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tive evolution of an isothermal binary mixture of two slowly miscible liquid

hat are confined

On the basis of the phase-field approach we investigate the simultaneous d?ive and convec-

in a horizontal plane layer

. We assume that two miscible liquids are brought into contact
so the binary system is thermodynamically unstable and the heavier liquid is placed on top
el takes into account

of the lighter liquid so the system is gravitationally unstable. Our m
the non-Fickian nature of the interfacial diffusion and the dynami

can be retrieved in the limit of the higher Peclet numbers (we
terfaces. The further nonlinear development of the Raylei
e.g. by the size of the mixing zone, is however limited by
a longer time scale the binary system approaches the sta
dynamic equilibrium. In addition, a novel effect isgfotund.
the interface between the miscible liquids slowly sméars<in
ever found when the binary system is subject to h

acial stresses at a

instability, characterised
ight of the plane layer. On
of th modynamic and hydro-
commonly accepted that
ime due to diffusion. We how-

transformations the interface
mes thinner) on a much faster

boundary stretches so its thickness changes (thg interfage Beeo
convective time scale. The thickness of the IMS inversely proportional to the sur-
11ts

face tension, and the stronger surface tension \

instability.

I. INTRODUCTION

The mixing control in a system of two ml\lw ids
that is enclosed in a confined domain i tant en-
gineering problem. The fast and complet:\g%(%kis a fre-
quent pre-requirement for 1mproved chermcal ineering
processes. In this case, the mi
heating or mechanical agitati
transfer or even breaks the

the cont ct area between

blobs (droplets) thus enla,
the phases. The mixir;zém bes lteuéiﬁed by taking ad-

vantage of some hydr nic inStabilities such as the
Kelvin-Helmholtz i lity o the Rayleigh-Taylor in-
stability. In other 'c:,b)owever, development of hydro-
ilities . viscous fingering) in a miscible
'1 abld, " 12 and an expected stabilisation of
biliti€s may not be achleved3

y a mineral (Lewis) acid.* Benzene
fed into the chemical reactor in the lig-
ugh a pre-mixing inlet pipe. The ultimate

rather slowly due to low diffusion coefficients in liquids.
The substances enter the pre-mixing pipe through the
different inlet openings, and the arrangement of the in-
lets was found to be quite important. The catalyst is
denser than benzene, and thus the injection of benzene

a)Electronic mail: A.Vorobev@soton.ac.uk

e (evelopment of the Rayleigh-Taylor

S ~ above the catalyst slows down the mixing even further, as

the liquids become segregated with even slower diffusive
interchange through the contact boundary. The injec-
tion of the heavier catalyst on top of the benzene phase
seems to be more promising, as the similar arrangement is
subject to the Rayleigh-Taylor instability that naturally
mixes up the phases. In this work we aim to consider
the mutual effects of the diffusion on the development of
the Rayleigh-Taylor instability and the influence of the
instability on the enhancement of the (molecular-level)
mixing of the liquids.

The Rayleigh-Taylor instability occurs when a denser
liquid is placed on top of a lighter liquid. The linear
theory of the Rayleigh-Taylor instability developed in a
number of classical works®® shows that for a flat immis-
cible interface separating two liquids with negligibly low
viscosities the amplitude of normal perturbations grows
exponentially with the growth rate given by the expres-
sion,

W= Py T g3 (1)
P2+ p1 P2+ p1

Here p; and ps are the densities of the lighter and heavier
liquids, respectively, k is the wavenumber, g is the mag-
nitude of the gravity acceleration, and o is the surface
tension coefficient. Thus, the instability develops faster
if the density contrast is stronger, and the surface tension
reduces the growth of the short-wave modes. This classi-
cal result was later verified in a number of experiments”®

Later, Kurowski et al.? developed a theory of the
Rayleigh-Taylor instability of a plane diffusion front,
when in a single-phase liquid the field of the concentra-
tion of an added impurity experiences a strong transition
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‘ s Ibpen two different levels (namely, the concentration
-profile was set by a similarity solution, ~ erf(z/v/Dt),

PUblI%HJIQg is the coordinate perpendicular to the diffusion
tront, U is the diffusion coefficient, and ¢ is the time).
The linear stability theory was developed for a ‘frozen’
concentration profile, that is, in assumption that the
spreading of the diffusion front occurs much slower than
the growth of normal perturbations. For inviscid lig-
uids, in the limit of the short wave perturbations (larger
wavenumbers), the growth rate was found to be

W ——— (2)

where R = p~ j—g is the solutal expansion coefficient.
The development of the Rayleigh-Taylor instability is
normally initiated by the exponential growth of several
concurrent modes as determined by equations (1) or (2).
When amplitudes of the unstable modes become signifi-
cant compared with their wavelengths, the growth of such
modes becomes slower, and at some stage, the modes
with longer wavelengths (‘bubbles’) dominate the devel-
opment of the instability, defining the spreading of the
mixing zone that is formed at the liquid/liquid bound-

1

all earlier studies neglect the interfacial stresses.® 172! It

was however earlier noted by a number of researchers (see
e.g. Refs. 22 and 23 for further references) that for an
accurate description of an evolution of a heterogeneous
binary mixture these two assumptions need to be recon-
sidered. Firstly, the interpretation of the experimentally-
observed behaviour of slowly miscible interfaces requires
the concept of the dynamic interfacial stresses (as the
mixing usually occurs very slowly and the phases remain
clearly distinguishe% prolonged time periods; more-
over, the inclusions dre uently of the spherical shape
that can be expl by the surface tension effect, as
ve during the process of dissolution
tea). Secondly, the Fick’s law is
description of the diffusion of
strictly speaking, this law is not

aw, that defines the diffusion flux through
t rad‘lﬁlt of the chemical potential, takes these effects
into account.

the 1nterfacial stresses at a miscible boundary by using

ary. The thickness of the fully developed turbulent mi\or eweg?® and van der Waals? proposed to model

Rayleigh-Taylor instability of two miscible liquids (tha

ing layer grows as ~ ¢t2. The turbulent regimes of %\

were obtained by either two streams of the same
taken at different temperatures or by taking the mixtuge
of brine and fresh water) were experimentally
Refs. 10-14. The phenomenological theories of

was developed
, a strong de-
the initial condi-
later confirmed, and a
s of the direct numeri-

in a number of works!7 2!,

pendence of the mixing d
tions was reported,!” whij

exhibits a two-di
becomes thre

The simi-
ces ;ﬁ the mixing dynamics in the
ows were also studied.'® It was

the stability of the concentration front
apillary tube. The viscous effects, with

of the mixing rate on the interface thickness:
it was shown that interfaces with the intermediate value
of the interface thickness turned out to be more unstable
than the thinner or thicker interfaces.

All earlier theoretical studies of the Rayleigh-Taylor
instability of miscible liquids define the diffusion process
using the classical Fick’s law (the diffusion flux is propor-
tional to the gradient of concentration), and, in addition,

concentration gradients. Zeldovich®® and Cahn &

'qnid\gilliard?’l proposed to re-define the free energy function

or such a binary system by using the following expres-
sion,

f=Fo(C) + 5 (VO (3)

Thus, they proposed adding a new term that takes into
account the additional interfacial energy associated with
a miscible boundary. The role of this term is determined
by a small capillary constant €, so that this term is only
important in the regions of large concentration gradients
(that correspond to the regions of interface boundaries).
The concentration in equation (3) is defined as the mass
fraction of one of the components in a mixture.

Equation (3) forms the basis for the phase-field
approach to be used for the modelling of heteroge-
neous binary mixtures. The full set of hydrody-
namic equations, the so-called Cahn-Hilliard-Navier-
Stokes equations, where derived by Lowengrub and
Truskinovsky.3? The full equations include the effect of
quasi-compressibility, i.e. the dependence of the mixture
density on concentration, which makes them difficult for
numerical solution. In all publications, the reduced equa-
tions, written either for density-matched liquids or in the
framework of the Boussinesq approximation of the full
equations,?3 36 are used as a numerical tool capable of
tracing the dynamics of immiscible interfaces. On the
basis of this approach even some classical observations
for the initial development of the Rayleigh-Taylor insta-
bility of immiscible interfaces were reproduced.?4 36

In our work®” we proposed to use the phase-field ap-
proach as a physics-based model for description of evolv-
ing miscible liquids, and we re-derived the Boussinesq
approximation of the full Cahn-Hilliard-Navier-Stokes
equations. The main difference in the resultant govern-
ing equations for the miscible liquids, in comparison with
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‘ s I?PIOC o] used in Refs. 34-36, is the additional term in
expression for the chemical potential that defines the

PUb“é‘{hJ:[lgf barodiffusion2? (i.e. the diffusion flux driven by

pressure gradients, namely, by hydrostatic and capillary
pressure differences). For the mixing of two liquids, the
barodiffusion term was found to have the same magni-
tude as the natural convective force in the Navier-Stokes
equation, and thus it needs to be taken into account when
the convective force is important. The other major differ-
ence of our study from the works34-36 is that we study the
equilibration of the binary mixture from an initial ther-
modynamically non-equilibrium state to the state of ther-
modynamic equilibrium. In works3* 3¢ the initial state
corresponds to the state of thermodynamic equilibrium,
which makes the diffusive mass transport negligible.
The new equations were applied for the investigation
of the linear stability of miscible interfaces using the
approximation of a ‘frozen phase boundary’.?® It was
demonstrated that the eigenvalue spectra for a sharp im-
miscible interface could be successfully reproduced for
long-wave disturbances, i.e. with the wavelengths much
exceeding the interface thickness. It was found that the
interfacial mass transfer introduces the additional dissi-

terface. In particular, we study the stability of the lig-
uid/liquid interface with respect to one-mode harmonic
perturbation that is characterised by the wavenumber
k = 2m/\. The binary mixture is enclosed within a rect-
angular computational domain with the periodic bound-
ary conditions in a horizontal direction. The vertical size
of the computational domain is used as the length scale.
The horizontal size of the domain is chosen to be equal to
the wavelength, A, of the initial perturbation, and thus
it varies for dlfferent uns. The horizontal and vertical
coordinates are dendte and y, respectively. The

mixture is assum ema, 1sothermal
Il MATHEMA
The pha ﬁeld"-&pproach is employed as a physics-

based fmodel capable of the accurate description of the
drodynamic evolution of a heterogeneous
binary mixture'(i.e. the mixture with interfaces). In this
lgodel, the centration field is used to trace the evo-
lution of the interfacial boundary, and the interface that

aragestwo liquids is represented as a transitional layer

pation, thus reducing the growth rate of the Rayleig of aufinite thickness.
Taylor instability. Moreover, the mutual actions of $he The specific free energy function for the binary mix-

diffusive and viscous effects could completely suppres
the development of short wavelength perturbatio
was also found that the interfaces with the thigkness ex-

another work®® we numerically investigate
ment of the liquid/liquid mixing by
gravity-capillary waves on the interface: \

In the current work we aim to model the“development
of the Rayleigh-Taylor instabilit, misciblevinterface
using the full non-linear set of the equations that define
the thermo- and hydrodynamic evelution of a heteroge-
neous binary mixture with ghe ageou of viscous, capil-

lary and diffusive eﬁec‘7 /

Il. PROBLEM ST EMNT\

‘We assume

at two slowly miscible liquids are brought
the denser liquid is placed on top of
ids fill in a horizontal plain layer.
is su?gct to the Rayleigh-Taylor instabil-

lopment of the hydrodynamic Rayleigh-
instability 1s accompanied by bilateral diffusion
e liquid/liquid interface. The simultaneous hy-

namie«and thermodynamic evolution of the mix-
%ns\the initial state into another state of hydro-
ic and thermodynamic equilibrium, and we study
sition between these two states. We assume that
the hydrodynamic time scale is considerable shorter than
the diffusion time scale, so a faster hydrodynamic evolu-
tion occurs on the background of slow diffusive transfor-
mations (this assumption is meant by the term ’slowly
miscible liquids’).

We present the results of the 2D direct numerical mod-
elling of the Rayleigh-Taylor instability of a miscible in-

is defined by equation (3). The classical part of the

-Mee energy function, fy, determines the possible thermo-

dynamic states of the mixture and can be determined by
the Landau formula,

fo(C)

This expression would be particularly suitable to repre-
sent the equilibrium states of the binary mixtures with
the so-called upper critical temperature (when the mix-
ture is homogeneous in equilibrium above the critical
temperature, and the mixture may be heterogeneous be-
low the critical temperature), especially, the states of the
mixture near the consolute point. We would further as-
sume that the behaviour of a mixture with the upper con-
solute point is examined, and, for convenience, we shift
the reference point for the concentration field as follows,
(C—Cq)—C.

In the presence of the strong gravity-induced gradients
in the field of concentration, or in the presence of strong
hydrodynamic flows, expression (4) becomes less conve-
nient, as in these cases the numerically calculated values
of the concentration can become non-physical, taking the
values outside of the range of concentrations that corre-
spond to the pure components. 40-42

=a(C — C.)* + b(C — Cpp)*. (4)

In our papers*” ** we
found that the following expression,

fo<a3b>02+3b< +c) (;+c> (5)
B-mGod)

is more convenient for numerical calculations. The latter
equation represents the variation of a ‘regular solution’
function used by the theory of polymer solutions.*? In the
case of the symmetrical phase diagram and for the con-
solute point at C' = 0 (or for the old reference point, at
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.niila in the vicinity of the consolute point. In addition,

PUbI|§ Bga ‘ithmic terms limit the field of concentration to
the range —1/2..1/2 (or, in the old terms, to the range
of 0..1). The free energy functions (4) and (5) are plot-
ted in figure la, and figure 1b depicts the shapes of the
phase diagrams, if one neglects the capillary and gravity
effects.

Expression (5) is used for the current work to define
the classical part of the free energy function. The param-
eters a and b in this expression are treated as the two phe-
nomenological coefficients with the values to be taken to
provide a better matching with the experimental data.
We however assume that b remains positive while a is
either positive or negative depending on whether the bi-
nary system is single- or two-phase in equilibrium. Such
expectations for a and b are natural for the system near
the consolute point,?* and we extend these expectations
for other thermodynamic conditions.

The Boussinesq approximation of the full equations,
derived in work®7, is used to define the isothermal evolu-
tion of the binary system:

o oL 1 oo
a—f—(u-V)u— VH+§V CVu,

aC 1,
E—'_(U.V)C_Pevu’
V.=,
p = Gr(7-7) + po — CaVv?
3 (1/24C
4ln(1/2—c>_

_dfo

Ho = ac 3

Here, # is the fluid velocity defined as th Neraged
velocity for a two-phase fluid particle, II is the modified
pressure to be determined from thé+i npressibility con-
straint, and ¥ = —g/g is the uri \::‘?()Btpposite to the
vector of the gravity accelerdtion.“Lhes¢ equations are

applied to the whole mul , including the
interface. One sees that ghe ier—S{okes equation con-
tains an additional forcé (ealled t orteweg force) that

determines the interface morphology. The intensity of
ias‘?ﬁned the generalised Fick’s

radient of the chemical potential

(

diffusion driven
odiffusion

L. L,
e (11)
* %
Pl €
Pe = , Ca= . (12)
aui/z f L2

In these formulae L, is the typical size, p. = pp is used as
the density scale, p, is the unit of the chemical potential,
7« is the viscosity scale, « is the mobility constant, and
¢ = (p2 — p1)/p1 is the density contrast (that is equal
to twice the Atwood number). The typical scale of the

velocity field is u1/2.

It is necessary to note that the above definitions of
the non-dimensional parameters are different from the
standard definitions that would be given on the basis
of the standard phenomenological parameters, such as
the surface tension and diffusion coefficients. We keep
using the conventional names and notations, as these
non-dimensional parameters appear in front of the cor-
responding terms of the hydrodynamic equations. The
only exception is theéf?pillary number, Ca, which defi-

| This manuscript was accepted by Phys. Fluids. Click here to see the version of record.
‘ s EEl /2), expression (5) coincides with the Landau for-
il

nition (11) is completgly different from the classical def-
inition of the capillafs nber. The parameter used in
the current work i
constant and thas it determines the importance of the

capillary effect§, In e works (e.g. Ref. 35) the same
parameter is-called, the Gahn number.
The pardmeter A =.a/b comes from the equation for

fungtion (5), and this parameter deter-

odynamic states of the mixture. Essen-

meter sets the temperature of the binary
ether this temperature is above (4 > 0)

0) the critical value. All calculations in the
cugrent vgfk are carried out for a fixed value A = —1/2.47
erning equations (6)-(10) were derived for

The&
( twe liquids with different viscosity coeflicients. For the
multiple-scale analysis of the equations, the difference in

viscosity coefficients was assumed to be of the same

iquid/liquid binary mixtures. One single Reynolds num-
ber is sufficient in this case, as the terms in the governing
equations that characterise the differences in the viscosity
would be too small. When the viscosity difference is not
small, the governing equations need to be reconsidered,
and this has not been done in the present work.

It can be shown that the surface tension coefficient as-
sociated with the flat phase boundary between two semi-
infinite liquid continua is

oo 2
Um:ca[m (if) dz,

where z is the coordinate across the interface. For an
equilibrium interface and with no gravity effect, the in-
terface thickness can be evaluated as d, = /—Ca/A and
the surface tension coefficient as o4, = %\/—CaA.?’z’?’8

The governing equations (6) are supplemented with the
periodic boundary conditions in the horizontal direction,
and with the following conditions at the bottom and up-
per plates,

\i%ﬁrder as the difference in densities that is small for all
9
\

(13)

oC o

3y 0, oy 0.
Thus, the no-slip boundary conditions are used for the
velocity field. For the chemical potential, we impose the
absence of the diffusive flux through the plates. The con-
ditions for the concentration reflect the wetting proper-
ties of the walls. We however consider the simplest case
when the molecules of the mixture components interact
with the wall equally, so the contact angle is set to be
90°.

At the start of a numerical run the binary mixture is
assumed to be at rest (@ = 0), and the shape and posi-
tion of the interface is set by the following concentration

y=0,1: uy=u, =0, (14)
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(b)

FIG. 1.

(a) The free energy function and (b) the phase diagram deter
lines. The phase diagram is shown for the case of neglected c

ined b%cxpressions (4), dashed lines, and (5), solid
ravity effects. The phase diagram is defined

illary a
by the coexistence or binodal curves that depict the states of thimodynamic equilibrium when two phases co-exist with no

mass transfer across the interface. If concentrations in the nei
coexistence curve then the mixture is thermodynamically unstab
S of the

the dashed-dotted and dotted lines in (b) show the bounda

bo

ing phases are different from the ones determined by the
ith nEnEZero mass transfer across the interface. In addition,
gion of spinodal decomposition (for expressions (4) and
15 Two points in (b) show the initial concentrations in

(5), respectively), that define the zones of absolute insta atter. ints i
the phases, and the arrows indicate the direction of the stu d e ion of the binary system.

\

profile,

y—0.5(14+0.1co
do

Co(z,y) = 0.495 tanh (

Here +0.495 are the initial concentrations\tl‘e(wo lig-
uids in contact, and dg is the initial interfacesghickness.
Since the initial state of the binary“mixture is differ-
ent from the state of thermodymamic eguilibrium, the
initial interface thickness ¢ nt from its equi-
librium value d.q. This is ene df the, differences of the
current work from oth%imi stuﬁffes3‘4’36, where the
phase-field method is or modelling the evolution
of a binary system xperiences some hydrodynamic
changes, but it is a that the system always resides
mic equilibrium (i.e. dg = 0eq)-
el as a physics-based model
eous system, the model that
¢ transformations of the interface
1€ inteﬂs'acial diffusion through the interface.

it isfnecessary to note that on a macro-

interface between two liquids is infinitely
}Slimiting behaviour for § — 0 is of the

st for the phase-field approach.

IV. NUMERICAL SOLUTION. CONVERGENCE

For the numerical solution, the equations are re-
written into the streamfunction-vorticity formulation,
and the resultant equations are solved using the finite-
difference method on a uniform mesh. The explicit first
order in time and second-order in space discretisation
scheme is used.

X

Various integral characteristics of the binary system
are calculated on the bases of the concentration and ve-
locity fields.

1. We calculate the total kinetic energy of the fluid
motion as defined by equation,

Ey = 1/ u?dV. (16)
2 Jv

Here V is the volume of the computational domain.

2. We calculate the volume of the transition layer that
separates the liquids, Vs, summing up the volumes
of all cells for which |C| < 0.2.

3. We calculate the length, L, and the thickness, 8, of
the interfacial layer. The position of the interface
is determined by the concentration level C' = 0. To
determine the length of the interface, L, we first
search for the nodes between which the concentra-
tion changes its sign, and determine the position
of the interface between these nodes by using the
linear interpolation; we next obtain the length of
an interface element that lies within a cell made of
four nodes; and finally we sum up these elementary
lengths to obtain the length of the whole interfacial
line. Finally, the thickness of the interface layer is
determined as 6 = V5/L (for 2D calculations, the
surface area of the interfacial boundary is replaced
by the interface length).

4. We calculate the coefficient of the surface tension

S () () o
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phase, as
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cav, (18)

where V7 and V5 are the volumes of the first and
second phases, respectively, which are in fact the
same, V7 = Vo = V/2, due to symmetry of the
problem.*8

To choose the optimal numerical resolution we per-
formed the set of numerical runs using the numerical
grids with the different numbers of the nodes. The results
of the runs are depicted in figure 2, where we plot the time
dependencies of the total kinetic energy of the hydrody-
namic motion induced in the computational domain and
the interface length for two different levels of the Peclet
numbers, Pe = 10° (figure 2a) and Pe = 107 (figure 2b).
In both figures one can clearly see the convergence of the
curves to some limiting results. The convergence of the
results is achieved much faster (i.e. with much lower nu-
merical resolution) at the lower Peclet number, Pe = 105,

diffusive length scales that characterise the problem, a
higher Peclet numbers. On the basis of this analysis t

perturbation, with the wavelength always comparable to
the height of the layer, is only traced. We do not ob-
serve the concurrence or selection of the unstable modes,
which would be typical for the natural development of
the instability.

Figure 4 depicts the snapshots of the chemical po-
tential. The initial levels of the chemical potential in
the components of the binary mixture are different (that
corresponds to the themmodynamically non-equilibrium
state), with a sharp té'Zmp across the interface. In the
final equilibrium state t
by the uniform fi
Since the gradie

inary system is characterised
the“ehemical potential, u = 0.
e chemical potential determines
iffusive flux, one may easily con-
more intensive at the point of
liquids, and the intensity of the

e development of the Rayleigh-Taylor
; can/be traced through the total kinetic en-

gy of th drodynamic motion induced in the layer,
a this-;l shown in figure ba, and through the deforma-
ion of the interface determined by its length, the time

can notice that at the initial stage the values of these

which seemingly needs to be explained by much thinne{\c“a oes of this quantity are shown in figure 5b. One

for the run with Pe = 107.

acteristics grow very rapidly, which is in agreement

sults are that the development of the instability at the

grid of 500 x 500 nodes was chosen for the ru ith N with the assumptions of the linear theory. Surprising re-
Pe = 10° and the grid of 1440 x 1440 nodes was chwqcn\ b y bl

V. RESULTS \
. At the initial
liquids, with

profile (15). The initial flow
The configuration is gravi
Rayleigh-Taylor instability, i.e.
interface deformation accompanied

face is slightly curved ?e

mixture (especially, at its initial stages) is
the hydrodynamic motion. In the end

iquid remain attached to the upper wall, and
of the lighter liquid remain attached to the
bot { “Fhe sizes of the droplets very slowly decrease
due to,the dissolution process that is driven by diffusion.

The évolution of the mixture enclosed in a plane layer
is examined, and this strongly limits the development of
the Rayleigh-Taylor instability, for instance, restricting
the maximum values of the flow velocity and the interface
length, and the overall time of the hydrodynamic evolu-
tion. Owing to this restriction the turbulent stages of the
Rayleigh-Taylor instability are never reached in our cal-
culations. In addition, the development of a single initial

l

lower Peclet numbers (i.e., for the stronger interfacial
diffusion) occurs faster, and the maximum value of the
kinetic energy achieved in this case is also greater. The
linear growth of the instability is observed until the first
peak in the lines of the kinetic energy is reached, i.e. un-
til the time moments ¢t ~ 20 at Pe = 10° and t ~ 50
at Pe = 107 (these time moments can be clearly seen in
figure 2). The curves of the kinetic energy in figure 5a
also show the second peaks when some weaker hydrody-
namic flows are induced by the oscillation (at Pe = 10°)
or even detachment (at Pe = 107) of the central droplets
that are seen in figures 3e,f.

In figure 5b one can see that the length of the interface
increases in time due to deformation of the interface sur-
face. The interface has the maximum length at the time
moment that corresponds to figure 3d. The rupture of
the interface and the rearrangement of the phases that
occur at the following time moment results in a sharp
drop of the value of the interface length. At the end of
the numerical runs the interface lengths do not equal to
the initial value due to the small droplets that remain
attached to the top and bottom walls.

Figure 5¢ shows the time variations of the interface
thickness. For the calculations shown in figure 5 the
initially set value of the interface thickness is 1.5-times
lower than the equilibrium value, 6.y = \/—Ca/A. Ow-
ing to the process of the interfacial diffusion, the interface
smears in time, ultimately, reaching its equilibrium value.
For comparison, in these figures we also show the curves
for the pure diffusion runs, when the mixture compo-
nents were assumed to have the matched densities, and
thus no hydrodynamic motion is induced in the system.
The purely diffusive evolution of the system predictably
occurs much slower.
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0,0007

0,0001 —
t
0 pstr
120 160
L -
4

fulfilled with the use of the differe
500 x 500 (solid line), 750 x 750 (d
(solid line), and 1440 x 1440 (

mplex tham just the simple diffu-
initial time period the interface
thickness does w0t increage as one expects, and even, on
opposite, the thi lndss of interface decreases, and the

zge is greater than the expected

sive growth, |deq — do|. It seems
ching§or elongation) of the interface layer
ion results in the interface thinning,
similax to the ﬁlinning of elastic materials (e.g. an elastic
upon their tensile deformations. This effect is

regarded in the linear stability theories,?3%

pleﬁcly
hi§ sheuld be one of the major weaknesses of such
.49

One can also notice that the initial change of the in-
terface thickness is weaker for the lower Peclet number,
which indicates that the changes of the interface thick-
ness are determined by the interplay of two effects, the
interface thinning due to stretching and the interface
smearing due to diffusion. At lower Peclet numbers the
effect of diffusion is stronger, and this partially counter-

(b)

0,0002

0,00016

0,00012

8E-005

4E-005

—_

a 40 80 120 160

and the interface length (c,d) vs. time are plotted for the numerical runs
ical grids: (a) Pe = 10°, and 250 x 250 (dash-dotted line), 360 x 360 (dashed line),

ed line)s (b) Pe = 107, 800 x 800 (dash-dotted line), 1024 x 1024 (dashed line), 1280 x 1280
e). The other parameters for the runs were do = 5.96 - 1073, A=—-0.5,Ca=4-1075,

acts the effect of the interface stretching, restricting the
increase in the values of the surface tension coefficient.

Figure 5d shows the time evolution of the surface ten-
sion coefficient. In general, this quantity is reciprocal to
the thickness of the interface (e.g. for the interface with
the profile approximated by the tanh-function, the value
of the surface tension coefficient and the interface thick-
ness are related as oo, = Ca/(30), see e.g. Ref. 38),
and understanding of this could be used to explain the
obtained dependencies. On the longer time scales, the
value of the surface tension coefficient decreases due to
diffusive smearing of the interface, although, at the initial
time period the surface tension coefficient experiences a
very strong growth due to the interface thinning that is
forced by the interface stretching (elongation).

Figure 5e depicts the time variations of the volume of
the transitional layer that separates the liquids, which
generally follow the curves of the interface length, in-
dicating that amplitude of the increase of the interface
length is greater than the amplitude of the increase of
the interface thickness (since V5 = L9).
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change from the initial values, +1/2, to their equilibrium
(saturation) values, which are approximately +0.388 for
the chemical potential defined by the free energy func-
tion (5). For Pe = 10°, the equilibrium state is reached
at t ~ 1500, while for the pure diffusive run, i.e. with
the omission of the hydrodynamic effects, the equilibrium
state is reached at t ~ 6000.
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ration (depicted by isolines) and velocity (depicted by arrows) are shown for the different time
are oyained for 6o = 5.96-107%, A = —0.5, Ca=4-10"°, Gr = 0.1, Re = 100, Pe = 10°. The horizontal
alfdomain equals to the wavelength of the initial perturbation, i.e. A = 1, and hence the wavenumber

A surprising enhancement of the molecular-level mix-
ing of the liquids that is revealed in figure 5f through the
quick jumps in the values of the average concentrations in
each phase should be explained by the interface stretch-
ing that characterises the initial stages of the mixture
evolution and that leads to a substantial enlargement
of the contact area between the phases. For compari-
son, figure 10f also shows the average concentration for
a density-matched pair of liquids, when the Rayleigh-
Taylor instability does not develop, and the interface re-
mains flat. Since the hydrodynamic processes cease to
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exist At about 100, when the mixture components
are already oil'turned but the state of thermodynamic

is<still not reached, the role of diffusion re-
ivotal, so that the complete thermodynamic equi-
of'the system occurs substantially longer for the
ith higher Peclet numbers. One can also notice
that since the hydrodynamic processes become virtually
non-existent at ¢ ~ 100, then, starting from this mo-
ment, the calculations could be simplified by neglecting
the convective terms in the governing equations.

ep of 0.05.

Thus, the variations of the interfacial thickness and the
average concentration are generally expected to be deter-
mined by the slow diffusion process, so that they should

) t=20

(fHt=1295

‘I i i I i
L/ _/ N
0.8

0.6

0.4

—
0.2

o) [ [
0 0z 04 06 0B

potential are shown for the different time moments. The data are obtained for do = 5.96 - 1073,
5,3?r = 0.1, Re = 100, Pe = 10°, and k = 2. The shown levels of the chemical potential vary in the

remain nearly constant over a short period of time. We
however found that both quantities experience the fast
time variations driven by the hydrodynamics. In figures
6 and 7 we show the initial time variations of the in-
terface thickness and average concentration for the dif-
ferent values of non-dimensional parameters. One sees
that at lower Peclet numbers (for more intensive diffu-
sion) the smearing of the interfacial boundary is more
pronounced (there is a stronger change in the values of
the average concentration) and the effect of the interface
stretching becomes less important. The runs fulfilled for
higher Reynolds numbers reveal that both the rates of
changes and the amplitudes of changes of interface thick-


http://dx.doi.org/10.1063/1.5064547

! I P | This manuscript was accepted by Phys. Fluids. Click here to see the version of record. |

Publishing

L/A| .
4_ .
344
?
22 T T T T 1
0 200 400 600 800 1000 0 2(3 400 600 800 1000
(c) d

6 h\c P LA LI LR

-
' -~
/ k...:"\f..-.._f""-s_o"
-
“J

0_008—14- 4
TN
RN

200 400 600 800 1000

05

0 | 2C|IO |
(€) /
0.04
AW

I ! | [ T
600 xt)o 1000 0
4

initial perturbation, L/\, vs. time; (c) the thickness of the interface vs. time; (d) the surface tension coefficient vs. time; and
(e) the volume of the transition layer vs. time, (f) the average concentrations in one phase vs. time (the average concentration
in another phase C; = —C4). The data are obtained for k = 2, §o = 5.96-107%, A = —0.5, Ca=4-10"°, Gr = 0.1, Re = 100,

and two different Peclet numbers, Pe = 107 (solid lines) and Pe = 10° (dotted lines). The two additional lines depict the results
for the purely diffusion runs: the long-dashed line for Pe = 10° and the long-dash-dotted line for Pe = 10.
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FIG. 6. The interface thickness vs. time. The plots are shown for (a) two different Peclet numbers (Pe = 10°, dashed line,

and Pe = 107, solid line), (b) two
capillary numbers (Ca = 8- 1075
boundary (5o = 2.98- 1073, dashed i
A=-05Ca=4-10"%, Gr

ness and average concentrabion are even greater when
Th

viscous forces are lower. crease in the capillary
number slows d development of the Rayleigh-
Taylor instabilit! the variations in the interface
ction of the initial interface
smaller changes of the inter-
ss, ind g that the effect of the interface

cly tols:lisappear in the limit of an infinitely

thickness
face thick
thinning is

8 depicts the time evolutions of some of the
integral characteristics (for the run with Pe = 10°) at
the initial time period. To characterise the rate of the
time changes we calculate the growth rate, w, using the
linear parts of the curves that depict the logarithm of
the kinetic energy (figure 8b). Since every run is started
with the non-zero deformation of the interface and with
zero hydrodynamic flow, which is not an exact solution

Reynolds number (Re = 1200, dashed line, Re = 100, solid line), (c¢) two different
hed ling, Ca = 41077, solid line), and (d) two different initial thicknesses of the interfacial

of equations (6), the curves of the kinetic energy demon-
strate the short adjustment periods. But after that, the
total kinetic energy (and all other quantities) grows ex-
ponentially until at least the time moment ¢ ~ 20, that
corresponds to the peak value of the kinetic energy. The
growth rate that characterises the linear development of
the Rayleigh-Taylor instability obviously depends on the
shape of the initial deformation of the interface (that is
determined by the wavenumber, k), and on the values of
the other governing parameters. These dependencies are
illustrated in figure 9.

In particular, figure 9a illustrates that the stronger
gravity effect (i.e. the stronger density contrast between
the components of the mixture) results in the faster de-
velopment of the Rayleigh-Taylor instability. Figure 9b
shows the role of the viscous effects on the development
of the interface deformation. The lower Reynolds num-
bers correspond to the slower growth rates due the addi-
tional viscous damping. Figure 9c illustrates the action
of the capillary effects. The stronger capillary forces re-
duce the growth rates of the Rayleigh-Taylor instability
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seen in ‘gurle&a). However, the dependencies of the

g W‘Sa the Peclet number differ from those that
were, earlier, derived on the basis of the linear stability
theory, It was earlier concluded that the diffusion intro-

additional dissipation mechanism, just slowing
down the development of the instability.?® The opposite
behaviour is depicted in figure 9d, with the growth rates
being stronger at lower Peclet numbers (i.e. at stronger
diffusion levels). The new result may be explained by the
action of capillary effects that are determined by the sur-
face tension coefficient. As noted above at higher Peclet
numbers, the effect of diffusion is weaker, and the inter-
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00, dashed line, Re = 100, solid line), (c) two different capillary numbers (Ca = 8 - 1075,
d) two different initial thicknesses of the interfacial boundary (Jp = 2.98 - 1072,

tW&%erent Peclet numbers (Pe = 10°, dashed line, and Pe = 107, solid line), (b) two
. The default parameters are k = 3.93, 6o = 5.96- 1072, A = —0.5, Ca=4-10"?,

face stretching results in much stronger capillary forces
(see figure 5d). As a result, the runs with the higher
Peclet number are characterised with the higher surface
tension coefficients, and hence, with the lower growth
rates for the Rayleigh-Taylor instability. This capillary
damping also explains the surprising result depicted in
figure ba when at higher Peclet numbers the kinetic en-
ergy has a lower peak that is reached at a later time
moment.

In figure 10 we demonstrate that the limit of inviscid
fluids can be retrieved at Re ~ 2000. We also show that
although at higher Peclet numbers the curves approach
the lines that are obtained on the basis of the classical for-
mula (here this formula is written in the non-dimensional
form using the scales accepted in this work)3®50

ag +k)(¢* k) 1 o
Re? =Gkt g,

q=+Vk?—iwRe.

that sets the values of the growth rates of the Rayleigh-

(19)
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Taylor instability that develops at an infinitely thin in-
terface between two immiscible liquids. The phase-field
results are still far from the curves for the sharp immisci-
ble interfaces, indicating that for an accurate reproduc-

(b)
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(e), and of the surface tension coefficient (f). The data are obtained for
96-107%, A = —0.5, Ca=4-10"°, Gr = 0.1, Re = 100, Pe = 107, and for three different wavenumbers, 2.86 (dotted

tion of the immiscible results the calculations at even
higher Peclet numbers are required. We also investigate
the roles of the capillary parameter and the value of the
initial interface thickness on the growth rates. The al-
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crosses, and Ca = 6.4-107%,

and Pe = 10°, triangles). T, ‘
Gr = 0.1, Pe = 107, and Re.= 10

teration of these
of the interface

hase-field results to the classical results.
e of the capillary parameter (by the same fac-
t s the ge of the initial interface thickness) had a
weaker £ffect on the values of the growth rate.

VI. CONCLUSIONS

We study the isothermal evolution of a heterogeneous
mixture of two slowly miscible liquids enclosed in a hor-
izontal plane layer. We assume that at the initial time
moment the two miscible liquids are brought into contact.

* &\015 .
\

0.05 4+————7——7

te on the wavenumber are shown for (a) three different Grashof numbers (Gr = 0.1,
triangles); (b) three different Reynolds numbers (Re = 100, circles, Re = 200,
ifferent values of the capillary number (Ca = 4 - 1075, circles, Ca = 1.6 - 1074,
d) three different values of the Peclet number (Pe = 107, circles, Pe = 10%, crosses,
parameters for these calculations were do = 5.96- 1073, A = —0.5, Gr = 0.1, Ca=4-1077,
déone of the parameters was varied as set above.

The initial state of the mixture is thermodynamically un-
stable resulting in generation of the bilateral interfacial
diffusion. We also assume that at the initial time mo-
ment the heavier liquid overlays the lighter liquid, which
makes the initial configuration gravitationally unstable
leading to the development of the Rayleigh-Taylor insta-
bility. The phase-field approach is used to examine the
interaction of the diffusive and hydrodynamic evolution.
In contrast with the other studies of the Rayleigh-Taylor
instability, we, on one hand, consider the mixing in a het-
erogeneous mixture (with the clearly defined interfacial
boundaries that are endowed with the surface tension),
and, on the other hand, we examine the effects of the
diffusive interpenetration of the mixture components.
We numerically model the transformation of the bi-
nary system until it reaches the state of thermodynamic
and hydrodynamic equilibrium. The large difference in
the convective and diffusive time scales results in the evo-
lution that can be clearly split into two stages. At the
initial stage, the diffusion role is weak, and the system
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= 8-1077, crosses); (c) two different values of the initial interface thickness,

obtained for (a) two different Peclét bers (Pe = 107, circles, and Pe = 10°, triangles); and (b) two different capillary
and
10~

thickness so that their ratio

, triangles; and (d) three different values of the capillary parameter and interface
e (Ca=4-10"%, 6o = 5.96 - 1073, circles, Ca = 8 -107°, §y = 0.0119, square, and

Ca=1.6-10"", do = 0.0238 cr
Pe =107, Gr = 0.1, Re 00, andCa= 4 - 107°, and one or two parameters were varied as defined above. The dotted line

depicts the results obtained fr
infinitely thin interfa
of the surface tensio

primarily evolve ({ achieve the state of the hydrody-
namic equiibritm that the system becomes gravita-
tionally stable witliighe heavier liquid at the bottom). At
stage the hydrodynamic motion ceases to
ond stage corresponds to the much slower
f the liquids. Nevertheless, our analysis
h stages are substantially affected by the

race the development of a disturbance defined by
a singlevvalue of the wave-number. Only the long-wave
perturbations, with the wavelengths comparable to the
height of the plane layer, are examined. The growth of
the perturbations was always restricted by the walls of
the layer, and e.g. the turbulent regimes of the instability
are never reached in our calculations.

At the initial stage, we can clearly identify the period
of the exponential growth of the kinetic energy of the

formula (19) that defines the growth rates for the Rayleigh-Taylor instability of an immiscible,
f t is plotted for the value of the surface tension coefficient, o = 0.0035, that corresponds to the value
t the end of the period of the exponential growth.

hydrodynamic flow, and the period of the fast changes
of other physical quantities that may also be well fit-
ted by the exponential time dependencies. This period
seems to be well explained by the linear stability the-
ory, although, through the full non-linear analysis of the
problem, we found that the interface deformation results
in the interface thinning, so the thickness of the inter-
face changes in time following the same exponential time
law as the development of the Rayleigh-Taylor instability.
The interface thinning leads to the growth of the surface
tension coefficient, altering the growth rates of the un-
stable modes and the peak values of the total energy of
the kinetic energy. This effect is overlooked in the linear
stability analyses.

We found that the growth rates for the development of
the Rayleigh-Taylor instability are higher for the mixture
with the greater density contrasts. The development of


http://dx.doi.org/10.1063/1.5064547

16

| This manuscript was accepted by Phys. Fluids. Click here to see the version of record.

‘ s lt] st bility is slowed down by the viscous and capil-
ary. forces. The effect of diffusion on the development

PUb“& Hé& rly stage of the evolution of a binary system is
primarily revealed through its influence on the interface
thickness, and hence on the surface tension coefficient. In
particular, we found that the development of the instabil-
ity at the higher Peclet numbers occurs even slower due
to the stronger interface stretching that ultimately limits
the growth of the hydrodynamic modes. The increase of
the Peclet number and the reduction of the initial inter-
face thickness lead to the clear convergence of the results
to the classical curves obtained for the case of immiscible
infinitely thin interfacial boundaries.

We also found that the interface stretching, i.e. en-
largement of the contact area of the phases results in
substantial reduction of the time needed for the transi-
tion of the binary system to the state of thermodynamic
equilibrium. In the end of the first convection stage of
the evolution the binary mixture reaches the state that
is much closer to the final state of the thermodynamic
equilibrium as compared with the initial state of the sys-
tem, and as compared with the state that the system
might achieve through the purely diffusive transformas-
tion (e.g. if the initial state of the system corresponds, to
the gravitationally stable configuration).

becomes less pronounced if the interface is thin

Finally, on the basis of the conducted studywe would
like to draw some correspondence between the standard
phenomenological parameters and the Wlo ical
parameters that are introduced by the phage-field the-
ory. In particular, the dimensional value ofithe sur-
face tension coefficient may be gbtainediyfrom our results
as Ogim = psps«L.o. The u his formula remains
however impossible withouts#he ?no dge of the typical

value of the chemical pogfentiald We suggest using the
latter formula in the oppQsi

inorder to obtain the
lations, the surface ten

ngljjand was different for the runs
r numbers and the initial inter-
Nevertheless, one may say that the typ-
cienft was o ~ 1073, For the typical
take p. ~ 10% kg/m? and for the
1 scale'we assume L, ~ 10~2m. The dimen-
e surface tension coeflicient depends on
inary mixture, although the rough range
alues Jfor this coefficient is (1072..107°) N/m
rea alue would be more typical for an im-
mi% Bquid/liquid interface, and the smaller value
is more typical for miscible interfaces®®). Summarising
these parameters, we conclude that the typical value of
the chemical potential varies in the range (1073..1) J/kg.
This estimate may now be used for conducting the more
practically relevant calculations for the binary mixtures
that experience simultaneous thermo- and hydrodynamic
changes. The latter estimate could be also used to say
that the typical density contrast that characterises the

examined binary mixture is of the order (1..10).

We found that the effect of the interface streteling !
depends on the initial thickness of the interface, so™4

%
.
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rameter A. The results although can be stronger different, resem-
bling the case of the Fi¢kian diffusion, for the positive values of
the parameter A.
48The level of mixi
break-up of the p

however are primarily interested in
level. The degree and the rate of the

49The i ﬁility of a miscible interface is always based on

ximation of a ‘frozen’ interface boundary,?-38 thus ef-
ting the slow diffusive smearing of the boundary
in comp?ison with the fast exponential growth of the unstable

es.
. CHandrasekhar, Hydrodynamic and Hydromagnetic Stability
arendon Press, Oxford, 1961).
51G. Mathew, I. Mezic, and L. Petzold, Physica D 211, 23 (2005).

equilibrium (the liquids are fully miscible) if A > 0, and the K
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