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ABSTRACT 
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I\"STITCTE OF SOC\"D A\"D VIl3RAT10\" RESEARCH 

Doctor of Philosoph\' 

THE ESTIr.1ATIO\" OF BCBBLE POPCLATIO\"S I\" TIlE SCRF-ZO\"E 

BY I\"VERSIO\" OF ACOCST1C PROPAGAT10\" 

by Steven Douglas \1('crs 

For several decades the propagatioll characteristics of acoustic pulses (at­

tcnuation and sound speed) have heen illwrted in attempts to measurc the 

size distributions of gas bubbles in liquids, Primmily this has heen attcmpted 

in the ocean for defence and environmental purposcs. however there are a 

grmving number of biomedical and industrial applications, III order to sim­

plify the inversion, previous investigators h<:1.\'c assumed that that the bubbles 

are undergoing linear. steady-state monochromatic pulsations in a free field. 

without interacting, These assumptions are always contra\'ened to some ex­

tent. This study examines the validity of the assumptions and iclentifirs thc 

need for a new time-depcndcnt nonlinem mcthod of determining a bubble's 

extinction cross section, Such a model is dewloped and employed in an ex­

periment to estimate the bubble population in the surf-zone. an important 

but seldom measured region of the ocean. where large populations of bub­

bles are generated by breaking waves, The necessary theoretical framework 

to exploit this Ilew model (based OIl the current state-of-the-art technique) is 

developed and employs a new method of determining the optimal regularisa­

tion parameter for use in the inversion process, A series of laboratory tests 

ane! surf-zonc sea trials are described that result in a set of bubble popula­

tions calculated using linear and, for the first time. nonlinear techniques, 
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Chapter 1 

Introduction 

The study of acoustic propagation in the ocean is a field \vhich has been the 

subject of a large amount of research over IIlany years. It has spc1.\vned a huge 

range of applications as diverse as measuring the speed of sound in the ocean 

in order to investigate global warming [1]. the estimation of fish stocks [2] 

and the location of stranded air-men in the Atlantic Ocean [:3]. 

Bubbles are an important physical phenomena in the ocean. It has been 

estimated [4] that the flllx of atmospheric carbon between atmosphere and 

ocean exceeds 1000 million tonnes per annum. This estimate makes no ac­

count of bubble activity which could dramatically increase this figure. Hence 

the estimation of bubble populations is potentially of benefit to climate mod­

elling and the understanding of global warming. as \vell as being of interest 

to physical oceanographers. In addition. the presence of bubblE'S has a sig­

nificant impact on the propagation of sound in the ocean owing to the high 

efficiency of bubbles as acoustic scatterers [5]. enderstanding of propagation 

in bubbly environments is of ke.v importance in a number of defence and 

commercial applications [5] and is dependent upon the size distribution of 

the bubbles in the medium. 

As a result of the scattering efficiency of a bubble, techniques based upon 

acoustics have proven the most successful at determining bubble populations 

in an oceanic environment. Of these techniques. the most widely used is 

1 
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inwrsion of acoustic propagation characteristics and this is the subject con­

sidered herein. Giwn the long history of this technique it is surprising the 

assumptions inherent within it are still extensive and. providing the technique 

produces a plausible solution. the temptation is to accept that solution \vith­

out examining the extent to which the assumptions lwye been contravened. 

This is especially true when making measuremcnts in the surf-zone. an im­

portant region in which few mcasurements [6 9] han: been made. This study 

attempts to estimate bubble populations in the surf-zone and will examine 

the validity of the assumptions inherent in that estimate. 

This chapter serves as an introduction to the Reid and reviews landmark 

papers in the development of bubble estimation \·ia inwrsion of acoustic 

propagation. Because of their key import ance to sHch estimates. a brief 

review of the different models available for describing the response of the 

bubbles will be presented. 

Chapter 2 discusses two alternative models (complex sound speed and 

extinction cross section) upon which an im·crsion could be based and their 

results are shown to converge in the low void fraction. linear regime. One 

of these models is then used to describe the implementation of both the for­

ward problem (prediction of the acoustic propagation characteristics through 

a known population) and the inverse problem (cstimation of a bubble popula­

tion from propagation characteristics measured \vithin it). The assumptions 

inherent in the model are considered with speciRc reference to measurements 

made in the surf-zone and the need for a 11(-'\\· nonlinear model is discussed. 

Chapter 3 details the theoretical den;loplllent of such a model. An at­

tempt is made to describe a nonlinear complex sound speed and. while the 

linearisation of this expression vields the standard result. errors are shown to 

exist in the nonlinear regime. DiscusCiion of the reasons for these errors results 

in development of an expression for the nonlinear extinction cross section. 

Comparison is made of standard theory and lmv and high amplitude nonlin­

ear theory. Techniques for numerically implementing the ne\v expression are 

discussed. 
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Chapter -l describes the development of a system suitable for making 

measurements in the surf-zone. Consideration is giwn to the design of the 

acoustic signal used. and to the accurate mea .. '3urement of acoustic propaga­

tion from that signal. In addition the development of a suitable sound source 

is described. Experimental setups are described for signal generation and ac­

quisition Hnd final1\' a complete svstem test is performed in the laboratory. 

Chapter.) documents the: acquisition of sea trial data. Development of a 

rig suitable for deployment of apparatus in the harsh environment encoun­

tered in the surf-zone prO\'ed wry challenging. and the evolution of such a rig 

is described. The expe:rimcntal se:t up used. and the cIl\'ironmental conditions 

encountered. are documcnted and an initial review of the data is discussed. 

Chapter 6 goes on to perform detailed analysis of the: data collected during 

the sea trials. Comparison is made of results processed using standard linear 

theory and the new nonlinear theory. Chapter 7 summarizes the work. draws 

conclusions and provides recommendations for future work. 

1.1 Inversion of acoustic propagation: a lit­

erature review of landmark papers 

As discussed in the previous section. acoustical tcchniques have proven par­

ticularly successful at the estimation of bubble size distributions. This is 

partly owing to the efficiency of bubbles as acoustical scatters, which. \vhen 

combined with theoretical models of the extent of this effect, allows estima­

tion of bubbles numbers. An equally important factor. though, is the relation 

bet\',:een a bubble's resonant frequency and its raelius. It was ldinnaert [10] 

who first calculated the relation. 

(1.1 ) 

where ~'o is the bubble's angular resonance frequency, Ro is the equilibrium 

radius of the bubble, I is the ratio of specific heat at constant pressure to 
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that at constant volume. Po is the static pressure in the fluid outside the 

bubble wall and P,r is the density of the liquid surrounding the bubble. This 

equation. and others. will be discussed in more detail in section 1.2. which 

will review different models of bubble response. These two phenomena allow 

the number of bubbles to be estimated as a function of their radius. This 

estimate is the objectiw of the papers described in this section. 

1.1.1 A reVIew of the paper by lVledwin, 1970 [11] 

l\ledwin pioneered the estimation of bubble population via inversion of acous­

tic propagation. Previous investigators, for exampl" Blanchard &.: \Vood­

cock [12], had used optical methods of bubble estimation. a techniq1le which 

sllffns from a lack of discrimination between bubbles and sllspended partiCll­

lates. and in which it is difficult to establish a well-defined sampling volume. 

l\ledwin used the concept of the extinction cross section (D;;rt) of a bubble 

in order to estimate the number and size distribution of bubbles excited by 

an acoustic plane wave. The extinction cross section is the ratio of the time 

averaged power subtracted from a wave by the presence of a bubble to the 

intensity of that wave. It can be considered as the sum of two further cross 

sections, the scattering cross section D'bcat and the absorption cross section 
nabs. 
Hb . 

( 1.2) 

where (~V) is time averaged power lost from an incident wave of intensity, I. 

Csing this concept the change of intensity (due to bubbles) with distance x. of 

a plane wave propagating through a cloud of bubbles with a total extinction 

cross section per unit volume of D~·rt is given by 

( 1.3) 
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Integrating with respect to I gives 

1 1 IVIt. = Oe"r ~ (1.-1) 

where 10 is the intensity at I = O. The attenuation l per unit distance 

(caused hy the presence of huhhles) . .-l. is therefore gin'n by 

A = 10l0g lO (:0) j.r = lOO::.rlloglOc :::::: -1.:3.Kl~rt (1.5 ) 

r..ledwin used a form of the extinction cross scction that assumes a bubble. 

driven by a plane wave. that oscillates lincarh- in a free fielel (derived from 

the work of Fold.v [13,1-1]) 

ne.rt = eltot 0 ,,:at = eltot -1 iT R6 
b elrad "b drad (("'.:0;. .... :)2 - IF + (cltotUJ5/w'2)2 

(1.6) 

where UJ is the angular excitation frequency. !.v'o is the bubble's angular reso-

nant frequency, eltot is the dimensionless tot al bubble damping constant and 

drad is the dimensionless radiation damping constant. In order to calculate 

the cross section presented by a spectrum of bubbles the cross section must 

be integrated across all radii. 

or.rt _ (X Oe.ct ([:» IR 
-"c - J 0 - -b n lO ( 0 (1.7) 

where n(Ro) dRo represents the number of bubbles per m;) between Ro and 

Ro + dRo· f\Iechvin performs this integration by making a number of simpli­

fying assumptions. These are: (1) that the damping is constant across all 

radii i.e. dtot = Otot. the clamping constant at resonance: (2) that. within one 

radius increment. dRo. the bubble population is constant and equal to the 

rl1lmber of resonant bubbles n(Ro) = n(Rres): and (3) that only resonant bub­

bles significantly contribute to the attenuation of propagating sound. These 

assumptions allmv a closed form analytical solution to be calculated relating 

1 Attenuation is defined as ·the reduction in acoustic intensity of a sound field. where 

acoustic intensity is the average rate of flmv of energy through a unit area normal the the 

direction of propagation' [67]. 
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attenuation at a frequency. f. to the number of bubbles at the corresponding 

resonant bubble radii 

( 1.8) 

It is then tri\'ial to invert this equation to find n( Rrps). The key assump­

tion (which was later criticised by COlllmandrr &:- ~Ic Donald. as described 

section 1.1.:3) in i\Iedwin's formulation is that in a distributed population 

of bubble radii. only resonant bubbles significantly contribute to the atten­

uation of propagating sound. At the time this assumption was justified by 

the observation that resonant bubbles ha\'(' a scattering cross section that is 

several orders of magnitude greater than the corn;sponcling geometric cross 

section (the cross sectional area pres('nted bv the a rigid sphere of equal ra­

eli us to t he bubble). \Vhile this observation was correct. it failed to take into 

account the fact that larger bubbles may presellt a geometric cross-section 

of greater magnitude than the scattering cross section. Figure 1.1 illustrates 

this by plotting the scattering cross section of a bubble excited at 100 kHz 

against the geometric cross section as a function of radius. 

r.ledwin fielded the technique using an experimental system based upon 

transducer mounted approximately' 0.76 m from a refirctive plate. The trans­

ducer acted as both source and recein'r and operated from 20-200 kHz. The 

attenuation was calculat(xl by comparing the amplitudes of successive pulses. 

In order to distinguish between attenuation caused by the presence of bub­

bles and that caused by other effects. for example di\'ergence and rrfiection 

losses. the system \vas calibrated in degassed water prior to deployment. The 

experimental work detailed was carried out in two locations. one in 60 feet 

of water. 1 mile offshore and another in 27 feet of water 300 .yards ofTshore. 

r.ledwin·s \vork estimated bubble numbers of approximately 1000/m:l in 1 

IWI, bands for bubble radii < 60 {Un in sea states one and t\vo. Following 

this landmark paper the author published further papers [15.16] describing 

measurements made employing the same theoretical techniques but making 

refinements to the experimental method and investigation of the affect of var-
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Bubble Radius (m) 

Figure 1.1: Scattering cross section (solid) of a bubble excited at 100 kHz 

plotted against the corresponding geometric cross section (dashed) as a func­

tion of bubble radius. Note that the two curves do not converge as the scatter­

ing cross section is related to the surface area of the bubble and not its cross 

sectional area. 

7 

ious oceanographic features. These papers showed that the original estimate 

of the population was an undercount and reported populations exceeding 105 

bubbles per m3 in a 1 f.lm radius bin. 

1.1.2 A review of the paper by Commander & Moritz, 

1989 [17] 

This paper investigated discrepancies at small bubble radii « 50 f.lm) that 

had been noted between bubble size spectra that had been estimated acous­

tically (using Medwin's technique) and those estimated optically. Crucially, 

as described above, the acoustical techniques assumed that in a broad spec­

trum of bubble radii, only bubbles at reSOnance contribute to the scattering 

of a propagating sound wave. The flaw in this assumption can be shown by 

examination of figure 1.1. Medwin's observation that, at resonance, the scat-
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Bubble Radius (j.tm) 

Figure 1.2: Commander & Mortiz's key result shows the original Gaussian 

population (solid line) and the result of Medwin's technique (dashed line) for 

estimating bubble numbers from an attenuation calculated using equation l.5. 

The effect of the neglect of off-resonant scatters is shown as an error in the 

estimation of small bubble numbers. 

8 

tering cross section of a bubble is several orders of magnitude greater than 

its geometric cross section is correct. However, it fails to take into account 

the fact that larger bubbles may have a geometric cross section greater than 

the resonant cross section. 

Commander & Moritz investigated the affect of this assumption by calcu­

lating the attenuation for a synthetic, Gaussian, bubble distribution. This at­

tenuation was calculated including the effect of off-resonant scatterers. Then, 

using this attenuation as an input, they attempted to recover the original 

population by use of the relation shown in equation 1.8. Figure 1.2 shows 

the result, which exhibits a large error in the calculated numbers at small 

radii. 

In conclusion Commander & Moritz proposed a corrected form of equation 

1.7 that requires the extinction cross section of each bubble to be evaluated 
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at all bubble radii. hence removing ),Iedwin's assumptions one and three. 

o.~It(f) = l x 

o.'bIt(f. Ro)n(Ro)dRo ( 1.9) 

where o.~II (J) is the total extinction cross section presented by a cloud of 

bubbles and 0.,//1 (f. Ro) is the extinction cross section of a single bubble of 

radius Ro. at dri\"f~n at frequene\' f. This equation (a Fredholm integral 

of the first kind) is a significantly more challenging equation to solve than 

equation 1.7 and this is the subject of the final paper in this review. 

1.1.3 A review of the paper by Commander & McDon­

ald, 1991 [18] 

Commander & l\IcDonalcl [18] propose a finite-clement method of estimating 

the bubble population that incorporates scattering from off-resonant bubbles. 

This was shown to be important in inverse methods of bubble determination 

by Commander & Moritz [17]. Equation 1.9 describes the total extinction 

cross section of a cloud of bubbles and incorporates off-resonant scattering. 

In order to solve this equation the bubble distribution is approximated using 

linear splines as shown in equation 1.10 

H 

n(Ro) = L TLhBh(Ro) (1.10) 
h=l 

\'/here Bh represents a linear B-spline2 and Tlh the value of TL at the hlh radius 

value. Substituting 1.10 into 1.9 presents the following system of equations. 

H 

o.~.rt(.fg) = L I\ghTLh 
h=l 

\'/here the elements in the matrix !\-gh are gi ven by 

-p.ll) 

"The linear b-spline linearly interpolates across a radius hin and is zero for all values 

outside that bin. 
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(1.12) 

Equation 1.12 is a particularly lIs('ful r('stilt since it describes the total 

behel\-iour of a bubble cloud_ It is also Aexible in that the -kernel" function. 

I\-gh' can be changed from thl' l'xtinction cross section to some other model 

of bubble response. 

A.s discussecl in section 1.1.2 the extinction cross section of a bubble only 

contains a local maximum at resonance and the scat tcring from geometrical 

scattering above resonance can be significantly greater. This renders the in­

verse solution of equation 1.12 ·ill-condltioneri'. meclIling that small changes 

in the input vector. o~:rt. can cause very large changes in the output. n. In or­

der to obtain a meaningful ans\ver from this inversion. a method of stabilizing 

this solution must be employed. This process is referred to as regu'lar-isat-ion. 

There are many different regularisation techniques \vhich may be employee! 

and Commander &: r..lcDonald [18] recommend a method of reguiarisation 

imposing a 'smoothness' constraint upon the solution. Commander &: r..lc­

Donald demonstrate their technique bv recreating series of synthetic distri­

butions from their calculated attenuation. However no experimental data is 

presented to validate the work. 

Subsequent authors haw proposed Imllor refinements and have experi­

mentally verified the technique. Durais\vami et al. [19] outlines a method 

that uses phase speed as well as attenuation as the input to the system of 

equations. They find similar results to those achieved using optical esti­

mates on a laboratory bubble cloud generated using electrolysis. Terrill and 

r..lelville [20] detail an experimental technique using broadband signals rather 

than the Illore usual pulse train of narrowband pulses. Experimental results 

are reported. firstly from a 50 metre wave channel and secondly from a site 

approximately 150m away from the surf-zone at Scripps pier in California. 

The formulation proposed by Commander &: r..lcDonalci represents the 

current 'state-of-the-art" in the estimation of bubble populations via inversion 

of acoustic propagation. Despite a significant amount of following work no 
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fundamental ad\ance in the underlying theory has been proposed and the 

bellefits of some of the rdilH'l\lcnts made are still to be prO\·en. 

1.2 Models of bubble dynamics: a literature 

review of landmark papers 

The modelling of bubble oscillations is a formidable task that has been the 

subject of verv many papers over 70 years or IIlore. As such this section 

will not attempt to derive the different models from first principles but will 

prO\'ide an insight into the underlying physics of the IIlodels employed later in 

this work and the assumptions made within each of those. For a more detailed 

treatment of the subject a number of authoritative texts are available [5,21]. 

1.2.1 A reVIew of the paper by l\!Iinneart, 1933 [10] 

The simplest 'model' of bubble dynamics was developed by J\Iinnaert [10] and 

related a bubble's resonant frequency to its eqllilibrium radius. l\Iinnaert's 

formulation assumed a spherical gas bubble in a liquid undergoing low am­

plitude simple harmonic motion. The gas inside the bubble is assumed to 

behave adiabatically and the product of the \va\'e nllmber (I.; = u.:/c w . where 

Cu.' is the ambient sound speed in the bubble-free liquid), and the equilib­

rium bubble radius is assumed to be much less than one (I.;Ro « 1). Such 

an assumption is common in IIlany models of bubble clvnamics and is made 

throughout this study. l\Iinnaert equates the maximum kinetic energy in the 

liquid to the maximum potential energ,',' within the gas (neglecting damping 

due to surface tension and viscosity). This yields the result 

w'o = _1_ J 3~IPo 
Ro Pu.' 

(1.13) 

In the case of air bubbles in water at one atmosphere hydrostatic pressure 

equation 1.13 can be approximated by 
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(1.14) 

However such approximations arc undesirable when attempting to deter­

mine an accurate bubble size distribution. ),Iinnaert's formulation for bubble 

resonant frequency can be adjusted to include heat conduction by assuming 

that the heat transfer is neither adiabatic nor isothermal but. as will really be 

the case. some intermediate rate of transfer. This is achieved by substitution 

of a polytropic index tL (\vhich can vary from unity. the isothermal case, to 

~f, the adiabatic case) into equation 1.13. 

Wo = _1_ J .3rt Po 

Ro P'C 
(1.15) 

Leighton [5]§4.4.2 cites the following expression for r~ 

. _ ~ (1 -2 )-1 [ , 3(1 - 1) (sinh(Ro/lo) - Sin(Ro/lo))]-1 
to - ( + (; th 1 T --'-----'-

Ro/lo cosh(Ro/lo) - cos(Ro/lo) 
(1.16) 

where lD = J Dg /2w represents the thickness of the thermal boundary layer 

(D g is the thermal diffusivity of the gas within the bubble) and 0th is the 

thermal damping constant and is discussed in more detail in section 1.2.4. 

Equation 1.15 neglects terms due to surface tension. viscosity and the vapour 

pressure within the bubble. Adding these terms gives ( [5] §-L2.1(c)) 

1 
~'o = ---

Roffw 
. ( 20' ) 20' 4p2 
31'.: Po + - - P" - - + P" - --'J 

Ro Ro Pu· R6 
( 1.17) 

where 0' is the surface tension co-efficient. Pu is the vapour pressure within 

the bubble and fi the shear viscosity co-efficient. Throughout this work this 

equation is used to calculate bubble resonant frequencies. 
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1.2.2 A reVIew of the paper by Commander & Pros­

peretti, 1989 [22] 

Commander &:: Prosperetti's paper derin's an expreSSlOn for the effective 

complex wavenumlwr of a plane wave propagating throllgh a bllbbly liquid. 

This quantity can be related to the phase speed of the waw as wi'll as the 

attenuation experienced by it. This. in a similar fashion to the extinction 

cross section described abon'o makes it a suitable model fur use in inverse 

methods of bubble estimatioll. As a result the paper has becn cited in excess 

of 100 times since publication. The expression for the complex \\"cwenum­

ber is derived by making a first order approximatioll (hence lincarising the 

expression) to the Herring-Keller equation (sec section 1.2.3). A more intu­

iti\'e derivation is based upon the concept of the compressibility of a cloud 

of bubbles, K c , and its reciprocal. the bulk modulus. Be. given by 

~ 1 1 cl~~ 1 
J\ = - = ---- =-

c Be v~ dPto / PcC~ 
(1.18) 

'where Vc is the volume of a cloud of bubbles and Ptot is the total pressure 

(i.e. the ambient pressure plus the acoustic pressure). Consider a medium 

containing n identical bubbles per unit volume. The compressibility of the 

bubbly medium Kc is equal to the sum of the compressibility of the bubble­

free liquid, KWl and all the gas forming the bubbles within it Kbub (which is 

complex). 

(1.19) 

The wavenumber of a plane wave propagating through the bubbly liquid, 

kc (which can be thought of as a spatial frequency [2--1]) is given by 

(1. 20) 

where A is the wavelength of the plane wave and Cc is the sound speed in the 

bubbly liquid. Substitution of 1.19 into 1.20 and the approximation that the 
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density of the cloud is approximately equal to the density of the bubble-free 

liquid yields 

.2 

f..: = r: 
W "1-
-., - {Jl1' w '- \ bub (1.21) 
C~L' 

Each bubble has a \-oillme. V. which will change in time in response to an 

applied pressure. If we assume that there arc 'Ytot bubbles in the cloud all 

with the same radius then, \vhen the whole population experiences such a 

change the compressibility of all the bubbles in the medium. /\-bu6. IS given 

by 

(1.22) 

where P is the applied acoustic pressure. in this case proportional to a simple 

harmonic plane wave varving with time, P = P'\eiA By assuming that the 

bubble responds with small amplitude linear oscillations away from equilib­

rillm and remains spherical at all times. the volume of the bubble may be 

approximate to first order as 

v = ~7r H3 = ~7r RJ (1 -l- Rr);3 ;::::; ~7r H3 (1 -l- 3 R) 
3 3 0 • Ro 3 0 'Ro (1.23) 

where R£ is the amplitude of the oscillations Cl\vay from equilibrium. :\oting 

that ~ V = 47r R6R some simple algebra (combining equations 1.21. 1.22 and 

1.23) yields 

') R R2 \' 
v.}- ') {Jw E o· tot - - -17rv.}-------'----
c~. 6.P 

(1.2-1) 

The value of RE may be derived by modelling the bubble as a forced. 

damped linear oscillator. The equation of motion is given (in the radius­

force frame:» by 

3 for discussion of the different frames of reference that may be used ill models of bubble 

response see [5] §3.2.1. 
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radR" btot R' ,1. R L ;~·t 
nl RF (-:- RF (-:- ft RF (= .rOe' (1. 25) 

where the 'mass' of the bubble m'Rj comes from the surrounding liquid into 

which the bubble radiates (see [.S] §2.:3.1(c)). the resistive term leading to 

damping is gin:n by b~1~- and the stiffness of the bubble IS given by k RF . 

Implicit in this equation are several key assumptions: 

1. that the bubble remains spherical at all times. 

2. that the bubble's radius is much smaller than the wavelength of the 

exciting force. 

,3. that the bubble exists in an infinite medium. 

4. that the bubble radiates into a free field. 

o. that the bubble is driven at small-amplitude b.Y a monochromatic plane 

wave. 

Equation 1.25 is solved by setting Wo = JkRF/Tn'Raj and b~~ = 2Tn'Raj8tot 

before dividing by Tn'R1. If the steady-state response (t -? 00) of the bubble 

is considered (thus taking the particular integral and neglecting the comple­

mentary function) and it is assumed that R t C( eiwt
. then the follmving result 

is yielded 

( :! 2, '')3 . ')R Fa ~i~·t '-v'o - '-v' -,- .1-' tot w (= --It: 
Tn'Ra;.-

(1.26) 

Equating the force experienced across the bubble \vall to the amplitude 

of the driving sound field (Fa = - FA"!;' R6. \\'here the minus sign indicates 

that an increase in pressure causes a decrease in radius) and the 'mass' of 

the bubble to the Illass of the displaced liquid (m"!!'1- = pu--±rr R6) allmvs the 

following expression of R( to be deri \'ed 

P ei",·il 1 
R, = - pA R . ,2 w2 + j')3 . , 

w 0 '-'-'0 - -, tot w 
(1.27) 
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This result is the same as that deriwd in [.j] (equation -1..13). Substituting 

1.27 into 1.2-1 and noting that ~p = p'.\ei~·t. yields 

'J R \' ...;,..,.... _,~ 0 .. tot 

-:) - ·L '"'- 'J 'J " 3 
C~. w'o - ..;.;- '.1 2, tot'""-" 

(1. 28) 

If a distributed pop1llation of bubble radii exists and n now represents 

the number of bubbles with radius between Ro and Ro , dRo, equation 1.28 

lIlay be re-expressed as an integral across all radii 

(1. 29) 

This is the expression for the complex \\'cl\'cnumber cleri\'Cd by Comman­

der &:: Prosperetti. However, several restrictive ass1lmptions have been during 

its derivation, for instance small-amplitude oscillations. Subsequent investi­

gators have attempted to derive models without recourse to such assump­

tions. 

1.2.3 A discussion of nonlinear models 

Man,\' investigators have attempted to df'rivc nonlinear models of bubble 

oscillations in order to describe more fully the motion of bubbles, especially 

when driven to large-oscillations. \\'hile such models are not directly the 

subject of this work the,'; can be usef1l1 as the basis for estimating the bubble's 

affect on acoustic propagation. As such. two of the most commonlv used 

models \vill be briefly reviewed here. 

The first of the two models emplo~'s the Radeigh-Plesset equation. so 

called because the form of the eq1lc1.tion has been formulated by a number of 

contrib1ltors [2.j 28] who h<:-1\'e exp,lllded upon the original work of Rayleigh 

[29]. The equation aSSUllleS a spherically symmetric bubble initially at rest 

in an incompressible liquid. \\'hen the bubble is excited by a pressure P(t) 

it will change its radius to a new value, R. During this change of radius the 

liquid surrounding the bubble will acquire kinetic energy. If this energy is 
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equated to the work done by the bubble as it expands the follow equation is 

deriwc! (Leighton [.5] §-L2.1(a)) 

J~ (PL - p.~:)-!;, ItdR = 2~ R: l 1~2 fl,r (1.30) 

where PL represents the pressure in the liq1lid o1ltside the bubble wall. Px is 

the pressure remote from the bubble and the dot represents the first derivative 

with respect to time. Differpntiation of equation 1.:30 yields 

PL - Px = .'31~2 -7-l?i~ 
Pw 2 

(1.31 ) 

By substituting an expression for PL deriH)d from equality of pressure across 

the bubble wall (assuming polytropic beh,lyiom of the gas and a quasi-static 

expanSIOn Le. spatially uniform conditions exist within the bubble) and 

setting Px = Po + P(t) an initial form of the Rayleigh-Plesset equation is 

yielded 

31~2 .. 1 (( 2CJ ) (Ro):l" 2CJ ) 2 + RR = PlL Po + R - Pv R + Pl' - R - Po - P(t) 

(1.32) 

where CJ is the surface tension of the liquid and Pv is the vapour pressure 

inside the liquid. A viscous term (see [.5] §4.2.1(b)) may be added [28] to 

equation 1.32 by consideration of the rates of strain within the bubble \vall. 

This yields the most commonly used form of the Rayleigh-Plesset equation 

3R2 .. 1 
-+RR=-

2 (ilL' 

\\'hile assumptions similar to those made in the expression deriwd by 

Commander & Prosperetti-l no assumption of linearity has been made. How-

.Ii.e. that the bubble remains spherical: is small in comparison to the wavelength of 

the driving field: that it exists in an infinit e medium: that it radiates into a free field and 

that it is driven by a plane wave. 
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e\-ef th(' Rayleigh-Plesset equation does make the restricti\'e assumption of 

liquid incompressibility. This precludes the inclusion of damping due to the 

re-radiation of sound by th(' bubble into the medium. Also. while the treat­

ment of the gas as polytropic siITlulat('s heat f!O\\' during the expansion and 

contraction cycle. it does not allow for any net loss of enrrgv due to thermal 

damping. Thus. t\\'O of thc three main damping mcchanisms in the S\'stem 

arc neglected in the Rayleigh-Plesset equation. In oreier to address this short­

coming subsequent investigators [:30.:31] h().\"e attempted to derive an equation 

of motion that treats the surrounding liquid as compressible. Howcvcr, the 

most commonly used equation (which aSSUIll('S a time-invariant finitf' sound 

speed in the liquid) is the Herring-Keller equation [3:2 .. 33] gi\'en by 

31~2 ( R ) .. ( R) -')- 1 - - + RR 1 - - = 
- 3cw Cll' 

( 1 + R) ~ (p L - Po - P (L - ~?)) 
Cw (lll' CII' 

R dPL 
-l- ----
, (lwcw dt 

(1.3...1) 

In equation 1.3...1 the final term allows the storage of energy in the medium 

surrounding the bubble. In the limit C lL. ----7 x equation 1.3-1 reduces to equa­

tion 1.33. Crucial to the evaluation of equation 1.3...1 is PL. the pressure in the 

liquid surrounding the bubble. This is tvpicallv obtained from the behaviour 

of the gas, and hence the internal pressure. Pi. within the bubble. This can 

be calculated by appl.ving the perfect gas 11:[\\' to the spatially averaged pres­

sure \\'ithin the bubble [:3...1 36]. Such a solution is non-trivial and typically 

requires numerical techniques for solutiorrs. Equation l.:3...1 is used through­

out this work (see especially chapter 3) to model the nonlinear bcha\'iour of 

bubbles. 

5.\1.-\ TLABn ! coele for solving equation 1.:3-1 was provided by ,\11'. H. A. Dumbrell of 

the Defence Science and Technology Laboratory. This code enables the radius-time history 

of a bubble to be determined for an arbitrary pulse. The author gratefully acknowledges 

LIse of this code. 
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1.2.4 A discussion of linear damping constants 

A number of different cOIl\'entions for representing bubble (Lu1lping arc used 

in different models. and. in some cases. different inH'stigators usc different 

terms for the same model. As such. some clarification and discussioll of the 

different terms may be bcndicirrl. Tot al dampi!lg is the l'xpn'ssion used to 

df'scribe all the energy lost from the bubble by \'ari()us differellt Illechanisms, 

There are three prirnan' means bv which ClleIX\' is lost from the bubble: 

viscous damping. \vhere work is dOlle against the viscosity of the surrounding 

fluid: thermal damping. where thermal collduction across the bubble wall 

takes place and radiation damping where t:Ilf'rgy is lost as the bubble radiates 

acoustically, Other damping mechanislIls lIlav exist although these three are 

usually considered to dominate. 

Total damping (in the radius-force frame [5] §:3.2,l(a)) is expressed in 

equation 1.25 by the co-efficient b~}. This equation can be mad(, independent 

of the frame of reference by dividing by the radiation mass of the bubble 

expressed in that same frame of reference, This yields Jtol ' all equivalent 

damping constant. with units of time -1. that is independent of the frame of 

reference: 

btot 

'3 -~ 
• tot - ') real 

-n1RF 
(1.35 ) 

By dividing the bubble's frame-dependent radiation clamping bv its stiff-

ness, the clamping of the bubble can represented as a dimensionless damping 

constant 

. 'btot 2' 3 W HF W'lol 

dtot = kRF = w'6 (1.36) 

Expressions for these dimensionless damping constants are giwn by Eller 

[37] as 

d _ 3h - l)(:p(sinh.p + sin:p) - 2(coshy - cos :p)) 

Ih - :p2 (cosh y - cos :p) + 3 (~I - 1):P( sinh y + sin :p) 
(1.37) 
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Figure 1.3: Dimensionless damping constants calculated using Eller's [37] 

expressions (equations 1.37 to 1.39) for a range of bubble radii driven at 20 

kHz. As can be seen the total damping (solid) experienced by the bubble is 

a sum of three damping mechanisms: thermal (dashed), viscous (dotted) and 

radiation (dash-dot). Different mechanisms dominate in different parts of the 

bubble size spectrum. 

20 

where cp represents the ratio of bubble radius to the thickness of the thermal 

boundary layer in the bubble, Ro/lD = Ral J Dg/2w, and Dg is the thermal 

diffusivity of the gas contained in the bubble. 

d. = 4rJw 
ms 3 

~Po 

(1.38) 

(1.39) 

where ~ is the polytropic index of the gas contained within the bubble, Po is 

the hydrostatic pressure in the liquid outside the bubble and rJ is the shear 

viscosity of that liquid. Figure 1.3 shows Eller's damping constants for a 

range of bubble radii driven by a fixed frequency of 20 kHz. As can be seen 

in the figure, different damping mechanisms dominate at different bubble 

radii, and hence all three of these primary mechanisms should be evaluated 

in order to ensure that the system is fully described. A final special case is 6tot 
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which corresponds to the total dimensionless damping constant evaluated at 

resonance. Incorporation of damping into nonlinear models is less straight­

forward and the interested reader is referred to Propseretti et al. [35]. 

1.3 Summary 

This chapter has sought to introduce the reader to some of the theoretical 

concepts. techniques and equations that will be used later in this work. As 

such it has performed reviews of key papers in the fields of inversion estima­

tion of bubble estimation and different methods of modelling the behaviour of 

bubbles. The appreciation gained in this chapter lays down the basis for the 

development of a system for estimating bubble populations in the surf-zone. 

The next chapter will discuss the development of a theoretical framework for 

such a system. 



Chapter 2 

Theoretical development of an 

inverse technique for estimating 

bubble populations 

The estimation of bubble population by inversion of acollstic propagation 

has been the subject of studv and research for over thirty years (see section 

l.1). However the principles and techniques \vhich must be applied in order 

to obtain a meaningful answer are demanding. and there is a danger of not 

fully considering all the implications of the different assumptions that mllst 

be made. This chapter aims to de\"c!op a theoretical framework upon \vhich 

to base a system for estimating bubble populations. Initially this will use 

the current state-of-the-art methods but will seek to explore and expand the 

regions where benefit might bE' found from a more rigorous approach. The 

eventllal aim is a system sllitable for Illeasuring oceanic hllbble populations, 

espccia!1\' those within the surf-zone. The svstpm will be rigorously designed 

taking into account all the assumptiolls and considerations neCeSScH\' for an 

accurate assessment of the bubble populatioll. \Vhile the theory and tech­

niques are developed with oceanic populations in mind. the principles could 

easily be translated into equivalent fidrl.s providing that the same rigour is 

applied to the consideration of any assumptions made. 

22 
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2.1 The forward problem 

Soh'ing the forward problem (i,e, predicting the propagation characteristics 

of a acollstic waw tra\'eling in a known bubble p()pulation) is considerably 

more straight-forward than the im'erse problem, and hence will lw studied 

first, The abilitv to solve the forward problelll will 1)(' \'ital in 1Il<l11\' Pielllents 

of the svstClIl design and will also pro\'ide a useful lIll'thod of checking the 

accurac,\" of anv results obtained (the population predictpd In' the iI)\"(;rsion 

shollld, providing the cst imate is accura t c. allow reconst ruct ion of t Ill' original 

measured propagation characteristics), 

The general form of the problem to lw soh'pd is 

1 systern(A, 0) x input dO = output (2,1) 
11 

The forward problem predicts the Olltput of a s.\'stem using a mathemat-

ical description of it combined \vith a known input. The im'erse problem 

focuses on determination of either the input or the system giwn the output. 

The ability to estimate the system function is one which can be owrlooked 

and there may be applications in the study of bubbles \'.:here this would be 

a llseful technique, An example of this might be the validation of bubble 

models, but this is outside the scope of this study and \vill not be considered 

further. 

\\"hen applying equation 2,1 to the problem under consideration. the sys­

tem is some model of bubble response. the input represents the bubble pop­

lliation being measured. and the output is the propagation characteristics, 

The crnx of the technique is to relate bubble population to a physicall\' mea­

smable parametcr, The rnathcI1lc1.tical modd used to forllllliate the svstem is 

important to the accurate solution of either the fOl"\mrd or the im'erse prob­

lems, If the model is inaccurate. or if am' of its inherent assumptions are 

compromised, then the reliability of any results will be questionable, Hence 

an important aspect of any solution to either the fonvard or the inverse 

problem is accurate modelling. 
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For the initial stage of this study the model lIsed will <L"Sume linear. 

steady-state oscillation of a bubble in a free fi('ld. being driwn by a plane 

waw. The validity of these assumptions will be examined later in the chapter. 

Revie\\" of the open source literature [18 20.38 4:3.72] has shown that this 

'class' of model is used in all the current state-of-the-art bubble estimation 

s'\'stems that employ inversion of acoustic propagation. The two models that 

will be considered here concern the complex sound speed in the bubbly liquid 

ane! the bubble's extinctioll cross section (see sectioll 1.1.1). 

2.1.1 The linear complex sound speed 

The most commonly cited linear formulation of the complex wavenumber is 

that given by Commander & Prosperetti [22] (see section 1.2.2). 

k = c (2.2) 

The ratio of the speed of sound in pure \vater. cu" to that in the bubbly 

water. Ceo is therefore given by 

1 + 47fc~ l'x Ran(Ro) dR 
,2 _,,2 1 J''),(J .,1 0 

. 0 ..va w T. _ulol'-'-' 
(2.3) 

Commander & Prosperetti present an alternative set of expressions for the 

frame-independent damping constant derived from the work of Prosperetti 

et at. [35]. 

J 3 J 3 
2r7 Po ~«r,) '-'.,,2 Ro 

tot = , CIS + th --;- ! rad = --I + '):;S ±' + 
(iu,R6 2Pw:.;.;R6 2c,1' 

(2.4) 

where 8'(<1» represents the imaginary component of <P, given by 

(2.5) 
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Figure 2.1: Real and imaginary parts of the complex ratio of sound speeds 

(equation 2.3) plotted as a function of bubble radius at four different frequen­

cies. In both cases the frequency curves are (from left to right) 200, 100, 50 & 

25 kHz (a) Real part of sound speed ratio minus one (~ (~:) - 1) (to enable 

logarithmic plotting the negative portion of this graph is shown dashed). This 

quantity is related to the phase speed variation in the medium (see equations 

2.10 and 2.12). (b) Imaginary part (8' (~)). This quantity is related to the 

attenuation in the medium (equation 2.13). 

where 

x = DRg2 (2.6) 
W 0 

Figure 2.1 shows plots of the real and imaginary parts of the complex 

ratio of sound speeds (equation 2.3) for a range of bubble radii (assuming a 

uniform distribution) insonified at four different frequencies. As can be seen 

the real part, which is related to the phase speed in the medium (as described 

by equations equations 2.10 and 2.12), goes from negative to positive at the 

bubble resonance. The imaginary part, which is related to the attenuation 

(equation 2.13), goes through a peak at resonance and then increases in 
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value as geometrical scattering becomes dominant (provided kRo « 1). If 

it is as.sumed that n( Ro) is Sllfhci('Iltly small that the fractional term In 

equation 2.3 is less than Olle (a valid assumption at 1m\" \'oid fractions. for 

further discussion see section 2.3.2) the square root can be f'xpanc!ed using a 

binomial expansion: 

e(e-1) e(e-1)(f'-2). 
( 1 ' () e = l' ("...l.. ( 2 -l- (".3 ...l.. 

T T f.., , I ' I .." ... 
2. 3. 

for 1(1 < 1 (2.7) 

This yields the following expression 

(2.8) 

In order to simplify the expression. equation 2.8 can be re-expressed as 

the deviation of the complex sound speed from ambient sound speed in the 

liquid 

(2.9) 

Equation 2.9 linearly relates the variation in complex sound speed in the 

bubbly medium to the number of bubbles in that medium. If equation 2.9 is 

split into real and imaginary parts it can be shmvn that the.v correspond to 

the phase speed and attenuation respectivelv. This can be shown as [ollmvs: 

ClL' . 
--l=u-.JL' (2.10) 
Cc 

It is assumed that a plane wave is traveling through the medium in a positive 

direction, \vith time, t and distance, ;r. This can be expressed as 

( W L') (( u) ) exp (j(wt - kc:r)) = exp - ClL':r exp jeJ t - elL':r (2.11) 
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From this it can he seen that the phase speed Cph of the sOllnd \\'aw is given 

by 

ClL• 

Cph =­
u 

and that the attenuation coefficient. A (in dB/m) is giH'fl by 

( ,/.,) ..1=20 ~ [0.910(r) 
C lL, 

(2.12) 

(2.1:3) 

Equations 2.12 and 2.13 show the relation between the complex sound 

speed in the bubbly medium and physical parameters that are more easily 

measured. Since the complex sound speed is depmdent upon the bubble size 

distribution, then measurement of such parameters Illay form the basis of an 

inverse techniqne for estimation of the bubble size distribution. 

2.1.2 The linear extinction cross section 

An alternative model that could be used to relate bubble numbers to a mea­

surable acoustic property is the extinction cross section. This was used in 

the pioneering works of .1I.Iedwin (section 1.1.1) and Commander &: rvIcDon­

aid (section 1.1.3). Leighton [5] (equation .1.21) shows that the extinction 

cross section of bubble when driwn into small amplitude linear pulsations 

by a plane wave is given by 

nut _ dtat nscat _ el tat ·h, R6 
Hb - Hb - '2 

drad drad ((:.Jo/.v'F - 1)2 + (rltot:.J~/).:'2)2 
(2.14) 

where OmIt is the scattering cross section of the bnbble (the ratio of the sound 

re-radiated by the bubble to the incident intensit~·) and dtat and drad are the 

bubble's total and radiation dimensionless damping constants respectively. 

Calculation of the appropriate damping terms in eqnCltion 2.1-1 yields the 

linear extinction cross section of a bubble. Figure 2.2 shows the calculated 

extinction cross section for a range of bubble radii driven at 25. 50 100 and 

200 kHz. The extinction cross section is related to attenuation as discussed 

in sections 1.1.1 and 1.1. 2. A plot of the extinction cross-section (figure 
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Figure 2.2: The linear extinction cross section calculated using equation 2.14 

for a range of bubble radii driven at 25. 50. 100 &:. 200 kHz froIll left to right 

on the graph. 

2.2) at a number of fixed frequencies as a function of bubble radius show-s 

qualitati ve similarities to the imaginary part of the extinction cross-section 

(figure 2.1(b)), for example the position of the peaks. 

These two sections have shown three different methods of obtaining the 

attenuation of a plane wave propagating in a bubbly meclium: (1) deter­

mination of the ratio of sound speeds in the medium (equation 2.3): (2) the 

binomial approximation to the ratio of sound speeds in the medium (equation 

2.9); and (3) determination of the bubble extinction cross section (equation 

2.1cJ). The following sections will solve the forward problem using each of 

these methods. first using synthetic data and then for real oceanic data as 

collected by previous investigators. 
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2.1.3 Numerical evaluation of integral equations 

The numerical evaluation of equations 2.3, 2.9 and 2.1--1 requires that the 

bubble population is expressed as a discrete series of radius 'bins', i.e. the 

number of bubbles per unit volume between radius Ro and Ro ...L dRo. This 

leads to the following matrix formulation (bold symbols d<'IlOte matrix or 

vector quantities) 

0' = Kn (2.15) 

where 0', a column vector, represents the acoustic propagation characteristics 

(either the complex ratio of sound speeds or extinction cross section, as ap­

propriate): K, a matrix. represents the response of the bubbles as described 

by either equation 2.3, 2.9 or 2.14: and n is a column vector representing 

the number of bubbles per cubic metre within each radius bin. In matrix 

notation equation 2.15 can be expressed as 

o{.Uj) K(wj. Rol ) K(wj, Ro2 ) K(wj, ROil) n(Rol) 

(1 (-"":2) K(w"J., Rol ) K(~'2' R o2 ) K C"':2' ROil ) n(Ro.J 

0: (W:l) K(:..v':l. Rol ) K(W:3' RoJ K (w':3, ROil ) n(RoJ 

o(w'c) K(~'c, Rol ) K(:..v'G. R o2 ) K(wc, RoH ) n(ROH) 
(2.16) 

While G does not necessarily equal H, it is normal for the selected fre-

quencies to correspond to the resonant radii of each bubble radius bin hence 

K is typically square. The individual elements of the matrix in equation 2.16 

represent the summation of the affect on the propagation of all the bubble 

radii within a particular radius bin. The value of each element depends upon 

the model used. If the full complex sound speed (equation 2.3) is used the 

matrix values are given by 

(2.17) 
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(where Bh represents a linear B-spline see section 1.1.3) and the a \'alues are 

given by 

C ll , ,Cll , A 
09 = - -:.. J--, ----

Cph '"-' 20l0g \0 ( e ) 
(2.18) 

If the binomially expanded complex sound speed (e([uat ion 2.0) is used 

the a values arc given by equation 2.18 and th(' mntrix \'nlues arc giH:n by 

(2.19) 

where Cbirt represents the binomial expansion of the complex sOllnd speed. 

The matrix values when using the extinctioll cross sect ion (equation 2.14) 

are 

(2.20) 

and the Q values are 

A 
(2.21) ('1g = ----

10l0g lOe 

In equations 2.17, 2.19 and 2.20 Bh represents the hth linear B spline. 

This basis function is defined as zero olltside the region of the radius bin and 

linearly interpolates the function \vithin it. Figure 2.3 shows a visualization of 

this matrix calculated using the complex ratio of sound speeds. It is plotted 

for a range of bubble radii from 1 pm to 1 mIll awl, for clarity, on both linear 

ancllogarithmic scales. Since the real part of the f{ matrix is negative above 

the bubble's resonance. the logarithmic plot of the real part is the absolute 

value. A similar visualization of a matrix of extinction cross-sections would, 

obviously, contain no imaginarv part. 

The interpretation of the elements contributing to this matrix is as fol­

lows: 

• Elements lying along the leading diagonal correspond to the scattering 

caused by bubbles being driven at their resonance frequency; 



CHAPTER 2 31 

(a) 

20 20 

~ 40 I '0 § 
z z 
~ 60 ~ 60 

'" '" 
60 

100 100 
20 40 60 20 '0 60 60 100 

Column number Column number 

(0) 
., 

, 10 

j! .8 
~ ~ 
Z Z 

~ ~ 
'" '" 

20 40 00 
Co6umn number 

Figure 2.3: Elements of K Matrix plotted for bubble radii ranging from 1 

f-Lm to 1 mm. (a) Real part of K matrix (linear scale) (b) Absolute value of 

real part of K matrix (log scale) (c) Imaginary part of K matrix (linear scale) 

(d) Imaginary part of K matrix (log scale) . 

• Elements in the lower left portion of the matrix correspond to small 

bubbles when driven at low frequencies; 

• Elements in the upper right portion of the matrix correspond to large 

bubbles when driven at high frequencies. 

Once this matrix is calculated it is a simple process to calculate the prop­

agation characteristics for a given bubble population. The next two sections 

will solve the forward problem for both artificial and measured bubble pop­

ulations. 
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Figure 2.4: Synthetic bubble populations (a) Uniform (b) Gaussian (c) Ex­

ponential (d) Power Law. 

2.1.4 Solution of forward problem: Synthetic data 

32 

In order to demonstrate the methods described in the previous section, the 

forward problem will be solved for four synthetic bubble populations. The 

attenuation will be calculated using the complex ratio of sound speeds, its 

binomial expansion and the extinction cross section while the phase speed 

will only be calculated using the complex ratio of sound speed and the bino­

mial expansion. The synthetic populations were taken from Commander & 

McDonald [18] and the results compared to those shown in the paper. The 

trial populations used are shown in figure 2.4. The attenuations and phase 

speeds calculated using the different methods are shown in figures 2.5 and 

2.6 respectively. 

The results from all three methods match exactly those presented by 

Commander and McDonald. This gives confidence for the prediction of the 

likely propagation characteristics of oceanic bubble populations based upon 

previous data, which is the subject of the next section. 
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Figure 2.5: Attenuation calculated using the complex ratio of sound speeds, 

its binomial expansion and the extinction cross section (all three curves overlay 

each other) for four synthetic bubble populations. (a) Uniform (b) Gaussian 

(c) Exponential (d) Power Law. 
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Figure 2.6: Phase speed calculated using the complex ratio of sound speeds 

and its binomial expansion (the curves overlay each other) for four synthetic 

bubble populations. (a) Uniform (b) Gaussian (c) Exponential (d) Power Law. 
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Figure 2.7: Oceanic bubble population obtained using the combination fre­

quency technique [45] in open water. The extrapolated curve has a gradient 

of R-3 and the calculated void fraction is 1.7 X 10-6 . 

2.1.5 Solution of forward problem: Oceanic data 

34 

Knowledge of the likely propagation characteristics in realistic oceanic environ­

ments is vital for rigorous development of a technique for measuring oceanic 

bubble populations. A number of previous investigators [6,20,43-46] have 

made measurements of oceanic bubble populations, primarily in open ocean. 

A representative open ocean bubble population is that taken by Phelps 

& Leighton [45]. It was obtained using a combination frequency technique 

at 10 bubble radii equally space between 16 f.Lm and 192 f.Lm in water depths 

ranging from 17 to 22 m and wind speed gusting up to 16 ms-1 . Figure 2.7 

shows the measured population and an extrapolation of the data to larger 

bubble sizes for the estimation of void fraction. The extrapolation is taken 

up to 1 mm. Bubbles above this radius will be very few in number due to 

their large buoyancy and can be expected to make minimal contribution to 

the total void fraction. The void fraction of a population described by H 

radius bins is calculated by 
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'\"' -t '3 
\'F = L 3" ROh Tlh (2.22) 

h=l 

lsing the population measured by Phelps &.: Leighton as an input into the 

fon\'(ud problem. an estimate can be made of the likely agr('ellwllt between 

th(' three different models developed abow at oceanic \'oid fractions. Figure 

2 .8( a) shows t he phase speed predicted b\' two techniques (t he complex sound 

speed and the binomial expansion) and figure 2.8(b) shows the attenuation 

predicted bv all three of the techniques. As can be seen from the figure the 

two curves based upon the ratio of complex sOllnd speeds owrlay ('ach other 

and disagree slightly at high frequency wit h the extinction cross scctioll. The 

maximum extcnt of the disagreement occurs at 150 kHz and is 0.72 m/s in 

the phase speed and 0.21 dB in Llw attenuation. This could be explained 

by differences in the two damping models usee!. However at a typical open 

ocean void fraction. the complex sound speed and the binomial expansion 

agree well. 

The open water bubble population gives rise to an attenuation as high 

as :30 dB/m. The high attenuation experienced in bubbly' liquids can make 

measurement of acoustic propagation demanding. cspeciall.y in the surf-zone 

where void fractions are expected to be high('r than those encountered in 

open ocean. Only two of these investigations mentiuned abo\'e [6. -J-J] have 

made measurements directly in the surf-zone and onlv one [6] made measure­

ments at bubble radii < 100,um. However this mcasurcmcnt was at a small 

number of bubble radii and was taken during stormy conditions directly un­

der breaking \vaves. Figme 2.9 shows the estimated population. Again. the 

\'oid fraction has been estimated b\· cxtrapolating the data. Howc\'er in this 

case only four clata points exist which CO\'er a limited radius range (3.) pm 

to 150 Jim). Thcrefore the valicli ty of t he ext rapolatecl curve is questionable 

but does give an indication of the order of magnitude to be expected. 

Figure 2.10 shows the phase speed and attenuation predicted by the for­

ward models for that population. It should be emphasized that figure 2.10 

has been calculated using a linear modeL and many of the assumptions in-
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Figure 2.8: Acoustic propagation characteristics in a typical opcn \vater 

oceanic bubble population (a) phase speed calculated using two different tech­

niques: the ratio of complex sound speeds (solid) and the binomial expansion 

(dashed) (b) at tenuation calculated using three different techniques: the ra­

tio of complex sound speeds (solid). the binomial expansion (dashed) and the 

extinction cross section (dot ted). The maximum disagreement in attenuation 

between the three models is 0.21 dB/Ill. 
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Figure 2.9: Surf-zone bubble population obtained usmg the combination 

frequency technique [6] in stormy conditions directly under breaking waves. 

:';otice the different y-scale from figure 2.7. The population is extrapolated 

with a gradient of R- 1 at the small radii and R- L~ at the large radii. The 

calculated void fraction is 0.02-11 but is b~'3ed upon an extrapolation from a 

very limited data set. 
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Figure 2.10: Acoustic propagation characteristics ill a stormy surf-zone bub­

ble population directly uncler a breaking wave (a) phase speed calculated using 

two different techniques: the ratio of complex sound speeds (solid) and the bi­

nomial expansion (dashed) (b) attenuation calculated using three different 

techniques: the ratio of complex sound speeds (solid). the binomial expansion 

(dashed) and the extinction cross section (clotted). The dashed and dotted 

curves almost overlay one another. Owing to the small number of radii at 

which the measurement was made, predictions only exist at four frequencies. 

The line connecting these points is for clarity only and does not imply mea­

surements at intermediate frequencies. These results are for indication only 

and are likely to be in error due to the assumptions made in the model. 
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herent in that model may be invalid for this dense population. The results 

are likely to be in error but are shown in order to indicate the magnitude of 

effects that could be experienced in extreme smf-zone conditions. The level 

of agreement between the models is surprising. l'specially in the predictions of 

attenuation. The extinction cross-section and the binomial expansion agree 

particularly well with a maximum diffrrrIl\(' of 2.6 dB (less than one percent 

of t hl' total). The discrepancy bet ween those twu anel t he full rat io of sound 

speeds is greater with a maximum diffcn'llce of 25 dB (approximately 8 per­

cent). \\"hen considering the phase speed the discrepancv ranges between 1.8 

and 70 m/s. 

As can be seen III figure 2.10 the attenuation ('xp!'rienccd ill the surf­

zone could be expected to be in cxcess of 1O() dB/Ill. This illustrates the 

difficulty of making measurements in this extremely challenging cnvironment, 

especially, as will be seen later, as the receiver should be positioned in the 

far field of the source. \Vhen considering that a receiver may have to be 

O(1m) away from the source to satisfy the far-field condition, it can be 

seen that surf-zone measurements are very challenging indeed. However, the 

population modelled represents very extreme conditions. and it may be that 

in more moderate conditions, not directly underneath the breaking waves 

surf-zone. measurements may become practical. 

2.1.6 Summary of forward solution 

The first section of this chapter has developed a method of predicting the 

acoustic propagation characteristics in a known cloud. The supporting theory 

was outlined using three different expressions. The complex ratio of sound 

speeds and its binomial expansion were Ilsed to determine phase speed and 

attenuation while the extinction cross section was used to determine atten­

uation onlv. The three models were shO\vn to agree \vithin the range of ex­

pected oceanic bubble populations with small discrepancies entering at very 

high void fractions in the surf-zone. A range of synthetic populations were 

tested and compared to the results of other investigators. Finally the propa-
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gat ion characteristics were calculated based on measured oceanic clata both 

in open ocean and in the surf-zone. The surf-zone population indicated very 

high attenuation. but the measurements were taken in \'ery stormy conditions 

directl\· under breaking waves. This serwd to illustrate the challenges that 

will be encollntered in making surf-zone bubble population mea.'-iurements. 

\\'hilc this section has laid dowll a formulation of the problem. relating bub­

ble number to acoustic propagatioll characteristics. the ill\'erse solution IS 

morp problematic and is the subject of the next section in this chapter. 

2.2 The inverse problem 

Initial consideration of the inverse problem based upon a knowledge of the 

forward problem would indicate a relatively straightforward process. In order 

to estimate the bubble population the vector of propagation characteristics, 

ex is multiplied by the inverse of the matrix of bubble responses 

(2.23) 

However, owing to the fact that geometrical scattering causes K to have 

significant off-diagonal elements (as discussed in sections 1. 1. 2 and 2.1) the 

matrix becomes poorly conditioned and is therefore the solution becomes 

very sensitive to noise. Take. for example, the open ocean population for 

which the fonvarcl problem \vas solved in section 2.1.5 (fignrr: 2.7). Csing 

standard Gaussian elimination as the method for inverting the matrix K 

produces an accurate answer when no noise is added. However. \vhen Gaus­

sian noise of just one thousandth of one percent on the mean value is added 

the solution becomes wildly unstable and meaningless. Figure 2.11 shows the 

two solut ions. Since real meaSllrements will suffer froIll much greater levels 

of noise'. this method of inversion is of little or no use for experimental work. 

Therefore a more robust method of inwrting 'K' must be developed and this 

is the topic of the next section. 
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Figure 2.11: Inverted solution (using Gaussian elimination) for acoustic 

propagation characteristics shown in figure 2.8 with and without Gaussian 

noise added (a) No noise added (b) 0.001% Gaussian noise added. 

2.2.1 Regularisation techniques 

41 

The material in this subsection was developed with assistance from Prof. P. 

A. Nelson and his input is acknowledged. 

A widely used technique for inverting ill-conditioned matrices, such as 

the 'K' matrix, is Tikhonov regularisation [47]. This technique relies upon 

adding a matrix (usually the identity matrix), scaled by {3, a regularisation 

parameter, to the matrix to be inverted. This has the effect of stabilizing the 

inverse of the matrix. Where possible the techniques will be discussed based 

on both real and complex values in order that inverse solutions are possible 

for all the models discussed in section 2.1. 

If & represents the modelled input values to the system and Q the mea­

sured input values then modelling the measured signal as the modelled signal 

plus a noise vector gives 
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Kn 

(2.2-1) 

The solution to find an optimal value of n \"aries depending on whether 

real \"alues (such as attenllation or phase speed) or complex vallles (both 

attenuation and phase speed) are Ilsed in the wctor a and the matrix K. 

In both cases, n, the vector of bubble nllmbers. is. of comse. real. 

( a) Real values 

The fllnction to be minimized is gl\"en 1)\" equation 2.2.) and represents a 

compromise between the sum of the squared errors and a weighted sum of 

the squared solutions. 

(2.25) 

The superscript T denotes the transpose of the vector/matrix. Since 

e = a - Kn 

\If (a-Knf(a-Kn)+3nTn 

a T a - n T KT a - aT Kn + n T KT K n + ,3n T n 

nT(KT K + 3I)n - (nT KT a + aT Kn) + aT a 

(2.26) 

(2.27) 

Since n T KT a and aT Kn are both scalars equation 2.27 can be rewritten 

(2.28) 

In order to find the optimal solution. it is necessar.v to find the minimum 

of \If. This is done by differentiating and setting the result equal to zero. 

The differentiation is performed by exploiting two standard identities given 

in equations 2.29 and 2.30. 
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aATx = A 
ax 

These identities allow calculation of the clerivatiw. 

alJ1 
an ((KT K + .31) + (KT K + .3If)n - 2KT a 

2((KT K +.JI)n - KT a) 

Set t ing ~~ = 0 and rearranging for n gives 

(b) Complex values 

43 

(2.29) 

(2.30) 

(2.31) 

(2.32) 

The function to be minimized m the complex case is similar to equation 

2.25 and is given by equation 2.33 \',;here the superscript II represents the 

hermatian of the vector/matrix i.e. its transposed conjugate (X'f. 

(2.33) 

Similar simple algebra to that outlined above yields the following result. 

(2.3-1 ) 

Since KH K and KT K* are complex conjugates. equation 2.3-1 could be 

re-written in a form analogous to equation 2.32. 

(? 3-) -. ;) 

In both the real and complex cases the success of the inversion is deter­

mined by the value of /3. When fJ is large, the matrix being inverted \\Till 
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tend towards a scaled \'ector. KlI Q, and where :3 is small the instabilities 

caused by the ill-conditioned matrix will cause large errors in the solution, 

The key to successful im-crsion using this technique is choosing the correct 

\"Cllue of .3, There are many different methods of achie\'ing this which will be 

discllssed in the next sub-section, 

2.2.2 Determination of the regularisation parameter 

Pre\'iolls investigators hm'(' performed the ilm~rsion of the ill-conditioned 

matrix K by imposing phvsical constraints upon the solution [18,19] (for 

example upon the smoothness of tl1<: soil! t ion). IIowc\"(:r such met hods merely 

render the solution stable rather than systematically determining the amount 

of regularisation to add. 

A comlllonly used systematic method of determining the optimal amount 

of regularisation to add to ill-conditioned matrices is the L-curve method, first 

developed by Hansen [48,49]. It plots the Euclidian norm of the regularisecl 

solution IILnlh (where L is the additional matrix used for regularisation, 

in this case the identity matrix) against the corresponding residual norm 

IIKn - QI12 (which can also be \vritten !le112 fur a given value of 3), This, 

when plotted on a logarithmic scale, forms a well characterized 'L' shaped 

curVf'. the corner of w'hich represents a compromise solution between an over 

and an under regularised solution. 

Figure 2.12 shows the curve plot ted when attempting to invert propaga­

tion characteristics calculated using thc forward technique (section 2.1) with 

lo/c noise added to the phase speed and attenuation. The population used 

was the open ocean population measured by Phelps &:: Leighton [40] (section 

2.1.5). As can be seen when {3 is sIllall the value of Ilnil:2 is large and Ileih is 

small. indicating a good agreement between measured and modelled values 

of Q but an unstable solution (see figure 2.11(b)) ofn. When 3 is large IInl12 

is small and Ilell:2 is large, indicating a more stable value of n but a larger 

error bet\veen measured and modelled values of Q. 

0:umerically the corner of the 'L' corresponds to the maximum curvature 
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Figure 2.12: A typical L-curve used during inversion to determine the op­

timal value of~. Curve calculated with lo/c noise added to the inputs. The 

optimal solution lies at the corner of the' L'. 

of the curve given by 

Iz~1 
C(y) = (1 +;;~ 2):3/2 (2.36) 

where Zn = IInl12 and y = IIel12 and the primes refer to first and second 

derivatives with respect to y. 

2.2.3 Solution of inverse problem: Synthetic data 

This section will aim to reconstruct four synthetic bubble populations: UIll­

form. Ganssian. exponential and power law using the L-curw technique for 

determining the matrix regularisation parameter. The acoustic propagation 

characteristics l calculated using equation 2.9 (figures 2.5 and 2.6) were used 

as an input to the inverse problem in an attempt to recover the original 

populations (figure 2.4). 

I At this stage both phase speed and attenuation are used. 
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Figure 2.13 shows the populations estimated via inversion for each of the 

diffcrcnt bubble populations with 0.001 SIc Gaussian noise added to the input. 

This quantit:-; of noise rendered the solution unstable when using standard 

Gaussian elimination to inwrt the matrix. As can be seen. the technique has 

gellPrally been successful at reconstructing the pOPlllations bllt at wry low 

numbers of large bubbles begins to cli\'erge from the original pOPlllation. 

Figure 2.1-1 shows the pOPlllation estimated \\'ith a greater amOllllt of noise 

added (1 SIc:). As can be seen significant inaccmacics arc beginning to occur at 

differl'llt parts of the radius spectrum. For example the Ilniform dis! ribution 

signifirantlv under-estimates the population below 100 IfIll. This is dlle to the 

scattering by large off-resonant bubbles. Howewr. while these estimation of 

these s.ynthetic populations is a useflll exercise in testing and understanding 

the performance of the regularisation algorithm they bear little resemblance 

to real oceanic populations. A more valid test would use historical oceanic 

data. This \vill be the sub.iect of the next section. 

2.2.4 Solution of inverse problem: Oceanic data 

This section will estimate the population from the propagation characteristics 

solved using the forward problem in section 2.l.·5 with Gaussian noise added 

to the characteristics to simulate the effect of measmement noise. Figures 2.7 

and 2.8 shO\v the populations and their predicted propagation characteristics. 

The L-curve technique \vill be used to regularise the solution. Figure 2.15 

shows both the original input population and the result estimated when 

0.001 SIc: measurement noise is added. This small value of noise rendered 

the inversion unstable using standard Gaussian Elimination owing to the 

ill-conditioning [-l7] of the matrix being inverted. As can been seen the 

regularised solution is now in good agreement with the original population. 

Figure 2.16 shows the estimation based upon the same oceanic population 

but this time adding 1 SIc: Gaussian noise to the input. While the solution is 

accurate for the small bubble radii. where the number of bubbles is large, it 

is less accurate for the large radii where the bubble numbers are smaller. 



CHAPTER 2 47 

(a) 

10
4 

(b) 
140 

~ 120 
'" 102 

~ 100 
Q) 

:0 
80 .0 

::J 100 
.0 + 
'0 60 
Q; 
.0 40 10-2 E 
::J 
Z 20 

+ 
0 10-4 

0 100 200 300 0 100 200 300 

10
5 

(c) 
10

5 
(d) 

E 
..2-

'" E 
Ul 
Q) 

:0 
+\. -g 100 

.0 -I' 
'0 
Q; 
.0 
E 
::J 

Z 

10-5 

0 100 200 300 100 200 300 

Bubble Radius (>1m) Bubble Radius (>1m) 

Figure 2.13: Synthetic bubble populations estimated from propagation char­

acteristics predicted using forward problem with 0.001% Gaussian noise added. 

The continuous line represents the input population and the crosses (+) the 

estimated population. (a) C"niform distribution (b) Gaussian distribution (c) 

Exponential distribution (ell Power law distribution. The inversion was per­

formed using the L-curve method and was based upon a complex kernel (equa­

tion 2.9). The bin size used was 1 pm. 
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Figure 2.14: Inverted data for the four synthetic bubble populations with 

lo/c Gaussian noise added to the input propagation characteristics. The con­

tinuous line represents the input population and the crosses (+) the estimated 

population. 
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dered the solution unstable (see figure 2.11). 
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The error in the inverted solution may be minimized by increasing the 

bin size used to evaluate the bubble population. Practically speaking, it is 

likely that be bubble population will be measured using a coarse bin size and 

the results scaled to be quoted per /-lm. Figure 2.17 shows the estimation 

performed using 2, 3, 5 and 10 /-lm radius bins. The amount of Gaussian 

noise added is kept constant at 1% throughout. 

As can be seen in figure 2.17, increasing the size of the radius bins im­

proves the accuracy of the estimate. This is because the condition num­

ber [47] (which is the ratio of the largest to the smallest singular value of 

the matrix being inverted) becomes smaller as the radius bins become larger. 

A matrix with a low condition number is less prone to instabilities than 

one with a high condition number [49]. Table 2.1 shows how matrix size 

and condition number varies as a function of radius bin size for the oceanic 

population under consideration. 

However, increasing the size of the radius bins has the affect of 'smearing' 
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Figure 2.17: The effect of radius bin size upon inverse estimation (a) 2 /-Lm 

bin (b) 3 /-Lm bin (c) 5 /-Lm bin (d) 10 /-Lm bin. The amount of noise is kept 

constant at 1%. 

Bin Size (/-LID) Matrix Size Condition Number 

1 177 x 177 3.1 x 1015 

2 89 x 89 3.2 x 107 

3 59 x 59 7.4 x 104 

5 36 x 36 1.3 x 104 

10 18 x 18 5.5 x 103 

Table 2.1: Matrix size and condition number as a function of bin radius. 
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the distribution because the magnitude of the bin represents the integral of 

all the bubble radii falling within the boundary of the bin. It should be 

noted in figure 2.17 that the largest bin size. (d). obscures the peak in the 

distribution. therefore it is desirable to keep the size of the radius bins low 

in order to adequately resolve the characteristics of the population. 

2.2.5 Summary of inverse solution 

A demonstration \vas ma.de of the inherent problems encountered when at­

tempting to make an estimate of bubble populations using inverse meth­

ods. A technique was then outlined tu m'el"("OIIH' such difficulties \\"hich made 

use of a least squares fit solution \"ia Tikhon(w rC'gularisat ion. This solu­

tion \vas then implemented on a variety of synthC'tic populations and real 

oceanographic measurements. This showed that. while accurate estimates 

can be made \vith lmv noise levels, the inaccuracv becomes intolerable for 

large a.mounts of noise. It was then shown how red\lcing the n\lmber of radii 

under consideration helps dc-sensitize the solution to noise. However reduc­

ing the number of radii was shown to 'smear' the estimated population, and 

hence it is beneficial to make measurements with as little noise as possi­

ble. All the inverse results presented in this chapter have been based upon 

complex kernels. However exactly the same techniques apply to real kernels 

(whether based on complex sound speed or extinction cross section). 

The discussion up until this point has mainlv focused upon the fOrIIlll­

lation of the problem and methods of solution without consideration of the 

inherent acoustics. It is important that these considerations are made and 

their implications appreciated when making any estimates as contravening 

the assumptions will effect the validity of the estimate. This discussion will 

form the subject of the next section. 
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2.3 Consideration of inherent assumptions 

In order to assess the \'alidity uf any gin;n estimate of bubble population, it 

is necessary to appreciate the theoretical a:-;sllmptions that haH? been made 

in obtaining that estimate, The t\\'O model:-; used in section 2,1 (the ratio of 

complex sOllnd speeds and the extinction cross section) are wideh' employed 

in exist ing techniques and make similar assull1 pt ions aboll t t he response of 

the bubble and the field driving it. The \'alidity of these assumptions must 

be assessed \vhen considering t h(' rclia hili tv of a given estimate of bubble 

population obtained using thelll. The kcv aSSlIIllpt ions arc 

1. that the acoustic propagatioll in the buhbl.'; mcdiuIll is planar: 

2. that the bubble oscillatcs in a free field: 

3. that the bubble oscillations are monochromatic (i.e. single frequency 

which implies linearity), 

The following sections will address each of these assumptions 1Il turn 

specifically considering the case of high amplitude propagation in the surf­

zone. This is one of the most challenging of oceanographic environments anel 

also one for which there is the least alllount of measured data. 

2.3.1 Plane wave propagation 

There arc two different cases that lllllst be considered when assessmg the 

planarit.v of a \vave: the direct radiation from the source and the arrival of 

indirect radiation. The former of these two cases refers to the geometrv of 

the field radiated on a direct path from the source. ThE' latter case refers to 

waves which have traveled an indirect path most cOllllllonly by reflection from 

ocean surface or the ocean floor. The two cases arc considereel separately. 

First consider the direct case: gi \'en that the source is radiating into a 

free field, what conditions must be met in order that plane wave propaga­

tion is experienced? Any sound source may be modelled as a collection of 
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a 

Figure 2.18: A distributed line array of point sources. \\·hen.r becomes 

large the path difference is negligible aIld hence the phase diffprPllcP between 

the radiated waveforms is close to zero. \\·l!ell.r p is slllall the pl!a:;e diff('l"<'Il("(' 

is significant. 

point :;ources, which are considered to radiate spherical acoustic \vaveforrn 

independently of one another. The resultant wavdorm can be calculated by 

the summation of the radiated pressures. Consid(T a line array, length a. of 

such point sources all radiating in phase with one another where al and a"2 

represent the point sources at each end of the line array (see figure 2.18). 

If ::rp is the perpendicular distance from the source. it can be seen that as 

:Ep tends to infinity the difference bet\veen the path lengths from a land a2 

compared to the wavelength of the sonnd being radiated becomes negligible. 

This implies that the phase difference of the waveforms radiated from al and 

a2 at point xp is also negligible. From this it can be inferred that plane \vave 

propagation is occurring. This reglOIl is referred to as the far-field of the 

t ransd ucer. 

If .L"p is small. and hence t he path difFerrIlccs are significant compared 

to the wavelength. the phase relationship becomes importclIlt and the sum­

mation of the \vaveforms from each point source mllst include their phase 

relationship. This can lead to complicated spatial pressme patterns being 

formed. This region of the pressure field emitted by a transducer is referred 

to as the near-field of the transducer. 

In order to determine the value of xp for which far-field effects become 
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dominant, it is necessary to consider the relationship between the length of 

the array of point sources, a. and the wavc!ength of the acoustic field being 

radiated. A. Csing standard trigonometry it can be seen from figure 2.18 

that the path difference, d. between the radiated w(lwforms from al and a2 

IS 

'J (r 
ef = asinf)::::::; n tanf) = -

.2'p 
(2 . .37) 

(small angle app7'Oximation) 

From this it can be seen that when .rp > a2 
/ /\ the the path difference 

will be less than a wavc!ength \vhich acts as a first approximation for the 

boundary of the near-field. Any measurements that are made assuming a 

plane wave should therefore be made at a distance greater than a2 
/ A. 

The second of the two cases mentioned abo\'(' refers to sound radiation 

from the source arriving at the measurement point by an indirect route. most 

commonly by reflection from the ocean fluor/surface. The problem of multi­

path reflections can be overcome by \vinclowing the received \vavefonn in 

such a way that data received after the time of arrival of the first reflection 

is ignored. This effectively puts a limit on the duration of the acoustic pulse 

that can be used to insonify the bubble cloud. Simple geometry shows that 

the difference in arrival times of the direct and indirect pulse. tp. for a source 

and receiver separated by distance .r. wi th a perpendicular distance of .r r to 

the nearest reflecting surface is 

1 (' (.2')2 'J ) t p = - 2 ::) --L .r~ - x 
CU ' -

(2,:38) 

where the sound speed in the mediuIll is assumed to be the sound speed in 

pure water, CU' (in bubbly mixtures this may vary slightly), For example. in 

water t\VO metres deep with a source positioned at a depth of one metre and 

a distance between that source and a receiver of two metres (to account for 

being in the far field) tp would be ",-,560 liS. 
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Figure 2.19: Beam pattern for a directional transducer at 200 kHz. The main 

beam width for this transducer is approximately 8 degrees and side lobes are 

30-35 dB less than the main lobe. Acknowledgement: H. A. Dumb/ell, Dstl 
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An alternati\"(~ would be to emplm' a directional transducer with a fo­

cused beam-pattern in order that the rdkt'tiollS were minimized, Figure 

2,19 shows a beam-pattern for a directional transducer taken at 200 kHz 

as an illustration, ese of such a transducer \\'(lllid not impose a restriction 

on the pulse duration of the driving signal prm'iding it could be assumed 

that the transducer radiated negligible sound PU\\'Cr outside the angle () of 

its main beam and that the main beam WC1S :-;uHicienth' narrow that reflected 

paths did not intersect with the recci\'er. II()\\'('\'cr for a physically realisable 

transducer it is inevitable that there \\'ill he some radiation of sound from 

outside the transducer's main bealll and the 1(,\,(,\ uf this side-radiation should 

be assessed, Also this assumes that the radiated acoustic waveforms travel 

upon straight paths, In a medium where t he sound speed varies with depth, 

as \vill be the case in ncar surface bubble clouds, refractioll of these paths 

will take place [50], Hmvever due to the proximitv of the source and receiver 

such refraction is unlikely to be significant. 

2.3.2 Free field conditions 

The assumption that the bubble oscillates in a free field is currentlv the topic 

of considerable discussion [5:3 59] in the field of bubble acoustics, \Vhen radi­

ating into non-free fidel conditions mallv of the characteristics of the bubble 

\vill change, for example its resonant frequcnc\' [51] or damping constants [52], 

Typically this assumption can be contra\'(~ncd either by proximity to a surface 

or by interaction \vith neighbouring bubbles. In oceanic conditions bubbles 

are likely' to be multiple wawlengt hs awav froIll anv adjacellt surfaces. be 

they the sea bed or the sea smfac('. and are mllch more likelv to be affected 

by interaction with neighbouring bubbles. This is particularly likely to be 

true in surf-zone ellvironments where high \'oid fractions can be expected. 

Even in very simple configurations. fully describing the interactions be­

tv.-een bubbles is a difficult problem [60.61]. In the highly complicated, real 

conditions that oceanic inverse measurements are likely to be taken under 

(where the bubbles are moving relative to each other in unknown geometries 
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at unknown rates) incorporating the precise effect of interactions in the in­

wrse solution is likely to be an intractable problem. As such this section 

\\'ill re\'iew the existing literature and attempt identify a means by which the 

magnitude of the effect could be estimated rather than attempt to account 

for such interactions in the inwrsion itself. 

Initial re\'iew of the axailable literature ren:als that while considf:rable ef­

fort has been expended in understanding the magnitude of the forces between 

the bubbles. for example [59.60]. less work exist:-; on quantifying the affect of 

these interactions on acoustic propagation. l\Iost imT'stigators overcome the 

problems associated with the precise geomctn' of the' bubble cloud by consid­

ering average quantities and their influence upon the cffcctiv(; wavenumber 

in the medium. 

The effedive medium approach uses the samc basic prellllSC originally 

outlined by Foldy [13 , U] upon \vhich the lllodels alreadv outlined are based: 

that the bubbly medium can be considered to be a homogeneous medium 

with uniform acoustic properties. \\'hile models using this premise have 

traditionally assumed bubble interactions to be negligible, recent work by 

several investigators has begun to propose corrections to the effective medium 

equations that incorporate higher orders of multiple scattering. 

A recent paper by Kargl [62] builds on the recent work of other investiga­

tors [63.64] and describes an alternative expression of the complex \VaWnUlll­

bel' (equation 2.2). This new expression corrects for multiple scattering by 

using damping constants that relate to the effectiw lllediulll rather than to 

the bubbles themselves. The proposed expression is 

'J') ,) i' x 
Ro([( Ro) (lR 

k~=k~,+4;L""- ,2,2. '(3 I J I J) 0 
. 0 ""'0 - w -.J ' "Ie T ' Ie T, rP 

(2.39) 

where ke is the new effective wCt\'enumber. ,13 L·P represents the effective \'iscous 

damping. Ute, the effective thermal clamping and .'3re . the effective acoustic 

radiation clamping. Comparison \vith equation 2.2 shows that a 2"",' term 

is missing from the damping. but this is simply factorised into the terms 

themselves. Of these three damping terms only the radiation losses are likely 
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to be significantly affected by the multiple interactions. Hence 3l"e ;::::: 3l"is and 

:Jte ;::::: 3th . The acoustic radiation damping is a function of the wcn·enumber 

and can be determined iteratiwh· 
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Figure 2.20: Comparison of standard lincar thcory (solid) and the modi­

fied theory accounting for bubble interactions (dashed) for a mono-disperse 

bubble population with Ro = 2.68Illlll and VF = 0.01. (a) Phase speed (b) 

Attenuation. 

Comparison of the acoustic propagation characteristics calculated using 

the linear formulation of Commander &:: Prosperetti (equation 2.2) and the 

new formulation for a mono-disperse population shows significant differences. 

especially in the phase speed (figure 2.20). However comparison of the two 

expressions for a realistic multi-disperse population for example the oceanic 

population measured by Phelps &:: Leighton H.sj, shows small differences when 

scaled to a higher void fraction that might be expected in the surf-zone (figure 

2.21). The fact that interaction effects are most severe in the mono-disperse 
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Figure 2.21: Comparison of phase speed and attcllllatioll calculated USlIlg 

standard linear theory (solid) and the modified theory accounting for bubble 

interactions (dashed) for an oceanic bubble populatioll scaled to a void fraction 

of lO-:l (a) Phase Speed (b) Attenuatioll. 

case is physically reasonable. Interactions when all the bubbles arc of the 

same radius can be expected to be significant because the conpling between 

the bubbles \vill be greatest when the!· share the samc resonant frequency. 

However, in the case where the void fraction is composed of a broad spectrum 

of bubble radii there are correspondingly fewer bubbles at anv one radii and 

hence the effect of interactions will be smaller. Cse of eqnation 2.:39 requires 

knowledge of the bubble population and hence cannot be included in the 

inverse method laid out in section 2.2. Instead it \vill be used to assess the 

magnitude of the effect of bubble interactions by solving the forward problem 

using measured populations as the input (see chapter 6). 
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Figure 2.22: .\"ulIlerical calculation of radial displacement llsing Herring­

Keller formulation for a 100 IllII bubble insonifiecl at 500 Pa close to resonance. 

\""otice the bubble response appears monochromatic for t > 2 IIlS. 

2.3.3 Monochromatic bubble oscillations 

The final assumption inherent in the w,lycnulllber formulation IS that of 

monochromatic (i.e. single [requeuc\") bubble oCicillations. In order to achieve 

such oscillations it is necessar\" for the lJllbhl(, to be drivcn for a long period 

of time. This is in order that the trclllsicnt effects caused bv the response of 

the bubble to the broadband Ilature uf the dri\'ing sigmll dose to its onset 

make no contribution to the bubble rCCipOllSC. This transient effect is often 

called the 'ring-up' period of the huhble and is illustrated in figure 2.22. 

Driving the bubblp for a long lwriod of time is impractical as this would 

contradict the plane W,l\'C aSslllllptiOlh O\\'ing to the arrinll of multi-paths. 

Hmvevcr a monochromatic re::iponsp could 1)(' approximated by assuming that 

the transient effect can be llcglcctl,ci after a certain period. For example 

visual inspection of figure 2.2:2 shows that the initial transient effects have 

become small after approximately 2 IllS le;wing a close approximation to a 
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Figure 2.23: The normalised power spectral density of a bubble of radius 115 

J.Lm driven by a semi-infinite wave close to its resonant frequency at (a) 100 Pa 

and (b) 50 kPa. Higher harmonics are excited when the bubble is driven with 

a high pressure amplitude. The effect of these higher harmonics is ignored in 

the linear theory. 

monochromatic bubble response. However measurements of oceanic bubble 

populations must be within the top 10 metres of the ocean since this is 

the greatest depth to which bubbles are known to penetrate [11] and often 

the region of interest is the top 1-2 metres of the ocean where the higher 

void fractions can be found. This precludes the use of long pulses owing to 

the arrival of the first multi-path as discussed in section 2.3.1. Indeed for 

measurements in the top 2 metres of the ocean with a receiver 2 metres away 

the duration of the pulse must be less than 1.6 ms. Therefore a limitation 

of 1.6 ms on the driving pulse would mean that bubbles of size greater than 

approximately 100 11m2 could not be driven sufficiently long to ensure a 

monochromatic response. 

Also worthy of consideration is the effect of high amplitude excitation on 

2Since the duration of the pulse required to drive a resonant bubble to a steady-state 

increases with the bubble's radius. 
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Also \\'orthy of consideration is the effect of high amplitude excitation on 

the response of the buhble, In the surf zones, where high driving pressures 

are required, a portion of the bubble cloud will be exposecl to high driving 

pressures. potentially callsing a nonlinear response in the beha\'iour of the 

bubble. Figure 2.23 shows th(: normalised power spectral density of a bubble 

of radills 115 jiIll drin'n by a semi-infinite \\'il\,(' closc to its resonant frequency 

at 100 Pa and at 50 kPa. As cnn be scell ill the high amplitude case a number 

of high harmonics of the bubble's nat ural freqllency arc excited. The effect 

of these harmonics is not taken into aCcOIlilt in the existing linear theory. 

In order to correctly model the response of the bubbles to short pulses of 

high amplitllde, a reqllirement especially likely in the surf-zone. an advance 

in the existing theory is required in order to predict the propagation charac­

teristics of time-dependent bubble clollds to high amplitllde excitation. Such 

a model would be of interest, not only in an oceanographic context. but also 

in other fields for example biomedical ultmsollnd. 

2.4 Summary 

This chapter has formulated a method of predicting the effect on acoustic 

propagation of a known bubble population which compares well with the 

results of similar techniques already published for synthetic data. The tech­

nique \vas then used with measureIllents of oceanic bubble populations made 

by previous investigators to predict the propagation characteristics which are 

likely to be found in an oceanic cm'ironmcnt. This showed that at tenuations 

in excess of 100 dB/m might be expected in the surf-zone. The problem 

of inversely determining a bubble pop1llatiun from measurements made of 

acoustic propagation chc1.racteristics \\'(1S thell inH'stigatcd, This \vas shown 

to be ill-conditioned and hence req1lired cOllsideratiun of optimal methods 

of estimating the population . .-\. solution was developed which involved the 

systematic determination of an optimal rcgularisatioll parameter. This tech­

nique was used to reconstruct both synthetic and oceanic populations from 
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the propagation characteristics predicted by the forward problem. The ac­

curacy of these estimations was found to degrade \vhen Gau5..sian noise of 

greater than a few percent was added to the input parameters but it was 

also shown how the size of the radius bins used improH'd the conditioning of 

the matrix and hence the accurac\" of the solution. 

I!m"ing developed a technique' capable' of estimating bubble populations. 

the validity of the model used was considered for t he case of measurements in 

the surf-zone. Each of the key assumptions us('d in the model was examined. 

It was found that the time taken for larger bubbles to ring-up to a steady­

state response is greater than the arrinl1 time of the first. indirect acoustic 

path. This creates a contradiction between the assumptions of monochro­

matic bubble response and plane wm"e excitation. It was also shown how 

under the high driving pressures necessary in the surf-zone the nonlinear re­

sponse of the bubble contravenes the assumption of monochromaticity. This 

demonstrated a need for an advance in the existing theory in order to predict 

the acoustic propagation characteristics through a nonlinear time-dependent 

cloud of bubbles. Such a model \vill be the subject of the next chapter. 



Chapter 3 

Development of a nonlinear, 

time-dependent model of 

acoustic propagation in bubbly 

liquids 

Chapter 2 outlined the need for a model of acoustic propagation in bubbly 

liquids that does not include the assllmptions of linearitv, monochromaticity 

and steady-state that are inherent ill t he current theory [18]. Such a model 

will be of use when high driving pressures are incident OIl the bllbble popula­

tion being measured, causing a nonlinear response or \vhen the excitation is 

sufficiently short that not all the bubbles are oscillating in steady state. This 

chapter will derive the model and discuss its application to the problem of 

inversion of acoustic propagation characteristics. As this thesis is primarily 

concerned with oceanic bubble populations, it will be assumed that the bub­

bles referred to are air bubbles trapped in water. IIo\\"(;ver the theory could 

equally be applied to any similar gas-liquid combination. 

65 



CHAPTER 3 66 

3.1 Model of acoustic propagation through a 

cloud of nonlinearly responding bubbles 

The material in this section [L'as de1'eloppd in collaboration u'ilh Prof. T. C. 

Leighton. The text foll01es that of referencp (65). 

The initial approach takcn to deriH' a mude! of acoustic propagation 

through a cloud of nonlinearlv responding bubbles is analogous to that at­

tempted by previous investigators [.s. 22] (sre chapter 1). namclv to dcri \"e an 

expression for the complcx sound spccd in the mcdium. This approach. as 

will be shown below, is Hawed in the nonlinear regime. IIowcwr the reasons 

for this are illuminating. and their appreciation highlights potcntial sources 

of error in existing models. as well suggesting an alternati\"c approach. There­

fore the derivation of the complex sound speed is presented here in full. and 

forms the first section of this chapter [6.S]. 

Ass\lme throughout that each bubble radius is much smaller than the 

acoustic wavelength. A cloud of bubbly water. having volume Vc and bulk 

modulus Be, is made up of a volume \/w of bubble-free \vater (having sound 

speed Cw and bulk modulus Bw) and a volume Vg of free gas (having sound 

speed cg and bulk modulus Bg) distributed in a population of bubbles. Hence 

(:3.1) 

l\Iass conservation is simply expressed by multiplication of the volumes 

with the respective densities (of the cloud. Pc. bubble-free water, (iw and gas, 

PI) ), i.e. 

(3.2) 

C nder the assumption that each of the three media separately conserve 

mass. the differential of equation 3.2 with respect to the applied pressure P 

is, of course, zero. In a infinite body of either water or gas that contains no 

dissipation, sound speeds (c w and cg respectively) may be defined: 
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c; = B~ = [UP~P' 5)] 
p~ up ~ 

(~= te.g) (3.3) 

where 5 is the entropy and the sllbscript ~ can refer to application to water 

(tc) or gas (g). Similarly. differentiation of equation 3.1 with respect to the 

applied pressure giws. with eqllation 3.3. the relationship between the bulk 

moduli 1 

(3.4) 

Let us define a function ~r eqllal to t he root of the ratio of the bulk 

modulus of the bubbly cloud to its densitv: 

fic J: - _-
~c - -

Pc 

where the final approximation is valid assuming the void fraction is not ex­

tremely high. Specifically it is assumed that the density and volume of the 

cloud are approximately equal to those of its bubble-free water component. 

If the bubbly cloud were not dissipative. then this would equal the sound 

speed in the cloud, but (as will be shown). slleh an identity is not rigorous 

in lossy bubble clouds. 

Evaluation of equation 3.5 reqlllres calclllation of the bulk modulus of 

the gas. as it is distributed through a (presumably) numerous population 

of bubbles pulsating \vith a broad range of amplitudes. phases, frequency 

content. damping and start times. The inhomogeneous bubbly water must 

be di\'icled into volume elements \\'hich are suffici(~lltly slllall to ensure that 

all the bubbles in that element are subjected to the saIlle pressure change 

dP(t) simultaneollsly. This would allo\\' calclllation of a \'alue for ~c for each 

volume element, since from equation 3.3 the bulk Illodulus Bg[ of the gas 

1 It should be noted that this expression is the same as that given by Terrill &: .\Ielville 

[20] in terms of the relationships of compressibilities. I\ and void fraction, V F Kc = V F Kg + 
(1 - VFlKw ' 
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within the [th element is related to the volume changes d ~i of the J bubbles 

in that volume element: 

1 _ 1 t e1\; 
Bg( - - ~.~( i=1 elFI 

(3.6) 

where PI denotes the pressure in the lth \'olume element. Consider one such 

volullle element ~~( of a cloud which has total volume 

L 

v;, = LVc( (3.7) 
[=1 

Substituting equation .3.6 into equation :3 .. ) gives ~C(' the time history of 

~c within the volume element Ve( 

(3.8) 

To evaluate equation 3.8, the bubble population of the volume element 

is classified into j discrete bins according to bubble size (as previously de­

scribed). Every individual bubble in the /h bin is replaced by another bubble 

which oscillates with radius R)(t) and volume Yj(t) (about equilibrium val­

ues of Ro] and VoJ, such that the total number of bubbles ,Vj and total 

volume gas ,vj Vj (t) in the bin remain unchanged by the replacement. If the 

bin width increment is sufficiently small (111m is normally chosen). the time 

history of every bubble in that bin should closely resemble vj (t) = V (Ro) , t) 

(the sensitivity being greatest around resonance). Hence the total volume of 

gas in the lth volume element of bubbly water is 

J J 

~~((t) = L S)(Ro). t)Vj(t) = V;.( L n)(Ro]. t)tj(t) (3.9) 
j=1 

Here nj(Ro]. t) = Sj(Ro) , t)/Vq is the number of bubbles per unit volume 

of bubbly water within the /h bin. It will vary more slowly than the acous­

tically driven pulsation Vj(t), and so the approximation is made that it is 

stationary over the duration of the measurement. This in practice can be in 
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the range 0.001-1 s: smaller \·olume elements and more dynamic oceans would 

sensibly suggest hiler time resolution. Expressing equation 3.8 in terms of 

this bin scheme gi\"es [65] 

(3.10) 

This form is sui table for nUlllcrical suInt iOIl and i:-; not limited by small 

amplitude, steady state, monochromatic ur lillC'ar assnmptions. Also note 

that the bubbles have not been assumed to 1)(' :-;pherically symmetric. The 

multi-layer aspect of this model can be incorporated into the forward prob­

lem described in chapter 2 by dividing the lIlcdilllll into llayers, as described 

above, assigning a bubble population to each l,lwr (the entirety of the cloud 

can either be considered homogeneous or inhomogeneous). The forward prob­

lem is then solved for each layer of the cloud in turn, using the propagation 

characteristics calculated in the previous layer to determine the appropriate 

driving pressure for the subsequent layer. In this manner the propagation 

undertaken by a plane \vcwe traveling throngh such a medium can be calcu­

lated. 

3.1.1 Linear expanSIOn 

A first order check upon equation :3.10 is that when low amplitude, linear 

constraints are imposed the solution reduces to that of Commander & Pros­

peretti [22]. \\"hile this \vill not expose any inaccuracies in the nonlinear 

aspect of the model (since these will be set to zero in by the process of lin­

earisation) it will add some \·aliclitv to the' expression. Assuming that the 

bubble wall oscillations are of small amplitude then 

elV 
Vo ( (dR))3 _ (elR)" (dR)2 " (dR)3 1 + - -1- 3 - -:3 - - -

Ro Ro Ro Ro 
(3.11) 

(assumes spherical symmetry) 
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Truncating after the first term in the expansion is a valid linear assump­

tion. and with this dVjdP = '±7r Rg(dRjdP). Substitution of this limitation 

into equation 3.10 when the bubble population is re-expressed as a continuous 

integral gives: 

(3.12) 

where the subscript l has been dropped brcause the bubble cloud is con­

sidered to be homogeneous. If it is further assumed that the linear bubble 

pulsations are the steady state and monochromatic response to a constant­

amplitude (PA ) monochromatic driving fidel of the form P(t) = PA sin(wt) , 

then from equation 1.27 

dR 

elP 

-1 
(3.1.3) 

(assumes linear steady state (monochromatic) spherical p-ulsations in 

response to monochromatic elr"iving sound field) 

\vhere ,Jto ! is the frame-independent damping constant having dimensions 

of time-I, derived assuming monochromatic conditions, which accounts for 

the bubble damping by viscous, thermal and acoustic radiation mechanisms 

(see section 1.2.4). 

Substitution of 3.13 into 3.12, and multiplication by the square of the 

angular frequency :.u gives the complex \vavenumber kc within the bubbly 

medium, as derived by Commander 8.:: Prosperetti [22] 

( 
w ):2 'J IX Ro n - + 47[..,,:- ') 2 '. elRo 
Cw 0 ( uJ5 - w ) + .J23tot 0.-' 

(3.14) 
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3.1.2 Discussion 

Equation 3.10 is related to the sound speed in the medium. Indeed in the 

linear. lossless case ~C/ does indeecl equal e,,/. the sound speed \\'ithin the [th 

clement of the cloud. In order to understand the reasoning behincl this. con­

sider a plot of pressure versus \'oIUlIle for an undamped bubble oscillating 

linearly within a driving pressure field. Because the bubble is linear and 

undamped during its expansion phase it \\'ill trawl UPOIl a line of constant 

gradient (d V;j dF{). Similarly. becal\se the' S\'stelll is lossless. during its con­

traction phase it \vill traverse back along exacth' the same line. Therefore 

over many pulsations the bl\bble will map out a straight line within the 

pressure-volume plane. This means t ha t the sOl\nd speed calculated using 

equation 3.8 does not fluctuate \vithin one cycle of the bubble response: the 

gradient of that line can be used to correctly determine the sound speed in 

the medium. 

l\ext, consider a nonlinear but lossless bubble response. In this case 

the pressure-volume plot will be a curve between two points corresponding 

to the minimum and maximum excursion of the bubble wall. The path 

taken between these points \vill be the same during both the expansion and 

the contraction phase. The exact route of the path will depend upon the 

nonlinear dynamics of the drin~n bubble. However. the fact that the gradient 

of the curw is no longer constant within one bubble cycle means that the 

speed that the wave propagates at in the medium will \',uv within the cycle. 

Hence the propagation is nonlinear making the concept of a single sound 

speed in the medium invalid. 

Finally_ consider a nonlinear bubble that loses energy through nlrious 

damping mechanisms such as \'iscous and tlwrmal dissipation. Here the path 

mapped out between the maximulll and minimum excursion points will be 

different during the expansion and contraction phases O\\"ing to the effect 

of clamping on the system. This will result in t\\"O cun'es that no longer 

overlay each other, and hence it will map out a loop O\'er a given cycle of 

bubble oscillation. A similar argument to that presented above means that 
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the concept of sound speed in such a medium is no longpr \·alid. 

Hom;H'r. the sound speed in nonlinear. dissipative IIwciia lIla.\· be approx­

imated by considering derivative term in pC/llation :3.lO to be tlw best straight 

line fit connecting the two extremities of the loop. which can be thought of 

as the 'spine' of the loop. For systems with low dissipation. awav from res­

onancc this is a \'alid assumption. If we aSSllIlH' that this is the case \\'e can 

eqllatc the nonlinear propagation [actor ~(' \\'ith the sOllnd speed Cr' in the 

bubbly medium. 

As discussed III chapter -1. llj('asmements of phasc speed (as opposed 

to grollp speed) are experimentally difficllit to achiew. and the inversion 

techniques described so far ha\'(; hecn based UpOll aU cnuatioll. Therefore it 

is desirable to investigate whether the attf'llllatiull experienced by the wave 

propagating in the bubbly medium can be inferred from equation 3.10. As 

discussed in chapter 2, the attenuation is related to the imaginary part of the 

complex speed of sound. This imaginal'\' part can be recovered from equation 

3.10 (\,,'hich is purely real) by use of the Hilbert transform. 

The Hilbert transform [66] is a signal processing technique that exploits 

de Ala/uTe's theorem to calculate the imaginary part of a complex number 

from the real part. The imaginary part of the complex number is formed by 

adding a 90 0 phase shift to the real data. hl'llC(~ cunHTting cosines to sines 

and visa versa. 

Figure .3.1 shows the real and imaginary parts of ~ (calculated making use 

of the Hilbert transform) for a 11 1m2 bubble driven b\' a semi-infinite pulse 

at a frequency of 35.1 kIIz and an amplitude of 7.05 kPa. :\ote the transient 

period a~ the onset of the clri\'ing signal caused bv the impulse response of 

the bubble. This transient behclyiour settles down to stcach' state oscillation 

approximatelv 200 fLS after the onset of the driving pressure. The period 

required for the bubble to achieve steach· state will \'C"l.ry as a function of 

bubble radius, frequency and the dri\'ing pressure. 

The approached used by Commander &: Prosperetti [22] is to use the 

complex sound speed (cc = u - jv) to describe the pressure field resulting 
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Figure 3.1: (a) (R(~Cl) - c,J and (b) ~(~Cl)' based respectively on the real 

and imaginary parts of equation 3.10 as constructed through use of a Hilbert 

transform for a single 71 tIm bubble insonifircl by a 35.1 kHz semi-infinite' pulse 

starting at t=O with an amplitude of 7.95 kPa. There is an unstable period 

lasting approximately 200 jlS caused by the transient response of the bubble 

before a steady state oscillation is achieved. 

from a plane wave propagating in the --i--:r: direction. The formulation IS 

expressed in the form of a complex wayenumber (kc = :.v,/ cc) 

P( ) "i(c.:!-kc.r) _ "i(o.:l- -"-.r) .. W'''.r x. t ex: e- - t: '11: e <:IL' (3.15) 

From this phase speed and attenuation can be calculated as described in 

equations 2.12 and 2.13. However in the nonlinear case this complex repre­

sentation is no longer valid. Consider a harmonic pressure field described in 

real notation as follows 

P = p'\cos.;.;t (3.16) 

or in complex notation as 

(3.17) 
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If a bubble with equilibrium volume to has a nonlinear dependence on 

that pressure field then 

I . _ I r -:... p..L bP2 -:... p:3--L 
~ - ~o ,a; ,c; ... (.'3.18) 

-"O\Y let us consider the quadratic component of that response. in real 

notation we have 

(:3.19) 

whereas the complex notation gives 

(3.20) 

As can be seen by comparing equations 3.19 and 3.20 the complex nota­

tion does not have the DC component included in the real formulation. The 

third harmonic component exacerbates the problem introducing a IlllSSlllg 

cosine term 

'J 
:3 :3:3 cP't V:3u.,(t)=cP =cP,\cos wt=-t-(cos3..ut+3coswt) (3.21) 

(3.22) 

The reason for these difference is that nonlinear systems transfer energy 

between frequency components, a fact that the complex representation fails 

to take into account. In the linear case these C'ffC'C'ts \vill not be seen since 

b, c .... --> O. However the extent to which this affects any solution in the 

nonlinear regime will increase with amplitude. 

As has been seen tViO features of propagation through bubbly liquids make 

application of equation 3.10 incorrect. and both of these require invalid as­

sumptions to be made in order to apply that equation in the nonlinear regime. 

The first feature. as discussed above, is that the transference of energy be­

tween frequencies in the nonlinear regime introduces errors into the complex 

sound speed representation proposed by Commander and Prosperetti [22]. 
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The second effecL also discussed abo\Oeo is that finite dissipation means that 

the locus of points in the pressure-\Oolume plane map out a finite area O\oer 

the oscillatory cycle. Howewr it is this wry feature which provides the so­

lution by which the measured propagation characteristics can be in\"(;rted to 

obtain the size distribution of bubbles that are behaving nonlinearly. 

3.2 Formulation of the nonlinear extinction 

cross section 

The material in this section was rieueloperi in r:ollabomtion with Prof,. T. 

C. Leighton fj C. L. ivIOTJey. The text JollolL"s that oj reJerence (65]. 

As stated in chapter 1 the extinction cross section is defined as the ratio 

of the time averaged power subtracted from an incident plane wave due to 

the presence of a bubble, to the intensity of the incident acoustic beam [5]. 

W oe:rt _ < . > 
• -b - I (3.23) 

The power subtracted from the acoustic beam by the presence of the 

bubble can be established by consideration of the thermodynamic properties 

of the system. Consider a plot of t he volume of a (perfect) gas against 

applied pressure for a bubble driven by a scmi-infinite pulse. The plot initially 

consists of a single point while the bubble is at rest. \\Oith the application of 

a driving pressure the bubble begins to respond and the plot begins to map 

out loops, the precise path of these loops depends upon the dynamics of the 

bubble. To begin with these loops may well bE' erratic owing to the initial 

transient response of the bubble. IIO\\·e\u the 111lbblc will e\Oentually settle 

into a steady state oscillation. \\·he!"cllpon the IOCllS will repeatedly map out 

the same loop. This can be more formally described by consideration of the 

1st Law of Thermodynamics which describes the relationship bet\veen the 

internal energy, U, of a gas and the heat and work transfer to and from that 

gas. 
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de = dQ + dIL' = oQ - PdV (3.2-1) 

where both the incremental heat supplied to the bubble. (oQ). and the work 

done on the bubble. (dIL) are not exact differentials. while dC is. This is 

because the internal energy of the gas is a propert\· of state. a fact that 

can bf' seen bv considering that while for a gi\'f'n change in energy. dC. the 

corresponding points in a pressure-\'olume plot. ['1 and U'2. arc fixed. the 

path taken between these points can vary. 

Equation 3.2-1 requires careful consideration to determine \\'hethcr the 

pressure llsed to calculate the work done bv the acoust ic field on the bub­

ble should be the acollstic pressure applied to the bubble or the internal 

pressure within the bubble. This can be seen by considering the form of 

the bubble dynamics equation. All bubble cl.Yllcunics equations (such as the 

Rayleigh-Plesset or the Herring-Keller equations described in chapter 1) can 

be considered to express the equality between the pressure difference. f::.p. 

that is uniform across the entire bubble wall and a summation of other terms. 

These terms are Pi (the pressure \vithin the bubble due to the gas, (Pg) and 

vapour. (Pu). pressures), Per, the pressure due to surface tension and Pdyn a 

collection of terms resulting from the motion of the liquid when the bub­

ble \vall is displaced. The signs of the various terms in equation 3.25 can 

be deduced from consideration of the balance of pressures across the bubble 

wall. 

f::.p = Pi - Per - Pdyn (3.25) 

Considering each term in equation 3.25 it can be seen that the work done 

on the bubble and hence the energy subtracted from the sound field per cycle 

of the insonifying pulse is 

E100p = - f Pi clV + f PdyndV + f PercH!' (3.26) 

Equation 3.26 can be simplified by noting that f::.p equals the spatial 

average over the bubble wall of the blocked pressure \Pblocked) (the pressure 
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seen if the bubble wa.'3 replaced by a rigid sphere of equal radius). In the long 

wavelength limit the blocked pressure equals the applied acoustic pressure 

P(t) that would be present at the bubble centre \\-ere the bubble not present. 

The equation can therefore be re-written to show that the area mapped in 

a loop of in the pressure-volume plane is the energy subtracted from the 

acoustic \\"(:1\"e in the time interval corrrsponciing to that loop: 

(!-.:R «1) (.3.27) 

Therefore the rate at which the acoustic field dors work on the bubble can 

be found b.v integrating the arra in the pressmc-volu!llc plane enclosed by 

the loops formed by the intersections described above. and dividing energy 

so obtained by the time interval taken to Illap out that loop T1oop ' This, in 

theory, allows calculation of the nlte of work done by the acoustic field on 

the bubble irrespective of the state of the bubble response. In practice the 

integration will be more problematic close to the onset of the driving field 

due to the initial response of the bubble and precise loops may be difficult to 

define. However once steady state is achieved a well defined loop can easily 

be found. Figure 3.2 illustrates this by shO\\'ing the P- V loop for a 100 wn 
bubble driven at 38 kHz. 

The rate of work clone on the bubble by the acoustic field can be used 

with equation .3.2.3 to calculate the extinction cross section presented by that 

bubble. Assuming that the bubble is driven by plane wave oscillation the 

acoustic intensity, I, of the incident pressure is given by [67] 

p 2 

I = _ .. \ (.3.28) 
PIL'C IL , 

where P.i is the amplitude of the incident pressure wave. By combining 

equations .3.2.3, .3.27 and .3.28 the extinction cross section can be expressed 

as 

next _ < vV > 
Hb -

I 
Eloop/lloop 

p.VPwcw 

PwCw § PdV 

~11/oop 
(kR « 1) (.3.29) 
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Figure 3.2: A 100 !Un bubble driven by a semi-infinite pulse at 38 kHz 

with a pressure amplitude of 100 Pa (a) Volume v:; time, the bubble initial 

responds at its natural frequency before adopting a steady state (b) Pressure 

vs volume. the locus consists of a single point until the onset of the driving 

pressure whereupon it describes erratic loops before settling into a steady state 

as seen by the dense section of the curve where to loclls repeatedly describes 

the same path. 

Attenuation can now be calclllated from the calculated extinction cross 

section using the same method as shown in chapter 1 (equations 1.3 to 1.5) 

i.e. attenuation (in dB/Ill) is given by 

-1 - lory.rll ~ 1 '34?9pe.rt • - l·e .091Oe ~ -t .• -' -1e (3.30) 

This formlllation tht'rcfore presents the theorv upon \vhich an inversion 

could be based which so far has made no assumptions of linearity. steady 

state or monochromaticity. The remainder of this chapter will implement 

this theory and discuss its implications and how its use can improve our un­

derstanding of some fundamental properties of propagation in bubbly media. 
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3.3 Numerical calculation of nonlinear extinc­

tion cross section 

The numerical code (and supporlmg thfOrlj) for solution of lhe bubble 

dynamics equation refuTed 10 In this sPct lOTI tcas decpfoped by Mr. If. A. 

Dumbrell and Pmj. T. G. LfigILlon. 

In order to calculate a nonlinear. time dependent extinction cross section 

it is necessary to model the respOllse of the bubble to a driving pressure (in 

order to obtain a volume-pressure map). There are a number of models that 

are suitable for this, but it is import ant t() chuose a model that docs not 

impose assumptions that may bE' violated during the measurement process. 

This is because any solution will. at I)('st. oIllv be as accurate as the model 

used to obtain it. The model used in t.he work is the Herring-Keller equation, 

a form of which is given by Keller and ~Iik:-;is [3:3]. This model is discussed 

in chapter 1. At low amplitude the model produces the same results as 

the existing linear theory but is also capablc of modelling high amplitude, 

nonlinear behaviour. It has the advantage of assuming a finite, time invariant 

sound speed in the liquid and hence is able to model radiation damping. 

Dumbrcll and Leighton [23] have incorporated thermal damping into the 

solution of the Herring-Keller equation bv apph-ing the perfect gas law to 

the spatially averaged pressure in the bubble as proposed by :\igmatulin el 

al. [34]. Prosperetti et al. [30] and Prosperetti and Hao [36]. Because of these 

features, this model was judged to impose the fewest restrictions upon the 

solution. and hence \vill be used in the folluwing sections to calculate the 

nonlinear extinction cross section. 

,'vI-files for 1\IATLABnr which ~oln' the Herring-Keller equation [:33] using 

the technique of separation of variables \\"E,re provided by 1\Ir. Hugh Dumbrell 

of D~tL UK. In order to illustrate the use of this code figure 3.3 shows the 

response of a 100 I-Lm air bubble when driven below. close to and above its 

resonance frequency semi-infinite plane wave with a driving pressure of 10 

kPa. The bubble is assumed to be at a depth of 1 m in a fluid with properties 
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Figure 3.3: Bubble wall radius for a 100 pIll bubble driven by a semi-infillite 

plane wave with a frequency of (a) 10 kHz (belm\! resonallce) (b) 32.8 kHz 

(close to resonance) and (c) 100 kHz (above resonance). 

typical of sea water2. 

As can be seen from figure 3.:3 the bubble's behaviour \-aries as a function 

of the driving frequenev. When driwn by a semi-infinite pulse the bubble 

will initially respond at its natural frequency owing to the broadband nature 

of the pulse close to the discontinuity. As time increases the bandwidth of 

the driving pulse will narrow. forcing the bubble to respond at the driving 

frequency and thereby settling into a steady state oscillatioIl. This effect is 

most noticeable close to and above resonance. 

In order to calculate the bubble \'olume from the radius time history. it 

is necessary to assume that the bubble is spherically symmetric at all times. 

Having made this assumption the conversion between radius and volume 

is trivial (V = .:LTH.lj3). It should be noted that this limitatioIl is due 

to the fact that the solution of the Herring-Keller equation is expressed in 

2A surface tension of 7.28 x 10- 2 ~/m was assumed 
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terms of bubble radius. and not a limitation of this method of calculating 

the extinction cross section. \\-ere a model cl\'ailable that directly computed 

bubble volume, this would enable' the extinction cross section to be calculated 

for higher order oscillations of the bubblE' wall. 

IIa\'ing ascertained the pressure-\'olume curn'. calculation of the contour 

integral in equation 3.27 is non-tri\·ial. and an algorithm had to be c!c;H·loped 

within ~IATLAI3T~[ in order to accomplish this. The problem is complicated 

by the fact that equation 3.27 docs nut neccssaril!' describe a straight-forward 

loop. It may be the case that the 'loop' contains olle or more crossings 

forming a 'figmp-of-eight' shape. In this casf' the sections of the loop that 

proceed in an anti-clocbvise direction wit h respect to time were subtracted 

from those proceeding in a clockwise direction. This was confirmed by the 

fact that the cross section should. in most cases. be positive :1. 

A disadvantage of this ne\v technique is the amount of computation re­

quired to form the extinction cross sectioIl. The majority of the computation 

is involved in the numerical solution of the Herring-Keller equation and the 

calculation of the thermal damping terms. Calculation of the value of the 

extinction cross section for a single bubble at a single frequency took up to 

30 minutes on a 1 GHz Pentuim IV with 512 J\II3 of RAl\I. For a square 

K-matrix the computation time is proportional to the square of the number 

of bubble radius bins and hence the computation time for a single; 10 by 10 

matrix could be up to 50 hours. In order tu make the cumputation time prac­

tical, all the bubble populations in this thesis are henceforth modelled using 

a single layer. This is not however an inherent limitation of the model. and 

more pmverful computing facilities or more dEcirnt computation algorithms 

may make multi-layer nonlinear forwarcl models a practical proposition. 

3\Vhile it would seem reasonable that the extinction cross section of a bubble should be 

positive. it was considered that there may be special cases. e.g. bllbble-bubble interactions 

where this may not be the case. Therefore it was not considered sufficiently robust that 

the modulus of the answer be taken to calculate the extinction cross section. 
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3.4 Low amplitude nonlinear extinction cross 

section 

As a check upon the validity of the abo\'e method of determining the ex­

tinction cross section of a bubble a low amplitude nonlinear extinction cross 

section was compared \\'ith an analytical expression of the linear extinction 

cross section. \\'hile this will not expose any errors due to high amplitude 

effects. it will create a first-order confidence in the technique. Figure 3.4 

shows the extinction cross section for (1 100 Jim bubble dri\'en between 1 and 

100 kIIz. The cross section is plotted using equation 2.1-+ and the new non­

linear formulation assuming an amplit uric of 100 Pa. As can be seen the two 

lines are in excellent agreement. overlaying each other almost perfectly with 

maximum disagreement of less than 17c at resonance which can be attributed 

to diffC'rC'ncC's in the clamping moclels usee!. 

3.5 High amplitude nonlinear extinction cross 

section 

As a further check upon the validity of the ne\\' technique, a high amplitude 

nonlinear cross section was calculated. Cnlike the low amplitude case there is 

no analytical expression that can be used as an independent check upon the 

validity of the model. However it is expected that the nonlinear response of 

the bubble will result in the spread of energy to other frequencies, for example 

to the second harmonic. It is expected that the resonance frequenc\' of the 

bubble will shift down slightly due to the different dvrwmic properties of the 

bubble. Also the magnitude of the cross section at resonance should be lower 

than the linear cross section O\\'ing to the shift of energ.\· to other frequencies. 

These qualitative observations will also add a degree of confidence in the 

validity of the technique. 

The high amplitude extinction cross section is shown in figure 3.5. In 

order to provide a point of reference, it is compared against the same linear 
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Figure 3.4: The extinction cross section of a 100 jim bubble driven between 1 

and 100 kHz. The extinction cross section is calculated using a linear analytical 

expression (dotted line) and the new nonlinear formulation assuming a zero­

to-peak driving pressure of 100 Pa (solid line). As can be seen the t\VO curves 

overlay each other almost perfectly with any slight discrepancy attributable 

to differences in the damping values. 

cross section as the previous section. The saIIle driving signal is used. Hm\'­

ever the amplitude of the signal is now increased to .SO kPa. As can be seen 

from the graph the high amplitude nonlinear cross section does indeed in­

elude peaks at frequencies other that the resonance frequency of the bubble. 

Several sub harmonic frequencies are present as well as the expected second 

harmonic. Also, as expected. the main resonance frequency of the bubble 

has also shifted down in frequency and is lower in amplitude than the linear 

cross sectioIl. 
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Figure 3.5: The extinction cross section of a 100 /-lm bubble driven between 1 

and 100 kHz. The extinction cross section is calculated (for comparison) using 

a linear analytical expression (dotted line) and the new nonlinear formulation 

assuming a zero-to-peak driving pressure of 50 kPa (solid line). The nonlinear 

cross section contains several subharmonic peaks and also a peak at the second 

harmonic frequency. Also note that the main resonant peak has shifted down 

in frequency and is of lower amplitude than the corresponding linear peak. 

3.6 Discussion 

The plot of applied pressure versus the volume of the bubble contains a 

number of items of interest that highlight the behaviour of the bubble as 

well as giving an effective demonstration of the advantages of the use of the 

Herring-Keller equation [33J when compared to the linear solution given by 

Commander & Prosperetti [22J. 

Figure 3.6 shows a range of different responses for a 49 pm bubble excited 

by a semi-infinite pulse with an amplitude of 7.95 kPa at three different 

frequencies, above, close to and below resonance. The driving frequency is 

fixed in each of the three columns in the figure. In the left column, which 

corresponds to the bubble being driven above resonance, the bubble initially 
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Figure 3.6: Bubble responses for a 43 pm bubble insonifirrl by a srmi-infinitf' 

pulse starting at t=O with an amplitnde of 7.93 kPa at (a) 8-1.2 kHz (b) 63.7 

kHz and (c) 31.5 kHz. The top graph in each case shO\vs the volume time his­

tory calculated using the Herring-Keller equation (with damping after Pros­

peretti et al. 1988). The middle row shows the corresponding pressure-volume 

curve starting at the onset of the dri \'ing pressure. The darker area shows the 

steady state regime, where the succcssi\'c loci overlap each other. ;\"onlinear 

components will cause crossovers in a loop (a seconcl- or sub-harmonic caus­

ing a figmf'-right to appear. for example). as shown in fig1ll'c -1( c). snch that 

the integration of equation 3.27 canses the areas of the clockwise loops to be 

subtracted from those of the anticlock\\'ise. The bottom row superimposes the 

steady-state loops of the middle row (thin line) with the corresponding linear 

solution using the steady-state formulation Commander &: Prosperetti (thick 

line). 
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responds at its natural frequency before settling down to a steady state (in 

a similar fashion to that discussed in relation to figlln~ 3.3). The steady 

state region appears as a constant loop with a thick black line caused by 

tIlE' continual O\ulapping of the locus. The corresponding pressure-\'olume 

plot describes erratic loops that directly relatc to this 'ring-up' period. The 

extinction cross section of the: bubble during ring-up could be calculated if a 

method of approximating the area of these erratic loops was cle\·eloped. This 

would be an important development in bubble acoustics and is recommended 

as an area of future research. The middle COlllIllIl. where the bubble is drivcIl 

close to resonance. shows a smooth ring-up period which achieves steady state 

approximately 200 liS after the onset of the dri\'ing pressure. The pressure­

volume curve prescribes a series of ellipses before achieving a stead.\" state 

condition that approximates a circle. It should be noted that the volume axis 

in this plot is a to different order of magnitude 0(10- 12 ) than those either 

side of it 0(101:3). This is because of the larger excursion of the bubble wall 

and the peak in the extinction cross section at resonance. The final column, 

\vith the bubble driven below resonance, exhibits a 'cross-over' in the P-V 

curve. This cross-over may be caused by the excitation of a harmonic in the 

response of the bubble. 

The bottom row of figure 3.6 is of special interest and shows the steady 

state portion of the P- V curve for the bubble excited at each of the three 

frequencics. These are compared to the P-V cun'c calculated using the linear 

formulation of Commander &:: Prosperetti [22] (calculated assuming that the 

bubble is spherical. R = Ro(l + RE ) and using equation 1.27). This com­

parison is of interest because it compares the new technique to the model 

used in all current state-of-the-art bubble invcrsion tcchniques. It should be 

noted that Commander &:: Prosperetti's formulation is a linearization of the 

same Herring-Keller equation which is used in its full nonlinear form in the 

new technique. Commander &:: Prosperetti note in their paper that . In the 

presence of resonance effects the accuracy of the model is severely impaired'. 

Therefore any improvement that can be gained in this region \vill be valu-
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able. especially considering that estimates of bubble populations resulting 

from im'erse techniques will be strongly illfll1t'Il("('d by the modelled response 

of the bubble around resonance. 

A.s can be seen from the first graph (col1lllln (a)) in the bottom row of 

figure 3.3. above resonance the cun'e predicted b\' the new nonlinear method 

agrees well with that predicted by the linear form1l1ation. In this region the 

amount of energy dissipation is smell!. as indicat cd by t hc sIIlall area enclosed 

by the loop in comparison to the resoncl.ncc condition (note the difference in 

orders of magnitude of the x axes between the three graphs). 

In the case close to resonance (col1lmn (b)). the amount of clissi pat ion 

is much larger and identification of a spinc corresponding to a single sound 

speed \vithin one cycle of the is no longer \'alid as discussed in section 3,1.2, 

It may be the case that this increase in dissipation is causing the inaccuracies 

of the method close to resonance, It is also of interest to note the different 

resonance frequencies of the linear and nonlinear bubbles causing a shift 1Il 

the gradient of the spine of the loop, 

Finally the third graph (column (c)) shows the case below resonance, As 

discussed above the P-V curve contains a 'cross-over' that may be caused 

by a second harmonic in the response of the bubble, This 'cross-over' is 

entirely lacking from the linear case and is due to the monochromaticity in 

the linearl.y modelled response of the bubble, 

3.7 Summary 

This chapter has developed a method of calculating the nonlinear extinction 

cross section of a bubble, The initial approach taken. while shown to reduce 

the same solution as the linear case. \\'<1.5 1l1timately shown to be inaccurate 

at high amplitudes, This was because of the failure of the complex sound 

speed model to take into account the transferral of energy between frequen­

cies and the variation of the sound speed within a oscillatory cycle, However 

appreciation of these facts revealed an alternative approach based upon cal-
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clliation of the energy dissipated by the bubble from an incident plane wave. 

This parameter can be calculated from the area enclosed by a plot of incident 

pressure against bubble \·oltmle. Examination of these plots abo re\·eals some 

understanding of the dnlamic response of the bubbles. Comparing them to 

exist ing st at e-of- the-art linear theory exposed a possi bIt' explanat ion for the 

inaccuracies of that t.hcorv around bllbble resonancc. 

The chapter then goes un to dr'scribe the algorithm dc\·cloped for obtain­

ing the extinction cross section of a b1lbble making usc of the IIerring-Eeller 

eqllation to obtain a bubble radius time history. Owing to the intcnsi\·e com­

putational naturc of the solution of this second order differential eq1lation, 

the calculation was restricted to a single laver. As an example of the 1lse of 

this code and a means of \·aliclating the modellllllnerical solutions were found 

using the new nonlinear model for a 100 11m b1lbble clri\·en between 1 and 

100 kIIz at both low amplitude (zero-peak pressmc of 100 Pa) and high am­

plitude (zero-peak pressure of 50 kPa). The sol1ltions W('l"e then compared to 

an analytical expression for the linear extinction cross section. As expected 

the nonlinear solution agreed with the linear sol1ltion at 1m\" amplitude but 

at high amplitude energy was spread into other frequencies which could not 

be represented by the current linear modeL 

This chapter has addressed the need expressed in chapter 2 for a model 

of acoustic propagation in bubbly liquids that cloes not include the assump­

tions of linearity, mOIlochromaticity and stead.v-stclte inherent in the current 

theor,Y. \Yhile the model has not made anv of these assumptiolls it has been 

necessary to impose the assumptions of steady state and cloud homogeneity 

because of computational considerations. It was also necessary to assume 

a spherically symmetric bubble response. that the wClwlength of the insoni­

fying wave \vas large compared to the bllbble radius and that the bubble 

void fraction is low. The following chapters will describe an experiment to 

measure the bubble population in the surf-zone, a region where use of this 

new theory may be potentially beneficiaL 



Chapter 4 

Development of an 

experimental system for 

estimating oceanic bubble 

populations 

Previous chapters have outlined the theoretical development of a nonlinear, 

inverse method of estimating bubble populations, This chapter will describe 

the development of the systems and techniqlles necessary to realize an exper­

imental system capable of the estimation of ambient bubble populations in 

an oceanic surf-zone environment. This will require development or selection 

of suitable acoustic transducers (both for transmit and receive) and devel­

opment of the associated apparatus necessary for generating high amplitude 

waveforms and making accurate recci\'ecl level measurements, It will also be 

necessary to design appropriate dri\'ing signals \vith which to insonifv the 

bubble cloud and also to develop suitable techniques for extracting the prop­

agation characteristics from the time histories, The chapter will conclude by 

describing and presenting the results from a set of trials characterizing an 

artificially generated bubble cloud in a laboratory environment. 

89 
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4.1 Design of acoustic insonification signal 

The signal used to drin; the bubble cloud is of primar,\" importance in the 

estimation of that cloud's population, This is because it determines the re­

sponse of the bubbles and hence the extent to which the model that is used 

as part of the im'('["sion process is \'alicl, Factors that must be considered 

inclnde the frequ('ncy content of the driving pulse, the pulse dmation, its 

amplitude and the oH'rall duration of any measmelllent. Two alternative 

schemes exist for the driving signal. The first, used by the majority of im'es­

tigators [6, H)' 40, 45], is based upon narrowband pnlses, and the second [20] 

is baseciupon broadband pulses, As the focus of this svstem is the surf-zone, 

the forrw:r of t.hese two options was chosen as it \\'as expected that this \voulcl 

provide a superior signal-to-noise ratio, a factor likclv to be critical in the 

surf-zone, 

t 
off 

" -1.5 __ '-----_'--_-'---_~_--'--_--'--_~_~ _ _'_ _ ___1 

o 0.1 0.2 0.3 04 0.5 0.6 0.7 08 0.9 

Time (arbitrary units) 

Figure 4.1: I!lllstratioll of the constmction of a concatenated 'pulse train' of 

narrowband short duration pulses. 

The narrowband signal was constructed using short pulses (of duration 

dictated by the arrival of the first multi-path reflection) of varying frequency 
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followed by an un-dri\-en period to allow any reverberation to die away_ Ten 

of these pulses \\-ere concatenated together to give a ·pulse train· covering the 

frequency range of interest. Figure -1.1 illustrates the construction of such a 

signal. The duration of the signal would be G x (ton + toJ J) seconds (where 

G is the total number of frequencies used). An implicit assumption is that 

the bubble population reIllains stationar.'; during this period. 

4.1.1 Frequency content 

Each tone within the pube train is designed to cause bubbles at the centre of 

a radius bin to respond at their resonant freqllency. As discussed in section 

l.2, there are a number of different modeb of bubble dynamics and a number 

of diff(~rcnt formulations for the resonant frequency of a bubble. The equa­

tion of motion used throughout this work (in both its linear and nonlinear 

forms) is the Herring-Keller equation [33]. However. no simple expression 

for the natural frequency of a bubble is yielded from this equation. In order 

to achieve a natural frequency close to that inherent in the Herring-Keller 

equation the Rayleigh-Plesset equation is used, with the natural frequency 

determined using equation 1.17. 

In order to keep the number of elements in the matrix K small! the 

number of frequencies was constrained to ten (the number of elements to be 

calculated is the square of the number of frequencies used). As \vill be seen 

later. the system used through the laboratory and sea trials evaluates bubbles 

with an equilibrium radius bet\veen 16 IIIll andll.S 11m. The resonant bubble 

radii and frequencies used are shown in table 4.l. 

1 This is especially important when considering the computation time involved in cal­

culating the nonlinear extinction cross section as discussed in chapter 3. 
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Bubble radius (pm) Frequency (kHz) 

16 197.5-10 

27 118.9.39 

38 8·3.302 

49 66.561 

60 ,3-1.60-1 

71 -16.306 

82 -10.207 

93 3.3.535 

104 31.8:39 

115 28.8-12 

Table 4.1: Resonant bubble radii and driving frequencies used throughout 

the laboratory and sea trials. Assuming an air bubble enclosed by seawater. 

4.1.2 Pulse duration 

The desired pulse duration is influenced by different factors. However, as 

discussed in section 2.3.1. unless the source in use is sufficiently directional 

that only direct propagation is significant, the pulse duration must be deter­

mined by the distance to the nearest boundary. For most sources such an 

assumption cannot be safely made. and hence the pulse duration used during 

these trials was determined w'ith reference to equation 2.38. Assuming that 

the measurement takes place in water 2 m deep and that the measurements 

are made in the centre of the water column, the maxinlllIIl pulse duration 

that \vOlIld exclude multi-path propagation wonlel be 500 tIs. The number of 

cycles at each frequency was restricted to an integer value such the the pulse 

duration was less than the this ntlue. 

Having determined the maximum pulse duration. radius time histories 

were generated in order to assess the response of the bubbles to such a pulse. 

In order to give an indication of the likely range of responses, four cases were 

examined, that of the smallest and largest bubbles excited by both the highest 
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and lowest frequencies used in the proposed experiment. Figure 4.2 shows 

these responses. In order to show the steady state region of the response the 

modelled pulse is semi-infinite. Examining the worst case (figure -L2(d)) it 

can be seen that the amplitllde docs not dc\·iate from the steady state values 

by more that 1.S SIc after ·SOO J1S. 

(a) 
(b) 

116 

," .\ II 
'" ;::111 

1145 ( 

114 
0 02 04 06 08 

(c) 
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'6 
~ 

16 
" :0 
.0 

~ 155 

15 60 
0 02 04 06 08 0 02 04 06 08 

Time (ms) Time (ms) 

Figure 4.2: Four bubble responses calculated at both the smallest ancllargest 

radii as well as the lowest and highest frequencies used ill the proposed exper­

iment. (a) 16 JLIll bubble driven at 197.5 kHz (b) 115 pm bubble driven at 

197.5 kHz (c) 16 j.Llll bubble driven at 28.8 kHz and (d) 115 JLIll bubble driven 

at 28.8 kHz. 

4.1.3 Pulse amplitude 

Section 2.1.5 soh"eel the [of\\"ard problem for oemmc bubble populations. 

The open water population mec1sureel by Phelps &: Leighton [-to] gave a peak 

attenuation of 28 dB/Ill at 25.4 kHz. Bubble populations (and hence atten­

uation) in the surf-zone are expected to be considerably greater than those 
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encollntered in open ocean although experimental mea .. '-;Ilrements in such re­

gions are scarce. Solution of the forward problem for an existing data set [6] 

(albeit at only four bubble radii and in extremely high \'oicl fractions) suggest 

an attenuation as great as 300 dB/m at .S9 kHz. :'If'asurclllf'nts in the far 

field of a directional source in such an em'ironment arc obviollsly extremely 

diffirlllt. although in morc moderate smf-zonc conditions a lower attenua­

tion cOllld be expertcd. For the purposes of system design an attenuation 

of approximately 100 dl3/Ill was assulIled. therefore implying the need for 

a source capable of source levels in the region of 200 dl3 re 1 fLPa Q 1m 

in order to assmp high signal to noise rat io at the re("ein;!". At the time of 

thesystem design the extent of nonlinearitv of response that such a driving 

pressure would cause in the bubble oscillations was llIlknO\vn. 

4.1.4 Overall duration of pulse 

Givcn that a narrowband 'pulse train' was to be used. the separation between 

the pulses was important. It could be arglled that such a separation is not 

necessary since consecutive pulses have different freCjuency content, and hence 

reverberation from one is unlikely to effect another. However the resonant 

frequencies of the larger bubbles can be similar and additionally it is also 

desirable (for modelling purposes) to assume that all the bubbles hm"e fully 

rung down before the onset of the next driving pube. For these reasons it 

was decided to include a delay between the driving pubes. 

In order to determine an upper bound on this separation a 30 kHz pulse 

with a pulse duration of 100 ps \vas emitted at depth of 1..S metres in a 

test tank. The tank was 8 metres b:" 8 metres by 5 metres deep and was 

concrete-walled. The signal was received by a l3ruel &- I\:jaer hvdrophone 

type 810:3 position on-axis with the source at a distance of I.·SIll. The out­

put of the hydrophone \vas charge amplified by a Bruel &- I\:jaer type 2635 

charge amplifier and then recorded using a :'-:ationcll Instruments 6110E Data 

Acquisition Card. For more details of the source used see section 4.3. See 

figure: 4.3 for a diagram of this experimental setup. 
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Figure 4.3: Experimental set-up for pulse separation tests. A 100 !lS, 30 kHz 

pulse was generated and received at L'i III oil-axis distance. 

It is anticipated that this environment will be much more reverberant than 

any likely oceanic measurement. This is due to the fact that a concrete walled 

boundary will have a much higher reflection co-efficient than a sandy ocean 

bed. In addition the volume absorption \vill be much lower in a bubble-free 

environment than in a bubbly environment snch as the oceanic surf-zone. All 

these factors \vill serve to reduce the reverberation time of the environment. 

Figure -4.4 shows the time history for the short pulse emission. The re­

flections are small compared to the direct path pulse. Examination of the 

data reveals reflections occurring at t = :2 ms and t = 6 IllS \vhich, from the 

geometry shmvn in figure 4.3 can be identified as :;urface and wall reflections 

respectively. All reverberant dlects drop beneath the measurement noise 

floor for t > 10 ms. In order to ensurE' no interference occurs, this figure was 

doubled to 20 ms when designing the pulse:;. l\Iodelling of bubble responses 

reveals that the longest period expected for ring clown of a bubble is less 

than 1 IllS. Hence the bubbles can be assumed to be at rest at the onset of 

the driving signal. 

Ideally the bubble distribution should be considered stationary over the 

time-frame of the measurement. In any measurement using the techniques 

described above, the turbidity of the environment being measured \vill deter-



CHAPTER 4 

0.5 

~ 
! 
ro 
c 

96 

~ O~~ .. --~~~------------------------~ 
l:l 
Q) 
> -8 
Q) 

0:: 
-0.5 

-1 

o 5 10 15 20 25 
Time (ms) 

Figure 4.4: Received time history at 1.5 metres from the source. Notice the 

signal has dropped beneath the noise floor for t > 10 ms. 

mine the overall duration of the pulse. The system discussed here is intended 

to measure the ambient bubble population generated in the surf-zone. While 

this environment is expected to be more turbulent than an open ocean envi­

ronment, it will be significantly less turbulent than the environment directly 

beneath the breaking waves. For such measurements it would be necessary 

to use a short pulse separation (perhaps interleaving different frequencies to 

ensure good frequency separation) or to use broadband pulses to excite the 

bubble cloud. Figure 4.5 illustrates the difference between a measurement 

directly beneath a breaking wave and a measurement of the ambient bubble 

cloud in the surf-zone following the passage of the breaker. As can be clearly 

seen the velocity of the bubble field is considerably lower in the latter case. 

For ton = 500j1s, tofJ = 20 ms and G = 10 (where G is the total number 

of frequencies) the whole signal would take 205 ms to elapse. Given that the 

separation of the hydrophones is 0.15 m the maximum average velocity of the 

cloud should be less than 0.7 m/s for this pulse duration. While this velocity 

would certainly be exceeded directly within a breaking wave (or indeed as the 
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(a) (b) 

Figure 4.5: (a) Example of a breaking wave bubble population (b) Example 

of an ambient surf-zone bubble population. Measurement of (a) would require 

different pulse characteristics and may be invalidated by the high void fraction 

within the wave. 

breaking wave travels toward the beach) the velocity of the bubbles within 

the ambient cloud is likely to be low. Hence, stationarity will be assumed 

for overall pulse durations 0(0.1) seconds provided measurement relates to 

the ambient bubble cloud left behind the breaking waves rather than the 

breaking waves themselves. 

4.2 Extraction of propagation characteristics 

from time histories 

The method of extraction propagation characteristics from recorded time 

series data needs to be considered. Accurate determination of these terms is 

important because of the sensitivity of the inversion to noise (see section 2.2). 

The measurement is made more difficult still because the path lengths over 

which attenuation must be measured will be short (owing to the fact that the 

bubble population must be considered homogeneous between measurement 

positions). Any errors in measurement of the value over a short path length 

will be scaled when quoting the value per metre. The following section will 
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detail how these parameters may be measured for narrowband signals. 

:'\. system calibration undertaken prior to any bubble measurements being 

taken would impro\·e the accuracy any measurements. This would require 

measuring the propagation characteristics in a bubble-free medium l1sing the 

same set of transducers. driving signals and associated electronics. These 

measurements could then be compared to those taken in bubbly water and 

the excess attenuation calculated. It could be assllmed that any excess at­

teIlliation \vas induced by bubbles. This process has the effect of removing 

any systematic errors from the measurement including hydrophone response, 

losses due to geometric spreading and attenuation duc to absorption in the 

water (although this factor is likely to be wry sIIlall ovcr a short path length). 

4.2.1 Attenuation 

As discussed in chapter l. attenuation is defined as the reduction in acoustic 

intensity of a sound field. The instantaneous acoustic intensity of a plane 

wave is proportional to the square of the instantaneous acoustic pressure 

(equation 3.28). Intensity is commonly expressed as a value in cleci bels cal­

culated using a reference intensity, i.e. 10l0.9I0(1/ I rcf ). and hence the change 

in intensity levels. or the attenuation, can be expressed as 

(h) A = 10l091O -
hf 

(4.1 ) 

HO\vever, in practice. since the ratio will remain the same. the attenuation 

may be determined from the incident pressure upon the hydrophone, which 

squared, is proportional to the intensity. Therefore the total bubble-induced 

excess attenuation at the ith hvdrophone in dB, A;(f). can be calculated as 

a function of frequency: 

( 
HfUg) ) AiUg) = 20l091O ----,:..bf~-'--
Hi Ug) 

( 4.2) 

where HfU) and Htf U) are the amplitudes of the Fourier transforms at the 

measurement frequency in the bubbly and bubble-free environments respec-
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tively at the ith measurement position. The attenuation per unit length, A. 

between two mea..'iurement positions can then be simply calculated using Xd. 

the distance between the two measurement positions. 

4.2.2 Phase Speed 

A = A,+I - A, 
Ir/ 

(4.3) 

Previous investigators [19.20] discuss methods of measuring the phase speed 

in the medium using cross-correlation to determine the arrival times of the 

signal traveling betv/een t\VO measurement positions. \Vhile this does measure 

the travel time and hence, \vith knmvledge of the distance, speed of sound 

this is. in fact, not a measure of the phase speed but a measure of the group 

speed. The distinction between the tvm is not crucial unless the medium in 

which the \vave is propagating is dispersive. as is the case in bubbly media. In 

a non-dispersive medium all frequencies travel at the same speed whereas in a 

dispersi ve medium the propagation speed will vary as a function of frequency. 

The group speed, which is the speed at which the centre of the wave packet 

will travel is given by ow/ok where as the phase speed is given by u.:/k [5]. 

Review of the literature yielded no suitable technique for measuring the 

phase speed that could be based upon a series of pulses. The only system 

found that is capable of true oceanic phase speed measurements makes use 

of a resonant cavity [39]. The disad \"clIltage of this technique is that the 

plates that form the cavity are intrusive and their presence may well affect 

the measurement. As no clear benefit was found in basing inversion data on 

both phase speed and attenuation [19] it was decided to measure attenuation 

only in the oceanic system. 
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4.3 Choice of Appropriate Acoustic Source 

The transducer df'.sign discussed in this section u'as earned out in 

collaboration lL'ith .\1,.. P. Doust oj Thorn .\larine Systems. 

\Ieasurement of bubhle populations in a surf-zone environment places a 

demanding set of requirelllent:-; upon the acoustic source and as such care 

must he taken when selecting such a source. The source must. have surficiC'nt 

power to penetrate the bu hhly medi UIIl and still be recei \'(~d wi t h a high 

signal to noise ratio at the receiver. the beam-width must be narrow so as 

not to cause multi-path reflectiolls and well defined in order that a scnsing 

volume can be established. Each of these parameters will be discussed in the 

follmving sub-sections. 

A transducer able to fulfill these criteria was developed in collaboration 

with Alba Ultrasound and Thorn l\Iarine Systems. In order to achie\'e a wide 

banchvidth, fiat frequency response. high pO\ver transducer it \vas necessary' to 

employ a three element array and to exploit broadband matching techniques 

[69]. Figure 4.6 shows the dimensions and constructioll of the array. 

Each element in the array was manufactured to a different dimension 

1Il order to maintain a constant near-field/far-field interaction. The near­

field/far-field interaction d was calculated by considering each element to he 

a line arra.y of length 05, where s is the largest dimension of the piezo-ceramic 

crystal. The resonant frequencies. broadband frequcncy ranges. dimcnsions 

and near-field extents of each of the three elements which make up the array 

are shown in table 4.2. 

Broadband matching \vas used to extend the frequencv response of the 

transducer. This was necessary because an unmatched electro-acoustic trans­

ducer is essentially a narrowband device and is only efficient around its O\vn 

natural frequency. In order to extend the bandwidth. a network of inductors, 

transformers and capacitors can be combined with the transducer to create 

a band-pass filter of significantly greater bandwidth [69 71]. 
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Figure 4.6: Engineering drawing of three-element acoustic array. Acknowl­

edgement: Alba Ultrasound 

fres (kHz) flow (kHz) fhigh (kHz) S (mm) d (Ill) 

50 30 80 158 l.33 

160 80 270 9l.3 l.50 

400 270 800 .S:3 l.49 

Table 4.2: Operating Parameters of Broadband Transducer . .\"ote that the 

high frequency element of the transducer was not used during the experiments 

described here. 
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4.3.1 Frequency Response 

There are se\·eral rea .. 'ions why the frequency response of the acoustic source 

is of importance in the estimation of bubble population. The first of these 

is that the transducer bandwidth determines the range of bubble radii that 

can 1)(' excited at their resonant frequency. Therefore in order to evaluate 

the population across a \\·ide spectrum it is desirable to employ a broadband 

transd llcer. Secondly the t ransd llcer 's ampli t llde fr('quency response should 

reasonably flat. this is for two reasons. The first is that pulses of an even and 

repeatable amplitude arc obtainable without digital correction. For example, 

a transducer with an uneven freqw;ncv response mav require a large voltage 

input to achieve a fixed pressure output at one freqllency but at a different 

frequency much smaller voltage may be required to achieve the samc pressure. 

\Vhile this would nominally rc-create a flat frequencv response, any instability 

in the input voltage (or some change in the source characteristics e.g. surface 

loading pressure) would greatly affect the 01ltput of the transducer and would 

invalidate any system calibration that hac! taken place. The second effect 

is that by achieving a flat spectral response from the transducer the full 

dynamic range of an analog-to-digital converter can be utilized on the receiver 

input. thus adding to the accuracy of the measurements. 

Figure 4.7 shO\vs the frequency response of the mid-frequency range ele­

ment in the array calculated using equivalent circuit throry with and with­

out broadband matching. Such a response is typical of all three elements 

in the source. As can be seen. \vithout broadband matching the response 

of the matched element is essentially narrowband. centred on the resonant 

frequency of the active dement. HO\\·c\-eI' Wh(,ll broadband matching [69] is 

used the resultant frequency response is flat over a large frequency range. 

All three elements comprising the source \\·ere matched to give a radiated 

pressure level of 195 dB re l~LPa at 1 metre. Such a source level will provide 

a high signal to noise measurement e\·en in relatively dense surf-zone bubble 

clouds provided the range is kept smalL The -3 dB points at either end of 

the middle element's frequency range were overlapped \vith the -3 dB point 
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Figure 4.7: Frequency Response of mid-frequency element in array with and 

without rnatching_ Theoretically calculated using equivalent circuit theory. 

Dashed line shows unmatched response and solid line shows matched response. 

Acknowledgement: P. E. Doust 

of the ad.iacent elernent in order to give a smooth frequency variation across 

the entire frequency range of the source. The actual frequency response of the 

source was not measured but is not critical since all measurements are based 

upon the ratio of bubbly to bubble-free measurements. For the purposes of 

these experiments the transducer was only used up to 200 kHz (as this was 

the highest frequency for which a calibrated receiver was available). A con­

sequence of this \vas that it was not possible to use the third element of the 

transducer however the high frequency element of the source was intended 

for use in another pro.iect investigating high frequency sediment acoustics. 

4.3.2 Directivity 

As discussed in section 2.3 it is desirable to have a highly directional trans­

ducer \vith a strong main beam and weak side lobes in order to minimize any 

multi-path n:ficctions that may impinge on the receiver. 

Theoretical calculation made by Alba Ultrasound on the directivity of the 
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i Blow Bhigh I 
I 

Element 1 (30 kHz-80 kHz) i 16° 5.4Q 

I 

Element 2 (80 kHz-270 kHz) I, 9.3 0 3.10 

Element 3 (270 kHz-800 kHz) i .- 30 
I u. 1.80 

Table 4.3: Theoret ically calculated beam-wid t hs of Transci Heer. The 

beamwidth is defined <IS the angle between the axis of the source and the 

~3 dB point of the directivity pattern. 

3 clement array shmv it to be highly directional and shading techniques llsed 

by Alba Cltrasound in the design of the source mean side lobes are expected 

to be small. The predicted beam-\vidths for each element at its upper and 

lower frequency bounds arc shown in table ~.:3. The actual directivity pattern 

of the transducer was not measured owing to time constraints within the 

study and such a measurement is recommended for future work. In place of a 

measured directivity pattern a linear interpolation between the theoretically 

predicted values has been assumed. A radial symmetry will be also assumed 

when calculating the sampling volume from these values. 

4.4 Experimental Apparatus 

Development of apparatus suitable for measuring bubble populations in shal­

low water or in the surf-zone is a challenging task in its mvn right. The range 

of bub ble radii under consideration and the at tenuating nat ure of the mecli urn 

necessitate a high amplitude. high frequcncy dri\Oing signal. The apparatus 

either has to be driven and powered from the shore (or from a boat) and con­

nected via an umbilical cable carrying the signals: or must be autonomous 

and self-sufficiellt either sending its data back to shore wirelessly: or be de­

signed for retrieval ane! download of data after a set period. O\ving to the 

limited equipment, facilities. time and funds available. it \vas decided to focus 

on a set of apparatus that could be deployed by hand in the surf-zone envi-
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ronment and operated on shore \"ia an umbilical. The rig would be retrieved 

within a short time scale (several hours or days) and constantly monitored 

owr this period. This section aims to describe the transducers. electronics. 

software and associated apparatus that was dew'loped for usc in a surf-zone 

occanic em·ironment. \\"hile there was an inevitable alllolint of re-design and 

improwlllcnt between trials. this section will onl\" discuss the final system 

used. \'ariat ions from this system \vill be discllssed on a trial-by-trial basis in 

chapters 5 and 6. 

4.4.1 Signal Generation 

Two methods of signal generation were employed in parallel. One that relied 

upon equipment readily available that had been used for similar work previ­

ously. and the other which offereel great brnefits over the existing apparatus. 

The first of these two systems employed a Son\" Tektronix 2010 Arbitrary 

\Vaveform Generator (AWG) in order to creatc the \\·avcforrns. This device 

is capable of outputting the contents of a h1lff('r at a maximum rate of 250 

r.IlIz on two channels simultaneously. The maximum buffer size is 262,14-1 

points. In order to generate the "pulse train" (as discussed in section 4.1) the 

clock frequency was set to 100 J\IIIz and waveforms generated corresponding 

to one cycle. These waveforms \vere then queued in a sequence file \vhich 

generated the appropriate number of cvcles dependent upon the frequency 

being emitted. The two channels were used to drive eiemcnt one and clement 

two of the transducer independently anel the sequence fiic's \vere concatenated 

in such a way that appropriate signals were sent concurrentl.\" to each element. 

The frequencies were selected by caiculation of the resonant frequencies of 

ten bubble radii equally spaced in the radius domain (as shO\vn in section 

-1.1). Figure -1.8 shows the signals generated for a ten tone pube with a pulse 

le.ngth of 500 I[S. 

Each \vaveform was then loaded onto the A\\"G using a GPIB interface. 

After signal generation each channel was then amplified by an E'\I 2-10L 

power amplifier. This pO\ver amplifier has an output of 100 watts and a 
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Figure 4.8: Signals generated by arbitrary waveform generator for 10 tone 

tests at 500 liS pulse lengths. (a) Signal sent to elelllent 1 (30 kHz to 80 kHz) 

(b) Signal sent to element 2 (80 kHz to 270 kHz). 

frequency range of 10 kHz to 10 l\IHz which \vill easily cover the operating 

frequency range of the transducer. The output of the pmver amplifiers is 

then transmitted viet 2 twisted pairs in a 200 metre long. 18 screened twisted 

pair armoured cable. This cable is used to send and receive signals from the 

measurement site to shore. Figure 4.9 illustrates the experimental set-up for 

signal generation. 

The second system of signal generation \vas used as a backup system 

and replaces the AWe with a:\' ational Instruments 6110E Data Acquisition 

(DAQ) carel. This is a PC bclsed PCI card having two analog outputs capable 

of outputting at -!:\IS/s (one channel) or 2.,) :\IS/s (both channels) \vith a 16 

bit accmacy. This card can be simply controlled from within :\Icltlab using 

the Data Acquisition Toolbox allowing any vector generated within l'.Iatlab 

to be output as a driving signal. This is desirable as it greatly improves 

the ftr:xihility of the system. reduces setup times, removes the need for extra 

instruments and also eliminates the slow e PIB interface. Also the carel holds 
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Figure 4.9: Diagram of apparatus 011 signal generation. 
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4 analog input channels which can be used for signal acquisition. This further 

reduced the need for external apparatus and allowed all signal generation and 

acquisition to be simply controlled using one standard PC within a l\Iatlab 

environment. This is discussed further in section -1.4.2. 

4.4.2 Signal Acquisition 

Signal acquisition was performed using an array of Bruel & Kjaer type 8103 

hydrophones. The calibrated frequency range of the 8103 h.ydrophone is 

0.1 Hz to 200 kHz. This precluded use of the element 3 (270 kHz - 800 

kHz) of the acoustic source (see section -1.3.1) but this will be employed in 

other experiments not reported here. The output from each hydrophone was 

RmplifiC'cl using a charge mnplifiC'L to generate a \·oltage proportional to the 

pressure incident on the hydrophone. This voltage was then amplified by a 

gain factor determined via a voltage transmitted on a single channel from 

shore (due to limitations on the number of channels, the hydrophone gain 
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factors were set on groups of two i.e. hydrophones 1 and 2 had the same gain 

factor). This allowed the operator to adjust the sensiti\'ity of the hydrophones 

in order to optimise signal to noise. The acollstic data was transmitted using 

a twisted pair in the 200 III armoured cable using a 'p\lsh-pull" system. This 

essentially divides the signal received at the shore end on one of the twisted 

pairs h\· a reference signal OIl the second t\\'istec! pair. A.ny inducted currents 

such as cross-talk will b(; picked up by both channels and hence can be di\"ided 

Ollt \\'hen received. The remaining channels in the :36 channel cable were used 

to carry the driving signals, to snpply pO\\W to the electronics and for other 

experilllents being run using the same apparat liS. The printed-circuit boards 

(PCI3s) were securely mounted on alnminulll plates both to provide a robust 

Illounting for the circuitry and also to act as a heat-sink for any excess heat 

that Illay be generated by the operational amplifiers mounted on the boards. 

For more details of the design of the rig see chapter o. Figure 4.10 shows 

a photograph of the electronics used to received the signal and to transmit 

down the cable. Prior to each trial the gain factors in the internal electronic 

\\"ere adjusted with a Bruel &: Kjaer type 4229 hydrophone calibrator driving 

the hydrophone. Each channel was adjusted to gin; 1 III V IPa output. \Vhile 

not strictly necessary because the attenuation is calculated via a comparison 

\\"ith bubble-free water, it helped ensured that a high signal to noise ratio 

\\'oulcl be received and provided a secondary level of confidcllce in the received 

data. 

In order to receive the signals on shore a signal' break-out' box was con­

structed with terminals for the send and recei\"ed signals. This not only 

prm"ided an interface to the cable but contained the shore based DC power 

supply. with \\"hich the canister mounted electronics would be powered. This 

also incorporated a number of fail-safe shutdown cle\'icrs etnel the gain con­

trols for the hydrophones. 

The recei\"ed signals were acquired using a Lecroy 9:3-!-!L -! channel digital 

storage oscilloscope sampling at ll\IS/s and using 8 bit quantization. As the 

highest frequency contained with the signal is 200 kHz (with the hydrophone 
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Figure 4.10 : Photograph of internal electronics required for signal receive 

and transmit. 
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Figure 4.11: Diagram of one hydropholle channel apparatus 011 signal recci ve. 

effectively acting as a low pass filter) this sampling rate is \\"ell in excess of 

the :\\-quist frequency and hence when combined with a suitable low-pass 

filter should prevent aliasing. After each acquisition the waveforms were 

downloaded using a GPIB interface onto a PC and stored on the local hard 

dri ve for subsequent analysis. This process \\'as slow however due to the 

number of channels being used, the high sampling rate and the slow speed of 

the G PIB link meaning dmvnloacling all channels took in excess of 1 minute. 

Figure -1. 11 illustrates the experimental set-up for one hydrophone channeL 

The :\ ational Instruments DAQ carel was llsed as a backnp means of 

acquiring data. This card is capable of acquiring up to 5 l\IS/s/ch simulta­

neously on -1 channels using 12 bit quantization and writing the data simul­

taneously to hard disc. Because the transfer of data from the card to the 

hard disc drin.' utilizes tlw PC's PCI bus and IDE interLlCf'. the data can be 

recorded in rcal time. \\"hcn operating at the highest sampling freqnenl'.v on 

all -1 channels the IDE interface to the hard eh'in' Illay not support the data 

rate which is 2 bytes/sample x 5 0.1S/s x -1 channels = -10 0.IB/s. In order 

to overcome this t\VO hard discs were configured as a Redundant .. -\rray of 

Independent Discs (RAID) using a FastTrack TX2 RAID controller giving a 

hard drive capable of a sustained transfer rate of 45 l\IB/s \vith a capacity 
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Figure 4.12: Experimental setup for characterization of electrolysis bubble 

cloud. 

of 40 G B, enough for 15 minutes of continuous acquisition at the maximum 

sampling rate or 1'5 minutes at the 1 ?\IHz rate used in these experiments. 

4.5 Laboratory Tests 

In order to test the system in a laboratory environment an artificial bubble 

cloud was generated using electrolysis. To do this a 14 amp current was 

passed through a submerged copper plate which formed an anode and a 

horizontal parallel copper plate positioned approximatriv 3 cm above the 

current -ci:1.lTying plate which formed a cathode. Oxygcn bubble formed on 

the underside of the cathode which, in order to disperse the bubbles. was 

rotated at 30 rpm. Hydrogen bubbles \\-ere formed on the upper face of the 

anode o\'('r which was placed filter paper in an attcmpt to trap and dissoh-e 

these bubbles before they could rise with the main cloud. This separation 

was felt necessary as the hvclrogen bubbles will h<:1.\'c different properties from 

those formed by oxygen. 

The bubble generator was placed at the bottom of a 8 metre by 8 metre by 

5 metre deep concrete walled tank filled with fresh water. Visual inspection 
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Figure 4.13: Measured attenuation from bubble cloud generated by electrol­

ysis. The attenuation was determined using equation 4.3 . The different colour 

lines correspond to different attenuation measurements taken approximately 

every 5-10 seconds (due to limitations of the available colour palette some 

colours are repeated). The two hydrophones were separated by 45 em in order 

to maximize the homogeneity of the measured bubble population. The system 

was calibrated in bubble-free water prior to the measurement thus accounting 

for any losses due to geometrical spreading. 

(by reflection of light from bubbles as they break the water surface) showed 

the bubble cloud generated to be circular with an approximate diameter of 

5 metres and a roughly homogeneous spread of bubbles across this diameter. 

Two 8103 Bruel & Kjaer hydrophones were placed at a depth of 1.75 metres 

0.45 metres apart and were centered On the cloud of rising bubbles. Figure 

4.12 shows a diagram of this experimental layout. 

Attenuation measurements were taken using the system described above 

with pulse trains consisting of 10 frequencies corresponding to equally spaced 

radii between 16 /-Lm and 115 /-Lm. The pulse duration used was 500 /-LS 

ensuring that there was nO interference from multi-path reflections. The 
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Figure 4 .14: Estimated bubble populations from a cloud generated by elec­

trolysis . The coloured lines correspond to the attenuation shown in figure 

4.13 . The estimated populations are calculated using linear theory only (due 

to limitations of the available colour palette some colours are repeated). The 

water in the tank is supplied from the mains water supply and is constantly 

filtered. Measurements were taken approximately every 5-10 seconds. 

pulse separation used was 20 ms meaning that the whole signal took slightly 

over 200 ms to elapse. Figure 4. 13 shows the attenuation as a function of 

frequency for each of the separate measurements. The attenuation at each 

measurement position was calculated by taking the magnitude of the Fast 

Fourier transform of each pulse. The ratio of this magnitude in bubble­

free water to that in bubbly water was then taken in order to calculate the 

attenuation at each frequency (equation 4.2). 

These attenuation measurements were used as the input into the inver­

sion algorithm developed in section 2.2. At the time of the laboratory tests 

the nonlinear theory was not sufficiently advanced to attempt a nonlinear 

inversion and hence the results were calculated using linear theory. This 

was deemed sufficient as the laboratory tests were mainly intended to test 
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the system prior to a sea trial. The regularisation parameter. 3. was chosen 

using the L-cun'e technique. Each population radius bin m:1S scaled by the 

estimate of the sampling volume as described in section -,1 .. 3.2. The estimated 

populations are shown in figure -1. 1-,1. 

As can be seen in figures -,1.13 and -1. 1-1 there is a considerable amount 

of inter-measurement variability. especialh' at the smaller bubble radii. This 

can be at triblltecl to the stability of the bubble clolld as a fllnction of time. 

which may be caused bv fluctuations in the current drawn or inconsistent 

rates of bubble release from the electrode plates. While the estimated pop­

ulations seem reasonable there is no independent measurement of the popu­

lation against which to verify thelll. 

4.6 Summary 

This section has described the implementation of a system capable of mak­

lllg th(> measurements necessary to measure the ambient bubble cloud in 

the surf-zone. Discussion was made of techniques for extracting the nec­

essary propagation characteristics from the recorded time histories. This 

highlighted an error in the methods used by previous investigators to mea­

sure phase speed. HO\vevcL no practical method of measuring phase speed 

\vas found and hence it was decided to base the system upon attenuation 

only. Trnnsclucer designs and techniques for signal generation/acquisition 

were developed. Finally laboratory tests were undertaken to characterize an 

artificial bubble cloud generated by electrolysis and perform a test of the 

system prior to deployment. The next t\VO chapter describe the deployment 

of an experimental rig in the surf-zone and the analysis of the data acquired 

respectivel.\'. 
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Acquisition of sea trial data 

Two Illulti-disciplinary sea trials [65.72] \\'t're undertaken during the course 

of this st udy involving (at different times) five postgraduate st udents, four 

undergraduate students, three members of staff and seven technicians from 

two different departments at the Cni\'ersity of SOllthmnpton. The aim of 

these trials was to simultaneously characterize the surf-zone bubble popula­

tion using multiple techniques. Four differml. techniques \vere fielded 

1. Passive bubble sizing [7.3] 2. Combination frequency [6] 

3. Acousto-electrochemical [74] 4. Inversion of acoustic propagation 

The first trial in :\" ovember 2000 sllffered from wry stormy conditions 

and resulted in the experimental apparatus becoming damaged. However. 

experience gained during this trial enabled a considerable more sllccessful 

trial to take place a year later. This chapter will describe the experimental 

setups used during both trials. the em'ironmental conditions encountered 

and an initial quality check of the data. Chapter 6 will go on to describe the 

detailed analysis of the data acquired during these trials. 

115 
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Figure 5.1: Photograph of the beach at Hurst Spit where the field trials 

were carried out. The beach has a steep shingle profile which was observed to 

change rapidly during poor weather. 

5.1 Trials site 

The site used for both the field trIals was just at the base of Hurst Spit which 

is a man-made spit on the south coast of the UK (500 42.48'N, 10 35.01 'W). 

As it is situated near the westerly mouth of the Solent, the site has a 'double­

tide' and also can suffer from large waves due to the long fetch of the waves 

entering the English Channel from the Atlantic Ocean. 

The site is a steeply sloping shingle beach turning to a sandy bed around 

the low water mark. There is a cluster of very large rocks on the eastern 

side of the beach which form the start of Hurst Spit . Figure 5.1 shows a 

photograph of the beach and figure 5.2 shows the transition of the bed from 

shingle to sand at the low water mark. It is assumed that the ocean bed at 

the measurement site, which is approximately 10-20 m from the low water 

mark, is sandy. The profile of the beach was found to change considerably 

during bad weather and 20 cm vertical bed movement was observed in one 

hour. 
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Figure 5.2: Photograph of transition between shingle and sandy bed. The 

bed at the measurement site is assumed to be sandy. 

Two surveys of the site were available (figure 5.3). Each consists of a 

topographical land-based measurement taken as far out into the surf-zone 

as practical and a hydrographical ship-based sounding coming toward the 

beach. The two measurements approximately converge, however in one case 

an uncharted area of approximately 100 m exists. The two surveys show 

changes in vertical depth of up to 5 m over a four year period indicating the 

dynamic nature of the site. However the cut-out, which shows the surf-zone 

region is more constant with a slope of approximately 1 in 9. The figure 

also shows the position of the measurement rig. In both cases the rig was 

placed just beyond a small shelf in the surf-zone. This enabled the rig to be 

deployed safely in the maximum possible water depth. 

5.2 First sea trial: Hurst Spit 2000 

The first sea trial took place at Hurst Spit between 5th and the 15th Novem­

ber 2000. Tidal predictions showed a tidal range of 1.8 m which was antic-
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Figure 5.3: Topographical profile of the measurement site. The results 

of four surveys are shown: topographical surveys carried out on 01/09/1997 

and 01/05/2001 and hydrographical sllfveys carried out on 01/12/1998 ane! 

19/06/200l. Changes of up to 5 m in bee! height between surveys are indica­

tive of the dynamic nature of the site. The insert at the top right of the figure 

shows the topographical data in close-up and indicates the position of the 

meaSllfernent rig. Heights in metres corrected from Ordnance Datulll ::\"ewlyn 

using tidal data at 16:00 GMT on 2-!-1l-2001 to give height relative to sea 

level. Data supplied by C. Eastwick &. A. Bradbury. 
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ipated to be enough to submerge the rig at high tide. The instrumentation 

used in this deployment W(1,,'; different to that described in chapter 4 and while 

it essentially performed the same function it consisted primarily of standard 

bench-top eqllipment rather than cllstom designed electronics. This meant 

that the apparat us reqllired consicierablv more \·oIIlIlle and hence two large 

water-tight canisters were IIsed to house the \H't-encl electronics. The t\VO 

cylind"rs were :35 cm in diameter and 1 .. S m in length. The water displaced 

by such a large bodies was considerable and while both cylinders were packed 

with ('[cctronics, the buoyancy associated with each was H:ry great. This, 

combined with the surface area that was presented to the breaking \vaves. 

made managing these objects in the surf-zone wrv dimclIlt. 

During the trial a wiele range of weather conditions \\·ere experienced 

with wind speeds varying [rom 0.5 !Il/s to over 25 m/s. This resulted in 

very large waves. sometimes over two metres in height. Because of this, 

deployment of the experimental apparatus in the surf-zone was very difficult 

and three separate rig designs were used before sllccessful measurements were 

made. Detailed description of the experimental SNllP will only be made \vhere 

successful measurements \vere taken. 

5.2.1 First deployment 

The first deployment employed a rig that was designed to be built in shallow 

water « 1 m) at low tide \vith measurements being taken at high tide. when 

the rig was submerged. The rig was designed using scaffolding bars and 

clamps since it \vas anticipated that this would provide a strong but relatively 

light structure that also presented a minimal surface area to the wave motion. 

The design was cllbic. measuring roughly 2.5 III on each side and 1.0 III high 

as the main structure to \vhich the canisters and transducer arravs could 

be attached. .-\t the base of each vertical element a large steel plate was 

welded. These plates would be buried in the sand and would counteract the 

buoyancy due to the air trapped with the water-tight canisters. Figure 5A 

shows a schematic of this design. 
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Figure 5.4: Schematic of rig design for the Hurst Spit 2000 [72,75] sea trial, 

first deployment. The rig was designed to be constructed at the measurement 

site at low tide and to be submerged by the incoming tide at high tide when 

measurements would be taken. 

(a) (b) 

Figure 5.5: Two photographs, taken a fraction of a second apart in November 

2000, showing (a) two postgraduate students (Meers and Simpson) attempting 

to bolt sensors to a scaffolding rig just deployed at sea; (b) Mr Simpson's feet 

(Mr Meers is completely buried by the wave). 
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Howewr. construction of the rig in shallow water proved to be extremely 

difficult in e\·en mild sea states due to the action of the breaking waves as 

illustrated in figure 5.·S. The deployment of this rig was dilly abandoned as 

ullsafe and an alternative design considered. 

5.2.2 Second deployment 

A second dcploVIlH'Ilt was then attempted using it rig that was (,Iltirely con­

structed prior to deployment and was then rnalH'uwred to the measllrement 

site. Four buoys \verc inflated and positioned OIl an axle at the front of the 

ng. The rig \vas then lifted and wheeled to the IIlCClsurclIH:nt position on 

these buoys. Over 125 kgs of extra weight was attachee! to the rig in order 

to CO\lnteract the buo.ranc.y. Figure 5.6 shows it photograph of this rig. 

This rig \vas deployed at low tide in shallO\\· water and it tether attached 

in order to facilitate recovery at a subseq1lent 10\\· t ide. However soon after 

deployment an unexpected storm formed with wind speeds in excess of 25 

m/s and \vave heights of several metres. Despite the rig having a total mass 

of over 500 kgs and being embedded in the sea-bed the energy within the 

waves \vas sufficient sufficient to lift the rig from the measurement site and 

deposit it upside down on the beach. As can be seen in figure 5.7 extremely 

heavy damage was sustained to the rig preventing anv further data from 

being collected using this set of apparatus. 

5.2.3 Third deployment 

Having sustained damage to the main set of apparatus. an alternative exper­

iment was \lIldertaken. This mae!e use of a secondary acoustic source that 

\vas anl.ilable on loan from DERA Bincleaves. The transducer is a mono­

static (i.e. source and recein:r are co-located) sonar array with a calibrated 

frequency range of 200 kHz to :3-10 kHz with a beanl\viclth of between 4.r 

and 15.-10 depending on frequency. 

Owing to the bandwidth of the acoustic source the range of resonant bub-
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Figure 5.6: Photograph of the second rig designed for Hurst Spit 2000 sea 

trial. The rig was assembled on the beach and then wheeled to the measure­

ment position using the inflated buoys as wheels. 

Figure 5 .7: Damage sustained to the second rig. Obviously the damage to 

the rig was so severe that no further measurements could be taken using this 

set of apparatus. 
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ble radii was restricted to 8.5-15.0 Mm. This part of the spectrum of bubble 

radii has been seldom measured yet is close to the peak in the size distribu­

tion (at rv 20 Mm) as measured by previous investigators [43 ,45]. Narrowband 

pulses at the appropriate frequencies (as described in section 4.1.1) were used 

to assess the bubble cloud in 0.5 Mm radius bins over the above radius range. 

In order to make an assessment of bubble numbers the backscatter from 

a target was measured, in this case the target was an inflated buoy mounted 

on a scaffolding pole. The buoy was positioned 0.5 m from the ocean bed 

and at high tide was submerged by approximately 1.0 m. The horizontal 

distance between the source and receiver was 2.35 m making a 4.7 m total 

path length. Figure 5.8 shows a schematic of this setup. 

2.35m J-i +-______________________ --.~ 
WeI-end 4 ' -l.Om 

Electronics Transmit} 

: Receive OAml 
100m cable 

to shore 
~ ~ 

1 
O.5m 

Figure 5.8: Schematic of rig design for first sea trial, deployment three. A 

mono-static sonar source was used to measure the back-scatter from an air 

filled buoy positioned 2.35 m away. 

A schematic diagram of the apparatus used in the third deployment is 

shown in figure 5.9. The same system that was to be used in deployments 

one and two was used to generate the signals and to acquire the measured 

waveforms but the source and receiver were replaced by the borrowed mono­

static system. The system had many similar characteristics to that described 

in section 4.4 including push-pull amplifiers to transmit and receive the sig­

nal down a 100 m armoured cable. The entire system had been calibrated 

both for transmit and receive so its sensitivity was known, although these 
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parameters were not strictly necessary since the attenuation was calculated 

as a ratio with respect to a nominally bubble-free condition. 
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Figure 5.9: Schematic diagram of experimental apparatus used in the first 

sea triaL deployment three. Owing to damage sustained to the original set of 

experimental apparatus (similar to that descrihed in chapter 4 an alternative 

setup was used. 

Figure 5.10 shows the voltage time senes acquired during one typical 

experiment. Each pulse consists of 20 cycles ranging bet\veen 200 and 340 

kHz. The initial transmission in each case is followed approximately 3 ms 

later by the backscattered return from the buoy. The results from these data 

are presented in chapter 6. 

5.3 Second sea trial: Hurst Spit 2001 

The second sea trial also took place at Hurst Spit on 23rC!-24th :\overnber 

2001. Experience gained during the first sea trial enabled an improved design 

to be implemented for deployment of the apparatus. An entire trial could be 

carried out in under eight hours. In the event two trials on consecutive days 

were necessary, because on the first day the sea was very calm with minimal 

v.:ave breaking activity. The second clay brought a moderate SW breeze and 

stronger breaking waves (wave heights up to 1 m). During this trial no dam­

age \vas sustained to the rig partly owing to the improved design and partly 
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Figure 5.10: Typical voltage time history acquired during the third de­

ployment at the Hurst Spit 2000 sea trial. The initial transmission from the 

mono-static sonar set is closely followed by the backscatter from the buoy 

position 2.35 m away. 

because of the less hostile weather. This meant that the system described in 

section 4.4 could be used, enabling a broader range of bubble radii (16-115 

p,m) to be e\'aluatecl, The system used \vas it bi-static system where mea­

surements are made over the direct path between source and receiver rather 

than from the back-scatter from a target (as in the previous trial), 

5.3.1 Rig design 

The primarv change in the design or the rig \vas the miniaturization of the 

electronics contained within the water-tight canister. During the first trial 

the wet-end electronics consisted primarily of bench-top equipment and one 

of the major difficulties encountered was the buoyancy presented by the large 

canister necessary to contain this equipment. Therefore printed circuit board 

solutions (as described in section 4.4.2) were developed to replace this equip-



Clf..-\PTER 5 126 

Illent and reduce the \·olume required inside the water-tight canister. Be­

fore miniaturization two canisters of 3.5 cm diamf'ter and 1.-S m length were 

required. After miniat urization one canister of 3.5 cm diameter and -SO cm 

length contained all the necessary electronics. This greatly rf'duced the buoy­

ancy that had to be counteracted and also reduced the owrall mass of the 

rig. making handling easier. 

The issue of deployment and retric\·al of the rig was also addressce!. The 

dependence on the tiele times in the first trial was partly responsible for the 

damage that occurred to the rig since it cOllld not be safel:; retricH'd when 

thl' storm begun. Therefore a rig was designed which cOllld be deplo.ved 

and retrieved irrespective of the tide time and sea state. The design made 

usc of a tall 'mast' over 3.5 m long which could be used to push the rig 

out in a horizontal configuration. Once the rig \\·as in position the mast was 

pushed vertical thereby 'flipping' the whole rig through 90°. This enabled the 

experimenters deploying the rig to stand in shallower water than the eventual 

measurement site. Once deployed the rig was held in position by some short 

lengths of scaffolding that dug into the sand and acted as anchors holding the 

rig stationary· during measurements. The mast acted as a convenient position 

for a marker buoy and also was used to gauge the approximate depth of the 

transducers. During the measurements made for this trial it was estimated 

that the rig was in water approximatelv 3.5 m deep. 

Cpon retrieval a shore based winch was llsee! to pull on a rope attached 

to the top of the mast. This prO\·icled a large amounl of le\·erage sufficient to 

break an.Y scaffolding bars out of the semel in \\·hich the\" had become buried. 

The winch \vOldd then tip the rig horizontal again and the rig \voulcl roll out 

of the surf without any need for aIlV experimenters to ('ntl;r tht' water and 

hence could be safrly undertaken at ellly time. irrespecti\·c of the tide. The 

marker buoy OIl top of the mast was used to prevent the top of the mast 

digging into the sand during retrievaL Figure 5.11 illustrates the design of 

the rig and its positions during deployment/retrieval and measurement. 
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Figure 5.11: Schematic ofrig design for the second sea trial [65] . The rig was 

wheeled down the beach in a horizontal configuration and into the water to a 

depth of approximately 2 m where it was flipped into a vertical configuration. 

5.3.2 Experimental setup 

Several different sets of apparatus for evaluating bubble population were 

fielded on the rig in an attempt to characterize the bubble population us­

ing multiple techniques. One passive technique and two active techniques 

were employed. The acoustic source (described in section 4.3) was securely 

mounted in front of the mast. The direct acoustic path between source and 
o 

receiver was kept clear of any obstruction and the rig was designed in such a 

manner so as to ensure that the presence of the rig would cause minimal bias 

to the estimated bubble population. The signal transmitted by the source 

was a ten frequency pulse train using a pulse length of 500 J-LS (as described 

in section 4.1) . The source level used was approximately 195 dB (re 1 J-LPa 

@ 1m). 

A set of seven Bruel & Kjaer type 8103 hydrophones were positioned in 

a 'T ' shaped array at a distance of 1.65 m from the source. Five of these 

were positioned along a straight line in order to take inversion data (although 

owing to software problems experienced during the trial only 4 hydrophone 

signals were acquired) and were spaced at 0.15 m intervals. The spacing was 

determined by the typical size of oceanic bubble formations which is 0(10) 
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Figure 5.12: Photograph of the hydrophone array used in the second sea 

trial. One of the experimenters (Mr. Yim) makes final adjustments to the rig 

prior to deployment . Note the wire gauze around each hydrophone to protect 

it from impact with wave-borne stones . Also to the right of the image the edge 

of the acoustic source and water-tight canister can be seen. In the background 

the 200m (blue) umbilical cable has been paid out ready for deployment . 
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CIll [21]. The first of these h.\"drophones was posi tiolled on-a..\:is at 1.6.5 III 

from the face of the acoustic source. This distance was assessed to be in the 

far field of the source (s('e section -1.3). hence plane \\'aH~ propagation could 

be assumed. 

The final two hydrophones were positioned off-axis for use in the trian­

gulat ion of bllbbl(' positions from passi H: emission data. The cables for all 

the h.\·drophoncs \wrc run inside the sCCl.ffolding tubes to protect them from 

any damagc before passing into the instruIllentation canisters \·iCl. \vater-tight 

glands. The signCl.ls from the hydrophones were then passed up a 200 m ar­

moured cable (as described in section -1.-1.2) for acql1isition. 

Since the beach at Hurst Spit is composed of shingle it was deemed nec­

essary to protect the hvdrophones from impact with any wave-borne stones. 

To this end each hydrophone \vas protected by a \vire mesh. The mesh chosen 

had a thin gauge and gaps of approximateh' one centimetre (see figure .5.12). 

\Vhile it was accepted that this would hcl\'e some impact on the performance 

of the hydrophones it was deemed necessary rather than risk damage to these 

delicate instruments. 

The effect of the gauze was investigated in bubble-free water in the labo­

rator\' by measuring the attenuation across the array \vith and \vithout the 

gauze in place. Figure .5.13 shows ten measurements of the excess attenua­

tion caused by the presence of the gauze. As can be seen the measurement 

was extremely repeatable with all ten cun'es overlying each other. A peak 

in the attenuation exists around 70 kHz. w11(;re the \\'ave length corresponds 

to the dimension of the gauze wrapped around the hydrophone. At higher 

frequencies the attenuation increases as the \\"clVelength shortens. However. 

t he cit t enuat ion measured in this trial is thE' f:u:ess at tenuation en used by 

the presence of bubbles. Since this \\'i:lS calculated from the ratio of bubbly 

to bubble-free measurements. the efTect of the gauze is accounted for as the 

bubble-free calibration was performed with the gauze in place. Therefore any 

increase in attenuation can be attributed to the presence of bubbles. 

Finally a 1 J\IHz receiver and emitter were placed with their beam-
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Figure 5.13: Attenuation caused by the presence of the wire gauze around 

the hydrophones. Ten measurements were taken over a path length of 45 crn 

and proved extremely repeatable (all ten measurement overlay one another). 

Since the bubble-free calibration was performed with the gauze in place. its 

df('ct is accounted for in any measured attenuatioIl. 
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patterns oH'riapping the mall1 lobe of the acoustic sOllrce with which to 

collect combination frequency data. Cnfortunatel.\· no populations h,we bccn 

estimated from the passi\'e and combination frf'qllf'llCy' tf'chni(plf's therefore 

no comparison with any im'ersion result is possiblf'. The dectronics. signal 

generation and data acquisition llsed for thf' illvf'rsion lIleaSllrelllent were as 

gi ven in chapter .. 1. The configllrat ion of the acollst ic t rClnsd Ileers is shown in 

figure ·S.l..!. 
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Figure 5.14: Schematic diagram of experimental apparatus usee! in the sec­

ond sea trial. Multiple methods were used in an attempt to characterize the 

bubble population using multiple acoustic methods, 

5.3.3 Initial data check 

Initial data analysis revealed that cross-talk between the driving and the 

received signal had affected the data. This was because the 200 m umbilical 

cable was carrying both the dri\'ing and received signals and the driving 

signal was being amplified on shore before being transmitted to the rig. This 

high power signal incillcf'ci ,1 signal in neighbouring channels despite the use 

of screened t\visted pair channels and the push-pull amplifiers described in 

section 4.4.2. However. this did not prevent analysis of the data because the 

interference only occurred while the driving signal was being transmitted. 

Because of the separation of the source and receivers, the acoustic pulse did 
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not arrive at the first rpcpin'r until approximately 1 IllS after the transmission 

of the pulse. Therefore the received signal (.SOO ps pulse length) used in 

these experiments was till-corrupted. However some other experiments taken 

during this trial lIsed pulse lengths greater then 1 ms and hence the cross­

talk and recei\'ecl signal interfered. This is illustrated in figure ELl.S which 

firstly shows a .SOO fLS pulse lpllgth (as used ill these inversion experiments) 

where the effect is easily rcmO\'ed bv simple windowing and secondly with 

a longer pulse (as used in other experiments) where cross-talk and received 

signal interfere. Since the cross-talk and the recei\w! signal will have pre­

dominantly the same frequency content it is expected to be extremely difficult 

to separate these two phenomena. 
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Figure 5.15: Illustration of received cross-talk interference between transmit 

and received channels (a) Pulse duration = 500 !lS, here the pulse duration 

was less than the travel time to the first receiver therefore cross-talk coulc! 

simply be windowed out (b) Pulse duration = 5 ms. here cross-talk interferes 

with received signal making analysis difficult or impossible. Data suffering 

from cross-talk was not used in this study. 
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5.4 Summary 

i-.!aking scientific measurements in an em'ironment as hostile as the surf-zone 

is a challenge in itself. This chapter has outlined two trials and showed the 

line of development of apparatus suitable for use in such an environment. The 

first sea trial \\;215 undertaken in extremely difficult conditions and collection 

of any data at all can be viewed as a success in such a harsh environment. 

The second trial learned many lessons from the first and consequently met 

\vith considerably more success, The chapter has outlined the experimental 

setups used in both trials and the environmental conditions encounter. The 

analysis of the data collected during these trials is presented in the next 

chapter. 
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Analysis of sea trial data and 

discussion 

This chapter analyses and discusses the data collected during the two sea 

trials described in chapter 5. The results from the first sea trial arc only 

analysed using linear methods (see chapter 2) as the sound pressure used was 

not expected to be sufficient to excite any nonlinear behaviour. The second 

trial is analysed using both linear and nonlinear (chapter 3) methods and the 

results obtained are compared and discussed. In all cases the im·ersions arc 

based upon either the linear or non-linear extinction cross section. 

6.1 First sea trial: Hurst Spit 2000 

During the successful third deployment of the first sea trial (see section 5.2.3) 

attenuation was measured by the backscatter from an air-filled buoy posi­

tioned 2.35 m away from a mono-static acoustic source. Owing to the band­

\vidth of the source. measurements were confined to small bubble radii (8.5 

- 16.5 lim). However. this is a region of high interest since it is close to a 

previously reported peak in the oceanic bubble size distribution [20,39.45]. 

Sixteen sets of measurements were made, each consisting of ten individual 

measurements of the bubble population. During the trial extremely calm 

13.,1 
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conditions (wind speed < 0 . .5 rn/s) were initiall.\· experienced and it wa.') not 

until the hnal six sets of rneaS\l[CIIH'nts that the wind speed increased (up to 

7 m/s) causing significant bubble populations to be lIleC1:-;urcci. 

Tll(' extended period of calm conditions \\'(1:-; used to perform a mea­

surelllcnt of thc attenuation experienced in a nominally bubble-free em'iron­

ment. The average of tcn Illeil:-;urcments taken in thesc conditions was then 

subtracted from all folluwing measurements and to account for geometric 

spreading and other 'S\'st(,lllatic' effects. Any excess attenuation was then 

attributed to the presence of bubbles. This assumption could be compro­

mised by the fact that the more turbulent conditions that \vill accompanv 

bubblc acti\'itv in the surf-zone is likely to cause a greater quantity of sus­

pended sediment to be present in the water column. However. the sediment 

is acoustically less active than the bubbles when both are found in concen­

trations that could be expected in the surf zone [76]. The sediment can be 

expected to make a negligible contribution to the attenuation over the short 

measurement distance used. This can be seen by calculating the attenuation 

imparted by a suspension of sand particles (the seabed type at the measure­

ment position, see figure 5.2) over the frequency range of interest, using the 

technique described in [77]. .t\Iodelling the sllspension as a Gaussian par­

ticle size distribution with a mean diameter of 70 microns and a standard 

deviation of 10 microns (\vith minimum of 10 microns and maximuIIl of 120 

microns) gives the normalised attenuation ShO\\'l1 iII figure 6.l. This shmvs 

that a concentration of suspended sediment in excess of .30 kg/m:3 would 

be required to give a peak attenuation of 1 dB/m. Estimates of sediment 

concentrations are typically less than 1 kg/mJ [78] but coulc! be expected to 

peak at 10 kg/mJ [79] in the surf zone. 

Figure 6.2 shows the clwrage attenuation measured c!nring three of the 

final sets of ten measurements. As the wind speed increases so does the 

attenuation. The wind speed rose from 0.5 m/s to 7 m/s through the course 

of the tests. It is of interest to note the large increase ill attenuation at 7 

m/s. This is around the speed observed by Thorpe and others [50,80] \vhere 
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Figure 6.1: Normalised attenuation resulting from a Gaussian size distribu­

tion with properties similar to that of sand. Acknowledgement: Dr. Simon 

Richards, QineliQ Ltd. 

bubbles are generated in large quantities in the open ocean. 

Figure 6.3 shows three single populations taken from each of the three sets 

of measurements described above. The data has been scaled to adjust the 

bin size in which the bubbles are reported to the standard 111m. During the 

measurements the height of the breaking \\',wes varied from approximately 

10 cm to in excess of 1 m. The air temperature varied betv.:een 8°C and 

l-l°C and the \vater temperature was constant at 11 °e. J\Ieasurements \vere 

taken at random times throughout the wave breaking c\-cle. It is of interest 

to note that 110 peak is apparent in the bubble size distributions shown 

in figure 6.:3. Previous inwstigators [-13. -15] have noted a peak the bubble 

population at approximately 20 ILIll. However both of these measurements 

\vere made in open ocean rather than the surf-zone and it may be the case 

that the different dynamics experience by the bubbles in the surf-zone alter 

the balance between buoyancy and dissolution that is thought to contribute 

to the peak in the open ocean data. 
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Figure 6.2: Average attenuation measured during three sets of ten measure­

ments. Measurements taken on the 15th November 2000 at 1350h - wind speed 

5.5 mls (solid), 1510h - wind speed 6 mls (dashed) and 1610h - windspeed 7 

mls (dotted). 
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Figure 6.3: Computed bubble size distributions in the range 8.5 to 15.5 f.Lm. 

The solid, dashed and dotted lines correspond to single measurements taken 

during the three sets of measurements described in the caption to figure 6.2. 

Figure 6.4 plots the average population measured during the trial (with 

error bars showing the minimum and maximum values measured in each ra­

dius bin) plot alongside other historical populations. Two other surf zone 

measurements are shown. Phelps et al. [6] used an acoustical technique ex­

ploiting combination frequencies to make measurements at four radii between 

37 and 150 pm. This measurement was made on the North Yorkshire coast in 

water approximately 3 m deep with wind speeds of 11 m/s and wave heights 

of in excess of 2 m. Deane & Stokes [44] deployed an optical technique at 

Scripps Pier in California. They made measurements at larger bubble radii 

than the other (acoustical) techniques shown. The open ocean population 

measured by Johnson & Cooke [46] was obtained using optical methods in 

water of 20-30 m depth with wind speeds of 11-13 m/s. It is of interest to 

note that this population shows a lower number of bubbles at small radii 

compared to the other measurements. This may be caused by larger bubble 

obscuring smaller bubbles. The population measured by Farmer & Vagle was 
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Figure 6.4: Average bubble populations estimated during the first sea trial 

compared to historical data. The data collected during the first sea trial 

(circles) is plotted along with error bars to indicate minimum and mcuimuIU 

values. The data is compared to historical data including: surf-zone data 

collected by Phelps et aZ. [6] with errorbars indicating uncertainty due to the 

sampling volume (squares). Deane &:: Stokes [~~] (dots) and open ocean data 

collected by Farmer &:: Vagle [43] (plus signs). Breitz &:: ?--Iedin [38] (triangles). 

Johnson &:: Cooke [46] (diamonds) and Phelps &:: Leighton [-15] (crosses). 
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in extremely deep water (el km) and used a upward looking sonar to mea­

sure backscatter from surface bubble plumes. The wind speed during this 

measurement was 12-lel m/s. finally Breitz s..: "-Ied\vin [38] used a resonator 

system to make measurements in water 120 m deep \vith wind speeds of 12-1.=) 

m/s. It should be noted that the absolute llumber and the gradient of the 

ne\v surf-zone measurements are similar to the open ocean measurements. 

However. the data ShO\\'Il here should be treated with caution. since the 

bandwidth of the acoustic source Illeant that the bubble size distribution 

could only be estimated over a small portion of the full spectrum. Therefore 

the measurement may be afff'ctrd by the presC'nce of bubbles outside this 

range which arc not accounted for in the estimate. The next sectioll will 

analyse the data collected during the second. morc successful. sea trial. 

6.2 Second sea trial: Hurst Spit 2001 

As discussed in section 5.3 the second sea trial was considerably more suc­

cessful than the first. A \videband (30 - 200 kHz). high amplit ueir: (195 dB 

re I IIPa Cd 1m) transducer was employed along with an improved rig de­

sign that allowed simple deployment ane! rctrienll of the apparatus. This 

allowed successful measurements to be made across a broader spectrum of 

bubble radii at an amplitude that might excite bubble nonlinearities. Signals 

were received using seven Brud s..: Kjaer 8103 hnirophones. Cnfortunately. 

technical difficulties experienced with the LeCrov oscilloscopes during the 

trial meant that a backup system (a :\ational Instruments 61l0E DAQ carel. 

see figure 4.11) had to be used to acquire the data. This limited the data 

acquisition to the four h.\'(irophones closest to the source. These difficulties 

prevented clcltcl being taken through the majority of the single day trial but 

once they hac! been resolved data was successfully collected betweeIl l·=)OOh 

and 1600h before retrieval of the rig. 

Prior to the sea trial the apparatus \vas calibrated in an 8 III by 8 III by 5 

m deep concrete walled tank containing bubble-free water (see section 4.2). 
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Figure 6.5: The signal received from the four hydrophones as a single pulse 

(part of the ten pulse 'train ') propagates over them. Note the arrival times of 

the pulses at each of the individual hydrophones and the period of cross-talk 

proceeding the pulse. 
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As discussed above any increase in attenuation in the oceanic em'ironment 

was then attributed to the presence of bubbles. figure 6.5 shows the signal 

recei\'ed from the four hydrophones as a single pulse from the ·train' of ten 

pulses propagates past them. It should lw noted that beca1lse of the elec­

tronics required to transmit the signal along the 200 m umbilical cable, the 

sensiti\'ities used to convert voltage to pressure an; not absolute and hence 

ca1ltion sho1l1d be exercised when comparing the amplit1ldes of the signals. 

Atten1lation is calculated by using equations -1.2 and -1.3 and which circum­

vents the need for an absolute calibration. Figure 6.6 shows a sample of 

the attenuation measurements made during the trial. As CRn be seen, due 

to the relatively calm conditions experienced, the attenllations I1H'asurec! are 

comparatiye\y small. less than 15 dB/ill. Attempting to accurately measure 

these values over the small path length between the individual hydrophones 

\vas considered impractical because of the 100v signal to noise of the measure­

ment. In order to overcome this the attenllation was measured between the 

first and fourth hydrophones. This ga\'e a total path length of 0.45 IIL thus 

imprO\'ing the signal-to-noise of the measurellwnt. 

Figure 6.7 shows the bubble populations estimated usmg the current 

state-of-the-art techniques outlined in chapter 2. Again the data has been 

scaled to adjust the bin size to the conventional 1 Jfm. During the mea­

surements the rig was estimated to be in water of approximately 3.5 metres 

depth. The location of the rig was similar to the previous year (as marked on 

figure 5.3) and was slightly behind the breaking waves. The average air and 

water temperatures were 11 °C and 8°C respectively. Average wind speed was 

<1 rn/s from a S\\" direction. Samples of water were taken in sterile bottles 

for chemical analysis. This rE'\'ealed that the electrical conductivity \vas 49.5 

mS/cm. the pH was 8.07 and the salinity was 3-1.1 ppt. The void fraction of 

the bubble populations shown in figure 6.7 was calculated by linearly extrap­

olating the population in log space (omitting the largest three radii) from 10 

J.LID to 300 JLm. The average void fraction was approximately 5 x 10-6 . 

Figure 6.8 adds the data collected during the second sea trial to the his-
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Figure 6.6: Measurements of attenuation made between the first and fourth 

hydrophones during the second sea trial. Each colour represents an individ­

ual measurement made between 15:20 and 16:00 GMT on 24-11-2001 (due to 

limitations of the available colour palette some colours are repeated). 
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Figure 6 .7: Linear estimates of the number of bubbles per cubic metre of 

sea water, per /-Lm increment in radius made using the current state-of-the­

art linear inversion. The colours correspond to the attenuation measurements 

shown in figure 6.6. The average wind speed during these measurements was 

4 m s-1 from a south-westerly direction, the water temperature was 8°C and 

the air temperature was 11 °C. The electrical conductivity was 49.5 mS cm -1, 

the pH was 8.07 and the salinity was 34.1 ppt. 

torical data plotted in figure 6.4. As can be seen in the figure the number of 

bubbles is slightly greater than the open water populations but considerably 

less than the surf-zone population measured by Phelps & Leighton [45]. This 

is in keeping with the relatively calm conditions experienced during the sec­

ond sea trial. Several features in the data are apparent. Firstly the position 

of the peak in the distribution. Previous open ocean measurements [43,45] 

have reported a peak in the distribution around 20 /-Lm . In the new, surf-zone 

measurement the peak in the data is at 27 /-Lm. However, the radius bin size 

used during the experiment was 11 /-Lm and hence the true peak in the distri­

bution lies in the range 21.5 /-Lm to 32.5 /-Lm. In any case it is not surprising 

that in the surf-zone the peak in the size distribution lies at a different radius . 
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Figure 6.8: Average bubble populations estimated during the first sea trial 

compared to historical data. The data is plotted as in figure 6.8 with the 

addition of the mean estimate of the bubble population from the second sea 

trial (horizontal bars). The error bars indicate the minima and maxima of the 

measurements. 
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The position of the peak is determined by the balance between the rate at 

which bubbles are remowcl from the water column by dissolution of gas and 

buoyancy. In the surf-zone the turbulent forces caused by breaking waves 

must also be considered in this balance and hence may shift the position of 

the peak. The presence of a peak in the data was not apparent in the data 

collected during the first sea trial. Two possible explanations may exist for 

this: 1) the peak existed during the first sea trial but was at a radius outside 

the range of bubble radii assessed or 2) the peak existed within the measured 

radii but was obscured during the inversion process due to tll(; small radi us 

range of the measurement. 

Secondly the small peak lI1 the distrib1ltion at GO ILIn ane! the rise in 

the bubble numbers above 93 pm. Examination of figure G.6 reveals similar 

trends in the raw attenuation clata at the corresponding frequencies. This 

indicates that these features are not products of the inversion process but 

are either related to systematic errors in the measurement system or are 

representative of the actual population. It should be noted that while no 

other population displays a similar peak at 60 11m. a secondary peak is shO\vn 

in the population measured by Phelps &.: Leighton [45] at 119 pm. Finally 

the \vicle errorbars on the new clata (vv·hich show the maxima and minima of 

the measured clata) can be attributed b.'; the randomization of measurements 

within the wave-breaking cycle. 

6. 3 Nonlinear analysis 

Having performed the current state-of-the-art (linear) analysis on the data 

collected during the second sea trial. a comparison \\·ill nO\v be made be­

tween the results already achie\·ed and those obtained using the nonlinear 

techniques outlined in chapter 3. The matrix of bubble responses was re­

calculated using the nonlinear extinction cross section based upon pressure­

volume loops as described in section 3.2. This calculation was extremely 

computationally intensive since a numerical solution to the Herring-Keller 
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Figure 6 .9: A spectogram plot of power spectral density (arbitrary reference) 

calculated for the radius time history of a 106 p,m bubble being driven at 30987 

Hz and 7.95 kPa. Significant energy is present at higher harmonics, indicating 

a departure from the monochromatic, linear regime. The drive frequency, 

which is close to the bubble fundamental during steady-state (200-500 p,s) , is 

lower than the bubble pulsation natural frequency, which can be seen both 

during ring-down (>500 p,s) and the transient period. 

equation (equation 1.34) had to be found for each element of the matrix. 

Because of this two simplifying assumptions were made. These were, that 

the all the bubbles were driven by the same pressure amplitude i.e. the 

medium was modelling using a single layer , and that the bubbles responded 

at steady-state. Despite these simplifications a small (ten-by-ten) matrix still 

took over 24 hours to calculate using a 1 GHz Pentium IV PC with 512 MB 

of RAM. Neither of the assumptions made are inherent in the technique. 

Figure 6.9 shows the frequency response of a 106 flm bubble driven close 

to resonance by the peak sound pressure level used during the trial (7.95 

kPa). As can be seen the response is non-monochromatic and therefore some 

difference between linear and nonlinear estimates of the bubble population 

might be expected. Despite this violation of the assumption of monochro-
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Figure 6.10: Linear and nonlinear estimates of the number of bubbles per 

cubic metre of sea water, per p,m increment in radius . Each colour corresponds 

to the appropriate attenuation measurement in figure 6.6 (for clarity a subset 

of the data is shown). For a given colour, the dotted curves show the bubble 

population obtained by applying the state-of-the-art inversion to the acoustic 

data. The solid curve of the same colour show the population obtained when 

the same acoustic data is inverted using the new theory. Hence the solid 

curves present , for the first time, bubble populations obtained by an inversion 

which does not assume linear monochromatic conditions. The void fractions 

are around 5 x 10-6 . 

matic linearity, the bubble populations estimated using both linear and non­

linear methods show little difference (see figure 6.10). This indicates that 

the driving pressure used (7.95 kPa zero-to-peak) was insufficient to cause a 

significant difference between the two estimates of bubble population. 

The effects of increasing the amplitude of the driving signal are illumi­

nating and illustrate the potential benefit that can be gained by including 

bubble nonlinearity in an estimate of bubble population. A single bubble 

population, calculated using the linear kernel , was used as the basis for the 
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Frequency (kHz) 

Figure 6.11: Steady-state attenuation calculated using a single bubble pop­

ulation taken from figure 6.7 as a basis. The calculation is performed using 

the linear formulation of Commander 8.: Prosperet ti (solid line) as well as the 

new nonlinear formulation assuming different dri\'ing pressures; 100 Pa (dot­

ted), 20 kPa (clashed) and 50 kPa (clash-clot). The 100 Pa nonlinear solution 

(dotted) almost overlies the linear solution (solid). :\ote that the lines do not 

imply data across a continuum of frequencies: the calculation is performed at 

the ten sp('('ifi(' pump frequencies used in the experiment (indicated by arrows 

at the top of the figure). Since these frequellcies were chosen to give even 

point spacing in radii, the spacing of points is sparse at high frequencies. 

calculation of attenuation. This linearly calculated attenuation was then 

compared with attenuations calculated using the ne,,;. nonlinear kernel. mak­

ing the assumption that the driving pressures were 100 Pa. 20 kPa and 50 

kPa (zero-to-peak). Linear mathematics would predict that the attenuation 

is independent of the driving amplitude. Figure 6.11 shmvs that the Imv 

amplitude. nonlinear solution is indistinguishable from the linear solution. 

However, as the driving amplitude increases the attenuation experienced by 

the pressure wave decreases. These higher amplitudes are easily achievable 
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Figure 6.12: A sixty micron bubble driven by a semi-infinite pressure wave. 

(a) The approximation to the contour integral shortly after the onset of oscilla­

tion and (b) evaluation of the contour integral during steady-state oscillations. 

by many commercial and military ocean acoustic systems [3J. Examination 

of the figure shows that nonlinear effects begin to become significant with 

driving pressures in excess of 10 kPa and it is at these pressures that the 

calculation of the nonlinear effects becomes increasingly important. If higher 

driving pressures tend to produce lower-than-expected attenuations , the bub­

ble population inferred by a purely linear system may be an underestimate. 

In addition to the amplitude dependency shown above, the new technique 

is also capable of indicating time dependent effects . A similar process to 

that described above was used, whereby a single bubble population taken 

from figure 6.7 was used as the input into a forward problem which was 

then solved using the nonlinear technique. In order to incorporate the time 

dependent element , the bubble cloud (again treated as a single layer) was 

exposed to a semi-infinite driving pulse. The contour integral formed by 

each consecutive pressure-volume loop was summed before dividing by the 

number of loops undertaken in order to determine the average extinction 
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Figure 6 .13: Averaged attenuation per cycle calculated for different pulse 

lengths and amplitudes. Each graph shows the effect of increasing pulse length 

for a fixed driving amplitude. Note that as the pulse length increases the 

at tenuation tends toward the steady state solution of figure 6.ll (black line). 

The driving amplitudes used are (a) 100 Pa (b) 20 kPa and (c) 50 kPa. As 

with figure 6.ll the data are plotted at ten discrete frequencies corresponding 

to a linear spacing of bubble radii and hence there are few data points at high 

frequency. 

cross section per cycle as a function of the number of cycles. Shortly after 

the onset of oscillation, where, due to the erratic behaviour of the bubble, 

closed loops are not formed, the contour integral was approximated by closing 

the loop with a straight line (see figure 6.12 (a)). Such approximations are 

minimized during the steady state period of oscillation (figure 6.12(b)) . 

In order to explore fully the behaviour both as a function of time and 

amplitude the time-dependent forward problem was solved for three driving 

pressures used above, at a range of pulse durations . The results are shown 

in figure 6.13 and shows, as expected, that as the number of cycles increases 

the attenuation tends towards the steady state solution shown in figure 6.11. 



CHAPTER 6 1.52 

;\lore detailed examination of the data indicates some interesting effects. The 

attenllation experienced by a 1 or 2 cycle pulse is low and is largely llnaffected 

by the amplitude of the pulse. The low amplitllde (100 Pa) data shows a 

steadily increasing attenuation from the \'Cry short pulses to the steady state 

solution. Qualitati\'e examination of the 20 kPa data seems similar to the 

100 Pa data. howen'r it should be noted that the solution con\'(:rges to the 

steady state in a fewer number of cycles. The beh,wiour of the 50 kPa clata 

is more complex. and shows less dependence upon number of cycles. The 

maximum attenuation is experienced bv a five cycle pulse and, in this case, 

the steady state solution shows the least attenuation at many frequencies. 

Such investigations arc of interest in a number of applications and have been 

the subject of previous im'estigation [81 83]. However. as no data has been 

collected to support such pulse length calculations they arc included here 

primarily to illustrate how time dependence lIla:,; be included in the new 

technique. 

As discussed in section 2.3.2, in bubble clouds with high void fraction (a 

scenario in \vhich high amplitude pulses might be used) interactions bet\veen 

bubbles can become important. In order to assess the magnitude of this 

effect in bubble clouds of sufficiently high void fraction to necessitate the use 

of high amplitude pulses. one of the populations from figure 6.7 has again 

been selected for further analysis. In this case. the population has been 

scaled from its original void fraction of.J x 10-6 to void fractions of 1 x 10-.5, 

1 x 10 -,I and 1 x 10 -3. Figure 6.1-1 shows the attenuation calculated from 

these scaled populations using both the standard linear formulation (equation 

2.3) and Kargl's effective medium equation (equation 2.39). As can be seen 

in the figure increasing the void fraction in excess of 1 x 10-,1 would make 

measurements o\'(~r path lengths O( 1) m untenable. In this instance a short 

path length (O(O.I)m) between source and receiver would have to be used 

in conjunction with a high amplitude transducer with a short near/far fidel 

interaction to ensure plane \vaye propagation. 

Consider a cloud of bubbles with a size distribution that imparts the at-
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Figure 6.14: Attenuation predicted using both standard linear theory (solid) 

and Kargl's theory (dashed) that accounts for bubble-bubble interactions. A 

typical bubble population from figure 6.7 is scaled up to void fractions of 10 -5, 

1O-..t and 10-3 , and compared to the attenuation caused by the original void 

fraction (5 x 10-6 ). 
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frequency Difference due Difference due 

(kHz) to bubble to bubble 

nonlinearity (dB) interactions (dB) 

28.5 5.3 8.4 

31.5 1.4 1..5 

35.1 0.1 0.3 

39.7 1.3 0.2 

45.7 2.2 0.2 

53.9 4.5 6.4 

65.7 1.3 0.6 

84.2 4.1 2.2 

117.4 6.8 6.6 

195.0 0.5 0.1 

Table 6.1: The difference in attenuation due to bubble interactions and 

bubble nonlinearity for a cloud with a void fraction of 1 x 10-4 driven by a 50 

kPa plane wave. 

tenuation shown by the 1 x 10-4 curve in figure 6.14. Let us assume that 

the bubble cloud is excited by a plane wave with amplitude 50 kPa and 

that the attenuation through the cloud is calculated llsing the standard lin­

ear formulation. The relative importance of bubble interactions and bubble 

nonlinearity can be assessed by the difference between that attenuation and 

either the attenuation calculated using the Kargl's equation or the new non­

linear formulation respectively. As can be seen in table 6.1. at this driving 

pressure the magnitudes of the t\VO effects are similar. However, for the 

surf zone data presented earlier in the chapter. buth the \'oid fraction and 

the driving pressure were below the threshold where such ('ffr:cts begin to 

become significant and thus these terms can safely be neglected. 

Kargl's formulation of the effective \vavenumber suggests, for the first 

time, a means of including the effect of bubble-bubble interactions in an 
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inwrse estimate of the bubble population. The iterative approach used by 

Kargl requires knowledge of the bubble population in order that the radia­

tion damping term may incorporate the effect of interactions. Therefore an 

iterative approach to the inversion could also be adopted with respect to the 

inverse estimate. The first pass \vould compute a population using the stan­

danl formulation of Commander &: Prosperetti (equation 2.3). Subsequent 

pa:-;s('s would usc the size distribution estimated during the previous pass as 

an input into Kargl's equation (equation 2.39). The iteration process would 

continue until the solution converged within an acceptable tolerance. Kargl's 

equation typically converges in less than ten iterations. Development of such 

a scheme is recommended as an area of future work. 

It should not be thought that the use of bubble nonlinearity is only of 

benefit in cases of high bubble void fraction. The ability to excite and exploit 

time dependent nonlinear effects can be a valuable diagnostic tool in a wide 

range of fields, not just the estimation of oceanographic bubble populations. 

Other applications might included the enhancement of signals from biomedi­

cal ultrasonic contrast agents or the detection of solid targets (such as mines) 

in the surf-zone. 

6.4 Summary 

This chapter has presented the data from two sea trials carried out during 

the course of this study. Analysis of data collected during the first sea trial 

yielded the first ever estimate of the bubble size distribution at small radii in 

the surf-zone. This data \vas compared with other historical measurements. 

Hmve\·er. owing to the limited spectrum of bubble radii measured the re­

sult should be treated with caution. The second. more successful. sea trial 

yielded more estimates of the bubble population in the surf-zone across a 

much wider spectrum of radii. This initial analysis was all performed using 

the standard linear formulation described in previous chapters. The data 

was then re-analysed using the new nonlinear technique developed in chap-
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ter 3. Cnfortunatcly. the dri\·ing pressure (7.95 kPa) used during the trial 

was insufficient to cause a significant change in the estimated bubble popu­

lation. The chapter then went on to demonstrate the changes in measured 

attenuation that \vould be expected for higher driving pressures and shO\ved 

that the threshold where nonlinear effects begin to become important is 10 

kPa. A demonstration of the capability of the lle\\· nonlinear technique to 

model time dependent effects was performed. However no supporting data 

was available to verify the results of the model. The relative importance 

of bubble nonlinearity and bubble interactions in \"Cry. dense bubble clouds 

(\vhere high amplitude pulses might be used) \vas assessed and it was shown 

that the magnitude of the two effects is similar in such circumstances. A 

scheme was suggested that would enable the inclusion of bubble interactions 

in a linear inversion based upon Kargl's equation. This is recommended as 

an area of further study. The chapter concludes by emphasizing that dense 

clouds are not the only reason for modelling bubble nonlinearity and briefly 

discussing some other techniques that may benefit from application of the 

principles described within this work. 
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ConcI usions and discussion 

This study has successfully made measurements of the bubble population in 

the surf-zone. The measurements made here add to the ver.y sparse set of 

measurements in this high-interest region. Of the other studies that have 

attempted to make surf-zone measurements [7.20.44. rio 84] only Phelps & 

Leighton [45] and Deane & Stokes [44] have made measurements at distances 

of less than 100 m from the water-line (the active region in which these 

measurements were also made). Such measurements are of importance in 

areas such physical oceanography and underwater acoustics. For example 

knowledge of likely bubble populations is crucial in the design of systems to 

detect solid targets in the surf-zone. 

As part of the process of designing a system suitable for surf-zone mea­

surements. the key assumptions made in the current state-of-the-art theory 

\vere examined. This highlighted the need for a new. time dependent, non­

linear model. Initially an attempt to derive an expression for the nonlinear 

complex wavenumber was made. however this was shown to be fhwed for 

a number of reasons. Further consideration of the problem gave rise to an 

expression of the nonlinear extinction cross section of a bubble in terms of 

the loci mapped out by pressure-volume curves. The new model makes no 

restrictive assumptions of steady state or linear oscillations and hence is ex­

pected to be suitable for use in a variety of problems. In the low amplitude 

157 



CHAPTER 7 158 

limit the nonlinear extinction cross section was shown to conwrge with its 

linear counterpart while high amplitude modelling exhibited the presence of 

higher harmonics which are unaccounted for in conventional techniques. One 

difficulty presented by the new technique is that it can be computationally 

intensive. as the nonlinear equations of motion involved typically require nu­

Illerical solution. In this study· the IIf'rring-I~f'llf'r equation was chosen as it 

imposes the fewest assumptions upon anv solution. En~n small kernf'ls (10 

by 10) took long periods to calculate. During this study it \vas decided to 

model the bubble cloud as a single layer with the consequence that all the 

bubbles in the cloud were assumed to be dri\"Cll bv the same pressure. This 

neglected the f'ffect of ; layering· the bubble cloud and this is recommended 

as an area for future study. Such an approach would allow the impact of 

inhomogeneous bubble clouds to be assessed. 

Hmvever, as computing power increases and more numerically efficient 

methods of solving the nonlinear equations are found. the problem of long 

computation times will decrease. A particular strength of the technique 

is that it is not specific to a particular equation to describe the response 

of the bubble. Therefore the most appropriate equation for a particular 

problem may be substituted in place of the Herring-Keller equation. An 

example might be in the use of echo-contrast agents in biomedical ultrasound 

[6.S]. If an equation of motion could be formulated for the volume of an 

oscillating bubble passing through a capillary win (a situation in \vhich free 

field conditions would certainly not apply) then that equation could be used 

as the basis for the extinction cross section. As can be seen. \vhile the new 

model was formulated for the specific problem of measuring surf-zone bubble 

populations. it can be applied to a \vide range of problems. 

Cnfortunately the 11('\V model was formulated in the midst of the prepa­

rations for the second sea trial (described in chapters 5 and 6). This meant 

that the necessary tools for evaluating the onset of the nonlinear response 

\vere not available \vhen designing the acoustic source. As a consequence the 

driving pressures used in the trial were below the threshold where nonlinear 
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effects ha\"e been shown to become important. Laboratory work to experi­

mentally \"erify the !'ffeets predicted by the model is recommended for future 

work. Such work should investigate the amplitude and time dependence of 

the attenuation through an artificial bubble cloud (as predicted in figures 

6.11 and 6.13). 

The r:ffrct of bubble interactions was assessed and was shown to become 

important at void fractions of around 1 x 10--1. This corresponds with atten­

uations of O( 100) dB and hence is a situation in which high driving pressures 

are likely to be required. Assuming a driving pressure of 50 kPa, the mag­

nitudes of errors resulting from thr: neglect of bubble nonlinearity or bubble 

interactions were shown to be similar. A method of incorporating bubble 

interactions in a linear inversion \vas suggested and again is a recommendecl 

area of further study. Other areas of related research that may be of interest 

but hcwe not been discussed in great detail include: 

• The effect of over-determining the system of equations. In this study 

the kernel matrix has been square i.e. the number of frequencies was 

equal to the number of bubble radii under consideration. This is not 

a requirement for solution of the inverse problem and there may be 

benefit in basing the inversion upon a rectangular matrix. 

• Singular value analysis of matrices of bubble response. Performing sin­

gular ntlue decomposition upon the matrix of bubble responses enables 

the eigenvalues and eigenvectors of the matrix to be determined. Anal­

ysis of these values may provide valuable insights into the structure of 

the matrix and allow improved results to be inwrted using it. 

• A suitable method of measuring phase speed. .\0 such method \vas 

found during the course of this study but might yield superior results 

to an attenuation based inversion due to improved resilience to noise. 

In addition the concept of complex valued kernels could be further 

investigated. 
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• An expanded set of surf-zone measurements across a broader range of 

bubble radii in a variety of surf-zone conditions would be a \'aluable 

addition to the sparse data from this important region. 

• Further \vork on the use of broadband pulses. expanding on the work 

of Terrill &: J\lelville [20]. would be of benefit and may help inwstigate 

formation of bubble clouds. 

• Consideration of the nonlinear. time-dependent response of a bubble 

lIlay yield enhancements in the pcnetration of bubblc clouds using ac­

ti ve sonar. This would be of benefi t in a number of applications. 

• The usc of nonlinear. time-dependent pulses lIlav assist in distinguish­

ing solid targets in the surf-zonc from bubbles. Proposals for such 

exploitation of nonlinear effects have been made by Leighton [85]. 

• The ultimate ailIl of both of the trials conducted during this study 

was to attempt to characterize the surf-zone bubble population using a 

number of different techniques. This \vould provide independent verifi­

cation of the measured size distribution and. since di£rcrcnt techniques 

employ different assumptions, would allow the extent to which any of 

these assumptions have been violated to be assessed. Cnfortunately in 

both instances only the inverse measurements detailed here \vere suc­

cessful and hence no such checks could be performed. A fully successful 

experiment of this nature would be of significant interest. 

This study has yielded a number of results that might be considered an 

advancement of the fidel. These include 

l. A new nonlinear formulation of a bubble's extinction cross section. 

2. The estimation of bubble populations in the surf-zone. 

3. Application of a systematic method [49] of determining the optimal reg­

ularisation parameter to the inversion of matrices of bubble responses. 
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4. Assessment of the relative importance of bubble nonlinearity and bub­

ble interactions. 

o. An indication regarding the pressure threshold at which the affect of 

bubble nonlinearity becomes significant. 

6. Some observations regarding effective deployment of apparatus in the 

extremely hostile conditions presented by the surf zone. 

Such advances contribute to our knowledge andllnderstanding of the esti­

mation of the size distributions in bubbly em·ironments and the propagation 

of sound through those environments. The primary motivator for these stud­

ies has been to enhance the understanding of oceanographic processes and 

also to provide the necessary science to enable the advancement of both mil­

itary and commercial sonar systems. It is hoped, however, that the science 

laid down here may find many other applications in the increasingly diverse 

field of bubble acoustics. 
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