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Abstract 

Element based techniques, like the Finite Element method, are the standard approach in 
industry for low frequency applications in structural dynamics. However, mesh 
requirements can significantly increase the computational cost for increasing frequencies. 
In addition, randomness in system properties starts to play a significant role and its 
inclusion in the model further increases the computational cost. In this paper, a 
hierarchical finite element formulation is presented which incorporates spatially random 
properties. Polynomial and trigonometric hierarchical functions are used in the element 
formulation. Material and geometrical spatially correlated randomness are represented by 
the Karhunen-Loève expansion, a series representation for random fields. It allows the 
element integration to be performed only once for each term of the series which has 
benefits for a sampling scheme and can be used for non-Gaussian distributions. Free 
vibration and forced response statistics are calculated using the proposed approach. 
Compared to the standard h-version, the hierarchical finite element approach produces 
smaller mass and stiffness matrices, without changing the number of nodes of the element, 
and tends to be computationally more efficient. These are key factors not only when 
considering solutions for higher frequencies but also in the calculation of response 
statistics using a sampling method such as Monte Carlo simulation. 
 

1. Introduction 

Uncertainty and variability play an important role in structural dynamics such that the 
standard deterministic Finite Element (FE) method [1,2] by itself is not able to predict the 
structural dynamics, it being necessary to add some level of random description. 
Furthermore, a fine mesh is required for mid and high frequency applications [3] in which 
the pollution effect must also be taken into account, due to a degeneracy of the FE solution 
for decreasing wavelengths [4], further increasing the computational cost. 
Structural uncertainty modelling often involves modelling spatial random variability. It 
becomes even more relevant when dealing with, for instance, composite materials [5–9] 
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or additive manufacturing [10,11]. One of the available tools to describe spatially 
correlated variability is the random field [12,13], which is a multidimensional random 
process using a probability measure. Ideally, the representation should succeed in 
capturing the essential features of a complex random phenomenon in terms of a small 
number of physically meaningful and experimentally accessible parameters [12]. Several 
approaches have been proposed to determine the Representative Volume Element with 
spatial randomness using homogenization techniques, e.g. [14–17]. 
Furthermore, the inclusion of uncertainty in the parameters of the mechanical model of a 
structure has attracted much research interest in recent decades. The stochastic finite 
element method (SFEM) [18–22] is an extension of deterministic FE in the sense that it 
incorporates the random parameters in the standard FE formulation. It requires modelling 
the random fields for material or geometrical properties and its discretization, i.e. an 
approximation of a continuous random field by a finite number of random variables. 
State-of-the-art reviews of the SFEM and uncertainty in linear dynamic systems, covering 
the representation of a random field, its simulation, modelling and implementation in 
mechanical models, as well as the implementation of the different stochastic solvers can 
be found in the literature [19,21–23]. 
Ghanem and Spanos [13] proposed a spectral approach to the SFEM, the spectral 
stochastic finite element method (SSFEM), in which the response is represented by the 
coefficients of basis functions defined over the domain of the random variables, a 
polynomial chaos basis. However, for small correlation lengths, the matrices can became 
huge [19]. Ostoja-Starzewski and Woods [24] proposed a formulation of the SFEM for 
vibrating rods and beams using a spectral expansion of random fields. Adhikari [25] 
extended the weak-form of the FE approach, using analytical solutions for homogeneous 
rods and beams as shape functions, and the analytical expression of the Karhunen-Loève 
(KL) expansion of a Gaussian homogeneous random field with a specific correlation 
function, to produce closed form expressions for the mass, damping and stiffness 
matrices. However, the formulation is restricted to cases where such an analytical solution 
is available. Yang et al. [26] proposed a hierarchical formulation for the stochastic FE for 
static analysis, by using the Krylov subspace method, forming a hierarchical vector basis 
for the response. 
In this work, it is proposed to use the hierarchical finite element (HFE) method [1], also 
known as the p-element formulation, with random fields, in order to reduce computational 
cost, but keeping the versatility of the FE formulation. The HFE method can also be 
considered as a special case of the Rayleigh-Ritz method, with a different choice of 
admissible functions, improving versatility and convergence rate [27]. It consists of 
enriching the displacement field with a series of polynomials of increasing order, without 
changing the number of nodes of the element. Different hierarchical shape functions can 
be used, including trigonometric functions [28], but usually the Rodrigues’s form of the 
Legendre polynomial is applied [29]. As opposed to the FE approach, where mesh 
refinement is required for solutions at high frequencies and conversely smaller 
wavelengths, the HFE formulation keeps the mesh size fixed and increases the degree of 
the approximating functions used in the element formulation, which makes it very 
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appealing to energy distribution or power flow calculations [30,31]. It has been used in 
many applications, including the vibration analysis of beams [32–34], shafts [35], plates 
and cylinders, including composite laminates or stiffened structures [28,29,36–38]. 
Compared to the standard h-version FE, the HFE method produces smaller mass and 
stiffness matrices and tends to be computationally more efficient. These are key factors 
not only when considering the solution at higher frequencies, but also in the calculation 
of response statistics using a sampling method like Monte Carlo (MC) sampling [39]. 
In this paper, a stochastic hierarchical finite element (SHFE) formulation is presented for 
one-dimensional rod and beam elements and two-dimensional flexural thin plate 
elements. Polynomial and trigonometric hierarchical functions are used in the element 
formulation. Material and geometrical spatially correlated randomness are included by 
using the KL expansion, a series representation for random fields in terms of deterministic 
functions weighted by random coefficients. It can represent both Gaussian and non-
Gaussian random fields. Therefore, the element integration needs to be performed only 
once for each term of the series. This approach becomes more important when using a 
sampling scheme because, unlike the case for which element properties are constant, the 
element integration step is costly when compared to the solution of the linear system 
itself. Even though a specific analytical solution of the KL expansion is used in this paper, 
the proposed formulation can also be applied with numerical solutions for different 
correlation functions and probability distributions. Free vibration and forced response 
statistics are calculated using the proposed approach. Although the work is focused on 
vibration analysis, the proposed approach could also be used for static analysis. 
In section 2, an analytical solution of the KL expansion is reviewed for a random field 
with exponentially decaying correlation function. This solution is used throughout the 
paper. In section 3, the HFE formulation using the KL expansion is presented and 
particular results for rod, beam and thin plate elements are derived. In section 4, numerical 
results are presented, considering the Young’s modulus of elasticity as a Gamma 
distributed random field, for different cases for the correlation length and standard 
deviation. Finally, in section 5, some concluding remarks are made. 

2. Random spatially correlated variability 

Irrespective of what approach is used, when predicting the response of structures with 
variability, some model of the variability is required. Random field theory [12] provides 
the means for a probabilistic representation of this variability and typically involves 
expressions for the probability density function together with a model for the spatial 
variability of the properties, given by a correlation function and correlation length, for a 
second order homogeneous random field [12]. The most commonly used methods of 
representing a random field in a mechanical model include the use of series expansions, 
such as the KL decomposition or the Polynomial Chaos expansion [13]. A random field 
𝐻𝐻(𝑥𝑥,𝑝𝑝) can be defined as a collection of random variables indexed by a continuous 
parameter 𝑥𝑥 ∈ 𝐷𝐷, where 𝐷𝐷 describes the system domain. In other words, for a given 
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position 𝑥𝑥0, 𝐻𝐻(𝑥𝑥0,𝜃𝜃) is a random variable, and for a given outcome 𝜃𝜃, 𝐻𝐻(𝑥𝑥, 𝜃𝜃) is a 
realization of the field. 

2.1. Karhunen-Loève Expansion 

This section presents a brief review of the KL expansion, which is a special case of 
random field series expansions (e.g. [19,22,12,40]) where these deterministic spatial 
functions are orthogonal and derived from the covariance function. A random field 
𝐻𝐻(𝑥𝑥,𝜃𝜃) with a finite, symmetric and positive definite covariance function 𝐶𝐶𝐻𝐻(𝑥𝑥1, 𝑥𝑥2), 
defined over a domain 𝐷𝐷, has a spectral decomposition in the form of a series as [13] 
 

𝐻𝐻(𝑥𝑥) = 𝐻𝐻0 + ��𝜆𝜆𝑗𝑗

∞

𝑗𝑗=1

𝑋𝑋𝑗𝑗𝑓𝑓𝑗𝑗(𝑥𝑥), (1) 

 
where 𝐻𝐻0 is the random field mean value, 𝑋𝑋𝑗𝑗 are uncorrelated random variables and 𝜆𝜆𝑗𝑗 
and  𝑓𝑓𝑗𝑗(𝑥𝑥) are eigenvalues and eigenfunctions, solutions of the Fredholm integral 
equation of the second kind [13] 
 

� 𝐶𝐶𝐻𝐻(𝑥𝑥1, 𝑥𝑥2)𝑓𝑓𝑗𝑗(𝑥𝑥1)𝑑𝑑𝑥𝑥1
𝐷𝐷

= 𝜆𝜆𝑗𝑗𝑓𝑓𝑗𝑗(𝑥𝑥2). (2) 

 
The eigenvalues and eigenfunctions can be ordered in descending order of  magnitude of 
the eigenvalues to truncate the series in Eq. (1) to a finite number of terms 𝑁𝑁𝐾𝐾𝐾𝐾, chosen 
by the accuracy of the series in representing the covariance function, rather than the 
number of random variables [41]. As a rule of thumb, 𝑁𝑁𝐾𝐾𝐾𝐾 can be chosen such that 
𝜆𝜆𝑁𝑁𝐾𝐾𝐿𝐿/𝜆𝜆1 < 0.1, and it depends on the correlation length of the random field. The longer 
the correlation length the more rapidly the eigenvalues decrease, meaning that fewer 
terms are needed to accurately represent the series. The random variables 𝑋𝑋𝑗𝑗 are obtained 
from the projection of Eq. (1) on each eigenfunction [13] 
 

𝑋𝑋𝑗𝑗 =
1
�𝜆𝜆𝑗𝑗

� 𝐻𝐻(𝑥𝑥)𝑓𝑓𝑗𝑗(𝑥𝑥)𝑑𝑑𝑑𝑑
𝐷𝐷

. (3) 

 
A random field is Gaussian if the distribution of 𝐻𝐻(𝑥𝑥1),𝐻𝐻(𝑥𝑥2), … ,𝐻𝐻(𝑥𝑥𝑛𝑛) is jointly 
Gaussian for any 𝑥𝑥1, 𝑥𝑥2, … 𝑥𝑥𝑛𝑛 within the domain 𝐷𝐷 [40]. If 𝐻𝐻(𝑥𝑥) is a Gaussian random 
field, 𝑋𝑋𝑗𝑗 are always independent, zero mean, unit standard deviation Gaussian random 
variables, therefore Eq. (3) does not need to be evaluated. If, on the other hand, the 
random field is not Gaussian, then 𝑋𝑋𝑗𝑗 are not independent and have unknown joint PDF. 
Therefore, it is not possible to use the KL expansion to directly generate a non-Gaussian 
random field. However, an iterative scheme can be used to overcome this issue [42,43]. 
It has the advantage of directly using the KL expansion and can simulate both stationary 
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and non-stationary random fields as well as strongly non-Gaussian targeted Cumulative 
Distribution Function (CDF) [44]. Moreover, if the target CDF is approximately 
Gaussian, only one iteration might be enough to achieve convergence.  
In general, the eigenproblem can only be solved numerically and normally involves some 
procedure for discretizing the random field [19,22,40]. However, for some families of 
correlation functions and specific geometries, there exist analytical solutions of this 
integral equation. One such case is the one-dimensional exponentially decaying 
autocorrelation function  
 

𝐶𝐶(𝑥𝑥1, 𝑥𝑥2) = 𝐶𝐶(𝑥𝑥1 − 𝑥𝑥2) = e−|𝑥𝑥1−𝑥𝑥2|/𝑏𝑏, (4) 
 
where 𝑏𝑏 is the correlation length, in the interval −𝐿𝐿/2 ≤ 𝑥𝑥 ≤ 𝐿𝐿/2, where 𝐿𝐿 is the length 
of the domain. The KL expansion for a zero-mean random field is given by [13] 
 

𝐻𝐻(𝑥𝑥) = ��𝑋𝑋1𝑗𝑗𝛼𝛼𝑗𝑗 sin�𝑤𝑤1𝑗𝑗𝑥𝑥� + 𝑋𝑋2𝑗𝑗𝛽𝛽𝑗𝑗 cos�𝑤𝑤2𝑗𝑗𝑥𝑥��
𝑁𝑁𝐾𝐾𝐾𝐾

𝑗𝑗=1

, (5) 

 
where 𝑋𝑋1𝑗𝑗 and 𝑋𝑋2𝑗𝑗 are zero-mean, unit standard-deviation, independent random variables 
with the properties  
 

〈𝑋𝑋1𝑗𝑗〉 = 〈𝑋𝑋2𝑗𝑗〉 = 0, 〈𝑋𝑋1𝑖𝑖𝑋𝑋2𝑗𝑗〉 = 𝛿𝛿𝑖𝑖𝑖𝑖 , (6) 
 
where 〈⋅〉 stands for the mathematical expectation, 𝛿𝛿𝑖𝑖𝑖𝑖 = 1 for 𝑖𝑖 = 𝑗𝑗 and 𝛿𝛿𝑖𝑖𝑖𝑖 = 0 for 𝑖𝑖 ≠
𝑗𝑗, and 
 

𝛼𝛼𝑗𝑗 =
�

𝜆𝜆1𝑗𝑗
𝐿𝐿
2 −

sin�𝑤𝑤1𝑗𝑗𝐿𝐿�
2𝑤𝑤1𝑗𝑗

,𝛽𝛽𝑗𝑗 =
�

𝜆𝜆2𝑗𝑗
𝐿𝐿
2 +

sin�𝑤𝑤2𝑗𝑗𝐿𝐿�
2w2j

, 𝜆𝜆1j =
2𝑐𝑐

𝑤𝑤1𝑖𝑖2 + 𝑐𝑐2
,  𝜆𝜆2𝑗𝑗 =

2𝑐𝑐
𝑤𝑤2𝑖𝑖2 + 𝑐𝑐2

, (7) 

 
where 𝑐𝑐 = 1/𝑏𝑏 and 𝑤𝑤1𝑗𝑗 and 𝑤𝑤2𝑗𝑗 are the 𝑗𝑗th roots of the transcendental equations 
𝑐𝑐 tan𝑤𝑤1𝑗𝑗 + 𝑤𝑤1𝑗𝑗 = 0 and 𝑤𝑤2𝑗𝑗 tan𝑤𝑤2𝑗𝑗 − 𝑐𝑐 = 0, respectively. A complete derivation of 
this solution can be found in the book by Ghanem and Spanos [13]. This analytical 
solution for the KL expansion is used in the proposed formulation for the sake of 
simplicity and with no loss of generality. Additionally, it can be shown that correlation 
length plays a much bigger role than the shape of the correlation function in the statistics 
of the response [45]. Moreover, a numerical solution to Eq. (2), using a different 
autocorrelation function, could equally be used. 

3. HFE approximation using the KL expansion 

A hierarchical finite element formulation is presented in this section. This includes spatial 
variability of the material or geometrical properties. This formulation not only improves 



6 

the computational cost by decreasing the number of elements necessary to accurately 
model the structure at higher frequencies, but is also able to be exploited efficiently within 
a MC framework. 
Any displacement variable within a one-dimensional element can be described in terms 
of 𝑝𝑝𝑟𝑟 assumed functions as 
 

𝑢𝑢(𝜉𝜉) = �𝑔𝑔𝑟𝑟(𝜉𝜉)𝑞𝑞𝑟𝑟

𝑝𝑝𝑟𝑟

𝑟𝑟=1

= 𝐍𝐍(𝜉𝜉)𝐪𝐪 (8) 

 
where −1 ≤ 𝜉𝜉 ≤ 1, is the local element coordinate, 𝐍𝐍(𝜉𝜉) is a row-vector containing the 
functions 𝑔𝑔𝑟𝑟(𝜉𝜉) and 𝐪𝐪 is a column vector containing the degrees of freedom 𝑞𝑞𝑟𝑟. For two-
dimensional elements, the displacement field is given by 
 

w(𝜉𝜉, 𝜂𝜂) = ��𝑔𝑔𝑟𝑟(𝜉𝜉)𝑔𝑔𝑠𝑠(𝜂𝜂)𝑊𝑊𝑟𝑟𝑟𝑟

𝑝𝑝𝑠𝑠

𝑠𝑠=1

𝑝𝑝𝑟𝑟

𝑟𝑟=1

= 𝐍𝐍(𝜉𝜉, 𝜂𝜂)𝐪𝐪, (9) 

 
where 𝐍𝐍(𝜉𝜉, 𝜂𝜂) is the row vector of shape functions, 𝐪𝐪 is the column vector of degrees of 
freedom, 𝜉𝜉 and 𝜂𝜂 are internal element coordinates and 𝑝𝑝𝑟𝑟 and 𝑝𝑝𝑠𝑠 are the maximum orders 
of the hierarchical functions. Specific applications are developed for a thin rod in section 
3.1, for a thin beam in section 3.2, and for a thin plate in section 3.3. Typically 𝑝𝑝𝑟𝑟 and 𝑝𝑝𝑠𝑠 
are chosen, in homogenous structures, such that the number of half waves in the highest 
hierarchical function must be greater than the number of half waves in the structural mode 
whose natural frequency is being calculated [29,46]. However, because the element 
properties are not constant along the element, the choice of the order of the hierarchical 
function also has to take into account the correlation length of the random field. From Eq. 
(5), 𝑤𝑤1𝑗𝑗 and 𝑤𝑤2𝑗𝑗 are the spatial frequency of each term in the expansion. The spatial 
frequency increases with the increasing order of the expansion such that 𝑗𝑗 = 𝑁𝑁𝐾𝐾𝐾𝐾 gives 
the maximum spatial frequency contained in the series. In general, a relation can be found 
between the KL series and a spectral representation [41] as is shown, for example, in 
Figure 1. It presents the largest eigenvalues 𝜆𝜆𝑗𝑗 as a function of the spatial frequency 𝑤𝑤𝑗𝑗 
normalized by the element size 𝐿𝐿. Each eigenvalue 𝜆𝜆𝑗𝑗 is normalized by the largest 
eigenvalue 𝜆𝜆1. The number of eigenvalues is truncated to 𝑁𝑁𝐾𝐾𝐾𝐾. Note that the eigenvalues 
decrease more rapidly for longer correlation lengths. Therefore, fewer terms are necessary 
for convergence of the series in Eq. (5) when compared to shorter correlation lengths to 
achieve the same level of accuracy, given by the ratio 𝜆𝜆𝑗𝑗/𝜆𝜆1. Hence, a higher spatial 
frequency content, i.e. 𝑤𝑤1𝑗𝑗 and 𝑤𝑤2𝑗𝑗, is expected in random fields with shorter correlation 
length.  
In a standard Finite Element implementation, the random field has to be discretized in the 
stochastic domain, typically done by using the KL expansion, and in the geometrical 
domain, at the element level. The size of the finite elements should be such that it can 
capture the essential features of the spatial variability in addition to the number of the 
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half-waves in the structural modes. Typically, a rule-of-thumb stablishing the ratio of the 
length of the finite elements and the correlation length can be used for most correlation 
function families (e.g. [47,48]). The same principle applies for the HFE method, in which 
the order of the hierarchical function has to capture both number of half-waves in the 
structural modes and the random fluctuations due to the spatial correlation. A first 
approach is to ensure that the number of half waves in the highest hierarchical function 
must also be greater than the number of half waves in the highest term of the KL series. 
A convergence study involving several families and of hierarchical functions, correlation 
families and correlation lengths for 1D and 2D structures is necessary to address to issue 
properly, and is beyond the scope of this paper. 
 

 
Figure 1. Normalized spectral representation of the KL expansion for three correlation 

lengths: 𝑏𝑏 = 2𝐿𝐿 (square dotted line), 𝑏𝑏 = 0.8𝐿𝐿 (triangle dotted line), and 𝑏𝑏 = 0.2𝐿𝐿 
(circle dotted line). 

 
The formulation of the element matrices using the KL expansion allows them to be 
rewritten as a sum of the nominal stiffness and mass matrices calculated with the mean 
properties and a term accounting for the spatially varying properties. In general, the 
stiffness and mass matrices are given respectively by 
 

𝐊𝐊𝒆𝒆 = 𝐊𝐊𝒆𝒆𝒆𝒆 + 𝚫𝚫𝐊𝐊𝒆𝒆, (10) 
 

𝐌𝐌𝒆𝒆 = 𝐌𝐌𝒆𝒆𝒆𝒆 + 𝚫𝚫𝚫𝚫𝒆𝒆, (11) 
 
in which 𝐊𝐊𝒆𝒆𝒆𝒆 and 𝐌𝐌𝒆𝒆𝒆𝒆 are the matrices obtained from the standard HFE approach, using 
mean homogeneous properties, and 𝚫𝚫𝐊𝐊𝒆𝒆 and 𝚫𝚫𝚫𝚫𝒆𝒆 are matrices obtained by using the 
spatial functions of the KL expansion in order to represent the random field. In this way, 
the element integration is performed for each one of the terms individually, so that 
 

0 10 20 30 40 50 60

10-4

10-3

10-2

10-1

100

Normalized spatial frequency

λ j/λ
1



8 

𝚫𝚫𝐊𝐊𝒆𝒆 = �𝑋𝑋𝑗𝑗𝚫𝚫𝚫𝚫𝒋𝒋𝒋𝒋

𝑁𝑁𝐾𝐾𝐾𝐾

𝑗𝑗=1

, (12) 

 

𝚫𝚫𝚫𝚫𝒆𝒆 = �𝑌𝑌𝑗𝑗𝚫𝚫𝚫𝚫𝒋𝒋𝒋𝒋

𝑁𝑁𝐾𝐾𝐾𝐾

𝑗𝑗=1

, (13) 

 
in which 𝑋𝑋𝑗𝑗 and 𝑌𝑌𝑗𝑗 are zero-mean, unit standard deviation and independent random 
variables. Dividing the integration into separate integrals for each KL term can increase 
the overall computational cost of including the spatially varying properties. However, 
within a MC framework this integration step is only performed once and can reduce 
significantly the total sampling time. 
Typical applications involve built-up structures and assemblies of plates and beams 
[31,49]. Wave-based approaches can be used to model such assemblies but they typically 
cannot take spatially correlated uncertainty into account [50,51], unless it is assumed that 
the properties are slowly varying [52,53]. Usually, the vibration analysis of a plate using 
the standard h-version FE method would require many elements while the HFE requires 
only one element, producing smaller mass and stiffness matrices. However, unlike the 
case for which the element properties are constant, the element integration step is costly 
when compared to the solution of the system itself. By using Eqs. (12) and (13), the 
element integration process is performed only once and the random terms 𝚫𝚫𝐊𝐊𝒆𝒆 and 𝚫𝚫𝚫𝚫𝒆𝒆 
can be sampled in a MC scheme by sampling 𝑋𝑋𝑗𝑗 and 𝑌𝑌𝑗𝑗, with no need to repeat the 
calculation of the element matrices. This approach is particularly beneficial in 
conjunction with the KL expansion, which provides the smallest number of terms in the 
series to represent the random field to a given accuracy [13,54]. Other sampling 
approaches, such as line-sampling [5,55], could take additional advantage of this 
formulation to reduce the number of samples needed to accurately calculate the response 
statistics. Details of the formulation will be shown for the examples of rod, beam and 
plate elements in the following sections. 

3.1. Axial vibration of rods 

In this formulation, the axial vibration of a thin rod and an element formulation with two 
nodes is considered, each node with one degree of freedom. Moreover, the spatial 
variability of the material or geometrical properties is assumed to be homogeneous, i.e. it 
has a constant mean value. The displacement field along the element is given by Eq. (8) 
and the first two shape functions are taken to be 𝑔𝑔1(𝜉𝜉) = 1

2
(1 − 𝜉𝜉) ,𝑔𝑔2 = 1

2
(1 + 𝜉𝜉). The 

most commonly used hierarchical functions 𝑔𝑔𝑟𝑟(𝜉𝜉), are derived from the Legendre 
polynomials [1]. For the rod element they are given, for 𝑟𝑟 > 2,  by 
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𝑔𝑔𝑟𝑟(𝜉𝜉) = �
(−1)𝑛𝑛

2𝑛𝑛𝑛𝑛!

(𝑟𝑟−1)/2

𝑛𝑛=0

(2𝑟𝑟 − 2𝑛𝑛 − 5)‼
(𝑟𝑟 − 2𝑛𝑛 − 1)!

𝜉𝜉𝑟𝑟−2𝑛𝑛−1, (14) 

 
where 𝑚𝑚‼ = 𝑚𝑚(𝑚𝑚 − 2) … (2 or 1), 0‼ = 1, (−1)‼ = 1 and the limit (𝑟𝑟 − 1)/2 of the 
sum stands for its integer part. This ensures that the contribution of the terms at the nodes 
𝜉𝜉 = ±1 is zero, therefore there is no increase in the number of nodes. 
Assuming spatial variability in the material and geometrical properties such that the 
longitudinal stiffness is given by 𝐸𝐸(𝑥𝑥)𝐴𝐴(𝑥𝑥) = 𝐸𝐸𝐸𝐸(𝑥𝑥) and the mass per unit length is given 
by 𝜌𝜌(𝑥𝑥)𝐴𝐴(𝑥𝑥) = 𝜌𝜌𝜌𝜌(𝑥𝑥), the element matrices can be written as  
 

𝐊𝐊𝑒𝑒 =
1
𝑎𝑎
� 𝐸𝐸𝐸𝐸(𝜉𝜉)𝐍𝐍(𝜉𝜉)′𝑇𝑇𝐍𝐍(𝜉𝜉)′𝑑𝑑𝑑𝑑
1

−1
, (15) 

 

𝐌𝐌𝑒𝑒 = 𝑎𝑎� 𝜌𝜌𝜌𝜌(𝜉𝜉)𝐍𝐍(𝜉𝜉)𝑇𝑇𝐍𝐍(𝜉𝜉)𝑑𝑑𝑑𝑑
1

−1
, (16) 

 
where 𝑎𝑎 = 𝐿𝐿/2, 𝐿𝐿 being the element size, ′ stands for the first spatial derivative, the row 
matrix 𝐍𝐍(𝜉𝜉) contains the functions 𝑔𝑔𝑟𝑟(𝜉𝜉) and the material and geometrical properties are 
written in terms of the local coordinate 𝜉𝜉. Note that this assumption combines variability 
in geometrical and material properties and simplifies the overall KL representation. 
Moreover, the force vector for the element can be calculated as 𝐟𝐟𝐞𝐞 = 𝑎𝑎 ∫ 𝑝𝑝𝑥𝑥𝐍𝐍(𝜉𝜉)𝑑𝑑𝑑𝑑1

−1 , 
where 𝑝𝑝𝑥𝑥 is the applied load per unit length. For point excitation at 𝑥𝑥𝑒𝑒, then 𝑝𝑝𝑥𝑥 = 𝑓𝑓𝑥𝑥𝛿𝛿(𝑥𝑥 −
𝑥𝑥𝑒𝑒), where 𝛿𝛿(𝑥𝑥) is the Dirac delta function, then 𝐟𝐟𝐞𝐞 = 𝑎𝑎𝑓𝑓𝑥𝑥𝐍𝐍(𝑥𝑥𝑒𝑒). 
It is assumed that the spatially varying properties are described in the same manner as in 
Eq. (5), i.e. 
 

𝐸𝐸𝐸𝐸(𝑥𝑥) = 𝐸𝐸𝐴𝐴0 �1 + 𝜎𝜎𝐸𝐸𝐸𝐸��𝑋𝑋1𝑗𝑗𝛼𝛼𝑗𝑗 sin�𝑤𝑤1𝑗𝑗𝑥𝑥� + 𝑋𝑋2𝑗𝑗𝛽𝛽𝑗𝑗 cos�𝑤𝑤2𝑗𝑗𝑥𝑥��
𝑁𝑁𝐾𝐾𝐾𝐾

𝑗𝑗=1

�, (17) 

 

𝜌𝜌𝜌𝜌(𝑥𝑥) = 𝜌𝜌𝐴𝐴0 �1 + 𝜎𝜎𝜌𝜌𝜌𝜌��𝑌𝑌1𝑗𝑗𝛾𝛾𝑗𝑗 sin�𝑤𝑤3𝑗𝑗𝑥𝑥� + 𝑌𝑌2𝑗𝑗𝜖𝜖𝑗𝑗 cos�𝑤𝑤4𝑗𝑗𝑥𝑥��
𝑁𝑁𝐾𝐾𝐾𝐾

𝑗𝑗=1

�. (18) 

 
where 𝐸𝐸𝐸𝐸0 and 𝜌𝜌𝜌𝜌0 are the mean values for the axial stiffness and the mass per unit length 
and 𝜎𝜎𝐸𝐸𝐸𝐸 and 𝜎𝜎𝜌𝜌𝜌𝜌 are the dispersion terms, quantifying the influence of the random field 
on the mean nominal value, the coefficients 𝛼𝛼𝑗𝑗, 𝛽𝛽𝑗𝑗, 𝛾𝛾𝑗𝑗 and 𝜖𝜖𝑗𝑗 are the coefficients of the 
KL series, Eq. (7) and 𝑋𝑋1𝑗𝑗, 𝑋𝑋2𝑗𝑗, 𝑌𝑌1𝑗𝑗 and 𝑌𝑌2𝑗𝑗 are zero-mean, unit standard-deviation, 
independent random variables. The element stiffness matrix is given by Eq. (10), where 
𝚫𝚫𝐊𝐊𝑒𝑒 = 𝚫𝚫𝐊𝐊𝑒𝑒1 + 𝚫𝚫𝐊𝐊𝑒𝑒2, with 
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𝚫𝚫𝐊𝐊𝑒𝑒1 =
𝜎𝜎𝐸𝐸𝐸𝐸
𝑎𝑎
�𝑋𝑋1𝑗𝑗𝚫𝚫𝐊𝐊𝑗𝑗𝑗𝑗1

𝑁𝑁𝐾𝐾𝐾𝐾

𝑗𝑗=1

, 𝚫𝚫𝐊𝐊𝑒𝑒2 =
𝜎𝜎𝐸𝐸𝐸𝐸
𝑎𝑎
�𝑋𝑋2𝑗𝑗𝚫𝚫𝐊𝐊𝑗𝑗𝑗𝑗2

𝑁𝑁𝐾𝐾𝐾𝐾

𝑗𝑗=1

, (19) 

and 
 

𝚫𝚫𝐊𝐊𝑗𝑗𝑗𝑗1 = 𝛼𝛼𝑗𝑗 � sin �
2𝑤𝑤1𝑗𝑗
𝐿𝐿

𝜉𝜉�
1

−1
⌊𝐍𝐍(𝜉𝜉)′⌋𝑇𝑇⌊𝐍𝐍(𝜉𝜉)′⌋𝑑𝑑𝑑𝑑, (20) 

 

𝚫𝚫𝐊𝐊𝑗𝑗𝑗𝑗2 = 𝛽𝛽𝑗𝑗 � cos �
2𝑤𝑤2𝑗𝑗
𝐿𝐿

𝜉𝜉�
1

−1
⌊𝐍𝐍(𝜉𝜉)′⌋𝑇𝑇⌊𝐍𝐍(𝜉𝜉)′⌋𝑑𝑑𝑑𝑑. (21) 

 
Therefore, expressions for the (𝑚𝑚,𝑛𝑛)-th element of each matrix can be written as 
 

ΔK𝑗𝑗𝑗𝑗1
(𝑚𝑚,𝑛𝑛) = 𝛼𝛼𝑗𝑗 � 𝑔𝑔𝑚𝑚(𝜉𝜉)′𝑔𝑔𝑛𝑛(𝜉𝜉)′ sin �

𝑤𝑤1𝑗𝑗𝐿𝐿
𝐿𝐿

𝜉𝜉�
1

−1
𝑑𝑑𝑑𝑑, (22) 

 

ΔK𝑗𝑗𝑗𝑗2
(𝑚𝑚,𝑛𝑛) = 𝛽𝛽𝑗𝑗 � 𝑔𝑔𝑚𝑚(𝜉𝜉)′𝑔𝑔𝑛𝑛(𝜉𝜉)′ cos �

2𝑤𝑤2𝑗𝑗
𝐿𝐿

𝜉𝜉�
1

−1
𝑑𝑑𝑑𝑑, (23) 

 
where 𝑚𝑚,𝑛𝑛 = 1, … , 𝑟𝑟. The element mass matrix is given by Eq. (11), where 𝚫𝚫𝐌𝐌𝑒𝑒 =
𝚫𝚫𝐌𝐌𝑒𝑒1 + 𝚫𝚫𝐌𝐌𝑒𝑒2, with 
 

𝚫𝚫𝚫𝚫𝑒𝑒1 = 𝑎𝑎𝜎𝜎𝜌𝜌𝜌𝜌�𝑌𝑌1𝑗𝑗𝚫𝚫𝐌𝐌𝑗𝑗𝑗𝑗1

𝑁𝑁𝐾𝐾𝐾𝐾

𝑗𝑗=1

, 𝚫𝚫𝚫𝚫𝑒𝑒2 = 𝑎𝑎𝜎𝜎𝜌𝜌𝜌𝜌�𝑌𝑌2𝑗𝑗𝚫𝚫𝐌𝐌𝑗𝑗𝑗𝑗2

𝑁𝑁𝐾𝐾𝐾𝐾

𝑗𝑗=1

. (24) 

 
and 
 

𝚫𝚫𝐌𝐌𝑗𝑗𝑗𝑗1 = 𝛾𝛾𝑗𝑗 � sin �
2𝑤𝑤3𝑗𝑗
𝐿𝐿

𝜉𝜉�
1

−1
⌊𝐍𝐍(𝜉𝜉)⌋𝑇𝑇⌊𝐍𝐍(𝜉𝜉)⌋𝑑𝑑𝑑𝑑, (25) 

 

𝚫𝚫𝐌𝐌𝑗𝑗𝑗𝑗2 = 𝜖𝜖𝑗𝑗 � cos �
2𝑤𝑤4𝑗𝑗
𝐿𝐿

𝜉𝜉 �
1

−1
⌊𝐍𝐍(𝜉𝜉)⌋𝑇𝑇⌊𝐍𝐍(𝜉𝜉)⌋𝑑𝑑𝑑𝑑. (26) 

 
The (𝑚𝑚,𝑛𝑛)-th elements of theses matrices can also written as 
 

ΔM𝑗𝑗𝑗𝑗1
(𝑚𝑚,𝑛𝑛) = 𝛾𝛾𝑗𝑗 � 𝑔𝑔𝑚𝑚(𝜉𝜉)𝑔𝑔𝑛𝑛(𝜉𝜉) sin �

2𝑤𝑤3𝑗𝑗
𝐿𝐿

𝜉𝜉�
1

−1
𝑑𝑑𝑑𝑑, (27) 

 

ΔM𝑗𝑗𝑗𝑗2
(𝑚𝑚,𝑛𝑛) = 𝜖𝜖𝑗𝑗 � 𝑔𝑔𝑚𝑚(𝜉𝜉)𝑔𝑔𝑛𝑛(𝜉𝜉) cos �

2𝑤𝑤4𝑗𝑗
𝐿𝐿

𝜉𝜉�
1

−1
𝑑𝑑𝑑𝑑. (28) 
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The terms, ΔK𝑗𝑗𝑗𝑗1
(𝑚𝑚,𝑛𝑛), ΔK𝑗𝑗𝑗𝑗1

(𝑚𝑚,𝑛𝑛),  ΔM𝑗𝑗𝑗𝑗1
(𝑚𝑚,𝑛𝑛)and ΔM𝑗𝑗𝑗𝑗2

(𝑚𝑚,𝑛𝑛), lead to symmetric matrices and need 
to be calculated only once, which reduces the overall computational cost of calculating 
the statistics of the response in a MC framework. Numerical evaluation can be done by 
using a quadrature rule. Besides, this approach ensures that the inclusion of more 
hierarchical functions, for higher order approximations, does not affect the elements of 
the matrices that have already been calculated, therefore increasing the overall numerical 
efficiency of the method [1].  

3.2. Bending vibration of beams 

In this section the hierarchical finite element including material variability in the element 
formulation is developed for beams in flexural vibration using Euler-Bernoulli beam 
theory. The formulation follows the same procedure as that for the rod element, but using 
a different set of hierarchical functions. It also produces smaller matrices than the usual 
FE approach would, with no increase in the number of the degrees of freedom, only 
enriching the internal displacement field. The element considered has two nodes with two 
degrees of freedom at each node. Also, the spatial variability of the material or 
geometrical properties are assumed to have constant mean values. The flexural 
displacement along the element can be described in terms of 𝑝𝑝 assumed functions, as 
shown in Eq. (8). The first four shape functions are the usual finite element shape 
functions 𝑔𝑔1(𝜉𝜉) = 1

4
(2 − 3𝜉𝜉 + 𝜉𝜉2)  , 𝑔𝑔2 = 1

4
(1 − 𝜉𝜉 − 𝜉𝜉2 + 𝑥𝑥3), 𝑔𝑔3 = 1

4
(2 + 3𝜉𝜉 − 𝑥𝑥3), 

𝑔𝑔4 = 1
4

(−1 − 𝜉𝜉 + 𝜉𝜉2 + 𝑥𝑥3), and the hierarchical functions  
 

𝑔𝑔𝑟𝑟(𝜉𝜉) = �
(−1)𝑛𝑛

2𝑛𝑛𝑛𝑛!

(𝑟𝑟−1)/2

𝑛𝑛=0

(2𝑟𝑟 − 2𝑛𝑛 − 7)‼
(𝑟𝑟 − 2𝑛𝑛 − 1)!

𝜉𝜉𝑟𝑟−2𝑛𝑛−1, (29) 

 
for 𝑟𝑟 > 4 are also derived from the Legendre polynomials, but with a slight modification. 
Spatial variability in the flexural stiffness and mass per unit length 𝐸𝐸(𝑥𝑥)𝐼𝐼𝑦𝑦𝑦𝑦(𝑥𝑥) =
𝐸𝐸𝐼𝐼𝑦𝑦𝑦𝑦(𝑥𝑥) and 𝜌𝜌(𝑥𝑥)𝐴𝐴(𝑥𝑥) = 𝜌𝜌𝜌𝜌(𝑥𝑥), are included in the stiffness and mass matrices by  
 

𝐊𝐊𝑒𝑒 =
1
𝑎𝑎3
� 𝐸𝐸𝐼𝐼𝑦𝑦𝑦𝑦(𝜉𝜉)𝐍𝐍(𝜉𝜉)′′𝑇𝑇𝐍𝐍(𝜉𝜉)′′𝑑𝑑𝑑𝑑
1

−1
, (30) 

 

𝐌𝐌𝑒𝑒 = 𝑎𝑎� 𝜌𝜌𝜌𝜌(𝜉𝜉)𝐍𝐍(𝜉𝜉)𝑇𝑇𝐍𝐍(𝜉𝜉)𝑑𝑑𝑑𝑑
1

−1
, (31) 

 
where 𝑎𝑎 = 𝐿𝐿/2, 𝐿𝐿 being the element size, and ′′ stands for the second spatial derivative. 
Moreover, the force vector can be calculated as 𝐟𝐟𝐞𝐞 = 𝑎𝑎 ∫ 𝑝𝑝𝑥𝑥𝐍𝐍(𝜉𝜉)𝑑𝑑𝑑𝑑1

−1 . For point 
excitation, then 𝐟𝐟𝐞𝐞 = 𝑎𝑎𝑓𝑓𝑥𝑥𝐍𝐍(𝑥𝑥𝑒𝑒). The KL expansion, Eq. (5), is used for modelling the 
spatially varying properties, i.e. 
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𝐸𝐸𝐼𝐼𝑦𝑦𝑦𝑦(𝑥𝑥) = 𝐸𝐸𝐼𝐼𝑦𝑦𝑦𝑦0 �1 + 𝜎𝜎𝐸𝐸𝐸𝐸 ��𝑋𝑋1𝑗𝑗𝛼𝛼𝑗𝑗 sin�𝑤𝑤1𝑗𝑗𝑥𝑥� + 𝑋𝑋2𝑗𝑗𝛽𝛽𝑗𝑗 cos�𝑤𝑤2𝑗𝑗𝑥𝑥��
𝑁𝑁𝐾𝐾𝐾𝐾

𝑗𝑗=1

�, (32) 

 

𝜌𝜌𝜌𝜌(𝑥𝑥) = 𝜌𝜌𝐴𝐴0 �1 + 𝜎𝜎𝜌𝜌𝜌𝜌��𝑌𝑌1𝑗𝑗𝛾𝛾𝑗𝑗 sin�𝑤𝑤3𝑗𝑗𝑥𝑥� + 𝑌𝑌2𝑗𝑗𝜖𝜖𝑗𝑗 cos�𝑤𝑤4𝑗𝑗𝑥𝑥��
𝑁𝑁𝐾𝐾𝐾𝐾

𝑗𝑗=1

�. (33) 

 
The element stiffness matrix is given by Eq. (10) where 𝚫𝚫𝐊𝐊𝑒𝑒 = 𝚫𝚫𝐊𝐊𝑒𝑒1 + 𝚫𝚫𝐊𝐊𝑒𝑒2, with 
 

𝚫𝚫𝐊𝐊𝑒𝑒1 =
𝜎𝜎𝐸𝐸𝐸𝐸
𝑎𝑎3

�𝑋𝑋1𝑗𝑗𝚫𝚫𝐊𝐊𝑗𝑗𝑗𝑗1

𝑁𝑁𝐾𝐾𝐾𝐾

𝑗𝑗=1

, 𝚫𝚫𝐊𝐊𝑒𝑒2 =
𝜎𝜎𝐸𝐸𝐸𝐸
𝑎𝑎3

�𝑋𝑋2𝑗𝑗𝚫𝚫𝐊𝐊𝑗𝑗𝑗𝑗2

𝑁𝑁𝐾𝐾𝐾𝐾

𝑗𝑗=1

, (34) 

and 
 

𝚫𝚫𝐊𝐊𝑗𝑗𝑗𝑗1 = 𝛼𝛼𝑗𝑗 � sin �
2𝑤𝑤1
𝐿𝐿

𝜉𝜉�
1

−1
𝐍𝐍(𝜉𝜉)′′𝑇𝑇𝐍𝐍(𝜉𝜉)′′𝑑𝑑𝑑𝑑, (35) 

 

𝚫𝚫𝐊𝐊𝑗𝑗𝑗𝑗2 = 𝛽𝛽𝑗𝑗 � cos �
2𝑤𝑤2
𝐿𝐿

𝜉𝜉�
1

−1
𝐍𝐍(𝜉𝜉)′′𝑇𝑇𝐍𝐍(𝜉𝜉)′′𝑑𝑑𝑑𝑑. (36) 

 
The mass matrix is given by Eq. (11), where 𝚫𝚫𝐌𝐌𝑒𝑒 = 𝚫𝚫𝐌𝐌𝑒𝑒1 + 𝚫𝚫𝐌𝐌𝑒𝑒2, with 
 

𝚫𝚫𝚫𝚫𝑒𝑒1 = 2𝑎𝑎𝜎𝜎𝜌𝜌𝜌𝜌�𝑌𝑌1𝑗𝑗𝚫𝚫𝐌𝐌𝑗𝑗𝑗𝑗1

𝑁𝑁𝐾𝐾𝐾𝐾

𝑗𝑗=1

, 𝚫𝚫𝚫𝚫𝑒𝑒2 = 2𝑎𝑎𝜎𝜎𝜌𝜌𝜌𝜌�𝑌𝑌2𝑗𝑗𝚫𝚫𝐌𝐌𝑗𝑗𝑗𝑗2

𝑁𝑁𝐾𝐾𝐾𝐾

𝑗𝑗=1

. (37) 

 
and 
 

𝚫𝚫𝐌𝐌𝑗𝑗𝑗𝑗1 = 𝛾𝛾𝑗𝑗 � sin �
2𝑤𝑤3j
𝐿𝐿

𝜉𝜉�
1

−1
𝐍𝐍(𝜉𝜉)𝑇𝑇𝐍𝐍(𝜉𝜉)𝑑𝑑𝑑𝑑, (38) 

 

𝚫𝚫𝐌𝐌𝑗𝑗𝑗𝑗2 = 𝜖𝜖𝑗𝑗 � cos �
2𝑤𝑤4j
𝐿𝐿

𝜉𝜉 �
1

−1
𝐍𝐍(𝜉𝜉)𝑇𝑇𝐍𝐍(𝜉𝜉)𝑑𝑑𝑑𝑑. (39) 

 
Expressions for the 𝑚𝑚𝑡𝑡ℎ row and 𝑛𝑛𝑡𝑡ℎ column element of each matrix are given by Eqs. 
(21) and (22) for the stiffness matrices and Eq. (27) and (28) for the mass matrices. This 
approach also ensures that the inclusion of more hierarchical functions, for higher order 
approximations, does not affect the elements of the matrices that were already calculated. 
Besides, they are only calculated once, which reduces the computation cost in a MC 
sampling scheme, and can be numerically evaluated by using a quadrature rule. 
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3.3. Flexural vibration of plates 

Two-dimensional spatial variability can also be included by using the HFE method 
[29,36,56,57]. In this section, a two-dimensional thin, rectangular and isotropic plate 
element is developed, again assuming that the spatial variability of the material and 
geometrical properties have constant mean values. A conforming rectangular element is 
used which has four degrees of freedom per node and four nodes, one at each corner, 
enriched with the most commonly used trigonometric type hierarchical functions [1] 
 

𝑔𝑔𝑟𝑟,𝑠𝑠(𝜉𝜉) =
1
4

(1 − 𝜉𝜉2) sin �
𝜋𝜋
2

(𝑟𝑟 − 4)(1 + 𝜉𝜉)�, (40) 

 
for 𝑟𝑟, 𝑠𝑠 > 4. The first 16 degrees of freedom are the same as the conforming FE [1]. It is 
recommended that trigonometric functions are used instead of polynomials for improved 
accuracy at higher frequencies. Two-dimensional elements are more sensitive to this 
choice due to rounding errors. The first four functions are the standard shape functions 
for a thin plate in bending [1].  
Assuming two-dimensional spatial variability in the material properties, the element 
matrices are of size 𝑝𝑝2 by 𝑝𝑝2 and can be written as  
 

𝐊𝐊𝑒𝑒 =
𝑎𝑎𝑎𝑎
12

� � 𝐁𝐁(𝜉𝜉, 𝜂𝜂)𝑇𝑇𝐃𝐃(𝜉𝜉, 𝜂𝜂)𝐁𝐁(𝜉𝜉, 𝜂𝜂)𝑑𝑑𝑑𝑑
1

−1
𝑑𝑑𝑑𝑑

1

−1
, (41) 

 

𝐌𝐌𝑒𝑒 = 𝑎𝑎𝑎𝑎� � 𝜌𝜌ℎ(𝜉𝜉, 𝜂𝜂)𝐍𝐍(𝜉𝜉, 𝜂𝜂)𝑇𝑇𝐍𝐍(𝜉𝜉, 𝜂𝜂)𝑑𝑑𝑑𝑑
1

−1
𝑑𝑑𝑑𝑑

1

−1
, (42) 

 
where 𝑎𝑎 = 𝐿𝐿𝑥𝑥/2, 𝑏𝑏 = 𝐿𝐿𝑦𝑦/2  and ℎ is the plate thickness. From the stress-strain relations 
of an isotropic plate, 
 

𝐃𝐃(𝜉𝜉, 𝜂𝜂) = 𝐸𝐸(𝜉𝜉, 𝜂𝜂)ℎ3(𝜉𝜉, 𝜂𝜂)

⎣
⎢
⎢
⎢
⎢
⎢
⎡

1
(1 − 𝜈𝜈2)

𝜈𝜈
(1 − 𝜈𝜈2) 0

𝜈𝜈
(1 − 𝜈𝜈2)

1
(1 − 𝜈𝜈2) 0

0 0
1

2(1 + 𝜈𝜈)⎦
⎥
⎥
⎥
⎥
⎥
⎤

, (43) 

 
in which the Poisson’s ratio 𝜈𝜈 is assumed homogeneous, and 
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𝐁𝐁(𝜉𝜉, 𝜂𝜂) =

⎣
⎢
⎢
⎢
⎢
⎢
⎡ 1
𝑎𝑎2

𝜕𝜕2

𝜕𝜕𝜉𝜉2
1
𝑏𝑏2

𝜕𝜕2

𝜕𝜕𝜂𝜂2
2
𝑎𝑎𝑎𝑎

𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕⎦
⎥
⎥
⎥
⎥
⎥
⎤

𝐍𝐍(𝜉𝜉, 𝜂𝜂). (44) 

 
Moreover, the force vector can be calculated as 𝐟𝐟𝐞𝐞 = 𝑎𝑎𝑎𝑎 ∫ ∫ 𝑝𝑝𝑥𝑥𝑥𝑥𝐍𝐍(𝜉𝜉, 𝜂𝜂)𝑑𝑑𝑑𝑑1

−1 𝑑𝑑𝑑𝑑1
−1 , where 

𝑝𝑝𝑥𝑥𝑥𝑥 is the force per unit area. For point excitation 𝑝𝑝𝑥𝑥𝑥𝑥 = 𝐹𝐹𝐹𝐹(𝑥𝑥 − 𝐿𝐿1𝑥𝑥)𝛿𝛿�𝑦𝑦 − 𝐿𝐿1𝑦𝑦� applied 
at �𝐿𝐿1𝑥𝑥 , 𝐿𝐿1𝑦𝑦�, then 𝐟𝐟𝐞𝐞 = 𝑎𝑎𝑎𝑎𝑎𝑎𝐍𝐍(𝑥𝑥𝑒𝑒 , 𝑦𝑦𝑒𝑒). The two-dimensional spatially varying properties 
can be written in terms of the analytical solution of the KL expansion, Eq. (5), by choosing 
a separable autocorrelation function in the rectangular domain −𝐿𝐿𝑥𝑥/2 ≤ 𝑥𝑥 ≤ 𝐿𝐿𝑥𝑥/2 and 
−𝐿𝐿𝑦𝑦/2 ≤ 𝑦𝑦 ≤ 𝐿𝐿𝑦𝑦/2 [12], e.g. 
 

𝐶𝐶(𝑥𝑥1 − 𝑥𝑥2,𝑦𝑦1 − 𝑦𝑦2) = 𝐶𝐶(𝑥𝑥1 − 𝑥𝑥2)𝐶𝐶(𝑦𝑦1 − 𝑦𝑦2) = e−|𝑥𝑥1−𝑥𝑥2|/𝑏𝑏𝑥𝑥e−|𝑦𝑦1−𝑦𝑦2|/𝑏𝑏𝑦𝑦 , (45) 
 
where 𝑏𝑏𝑥𝑥 and 𝑏𝑏𝑦𝑦 are the correlation lengths in the 𝑥𝑥 and 𝑦𝑦 direction, respectively. Note 
that 𝑏𝑏𝑥𝑥 and 𝑏𝑏𝑦𝑦 can assume different values so that the correlation is different for each 𝑥𝑥 
and 𝑦𝑦 direction. This is required for the case of, for example, fibre reinforced composites 
[8,9]. This property ensures that the problem separates into two independent one-
dimensional problems, so that 𝑓𝑓𝑟𝑟(𝑥𝑥,𝑦𝑦) = 𝑓𝑓𝑖𝑖(𝑥𝑥)𝑓𝑓𝑗𝑗(𝑦𝑦) and 𝜆𝜆𝑟𝑟 = 𝜆𝜆𝑖𝑖𝜆𝜆𝑗𝑗. Note that the 
eigenvalues λ_(i,j) can be directly calculated in decreasing order, but the λ_r have to be 
sorted in that way such that the expansion can be truncated according to the rule of thumb 
λ_r/λ_1<0.1.  The choice of notation for the eigenfunction, in this case, is then changed 
for practical computational implementation. Therefore  
 

𝐸𝐸ℎ3(𝑥𝑥,𝑦𝑦) = 𝐸𝐸0ℎ03 �1 + 𝜎𝜎𝐸𝐸��𝜆𝜆1𝑟𝑟𝑋𝑋𝑟𝑟𝑓𝑓1𝑥𝑥𝑥𝑥(𝑥𝑥)𝑓𝑓1𝑦𝑦𝑦𝑦(𝑦𝑦)
𝑁𝑁𝐾𝐾𝐾𝐾

𝑟𝑟=1

�, (46) 

 

𝜌𝜌ℎ(𝑥𝑥) = 𝜌𝜌0ℎ0 �1 + 𝜎𝜎𝜌𝜌��𝜆𝜆2𝑟𝑟𝑌𝑌𝑟𝑟𝑓𝑓2𝑥𝑥𝑥𝑥(𝑥𝑥)𝑓𝑓2𝑦𝑦𝑦𝑦(𝑦𝑦)
𝑁𝑁𝐾𝐾𝐾𝐾

𝑟𝑟=1

�, (47) 

 
where 𝐸𝐸0, 𝜌𝜌0 and ℎ0 are the mean values of Young’s modulus, mass density and thickness, 
𝜎𝜎𝐸𝐸 and 𝜎𝜎𝜌𝜌 are the dispersion parameters, 𝑋𝑋𝑟𝑟 and 𝑌𝑌𝑟𝑟 are zero-mean, unit standard-deviation 
independent random variables, 𝑓𝑓1𝑥𝑥𝑥𝑥(𝑥𝑥),  𝑓𝑓1𝑥𝑥𝑥𝑥(𝑦𝑦),  𝑓𝑓2𝑥𝑥𝑥𝑥(𝑥𝑥) and 𝑓𝑓1𝑥𝑥𝑥𝑥(𝑦𝑦) are the 
eigenfunctions from the analytical expression of the KL expansion, Eq. (5), 𝜆𝜆1𝑟𝑟 and 𝜆𝜆2𝑟𝑟 
are the corresponding eigenvalues and 𝑁𝑁𝐾𝐾𝐾𝐾 is the number of terms used in the expansion. 
The element matrices can be rewritten as a sum of the usual stiffness and mass matrices 
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found with homogeneous properties and a term accounting for the spatially varying 
properties, i.e. 𝐊𝐊𝑒𝑒 = 𝐊𝐊𝑒𝑒0 + 𝚫𝚫𝐊𝐊𝑒𝑒 with 
 

𝚫𝚫𝐊𝐊𝑒𝑒 = 𝜎𝜎𝐸𝐸𝐸𝐸0ℎ03
𝑎𝑎𝑎𝑎
12

��𝜆𝜆1𝑟𝑟𝑋𝑋𝑟𝑟𝚫𝚫𝐊𝐊𝑟𝑟𝑟𝑟

𝑁𝑁𝐾𝐾𝐾𝐾

𝑟𝑟=1

, (48) 

 
and 
 

𝚫𝚫𝐊𝐊𝑟𝑟𝑟𝑟 = � � 𝑓𝑓1𝑥𝑥𝑥𝑥 �
2𝜉𝜉
𝐿𝐿𝑥𝑥
� 𝑓𝑓1𝑦𝑦𝑦𝑦 �

2𝜂𝜂
𝐿𝐿𝑦𝑦
�𝐁𝐁(𝜉𝜉, 𝜂𝜂)𝑇𝑇𝐃𝐃�𝐁𝐁(𝜉𝜉, 𝜂𝜂)𝑑𝑑𝑑𝑑

1

−1
𝑑𝑑𝑑𝑑

1

−1
, (49) 

 
with 
 

𝐃𝐃� =

⎣
⎢
⎢
⎢
⎢
⎢
⎡

1
(1 − 𝜈𝜈2)

𝜈𝜈
(1 − 𝜈𝜈2) 0

𝜈𝜈
(1 − 𝜈𝜈2)

1
(1 − 𝜈𝜈2) 0

0 0
1

2(1 + 𝜈𝜈)⎦
⎥
⎥
⎥
⎥
⎥
⎤

. (50) 

 
and 𝐌𝐌𝑒𝑒 = 𝐌𝐌𝑒𝑒0 + 𝚫𝚫𝐌𝐌𝑒𝑒, with 
 

𝚫𝚫𝚫𝚫𝑒𝑒 = 𝜎𝜎𝜌𝜌𝜌𝜌ℎ0𝑎𝑎𝑎𝑎��𝜆𝜆2𝑟𝑟𝑌𝑌𝑟𝑟𝚫𝚫𝐌𝐌𝑟𝑟𝑟𝑟

𝑁𝑁𝐾𝐾𝐾𝐾

𝑟𝑟=1

, (51) 

 
and 
 

𝚫𝚫𝐌𝐌𝑟𝑟𝑟𝑟 = � � 𝑓𝑓2𝑥𝑥𝑥𝑥 �
2𝜉𝜉
𝐿𝐿𝑥𝑥
� 𝑓𝑓2𝑦𝑦𝑦𝑦 �

2𝜂𝜂
𝐿𝐿𝑦𝑦
�𝐍𝐍(𝜉𝜉, 𝜂𝜂)𝑇𝑇𝐍𝐍(𝜉𝜉, 𝜂𝜂)𝑑𝑑𝑑𝑑

1

−1
𝑑𝑑𝑑𝑑

1

−1
, (52) 

 
The integral terms 𝚫𝚫𝐊𝐊𝑗𝑗𝑗𝑗 and 𝚫𝚫𝐌𝐌𝑗𝑗𝑗𝑗, are only calculated once and can be numerically 
evaluated by using a quadrature rule, reducing the overall computation cost a MC 
sampling scheme. Unlike the rod and beam formulation, these terms require a double 
integration because the plate element is two-dimensional. 

4. Numerical examples 

Numerical examples are presented in this section to compare results obtained with the 
stochastic HFE approximation and FE prediction. MC simulations were performed using 
𝑁𝑁𝑠𝑠 = 1,000 samples, for both HFE and stochastic FE approaches, sufficient for adequate 
convergence of the mean and standard deviation of the forced response. The FE method 
is used as a benchmark solution. For the rod and beam cases,  
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𝐸𝐸(𝑥𝑥) = 𝐻𝐻(𝑥𝑥), (53) 

 
where 𝐻𝐻(𝑥𝑥) is a Gamma distributed homogeneous random field with correlation function 
given by Eq. (4) and therefore an analytical expression for the KL expansion can be used, 
as given in Eq. (5). The Gamma distribution is the best stochastic model for the Young’s 
modulus according to a Maximum Entropy criterion [58], based on the available 
information about the random variable or process. The mean value is 𝐸𝐸0, which is the 
nominal model chosen for the Young’s modulus, the value of E is always positive and 
non-zero, i.e. 0 < 𝐸𝐸(𝑥𝑥) < +∞, and also 〈ln𝐸𝐸(𝑥𝑥)〉 < +∞ . The latter assumption ensures 
that the second order moment statistics of the response are finite. It can be shown that the 
use of distributions not meeting these criteria, like the Gaussian or exponential 
distribution, for instance, is not physically sound because it means that the expected value 
of the deformation energy is undefined [58,59]. The Gamma distribution is given by 
 

𝑓𝑓(𝑥𝑥) = 𝑥𝑥𝑎𝑎0−1
exp �− 𝑥𝑥

𝑏𝑏0
�

𝑏𝑏0
𝑎𝑎0Γ(𝑎𝑎0) 

,    𝑥𝑥 > 0, (54) 

 
where Γ(𝑥𝑥) = ∫ 𝑡𝑡𝑥𝑥−1𝑒𝑒−𝑡𝑡𝑑𝑑𝑑𝑑∞

0 , 𝑥𝑥 > 0 is the Gamma function and the parameters of the 
distribution are given by 𝑎𝑎0 = 1/𝛿𝛿𝐸𝐸2 and 𝑏𝑏0 = 𝐸𝐸0𝛿𝛿𝐸𝐸2, where 𝛿𝛿𝐸𝐸 is the dispersion 
parameter. Equation (5) is used to simulate the random field in which 𝑋𝑋1𝑗𝑗 and 𝑋𝑋2𝑗𝑗 are 
firstly generated using a Gamma independent random variables, generated using a Latin 
Hypercube sampling scheme [39,60]. Only one iteration is needed to meet the criteria 
proposed by Phoon et al. [42,43] because the given parameters of the Gamma distribution 
are such that it is very close to a Gaussian distribution.  
For the plate, variability of the Young’s modulus is also considered assuming a Gamma 
homogeneous random field 𝐻𝐻(𝑥𝑥, 𝑦𝑦), but with a separable correlation function, so that the 
analytical expression for the KL expansion can also be used. 
Additionally, the rod, beam and plate properties are assumed to be 𝐸𝐸0  =   210  GPa and 
𝜌𝜌 =  7800  kg/m3. Structural damping is included by allowing the Young’s modulus 
𝐸𝐸0 = 𝐸𝐸0(1 + 𝑖𝑖𝜂𝜂�) to be complex, with a hysteretic loss factor 𝜂𝜂� = 10−3.  
The mid-point method [18] is used to discretize the random field along with the KL 
expansion in the FE elements. It approximates the random field by choosing a constant 
value for each element based on the KL expansion at its centroid. This choice of element 
size ensures an accurate representation of the random field in the x and y direction, for a 
given correlation length [12,54,61]. 

4.1. Rod 

In this case, a rod with a cross-sectional area 𝐴𝐴 =   1 × 3 cm2, total length 𝐿𝐿 =  4 m, 
with free-free boundary conditions is chosen. The frequency band under analysis is up to 
3.5 kHz, discretised in steps of 1 Hz, to include the first five natural frequencies (plus of 
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course the rigid body mode). The excitation point is at 𝑥𝑥 =  𝐿𝐿1 =  0.2𝐿𝐿. Results are 
compared with a standard FE approach using 100 elements.  
Three different cases of the random field of the Young’s modulus are considered, by 
changing the dispersion parameter 𝛿𝛿𝐸𝐸 and the correlation length 𝑏𝑏. Values considered are 
𝛿𝛿𝐸𝐸 = 0.1, 𝑏𝑏 =  2𝐿𝐿; 𝛿𝛿𝐸𝐸 = 0.1 , 𝑏𝑏 =  0.8𝐿𝐿 and 𝛿𝛿𝐸𝐸 = 0.15, 𝑏𝑏 =  0.2𝐿𝐿, the latter having a 
much shorter correlation length with a larger standard deviation. For each of these cases, 
one sample was generated, as shown in Figure 2, using 𝑁𝑁𝐾𝐾𝐾𝐾 = 5 , i.e. ten terms in the 
series expansion Eq. (5), which is enough to meet the convergence criterion 𝜆𝜆𝑘𝑘/𝜆𝜆1 < 0.1. 
From Figure 2, it is possible to observe that for the longer correlation lengths, the spatial 
distribution has very distinguishable components of long length scale with relatively 
small fluctuations. This is because, from Eq. (5), the sine and cosine terms with longer 
wavelengths have relatively much more importance than the shorter ones. That relative 
importance decreases for shorter correlation lengths and increases the scale of the 
fluctuations along the length of the structure.  
These samples were used as deterministic cases for calculating the input mobility at 0.2𝐿𝐿, 
i.e. the Frequency Response Function (FRF) given by the ratio of the velocity and a point 
force at the excitation location, and are shown in Figure 3. They are calculated by the 
direct inversion of the dynamic stiffness matrix in the HFE case and modal summation in 
the FE model. Differences in the results in Figure 3(c) are due to the neglect of higher 
order FE modes. The maximum order of the hierarchical functions was chosen to be 𝑝𝑝 =
14, using Eq. (8), which leads to a total of 14 degrees of freedom while the FE model has 
101 in total. 
Overall, the HFE and FE results are in very good agreement for all of the cases. This is 
important for the further calculation of the response statistics. Natural frequencies 
calculated using the HFE method are less than 0.1% different to those from the FE model.  
Figure 4 presents the mean value and 5th and 95th percentile of the input mobility and 
Figure 5 shows the PDFs of the 4th natural frequency, a typical result, both obtained from 
the MC sampling scheme for each pair of 𝑏𝑏 and 𝛿𝛿𝐸𝐸. The PDFs are normalized by the mean 
value of the distribution calculated from the HFE and FE models, respectively, and is also 
the case for the beam and plate cases. The same random field samples were used to 
calculate the results from both HFE and FE methods and the non-smoothness in the PDFs 
is due to the size of these samples. 
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Figure 2. Samples of normalized Young’s modulus as a function of the normalized 

position used for the rod and beam elements, for the cases dispersion parameter 𝛿𝛿𝐸𝐸 and 
correlation length 𝑏𝑏: 𝛿𝛿𝐸𝐸 = 0.1, 𝑏𝑏 =  2𝐿𝐿 (solid line) 𝛿𝛿𝐸𝐸 = 0.1, 𝑏𝑏 =  0.8𝐿𝐿 (dashed line); 

and 𝛿𝛿𝐸𝐸 = 0.15, 𝑏𝑏 =  0.2𝐿𝐿 (dotted line). 
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(a) 

 
(b) 

 
(c) 

 
Figure 3. Amplitude and phase of the rod input mobility from FE (black solid line) and 
HFE (grey dashed line) for a single sample, using (a) 𝛿𝛿𝐸𝐸 = 0.1, 𝑏𝑏 =  2𝐿𝐿, (b) 𝛿𝛿𝐸𝐸 = 0.1, 

𝑏𝑏 =  0.8𝐿𝐿 and (c) 𝛿𝛿𝐸𝐸 = 0.15, 𝑏𝑏 =  0.2𝐿𝐿. 
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(a) 

 
(b) 

 
(c) 

 
  

Figure 4. 5th and 95th percentile and mean value of the input mobility of the rod from FE 
(black solid) and HFE (grey dashed), using (a) 𝛿𝛿𝐸𝐸 = 0.1, 𝑏𝑏 =  2𝐿𝐿, (b) 𝛿𝛿𝐸𝐸 = 0.1, 𝑏𝑏 =

 0.8𝐿𝐿 and (c) 𝛿𝛿𝐸𝐸 = 0.15, 𝑏𝑏 =  0.2𝐿𝐿. 
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(a)  

 

(b) 

 

(c) 

 
Figure 5. PDF of the 4th natural frequency 𝜔𝜔4 of the rod from FE (black) and HFE 

(grey), using (a) 𝛿𝛿𝐸𝐸 = 0.1, 𝑏𝑏 =  2𝐿𝐿, (b) 𝛿𝛿𝐸𝐸 = 0.1, 𝑏𝑏 =  0.8𝐿𝐿 and (c) 𝛿𝛿𝐸𝐸 = 0.15, 𝑏𝑏 =
 0.2𝐿𝐿, where 𝜔𝜔04 is the mean value of the natural frequency.  

4.2. Beam 

In this case, a beam with a rectangular cross-section of thickness 1 mm and width 30 mm, 
i.e. 𝐴𝐴 =   30 mm2 and total length 𝐿𝐿 =   1 m, with free-free boundary conditions is 
considered. The frequency band under analysis is up to 200 Hz, discretised in 1Hz steps, 
to include the first seven bending natural frequencies, and the excitation point is 
at 𝑥𝑥 =  𝐿𝐿1 =  0.2𝐿𝐿. Also, a standard FE approach with 100 elements is used for 
comparison. Additionally, the same random fields samples as in the rod case, shown in 
Figure 2, are used for calculating the input mobility, shown in Figure 6 for each considered 
𝛿𝛿𝐸𝐸 and 𝑏𝑏 pair. The maximum order of the hierarchical functions was chosen to be 𝑝𝑝 = 14, 
using Eq. (8), similarly to the rod case, which leads to a total of 14 degrees of freedom 
while the FE model has 202 in total.  
Figures 7 presents the mean value and 5th and 95th percentiles of the input mobility and 
Figure 8 shows the PDFs of the 4th natural frequency, typical results, for each pair of 𝑏𝑏 
and 𝛿𝛿𝐸𝐸. Response statistics of both HFE and FE approaches are calculated using the same 
random field samples. A very good agreement was observed in all of the cases, similar to 
the rod case. 
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(a) 

 
(b) 

 
(c) 

 
Figure 6. Amplitude and phase of the beam input mobility from FE (black solid line) 

and HFE (grey dashed line) for a single sample, using (a) 𝛿𝛿𝐸𝐸 = 0.1, 𝑏𝑏 =  2𝐿𝐿, (b) 𝛿𝛿𝐸𝐸 =
0.1, 𝑏𝑏 =  0.8𝐿𝐿 and (c) 𝛿𝛿𝐸𝐸 = 0.15, 𝑏𝑏 =  0.2𝐿𝐿. 
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(a) 

 
(b) 

 
(c) 

 
Figure 7. 5th and 95th percentile and mean value of the input mobility of the beam from 

FE (black solid) and HFE (grey dashed), using (a) 𝛿𝛿𝐸𝐸 = 0.1, 𝑏𝑏 =  2𝐿𝐿, (b) 𝛿𝛿𝐸𝐸 = 0.1, 
𝑏𝑏 =  0.8𝐿𝐿 and (c) 𝛿𝛿𝐸𝐸 = 0.15, 𝑏𝑏 =  0.2𝐿𝐿. 
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(a)  

 

(b) 

 

(c) 

 
Figure 8. PDF of the 4th natural frequency 𝜔𝜔4 of the beam from FE (black) and HFE 

(grey), using (a) 𝛿𝛿𝐸𝐸 = 0.1, 𝑏𝑏 =  2𝐿𝐿, (b) 𝛿𝛿𝐸𝐸 = 0.1, 𝑏𝑏 =  0.8𝐿𝐿 and (c) 𝛿𝛿𝐸𝐸 = 0.15, 𝑏𝑏 =
 0.2𝐿𝐿, where 𝜔𝜔04 is the mean value of the natural frequency. 

4.3. Plate 

This case concerns a rectangular plate with thickness 𝑡𝑡 = 3 mm, sides of length 𝐿𝐿𝑥𝑥 = 1 
m and 𝐿𝐿𝑦𝑦 = 0.75 m, and simply supported at all of the edges, with the excitation point at 
𝑥𝑥 = 𝐿𝐿1𝑥𝑥 =  0.125 𝐿𝐿𝑥𝑥 and 𝑦𝑦 = 𝐿𝐿1𝑦𝑦 = 1/3 𝐿𝐿𝑦𝑦. The frequency range up to 110 Hz, 
discretised in 1Hz steps, is considered and includes the first five natural frequencies. The 
natural frequencies of a plate with the mean homogeneous properties are given by 𝜔𝜔11, 
𝜔𝜔21, 𝜔𝜔12, 𝜔𝜔31 and 𝜔𝜔22, where the subscripts represent the number of half-waves in the x 
and y directions, respectively, of each mode. The plate FE model is meshed with 48 
elements in the x direction and 48 elements in y direction, i.e., 2304 elements and 6823 
degrees of freedom in total.  
For the plate, the correlation lengths in the x and y direction are set to be equal, i.e. 𝑏𝑏 =
𝑏𝑏𝑥𝑥 = 𝑏𝑏𝑦𝑦 and the same dispersion 𝛿𝛿𝐸𝐸 and correlation length 𝑏𝑏 as in the rod and beam cases. 
Samples of the normalized Young’s modulus random field are shown in Figure 9 for each 
pair 𝛿𝛿𝐸𝐸 and 𝑏𝑏 considered. 
Different to the previous cases, the input mobility is calculated by modal summation, such 
that the first 14 modes used were enough for adequate convergence, and is shown in Figure 
10. For the plate element, using Eq. (9), a two-dimensional integral is required and the 
value 𝑝𝑝𝑟𝑟 = 𝑝𝑝𝑠𝑠 = 12 was chosen, which is enough to achieve acceptable convergence of 
the natural frequencies in the frequency band under analysis. The simply supported 
boundary condition is applied by removing the corresponding hierarchical functions 
giving a total of 100 degrees of freedom.  
Figures 11 presents the mean value and 5th and 95th percentiles of the input mobility and 
Figure 12 shows the PDFs of the natural frequency 𝜔𝜔21, which is a typical result, for each 
pair 𝛿𝛿𝐸𝐸 and 𝑏𝑏 considered. Response statistics of both HFE and FE approaches are 
calculated using the same random field samples. A very good agreement was achieved in 
all of the cases, similar to the rod and beam cases.  
In general, the statistics of the natural frequencies and forced response calculated using 
both approaches agree very well, although the HFE method requires only a fraction of the 
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computational time of the FE approach. The most time-consuming step in the HFE 
formulation is the integration required to calculate the matrices 𝚫𝚫𝐊𝐊𝑒𝑒 and 𝚫𝚫𝐌𝐌𝑒𝑒. This, 
however, is done only once in the process, and the calculated matrices are the same for 
each MC sample. This drastically reduces the time spent for the multiple analysis required 
during statistical sampling. For plate-like structures or assemblies, the number of 
elements in a standard FE model can easily reach thousands and the computational cost 
can effectively make a stochastic analysis unfeasible or excessively expensive. Figure 13 
shows the normalized computational cost of a typical simulation time as a function of the 
MC sample size for the analysis of the plate. The time is normalized by the total time 
taken for 1000 MC samples to be calculated using the standard FE approach. Simulations 
were run on a Core i7 at 2.40 GHz and 8GB RAM computer using a Matlab 
implementation. While the HFE method requires significant cost to set up the problem 
and compute 𝚫𝚫𝐊𝐊𝐞𝐞 and 𝚫𝚫𝐌𝐌𝐞𝐞, the solution time per subsequent analysis is, for this example, 
about 103 times faster than the FE approach. Therefore, the curve for the HFE time in 
Figure 13 also includes the time component 𝑡𝑡1 expended for the calculation of the 𝚫𝚫𝐊𝐊𝐞𝐞 
and 𝚫𝚫𝐌𝐌𝐞𝐞 matrices, which is done only once during the sampling, and the time 𝑡𝑡2 expended 
for sampling and solving for the forced response. It can be noticed that 𝑡𝑡1 is smaller than 
the FE simulation for one single sample. Obviously, 𝑡𝑡1 will increase for an increasing 
number of terms in the KL expansion, i.e. for shorter correlation lengths. Furthermore, 
this formulation could benefit from other methods for accelerating the convergence of the 
MC sampling, such as, for instance, line sampling [55]. The HFE approach itself is less 
time consuming for calculating the dynamic response of each sample when compared to 
the standard FE approach.  
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(a) 

 
(b) 

 
(c) 

 
Figure 9. Samples of normalized Young’s modulus 𝐸𝐸(𝑥𝑥, 𝑦𝑦)/𝐸𝐸0 as a function of the 
position used for the plate for the cases of dispersion parameter 𝛿𝛿𝐸𝐸 and correlation 

length 𝑏𝑏𝑥𝑥 and 𝑏𝑏𝑦𝑦 (a) 𝛿𝛿𝐸𝐸 = 0.1, 𝑏𝑏𝑥𝑥 = 𝑏𝑏𝑦𝑦 =  2𝐿𝐿, (b) 𝛿𝛿𝐸𝐸 = 0.1, 𝑏𝑏𝑥𝑥 =  𝑏𝑏𝑦𝑦 = 0.8𝐿𝐿 and (c) 
𝛿𝛿𝐸𝐸 = 0.15, 𝑏𝑏𝑥𝑥 = 𝑏𝑏𝑦𝑦 =  0.2𝐿𝐿. 

 

x axis [m]

y 
ax

is
 [m

]

 

 

-0.5 0 0.5

-0.3

-0.2

-0.1

0

0.1

0.2

0.3 0.96

0.98

1

1.02

1.04

1.06

1.08

1.1

1.12

x axis [m]

y 
ax

is
 [m

]

 

 

-0.5 0 0.5

-0.3

-0.2

-0.1

0

0.1

0.2

0.3
0.9

0.95

1

1.05

1.1

1.15

1.2

x axis [m]

y 
ax

is
 [m

]

 

 

-0.5 0 0.5

-0.3

-0.2

-0.1

0

0.1

0.2

0.3 0.8

0.9

1

1.1

1.2

1.3

1.4



27 

(a) 

 
(b) 

 
(c) 

 
Figure 10. Amplitude and phase of the plate input mobility from FE (black solid line) 

and HFE (grey dashed line) for a single sample, using (a) 𝛿𝛿𝐸𝐸 = 0.1, 𝑏𝑏𝑥𝑥 = 𝑏𝑏𝑦𝑦  =  2𝐿𝐿, (b) 
𝛿𝛿𝐸𝐸 = 0.1, 𝑏𝑏𝑥𝑥 = 𝑏𝑏𝑦𝑦  =  0.8𝐿𝐿 and (c) 𝛿𝛿𝐸𝐸 = 0.15, 𝑏𝑏𝑥𝑥 = 𝑏𝑏𝑦𝑦  =  0.2𝐿𝐿. 
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(a) 

 
(b)  

 
(c) 

 
Figure 11. 5th and 95th percentile (solid line) and mean value (dashed) of the input 

mobility of the plate from FE (black) and HFE (grey), using (a) 𝛿𝛿𝐸𝐸 = 0.1, 𝑏𝑏 =  2𝐿𝐿, (b) 
𝛿𝛿𝐸𝐸 = 0.1, 𝑏𝑏 =  0.8𝐿𝐿 and (c) 𝛿𝛿𝐸𝐸 = 0.15, 𝑏𝑏 =  0.2𝐿𝐿. 
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(a)  

 

(b) 

 

(c) 

 
 

Figure 12. PDF of natural frequency 𝜔𝜔21 of the plate from FE (black) and HFE (grey), 
using (a) 𝛿𝛿𝐸𝐸 = 0.1, 𝑏𝑏 =  2𝐿𝐿, (b) 𝛿𝛿𝐸𝐸 = 0.1, 𝑏𝑏 =  0.8𝐿𝐿 and (c) 𝛿𝛿𝐸𝐸 = 0.15, 𝑏𝑏 =  0.2𝐿𝐿, 

where 𝜔𝜔021 is the mean value of the natural frequency. 

 
Figure 13. Typical normalized simulation time in log scale for a plate as a function of 
the number of MC samples for the standard FE (black line) and HFE (dashed grey) 

approaches. 

5. Concluding remarks 

In this paper a numerical approach for the vibration analysis of structures with uncertain 
parameters using an enriched hierarchical basis, i.e. a Hierarchical Finite Element, 
method was presented. Spatial variability in the properties of the finite element was 
included in the element formulation. Throughout this paper, an analytical expression for 
a homogenous random field, with a specific correlation function, was used to model the 
random spatial variability. The formulation is not restricted to this description, however, 
as it allows for purely numerical solutions or analytical formulations of other correlation 
models to be incorporated. 
The series representation of the random field was used in the HFE formulation to derive 
the stiffness and mass matrices for each term of the expansion. This procedure, although 
computationally expensive, has to be done only once, and then the random coefficients 
of the expansion can be sampled in a Monte Carlo framework to calculate the response 
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statistics. Non-Gaussian distributions can be used by simply updating the random 
coefficients of the series, using an iterative scheme, maintaining the eigenfunctions of the 
Karhunen-Loève (KL) expansion. This avoids repeating the element integration 
procedure, which can be computationally costly and is particularly efficient for slowly 
correlated random fields, because fewer terms in the expansion are required. 
The number of hierarchical functions used in the element integration has to take into 
account not only the usual frequency requirements, i.e. the number of half-waves in the 
highest order hierarchical function has to be greater than the number of half-waves in the 
structural modes, but also the random fluctuations of the spatially correlated properties. 
The maximum spatial frequency content of the random properties is thus used to 
determine this number, although further work is necessary to address the convergence of 
the method for other families of correlation functions and hierarchical functions for 1D 
and 2D structures.  
A stochastic FE implementation, in which the KL series was discretized on the mesh 
using the mid-point method, was used for comparison of the numerical results. The 5th 
and 95th percentile envelopes of the input mobility show a very good agreement with full 
FE analysis as do estimates of the PDFs of the natural frequencies. 
Results show that the method has potential application to the analysis of built-up 
structures with random, spatially correlated variability. 
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