate both stationary and non-stationary random fields as well as strongly non-Gaussian targeted
CDF [47]. Moreover, if the target CDF is approximately Gaussian, only one iteration might be enough
to achieve convergence.

For some families of correlation functions and specific geometries, there exist analytical solutions. One
such case is the one dimensional exponentially decaying autocorrelation function, Cy(x,x;) =
e~ 1¥1=%2l/le where I, is the correlation length, in the interval —L/2 < x < L/2, where L is the length
of the domain and where x; and x, are any two points within the interval. In this case, the KL expansion,
for a zero-mean random field, can be written as [17]

Ngi

H(x) = Z[a]{lj sin(wljx) + Bjé2; cos(wzjx)] (25)
=1

where &1 and &, are zero-mean, unity standard deviation, independent random variables and a; =

Jllj/ (%‘M), Bj = \/bj/ (§+M), in which lj; = 2c/(Wh +¢?), Ly =2c/(wi+

2wy 2Waj

c2) , ¢ = 1/1. and wy; and wy; are the i*™® roots of the transcendental equations ¢ tanw; + w; = 0 and
wytanw, —c = 0, respectively. Note that the trigonometric terms of this equation are the
eigenfunctions and the @; and ; parameters are given by the eigenvalues divided by the normalization
constants of the eigenfunctions. This expansion is truncated to Ng; terms according to the magnitudes
of the higher order eigenvalues in the series. A complete derivation can be found in the book by Ghanem
and Spanos [17].

In the numerical examples, the Young’s modulus is chosen to be randomly varying as E(x) =
Eo(l +H (x)), where E| is the nominal value and H(x) is a random field with Gamma marginal PDF
given by
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fu(x) =

where I'(x) = fooo t*~te~tdt,x > 0 is the Gamma function and the parameters of the distribution are

given by a, = 1/8% and by = E,62, where 8 is the dispersion parameter. This choice of distribution
follows the Maximum Entropy argument, and ensures the second-order statistics of the response are
finite [15].

Finally, the Latin Hypercube sampling (LHS) scheme [48,49] is used as the stochastic solver. The LHS
has the advantage of being as general as the classical Monte Carlo solver, in which given the probability
measure of the random variables several samples are generated and the statistics of the response can be
evaluated, but with increased computational efficiency, by reducing the required number of realizations.

6.1. Numerical results

In this section, the previous numerical examples of rod, beam and plate strip with spatially varying
Young’s modulus are now revisited and considered to have random variability, i.e. variability across
the ensemble due to random variations in properties at a specific location. This is typically the case
when manufacturing variability is taken into account. Material and geometric properties as well as
frequency range and steps, number of GL points, FE and WFE discretization parameters are the same
as the examples presented in subsections 5.1. to 5.3. Some statistics of the forced response are compared,
calculated using the proposed slowly varying WFE approach and the full FE method, with the focus on
comparing computational efficiency. Calculations were performed using a MATLAB based
implementation and run on a laptop with an Intel CORE 17 processor with 6 GB of RAM.

6.1.1. Thin rod

The random field of the Young's modulus was generated from the KL expansion assuming o = 0.1,
correlation length I, = 0.5L and Nj; = 10 terms in the KL expansion, enough to represent the field
with the required accuracy. One sample of this random field is shown in Figure 4, along with the
excitation point and the points used for integration using GL quadrature. The LHS scheme was used as
a stochastic solver using 1,000 samples, enough to achieve statistical convergence. Figure 21 presents
the 5™ and 95™ percentiles and the mean value of the input mobility for the stochastic rod using the
slowly varying WFE and the standard FE approach and also the input mobility for the homogenous case,
i.e. constant Young’s modulus E, along the rod, for n = 1073, In this case, the LHS scheme using the
proposed approach was 51 times faster than the standard FE approach.
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Figure 21. Input mobility of the rod at x = 0.25L: magnitude of 5™ and 95" percentiles and the mean
value using FE (black line) and numerical WKB (grey line) with ¢ = 0.1 and [, = 0.5L. In addition,
the input mobility for the homogenous rod (grey dotted line) is shown.

6.1.2. Thin beam

Similar to the previous case, the statistics of the input mobility for the stochastic analysis were
calculated with 1000 LHS samples, enough to achieve statistical convergence. The Young’s modulus
random field was also generated using Nj; = 10 terms with 0 = 0.1 and correlation length [, = 0.5L
in the KL expansion, which is fifty times larger than the length A of the segments used for each WFE
analysis, and 15 times larger than the element size for the standard FE approach. Figure 22 shows
magnitude of the mean and 5™ and 95" percentiles of the input mobility calculated using a standard FE
approach, the slowly varying WFE and the analytical WKB approximation, for 7 = 10~3. The LHS
scheme using the proposed approach was 5.5 times faster than the standard FE approach.
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Figure 22. Input mobility of the beam at x = 0.25L: magnitude of the mean and 5™ and 95"
percentiles of the using FE (black solid), slowly varying WFE (dark grey dotted) and numerical WKB
(light grey dashed) using 0 = 0.1 and [, = 0.5L.

6.1.3. Plate strip

The aluminium plate strip with simply supported edges is considered to have the Young’s modulus as
a random field varying only in the direction of the propagating wave, i.e. the x-axis. Effectively, a one-
dimensional random field can be used, similar to the rod and beam cases. The statistics of the transfer
receptance with n = 1072 for the stochastic analysis are calculated from a LHS scheme with 500
samples. which was enough to achieve statistical convergence. Figure 23 shows the mean, 5th, and 95"
percentiles of the transfer mobility obtained from the LHS simulation calculated using the WKB
approach and the proposed slowly varying WFE approach. The proposed approach was 1.6 times faster
than the standard FE approach to calculate the response samples.
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Figure 23. Transfer mobility of the plate strip: magnitude of the mean and 5™ and 95" percentiles
obtained from the analytical model (black), the WFE approach (dashed grey) and the standard FE
(dotted grey).

7. Concluding remarks

A method was proposed to extend the applicability of the WKB approach to cases where no analytical
solution to the equations of motion exists by using a Finite Element (FE) approach. The phase change
and the attenuation constant require the numerical evaluation of the locally defined wavenumber at
various points, which are kept to a minimum, being evaluated at locations defined by a Gauss-Legendre
(GL) quadrature scheme. In addition, the WKB solution implies conservation of power (in the
undamped case) which is used to calculate the amplitude change.

Examples of typical structural elements with one dimensional wave propagation were used to show the
applicability of the proposed approach. These involved longitudinal and flexural waves, with 1
propagating (rod), 2 propagating and nearfield (beam) and multiple (plate strip) wave modes. Results
were presented for a deterministic system with varying thickness and Young’s modulus, as well as a
stochastic analysis, using the Karhunen-Loéve (KL) expansion to represent the Young’s modulus as a
non-Gaussian random field. Even though an analytical KL expansion is used, the method can be
extended straightforwardly to a numerical solution of the KL expansion and therefore to different
correlation functions or probability density functions. Results in terms of the forced response of finite
length waveguides were seen to agree very well with available analytical solutions, the classical
analytical WKB approach and full FE analysis. Only a small number of GL points are necessary to
calculate the phase and amplitude change, which is required to keep the computational cost to a
minimum.

Further steps include extending the proposed approach to more complex waveguides, with different
wave modes, exploring other random field types and tackling the turning point problem.
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A. Appendix

In this Appendix, some of the results involving analytical expressions for the numerical examples are
presented in more detail.

A.1. Longitudinal vibration of thin rods

For a slowly varying thin rod undergoing longitudinal vibration, a FE model for a segment of the rod is
built using a single element with two nodes and one degree of freedom per node, with mass and stiffness
matrices respectively given by [40]

T

assuming constant properties within each element. Normalizing the displacement by A and the force by
EA, it is possible to find the transfer matrix as [50]

[ - @) 1|

1 3
T(x) = ———— Jl (A.2)
1+ GLPAE  Goaye - el Gu(OBF
where k; (x) = /p(x)w?/E(x). The transfer matrix eigenvalues are given by
I (e, (O)? (e, (x)A)2
Ai(x) = - k, (D)D)2 - 3 +ikA |1 — 12 | (A.3)
6

For small values of k; (x)A, they are approximately equal to exp(+ ik, (x)A) and the FE discretization
gives accurate values for k;, (x)A <« v/12. The WFE wavenumber is given by k; (x) = (i/A) log A(x),
which is used to calculate the phase change by evaluating the wavenumber at the positions defined by
the GL quadrature scheme, Eq. (14). The amplitude change is calculated from Eq. (16) with

b+

at

— kL(xa) 41— [kL(xa)A]z/lz : (A4)
kpCxp) | 1 — [k (xp)A]2/12

and using the wave modes [50]
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Under the same assumption, i.e. for k; A < V12, Eq. (A.4) is approximately equal to the exact solution
obtained from the WKB approach [18], i.e. |[b*|/|a™| =  k,(xg)/k. (xp).

A.2. Flexural vibration of thin beams

This section summarizes an analytical solution for the governing equation of a thin beam undergoing
flexural vibration and assuming that the material properties of the beam are constant while the cross-
sectional area and the second moment of area are given by A(x) = a,x* and I(x) = a;x#*2, where
ay > 0,a; >0,x > 0and u = 0 is the flaring index. Note that there is a fictitious vertex at x = 0 and
the position x = x; and x = xj at the left and right sides of the beam are defined by the choice of both
h; and hg, i.e. the thickness at both sides of the beam, as well as the beam length L. An analytical
solution of Eq. (19) can be found in terms of a linear combination of Hankel and modified Bessel
functions representing positive and negative going propagating and evanescent waves, such that [4]

W(x) = xH/? [clﬁ,SZ)(ZkB (%) + CoK, (2k5 (0)x) + C3H® (2kep (x)x)

(A.6)
+ Caly (2kp (0)) |

where C;, C,, C3, C, are arbitrary constants, Hﬁl’z)(ZkB (x)x) is the Hankel function of the first and
second kind, of order y and argument 2kg(x)x and I, (2kg(x)x) and K,,(2kg(x)x) are the modified

Bessel functions of the first and second kind of order 4 Expressions for the displacement and internal
forces matrices for positive and negative going waves are given by

1 1
@
=] H, 1 (kg (x)x) K1 (2kp(x)x) |, (A7)
1 kB(x) HISZ)(ZkB(x)x) B K#(ZkB(X)X)
1 1
©)
;=] _ H#+1(2k3(x)x) Iu+1(2k3(x)x) , (A.8)
1 kg (x) ngl)(ZkB(x)x) ke (x) 1,(2kp(x)x)
H®. (2kp()x) K1 (2k5(2)x)
.3 u+1\4ip 3 p+1\&Kp
(%) HP (2kp (x)x) k500 K, (2kg (x)x)
& = EI(x) @ ' (A.9)
200 H, 5 (2kp (x)x) K2 () K122k (x)x)
T HP ko) 7 Ku(Zkp ()
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ie, dF, og, ¢}' and ¢ can be found analytically in terms of these functions. The positive and
negative going propagation matrices between x, and x; can be defined as [4]

R o (xa\#2 B [2kg () ()] Ky [2kp () () /]

A" (xq,xp) = dmg{(E) HO (k) | Fu@kaGr) | (A.11)
— _q: x_b K2 Hﬁl)(ZkB(xa)xa) Iy(ZkB(xa)xa)

Ay xa) = dlag{<xa) HO [ 2k () Cray) 2] Ta2k5 (i) Grap) 721 (A.12)

The amplitudes of the positive and negative going waves generated by a point excitation at x = L, are
identical and are given by [4]

+ fextLe { i |H;52) (2kp (x4)x4)

o _ 2 , A.
¢ 4EI(Le)kg (Le) 4Ku(2k3(xa)xa)I”(ZkB(xa)xa)} (A1)

Moreover, reflection matrices can be found by using Eq. (11), and the forced response can be calculated
from Egs. (5) and (6). More details on this formulation can be found in [4].

A.3. Flexural vibration in a thin plate strip

This section presents the analytical solution of the WKB approach for a plate strip of constant width
with simply supported edges and slowly varying properties along the length of the plate strip,
summarized from [19]. Considering a thin plate undergoing out-of-plane flexural vibration with varying

material properties, assuming solutions of the kind w(x,y) = A(x, y)e_i@, where w(x,y) is the
out-of-plane displacement and the amplitude is expanded in terms of the parameter € as A(x,y) =
Ao(x,y) + A1 (x, y)e it is possible to match the terms with equal powers of € on both left and right hand
side of the governing equation

This procedure leads to a number of differential equations, which need to be solved for each term in the
expansion. From ¥ (x, y), one can find the eikonal equation for the phase change in Eq. (22) and the
terms of € give expressions for the amplitude terms. However, if a plate strip with simply supported
boundary conditions at y = 0 and y = L,, is considered, also assuming material variability only in the
direction of propagation, i.e. the X axis, then B(x,y) = B(x), and ph(x,y) = ph(x), where ph(x,y)
is the product of the mass density and thickness, and B(x, y) is the plate bending stiffness and it is
possible to assume phase change of the form ¥, (x,y)/€ = Oy, (x) + kypy, where ky, = mm/L,, is
the m*" wave mode in the y direction and 6,,,(x) is the phase change in the x direction. This
expression can be used for direct integration of the eikonal equation leading to

29



X

B (0, ) = f Kom (€) dE, (A14)

Xo

with four solutions for the phase change in the x direction, where kyqp xom(x) = + /ikf, (%) — k2,

1/4
k,(x) = Vo (‘; hécx))) is the local free bending wavenumber in the thin plate and x, is an arbitrary

point in the waveguide. From this it is possible to distinguish two wave types, k1, (X) and ko, (x).
For a plate strip with simply supported edges, the displacement can be written as

W) = ) W () sinlmy ) (A.15)
m=1

and therefore for the m*" wave mode, the amplitude change can be written using only the first order as
A (%, y) = [Axmo(X) + Aymi (x)€] sin(kpyyy). The amplitude term Aypmo(x,y) is found from
matching the €° order of the expansion and using the solution for the phase term 1, (x,y) and for
kz% (x) » 0. From this it is possible to obtain the differential equation,

2 0Aemo 1 00,,(x)

A.16

Aymo  0x Oem(x)  0x ' ( )

whose solution gives the typical WKB expression for the change in wave amplitude

A X/ Koo (X
Axmo(x) — me( O) xm( 0). (A17)
VK (%)
The transformations from the wave domain to the physical domain are given by
W — — —_— —
q= [dw/dx] = Z $gmam + bgmay andf = [,QV,] = Z dfma’ + dppa, (A.18)
m m

where w is the out-of-plane displacement, Q is the net force and M is the bending moment [51]. The
propagation matrix for the m;;, mode is given by

A (xq, xp) = diag[exp(_id’xm(xa: Xp) + VYm(Xa, xb))];

A (xp, x4) = diag[exp(—iprm (X, xp) — Ym (X0, x3))], (A.19)

where ¥, (x4, xp) is obtained from Eq. A.17. Moreover, the displacement and force wave mode
matrices are given by

1 1 1 1
+ — . p— — -
¢qm B Sln(kmyy) [_ikxlm _ikam] ' ¢qm B sm(kmyy) [ikxlm tkxom]’
b = sin(kmyy) B( )[ Kitm + VKiny Kiam + Vkiny ] (A-20)
= Sin y X . . ,
fm it _lkxlm(kazclm + (2 - V)k12ny) _lkam(kJ%Zm + 2 - V)krzny)
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& = sin(k,,,y) B(x) i

kiim + vkhy kizm + vkhy
kxlm(kglm + (2 - V)krzny) ikam(kachm + (2 - V)krzny) .

Reflection matrices at both boundaries and the amplitudes of the positive and negative going wave
generated by a point excitation can be calculated by Eqgs. (11) and (12), respectively.
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