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Abstract—The joint design of hybrid beamforming matrices is
conceived for multiuser mmWave full-duplex (FD) multiple-input
multiple-output (MIMO) relay-aided systems in the presence
of realistic channel state information (CSI) errors. Specifically,
considering a probabilistic CSI error model, we maximize the
system’s worst-case sum rate by jointly optimizing the base
station’s (BS) analog and digital beamforming matrices, plus
the analog receive and transmit beamforming matrices of the
relay station (RS) as well as its digital amplify-and-forward (AF)
beamforming matrix under practical constraints. Explicitly, the
transmit power constraints of the BS and RS, the residual self-
interference power constraint of the RS, the per-user quality
of service constraints and the unit-modulus constraints on the
analog beamforming matrix elements are all taken into account.
Since the resultant optimization problem is very challenging
due to its highly nonlinear objective function and nonconvex
coupling constraints, we first transform it into a more tractable
form. We then develop a novel joint optimization algorithm
based on the penalty dual decomposition (PDD) technique to
solve the resultant problem. The proposed PDD-based algorithm
performs double-loop iterations: the inner loop updates the
optimization variables in a block coordinate descent fashion,
while the outer loop adjusts the Lagrange multipliers and penalty
parameter, hence ensuring convergence to the set of stationary
solutions of the original problem. Our simulations show that
mmWave FD hybrid MIMO relay systems relying on our new
algorithm significantly outperform both their non-robust FD and
conventional half-duplex counterparts.

Index Terms—Millimeter wave, full-duplex, multiuser MIMO
relay, hybrid beamforming, robust transceiver design.

I. INTRODUCTION

Millimeter wave (mmWave) communications in the 30 -
300GHz band represent a salient next-generation technique
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for mitigating the spectrum shortage and supporting very
high data rates [1]-[5]. However, owing to the excessive
cost of radio frequency (RF) chains and analog-to-digital
(A/D) converters at such high frequencies, the traditional fully
digital transceiver architecture cannot be utilized in mmWave-
based multiple antenna systems. As an alternative, a hybrid
transceiver structure consisting of cascaded baseband digital
and RF analog beamformers has been the focus of intense
research. Indeed, this structure makes it possible to employ
less RF chains than the number of antenna elements, while
imposing a unity-modulus constraint on the elements of the
analog beamforming matrix.

Some representative algorithms have been proposed in [6]-
[10], [13] for the design of the hybrid transceiver parameters,
in particular for the analog beamforming matrix. In [6], the
authors have exploited the structure of mmWave channels to
develop a hybrid transceiver algorithm based on orthogonal
matching pursuit (OMP). A channel matching based hybrid
beamforming algorithm has been proposed in [7]. To increase
the performance of heuristic methods, the authors of [§]
developed a joint hybrid transceiver design based on manifold
optimization with antenna selection for large-scale multiple-
input multiple-output (MIMO) mmWave systems. By taking
the hardware constraint into account, a number of codebook-
based hybrid beamforming techniques have been studied in
[9]-[12]. In particular, an efficient hierarchical codebook de-
sign method has been developed in [11], [12] for beamforming
training and channel estimation. Moreover, Full-duplex (FD)
based mmWave systems have been investigated in [13].

Given the severe pathloss characterizing mmWave commu-
nications, relays may be invoked for avoiding LoS blockage or
for extending the coverage area [14]. Hence, the study of relay-
assisted mmWave communications is of great importance.
Traditional relaying operates in half-duplex (HD) mode, which
requires separate time or frequency resources for transmission
and reception; by contrast, FD relaying potentially doubles the
mmWave link capacity by supporting simultaneous transmis-
sion and reception [15]-[17]. However, mitigating the self-
interference (SI) imposed by the high-power signal leakage
from the transmitter output to the receiver input is a challeng-
ing issue in FD system design. Fortunately, major advances
have been made in RF hardware for FD communications and
hence, the SI can likely be mitigated to acceptable levels [18],
[19]. Furthermore, several SI suppression algorithms have been
developed for efficiently solving this problem in the digital
domain, thereby motivating further research on transceiver
design for FD relay-aided systems [20]-[23].

Recently, the authors of [24], [25] have designed



transceivers for HD mmWave MIMO relay systems, in order
to improve network coverage. However, the existing HD
mmWave relays rely on separate design approaches for the
hybrid beamforming matrices. Indeed, the analog and digital
beamforming matrices are not optimized jointly for maximiz-
ing the system’s sum rate, which hence constitutes a heuris-
tic, suboptimal approach from an optimization perspective.
Finally, most of the mmWave MIMO relay designs stipulate
the idealized simplifying assumption of having perfect channel
state information (CSI), whilst there is a paucity of robust joint
transceiver designs relying on realistic imperfect CSI.

To fill this gap, we jointly design the hybrid beamforming
matrices of our sophisticated multiuser mmWave FD MIMO
relay-aided system by assuming a probabilistic CSI error
model. Based on this model, we first derive the worst case
sum rate expression for our relaying system. Then, we jointly
optimize the base station’s (BS) analog and digital beamform-
ing matrices, plus the relay station’s (RS) analog transmit and
receive beamforming matrices as well as its digital amplify-
and-forward (AF) beamforming matrix by maximizing the
worst-case sum rate under realistic optimization constraints.
Explicitly, both the BS and RS transmit power constraints, the
residual RS SI power constraint, as well as the per-user quality
of service (QoS) constraints and the unity-modulus constraints
of the RF analog beamforming matrix elements are taken into
account.

However, this holistic global optimization problem cannot
be solved directly due to its highly nonlinear objective function
and nonconvex coupling constraints, imposed by the product
of the digital and analog beamforming matrices as well as
the unity-modulus constraint of the analog matrix elements.
By introducing auxiliary variables, we first convert this worst-
case sum-rate maximization problem into an equivalent but
more tractable mean squared error minimization problem.
Then, we invoke the innovative penalty dual decomposi-
tion (PDD) optimization method [26]-[29] for solving this
simplified problem and jointly optimize the analog as well
as digital beamforming matrices. The coupling components
of the problem are handled by introducing new auxiliary
variables and equality constraints. To elaborate, with the aid
of the PDD method, we penalize and dualize the newly
introduced equality constraints into the objective function
as augmented Lagrangian (AL) components [30], [31]. The
resultant augmented Lagrangian problem is then solved by our
new double-loop iterative optimization algorithm. Explicitly,
in the inner loop, we resort to the concave-convex procedure
(CCCP) [32]-[34] for updating the optimization variables in
a block coordinate descent fashion, where the subproblems of
each block can be solved in closed form. Then in the outer
loop, we adjust both the Lagrange multipliers and the penalty
parameter of the AL cost function. The proposed robust PDD-
based joint hybrid transceiver design algorithm converges to
the set of stationary solutions of the original optimization
problem. Furthermore, we extend the proposed algorithm to
the practical scenario of finite-resolution phase shifters and
analyze its computational complexity. Finally, we demonstrate
that the proposed robust joint hybrid FD transceiver design
significantly outperforms its nonrobust counterpart as well as

the conventional HD hybrid transceiver design.

The main original contributions of this work are summarized

as follows:

1) To increase coverage and guarantee high transmission
rates for mmWave communications, we propose a FD
hybrid MIMO relay system architecture, and formulate a
realistic but very challenging joint optimization problem
for the optimization of the underlying transceiver param-
eter in the presence of CSI errors.

2) We transform this complex problem into an equivalent
yet more tractable form and develop a novel PDD-based
double-loop algorithm to solve it. The proposed robust
algorithm converges to the set of stationary solutions of
the original optimization problem.

3) The proposed algorithm is extended to the scenario of
finite-resolution phase-shifter and a detailed computa-
tional complexity analysis is provided as well.

4) The properties of the new algorithm are investigated by
means of simulations using a practical mmWave channel
model; the results demonstrate its advantages over exist-
ing benchmarks schemes.

The rest of this paper is organized as follows. In Sections
IT and III, we present our system model and formulate the
worst-case sum-rate maximization problem, respectively. In
Section IV, we first transform the original problem into a more
tractable but equivalent form and then develop the PDD-based
joint hybrid transceiver design algorithm for solving the re-
sultant problem. Our finite-resolution phase-shifter design and
computational complexity analysis are discussed in Section V.
In Section VI, we demonstrate the benefits of the proposed
algorithms. Our conclusions are offered in Section VII, whilst
proofs and background derivations appear in the Appendices.

Notations: E{-} denotes the expectation operator. Boldface
upper case and lower case letters represent matrices and
vectors, respectively. Tr(A), AT and AH represent the trace,
transpose, and conjugate transpose of matrix A, respectively.
A(a : b,:) denotes a new matrix obtained by selecting rows
a through b of matrix A. For a matrix A, A(¢,j) denote
the element at the intersection of row ¢ and column j. I
and O stand for identity and zero matrices with appropri-

ate dimensions, respectively. || - || and det(-) represent the
Frobenius norm and determinant, respectively. R{.}, &{.}
and | - | respectively denote the real part, imaginary part and

magnitude of a complex number. The operator vec(-) stacks
the elements of a matrix in one long column vector, while
diag {-} denotes a diagonal matrix with the given arguments
on its diagonal. The symbol ® denotes the Kronecker product.
Cm>m (R™*™) denotes the space of m x n complex (real)
matrices. The projection of a point X onto a set € is denoted
by Po{X} £ minyeq | X — Y. If Q is a sphere of radius r
centered at the origin, i.e., 2 = {X|||X]|| < r}, then Po{X}

: X
is equal to 7 o TR

II. SYSTEM MODEL

Let us consider a multiuser mmWave FD MIMO relay sys-
tem, as shown in Fig. 1, which consists of one BS, one FD RS
and K users. The BS is equipped with [V, transmit antennas
and R; (Ry < N;) RF chains. The RS, which operates in FD



mode, is equipped with N, receive and N, transmit antennas,
as well as Ry (R2 < N,) RF chains for the receive and
transmit processing, respectively. Each user is equipped with
a single antenna. We assume that K < min{R;, Rz} so as
to provide sufficient degrees of freedom for signal detection.
We consider a narrowband formulation with flat fading radio
channel conditions. Furthermore, we assume that there is no
direct link between the BS and the end users due to physical
obstacles or severe attenuation.

Lets = [sy,...,5k|" represent the K x 1 transmit symbol
vector, whose elements are modeled as independent random
variables with zero mean and unit variance, i.e., E{|sz|?} = 1.
The transmit signal vector at the BS can be expressed as

xp = VFs, (D

where F = [f},...,fx] € CF*EK denotes the BS digital
beamforming matrix and V € CN¢>*f1 denotes the BS analog
transmit beamforming matrix. The transmit power of the BS
can be expressed as

Pp 2 E{Tr(xpxi)} = |VF|J*. 2)
The received signal at the RS can be written as
yr = GVFs +np +ip, 3)

where G € CN~*N¢ denotes the channel matrix between the
BS and the RS, np € CV~*! represents the complex circular
Gaussian noise vector at the RS with zero mean and covariance
E{ngn#} = 021, where o2 denotes the noise variance, and
ir represents the complex Gaussian residual SI with zero-
mean and covariance E{iriZ} = 021. Here a constraint on
the residual SI power is applied, i.e., E{|Hgrxgr|?*} < Pu
[23], where Hf denotes the relay residual SI channel!, P,
denotes the maximum tolerable SI power, and xp denotes the

transmit signal at the RS. The latter is given by
XRp = UQWUl(GVFS +np + iR), 4)

where W € C#2* %2 denotes the RS digital AF beamforming
matrix, while U; € CF2*Nr and U,y € CN-* %2 represent the
analog receive and transmit beamforming matrices at the RS,
respectively. Defining 0% £ 02 + 02, the transmit power at
the RS can be expressed as

Pr 2 E{Tr(xzx2)} = |[UsWU,;GVF|*+0%|| U, WU, ||

)
The received signal at user k € K = {1,...,K} can be
written as

K
Y = Z thUQWUlGijSj +thU2WU1(nR+iR) +ny,

j=1

(6)
where h;, € CV7*! represents the Hermitian transpose of the
channel vector between the RS and user k, while n; is the
complex circular Gaussian receiver noise at user k with zero
mean and variance E{|ny|*} = o7.

I'The SI power can be initially mitigated to an acceptable level based on the
use of hardware-aided FD interference cancellation techniques such as [16]-
[19] and passive cancellation methods [20]. Consequently, herein the focus is
on optimizing the hybrid beamforming algorithm to handle the residual SI.

The CSI from the BS to the RS and the CSI of the SI link
at the RS can be obtained by implementing a suitable channel
estimation algorithm, such as available from e.g., [35]-[37].
Due to the stationarity and high transmit power of the BS and
RS, we assume that the corresponding channel matrices, i.e. G
and Hp, can be known with high accuracy. However, to obtain
the CSI from the RS to the users, represented by vectors hy, is
more challenging. Due to user mobility, processing latency and
other limitations, the CSI for the user channels is inevitably
corrupted by estimation errors. The channel matrix from the
RS to the users, i.e., H = [hy,..., hx]", can be expressed
as

H=H+ AH, )

where H = [hy, ..., hg]" denotes the estimated channel ma-
trix and AH = [Ahy, ..., Ahg]¥ denotes the corresponding
channel error matrix. Here, AH is assumed to be statistically
independent of the estimated channel matrix and characterized
by a matrix-variate complex circular Gaussian distribution, i.e.
vec(AH) ~ CN (0, 0%I), where o2 denotes the variance of the

individual CSI errors?.

III. PROBLEM FORMULATION

In this section, we introduce the worst-case sum rate
maximization problem under consideration in this work. Our
starting point is the formulation of a deterministic lower
bound on the sum rate. Let pg £ U, WU;GVf.s; denote
the kth signal vector component transmitted by the RS (see
eq. (6)) and let H(pk;yk|ﬁ) denote the conditional mutual
information of user &, conditioned on estimated channel matrix
H. Expanding H(px;yx|H) in terms of the corresponding
differential entropies yields,

H(pr; yi|F) = H(pr|H) — H(pr|yx, H). )

The first term on the right hand side (RHS) of (8) simplifies
to 1logdet(2meQy), where Qi = E{p:;pf’} denotes the
transmit covariance matrix associated to pj. Regarding the
second term, let us rewrite the received signal at user k as
follows

K K
ye = hi'pr+ > hi'py + > Abfp;
k/;ék j=1 (9)
+hfU,WU,(ng +ig)
+ AthUQWUl(nR + iR) + ng.

Consequently, the second term on the RHS of (8) is upper
bounded by the entropy of a Gaussian random variable, i.e.
(401,

Qrhihf Q >)
hQihy, + Ty
(10)

~ 1
H(pk|yr, H) §§ log det <27Te (Q;€ -

2In practice, the mmWave CSI can be obtained by applying compressed
sensing channel estimation algorithms, and under the case of additive Gaussian
noise, the resulting channel estimation errors obey a multivariate Gaussian
distribution [38], [39].
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Fig. 1: Multiuser mmWave FD MIMO relay system

where

K K
Te2 Y hQuh+) o2Tr(Q;)
k' #k Jj=1
+ o2h'U, WU, UWH U,
+ 0402 Tr(U, WU U WHUL) 4 2.

Y

Hence, substituting (10) into (8) and making use of the
Woodbury matrix identity yields the following deterministic
lower bound on the conditional mutual information for user
k:

i H 2
L UQVVTUlGka\ ) 12
k

N 1
H(pwr; yu|H) > ilog <

The detailed derivation of (12) is presented in Appendix A.

Then, by considering the sum of the lower bound of the
mutual information over all users, we can formulate the worst-
case sum rate maximization optimization problem as shown in
(13) where we define for convenience

K
Ny 202 | Y |UsWULGVE|? + 03| U, WU, |? | +07.
j=1
(14
The residual self-interference power constraint is shown in
(13b) while constraints (13¢) and (13d) reflect the bounded
transmit power budget of the BS and RS, respectively. Con-
straint (13e) guarantees the per user QoS (i.e. transmission
rate), where <, denotes the threshold of the achievable
transmission rate for user k. Finally, the constant modulus
constraint of the analog beamforming matrices is given by
(131).

The above problem formulation can be extended to more
complex situations. For intance, when considering hardware
impairments, e.g., limited analog-to-digital convertor accuracy,
oscillator phase noise or low-noise-amplifier distortion, such
sources of transmitter/receiver distortion in the communication
chain can be modeled as independent Gaussian distributed
errors [39]. In this case, we can still follow the same approach

as introduced above to derive the corresponding lower bound
on the system’s sum rate.

We note that the constrained optimization problem (13) is
very difficult to solve due to the highly coupled and nonconvex
objective function and constraints. In the following section,
we propose an efficient joint transceiver optimization design
algorithm.

IV. ROBUST JOINT TRANSCEIVER DESIGN ALGORITHM

In this section, following a brief overview of the PDD
optimization framework, we first transform the problem in (13)
into a more tractable yet equivalent form. Then, by applying
the PDD technique, we obtain an alternative formulation to
(13) where a number of AL terms are incorporated into the
objective in order to handle the exacting coupling constraints.
We subsequently develop an efficient CCCP algorithm to solve
the AL problem in the inner loop of the PDD algorithm in a
block coordinate descent fashion. Finally, we summarize the
proposed PDD-based joint transceiver design algorithm. The
flow chart of our proposed approach is shown in Fig. 2.

A. Proposed PDD optimization framework

Below, we briefly review the PDD method in a general
framework. Consider the following problem:

(P)  minf(x)
s.t. h(x) = 0, (15)
g(x) 0.

where f(x) is a scalar continuously differentiable function
and X C R" is a closed convex set. As for constraints,
h(x) € RP is a vector of p continuously differentiable
functions, and g(x) € RY is a vector of ¢ differentiable but
possibly nonconvex functions. In order to handle the equality
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F,W,V,U,,U;

s.t.
IVF|* < P,

K A~
h7U,WU,GVf;|?

Zlog 1+ — - by Us ! 5 k1|1 (13a)

k=1 >z D UoWUL GV [2 + 03 [ Us WU |2 + Ny,

[HRU, WU GVF|? 4+ 0%|HRUs WU, ||2 < Py, (13b)
(13c)

[UsWUGVF|? 4 04||UsWU, ||> < Py, (13d)

h7U, WU, GVf,|?
log [ 1+ ——— by U WU, GV, | > v, VE, (13¢)
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Fig. 2: The flow chart of the proposed PDD-based solution approach.

constraints, the PDD method aims for solving the following
AL problem:

(Pyx) min £(x)

N 1
min 2 f(x) + ATh(x) + Q*QIIh(X)H2

=fkﬂéﬂmw+ww

s.t. g(x) <0,
(16)

where L£(x) is the AL function with scalar penalty parameter
o > 0 and dual variable . In particular, when ¢ — oo, solving
the above problem yields an identical solution to problem (15)
[30]. The PDD method is a double-loop algorithm, where the
inner loop solves the AL problem (16) via a block coordinate
descent method while the outer loop updates the penalty
parameter o or the dual variable A according to the constraint
violation. The PDD algorithm is summarized in Algorithm 1,
where the inner loop is subsumed by the “optimize” function
in Step 2. A detailed discussion about the convergence and
optimality properties of this algorithm can be found in [26],
[27]. In particular, it can be shown that under appropriate
conditions, the sequence of iterates X" generated by the PDD
method converges to a KKT (stationary) point of the original

problem?.

Algorithm 1 PDD algorithm for problem (15)

0. initialize x° € X, o9 >0, Ag, andset 0 < c<1,r=0

1. Repeat
2. x"t! =optimize(P, x,,x") % Solve AL problem

3. it [h(x)|e <
4 A1 = A+ h(x")
5. Or+1 = Or

6. else

7 Arg1 = Ar

8 Or+1 = COr

9 end
10. r=r+1

11. Until some termination criterion is met

3In the absence of better alternative, it is readily seen that this proposed
algorithm is the best choice for solving this optimization problem under study.
Due to the NP-hard nature of the problem, based on existing optimization
techniques, it does not seem possible to provide a quantitative analysis of
the performance gap between the optimal solution and that obtained with the
proposed algorithm. At the present time, ensuring convergence to a stationary
point is the best we can do in terms of convergence analysis for this kind
of constrained optimization problem. The characterization of the performance
gap between the optimal and iterative solutions remains an open problem for
future research.



B. Problem transformation

We first transform the optimization problem in (13) into an
equivalent yet more tractable form. To this end, let us introduce
the auxiliary variables ug, 2z > 0 (k € KC), which stand for the
receiver gain and weighting coefficient of user k, respectively.
Using these variables, (13) can be equivalently formulated as
the following weighted MSE minimization problem shown in
(17), in the sense that both problems share the same global
optimal solutions for ¥, W, V, U; and U, under the given
constraints, where 7,; £ 927 and e, denotes the MSE of user
k, which can be expressed as

er = E [Jupyr — sil?]
K ~ A~
= |ug[* | Y 0 UsWULGVE,[* + o3[ Us WU, ||* +
j=1
- (ukﬁf U, WU, G VS, + uff VEGHUIWHUH hk)
(13)

The detailed proof of the equivalence between (13) and (17)
can be found in Appendix B.

C. Augmented Lagrangian problem

Within the PDD optimization framework the difficulties
posed by the coupling terms in the constraints (13b)-(13e) can
be handled by introducing auxiliary variables and additional
equality constraints. In this way, the original coupling con-
straints can be effectively moved into the objective function of
an AL problem, such that the search variables can be optimized
in a block coordinate descent manner [41]. While auxiliary
variables and equality constraints can be introduced in a
different way, here we make use of the following guidelines,
which based on our experience with the PDD, help to simplify
the solution of the resulting AL problem:

1) The new constraints should not contain coupling terms;

2) It should be possible to jointly optimize (i.e., within one
step of block coordinate descent) the variables appearing
in the same constraint;

3) Each search variable cannot appear in more than one
constraint.

Essentially, rule 1) guarantees that the resulting algorithm
converges to a stationary solution of the original problem; we
note that conventional alternating optimization methods with
coupling constraints cannot guarantee optimality [41]. Rule 2)
prevents that the updating algorithm gets trapped in a deadlock
while updating search variables. Rule 3) makes it possible to
decompose the problem into a number of subproblems, which
can be easily solved either in a closed form or by the Lagrange
multiplier method.

In order to cope with the coupling constraints attached to
problem (17), let us introduce a set of auxiliary variables
and equality constraints. Based on rules 1) and 2), we
introduce auxiliary variables: S, Y and X, with equality
constraints S = VF, Y U, WU; and X YGS.
According to rule 3), we introduce auxiliary variables: X,
Y, S, Y, X and {Xk7Yk} with constraints X = X,
Y O’RY S S, Y O’RHRY X HRX

Xk = X and Yk
then be equivalently expressed as (19), where Z
{ug, z1, F, W, V,U;, U5, S, Y, X, X,Y,S, Y. X Xk,Yk}

Y (k € K). Problem (17) can

A

denotes the complete set of Varlables a =
[0,...,0,1,0,...,0]7 (with the 1 in the kth position)
N——

k—1 K—k

is used as a selection vector, and

K
er lun*(Q_ [hi'Xay[® + o | Y?
j=1
oz (IX]1* + 07X ) + o7)
— (ukflkHXak + uZa{XHflk> +1

(20)

rthermore, we note that constraint (19¢) can be viewed

as’ 4 difference of convex (DC) functions:
K
Y X pay 2 + BBV L2 + 02 (Y Xyl + ol Vel?)
Jj#k Jj=1
1 ~pn
—+ 0’]2C — f|thXkak|2 <0, Vk,

k

(21)
which we seek to transform into a convex constraint. Based
on the CCCP concept [32], [33], by linearizing the term
IhH X a2 in the ith iteration around the current point X"
the following approximated convex constraint is obtained:

i

K K
> i Xpa* + oRIBE YL + 02 (D IXeayl® + o[ Vi)
i#k =1
2 i rH~r (1) 12
+ o0, + —|hy X, ai|
Tk
2 (VHe 5o
— S R{af XVHh, b X a,} <0, VE.
Yk
(22)

We then take all the equality constraints into account
by augmenting the objective function (19a) with Lagrange
multipliers: Al, Ag, Ag, A4, )\5, )\6, )\7, )\8, {Ag,}c}, {)\10}]9},
and a penalty coefficient p. Therefore, by employing the PDD
method discussed in Subsection IV-A, the AL problem can
be formulated as (23). The proposed PDD-based transceiver
design algorithm exhibits a double-loop structure, where the
outer loop updates the dual variables and the penalty parameter
while the inner loop seeks to optimize the primal variables by
solving problem (23).

D. Proposed CCCP algorithm for solving problem (23)

Referring to our discussion in Subsection IV-A, the central
element of the PDD-based algorithm is the inner loop for
solving the AL problem, represented by the optimize
function in the outer loop of Algorithm 1. For the FD
MIMO relay transceiver design under consideration here, the
core AL problem takes the form of (23), as obtained after
the introduction of auxiliary variables and application of the
CCCP. In the following, we focus on solving the corresponding
CCCP problem (23) in a block coordinate descent fashion, in
which we divide the optimization variables into a number of



K
Z Zk€l — lOg(Zk)

min
F,W,U1,U2,V {uk,2,} =1

s.t.  (13b) — (13d), (13f) (17)
Ih U, WU, G VT, |2 -
K WU, WULGVE[2 + o3[/ U WU, 2 + N,
K
min ; zrer — log(zk) (19a)
st X2+ 1Y) < P, (19b)
IS|I* < P, (19¢)
X2 + Y] < Py, (19d)
BHX - 2 ’
K {HY 2 2 hHWY |21C ";ak| K < 2 2 1V, [12 2 2 Vi VK, (19)
> ik 1y Xpay |2 + o by Yil2 + 023050, [Xkayl? + o[ Y[?) + 0
S=VF,Y=U,WU;,X=YGS,X=X,Y =0rY,S=S, (19f)
Y =ogHRY, X =HzX, X, =X, Y. =Y, V&, (19g)
|V(l7])| =1, |U1(l7])‘ =1, |U2(l7])| =1,Vi,j (19h)
i 1
min Z(zkék —log(z)) + = ([U2WU; = Y + pA{||* + |[VF — S + pA,|?
z P 2p
+HIYGS — X+ pAs|? + [HRX — X+ pAy||® + [ X — X + pAs |
+lorHRY =Y + pAg||* + orY = Y + pAz[|* + (IS — S + pAs|? (23)
K
+ Z(HXk =X+ pAoil® + 1Yk = Y + pAio]?))
k=1
s.t.  (19b) — (19d), (22), (19h).
blocks, such that for each block the corresponding subproblem closed-form solution as follows
can be solved efficiently in closed form. Specifically, we - <
' - and for (X, Y) = Pa, {pAs + HX, pAs + 0gHzY},  (Q6)

partition the search variables into four blocks, and for each
block, obtain the solution: the corresponding developments are
presented under Steps 1 to 4 below, respectively.

In Step 1, we optimize {u}, (X,Y),S,V, Uy, {Xy, Yi}
in parallel by fixing the other variables. Note that in this
case problem (23) can be decomposed into six independent
subproblems.

The first subproblem for uy is an unconstrained quadratic
optimization problem. By examining the first order optimality
condition, we can obtain the solution shown in (24).

The second subproblem with respect to (X, Y) is given by

min [[HeX = X+ pAa|* + [loaHRY = Y + pXo|*

st | X2+ [|Y]? < P

(25)

It is readily seen that (25) is equivalent to the projection of
a point onto a sphere centered at the origin, which admits a

where Q1 £ | X2 + || Y2 < P _
Similarly, the third subproblem with respect to S can be
solved with the aid of projection, with solution given by

S =Pq,{S — pAs}, @7
where Qy 2 {S|||S||? < P,}.
The fourth subproblem with respect to V is given by
min ||[VF — S + pXs|%.
i | P (28)

By appropriate rearrangement, it can be equivalently formu-
lated as

Tr(VAVCy) - 2R{Tr(VEIBy)}  (29)

min
[V (i,j)l=1
where Cy £ FF and By 2 (S — pXy)FH. Since the
unit modulus constraints are separable, we can use the one-
iteration block coordinate descent type algorithm presented in
the Appendix of [28] to solve problem (29).



X]Ijhk

(24)

Up =

Similarly, the fifth subproblem with respect to Uy is given
by
[U2WU;L =Y + pAd|*. (30)

min
[U1(i,5)|=1
Proceeding as in (28), (29), it can be equivalently formulated
as

Tr(U{' Ay, Uy) — 2R{Tr(U{'By,)}, 31

min
U1 (i,9) =1
where Ay, £ WHUHU,W and By, 2 WHUH (Y —pA).
Problem (31) can also be solved based on the method in [28].
The last subproblem with regard to {Xj, Y}, VE, is ex-
pressed as

K
min
{Xe, Y} 5
st (22).

(32)

We can solve it by applying the method of Lagrange multiplier.
The detailed derivation is shown in Appendix C.

In Step 2, we optimize (X,Y), {zx}, Uz and F in
parallel while fixing the other variables. In this case, problem
(23) can be decomposed into four independent unconstrained
subproblems. o

The first subproblem with respect to (X,Y) can be solved
with the aid of a projection as discussed before, and the

solution is given by

(X, ¥) = o, {5 (A5 + X+ pXs + YGS). pAs +05Y ),
o _ (33)
where Q3 £ {(X, Y)[| X + [ Y]]* < P}
The second subproblem with respect to zj is given by

min  z2pé; — log(zk). (34)
Zk
By examining the first order optimality condition for zx, we
obtain 1
2k = —. (35)
€k
The third subproblem with respect to Us is a quadratic
optimization problem with unit modulus constraints, which is

given by

[U;WU; — Y + pAy |2 (36)

min
[Ua(i,5)|=1
We can adopt the same method as applied to (29) to solve this
problem.
The fourth subproblem of F can be expressed as

min [[VF — S+ pAo|°. (37)
By applying the first order optimality condition, we obtain the
unique solution for F, which is given by

F = (VIV)7IVH(S — pA,). (38)

vk
K " 5 )
> e i 2 + oR MY + o2 (IX[2 + oY )2) + o

In Step 3, we optimize X and Y in parallel by fixing
the remaining variables. In this case, problem (23) can be
decomposed into two independent unconstrained subproblems.

The subproblem with respect to X is given in (39). In this
case, the first order optimality condition yields

K
X = (> zklukl*(hehf! + o2T)
k=1

1
+ z—p(HgHR + (K 4+ 1)I))~'M,

(40)

where M £ Zi(:l zkuZﬁkaE +
o (HE(X = pAs) + X = pAs + Ypey (pAo s + Xk-))-
The subproblem with respect to Y is given in (41). By

Z(”X’f — X+ pAg il + Y, —Y + pA10.)1?)) vectorizing Y and applying the first order optimality condition,

we obtain
(42)
where
K A A
P=2 Z zlugl*o R (I ® hyhf! + 051)
k=1

+ (03 + K+ 1)I+o21@HIHR + (GSSEGH)T o1,
(43)

q =vec (UsWUj + pA1) + vec ((X — p)\g)SHGH)

+ orvec (Hg(? — p)\ﬁ)) + oRrvec ({f — p)q)

K
+ Z vec (p)\lO,k + Yk) .
k=1

(44)

In Step 4, we optimize S and W in parallel by fixing the
remaining variables.

The corresponding unconstrained subproblem for S is given
by
IVE=S+pXs|*+[ YGS — X-tpXs]*+[|S-S+pAs|*.

(45)

By examining the first order optimality condition, we obtain
the optimal value of S as

min
S

S=(2+G"Y"yq)"
x (pAQ FVF + GHIYH(X — pAs) + S+ p)\g) .

(46)
The second subproblem with regard to W is given by
min Uy WU =Y +pAs | (47)

By vectorizing W and examining the first order optimality
condition, we obtain the following solution

vec(W) = (U U7 @ ULU,) ™ vee (UL (Y — pA)UY).
(43)



K
min >z (Ju2OBE X2 + o2IX2) ~ (uehff Xay + vl X hy))

k=1

K
1 . =~ N
+3, <||HRX =X Al X =X+ pAs D (1K — X+ p>\9,k-||2)> -
k=1

K
. ~ 1
min 3" zfusPoh (IREY 2 + 02| YP) + o ([U2WUL =Y + i P
A — 2p

+IYGS — X + pAs|? + lorkHRY — Y + pXg|? + [lorY — Y + pA7|?

K

+ Z HYAv]C -Y + pA101k||2).
k=1

In each iteration of the the inner loop of the PDD-based
algorithm (i.e., Step 2 in Algorithm 1), we implement the
above four updating steps according to the block structure of
the optimization variables. The resulting algorithm to solve
(23) is summarized under the name of CCCP-based algorithm
in Algorithm 2.

Algorithm 2 Proposed CCCP algorithm in the inner loop

0. Define the tolerance of accuracy e€; and the maximum
number of iterations Ny, .. Initialize the algorithm with
a feasible point. Set the iteration number ¢ = 0.

Repeat _

~ Update {ux},(X,Y),S,V, Uy, {Xy, Yy} in Step L.
— Update (X,Y), {21}, Uz and F in Step 2.

— Update X and Y in Step 3.

— Update S and W in Step 4.

— Update the iteration number: ¢ = ¢ + 1.

Until the difference between successive values of the
objective function is less than €; or the maximum number
of iterations is reached, i.e., 7 > Np.x.

NounkLb=

E. Summary of the proposed PDD-based algorithm

In each iteration of the PDD-based algorithm, after imple-
menting the CCCP optimization algorithm in Algorithm 2, we
adjust the penalty parameter p and the dual variables according
to Steps 4-10 in Algorithm 1. Specifically, we decrease the
penalty parameter by updating p <— cp, where 0 < ¢ < 1, and

(39)
(41)
update the dual variables as
1
AP = AT+ — (U,WU; - Y),
P
1
Ap = A3+ y (VF -8),
m-+1 m 1 v
AL = AT +p—m(YGS—X),
1 _
AP = AP o (HpX - X),
1 -
D (xfx),
# (49)
At =g + p (crRHRY - Y),
1 -
)\77n+1 = A"+ — (oRY — Y) ,
P
1 /=~
m+1 _ ym = _
NN (8-s).
1 /4
Agf}j—l = AP+ pim Xy —X) ,
1 /-
Al = Mo+ o (Y ~Y), kek,
We define a constraint violation indicator A as
h =max{|UyWU, — Y||,|[VF — S||,|[YGS — X]||,
H:zX — X|, IX = X||, lecrHRY — Y],
[HpX = X X = X lorHRY - ¥ o

”URY - ?”7 ”S - S||7 ”Xk - X”a
Y5 = Y|, Vk € K}.

We terminate the algorithm when h < €5, where €5 denotes the
tolerance of accuracy of the outer loop. Furthermore, based on
the convergence analysis in [26] and the equivalence between
problems (13) and (17), we can conclude that the proposed
PDD-based joint optimization algorithm converges to the set
of stationary solutions of problem (13). To better guide the
reader, the internal structure of the PDD-based algorithm is
exposed in the form of a flow-chart in Fig. 3. In particular,
in the inner loop of the algorithm, the optimized variables
are divided into four blocks, which are updated sequentially.
Within each block however, the variables can be optimized in
parallel.
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Fig. 3: The flow chart exposing the internal structure of the proposed PDD-based algorithm.

V. PRACTICAL DESIGN CONSIDERATIONS

In this section, we first extend the proposed joint hybrid
transceiver design algorithm to the case where finite resolution
phase shifters are employed in the FD mmWave MIMO relay
system. We then present the detailed computational complexity
analysis of the proposed PDD-based algorithms for both cases
of infinite and finite resolution phase shifters.

A. Transceiver design with finite resolution phase shifters

In practice, the mmWave hardware for accurate phase
control could be very expensive. Thus, we need to consider
hybrid beamforming with finite resolution phase shifters, i.e.,
when the set of candidate phases for each phase shifter is
finite.

Let F denote the finite codebook of phases, with cardinality
|F| = 2B, where B denotes the number of bits used to
quantize the phases. The corresponding problem can be for-
mulated as (51). The proposed joint hybrid transceiver design
algorithm introduced in Section IV can be straightforwardly
adapted to the above case with finite phase resolution. The
modification lies strictly in the optimization of V, U;, and
U, in the subproblems of Step 1 and Step 2, which in each
case amounts to a quadratic optimization with unit modulus
constraint. Therefore, by taking the constraint of finite discrete
phases into account, (28) can be reformulated as

min _Tr(VEVCy) - 2R{Tr(VEBy)},

52
V(i,j)€F (52)

where we take the optimization of V as an example. Problem
(52) can be tackled by using the one-iteration block coordi-
nate descent type algorithm with one-dimensional exhaustive
search over F [28].

B. Computational complexity

In the following, we analyze the computational complexity
of the proposed PDD-based joint hybrid transceiver design
algorithm, where the number of complex multiplications is
used as a measure of complexity. We first focus our attention
on the computational complexity of updating (X, Yy), Vk
and W in Step 1 and Step 4, respectively, of the algorithm
introduced in Subsection IV-D. For the subproblem with
respect to (Xk,Yk),Vk, since ay, hy, Ao and Aqgp are
invariant in the optimization, we can precalculate the cor-
responding terms such as (ajajT) ® flkﬁkH . Notwithstanding
the computation of these constant terms, the complexity of
this subproblem is dominated by the matrix inversion and the
bisection method used to search the Lagrangian parameter vy.
The number of iterations for the latter is logQ(Gg—j), where
fo,s is the initial interval size and 6, is the tolerance. The
calculation of Xk and Yk involves the inverse of a matrix
based on Gauss-Jordan elimination, with complexity* O (N?).
Hence, the overall complexity of updating (X, Y}),Vk is
(@] (Nf’ +10g2(93—j)). For the subproblem with respect to
W, the computational complexity is dominated by the matrix
operations in (48), and is given by O(N% ) + O(NgrN?).

By following similar steps as in the above analysis for the
subproblems with respect to (X, Y}), Vk and W, we can ob-
tain the computational complexity for the other subproblems,
as summarized in Table I. In addition, note that the proposed
one-iteration block coordinate descent type algorithm shown in
[28] has a complexity of O(n?), where n denotes the number
of input variables. Therefore, by retaining dominant terms the

“Due to the block diagonal structure of matrix J z(vg) (see (66) in
Appendix C), the computation of X can be decomposed into K parallel
components, which requires O (Nf ) complexity.



max

k=1
s.t. (13b) — (13e)

K ~
h7U,WU,GVf,|?
Zlog 1+ —% ~ by Us ! d (51a)
PWN LU, > 1 RTUWULGVE 2 + 03 [nf Us WU, | 1 N,
(51b)
V(imj)e-Fu Ul(imj)efa U2(iaj)6‘F7 V’L,] (510)

overall complexity of the proposed joint hybrid transceiver
design is

bo,s
o (11[2 (NE + log, ( g ) + (NrpN,)? + NgF>> , (53)
where [, and I denote the maximum number of iterations
for the outer and inner loops, respectively. Similarly, we can
find that the computational complexity of the proposed design
algorithm with finite resolution phase shifters is

05

0o,
@ <1112 (Nf’ + log,( 0. )+ (Nge N, + 28)Ngp N, + ng> .

(54)

VI. SIMULATION RESULTS

In this section, we evaluate the performance of the pro-
posed PDD-based joint hybrid transceiver design algorithm
for mmWave FD MIMO relay systems by means of computer
simulations.

In the simulations, we employ a widely used mmWave chan-
nel model with uniform linear antenna array configuration, as
in e.g., [43]-[46]. Specifically, based on the Saleh-Valenzuela
model [47], [48], the channel matrix between the BS and RS’
can be expressed as

LP
G = /MM, L, > asa,(67)a(6])
=1

where L, is the number of distinguishable paths, a; ~
CN(0,1) is the complex gain of the I-th path, a,(6]) and
a;(#}) are the receive and transmit array response vectors,
where 6] € [0,27) and 0! € [0,27) are the azimuth angles
of arrival and departure (AoAs and AoDs), respectively. The
generic expression for the response vector is given by

(55)

a(9) = 1 [Lejkodafrsin(é)’”.7ejkoda(M—1)7rsin(9)]T

VM 56)

where k, = 2m/)\,, A, is the wavelength at the operating
frequency and d,, is the antenna spacing. The ST channel matrix
Hpy, is generated based on the model described in [49].

We set the desired per user transmission rate in (13e) to
v = 0.6 bits per channel use. We assume that the BS and
the RS are equipped with the same number of RF chains, i.e.,
R, = Ry £ Ngip. The input SNR at the relay is defined as

SNR; £ NP 2> while the SNR at the destination is defined
as SNR, £ IQQ. In the simulations, we let SNR; = 15 dB

and vary SNng for simplicity. All the results are obtained

SHere we provide the detailed mmWave channel matrix G of the link
between the BS and the RS, while the channel matrix H between the BS and
the users can be obtained similarly.

Sum rate (bits per channel use)
Constraint violation

0 100 200 300 0 100 200 300
Number of iterations Number of iterations

Fig. 4: (a) Sum rate and (b) constraint violation versus the
number of iterations for the proposed PDD-based joint hybrid
transceiver design algorithm.

by averaging over 1000 independent Monte Carlo runs. The
tolerance parameters for the proposed algorithm are chosen as
€1 = €3 = 107* while N,,q, = 400. The parameter c in the
PDD outer loop (see Algorithm 1) is set to ¢ = 0.95. We
consider different variations of the proposed design algorithm
as well as other benchmark approaches, as indicated by the
following terminology:

o PDD: The proposed PDD-based joint hybrid transceiver
design algorithm.

e B bits: The proposed algorithm with finite resolution
phase shifters employing B bits, i.e., with a finite code-
book of size® 25.

e B = oo: The transceiver design with infinite resolution
phase shifters, i.e. without considering phase quantiza-
tion.

o FD: Full-duplex mode of operation.

o HD: Half-duplex mode of operation.

o Robust: The proposed PDD-based design relying on
worst-case sum rate maximization.

o Nonrobust: The PDD-based design without taking the
CSI errors into account.

Let us first study the convergence of the proposed PDD-
based robust joint hybrid transceiver algorithm versus the
number of outer iterations. Here, we set N; = 8, N,. = 16,
Ngrr =4, K =3, 02 = 0.04 and SNR, = 10 dB. In Fig. 4
(a), we show the sum rate performance versus the number
of iterations for the proposed algorithm, which is seen to

The available phase values are uniformly distributed around the unit circle.



TABLE I: Complexity analysis of the proposed CCCP algorithm in the inner loop

Subproblem Complexity
{ug} O(N7)
X.Y) O(N})
v O((NrrNt)?)
U, O((NRFNr )
{Xks Y} (@) (N3 + log, ( )
8% O,
2
P U, O((NrrNr)?)
F ONZ 1)
X O(V;)
Step 3 Y O(NS)
S O(V?)
tep 4 t
Step W O(NS ) + OWNgr N2)

30

Nonrobust (02:02)
—E— Robust (ﬂ'§=0.2)
—Q— Perfect CSI

Nonrobust (o§=o.o4)

—&— Robust (02:0.04)

25

Sum rate (bits per channel use)
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Fig. 5: Comparison of sum rate performance versus SNR for
the proposed robust and nonrobust joint hybrid transceiver
design algorithms.

convergence within less than 200 iterations.” Fig. 4 (b) shows
the corresponding value of the constraint violation indicator,
i.e., penalty term (50), versus the iteration number. We find
that the penalty terms decrease to a value below 10~ after 200
iterations, which supports our claim that the proposed PDD-
based algorithm can effectively tackle the equality constraints.

Next, we investigate the robustness of the proposed PDD-
based joint hybrid transceiver design against CSI errors. The
PDD-based joint design without taking CSI errors into account
is also implemented for comparison. Fig. 5 shows the sum
rate performance of these schemes versus SNR,, where we
set Ny = 8, N, = 16, Ngr = 4 and K = 3. From the
results, we can see that the proposed robust joint transceiver
design outperforms its nonrobust counterpart by a significant
margin, where the performance degradation of the nonrobust
design is due to the CSI mismatch. These results demonstrate
the effectiveness of the proposed design approach based on

"Due to the parameter adjustment in the outer loop of the proposed PDD-
based algorithm, the value of the objective function at each iteration does not
change monotonically. However, the proposed algorithm does converge to a
stationary solution of the original problem, and the equality constraints are
guaranteed.
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Sum rate (bits per channel use)

Fig. 6: Sum rate performance versus the number of RF chains
for the proposed PDD-based FD and conventional HD design
algorithms.

the worst-case sum rate maximization, as a means to handle
CSI errors. In particular, the performance gain with the robust
design increases with the variance of the CSI errors. The
performance of the perfect CSI case is provided as an upper
bound reference.

Fig. 6 shows the sum rate performance versus the number
of RF chains for the proposed robust joint transceiver design
for FD mmWave relaying versus the conventional transceiver
design for HD mmWave relaying, as per [7], [24], [25]. For
these experiments we set oz =0.04, NN=N, =16, K =3
and SNRy, = 5 dB. In Fig. 6, we can see that the sum
rate performance of the proposed FD and conventional HD
designs increases with the number of RF chains increases.
However, compared to the proposed FD scheme, the conven-
tional scheme suffers from a significant performance loss due
to the HD operation. The performance of the HD scheme
does not increase as dramatically as that of the proposed
FD algorithm, we here consider the scenario with a small
number of users and the performance gain of the proposed
FD algorithm compared to the conventional HD algorithm
is almost doubled with the increasing of the number of RF
chains. The performance of the fully digital FD scheme is
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Fig. 7: Sum rate performance versus SNR, for the proposed
FD and conventional algorithms.

provided as a reference. In Fig. 7, we show the sum rate
performance as a function of SNRy for the proposed FD
joint hybrid transceiver design, the FD separate transceiver
design8 and the conventional HD scheme, where we set
N; =8, N, = 16 and K = 3. The performance of the fully
digital transceiver is provided as a reference. It is observed
that the fully digital scheme achieves the best performance,
followed by the proposed FD joint transceiver design, the FD
separate transceiver design, and the conventional HD scheme.
In particular, thanks to the FD operation of the proposed
algorithm, the sum rate performance is approximately doubled
compared to the HD scheme. Since we jointly optimize the
analog and digital beamforming matrices and the proposed
algorithm can converge to a stationary solution of the original
problem, the performance of the FD algorithm is much better
than that of the heuristic separate design. Fig. 8 shows the
sum rate performance versus SNR, for the case of large-scale
antenna arrays, where we set N; = N, = 64, Nrr = 8 and
K = 3. From the results, we note that the proposed design
achieves the best performance amongst the systems using a
reduced number of RF chains, and this by a significant margin.

In the following, we focus on the performance of the
proposed robust FD joint hybrid transceiver design with finite
resolution phase shifters, where the PDD-based algorithm in-
troduced in Section IV is modified as explained in Subsection
V-A. Fig. 9 shows the convergence behavior of this algorithm
using B = 6 bits for phase quantization, where we set V; = §,
N, =16, Ngr = 4, K = 3, 02 = 0.04 and SNR, = 10dB.
In particular, Fig. 9 (a) and Fig. 9 (b) illustrate the sum
rate and constraint violation versus the number of iterations,
respectively. In this case, the proposed algorithm converges
within 300 iterations, while the penalty term decreases to a
value below 10~%. Fig. 10 depicts the sum rate performance
versus SNR» for the proposed algorithm with finite resolution
phase shifters for different numbers of quantization bits, i.e.,

8For the separate design, the analog beamforming matrices are determined
by using the channel matching method and the baseband beamforming
matrices are optimized based on the proposed PDD-based algorithm.
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Fig. 8: Sum rate performance versus SNRy for the proposed

FD and conventional algorithms in the case of large-scale

antenna arrays.
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Fig. 9: (a) Sum rate and (b) constraint violation versus the
number of iterations for the proposed joint hybrid transceiver
design with finite resolution phase shifters (B = 6 bits).
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Fig. 10: Sum rate performance versus SNRy for the proposed
algorithm with finite resolution phase shifters.



B =4, 6, and 8. In this simulation, we set N; = 8, N,. = 16,
Nirrp =4, K = 3 and 03 = (.04, while the performance of
the proposed FD joint hybrid transceiver design with infinite
resolution phase shifters is provided as a reference. We first
note that due to the finite resolution of phase shifters, the sum
rate performance degrades monotonically when the number B
of quantization bits is reduced, allowing a trade-off between
complexity and transmit power. For instance, for a sum rate
level of 18 bits per channel use, the proposed algorithm with
B = 8 bits can save up to 4 dB in transmit power when
compared to that with B = 4 bits. We also observe that
the performance of the proposed PDD-based algorithm with
finite resolution phase shifters nearly achieves that of the
infinite resolution phase shifters for B = 8 quantization bits,
which demonstrates the effectiveness of the proposed design
algorithm in practice.

VII. CONCLUSIONS

In this paper, we have investigated the robust joint hybrid
beamforming design for a multiuser mmWave FD relay sys-
tem. To tackle this challenging problem, where the design vari-
ables are highly coupled through the objective and constraint
functions, a novel PDD-based algorithm has been proposed
to jointly optimize the BS digital and analog beamforming
matrices, the RS receive and transmit analog beamforming
matrices, and the RS digital AF beamforming matrix under
the transmit power constraints, the residual self-interference
power constraint at the RS, the per user QoS constraint, along
with the unit modulus constraints on the elements of analog
beamforming matrices. The proposed PDD-based algorithm
performs double-loop iterations: the inner loop update the
optimization variables in a block coordinate descent fashion;
while the outer loop adjusts the Lagrange multipliers and
penalty parameter. The convergence of the proposed PDD-
based algorithm has been discussed, along with its extension
to the case of finite resolution phase shifters. A detailed
computational complexity analysis was also provided. Our
simulation results have demonstrated that the proposed PDD-
based algorithm for robust joint design of hybrid FD relay
systems can achieve better performance than the conventional
hybrid beamforming algorithms.

APPENDIX A
DERIVATION OF (12)

The Woodbury matrix identity is given by [50]

(A+BCD)'=A"'-A"'B(C' +DA'B)"'DA !,

(57
where A, B, C and D denote matrices of appropriate di-
mensions. Let us assign A <+ I, B « flk, C Tgl and
D « h Qj, then by using (57), we have

BB Q) !
+ ka’“) . (58)

hh/Q, (I
Ty

hHQuhy + 1y

Therefore, the left hand side (LHS) of (10) can be rewritten
as

1 h,hH?
logdet<27rer (I bk =k Qs ))
2 hQihy + Ty
1 hh7Q,\ !
=1 2 I+ —kF= .
5 ogdet< 77er< + T,
1 1 hyh? Q;
= —1 — =1 I+ —==).
3 ogdet(Zwer> 5 ogdet( + T,
(59

Using (59) and invoking the identity det(I + AB) = det(I +
BA), (10) can be rewritten as

g 1 h,hf Qy
H(pxlyr, H) < - logdet(27rer (I B e L
2 h/Qihy, + Ty,
= %log det(27rer>
1 hi’Qhy
— =1 14 —k =ETE)
3 og det( + T, )

(60)
Finally, substituting (60) into (8) yields
hi |2
|hy U2“;U1GV & ) 1)
k

L1
H(pr; yeH) > 5 log (1 +

APPENDIX B
PROOF OF EQUIVALENCE BETWEEN (13) AND (17)

Note that uy and zj, only appear in the objective function
of (17). Hence, by fixing the other variables, the optimum wuy
for minimizing (17) is given in (62). It can be seen that the
objective function of (17) is convex with respect to z; when
fixing the other variables. Hence, the optimum z; in (17) can
be obtained based on the first order optimality condition as
follows,

zp = e, ', Vk. (63)

By substituting (62) and (63) in (17), we have the equivalent
optimization problem shown in (64). It is readily seen that
(64c) is equivalent to (13e). Finally, we obtain problem (13).
This completes the proof.

APPENDIX C
SOLUTION TO PROBLEM (32)

Note that (32) can be solved in closed form based on
the Lagrange multipliers method. By attaching a Lagrange
multiplier vy to constraint (22), we then obtain the following
Lagrange function

K
L(Xy, Yi,v0) 2D (1Kk = X+ pAosl® + 1Yk = Y + pAiosl*))

k=1
K

+ur (Y I Xpay|* + of D Y|
ik
K
+ o2 (D IXeay|? + ol Ykl?) + o7
j=1
1 mpei 2 NHe e
+ b X a2 - SR{a X R R X a,))
Vi Tk
(65)



fAVAGHUIWH Uk,

U =

S, B U, WU GVE 2 + 03 [ Uy WU |2 + Ny,

Vk. (62)

hf U, WU, GVf;,|?
max Zlog 1+ —% = [hi; Uz ! k| (64a)
FW.ULUV DK %k WU, WU, GV1,/ |2 + 04 |h U, WU, ||2 + Ny,
s.t. (13b) — (13d), (13f) (64b)
\hHUQWUlGVfM2 ,
e > Y- (64c)
> s |hHU2WU1GVf |2 + 0R||hHU2WU1H2 + Ny,
By vectorizing X’a and examining the first order optimality ~ Furthermore, (69) is equivalent to
condition of L(Xy, Yy, vi) with respect to vec(Xy(vg)), we - ) .
obtain T (Jo (0) ™ U (vr) ™ s (0 (0r) ™)
) ) + Tr(Jy (0r) 7 Oy (vr) 'RyRY)
vee(Xg(vg)) = Tz (vi) ™ re(vr), (66) 1 (70)
— Tr(—(Jo(vr) " "ra(vi)ay!
where J,(vg) £ 1+ vk(z ;ék(a] e (hth) + 02I) and T . I
A g H (). o + 3 (o) " rapra (0) ) + 1, = 0.
ry(vg) = vee(X — pAg  + 2 ¥ s vec(hyht ch aia, )).
k
By examining the first order optimality condition of Due to the fact that
L(Xg, Yk, ith tto Yy, we h oy .
(Xk, Y, vi) with respect to Yy, we have T (v8) :I+ka:U%(U71+ka)U% 71)
Y (vr) =J,(ve) 'R, (67) L
(08) = Ty (o) Ry J,(0p) =T+ 0,0 =0z (U + D)0z, (72)
where J, (vg) £ I—l—vko}%(flkﬁkH—i—agI) and R, £ Y —pAi04- .
The optimal multiplier v; should be determined such that (70) can be rewritten as
the’ clfiogplementarity slackness condition of the constraint is Tr((fj—l + UkI)_zfj_%rEUk)I‘ka)Hﬁ_% )
satisfied. . N o
Let us define + va((U—1 +o,) 20U R, RITUE)
(73)
o LE . SO + D) O (ol
Pe(Xp, Yi) £ ) [hi!Xpay|* + o | Yl ) -
j% + rim(vk)H)Uié)) + 1t = 0.
K . .
U?(Z kaajHQ n U}%HYkHQ) 4 a,% Finally, (73) can be equivalently expressed as
L ) & o
£ H 5 (1) aTX T b — — L +t, =0
+7};|hk Xk ak| ’)/k%{ X hkhk Xkaki S +Uk)2 +; (Sz+vk ; 31+'Uk k ’
(68) (74)
When Py (X (0), Y1,(0)) < 0, we have the optimal X, = where
Xk()and k:Y() therwise we must have _ _ rHyT-1 Hi1—371. .
. . . dz(vk) - [V U Qra:(vkr)rz(vk‘) U 2V]7,7z>
Po(Xp(vp), Yi(vr)) = which results in the following - NI 1
equation: di =[VIU2R,R/U > V], (75)

rm(vk)HJx(vk) 1UJ( k) rz(vk)

+ Te(RY T, (vi)~ 103, (vi) 'Ry)
1
- 7 (quJa:(Uk)_lrx<Uk) + rﬂﬂ(vk)HJI(Uk)_lqk)
k
+ i = 07
(69)

where U 2 K, (ajal) @ (hth)—i—JQI U 2 o2 (hyhY +
o), qr = hthX( )akak and t, £ o2 + %|thX,(C a; |2

gi(v) = V'O (r(v)at! + qur(v) ") U V];,

Here, V denotes a unitary matrix consisting of the eigenvec-
tors of U~! \7 denotes a unitary matrix consisting of the
eigenvectors of U1, and s; denotes the corresponding eigen-
values of U™, so thatU 1 = VHdiag{si,ss,...,5xn,}V,
and §; denotes the corresponding eigenvalues of ﬂ 1, so that
U~ = VHdiag{5,,35,,...,5n,}V. Note that the optlmal
v must be positive, hence (74) can be solved using a one
dimensional search. Finally, by substituting the optimal v in
(66) and (67), we obtain the solution for {Xk,Yk}
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