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The intrinsic sampling method (ISM) is a powerful tool that allows the exploration of

interfacial properties from molecular simulations by fitting a function that represents

the local boundary between two phases. However, owing to the non-physical nature

of an ’intrinsic’ surface, there remains an ambiguity surrounding the comparison of

theoretical properties with the physical world. It is therefore important that the ISM

remains internally consistent when reproducing simulated properties found to match

experiment, such as the surface tension or interfacial density distribution. We show

that the current ISM procedure causes an over-fitting of the surface to molecules in

the interface region, leading to a biased distribution of curvature at these molecu-

lar coordinates. We assert that this biased distribution is a cause of the disparity

between predicted interfacial densities upon convolution to a laboratory frame, an

artefact which has been known to exist since the development of the ISM. We present

an improvement to the fitting procedure of the ISM in an attempt to alleviate the

ambiguity surrounding the true nature of an intrinsic surface. Our “surface recon-

struction” method is able to amend the shape of the interface so as to reproduce the

global curvature distribution at all sampled molecular coordinates. We present the

effects that this method has on the ISM predicted structure of a simulated Lennard-

Jones fluid air-liquid interface. Additionally, we report an unexpected relationship

between surface thermodynamic predictions of our reconstructed ISM surfaces and

those of extended capillary wave theory, which is of current interest.
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I. OVERVIEW

It is commonly agreed that the shape of molecular distributions in liquid-vapour and

liquid-liquid interfaces should be described as locally sharp, but corrugated by capillary

waves or thermal fluctuations1–4. Recently, there has been substantial progress in com-

putational analysis techniques that are sensitive to the instantaneous position of interface

regions in simulations containing multiple media or phases. These tools seek to resolve

the molecular scale structural features5–13, dynamical processes14–17 and thermodynamic

properties18–20 of interfaces that become spatially and temporally averaged if observed from

a laboratory frame. It is hoped that investigation of these features may help to explain

anomalous observations of interfaces found using high resolution optical techniques such as

ellipsometry21–23. Additionally, new research pathways have been opened up, pushing the

boundaries of capillary wave theory and hydrodynamics to the nanoscopic scale24–27. Several

different methodologies have been investigated, including the Surface Layer Identification

(SLI) of Chaowdhary and Ladani28, the Identification of Truly Interfacial Molecules (ITIM)

of Pártay et al.29, the Grid-Based Intrinsic Profile (GIP) of Jorge and Cordeiro30 and the

Intrinsic Sampling Method (ISM) of Chacón and Tarazona5. A detailed comparison of these

methods has been made by Jorge et al.31,32, which generally highlights that the ISM is the

most self-consistent approach, since it avoids coarse-graining and is more easily optimised

with suitable parametrisation, though at the cost of being highly computationally intensive.

Since publication, there have been additional amendments to the speed of calculation33 and

optimisation routine10,15. However, for all methodologies there remains a general ambiguity

regarding the definition of an interface at the molecular scale, since a macroscopic boundary

between two phases does not have an atomistic physical form6, and so any mathemati-

cal object intending to describe it remains resolution dependent31. This ambiguity leads

to properties being reported for atomistic and molecular systems which do not appear to

consistently reproduce experimental data. In particular, although the predicted frequency-

dependent surface tension can recover macroscopic observations in the low frequency limit,

it diverges with increasing resolution at the high frequency limit5,34, and the intrinsic density

distribution has been notoriously difficult to convolute back onto the global frame5,8,12,28,34.

Nevertheless, recent attempts by Chacón and Tarazona and Bresme35,36 to investigate

simulated lipid membranes using the ISM have successfully reproduced experimental esti-
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mates of interfacial properties. Their results provide a thermodynamically consistent way to

calculate the membrane area per lipid from a single simulation without a priori knowledge

of the true bending moduli, or a numerical estimation of errors introduced due to finite

size effects, in contrast to previous methodologies37,38. It is hoped that general develop-

ment of other internally consistent approaches to applying the ISM could lead to a clearer

understanding of how to estimate experimentally reproducible properties from molecular

simulations. Ongoing discussions over the physical nature of surface tension at nanoscopic

scales using capillary wave theories39–41 would also benefit from knowledge of how to simulate

and describe these environments with greater confidence.

Here we propose a more robust fitting procedure for the ISM to the interfacial particle co-

ordinates of a molecular dynamics (MD) simulation in an attempt to alleviate the ambiguity

surrounding the true nature of an intrinsic surface. We show that the current ISM fitting

procedure causes an over-fitting of the surface function to particles in the interface region,

leading to a biased distribution of curvature at these particle coordinates. Our “surface

reconstruction” routine is able to amend the shape of the interface so as to reproduce the

global curvature distribution at all sampled particle coordinates. This significantly reduces

the ISM overestimation of density at the interface region upon convolution to a global frame,

which has been known to exist since its development5,8. Consequently, we improve the self

consistency of the ISM, allowing for simulated structural features at higher resolutions to

be reported with increased confidence.

II. BACKGROUND

We employ a laboratory frame r(x, y, z) (see supplementary material) with two phases

divided in the xy plane, lying along the normal z axis. We define the density distribution

along the normal axis ρ(z), spatially averaged across the plane r∥(x, y). The usual definition

of the Gibbs dividing range assumes a flat interface broadened by thermal motion centred

at position z = zG. The requirement of zG is that it fulfils an equipartition of ρ(z) between

the vapour ρv and liquid ρl phases, in accordance with equation (1).

zG∫
−∞

(ρ(z)− ρv) dz =

∞∫
zG

(ρl − ρ(z)) dz (1)
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However, this definition is insensitive to the instantaneous fluctuations of particle density

across the interface region, only describing them in terms of an average broadening ef-

fect. To resolve these fluctuations a model of the local structure of the phase boundary is

typically required. Capillary wave theory1,2 (CWT) describes a fluctuating interface by a

two-dimensional function representing the displacement ξ(r∥) from the surface plane z = zG.

A comprehensive overview of CWT is given by Blokhuis42, which we attempt to summarise

below.

A. Capillary Wave Theory

Classical CWT uses a wave-like description of an interface, depicted by the Fourier trans-

form ξ(q) of the surface height function ξ(r∥).

ξ(r∥) =

∫
ξ̂(q)eiq·r∥ dq (2)

This description enforces a normal distribution of fluctuations around the interface plane,

resulting in
⟨
ξ(r∥)

⟩
r∥

= 0. Therefore taking the frequency vector q to the macroscopic limit

|q| → 0 will also recover ξ̂(0) = 0 whereas the microscopic limit of the capillary length

|q| → L−1
c is dependent on any restoring forces acting upon the interface (typically the

surface tension γ and gravity g). As a consequence, classical CWT successfully captures

the effect of long wavelength interfacial fluctuations, but requires a higher level of theory

to accurately describe fluctuations on the molecular scale, such as density functional theory

(DFT). The intrinsic density distribution ρ̃(z), a measure of the internal structure of the

interface, can be defined in terms of a perturbation to the laboratory frame density so that

ρ(r) = ρ̃(z − ξ(r∥)). A fundamental assumption of CWT is the statistical independence1 of

ρ̃(z) and ξ(r∥), allowing for the series expansion43 of ρ̃(z − ξ(r∥)),

ρ(r) ≡ ρ̃(z)− ρ̃′(z)ξ(r∥) + ρ̃H(z)ξ
′′(r∥) +O(ξ4)... (3)

The inclusion of second derivative terms ξ′′(r∥) corresponding to the curvature of the intrin-

sic surface is known as “extended CWT”44, and also results in a correction43,44 to the density

profile ρ̃H(z). Considering the normal distribution of ξ(r∥) in equation (2), we can assert

both45
⟨
ξ(r∥)

⟩
r∥

=
⟨
ξ′′(r∥)

⟩
r∥

= 0 and therefore demonstrate the equivalence ρ̃(z) = ⟨ρ(r)⟩r∥ .

Integration of the normal vector length of ξ(r∥) over r∥ yields the intrinsic surface area, and
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thus the surface area excess ∆A, allowing for the determination of the change in free energy

∆z = γ∆A using γ as the sole restoring force (ie. ignoring gravity). For surfaces contain-

ing relatively smooth curvature, this integral can be approximated (see the supplementary

material) in a way that allows integration by substitution using equation (2).

∆z =
1

8π2

∫
q2|ξ(q)2|γ(q) dq (4)

A feature of extended CWT is the effect that higher order terms in equation (3) have on

∆z, which is typically encapsulated by a frequency-dependent surface tension46 γ(q). Each

surface mode q will therefore possess a free energy contribution that has a quadratic relation

to the square of its amplitude q2|ξ(q)2|, fulfilling the equipartition theorem.

γ(q) =
kBT

⟨|ξ(q)2|⟩q2
(5)

Additionally, the form of equation (3) is sensitive to the behaviour of the system interaction

potential at long distances44,47,48. Therefore, if the interaction potential is dominated by

short-range terms (CWT-SR) then the expansion of γ(q) in q is regular, demonstrating

harmonic behaviour46.

γ(q) = γ0 + κq2 +O(q4)... (6)

Here, the scalar γ0 gives the macroscopic value of the interfacial tension upon taking q → 0

and the coefficient κ is the interface bending rigidity. However, if strong long-range disper-

sion forces are present (CWT-LR) then γ(q) displays different behaviour at the asymptote

as q → 0, with an extra logarithmic contribution related to a bending length lk
44.

γ(q) = γ0 + κq2 ln(qlk) +O(q4)... (7)

It is of current debate which of these enhanced behaviours should reflect the true descrip-

tion of an interface in the mesoscopic region24,39–41, since equation (7) predicts a minimum

of γ(q) for |q| > 0. Consequently, the most relaxed (and therefore experimentally observ-

able) state is not expected to be found at the macroscopic limit. Theoretical clarity over

this discussion has become important since claims of experimental observations49–51 of the

microscopic surface tension spectrum γ(q), have been problematic to interpret, in part due

to technical difficulties surrounding the separation of scattering from the bulk and surface

regions52,53. It is important to remember at this point that intrinsic surfaces are not expected

to be physically interpretable at atomistic length scales, whereas intrinsic density profiles
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could theoretically be observed from a flat interface in the absence of spatial averaging54.

Consequently, transformation between the density distribution along the laboratory frame

normal axis ρ(z) and the local intrinsic frame ρ̃(z) (the latter typically reported in molecular

simulations) can be performed by the convolution in equation (8)5.

ρ(z) =

∫
ρ̃(z − ξ(r∥))P [ξ(r∥)] d ξ(r∥) (8)

Assuming the thermodynamics of the intrinsic surface as ergodic allows us to model the

probability distribution P (ξ(r∥)) as a Gaussian, with a variance, related to the surface

roughness, that follows Boltzmann statistics ∆ξ(r∥) ∝ kBT .

B. The Intrinsic Sampling Method

The ISM was developed as a discrete version of the continuum CWT model for atom-

istic simulations by representing equation (2) as Fourier series involving qu frequencies and

neglecting any gravitational effects5.

ξ(r∥, qu) =
∑
|q|≤qu

ξ̂qe
2πir∥·q (9)

Therefore, the range of frequencies q
(

µ
Lx
, ν
Ly

)
is determined by the simulation cell cross-

section dimensions Lx and Ly and particle size σ, since µ and ν are integers that run from

−qu to qu, where |qu| ≤ qm, a resolution limit set by qm =
√
LxLy/σ. For atoms or small

molecules possessing a single Lennard-Jones site, a suitable value of σ would be the hard

sphere radius, since this ensures the minimum wavelength is never smaller then that of the

surface particle radius; a constraint enforced by using γ as the restoring force. Chacón and

Tarazona went on to optimise the solutions of the Fourier coefficients ξ̂q to represent an

interface in a molecular dynamics simulation by restraining the function to pass through

a set of n0 “pivots” at r(xj, yj, zj), which give the spatial coordinates of particles that are

considered to be part of the interface region. Optimising the coefficients requires minimising

the scalarW (equation (10)), representing the residual distance between the intrinsic surface

and the pivot particles, as well as the intrinsic surface area across the plane of the interface

where A = LxLy.

W =
1

2

n0∑
j=1

(zj − ξ(xj, yj, qm))
2 +

ϕA

2

∑
|q|≤qm

|ξ̂q|2q2 (10)
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The weighting scalar ϕ can be used to control the influence of surface area term and therefore

the smoothness of the fitted intrinsic surface. However, typically it is set to a small number

ϕ ≈ 5 × 10−8 during the optimisation routine, so that the number of waves included in

the summation of (9) can then be varied afterwards to investigate intrinsic surfaces of

differing resolution5. It is important to remember that the intrinsic surface remains a “soft”

description of reality and therefore there is no definition of the parameters that should always

represent the true physical state of the interface. Consequently the choice of pivots is not

trivial, since the interface region is not defined until the position of the surface has been

ascertained. Therefore a self consistent method is employed that both optimises ξ(r∥, qm)

and defines a set of pivots simultaneously (see the supplementary material).

The ISM has so far produced descriptions of intrinsic surfaces from interfacial MD sim-

ulations that support both CWT-SR5,10,24,34 and CWT-LR33 behaviour of γ(q). However,

whether either of these are accurate reflections of physical nature depends on the ISM re-

producing the correct form of the higher order term ρ̃H(z)ξ
′′(r∥) in equation (3), relating to

the distribution of density with surface curvature. We report on and confirm a bias in the

surface density at regions of high curvature that is introduced during the current ISM fitting

procedure and appears to enforce an inaccurate description of ρ̃H(z)ξ
′′(r∥). To demonstrate

this we shall now describe in detail how the ISM is able to map intrinsic surfaces from MD

simulations trajectories.

C. Linear Algebra Solution

Despite being conceptually appealing, there are some difficulties involved in incorporating

the ISM methodology with modern computing techniques. Most notably, inbuilt fast Fourier

transforms do not provide the flexibility of including non-uniform grid approaches and tend

to restrict the number of Fourier components to the number of discrete data elements (in

our case, pivot sites). In order to work around these complications, it became usual to

transform the Fourier series to a set of linear equations of trigonometric functions8,9 with a

set of coefficients aµν .

ξ(r∥, qu) =

qu∑
µ,ν=−qu

aµνfµ(x)fν(y) (11)
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Where µ and ν range from −qu..− 1, 0, 1.. qu, and the functions fµ are defined as:

fµ(x) = cos

(
2πµx

Lx

)
(12a)

f−µ(x) = sin

(
2πµx

Lx

)
(12b)

Combining equations (10) and (11) yields a set of linear equations with respect to the

coefficients aµν , forming the general matrix equation Ax = b (equation (13))8. Possible

solutions to these can be solved in a self consistent way using an efficient forward and

backward Gaussian elimination algorithm, following a LU decomposition, with more pivots

added at each cycle until n0 pivots are selected, which can be optimised by minimising the

pivot diffusion rate between sampled frames10.

4ϕπ2aµ1ν1

(
µ2
1 + ν21

)
+

qm∑
µ2,ν2=−qm

aµ2ν2

n0∑
j=1

fµ1(xj)fν1(yj)fµ2(xj)fν2(yj)

=

n0∑
j=1

zjfµ1(xj)fν1(yj) (13)

Here we redefine the original form of equation (13) as equation (15), in order to incorporate

systems where the cell dimensions Lx ̸= Ly to account for anisotropy in Lx and Ly, since not

all simulation methodologies will be able to have strict control over the cell size parameters.

This is achieved through the use of the step function Ψ(µ, ν) (equation (14)) and the inclusion

of the cross-section ratio Lx/Ly into the diagonal terms of matrixA. We have also introduced

the weighting function Π(µ1, ν1, µ2, ν2), the rationale behind which shall be explained later

in section IV. The derivation of Ψ(µ, ν), Π(µ1, ν1, µ2, ν2) and equation (15) can be found

in the supplementary material. Equation (15) will produce equivalent solutions to (13) if

Π(µ1, ν1, µ2, ν2) = 1 and Lx = Ly.

Ψ(µ, ν) =


4 µ = 0 and ν = 0

2 µ = 0 or ν = 0

1 else

(14)
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FIG. 1. Intrinsic density distributions (left) ρ̃(z, qu) (equation (16)) of increasing resolution qu for

ISM surfaces of an LJ air-liquid interface at T = 0.711 kBϵ
−1 (see the supplementary material for

simulation details). A Dirac delta peak can be seen at z = 0 for high resolutions as qu → qm.

Corresponding convoluted density distributions (right) ρ̂(z, qu) (equation (18) for each resolution,

showing an decrease in the ability to resolve the correct form of the laboratory frame density

distribution ρ(z) as qu → qm. The liquid phase density is measured as ρl = 0.832σ−3

Ψ(µ1, ν1)ϕπ
2aµ1ν1

(
µ2
1Ly

Lx

+
ν21Lx

Ly

)
+

qm∑
µ2,ν2=−qm

aµ2ν2Π(µ1, ν1, µ2, ν2)

×
n0∑
j=1

fµ1(xj)fν1(yj)fµ2(xj)fν2(yj)

=

n0∑
j=1

zjfµ1(xj)fν1(yj) (15)

D. Intrinsic Density ρ̃(z, qu)

The ISM can be used to generate an intrinsic density distribution ρ̃(z, qu) from an inter-

facial simulation of N particles as a function of particle position r(xk, yk, zk) relative to the

solution of ξ(xk, yk, qu) at a given resolution qu (equation (16)). For periodic simulations

containing two interfaces, both surfaces are mapped independently from each other and an
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average plot of ρ̃(z, qu) is generated.

ρ̃(z, qu) =
1

A

⟨
N∑
k=1

δ (z − zk + ξ(xk, yk, qu))

⟩
(16)

A comparison of the intrinsic density ρ̃(z, qu) across various resolutions (including the density

as viewed from the laboratory frame ρ(z) ≡ ρ̃(z, 0) for an interfacial LJ fluid simulation at

T = 0.711 kBϵ
−1 is illustrated in figure 1. Equation (8) dictates an important measure

of internal consistency for the ISM regarding the mapping back of ρ̃(z, qu) to ρ(z) across

all resolutions. This can be achieved via equation (17), using the probability distribution

P (δξ, qu) of height deviations δξ from the surface plane.

ρ(z) ≡
∞∫

−∞

ρ̃(z − δξ, qu) P (δξ, qu) dδξ (17)

In this work we will write the convolution performed in equation (17) as [ρ̃(qu) ∗ P (qu)] (δξ).

As previously described, CWT assumes a normal distribution5 of δξ, therefore P (δξ, qu) can

be represented by a Gaussian function Ω(δξ, qu) with a variance ∆ξ(qu).

ρ̂(z, qu) = [ρ̃(qu) ∗ Ω(qu)] (δξ) (18)

Ω(δξ, qu) =
1

2π∆ξ(qu)
exp

(
− δξ2

2∆ξ(qu)

)
(19)

The value of ∆ξ(qu) can be estimated by a summation of the average squared coefficients⟨
a2µν

⟩
, in equivalence to that of the components in a Fourier series that describe a 2D wave5.

∆ξ(qu) =

[
qu∑

µ,ν=−qu

⟨
a2µν

⟩]
− ⟨a00⟩2 (20)

Including our function Ψ(µ, ν) into this summation to allow for anisotropy of Lx and Ly

results in equation (21) (see the supplementary material).

∆ξ(qu) =

[
1

4

qu∑
µ,ν=−qu

Ψ(µ, ν)
⟨
a2µν

⟩]
− ⟨a00⟩2 (21)

The resultant global density ρ̂(z, qu) is assumed to be uniform across all resolutions, since

its effect on ρ̃(z, qu) is accounted for by the value of ∆ξ(qu). Therefore the ISM can be

considered internally consistent if ρ(z) can be recovered for resolutions qu ≤ qm. However,

as shown in figure 1, previous investigations have highlighted that the current ISM is unable

to demonstrate this5,8 . We show next that a possible cause of this inability comes from an

inaccurate distribution of surface curvature, caused by over-fitting of ξ(r∥, qm) to the set of

pivot points in equation (15).
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E. Surface Curvature H(r∥, qu)

Extended CWT includes higher derivatives of ξ(r∥) to account for the curvature of the

intrinsic surface, specifically the second derivative ξ′′(r∥), which can be approximated43 from

the mean surface curvature H(r∥).

ξ′′(r∥) ≈ H(r∥) =
1

2

[
1

R1(r∥)
+

1

R2(r∥)

]
(22)

The principal radii of curvatures R1(r∥) and R2(r∥) are defined as the maximum and mini-

mum radii of curvature at position r∥. It has been previously suggested5 that a bias on the

fitting of ξ(r∥, qm) to the set of pivot particles at maximum resolution qm, enforces the Fourier

series to fit tightly to each pivot at r∥(xj, yj), so that ξ(xj, yj, qm) tends to go through a point

of inflection. This means that the (18) also becomes greatly dependent on the curvature of

the surface around the interface region, as the density is no longer homogeneous for each

solution to ξ(r∥, qu). We analyse this effect by calculating the mean curvature H(r∥, qu) for

each resolution qu and including this as a variable in a coupled intrinsic density distribution

ρ̃(z,H, qu). For systems possessing relatively smooth curvature, H(r∥, qu) can be estimated

in terms of secondary partial derivatives only45 from equation (22).

H(r∥, qu) ≈
∂2ξ(r∥, qu)

∂x2
+
∂2ξ(r∥, qu)

∂y2
(23)

The partial second derivatives of ξ(r∥, qu), as defined by equation (11), are straight forward

to solve.

∂2ξ(r∥, qu)

∂x2
=

qu∑
µ,ν=−qu

aµνf
′′
µ(x)fν(y) (24a)

∂2ξ(r∥, qu)

∂y2
=

qu∑
µ,ν=−qu

aµνfµ(x)f
′′
ν (y) (24b)

Where the functions f ′′
µ(x) are defined as:

f ′′
µ(x) = −4π2µ2

L2
x

cos

(
2πµx

Lx

)
(25a)

f ′′
−µ(x) = −4π2µ2

L2
x

sin

(
2πµx

Lx

)
(25b)

We can clearly see f ′′
µ(x) ≡ −4π2µ2

L2
x
fµ(x) and consequently H(r∥, qu) becomes:

H(r∥, qu) = −4π2

qu∑
µ,ν=−qu

aµν

(
µ2

L2
x

+
ν2

L2
y

)
fµ(x)fν(y) (26)
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CWT predicts a normal distribution45 of H(r∥), and integrating equation (26) analytically

across all space provides the expectation value E
[
H(r∥, qu)

]
= 0 (see the supplementary

material), thereby preserving the equality ρ̃(z) = ⟨ρ(r)⟩r∥ from equation (3). Additionally,

according to equation (3), we would expect the correction term ρ̃H(z) to be independent of

ξ′′(r∥) and therefore ρ̃(z,H, qu) should not be sensitive to H(r∥, qu).

We shall now investigate the air-liquid interface of a Lennard-Jones (LJ) fluid model

using the ISM. All properties are reported in reduced units with respect to the LJ energy

ϵ and hard-sphere radius σ, resulting in density units of σ−3, surface tension units of ϵσ−2,

temperature units of kBϵ
−1 and curvature units of σ−1. A description of our the simulation

procedure can be found in the supplementary material.

III. ORIGINAL ISM SURFACES

Here we explore both the distribution of surface curvature P (H, qu) and the coupled

intrinsic density distribution ρ̃(z,H, qu) of LJ intrinsic surfaces simulated at T = 0.711 kBϵ
−1,

as resolved by the ISM.

A. Curvature Distribution P (H, qm)

Figure 2 illustrates the probability distribution of mean curvature P (H, qm) at the max-

imum resolution qm, sampled at pivot particle sites r∥(xj, yj). It appears that sampling

the surface curvature at the pivot sites yields a distribution that includes a bias on larger

values of H(xj, yj, qm) than would be expected from a randomly distributed sample. Larger

values of mean curvature may indicate positions where the surface is undergoing a point of

inflection. This may therefore signify over-fitting of ξ(r∥, qm) to r∥(xj, yj), as the extrema

are tightly bound to the positions of the pivot particles. Additionally, the distribution of

H(xj, yj, qm) is slightly skewed, suggesting that there is an imbalance in the size of curvature

around ξ(xj, yj, qm). Considering that pivot sites form the first particle layer of the intrinsic

density distribution, it is expected that any sampling biases at r∥(xj, yj) will be carried

through to ρ̃(z,H, qu), which we now go on to explore.
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FIG. 2. Demonstration of the curvature bias at pivot particle sites of intrinsic surfaces defined

using the ISM. A 1D illustration (top) of the ISM fitting routine, where the intrinsic surface ξ(x)

(blue line) is fit to pivot sites xj (blue dots). Note that positions of extrema in ξ(x) are likely to

be heavily biased around xj . Distribution taken from MD simulations of the LJ air-liquid interface

at T = 0.711 kBϵ
−1 (bottom) of the mean surface curvature H(r∥, qm) sampled at surface pivot

particle sites r∥(xj , yj) (blue) for a regular ISM surface. The expected global (normal) distribution

of H using a variance given by (27) is shown by a dashed red line.

B. Coupled Intrinsic Density ρ̃(z,H, qu)

Figure 3 demonstrates the impact of this bias on the coupled intrinsic density distribution

ρ̃(z,H, qu) for a range of surface resolutions qu, where we use the absolute value of |H| for

visualisation purposes only. We can see that ρ̃(z,H, qu) is highly dependent on H at regions

close to the intrinsic surface z = 0 for high resolutions of qu ≥ 0.75 qm. This dependency

becomes less significant as z increases towards the bulk liquid, which would be expected

if the bias only largely affects particles in the interface region. It also appears that at

maximum resolution qm, the distribution ρ̃(0, H, qm) is significantly decreased at regions

of low curvature, and enhanced at those with a greater curvature. This coincides with our
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FIG. 3. Illustrations of the coupled intrinsic density distribution ρ̃(z,H, qu) of a LJ air-liquid

interface at T = 0.711 kBϵ
−1 at resolutions qu = 0.5 qm (top), qu = 0.75 qm (middle), and qu = qm

(bottom) (see supplementary material for simulation details). Left plot includes ρ̃(z,H, qu) as a

3D projection on the z axis, whereas the right side reduces this axis to a 2D colour map.
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conclusion that over-fitting the intrinsic surface to the pivot sites r(xj, yj, zj) results in a bias

on larger values of H(xj, yj, qm). Additionally, there appears to be a splitting of ρ̃(z,H, qu)

close to z = 0 for values of |H| ≈ 7σ−1 at resolution qu ≤ 0.75 qm. This splitting at lower

resolutions may also suggest that the intrinsic surface is over-fit at qm, since removing waves

in the Fourier sum appears to artificially deform the surface, causing it to no longer go

through each pivot site. Consequently it is expected that the higher derivative term in

equation ρ̃1(z) is not being evaluated correctly, violating the equality ρ̃(z) = ⟨ρ(r)⟩r∥ and

preventing successful convolution of the intrinsic density back to the laboratory frame (figure

1) using equation (18).

A way to avoid over-fitting or under-fitting in parametrisation of ξ(r∥, qu) could involve

optimisation of ϕ in equation (10). However, this is not a trivial task for the ISM, considering

that choice of pivot particles typically need to be determined in a self-consistent way, and

will therefore be dependent on ϕ. In statistical terms, our training dataset changes with

regularisation parameter, and therefore we cannot be sure that a minima of ϕ can be found.

The only other way to address this issue previously without altering the definition of ξ(r∥, qu)

has been to use lower resolutions of qu, effectively decreasing the range of H so that the

fitting bias becomes less significant8. As a result, the estimate of the laboratory density ρ(z)

in (18) also remains dependent on the resolution qu and therefore lacks internal consistency.

Clearly this is a huge hindrance for ISM analysis, as the inability to transform confidently

between the local intrinsic surface and laboratory frames across all resolutions restricts the

prediction of experimentally observable properties. Consequently we propose a method to

reduce the bias of H by recovering the correct global distribution of mean curvature at the

pivot particle sites during the ISM fitting procedure.

Our methodology uses the rationale that usually any sample bias can be addressed by

reselecting data to reflect the global distribution. However, since our pivot coordinates

r(xj, yj, zj) must remain fixed, we propose to perform an equivalent routine by altering the

description of the function ξ(r∥, qm) to ensure the distribution ofH(xj, yj, qm) across all pivot

sites matches that of the global distribution of H(r∥, qm). We now outline an amendment to

the minimisation scheme in equation (15) that resolves the coefficients aµν in equation (11) to

optimise the variance of H(xj, yj, qm) and recover the expected mean curvature distribution

P (H).
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IV. SURFACE RECONSTRUCTION METHOD

Considering that E
[
H(r∥, qu)

]
= 0, the variance in mean curvature Var[H(qu)] =

E
[
H(r∥, qu)

2
]
−E

[
H(r∥, qu)

]2
can be expressed by the single expectation valueE

[
H(r∥, qu)

2
]
.

Performing an integration of H(r∥, qu)
2 over the entire surface then yields an estimation for

Var[H(qu)] (see the supplementary material).

Var[H(qu)] = 4π4

qu∑
µ,ν=−qu

a2µνΨ(µ, ν)

(
µ4

L4
x

+
ν4

L4
y

+ 2
µ2ν2

L2
xL

2
y

)
(27)

During the ISM fitting procedure at resolution qm, we make the presumption that the

variance in H(xj, yj, qm) sampled at n0 pivot sites should reproduce the similar variance

as the global distribution of H(r∥, qm). Therefore, using equations (26) and (27) we also

enforce the following condition in our minimisation scheme.

qm∑
µ,ν=−qm

Ψ(µ, ν)a2µν

(
µ4

L4
x

+
ν4

L4
y

+ 2
µ2ν2

L2
xL

2
y

)

=
4

n0

n0∑
j=1

[
qm∑

µ,ν=−qm

aµν

(
µ2

L2
x

+
ν2

L2
y

)
fµ(xj)fν(yj)

]2

(28)

In practice we do so by iteratively re-optimising the coefficients aµν at each cycle in the

self-consistent pivot selection (hence our term “surface reconstruction”). This is achieved

by including the right hand side of equation (28) into (15), resulting in a new expression of

the weighting term Π(µ1, ν1, µ2, ν2), given by equation (29).

Π(µ1, ν1, µ2, ν2)

=

[
1 + ψ

4

n0

(
µ2
1µ

2
2

L4
x

+
ν21ν

2
2

L4
y

+
µ2
1ν

2
2 + µ2

2ν
2
1

L2
xL

2
y

)]
(29)

We can then optimise the weighting scalar ψ using a Newton-Raphson method to obtain

the criteria in equation (28) within a threshold value. The full derivations of equations (27),

(28) and (29) can be found in the supplementary material.

We analyse the structural effects of this new optimisation by comparing the distribution

of mean curvature along the normal axis H(z, qu), the coupled intrinsic position-surface

norm distribution ρ̃(z,H, qu) and the effective density distribution ρ̂(z, qu). We now explore

the effect that applying our surface reconstruction has on the previously identified intrinsic

surfaces of simulated LJ air-liquid interfaces in section III.
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FIG. 4. Surface excess area ∆A(qu) (left) and surface variance ∆ξ(qu) (right) as a function of

resolution qu for intrinsic surfaces of an LJ fluid simulation at T = 0.711 kBϵ
−1 fitted via the

original and reconstructed ISM protocol (see supplementary material for simulation details).

√
A (σ) ϕ qm ns (σ−2) n0 ∆A ∆ξ (σ−2)

Original ISM 14.86 5× 10−8 14 0.946 209 1.51 0.261

Reconstructed ISM 14.86 5× 10−8 14 0.846 187 1.61 0.395

TABLE I. ISM parameters for intrinsic surfaces of LJ air-liquid interface at T = 0.711 kBϵ
−1:

simulation cell unit length
√
A, regularisation parameter ϕ, maximum resolution parameter qm,

surface pivot density ns, surface pivot number n0, surface excess area ∆A and surface variance ∆ξ

calculated at the maximum resolution qm.

V. RECONSTRUCTED ISM SURFACES

Once again we explore both the distribution of surface curvature P (H) and the coupled

intrinsic density distribution ρ̃(z,H, qu) to explore the impact that surface reconstruction

has on air-liquid interfaces of a LJ fluid, resolved by the ISM. Additionally, by modelling

the behaviour of γ(q) as |q| → 0, we can explore the impact that surface reconstruction has

on an experimentally observable property γ0 (equations (6) and (7)), as well as whether it

continues to support traditional CWT theories that suggest a minima at |q| = 0 or other

recent theories that predict a minima for |q| > 0. For the dataset of trajectories analysed in

section III, we have re-run the ISM fitting procedure whilst including a surface reconstruction

at each iteration in the pivot selection cycle. We report a 96% overlap in surface particle
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“pivots” selected by the original and reconstructed ISM. However, the number of pivot

particles n0 has also been re-optimised so as to minimise their diffusion rate10, resulting

in a decrease of 10% in the optimal surface particle density ns. Consequently, it is not

advisable to simply use the original set of pivots obtained by the ISM, despite the high

overlap, as it is not always possible to find appropriate solutions to equation (15) for an

over-saturated layer. We also report a 10% increase in the surface excess area ∆A(qm)

(see supplementary material for derivation) and a and 50% increase in the surface variance

∆ξ(qm) at the maximum resolution qm (table I). Interestingly, the reconstructed surfaces

appear to show both a converging ∆A(qu) and ∆ξ(qu) as qu → qm (figure 4), whereas other

sampling methods have been previously required to converge the surface excess area35,36.

A. Curvature Distribution P (H, qm)

We can see that the reconstruction algorithm effectively redistributes the intrinsic surface

in order to replicate the global distribution of mean curvature for the pivot particle sites

H(xj, yj, qm) (figure 2). This includes a reduction in skewness and over-representation of

larger curvature, so that it now yields a normal distribution of H(r∥, qm), predicted to be the

correct description by CWT45. It is important to note that this redistribution arises naturally

from our routine, since we only optimise the variance of H, indicating that including the

curvature in the intrinsic surface fitting is crucial for obtaining the correct parametrisation

of ξ(r∥, qm).

B. Coupled Intrinsic Density ρ̃(z,H, qu)

Figure 6 illustrates the effect that this redistribution of surface curvature has on the

coupled intrinsic density ρ̃(z,H, qu). It is clear that our correction to the surface curvature

leads to an ρ̃(z,H, qu) distribution that is considerably more independent of H across all

resolutions, including the removal of extreme density values in ρ̃(0, H, qm). The splitting

of ρ̃(z,H, qu) close to z = 0 for values of |H| ≈ 7σ−1 at resolutions qu ≤ 0.75 qm is also

effectively removed upon surface reconstruction, recovering a more robust description of the

intrinsic surface across all resolutions. There is still, however, a slight decrease in ρ̃(z,H, qu)

for small values of |H| ≤ 3.4 σ−1, demonstrating the limits of the current routine.
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FIG. 5. Demonstration of the surface reconstruction method to reduce curvature bias at particle

pivot sites. A 1D illustration (top) of an intrinsic surface ξ(x) (blue line) fit to pivot sites xj

(filled blue circles) using original ISM procedure with a reconstructed surface (red dashed line).

Reconstruction enforces the variance of curvature at pivots sites xj to be the same as variance

across the range of the function ξ(x). Distribution taken from MD simulations of the LJ air-liquid

interface at T = 0.711 kBϵ
−1 (bottom) of the mean surface curvature H(r∥, qm) at surface pivot

particle sites r∥(xj , yj) (blue) for a reconstructed ISM surface. The global (normal) distribution of

H using a variance given by (27) is shown by a dashed red line.

Any remaining dependence of ρ̃(z,H, qu) on H between the first and second surface

layers can be attributed to the inaccuracy between the radial distance of a particle from

the surface and the depth along the z axis only5. The “true” value would therefore be the

minimal distance between a position in space r∥(xj, yj) and all possible solutions to the

function ξ(r∥, qu). Clearly this discrepancy would increase for larger curvatures, as seen in

figures 3 and 6, but becomes relatively insignificant for particle coordinates far away from

the position of the intrinsic surface. Although an approximation to the correction between

both radial and depth frames was suggested, this was not considered suitable for convolution

back to the global axis5. Consequently we are unable to continue further at this moment in
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FIG. 6. Illustrations of the coupled intrinsic density distribution ρ̃(z,H, qu) of a LJ air-liquid

interface at T = 0.711 kBϵ
−1 for resolutions qu = 0.5 qm (top), qu = 0.75 qm (middle), and qu = qm

(bottom) after having undergone surface reconstruction (see supplementary material for simulation

details). Left plot includes ρ̃(z,H, qu) as a 3D projection on the z axis, whereas the right side

reduces this axis to a 2D colour map.
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FIG. 7. Intrinsic density distributions (left) ρ̃(z, qu) (equation (16)) of increasing resolution qu for

reconstructed ISM surfaces of the LJ air-liquid interface at T = 0.711 kBϵ
−1 (see supplementary

material for simulation details). The development of a Dirac delta peak at lower resolutions qu and

significant reduction of density in the vapour region z < 0, compared to figure 1, illustrates the

effect of our surface reconstruction routine. Consequently, the corresponding convoluted density

distributions (right) ρ̂(z, qu) (equation (18) for each resolution resemble the correct form of the

laboratory frame density distribution ρ(z) across all resolutions as qu → qm. The liquid phase

density is measured as ρl = 0.832σ−3

time to reduce this additional dependency of ρ̃(z,H, qu) on H.

Additionally, we can see that surface reconstruction extends the range of possible cur-

vature values, indicated by decreased noise in the recorded spectra of ρ̃(z,H, qu), especially

for low values of qu. We also note an unexpected effect of surface reconstruction is that the

delta peak at ρ̃(0, H, qu) develops at lower resolutions, suggesting once again that we are

able to reproduce a theoretically expected description of the intrinsic surface.

C. Convolution to Laboratory Frame

Figure 7 shows the effect that this new distribution of ρ̃(z,H, qu) has on the intrinsic

density distribution ρ̃(z, qu). The Dirac delta peak at z = 0 appears to develop at much

lower resolutions than the original ISM method shown in figure 1. Additionally, we find a

significant reduction of density just inside the vapour region z ≈ −σ, which has also been

considered an artefact of over-fitting5. Upon performing the convolution [ρ̃(qu) ∗ P (qu)] (δξ),

21

http://dx.doi.org/10.1063/1.5055241


q
u(q

m)

0.0
0.2

0.4

0.6

0.8

1.0

z
(σ
)

−2

−1

0

1

2

3

ρ̃
(z
,
q
u
)
(σ

−
3 )

0.0

0.5

1.0

1.5

2.0

2.5

3.0

Original ISM

Reconstructed ISM

q
u(q

m)

0.0
0.2

0.4

0.6

0.8

1.0

z
(σ
)

−2

−1

0

1

2

3

ρ̂
(z
,
q
u
)
(σ

−
3 )

0.0

0.2

0.4

0.6

0.8

1.0

Original ISM

Reconstructed ISM

FIG. 8. The intrinsic particle density (left) for a LJ fluid as defined by (16) for the original fitted

ISM (blue) and one having undergone surface reconstruction (red). The convoluted particle density

(right) for a LJ fluid as defined by (18) for the original fitted ISM (blue) and one having undergone

surface reconstruction (red).

we report a significant reduction the size of the artificial behaviour of the effective density

distribution (figure 7), leading to a more converged form of ρ̂(z, qu) at the interface region,

and allowing for a more accurate recovery of the laboratory frame density ρ(z) as the resolu-

tion qu → qm. The side-by side comparison between original and reconstructed ISM density

profiles, illustrated in figure 8, reveals large differences between ρ̃(z, qu) around the inter-

face region for resolutions 0.2 qm ≤ qu ≤ 0.8 qm, although the particle distribution beyond

the Dirac delta peak is relatively unaffected. The significant increase in surface variance

∆ξ(qu) at each resolution (figure 4) also plays a large part in smoothing the reconstructed

distributions of ρ̂(z, qu). However, we ascertain that it is not enough on its own to yield the

level of convergence in the effective density distribution, and consequently a combination of

alterations to both ρ̃(z, qu) and ∆ξ(qu) is crucial for minimising the artefacts in ρ̂(z, qu). Nev-

ertheless, we do not see these artefacts disappearing completely, suggesting that additional

factors may also be contributing.
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D. Power Spectrum and Surface Tension

Additional insight into the effects of our surface reconstruction routine on the CWT

description of the ISM is provided by the power spectrum ⟨|ξ(q)2|⟩. Mapping each coefficient

aµν to a Fourier amplitude ξ(q) using q
(

2πµ
Lx
, 2πν

Ly

)
results in equation (30).

⟨
|ξ(q)2|

⟩
=
LxLy

4
Ψ(µ, ν)

⟨
a2µν

⟩
(30)

Figure 9 demonstrates the effect of surface reconstruction on the the power spectrum of

ξ(r∥, qm). We observe that surface reconstruction causes a slight increase of
⟨
|ξ̂(q)2|

⟩
for

small values of |q| < 5σ−1 compensated by a sharp reduction
⟨
|ξ̂(q)2|

⟩
for larger values

of |q| < 7.5σ−1. This is to be expected since the large structural features dominated by

low frequency waves remain tightly constrained by the pivot coordinates so that possible

solutions to (28) are easier to find by forcing changes to small structural features dominated

by high frequency waves. As a consequence we now see non-monotonic behaviour as the

wavelength decreases towards the atomic radius σ, which may be considered an artefact of

our routine since this feature has not been previously reported upon for the ISM. Further

research is therefore required to clarify whether we are obtaining the optimal solution of

equation (10) through our methodology.

Interestingly there is also deviation of the power spectrum from exponential decay for

smaller values of 0 < |q| < 4 σ−1. This region is the current focus of on-going investigations

into the form of the frequency dependent surface tension γ(q) in CWT as discussed earlier.

Combining equations (30) and (5) allows us to report on γ(q).

γ(q) =
kBT

π2Ψ(µ, ν)
⟨
a2µν

⟩ (µ2Ly

Lx
+ ν2Lx

Ly

) (31)

Figure 9 shows CWT-SR harmonic behaviour of γ(q) from intrinsic surfaces using the

original ISM method, as previously reported24. We are therefore able to fit this γ(q)

spectrum to equation (6) and derive an estimation of the macroscopic surface tension

γ0 = 1.03 ± 0.01 ϵσ−2. Features predicted by CWT-LR have previously been previously

identified in the low frequency region (|q| < σ−1) of surface tension spectra produced by the

ISM33. However, we have been unable to confidently reproduce these subtle effects due to

the significant amount of noise still present in our spectra, even after averaging over 6000

independent samples (see inlay figure 9). Nevertheless, we do observe CWT-LR behaviour

23

http://dx.doi.org/10.1063/1.5055241


0 1 2 3 4 5 6 7 8 9
|q| (σ−1)

10−5

10−4

10−3

10−2

10−1

100
〈
∣ ∣

ξ
(q
|)
2∣ ∣
〉

(Å
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FIG. 9. Power spectrum of Fourier series modes
⟨
|ξ(q)2|

⟩
(left) and frequency dependent surface

tension spectrum γ(q) (right) for original fitted intrinsic surfaces (blue) and those having undergone

surface reconstruction (red) of the LJ air-liquid interface at T = 0.711 kBϵ
−1. Solid trend lines

indicate data fitted to equation (6), whereas dashed lines are fitted to equation (7).

in our reconstructed spectrum, which also differs markedly from any prior study. In par-

ticular, it is a much stronger effect, with a minimum appearing in a much higher region

of the spectrum |q| ≈ 3.5σ−1. Consequently we are able to produce estimations of the

macroscopic surface tension γ0 = 1.07± 0.04 ϵσ−2 by fitting our surface reconstructed γ(q)

spectrum to equation (7). Our reported values are all comparable to each other and the

statistical mechanic Kirkwood-Buff (KB) estimation of γ0 = 1.12± 0.16 ϵσ−2. via the diag-

onal components of the global pressure tensor P (equation (32)), which is most commonly

employed to calculate surface tensions in MD simulations55.

γ =
Lz

2

(
Pzz −

Pxx + Pyy

2

)
(32)

The pressure tensor components are calculated at each time step using the mass mi and

velocity vi of each particle i and the pairwise Cartesian distance rij and force Fij vectors

between particles i and j (equation (33)).

PαβV =
1

2

N∑
i

miviαviβ +
N−1∑
i

N∑
j>i

rijαFijβ (33)

It has been previously reported27,56 that the γ(q) of simple fluids and Ising models show

anomalous behaviour for large values of |q|, commonly attributed to an additional frequency-

dependent component which weights the bulk gas and liquid contributions. As a result, we
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are only able to report on the behaviour of γ(q) within the region 0 < |q| < 4 σ−1, since the

LJ fluid forcefield is unlikely to replicate behaviour predicted by any CWT models outside

this range. Nevertheless, the sharp increase in γ(q) for 4 < |q| < 9σ−1 has been reported

experimentally for other liquids, including LJ fluids, using X-ray reflectivity techniques50,51,

although these are unable to probe accurately beyond a resolution limit of |q| < 0.5 nm−1 ≈

6 σ−1 .

Therefore, whether alterations to the power spectrum and ISM surface structure present

simulated evidence of the predictions of extended CWT or is itself an unintended artefact is

not immediately clear, and so conclusions drawn from this analysis should be treated with

care.

VI. DISCUSSION

Our surface reconstruction routine is able to successfully redistribute the surface curvature

H sampled over the pivot particles to reflect that of the global population, which had

also been pushed toward the theoretically expected normal distribution. This has led to a

significant reduction in the artificial density enhancement in ρ̂(z, qu) at the interface region,

through it has not been fully removed. Additionally, our surface reconstruction routine has

redistributed the amplitudes of each wave in the Fourier series describing the structure of

the interface to reflect the predictions of CWT-LR in a way that has not been previously

reported upon.

Whilst testing our routine we found an optimal starting value for the weighting scalar in

(29) was ψ = ϕA. This relation links the impact of the surface area minimisation term to the

surface curvature distribution and allows for the same number of initial variable parameters

as the original method. Therefore our procedure does not increase the level of complexity

of the ISM, which is important to reduce the likelihood of over-fitting. The algorithm is

also highly efficient when performed using vector handling libraries written in compiled code

such as Numerical Python (NumPy: http://www.numpy.org), since we can perform nearly

all operations via matrix multiplication. It typically adds an additional 25% computational

time to the intrinsic surface fitting routine. Generally, the section of code that requires the

largest amount of computational resources is the iterative pivot search, which is difficult to

improve upon without including additional artefacts, but remains relatively independent of
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the reconstruction algorithm.

It is worth investigating the reduction in optimal surface density ns, obtained via min-

imisation of the pivot diffusion rate10, upon reconstruction. Additionally, assessment of

particle numbers in each surface layer, as well as the intrinsic profiles of excess density,

temperature, surface tension, energy and free energy for a range of chemically relevant

species would be highly advantageous to explore further effects of our surface reconstruc-

tion routine. This analysis has been performed previously using differed intrinsic sampling

methodologies17,19,57,58, and so is likely to provide insight into the transferability of predicted

properties obtained from surfaces with an explicitly enforced Gaussian distribution of mean

curvature.

Additionally, previous investigations have shown that a more robust estimation of the

surface tension can be gathered through analysis of the behaviour of the interface via hydro-

dynamic theory15. In the structural approach, equations (6) and (7) focus on the ensemble

average of wave amplitudes, considering the dynamics of each wave, or mode, to be dis-

tributed in thermal equilibrium. However, the dynamics of each mode in our Fourier series

is predicted by hydrodynamic theory of CWT to crossover from oscillatory to over-damped

behaviour as the wavelength decreases59. Analysis of the temporal correlation of each wave

amplitude throughout a simulation can provide further insight into the true dynamics of the

system. Analysing the modes described by the ISM for hydrodynamic behaviour has not only

been able to predict macroscopic surface tension in agreement with a structural approach,

but that also remain valid up to much smaller wavelengths15. Considering recent experimen-

tal reports of the complex surface tension of water, measured using similar techniques60,61 it

would be highly interesting to investigate the temporal correlations of surface reconstructed

intrinsic surfaces for further comparison with the original ISM routine.

The distribution of the surface reconstructed power spectrum ⟨|ξ(q)2|⟩ and frequency

dependent surface tension spectrum γ(q) shown in 9 raises many unexpected questions. It

may be that the ISM approach does support the enhanced surface tension predictions of

extended CWT as long as the global distribution of surface curvature is correctly assigned.

However, we cannot be sure that this is not an artefact of our reconstruction routine, since

it is desired that the original form of the surface should be maintained, resulting in an effec-

tive change of sample points without altering the particle coordinates of the configuration.

To achieve this we do not restrict the values of the coefficients aµν , only the variance of
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surface curvature. Nevertheless, it would be highly coincidental if this effect is unrelated

to the distinction between traditional and extended CWT, considering the extremely close

correlation of reconstructed γ(q) to equation (7). The consequences of which are therefore

worth investigating further with care.

VII. CONCLUSION

We have developed a “surface reconstruction” method that successfully improves the

internal consistency of the ISM. It does so by reducing the curvature bias on surface particle

pivot sites during the intrinsic surface fitting routine. The methodology is designed to

be integrated very efficiently into the original computational procedure with no additional

parameters requiring optimisation, resulting in only a minor addition in calculation time.

We present analysis of this routine, proving its ability to enforce the correct distribution

surface curvature at particle sites, resulting in a sharp reduction in sampling bias for the

intrinsic density distributions close to the interface. We also show that addressing this

bias produces a significant reduction in artefacts upon convolution of the intrinsic density

back to the laboratory frame, an important measure of internal consistency and ability to

predict experimental properties. Furthermore, the surface reconstruction routine appears to

significantly alter the power spectrum of surface modes, aligning the distribution more with

the predictions of extended capillary wave theories, rather than traditional CWT, which had

supported by the original ISM routine. It is hoped that future research into the true nature

of the power-spectrum will allow further refinement of the method.
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