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ABSTRACT
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Doctor of Philosophy

by Walton Pereira Coutinho

In recent years, employing Unmanned Aerial Vehicles (UAV) to collect data and making
measurements has gained popularity. Often, the use of UAVs allows for a reduction in
costs and improvements of other performance criteria. The academic routing community
has acknowledged the interest of companies and organisations in adopting UAVs in their
operations. However, constraints due to the flight dynamics of UAVs have often been
neglected. Finding feasible trajectories for UAVs in a routing problem is a complex task,
but it is necessary to ensure the feasibility of the routes. In this thesis we introduce the
Unmanned Aerial Vehicle Routing and Trajectory Optimisation Problem (UAVRTOP),
the problem of optimising the routes and trajectories of a fleet of UAVs subject to flight
dynamics constraints. Motivated by a disaster assessment application, we propose a
variant of the UAVRTOP, in which a fleet of autonomous aerial gliders is required to
photograph a set of points of interest in the aftermath of a disaster. This problem is re-
ferred to as the Glider Routing and Trajectory Optimisation Problem (GRTOP). In this
work, we propose a single-phase Mixed-Integer Non-linear Programming (MINLP) for-
mulation for the GRTOP. Our formulation simultaneously optimises routes and the flight
trajectories along these routes while the flight dynamics of the gliders are modelled as
ordinary differential equations. We avoid dealing with non-convex dynamical constraints
by linearising the gliders’ Equations of Motion (EOMs), reducing the proposed MINLP
into a Mixed-Integer Second-Order Cone Programming (MISOCP) problem. Another
contribution of this work consists of proposing a multi-phase MINLP formulation for a
modified version of the GRTOP. We do not attempt to solve this formulation directly,
instead we propose a hybrid heuristic method that is composed of two main building
blocks: (i) a Sequential Trajectory Optimisation (STO) heuristic, designed to cope with
the challenging task of finding feasible (flyable) trajectories for a given route; and (ii) a
routing matheuristic, capable of generating routes that can be evaluated by STO. We
perform computational experiments with real-life instances based on flood risk maps of
cities in the UK as well as in a large number of randomly generated instances.
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Chapter 1

Introduction

The focus of this thesis is on the development of models and algorithms for problems
involving routing and trajectory optimisation of unmanned aerial vehicles. In this chap-
ter, we first provide a motivation to the subject of this work. Next, we present this
project’s objectives and an outline of this thesis.

1.1 Motivation

Unmanned Aerial Vehicles (UAVs) are aircraft that do not need a human pilot on board.
In general, these vehicles are either controlled by an embedded computer or by a pilot
operating a remote control. Drones, remote controlled helicopters and unmanned gliders
are examples of UAVs. Gliders differ from the other types due to the lack of on-board
propulsion (e.g., an electric or combustion engine). Modern UAVs have been first devel-
oped in the 1920s to support military operations in which the presence of human pilots
was either impossible or too dangerous (Beard and McLain, 2012; Keane and Carr,
2013). However, UAVs have recently become very popular for logistics and surveillance
applications (Tsourdos et al., 2010).

A report from the National Purchase Diary has shown that drones sales have increased
224% in 12 months from April 2015, reaching a total of 200 million dollars (NPD,
2016). Due to their ability of embedding several transmitters, sensors and photograph-
ing equipment, UAVs can be used in a large range of applications. Successful cases have
been reported in, e.g., aerial reconnaissance (Ruzgiené et al., 2015), aerial forest fire
detection (Yuan et al., 2015), target observation (Rysdyk, 2006), traffic monitoring and
management (Kanistras et al., 2013), online commerce (Wang et al., 2017), geographic
monitoring (Uysal et al., 2015), scientific data collection (Stöcker et al., 2015), meteoro-
logical sampling (Elston et al., 2014) and disaster assessment and response (Quaritsch
et al., 2010; Xu et al., 2014; Nedjati et al., 2016b). In Hayat et al. (2016), several appli-
cations of UAV networks are reviewed. The use of UAVs for 3D mapping is surveyed in
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2 Chapter 1 Introduction

Nex and Remondino (2013). A literature review about the applications of UAVs in hu-
manitarian relief is provided by Bravo and Leiras (2015). More examples of the growing
applications of UAVs are presented in Rao et al. (2016).

The academic routing community has acknowledged the interest of companies and or-
ganisations in adopting UAVs in their operations. A recent example is the approach of
combining UAVs and trucks for distribution activities by dispatching drones from trucks
for the last mile distribution within city centres (Ha et al., 2015; Murray and Chu, 2015;
Wang et al., 2017). It can been shown that this solution could reduce the truck travel
time (and the corresponding CO2 emissions) of up to 50%. The UAV Task Assignment
Problem (UAVTAP) is another name used in the literature for the problem of scheduling
and routing a fleet of UAVs (Khamis et al., 2015). A growing body of literature appeared
on the UAVTAP in the last decade, see, e.g., Ramirez-Atencia et al. (2016), Wang et al.
(2015), Hu et al. (2015a), Thi et al. (2012), Alidaee et al. (2010) and Edison and Shima
(2011). However, the UAV routing literature has often neglected constraints due to the
flight dynamics of UAVs. Finding feasible trajectories for UAVs in a routing problem is
a complex task, but it is necessary to ensure the feasibility of the UAVs routes. For some
real-world applications involving more complex UAV systems, such as unmanned gliders
and fixed-wing vehicles, the definition of routes must be coupled to the design of flyable
trajectories, otherwise the assigned routes might become inefficient of even infeasible for
these UAVs.

Most of the UAVs used for civil applications present a low flight autonomy. Therefore,
it is important for UAV routing algorithms to properly model battery life. According
to Fügenschuh and Müllenstedt (2015), this can be achieved by integrating the UAVs’
dynamics with routing. As mentioned by the authors, for powered UAVs, a proper
modelling of the actual fuel consumption must include, for instance, the current weight,
the altitude, the speed and climb/descend rate, which are usually modelled by flight
dynamics.

Zhang et al. (2012) considers a problem where a UAV must visit a set of targets. How-
ever, after reaching a predetermined distance from a target the UAV must adjust its
flight attitude in order to perform a payload delivery. After the delivery, the UAV must
complete an escape manoeuvre and prepare for the next delivery. According to Zhang
et al. (2012), routing and trajectory optimisation must be integrated in order to ensure
the safety of the vehicle and the feasibility of trajectories.

Another example occurs in disaster assessment applications, where UAVs play an im-
portant role on collecting information. The data generated by a UAV can be analysed in
order to, e.g., coordinate rescue efforts, evaluate access issues, detect building failures,
detect casualties in life-risk situations and allocate resources efficiently. An alternative
to the use of expensive powered UAVs are low cost balloon-launched autonomous gliders
(Crispin, 2016). However, these gliders are highly dependent on wind conditions that are
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usually incorporated into flight dynamics. Therefore, integrating routing and trajectory
optimisation is necessary for applications involving a fleet of gliders.

The computation of trajectories for UAVs has been widely studied in the aerospace engi-
neering and optimal control literature (Yang et al., 2016). The Trajectory Optimisation
(TO) problem consists of finding a control history of a vehicle that minimises a scalar
performance index (for example, flight time or fuel consumption) while satisfying con-
straints on the kinematics (position, velocity and acceleration) and the dynamics (forces
and moments) of the vehicle. A trajectory is generally associated to a set of Equations
of Motion (EOM) that describe the relationship between spatial and temporal changes
of a system. The TO problem is closely related to the Optimal Control (OC) problem
(Betts, 2001).

The problem named PP consists of finding a flyable path for a UAV visiting a given
sequence of waypoints (targets) in a two-dimensional (2D) or three-dimensional (3D)
space without considering the vehicle’s dynamics. According to Gasparetto et al. (2015),
PP is a geometric problem, because it is defined as finding a geometric path regardless
any specified time law. In turn, TO consists of assigning a time law to a controlled
geometric path.

More complex variants of the PP problem including, for instance, wind and motion
constraints, require substantial simplifications and assumptions to be solved heuristically
(Kunchev et al., 2006; Rathinam and Sengupta, 2007). The books by Tsourdos et al.
(2010) and Beard and McLain (2012) provide good overviews of PP algorithms for
UAVs. On the other hand, high fidelity TO models (i.e., using more accurate physical
models) have been developed for aircraft and spacecraft (Raivio et al., 1996; Conway,
2010; Fisch, 2011; Garćıa-Heras et al., 2014; Colasurdo et al., 2014). These models are
currently solved by OC techniques. An overview of OC methods for TO is provided in
Betts (1998, 2001).

The field of TO has however not considered routing decisions: given a set of ordered
waypoints, it is possible to find a feasible trajectory for a generic UAV, but it is not clear
in the literature if the sequence of waypoints is appropriate. For example, for a gliding
vehicle (i.e., with no onboard thrust) a given waypoint sequence might be infeasible in
terms of flight dynamics. Given a fleet of UAVs, it is an open question how to combine
routing and trajectory decisions in a single optimisation problem. As far as the authors
are aware, there is not a survey summarising the literature about routing and trajectory
optimisation for UAVs.

Research about integrated routing and TO problems seems to be still fragmented. In
this work, we introduce the UAV Routing and Trajectory Optimisation Problem (UAVR-
TOP), which consists of optimising the routes and trajectories for a fleet of UAVs subject
to flight dynamics constraints. We believe that integrating TO and routing in a single
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optimisation problem is a key research challenge in adopting UAVs for real world appli-
cations.

In addition, we are interested on modelling and solving problems related to routing and
trajectory optimisation of unmanned gliders, with applications on disaster assessment.
We consider the situation where a fleet of gliders is required to fly over a set of waypoints
subject to constraints on the flight dynamics. This problem will be referred to as the
Glider Routing and Trajectory Optimisation Problem (GRTOP). The main motivation
to solve this problem arises from aerial photographing missions in disaster situations,
where a fleet of gliders is required to take pictures of a number of points of interest,
e.g., hospitals, schools, residential areas and inaccessible areas, while optimising some
performance criteria such as the mission time.

In this work, we propose a single-phase Mixed-Integer Non-linear Programming (MINLP)
formulation for the GRTOP. Our formulation simultaneously optimises routes and the
flight trajectories along these routes while the flight dynamics of the gliders are modelled
as ordinary differential equations. We avoid dealing with non-convex dynamical con-
straints by linearising the gliders’ EOMs, reducing the proposed MINLP into a Mixed-
Integer Second-Order Cone Programming (MISOCP) problem. Another contribution of
this work consists of proposing a multi-phase MINLP formulation for a modified ver-
sion of the GRTOP. We do not attempt to solve this formulation directly, instead we
propose a hybrid heuristic method that is composed of two main building blocks: (i)
a Sequential Trajectory Optimisation (STO) heuristic, designed to cope with challeng-
ing task of finding feasible (flyable) trajectories for a given route; and (ii) a routing
matheuristic, capable of generating routes that can be evaluated by the STO procedure,
that combines iterated local search and a set-partitioning-based integer programming
formulation. Computational experiments are performed on real-life instances based on
flood risk maps of cities in the UK as well as in a large number of randomly generated
instances.

1.2 Objectives

The objectives of this work are defined as follows.

• Review the literature concerning UAV routing and UAV trajectory optimisation.

• Formally introduce the UAVRTOP.

• Develop a mathematical model for the GRTOP.

• Develop a heuristic method capable of solving large GRTOP instances.
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1.3 Thesis outline

• Chapter 2 formally introduces the UAVRTOP and presents a taxonomic review of
recent contributions on UAV routing and UAV trajectory optimisation.

• Chapter 3 presents the glider dynamics model that will be used throughout this
thesis.

• Chapter 4 presents a single-phase mathematical formulation and exact solutions
for the GRTOP.

• Chapter 5 presents a multi-phase mathematical formulation and a heuristic method
for solving larger GRTOP instances.

• Chapter 6 concludes this work and provide future research directions.





Chapter 2

Literature Review

The purpose of this chapter is to present the UAV Routing and Trajectory Optimisation
Problem (UAVRTOP), highlighting approaches already proposed in the literature and
directions for further research. We introduce a taxonomy, that is able to identify the
key components of routing and TO problems, as well as highlight assumptions and
simplifications commonly adopted in the literature.

2.1 The UAV routing and trajectory optimisation problem

In this section, we formally define the UAV Routing and Trajectory Optimisation Prob-
lem (UAVRTOP), the problem in which a fleet of UAVs has to visit a set of waypoints
assuming generic kinematics and dynamics constraints. Wind conditions, collision avoid-
ance between UAVs and obstacles can be incorporated in the model as well.

2.1.1 A mathematical formulation for the UAVRTOP

In the following, we assume a fleet C of UAVs is available at the launching site 0. Let
G = (V,A) be a graph, where the set V represent all the waypoints that need to be
visited by the UAVs and A represent the set of arcs between waypoints. In addition, let
0′ represent the landing site. The cost of using a vehicle k ∈ C is Fk. The parameters
(e.g., mass, wing area, aerodynamics coefficients) of the UAV k travelling between i

and j are stored in the vector pijk. Note that these parameters may change during the
mission due, for example, to a change in the flight mode (if hybrid UAVs are used). The
state of a UAV is a vector fully defining the position, orientation and velocity of the
vehicle in some coordinate system (alternative state representations will be described in
Section 2.2).

7
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For simplicity, we recall yijk(tijk) ∈ Rnky , nky ∈ Z, the state variable of the UAV k

travelling between waypoints i and j at time tijk ∈ R. Similarly, the control variables
model the inputs that are given to the physical systems in order to achieve a desired
trajectory. Typical control variables for UAVs are the thrust (the impulse given by the
UAV engine, if any), the roll angle, a.k.a. bank angle (which “banks” the aircraft to
change its horizontal flight direction), and the angle-of-attack (which is related to how
much lift the aircraft’s wing generate). We define uijk(tijk) ∈ Rnku , nku ∈ Z, the control
variables for a UAV k flying on arc (i, j) at time tijk ∈ R.

The physical laws governing the UAV k travelling between the waypoints i and j at
time tijk are called the system dynamics. In general terms, the system dynamics can be
expressed by a set of EOM in the form of a system of Ordinary Differential Equations
(ODEs) as follows:

ẏijk = fk(yijk(tijk),uijk(tijk),pijk, tijk)∀i, j ∈ V,∀k ∈ C (2.1)

The functions fk,∀k ∈ C, in the right hand side of the EOM (2.1), represent the re-
lationship between the variables and parameters with the derivatives over time of the
state variables (here denoted by “ ˙ ”).

State and control variables have to be specified for a time instant to initialise the ODEs.
In what follows, we assume that the initial conditions need to be specified at time t = 0.
It is also reasonable to assume that only the control variables need to be optimised
since the values of the states can be determined, provided an initial condition and the
evolution of the controls over time.

The routing cost for a UAV k to travel between waypoints i and j can be computed as:

∫ tf
ijk

to
ijk

wk(yijk(tijk),uijk(tijk),pijk, tijk)dtijk. (2.2)

The variables toijk and tfijk represent the initial and final flight times of the UAV k

travelling between waypoints i and j such that tijk ∈ [toijk, t
f
ijk].

Bounds on the state and control variables are usually imposed by a given UAV tech-
nology. We denote ylbijk and yubijk the lower and upper bounds on the state variables
yijk(tijk) of the UAV k travelling on arc (i, j) for all tijk ∈ R, respectively. Similarly,
ulbijk and uubijk represent the lower and upper bounds on the control variables uijk(tijk)
of the UAV k travelling on arc (i, j) for all tijk ∈ R. We also assume lower and upper
bounds on the operational constraints, here denoted as glbijk and gubijk.

According to our assumption on the initial conditions, the initial flight time from the
launching point must be defined as to0jk = 0, ∀j ∈ V,∀k ∈ C. Let ȳo and ūo represent
predetermined initial conditions. Thus, the initial state and control variables can be
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defined as y0jk(to0jk) = ȳo and u0jk(to0jk) = ūo, respectively, if UAV k departs from the
launching point.

Let us define the following binary variables:

xijk =

1, if UAV k flies directly from waypoint i to j

0, otherwise.
(2.3)

Hereafter, we will describe the optimisation problem defined by Equations (2.4-2.19).
This formulation is a conceptual model created for describing the UAVRTOP in mathe-
matical terms. The objective function (2.4) minimises the sum of the fixed cost of using
a UAV, the routing cost of flying between waypoints i and j and a measure of the quality
of the trajectories at the end points of each arc (i, j). Non desirable features at the end
points of the UAVs’ trajectories can be penalised in the objective function by means
of the functions φk(yijk(tfijk),uijk(t

f
ijk),pijk, t

f
ijk). Such undesirable characteristics may

include, e.g., sharp flight angles, prohibited flight speeds and noise levels (Vanderbei,
2001; Zhang et al., 2012). Constraints (2.5) and (2.6) ensure that every waypoint is
visited exactly once and that, if a UAV arrives at a waypoint l ∈ V , it must also depart
from l. Constraints (2.7) make sure that each UAV departs from the launching point 0
and lands in 0′, if the UAV k is used. Constraints (2.8) ensure that the UAVs’ dynamics
are preserved if arc (i, j) is used in a solution. In a similar way, Constraints (2.9-2.11)
make sure the bounds on the state variables, control variables and operational constraints
(gijk(yijk(tijk),uijk(tijk),pijk, tijk)) are respected for every arc (i, j) and for every UAV
k if these are travelled in the optimal solution. These constraints can model, for exam-
ple, obstacles in the space, collisions between UAVs, non desirable flying dynamics, etc.
Constraints (2.12) and (2.13) ensure that the final state and control variables at every
arc (i, j) visited by UAV k is linked to the state and control variables of its subsequent
arc (j, l) if waypoints i, j and l are visited by UAV k in this order. Constraints (2.14)
preserve the continuity of the time variable tijk,∀i, j ∈ V, along the UAV’s k trajectory
for all k ∈ C. Constraints (2.15) and (2.16) provide the initial states and controls for
every UAV departing from the launching point. Finally, Constraints (2.17-2.19) define
the domain of the variables.

The UAVRTOP can be modelled as follows:

min
∑
k∈C

∑
i∈V

Fkx0ik

+
∑
k∈C

∑
(i,j)∈A

{∫ tf
ijk

to
ijk

wk(yijk(tijk),uijk(tijk),pijk, tijk)dtijk
}
xijk

+
∑
k∈C

∑
(i,j)∈A

φk(yijk(tfijk),uijk(t
f
ijk),p

ijk, tfijk)xijk (2.4)
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s.t.
∑
k∈C

∑
i∈V ∪{0}
i 6=j

xijk = 1,∀j ∈ V (2.5)

∑
i∈V ∪{0}
i 6=j

xijk −
∑

i∈V ∪{0′}
i 6=j

xjik = 0,∀j ∈ V,∀k ∈ C (2.6)

∑
i∈V

x0ik =
∑
i∈V

xi0′k ≤ 1,∀k ∈ C (2.7)

ẏijk = fk(yijk(tijk),uijk(tijk),pijk, tijk)xijk,∀i, j ∈ V,∀k ∈ C (2.8)

glbijkxijk ≤ gijk(yijk(tijk),uijk(tijk),pijk, tijk) ≤ gubijkxijk,

∀i, j ∈ V,∀k ∈ C (2.9)

ylbijkxijk ≤ yijk(tijk) ≤ yubijkxijk,∀i, j ∈ V,∀k ∈ C (2.10)

ulbijkxijk ≤ uijk(tijk) ≤ uubijkxijk,∀i, j ∈ V,∀k ∈ C (2.11)

yjlk(tojlk)xijk = yijk(tfijk)xijkxjlk,∀i, j, l ∈ V,∀k ∈ C (2.12)

ujlk(tojlk)xijk = uijk(tfijk)xijkxjlk,∀i, j, l ∈ V,∀k ∈ C (2.13)

tojlkxijk = tfijkxijkxjlk, ∀i, j, l ∈ V,∀k ∈ C (2.14)

y0jk(to0jk) = ȳox0jk, ∀j ∈ V,∀k ∈ C (2.15)

u0jk(to0jk) = ūox0jk, ∀j ∈ V,∀k ∈ C (2.16)

xijk ∈ {0, 1}, ∀i, j ∈ V,∀k ∈ C (2.17)

uijk(tijk) ∈ Rn
k
u ,∀i, j ∈ V,∀k ∈ C (2.18)

tijk, t
o
ijk, t

f
ijk ∈ R.∀i, j ∈ V,∀k ∈ C (2.19)

2.2 The trajectory optimisation problem

Trajectory Optimisation Problems (TOPs) are a special case of OC problems determin-
ing the trajectory of a system (e.g., vehicles such as spacecraft, aircraft, UAVs) while
minimising a measure of performance and satisfying a set of boundary (initial and final)
conditions, path constraints and system dynamics.

The origin of OC problems dates to as early as the 17th century when Johann Bernoulli
proposed the Brachistochrone problem (Ross, 2009), one of the first problems in calculus
of variations. One of the first applications of the calculus of variations to the control
of flying vehicles was presented by Robert Goddard in “A method of reaching extreme
altitudes” (Goddard, 1919), where the objective was to determine the minimum initial
mass of a ground-based rocket necessary to achieve a given altitude. OC methods are a
classical tool in the computation of spacecraft trajectories, e.g., for interplanetary travels
and satellite transfer orbits around Earth (Conway, 2010; Colasurdo et al., 2014).

Usually, system dynamics are modelled by a set of EOM that can be nonlinear and
discontinuous. Six degree of freedom (6DOF) EOM are composed by translational equa-
tions (containing forces, position, velocity, acceleration, etc.) and rotational equations
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(containing moments, angular velocities, angular acceleration, etc.). Under simplifying
assumptions, 6DOF EOM can be decoupled into three degree of freedom (3DOF) EOM,
see, e.g., Stengel (2004) and Fisch (2011). Usual state variables in 6DOF EOM are the
position vector, velocity, pitch angle, pitch rate, weight and flight path angle. In the
3DOF case, the state vector can represent, for instance, the position, velocity, flight
path angle and yaw angle of the vehicle.

Solving a TOP for an aircraft consists of generating the inputs for the aircraft’s control
system so as to perform a desired set of manoeuvres. A TOP takes as input the dynamic
constraints of the aircraft and outputs a time indexed sequence states and controls such
as positions, velocities and accelerations.

Other difficulties can be added to the problem if one considers that the boundary condi-
tions depend on unknown variables or if the dynamics of the vehicles change over time.
In this cases, TOPs can be divided into two or more phases in order to properly model
the changes in the operational or physical characteristics of the vehicles. A phase can be
defined as a segment of a trajectory in which the dynamical system remains unchanged.
Phases can be described by their own boundary conditions, system of differential equa-
tions, operational constraints and time events. Finally, all phases can be linked or not
depending on the behaviour of the dynamical system.

Aircraft TO models have gained much popularity over the last decades. For instance,
Schultz and Zagalsky (1972) present solutions for several fixed endpoint aircraft TOPs
using calculus of variations. In Raivio et al. (1996), a nonlinear programming-based
method is proposed to compute optimal trajectories for a descending aircraft. Fisch
(2011) presents a high fidelity optimisation framework for the computation of air race
trajectories under safety requirements. Garćıa-Heras et al. (2014) compare several OC
methods for the TO of cruise flight with fixed arrival time. Finally, Delahaye et al. (2014)
present a survey of mathematical models for the computation of aircraft trajectories.

OC methods for UAVs are similar to those of full size aircraft, and therefore similar
dynamical systems can be used for both types of planes. On the other hand, new
challenges are introduced when specific mission’s demands are considered. Moreover,
due to their limited capacity, extra effort must be put on determining successful flight
plans. Therefore, algorithms that are capable of tackling the UAVs’ particularities while
developing flight plans must be developed.

2.2.1 Direct and indirect methods for trajectory optimisation prob-
lems

Two main classes of numerical methods became very popular for solving TOPs, namely,
direct and indirect methods. The so-called direct methods rely on the discretisation of
a infinite-dimensional OC problem into a finite-dimensional optimisation problem. This
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strategy is commonly known as “discretise, then optimise”. In a direct single shooting
method, for example, the controls are discretised on a fixed grid using an arbitrary
parametrisation scheme. The next step of this method consists of solving a non-linear
programming problem in order to find an optimal vector of parameters. The indirect
methods consist of determining necessary optimality conditions for an OC problem and
then using a discretisation method to solve the resulting equations. Indirect methods
generally apply an “optimise, then discretise” strategy. In an indirect single shooting
method, for example, the resulting optimality conditions consist of a boundary value
problem, which can be solved by means of a simple single shooting algorithm (Betts,
2001).

Several sophisticated algorithms have been developed for solving TOPs. Reviewing such
works is considered out of the scope of this work. More information about algorithms
for OC and TO can be found, e.g., in the papers by Stryk and Bulirsch (1992), Betts
(1998), Ross (2009), Wang (2009) and Rao (2014); and the books by Bryson (1975),
Bertsekas (1979), Betts (2001), Bryson (2002) and Kirk (2012).

2.2.2 The UAV path planning problem

Using the notation defined by Latombe (1991), the basic PP problem can be defined as
follows. Let A be an object (a robot) moving in a workspace S (e.g., in an Euclidean
space S = Rn, n = 2 or 3). A set of obstacles B1, . . . ,Bm is assumed to be distributed
over S. The problem consists in, given initial and final configurations (position and
orientation) for A, find a path in S that avoids collisions with the objects B1, . . . ,Bm. It
has been shown that this problem isNP-hard if the velocity of the objectA is unbounded
and no rotation is considered (Reif and Sharir, 1994). For Gasparetto et al. (2015), a
path planning problem consists of finding a collision-free path among an environment
from an initial point to a final goal. For example, YongBo et al. (2017) studies a path
planning problem with obstacles in three dimensions. In the literature, the terms PP
and motion planning are used almost interchangeably (Barraquand and Latombe, 1991).
Both problems have gained much popularity over the years. Figure 2.1 shows the number
of publications by year on UAV PP problems.

Path planning algorithms can be classified into discrete and continuous methods. In the
former, the workspace S is transformed into a graph through discretisation. Conven-
tional heuristics or exact shortest path algorithms are then used to find a path between
given initial and final configurations. The output for discrete methods are usually polyg-
onal paths, i.e., path with no curvature constraints. Therefore, in the case of UAVs these
paths need to be further refined. Continuous methods represent S by using a continuous
function. Tsourdos et al. (2010), for instance, employed attraction fields to represent
the desired endpoints and repulsive fields to represent obstacles in order to produce a
collision-free UAV path.
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Figure 2.1: Number of published papers by year on PP problems.

Problems integrating UAV routing and PP have already been studied before (Manyam
et al., 2015; Ho and Ouaknine, 2015; Enright et al., 2015; Sundar and Rathinam, 2014;
Levy et al., 2014). Under simplifying assumptions, a PP problem can be modelled
as a network problem and standard shortest path techniques can be used. A common
assumption is that the UAV can be modelled as a Dubins’ vehicle (Medeiros and Urrutia,
2010). A Dubins’ vehicle has a limited turning angle and is restricted to move forward,
therefore it can be a good representation for some types of UAVs. This simplification is
very popular specially for modelling rotary-wing aircraft such as quadcopters. However,
for most of the fixed-wing UAVs, the Dubins’ assumption might not be suitable due to
their complicated dynamics. The reader is referred to Tsourdos et al. (2010) for more
details on UAVs PP methods.

Most algorithms for UAV PP have been originated from adaptations of existing algo-
rithms for robot PP. However, we do not intend to survey all PP algorithms as it has
already been done in other articles, e.g., Kunchev et al. (2006), Goerzen et al. (2009),
Galceran and Carreras (2013) and Yang et al. (2016).

2.3 The vehicle routing problem

The Vehicle Routing Problem (VRP) is a very well known problem in operational re-
search and combinatorial optimisation. In the VRP, routes must be assigned to a set of
vehicles that must serve a set of customers such that the total cost of the operation is
minimised. Its classical variant is called Capacitated Vehicle Routing Problem (CVRP),
where a load capacity is assigned to each vehicle.

The CVRP can be formally defined as follows. A set of vertices V = {0, . . . , n} and a set
of arcs A connecting these vertices are given. Each vertex represents a customer with
demand di, i ∈ V \ {0}. A value ci,j is assigned to each arc (i, j) ∈ A representing the
travel cost between two customers. Let C = {1, . . . ,m} be a set of homogeneous vehicles
with capacity Q. Here we denote the vertex i = 0 representing the depot (launching
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site). The CVRP consists of finding a minimum cost set of m routes starting and ending
at the depot such that all customers are visited exactly once, all customers’ demands
are satisfied and the capacity of the vehicles are respected. The CVRP is well known to
be NP-hard. More information about the VRP and its variants can be found, e.g., in
Golden and Assad (1988), Cordeau et al. (2007), Golden et al. (2008), Toth and Vigo
(2002), Eksioglu et al. (2009), Lahyani et al. (2015) and Braekers et al. (2016).

The m-TSP is closely related to the VRP. In the m-TSP, m minimum cost tours starting
at the depot must be found such that every vertex in V \ {0} is visited exactly once.
The m-TSP can be reduced to the CVRP if all vehicles are considered to have infinite
capacity. An extensive literature review on models and algorithms for the m-TSP is
presented by Bektas (2006).

The VRP and the m-TSP have been widely studied for terrestrial applications, but with
the development of new technologies, such as unmanned vehicles, new variants of these
problems are gaining interest among the scientific community. The problem of routing
an aerial vehicle is more complex than the VRP, because it combines the combinatorial
characteristics of the VRP with the complexity of dealing with the dynamical systems
of UAVs (i.e., flight dynamics, battery life, wind conditions).

2.3.1 UAV task assignment problem

The UAV Task Assignment Problem (UAVTAP) consists of finding an optimal assign-
ment of UAVs to a set of tasks. Often, the UAVs have different characteristics and the
tasks present particular requirements. It has been shown that this problem is NP-hard
(Alidaee et al., 2010). Due to the quick development of UAV technology, new challeng-
ing assignment problems arise every day and many algorithms have been developed to
address the new challenges. Figure 2.2 shows the number of publications by year in
UAVTAPs, the y axis corresponds to the number of publications found in the Science
Direct and Web of Knowledge databases. One can observe that this field of research
has gained attention by the scientific community. A detailed literature review about
algorithms for multi-robot TA problems can be found in Khamis et al. (2015).

The UAVTAP shares many similarities with the VRP. Many examples in the literature
support this claim. One can cite, for instance, TA with time windows (Karaman and
Inalhan, 2008), multi-depot (launching points) (Darrah et al., 2012), task allocation with
resource constraints (Kim et al., 2015), TA with flexible demand (Alidaee et al., 2011),
real-time and dynamic assignment (Kim et al., 2007; Lin et al., 2013), time-dependent
TA (Kingston and Schumacher, 2005), and finally, TA under uncertainty (Alighanbari
and How, 2008; Hu et al., 2015a). Nonetheless, new features have been also introduced,
e.g., the possibility of heterogeneous UAVs to perform multiple operations at the same
time (Shima and Schumacher, 2009). On the other hand, the kinematics and dynamics
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Figure 2.2: Number of published papers by year on TA problems.

of the UAVs are usually not considered, as opposed to the formulation of path/motion
planning and TO problems.

2.4 UAVRTOP taxonomy

In this section, a taxonomy is proposed in order to help the readers to identify the key
differences among various UAV routing problems and guide their research towards the
development of new algorithms.

We have identified 20 attributes that are common in the UAV TO, PP, routing and TA
literatures. They define common features of UAVs routing problems, such as the kind
of fleet, the mission characteristics, the flying dynamic assumptions, etc. Attributes are
further grouped into five classes. The first class collects the characteristics of the UAVs,
the second class represents the characteristics of the waypoints, the third class describes
the characteristics of the environment, the fourth class involves the characteristics of the
launching point(s) and the last class is concerned about flight duration. These are listed
in Table 2.1. The last two lines of this table are not part of the taxonomy, but they are
important for the understanding of the A.1.

In the class UAVs, the fleet and how the UAVs’ kinematics and dynamics are modelled
are considered as follows:

1. Multiple - A fleet of vehicles is available (as opposed to a single vehicle).

2. Heterogeneous - Heterogeneous fleet, i.e., the fleet is composed by vehicles with
different characteristics (as opposed to a homogeneous fleet). For example, vehicles
with different flight endurances, different payload capacities and different flight
dynamics.

3. Fleet Size - The size of the fleet must be optimised (as opposed to a fixed fleet
size).
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4. Capacity - Vehicles are capacitated (as opposed to uncapacitated vehicles). A ca-
pacitated UAV might have, for example, a maximum flight endurance or maximum
payload capacity.

5. Geometric - The vehicle’s flight dynamics are neglected (as opposed to considering
flight dynamics). For example, by using Euclidean distances between waypoints
instead of flight distances.

6. Dubins’ - Dubins’ vehicles are used to model the UAVs. A Dubins’ vehicle can
be defined as a vehicle with limited turning radius, i.e., it is unable of performing
sharp turns. This approach has been extensively used for modelling ground and
air vehicles moving in two dimensions. However, this model is quite simplistic and
often not suitable for more complex UAVs.

7. EOM - A set of differential equations has been used to model the vehicles’ kine-
matics and dynamics (as opposed to neglecting the dynamics). This approach is
more often employed for modelling UAVs in complex environments, such as open
fields under the influence of wind and operations were accurate trajectories are
necessary.

The class Waypoints presents the attributes of the waypoints (vertices):

8. Multiple - Multiple waypoints must be visited (as opposed to a single waypoint or
destination).

9. Unordered - The visiting order of waypoints is unknown (as opposed to a predefined
order). This makes routing decisions necessary.

10. Visits - The waypoints can be visited multiple times (as opposed to a single visit
for each waypoint).

11. Constraints - Special mission constraints must be considered. For instance, time-
windows, precedences, and special boundary conditions.

12. Covering Region - A continuous, but not necessarily convex, region (or airspace)
is defined over the waypoint. We believe this characteristic is important to the
UAVRTOP since most UAVs’ sensors require at least a minimum radius of action
in order to be effective. For example, camera-equipped UAVs become effective
within a certain range from the object that needs to be photographed. The same
applies for UAVs carrying wireless network sensors.

The Environment class collects the attributes about the environment where the UAVs
operate:

13. 3D - The UAVs operate in a 3D space (as opposed to a 2D space).
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14. Obstacles - The problem includes the presence of fixed or moving obstacles (as
opposed to a obstacle-free environment). For example, a fleet of UAVs moving
within a city must avoid collisions with the surrounding buildings and other UAVs.

15. Wind - The effects of wind are considered (as opposed to neglecting the wind
effects).

16. Real-time - The problem must be solved in real-time. For example, waypoints and
tasks arriving at random times and locations.

The class Launching groups the attributes about the number of launching points (de-
pots):

17. Multiple - There are multiple launching points (as opposed to a single launching
point).

18. Inter-depot - There are inter-depots available (e.g., for refuelling, battery replen-
ishment or maintenance of the UAVs).

Papers are classified in class Time according to the way the flight time is considered in
their models:

19. Fixed - The UAVs’ flight times between arcs can be computed beforehand. This
is a common characteristic of some PP methods (e.g., the Dubins’ model).

20. Variable - The UAVs’ velocities and flight times between arcs are optimisation
variables.

In order to provide a survey of the most relevant and recent papers, we adopted the
following procedure. Papers published since 2010 were collected from the following
databases: The Web of Science, Google Scholar and ScienceDirect. We have limited
our search to papers published in English. In order to cover the most common types
of UAVs, we considered Unmanned Combat Aerial Vehicle (UCAV), Unmanned Aerial
Systems (UAS) and aerial gliders in our search. The following keywords were used:

• UAV/UCAV/UAS/aerial glider trajectory optimization

• UAV/UCAV/UAS/aerial glider PP

• UAV/UCAV/UAS/aerial glider motion planning

• UAV/UCAV/UAS/aerial glider task assignment

• UAV/UCAV/UAS/aerial glider routing

Papers that focus on Control Theory for UAVs were not reviewed.
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Table 2.1: Characteristics of the problems considered in this literature review.

UAVs
1 Multiple A fleet of vehicles is available
2 Heterogeneous The fleet is heterogeneous
3 Fleet size The size of the fleet must be optimised
4 Capacity Vehicles are capacitated
5 Geometric The vehicle’s flight dynamics are neglected
6 Dubins’ A Dubins’ vehicle model has been used
7 EOM A set of EOM is used to model the UAVs’ flight dynamics

Waypoints
8 Multiple Multiple waypoints must be visited
9 Unordered The visiting order of waypoints is unknown

10 Visits Waypoints can be visited multiple times
11 Constraints Special mission constraints must be considered. (e.g., time-windows and

boundary conditions)
12 Covering Region If there is a continuous covering region around the waypoints

Environment
13 3D The UAVs operate in a 3D space
14 Obstacles If obstacles are present
15 Wind The effects of wind are considered
16 Real-time The problem must be solved in real-time

Launching (Depot)
17 Multiple There are multiple launching points
18 Inter-depot There are inter-depots available

Time
19 Fixed The UAVs’ flight times between arcs are known.
20 Variable Flight times and velocities are optimisation variables

Approach The type of algorithm used to solve the problem (A.1)
Application A real-world motivation to solve the problem (A.1)

2.5 Critical review of the recent literature

In this section, we apply our taxonomy to 70 articles published between 2010 and 2016.
We have balanced our analysis by considering articles dedicated to UAV TO/PP and
UAV routing/TA. Papers devoted to technical and theoretical aspects of UAV flight
dynamics were excluded from our analysis. Articles published in journals and conferences
have been included in a number that we consider to be representative. Nonetheless, we
apologise for any inadvertent omission of relevant papers.

The selected papers have been organised into Table 2.2. Each line of this table corre-
sponds to one article and the meaning of each column relates to the numbering in Table
2.1. Each time an attribute is present in a paper the respective column is marked with
“5”. Therefore, an empty cell indicates that its corresponding paper has not addressed
the attribute indicated by this cell’s column. A table with a detailed description of
methods and applications for each article can be found in the A.1. Statistics about the
Table 2.2 are provided in Table 2.3.

Three types of articles can be identified in Table 2.2. Papers focusing on UAV routing
and TA can be identified by the presence of attributes 8 and 9. The second type, which
involves papers on UAV PP and TO, exclusively, correspond to the ones where attribute
9 is absent. The third type consists of articles that integrate UAV routing and PP or
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TO, which can be identified by the presence of attributes 5, 6 or 7 together with 8 and
9.

In Table 2.2, one can notice that 70% of the articles considered a fixed flight time. This
indicates that most of the UAV literature is concerned with routing and PP algorithms,
where constant velocity along the trajectories is a common assumption. The EOM of
the vehicles where employed in 17.1% of the articles. In 53.8% of the papers on PP that
applied a Dubins’ model (which consist of only 18.6% of the total number of papers),
the flight time has been considered as a variable.

Multiple UAVs were considered in 25% of the papers dealing with TO and PP. An
interesting fact arises counting the number of papers dealing with multiple UAVs and
their EOM. There seems to be a preference for using PP methods and the Dubins’ model
when a fleet of UAVs is taken into account. One can notice that the preferred strategy
is to simplify the physical models of the UAVs so as to make the problem of designing
multiple flyable routes more tractable. This happens in 44.4% of the articles on UAV
PP and TO and in all the articles on UAV routing and TA.

Around 37.5% of the papers on TO and PP problems dealt with visiting multiple way-
points. However, only 14.3% attempted to integrate PP and TO to routing decisions.
Among them, 3 papers employed the UAVs’ EOM. This gives an indication that inte-
grated routing and TO is yet to be fully investigated in the literature.

Regarding environmental conditions, 40% of the papers have studied three dimensional
problems. Obstacle avoidance was tackled in 22.8% of the articles. Only a few studies
(10%) included the effects of the wind in the UAVs’ trajectories. In addition, only 7.1%
of the papers studied real-time applications.

In 78.5% of the papers articles focusing on UAV routing and TA, a fleet of UAVs was
considered. A large amount (85.7%) of the articles on routing and TA have either
neglected or simplified the dynamics of the UAVs. Approximately 18% of the articles
have modelled the UAVs as Dubins’ vehicles. There is some overlap between these papers
since some of them employ more than one methodologies. This suggests the preference
for simplified vehicle models when dealing with UAV routing.

Table 2.3 illustrates other differences between the literature on UAV TO/PP and UAV
routing/TA. Each row of Table 2.3 shows four classes that were defined in the proposed
taxonomy and their respective frequencies (defined as the number of non-empty cells
divided by the total number of cells in that class). For example, for the articles tackling
TO and PP, the number of non-empty cells for class Depot is 3 and the total number
of cells for the same class is 64. Hence the density of class Depot for TO/PP papers is
3/64 = 0.047. One can notice that while the routing/TA literature is able to include
more VRP-like attributes (like multiple UAVs and waypoints), the literature on TO/PP
is more concerned about modelling environmental aspects. Including environmental
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Table 2.2: Summary of the taxonomic review on 70 selected papers.
Author(s) UAVs Waypoints Env. Dep. Time

1 2 3 4 5 6 7 8 9 1011 12 13141516 17 18 19 20
Al-Sabban et al. (2012) 5 5 5
Babel (2011) 5 5 5
Babel (2012) 55 5 5
Bae et al. (2015) 55 5 5
Baiocchi (2014) 5 5 5 5
Bandeira et al. (2015) 5 55 5 5
Bednowitz et al. (2012) 5 5 55 5 5
Besada-Portas et al. (2010) 5 5 5 5 5
Besada-Portas et al. (2013) 5 5 5 5 5
Casbeer and Holsapple (2011) 55 55 55 5 5 5
Chakrabarty and Langelaan (2011) 5 5 5 5 5
Chen et al. (2016) 5 5 5 5 5 5 5
Choe et al. (2016) 5 5 5 5 5 5
Cobano et al. (2013) 5 5 55 5 5 5 5
Cons et al. (2014) 5 55 5
Crispin (2016) 5 5 5 5
Dilão and Fonseca (2013) 5 5 5
Edison and Shima (2011) 55 5 55 5
Enright et al. (2015) 5 55 55 5 5 5 5
Evers et al. (2014) 55 55 5 5 5
Faied et al. (2010) 5 5 55 5 5 5
Filippis et al. (2011) 5 5 5
Forsmo (2012) 5 5 55 5 5
Fügenschuh and Müllenstedt (2015)5555 5 55 5 5 5 5 5 5
Furini et al. (2016) 5 55 5 5 5
Gottlieb and Shima (2015) 5 5 55 5 5 5 5
Guerriero et al. (2014) 5 555 55 5 5 5
Han et al. (2014) 55 5 5
Henchey et al. (2016) 5 55 5 5 5 5 5 5
Huang et al. (2016) 5 5 5 5 5
Hu et al. (2015b) 5 55 55 5 5
Jaishankar and Pralhad (2011) 5 5 5 5 5
Jiang and Ng (2011) 5 5 55 5 5
Kagabo (2010) 5 5 5 5
Kivelevitch et al. (2016) 5 5 55 5 5
Kumar and Padhi (2013) 5 5 5
Kwak et al. (2013) 55 5 55 5 5 5 5
Levy et al. (2014) 55 55 55 5 5 5 5
Liu et al. (2013) 5 5 5
Liu et al. (2016) 5 5 5 5
Manyam et al. (2015) 5 5 55 5 5 5
Mersheeva (2015) 5 55 55 5 5 5 5 5
Mufalli et al. (2012) 5 55 55 5
Murray and Karwan (2010) 55 55 55 5 5 5
Murray and Karwan (2013) 55 55 55 5 5 5
Myers et al. (2016) 5 55 5 5 5 5
Nguyen et al. (2015) 5 55 5 5 5 5
Niccolini et al. (2010) 55 5 55 5 5 5
Park et al. (2012) 55 55 5 5 5
Pepy and Hérissé (2014) 5 5
Pharpatara et al. (2015) 5 5 5
Rogowski and Maroński (2011) 5 5
Shanmugavel (2013) 5 5
Silva et al. (2015) 5 5 5 5
Song et al. (2016) 55 55 5 5 5 5 5
Stump and Michael (2011) 5 55 55 5 5 5 5
Sundar and Rathinam (2014) 5 5 55 5 5 5 5
Techy et al. (2010) 5 5 5
Thi et al. (2012) 5 55 55 5
Vilar and Shin (2013) 5 5 55 5 5 5
Wang et al. (2015) 55 55 55 5 5 5 5 5
Wang et al. (2016) 5 5 5
Wu et al. (2011) 5 5 5 5 5
Xu et al. (2017) 5 5 5 5 5 5
Yakıcı (2016) 5 55 55 5
Yang et al. (2015) 5 5 5 55 5 5 5 5
Yomchinda et al. (2016) 5 5 5 5
Zhang et al. (2011) 5 5 5 5 5 5
Zhang et al. (2012) 5 55 5 5 5 5 5
Zhang et al. (2014) 5 5 55 5 5 5 5

attributes (such as obstacles and wind) is usually possible when the UAVs physical
models are integrated to the optimisation problem.

In addition, the number of articles using a fixed flight time between waypoints is higher
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Table 2.3: Densities per class for each classification.

Class TO/PP routing/TA
UAVs 20.1% 37.8%
Waypoints 11.9% 61.4%
Environment 26.6% 9.8%
Depot 4.7% 30.4%

in the routing/TA literature (89.3%) than in the TO/PP literature (59.4%). This is also
related to the preference of simplified physical models in the UAV routing/TA research
community.

The analysed papers span a variety of different objective functions, according to the
different applications that are considered. Minimising the total flight time or the overall
travel distance is a common objective in the UAV routing literature. For delivery ap-
plications however, minimising delivery costs or the delivery time to customers is often
preferred. In the case of powered UAVs, minimising energy expenditure or maximising
the flight duration of each UAV is a common objective. On the other hand, for un-
powered UAVs, one usually seeks to find a trajectory that maximises the flight range.
For UCAVs, due to the high UAV unit costs and danger involved in military missions,
minimising the risk of suffering an attack is usually acknowledged. For aerial survey op-
erations, maximising area coverage is a popular objective. In task assignment problems,
one often is looking for maximising service levels. Finally, for disaster assessment and
response, minimising the total mission time or maximum flight duration (makespan) are
one of the most adopted objectives.

Figure 2.3 summarises the most employed algorithms for each research area described in
Sections 2.2 and 2.3. These results are described in more details in the A.1. For the sake
of simplicity, methods belonging to the same class of algorithms are grouped together on
Figure 2.3. For example, the group Metaheuristics involves Iterated Local Search, Ant
Colony Optimisation, Particle Swarm Optimisation, Evolutionary Algorithms, among
others. Group Heuristics involves either methods combining more than one heuristic
algorithm or specialised methods for a given problem. Group Mixed-Integer Linear Pro-
gramming corresponds to exacts algorithms, i.e., branch-and-bound, column generation,
among others. Group Others on Figure 2.3b represents different ad hoc path planning
algorithms that did not fit into the previous categories, each algorithm being present
in only one paper. These algorithms are often designed for one specific purpose and
they are not based on classical methods. For example, category Others might include
algorithms for coordinating the flow of UAVs in a dense airspace, algorithms based on
splines for computing smooth paths, among others.

One can notice that, for articles involving TO (Figure 2.3a), exact methods for contin-
uous optimisation are preferred. On the other hand, heuristics and metaheuristics are
more frequent for the articles on UAV PP (Figure 2.3b). Heuristics, metaheuristics and
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Mixed-Integer Linear Programming (MILP) algorithms are very popular among articles
considering UAV routing and TA. Being exact methods more popular in the UAV rout-
ing papers (Figure 2.3c) and heuristics and metaheuristics more popular in the UAV TA
articles (Figure 2.3d).

(a) Articles on UAV trajectory optimisa-
tion.

(b) Articles on UAV path planning.

(c) Articles on UAV routing. (d) Articles on UAV task assignment.
Figure 2.3: Overview of methods and algorithms employed in the 70 selected papers.

2.5.1 Integrating routing and trajectory optimisation

Hereafter we highlight the contribution of articles that studied UAV routing and TO in
an integrated framework. Such articles can be identified on Table 2.2 by attributes 7,
8 and 9 being marked with “5”. These papers present alternative frameworks to the
UAVRTOP formulation presented in Section 2.1.

Zhang et al. (2012) investigated the problem of routing a combat UCAV in a 3D envi-
ronment through stationary ground targets while avoiding no-fly threat areas. In order
to succeed on the attacks, the UCAV must fly within the targets’ allowable attack region
(which consisted of a hollow-cone-like airspace around the target) and respect projec-
tile release attitude and velocity constraints. The UCAV was modelled by high fidelity
3DOF EOM taking wind velocities into account.

In order to solve this problem, Zhang et al. (2012) propose a hierarchical heuristic
with two levels. In the first level, the vehicle’s state space is discretised into a set of
feasible points that intersects the targets’ allowable attack region by using a modified
probabilistic road map method. Then, for every pair of sampled points not in the same
target a TO problem was solved to obtain feasible trajectories (with respect to the
vehicle’s dynamics and operational constraints) and their respective costs. The second
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decision level consists of solving a Generalised Travelling Salesman Problem (GTSP) over
the network produced in the first level. This is accomplished by transforming the GTSP
into an instance of the Asymmetric TSP by means of the noon-bean transformation
method. The Lin-Kernighan heuristic was then employed to solve the ATSP. In addition,
the authors embedded this algorithm into a real-time framework in order to make this
approach more flexible in practical applications. Numerical experiments showed that this
approach is computationally intensive. The authors reported that roughly 50 minutes
were necessary to solve a test case with three targets and one no-fly zone.

Fügenschuh and Müllenstedt (2015) studied the problem of designing and routing a fleet
of heterogeneous UAVs over a set of waypoints. The waypoints have to be selected from
a list, where a score was associated to each waypoint. The objective was to maximise
the total score (defined as the sum of the individual scores) while minimising the total
flight time. The UAVs’ motion was modelled by piecewise linear dynamics based on
Newton’s law of motion. The advantage of using this model lies on its simplicity, since
the discretised version of these EOM is also linear. On the other hand, the accuracy
of such a model regarding UAVs flight dynamics is limited. In order to represent the
range of the UAVs’ sensors, the waypoints were considered to rest inside a sphere. A
waypoint would be considered visited if a UAV passes through its covering sphere. No-fly
zones and collision avoidance among the UAVs were also considered. Finally, different
locations could be chosen to launch each UAV.

The authors proposed a MINLP formulation to this problem, which was linearised and
could be solved by a commercial MILP optimisation software. Eight instances were
created by varying the number of waypoints between 3 and 15, the number of no-fly
zones between 0 and 3 and the number of UAVs between 1 and 2. Computational
experiments showed that bigger instances with 10 and 15 waypoints could not be solved
within one hour. The computation time required to solve smaller problems to optimality
varied between 57 and 3400 seconds.

A similar approach was presented by Forsmo (2012). The author applied Newton’s
second law in order to model the motion of the UAVs. However, constraints on the
magnitudes of forces, velocities and yaw rates were also imposed, which increased the
complexity of the physical representation of the UAVs. Several operational constraints
were considered, such as obstacles and collision avoidance. Scenarios with up to two
UAVs and multiple waypoints were generated. A MILP formulation was proposed in
order to find minimum flight time trajectories visiting all waypoints subject to mission
and operational constraints. Computational experiments were performed over 5 test
cases, constructed by varying the number of UAVs (1 or 2), waypoints (6 or 8) and
by imposing or not a visiting order. The authors showed that by CPU times could be
reduced by decreasing the flight time horizon.
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2.6 Conclusions of the chapter

The UAVRTOP is a routing problem that takes into account the flight dynamics of
UAVs. UAV routing problems usually ignore flight dynamics, while work on UAV tra-
jectory optimisation usually ignores any routing aspects. Coupling these two important
aspects leads to a more realistic approach that allows the design of optimal routes and
trajectories for a fleet of UAVs flying simultaneously.

This problem arises from the current development of UAV technology and the vast
number of applications that these vehicles can be used for. In this thesis, we first
formalised the UAVRTOP. Next, an introduction to TOPs, VRPs and their variants
has been provided. In addition, we introduced a taxonomy capable of classifying UAV
routing/TA and UAV TO/PP problems according to their most relevant features. This
taxonomy included 20 attributes that were common in the literature. Finally, we applied
the proposed taxonomy to 70 recent papers.

The literature on UAVs routing problems has been surveyed and a lack of articles in-
tegrating UAV routing and TO has been identified. In particular, the UAVs’ flight
dynamics is often simplified or neglected. In many cases the behaviour of UAVs cannot
be satisfactorily approximated only by their kinematics, like in the case of terrestrial
robots (Forsmo, 2012). We believe that integrating the UAVs dynamical systems into
routing problems is a key concept for complex operations. A realistic routing and TO
algorithm must take into account the vehicle’s kinematics and dynamics. In addition, by
considering the UAVs’ EOM one can also better approximate, for example, the vehicles’
energy consumption, which is highly important for UAVs with limited battery duration.
Modelling energy consumption is an issue that needs further investigation in the UAV
routing literature.

Flight safety is an important aspect regarding the use of UAVs. Most research on UAV
routing do not consider, for example, collision avoidance and wind conditions. This is
important, e.g., for goods distribution within urban areas, where collisions with buildings
and manned aircraft must be avoided and the fleet of UAVs must operate in a robust
and reliable way.

Usually, research on UAV path and route planning concentrates on modelling kinematics.
In many articles about UAV routing and TA even the kinematics are neglected. Models
taking into account the forces acting on these vehicles, the interaction with wind ant their
manoeuvring capabilities could though result in computationally expensive formulations,
but such models might allow for more realistic solutions.

Mathematical formulations and algorithms capable of tackling complex unmanned aerial
systems in a routing framework are recently appearing in the literature. A first step in
this direction has been made by Zhang et al. (2012), Forsmo (2012) and Fügenschuh
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and Müllenstedt (2015). Zhang et al. (2012) proposed a heuristic method, based on the
3DOF EOM of a UAV. Whereas Forsmo (2012) and Fügenschuh and Müllenstedt (2015)
developed MILP formulations based on simplified dynamic equations. Only problems
with limited size have been solved by the aforementioned authors. Therefore, the devel-
opment of efficient frameworks for solving UAVRTOPs still raises challenging research
questions that need to be answered.





Chapter 3

Glider Dynamics

In this chapter, the flight dynamics model that will be used throughout this thesis will
be presented. In addition, we perform some computational experiments with the model
and provide some insights on the trajectory optimisation of aerial gliders.

3.1 Introduction

The four basic forces acting on an aircraft during flight are thrust, drag, lift and weight,
as depicted in Figure 3.1a. Thrust is the force generated by the on-board propulsion of
the aircraft itself. Drag is the air resistance acting upon the airplane’s fuselage. Lift is
the force generated by airflow through the control surfaces (flaps, ailerons, elevators and
rudders), allowing the aircraft to fly. The weight models the force pulling the aircraft to
the centre of the Earth. For a glider, thrust is absent, since there is no engine on board.

An aircraft is said to fly in equilibrium (a.k.a. steady-state flight) when the basic forces
balance each other out. For instance, a powered steady-level flight can be achieved when
lift equals weight and thrust equals drag. In simple terms, two types of equilibrium can
be described, static and dynamic. Static equilibrium is related to the absence of velocity
(static position). Dynamic equilibrium is related to the absence of acceleration (e.g., an
object moving at constant velocity). In order to find steady-state conditions, we assume
that gliders fly in dynamic equilibrium.

By activating the control surfaces of the aircraft, one can change its angular orientation.
Angular orientation can be defined, for example, in terms of Euler angles, namely pitch,
yaw and roll, with respect to a fixed reference frame. Alternative representations can
also be applied, e.g., quartenions and rotation matrices, but they will not be considered
in this work. Figure 3.1b depicts the planes of actuation of each Euler angle.

The control of an aircraft’s horizontal orientation is usually described in terms of the
Angle-of-Attack (AoA). The AoA is the difference between the pitch angle and the flight

27
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path angle when the flight path angle is referenced to the atmosphere (Boeing, 2000)1.
We assume that the AoA can be written as a function of the lift coefficient (CL). This
is a common assumption in the flight dynamics literature (Stengel, 2004). In simple
terms, the lift coefficient describes the amount of lift generated by an aircraft’s wings.
We refer the interested reader to the books by Russell (1996) and Stengel (2004) for a
more detailed understanding of aircraft flight dynamics.

LIFT

WEIGHT

DRAGTHRUST

(a) Aerodynamic forces.

Pitch

Roll

Yaw

(b) Planes of actuation of the Euler
angles.

Figure 3.1: Relevant forces and angles in an aircraft’s flight.

3.2 Gliding flight techniques

Dynamic soaring is a nature-inspired powerless flight technique that takes advantage
of wind gradients. This technique has been first studied by Rayleigh (1883) as an
explanation for the flight of pelicans and other large birds. With the recent developments
in UAV technology, this technique has become popular for autonomous gliding flight.

Several studies have acknowledged the use of autonomous gliders for different purposes.
Zhao (2004), for example, studied optimal patterns for dynamic soaring. The most well
known patterns can be defined as the travelling pattern (Figure 3.2a) and the loitering
pattern (Figure 3.2b). A model for the flight of a glider is provided in the form of a set
of EOMs. Next, several dynamic soaring flights are formulated as non-linear optimal
control problems and then solved to optimality by means of a direct collocation method.

Langelaan (2007) and Chakrabarty and Langelaan (2011) employed a simpler aerody-
namic model to optimise the trajectory of small UAVs. By assuming steady flight con-
ditions, the authors we capable of computing long distance (and long duration) flights
by combining a wind field prediction method with a trajectory planner.

Kagabo (2010) proposed a method for extending the flight of gliding vehicles by extract-
ing energy from thermals, this technique is referred to as static soaring. By combining

1(Stengel, 2004, chap. 1,p. 3) defines the AoA as the aircraft-relative vertical angle between the
centreline of the aircraft and the relative wind. In turn, the relative wind is defined as the aircraft’s
velocity relative to the surrounding air.
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dynamic and static soaring the authors showed that the flight duration of multiple glid-
ing UAVs could be extended. A similar approach is taken by Cobano et al. (2013) to
optimise the trajectories of cooperative gliding UAVs.

Rogowski and Maroński (2011) considered the minimum-time problem for a glider mov-
ing in the vertical plane under given thermal conditions. In order to make the problem
more tractable, the authors simplified the flight dynamics by assuming, for example,
negligible aircraft dimensions and motion in the vertical plane only.

Wu et al. (2012) studies an application on emergency flight, in which the gliding tra-
jectory of a commercial aircraft under engine failure must be optimised. The objective
was finding a flyable descent trajectory for the aircraft in order to achieve a safe landing
with certain speed and flight attitude.

Crispin (2016) proposes the use of balloon launched autonomous gliders for atmospheric
research. The objective is to optimise the trajectory of a fleet of gliders for the uniform
sampling of air within a given airspace and the efficient mapping of required physical
and chemical properties.
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soaring.
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(b) Loiter pattern of dynamic soaring.

Figure 3.2: Patterns of dynamics soaring.

3.3 Gliders’ equations of motion

The motion of an aerial glider can be modelled by a set of ODEs. One popular approach
consists of employing a set of three-dimensional kinematics and dynamics EOMs for
rigid bodies, such as the ones presented by Zhao (2004). The model presented by Zhao
(2004) includes the following assumptions: the circumference of the earth is negligible
compared to the range of flight, the density of the air can be considered constant,
the wind is stationary and the mass of the glider does not change during the flight.
Without loss of generality, one can assume that only the horizontal component of the
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wind is present and that it can be described by a linear profile as a function of the flight
altitude.

Let us define the state of a glider at time τ ∈ R≥0 as a state vector y(τ) = (x(τ), y(τ),
h(τ), v(τ), γ(τ), ϕ(τ))>, where the first three components x(τ), y(τ) and h(τ) of y(τ)
are the position of the glider and v(τ) ∈ R≥0 is the relative velocity (a.k.a. airspeed) of
the aircraft with respect to the wind velocity. Finally, γ(τ) ∈ R is the air-relative flight
path angle and ϕ(τ) ∈ R is the heading angle. The controls (or input) of the system
are represented by the control vector u(τ) = (CL(τ), µ(τ))>, where CL(τ) ∈ R is the
lift coefficient and µ(τ) ∈ R the bank angle. A North-East-Down coordinate frame is
used to define the inertial position (Shaw-Cortez and Frew, 2015), while the airspeed is
modelled in a wind relative frame (Deittert et al., 2009). In the following, the notation
“ ˙ ” is used to represent time derivatives of the variables.
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(a) NED frame and angles.
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(b) Flight model speeds and forces.
Figure 3.3: Coordinate frames and angles for the glider’s dynamics.

The glider’s physical model used in this thesis is based on the designs proposed by Bower
(2010) and Flanzer (2012). These models are complimentary. From Bower (2010) we col-
lected the parameters presented in Table 3.1 and the constants necessary for computing
the aerodynamic coefficient (kA). Based in Flanzer (2012) we defined reasonable lower
and upper bounds for state and control variables. Both models have been tested and
validated under different real flight conditions by their respective authors. We compute
the kA using Equation (3.1), see Kroo (2001). The Oswald factor e is computed using
the Matlab function available in Sartorius (2013). Finally, bw = 2.49 is the glider’s wing
span and Sw the wing area.

kA = 1
πe b

2
w
Sw

. (3.1)

The wind strength coefficient β is chosen so as to linearly approximate the average wind
gradient profile for the UK, as suggested by Drew et al. (2013), for a reference altitude of
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nearly 500 metres. The remaining model parameters and their meaning are summarised
in Table 3.1.

The EOMs of a glider can be expressed by Equations (3.2–3.12). For the sake of nota-
tion simplicity, we omit the dependence on time (τ) from state, control and auxiliary
variables.

Table 3.1: Environmental and glider constants
Symbol Value Description Unity (IS)
ρ 1.22543 Density of the air at sea level (kg/m3)
ge 9.80665 Gravity of Earth at sea level (m/s2)
β 0.02500 Wind strength (s−1)
CD0 0.01730 Coefficient of drag at zero-lift (dimensionless)
kA 0.03200 Aerodynamic coefficient (dimensionless)
mg 1.99000 Mass of the glider (kg)
Sw 0.48500 Glider’s total wing area (m2)

mgv̇ = −D −mgge sin γ −mgU̇ cos γ sinϕ (3.2)

mgvγ̇ = L cosµ−mgge cos γ +mgU̇ sin γ sinϕ (3.3)

mgv cos γϕ̇ = L sinµ−mgU̇ cosϕ (3.4)

ẋ = v cos γ sinϕ+ U(h) (3.5)

ẏ = v cos γ cosϕ (3.6)

ḣ = v sin γ, (3.7)

where

D = 1
2ρSwCDv

2 (3.8)

L = 1
2ρSwCLv

2 (3.9)

CD = CD0 + kAC
2
L (3.10)

U(h) = βh (3.11)

U̇ = dU(h)
dt

= βv sin γ. (3.12)

In Equations (3.2–3.7), the wind’s velocity is U(h). The auxiliary variables D and L

(Equations (3.8) and (3.9)) represent the drag and lift forces, respectively, acting on the
glider.

By re-writing Equations (3.2–3.7) so that the time derivatives are isolated and by group-
ing the equations, one can obtain a compact representation of the system dynamics as
follows:

ẏ = f(y(τ),u(τ), τ), (3.13)

where f(y(τ),u(τ), τ) corresponds to the right-hand-side of the system of ODEs.
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3.4 Flight simulation

In this section, we validate the glider flight dynamics model presented in Section 3.3 by
performing simulations of controlled flights. The simulations described here have been
implemented and solved by means of Matlab’s ode45 function (version R2015b) in its
standard configuration.

In our simulations, the inputs for ode45 consist of the EOMs (3.13), initial state and
control values yo and uo, respectively, and a time span [to, tf ]. We apply a linear interpo-
lation of the control variables within the given time span, where N is the discretisation
size of the controls. In our experiments, the initial states are set as follows. The initial
position (xo, yo, ho) is set to (0, 0, 1000) (in metres), the initial velocity is vo = 10 m/s,
the initial flight path angle is set to γo = 0 degrees and the initial heading angle is
ϕo = 90 degrees. The initial time to is set to 0 and the final time tf equals 20 seconds.
The first simulation consists of fixing the value of the first control variable to CL = 0.735
and varying the value of the second control variable µ such as µ ∈ {−2.5, 0, 2.5}. The
discretisation size was set to N = 300.

Figure 3.4 shows the results of our first simulation. The values of the state variables
are plotted on the vertical axis against time, which is plotted on the horizontal axis.
The values of controls are plotted on the bottom of the figure. One can notice that
the state variables present a very nonlinear response. Moreover, variables y(t) and ϕ(t)
are the ones most affected by the change on µ. This can be explained by the fact that
by changing the bank angle one controls the lateral movement of the glider, causing a
change on its horizontal orientation.

Figure 3.5 shows the results of our second simulation. Now, the value of the second
control variable is fixed to µ = 0 and the first control variable CL is chosen from
{0.5, 0.735, 0.97}. In Figure 3.5, it can be noticed that the values of y(t) and ϕ(t) remain
nearly constant, while the other state variables are affected by the different values of
the lift coefficient. Again, most of the affected states present a very nonlinear response.
Changes in the lift coefficient affect, for example, the altitude and velocity of the glider.
The explanation for this phenomenon is quite intuitive. The lift coefficient represents
how much lift is provided by the wings. If more lift is generated, the glider will tend to
climb, therefore decreasing its airspeed. If less lift is generated, the glider will descend
and gain airspeed with the help of gravity.

Figures (3.6a–3.6c) show the resulting flight trajectories for each different fixed values
of µ. The glider’s trajectory deviates to left and right according to the different values
of the bank angle.
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Figure 3.4: Results of the flight simulation for a fixed value of CL and three different
fixed values for µ.
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Figure 3.6: Resulting flight trajectories for different values of µ.

3.5 Glider trajectory optimisation

In this section we summarise the experiments and insights that were obtained by repro-
ducing part of the work presented by Gao et al. (2014). The TO problem presented by
Gao et al. (2014) consists of finding the minimum wind strength, denoted as β, required
for an unmanned glider to fly in two different patterns, namely, the loiter pattern (Figure
3.2a) and the travelling pattern (Figure 3.2b).

The glider trajectory optimisation problem studied by Gao et al. (2014) can be more
precisely stated as follows. Let us denote by y(τ) and u(τ) the state and control vari-
ables, respectively, of a glider moving according to the EOMs (3.13). States and controls
are assumed to be lower bounded by ylb and ulb, and upper bounded by yub and uub,
respectively. The independent variable τ , which represents time in our case, is assumed
to lie in the closed interval [τo, τf ]. Without loss of generality, we assume that the initial
flight time τo equals 0. The final flight time τf is not necessarily know in advance and
may be treated as an optimisation variable. Desired initial and final states are defined
as yo and yf . The glider trajectory optimisation presented by Gao et al. (2014) can be
defined as in Equations (3.14–3.21).

min
u(τ)

β (3.14)

s.t. ẏ(τ) = f(y(τ),u(τ), τ) (3.15)

y(τo) = y0 (3.16)

y(τf ) = yf (3.17)

ulb ≤ u(τ) ≤ uub (3.18)
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ylb ≤ y(τ) ≤ yub (3.19)

β ≥ 0,y(τ) ∈ R6,u(τ) ∈ R2 (3.20)

τ ∈ [τo, τf ], τo, τf ∈ R (3.21)

In the optimisation problem defined by Equations (3.14–3.21), constraint (3.15) defines
the dynamic system (3.13). Equations (3.16) and (3.17) denote the initial and final
conditions of the state variables. For the loitering pattern it is assumed that y(τo) =
y(τf ). Constraints (3.18) and (3.19) represent lower and upper bounds over state and
control variables. Finally, Expressions (3.20) and (3.21) represent the domain of the
optimisation variables.

For solving the aforementioned TO problem, a direct collocation method was employed.
Direct collocation methods work by discretising the EOMs into a discrete time index set
within a given time interval. Next, the discretised EOMs can be embedded into a Non-
linear Programming (NLP) formulation that may be solved by any available nonlinear
optimisation software. Methods for solving TO problems will be discussed in more
details in Section 4.2.

The nonlinear solvers IPOPT and WORHP were used to solve the resulting NLP prob-
lem, through the interface provided by the AMPL modelling language. Both software
were capable of finding a local optimal solution to the problem within 15 seconds pro-
vided that a good initial guess was given before the optimisation. Otherwise, both
solvers were incapable of finding a feasible solution. Figure 3.7 shows the initial guesses
for the state variables, control variables and the glider’s trajectory in the left hand side.
The optimal solution is shown in the right hand side of Figure 3.7. One can notice that,
in order to achieve convergence to a local optimal solution, the solvers required initial
guesses that were already close to the optimal one.

3.6 Conclusions of the chapter

In this chapter, we introduced basic concepts about flight dynamics such as basic aero-
dynamic forces and steady-state flights. In addition, we provided an introduction to
gliding flight techniques. However, the main purpose of this chapter consisted of to pre-
senting the gliding flight dynamics model that well be used throughout this work. With
this purpose in mind, we introduced the coordinate frames used to write the glider’s
EOMs. Next, the set of ODEs proposed by Zhao (2004) was presented, together with
the physical parameters of the glider model that was adopted in this thesis. We per-
formed two computational simulations with the the glider’s EOMs, in order to gain some
insights and to validate the implementation of the model.
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Figure 3.7: Comparison between the initial guesses (left) and the local optimal solu-

tion (right).

With the purpose of obtaining additional insights on the optimisation of a gliding flight
we reproduced part of the results of the paper by Gao et al. (2014). More specifically,
we studied the problem of optimising the trajectory of a glider performing a dynamic
soaring flight. A direct collocation method was applied for solving this TO problem.
However, embedding the glider’s EOMs into an optimisation problem leads to a nonlin-
ear and nonconvex formulation. Two nonlinear optimisation solvers were used to solve
the resulting NLP problem. Nonetheless, both solvers failed to return a feasible solu-
tion unless a good initial guess was provided beforehand. This suggests the use of an
alternative approach to tackle the glider’s dynamics.



Chapter 4

The Glider Routing and
Trajectory Optimisation Problem

In this chapter, we introduce the Glider Routing and Trajectory Optimisation Problem
(GRTOP). Next, a background on direct methods for trajectory optimisation is provided.
We propose a MINLP formulation for the GRTOP and several solution strategies are
discussed. Finally, the results of a number of computational experiments are presented.

4.1 Introduction

The Glider Routing and Trajectory Optimisation Problem (GRTOP) consists of finding
optimal routes and trajectories for a fleet of unmanned aerial gliders with the task of
visiting a set of locations. Gliders are UAVs without on-board propulsion. This problem
arises from disaster assessment applications, in which camera-equipped gliders survey a
number of risky locations in a post-disaster situation. The collected information can be
used to assess the severity of the effects in the aftermath of a disaster. This problem
was motivated by discussions with the Royal National Lifeboat Institution, the leading
UK charity in providing flood rescue response, among other services.

Controlled powered drones have been used for raising emergency response in several sce-
narios, see for example, Chowdhury et al. (2017) and the recent Grenfell Tower disaster
(Laville et al., e 15). However, these drones are expensive and often require experienced
pilots to be operated. In aerial survey operations, a fleet of camera-equipped low cost
balloon-launched autonomous gliders (Crispin, 2016) can be 3D printed (Keane et al.,
2017) and do not require a specialised team to be operated. We believe this solution
concept allows for rapid response to disasters.

Many Trajectory Optimisation Problems (TOPs) are non-convex in nature, such as most
of the aerospace engineering-related problems (Conway, 2010; Shaw-Cortez and Frew,

37
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2015). Several optimisation techniques based on OC and NLP have been developed to
tackle TOPs. We refer the interested reader to Betts (2001) for a complete overview of
those methods. NLP-based solution methods are known to be sensitive to initial guesses,
i.e., convergence can be only ensured if a proper initialisation is provided (Zhao, 2004).
Constructing a good set of initial guesses for flying vehicles often requires expertise on
flight dynamics. In order to overcome such difficulties, the non-linear dynamics of UAVs
is often linearised, see, e.g., Hajiyev et al. (2015), How et al. (2015) and Harris and
Acikmese (2013).

In this chapter, we propose a single-phase MINLP formulation for the GRTOP. Mixed-
Integer Programming (MIP) has been already applied for solving TOPs and OC prob-
lems, see, e.g., Keviczky et al. (2008), Soler et al. (2014), Fügenschuh and Müllenstedt
(2015), Yuan et al. (2015) and Maolaaisha (2015). In Chapter 2, we provide a detailed
description of other papers dealing with routing and trajectory optimisation in an in-
tegrated framework. Our formulation simultaneously optimises routes and the flight
trajectories along these routes. The flight dynamics of the fleet of gliders are modelled
as dynamical constraints, while the field of view of the cameras is modelled as second-
order cone constraints. We avoid dealing with non-convex dynamical constraints by
linearising the gliders’ EOMs, reducing the proposed MINLP into a MISOCP problem.
To allow for a more tractable formulation while keeping high quality solutions, we relax
the resulting linear dynamical constraints and add a corresponding penalisation term
to the objective function. Next, we study several integration methods for solving the
EOMs. Motivated by our application, we consider a number of real-life instances based
on flood risk maps of cities in the UK as well as 180 randomly generated instances. We
perform computational experiments to test alternative commercial MISOCP solvers and
the performance of the integration methods when embedded into the MISOCP problem.
Further computational experiments are performed to test different discretisation sizes
and associated errors.

4.2 Direct methods for trajectory optimisation

In the literature, two main classes of numerical methods can be found for solving TOPs,
namely, direct and indirect methods. In Section 2.2, an overview of these methods is
presented. In this section, we aim at providing the reader with a basic understanding of
the direct methods for solving TOPs.

Let us define a simple single phase TOP, which is constrained by boundary conditions at
the final time τf . The vehicle’s state and control variables at time τ can be represented by
the vectors y(τ) and u(τ). Let ẏ = f(y(τ),u(τ)) (Equation 4.2) represent the vehicle’s
dynamics. The objective function (4.1) minimises a measure of performance over the
vehicle’s states at time τf and the final time itself. The only operational constraint
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(Equation 4.3) of this problem acts upon the boundary conditions at the final time. We
assume that the initial conditions y(τo) and u(τo) at the initial time τo = 0 are known
a priori. This problem can be represented by the Equations (4.1-4.3).

min φ(y(τf ), τf ) (4.1)

s.t. ẏ = f(y(τ),u(τ)) (4.2)

ψ(y(τf ),u(τf ), τf ) = 0 (4.3)

Direct methods rely on the discretisation of a infinite-dimensional TOP into a finite-
dimensional one. This strategy is commonly known as “Discretise, then optimise”.

In a direct single shooting method, for example, the controls are discretised on a fixed
grid τo = τ0 < τ1 < · · · < τn = τf using an arbitrary parametrisation scheme, where n
is the number of discretisation points:

u(τj ,a) ≈
m∑
i=1

aiαααi(τj), j = 1, . . . , n. (4.4)

The functions αααi, i = 1, . . . ,m, need to be defined beforehand and the parameters ai, i =
1, . . . ,m, become the optimisation variables. The corresponding states y(τj ,a), j =
1, . . . , n, are regarded as dependent variables and can be found by numerical integration
using the finitely many control parameters ai, i = 1, . . . ,m. This way the feasibility of
constraint (4.2) is guaranteed for the discretised controls.

The last step of the direct shooting method consists of solving the non-linear program-
ming problem defined by Equations (4.5-4.6) in order to find the optimal vector of
parameters a = (a1, . . . , am):

min
a

φ(y(τn,a), τn) (4.5)

s.t. ψ(y(τn,a),u(τn,a), τn) = 0. (4.6)

In this section we described a simple direct method for solving TOPs. However, many
other more sophisticated algorithms can be found in the literature. Reviewing such
methods is considered out of the scope of this work. A new review of trajectory optimi-
sation algorithms would not add any relevant contribution beyond what is presented by
existing surveys. More information about algorithms for TO can be found, e.g., in the
papers by Stryk and Bulirsch (1992), Betts (1998), Ross (2009), Wang (2009) and Rao
(2014), and the books by Bryson (1975), Bertsekas (1979), Betts (2001), Bryson (2002)
and Kirk (2012).
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4.3 Problem definition

In the GRTOP, a fleet of balloon-lifted gliders is required to survey a number of points
of interest, such as hospitals, schools and residential areas, in order to assess possible
damage and people at risk in the aftermath of a disaster. Gliders are launched and are
expected to land in one of the predetermined landing zones. The position of launch
sites can be estimated using the tool “ASTRA High Altitude Balloon Flight Planner”
proposed by Sobester et al. (2013), available at Zapponi (2013).

Each glider is equipped with a remote camera able to survey objects positioned within
relative ranges. An inverted conic shape is adopted in order to model a cameras’ field of
view (Figure 4.1a). This type of geometry has also been used for UAV-camera systems
in Ariyur and Fregene (2008), Roelofsen et al. (2016) and Nedjati et al. (2016a). We
assume that cameras are fixed to the body of the gliders, and we enforce the gliders to
fly in level-flight (or “flat”) over a waypoint in order to properly photograph the desired
object. For the sake of simplicity, we assume that the fleet of gliders is homogeneous
and cameras have the same specifications. For each waypoint, the cameras’ field of view
allows us to define conic-like regions that must be visited by the gliders.

Figure 4.1b illustrates the geometric representation of a waypoint. In this picture, the
object of interest corresponds to the blue box. Each waypoint is entirely described by
(x̄i, ȳi, r̄i, ¯

hi, h̄i), i ∈ V , where (x̄i, ȳi) represents the position of the object i in the xy
plane. Parameter r̄i > 0 represents the radius of a circle in the xy plane enclosing the
footprint of the object i. Parameters

¯
hi and h̄i denote the minimum and maximum

heights in which object i can be photographed, respectively. The last two components
define and constrain the quality of the pictures. Without loss of generality, we set the
cameras’ opening angle α to 45° while the points of interest are assumed to lie in the
same xy plane (i.e., the altitude of each waypoint i ∈ V is assumed to be 0).Considering
the aforementioned assumptions, a glider flying at an altitude h can visit a waypoint
i and take a good picture if it touches or enters the truncated cone covering i, i.e., if
(x− x̄i)2 + (y − ȳi)2 ≤ (h+ r̄i)2 tanα = (h+ r̄i)2.

Landing zones can be defined in a similar way. The tuple (x̃i, ỹi, r̃i) describes the geom-
etry of a landing zone i ∈ L. The first two components define position on the xy plane
and r̃i the radius of the landing site. Without loss of generality, we will assume that h̃i
equals 0 for all i ∈ L. The shape of landing zones consists of half-spheres with centres
in the xy plane.

4.3.1 A mixed-integer nonlinear programming formulation

In this section, a mathematical formulation for the GRTOP is proposed. In the following,
we assume a fleet G of gliders to be available at a known launching point 0. Let V
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(a) Camera model.

α = 45◦

h

xr̄

(x̄, ȳ)

h̄max

h̄min

(b) Waypoint geometry.
Figure 4.1: Modelling of the camera’s opening angle and waypoint’s geometry.

represent a set of waypoints that have to be visited and L a set of possible landing sites.
We are asked to find optimal routes and trajectories for the gliders in G such that the
total mission time is minimised.

The motion of each glider is constrained by the system of ODEs (3.13). We assume that
the initial position, denoted by xo, of each glider is known in advance, i.e., xg(τ = 0) =
xo, ∀g ∈ G. The subvector xg(τ) = (xg, yg, hg) represents the position of glider g ∈ G
at time τ ∈ [τo, τf ], where τo = 0 is the initial mission time and τf the maximum final
mission time. We refer to the set of EOMs and initial conditions of each glider as their
dynamical system.

We solve the GRTOP by means of direct collocation (Betts, 2001). In a direct collocation
method, a continuous optimal control problem is discretised into a NLP by defining a
grid of collocation points over a time interval [τo, τf ]. Let us define N as the number of
collocation points, where each time index t represents a time instant τt ∈ [τo, τf ]. From
now on, a uniform time grid is adopted, as represented by τt = τo + ηt, t ∈ T, η = τf−τo

N−1 ,
where T = {0, . . . , N − 1} is a set of collocation points (time index set). The value of
η denotes the step size, which is constant in a uniform grid. Without loss of generality,
we assume τo = 0. In this work, we apply several different integration schemes to solve
the dynamical system, namely, a forward Euler method, a Trapezoidal method, two
Adams-Bashforth methods and two Runge-Kutta methods. They are discussed in more
details in Section 4.4. More information about numerical methods for solving ODEs can
be found, e.g., in the books by Betts (2001) and Hairer et al. (2011).

Let ygt and ugt approximate the continuous state and control vectors yg(τt) and ug(τt),
respectively, of glider g ∈ G at time index t. A simple method for approximating the
continuous dynamical system of glider g at time index t can be written as in Equation
(4.7), based on Euler’s method,

yg(t+1) = ygt + ηf(ygt,ugt, τt), t ∈ T \ {N − 1}. (4.7)
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Equations (4.7) describe one discretisation method that can be used to represent the
non-linear gliders’ dynamics in an optimisation problem, namely, the Euler’s method.
Changing the discretisation method, therefore, implies substituting the discrete system
(4.7) by the corresponding equations of the new method. In our formulation, the dynam-
ical system is relaxed by considering an error term ε ∈ R≥0, improving the feasibility of
the set of dynamical constraints. Next, ε is added as a penalty to the objective function.
This allows for a more tractable formulation, while maintaining the accuracy of trajec-
tories. In Section 4.5, we show that the values of ε are small enough to be considered
negligible in our examples.

We define the following binary decision variables:

agit =

1, if glider g visits waypoint i at time index t

0, otherwise.

bgit =

1, if glider g lands in the landing site i at time index t

0, otherwise.

The GRTOP can be formally defined by the non-convex MINLP defined by Equations
(4.8-4.31).

min
∑
g∈G

∑
i∈L

∑
t∈T

tbgit + ε (4.8)

s.t.
∑
g∈G
g≤i

∑
t∈T

agit ≥ 1,∀i ∈ V (4.9)

d2
git ≥ (x̄i − xgt)2 + (ȳi − ygt)2, ∀g ∈ G, ∀i ∈ V,∀t ∈ T (4.10)

dgit ≤ (hgt + r̄i) +M(1− agit),∀g ∈ G,∀i ∈ V,∀t ∈ T (4.11)

hgt ≤ h̄iagit + hub(1− agit), ∀g ∈ G, ∀i ∈ V,∀t ∈ T (4.12)

hgt̃ ≥ hminagit + hlb(1− agit),∀g ∈ G,∀i ∈ V,∀t ∈ T, ∀t̃ ≤ t (4.13)

γgt ≤ γ̂agit + γub(1− agit), ∀g ∈ G, ∀i ∈ V,∀t ∈ T (4.14)

γgt ≥ −γ̂agit + γlb(1− agit), ∀g ∈ G, ∀i ∈ V,∀t ∈ T (4.15)

µgt ≤ µ̂agit + µub(1− agit),∀g ∈ G, ∀i ∈ V,∀t ∈ T (4.16)

µgt ≥ −µ̂agit + µlb(1− agit),∀g ∈ G, ∀i ∈ V,∀t ∈ T (4.17)∑
i∈L

∑
t∈T

bgit = 1,∀g ∈ G (4.18)

∑
t̃∈T
t̃≤t

bgjt̃ ≤ 1− agit,∀g ∈ G, j ∈ L, i ∈ V, t ∈ T (4.19)

r2
git ≥ (x̃i − xgt)2 + (ỹi − ygt)2 + h2

gt,∀g ∈ G, i ∈ L, t ∈ T (4.20)

rgit ≤ r̃i +M(1− bgit),∀g ∈ G, i ∈ L, t ∈ T (4.21)
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yg,t+1 ≤ ygt + ηf(ygt,ugt, τt) + 1ε, ∀g ∈ G,∀t ∈ T \ {N − 1} (4.22)

yg,t+1 ≥ ygt + ηf(ygt,ugt, τt)− 1ε, ∀g ∈ G, ∀t ∈ T \ {N − 1} (4.23)

xg0 = xo, ∀g ∈ G (4.24)

ylb ≤ ygt ≤ yub,∀g ∈ G,∀t ∈ T (4.25)

ulb ≤ ugt ≤ uub, ∀g ∈ G,∀t ∈ T (4.26)

agit ∈ {0, 1}, ∀g ∈ G, ∀i ∈ V,∀t ∈ T (4.27)

bgit ∈ {0, 1},∀g ∈ G,∀i ∈ L,∀t ∈ T (4.28)

dgit, rgit ∈ R, ∀g ∈ G, ∀i ∈ V,∀t ∈ T (4.29)

ygt ∈ R6,ugt ∈ R2,∀g ∈ G, ∀t ∈ T (4.30)

ε ∈ R≥0. (4.31)

The constants and “big-M” terms in the model are defined as follows. The M constant
has been computed as the space diagonal of the smallest cuboid containing the waypoints,
landing sites and launching point. This is an upper bound on the distance between a
glider and any waypoint and landing site at any time. The value hmin is defined as the
minimum allowed flight altitude before landing, i.e., hmin = max

i
{
¯
hi|i ∈ V }, assuming

that hmin < min
i
{h̄i|i ∈ V } − c, with c ∈ R≥0 properly chosen. The values γ̂ > 0 and

µ̂ > 0 are small flight path and roll values forcing the glider to fly “flat” in the cone
covering an object. Finally, we denote by 1 a vector of ones with the same length as ygt.

The objective function (4.8) accounts for a linear combination of the mission time and
the error. The minimisation of the mission time forces the gliders to land as soon as
possible. The second term of the objective function minimises the error that could
be increased by landing too early. Constraints (4.9) state that every waypoint should
be visited at least once. Preliminary tests showed that the formulation can be solved
more efficiently by allowing an inequality rather than forcing equality in Constraints
(4.9). In addition, revisiting waypoints does not necessarily cause an increase in the
objective function value since Expression (4.8) accounts for landing times. Constraints
(4.10) and (4.11) make sure that gliders fly within the cone above each waypoint in
order to take pictures. Constraints (4.12) and (4.13) ensure that the gliders respect
minimum and maximum surveying heights. Constraints (4.14) to (4.17) enforce gliders
to be “flat” when taking pictures. Constraints (4.18) ensure that each glider lands
in exactly one landing site and Constraints (4.19) make sure that gliders do not land
before all waypoints are visited. Constraints (4.20) and (4.21) guarantee that gliders
land within pre-assigned regions. We highlight that constraints (4.10) and (4.20) are
second-order cone constraints. The dynamics of each glider are taken into account in
Constraints (4.22) and (4.23) by applying a relaxation to Euler’s method. Alternative
formulations can be achieved by applying different discretisation methods. They will
be presented in Section 4.4. By relaxing the dynamical system, we allow for a more
tractable optimisation problem. Since the dynamical system is represented by a set
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of non-convex ODEs, Constraints (4.22) and (4.23) are non-convex and the model is a
MINLP. Constraints (4.24) define the initial positions of each glider and Constraints
(4.25–4.26) define bounds on the state and control variables. Finally, Constraints (4.27–
4.31) define the domain of the variables.

4.4 Linearisation and discretisation of the glider’s dynam-
ics

The model (4.8–4.31) combines routing and trajectory optimisation decisions in a non-
convex formulation. Local optimisation software for non-linear optimisation often re-
quires high quality initial guesses. In order to avoid this issue, we transform the MINLP
into a more tractable convex model by linearising the gliders’ EOMs. This simplifica-
tion is usually preferred in the literature when the dynamics are very non-linear (Ahmed
et al., 2015; Hajiyev et al., 2015; How et al., 2015). In the following sections, we present
the procedure for linearising the gliders’ flight dynamics and the discretisation methods
we applied for solving the resulting linear system.

4.4.1 Equilibrium flight and linearisation

A classic approach for linearising a system of ODEs consists of assuming the system
operates in a steady-state condition, a.k.a. in equilibrium conditions. The equivalent
linear system is then modelled assuming perturbations from this steady-state. Alter-
native techniques involve, for example, sequential and input-output linearisation. An
interested reader can refer to the books by Russell (1996) and Stengel (2004) for more
methods of finding steady-state conditions.

We denote by yeq and ueq the steady-states and their respective controls of the glider
dynamics. In a steady flight, the resultant forces and moments acting on the vehicle are
zero. In other words, let us define yeq = (xeq, yeq, heq, veq, γeq, ϕeq) and ueq = (CL,eq, µeq)
as the state and control variables such that

ẏ = f(yeq,ueq, τ) = 0. (4.32)

In order to find an analytic solution to Equation (4.32), the following assumptions are
made as in Stengel (2004) and Langelaan (2007):

• Steady gliding flight, i.e., the equilibrium is achieved by matching the wind force
with the drag, and the lift with the weight.

• The flight path and roll angles, γ and µ, respectively, are very small. Therefore,
sin γ ≈ γ, cos γ ≈ 1, sinµ ≈ µ and cosµ ≈ 1. It is also assumed that ϕ = 0.
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• The air mass is stable and the wind velocity is constant.

• The lift coefficient is constant.

From these assumptions, the EOMs (3.2–3.12) can be simplified to the following equa-
tions (4.33–4.35).

v̇ = −D/mg − geγ = 0 (4.33)

ϕ̇ = −Lµ/mgv = 0 (4.34)

γ̇ = L/mgv − ge/v = 0. (4.35)

The optimal static lift coefficient is expected to minimise the drag-to-lift (D/L) ratio.
Therefore:

∂(D/L)
∂CL,eq

= − CD0
C2
L,eq

+ kA = 0 =⇒ CL,eq =
√
CD0
kA

. (4.36)

From Equations (4.33–4.35), the expressions of the remaining equilibrium states are
found:

veq =
√

2mgge
ρSwCL,eq

, (4.37)

γeq = −2
√
kACD0. (4.38)

Let us define the following new variables as perturbations around state and control
variables as δy(τ) = y(τ) − yeq and δu(τ) = u(τ) − ueq, respectively. Applying first
order Taylor’s expansion to the system (3.13) around the steady-state conditions and
discarding the higher order terms gives:

T (yeq,ueq, δy, δu, τ) = f(yeq,ueq, τ) + ∂f(yeq,ueq, τ)
∂y δy(τ) + ∂f(yeq,ueq, τ)

∂u δu(τ).

(4.39)

By definition, the first term of Equation (4.39) equals zero for the equilibrium condition.
Matrices A = ∂f(yeq ,ueq ,τ)

∂y and B = ∂f(yeq ,ueq ,τ)
∂u denote the Jacobians of the dynamics

(3.13) with respect to state and control variables. This linear system of ODEs can be
re-written in state-space form as in Equation (4.40)

T (yeq,ueq, δy, δu, τ) = Aδy(τ) +Bδu(τ), (4.40)
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where the system’s matrices A and B have been found by computing the derivatives of
the glider’s EOM (3.2–3.12) at the steady-state conditions yeq and ueq:

A =



0 0 0.025 0 0 9.44023
0 0 0 0.99889 0.44456 0
0 0 0 −0.04704 9.44023 0
0 0 0 −0.09766 −9.79579 0.01110
0 0 0 0.21947 −0.04881 0.00006
0 0 0 0 −0.02506 0


,yeq =



0
0
0

9.45068
−0.04705

0


, B =



0 0
0 0
0 0

−0.62763 0
1.41127 0

0 1.03882


,ueq =

[
0.73527

0

]
.

In our approach, we approximate the nonlinear dynamical system defined in Equation
(3.13) by the linear system of equations (4.40), such that:

ẏ ≈ Aδy(τ) +Bδu(τ). (4.41)

4.4.2 Discretisation methods

In this work, we solve the gliders’ EOMs by means of a direct collocation method (Betts,
2001). This is accomplished by discretising the linear EOMs represented by Equations
(4.41) and adding the resulting expressions as constraints in the GRTOP. Since the
flight time interval [τo, τf ] and step size η will be fixed for all methods presented here,
the linearity of the EOMs is maintained. Due to the linearity of the EOMs, the MINLP
formulation for the GRTOP, defined by Equations (4.8–4.31), is reduced to a MISOCP
formulation that can be solved by commercial optimisation software without the need
of initial guesses to converge.

4.4.2.1 Euler’s method

The forward Euler’s method is a first-order explicit numerical approach for solving ODEs
(Hairer et al., 2011). Let yt and ut approximate y(τt) and u(τt), respectively, at time
τt ∈ [τo, τf ] such that:

ẏ ≈ yt+1 − yt
η

.

By using this approximation on Equation (4.41), we can write:

yt+1 = yt + η(Aδyt +Bδut). (4.42)

This dynamical system can be reformulated in terms of the discretised state and control
variables in Equation (4.43). In a direct collocation method, these equations are used
as constraints in an optimisation problem.

yt+1 = (ηA+ I)yt + ηBut − η(Ayeq +Bueq). (4.43)
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The feasibility of this dynamical system can be improved by considering an error ε and
relaxing the equality in Equation (4.43) such that:

yt+1 ≤ (ηA+ I)yt + ηBut − η(Ayeq +Bueq) + 1ε (4.44)

yt+1 ≥ (ηA+ I)yt + ηBut − η(Ayeq +Bueq)− 1ε. (4.45)

We penalise ε in our objective function in order to maintain the quality of our solutions.
Finally, we replace Constraints (4.22–4.23) by Constraints (4.44–4.45) when applying
Euler’s method for solving the dynamical system in our formulation. This strategy is
repeated for all discretisation methods presented in Section 4.4.2.

4.4.2.2 Trapezoidal method

The Trapezoidal method is a second-order implicit approach for solving ODEs based on
the trapezoidal rule for computing integrals (Hairer et al., 2011). The equation defining
the trapezoidal method can be derived from both Runge-Kutta and Adams-Bashforth
methods, and for the GRTOP it can be defined as follows:

yt+1 = yt + 1
2η(Aδyt +Bδut +Aδyt+1 +Bδut+1). (4.46)

By re-writing this system in terms of the original variables, we find the following discrete
linear system:

yt+1 = yt + 1
2η(A(yt+1 + yt) +B(ut+1 + ut))− η(Ayeq +Bueq). (4.47)

In order to use Equation (4.47) as a constraint in our formulation, we apply the same
relaxation method as presented in Section 4.4.2.1.

4.4.2.3 Runge-Kutta methods

The Runge-Kutta methods are a family of numerical methods for solving initial value
problems. They consist of sampling intermediate values between subsequent time steps
in order to cancel out lower order error terms (Hairer et al., 2011). In this thesis,
we apply a fourth-order Runge-Kutta method (RK4) in order to discretise the glider
dynamics. The coefficients of the RK4 method for the linear glider dynamics are defined
by Equations (4.48–4.51) in terms of the original discrete state and control variables.

k1 =A(yt − yeq) +B(ut − ueq) (4.48)

k2 =A(yt + 1
2ηk1 − yeq) +B(û− ueq) (4.49)

k3 =A(yt + 1
2ηk2 − yeq) +B(û− ueq) (4.50)
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k4 =A(yt + ηk3 − yeq) +B(ut+1 − ueq), (4.51)

where the auxiliary variable û represents an interpolation of the control variables be-
tween time steps t and t+ 1. Here, two interpolation methods have been used. The first
one consists of a linear interpolation (Equation (4.52)) and the second one consist of an
exponential smoothing (Equation (4.53)), which weights the control history up to time
step t.

û = ut+1 + ut
2 (4.52)

û = 1
2

k≤t∑
k=0

1
2kut−k (4.53)

Discretised EOMs can then be defined by the following equation:

yt+1 = yt + η

6(k1 + 2k2 + 2k3 + k4). (4.54)

In order to use Equation (4.54) as a constraint in our formulation, we apply the same
relaxation method as presented in Section 4.4.2.1.

4.4.2.4 Adams-Bashforth methods

Linear multistep methods use information from previous steps to determine the current
values of the state vector (Hairer et al., 2011). Unlike Runge-Kutta methods, multistep
methods do not required interpolation of the control variables at intermediate steps since
calculations are based on predetermined collocation points (in case of a direct collocation
method). The Adams-Bashforth (AB) methods are a family of explicit integrators that
compute the value of the current state from a linear combination of the values of previous
states. In this article, a third-order Adams-Bashforth method (AB3) and a fourth-order
Adams-Bashforth method (AB4) are presented, in terms of the original state and control
vectors, in the form of Equations (4.55) and (4.56).

yt+3 = yt+2 + 1
12η(23(A(yt+2 − yeq) +B(ut+2 − ueq))

−16(A(yt+1 − yeq) +B(ut+1 − ueq))

+5(A(yt − yeq) +B(ut − ueq)) (4.55)

yt+4 = yt+3 + 1
24η(55(A(yt+3 − yeq) +B(ut+3 − ueq))

−59(A(yt+2 − yeq) +B(ut+2 − ueq))

+37(A(yt+1 − yeq) +B(ut+1 − ueq))

−9(A(yt − yeq) +B(ut − ueq)) (4.56)
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Unlike single step methods, the third- and fourth-order AB methods require 3 and 4
initial values at the first iteration, respectively. This can be accomplished by running a
single step method in order to find these initial values and then continuing the solution
process with a multistep AB method. In this chapter, we apply the Euler method in
order to compute the initial values that are necessary for the Adams-Bashforth methods.
In order to use Equations (4.55) and (4.56) as constraints in our formulation, we apply
the same relaxation method as presented in Section 4.4.2.1.

4.4.2.5 Interpolation of the solution

After solving a numerical integration procedure, it is necessary to approximate the actual
solution between collocation points by using a piece-wise polynomial function (e.g., a
spline). Usually, the degree of the polynomial function for approximating the solution
is chosen according to the order of accuracy of the integration method. For example, if
a second order method is chosen in the integration step, then a quadratic spline should
be applied to interpolate the controls and a third order spline should approximate the
states.

Euler’s discretisation, for example, works by replacing the controls and system dynamics
by piece-wise linear approximations. Therefore, after solving the numerical integration,
one needs to reconstruct the control and system dynamics trajectories by using a linear
interpolation. Let us define the independent variable τ in terms of subsequent time steps
t and t+ 1, i.e., τ ∈ [τt, τt+1]. An approximation for the control function can be written
as in Equation (4.57).

u(τ) = ut + τ − τt
η

(ut+1 − ut) (4.57)

The approximation for the system dynamics also follows a linear function (Equation
(4.58)). Moreover, by integrating both sides of this approximation, as in Equation
(4.59), one finds a quadratic interpolation for the state function, expressed by Equation
(4.60). An appropriate choice for the integration constant is c = yt.

dy
dτ = ft + τ − τt

η
(ft+1 − ft) (4.58)∫

dy =
∫ (

ft + τ − τt
η

(ft+1 − ft)
)

dτ (4.59)

y(τ) = ft(τ − τt) + (τ − τt)2

2η (ft+1 − ft) + c (4.60)
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4.5 Computational experiments

The computational experiments described in the next sections have been implemented in
the AMPL modelling language (version 20150516) and solved with CPLEX 12.7, Gurobi
7.0 and Xpress 8.0 on an Intel Core i7-4770 CPU with 3.40GHz and 16GB of RAM
running under Linux Mint 17 64bits (kernel 3.13.0-24). These solvers were chosen due
to availability of licenses and their popularity in the research community (Mittelmann,
2017). They were set to their standard configurations, with a time limit of 1 hour of
execution each.

4.5.1 Generation of test instances

A number of test instances have been generated in the following way. First of all, we
have considered instances having n ∈ {2, . . . , 10} waypoints and m ∈ {1, 2} landing
zones. The number of available gliders has been defined as bn/2c, but limited to at most
3 gliders in our examples. Two classes of instances have been created. The so-called
small range instances (represented by “S” in the instances’ name) have been defined over
an area of 1km2 and the so-called medium range instances (represented by “M” in the
instances’ name) over an area of 25km2. We assume a square shape for each area. In
addition, each combination of number of waypoints and landing zones received 5 different
random instances, so to have a diversity of test cases. These instances are grouped in
our tables by the number of waypoints, e.g., the group GRTOP-S10 represents all small
range instances with 10 waypoints.

The geometry of waypoints and landing zones has been defined by the parameters in
Table 4.1. Let U [a, b] denote the continuous uniform distribution from a to b. The
launching altitude ho has been chosen from U [500, 600] for the small range instances
and U [1000, 2000] for the medium range instances, with the values of the limits given in
metres. In Table 4.1, the value of R represents the square’s side of the area, R = 1km
for the small-ranged instances and R = 5km for the medium range ones. All the other
values in Table 4.1 are given in metres.

The positions of waypoints were not constrained. Overlaps were allowed except when
they generate duplicates and were assigned randomly within the boundaries of the area.
However, landing zones were not allowed to overlap with waypoints.

Table 4.1: Limits of parameters defining the geometry of waypoints and landing zones
in the generated instances.

Parameter a b Parameter a b
x̄ 0 R x̃ 0 R
ȳ 0 R ỹ 0 R
r̄ 10 25 r̃ 10 25

¯
h 50 100 xo 0 R
h̄ 200 300 yo 0 R
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4.5.2 Comparing the performance of different solvers

Table 4.2 shows a summary of the results for the small range instances. In this table,
Group denotes the nine groups of 10 instances (organised according to the number
of waypoints in each instance). The performance of each solver is shown on columns
CPLEX, Gurobi and Xpress.

In Table 4.2, the Status column shows the tuple (s1, s2, s3) ∈ Z3, representing the pos-
sible output statuses from AMPL as explained on AMPL (1998), where s1 denotes the
number of instances finished with status solved, s2 represents the number of instances
finished with status solved? and limit (i.e, with a gap greater than 0), and s3 rep-
resents the number of instances finished with status failure. Column UB shows the
average upper bound value per group. Note that the upper bound represents the objec-
tive function value of the incumbent solution, which is the best feasible solution found
in the branch and bound search. Column Error corresponds to the normalised average
error for each group. This has been calculated by averaging the error in each group
and then dividing this average by the smallest error among the solvers for the same
group. We use normalised average errors in order to make a comparison between differ-
ent strategies easier. Column Gap(%) shows the average optimality gap at the end of the
optimisation. Column CPU(s) represents the average computing time in seconds. Fi-
nally, column Tree Size shows the average number of explored branch-and-bound nodes
for each group.

In order to test the solvers, we have chosen the Euler discretisation method. The number
of collocation points N has been set to 30. The flight time horizon of each instance has
been estimated by using the steady-state velocity and the largest range of that instance,
i.e., τf = max

i∈V
{x̄i, ȳi}/veq.

The solver Xpress outperforms the other solvers in most aspects. Best results overall in
each column (except from the second) have been highlighted in boldface. Averages are
shown for each solver. In general, Xpress produces the best objective function values.
The relationship between CPU times and tree sizes indicates that Xpress is noticeably
faster on processing the second-order cone relaxations during the branch-and-bound
search. Due to a large number of failures and worse performance for computing Second-
Order Cone Programming (SOCP) relaxations, CPLEX presents smaller average tree
sizes on most cases. For our problem, Xpress has been capable of solving 76% of the
instances to optimality as opposed to 32% and 24% of the instances that have been
solved by CPLEX and Gurobi, respectively. One can notice that CPLEX has failed to
find solutions to 15 problems in total. For the reasons exposed above, the solver Xpress
has been chosen for the computational experiments presented in the next sections.
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Table 4.2: Summary of the results for different solvers
Group Status UB Error Gap(%) CPU(s) Tree

CPLEX
GRTOP-S2 (10,0,0) 32.501 1.000 0.00% 22.348 1274.30
GRTOP-S3 (8,0,2) 35.316 1.007 0.00% 99.081 2428.75
GRTOP-S4 (2,0,8) 54.965 1.034 0.00% 1199.889 26176.00
GRTOP-S5 (3,4,3) 54.687 1.000 18.57% 2171.628 12652.43
GRTOP-S6 (3,6,1) 69.931 1.403 32.33% 2997.753 20993.56
GRTOP-S7 (1,8,1) 80.523 1.736 35.78% 3175.324 13763.67
GRTOP-S8 (2,8,0) 125.564 4.017 51.30% 3397.745 12404.38
GRTOP-S9 (0,10,0) 111.675 3.285 54.50% 3600.500 11439.10
GRTOP-S10 (0,10,0) 115.745 3.230 65.90% 3600.589 12096.90
avg. - 75.66 1.97 28.71% 2251.65 12581.01
max - 125.564 4.017 65.90% 3600.59 26176.00

Gurobi
GRTOP-S2 (10,0,0) 32.500 1.000 0.00% 44.125 2831.40
GRTOP-S3 (9,1,0) 36.909 1.028 2.70% 492.016 7698.60
GRTOP-S4 (1,9,0) 62.974 1.681 22.10% 3351.221 40894.40
GRTOP-S5 (1,9,0) 76.731 2.256 26.00% 3250.099 40628.50
GRTOP-S6 (1,9,0) 100.984 2.763 44.00% 3379.685 42566.10
GRTOP-S7 (0,10,0) 104.359 2.731 39.40% 3600.206 48218.50
GRTOP-S8 (0,10,0) 96.436 2.736 42.90% 3600.184 39544.80
GRTOP-S9 (0,10,0) 102.572 2.946 39.60% 3600.166 35009.00
GRTOP-S10 (0,10,0) 140.130 4.482 56.90% 3600.204 31395.40
avg. - 83.73 2.4 30.4% 2768.66 32087.41
max - 140.13 4.482 56.90% 3600.21 48218.50

Xpress
GRTOP-S2 (10,0,0) 32.500 1.000 0.00% 7.124 800.60
GRTOP-S3 (10,0,0) 35.810 1.000 0.00% 14.024 3250.30
GRTOP-S4 (10,0,0) 50.073 1.000 0.00% 104.985 18475.50
GRTOP-S5 (9,1,0) 55.652 1.020 0.10% 727.232 186538.20
GRTOP-S6 (7,3,0) 60.125 1.000 2.40% 1294.716 140235.50
GRTOP-S7 (9,1,0) 62.825 1.000 0.60% 1207.613 138074.90
GRTOP-S8 (5,5,0) 59.318 1.000 3.40% 2226.280 200746.40
GRTOP-S9 (7,3,0) 60.726 1.000 5.20% 2157.578 173651.90
GRTOP-S10 (1,9,0) 63.999 1.000 12.30% 3256.597 201550.40
avg. - 53.45 1.00 2.67% 1221.79 118147.08
max - 63.99 1.020 12.30% 3256.597 201550.40

4.5.3 Comparing the performance of different discretisation methods

In this section, we compare the performance of the numerical integration methods pre-
sented in Section 4.4. Table 4.3 summarises the results for the small range instances. The
remaining columns refer to the aforementioned discretisation methods, namely the Eu-
ler method, Trapezoidal method (TRP), the third- and fourth-order Adams-Bashforth
methods, AB3 and AB4, respectively, and both versions of the fourth-order Runge-Kutta
method 1RK4 and 2RK4, where the former refers to the RK4 method with linear control
interpolation of Equation (4.52) and the latter to the RK4 method with the interpo-
lation described in Equation (4.53). Table 4.3 has been subdivided for each algorithm
performance measure, namely, Status, UB, Error, Gap(%), CPU(s) and Tree, as in Table
4.2. Overall averages are shown at the end of each subdivision. The discretisation size
and flight time horizon estimation have been kept as in the previous section.

From the results in Table 4.3, one can notice that the solver is more effective in proving
optimality when the Euler and Trapezoidal methods used, finding 68 (75.6%) and 69
(76.7%) optimal solutions, respectively, against 62 (68.9%) and 61 (67.8%) optimal solu-
tions found by using the 1RK4 and 2RK4 methods. Together, they also produce smaller
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gaps for the instances that were not solved within the provided time limit. One can
also verify that the ratio between the average number of branch-and-bound nodes and
average CPU times is larger for these methods. This fact indicates that the Euler and
Trapezoidal methods generate relaxations that are easier to solve during the tree search.
On the other hand, Runge-Kutta methods outperform all the others in terms of error.
The Runge-Kutta methods present error magnitudes that are up to 16 times smaller
on average than the largest errors, at the expense of presenting higher average gaps
for the instances that were not solved to optimality. There is a clear trade-off between
computational performance and solution accuracy among the lower and higher order in-
tegration methods. Nonetheless, the third- and fourth-order Adams-Bashforth methods
perform quite poorly for our problem, given the large error values and considerable gaps
compared to the lower order methods.

We have extended our computational results for the smallest and largest instances of
type “S” in Table 4.4. In this table, the first column shows the instance names and
remaining columns present the error and CPU times for each discretisation methods
presented in Section 4.4. The settings for the experiments shown in Table 4.4 remain
the same as in the ones shown in Table 4.3.

From the results presented in Table 4.4, it can be seen that the magnitudes of the errors
can be considered acceptable even for the lower order methods. To support our claim, we
have further investigated which state variables are most affected by the errors when using
the Euler’s method. This has been accomplished by performing two modifications in our
formulation. The first one consists of using a vector εεε = (εx, εy, εh, εv, εγ , εϕ), εεε ∈ R6,
to represent the error for each state variable in the dynamic equations. For example,
the generic discretisation method presented in Constraints (4.22) and (4.23) can be re-
written in the form of Constraints (4.61) and (4.62), respectively. It means that more
variables will be added to the MISOCP formulation for the GRTOP.

yg,t+1 ≤ ygt + ηf(ygt,ugt, t) + εεε, ∀g ∈ G,∀t ∈ T \ {N − 1} (4.61)

yg,t+1 ≥ ygt + ηf(ygt,ugt, t)− εεε, ∀g ∈ G,∀t ∈ T \ {N − 1} (4.62)

The second modification follows from the first one as the objective function (4.8) needs
to be re-written as in Equation (4.63). While the first term remains the same, the second
term of the new objective function sums up the individual errors for each state variable.

min
∑
g∈G

∑
i∈L

∑
t∈T

tbgit + 1>εεε. (4.63)

Table 4.5 shows the results of this reformulation for a subset of instances (using Euler’s
method for discretising the dynamics). The main source of errors are the position
components of the state vector. This can be explained by the fact that those components
have the largest magnitude among all state variables, varying roughly between 0 and
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Table 4.3: Summary of the results for different discretisation methods
Group Euler TRP AB3 AB4 1RK4 2RK4

Status
GRTOP-S2 (10,0,0) (10,0,0) (10,0,0) (10,0,0) (10,0,0) (10,0,0)
GRTOP-S3 (10,0,0) (10,0,0) (10,0,0) (10,0,0) (10,0,0) (10,0,0)
GRTOP-S4 (10,0,0) (10,0,0) (10,0,0) (10,0,0) (10,0,0) (10,0,0)
GRTOP-S5 (9,1,0) (10,0,0) (10,0,0) (9,1,0) (8,2,0) (7,3,0)
GRTOP-S6 (7,3,0) (9,1,0) (5,5,0) (4,6,0) (7,3,0) (6,4,0)
GRTOP-S7 (9,1,0) (8,2,0) (5,5,0) (3,7,0) (6,4,0) (6,4,0)
GRTOP-S8 (5,5,0) (5,5,0) (5,5,0) (3,7,0) (6,4,0) (6,4,0)
GRTOP-S9 (7,3,0) (6,4,0) (2,8,0) (1,9,0) (3,7,0) (3,7,0)
GRTOP-S10 (1,9,0) (1,9,0) (2,8,0) (2,8,0) (2,8,0) (3,7,0)

UB
GRTOP-S2 32.500 32.391 33.918 34.608 17.071 17.147
GRTOP-S3 35.810 35.917 37.134 37.916 21.503 21.426
GRTOP-S4 50.073 49.980 52.991 54.308 25.370 25.304
GRTOP-S5 55.652 55.438 58.518 59.958 33.812 33.836
GRTOP-S6 60.125 60.041 65.205 67.312 27.306 27.513
GRTOP-S7 62.825 63.181 68.598 71.264 30.967 30.029
GRTOP-S8 59.318 59.264 64.882 69.578 23.779 23.834
GRTOP-S9 60.726 60.867 67.428 69.781 28.886 29.309
GRTOP-S10 63.999 64.742 69.735 73.615 30.335 30.514
avg. 53.45 53.54 57.60 59.82 26.56 26.55
max 64.00 64.74 69.74 73.62 33.81 33.84

Error
GRTOP-S2 6.076 6.071 6.040 6.079 1.000 1.077
GRTOP-S3 4.438 4.565 4.633 4.565 1.000 1.007
GRTOP-S4 6.825 6.963 7.134 7.207 1.000 1.045
GRTOP-S5 3.866 4.015 3.928 3.951 1.000 1.088
GRTOP-S6 9.525 9.454 9.518 9.789 1.000 1.309
GRTOP-S7 5.854 5.659 6.264 6.164 1.033 1.000
GRTOP-S8 14.396 14.608 15.477 16.025 1.028 1.000
GRTOP-S9 8.114 8.194 9.018 8.868 1.000 1.108
GRTOP-S10 12.478 13.235 12.937 12.141 1.000 1.382
avg. 7.952 8.085 8.328 8.310 1.007 1.113
max 14.40 14.61 15.48 16.02 1.03 1.38

Gap(%)
GRTOP-S2 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
GRTOP-S3 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
GRTOP-S4 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
GRTOP-S5 0.10% 0.00% 0.00% 0.90% 3.00% 0.40%
GRTOP-S6 2.40% 0.50% 4.10% 3.00% 6.50% 9.20%
GRTOP-S7 0.60% 1.30% 5.10% 9.50% 10.20% 3.90%
GRTOP-S8 3.40% 3.20% 6.20% 13.50% 9.80% 8.30%
GRTOP-S9 5.20% 4.80% 15.40% 12.30% 17.00% 15.60%
GRTOP-S10 12.30% 16.10% 16.50% 20.50% 34.20% 34.40%
avg. 2.67% 2.88% 5.26% 6.63% 8.97% 7.98%
max 12.30% 16.10% 16.50% 20.50% 34.20% 34.40%

CPU(s)
GRTOP-S2 7.12 9.09 13.62 20.55 6.96 6.14
GRTOP-S3 14.02 17.10 38.15 39.37 16.93 49.12
GRTOP-S4 104.99 151.17 338.46 714.07 306.09 530.00
GRTOP-S5 727.23 146.84 328.67 919.91 859.51 1282.27
GRTOP-S6 1294.72 939.52 2423.59 2778.01 1602.54 1878.44
GRTOP-S7 1207.61 1693.21 2517.73 3157.09 1952.83 1774.54
GRTOP-S8 2226.28 2159.28 2571.27 3071.74 1813.62 1958.09
GRTOP-S9 2157.58 2789.33 3276.83 3386.65 2959.64 2660.28
GRTOP-S10 3256.60 3277.13 3216.06 3274.96 3089.89 2938.90
avg. 1221.79 1242.52 1636.04 1929.15 1400.89 1453.09
max 3256.60 3277.13 3276.83 3386.65 3089.89 2938.90

Tree
GRTOP-S2 800.60 491.50 1536.60 2208.70 1349.80 605.00
GRTOP-S3 3250.30 2772.60 9364.90 6327.00 2937.30 13045.80
GRTOP-S4 18475.50 24006.80 47125.80 87958.70 74628.00 88431.30
GRTOP-S5 186538.20 17292.70 36597.40 85667.00 104206.00 197635.70
GRTOP-S6 140235.50 88382.10 165818.60 140593.00 114531.70 98954.10
GRTOP-S7 138074.90 157636.90 146485.20 133274.00 126049.60 89096.20
GRTOP-S8 200746.40 144065.70 122573.20 100995.50 95772.00 95153.00
GRTOP-S9 173651.90 174789.50 114985.30 98945.70 127546.60 100475.20
GRTOP-S10 201550.40 174476.00 110871.60 82600.00 112147.00 113462.60
avg. 118147.08 87101.53 83928.73 82063.29 84352.00 88539.88
max 201550.40 174789.50 165818.60 140593.00 127546.60 197635.70

1000. Even though the error associated to the translational dynamics is comparatively
higher, they only represent a small fraction of the magnitudes of the position variables.
For example, the error εy = 11.58 associated to the y variable for the small-ranged
instance grtopS 21 1 only represents 1.16% of the range of this state variable. The last
two columns of Table 4.5 shows the results from the original formulation with a single
error variable using Euler’s method.

Finally, we analyse how the error and CPU times behave as the number of collocation
points N increases. This results are shown in Figure 4.2. For this experiment, the
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Table 4.4: Detailed results for error and CPU(s)

Name Euler TRP AB3 AB4 1RK4 2RK4
error CPU(s) error CPU(s) error CPU(s) error CPU(s) error CPU(s) error CPU(s)

grtopS 21 1 15.54 5.0 15.54 6.4 15.05 8.6 14.59 13.2 11.68 5.0 11.62 5.2
grtopS 21 2 18.63 6.4 16.57 8.5 15.46 12.4 16.53 19.0 1.83 5.3 1.66 4.7
grtopS 21 3 12.54 5.7 13.43 7.0 13.09 9.9 13.12 12.5 0.96 4.1 0.96 6.4
grtopS 21 4 12.02 3.7 12.96 6.6 12.74 8.4 13.76 12.1 0.50 3.9 0.56 3.0
grtopS 21 5 12.77 5.5 12.63 8.2 13.38 10.1 12.51 19.1 1.32 4.2 1.35 3.3
grtopS 22 1 12.19 7.9 14.23 13.3 12.95 23.8 12.83 22.8 0.68 11.0 1.48 12.8
grtopS 22 2 12.24 6.6 12.95 9.5 13.24 12.2 12.27 20.2 1.01 4.0 1.04 5.2
grtopS 22 3 13.07 11.5 13.12 12.5 14.64 23.9 13.72 41.3 3.55 23.6 4.54 9.9
grtopS 22 4 14.06 9.4 12.91 8.9 13.50 15.3 13.66 29.4 0.63 2.0 0.63 4.1
grtopS 22 5 14.95 9.6 13.58 10.0 13.15 11.6 15.10 15.9 0.56 6.5 0.63 7.0
avg. 13.80 7.1 13.79 9.1 13.72 13.6 13.81 20.5 2.27 7.0 2.45 6.1
grtopS 101 1 23.04 3601.6 26.40 3600.6 29.45 2603.9 25.66 2863.3 1.37 1732.4 1.24 2049.6
grtopS 101 2 23.17 3600.5 20.50 3600.4 20.78 3600.4 21.30 3600.3 1.24 3600.4 1.22 3600.4
grtopS 101 3 30.60 3600.5 25.93 3600.2 30.49 3600.5 23.68 3600.4 4.11 3600.5 3.50 3600.4
grtopS 101 4 23.39 160.3 23.27 367.2 24.80 753.3 24.36 1083.1 0.83 363.1 1.01 889.0
grtopS 101 5 24.94 3600.7 28.66 3600.5 26.31 3600.4 22.48 3600.4 2.22 3600.3 6.89 3600.3
grtopS 102 1 25.91 3600.5 22.28 3600.4 26.11 3600.5 24.67 3600.4 1.64 3600.3 0.78 3600.5
grtopS 102 2 24.60 3600.6 33.02 3600.6 27.00 3600.5 32.97 3600.4 2.85 3600.5 8.35 3600.7
grtopS 102 3 30.08 3600.5 26.27 3600.4 27.11 3600.2 25.29 3600.4 4.09 3600.4 1.69 1247.1
grtopS 102 4 22.01 3600.5 27.28 3600.5 21.67 3600.6 19.75 3600.4 1.07 3600.4 2.20 3600.6
grtopS 102 5 26.27 3600.3 35.81 3600.6 29.63 3600.3 26.99 3600.5 0.93 3600.6 1.26 3600.4
avg. 25.40 3256.6 26.94 3277.1 26.33 3216.1 24.71 3275.0 2.04 3089.9 2.81 2938.9

Table 4.5: Analysis of the error for the individual components of the state vector.

Name x y h v γ ϕ Sum CPU(s) ε CPU(s)
grtopS 21 1 0.00 11.58 0.00 0.00 0.68 0.00 12.26 6.34 15.54 4.98
grtopS 21 2 0.00 0.01 0.00 0.00 1.22 0.14 1.37 10.67 18.63 6.36
grtopS 21 3 0.00 0.79 0.00 0.00 1.14 0.00 1.93 6.58 12.54 5.70
grtopS 21 4 0.00 0.38 0.00 0.00 0.66 0.00 1.04 2.77 12.02 3.68
grtopS 21 5 0.00 0.00 0.00 0.00 0.99 0.00 0.99 3.77 12.77 5.54
grtopS 22 1 0.00 0.00 0.00 0.00 0.75 0.00 0.75 6.47 12.19 7.85
grtopS 22 2 0.00 0.00 0.00 0.00 0.89 0.00 0.89 5.01 12.24 6.59
grtopS 22 3 0.00 0.59 0.00 0.00 1.20 0.04 1.83 12.80 13.07 11.50
grtopS 22 4 0.00 0.00 0.00 0.00 0.66 0.00 0.66 1.47 14.06 9.42
grtopS 22 5 0.00 0.47 0.00 0.00 0.59 0.35 1.40 5.97 14.95 9.62

following number of collocation points have been adopted N = {30, 45, 60, 75, 90, 105}.
The flight time interval has been computed as in the previous sections. Since the first
term of the objective function (4.8) might affect the value of ε, we have eliminated
this term from the objective function in order to properly assess the behaviour of the
error term when varying the discretisation size. We highlight that these experiments
were performed with the original MISOCP formulation (with a single error variable)
and Euler’s method. For the sake of comparison, we added a column representing the
results from using the 1RK4 method with N = 30. Figure 4.2a shows the magnitude
of the error for each number of collocation points on the small range instances of group
GRTOP-S2 (expressed in the horizontal axis). One can notice that the error decreases
as the number of collocation points increases, as expected. The opposite happens with
the CPU times. In Figure 4.2b, these have been plotted in log scale.

4.5.4 Results for medium range instances

In this section, we present the results of our model for a subset of medium range in-
stances. Here, we have chosen Euler’s discretisation method due to its better average
performance among the lower-order methods (Section 4.5.3). The number of collocation
points N has been set to 60 and the flight time horizon τf has been chosen by the same
procedure as described in Section 4.5.2.
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(a) Magnitude of the error. (b) CPU(s) in log scale.
Figure 4.2: Behaviour of error and CPU times for several values of N .

In Table 4.6, we show the results of our model for instances with 3, 4, 5 and 6 way-
points. One will notice that running times for the instances solved to optimality have
substantially increased compared to the small range instances, as well as the gap for
the instances were optimality could not be proved. This happens because of the larger
discretisation size that we have applied. Our choice on larger discretisation sizes seeks
to guarantee the convergence of the integration methods. We also highlight that errors
remain small compared to the range of the instances. The largest error for the results
in Table 4.6 (89.83) represents only 1.8% of the magnitude of position variables related
to this instance.

Figure 4.3 depicts the optimal solution for two instances, grtopM 41 5 and grtopM 42 3.
For illustration purposes, we have approximated the trajectories between collocation
points by using splines. In the solution of instance grtopM 41 5, the flight times are 156s
and 152s, for the first and second gliders, respectively, and the step size equals 4.34s.
In the solution of instance grtopM 42 3, the flight times are 139s and 85s, for the first
and second gliders, respectively, and the step size equals 3.39s. We have also provided
video animations of feasible and optimal solutions of several instances as supplementary
material and through the website Coutinho (2017).

4.5.5 Routing and trajectory optimisation for disaster assessment

A number of instances based on UK cities prone to flooding has been created. They
represent hypothetical flooding scenarios in the cities of Boston, Highbridge, London,
Moore (Warrington) and Portsmouth. The so-called UK instances have been constructed
as follows. We searched for flood risk-prone cities in the UK by using risk information
maps provided at Government Digital Service (2017).

For each city, waypoints have been placed in locations with a high concentration of po-
tential flooding victims, such as hospitals, schools, nurseries, residential areas, asylums
and industries (which could become possible environmental hazards in a disaster situa-
tion), using Google maps. Next, the geographic coordinates of waypoints were collected
and converted into Euclidean coordinates. The geometry of the waypoints and landing
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Figure 4.3: Depiction of the optimal solutions of two medium range instances.

Table 4.6: Results for a number of medium range instances

Name Fleet UB LB Error CPU(s) Tree Gap(%)
grtopM 31 1 1 94.49 94.49 38.49 52.84 6559 0.00%
grtopM 31 2 1 83.43 83.43 28.43 99.77 10871 0.00%
grtopM 31 3 1 105.56 105.56 46.56 150.12 50459 0.00%
grtopM 31 4 1 135.85 135.85 76.85 35.71 4239 0.00%
grtopM 31 5 1 108.36 108.36 49.36 40.19 5323 0.00%
grtopM 32 1 1 73.59 73.59 24.59 167.19 15641 0.00%
grtopM 32 2 1 103.17 103.17 44.18 1098.67 262303 0.00%
grtopM 32 3 1 124.55 124.55 65.55 102.86 10618 0.00%
grtopM 32 4 1 95.88 75.81 37.88 3600.83 783809 21.00%
grtopM 32 5 1 91.79 91.79 33.80 260.57 38517 0.00%
grtopM 41 1 2 138.36 138.35 59.36 1943.31 115060 0.00%
grtopM 41 2 2 124.20 102.43 42.20 3600.47 185657 18.00%
grtopM 41 3 1 113.71 87.80 33.71 3600.79 334907 23.00%
grtopM 41 4 2 96.20 96.20 25.20 3080.92 306189 0.00%
grtopM 41 5 2 100.45 100.44 31.45 3174.82 192406 0.00%
grtopM 42 1 2 92.30 85.59 34.30 3600.32 122582 7.00%
grtopM 42 2 2 86.12 65.83 27.12 3600.28 99994 24.00%
grtopM 42 3 2 109.12 109.12 45.12 301.81 10467 0.00%
grtopM 42 4 2 153.41 97.07 71.41 3600.48 102879 37.00%
grtopM 42 5 1 129.94 129.94 54.94 2376.52 177920 0.00%
grtopM 51 1 2 160.34 99.19 82.34 3600.70 272174 38.00%
grtopM 51 2 2 122.69 107.50 43.69 3600.44 146891 12.00%
grtopM 51 3 2 154.80 146.37 72.80 3600.26 167945 5.00%
grtopM 51 4 2 116.08 105.20 28.08 3600.47 250171 9.00%
grtopM 51 5 2 137.60 88.60 58.60 3600.51 293565 36.00%
grtopM 52 1 2 148.99 148.99 59.99 1083.69 26234 0.00%
grtopM 52 2 2 93.96 79.15 41.96 3600.53 168447 16.00%
grtopM 52 3 2 119.81 85.83 36.81 3600.53 151592 28.00%
grtopM 52 4 2 141.57 95.62 51.57 3600.67 147272 32.00%
grtopM 52 5 2 159.38 91.63 75.38 3600.77 236883 43.00%
grtopM 61 1 3 168.25 107.26 37.25 3600.59 121569 36.00%
grtopM 61 2 3 126.14 112.61 49.14 3600.48 136656 11.00%
grtopM 61 3 3 182.83 79.91 89.83 3600.58 96375 56.00%
grtopM 61 4 2 159.76 112.63 73.76 3600.43 149115 30.00%
grtopM 61 5 2 121.34 80.89 43.34 3600.54 105711 33.00%
grtopM 62 1 2 141.84 81.54 50.84 3600.46 82085 43.00%
grtopM 62 2 2 167.52 78.92 88.52 3600.47 84507 53.00%
grtopM 62 3 3 193.56 154.27 78.56 3600.44 40665 20.00%
grtopM 62 4 3 163.16 78.92 40.16 3600.65 108157 52.00%
grtopM 62 5 2 153.53 91.17 50.53 3600.61 79393 41.00%

sites has been chosen in order to match the dimensions of the real locations. Figure 4.4
depicts the maps indicating the selection of waypoints for two flood-prone areas of two
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cities in the UK, namely, London and Highbridge.

(a) Waypoints selection for grtopS lond1.

(b) Waypoints selection for grtopS highb.
Figure 4.4: Maps of flood-prone areas in London and Highbridge. Source: Govern-

ment Digital Service (2017).

Table 4.7 shows the results of our experiments with the generated UK instances. In this
table, column #W represents the number of waypoints in the instance. The remaining
columns keep the same meaning as in Table 4.6. The number of landing sites for all
instances was set to 1. The number of collocation points has been set to N = 30.
Figure 4.5 depicts the solutions for 2 UK instances, namely, grtopS lond1 (London)
and grtopS highb (Highbridge).

Table 4.7: Results of the GRTOP formulation for the UK instances

Name #W Fleet UB LB Error CPU(s) Tree Gap(%)
grtop bost1 7 3 73.03 73.03 34.03 263.95 9973 0.00%
grtop bost2 7 2 75.38 75.15 31.38 3600.16 391381 0.00%
grtop bost3 7 3 69.07 69.07 31.07 255.58 24063 0.00%
grtop highb 5 2 57.08 57.08 23.08 34.23 830 0.00%
grtop lond1 5 2 59.44 59.44 27.44 54.46 4923 0.00%
grtop lond2 7 3 73.86 73.86 34.86 106.89 3059 0.00%
grtop lond3 10 1 77.41 75.09 34.41 3600.42 241168 3.00%
grtop lond4 7 3 75.48 75.48 30.48 142.17 5207 0.00%
grtop moore 7 1 80.39 80.39 25.40 51.51 751 0.00%
grtop prtsm 5 1 65.59 65.59 28.59 103.49 16355 0.00%

From the results in Table 4.7, one can observe that all instances are solved to optimality,
except grtop lond3. The results of numerical experiments with the UK instances are
similar to the results achieved for the small-ranged random instances.
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Figure 4.5: Depiction of the optimal solutions of two UK instances.

4.6 Conclusions of the chapter

In this chapter, we have considered the GRTOP. This problem has been motivated by
a disaster assessment application. In the GRTOP, we are asked to simultaneously find
optimal routes and trajectories for a fleet of unmanned aerial gliders. The fleet of gliders
is modelled by their EOMs, which consist of a set of ordinary differential equations. We
propose a novel MINLP formulation for the GRTOP, which accounts for routing and
trajectory optimisation in an integrated framework. In order to avoid a non-convex
formulation, we linearise the gliders’ EOM using a set of steady-state conditions. This
reduces the MINLP to a MISOCP problem. To allow for a more tractable problem while
keeping the quality of our solutions, we relax the linear dynamic equations and penalise
the corresponding error term in the objective function. We present several discretisation
methods for the resulting linear dynamic equations.

In order to test our model, we have generated 180 random instances. We compared
different commercial solvers on a subset of instances, namely, CPLEX, Gurobi and
Xpress. Based on the results, Xpress was chosen for the next experiments. The second
set of experiments was concerned about the discretisation methods and errors. Higher
order integration methods were able of achieving smaller error magnitudes, but at the
expense of CPU times. On the other hand, lower order methods typically reduced
computation times, at the expense of solution accuracy. A detailed analysis has been
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carried out regarding the magnitude of the error. It was shown that the errors represent
a small fraction of the magnitudes of the state variables and therefore are considered
acceptable. Experiments on a subset of instances showed that the error is mostly due
to the position variables, which have higher magnitude than the variables regarding
angular orientation and airspeed. Finally, we studied the effect of increasing the number
of collocation points on the magnitudes of error and CPU times. In general, the trade-off
between error magnitudes and CPU times becomes clear on the choice of N .

The results for medium range instances showed that acceptable accuracy, i.e., negligible
error magnitudes compared to the magnitudes of the state variables, can be achieved for
long range flights even by employing lower-order discretisation methods. These results
are confirmed in Section 4.5.3. In order to guarantee the convergence of integration
methods, the number of collocation points has to be increased. This has a direct influence
on the number of medium range instances solved to optimality. Finally, we present
results for the so-called UK instances. These instances are created for disaster assessment
in UK cities with high flooding risk. The model presents a good performance over
instances from this group.

The accuracy of our solutions could be further improved by applying sequential linearisa-
tion at each node of the B&B tree, but this would dramatically increase the computation
times. Further research could also focus on an adaptive integration method instead of
the fixed time grid we have used. However, this improvements would also increase the
CPU times.

Alternative objective functions can also be tested. For example, in disaster assessment
applications, one might prefer to minimise the duration of the longest route (a.k.a.
makespan) rather than the total flight time. A second scenario could consider, for
example, minimising the latency, which is related to the arrival times at each waypoint.

Our formulation is capable to tackle a good number of test cases. However, for the
instances with a larger number of waypoints and for higher discretisation sizes, we were
unable to prove optimality. This motivates the development of heuristic methods that
should be able to find good solutions in small CPU times.



Chapter 5

A Trajectory Optimisation-based
Matheuristic for the GRTOP

In this chapter, we present a matheuristic algorithm for solving the GRTOP. The pro-
posed algorithm is based on two main building blocks: (i) a STO heuristic; and an
ILS -based matheuristic. A background on the ILS metaheuristic is provided before we
discuss the proposed algorithm for the GRTOP.

5.1 Background on the ILS algorithm

Many exact algorithms have been proposed for solving several variants of VRPs, see,
for example, the Capacitated VRP (Pecin et al., 2017), the Green VRP (Andelmin and
Bartolini, 2017) and the Time Dependent TSP in Controlled Airspace (Furini et al.,
2016). However, heuristic methods are still preferred for practical applications due their
advantage in terms of solution quality vs. computational time. In fact, the survey by
Braekers et al. (2016) shows that, between 2009 and 2015, around of 80% of the papers
on VRPs presented heuristic algorithms as a solution method. We refer the interested
reader to the book by Toth and Vigo (2002), for instance, for an overview of both exact
and heuristic algorithms for VRPs.

Heuristic methods for VRPs are usually divided into two distinct classes, namely, clas-
sical heuristics and metaheuristics. Classical heuristics, in general, are formed by con-
structive, two phase and improvement heuristics. In turn, metaheuristics are higher-level
procedures designed to manage a set of lower-level heuristics in order to solve complex
optimisation problems. One of the most employed metaheuristics in the literature for
solving VRPs is the Iterated Local Search (ILS) algorithm. See, for example, Subrama-
nian et al. (2013), Silva et al. (2015), Penna et al. (2017) and Xie et al. (2017).

61
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An ILS metaheuristic is composed by four basic components. The first one consists of an
algorithm for generating initial solutions, here referred to as GenerateInitialSolution.
This step is usually implemented as a set of fast and simple algorithms for finding a feasi-
ble solution in short computing times. The second component consists of a LocalSearch

procedure, where the current solution is refined into a better one in terms of objective
function value. For intensification purposes, the LocalSearch step is often implemented
on a restricted solution space rather than on the entire solution space. The third compo-
nent is a perturbation mechanism (here called Perturbation), where the current solu-
tion is modified in order to escape a local optimum solution (this is usually known in the
literature as a diversification step). The last component is the AcceptanceCriterion,
which defines from which solution the method should continue. Figure 5.1 illustrates
how an ILS algorithm explores the solution space. Let us define the point a in Figure
5.1 as the starting point returned by the GenerateInitialSolution method. A local
search is performed on the neighbourhood of a and the local optimum solution b is found.
Note that continuing the search around the neighbourhood of b is redundant, therefore
the Perturbation procedure is applied so that an unexplored neighbourhood can be
searched. In Figure 5.1, the Perturbation mechanism leads the current solution from
point b to point c, where a new local search can be performed and a better local optimum
d can be found. The method continues until a stopping criteria is met. A popular choice
is the maximum number of iterations with no improvement of the current best solution.

a

b

c

d

f(x)

x
Figure 5.1: Illustration of the ILS procedure. The red dashed line represents the local

search step. The black dashed line represents the perturbation step.

Other heuristic and metaheuristic frameworks have also been applied to solve several
variants of VRPs with success. A few examples include, Ropke and Pisinger (2006),
that proposed a large neighbourhood search for solving several classes of VRPs with
backhauls, and Vidal et al. (2012) that proposed a hybrid genetic algorithm for multi-
depot and periodic VRPs. However, as discussed before, we adopt an ILS method due
to its simplicity and robustness on solving a variety of VRPs (Silva et al., 2012; Penna
et al., 2013; Subramanian and Battarra, 2013; Martinelli et al., 2013; Vidal et al., 2015;
Kramer et al., 2015; Cruz et al., 2017; Bulhões et al., 2017).
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5.2 Additional equilibrium flight modes

In this chapter, we employ the same glider dynamics as presented in Chapter 3. Let
us recall yeq = (xeq, yeq, heq, veq, γeq, ϕeq) and ueq = (CL,eq, µeq) as the steady-states
and controls, respectively, of the dynamics defined by Equation (3.13). Steady-flight
conditions are defined such that the derivatives of the state variable with respect to
time are zero, that is:

ẏ = f(yeq,ueq, τ) = 0 ∈ R6. (5.1)

In this chapter, we are interested in finding equilibrium flight conditions for two distinct
situations, namely, steady-level flight, in which the origin and destination points are
nearly in the same altitude, and steady-descent flight, if the origin is in a higher altitude
and the glider must descent in order to reach the desired destination.

5.2.1 Steady-level flight conditions

In Section 4.4.1, under certain simplifying assumptions, we apply a set of analytical
steady-state conditions for a gliding level-flight as described, e.g., in Russell (1996).
In this chapter, we use a numerical approach instead, which is based on the method
presented by (Stengel, 2004, p. 257) for computing more accurate steady level-flight
conditions. However, our formulation differs from the one presented by Stengel (2004)
by the addition of box constraints on state and control variables. Let y∗ and u∗ be
the optimal solution of the optimisation problem defined by Equations (5.2–5.4) for
an arbitrary time instant τ . We approximate the steady-states of Equation (4.32) by
y∗ ∈ R6 and u∗ ∈ R2, i.e., yeq = y∗ and ueq = u∗.

min
y,u

||f(y,u)||2 (5.2)

s.t. ylb ≤ y ≤ yub (5.3)

ulb ≤ u ≤ uub (5.4)

In the problem defined by Equations (5.2–5.4), the objective function (5.2) minimises the
Euclidean norm of the right hand side of Equation (5.1) for an arbitrary τ . By minimising
such norm, we expect to find a solution that fulfils the condition in Equation (5.1), if
such a solution exists. Otherwise, an approximative solution is returned. Constraints
(5.3) and (5.4) ensure that the optimal steady-flight conditions lie within the bounds on
state and control variables.

In Table 5.1, we compare the steady-states presented in Section 4.4.1 with the ones found
by using the well known MATLAB’s function fmincon to solve the problem defined by
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Equations (5.2–5.4). We refer to these steady-states as s1 and s2, respectively. We
fixed the reference altitude to 500 metres to match the parameter for the wind strength
as defined in Section 3.3. Table 5.1 shows that s2 (numerically generated) is closer
to fulfilling the condition defined in Equation (4.32) than s1 (generated analytically).
Therefore, for the remainder of this chapter, we will use s2 as level flight steady-state
conditions.

Table 5.1: Comparison of steady-level flight states.
heq veq γeq ϕeq CL,eq µeq ||f(y,u)||2

s1 500.00 9.45 -0.04 0.0 0.74 0.0 15.6705
s2 500.00 12.48 -0.02 -1.57 0.37 0.0 0.4133

5.2.2 Steady-descent flight

Computing steady-descent flight conditions numerically for every pair of points would
require a considerable computational effort. Therefore, in this section, we resort to
an analytical approach for finding descent-flight equilibrium states and controls. The
forces acting on a UAV in steady-descent flight are the lift (L), drag (D) and weight
(defined as the mass of the glider mg times the gravity on earth ge). In a descent
gliding flight, these forces are on equilibrium and can be depicted as in Figure 5.2. It is
assumed that the equilibrium roll and yaw angles are close to zero, i.e., µeq ≈ ϕeq ≈ 0.
If we approximate the equilibrium flight path angle (γeq) by the angle between points
(x1, y1, h1) and (x2, y2, h2) compared to a horizontal plane, then γeq can be written as
in Equation (5.5), where R is the flight range and ∆h = h2 − h1.

γeq ≈ − tan−1(∆h/R) (5.5)

From the triangle of forces in Figure 5.2, one can write an expression relating γeq with
lift and drag forces as in Equation (5.6). The rightmost expression in Equation (5.6)
follows from the definition of the lift and drag coefficients, respectively, CL and CD

(Russell, 1996, p. 42).

cos γeq = L√
L2 +D2 = CL√

C2
L + C2

D

(5.6)

Solving Equation (5.6) for CL leads to a quadratic equation with two possible solutions.
The two roots define a minimum and a maximum angle of attack (Stengel, 2004, p. 53).
By choosing the minimum CL (Equation (5.7)) we indirectly choose the smallest angle
of attack and therefore the smallest amount of generated lift, thus allowing the glider to
perform a steady-descent flight. In Equation (5.7), let b = 1 +

√
2CD0kA − cos γ−1

eq and
∆ = b2− 4kACD0, where the glider parameters CD0 (coefficient of drag at zero-lift) and
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mgge
D

L

(L2 +D2)1/2

D
V

R

∆h

−γeq

−γeq

(x1, y1, h1)

(x2, y2, h2)

b

b

Figure 5.2: Steady descent flight conditions.

kA (aerodynamic coefficient) are defined in Section 3.3. Here we denote by <(.) as the
real part of a complex number.

CL,eq = min
{
−b±<(

√
∆)

2kA

}
(5.7)

Finally, from the lift equation (Russell, 1996, p. 42), one can write an expression for the
equilibrium velocity as in Equation (5.8), where the glider parameters mg (the mass of
the glider) and S (wing area), and the density of the air (ρ) are defined as in Chapter 3.

veq =


√

2mgge cos γeq
ρSwCL,eq

, if CL,eq > 0

vlb, otherwise.
(5.8)

By approximating the steady-descent flight path (γeq), lift coefficient (CL,eq) and ve-
locity (veq) using Equations (5.5), (5.7) and (5.8), respectively, one might en up with
equilibrium values that are out of the bounds defined for state and control variables. In
this case, we simply round the respective equilibrium value to the nearest bound.

5.3 A multi-phase mixed-integer trajectory optimisation
formulation for the GRTOP

The problem defined in this chapter closely follows the definition in Chapter 4. However,
we introduce two main modifications. Firstly, we treat the TO as a multi-phase problem,
this allows for changes to the system dynamics during the flight to be taken into account.
Secondly, instead of minimising the total mission duration we seek to minimise the
maximum route duration, i.e., the so-called makespan.

We associate a phase of the TO to each arc (i, j) ∈ A. In this work, we use the words
phase and arc interchangeably. Let us define yijg(τijg) : [0,∞) → R6 and uijg(τijg) :
[0,∞) → R2 as the state and control variables, respectively, of glider g ∈ G flying
through arc (i, j) ∈ A at time τijg ∈ R. Let variables τ oijg and τ fijg represent the initial
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and final flight times of the glider g flying on arc (i, j) such that τijg ∈ [τ oijg, τ
f
ijg].

We recall that the unknown states and controls are interpreted as the evolution of the
dynamical system (Equation 3.13), where τ is the independent variable.

The EOMs of the glider g flying on arc (i, j) can be expressed as in Equation (5.9).
Both state and control variables are limited by lower and upper bounds, as explained in
Section 4.3.1. Initial conditions yo and uo must be provided at time 0, i.e., yijg(0) = yo
and uijg(0) = uo, ∀(i, j) ∈ A and ∀g ∈ G.

ẏijg = fg(yijg(τijg),uijg(τijg), τijg) (5.9)

Figure 5.3 illustrates our conceptual graph construction for a small example and its
respective feasible solution. In our example, let the launching point be 0, V = {1, 2}, L =
{3}, and G = {1, 2}. For each arc in the set A = {(0, 1), (0, 2), (1, 2), (2, 1), (1, 3), (2, 3)}
there are associated time τijg, state yijg(τijg) and control uijg(τijg) variables, as well as
variable time limits τ oijg and τ fijg and a dynamical system as in Equation (5.9), where
(i, j) ∈ A and g ∈ G. In Figure 5.3, the flight duration of the gliders 1 and 2 can be
computed as ∆t1 = (τ f011 − τ o011) + (τ f131 − τ o131) and ∆t2 = (τ f022 − τ o022) + (τ f232 − τ o232).
Note that, in Figure 5.3, the continuity of dynamics for each glider is enforced by setting
the initial flight time (and respective state and control variables) of an arc equal to the
final flight time in the previous arc in the same route.

τ
o
01

1
≤ τ011

≤ τ
f
01

1

0

1

2

3

τ o
022 ≤

τ022 ≤
τ f
022

τf011 = τo131

τf022 = τo232

τ o
131 ≤ τ131 ≤ τ f

131

τo022 = 0

τ
o
23
2
≤ τ232

≤ τ
f
23
2

τo011 = 0

Figure 5.3: A small example graph representing routes r1 = (0, 1, 3) e r2 = (0, 2, 3)
and their respective time, state and control continuity constraints.

Now let us define variable aijg ∈ {0, 1} that takes value 1 if glider g traverses arc
(i, j) ∈ A and taking value 0 otherwise. For simplicity, we define the set A′ as the set
of arcs not leaving from the launching point, i.e., A′ = A \ {(0, j), j ∈ V }. Thus, the
objective function (5.10) minimises the flight duration of the longest route.

min max
g∈G

 ∑
(i,j)∈A

(τ fijg − τ oijg)aijg

 (5.10)

Constraints (5.11–5.13) account for the assignment of routes to gliders. Constraint
(5.11) ensures that every used glider lands in one of the predetermined landing sites.
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Constraints (5.12) and (5.13) make sure that every waypoint is visited at least once and
that the continuity of routes is preserved.

∑
i∈V

a0ig =
∑
i∈V

ailg ≤ 1, ∀l ∈ L,∀g ∈ G (5.11)

∑
g∈G

∑
i∈V
i 6=j

aijg ≥ 1,∀j ∈ V (5.12)

∑
i∈V
i 6=j

aijg −
∑
i∈V
i 6=j

ajig = 0,∀j ∈ V,∀g ∈ G (5.13)

Constraints (5.14–5.16) ensure that the gliders lie within the respective covering regions
of the waypoints and landing sites at the end points of each phase. A phase at an arc
(i, j) is deemed to start and end at its respective initial and final flight times τ oijg and
τ fijg. Constraints (5.14) and (5.15) ensure that a glider g is flies within the boundaries of
waypoint i at time τ oijg, if arc (i, j) is used. While Constraints (5.16) state that a glider
g must touch or go inside a landing site at the end of its mission.

aijg((xijg(τ oijg)− x̄i)2 + (yijg(τ oijg)− ȳi)2) ≤ (hijg(τ oijg) + r̄i)2, ∀(i, j) ∈ A′, ∀g ∈ G
(5.14)

aijg¯
hi ≤ aijghijg(τ oijg) ≤ h̄i, ∀(i, j) ∈ A′,∀g ∈ G (5.15)

aijg((xijg(τ fijg)− x̃i)2 + (yijg(τ fijg)− ỹi)2 + h2
ijg(τ

f
ijg)) ≤ r̃2

j ,∀i ∈ V,∀j ∈ L,∀g ∈ G
(5.16)

Having the gliders at an unfavourable angular orientation (a.k.a. attitude) when taking
pictures is an undesirable solution that must be avoided. Constraints (5.17) and (5.18)
make sure that glider g is nearly in a “flat” position (i.e., in level flight within very small
flight path (γ̂) and roll (µ̂) angles) at the moment it takes a picture of waypoint i.

− γ̂ ≤ aijgγijg(τ oijg) ≤ γ̂,∀(i, j) ∈ A′, ∀g ∈ G (5.17)

− µ̂ ≤ aijgµijg(τ oijg) ≤ µ̂, ∀(i, j) ∈ A′, ∀g ∈ G (5.18)

Constraints (5.19–5.23) are related to the flight dynamics of the gliders. Constraints
(5.19) enforce the flight dynamics of glider g to be applied if this glider flies through arc
(i, j). Constraints (5.20–5.22) ensure the continuity of state, control and time variables
is maintained if arc (i, j) precedes arc (j, k) in a solution. Constraints (5.23) keep the
time variable within its bounds on arc (i, j).

ẏijg = fg(yijg(τijg),uijg(τijg), τijg)aijg,∀(i, j) ∈ A,∀g ∈ G (5.19)

yjkg(τ ojkg)aijg = yijg(τ fijg)aijgajkg,∀(i, j), (j, k) ∈ A,∀g ∈ G (5.20)

ujkg(τ ojkg)aijg = uijg(τ fijg)aijgajkg,∀(i, j), (j, k) ∈ A,∀g ∈ G (5.21)
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τ ojkgaijg = τ fijgaijgajkg,∀(i, j), (j, k) ∈ A, ∀g ∈ G (5.22)

τ oijg ≤ τijg ≤ τ
f
ijg, ∀(i, j) ∈ A, ∀g ∈ G (5.23)

Finally, Expressions (5.24–5.27) define the domain of the optimisation variables.

aijg ∈ {0, 1}, ∀(i, j) ∈ A, ∀g ∈ G (5.24)

yijg(τijg) ∈ R6,∀(i, j) ∈ A,∀g ∈ G (5.25)

uijg(τijg) ∈ R2, ∀(i, j) ∈ A, ∀g ∈ G (5.26)

τ oijg, τ
f
ijg ∈ R.∀(i, j) ∈ A, ∀g ∈ G (5.27)

5.4 A heuristic method for trajectory optimisation

In this section, we propose an efficient trajectory optimisation heuristic developed for
finding feasible trajectories for a glider flying through several waypoints. Our so-called
STO heuristic can be summarised as follows. In order to simplify the glider’s dynamics
we linearise the EOMs (3.13) under the steady-state conditions presented in Section 5.2.
Next, for a given glider and its assigned route (sequence of waypoints), we divide the
glider’s multi-phase trajectory flying through the waypoints into several phases, one for
each arc (or segment) of the route. Each phase can be solved efficiently, for a fixed
flight duration, by a SOCP TO formulation. The flight time on each arc of the route
is minimised heuristically by using the SOCP formulation as a subproblem. In the next
sections, we discuss each component of our algorithm in details.

In order to simplify Equation (3.13) into a more numerically tractable form, we employ
the same linearisation technique used in Section 4.4.1. Let us recall variables δy(τ) =
y(τ) − yeq and δu(τ) = u(τ) − ueq as perturbations over state and control variables,
respectively. A linear dynamics can be achieved by applying the first order Taylor’s
expansion to Equation (3.13):

T (yeq,ueq, δy, δu, τ) = f(yeq,ueq, τ) + ∂f(yeq,ueq, τ)
∂y δy(τ) + ∂f(yeq,ueq, τ)

∂u δu(τ).

(5.28)

When considering the the equilibrium condition, the first term of Equation (5.28) equals
zero by definition. Moreover, we disregard he higher order terms of the Taylor’s expan-
sion for convenience. Matrices A = ∂f(yeq ,ueq ,τ)

∂y and B = ∂f(yeq ,ueq ,τ)
∂u represent the

Jacobians of the EOMs (3.13) with respect to state and control variables. Let us define
yeq(ij) and ueq(ij) as the equilibrium state and controls of arc (i, j) ∈ A. Hence, we can
approximate the EOMs (5.9) of the glider g flying through arc (i, j) by the linear system



Chapter 5 A Trajectory Optimisation-based Matheuristic for the GRTOP 69

dynamics in state-space form as shown in Equation (5.29).

ẏijg = Aδyijg(τ) +Bδuijg(τ), (5.29)

The linear EOMs (5.29) are expected to be a good approximation of Equation (3.13),
provided that the glider is restricted to small motions around the equilibrium conditions
yeq and ueq. A simple numerical integration experiment can be carried out to show
that by constraining the control variables u to small perturbations around ueq leads to
a satisfactory approximation of the actual system dynamics. In fact, our preliminary
computational experiments showed that adding small perturbation constraints for u into
our optimisation framework was already sufficient to decrease approximation errors.

5.4.1 A single phase trajectory optimisation subproblem

In this section, we are interested in finding an optimal trajectory for a glider g flying
through an arc (i, j) ∈ A, which turns out to be a subproblem in our STO heuristic.
Such optimal trajectory is determined by solving a SOCP formulation presented further
in this section. For simplicity, we will omit the i, j and g subscripts on state, control
and time variables. It is assumed a fixed flight duration, denoted as ∆τ = τ f − τ o, for
the glider g flying on arc (i, j).

In this section, we employ a direct collocation method for optimising the trajectory
of a glider flying through a single arc of a route. Let y(τ) and u(τ) be the state
and control variables of a glider g flying through arc (i, j), where τ ∈ [τ o, τ f ], and let
T = {0, . . . , N − 1} be the set of N collocation points (or time indices). By discretising
the time interval [τ o, τ f ] over T , we can define a uniform time grid τt = τo+ηt, where the
index t ∈ T represents a time instant τt within the interval [τ o, τ f ] and η = τf−τo

N−1 is an
uniform step size. Let yt and ut represent the approximations of the state and control,
respectively, at time τt. Computational experiments in Section 4.5.3 suggested that
Euler’s discretisation usually yields simpler optimisation problems that can be solved
efficiently by existing solvers. The Euler’s method applied to the linear dynamical system
defined by Equation (5.29) leads to the following discretised EOMs, with predefined
initial conditions yo and uo:

yt+1 = yt + η(Aδyt +Bδut), ∀t ∈ T. (5.30)

y0 = yo,u0 = uo (5.31)

Equations (5.30–5.31) will be embedded into our TO subproblem as part of our direct
collocation procedure. The feasibility of the EOM (5.30) can be improved by relaxing
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its equality requirement around an error variable, here denoted as ε. Constraints (5.32–
5.33) will substitute Constraints (5.30) in our subproblem formulation.

yt+1 ≤ yt + η(Aδyt +Bδut) + 1ε (5.32)

yt+1 ≥ yt + η(Aδyt +Bδut)− 1ε. (5.33)

By assuming that waypoints are visited in the last time step, here denoted as tf , one can
define the visiting constraints for the glider flying to any waypoint in set V by means of
Inequalities (5.34–5.37). More precisely, Constraints (5.34) and (5.35) ensure that the
glider will lie within the waypoint’s boundaries at the last time step corresponding to
the phase (i, j) whereas Constraints (5.36) and (5.37) guarantee that the glider will be
in a proper angular orientation in order to take a picture, i.e., the final flight path and
roll angles should be within a small interval predetermined, respectively, by γ̂ and µ̂.

(xtf − x̄)2 + (ytf − ȳ)2 ≤ (htf + r̄)2 (5.34)

¯
h ≤ htf ≤ h̄ (5.35)

− γ̂ ≤ γtf ≤ γ̂ (5.36)

− µ̂ ≤ µtf ≤ µ̂ (5.37)

The constraint regarding landing sites can be defined in a similar way, i.e., for any arc
(i, j), j ∈ L, Constraint (5.38) ensures that the glider is within the landing site’s covering
region at the last time step (tf ) in that arc.

(xtf − x̃)2 + (ytf − ỹ)2 + h2
tf
≤ r̃2 (5.38)

As discussed in Section 5.4, the glider’s EOMs have been linearised around some steady-
state conditions. In order to reduce the errors associated to the linearisation we introduce
the so-called small perturbation constraints (Inequalities (5.39) and (5.40)) on the control
variables CL (lift coefficient) and µ (roll angle). Preliminary experiments showed that
these constraints helped reducing the linearisation errors without overly compromising
our algorithm’s performance.

CL,eq − δ ≤ CL,t ≤ CL,eq + δ, ∀t ∈ T (5.39)

µeq − δ ≤ µt ≤ µeq + δ, ∀t ∈ T (5.40)

From Constraints (5.31–5.40), we are able to define our SOCP TO subproblems as
follows. We seek to minimise the error associated with the relaxation of the discretised
dynamic represented by Equations (5.30–5.31) in the objective function (5.41). If the
end point of arc (i, j) belongs to the set of waypoints, our optimisation subproblem
includes visiting Constraints (5.34–5.37). Otherwise, if the ending point is a landing
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site, i.e., j ∈ L, our subproblem includes Constraint (5.38) instead. We also include
the small perturbartion Constraints (5.39–5.40). Finally, Constraint (5.42) defines the
domain of the optimisation variables.

SOCP min ε (5.41)

s.t. (5.31–5.33)

(5.34–5.37) or (5.38)

(5.39–5.40)

ε ∈ R≥0,yt ∈ R6,ut ∈ R2, ∀t ∈ T. (5.42)

5.4.2 Sequential trajectory optimisation heuristic

This section presents the STO heuristic developed to find feasible trajectories, i.e., feasi-
ble states and controls for a glider flying through several waypoints. A feasible trajectory
is basically an infinite-dimensional problem defining the state and control of a dynamical
system. According to Zhou et al. (2017), even constructing a feasible trajectory under
nonlinear constraints is a challenging problem.

Our STO heuristic can be described as follows. Let S be the set of all subsequences
(or routes) of V starting at 0 and ending at a launching point in L, such that every
waypoint is visited exactly once. W.l.o.g., we can define an element r of S as r =
(i0, i1, . . . , il), i1, . . . , il−1 ∈ V and il ∈ L. The trajectory of a glider flying through
route r is then divided into nr − 1 phases according to each arc of the route, where nr
denotes the number of elements in route r. For a fixed flight time, each single-phase
TO between two waypoints can be solved to optimality as explained in Section 5.4.1.
The minimum flight time on each phase is computed heuristically. Each phase in route
r is then connected in such a way that the initial conditions of arc (j, k) equals the final
conditions of arc (i, j) if waypoints i, j and k are present in route r in this specific order.

Figure 5.4 illustrates the procedure described above. In this example, we are asked to
find a feasible trajectory for the route r = (0, 1, 2, l), where 1, 2 ∈ V and l ∈ L. The
initial conditions on arc (0, 1) are set such that yo01 = yo, uo01 = uo and τ o01 = 0, where yo

and uo are known beforehand (Figure 5.4(a)). The shortest flight duration (τ f01−τ o01) on
arc (0, 1) is computed heuristically and its corresponding trajectory (y01(τ01),u01(τ01)) is
solved to optimality as explained in Section 5.4.1. If no optimal trajectory can be found
for arc (0, 1) with a flight duration smaller than a given threshold (FTMax), the algorithm
stops and the route is considered infeasible. Otherwise, the solution corresponding to
the arc (0, 1) is stored and the algorithm proceeds to the next arc, i.e., (1, 2). The
continuity of the trajectory along route r is maintained by setting the initial conditions
of arc (1, 2) equal to the final conditions of arc (0, 1) as in Figure 5.4(b). After the last
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arc (2, l) is processed (Figure 5.4(c)), the total flight time corresponding to route r can
be computed as τ f2l − τ o01.
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Figure 5.4: Illustration of the STO procedure.

Algorithm 1 illustrates the pseudocode of the procedure to find feasible trajectories
for a glider. The algorithm starts with the initialisation of the auxiliary variables ȳ,
ū and τ̄ , and the initialisation of the route cost f(r) (line 1). The main loop of our
heuristic iterates over the arcs of the route r (lines 3–15). The state and control variables
associated with arc (i, j) ∈ r are initialised with an empty value (line 4). Next, the initial
conditions (yoij and uoij), the initial and final times (τ oij and τ fij), the error variable (εij),
the cost (cij) and the status associated with arc (i, j) are initialised (lines 5–6). The
loop on lines (7–9) attempts to optimise the trajectory of the glider associated to route r
between waypoints i and j. While an optimal trajectory is not found and the final flight
time on arc (i, j) is smaller than a threshold value FTMax, the flight time is incremented
by one unit of time (line 8). The TO model is then solved to optimality for a fixed τ fij ,
returning the optimal trajectory between waypoints i and j (represented by yij(τij) and
uij(τij)), the status of the optimisation and the error εij associated with the trajectory. If
an optimal solution is obtained, the route cost is incremented and the auxiliary coupling
variables ȳ, ū and τ̄ are updated (lines 11–12) thus maintaining the continuity of the
trajectory associated with route r. Otherwise, the algorithm terminates and a very large
route cost is returned (line 14). If an optimal trajectory is found for every arc of route
r, the algorithm returns the real solution cost of r (line 15).

5.5 Proposed matheuristic algorithm

This section describes the proposed matheuristic algorithm, denoted as ILS-STO, for
solving the GRTOP defined in Section 5.3. The developed approach consists of a multi-
start ILS combined with a Randomized Variable Neighbourhood Descent (RVND) pro-
cedure (Subramanian, 2012), a Set Partitioning (SP) integer programming formulation
and the STO algorithm described in Section 5.4.
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Algorithm 1 STO
1: Procedure STO(r, FTMax)
2: ȳ← yo; ū← uo; τ̄ ← 0; f(r)← 0
3: for each arc (i, j) in route r do
4: yij(τij)← NULL; uij(τij)← NULL
5: yo

ij ← ȳ; uo
ij ← ū; τo

ij ← τ̄ ; τf
ij ← τ̄ ; εij ← 0; cij ←∞

6: status← not optimal
7: while status 6= optimal and τf

ij < FTMax do
8: τf

ij ← τf
ij + 1

9: [status, εij ,yij(τij),uij(τij)]← TrajectoryOptimisation(τf
ij , εij)

10: if status = optimal then
11: f(r)← f(r) + τf

ij + εij

12: ȳ← yf
ij , ū← uf

ij , τ̄ ← τf
ij

13: else
14: return ∞
15: return f(r)
16: end STO.

For a given arc (i, j) ∈ A, let d̃ij = ||(x̄i, ȳi) − (x̄j , ȳj)||2 be an estimate flight distance
and ṽij be the equilibrium flight velocity (veq, as computed in Section 5.2.1) between
waypoints i and j. We estimate the cost between waypoints i and j as t̃ij = d̃ij/ṽij .
Hence, the estimate cost of an arbitrary route r can be defined as in Equation (5.43).

f̃(r) =
∑

(i,j)∈r
t̃ij (5.43)

Note that determining the value of f̃(r) is trivial since each t̃ij , (i, j) ∈ A, can be
precomputed in constant time and only once. Let us denote ng = |G| as the number
of available gliders. The estimate cost of a solution s is thus computed as f̃(s) =
maxr=1,...ng{f̃(r)}.

Computing the actual cost time between waypoints i and j is computationally expen-
sive, because it requires solving a non-trivial TO problem, as discussed in Section 5.4.
Therefore, we resort to the estimation described above while generating an initial solu-
tion and performing local search in order to improve the scalability of the method. Yet,
we are still forced at a certain point to compute the actual cost f(r) of each route r in
a given solution s (i.e., f(s) = maxr=1,...ng{f(r)}). In particular, we chose to limit this
computation to local optimal solutions associated with the estimate costs.

Algorithm 2 shows the pseudocode of ILS-STO. The matheuristic procedure performs
IR restarts (lines 3–17) where at each of them an initial solution is generated using a
greedy randomised insertion heuristic (line 4) whose a detailed description can be found
in Section 5.5.1. Preliminary experiments showed that by performing a umber of restarts
it is possible to improve the overall performance of the algorithm with respect to the
obtained objective function values. In our constructive procedure, routes considered for
insertion in a particular iteration are those where its associated estimate cost is strictly
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smaller than the estimate maximum route cost of the partial solution. The method
then iteratively tries, for IILS iterations, to improve the initial solution by means of
local search (line 8) and perturbation (line 14) mechanisms. The first is explained in
Section 5.5.2, while the latter is described in Section 5.5.3. If a solution s is improved
(with respect to f(.)) after the local search phase (which is performed with respect to
f̃(.)), then the best current solution is updated (lines 10–12). Next, the pool of routes
(RoutePool) is updated by adding the feasible routes from s (line 13). The best solution
found after each restart is possibly updated in lines 16–17. Finally, the algorithm tries
to find the optimal combination of the feasible routes stored in RoutePool by solving
a SP-based problem (see Section 5.5.4) using a general purpose MILP solver (line 18).
Figure 5.5 depicts the procedure described in this section.

Algorithm 2 ILS-STO
1: Procedure ILS-STO(IR, IILS , FTMax, ng)
2: f∗ ←∞; Routepool← NULL
3: for i:=1, . . . , IR do
4: s← GenerateInitialSolution(ng,seed)
5: s′ ← artificial solution with very large flight cost (f(s′)←∞)
6: iter ← 0
7: while iter ≤ IILS do
8: s ← LocalSearch(s)
9: f(s)← maxr∈s{f(r)← STO(r,FTMax)}

10: if f(s) < f(s′) then
11: s′ ← s
12: iter ← 0
13: RoutePool← RoutePool ∪ {feasible routes from s}
14: s ← Perturbation(s′)
15: iter ← iter + 1
16: if f(s′) < f∗ then
17: s∗ ← s′; f∗ ← f(s′)
18: s∗ ← SP(s∗, RoutePool)
19: return s∗

20: end ILS-STO.

5.5.1 Initial solution

The purpose of our initial solution method (GenerateInitialSolution) is to find fea-
sible solutions with relatively simple algorithms. We present two different insertion
procedures, namely, a Sequential Insertion (SI) method and a Parallel Insertion (PI)
method. These are explained in more details in Section 5.5.2. Moreover, we apply two
different insertion criteria, namely, a Cheapest Insertion (CI) criterion and a Modified
Nearest Insertion (MNI) criterion. These are detailed in Section 5.5.1.1.

Algorithm 3 presents the pseudocode of our constructive procedure. The inputs of our
initial solution procedure are the number of available gliders (ng) and a random seed.
First, the maximum number of waypoints in a route is estimated (line 2). A Candidate
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Figure 5.5: Flowchart of the ILS-STO algorithm.

List (CL), containing all waypoints from V , and an empty solution s are initialised
(lines 3–4). Next, the launching point is added to the beginning of each initial route
(lines 5–6). The insertion criterion and strategy are selected at random (lines 7–8). If
SI is chosen, the sequential insertion procedure is called with the insertion criterion as a
parameter (lines 9–10). Otherwise, the parallel insertion method is called (12). Finally,
a randomly chosen landing site is added to the end of each route (line 13–14).

5.5.1.1 Insertion criteria

The cost of inserting an unvisited waypoint k ∈ CL in a given route r assigned to a
glider is computed as in Equation (5.44), according to the selected criterion. If the CI
criterion is chosen, the cost of inserting a waypoint k in a route r is computed between
every pair of adjacent points i and j belonging to r. If the MNI criterion is chosen, the
cost of inserting a waypoint k ∈ CL after every element i belonging to r is computed.
The selected movement is always the one associated with the least-cost insertion, i.e.,
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Algorithm 3 GenerateInitialSolution
1: Procedure GenerateInitialSolution(ng,seed)
2: rmax ← 2 + d|V |/nge;
3: Initialize the CL;
4: Let s =

{
r1, . . . , rng

}
be a solution with ng empty routes;

5: for r = 1 . . . ng do
6: sr ← 0;
7: InsertionCriterion← CI or NI (chosen at random);
8: InsertionStrategy ← SI or PI (chosen at random);
9: if InsertionStrategy = SI then

10: s ← SequentialInsertion(s, rmax, CL, InsertionCriterion);
11: else
12: s ← ParallelInsertion(s, rmax, CL, InsertionCriterion);
13: for r = 1 . . . ng do
14: sr ← k ∈ L (chosen at random);
15: return s;
16: end GenerateInitialSolution.

min{g(k, r), k ∈ CL}.

g(k, r) =

t̃ik + t̃kj − t̃ij , if InsertionCriterion = CI

t̃ik, if InsertionCriterion = MNI
(5.44)

5.5.1.2 Insertion strategy

In SI, waypoints are inserted in a single route at each iteration. The pseudocode of SI
is shown in Algorithm 4. While the CL is not empty and there is at least one waypoint
that can be added to the current partial solution (line 2), each candidate is added to
one route according to the selected insertion criterion (lines 3–7). We avoid adding
waypoints to routes which correspond to the current makespan (line 4).

Algorithm 4 SequentialInsertion
1: Procedure SequentialInsertion(s, rmax, CL, InsertionCriterion)
2: while CL 6= Ø do
3: for every route r ∈ s and CL 6= Ø do
4: if |r| ≤ rmax and r 6= makespan then
5: k′ ← arg min

k

{g(k, r) : k ∈ CL};

6: r ← r ∪ {k′};
7: Update CL;
8: return s;
9: end SequentialInsertion.

In PI, all available gliders and all unvisited waypoints are considered while evaluating
the least-cost insertion. Algorithm 5 presents the pseudocode of PI. While the CL is
not empty, all insertions are evaluated using the selected insertion criterion and the
waypoint associated with the least-cost one is included in the corresponding route (lines
2–5). Routes associated with the current makespan are also avoided in PI.
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Algorithm 5 ParallelInsertion
1: Procedure ParallelInsertion(s, rmax, CL, InsertionCriterion)
2: while CL 6= Ø do
3: k′, r′ ← arg min

k,r

{g(k, r) : k ∈ CL, r ∈ s : |r| ≤ rmax};

4: r′ ← r′ ∪ {k′};
5: Update CL;
6: return s;
7: end ParallelInsertion.

5.5.2 Local search

We apply a RVND procedure, based on the method presented by Subramanian (2012),
for performing the local search. Let N be the set of inter-route neighbourhoods, that is,
those involving more than one route. RVND starts by randomly choosing a neighbour-
hood η ∈ N , and determining the best improving move. If no improvements have been
found, a neighbourhood other than η is selected at random until all neighbourhoods fail
to improve the best current solution. In case of improvement, RVND restarts after per-
forming a search in the modified routes also using a RVND scheme, but with intra-route
neighbourhoods, that is, those involving moves within the route.

Algorithm 6 shows the LocalSearch method. The algorithm starts by initialising the
neighbourhood list N . The main loop of the algorithm runs until N is empty (lines
3–19). The loop starts by choosing a inter-route operator η ∈ N at random (line 4).
Next, the best move is selected (line 5) and the least-cost solution is updated accordingly
(lines 6–7). Let N ′ be an intra-route neighbourhood list. We perform an intensification
step while N ′ is not empty (lines 9–16). Within this loop, a neighbourhood η′ ∈ N ′

is randomly selected and a local search is performed until no more improvements to
the best current solution are found. Both inter- and intra-route neighbourhood sets are
reinitialised every time an improvement is made (lines 14 and 17, respectively).

5.5.2.1 Inter-route operators

The inter-route search consists of three basic operators, namely, Shift(k), Swap(k1, k2)

and Cross. These neighbourhoods are only applied when at least one of the routes has an
estimate cost that is equal to the estimate maximum route cost of the current solution.
For example, in Shift(k), we only consider moving k adjacent waypoints from the
route whose estimate cost matches the maximum but not the other way around as there
cannot be any improvements in the solution cost by inserting a waypoint in the route
associated with the maximum cost. In what follows, we provide some details on the
implementation of the inter-route operators.
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Algorithm 6 LocalSearch
1: Procedure LocalSearch(s)
2: Initialize the inter-route neighbourhood set (N );
3: while N 6= Ø do
4: Choose a neighbourhood η ∈ N at random;
5: Find the best neighbour s′ of s ∈ η;
6: if f(s′) < f(s) then
7: s← s′;
8: Initialize the intra-route neighbourhood set (N ′);
9: while N ′ 6= Ø do

10: Choose a neighbourhood η′ ∈ N ′ at random;
11: Find the best neighbour s′ of s ∈ η′;
12: if f(s′) < f(s) then
13: s← s′;
14: Update N ′; {N ′ is populated with all inter-route neighbourhood structures}
15: else
16: Remove η′ from N ′;
17: Update N ; {N is populated with all inter-route neighbourhood structures}
18: else
19: Remove η from N ;
20: return s;
21: end LocalSearch.

• Shift(k): This operators consists of moving k adjacent waypoints from a route
r1 to a route r2. Algorithm 7 illustrates the pseudocode of Shift(k). We recall
that moves are not evaluated if r2 corresponds to the current makespan.

Algorithm 7 Shift(k)
1: Procedure Shift(k, s)
2: for r1 = 1 . . . ng do
3: for r2 = 1 . . . ng do
4: if r1 6= r2 then
5: for every waypoint i ∈ r1 do
6: for each position j ∈ r2 do
7: Evaluate cost f̃(s′) of transferring k adjacent waypoints ∈ r1 to position j in r2;
8: if f̃(s′) < f̃∗ then
9: f̃∗ ← f̃(s′);

10: s∗ ← s′;
11: if f̃∗ < f̃(s) then
12: s← s∗;
13: return s;
14: end Shift(k).

• Swap(k1, k2): This operators consists of exchanging k1 adjacent waypoints from
a route r1 with k2 adjacent waypoints from a route r2. This move only occurs if
at least r1 or r2 correspond to the current makespan. Algorithm 8 illustrates the
pseudocode of Swap(k1, k2).

• Cross: This operator consists of removing the arc between adjacent waypoints k
and l, belonging to a route r1, and the one between k′ and l′, from a route r2.
Next, an arc is inserted connecting k and l′ and another is inserted linking k′

and l. Moves are evaluated only if one of the routes correspond to the makespan.
Algorithm 9 illustrates the pseudocode of Cross.



Chapter 5 A Trajectory Optimisation-based Matheuristic for the GRTOP 79

Algorithm 8 Swap(k1, k2)
1: Procedure Swap(k1, k2, s)
2: for r1 = 1 . . . ng do
3: for r2 = r1 + 1 . . . ng do
4: for every k1 adjacent waypoints ∈ r1 do
5: for every k2 adjacent waypoints ∈ r2 do
6: Evaluate cost f̃(s′) of exchanging k1 waypoints ∈ r1 with k2 waypoints ∈ r2;
7: if f̃(s′) < f̃∗ then
8: f̃∗ ← f̃(s′);
9: s∗ ← s′;

10: if f̃∗ < f̃(s) then
11: s← s∗;
12: return s;
13: end Swap(k1, k2).

Algorithm 9 Cross
1: Procedure Cross(s)
2: for r1 = 1 . . . ng do
3: for r2 = 1 . . . ng do
4: if r1 6= r2 then
5: for every position i in r1 do
6: for every position j in r2 do
7: Evaluate the cost f̃(s′) of removing arc (k, l) ∈ r1, associated with positions i and i+1,

and arc (k′, l′) ∈ r2, associated with positions j − 1 and j, from the current solution,
and inserting arcs (k, l′) and (k′, l);

8: if f̃(s′) < f̃∗ then
9: f̃∗ ← f̃(s′);

10: s∗ ← s′;
11: if f̃∗ < f̃(s) then
12: s← s∗;
13: return s;
14: end Cross.

5.5.2.2 Intra-route operators

Solutions associated with our intra-route operators are evaluated as in the TSP. After
performing the intra-route local search, the algorithm updates, if necessary, the maxi-
mum route cost. Our intra neighbourhood structures are defined as follows:

• Or-opt(k): This operator consists of removing and reinserting k adjacent way-
points in a different position of the current route. Algorithm 10 illustrates the
pseudocode of Or-opt(k),

• 2-opt: This operator consists of deleting two non-adjacent arcs and adding another
two in such a way that a new route is generated. Algorithm 11 illustrates the
pseudocode of 2-opt,

• Exchange: This operator consist of exchanging the positions of two waypoints from
the same route. Algorithm 12 illustrates the pseudocode of Exchange.
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Algorithm 10 Or-opt(k)
1: Procedure Or-opt(k, s)
2: for r = 1 . . . ng do
3: if r is the current makespan then
4: for every position i in r do
5: for every position j in r do
6: if i 6= j and k adjacent waypoints can be moved from i to j then
7: Evaluate cost f̃(s′) of reallocating k adjacent waypoints from position i to position j;
8: if f̃(s′) < f̃∗ then
9: f̃∗ ← f̃(s′);

10: s∗ ← s′;
11: if f̃∗ < f̃(s) then
12: s← s∗;
13: r ← 1;
14: return s;
15: end Or-opt(k).

Algorithm 11 2-opt
1: Procedure 2-opt(s)
2: for r = 1, . . . , ng do
3: if r is the current makespan then
4: for i = 1 . . . |r| − 3 do
5: for j = i+ 3...|r| do
6: Evaluate cost f̃(s′) of deleting arcs (k, l), relative to positions i and i + 1, and (k′, l′),

relative to positions j−1 and j, then adding arcs (k, k′) and (l, l′), and reversing the arcs
between l and k′;

7: if f̃(s′) < f̃∗ then
8: f̃∗ ← f̃(s′);
9: s∗ ← s′;

10: if f̃∗ < f̃(s) then
11: s← s∗;
12: r ← 1;
13: return s;
14: end 2-opt.

Algorithm 12 Exchange
1: Procedure Exchange(s)
2: for r = 1, . . . , ng do
3: if r is the current makespan then
4: for i = 2 . . . |r| − 2 do
5: for j = i+ 1...|r| − 1 do
6: Evaluate cost f̃(s′) of swapping waypoints k and l relative to positions i and j, respec-

tively;
7: if f̃(s′) < f̃∗ then
8: f̃∗ ← f̃(s′);
9: s∗ ← s′;

10: if f̃∗ < f̃(s) then
11: s← s∗;
12: r ← 1;
13: return s;
14: end Exchange.

5.5.3 Perturbation mechanism

Two perturbation mechanisms were adopted. Whenever the Perturbation function is
called, one of the moves below is randomly selected. The only special case happens if a
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solution s consists of a single route. In this case, part of this route is randomly sorted
so that a new route is generated.

• M Swap(1, 1): Consists of performing multiple random Swap(1, 1) moves.

• M Shift(1, 1): Consists of performing multiple random Shift(1, 1) moves.

5.5.4 A set partitioning-based approach

Let R be the set of all feasible routes with associated cost cj , j ∈ R. Also, let Ri ⊆ R
be the set of all feasible routes containing the waypoint i ∈ V . Define yj as a binary
variable that assumes value 1 if a route j ∈ R is in the solution and 0 otherwise, and
Cmax as the variable associated with the maximum route cost. One can write a SP-based
formulation for the GRTOP described in Section 4.3 as follows:

min Cmax (5.45)

s.t.
∑
j∈Ri

yj = 1 i ∈ V (5.46)

∑
j∈R

yj ≤ ng (5.47)

Cmax ≥ cjyj j ∈ R (5.48)

yj ∈ {0, 1} j ∈ R (5.49)

The objective function (5.45) minimises the maximum route cost which is bounded by
Constraints (5.48). Constraints (5.46) state that there should be exactly one route
associated with each waypoint i ∈ V . Constraint (5.47) imposes an upper bound on the
number of gliders. Constraints (5.49) define the domain of the variables.

Since it is prohibitively expensive to determine all feasible routes, we actually solve a
restricted version of model (5.45–5.49) which is composed of a subset of routes R′ ⊆ R
obtained by ILS-STO.

5.6 Computational experiments

ILS-STO was coded in C++ and executed in an Intel Core i7-4770 CPU with 3.40GHz
and 16GB of RAM running under Linux Mint 17 64bits (kernel 3.13.0-24). The software
CPLEX 12.7 was used, in its standard configuration, to solve the SOCP subproblems
described in Section 5.4.1.

In this section, the method for generating instances closely follows the procedure pre-
sented in Section 4.5.1. We have generated instances having n ∈ {10, . . . , 50} waypoints
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and m ∈ {3, 4, 5} landing zones. The number of gliders is computed by ng = bn/2c, ng ≤
10. Table 5.2 shows the values of the parameters defining waypoints and landing zones
as well as the dimensions of the area containing them (units are indicated as necessary).
Five different instances were created for each combination of number of waypoints and
landing zones. Let U [a, b] denote the continuous uniform distribution from a to b. The
launching altitude ho, in km, has been chosen from U [4, 5]. These limits on the launching
altitude are based on the values used by Crispin (2016) for an area of 10km2. Applying
nomenclature similar to the one used in Section 4.5.1, we will refer to the instances cre-
ated in this section as large range instances (represented by ”L“ in the instance name).
During all of our experiments, the discretisation size N has been set to 50.

Table 5.2: Parameters defining the geometry of waypoints and landing zones.
Parameter a b Parameter a b
x̄(km) 0 10 x̃(km) 0 10
ȳ(km) 0 10 ỹ(km) 0 10
h̄ 0 0 h̃ 0 0
r̄(m) 10 25 r̃(m) 10 25

¯
h(m) 50 100 xo(km) 0 10
h̄(m) 200 300 yo(km) 0 10

We ran ILS-STO ten times for each instance and the results obtained are reported in
Table 5.3. In this table, Instance denotes the name of the instance. Best Obj. and
Avg. Obj. correspond to the best and average solution costs, respectively. Gap
(%) is the average gap between the average and the best solution costs computed as
100 × [(Avg. Obj. − Best Obj.)/Best Obj.]. Time(s) represents the average makespan
and Error the average value of ε. CPU(s) is the average CPU time in seconds spent
by ILS-STO, whereas TO(%s) is the proportion of CPU(s) spent on STO alone.

Table 5.3: Computational results for the randomly generated instances.
Instance Best Obj. Avg. Obj. Gap(%) Time(s) Error CPU(s) TO(%s)
grtopL 103 1 674.32 674.32 0.00 561.38 112.95 27.42 99.89
grtopL 103 2 373.51 373.51 0.00 311.36 62.15 35.90 99.89
grtopL 103 3 538.21 538.21 0.00 501.55 36.66 44.52 99.89
grtopL 103 4 398.73 399.00 0.00 335.93 62.79 43.15 99.90
grtopL 103 5 524.90 524.89 0.00 455.51 69.38 29.35 99.89
grtopL 104 1 369.78 414.52 12.10 341.66 72.85 38.36 99.89
grtopL 104 2 416.04 418.81 0.33 375.49 41.94 37.24 99.89
grtopL 104 3 481.18 481.39 0.02 434.64 46.64 28.31 99.90
grtopL 104 4 390.38 443.45 13.42 393.14 49.64 36.04 99.90
grtopL 104 5 422.27 422.27 0.00 360.92 61.35 45.63 99.89
grtopL 105 1 469.63 469.63 0.00 433.88 35.75 40.21 99.88
grtopL 105 2 355.34 373.46 3.31 312.54 54.58 44.93 99.89
grtopL 105 3 346.34 346.34 0.00 311.24 35.10 31.20 99.90
grtopL 105 4 365.56 389.14 4.63 310.16 72.32 33.62 99.89
grtopL 105 5 400.67 416.75 2.15 360.57 48.72 37.00 99.89
grtopL 203 1 344.66 349.92 0.00 303.62 41.04 92.17 99.88
grtopL 203 2 453.83 453.83 0.00 404.72 49.11 79.76 99.89
grtopL 203 3 411.97 413.03 0.26 374.58 38.45 80.51 99.89
grtopL 203 4 456.31 456.62 0.06 398.38 58.23 60.86 99.90
grtopL 203 5 454.26 454.26 0.00 395.70 58.56 71.18 99.90
grtopL 204 1 402.10 412.64 1.39 368.30 39.40 69.42 99.87
grtopL 204 2 444.87 475.13 6.37 389.15 84.06 62.66 99.89

continues in the next page
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Table 5.3 – continued from previous page
Instance Best Obj. Avg. Obj. Gap(%) Time(s) Error CPU(s) TO(%s)
grtopL 204 3 543.11 543.11 0.00 472.21 70.91 59.25 99.87
grtopL 204 4 480.02 480.46 0.03 446.92 33.26 89.72 99.89
grtopL 204 5 354.60 362.92 0.53 303.35 53.11 105.62 99.88
grtopL 205 1 354.50 361.31 1.54 306.10 53.86 72.99 99.88
grtopL 205 2 428.15 429.45 0.25 385.61 43.62 80.54 99.90
grtopL 205 3 440.20 440.20 0.00 396.93 43.27 78.76 99.90
grtopL 205 4 396.84 396.84 0.00 356.98 39.85 79.49 99.89
grtopL 205 5 396.63 396.63 0.00 326.59 70.04 68.98 99.88
grtopL 303 1 588.31 596.05 0.92 522.61 71.12 126.54 99.86
grtopL 303 2 503.17 507.25 0.81 444.49 62.77 96.35 99.89
grtopL 303 3 389.54 393.47 0.00 360.83 28.71 129.48 99.85
grtopL 303 4 425.56 436.05 1.81 384.10 49.15 146.09 99.87
grtopL 303 5 415.57 438.65 5.07 348.30 88.32 117.28 99.84
grtopL 304 1 400.11 406.88 0.37 359.96 41.64 133.73 99.84
grtopL 304 2 375.13 381.04 0.45 327.71 49.09 138.75 99.85
grtopL 304 3 374.75 377.88 0.00 341.29 33.46 135.53 99.86
grtopL 304 4 378.89 404.03 2.93 354.79 35.21 116.23 99.84
grtopL 304 5 421.70 422.31 0.15 366.61 55.71 127.02 99.86
grtopL 305 1 504.22 504.22 0.00 465.32 38.90 132.55 99.87
grtopL 305 2 411.22 416.08 0.00 388.40 22.82 172.39 99.87
grtopL 305 3 444.09 444.09 0.00 396.10 47.99 117.51 99.85
grtopL 305 4 358.85 366.87 1.41 314.59 49.32 121.17 99.84
grtopL 305 5 395.76 411.80 3.43 336.88 72.44 93.03 99.85
grtopL 403 1 438.00 449.17 1.18 392.04 51.11 179.79 99.82
grtopL 403 2 483.42 483.69 0.05 431.97 51.69 120.92 99.86
grtopL 403 3 409.65 409.65 0.00 348.33 61.32 135.14 99.79
grtopL 403 4 472.97 487.56 1.01 410.84 66.91 184.69 99.82
grtopL 403 5 390.15 408.51 2.01 364.11 33.89 194.53 99.82
grtopL 404 1 443.04 443.86 0.14 408.25 35.42 174.97 99.84
grtopL 404 2 474.87 474.87 0.00 415.63 59.23 145.55 99.82
grtopL 404 3 379.25 388.37 1.37 332.28 52.15 179.84 99.79
grtopL 404 4 479.75 488.80 0.32 440.75 40.53 173.03 99.82
grtopL 404 5 510.66 523.30 1.34 472.18 45.33 153.21 99.85
grtopL 405 1 511.35 526.68 3.00 446.68 80.00 135.54 99.85
grtopL 405 2 389.05 397.44 0.92 349.57 43.07 187.04 99.80
grtopL 405 3 424.95 427.46 0.07 387.33 37.90 197.51 99.81
grtopL 405 4 462.53 483.55 1.30 421.97 46.56 172.52 99.83
grtopL 405 5 450.86 456.31 0.34 398.53 53.84 177.90 99.83
grtopL 503 1 417.98 425.57 0.29 372.67 46.51 251.62 99.78
grtopL 503 2 381.15 393.29 1.54 343.96 43.06 232.28 99.76
grtopL 503 3 447.50 449.18 0.09 410.16 37.74 238.63 99.83
grtopL 503 4 487.47 494.21 1.35 444.66 49.39 159.25 99.84
grtopL 503 5 409.65 431.03 2.22 368.68 50.08 244.63 99.76
grtopL 504 1 398.75 400.93 0.12 358.41 40.80 260.52 99.79
grtopL 504 2 433.49 448.69 1.19 383.27 55.39 219.62 99.81
grtopL 504 3 464.63 473.04 1.81 415.38 57.66 226.94 99.79
grtopL 504 4 414.33 428.03 0.93 380.53 37.66 230.23 99.79
grtopL 504 5 451.14 460.33 1.08 413.30 42.73 286.28 99.82
grtopL 505 1 371.25 388.35 3.61 335.19 49.47 254.46 99.79
grtopL 505 2 424.97 434.93 1.14 381.41 48.38 229.34 99.79
grtopL 505 3 450.11 455.51 0.40 412.01 39.90 250.38 99.81
grtopL 505 4 354.30 380.03 2.82 321.06 43.24 269.68 99.77
grtopL 505 5 412.76 418.05 0.80 365.42 50.65 278.35 99.77

From the results reported on Table 5.3, we can observe that it takes, on average, 385
seconds to photograph waypoints distributed in an area of 10km2. The minimum amount
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of time necessary to finish a mission was around 300 seconds, while the maximum was
around 560 seconds. It is important to notice that the makespan does not seem to
strongly depend on the number of waypoints of an instance. Finally, the error associated
to each each solution takes a value of ε = 51.17, on average. In Section 4.5, we showed
that the value of ε is mostly associated to the value of the position variables (x, y, h),
which may take values of the order of km in our instances. Therefore, the average value
of the error can be considered negligible when compared to the magnitude of the position
variables. In fact, the maximum value of the error term in our experiments was 122.95,
which is also negligible in comparison with the magnitudes of x, y and h.

From a computational point of view, one can observe that ILS-STO is capable of produc-
ing feasible solutions with a small computational effort. The average CPU time spent
by the algorithm was never larger than 287 seconds, while the overall average CPU time
to solve an instance was 130 seconds. We point out that STO is clearly the bottleneck
of the method, as it substantially requires more CPU time than the other steps (as
shown in column TO(%s)). From the relatively small values of the average gaps, we can
verify that the solutions achieved are rather consistent. The overall average gap was
1.28%. Only in three cases the average gap was larger than 5%. For grtopL 104 1 and
grtopL 104 4, the average gap was larger than 12%. Figure 5.6 shows feasible solutions
of two different instances.

(a) Solution of grtopL 205 1. (b) Solution of grtopL 205 5.
Figure 5.6: Depiction of the optimal solutions of two large range instances.

Table 5.4 shows the effect of applying the SP-based approach after the multi-start ILS
procedure. In this table, the average objective function values before and after solving
the SP formulation are reported. Column Avg. Obj. shows the average best found
solution cost before solving the SP formulation, while column SP Obj. reports the
optimal objective function value produced by solving the SP problem. Column Im-
proved shows how much the local optimal cost is improved, on average, by using the
SP module. This improvement is calculated as 100× [(Avg. Obj.−Avg. SP)/Avg. Obj.].
Finally, column Success reports the average success rate of the SP step on improving
the solutions found by ILS-STO.
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Overall, the SP-based approach improved the objective function value by 0.77% on
approximately 40% of the instances, on average. However, if we only consider the larger
instances (with 50 waypoints), the improvement on the optimal value increases to 1.31%
on 64% of the cases, on average. We highlight that the time required to solve the SP
formulation is rather negligible when compared against the overall running times of ILS-
STO. These results suggest that the SP module is useful in our framework, as it helps the
method to improve the average objective function value with little added computational
effort, especially on larger instances.

Table 5.4: Effect of applying the SP-based approach.
Instance Avg. Obj. Avg. SP Improved Success
grtopL 103 1 674.32 674.32 0.00% 0%
grtopL 103 2 373.51 373.51 0.00% 0%
grtopL 103 3 538.21 538.21 0.00% 0%
grtopL 103 4 399.00 398.73 0.07% 10%
grtopL 103 5 524.89 524.90 0.00% 0%
grtopL 104 1 414.52 414.52 0.00% 0%
grtopL 104 2 418.81 417.42 0.33% 10%
grtopL 104 3 481.39 481.28 0.02% 10%
grtopL 104 4 443.45 442.78 0.15% 10%
grtopL 104 5 422.27 422.27 0.00% 0%
grtopL 105 1 469.63 469.63 0.00% 0%
grtopL 105 2 373.46 367.12 1.70% 30%
grtopL 105 3 346.34 346.34 0.00% 0%
grtopL 105 4 389.14 382.48 1.71% 70%
grtopL 105 5 416.75 409.29 1.79% 90%
grtopL 203 1 349.92 344.66 1.50% 60%
grtopL 203 2 453.83 453.83 0.00% 0%
grtopL 203 3 413.03 413.03 0.00% 0%
grtopL 203 4 456.62 456.61 0.00% 10%
grtopL 203 5 454.26 454.26 0.00% 0%
grtopL 204 1 412.64 407.71 1.20% 60%
grtopL 204 2 475.13 473.21 0.40% 30%
grtopL 204 3 543.11 543.11 0.00% 0%
grtopL 204 4 480.46 480.17 0.06% 20%
grtopL 204 5 362.92 356.46 1.78% 90%
grtopL 205 1 361.31 359.96 0.37% 10%
grtopL 205 2 429.45 429.24 0.05% 10%
grtopL 205 3 440.20 440.20 0.00% 0%
grtopL 205 4 396.84 396.84 0.00% 0%
grtopL 205 5 396.63 396.63 0.00% 0%
grtopL 303 1 596.05 593.73 0.39% 30%
grtopL 303 2 507.25 507.25 0.00% 0%
grtopL 303 3 393.47 389.54 1.00% 60%
grtopL 303 4 436.05 433.25 0.64% 50%
grtopL 303 5 438.65 436.62 0.46% 10%
grtopL 304 1 406.88 401.60 1.30% 100%
grtopL 304 2 381.04 376.80 1.11% 100%
grtopL 304 3 377.88 374.75 0.83% 20%
grtopL 304 4 404.03 390.00 3.47% 90%
grtopL 304 5 422.31 422.31 0.00% 0%
grtopL 305 1 504.22 504.22 0.00% 0%
grtopL 305 2 416.08 411.22 1.17% 90%
grtopL 305 3 444.09 444.09 0.00% 0%
grtopL 305 4 366.87 363.91 0.81% 80%

continues in the next page



86 Chapter 5 A Trajectory Optimisation-based Matheuristic for the GRTOP

Table 5.4 – continued from previous page
Instance Avg. Obj. Avg. SP Improved Success
grtopL 305 5 411.80 409.32 0.60% 30%
grtopL 403 1 449.17 443.15 1.34% 90%
grtopL 403 2 483.69 483.66 0.01% 10%
grtopL 403 3 409.65 409.65 0.00% 0%
grtopL 403 4 487.56 477.75 2.01% 100%
grtopL 403 5 408.51 398.00 2.57% 100%
grtopL 404 1 443.86 443.67 0.04% 40%
grtopL 404 2 474.87 474.87 0.00% 0%
grtopL 404 3 388.37 384.43 1.01% 70%
grtopL 404 4 488.80 481.29 1.54% 100%
grtopL 404 5 523.30 517.51 1.11% 60%
grtopL 405 1 526.68 526.68 0.00% 0%
grtopL 405 2 397.44 392.64 1.21% 100%
grtopL 405 3 427.46 425.23 0.52% 70%
grtopL 405 4 483.55 468.53 3.11% 100%
grtopL 405 5 456.31 452.37 0.86% 70%
grtopL 503 1 425.57 419.18 1.50% 90%
grtopL 503 2 393.29 387.03 1.59% 90%
grtopL 503 3 449.18 447.90 0.29% 20%
grtopL 503 4 494.21 494.05 0.03% 30%
grtopL 503 5 431.03 418.76 2.85% 90%
grtopL 504 1 400.93 399.22 0.43% 20%
grtopL 504 2 448.69 438.66 2.23% 90%
grtopL 504 3 473.04 473.04 0.00% 0%
grtopL 504 4 428.03 418.18 2.30% 100%
grtopL 504 5 460.33 456.02 0.93% 80%
grtopL 505 1 388.35 384.66 0.95% 40%
grtopL 505 2 434.93 429.79 1.18% 90%
grtopL 505 3 455.51 451.91 0.79% 80%
grtopL 505 4 380.03 364.30 4.14% 90%
grtopL 505 5 418.05 416.08 0.47% 50%

Figure 5.7 depicts the effect of varying the maximum allowed number of gliders on the
average makespan value for a subgroup of instances. In this figure, the vertical axis
shows the value of the makespan, while the horizontal axis shows each instance in the
considered subgroup. Each category represents the maximum allowed number of gliders
in the fleet (i.e., 1, 4, 7, 10 and 13 gliders). We can observe that the average makespan
tends to decrease (with exceptions) in many cases with the addition of gliders to the
fleet. However, this trend cannot be generalised. For example, if we allow at most 13
gliders in the fleet, the average makespan tends to be larger, for many instances in this
subgroup, than if only 10 gliders are allowed. These results suggest that a reasonable
fleet size lies between 7 and 10 gliders.

Figure 5.8 shows the effect of varying the maximum allowed number of gliders on the
best makespan value for the same subgroup of instances. The results in this figure
confirm our analysis based on the average makespan.

Figure 5.9 shows the utilisation of the fleet for different maximum allowed fleet sizes. In
the vertical axis we report the values of utilisation, defined as the number of gliders used
in the local optimal solution divided by the maximum fleet size. These results indicate
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Figure 5.7: Average makespan for different maximum allowed number of gliders in a
fleet.

Figure 5.8: Best makespan for different maximum allowed number of gliders in a fleet.

that, for most instances in this subgroup, allowing more that 10 gliders in the fleet does
not strongly affect the actual number of used gliders.

Figure 5.9: Utilisation of the fleet for different maximum fleet sizes.
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5.7 Conclusions of the chapter

In this chapter, we presented a heuristic algorithm for the GRTOP. We adopted two
modifications to this problem’s definition. The first modification consists of modelling
TO as a multi-phase optimal control problem, where the dynamics is allowed to change
within a given route. The second one is concerned with the objective function, in which
we seek to minimise the maximum route duration (a.k.a. makespan). We proposed
a matheuristic algorithm for finding feasible solutions with a small computational ef-
fort. The so-called ILS-STO heuristic is composed of two main building blocks: (i) a
Sequential Trajectory Optimisation (STO) heuristic to find feasible trajectories for a
fixed sequence; and (ii) a routing ILS-SP matheuristic, which combines iterated local
search and a set-partitioning formulation, for finding sequences of waypoints that can
be evaluated by STO.

We developed an arc-based Multi-phase Mixed-Integer Trajectory Optimisation Formu-
lation for the GRTOP. In this formulation, each phase of the TO is associated to an arc
in an directed graph. Moreover, each arc contains its own state variables, control vari-
ables and flight dynamics. However, we did not attempt to implement this formulation,
since it is highly nonlinear and nonconvex. Instead, we proposed a heuristic method ca-
pable of finding feasible solutions with a small computational effort. Our STO heuristic
simplifies the multi-phase trajectory optimisation into a sequence of single-phase sub-
problems, which are formulated as SOCPs. Next, each subproblem is solved according
to the sequence defined by the provided route. A feasible trajectory is then constructed
by patching the solutions of each subproblem together in the provided order. Routes
are generated by an ILS-based framework. Our routing matheuristic is based on the
algorithm proposed by Subramanian (2012), where a random variable neighbourhood
search is combined with a ILS metaheuristic and a SP formulation.

We tested the proposed algorithm on 75 new randomly generated instances. Results from
our computational experiments showed that the proposed method is capable of finding
feasible solutions in short computing times. The time required to find a local optimal
solution was never superior to 290 seconds while the overall average gap was only around
1.28%, which shows that our method is sufficiently robust. Our experiments also showed
that the SP-based formulation often helps on improving the objective function value.
Our second set of experiments studied the effect of varying the maximum allowed number
of gliders in the fleet for a subset of instances. Results showed that a fleet containing
between 7 and 10 gliders usually produces better solutions in terms of makespan and
fleet utilisation.
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Conclusions and Future Work

6.1 Research outcomes

In this thesis, we were concerned with problems involving routing and trajectory opti-
misation of UAVs. This type of problem is more challenging than the classic VRP due
the combination of routing, a combinatorial optimisation problem, and optimal control,
which is usually nonlinear and nonconvex. Moreover, we focused on exact and heuristic
methods for the problem of simultaneously optimising the routes and trajectories of a
fleet of aerial gliders.

Our literature review revealed that a formal definition of the UAV Routing and Trajec-
tory Optimisation Problem (UAVRTOP) was yet to be proposed. Most of the research
articles that attempted to solve UAV routing and trajectory optimisation problems relied
on simplifying assumptions that did not represent its complexity in real world applica-
tions. We believe that integrating integrating routing with the flight dynamics of UAVs
is necessary to ensure the feasibility of routes in several scenarios. Generally speaking,
three main issues arise when dealing with UAVRTOPs: (i) how to tackle the set of the
ODEs modelling flight dynamics; (ii) hot to integrate routing and trajectory optimi-
sation in the same framework; and (iii), how to develop a scalable method capable of
solving instances in reasonable computing times.

The main contribution of this thesis can be summarized as follows:

• Motivated by a disaster assessment application, we proposed a variant of the
UAVRTOP, the so-called Glider Routing and Trajectory Optimisation Problem
(GRTOP). In the GRTOP, camera-equipped gliders are due to surveying a num-
ber of risky locations in a post-disaster situation. We employed a set of ODEs to
represent the motion and flight dynamics of gliders, they are referred to as gliders’
EOMs. We introduced a single-phase MINLP for solving the GRTOP. In order
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to avoid a nonconvex and nonlinear formulation, we linearised the EOMs around
some steady-state conditions. Several integration methods were presented in order
to discretise the resulting linear EOMs, namely, an Euler’s method, a Trapezoidal
method, two Runge-Kutta methods and two Adams-Bashforth methods. In ad-
dition, constraints related to the gliders’ EOMs were relaxed and a penalty term
was added to the objective function, resulting in a more tractable MISOCP formu-
lation. We tested the proposed formulation against a large number of randomly
generated instances and real-life based instances. We compared the performance
of the model in several scenarios, considering different solvers, different discretisa-
tions and an alternative relaxation of the EOMs. To the best of our knowledge, this
is one of the first approaches in the literature to integrate routing and trajectory
optimisation of UAVs into a single framework.

• Moreover, we developed matheuristic algorithm for solving the GRTOP. The pro-
posed algorithm is based on two main building blocks, namely, a STO heuristic and
a ILS-SP matheuristic. We introduced a multi-phase MINLP for the GRTOP. Two
main modifications were performed to the original formulation. The first one is
the adoption of a multi-phase TO formulation, instead of a single-phase one. This
allows for changes in the glider’s dynamics within routes. The second one consists
of minimising the duration of the longest route (a.k.a. makespan). The so-called
STO heuristic was designed for solving multi-phase glider TO problems. STO uses
a decomposition scheme, where trajectories are divided into segments according to
the arcs of a given route. Next, each arc is solved as a single-phase SOCP trajec-
tory optimisation subproblem. A feasible solution is then constructed by joining
together the solutions of each arc in the appropriate order. The second building
block of our method is an ILS-SP matheuristic capable of generating sequences
that can be evaluated by STO. ILS-SP is mostly based on existing approaches for
VRPs.

Both algorithms presented in this thesis present advantages and limitations. The ex-
act method introduced in Chapter 4 is one of the first to tackle this type of problem.
Computational experiments with the single-phase model showed that it can be used
for solving small sized problems. Even though this formulation is capable of finding
optimal solutions, accuracy is limited by small discretisation sizes. In addition, high
discretisation sizes are usually associated with long CPU times. On the other hand, our
heuristic algorithm is capable of finding feasible solutions with a small computational
effort. However, only suboptimal trajectories can be found. Another limitation of our
method is related to the linearisation of the glider’s EOMs.

Embedding the glider’s EOMs directly into an optimisation problem generally leads to
non-convex formulations. This work presented a linearisation of the EOM using a first-
order Taylor’s expansion around steady-state conditions. This linearisation allows to
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formulate the resulting TOP as a SOCP and therefore commercial optimisation soft-
ware such as CPLEX and GUROBI can be used. However, the generated trajectories
are highly dependent on steady-state conditions, which means that classical control al-
gorithms might face some difficulties for tracking these trajectories in real life situations.

6.2 Future research

We believe that the work presented here has contributed to the existing literature. So
far, our method relies on the linearisation of the glider’s EOMs. This research can be
extended by considering the original glider’s EOMs. The methods presented in this
thesis can be used to generate initial guesses fora a MINLP considering the original
glider’s dynamics.

Future research avenues involving the GRTOP could consider alternative objective func-
tions, such as optimising the fleet size and mission costs. Alternatively, equity objectives
(e.g., optimising latency or the latest arrival) could also be taken into account. More-
over, the launching position of the gliders can as well be optimised as it might affect
service times. Finally, by employing more accurate glider’s dynamics one could achieve
more realistic solutions. Nonetheless, this would require more sophisticated trajectory
optimisation methods.

Regarding the ILS-STO algorithm, our next research steps would include embedding
STO into the local search phase of ILS. For example, let r1 = (0, 1, 2, 3, 4, 5, 6, 7) be the
current best solution with cost c1. Let us suppose that the neighbour solution r2 =
(0, 1, 2, 3, 4, 6, 5, 7) needs to be evaluated, i.e., the solution cost c2 must be computed.
Note that these solutions are identical until the fifth position, therefore STO would run
only from the sixth position onwards, since the cost of the segment 0−1−2−3−4 would
remain the same. The challenge of performing such modification to our method consists
of integrating the local search and STO without overly compromising the running times
of the algorithm.

Both methods presented in this thesis can be easily adapted to other types of vehicles
with motion constraints, such as unmanned underwater vehicles and powered UAVs. By
replacing the gliders’ dynamics with the appropriate dynamics one could easily apply
the methodology presented in this thesis for solving many classes of UAVRTOPs.
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Appendix

A.1 Methods and applications for the selected literature

Table A.1 highlights the methods and practical applications addressed in the 70 selected
papers.
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Table A.1: Summary of methods and applications on 70 selected papers.
Authors Approach Application
Al-Sabban et al. (2012) Markov decision process Path planning in uncertain wind conditions
Babel (2011) Shortest path algorithms UAV path planning with obstacles
Babel (2012) Shortest path algorithms Path planning in a risk environment
Bae et al. (2015) Dynamic programming and heuristics Risk-constrained shortest path for UCAV
Baiocchi (2014) Heuristic algorithms Path planning for aerial photography
Bandeira et al. (2015) Heuristic algorithms UAV routing for aerial photography
Bednowitz et al. (2012) Simulation model UAV routing in dynamic environment
Besada-Portas et al. (2010) Evolutionary algorithms Real-time UAV path planning
Besada-Portas et al. (2013) Evolutionary algorithms Real-time UAV path planning
Casbeer and Holsapple (2011) Column generation UAV TA with precedence
Chakrabarty and Langelaan (2011) Energy map method Path planning for soaring UAVs
Chen et al. (2016) Genetic algorithm Multi UAV trajectory optimisation
Choe et al. (2016) Pythagorean hodograph bézier curves Cooperative path planning
Cobano et al. (2013) Rapid exploring random trees Cooperative trajectory optimisation
Cons et al. (2014) Heuristic algorithms Integrated TA and path planning
Crispin (2016) Rapid exploring random trees Path planning for aerial gliders
Dilão and Fonseca (2013) Heuristic algorithms Path planning for a hypersonic glider
Edison and Shima (2011) Genetic algorithm Integrated TA and path planning
Enright et al. (2015) Queueing theory UAV routing in stochastic environments
Evers et al. (2014) ILS metaheuristic UAV orienteering problem with time windows
Faied et al. (2010) Mixed-Integer Linear Programming Multi UAV routing problem
Filippis et al. (2011) Shortest path algorithms UAV path planning with obstacles
Forsmo (2012) Mixed-Integer Linear Programming UAV routing and trajectory optimisation
Fügenschuh and Müllenstedt (2015) Mixed-Integer Linear Programming UAV routing and trajectory optimisation
Furini et al. (2016) Mixed-Integer Linear Programming Time dependent UAV routing problem
Gottlieb and Shima (2015) Enumerative and heuristic algorithms Integrated TA and path planning
Guerriero et al. (2014) Multi-objective optimisation UAV routing with time windows
Han et al. (2014) Dynamic programming UAV path planning
Henchey et al. (2016) Enumerative and heuristic algorithms UAV routing problems
Huang et al. (2016) Ant colony optimisation Multi UAV path planning
Hu et al. (2015b) Ant colony optimisation UAV task assignment
Jaishankar and Pralhad (2011) Multi criteria decision analysis UAV path planning
Jiang and Ng (2011) Mixed-Integer Linear Programming Multi UAV routing problem
Kagabo (2010) Fuzzy Logic Path planning for aerial gliders
Kivelevitch et al. (2016) Market-based algorithm UAVs TA problem
Kumar and Padhi (2013) Model predictive static programming UAV trajectory optimisation

Continued on next page
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Table A.1 – continued from previous page
Authors Approach Application
Kwak et al. (2013) Heuristic algorithms Generalised UAVs TA
Levy et al. (2014) Heuristic algorithms UAVs routing with refuelling depots
Liu et al. (2013) Heuristic algorithms Real-time UAV path planning
Liu et al. (2016) Collocation interval analysis method UAV path planning
Manyam et al. (2015) Lagrangian Relaxation Multi depot UAVs routing
Mersheeva (2015) Heuristics and constraint programming UAV routing in disaster assessment
Mufalli et al. (2012) Mixed-Integer Linear Programming and heuristics UAVs routing problems
Murray and Karwan (2010) Mixed-Integer Linear Programming UAVs dynamic TA and routing
Murray and Karwan (2013) Branch-and-bound UAVs dynamic routing
Myers et al. (2016) Shortest path algorithm Real-time UAV path planning
Nguyen et al. (2015) Look-up tables Path planning for aerial gliders
Niccolini et al. (2010) Descriptor functions methodology Multi UAV TA problem
Park et al. (2012) Heuristic algorithms UAV routing
Pepy and Hérissé (2014) Indirect shooting method Trajectory optimisation for an aerial glider
Pharpatara et al. (2015) Geometric path planning Path planning for a hypersonic glider
Rogowski and Maroński (2011) Direct pseudospectral method Trajectory optimisation for an aerial glider
Shanmugavel (2013) Bayesian rule-based algorithm UAV path planning
Silva et al. (2015) Non-linear programming Trajectory optimisation for an aerial glider
Song et al. (2016) Mixed-Integer Linear Programming and heuristics Multi UAV TA problem
Stump and Michael (2011) Mixed-Integer Linear Programming Multi UAV routing problem
Sundar and Rathinam (2014) Heuristic and approximation algorithms UAV routing with refueling depots
Techy et al. (2010) Heuristic algorithm UAV path planning in uniform wind
Thi et al. (2012) Exact and heuristic algorithms UAVs task assignment
Vilar and Shin (2013) Heuristic algorithm Communication-aware TA problem
Wang et al. (2015) Heuristic algorithms Multi UAV TA problem
Wang et al. (2016) Population-based algorithms UAV path planning
Wu et al. (2011) Genetic Algorithm UAV path planning
Xu et al. (2017) Gradient-descent algorithm UAV path planning
Yakıcı (2016) Ant Colony Optimisation UAV location and routing problem
Yang et al. (2015) Heuristic algorithms UAV path planning
Yomchinda et al. (2016) Parametrization techniques and heuristics Aircraft path planning
Zhang et al. (2011) Differential Evolution Algorithm UAVs real-time path planning
Zhang et al. (2012) Heuristic algorithm UAV routing and trajectory optimisation
Zhang et al. (2014) Memetic Algorithm UAV routing problem
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