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Given a principal G-bundle P over a space X, the gauge group G(P) of P is the topolo-
gical group of G-equivariant automorphisms of P which fix X. The study of gauge groups
has a deep connection to topics in algebraic geometry and the topology of 4-manifolds.
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4-manifolds for a long time. In this thesis, we investigate the homotopy types of gauge
groups when X is an orientable, connected, closed 4-manifold. In particular, we study
the homotopy types of gauge groups when X is a non-simply-connected 4-manifold or
a simply-connected non-spin 4-manifold. Furthermore, we calculate the orders of the
Samelson products on low rank Lie groups, which help determine the classification of

gauge groups over S4.
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Chapter 1

Introduction

Gauge groups arise naturally in physics. In a physical theory, a local coordinate frame at
each point is represented by an element of a Lie group G. A gauge group is a collection

of local symmetries, which are continuous pointwise transformations of these local bases.

In mathematics, a gauge group G(P) associated to a principal G-bundle P over X is the
topological group of G-equivariant automorphisms of P which fix X. The study of gauge
groups has a deep connection with topology and geometry, especially within the study of
4-manifolds, which is one of the most central and difficult topics in modern mathematics.
For example, Donaldson applied SU(2)-gauge theory to obtain his groundbreaking results

on the classification of smooth 4-manifolds, for which he won the Fields Medal.

Suppose X is an orientable, connected, closed 4-manifold and G is a simple, simply-
connected, compact Lie group. Every principal G-bundle over X is classified by its
second Chern class k € Z. Denote its associated gauge group by Gi(X). When X is a
simply-connected spin 4-manifold, many cases of the homotopy types of gauge groups
of X have been investigated over the last twenty years. For examples, there are 6
distinct homotopy types of Gi(X)’s for G = SU(2) |Kon91|, and 8 distinct homotopy
types for G = SU(3) [HKO06]. When localized rationally or at any odd prime, there
are 16 distinct homotopy types for G = SU(5) [Thel5| and 8 distinct homotopy types
for G = Sp(2) [ThelOal. However, many problems still remain unsolved. Compared to
the extensive work on the spin 4-manifold case, only two cases of Gi(X) have been studied
for non-spin X, which are the SU(2)- and SU(3)-cases [KT96, Thel2|. Furthermore,
very little is known about Gi(X) when X is a non-simply-connected 4-manifold due to

the complexity of the topology of 4-manifolds.
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My Ph.D. research includes three interrelated projects: (1) the homotopy types of gauge
groups over non-simply-connected 4-manifolds, (2) calculating the orders of the Samelson
products on Lie groups and (3) the homotopy types of gauge groups over non-spin 4-
manifolds, of which my findings are summarized in my three articles [So18a, So18c, So18b]
in Chapter 6 to 8. In the first project, I developed a homotopy decomposition of gauge
groups based on ideas in [Sut92, ThelOb| that enabled me to decompose the gauge groups

over certain non-simply-connected 4-manifolds.
Theorem A. Let X be an orientable, smooth, connected, closed 4-manifold and let G
be a simple, simply-connected, compact Lie group. If m(X) = Z*"™ or Z/p"Z for some

odd prime p, then we have
Gr(X) =~ Gr(X") x “loop spaces” on G,

where X' is S* or CP2. If m(X) = (Z*™ (*?ZIZ/p;jZ)) for odd primes p;, then we

have
2d
Gr(X) x H Q%G ~ Gi(X') x “loop spaces” on G

where d is some positive integer.

The space X’ is S* or CP? depending on whether the suspension of the attaching map of
the 4-cell in X is null homotopic or not. Also, the term “loop spaces” refer both to iterated
based loop spaces QG, Q2G and Q3G and modular loop spaces QG{p"} and Q2G{p"},
where G{p"} is the homotopy fiber of the p"-power map on G. Explicit decompositions
are stated in Chapter 6.

By Theorem A the homotopy types of G,(X) are determined by Gi(S*) and Gi(CP?).
Combining the known results of Gi(S%) and Gi(CP?) [HK06, KK18, KTT17, Kon91,
Thel0Oa, Thelb, Thel7, KT96, Thel2| gives the following partial classification of G (X).

Corollary B. If X is an orientable, smooth, connected, closed 4-manifold with m (X) = Z*™

or Z/p"Z, then the following hold:

o when G = SU(2), there is a homotopy equivalence Gi.(X) ~ G(X) if and only
if (12,k) = (12,1) for X spin, and (6,k) = (6,1) for X non-spin;

e when G = SU(3), there is a homotopy equivalence Gi(X) ~ G|(X) if and only
if (24, k) = (24,1) for X spin; there is a p-local homotopy equivalence Gi(X) ~ G;(X)
if and only if (12, k) = (12,1) for any prime p and X non-spin;

e when G = SU(n), there is a p-local homotopy equivalence Gi(X) ~ G(X) if and
only if (n(n?—1),k) = (n(n?—1),1) for any odd prime p such thatn < (p—1)2+1;

e when G = Sp(2), there is a p-local homotopy equivalence Gi(X) ~ Gi(X) if and
only if (40, k) = (40,1) for any odd prime p;
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e when G = G, there is a p-local homotopy equivalence Gi(X) ~ G;(X) if and only
if (84,k) = (84,1) for any odd prime p.

The second project was to calculate the orders of the Samelson products on Lie groups G.
The commutator map [1,1] : G x G — G that sends (a,b) to a~*b~lab descends to a
map (1, 1), unique up to homotopy, called the Samelson product. In Chapter 5 we will

define the order of (1,1).
ine the homotopy types of gauge groups of principal G-bundles over S*, which will be

It measures the non-commutativity of G and helps determ-

explained with more details in Chapter 5. In general, calculating the order of (1,1) is
difficult. To simplify the calculation, I used the homotopy decomposition of low rank
Lie groups developed by [MNT77, CN84, The07], which is introduced in Chapter 4, and

obtained the following results.

Theorem C. For a p-localized Lie group G, the order of (1g,1¢g) is p" when

G r=20 r=1
SU(n) p>2n n<p<2n
Sp(n) p>4n 2n < p <i4n

Spin(2n + 1) p>4n 2n <p<idn
Spin(2n) p>4dn—4 [2n—2<p<dn—4

Go p=>5p>11 p="17,11
Fy, B p>23 11 <p<23

B, p> 31 17 <p<3l

FEg p>5H9 23 <p<hH9

In the third project, I investigated the homotopy types of Gi(CP?), which determine the
homotopy types of G, (X) for non-spin 4-manifold X by the homotopy equivalence [So18a

d—1

Gr(X) ~ Gr(CP?) x [[ 2%G.

In particular, I studied the boundary map 8] : G — Map*(CP?, BG) of the evaluation
fibration Map*(CP?, BG) — BGy(CP?) — BG and showed that its order helps determine
the homotopy types of Gy (CP?).

Theorem D. Let m be the order of ;. If (m,k) = (m,l), then G,(CP?) is homotopy

equivalent to G;(CP?) when localized rationally or at any odd prime.

Furthermore, I used unstable K-theory as in [HK06] to give a lower bound on the order
of 9] for G = SU(n).

Theorem E. When G = SU(n), the order of 0} is at least in(n* — 1) for n odd

and n(n? — 1) for n even.
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This thesis is a hybrid of the traditional style and the three-paper style. The structure
is as follows. Chapter 2 to 4 give a preliminary introduction to homotopy theory, gauge
groups and topological localization of Lie groups. Chapter 5 explains the relation among
my three articles [Sol8a, Sol8c, So18b], which appear as individual chapters in Chapter 6
to 8.




Chapter 2
A review of homotopy theory

The purpose of this chapter is to prepare background material and give a quick review
of basic notions in homotopy theory which are the main tools for calculations in later
chapters. Most statements are mentioned without proof. Readers are advised to refer to
[Ark11, Sel08, Hat02] for more details.

2.1 Basic notions

Throughout the thesis, we assume that all spaces are locally compact Hausdorff and all

maps are continuous.

Homotopy can be thought as a time evolution of maps. It is worth keeping track of
where points are going during the evolution. Therefore unless specified, we always equip
a space X with a point xg € X, called a basepoint. The pair (X, z¢) is called a pointed
space and denoted by X without ambiguity. We also require any map f: X — Y to be
pointed, that is f sends the basepoint g € X to the basepoint yy € Y.

Here we give some basic constructions of pointed spaces. For two pointed spaces (X, xg)
and (Y, yo0), the wedge X VY is the quotient XUY /xy ~ yp with the basepoint (xg) = (yo).
It can be regarded as a subspace of the Cartesian product (X X Y, (xg,y0)) through an

inclusion map

—

. avyO)v acX
1: XVY >XXY, a—

(xo,a), a€Y.

The smash product X AY is defined to be the quotient X x Y/X VY. Its basepoint is

the image (X VY). The wedge and smash product constructions satisfy associativity
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and distributivity
(XAY)NZ=ZXNY ANZ),

XANYVZ)=(XAY)V(XANZ),
(XVY)NZ=Z(XANZ)V (Y AZ).

When Y = S', the smash product S' A X is called the suspension of X and denoted
by ¥X. For example, ¥S" is homeomorphic to S"*! for n > 0.

V- -
— <%

Sn Sn+l

A point in XX can be represented by a quotient class (t,x) where t € I and =z € X.
The basepoint is * = (0,2') = (1,2') = (¢, z¢) for all ¥’ € [ and 2/ € X. Given a
map f : X — Y, the suspension of fisamap Xf : XX — XY defined by X f (¢, x) = (¢, f(x)).

Another important construction is the mapping space
Map(X,Y) = {f: X = Y},

which contains all continuous (but not necessarily pointed) maps from X to Y. It is
equipped with the compact-open topology, that is open subsets are generated by the
subsets of the form

Uy ={f: X = Y|f(K)CV},

where K C X is compact and V' C Y is open. Its basepoint is the constant map x : X — Y
which sends all z € X to yp € Y. Similarly we define the pointed mapping space Map*(X,Y)
to be the subspace of Map(X,Y’) containing all pointed continuous maps from X to Y.
For any spaces X,Y and Z, their mapping spaces satisfy the exponential laws, that is

homeomorphism relations

Map(X x Y, Z) =2 Map(X,Map(Y,Z)) and Map*(X AY, Z) = Map*(X, Map*(Y, 2)).

The path space PX and the loop space 2X of X are defined to be the pointed mapping
spaces Map*(I, X) and Map*(S?, X). They contain paths v € PX and loops w € QX
such that their initial values v(0) = w(0) = z¢. Given a map g : ¥ — X, the looping
of g is a map Qg : QX — QY defined by w(t) — fow(t).

Now we describe the notions of homotopy and homotopy equivalence.
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Definition 2.1. Twomaps f,g: X — Y are homotopic if there existsamap H : X xI — Y,
called a homotopy, such that

f(), t=0
H(.I‘,t): g(x), t=1
Yo, T =0

We denote it by f ~p g or simply f ~ g. If f is homotopic to the constant map *, then

it is called null homotopic.

Definition 2.2. Amap f : X — Y is a homotopy equivalence if there existsamap g : ¥ — X
such that gof ~ 1x and fog ~ 1y. Then we say that X and Y are homotopy equivalent.

If X is homotopy equivalent to a point, then it is called a contractible space.

Homotopy forms an equivalence relation in the set of maps. The equivalence class of a
map f is denoted by [f] and the set of equivalence classes [X,Y] is called a homotopy
set.  Also, homotopy equivalence is an equivalence relation in the set of spaces and
the homotopy equivalence class of a space X is called the homotopy type of X. For

spaces X,Y and Z, by the exponential law there is a bijection
X AY, 2] 2 [X, Map*(Y, 2)].

This relation is called the adjunction. When Y = S1, it becomes [2X, Z] = [X, QZ].

For n > 0, the n'* homotopy group m,(X) is defined to be [S™, X]. The adjunction implies
that m,41(X) = m,(Q2X). A space X is n-connected if 7;(X) is trivial for i < n, and is
weakly contractible if m;(X) is trivial for all ¢ > 0. A map f : X — Y is n-equivalence
if the induced homomorphism f, : m;(X) — m(Y) is an isomorphism for i < n, and is
weak equivalence if fi : m;(X) — m;(Y) is isomorphism for all ¢. Obviously all homotopy
equivalences are weak equivalences. The converse is true when the spaces are CW-

complexes.

Theorem 2.3 (Whitehead). Any weak equivalence f : X — Y between CW-complexes X

and Y 1is also a homotopy equivalence.

2.2 H-spaces and co-H-spaces

A topological group G is a topological space having continuous maps m : G x G — G
and 2 : G — G satisfying abstract group axioms. From the point of view of homotopy
theory, these axioms are too strong and limit the existence of a topological group struc-
ture on a space. Instead, we can weaken the axioms so that they are satisfied up to

homotopy and generalize the notion of a topological group.
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Definition 2.4. A space Y is an H-space if there is amap m : Y x Y — Y, called a

multiplication, satisfying the homotopy commutative diagram

where i1 and i are inclusions sending y € Y to (y,yo) and (yo,y).

Definition 2.5. Let Y be an H-space and m be its multiplication. Then we say that:

1. Y is homotopy associative if m satisfies the homotopy commutative diagram

Ixm

Y XY xY —Y xY

MJ Jm

YxY —" Y,

2. Y is homotopy commutative if m satisfies the homotopy commutative diagram

where T:Y xY =Y xY swaps (y1,92) to (y2,y1);

3. Y has a homotopy inverse if there is a map ¢ : Y — Y satisfies the homotopy

commutative diagram

V2 vy x Yy Yy vy Xy v By

=T

Y

where A is the diagonal map and = is the constant map;

4. Y is an H-group if it is homotopy associative and has a homotopy inverse.

Example 2.6. All topological groups are H-groups. In particular, S°, S* and S? are Lie
groups and hence are H-groups. They correspond to the unit spheres in R, C and H.
While S7 corresponds to the unit sphere in @ which is not associative, it is an H-space
but not a topological group. By a famous theorem of Adams [Ada60], these are the only

spheres which are H-spaces.

Example 2.7. For w, u € X, define a loop multiplication by

w(2t), 0<t<1/2
p(2t—1), 1/2<t<1.
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One can check that QX is an H-group with this loop multiplication.

Suppose Y is an H-space with multiplication m. For f,g: X — Y, define f x,, g to be
the composition
Fxmg: X D xxxyxy ™y,

where A is the diagonal map. The homotopy class [f X, g] does not depend on the choice
of representative maps of [f] and [g], so X, induces a strict multiplication on [X,Y].

When Y is an H-group, [X,Y] is a group with x,, as its operation.
There is a dual notion of an H-space.

Definition 2.8. A space X is a co-H-space if there is a map o : X — X V X, called a

comultiplication, satisfying the homotopy diagram

where p; and po pinch the second and the first copy of Y respectively.

Definition 2.9. Let X be a co-H-space and ¢ be its comultiplication. Then we say that:

1. X is homotopy coassociative if o satisfies the homotopy commutative diagram

X—7 —XVvX

Ja L,vn

XvX-2SXvXvX;

2. X is homotopy cocommutative if o satisfies the homotopy commutative diagram

X=——=X

Lol

XVX—T15XVX
where T': X VX — X V X swaps the first and second copy of X;

3. X has a homotopy coinverse if there is a map ¢/ : X — X satisfies the homotopy

commutative diagram
X

* *
L,

X XVX+—XVX——XVX X
v avall v/ v

where V is the folding map;
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4. X is a co-H-group if it is homotopy coassociative and has a homotopy coinverse.

Example 2.10. Let X be a co-H-space and let Y be a space. Then X AY is a co-H-space
and the comultiplication properties of X AY are inherited from those of X. Since S! is

a co-H-group, so are suspensions XY and all spheres S™ for n > 1.

Suppose X is a co-H-space with comultiplication . For f,g: X — Y, define f +, g to

be the composition
Fiog: X S xvxMyvy Ly,

where V is the folding map. The homotopy class [f +, g] does not depend on the choice
of representative maps of [f] and [g], so 4+, induces a strict multiplication on [X,Y].

When X is a co-H-group, [X,Y] is a group with +,.

There are two remarks on the group structure of [ X, Y]. First, if Y is an H-space, then m
induces another group multiplication x,, on [X,Y]. The two multiplications X, and +,
coincide and commute, so [X,Y] is an abelian group (see [Sel08, Theorem 7.2.3]). For

example, m,(X) is abelian when n > 2 or when n > 1 and X is an H-space.

Second, if X is a suspension XX’ then X is a co-H-group and [X,Y] is a group. Its
adjoint [X', QY] is also a group since QY is an H-space. Furthermore, the adjunc-
tion [X X' Y] — [X',QY] is a group isomorphism [Ark11, Proposition 2.3.5|.

2.3 Fibrations and cofibrations

Fibrations and cofibrations are dual notions having important theoretical and practical
value in homotopy theory. Usually fibrations work better with homotopy groups and
cofibrations work better with cohomology groups. They generate long exact sequences

of homotopy groups or cohomolgoy groups which help calculations.

Definition 2.11. A map p : X — B has the homotopy lifting property with respect
to a space Y if given a map Hy : ¥ — X and a homotopy h : Y x I — B such
that h(y,0) = po Hy(y) for all y € Y, then there exists a lifting H : ¥ x I — X
satisfying the commutative diagram

H
0 . x

p
Yy xI—".B

wherei:Y — Y X Isendsy €Y to (y,0) € Y x I.

Definition 2.12. A map p: X — B is called a Hurewicz fibration or a fibration if it has

the homotopy lifting property with respect to all spaces, and is called a Serre fibration or
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a weak fibration if it has the homotopy lifting property with respect to all CW-complexes.
The space X is called the total space and B the base space. We define the fiber to be the
preimage of the basepoint F' = p~!(bg). The sequence F' — X 2 B is called a fibration

sequence. Sometime we refer to a fibration as the map p or the sequence X — B.

Given a fibration p : X — B, the preimages p~!(b) and p~! (V') are homotopy equivalent
for any points b and ¥’ in the same connected component of B (see [Sel08, Proposition
7.1.3]). Therefore the homotopy type of the fiber F' depends on the connected component

of the base B and not the chosen base point.

Example 2.13. A simple example of a fibration is a projection p : X = F x B — B.
The total space X is the Cartesian product of the fiber F' and the base space B.

Example 2.14. Let A and B be path-connected subspaces of X. Define a space of
paths by
P ={ye X']n(0) € A,7(1) € B}

and the evaluation map e : P — A x B by e(v) = (7(0),7(1)). Thene: P — A x B is
a fibration. When X =Y and A = B =Y, P is the free path space of Y and denoted
by PY. The fibration sequence becomes

QY — PY -5 Y x V.

When A = {yo} and B =Y, all paths are pointed and P becomes the path space PY.
Identify {yo} x Y with Y and the fibration sequence becomes

oy — Py Ly,

where ¢/ : PY — Y sends v € PX to y(1) € Y.

Example 2.15. The evaluation map ev : Map(X,Y) — Y, which sends f to f(xo), is a
fibration with fiber Map*(X,Y’). That is

Map*(X,Y) — Map(X,Y) <5 Y.

is a fibration sequence.

Example 2.16. A fiber bundle F' — X % B is a fibration whose total space X has
a collection of coordinate charts {(Uy, ¢o)} such that {U,} is an open cover of B and
for each Uy, ¢o : Uy X F — p~1(U,) is a homeomorphism satisfying the commutative

diagram
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where pr : Uy x F' — U, is the projection. The collection {(Uy, ¢)} is called a local
trivialization. Fiber bundles include many important constructions like tangent bundles,

vector bundles, principal bundles, and so on. We will give more details in Chapter 2.

A fibration usually works together with another tool called a pullback.

Definition 2.17. Given f : X — Z and g : Y — Z, a pullback is a triple (P, p1,p2)

where
P={(z,y) € X xY|f(z) =g(y)}

and p; : P — X and py : P — Y are projections. It is represented by a pullback square

p2
P——

Y
!
X —Z

A pullback has a universal property as follows. For any space W and maps h: W — X
and k: W — Y such that foh = gok, there is a map 6 : W — P which sends w € W
to (h(w), k(w)) € P. This property is universal because 6 is the unique map from W

to P (up to homeomorphism) satisfying the commutative diagram

e P2
—

P Y
Jpl Jg
X1,z

By the universal property, the pullback triple (P, p1, p2) is unique up to homeomorphism.
Proposition 2.18. Let ' — Y 5 Z be a fibration sequence and let f : X — Z be a

map. If there is a pullback square

p2
P—

Y
” lg
x-1.z

then p1 : P — X is a fibration and its fiber is homeomorphic to F.

Apply Proposition 2.18 to the evaluation fibration e : PZ — Z in Example 2.14. The
new fibrations f; : Py — X is called the principal fibration induced by f and its fiber
is Q7.

Py —— PZ

LT

X—7
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Proposition 2.19. If there is a homotopy commutative diagram

x—1 .y

[ b
X ——Y

then the homotopy H : X x I — Y between f' oo and Bo f induces a map 0y : Pp — Ppr

between the principal fibrations of f and f' and there is a homotopy commutative diagram
Qy P x

P e, |

QY’ *>Pf/ 41>X/

Proposition 2.19 implies that the homotopy type of P¢ depends on the homotopy class [f]
only. Note that the induced map 0z is not unique and depends on the choice of H.

For a principal fibration Y — Py — X, the fiber QY has an action p : QY x Py — Py
defined by

Vw € QY and (2,7) € Py, p:(w;(z,7)) = pol®,7) = (2,0 *7)
where
w(2t), 0<t<1/2
(w*)(t) =
2t —1), 1/2<t<1.

One can check that p satisfies the following homotopy commutative diagrams

M) QY x PF—5 P (2)QY xQY 25y (3) QY —— P

PN R I T g

p— s x QY x P —— Py QY x Py

where pr : QY x Py — Py is the projection, 7 : QY — Py is the boundary map
and j : QY — QY x Py is the inclusion. Moreover, if there is a homotopy commutative
diagram

x—1 .y

I, b

X ——Y
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then the induced map 0y : Py — Py in Proposition 2.19 satisfies the homotopy com-
mutative diagram
QY x P —— Py

JQ,BXQH JGH

QY x Pf/ L) Pf/
where o’ is the action of QY” on Py.

Proposition 2.20. Let f| : Py — X be the principal fibration induced by f : X — Y
and let g : Z — X be a map. Then g has a lifting g : Y — Py through f1 if and only if

the composition f o g is null homotopic.

Pj—— PY

g .
. ;

7z . x_ 1 vy

In general, a map f : X — Y is not a fibration, but we can modify it to become a

fibration as follows. Define the mapping path ]5f of f by the pullback square

Pf%ij

| o]

X —Y

where e : PY — Y sends a free path v to v(0) and is a fibration. As a subspace
of X x PY, Py consists of pairs (x,7) such that f(z) = 4(0). There is an inclu-
sions: X — ]5f sending x to (m,’yf(x)), where () is a constant path valued at f(z).
One can show that s is a homotopy equivalence and Py ~ X. Let f : P — Y be a map
sending (x,7) to y(1). Then f = fos and we show that f is a fibration in the following.

Suppose there is a commutative diagram

ZLPJC

ZxI—" sy

where i sends z € Z to (2,0) € Z x I. We want to find a map H : Z x I — Py
satisfying the diagram. Let Hy(z) = (x.,7,) € ]-:’f where ~, is a free path of Y such
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that 7,(0) = f(x,). Then define a map H : Z x I — P; by H(z,t) = (22,7.,) where

v.(27) 0<r<

’Vz,t(T) =
h(z, (2T — 1)t)

At 7 =0, 7:4(0) = x; so (x;,724) is in ]Sf. At 7 =1, 7,4(1) = h(z,t), so H = io Hy
and H = ho f. Therefore H is a lifting of h satisfying the commutative diagram and f

is a fibration.

Definition 2.21. For f: X — Y, the space P; is called the homotopy fiber of f.

Note that if f : X — Y is a fibration, then its fiber F' is homotopy equivalent to its

homotopy fiber Pr. So the two notions coincide.

A sequence A i> B % C is called a homotopy fibration sequence if there is a fibra-
tion sequence A’ Iy B % ¢ and homotopy equivalences o« : A — A’, 3 : B — B’
and v : C — C’ satisfying the homotopy commutative diagram

A%B%C

I

AL p 2

Start with a map f: X — Y. We have seen that the sequence Py < ]5f i) Y is a fibra-
tion, where Pf is homotopy equivalent to X and f is homotopic to f, so Py Q X i> Y is

a homotopy fibration sequence. Extend this sequence to the left by adding the principal
fibration Py, induced by fi : Py — X

Pj, —— PX

b, b

P x

The homotopy fiber Py, is homotopy equivalent to the fiber of f : Py — X, which is QY

by Proposition 2.19. The extended sequence becomes
9 i o5 f
QY — P — Py —Y

where 0 : QY — Py is called the connecting map. Iterating this process, we get a long

homotopy fibration sequence

sy Boop, MW ax Yoay 2p, L x Ly,
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Proposition 2.22. For any space Z and map f : X — Y, the following sequence is

exact.

(f1)x

W 1z,0x) 2 1z,0v] 25 2, P LS 12, x) L5 2,y

e [2,92Y] 25 [z, 0P

This exact sequence is called the Puppe sequence and is very useful in calculating homo-

topy groups. When Z = S, it becomes a long exact sequence of homotopy groups

e T (B) 25 (F) 2 (X)) L5 (B) = - = mo(F) 5 mo(X) L5 o (B).

For example, apply it to the Hopf fibration S — S3 — S? to get an exact sequence
e —> WQ(SQ) — 71(51) — 7T1(S3) — 71'1(52).

Then we can work out 73(5?) 2 Z and 7, (S?) = 7,,_1(S3) for n > 4.

A cofibration is a dual notion of a fibration. Most of its properties can be obtained by

dualizing the corresponding statements of a fibration.

Definition 2.23. A map f: X — Y has the homotopy extension property with respect
to a space Z if given a map Hg : Y — Z and a homotopy h : X x I — Z such
that h(x,0) = Hpo f(x) for all x € X, then there exists an extension H : Y x [ — Z

satisfying the commutative diagram

X XTI

R

Y 2oy xI

where i : X < X x I sends z to (2,0) and j: Y < Y x I sends y to (y,0).

Definition 2.24. A map f : X — Y is called a cofibration if it has the homotopy
extension property with respect to all spaces. We define the cofiber to be the quo-
tient C = Y/f(X). The sequence X Iy 4 ¢ s called a cofibration sequence,
where ¢ : Y — C is the quotient map. Sometime we refer to a cofibration as the

map f or the sequence X — Y.

Example 2.25. If a space K is formed by attaching cells onto its subspace L, then (K, L)
is called a relative C'W-pair and the inclusion ¢ : L — K is a cofibration. In particular,

the inclusion i : A < X of a subcomplex in a CW-complex is a cofibration.

Example 2.26. The reduced cone CX of a space X is the quotient

X x I/ ~, where (z,1) ~ (x,t) for all x € X and ¢ € I.
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The inclusion ¢ : X < CX sending x € X to (z,0) € CX is a cofibration and the cofiber
is XX.

Definition 2.27. Given f : X — Y and g : X — Z, a pushout is a triple (Q, q1,q2)

where
Q=Y UZ/~, where y ~ z if and only if y = f(z) and z = g(x) for some z € X,

and ¢1 : Y — @Q and g9 : Z — @ are inclusions. It is represented by a pushout square

x—72,

!

q1
Y —

<©<—N

For any space W and maps h: Y — W and k : Z — W such that ho f = k o g, there
is amap 0 : @ — W sending (y) € Q to h(y) € W and (z) € Q to k(z) € W. This
property is universal because 6 is the unique map from @ to W (up to homeomorphism)

satisfying the commutative diagram

x-7.

Z
ro
quQ

By the universal property, the pushout triple (@, ¢1, g2) is unique up to homeomorphism.

Proposition 2.28. Let X %7 5Cbea coftbration sequence and let f : X — Y be a

map. If there is a pushout square

x4,z

f l%
Q

q
Y —

)

then q1 : Y — @Q is a cofibration and its cofiber is homeomorphic to C.

Apply Proposition 2.28 to the cofibration i : X — CX in Example 2.26. The new
cofibrations g1 : Y — Cf is called the principal cofibration induced by f and its cofiber
is XX

X—-CXx

I

YL)Cf
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Proposition 2.29. If there is a homotopy commutative diagram

x—1 .y

I, b

X ——Y

then the homotopy H : X x I — Y between f'oc and Bo f induces a map 0 : Cy — Cpr
between the principal cofibrations of f and f' and there is a homotopy commutative

diagram

Yy o X

jﬁ ) [ Jza

Y/%Cf/ *}EX/

Denote a point in Cy by (t,2) and a point in ¥X by (¢,z). For a principal cofibra-
tion X — Cy N XX, the cofiber XX has a coaction ¢ : Cy — Cy V XX defined by

(2t,x) V * 0<t<1/2
«V(2t—1,2) 1/2<t<1.

v (t,x) —

One can check that i satisfies the following homotopy commutative diagrams

1) X—sc; @0 —2s0vex (3 C—i X

Y T Y 2

C—YsopveEXx XS NXVIX opvEX

where j : Cy — Cy V XX is the inclusion and p : Cy VXX — XX is the pinch map.

Moreover, if there is a homotopy commutative diagram

then the induced map 6y : Cy — Cy in Proposition 2.29 satisfies the homotopy com-

mutative diagram

O —2 s Cpv X

lGH J{eH Via
’

Cf/ L Cf/ vyXx’
where 1)’ is the coaction of Cy.

Proposition 2.30. Let q1 : Y — Cy be the principal cofibration induced by f : X —Y
and let g : Y — Z be a map. Then g has an extension g : Cy — Z through qq if and only
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if the composition g o f is null homotopic.

We can modify a map f : X — Y to become a cofibration as follows. Define the mapping
cylinder My of f by the pushout square

x—I .y

L

X X I—— My

where i : X — X x [ sends € X to (z,0). There is a retract r : My — Y col-
lapsing (x,t) € My to f(x) € Y. One can show that r is a homotopy equivalence
and My ~Y. Let f:X— M; be a map sending x to (x,1). Then f is a cofibration

and f=ro f.
i

X ——Y

Definition 2.31. For a map f : X — Y, the space Cy is called the homotopy cofiber
of f.

If f: X — Y is a cofibration, then its cofiber C' is homotopy equivalent to its homotopy
cofiber C'y.

Proposition 2.32. For any space Z and map f : X — Y, the following sequence is

exact.

s 22X, 2) 2 1m0y, 2) Y sy, 2) 20 =, 2) D (0, 209 iy, 20 S 1x, 7

where q1 :' Y — C}y 1s the inclusion.

For any abelian group G and positive integer n, there is a CW-complex K (G, n), unique
up to homotopy, that has m,(K(G,n)) being G and other homotopy groups being trivial.
The space K(G,n) is called the Eilenberg-MacLane space and its construction is de-
scribed in [Hat02, Chapterd| . Take Z to be K(G,n) in Proposition 2.32 and use the
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identification H™(X,G) = [X, K(G,n)] to obtain the usual long exact sequence of re-

duced cohomology groups

S HY(X,G) s HNY.G) — s (XY, G))

O*

H2(X,6) " B2(Y,0) L B2(X)Y,G) — -




Chapter 3

Principal GG-bundles and gauge

groups

In this chapter G is a topological group. We will revise the notion of a principal G-
bundle and define its associated gauge groups. Material in this chapter is based on
[ABS83, Sel08, Sut92].

3.1 Fiber bundles, principal G-bundles and classifying spaces

Let F — X % B be a fiber bundle. Then X has a local trivialization {(Us,a)}
consisting of pairs of open sets U, C B and maps ¢q, : Uy X F' — p~1(U,,) such that {U,}
forms an open cover of B, and each ¢, is a homeomorphism satisfying the commutative
diagram

Ua x F -2 p=1(U)

Jpr lp

U,————U,
where pr : Uy, x I' — U, is the projection. Let U,g be the intersection U, N Ug.
For b € Uyg, any £ € p~1(b) has two local trivializations: ¢ (b, f) on U, and ¢g(b, f/)

on Ug. The two trivializations are related by a transition function gag : Uag — Homeo(F)

given by

—1

gag(b) ) QN Uag x F &pil(Ua[g) i) Uag x F L> F,

where the inclusion i : F' — U,g x F sends f to (b, f) and the projection j : Uyg X F' — F
sends (b, f') to f’. The structural group of X is a subgroup of Homeo(F') that contains

the ranges of all transition functions.

Example 3.1. A common example of fiber bundles is a vector bundle. A rank-k real

vector bundle R¥ — V 25 B has fiber being a k-dimensional vector space. Let {(Uq, ¢a)}
21
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be a local trivialization. Then for b € U,g, we have
¢a(b,7) = ¢3(b,0") if and only if ' = A -7,

where A; € GL;(R). The transition function gap : Usg — GL(R) at b sends @' to AT
and the structural group of V' is GLg(R).

Example 3.2. Given a vector bundle R¥ — V %, B, we can construct a frame bundle
GLy(R) — F B

whose fibers are coordinate frames of fibers in V', where a coordinate frame is an oriented
basis in an Euclidean space R*. Let {(Us,, ¢a)} be a local trivialization of V' and let
{€;}%_, be the standard basis of R*. For 1 < i < k, define a local section

So 1 Ua = 971 (Ua), s4(b) = ¢,(b, &)

Then {s%(b)o}F_, forms an ordered basis in fiber p~1(b) for each b € U,. By linear

algebra, any basis in p~!(b) is uniquely represented by (sl (b), - - - , s (b)) Ay (b) for some

tage

invertible matrix A,(b) € GLi(R). Let F} be the set of bases in p~!(b). Then F is in

one-one correspondence with GL(R).

To construct GL,(R) — F 5 B, define F as the disjoint union F' = UycpFy, and 7 : F — B
by 7(€) = b for & € Fy. A local trivialization {(Us, ¢a)} is given by

Go: Ua x GLL(R)  da(b, A) = (sL(b),--- ,sE(b)) - A.

If gop(b) is the transition function of V' at b € U,g, then
$3,(0) = ¢a(b, &) = Ga(b, gap()E) = D> gijdp(b, &) =D gijsis(b),
i=1 i=1

where (gij) = gap(b). This implies (s(b), -+, s5(b)) = (s}(b),- -, s5(b)) - g,3(b) and
ba(b, A) = (b, A’) if and only if A’ = g,s(b) - A.

Therefore the transition function o : Usg — GLE(R) is given by §os(b)(A) = gap(b)- A
and the structural group of F' is GLg(R).

Moreover, there is right GLg(R)-action p : F' x GL,(R) — F. On 7~ 1(U,) it is given by
p(Pu(b, A), B) = pp(Pa(b, A)) = (b, AB).

It is easy to check that the definition is compatible on U,g and hence p can extend
throughout the whole F.
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In Example 3.2 a frame bundle F' associated to a vector bundle V' has fiber GLj(R),
which is a topological group. In fact, we can generalize the construction of a frame
bundle by replacing the structural group GLx(R) by any topological group G, resulting

in a principal G-bundle.

Definition 3.3. A principal G-bundle G — P % B is a fiber bundle with a right G-
action p : G x P — P such that:

1. the restriction of p on each fiber p~1(b) is free and transitive;

2. given a local trivialization {(Ua,¢qa)}, the action py of g € G sends ¢q(b,h)
to ¢a (b, hg) for b € Uy;

3. the base space B is homeomorphic to the homogeneous space P/G through p.

For b € Uag, ¢a(b,h) = ¢g(b, k') if and only if K’ = gyh, where g, € G. Therefore the
transition function gos : Usg — G is given by gp(b) = g, and the structural group is G.

Given an effective left G-action 7 : G x F — F on a space F', we can construct an

associated bundle F — P x, F 2 B as follows. Set the total space to be the quotient
Px;F=PxF/~,

where (&, f) ~ (&, f") if and only if ¢ = £g and [’ = 7,f for some g € G. Denote
the equivalence class of (£, f) by (£, f) € P x,; F. The projection p’ is defined to
send (&, f) to p'(€). One can check that p’ : P x,; F — B is a fiber bundle with fiber F.
Let {(Ua, ¢a)} be the local trivialization of P. Then on the intersection Uyg,

9o, f) = ¢(b, f') if and only if "= 7,0 f.
Therefore the transition function is given by 7 and the structural group is G.

Suppose that there is a pullback square

Py

p1 g

x-1.,z7

and g : Y — Z is a fiber bundle. Then p; : P — X is a fiber bundle, called the pullback
bundle of Y and denoted by f*(Y). Note that if f and f’ are homotopic, their pullback
bundles f*(Y) and f*(Y") are isomorphic. This implies there exists an automorphism ¢

satisfying the commutative diagram

fHY) == f(Y)

| v

X:X
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where p’ is the projection map of f*(Y).

Definition 3.4. A principal G-bundle 7 : EG — BG is called a universal G-bundle
if for any principal G-bundle p : P — B there is a map f : B — BG, unique up to
homotopy, such that P is the pullback bundle P = f*(EG).

P = f*(EG) —— EG

| 5
p—7! .pag

We call f the inducing map of P and BG the classifying space of G.

The existence of a universal bundle 7 : EG — BG is guaranteed by a theorem of Milnor
[Mil56]. The isomorphism classes of principal G-bundles over B is therefore classified
by the homotopy set [B, BG]. Moreover, EG is weakly contractible, so QBG is weakly
homotopy equivalent to G and is strictly homotopy equivalent to G when G is a CW-

complex.

Example 3.5. The antipodal map S — RP* is the universal Zy-bundle, so RP* is
the classifying space of Zy. Similarly S* — CP> is the universal bundle for S!, so CP>

is the classifying space of S*.

Example 3.6. For n < k, the Grassmannian Gr(n, R¥) consists of n-planes in R¥ and the
Stiefel manifold V (n, R¥) consists of n-orthonormal frames in R*. Let V(n, R>) be the
colimit lim, V(n,RF) and let Gr(n,R>®) be lim, Gr(n,R¥). Then the principal O(n)-
bundle O(n) — V(n,R™) — Gr(n,R*) is a universal bundle, so Gr(n,R>) is the
classifying space of O(n). Similarly, the complex Grassmannian Gr(n,C>) consisting

of n-complex planes in C* is the classifying space of U(n).

3.2 Gauge groups

Definition 3.7. Given a principal G-bundle G — P 5ox , the associated gauge
group G(P) of P is the topological group Autg(P) of G-equivariant automorphisms
of P which fix X. That is every ¢ € G(P) is a bundle automorphism of P satisfying the

commutative diagrams

P-?,pP and P-25P

L

X—X P-*.p

where g : P — P is the right action of ¢ € G on P. Similarly the pointed gauge
group G*(P) is defined to be the subgroup of G(P) consisting of automorphisms ¢ such

that the restrictions ¢[,-1(5,) to the fiber over zq are identity.
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In general, a manifold X has infinitely many isomorphism classes of principal G-bundles P,
so there are infinitely many gauge groups G(P). However, when X is of finite dimension
and G is a compact connected Lie group, Crabb and Sutherland [CS00] showed that
there are finitely many distinct homotopy types of gauge groups over X. The following
homotopy equivalence proved by Gottlieb, Atiyah and Bott plays an important role in
studying the homotopy types of gauge groups in later chapters.

Theorem 3.8 (Gottlieb, [Got72]; Atiyah and Bott, [AB83]). Let G — P 5 X be a
principal G-bundle. Then BG(P) is weakly homotopy equivalent to Mapp(X, BG), the
connected component which contains the inducing map of P. Similarly BG*(P) is weakly

homotopy equivalent to the corresponding component Mapp (X, BG).

Proof. This sketch of proof is based on [AB83, Got72]. Let G — EG = BG be the uni-
versal G-bundle and let Map (P, EG) be the space of G-equivariant maps f : P — EG

satisfying the commutative diagram

P EG

L, |

P——EG

where the columns are the right G-actions on P and EG. Thenp: P - X and 7 : EG — BG
induce a map 7 : Mapg (P, EG) — Mapp (X, BG) as follows. Given f € Mapq,(P, EG),
define 7(f) : X — BG by #(f)(x) = wo f(%) for x € X and ¥ € p~!(z). It is easy to

check that 7(f) is independent of the choice of  and satisfies the commutative diagram

PL>EG

b, b
A1)

X —— BG

In fact, # : Mapg(P, EG) — Mapp(X, BG) is a fibration. We claim that the fiber
is G(P).

Let fo : X — BG be the map inducing P. Then by definition P = f§(EG) is the
pullback bundle of EG and fo = 7(f§):

L>EG
I

)Ip I

— BG.
Let F =7 1(fo) C Mapg(P, EG). On the one hand, G(P) acts freely on F by compos-
ition, so G(P) C F. On the other hand, for any a € F' we have 7(a)) = fo by definition,
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so woa = fyop and there is a commutative diagram

P G

I,

X —— BG

where the universal property of P induces a unique map ¢ : P — P. Since fj
and « are G-equivariant, ¢ is a G-equivariant automorphism. Therefore ¢ € G(P)
and F' = G(P).

Furthermore, there is a G-equivariant contraction EG — *, so Mapg (P, EG) is contract-
ible (see [Got72, Theorem 5.2|). This implies that

G(P) — Mapg (P, EG) = Mapp(X, BG)

is a universal bundle and BG(P) is weakly equivalent to Mapp(X, BG). The weak
equivalence Mapp(X, BG) ~ BG*(P) can be proved similarly. O

By Theorem 3.8, the gauge group G(P) is homotopy equivalent to the loop space of the
connected component Mapp (X, BG). Therefore we want to understand the homotopy
types of connected components of Map(X, BG), where X is a 4-dimensional manifold.
On the one hand, the connected components of Map(X, BG) usually have different ho-
motopy types. In [Tsu01, Tsul2| Tsukuda and Tsutaya showed that

Mapp(S*, BSU(2)) ~ Mapp (S*, BSU(2))

if and only if |k| = |I|, where k and [ are the second Chern classes of P and P’ respectively.
On the other hand, the following proposition given in [Sut92] shows that all connected
components of Map* (X, BG) have the same homotopy type.

Proposition 3.9. Suppose that X is an n-dimensional CW-complex with one n-cell. IfG
is (n — 2)-connected and m,—1(Q) is Z, then all connected components of Map*(X, BG)

are homotopy equivalent.

Proof. The proof is based on [Sut92]. Let X,_; be the (n — 1)-skeleton of X and
let f:S" ' — X,,_; be the attaching map. Then the cofibration sequence

_ P
st xS x L sm Phonx, ) —
where p is the connecting map, induces an exact sequence

s ma(Q) S X, BG] S (X, BAY.
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By hypothesis m,—1(G) is Z and [X,—1, BG] is zero, so p* is a reduction map. This
implies [X, BG] is either 0, Z or Z/kZ for some k > 2.

If [X, BG] is zero, then Map*(X, BG) is connected and the statement is true. If [ X, BG]
is Z/kZ or Z, then the following argument is the same. Assume [X, BG| is Z/kZ.
We claim that Map; (X, BG) is homotopy equivalent to Mapa—l(X, BG) for | € Z/KZ.
Since X is the cofiber of f, there is a coaction ¢ : X — X VvV S™. Let g be a
map in Map; (X, BG) and let a represent a generator of m,(BG) = Z. Define a
map O : Map; (X, G) — MapL—I(X, G) by

0(g): X % xvs" 2% BG v BG - BG

where V is the folding map. Since p* is surjective, there exists g € Map; (5", BG) for

some integer [ such that [ = [ (mod k) and g = p*(g). Then we have a homotopy

commutative diagram

(/)

X~ s xvst2% BGvVBG Y3 BG

b
f\/a

g4 .54y 84 1% BG vV BG— BG

[+

implying that ©(g) ~ p*(g+a«) € Mapa—l(X, BG@). Define ©’ : Map;r—l(X, BG) — Mapy (X, BG)

by replacing o by —a. Obviously ©' is a homotopy inverse of ©. Therefore Map; (X, BG)
and Map}l—l(X , BG) are homotopy equivalent and the statement follows. O







Chapter 4

Homotopy decomposition of Lie

groups

Shown by Cohen, Neisendorfer, Mimura, Nishida, Toda and Theriault [CN84, MNT77,
The07], a Lie group can decompose into a product of H-spaces with good properties and
simpler structures after localization. The homotopy decomposition of Lie groups has
many applications to problems in homotopy theory and has been proved to be a powerful
tool. In particular, it is used to study the homotopy types of gauge groups in many cases.
In this chapter, we give a preliminary introduction to topological localization in the first

section and talk about the homotopy decomposition of Lie groups in the second section.

4.1 Topological localization

Recall the localization of a group in algebra. Let P be a set of prime numbers and
let Zp be the ring consisting of all fractions with denominators not divisible by the

prime numbers in P, that is
a
Zp = {5’ where ged(b,p) =1 for all p € 73}.
Given an abelian group G we tensor it by Zp to form a new abelian group
a a
Gp=GQZp = {g®6, wheregeG,g € Zp}.

The canonical map G — Gp sending g € G to g ® 1 € Gp is called the P-localization

of G. Sometimes we may refer to Gp as the P-localization as well.

Example 4.1. Let P be the empty set. Then Zp is the rational numbers Q. We
denote Gp by G and call it the rational localization of G.

29
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Example 4.2. Let P be {p} for some prime number p. Then Zp is Z,) which is the
ring consisting all fractions with denominator not divisible by p. We denote Gp by G,
and call it the p-localization of G.

Example 4.3. Let P be the set of all prime numbers except p, then Zp is Z, which is
the ring consisting of all fractions of the form I%. We denote G'p by G}, and call it the
localization away from p.

Example 4.4. Let p and ¢ be distinct prime numbers and let G be Z ® Z/pZ ® 7./ qZ.
Then G becomes Z, @ Z/pZ after p-localization. Denote the generators of Z,Z/pZ
and Z/qZ by a,b and c respectively. Tensoring with 1 € Zp), a and b have non-zero

image but not ¢ since c®1:c®g:qc®%:0.

In Example 4.4, the p-localization filters out all free elements and p-torsion and erases
other torsion. In general, applying P-localization to a group G removes torsion compon-
ents with orders coprime to primes in P. Therefore if we are only interested in elements
whose orders are products of primes in P, then it suffices to study Gp which has a sim-
pler structure than G. This idea motivates topological localization. Given a space X,
we construct a new space Xp such that m;(Xp) is the P-localization of 7;(X) for all i.
Usually the homotopy groups of a space are very complicated. Topological localization
allows us to understand the P-local information of 7;(X) by studying Xp, which is much
simpler. There are several methods to construct Xp having different assumptions on X.

One commonly used method is as follows.

Let f : (D", 8" 1) — (X, z0) be arepresentation of [f] € m,(X) and let v : (]0,1],{0,1}) = (X, x0)
be a representation of [y] € m1(X). Then v acts on f by sending f to the map

1
o T oshls i

Y@zl -1) 3 <2l <
This defines an action of m1(X) on m,(X).

Definition 4.5. A space X is simple (also known as abelian) if 71(X) acts trivially

on 7, (X) for all n.
Example 4.6. A simply-connected space is obviously a simple space.

Example 4.7. Every H-space is simple. Let X be an H-space with multiplication m : X x X — X.
Since m(xg, z) and m(z, xo) are homotopic to the identity map 1x on X, we may modify
and assume m is 1x when restricted to X V X. Let o : R® — D™ and 5 : R — [0, 1] be
maps
0 t<0
alz) = and B(t)=4qt 0<t<l1
1 t>1.
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Given any f € m,(X) and v € m(X), fyis m(foa(2x),yoB(2]|x|—1)). For x € D" with

norm |z| < 3, foa(2z) = f(2x) and yoB(2|z|—1) = g, so m(foa(2z), voB(2|z|—1)) = f(2z).

For |z| > 1, foa(2z) = zg and yoB3(2|z|—1) = y(2|z|-1), so m(foa(2z), yoB(2|z|—1)) = 7 (2|z|-1).
There is a homotopy H : (D", S" 1) x I — (X, xq) given by

H(z,t) =m(foal

2 2t —1)).
)70 B(2lel + 2~ 1)
At t =0, H(z,0) = m(f oa(2x),yo B(2lz| — 1)) = fy(z). At t =1, since 2|z|+ 1 is
greater than or equal to 1, we have vy o 3(2|z| + 1) = v(1) = z¢ and

H(z,1) = m(f(x),70BQ2lz] +1)) = m(f(x), x0) = f(x).

Therefore f, is homotopic to f for any f € 7,(X) and v € m;(X). The action of m(X)
on 7, (X) is trivial and X is simple.

Example 4.8. If f is a loop in m1(X), then by definition f, = vfy~'. When X is

1 is homotopic to w

simple, the action of v on any loop w € 7;(X) is trivial, so ywy™
and 71(X) is abelian. This could be the reason why Hatcher calls a simple space an

abelian space.

Example 4.9. A space X with abelian 71(X) may not be simple. The projective
space RP? is constructed by identifying every point = on S? with its antipodal point —zx.
There is a fibration sequence

s — 52 L RP?, (4.1.1)

where ¢ is the identifying map. From (4.1.1) we know 71 (RP?) & Z /27 and mo(RP?) 22 Z.

We claim that 71 (RP?) has a non-trivial action on mo(RP?).

To describe the action, it is more convenient to embed S? into R and use spherical
coordinates (7,6, ¢) to represent a point P € R3, where r is the distance between P and
the origin O, 0 is the angle between the z-axis and the projection of the line OP on
the xy-plane, and ¢ is the angle between OP and the z-axis.

Let the north pole (1,0, 0) be the basepoint of S2. Then ¢(1, 0, 0) is the basepoint of RIP2
and the arc y(t) = (1,0, 7t) on S? between the north pole and the south pole (1,0, )
descends to the generator ¥ = q(v) of m1(RP?) = Z/2Z. Moreover, ¢ induces an iso-
morphism g, : m2(5%) — m2(RP?), that is ¢ generates mo(RP?).
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To show that the action is non-trivial, we need to show that g5 is —g. Since g, : m2(S?) — o (RP?)

is an isomorphism, it suffices to show that its lift

(17077‘-_2¢) 0§

]l'Y(lvgaqs): ¢
(17072(1)_,”) %§¢§ﬂ—

of as is homotopic to —1. The formula is well-defined since (1,0, 71—2¢) and (1,6, 2¢—)
refer to the north pole when ¢ = 7. The upper hemisphere is enlarged to become 5?2
and the lower hemisphere is merged latitudinally to become a path joining the north and

the south pole. Define a homotopy H : S? x I — S? between 1, and —1 by

(1,07 — 29) 0<6<(1-1)3
pir (1,0, t+1¢+t+1 ) (1-t)5<¢<m,

H(1,0,¢;t) =

where py is the rotation around the y-axis for 7. The formula is well-defined since (1,0, 7—2¢)
and pyr (1,0, H%(;S + ;—%w) refer to (1,0,t7) when ¢ = (1 —¢)3. At time ¢, we divide 52
into two parts: the spherical cap above and below the level ¢ = (1 —%)%. The lower part
becomes S? and is rotated around the y-axis so that the base point moves to (1,0, ).

The upper part becomes a path joining (1,0, ¢7) and the south pole.

& &

At t = 1, the sphere is rotated upside down and its base point is at the south pole. The
antipodal map xz — —x reverses this upside down sphere so that its basepoint is at the

north pole (1,0,0) and its orientation is reversed.

B—

Therefore 1 is homotopic to —1 in 72(S5?), so g5 is homotopic to —q in mo(RP?). This

implies that the action of ¥ is non-trivial and RP? is not simple.

Proposition 4.10. Let X be a simple space and let P be a set of prime numbers. Then
there exists a space Xp and a map 1: X — Xp such that 7;(Xp) is a Zp-module and 1
induces isomorphisms 1y @ mi(X) ® Zp — mi(Xp) and 1. : Hi(X) @ Zp — H;j(Xp) for
all i. Moreover, let Y be another simple space and let f : X — Y be a map. If Yp
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and i/ 1Y — Yp satisfy the above conditions, then there exists a map fp : Xp — Yp,

unique up to homotopy, satisfying the commutative diagram

x—' .y

L,k

Xp *)Yp.

Proof. The construction of Xp and 2 is long and technical, so here we give a sketch proof.

Readers who want more details can refer to [Hat04, Neil0)].

Every space X has a Postnikov tower - -+ X3 ELN Xo I x 1, which contains sequences
of spaces {X,}n>0 and maps {j, : Xnt1 — Xn}n>o such that m;(X,) equals m;(X)

for i < mn and zero for ¢ > n, and there is a fibration sequence
K(mp(X),n+1) — X1 25 X,
If X is simple, then this fibration sequence is a principal fibration
K (Tt (X),n+ 1) — Xng1 25 X -2 K (mpi1(X), 1+ 2),
where k,, is called the n'" k-invariant. The idea is to modify each X, to produce a new

Postnikov tower --- X} 2, X} N X{ and maps 1, : X, — X such that m;(X]) is

the P-localization of 7;(X,,) and 1, induces isomorphisms

mi(Xn) @ Zp — m(X)) and Hi(X,)® Zp — H;i(X]).

For short we denote 7;(X) and m;(X) ® Zp by m; and =}. Notice that X; is K (7, 1) and
take X1 to be K(7},1). Let 21 : X1 — X be the map induced by localization m; — .

Then 2; induces isomorphisms

7Ti(X1)®Z7D—>7Ti(Xi) and Hi(Xl)(X)Zp—)Hi(X{).

Assume we have X/, and 1, : X,, — X/, such that m;(X])) = m;(X,,) ® Zp and 1,, induces

isomorphisms

T Q Lp — TFZ(X{l) and H;(X,)®Zp — HZ(XL)

Now we construct X, and t,,41 : Xpy1 — X, asfollows. Let 7 : K(mpq1,n+2) = K(n), ,n+2)
be the map induced by localization 7,41 — 7, 1. Since (2,)s : Hj(Xy,) ® Zp — H;(X))
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is an isomorphism, there is no obstruction to extend 1, to complete the diagram

X LK(ﬂWH-l,Tl—F 2)

.

Xyt K(mpq,m + 2)

Define X, | to be the homotopy fiber of k), and j;, : X], .1 — X, and 2,11 : Xpy1 — X/ 4

to be the induced maps

"ﬂ kn
Xni1 —2 Xy —2 K(Tpg1,n + 2)

J/Zn+1 J{ZH J«i
Jn ky

X —— X, —— K(m, ,n+2).

We can show that the homotopy groups of X/, 41 are Zp-modules and 1,41 induces

isomorphisms
7T¢(Xn+1) R Zp — 7ri(X7,1+1) and Hi(Xn+1) R Zp — Hi(X':H—l)'

Repeat the procedure and construct X,, and 1, for higher n inductively. In the end we

can get a Postnikov tower --- — X% 22 X} 2 x { such that the homotopy groups X/
are Zp-local. Take Xp to be the inverse limit mX{ and 2 to be the composition

vr X — lim X; = Jim X/ = Xp.

Then Xp and ¢+ : X — Xp satisfy the asserted properties. ]

Definition 4.11. Let X be a simple space. Then the P-localization refers to either the
space Xp or the map ¢ : X — Xp stated in Proposition 4.10.

Example 4.12. Let p and ¢ be distinct prime numbers and let P"(q) be the n-dimensional

Moore space of Z/qZ for n > 3. Recall that P"(q) is the cofiber of the degree map ¢ : S"~1 — §7~1,
Since ¢ : S"~! — S"~! induces a homomorphism sending o € H*(S"~!) to qa that be-

comes an isomorphism after p-localization, ¢ : S"~' — S"~! is a homotopy equivalence

and P™(q) is contractible when localized at p.

Example 4.13. It is known that S?"*! is homotopy equivalent to Eilenberg-MacLane
space K (Q, 2n+1) when localized rationally (for example, see [Hat04, Proposition 1.27]).
Since K(Q,2n + 1) ~ QK (Q,2n + 2) is a loop space, S(é'”“ is an H-space.

Example 4.14. After localization spaces may exhibit properties that do not appear
originally. On the one hand, $?"*! is an H-space if and only if n = 0,1 or 3 by a famous

result of Adams [Ada60]. On the other hand, after localization at any odd prime p there
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is a homotopy equivalence Q52"+2 ~, §2n+1 x ) §47+3 [Ser53|. Define a multiplication
on 52n+1 by

2n+1 2n+1 2n+2 2n+2 ™M 2n+2 Proj o2n41
ST X ST s ()5 x QST — Q5T JS”,

where m is the loop multiplication on 252"*2. Therefore S?"*! an H-space for any n.

4.2 Localization of Lie groups

As mentioned in the introduction of this chapter, a Lie group decomposes into a product
of simpler spaces after localization. This section is a short survey of homotopy decom-
positions of localized Lie groups based on the work of Cohen, Neisendorfer, Mimura,
Nishida, Toda and Theriault [CN84, MNT77, The07|.

Let G be a simple, simply-connected, compact Lie group. By the classification of simple
compact Lie groups, G is either SU(n), Sp(n), Spin(n), Ga, Fy, Eg¢, E7 or Eg. Since G is
a simple space by Example 4.7, Proposition 4.10 implies that there is a P-localization
of G for any set P of prime numbers. When localized rationally, a theorem of Hopf
says that G decomposes into a product Hi:l S§2ni+1 of odd dimensional spheres. When
localized at an odd prime p, Mimura, Nishida and Toda [MNT77| showed that any Lie
groups whose homology has no p-torsion decomposes into products of H-spaces, and the

cells in these H-spaces are joined together by Steenrod powers.

There are maps 2 : SCP* ! — SU(n) and ¢ : Q, — Sp(n), where Q, is the quasi-
projective space, such that they induce the inclusions of the generating sets in homology.
Let A(G) be SCP" ! for G = SU(n) and be Q,, for G = Sp(n). Then the decomposi-
tion G ~ [ B; constructed in [MNT77] is compatible with a decomposition A(G) ~ \/ 4;
such that H,(A4;) is the generating set of H,(B;). Later, Theriault constructed a cor-
responding space A(G) for each G and reformulated the Lie group decomposition as

follows.

Theorem 4.15 (Mimura, Nishida, Toda [MNT77|; Theriault [The07]). Let p be an
odd prime and let G be a compact, simply-connected, simple Lie group whose homology
groups H.(G) have no p-torsion. Then there exists a space A and a map 1: A — G such
that 1, - Ho(A) — H,.(G) = A(H,(A)) is the inclusion of the generating set in homology.

After p-localization, there are homotopy equivalences
-1 -1
A\ A; and G~T[V) B;,

where A; is a co-H-space and B; is an H-space for all i. The homology group H;(A;)
equals Hj(A) for j in the form 2i+2(p—1)k+1 and equals zero otherwise, and H.(B;) = A(H.(A;)).
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Moreover, the composition

induces the inclusion of the generating set in homology.

Example 4.16. The integral homology of SU(n) is H.(SU(n)) = A(zs, x5, ,Tan—1),
where 29,41 has degree 2i+1. Localized at an odd prime p, SU(n) decomposes into Hf;ll B;
and B; has p-local homology groups

H.(Bi; Zpy) = Mw2i11, T2i02p-1, - >$2i+2(p71H"£ﬁIlj+1),

where |m| is the greatest integer less than or equal to m. There is an action of the dual
Steenrod algebra on H.(B;; Zy)) given by Pf(atgrﬂ) = (;) Tor42j(p—1)+1- Lhe space A in
Theorem 4.15 is XCP"~! and it has integral homology groups H,(XCP" 1) & Z(x3, 25, -+ , 2on_1).
The canonical embedding ¢ : SCP"~! — SU(n) induces the inclusion of the generating

set in homology. After p-localization, SCP"~! is homotopy equivalent to f;ll A; and A;

has p-local homology groups

H. (Ai; Zpy) = Zpy (22041, T2it2p—1, - 7$2i+2(p_1).t%i;1”1>-

On the one hand, the homotopy decomposition stated in Theorem 4.15 holds for a wide
range of Lie groups. However, the construction of the H-spaces B; given in [MNT77] is
difficult to use to prove any properties of the B;’s. On the other hand, Cohen and Neisen-
dorfer studied a p-localized H-space X built from a low dimensional CW-complex Y
[CN84| and showed that X possesses good properties when the dimension of Y is small
with respect to p. Based on their work, Theriault gave an alternative construction of
the H-spaces B;’s and showed that they are homotopy associative and homotopy com-
mutative under certain conditions [The07]. Moreover, B; satisfies the universal property

as follows.

Definition 4.17. Given a map 2 : A — B for a space A and a homotopy associative and
homotopy commutative H-space B. We say B is universal for A if for any map f: A — Z
to a homotopy associative and homotopy commutative H-space Z there exists an H-

map f : B — Z, unique up to homotopy, such that f ~ fou.
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Theorem 4.18 (Theriault [The07]). If G and p satisfy one of the following

SU(n) n<(p-1p-2)+1
Sp(n) 2n<(p-1)(p-2)
Spin(2n+1) 2n < (p—1)(p—2)
Spin(2n) 2n—-2<(p—1)(p—2)
Go, Fy, Eg p=>5

Er7, Eg p=>T,

then B; is homotopy associative and homotopy commutative for all i. Moreover, XA is

a retract of XG, B; is universal for A; and Hf:_ll B; is universal for A.







Chapter 5

Gauge groups and Samelson

products

In this chapter I will try to explain the relation of my three papers which are in Chapters 6
to 8.

Let M be a connected, orientable, smooth, compact 4-manifold and let G be a simple,
simply-connected, compact Lie group. Then isomorphism classes of principal G-bundles
over M are classified by elements in [M, BG], which are integers in this case. Denote the
gauge group of the principal bundle corresponding to k € Z by Gi(M). In my first paper
“Homotopy types of gauge groups of non-simply-connected closed 4-manifolds” (Chapter
6), I developed a homotopy decomposition method for gauge groups over 4-manifolds
and showed that for certain 4-manifolds M its gauge group Gi(M) decomposes into a
product of G (Y'), where Y is either S or CP?, and some complementary factors that do
not depend on k. Therefore the homotopy type of G (M) is determined by the homotopy
type of G,(S*) and G (CP?).

In order to classify Gi(Y) for Y = S* or CP2, we need to study the boundary map
Ok : G — Map* (Y, BG)
of the evaluation fibration
Ge(Y) — G -2 Map!(Y, BG) — BGi(Y) % BG.

When Y is §%, Map(S*, BG) =2 Q3G is an H-space. The order of d, in the group [G, Q3G

is the smallest number m such that the composition

ey o TN oV T
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is null homotopic, where m : QgG — Q%G is the m-power map of QgG. The order of 0;
helps determine the homotopy type of G(S4).

Theorem 5.1 (Theriault, [Thel0a|; Kishimoto, Kono, Tsutaya, [KKT14]). Let m be the
order of 01 : G — Q3G. Denote the greatest common divisor of a and b by (a,b) and
the p-component of a by vp(a).

1. If (m,k) = (m,1), then Gi(S*) is homotopy equivalent to G(S*) when localized

rationally or at any prime.

2. If G and p satisfy the conditions in Theorem 4.18 and Gi(S*) is homotopy equival-
ent to G1(S*), then v,(m, k) = vp(m,1) for any odd prime p.

When Y is CP?, denote the boundary map by 9; : G — Mapi(CP?, BG). Since
Mapy(CP?, BG) is not an H-space, so 9j, has no order. In [Thel2|, Theriault defined the

“order” of 0, to be the smallest number m' such that the composition
G 25 03¢ ™ 3G L Mapy (CP2, BG)

is null homotopic. When m' = 1, this composition gives 9, = ¢*0) and it implies 9, is
null homotopic. In my third paper “Homotopy types of SU(n)-gauge groups over non-
spin 4-manifolds” (Chapter 8), I studied the homotopy types of Gi(CP?). In particular,
I proved a statement similar to part (1) of Theorem 5.1 and gave a lower bound on the
“order” of 9] for the SU(n) case.

Theorem 5.2. Let m be the “order” of 8} : G — Map*(CP?, BG).

1. If (m, k) = (m,1), then G,(CP?) is homotopy equivalent to G;(CP?) when localized

rationally or at any prime.

2. IfG = SU(n) and Gi,(CP?) is homotopy equivalent to G;(CP?), then (%n(nQ—l), k)= (%n(

for n odd and (n(n?® —1),k) = (n(n? —1),1) for n even.

Therefore to classify G, (Y") it is important to calculate the order of the boundary maps 04
and 9]. When Y is S*, Lang showed that [Lan73| 9}, is the triple adjoint to the compos-
ition

k1) : A G " ana B,
where 1 : S — G is the inclusion of the bottom cell and (1,1) : G A G — G is the

Samelson product defined as follows.

Definition 5.3. Let G be a Lie group and let [1,1] : G X G — G be the map send-
ing (z,y) € G x G to z7 'y "ty € G. Then [1,1] descends to a map (1,1) in [GAG, G],

1),1)
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unique up to homotopy. The map (1, 1) is called the Samelson product. Furthermore,

the order of (1,1) is the minimum number m such that the composition

arncema

is null-homotopic, where m : G — G is the m*-power map.

Intuitively, the Samelson product (1, 1) resembles the commutator on G. We are inter-
ested in the order of (1,1) since it measures the non-commutativity of G. Moreover,
in our case the order of (1,1) also gives information about the order of 9;, which helps
determine the classification of gauge groups of G. When G is SU(n) or Sp(n), the order
of (1,1) can be calculated using Bott’s formula in [Bot60]. However, in general calcu-
lating the order of (1, 1) is very difficult since it involves analyzing the attaching maps

in the cell structure of GG, which rapidly increases when the rank of G increases.

In my second paper “The odd primary order of the commutator on low rank Lie groups”
(Chapter 7), I applied homotopy decomposition of Lie groups and calculated the order
of (1,1) for certain range of Lie groups G.







HOMOTOPY TYPES OF GAUGE GROUPS OVER
NON-SIMPLY-CONNECTED CLOSED 4-MANIFOLDS

TSELEUNG SO

ABSTRACT. Let G be a simple, simply-connected, compact Lie group and let M be an
orientable, smooth, connected, closed 4-manifold. In this paper we calculate the homotopy
type of the suspension of M and the homotopy types of the gauge groups of principal G-
bundles over M when 71 (M) is (1) Z*™, (2) Z/p"Z, or (3) Z*™ (*?IlZ/p;j Z), where p and
the p;’s are odd primes.

1. INTRODUCTION

Let G be a topological group and let M be a topological space. Given a principal G-
bundle P over M, the associated gauge group G(P) is the topological group of G-equivariant
automorphisms of P which fix M. Atiyah, Bott and Gottlieb [1, 1] showed that its classifying
space BG(P) is homotopy equivalent to the connected component Map,(M, BG) of the
mapping space Map(M, BG) which contains the map inducing P. When G is a simple,
simply-connected, compact Lie group and M is an orientable, smooth, connected, closed 4-
manifold, it can be shown that the set of isomorphism classes of principal G-bundles over M
is in one-to-one correspondence with the homotopy set [M, BG] = Z. If a principal G-bundle
corresponds to an integer t, then we denote its associated gauge group by Gi(M). In [1§]
Theriault shows that when M is a simply-connected spin 4-manifold, there is a homotopy
equivalence

n
(1) G(M) ~ G,(S*) x [ G,

i=1
where n is the rank of H?(M;Z). For the non-spin case this homotopy equivalence still holds
when localized away from 2. As a result, the study of G;(M) can be reduced to that of G;(S%),
which has been investigated over the last twenty years. Kishimoto, Kono and Tsutaya gave
bounds on the numbers of distinct homotopy types of G;(S*) for all G' using localization
at odd primes [9]. Moreover, the homotopy types of G;(S*) are classified for many cases.
Let (a,b) be the greatest common divisor of a and b. Then [3, 8, 10, 11, 19, 21, 22]

e when G = SU(2), there is a homotopy equivalence G;(S?*) ~ G,(S*) if and only
if (12,t) = (12, s);

e when G = SU(3), there is a homotopy equivalence G;(S*) ~ G,(S*) if and only
if (24,1) = (24, 5);

e when G = SU(5), there is a p-homotopy equivalence G;(S*) ~ G,(S*) if and only
if (120,¢) = (120, s) for any prime p;

2010 Mathematics Subject Classification. Primary 54C35, 55P40; Secondary 55R10.
Key words and phrases. homotopy decomposition, gauge groups, 4-manifolds.
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e when G = Sp(2), there is a p-local homotopy equivalence G;(S*) ~ G,(S*) if and only
if (40,t) = (40, s) for any prime p;

e when G = SU(n), there is a p-local homotopy equivalence G;(S*) ~ G,(S?) if and
only if (n(n? —1),t) = (n(n* — 1), s) for any odd prime p such that n < (p —1)*+1;

e when G = Sp(n), there is a p-local homotopy equivalence G;(S*) ~ G,(S?) if and only
if (4n(2n +1),t) = (4n(2n + 1), s) for any odd prime p such that 2n < (p — 1) + 1;

e when G = (s, there is a p-local homotopy equivalence G;(S*) ~ G,(S*) if and only
if (84,t) = (84, s) for any odd prime p,
In addition, a few cases of G;(CP?) are worked out [12, 20]:
e when G = SU(2), there is a homotopy equivalence G,(CP?) ~ G,(CP?) if and only
if (6,t) = (6, s);

e when G = SU(3), there is a p-local homotopy equivalence G,(CP?) ~ G,(CP?) if and
only if (12,¢) = (12, s) for any prime p.
On the other hand, very little is known about G;(M) when M is non-simply-connected.
The goal of this paper is to study the homotopy types of Gi(M) for certain non-simply-
connected 4-manifolds. To achieve this we need a homotopy decomposition statement.

Theorem 1.1. Suppose that G is a simple, simply-connected, compact Lie group and Y is
a CW-complex of dimension at most 3. Let ¢ :' Y — M be a map such that X.¢ has a left
homotopy inverse. Then we have

Gi(M) ~ G,(Cy) x Map™ (Y, G),
where Cy is the cofiber of ¢.

Using Theorem 1.1 we calculate the homotopy types of G;(M) when m (M) is (1) Z*™,
(2) Z/p"Z, or (3) Z*™ x (x}_,Z/p;Z), where p and the p;’s are odd primes.

Theorem 1.2. Suppose that G is a simple, simply-connected, compact Lie group and M is
an orientable, smooth, connected, closed J-manifold.
o Ifm (M) =Z"" or Z/p"Z, then G;(M) is homotopy equivalent to a product of Gi(S*)
or G,(CP?) and “loop spaces” on G.
o If m(M) = Z* % (x]_Z/p; L), then Gi(M) x [T?* Q2G is homotopy equivalent to a
product of G;(S*) or G,(CP?) and “loop spaces” on G for some number d.

The term “loop spaces” refers both to iterated based loop spaces QG, Q2G and Q*G and
modular loop spaces QG{p"} and Q*G{p"}, where G{p"} is the homotopy fiber of the p"-
power map on G. Explicit decompositions are stated in Section 3.

Theorem 1.2 shows that the homotopy type of G;(M) is related to that of G;(S*) or G,(CP?)
in these three cases. Combining Theorem 1.2 and the known results in [3, 11, 10, 19, 22], we
have the following classification.

Corollary 1.3. If M is an orientable, smooth, connected, closed 4-manifold with m (M) = Z*™
or Z/p"7Z, then the followings hold:
e when G = SU(2), there is a homotopy equivalence G,(M) ~ G (M) if and only
if (12,t) = (12, s) for M spin, and (6,t) = (6,s) for M non-spin;
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e when G = SU(3), there is a homotopy equivalence G,(M) ~ Gy(M) if and only
if (24,t) = (24, s) for M spin; there is a p-local homotopy equivalence G,(M) ~ G(M)
if and only if (12,t) = (12, s) for any prime p and M non-spin;

e when G = SU(n), there is a p-local homotopy equivalence Gy(M) ~ G(M) if and
only if (n(n?—1),t) = (n(n?—1),s) for any odd prime p such thatn < (p—1)*+1;

e when G = Sp(2), there is a p-local homotopy equivalence Gy(M) ~ G,(M) if and only
if (40,t) = (40, s) for any odd prime p;

e when G = Gy, there is a p-local homotopy equivalence G(M) ~ Gs(M) if and only
if (84,t) = (84, s) for any odd prime p.

There is an analogous statement to Corollary 1.3.

Corollary 1.4. If M is an orientable, smooth, connected, closed 4-manifold with 7 (M) =
VAR (*?:1Z/p;jZ), then the integral and p-local homotopy equivalences in Corollary 1.3 hold

for Gy(M) x [T** Q2G for some number d.

The structure of this paper is as follows. In Section 2 we prove the homotopy decomposition
Theorem 1.1 and develop some useful lemmas. In particular, Theorem 1.1 is used to revise
homotopy equivalence (1) which is often referred to during the calculations in Section 3. In
Section 3 we give the homotopy types of XM and G;(M) when (M) is either Z*™, Z/p"Z
or Z*™ x (*?le/p;jZ), where p and the p;’s are odd primes.

2. A HOMOTOPY DECOMPOSITION OF GAUGE GROUPS

2.1. A homotopy decomposition and some useful lemmas. We are going to extend the
homotopy decomposition (1) to a more general situation. Suppose that M is an orientable
4-dimensional CW-complex that is constructed by attaching a 4-cell onto a 3-dimensional
CW-complex M3 by an attaching map f : S® — Ms. Let u: BG — K(Z,4) be a generator
of H*(BG) = Z. Since it is a 5-equivalence, u, : [M, BG] — [M, K(Z,4)] = Z is a bijection.
If a principal G-bundle over M corresponds to some integer ¢, then we denote its associated
gauge group by G;(M).

In [18], the homotopy decomposition (1) is obtained as a consequence of the attaching
map f of the 4-cell in M having the property that ¥ f is null-homotopic. Observe that X f
is the connecting map of the cofibration sequence

M3—>M—>S4,

where Msj is the 3-skeleton of M. From the point of view of homotopy theory, it can be
replaced by a cofibration sequence

(2) Yy -4 M -5,

for some space Y and some map ¢ : Y — M, with a connecting map that is null-homotopic.
Here ¢ is the quotient map and Cj is the cofiber of ¢. The nullity condition is equivalent
to X¢ having a left homotopy inverse. If we further restrict the dimension of Y to be at
most 3, then by Cellular Approximation Theorem ¢ is homotopic to 10, where ¢ : Y — Mj
is a map on M3 and 2 : M3 — M is the inclusion. The existence of a left homotopy inverse
of X¢ imposes a strong condition on X M.
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Lemma 2.1. Let Y be a CW-complex of dimension at most 3 and let ¢ :' Y — M be a map.
If ¢ is homotopic to 1o ¢ for some map ¢ : Y — Ms, then the following are equivalent:

1) ¥¢ : XY — XM has a left homotopy inverse 1;

2) X has a left homotopy inverse 1’ and ' o X f is null-homotopic;

3) M is homotopy equivalent to XY V XCy and ¥¢ is homotopic to the inclusion;

4) ¥ Ms is homotopy equivalent to XY V £.C, where C,, is the cofiber of ¢, X is homo-
topic to the inclusion and ' o X f is null-homotopic.

(
(
(
(

Proof. First we show that Condition (1) and (2) are equivalent. If ¥¢ has a left homotopy
inverse 1, then ¢/ = 1) o ¥ is a left homotopy inverse of ¢ and ¢ o Xf =1 o Xr0 Xf is

null-homotopic since S4 >, > Msj > SIM is a cofibration sequence. Conversely, assume
Condition (2). Consider the homotopy commutative diagram

C I 3} VA2 )
iw'//w
)%

By hypothesis ¢’ o ¥ f is null-homotopic, so ¢’ has an extension 1. Then we have
oXp ~ 1hoX(iop)

(1 0o ¥1) o X

o X

Isy,

12

12

~

where 1yxy is the identity map on Y. Therefore v is a left homotopy inverse of X¢.
Now we show that Conditions (1) and (3) are equivalent. If ¥¢ has a left homotopy
inverse 1, then let A be the composition

h:SM -2 DM v EM YX Yy v se,,

where o is the comultiplication. Observe that i induces an isomorphism H*(XY V XCy) —

H*(XM). Since these spaces are suspensions and are simply-connected, h is a homotopy

equivalence by Whitehead Theorem. Therefore XM is homotopy equivalent to XY V XCy.

Moreover, since ¢ is a co-H-map,
hoSp =~ (VEg)oooLs

~ (pVIq)o(XpVEp)oo

~ (YpoXpVEqoXp)oo

~ (Igy Vx)oo

is the inclusion XY — XY Vv XC,. Conversely, assume Condition (3). Let h be a homotopy

equivalence from XM to XY V Xy and let ¢ be the composition

b:IM L vy vec, 2 vy,

where p is the pinch map. By hypothesis, ho¥X¢ is homotopic to the inclusion XY — XY V XY,
so we have
YoXp~pohoXp~lyy

and v is a left homotopy inverse of ¥¢.
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The equivalence between (2) and (4) can be shown similarly. O

We can extend the cofibration (2) to the homotopy commutative diagram whose rows and
columns are cofibration sequences

(3) ¥ ——>Y ——Y —> %

where ¢/,p and p’ are the quotient maps and f' = ¢’ o f. The bottom row implies that Cy
is constructed by attaching a 4-cell onto C, via f’. The generator u of H*(BG) induces
a bijection between [Cy, BG| and [Cy, K(Z,4)] = 7Z, so any principal G-bundle over Cj
corresponds to some integer t. Denote the associated gauge group by G;(Cy). We want to
compare G(M) and G,(C,) via the pullback ¢*.

Lemma 2.2. Assume the conditions in Lemma 2.1. Then ¢* : [Cy, BG] — [M,BG]| is a
group isomorphism.

Proof. The naturality of u* implies the commutative diagram

(Co, BG] (M. BG]
HY(Cy) —"— H'(M).

Since the group structures on [M, BG| and [Cy,, BG| are induced by bijections

u*: [M,BG| — H*(M)=Z and u*:[C,, BG] — H*(Cy) = Z,
it suffices to show that ¢* : H*(C,) — H*(M) is an isomorphism.
The cofibration (2) induces an exact sequence
7 (M) S5 7(2Y) -5 BY(C,) S HA M) 2 HAY),
where €* is induced by the connecting map € : Cy — XY. Since ¥¢ has a left homotopy

inverse, ¢ is null-homotopic and €* is trivial. Also, the dimension of Y is at most 3, so H4(Y")
is trivial. By exactness ¢* : H*(C,) — H*(M) is an isomorphism. O

Lemma 2.3. For any integer t, let Map; (M, BG) and Map;(Cy, BG) be the connected com-
ponents of Map* (M, BG) and Map*(Cy, BG) containing t € [M, BG] = [Cy, BG] respec-
tively. Then

Map*(SY, BG) - Map}(Cy, BG) -5 Map; (M, BG)

18 a fibre sequence.

Proof. First, ¢* : Map;(Cy, BG) — Map; (M, BG) is well defined by Lemma 2.2. Second,
the cofibration (2) induces a fibre sequence

Map*(SY, BG) - Map*(M, BG) - Map*(C,, BG).
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Since €* is null-homotopic, Map* (XY, BG) is mapped into Mapg(M, BG) and hence is the
homotopy fiber of ¢* : Map;(M, BG) — Mapg(Cy, BG). To show that it is true for any ¢ € Z,
let « : Mapg (M, BG) — Map; (M, BG) be a map sending a pointed map g : M — BG to
the composition

ar(g): M = M v $* 2% BG v BG -% BG,

where c is the coaction map of M and V is the folding map, and let 8, : Map;(Cy, BG) —
Map; (Cy, BG) be a map defined similarly. Since o and (; are homotopy equivalences, it
suffices to prove the commutate diagram

Map?(Cs, BG) — = Map;(M, BG)

b

Map; (Cy, BG) —= Map;(M, BG).

Consider the homotopy commutative diagram

M < M v St

X pV1

q St s Gty G4 qv1

% p'Vv1

Cl

C, Cy Vv St

where ¢’ is the coaction map, and p and p’ are the quotient maps, and o is the comultiplication
of S%. The left and the right triangles are due to the bottom right square in diagram (3),
the top and the bottom quadrangles are due to the property of coaction maps. Extend it to
get the cofibration diagram

M—>Mv st B v BG -~ BG

/ Vit

Cy—=Cyv S* L BGV BG —~ BG

The upper row around the diagram is f;(¢*g), while the lower row around the diagram
is ¢*ay(g). Therefore ¢* commutes with «; and 5; and the asserted statement follows. O

Theorem 2.4. LetY be a CW-complex of dimension at most 3 and let ¢ :' Y — M be a map.
If ¢ satisfies one of the four conditions in Lemma 2.1, then there are homotopy equivalences

EM ~3CyVEY and G(M) =~ Gi(Cy) x Map*(Y,G).

Proof. Let Map,(M, BG) and Map,(C,, BG) be the connected components of Map(M, BG)
and Map(Cy, BG) containing t € [M, BG| = [Cy, BG]. There are evaluation fibrations

Map; (M, BG) — Map,(M, BG) - BG and Map;(Cy4, BG) — Map,(Cy, BG) = BG.
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By Lemma 2.2 ¢* : [Cy, BG] — [M, BG] is an isomorphism, so there is a homotopy commu-
tative diagram whose rows are fibration sequences

(4) G — Map; (Cy4, BG) — Map,(Cy, BG) — BG
| |
G — Map; (M, BG) — Map,(M, BG) — BG
As in [18], from the left square in (4) we obtain a homotopy fibration diagram

(5) * QMap; (M, BG) == QMap; (M, BG)

G,(Cy) —L—> G,(M) ——— Map*(2Y, BG)
G:(Cy) G Map} (Cy, BG)
i Map; (M, BG) === Map; (M, BG)

The right column is due to Lemma 2.3. The nullity of €* implies that i has a right homotopy
inverse. The group multiplication in G,(M) then gives a homotopy equivalence

@ . gt(C¢) X Map*(EY, BG) — gt(M) X gt(M) — gt<M),
so G,(M) is homotopy equivalent to G,(Cy) x Map™ (Y, G). O

When calculating G, (M), we will use Theorem 2.4 several times and apply it to M and Cj
in some cases. So here we establish some facts about Cj.

Lemma 2.5. Let ¢’ : M — C,, be the quotient map and let ' be the composition
s3 vy, L 0.
Then X f" is null-homotopic if and only if X f is null-homotopic.
Proof. The necessity is obvious. Assume that X f’ is null-homotopic. Since the composition
h:SMs -% SM; v SM; 2 Sy v se,

is a homotopy equivalence, it suffices to show that h o X f is null-homotopic. Consider the
homotopy commutative diagram

oL VN
lzf lEf\/Ef

SM; —Z= SM; Vv EM; 2L Y v B,

where the two ¢’s are the comultiplications of S* and Y M;. The lower direction around the
diagram is h o X f, and the upper direction around the diagram is

(WoXfVEdoXfloo~(poXfVEf)oo
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By hypothesis ¥ f’ is null-homotopic, and by Lemma 2.1(4) )0 X f is null-homotopic. There-
fore h o ¥ f is null-homotopic and hence so is ¥ f. O

Lemma 2.6. Let Hfm(X) be the free part of H*(X) for any space X. If H*(Y) is torsion,
then q* - H,(Cy) — Hpoo(M) is an isomorphism. Moreover, if for any o € Hj, (M) there
exists ' € Hj, (M) such that o’ U ' € H*(M) is a generator, then for any o € Hj, (Cy)

there exists 8 € Hz,,(Cy) such that a U 8 € H*(Cy) is a generator.

7‘68(

Proof. Cofibration (2) induces the long exact sequence of cohomology groups

s 1RO B mE o) B mE Yy —
Since X¢ has a left homotopy inverse, the sequence splits for £ > 1 and we have
H*(M) = H*Y) @ H*(Cy).

By hypothesis H?(Y') is torsion, so H}

2..(Cy) is isomorphic to H}
For any a € Hj

ree(M)
2 e(Co), () isin HE  (M). By hypothesis there exists 8 € HE (M) such
that ¢*(a) U B € HY(M) is a generator. Since ¢* : HZ..(Cy) — HZ..(M) is an isomorphism,
there exists § € HE . (Cy) such that ¢*(8) = . Therefore we have ¢*(a) U 8/ = ¢*(a U ).
Observe that ¢* : H*(Cy) — H*(M) is an isomorphism since ¥ has dimension at most 3. It

follows that o U 3 is a generator of H*(C,). O

The second part of Lemma 2.6 says that the cup product on HZ . (Cy) is unimodular if

the cup product on Hfree( M) is unimodular, which follows from Poincaré Duality when M
is an orientable compact manifold. Furthermore, if Cy has a subcomplex Y’ satisfying
Theorem 2.4, then the cup product on HZ .(Cy/ Yy’ ) is still unimodular.

Next we consider two variations of Theorem 2.4 when M has a special structure.

Lemma 2.7. Suppose that Ms is homotopy equivalent to Z NV Z'. Let'Y and Y’ be CW-
complezes of dimension at most 3, and let o :' Y — Z and ¢' : Y' — Z' be maps. If Xy
and X' have left homotopy inverses v and ' respectively and the compositions

pinch

St v Y sy Yy and St s v Y

pinch

— Y7 — XY,
are null-homotopic, then we have

SM~SM'VEY VEY' and Gi(M) ~ G(M') x Map*(SY, BG) x Map*(SY’, BG)

where M’ is the cofiber of the map Y V'Y’ M N 7 s M.

Proof. Let ® be the composition

O YVY 28 2V 7~ M.

The map ¢ Vo' : XZ Vv XZ' — XY V XY’ is a left homotopy inverse of ¥®. We show
that (¢ V') o X f is null-homotopic, implying that ® satisfies the hypothesis of Theorem 2.4.
Notice that the composition

h:SMy -2 SMs vV EM, B 17 v 27
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is a homotopy equivalence, where p; : XM3; — X7 and py : XMz — XZ' are the pinch maps.
Since X f is a co-H-map, we have

(WVY)ohoZf =~ (YVi)o(p1Vpy)oogoXf
~ (pV)o(piVpe)o(EfVEf)oo
~ (popioBfVviopoXf)oo
which is null-homotopic by assumption. Therefore (¢ V ¢) o ¥ f is null-homotopic and
Theorem 2.4 implies the asserted statement. O

Lemma 2.8. Suppose M = X# X' where X and X' are orientable, smooth, connected, closed
4-manifolds. Let Y and Y' be CW-complezes of dimensions at most 3 and let ¢ 1 Y — X3
and ¢' 1 Y — X§ be maps satisfying the hypothesis of Theorem 2.4. Then we have

SM~SM'VEY VY’ and Gi(M) ~ G(M') x Map*(SY, BG) x Map*(XY", BG)

where M’ is the cofiber of the inclusion Y V'Y’ Ve X3V X, — M.

Proof. Let f: 5% — X3 and f': S® — X} be the attaching maps of the 4-cells in X and X’

respectively. By Lemma 2.1, 3¢ and X’ have left homotopy inverses 1 and ¢’ and ¢ o X f

and ¢/ o X f’ are null-homotopic. We show that ¢ and ¢’ satisfy the hypothesis in Lemma 2.7.
The 3-skeleton of M is X3 VvV X} and the attaching map of the 4-cell is

faiSP -2 53V S8 Y X, v X
Let p; : ¥ X3V XX, — X X3 and po : XX3V XX, — XX/ be the pinch maps. Consider the

homotopy commutative diagram

>
gt 2 ovx v S X}

|

g vy,

Y

Since ¢ o ¥ f is null-homotopic, the composition ¥ o p; o ¥ f, is null-homotopic. Simi-
larly ¢’ o ps o ¥ fy is null-homotopic. Then Lemma 2.7 implies the statement. U

2.2. Gauge groups over simply-connected 4-manifolds. Now we revise homotopy
equivalence (1) using Theorem 2.4. When M is simply-connected, its 3-skeleton Mj is
homotopy equivalent to \/;_, S?. If £ f is null-homotopic, then we can apply Theorem 2.4
by taking Y to be the whole of M3 and ¢ : Y — M3 to be the identity map and get the
homotopy equivalence (1). In the following we assume the homotopy class of Xf is not
trivial.

To distinguish the 2-spheres, denote the i*! copy of S? in M3 by S2. Let n: S* — 52 be
the Hopf map and let n; be the composition

ni: 8 SP e \/ S7.
i=1
We also denote the suspensions ¥n and ¥n; by 7 and 7; for short.

Lemma 2.9. If M; is homotopy equivalent to \/_, S?, then X f is homotopic to > i | a;i;
where a; € 7/27.
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Proof. The Hilton-Milnor Theorem implies

m3(\/ S7) = P ms(S7) @ P ms(=S! A S)),
i=n i=1 i#j
where 73(S7?) is generated by n; and 73(X.S} A S}) is generated by Whitehead products of the
identity maps on S7 and S7. As an element in 75(\/;_, S7), f is homotopic to Y " | a:m; + w
where @; is an integer and w is a sum of Whitehead products in ,; m3(S7 A S}). Af-
ter suspension X f is homotopic to Y, a;7;, where a; = @; (mod 2), since suspensions of
Whitehead products are null-homotopic and 7; has order 2. O

If the homotopy class of X f is not trivial, then at least one of the a;’s is not zero. Rela-
belling the spheres if necessary, we may assume that X f is homotopic to Y ", 7; for some
integer m such that 1 < m < n. Then we can simplify this expression with the following
lemma.

Lemma 2.10. If Ms is homotopy equivalent to \/;_, S? and Xf is homotopic to > . 7,
then there is a map f : S — My such that its cofiber C} is homotopy equivalent to M
and Zf 18 homotopic to n,. Moreover, p; o f is homotopic to py o f where py : \/;_, S? — S}
1s the pinch map.

Proof. For each 1 < j < m, define a map &; : M3 — My as follows. On S? V sz, &; is the
composition

VAR S AVACHAVAC LR S RV CCE
where ¢ is a comultiplication of S and V is the folding map of S and S?. On the remaining
spheres, ; is the identity. Consider the homotopy cofibration diagram

53 Lo M

lfj igg
gjof

93 2 My —— Ce o

where éj is an induced map and Cg.y is the cofiber of & o f. Since §; is a homology
isomorphism, so is éj by the 5-lemma. Therefore éj is a homotopy equivalence and M is
homotopy equivalent to C ..

By Lemma 2.9, 3(&; o f) is homotopic to Y ., a;7};, where a; € Z/2Z. For 1 < i < n,
let p; : VI, S — S? be the pinch map. Then q; is p; o X(&; o f). By the definition of ¢;,
a; =1fori# jand 1 <i <m, and a; = 0 otherwise, that is

E(&of) =i iy g e T

Let f be &no---0& o f and let Cj be its cofiber. Then > is homotopic to 7; and Cyis
homotopy equivalent to M.
Lastly, observe that p; o §; is homotopic to p;. It follows that p; o §; o f is homotopic

to p1 o f and so is p; o f. U
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Lemma 2.11. Let M be a 4-dimensional simply-connected CW-complex. If X f is nontrivial,
then there are homotopy equivalences

n—1 n—1
M ~SCP*V (\/ $%) and Gi(M)~ G\(C.) x [[ 2°G

where a is an odd integer, n is the rank of H*(M) and C,, is the cofiber of an.

Proof. By Lemma 2.9 Xf is homotopic to Yoy i for some m such that 1 < m < n. By
Lemma 2.10 there exists a map f such that $f is homotopic to 7; and its cofiber M is
homotopy equivalent to M. Replacing f by f and M by M, we can assume Y f ~mn;. Use
Theorem 2.4 by taking Y to be \/;_, S? and ¢ : \/7_, S? — M to be the inclusion and get

n—1 n—1

XM ~%CyV <\/ 83> and Gi(M) ~ G,(Cy) X HQQG

i=1 i=1

where Cy is the cofiber of ¢. We need to show that U, is homotopy equivalent to Cy,, for
some odd integer a and XC} is homotopy equivalent to SCP?.
Consider the cofibration diagram

* 53 S3

R

\/z 2SQ*>\/Z 1‘92 ‘92

.

Vie, 57 M Cy

where v : \/7_, S? — /I, S? is the inclusion, p; : \/_, S? — S} is the pinch map. Since p;o f
is in 73(S?) = Z, it is homotopic to an for some integer a. The right column implies that C
is homotopy equivalent to the cofiber Cy,, of an. Moreover, ¥ f is homotopic to 7;, so X(p10 f)
is homotopic to X7 and @ is an odd number. It follows that ¥C'; is homotopy equivalent to
the cofiber of ¥n, which is XCP?, O

¢

We can modify the result of Lemma 2.11 a bit better.
Lemma 2.12. Let a be an odd number. Then we have
Gi(Cay) x QG ~ G,(CP?) x Q*G.
Proof. Let g be the composition

g: S -2y 53y g3 Y g2y g2
and let C, be its cofiber. To distinguish the 2-spheres in the range, denote the i copy
by SZ. Now we calculate G;(Cy). By Lemma 2.10, we can assume that Xg is homotopic to 7;
and p; o g is homotopic to 7. Use Theorem 2.4 by taking Y to be S5 and ¢ : S3 — S?V S2 to
be the inclusion and obtain G;(C,) ~ G,(C,/S3) x Q*G. Consider the homotopy coﬁbration
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diagram

*%8377522

b

SRR AV p—c

r

53 T 52 CP2,

where j is the inclusion and p; is the pinch map. The right column implies that C,/S3 is
homotopy equivalent to CP?, so we have

G:(Cy) =~ G:(CP?) x Q°G.
Similarly, let ¢’ be composition
g 8T 3y 53 Y g2y g2

and let Cy be its cofiber. By Lemma 2.10, 3¢ is 7; and p; o ¢’ is homotopic to an and p; o ¢’
is homotopic to an. Use Theorem 3.1 by taking Y to be S2 and ¢ : S3 — S V Si and
obtain G;(M) ~ G,(Cy//S3) x Q*G. Since C, /S5 is homotopy equivalent to C,,, we have

gt(Cg’) ~ gt(Cu,n) X QQG

Observe that g = T o ¢/, where T': S? V S — S2 v S} is the swapping map. Since T is a
homotopy equivalence, Cy and C, are homotopy equivalent. Combining the two homotopy
equivalences gives the asserted lemma. 0

Proposition 2.13. Suppose that M is a 4-dimensional simply-connected Poincaré-complez.
Let the rank of HQ(M) be n. If Xf is null-homotopic, then there are homotopy equivalences
M~ S v (\/S%) and G(M)~G,(s") x [[2%G.

i=1 i=1

If X f is nontrivial, then there are homotopy equivalences

n—1 n—1
SM ~XCP?V (\/ S%) and G/(M)~G,(CP*) x [[*G.
i=1 i=1
Proof. If ¥ f is null-homotopic, then use Theorem 2.4 by taking Y to be M3 and ¢ : Y — M3

to be the identity map and get the first two homotopy equivalences.
If X f is nontrivial, by Lemma 2.11 there are homotopy equivalences

n—1 n—1
M ~SCP*V (\/ §%) and Gi(M) ~ Gi(Cuy) x [[2°G,
i=1

i=1

where a is an odd integer. It suffices to show that we can replace G;(C,,) by G:(CP?).
When n = 1, the Poincaré complex condition implies that f has Hopf invariant equal to 1
or -1. Therefore M is homotopy equivalent to CP? and the statement holds. When n > 2,
there is at least one copy of Q?G on the right hand side. By Lemma 2.12, we can re-
place G;(Cy,) by G:(CP?) to obtain the proposition. O
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It would be interesting to know if Lemma 2.12 can be improved to G;(C,,) ~ G;(CP?).
Observe that Proposition 2.13 is an improvement on the homotopy equivalence (1) for the
non-spin case in [18], which gives a decomposition only after localization away from 2.

3. GAUGE GROUPS OVER NON-SIMPLY-CONNECTED 4-MANIFOLDS

From now on we assume that M is an orientable, smooth, connected, closed 4 manifold. By
Morse Theory, M admits a CW-structure with one 4-cell [14, Theorem 3.35]. In this section
we calculate the homotopy types of XM and G,(M) when 7, (M) is (1) a free group Z*™, (2) a
cyclic group Z/p"Z, or (3) a free product of types (Z*™) x (x}_,Z/p; Z), where p and the p;’s
are odd primes. Our strategy is to apply Theorem 2.4 and its variations to decompose G,(M)
into a product of a gauge group of a simply-connected space, whose homotopy type is worked
out in Proposition 2.13, and some complementary factors that do not depend on ¢.

3.1. The case when (M) = Z*". When 7 (M) is a free group, M3 is homotopy equivalent
to a wedge sum of spheres [7]

My~ (\/S*)v(\/ s v(\Sh.
i=1 j=1 k=1
Using Theorem 2.4 we can calculate the homotopy types of XM and G;(M).

Theorem 3.1. Suppose mi (M) = Z*™. Let the rank of H*(M) ben. If X f is null-homotopic,
then there are homotopy equivalences

m

YM ~ S5 v \/ \i/

=1

\|<§

G(M) =~ G,(S") xHQJGxHQQGxHQG
If X f 1s nontrivial, then there are homotopy equwalences
YM ~ SCP? v (C/ SY v (n\/1 S3) v (\n} S?
i=1 j=1 k=1
G/(M) ~ G,(CP?) x ﬁQ3G X ﬁQQG X ﬁQG.
i=1 j=1 k=1

Proof. Denote the i copy of S® in M3 by S? and the k" copy of S by S}. We show that
the inclusions ¢} : S? — M3 and ¢}, : S} — Mj3 satisfy the hypothesis of Lemma 2.7 for all ¢
and k.

Let p? : My — S? and p}. : M3 — S} be the pinch maps. Then Xp} and Xp, are left
homotopy inverses of Y¢? and ;. Moreover, Yp? o Sf ~ X(p? o f) is null-homotopic
since f induces a trivial homomorphism f* : H3(Ms) — H3(S?), and Xp} o X f ~ X(pt o f)
is null-homotopic since pj, o f is null-homotopic by 73(S') = 0. Apply Lemma 2.7 and get

zMzzM'v(\n}S‘* \/s2 and Gy (M) ~ xHQ3GxHQG

k=1
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where M’ is the cofiber of the inclusion (\/i*, S*) V (V;.,S®) < M. Observe that the
3-skeleton of M’ is homotopy equivalent to \/;_, S?. Since H?*(S}) and H?*(S}) are zero,
Lemma 2.6 implies that M’ satisfies Poincaré Duality. Let f’ be the attaching map of the
4-cell in Mj. By Proposition 2.13, if ¥ f” is null-homotopic, then we have

SM' ~ 57 v (\/S%) and Gi(M')~G,(s") x [[2°G.
1=1 =1
If ¥ f" is nontrivial, then we have
n—1 n—1
SM'~XCP?v (\/ $%) and Gi(M')~ G,(CP*) x [ *G.
i=1 =1

By Lemma 2.5 X f’ is null-homotopic if and only if ¥ f is null-homotopic. Combining these
homotopy equivalences gives the theorem. 0

3.2. The case when 7 (M) = Z/p"Z. Recall that an n-dimensional Moore space P"(k)
is the cofiber of the degree-k map S™~! Ey 871 for n > 2. With integral coefficients,

H;(P"(k))is Z/kZ for i = n—1 and is zero otherwise. With mod-k coefficients, H;(P"(k); Z/kZ)
is Z/kZ for i = n — 1 and n and is zero otherwise. Let u be a generator of H,_1(P"(k)).
By the Universal Coefficient Theorem, H,_;(P"(k);Z/kZ) is generated by the mod-k re-
duction @ of u, and H,(P"(k);Z/kZ) is generated by © = fa, where /3 is the Bockstein
homomorphism.

For any space X, the mod-k homotopy group 7,(X;Z/kZ) is defined to be [P™(k), X].
When n > 3, m,(X;7Z/kZ) has a group structure induced by the comultiplication of P"(k)
and when n > 4, 7,(X;Z/kZ) is abelian. There are two associated homomorphisms: the
mod-k Hurewicz homomorphism

h:mo(X;Z/kZ7) — H,(X;Z/kZ),

which is defined to be h(f) = f.(v) for f € m,(X;Z/kZ), and the homotopy Bockstein
homomorphism

Br : mn(X; Z/KZ) — 7 1(X),
which is defined to be B(f) = +* o f and ¢ : S"' — P"(k) is the inclusion. They are
compatible with the standard Hurewicz homomorphism h and Bockstein homomorphisms (3
in the commutative diagram [15]

(6) o 1 (X ZJKZ) — T (X))~ 1 (X) —— 1y (X Z /KT — -

k P |
o —— H, 1 (X Z/k7) L H,(X) LHn(X) — H,(X;Z/kZ) — - --
For any map g : P3(k) — P3(k), let C, be its cofiber, and let a and b be generators
of H*(Cy; Z/kZ) and H*(Cy; Z/kZ). Then the mod-k Hopf invariant H(g) € Z/kZ is defined

by the formula a Ua = H(g)b (mod k).

Lemma 3.2. [16, Corollary 11.12] Let p be an odd prime and let g : P3(p") — P*(p")
be a map in the kernel of h. Then g is null-homotopic if and only if its mod-p" Hopf
invariant H(g) is zero.
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Back to the calculation of Gy(M). When m (M) = Z/p"Z, Poincaré Duality and the
Universal Coefficient Theorem imply the homology groups of M are as follows:

Z 1=0,4
Hi(M:7Z) = Z]p"Z 1=1
’ 2" S L/pZ =2
0 else.

Now we calculate the homotopy type of XM to find a possible subcomplex Y satisfying the
hypothesis of Theorem 2.4.

Lemma 3.3. Let p be an odd prime. Then my(P*(p")) and w4(P3(p")) are trivial.

Proof. After localizing away from p, any P"(p") is contractible so m4(P*(p")) and 74(P3(p"))
are p-torsion. Localize at p and consider the long exact sequence of homotopy groups for the
pair (P*(p"), S3):

o (S — m(PA)) L (PR, S%) — -
The pair (P*(p"), S?) is 3-connected, so m4(P*(p"), S?) is Z by Hurewicz Theorem. Since m4(S?)
is trivial at odd primes, j, is an injection. But m4(P*(p")) is torsion, so this injection only
makes sense if m,(P*(p")) is trivial.

Now we calculate m4(P3(p")). Let F3*{p"} be the homotopy fiber of the pinch map
P3(p") — S3. Then m4(P3(p")) equals m4(F3{p"}) since m,4(2S3) and 74(S3) are trivial
at odd primes. By [15, Proposition 11.7.1], there is a p-local homotopy equivalence

QF*{p'} ~ S*x Qu(\/ P (@) x [ [ 'Y,
e J
where n,, is either 3 or greater than 4, and S™{p"*1} is the homotopy fiber of the degree map
p'tt 8" — 8™ Since my(F3{p"}) is m3(QF3{p"}), we need to calculate the third homotopy
group of each factor on the right hand side. The first factor m3(S?) and the last factor is

trivial since S2’~1{p"*1} is 3-connected for j > 1. For the remaining factor of QF3{p"},
consider the string of isomorphisms

m(QE(\/ P (0")))

«

1

ro([JosP )

m3(QLP3(p))

ma(PY(p"))
0.

The first isomorphism is obtained from the Hilton-Milnor Theorem using dimension and
connectivity considerations. The second isomorphism holds since only one n, equals 3 while
the rest are strictly larger than 4. The third isomorphism holds by adjunction, and the fourth
isomorphism holds as we have already seen that m,(P*(p")) = 0. Therefore my(F*{p"}) is
trivial and so is 74(P3(p")). O

1R

Il

Lemma 3.4. If m(M) 2 Z/p"7Z, then there is a homotopy equivalence

SMy = PYp) v (\/ S*) v PP(p").

i=1
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Proof. Since ¥ M3 is simply-connected, it has a minimal cell structure. By [0, Proposition
4H.3] ¥ M3 is homotopy equivalent to the cofiber of a map

g: P(p") v (\/S%) = P*(p)
i=1
such that g induces a trivial homomorphism g. : Ho(P?(p") V (i, S?)) = Ha(P?*(p")). We
claim that ¢ is null-homotopic. To distinguish the 2-spheres in the wedge sum, denote the i
copy by SZ. Since

[Py v (\/ S9), PP(o")) = [PP(p"), P*(p")] @ (@[SE,P?’(Z?T)]) )
i=1 i=1
we write g = ' @ (B;_, /'), where g € [P°(p"), P(p")] and g € [S7, P°(p")].
Consider the commutative diagram

72 (82) 2 (P ()

d |
(97")

Hy(S7) —— Ha(P?(p")).

Both Hurewicz homomorphisms h are isomorphisms by Hurewicz Theorem. Since g, is trivial,
so is (¢/)«. The diagram implies that g/ is null-homotopic. Therefore ¥ M3 is homotopy
equivalent to Cy V (\/i_, S?), where Cy is the cofiber of ¢’. It suffices to show that ¢’ is
null-homotopic.

Consider the commutative diagram

w3(P3(p); Z/p'Z) —~ Hy(P3(p'): Z/p Z,)

- !

Hy (P (p"))

from (6). The induced homomorphism g is trivial and we have

hofB(g)=pBohlg)=pB0((g)w)=0.

Observe that 8 : H3(P3(p"); Z/p"Z) — Ho(P3(p")) is an isomorphism in this case, so ¢ is in
the kernel of h. Since Cy retracts off the suspension ¥ M3, it is a co-H-space and H*(Cy; Z/p"Z)
has trivial cup products. Therefore the mod-p™ Hopf invariant H(g') is zero and ¢’ is null-
homotopic by Lemma 3.2. U

Lemma 3.4 says that ¥ M3 contains P3(p")V P*(p") as its wedge summands. This, however,
does not necessarily imply that M3 contains P?(p")V P3(p") since M is not simply-connected.

Lemma 3.5. If m (M) = Z/p"Z, then there exists a map € : P*(p") — Mjs satisfying the
hypothesis of Theorem 2.4 and its cofiber C. is simply-connected.
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Proof. By the Cellular Approximation Theorem, 7 (M3) equals 7y (M) 2 Z/p"Z. Let j : St — M;
represent a generator of 71 (M3). It has order p”, so there exists an extension € : P?(p") — Ms.

(a

g1 P g1 P2 (p'r)

e
y Ve
J e
~
M;

Since m;(Ms) is abelian, Hy(Ms) is m(Ms) = Z/p"Z by Hurewicz Theorem and the in-
duced map e, : H{(P?(p")) — H(Ms3) is an isomorphism. Therefore the cofiber C, of €
has H;(C,) = 0, implying that C. is simply-connected.

Now we show that e has a left homotopy inverse. Let ¢ be the composition

v BMy = P v (\S9)v P r) S P,
i=1
Observe that
Uyt Ho(EM3 Z/p"Z) — Ho(PP(p"); Z/P'Z) and  (Xe) : Ho(PP(p" )i Z/p'Z) — Hy(SMy; Z/p'Z)
are isomorphism, so (¢ o Xe), : Hy(P3(p"); Z/p"Z) — Ho(P3(p"); Z/p"Z) is an isomorphism.
Then Bockstein homomorphism implies (¢ o Xe), : H3(P3(p"); Z/p"Z) — H3(P3(p"); Z/p"Z)
is an isomorphism. Therefore 1) o ¥e is a homotopy equivalence and 1 is a left homotopy
inverse of Xe.

Moreover, the composition 1oX. f is null-homotopic since 4 (P3(p")) is trivial by Lemma 3.3.
Therefore € satisfies the hypothesis of Theorem 2.4. 0

Denote the pointed mapping space Map*(P"(p"), G) by Q"G{p"}. This notation is justi-
fied since Map*(P™(p"), G) is the homotopy fiber of the power map p" : Q"G — Q"G. Now
we calculate the homotopy type of G,(M).

Theorem 3.6. Suppose (M) = Z/p"Z where p is an odd prime. Let the rank of H*(M)
be n. If X f is null-homotopic, then there are homotopy equivalences

M~ SV P v (\[S%) v PP(p")
1=1

Gi(M) ~ Gi(S*) x DG{p"} x [[ G x @*G{p"}.
i=1
If X f is nontrivial, then there are homotopy equivalences
n—1
M ~XCP?v PY(p") v (\/ S%) v PP(p")
i=1
n—1
Gi(M) ~ G(CP?) x Q*G{p"} x [[ 2°G x Q*G{p'}.
i=1
Proof. We decompose G;(M) in the following steps.
Step 1: By Lemma 3.5, there exists a map € : P?(p") — M3 satisfying the hypothesis of
Theorem 2.4. Apply the theorem and get

XM ~YM' Vv P3p") and Gi(M) =~ G,(M') x Q*G{p"}.
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where M’ is the cofiber of P?(p") — Mz < M.

Step 2: By Lemma 3.5 M’ is simply-connected, so its 3-skeleton M} is (\/7_,)S?V P3(p").
We show that the inclusion ¢ : P3(p") < Mj satisfies the condition of Theorem 2.4. The
pinch map XM} — P4(p") is a left homotopy inverse of Y¢. Let f’ be the attaching map of
the 4-cell in M’. Then the composition

§4 20 s P prpn
is null-homotopic since m4(P*(p")) is trivial by Lemma 3.3. Apply Theorem 2.4 and get
LM ~YM"V PYp") and Gi(M') ~ G/(M") x Q3G{p"}.

where M" is M'/P3(p").

Step 3: By Lemma 3.4 the 3-skeleton of M” is homotopy equivalent to \/}_, S%. Since
H?(P?*(p")) and H?*(P3(p")) are torsion, Lemma 2.6 implies that M” satisfies Poincaré Du-
ality. Let f” be the attaching map of the 4-cell in M”. By Proposition 2.13, if X f” is
null-homotopic, then

SM" ~SPv (\/S%) and G(M")~G,(S*) x [[2*G
i=1 i=1
If ¥ f” is nontrivial, then
n—1 n—1
SM" ~SCP’V (\/ $%) and G,(M")~G,(CP*) x [[*G
i=1 i=1

Step 4: Combining all the homotopy equivalences from Step 1 to 3 gives the theorem. [J

3.3. The case when m; = (Z*")x(x/_,Z/p;’ Z). Suppose that i (M) is (Z*")x(x}_, Z/p} Z),

where p; is an odd prime. The Stable Decomposition Theorem [13, Theorem 1.3] implies
that for some number d there is a diffeomorphism
(7) M#4(S% x 5%) = N#(#7_,L;),

where N and L;’s are orientable, smooth, connected, closed 4-manifolds with 7 (NN) = Z*™
and my(L;) = Z/p; Z. We will calculate the suspensions and gauge groups for both sides of
isomorphism (7).

Lemma 3.7. There are homotopy equivalences

S(M#4(S* x $%) = (SM)V (\/ $%) and Gy(M#4(S* x S%)) ~ G(M) x [[2°G.

Proof. By induction it suffices to show the lemma for the d = 1 case. We use Lemma 2.8 to
prove it. For M, the inclusion ¢ : {mg} < M of the basepoint mg obviously satisfies the
hypothesis of Theorem 2.4. For S% x S2, take the inclusion ¢’ : S? vV §% — S2? x 52 to be
the inclusion of the 3-skeleton. Since ¥(S? x S?) is homotopy equivalent to S°V S3V §3, ¢
satisfies the hypothesis as well. Apply Lemma 2.8 to get

S(M#(S? x §) = (2C;) v (\/ §%) and  G(M#(S* x S%)) ~ Gi(Cy) x [ [ °G,

— s=1
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where C; is the cofiber of the inclusion j : {mg} V (5% V S?) — M+#(S? x S?). Consider the
cofibration diagram

* S 93

T

S2Vv 8% — = MV 5?2V .S? ——= M

o]

S?V S? ——= M#(S? x S?) ——= M
where fjs is the attaching map of the 4-cell in M. The bottom row implies that C; is
homotopy equivalent to M and the asserted homotopy equivalences follow. O
Theorem 3.8. Let my(M) = (Z*™) « (x_,Z/p; L) where p; is an odd prime and let | be

the rank of H*(M). Then there exists a number d such that X(M+#4(S? x S?)) is homotopy
equivalent to either

n 1+2d m
\/54 \/ \/ S%) v \/ Ppinv(\/ s  or
j=1 jl= W=
n l+2d 1 m
SCP* v \/54 \/ \/ S v \/ v\ S,
j=1 §'=1 i'=1
In the ﬁrst case, we have
1+2d

) X HQQG Gi(S*) x HQ3G X HQ3G{p '} x H Q%G x HQQG{p] } x HQG
/=1
In the second case, we have
14+2d—1

XHQZG G,(CP?) xHQ3GxHQ3G{p '} x H QZGXHQQG{p] }xHQG
s=1

Proof. Denote N#(#}_,L;) by X. Using the stable decomposition (7) and Lemma 3.7, we
only need to calculate ¥X and G;(X). Let N3 and (L;)s; be the 3-skeletons of N and L;.
Then the 3-skeleton X3 of X is the wedge sum N3 V (\/j_,(L;)3)-

Step 1: The 3-skeleton Nj is homotopy equivalent to (V.- S*) V (\/;/,:1 SHV (Vi SY.
Denote the i copy of S® in N3 by S? and the k'™ copy of S! by S}. In the proofs of
Theorem 3.1, we show that inclusions ¢} : S? — N3 and ¢, : S; — Nj satisfy the hypothesis
of Theorem 2.4. For each j, by Lemma 3.5 there exists a map ¢; : PQ(p;j) — (L,); satisfying
the hypothesis as well. Apply Lemma 2.8 and get

X ~EX'V (\7 S4> v (\7 52> v (\n/ P3(p;j)>
Gi(X) ~ G(X') x ﬁQBG X ﬁQG X ﬁQG{p;j}

where X’ is the cofiber of the inclusion (\/}~, S*)V (\/}, S*) V (\/;.l:1 PQ(p;j)> — X.
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Step 2: Since X' is simply-connected, its 3-skeleton X’ has a minimal cell structure

X3 ~ (\/ 52> % (\/ P3(p;j)> .

We show that inclusions ¢; : Pg(p;j ) — X} satisfy the hypothesis of Theorem 2.4. For
each j, the pinch maps ¥.X} — P4(p;j) is a left homotopy inverse of Xp;. Let f’ be the
attaching map of the 4-cell in X’. Then the composition

54 20w M ph(pr)

is null-homotopic since (P> (pgj )) is trivial by Lemma 3.3. Apply Lemma 2.7 and get

X'~ NX"V (\/ P3(p§j)) and G,(X') ~ G(X") x [[*G{p}},
j=1

j=1
where X" is X’/(\/;‘:1 P3(p§.j)),
Step 3: The 3-skeleton of X” is homotopy equivalent to \/5,’:1 S2. Since the subcomplexes

St SE, P*(p;’) and P3(p;’) in Step 1 and 2 have either zero or torsion second cohomology
groups, Lemma 2.6 implies that X" satisfies Poincaré Duality. By Proposition 2.13, we have

l// l//
YX" ~ SV (\/ SB) and G,(X") ~ G,(S*) x H 0*G
=1 =1

or

l/l71 l/l71
YX" ~ NCP* v (\/ 5'3) and G, (X") ~ G,(CP?) x H Q*G.
=1 §'=1
Step 4: Combining all homotopy equivalences from Step 1 to 3, the stable decomposi-
tion (7) and Lemma 3.7 together imply the theorem. Furthermore, Hy(M#4(S? x S?)) has
rank [ = 2d, so l" =1+ 2d. O

Remark: The proofs of Theorem 3.1 and 3.6 are also valid for any orientable 4-dimensional
CW-complex with one 4-cell, while Theorem 3.8 requires the smoothness of M for the stable
diffeomorphism splitting in [13]. One can ask under what condition the stabilizing fac-
tor #4(S% x S?) can be cancelled so that the factors H§i1 Q2@ can be removed from the
equation. If this can be achieved, Theorem 3.1 and 3.6 will be corollaries of Theorem 3.8
when M is smooth.
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THE ODD PRIMARY ORDER OF THE COMMUTATOR ON LOW
RANK LIE GROUPS

TSELEUNG SO

ABSTRACT. Let G be a simple, simply-connected, compact Lie group of low rank relative
to a fixed prime p. After localization at p, there is a space A which “generates” G in a
certain sense. Assuming G satisfies a homotopy nilpotency condition relative to p, we show
that the Samelson product (I, 1) of the identity of G equals the order of the Samelson
product (z,2) of the inclusion ¢ : A — G. Applying this result, we calculate the orders
of (1, 1¢) for all p-regular Lie groups and give bounds of the orders of (1, 1) for certain
quasi-p-regular Lie groups.

1. INTRODUCTION

In this paper, G is a simple, simply-connected, compact Lie group and p is an odd prime.
By a theorem of Hopf, G is rationally homotopy equivalent to a product of spheres Hizl S2ni—t
where ny < --- <mn;. The sequence (2n; —1,---,2n; — 1) is called the type of G. Localized
at p, it is known [2, 7] that G is homotopy equivalent to a product of H-spaces Hf;ll B;, and
there exists a co-H-space A and a map ¢+ : A — G such that H,(G) is the exterior algebra
generated by 1,(H,(A)). For 1 <i <1, if B; is S, then we call G p-regular. If each B;
is either S?"~! or B(2n; — 1,2n; + 2p — 3) that is the S?"~!'-bundle over S?"T2P~3 classified
by %a € Tan,+2p-a(S?" 1), then we call G quasi-p-regular.

For any maps f : X — G and g : Y — G, let ¢(f,g) : X xY — G be a map send-
ing (z,y) € X XY to their commutator [z,y] = f(z) 'g(y)~' f(x)g(y). Then c(f,g) de-
scends to a map (f,g) : X AY — G. The map (f,g) is called the Samelson product of f
and g. The order of (f, g) is defined to be the minimum number k such that the composition

kolf.g): xny Y a t g

is null-homotopic, where k : G — G is the k*-power map. In particular, when f and g are
the identity map 1¢ of G, the Samelson product (1, 1) is universal and we are interested
in finding its order.

There is a notion of nilpotency in homotopy theory analogous to that for groups. Let ¢;
be the commutator map ¢(lg,1g) : G X G — G, and let ¢, = ¢; 0 (¢,—1 X 1) be the n-
iterated commutator for n > 1. The homotopy nilpotence class of GG is the number n such
that ¢, is null-homotopic but ¢,_; is not. In certain cases the homotopy nilpotence class
of p-localized G is known. Kaji and Kishimoto [3] showed that p-regular Lie groups have
homotopy nilpotence class at most 3. When G is quasi-p-regular and p > 7, Kishimoto [/]
showed that SU(n) has homotopy nilpotence class at most 3, and Theriault [10] showed that
exceptional Lie groups have homotopy nilpotence class at most 2.

2010 Mathematics Subject Classification. 55Q15, 57T20.
Key words and phrases. Lie group, Samelson products, homotopy nilpotence.
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Here we restrict G to be a Lie group having low rank with respect to an odd prime p.
That is, G and p satisfy:

SU(n) n<(p-1p-2)+1
Sp(n) 2n<(p-1)(p-2)

(1) Spin(2n+1) 2n<(p—1)(p—2)
Spin(2n) 2n—2<(p—1)(p—2)
Gy, Fy, B p=5
Er, By p=>T,

In these cases, Theriault [] showed that XA is a retract of ¥G. Let (2,2) be the composition

1A\

) AnAY aaa el g

Then obviously the order of (1, 14) is always greater than or equal to the order of (z,1).
Conversely, we show that the order of (1,1) restricts the order of (14, 1) under certain
conditions.

Theorem 1.1. Let G be a compact, simply-connected, simple Lie group of low rank and let p
be an odd prime. Localized at p, if the homotopy nilpotence class of G s less than p" + 1,
then the order of the Samelson product (1g, 1) is p” if and only if the order of (1,1) is p".

The strategy for proving Theorem 1.1 is to extend A — G to an H-map QXA — G which
has a right homotopy inverse, that is to retract [G A G,G] off [QXA A QX A, G|, and use
commutator calculus to analyze the latter. Combine Theorem 1.1 and the known results
in [3, 4, 10] to get the following statement.

Corollary 1.2. The order of (1g,1¢) equals the order of (1,1) when

e (G is p-regular or;
e p > 7 and G is a quasi-p-reqular Lie group which is one of SU(n), Fy, Eg, E7 or Ej.

On the one hand, there is no good method to calculate the order of (14, 1) in general.
A direct computation is not practical since one has to consider all the cells in G A G and
their number grows rapidly when there is a slight increase in the rank of G. On the other
hand, Corollary 1.2 says that for all p-regular Lie groups and most of the quasi-p-regular Lie
groups, we can determine the order of (14, 1) by computing the order of (z,1). The latter is
easier to work with since A has a much simpler CW-structure than GG. To demonstrate the
power of Theorem 1.1, we apply this result to compute the order of (1, 14) for all p-regular
cases and some quasi-p-regular cases.
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Theorem 1.3. For a p-localized Lie group G, the order of (1g,1¢g) is p" where

G r=20 r=1
SU(n) p>2n n<p<2n
Sp(n) p > 4n 2n <p<4dn

Spin(2n + 1) p>4n 2n < p < 4n
Spin(2n) p>4dn—4 [2n—-2<p<4dn—4

G p=>5p>11 p="711
Fy, B p>23 11<p<23

Es p>31 17<p<31

Ex p> 59 93 < p < 59

For many other quasi-p-regular cases, we give rough bounds on the order of (14,15) by
bounding the order of (z,1).

Here is the structure of this paper. In Section 2 we prove Theorem 1.1 assuming Lemma 2.5,
whose proof is given in Section 3 because of its length. Section 3 is divided into two parts.
In the first part we consider the algebraic properties of Samelson products and in the second
part we use algebraic methods to prove Lemma 2.5. In Section 4 we apply Theorem 1.1 and
use other known results to calculate bounds on the order of the Samelson product (1¢,1¢)
for quasi-p-regular Lie groups.

2. SAMELSON PRODUCTS OF LOW RANK LIE GROUPS

Definition 2.1. Let G be a simple, simply-connected, compact Lie group and p be an odd
prime. Localized at p, a triple (A, 1, G) is retractile if A is a co-H-space and a subspace of G
and 2 : A — G is an inclusion such that
e there is an algebra isomorphism H,(G) = A(H,(A)) of homologies with mod-p coef-
ficients;
e the induced homomorphism ¢, : H,(A) — H.(G) is an inclusion of the generating
set;
e the suspension > : XA — XG has a left homotopy inverse ¢ : ¥G — Y A.

We also refer to GG as being retractile for short.

From now on, we take p-localization and assume G and p satisfy (1). According to [9], G
is retractile. First we want to establish a connection between G and 2XA. Consider the
homotopy commutative diagram

(2) A . G

where ¥ : A — QXA is the suspension and 7 : Q¥ A — G is an H-map. Since G is retractile,
the suspension 2 : ¥ A — G has a left homotopy inverse ¢t : G — X A. Let s be the
composition

s G = OnG 2 onA.

Lemma 2.1. The map 20 s is a homotopy equivalence.
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Proof. Denote the composition 705 by e for convenience. Consider the commutative diagram
A : G

o] s N
OxA 2L ong Y OxA.

The commutativity of the left square is due to the naturality of the suspension map, and
the commutativity of the right triangle follows from the definition of s. The bottom row is
homotopic to the identity since ¢ is a left homotopy inverse for >:. Hence we have so1 ~ X
and consequently

€01 =70801270X.
By Diagram (2) 7 o 3 is homotopic to 2. This implies that (e o 1), sends H.(A) onto
the generating set of H,(G) = A(H,(A)) where we consider the mod-p homology. Du-
ally, (eo1)* : H*(G) — H*(A) is an epimorphism. The generating set *(H*(A)) is in Im(e*).
Since e* : H*(G) — H*(G) is an algebra map, e* is an epimorphism and hence is an isomor-
phism. Therefore e : G — G is a homotopy equivalence. O

We claim that the Samelson product

I[G7]1G>

7,7 QSAANQSA LS GAG VS

has the same order as (1, 1g).

G

Lemma 2.2. The map p" o (1g,1¢g) is null-homotopic if and only if p" o (1,7) is null-
homotopic.

Proof. The sufficiency part is obvious. We only show the necessity part. Suppose p" o (i,7)
is null-homotopic. By Lemma 2.1, e = 7 0 s is a homotopy equivalence. Composing with its
inverse €', the map 7 0 s o ¢’ is homotopic to the identity. Then we obtain

plo(lg,1g)~p o(iosoe iosoe)=p o(i,i)o(soe Asoe)
which is null-homotopic since p” o (7,7) is null-homotopic. 0

Combining Diagram 2 and the fact that 7 is an H-map, we have the commutative diagram

(3) (OnA)}F L ox A
O
AR gk g

where p* and m* are the k-fold multiplications in QXA and G. Let my and e be the
compositions

’Lk mk ]k P'k
my : AP — GF =5 G and ¢, : A¥ — (QZA)F — QXA
Then we have the following commutative diagram

AF A A

mr/Am;
er/\eg
Q¥eR ¥e) p

OSNANOSA - o n G q g
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Observe that there is a string of equalities

[OSAAQSAG] = [SQSAAQSA, BG)

= [/ =AM A AN, BG
kl=1

= J[ia"aav.a.
k=1
The first and the third lines are due to adjunction, and the second line is due to James
splitting LOYA ~ 32° B AN Tt is not hard to see that the nullity of p” o (7,7) implies the
nullity of the components p" o (my, m;). In the following we show that the converse is true.

Lemma 2.3. Let X be a space and let f : X — G be a map. If p" o (my, f) : AAANX — G
is null-homotopic for all k, then p" o (1, f) : QBA N X — G is null-homotopic. Similarly,
if po (f,my) : X N Al — G is null-homotopic for all I, then p" o (f,71) : X AQLA — G is
null-homotopic.

Proof. We only prove the first statement since the second statement can be proved similarly.
Let h : QXA AN X — BG be the adjoint of p" o (7, f). It suffices to show that h is null-
homotopic.

For any k, choose a right homotopy inverse 1, of the suspended quotient map X A* — L AN,
and let ¥, be the composition

Uy, : AN P m AR 2 505A,
Observe that ey, is the product of & copies of the suspension j and j, : H.(A) — H.(QXA) is
the inclusion of the generating set into H, (23 A) = T'(H,(A)). Themap (ex). : H.(A¥) — H*(QXA)
sends the submodule S, C H,(A*) = H.(A)®* consisting of length k tensor products onto

the submodule M), C T'(H.(A)) consisting of length k tensor products. Therefore (V). does
the same. Then their sum

U=\/T;:\/ 24" - 5054
k=1 k=1
induces a homology isomorphism and hence is a homotopy equivalence.
We claim that h o (V) A 1x) is null-homotopic for all k, where 1y is the identity of X.
Observe that the adjoint of the composition

SAFA X T vovA A X S BG

isp"o(7, flo(exANlx) >~ p o(ioeg, f) >~ p"o(my, f) which is null-homotopic by assumption.
Therefore ho (U Alx) = ho (Zep Alx)o (¢ A lx) is null-homotopic, and by definition
of ¥, the composition

\/ A A X IMsOsAAX - BG.
k=1

is null-homotopic. Notice that (¥ A 1) is a homotopy equivalence. It implies that h is
null-homotopic and so is p" o (7, f). 0

Lemma 2.4. The map p"o(7,7) is null-homotopic if and only if p"o(my, m;) is null-homotopic
for all k and [.
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Proof. 1t suffices to prove the necessity part. Suppose p" o (my,m;) is null-homotopic for
all k£ and [. Apply the first part of Lemma 2.3 to obtain p” o (7,m;) ~ * for all [ and apply
the second part of Lemma 2.3 to obtain p” o (7,7) ~ . (l

At this point we have related the order of (14, 15) to the orders of (my, m;) for all k and [.
There is one more step to link up with the order of the Samelson product

1,0 ANA S G ag el ¢ 2
Lemma 2.5. If p" o (1,2) is null-homotopic and G has homotopy nilpotency class less
than p" + 1, then p" o (mg, my) is null-homotopic for all k and I.

The proof of Lemma 2.5 is long and we postpone it to the next section so as to avoid
interrupting the flow of our discussion. Assuming Lemma 2.5 we can prove our main theorem.

Theorem 2.6. Suppose that G has homotopy nilpotence class less than p" + 1 after localiza-
tion at p. Then (1g,1g) has order p" if and only if (1,2) has order p".

Proof. The order of (1¢,1¢) is not less than the order of (z,1). Therefore we need to show
that the order of (1, 1) is not greater than the order of (2,2) under the assumption.
Assume (z,1) has order p", that is p” o (1,2) is null-homotopic. Lemmas 2.2, 2.4 and 2.5 imply
that p" o (14, 1) is null-homotopic, so the order of (1, 1¢) is not greater than the order
of (2,1). O

3. PrROOF OF LEMMA 2.5

In this section we prove Lemma 2.5 by showing p" o (my,m;) is null-homotopic assuming
the homotopy nilpotence class of G is less than p” + 1. We convert it into an algebraic
problem and derive lemmas from group theoretic identities and the topological properties
of G. First let us review the algebraic properties of Samelson products.

3.1. Algebraic properties of Samelson products. Giventwomaps f: X —- Gandg:Y — G,
their Samelson product (f,g) sends (z,y) € X AY to the commutator of their images f(x)

and ¢(y). It is natural to regard the map (f, g) as a commutator in [X AY,G], but f and ¢

are maps in different homotopy sets and there is no direct multiplication between them.
Instead, we can include [X, G|, [Y,G] and [X AY,G] into [X x Y, G| and identify (f,g) as a
commutator there.

Lemma 3.1. For any spaces X and Y, let m; : X XY — X and my : X XY —= Y be the
projections and let ¢ : X XY — X AY be the quotient map. Then the images (m1)*[X, G],
(m)*[Y, G|, ¢* [X NY,G] are subgroups of [X X Y,G], and (m)* : [X,G] — [X x Y,G],
(mo)* 1 [V,G] = [X xY,G], ¢* : [X NY,G] — [X xY,G] are monomorphisms.

Proof. Observe that m and my induce group homomorphisms (m)* : [X,G] — [X x Y, G|
and (m2)* : [X,G] — [X X Y, G|, so their images (m)*[X,G] and (ms)*[Y, G] are subgroups
of [X x Y,G]. Moreover, let j : X — X X Y be the inclusion. Since m; o j is the iden-

tity, j* o (m)* is an isomorphism and (m)* is a monomorphism. Therefore [X, G] is isomor-
phic to (m)*[X, G]. Similarly [Y, G] is isomorphic to (m2)*[Y, G].

For ¢*[X AY,G], the cofibration X VY ]—/> X xY % X AY induces an exact sequence

S [EX XY, G S [S(XVY), Gl — [XAY, Gl S X x Y, G LS (X VY, G,
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where j is the inclusion and ¢ is the quotient map. Since ¥j': X(XVY) — E(X xY) has a
right homotopy inverse, ¢* : [XAY, G] — [X XY, G| is a monomorphism. Therefore [X AY, G]
is isomorphic to ¢*[X A'Y, G|, which is a subgroup of [X x Y, G]. O

There are two groups in our discussion, namely G and [X x Y, G]. To distinguish their
commutators, for any maps f : X — G and g : Y — G we use ¢(f,g) to denote the map
which sends (z,y) € X xY to f(z) " *g(y) ' f(z)g(y) € G, and for any mapsa: X xY — G
and b: X xY — G we use [a, b] to denote the commutator a 1b~tab € [X xY, G]. Lemma 3.1
says that f: X — G and g : Y — G can be viewed as being in [X x Y, G]. Their images are
the compositions

Foxxy™mx LG and g: X xV 2y LG
Consider the diagram

XxY 2o XxAY

el T

X xV)x (X xY) % ax6-“~arG

Ci l(ﬂcv]]-C»

G — G

where A is the diagonal map, ¢ is the commutator map ¢(1g,1g), and ¢’ is the quotient
maps. The commutativity of the left triangle is due to the definitions of f and §, the
commutativity of the top square is due to the naturality of the quotient maps and the
commutativity of the bottom square is due to the definition of (14, 1¢). The middle column
is ¢(f,g) and the right column is (f,g). In order to show that (f,g) is null-homotopic, it
suffices to consider ¢(f, g) ~ ¢*(f, g) since ¢* : [X AY,G] — [X x Y, ] is injective. Observe
that c(f, g) is homotopic to the composition

XxY S xXxV)x(XxY) 2 axe-a

according to the diagram. That is ¢(f, g) is the commutator | ,§] = f g7 fgin (X XY, G
Let Adya = b~'ab be the conjugation of maps a and b in [X x Y, G]. In group theory,
commutators satisfy the following identities:
(1) [a, b]—a L. Adya;

w o @ el =
() fa- o] = Adla, 8- [d,0) = [0, 8- 1o fo O] a3
(1) lab-¥) = a.] - Adylab] = [0,V - [a.b] - (.5 V].

In particular, we can substitute f and § to @ and b in these identities.

Proposition 3.2. Let f,f': X — G and g,9' : Y — G be maps. Then in [X x Y, G],
(i) c(f.g) =~ Adyf;
(i) (f.0)" = clg. )0 T; o
(iii) (f - f',9) = Adjc(f,g) - c(f' 9) = c(f.9) - [f, [f. a1 e(f' 9);
(iv) e(f,9-9") = c(f,d') - Adge(f,9) = e(f,9) - (. 9) - (I ], 97,
where T':Y x X — X XY is the swapping map.
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Proof. All identities come directly from the identities in (4), while Identity (ii) needs some
explanation. Observe there exists a homotopy commutative diagram

XxyYLaxe—q

| oy
Yx X2 axag—-G

where r : G — G is the inversion. The upper direction around the diagram is ¢(f, g)~!, while
the lower direction is ¢(g, f) o T'. So Identity (ii) follows. O

Remark: The iterated commutator [f'(z), [f(z), G(y)]] is the composition
XxY O ¥y x X xy 29 G Gx G ¥ G x G -5 @

where Ay is the diagonal map and 1y and 14 are the identity maps. Let co = co(1g x ¢) be
the 2-iterated commutator on G. Then we can write [f', [f, §]] as cao (f' x f x g)o(Ax x 1y).
However, we prefer to stick to the notation [f’, [f,§]] because it better indicates it is the
commutator of which maps, while ¢ o (f' X f X g) o (Ax X 1y) looks long and confusing,.

Since our group [X x Y, G] has a topological interpretation, the topologies of X and Y
add extra algebraic properties to its group structure.

Lemma 3.3. Let f,g and h : X XY — G be maps. If X is a co-H-space and the restrictions
of f and g to X VY are null-homotopic, then in [X xY, G] we have

Proof. Let ¢ : X xY — X AY be the quotient map. Observe that there exist f’ and ¢

in [X AY,G] such that f = ¢*f" and g = ¢*¢’. Since X AY is a co-H-space, [X AY,G] is an

abelian group and f’ and ¢’ commute. Therefore f and g commute as ¢* is a monomorphism.
To show the linearity, we start with Proposition 3.2 (iii)

Since [f,h] is also null-homotopic on X V Y, it commutes with ¢ and their commuta-
tor [g, [f, h]] is trivial. Therefore we have [f - g, h] = [f, h] - [g, h]. O

3.2. Main body of the proof. We go back to the proof of Lemma 2.5. Recall that my is

k k
the composition my, : A¥ == G* = G. To distinguish the spaces A’s, denote the i** copy
of Ain A¥ by A;. Let a; and mj,_, be the compositions

CAR TN A G oand ml AR P TR 4, T

respectively. Then we have my, = m)_, - a; in [A¥ G]. Include (my,m;) in [AF x A G]
by Lemma 3.1. It becomes the commutator c¢(my, m;) = [myg, 7], where my and m; are
compositions

mEg—1

G

PAFx AL AR T Goand g s AP x AV ALY G
Let a; and mj,_, be compositions

mg—1

pr AR AT A G oand ) AR x AV TR TR A T G

Then in [A x Al G] we have my, = m),_, - ay.
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Assume the homotopy nilpotence class of G is less than p” + 1. Now we use induction
on k and [ show that c(my,m;)?" is null-homotopic. To start with, we show that this is true
fork=1orl=1.

Lemma 3.4. If ¢(1,2)?" is null-homotopic, then c(mg,2)?" and c(1, ;)P are null-homotopic
for all k and 1.

Proof. We prove that c(my,1)P" is null-homotopic by induction. Since m; = 1, c(my, )" = c(1,2)?"
is null-homotopic by assumption. Suppose c(my,2)?" is null-homotopic. We need to show
that c¢(my41,2)P" is also null-homotopic. Apply Proposition 3.2 (iii) to obtain

c(Mygr,1) = c(my, - apgr,1) = Ada,  c(my, 1) - c(aggr,1).

Observe that c(ag41,) and Adg,, c¢(m}, 1) are null-homotopic on A v A and A**' A A is
a co-H-space. Lemma 3.3 implies that c(ay41,?) and Adg,,, c(m),?) commute and we have

r

c(mps1,0)? = (Ada,,,c(mp,?) - c(ags, z))pr
- (Addk-;-lC(m;cv Z))pr ’ C(ak—i-h Z)pT

= Addk+1 (C<m;cv Z)pr) ) C(ak-i-lv Z)pT

The last term ¢(aj,1,2)? is null-homotopic since a4 is the inclusion A4, — G. Also, by the
induction hypothesis ¢(mf,2)?" is null-homotopic. Therefore ¢(my1,2)?" is null-homotopic
and the induction is completed.

Similarly, we can show that c(z,m;)P" is null-homotopic for all I. O

As a consequence of Lemma 3.4, the following lemma implies that the order of

0, 16): ANG ™S g ang el ¢

equals to the order of its restriction (z2,2) without assuming the condition on the homotopy
nilpotence of G.

Lemma 3.5. The map p" o (1,2) is null-homotopic if and only if p" o (1g,1) and p" o (1, 1)
are null-homotopic.

Proof. We only need to prove the sufficient condition. If p"o(z,2) is null-homotopic, then p" o (2, m;)
is null-homotopic for all I by Lemma 3.4. Lemma 2.3 implies that p" o (1,7) : ANQYA — G
is null-homotopic. Since 7o s is a homotopy equivalence by Lemma 2.1, p" o (1, 1) is null-
homotopic.

The sufficient condition for p” o (14,2) can be proved similarly. O

Now suppose c(my, m;)P" is trivial for some fixed k and [ in [A* x A', G]. The next step
is to show that c(my1,my)?P" is trivial in [A¥* x Al G]. At first glance we can follow the
proof of Lemma 3.4 and apply Lemmas 3.2 and 3.3 to split c¢(mg.1,my)?P" into c(mj,, m;)?"
and c(apy1,my)?" which are null-homotopic by the induction hypothesis. However, when
[ > 1, A is not a co-H-space and we cannot use Lemma 3.3 to argue that c¢(m},m;) and
c(ags1, m;) commute. Instead, apply Proposition 3.2 (iii) to obtain

C(mk—i-l;ml) = C<m§g'ak+1aml)

= c(my, mu) - [e(mi, mu), i) - c(arr, 7).
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Denote ¢(mj,, m;) and [e(m), my), Gx1] - ¢(ags1,mi) by o and Sy respectively. Observe that
the restrictions of any powers and commutators involving 3, to Ay V (A¥ x A!) are null-
homotopic and Ay, is a co-H-space. Therefore they enjoy the conditions of Lemma 3.3.

Lemma 3.6. For any natural number n, we have

(- Br)" = ag - By - <1:[[5ka0412]> :

i=1
Proof. We induct on n. The statement of the lemma is trivial for n = 1. Assume the formula
holds for an integer n. For the (n + 1) case, using the induction hypothesis we have

(ak : Bk)nH = ap B (Oék : ﬁk)n

n—1
= ag-Py-ag- By (H[ﬁk;%])

i=1

n—1
= n+1 Bk [ﬁk:a;cl] ’ BZ ’ (H[ﬁk:aﬁc])

i=1
In the last line Bk, o] is formed after we swap fj and af. Since the restrictions of S, 5y

and [Bi,at] to Apyr V (AR x A!) are null-homotopic, they commute by Lemma 3.3. By
commuting the terms, the statement follows. 0

In order to prove the triviality of ¢(my,1,m;)P", by Lemma 3.6 it suffices to show that air, BST

and [T [ﬁk,ak] are null-homotopic. By the induction hypothesis c(my,m;)?" is null-
homotoplc SO ozk = c(m}, ;)P is null-homotopic. It remains to show that ﬁfr and
v ) 1[5k, at] are null-homotopic.

Lemma 3.7. If ¢(1,1)"" and ozi are null-homotopic, then so is Bgr.

Proof. By definition, 8y = [c(m},my), aks1] - c(ags1,my). Observe that the restrictions
of [e(m}, my), art1] and c(agy1,my) to Apyr V (A* x A!) are null-homotopic. By Lemma 3.3
they commute and we have
B = ([e(mpym), ] - clasr,m)” = [e(mi, my), drg)” - c(agsr,m)?
Since c¢(2,2)?" is null-homotopic, so is c(ap;1,m;)?" by Lemma 3.4.
On the other hand, recall that ¢(mj},m;) and a4, are the compositions

C(me

c(mj,, my) AL 5 ALPTL Ak o Al g G and Ggyp 0 AR x A iz Apt1 — G

respectively. Therefore we have

'

[c(mi, mu), apa]” = p" o c(c(my, mu),1)

= p oc(lg,1) o (c(my,my) x 14)

where 1 4 is the identity map of Ag ;. Since p"oc(1¢, ) is null-homotopic by Lemma 3.5, [e¢(m),, my), Gg41]P

is null-homotopic and so is Bg. O

Lemma 3.8. For any natural number n, we have

n—1
H B, ] = HCZ By Oy -+, )(iil)
i=1

T



THE ODD PRIMARY ORDER OF THE COMMUTATOR ON LOW RANK LIE GROUPS 11
where ¢;(Br, e, -+ o) = ([ [[Br, aw], aw] - - - |, ] is the i-iterated commutator.

Proof. First, by induction we prove

i

[Br, ] = ch(ﬂk,ak, e ,ozk)(f).
j=1

It is trivial for 4 = 1. Assume the formula holds for [, ai]. Use the commutator identity
in (4) and inductive hypothesis to get

B ™ = [Brsawl - [Br ] - [[Brs i), |
= [Br, o] - (HC] Bl Quey =+ 5 v )(’)> '[ch(ﬁlwak"” ) 0), g

Since the restriction of ¢;(By, g, -+, ax) to Apyq V (AF x A!) is null-homotopic for all 7,
by Lemma 3.3 they commute with each other and

[ﬁkn ZH] = Bkyak (HCJ Bry Qs+ + 5 )(;)> : (H[cj(ﬂk,ozk,w-,ak),ak]@)

j=1

= [Be, o] - (ch Broy g, - - ,ak)(i)) : (ch+1(6k,ak,--- 7@,{)(;))

= 5k,04k <H Cj ﬁk7ak7... 7ak)(;>+<ﬂz»l)> 'C’i+l(ﬁkaak7"' 7ak)

i+1

= H Cj(ﬁk, Ay - >Oék)(i?1)
j=1

Therefore the claim is proved.
Now we multiply all [k, }]’s and use the commutativity of ¢;(Bk, ag, -+, ax)’s to get

n—1 n—1 14

H[/Blﬁa’;c] = HHCj<ﬁk7ak7"'7ak)(;)

i=1 i=1 j=1

n—1n—1

= TITIe 0 an - ant)

j=1i=j

- 1:[ <1:[ i (B, gy - - ,a@(é‘))

j=1 \i=j

n—1
n—1 (1
= H%‘(ﬁkaakv"' ) = ()
j=1

The proof will be completed if we can show that Zf;jl (;) = (jil).
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Consider the polynomial

The coefficient of 27 is Z () On the other hand, it can be written as

I+ (1+z)+--+(1+a)" " = (Hx —Z(>

The coefficient of 27 is (jZl)'

By comparing the coefficients of 27 the statement follows. [J
Let nil(G) be the homotopy nilpotence class of G, that is, nil(G) = n if and only if the n-
iterated commutator ¢, is null-homotopic but ¢, is not. In particular, nil(G) = n means

all commutators in G of length greater than n are null-homotopic.

Lemma 3.9. Let {f; : A*x A" = G}1<j<n_1 be a set of maps. Ifnil(G) < n, then cp1(B, f1,

s null-homotopic.

Proof. By definition, 8, = [c(my,, my), Gpq1]-c(ar+1,m1). Denote [c(my, my), Gry1] and c(ags1, my)

by 7o and ~ respectively. Then we have 8, = vy - 7. For 1 <j <n—1, let v; = [y;_1, fj]
and 7} = [vj_y, fj]. We claim that c,,(Bk, f1,- 5 fm) = Ym -y for 1 <m < — 1.
When m =1,
c1(Bx, fr) = [Br, fil = [0 - %, fil-
Since the restrictions of vy and 7} to Ay V (AF x Al) are null-homotopic, by Lemma 3.3 we
have
[0 - Y0, f1] = [0, 1l - [0, 1] = 711
Assume the claim is true for m — 1. By the induction hypothesis,

Cm(ﬁ/ﬁfla"' 7fm) = (€©° (Cm—l(ﬂkvfla”' afm—l) X fm)
= [Cm—1<ﬁk7f17"' 7fm—1);fm]

- h/mfl . ’77/71_17 fm]
Since the restrictions of 4,1 and 7/, to A1V (A x A') are null-homotopic, by Lemma 3.3
Cm(ﬁk’fla"' afm): ['Vm—lyfm] [7m 17fm] 7m

By putting m = n—1 we get ¢,—1(Bk, f1,- -+, fn) = Yn-1-7,_;. Notice that v,_; and v,,_,
are commutators of length n + 2 and n + 1 respectively, which are null-homotopic due to
the condition on the homotopy nilpotency of G. Therefore ¢,_1(Bk, f1, -, fn_1) is null-
homotopic. O

Now we have all the ingredients to prove Lemma 2.5.

Proof of Lemma 2.5. Suppose c(1,2)P" is null-homotopic and nil(G) is less than p” + 1. We
prove that c¢(my, m;)?" is null-homotopic for all k and [ by induction. By Lemma 3.4, ¢(my, 1)?"
and c(z,m;)?" are null-homotopic for all k and . Assume c(my, m;)P" is null-homotopic for
some fixed k and . We need to show that c(mygy1,m;)? is null-homotopic. By Lemma 3.6,

we have
p"—1

C(mk+1aml) —O‘k Bk H[Bk’a;f]‘

1=1

) fnfl)
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The factor azr is null-homotopic due to the definition of «; and hypothesis, and BZT is
null-homotopic by Lemma 3.7. So it remains to show that Hf;;l[ﬁk, t] is null-homotopic.
By Lemma 3.8,
p"—1 -

H [Br, o] = H i (Bry gy -+ ,ak)(ﬁl)
=1

Jj=1

Observe that (jﬁ’:l) is divisible by p” for 1 < 7 < p" — 2. By Lemma 3.3 we have

Cj(ﬁ;:)akv e ,Oék) = Cj(/B/maka e aak)n

for all n. In our case we have

T r

Cj(ﬂk’ak’” ’ ’ak>(jil) = Cj(ﬁzr»aka" : 7ak)(jil)/pr.

Also, when j = p" — 1, the term cpr—1(Bk, i, - -+, 4) is null-homotopic by Lemma 3.9.
Putting these together we obtain

p"—1

H /Bkaak H C] ﬁk y Oy =0, O )(jljrl)/pr‘
=1

We have shown that BZT is null-homotopic in Lemma 3.7, so Hf;l[ﬁk, ] is null-homotopic
and the induction is completed. 0

4. ORDERS OF SAMELSON PRODUCTS OF QUASI-p-REGULAR GROUPS

In this section we apply Theorem 2.6 to calculate the orders of (1g,1¢g) for certain Lie
groups GG. Recall that G is rationally homotopy equivalent to a product of spheres H§:1 S2ni—1
where ny < -+ < n;. The sequence (2ny; — 1,--- ,2n; — 1) is called the type of G. After
localization at p, G' is homotopy equivalent to a product of H-spaces Hf:—ll B;, and A is
homotopy equivalent to a wedge of co-H-spaces \/f;l1 A; such that A; is a subspace of B;.
For 1 <i<p-—1, let 1, : A; — B; be the inclusion. Then H.(B;) is the exterior algebra
generated by (1;).(H,(A4;)). If each B; is a sphere, then we call G p-regular. If each A; is
a sphere or a CW-complex with two cells, then we call G quasi-p-reqular. When A; is a
CW-complex with two cells, it is homotopy equivalent to the cofibre of aw,,_1, which is the
generator of the homotopy group ma,,+2,-4(5**!), and the corresponding B; is the S?"i~!
bundle B(2n — 1,2n + 2p — 3) over S*"iT2P=3 classified by %agni,l [7].

The homotopy nilpotence classes of certain quasi-p-regular Lie groups are known.

Theorem 4.1 (Kaji and Kishimoto [3]). A p-regular Lie group has homotopy nilpotence
class at most 3.

Theorem 4.2 (Kishimoto [1]). Forp > 7, a quasi-p-reqular SU(n) has homotopy nilpotence
class at most 3.

Theorem 4.3 (Theriault [10]). For p > 7, a quasi-p-reqular exceptional Lie group has
homotopy nilpotence class at most 2.
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Fort=n—p+1landt =n— %p + 1, assume G and p are in the following list:

SU(n) ~B(3,2p+1)x---xB2t—1,2n—1) x S**1 x...x 571 p>12
~ S x §%x ... x §2nt n<p<?2
Sp(n) ~B(3,2p+1) x - x B2t' = 1,4n — 1) x S?*1 x ... x S*~1 p>n
F, =~ B(3,15) x B(11,23) p="T
~ B(3,23) x S x §1° p=11
~ §3 x S x S5 x §% p>11
Eg ~ [ x §% x S17 p=7
E; ~ B(3,23) x B(15,35) x S x S19 x §%7 p=11
(5) ~ B(3,27) x B(11,35) x S x S19 x §% p=13
~ B(3,35) x SH x S5 x §19 x §28 x §%7 p=17
~ 83 x ST x §15 x §19 % §% x §%7 x §% p>17
By o~ B(3 23) x B(15,35) x B(27,47) x B(39,59) p=11
(3,27) x B(15,39) x B(23,47) x B(35,59) p=13
(3,35) x B(15,47) x B(27,59) x % x §% p=17
~ B(3,39) x B(23,59) x S¥ x ST x §35 x §47 p=23
~ (3 )x515X323x527X335X539x547 p =29
~ 53 % S5 x 8§23 x S%T x 835 x §39 x ST x §%9 p > 29.

By Theorem 2.6, the order of (14, 15) equals the order of (z,2) in these groups.

4.1. Upper bounds on the orders of (14, 15) for quasi-p-regular Lie groups. Since
(1,1) € [AN A, G] and

p—1 p—1 p—1

(6) ANA G =\ A) A\ 4),.G) = []1A A4, G = 1:[ [Ai A Aj, Byl

i=1 j=1 i,j=1

the order of (1,7) cannot exceed the least common multiple of the orders of [A; A A;, By]
for all 7,5 and k. Let Cy,,_1 be the cofiber of the generator as,,_; of the homotopy
group oy, +2p—4(S?™ ). When G is quasi-p-regular, each A; is a sphere S**~! or Cy,, 1,
so A; A\ Aj is either S2nit2ni=2, Con,yan;—2 of Cz1 ACyy,—1. In the following we consider the
orders of [A; A A;, By] case by case.

If A; A Ajis S2%it2072 then [A; A Aj, By iS Tan,42n,—2(Bk). The homotopy groups of By
are known in a range.

Theorem 4.4 (Toda [11], Mimura and Toda [3], Kishimoto [1]). Localized at p, we have
Z/pZ fork=2(p—-1)—1,1<i<p-1

Ton_14k(S* ) 2 Z/pZ  fork=2i(p—1)—2,n<i<p-—1
0 other cases for 1 <k <2p(p—1) — 3,

Z/pZ  fork=2ip—1)—1,2<i<p-—1
Ton—14k(B(3,2p+ 1)) =<K Z fork=2p—2
0 other cases for 1 <k < 2p(p—1) — 3,
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and

Z/p*7 fork=2i(p—1)—1,2<i<p-1
Z/pZ  fork=2i(p—1)—2,n<i<p-—1
7 fork=2p—2

0 other cases for 1 <k < 2p(p—1) — 3.

Ton—1+k(B(2n — 1,2n 4 2p — 3)) =

Since 2n;+2n;—2is even, 7T2ni+2nj_2(Bk) is isomorphic to either 0, Z/pZ or Z/p*Z. Therefore
the order of [A; A A;, By] is at most p*.
If A; A Ajis Cop,qon;-2, then the cofibration

SQni+2nj—2 N 02n¢+2nj72 N SQni+2n]‘+2p—4
induces an exact sequemnce

(7) Toni+2n;+2p—4(Br) = [Cony2n,—2, Br] = Toniq2n;,—2(Bk).

Since C'znﬁznj,Q is a suspension and By is an H-space, the three groups are abelian. By
Theorem 4.4, the first and the last homotopy groups have orders at most p?, so the order
of [Con,12n,-2, By is at most p*.

If AiNA;jis Cony—1ACopj—1, then it is a CW-complex with one cell of dimension 2n; + 2n; — 2,
two cells of dimension 2n; +2n;+2p—4 and one cell of dimension 2n; + 2n; + 4p — 6. Let C’
be the (2n; +2n; 4 4p — 7)-skeleton of Cs,, 1 A Cap;—1, that is, Coy,,—1 A Cay;—1 minus the top
cell. Then the cofibration C* — Cay,,—1 A Copy—1 — S2nit2n+4p=6 induces an exact sequence
of abelian groups

7T2ni+2nj+4p76(Bk) — [Cop,—1 A C2nj71,Bk] — [C', By
According to [1], C" is homotopy equivalent to Coniron;—2 V'S nit2n+20—4 g5 we have
[C", Bi] = [Con,t2n,—2, Br] @ Ton,+2n,+2p—4(Br).

We have shown that [Cy;,, 42,2, Bi] has order at most p*. By Theorem 4.4, Toni+2n;+2p—4(Bk)
and oy, 42n, +4p—6(Bx) have orders at most p?. Therefore the order of [Cy,. 1 A Con,—1, By is
at most p°.

Summarizing the above discussion, we have the following proposition.

Proposition 4.5. Let G and p be in (5). Then the order of (1g,1¢) is at most p°.

This gives a very rough upper bound on the orders of (1, 1¢). We can sharpen the range
by refining our calculation according to individual cases of G' and p.

Case I: G is p-reqular. Suppose G is p-regular. Then B, = A; = S?~ 1 and p > ny.
All summands [A; A A;, B in (6) are homotopy groups 7r2n2.+2nj_2(52”k_1). According to
Theorem 4.4, their orders are at most p since

2(ni+n; —mnk) —1<2(2n,—2)—1<2p(p—1)—3
for all 7,7 and k. Therefore the order of (2,2) is at most p and so is the order of (1¢,1¢)

by Theorem 2.6. McGibbon [5] showed that G is homotopy commutative if and only if
either p > 2ny, or (G, p) is (Sp(2),3) or (Ga,5). Therefore we have the following statement.

Theorem 4.6. Let G be a p-regular Lie group of type (2ny —1,--+ ,2n;—1). Then the order
of (g, 1¢g) isp if ng < p < 2ny, and is 1 if p > 2ny.
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Case 1I: G is a quasi-p-regular SU(n) and p > 7. Suppose G = SU(n) is quasi-p-regular
and p > 7. Thenn; =i+ 1and p> 5. Lett=n—p+1and 2 <{¢ < p. Localized at p,
there are homotopy equivalences

SUM)~B(3,2p+1) x---x B(2t —1,2n — 1) x S#F x ... x §%~!

and
A CyV -V Cyq VST oy 5271
For1<j<tandt+1<1<p,lete and \; be the compositions

EiISQiil%A—%G and )\jiCQj_lc—>A—l>G.
Kishimoto calculated some of their Samelson products in [1].

Theorem 4.7 (Kishimoto [!]). Let G be a quasi-p-reqular SU(n). For 2 < j,j" < t
andt+1 <1,i' <p,

(1) the order of (€;, ) is at most p;

(2) ifi # p and j #t, then the order of (€;, \;) is at most p;

(3) if j+ 5" <p, then (\;, \js) is null-homotopic;

(4) if p+1<j+5 <2p—1, then (\;, \js) can be compressed into S?U+i'—P+1 C SU(n).

Using these results we can give a bound for the order of (14, 1¢).

Theorem 4.8. For G = SU(n) and p > 7, let the order of (1¢,1¢) be p".
If n > 2p, then r =0;

Ifn <p<2p, thenr =1;

If§n+1§p<n, then 1 <r <2;

If%<p§§n andn # 2p — 1, then 1 <r < 3;

Ifn=2p—1, then 1 <r <6.

Proof. When p > n, G is p-regular and we have shown the first two statements in Theo-
rem 4.6. Assume § < p < n. By Theorem 2.6, the order of (1¢, 1) equals the order of (z,1).
Since (z,7) is a wedge of Samelson products of ¢;’s and A;’s, we need to consider the orders
of <€i, Ei/>, <€Z', )\]> and <>‘j’ )\]/>

First, the first two statements of Theorem 4.7 imply that the orders of (¢;, €;/) and (;, A;)
are at most p except for (e,, ;). Put n;, = p and n; =t in (7) to obtain the exact sequence

7T4p+2t—4(Bk) — [02p+2t—27 By| — 7T2p+2t—2(Bk)

where 2 < k < p. According to Theorem 4.4, the two homotopy groups are trivial except
for k =t+1ort=pand k =2 In the first case, By is S*™, and mypyo4(S*)
and Ty 9 2(S*T!) are Z/pZ. In the second case, By, is B(3,2p+1), and mg,_4(B(3,2p+1))
and 7y, 2(B(3,2p + 1)) are Z/p*Z. By exactness the order of [Cap a9, Bx] is at most p?
for 2 <k <pand n # 2p — 1, and consequently so is the order of (¢;, \;).

Second, the third statement of Theorem 4.7 implies that (A;, A;;) is null-homotopic for
j+j <p—1. When p> 2n+1, we have

n<3p-1) and t=n—-p+1<3i(p—1).

In this case the order of (A;, A\j) is always 1 since j 4 j° <2t <p—1. When § < p < %n,
we need to consider the orders of (\;,A;) for p+1 < j + j'. By the last statement of
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Theorem 4.7, (A, \jr) is in [Co;j_1 A Cyjr_y, SPUH =P if j 4 5 < 2p—1. Since j,5' <t < p,
this can always be achieved for n # 2p — 1. There is a graph of short exact sequences

(52(j+j/—p)+1)®2

l

[, Sg(jﬂ"fp)ﬂ}

l

52(j+j'—p)+1)

T'2j4-24'+2p—4

Tojrajsap—6( ST TPy =[Oy 4 A Cyjry, SO =PH]

Toj 2502 (

where C" is the subcomplex of Cy;_; ACyj—1 without the top cell. By Theorem 4.4, the three
homotopy groups are Z/pZ. The exactness of the column and the row implies that the orders
of [C", S2UHI'=P)H1] and [Cy;j_y A Cajr_y, S?UH =PI+ are at most p? and p®. Therefore (\;, \;/)
has order at most p® when n # 2p — 1 and % < p < 2n.

We summarize the above discussion in the following table:

an upper bound on the order of
(€i, €x) (€, As) (Aj, Ajr)
In+1<p<n p P’ 1
n 2
7 <P = 3N, » 2 7
n#2p—1
n=2p-1 P I P

By Theorem 2.6, the order of (14, 1) equals the order of (z,2) which is the least common
multiple of the orders of (e;, ), (€;, A;) and (A;, Aj), so the statement follows. O

Case III: G is a quasi-p-reqular exceptional Lie group and p > 7. Suppose p > 7 and G is a
quasi-p-regular exceptional Lie group. That is

e when G = Fy or Eg, p="T or 11;
e when G = E,, p= 11,13 or 17;
e when G = Eg, p=11,13,17,23 or 29.

For each case, we can calculate bounds on the orders of [A; A A;, By| for all 4, j and k in (6)
according to the CW-structure of A. Then we obtain the following statement.
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Theorem 4.9. For p > 7, suppose G is a quasi-p-reqular exceptional Lie group which is
not p-regular. Let the order of (1g,1¢g) be p". Then we have the following table

G p | value(s) of r
Ey 7 1<r<H4

11 1

Eg 7 1<r<14
11 1

E, | 11 1<r<3
13 1or2
17 1

Ey| 11 1<r<6
13 1<r<4
17 1<r<3
19 1<r<4

23,29 1

Remark: It would be interesting if the precise order of (1, 1) could be obtained in the
case of Theorem 4.9.
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HOMOTOPY TYPES OF SU(n)-GAUGE GROUPS OVER NON-SPIN
4-MANIFOLDS

TSELEUNG SO

ABSTRACT. Let M be an orientable, simply-connected, closed, non-spin 4-manifold and

let Gr. (M) be the gauge group of the principal G-bundle over M with second Chern class k € Z.
It is known that the homotopy type of Gy (M) is determined by the homotopy type of Gy, (CP?).
In this paper we investigate properties of G (CP?) when G = SU(n) that partly classify the

homotopy types of the gauge groups.

1. INTRODUCTION

Let G be a simple, simply-connected, compact Lie group and let M be an orientable,
simply-connected, closed 4-manifold. Then a principal G-bundle P over M is classified by
its second Chern class k € Z. The associated gauge group Gi(M) is the topological group
of G-equivariant automorphisms of P which fix M.

When M is a spin 4-manifold, topologists have been studying the homotopy types of gauge
groups over M extensively over the last twenty years. On the one hand, Theriault showed
that [12] there is a homotopy equivalence

d
Gr(M) ~ Gi(S*) x [[2°G,
i=1
where d is the second Betti number of M. Therefore to study the homotopy type of Gi(M)
it suffices to study Gx(S*). On the other hand, many cases of homotopy types of Gx(S5%)’s
are known. For examples, there are 6 distinct homotopy types of G.(S*)’s for G = SU(2)
[8], and 8 distinct homotopy types for G = SU(3) [1]. When localized rationally or at any
prime, there are 16 distinct homotopy types for G = SU(5) [15] and 8 distinct homotopy
types for G = Sp(2) [13].
When M is a non-spin 4-manifold, the author in [I1] showed that there is a homotopy

equivalence
d—1

Gr(M) ~ G,(CP?) x [ 2*G,
i=1

so the homotopy type of Gy(M) depends on the special case G,(CP?). Compared to the
extensive work on Gi(S%), only two cases of G(CP?) have been studied, which are the SU(2)-
and SU(3)-cases [9, 11]. As a sequel to [I1], this paper investigates the homotopy types
of G,(CP?)’s in order to explore gauge groups over non-spin 4-manifolds.

A common approach to classifying the homotopy types of gauge groups is as follows.
Atiyah, Bott and Gottlieb [I, 2] showed that the classifying space BGy(M) is homotopy
equivalent to the connected component Map, (M, BG) of the mapping space Map(M, BG)

2010 Mathematics Subject Classification. Primary 55P15; Secondary 54C35, 81T13.
Key words and phrases. gauge groups, homotopy type, non-spin 4-manifolds.
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containing the map ko o ¢, where ¢ : M — S* is the quotient map and « is a generator
of m4(BG) = 7Z. The evaluation map ev : BG,(M) — BG induces a fibration sequence

(1) Ge(M) — G -2 Map(M, BG) — BG(M) - BG.

For M = S*, the order of 9, : G — Q3G helps determine the classification of G (S*)’s by the
following theorem. The first part is due to [13] and the second is due to [0].

Theorem 1.1 (Theriault, [13]; Kishimoto, Kono, Tsutaya [0]). Let m be the order of 0.
Denote the p-component of a by vy(a) and the greatest common divisor of a and b by (a,b).
(1) If (m, k) = (m,1), then Gi(S*) is homotopy equivalent to G,(S*) when localized ratio-
nally or at any odd prime.
(2) If Gu(S*) is homotopy equivalent to Gi(S*) and G is of low rank (for details please
see [0]), then v,(m, k) = v,(m, 1) for any odd prime p.

Therefore the classification problem reduces to calculating the order m of 9;. Known
examples are m = 12 for G = SU(2) [8], m = 24 for G = SU(3) [1], m = 120 for G = SU(5)
[15] and m = 40 for G = Sp(2) [13]. For most cases of G, the exact value of m is difficult
to compute, but we are still able to obtain partial results. When G is SU(n), the order
of &; and n(n? — 1) have the same odd primary components if n < (p — 1)> + 1 [0, 16].
Moreover, Hamanaka and Kono showed a necessary condition (n(n? — 1), k) = (n(n* —1),1)
for a homotopy equivalence Gi(S*) ~ G,(S*) [4].

In this paper we consider gauge groups over CP?. Take M = CP? in (1) and denote
the boundary map by 9; : G — Map(CP? BG). Since Mapg(CP? BG) is not an H-
space, |G, Map;(CP?, BG)] is not a group so the order of 9, makes no sense. However, we
can still define an “order” of 9, [1], which will be mentioned in Section 2. We show that the
“order” of 9] helps determine the homotopy type of G,(CP?) like part (1) of Theorem 1.1.

Theorem 1.2. Let m' be the “order” of 0y. If (m', k) = (m/, 1), then Gi.(CP?) is homotopy
equivalent to G;(CP?) when localized rationally or at any prime.

Theorem 1.2 is Theorem 2.4, which will be proved in Section 2.
In Section 4, we study the SU(n)-gauge groups over CP? and use unstable K-theory to
give a lower bound on the “order” of 0.

Theorem 1.3. When G is SU(n), the “order” of 9} is at least in(n* — 1) for n odd,
and n(n* — 1) for n even.

In Section 5, we prove a necessary condition for the homotopy equivalence G, (CP?) ~ G;(CP?)
similar to that in [1].

Theorem 1.4. Let G be SU(n). If G(CP?) is homotopy equivalent to G,(CP?), then

(in(n® —1),k) = (3n(n* —1),1), forn odd
(n(n?—1),k) = (n(n? —1),1), for n even.

2. SOME FACTS ABOUT BOUNDARY MAP 0,

Take M to be S* and CP? respectively in fibration (1) to obtain fibration sequences
2) Gi(S) — G 25 3G — BG(SY) < BG
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(3) Gi(CP*) — @ N Map;(CP?, BG) — BG(CP?*) = BG.
There is also a cofibration sequence
(4) s3 1y 52 — Ccp? L 5,

where n is Hopf map and ¢ is the quotient map. Due to the naturality of ¢*, we combine
fibrations (2) and (3) to obtain a commutative diagram of fibration sequences

(5) Gr(SY) G BGi(S*) —— BG

I | |

Gi(CP?) —= G —*~ Map},(CP?, BG) —= BGy(CP?) —~ BG

It is known that [10] 0 is triple adjoint to Samelson product

kiAL (1,1)

(k2,1) : S* NG ™5 GANG = G,

where 1 : S* — SU(n) is the inclusion of the bottom cell and (1, 1) is the Samelson product of
the identity on G with itself. The order of dy is its multiplicative order in the group [G, Q3G].

Unlike Q3G, Map;(CP?, BG) is not an H-space, so ) has no order. In [14], Theriault
defined the “order” of J, to be the smallest number m’ such that the composition

G 25 03c 2 3G L5 Mapy(CP?, BG)

is null homotopic. In the following, we interpret the “order” of 0 as its multiplicative order
in a group contained in [CP? A G, BG].
Apply [— A G, BG] to cofibration (4) to obtain an exact sequence of sets
23a, BG) E% 246G, BG] -5 [CP? A G, BG).

All terms except [CP? A G, BG| are groups and (Xn)* is a group homomorphism since 3 is
a suspension. We want to refine this exact sequence so that the last term is replaced by a
group. Observe that CP? is the cofiber of 7 and so there is a coaction 1 : CP? — CP? v S%.
We show that the coaction gives a group structure on Im(g*).

Lemma 2.1. Let Y be a space and let A LBSCl YA bea cofibration sequence. If LA
18 homotopy cocommutative, then Im(h*) 15 an abelian group and

2B,Y] 22 24, V] 25 Im(r*) — 0
15 an exact sequence of groups and group homomorphisms.
Proof. Apply [—,Y] to the cofibration to get an exact sequence of sets
(6) 28,Y] 22 24, v] 5 [0, 7).

Note that [¥B,Y] and [XA, Y] are groups, and (X f)* is a group homomorphism. We will
replace [C, Y] by I'm(h*) and define a group structure on it such that h* : [¥ A, Y] — Im(h*)
is a group homomorphism.

For any o and § in [X A, Y], we define a binary operator X on I'm(h*) by

Wa®hB = h*(a+ ).
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To check this is well-defined we need to show h*(a + ) ~ h*(¢/ + ) ~ h*(a + f') for
any «a, o, 3, 3" satisfying h*a ~ h*a’ and h*f ~ h*3'.
First we show h*(a + ) ~ h*(a/ + ). By definition, we have
hW(a+p)=(a+p)oh=Vo(aVp)oogoh,

where 0 : YA — YAV XA is the comultiplication and vV : Y VY — Y is the folding map.
Since C'is a cofiber, there is a coaction ¢ : C' — C'V XA such that c o h ~ (hV 1) o 9.

c—Y.CcvsA

lh lm
NA -7~ AV NA

Then we obtain a string of equivalences

h*(a+p) = Vo(aVp)oooh
~ Vo(aVp)o(hV1l)oy
Vo(a'VB)o(hV1)oy
Vo(a'VB)oogoh
h*(a’ + )
The third line is due to the assumption h*a ~ h*a’. Therefore we have h*(a+f) ~ h*(o/+ /).
Since ¥ A is cocommutative, [£ A, Y] is abelian and h*(a + ) >~ h*(8 + «). Then we have
h*(a+B) = h*(B+a) = h* (B +a) = h"(a+ ).
This implies X is well-defined.
Due to the associativity of + in [XA, Y], X is associative since
(WaXhB)Rh*y = h*(a+ )X h*y
= h((a+p)+7)
= h(a+(F+7))
= halXRh*"(6+7)
— Ko R (h*BRA).

~

Clearly the trivial map % : C' — Y is the identity of X and h*(—a) is the inverse of h*a.
Therefore X is indeed a group multiplication.

By definition of X, h* : [¥A, Y] — Im(h*) is a group homomorphism, and hence an
epimorphism. Since [¥ A, Y] is abelian, so is Im(h*). We replace [C,Y]| by I'm(h*) in (6) to
obtain a sequence of groups and group homomorphisms

28,Y] Z% 94, Y] 25 Im(h*) — 0.
The exactness of (6) implies ker(h*) = Im(Xf)*, so the sequence is exact. O

Applying Lemma 2.1 to cofibration 33G — ¥2G — CP? A G and the space Y = BG, we
obtain an exact sequence of abelian groups

(7) 3¢, BG] % 246G, BG] L5 Im(g*) — 0.
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In the middle square of (5) 9}, ~ ¢* 0k, so 0}, is in I'm(q*). For any number m, ¢*(mody) = mq* 0k,
so the “order” of 0 defined in [I1] coincides with the multiplicative order of 0 in Im(qg*).
The exact sequence (7) allows us to compare the orders of 9 and 0.

Lemma 2.2. Let m be the order of 0, and let m’ be the order of 0. Then m is m’ or 2m/’.

Proof. By exactness of (7), there is some f € [X3G, BG] such that (Xn)*f ~ m/9;. Since Xn
has order 2, 2m/0; is null homotopic. It follows that 2m’ is a multiple of m. Since m is
greater than or equal to m’, m is either m’ or 2m/’. O

When G = SU(2), the order m of 0; is 12 and the order m’ of 0] is 6 [9]. When G = SU(3),
m = 24 and m' = 12 [14]. It is natural to ask whether m = 2m’ for all G. However, this
is not the case. In a preprint by Theriault and the author, we showed that m = m’ = 40
for G = Sp(2).

In the S* case, part (1) of Theorem 1.1 gives a sufficient condition for Gi(S*) ~ G;(S%)
when localized rationally or at any prime. In the CP? case, Theriault showed a similar
counting statement, in which the sufficient condition depends on the order of 0; instead

of 0.

Theorem 2.3 (Theriault, [11]). Let m be the order of 8,. If (m,k) = (m,1), then Gy(CP?)
is homotopy equivalent to G(CP?) when localized rationally or at any prime.

Lemma 2.2 can be used to improve the sufficient condition of Theorem 2.3.

Theorem 2.4. Let m/ be the order of ). If (m/,k) = (m/,1), then Gi.(CP?) is homotopy
equivalent to G;(CP?) when localized rationally or at any prime.

Proof. By Lemma 2.2, m is either m' or 2m/. If m = m/, then the statement is same
as Theorem 2.3. If we localize rationally or at any odd prime, then (m,k) = (m/, k) for
any k, so a homotopy equivalence G;,(CP?) ~ G;(CP?) follows by Theorem 2.3. It remains to
consider the case where m = 2m’ when localized at 2.

Assume m = 2" and m’ = 2"7'. For any k, (2", k) = 2° where i an integer such
that 0 <i<n—1. If i <n—2, then k = 2 for some odd number ¢ and (2" ! k) = 2.
The sufficient condition (27! k) = (2"71,1) is equivalent to (2", k) = (2",1). Again the
homotopy equivalence G, (CP?) ~ G;(CP?) follows by Theorem 2.3. If i = n — 1, then (2", k)
is either 2" or 2", We claim that G, (CP?) has the same homotopy type for both (27, k) = 2"
or (2" k) =2""1,

Consider fibration (3)

Mapi(CP2, G) —s Go(CP?) —s G 5 Mapr(CP?, BG).

If (27, k) = 2", then k = 2"t for some number ¢. By linearity of Samelson products, 0y ~ k0.
Since 0, >~ ¢*k0y ~ ¢*2"t0; and 0; has order 2", 0, is null homotopic and we have

Gi(CP?) ~ G x Map;(CP?, G).
If (2", k) = 2", then k = 2"~ !¢ for some odd number ¢. Writing ¢t = 2s+1 gives k = 2"s 4 2"~ 1.
Since 9}, ~ ¢*kd; ~ ¢*(2"s + 2" 19, ~ ¢*2"7'9; and 9] has order 2"~ 9, is null homotopic
and we have

Gr(CP?) ~ G x Map;(CP?, G).
The same is true for G;(CP?) and hence Gy, (CP?) ~ G,;(CP?). O
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3. PLAN FOR THE PROOFS OF THEOREMS 1.3 AND 1.4

From this section onward, we will focus on SU(n)-gauge groups over CP2. There is a
fibration

(8) SU(n) — SU(c0) =5 W,

where p : SU(c0) — W, is the projection and W, is the symmetric space SU(c0)/SU(n).
Then we have

H*(SU(c0)) = A(xs,- ,Top_1, ),
H*(SU(n)) = A(xs, -, ZTon_1),
H*(BSU(n)) Zlca, - ,cnl,
H(W,) = <$2n+1,$2n+37" ),

where 29,41 has degree 2n + 1, ¢; is the i*" universal Chern class and ;11 = o(ciyr) is
the image of ¢;41 under the cohomology suspension o, and p*(Zg;+1) = %2;11. Further-
more, H*(QW,,) = Z and H*""2(QW,) = Z are generated by as, and asg, 2, where ay; is
the transgression of wg; 1.

The (2n + 4)-skeleton of W, is 2" 'CP? for n odd, and is S?"*3 v §?"*! for n even, so
its homotopy groups are as follows:

() ) <2n 2n+1 2n+2 2n+3
n odd 0 Z, 0 Z,
neven| 0 Z Z]27 7o Z)2Z

The canonical map € : SCP*~! — SU(n) induces the inclusion ¢, : H,(SCP" ') — H,(SU(n))
of the generating set. Let C' be the quotient CP"~!/CP"~3 and let ¢ : XCP"! — X be the
quotient map. Then there is a diagram

(Or)+

20, SU(n)]

-
05 )«
(NCP™, SU(n)] 25

[XC, Map*(CP?, BSU (n))] [XC, BG(CP?)]

[ECP"!, Map*(CP?, BSU(n))] — [SCP"!, BG,(CP?)],

where (0},)« sends f to 0, o f and the rows are induced by fibration (3). In particular, in
the second row the map € : XCP"! — SU(n) is sent to (9}).(e) = 9} o e. In Section 4, we
use unstable K-theory to calculate the order of 0] o €, giving a lower bound on the order
of 0]. Furthermore, in [!] Hamanaka and Kono considered an exact sequence similar to the
first row to give a necessary condition for Gi,(S?) ~ G;(S%). In Section 5 we follow the same
approach and use the first row to give a necessary condition for Gy(CP?) ~ G;(CP?).

We remark that it is difficult to use only one of the two rows to prove both Theorems 1.3
and 1.4. On the one hand, 9} o € factors through a map 9 : ©¥C — Map*(CP?, BSU(n)).
There is no obvious method to show that 9 and &, o € have the same orders except direct
calculation. Therefore we cannot compare the orders of 0 and &, to prove Theorem 1.3
without calculating the order of 9 o e. On the other hand, applying the method used
in Section 5 to the second row gives a much weaker conclusion than Theorem 1.4. This
is because [XC, BGr(CP?)] is a much smaller group than [XCP"!, BG,(CP?)] and much
information is lost by the map ¢*.
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4. A LOWER BOUND ON THE ORDER OF 0

The restriction of 9; to XCP" ! is 9; o ¢, which is the triple adjoint of the composition

1AE

(,€) : S3 A SCP™ L 2% SU(n) A SU(n) LY sUm).
Since SU(n) ~ QBSU(n), we can further take its adjoint and get

P BS3 A SCP ! 2 55U (n) A SU ) % BSU(n),
where [ev, ev] is the Whitehead product of the evaluation map
ev : BSU(n) =~ XQBSU(n) — BSU(n)

with itself. Similarly, the restriction 0] o € is adjoint to the composition

p: CP2 A SCP"! % 51 A SCP™! 2% 515U (n) A SU(n) ‘YY) BSU(n).
Since we will frequently refer to the facts established in [3, 4], it is easier to follow their
setting and consider its adjoint
y=7(poT): CP* ACP" ' — SU(n),

where T : XCP?ACP" ! — CP?AXCP"! is the swapping map and 7 : [SCP2ACP"~!, BSU (n)] —
[CP2 ACP™ !, SU(n)] is the adjunction. By adjunction, the orders of 9] o€, p’ and ~y are the
same. We will calculate the order of v using unstable K-theory to prove Theorem 1.3.

Apply [CP? A CP"!, —] to fibration (8) to obtain the exact sequence

K°(CP2ACP" 1) 25 [CPPACP™ L, QW, ] — [CP2ACP", SU(n)] — K*(CP2ACP™ ).
Since CP?> A CP™ ' is a CW-complex with even dimensional cells, K'(CP? A CP*!) is zero.
First we identify the term [CP? A CP"~!, QW,].
Lemma 4.1. We have the following:
o [Z21CP2, QW,] = Z;
o [X¥3CP2,QW,] =0 for n odd;
o [Z22CP2OW,]| 2 Z & Z.
Proof. First, apply [2?"~*— QWV, ] to cofibration (4) to obtain the exact sequence
ﬂ'gn(Wn> — 7T2n+1<Wn) — [227174@?)2, QWn] — 7r2n_1(Wn).
We refer to Table (9) freely for the homotopy groups of W,,. Since my,_1(W,,) and 7o, (W,,)
are zero, [ 1CP"~1 QW,,] is isomorphic to o, 1(W,) = Z.
Second, apply [2?" 73— QWW,] to (4) to obtain
Tonra(W,) — [E23CP?, QW,,] — man(W,,).
Since 7y, (W,,) and o, 12(W,,) are zero for n odd, so is [Z*3CP?, QWV,,].
Third, apply [X2?"2—, QW,] to (4) to obtain

Tonia(Wi) 255 Tones(W,) — [S272CP2 QW] 2 man 1 (W) 225 Mo (W),

where 7; and 7, are induced by Hopf maps Y2y : §27F3 — §2n+2 and ¥32n—1p . §2n+2  G2n+l
and j is induced by the inclusion S?"*! — ¥2"72CP? of the bottom cell. When n is
odd, 7,1 2(W,,) is zero and o, 1 (W,,) and mo,,3(W,,) are Z, so [L2"2CP"~ 1, QW, ] is ZH Z.
When n is even, the (2n + 4)-skeleton of W, is S?"™! v §?"+3_ The inclusions

il . SQn-H - SQn-H V; 52n+3 and ig . 52n+3 N 52n+1 Vi 52n+3
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generate To,+1(W,,) and the Z-summand of my,,3(W,,), and the compositions

. 22n71 . E
]1:52n+2 }77 52n+1 i1 W and Gy : SZn+3 77542n+2 } 52n+1 i1 W

generate o, 2(W,,) and the Z/2Z-summand of 7o, 3(W,,) respectively. Since 7; sends j;
to ja, the cokernel of 1 is Z. Similarly, 1, sends i, to ji, so ny : Z — Z/2Z is surjective.
This implies the preimage of j is a Z-summand. Therefore [22"2CP2, QW,| X Z ®Z. O

Let C be the quotient CP"~/CP"~3. Since QW,, is (2n—1)-connected, [CP2ACP" !, QW]
is isomorphic to [CP? A C, QW,,] which is easier to determine.

Lemma 4.2. The group [CP? A CP" 1, QW, ] = [CP? A C,QW,,] is isomorphic to Z%3.

Proof. When n is even, C'is $?"~2v§?"=4. By Lemma 4.1, [CP?2AC, QW,,| is [X*"2CP?, QW,,|®
[D201CP2, QW] = 2%,

When n is odd, C' is 3** 5CP?. Apply [Z**5CP? A —, QW,,] to cofibration (4) to obtain
the exact sequence

[Z273CP?, QW] — [S7°CP?, QW,] — [S*°CP? A CP?, QW,)] —

— [ZICP? QW] — [Z3CP? QW)

By Lemma 4.1, the first and the last terms [X*"3CP? QW,| are zero, while the second
term [L2"2CP%, QW,,] is Z@Z and the fourth [X2"~1CP?, QW,,] is Z. Therefore [CP? A C, QW]
is 793, O

Define a : [CP* A CP™ !, QW, | — H?*"(CP? A CP* 1) & H*""2(CP? A CP™!) to be a
map sending f € [CP* A CP" 1, QW,] to a(f) = f*(azn) ® f*(azns2). The cohomology
class To, 41 represents a map Tony1 @ W, — K(Z,2n + 1) and ag, = 0(Z9,41) represents
its loop Qg4 : QW,, — QK (Z,2n + 1). Similarly ag,1o = 0(Za,+3) represents a loop
map. This implies a is a group homomorphism. Furthermore, as, and as,,o induce iso-
morphisms between H'(QW,,) and H'(K(2n,Z) x K(2n + 2,7Z)) for ¢ = 2n and 2n + 2.
Since [CP? A CP"~!, QW,] is a free Z-module by Lemma 4.2, a is a monomorphism. Con-
sider the diagram
(10)

KO(CP? ACP ) [CP2 A CP"~1, QW] [CP2 A CP"~, SU(n)] —> 0

ia , b

0(CP2 A CP"~1) —2> H2"(CP2 A CP"~1) @ H2+2(CP2 A CP"1) Coker(®) —————0

In the left square, ® is defined to be a o p*. In the right square, v is the quotient map and b
is defined as follows. Any f € [CP? A CP*', SU(n)] has a preimage f and b(f) is defined
to be ¥(a(f)). An easy diagram chase shows that b is well-defined and injective. Since b is
injective, the order of y € [CP? ACP"!, SU(n)| equals the order of b(y) € Coker(®). In [3],
Hamanaka and Kono gave an explicit formula for ®.

Theorem 4.3 (Hamanaka, Kono, [3]). For any f € K°(Y), we have

O(f) = nlchan(f) ® (n 4 1)!chani2(f),
where chy;(f) is the 2i™ part of ch(f).
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Let u and v be the generators of H?(CP?) and H*(CP"~"). For 1 <i < n — 1, denote L
and L/ as the generators of K°(CP? A CP"!') with Chern characters ch(L;) = u*(e” — 1)°
and ch(L}) = (u+ 3u?) - (¥ — 1)". By Theorem 4.3 we have

®(L;) = n(n—1)Au*0""%+n(n+1)Bu*v" ",
n(n—1) n(n+1)

O(L)) = ——LAu*" 2+ nBuv™ ! +

5 5 BiUQUn_l,

where A - _ -
Ai =354 (=D ()72 and By = 305 (=)™ ()
Write an element zu?v" 2 4+ yuv" ' 4 zu?0" " € H*"(CP2ACP" ') @ H*" "2 (CP2 ACP™ 1)
as (x,y,z). Then the coordinates of ®(L;) and ®(L}) are (n(n — 1)A4;,0,n(n + 1)B;)

and (@Ai,nBi, n(nzH)Bi) respectively.

Lemma 4.4. Forn > 3, Im(®) is spanned by (”(”2_1),71, n(”2+1)), (n(n—1),0,0) and (0,2n,0).
Proof. By definition, Im(®) = span{®(L;), ®(L})}"-}. Fori =1, A, = B, = 1. Then
®(L;) = (n(n—1),0,n(n+1))
= 2(%n(n —1),n, %n(n +1)) —(0,2n,0)
— 20(L)) — (0,2n,0)

Equivalently (0,2n,0) = 2®(L}) — ®(L4), so span{®(L,), P(L})} = span{P(L}), (0,2n,0)}.
For other i’s,

®(L;) = (n(n—1)A;,0,n(n+1)B;)
= 2(%n(n — 1)A;,nB;, %n(n +1)B;) — (0,2nB;,0)
= 20(L}) — B,(0,2n,0)

is a linear combination of ®(L}) and (0, 2n,0), so Im(®) = span{P(L}),--- ,P(L),_,),(0,2n,0)}.
We claim that span{®(L})}=}! = span{®(L}), (n(n — 1),0,0)}. Observe that

o(L) = (MAi,nBi,MBi)
= (MBu nbB;, MB:) + (@(Az — B;),0,0)
= B®(L)) + Ai— B (n(n —1),0,0).

2
The difference

A= B; = Y (-1) (j_)jnﬂ _ i(_l)m (i_>jn—1

=1 =1 J
_ é(_lwﬂ (]) R
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is even since each term (j—1);" 2 is even and n > 3. Therefore TB is an integer and ¢ (L))
is a linear combination of ®(L} ) and (n(n —1),0,0).
Furthermore,
nn—1
o(Ly) = Bao(rh) + (A - ) (" 00
= By®(L}) —2"*(n(n—1),0,0)
and
/ (n - 1)
B(L4) = Byb(L) + (Ay — By, 0,0)

= B3®(L)) — (3% —=3-2""%)(n(n —1),0,0).

Since 273 and 3”2 — 3 - 2”3 are coprime to each other, there exist integers s and t such
that 2" 3s+ (372 —3-2"3)t =1 and

(n(n —1),0,0) = (sBy + tBs)®(L)) — s®(LY) — td(LY).

Therefore (n(n —1),0,0) is a linear combination of ®(L}), (L) and ®(L4). This implies
span{®(L}), (n(n —1),0,0)} = span{®(L})}=}
Combine all these together to obtain
Im(®) = span{®(L;), ®(L;)}-}
= span{®(L}), (n(n - 1),0,0), (0,2n,0)}

_ spcm{(n(n2_ Do, ”<”2+ Dy (n(n —1),0,0). (0.2n,0)}.

O

Back to diagram (10). The map ~ has a lift 5 : CP? A CP*! — QW,. By exactness, the
order of y equals the minimum number m such that m# is contained in Im(p.). Since a and b

are injective, the order of v equals the minimum number m’ such that m’a(%) is contained
in Im(®).

Lemma 4.5. Let a: XX — SU(n) be a map for some space X. If o/ : CP2 A X — SU(n)
18 the adjoint of the composition

gN1 [ev ev]

CP2 A SX L5 583 A SX 28 BSU(n) A SU(n) 25 BSU(n),

then there is a lift & of o/ such that &*(ay) = u? @ X a* (w9;_3), where X is the cohomology
suspension isomorphism.

Qw,

~ 7
o -
-
-
-

CP? A X —%~ SU(n)

Proof. In [3, 4], Hamanaka and Kono constructed a lift I' : ¥.SU(n) ASU(n) — W, of [ev, ev]
such that I'*(Zg;41) = ZjJrk:i_l Y911 ® Top41. Let I' be the composition

[ CP?*ASX 25 583 ASX 228 58U (n) A SU(n) - W,



HOMOTOPY TYPES OF SU(n)-GAUGE GROUPS OVER NON-SPIN 4-MANIFOLDS 11

Then we have

*(Z2it1) = (@A) (Ze A a) T (Z2i11)

= (q/\]l)*(Zz/\a)*( Z E$2j+1®172k+1>

jk=i—1
(A 1)"(Bus @ a*(22i-3))
= u*® o (1y_3),
where u3 is the generator of H?(S?).

Let T : ¥CP? A X — CP? A XX be the swapping map and let 7 : [SCP? A X, W, | —
[CP2 A X, QW,] be the adjunction. Take & : CP?2 A X — QW, to be the adjoint of I, that
isa=7(l"oT). Then a is a lift of /. Since

(f oT) (Zgiy1) =T" o0 f‘*(a‘vgiﬂ) =T*(u? @ a(19_3)) = Lu? @ X a* (w9_3),
we have a*(ay;) = u? @ L a* (1g;_3). O

Lemma 4.6. In diagram (10), v has a lift 5 such that a(7¥) = u*v™" 2 @ u?v™ L.
Proof. Recall that ~ is the adjoint of the composition

SaNe

o CP2 A SCP ™ P8 5263 A CP 1 2% 25U (n) A SU(n) Y BSU(n).
Now we use Lemma 4.5 and take a to be € : SCP"' — SU(n). Then v has a lift 5 such
that 7*(ay) = u®> @ X7 e*(29;_3) = u? @ v*~2. This implies
a(¥) = 7 (azn) © 7 (azni2) = w2 @t
O

Now we can calculate the order of 9] o €, which gives a lower bound on the order of 0.

Theorem 4.7. When n > 3, the order of d; o € is sn(n® — 1) for n odd and n(n* —1) forn
even.

Proof. Since 0] o¢ is adjoint to v , it suffices to calculate the order of y. By Lemma 4.4, Im(®)
is spanned by (in(n —1),n,in(n+ 1)), (n(n —1),0,0) and (0, 2n,0). By Lemma 4.6, a(7)
has coordinates (1,0,1). Let m be a number such that ma(¥) is contained in I'm(®). Then

1 1
m(1,0,1) = s(in(n —1),n, En(n +1)) + t(n(n —1),0,0) + (0, 2n, 0)
for some integers s,t and r. Solve this to get
m=stn(n* —1), s=-2r, s=t(n—1).

Since s = —2r is even, the smallest positive value of ¢ satisfying s = ¢t(n — 1) is 1 for n odd

and 2 for n even. Therefore m is $n(n? — 1) for n odd and n(n* — 1) for n even. O

For SU(n)-gauge groups over S, the order m of 9; has the form m = n(n*—1) for n = 3
and 5 [4, 15]. If p is an odd prime and n < (p — 1)? + 1, then m and n(n? — 1) have the
same p-components [0, 16]. These facts suggest it may be the case that m = n(n? — 1) for
any n > 2. In fact, one can follow the method Hamanaka and Kono used in [!] and calculate
the order of J o € to obtain a lower bound n(n? — 1) for n odd. However, it does not work
for the n even case since [S* A CP"~1 QIV, ] is not a free Z-module. An interesting corollary
of Theorem 4.7 is to give a lower bound on the order of 9; for n even.
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Corollary 4.8. When n is even and greater than 2, the order of Oy is at least n(n* —1).

Proof. The order of 0] o € is a lower bound on the order of 0;, which is either the same as or
half of the order of 0; by Lemma 2.2. The corollary follows from Theorem 4.7. U

5. A NECESSARY CONDITION FOR G (CP?) ~ G;(CP?)

In this section we follow the approach in [1] to prove Theorem 1.4. The techniques used are
similar to that in Section 4, except we are working with the quotient ©C' = LCP"~! /> CP"!
instead of XCP"~!. When n is odd, C is £?* SCP2, and when n is even, C is S?*~2 Vv 5274,
Apply [EC, —] to fibration (3) to obtain the exact sequence

5C, SU(n)] %5 [0, Maps(CP2, BSU (n))] —s [£C, BGx(CP?)] —s [SC, BSU(n)],

where (0 ). sends f € [XC, SU(n)] to 9, o f € [XC, Mapy(CP?, BSU(n))]. Since BSU(n) —
BSU(00) is a 2n-equivalence and ©.C' has dimension 2n — 1, [EC, BSU(n)] is K°(XC) which
is zero. Similarly, [2C, SU(n)] & [X2C, BSU(n)] is K°(X?C) = Z & Z. Furthermore, by
adjunction we have [ZC, Mapg(CP?, BSU(n))] = [2C A CP? BSU(n)]. The exact sequence
becomes
(11) &o=20) %% 120 A CP2, BSU(n)] — [SC, BG(CP?)] — 0.
This implies [XC, BG,(CP?)] = [C, Gx(CP?)] is Coker(d},).. Also, apply [CP? A C,—] to
fibration (8) to obtain the exact sequence
(12) [CP*AC,QSU(c0)] 25 [CP2AC, QW,] — [CP?AC, SU(n)] — [CP2AC, SU(c0)].

Observe that [CP?AC, QSU(00)] = K°(CP2AC) is Z%* and [CP? A C, SU(c0)] = K (CP? A C)

is zero. Combine exact sequences (11) and (12) to obtain the diagram

K°(CP? A C)

\
Px

[CP2 A C,QW,] —2= H>(CP* A C) @ H*"2(CP2 A C)

&o20) ‘PP A ¢, SUM)] (C, BG,(CP?)]

0

where a(f) = f*(a2,) ® f*(agnse) for any f € [CP2AC,QW,], and ® is defined to be a o p,.
By Lemma 4.2 [CP? A C, QW,,] is free. Following the same argument in Section 4 implies the
injectivity of a.

Our strategy to prove Theorem 1.4 is as follows. If Gi(CP?) is homotopy equivalent
to Gi(CP?), then [C,G(CP?)] = [C,G;(CP?)] and exactness in (12) implies that Im(d,).
and I'm(3)). have the same order in [CP? A C, SU(n)], resulting in a necessary condition
for a homotopy equivalence G;(CP?) ~ G;(CP?). To calculate the order of Im(d})., we will
find a preimage 9, of I m(9},). in [CP* A C,QW,,]. Since a is injective, we can embed O
into H*"(CP? A C) & H*""?(CP? A C') and work out the order of Im(d},). there.



HOMOTOPY TYPES OF SU(n)-GAUGE GROUPS OVER NON-SPIN 4-MANIFOLDS 13

Let u, vg,,_4 and vy, 5 be generators of H2(CP?), H>"~*(C) and H*"~2(C). Then we write
an element zu?vy, 4 + Yuva,_ o + 29, o € H*"(CP? A C) @ H*"2(CP? A C) as (x,v, 2).
First we need to find the submodule I'm(a).

Lemma 5.1. For n odd, Im(a) is {(z,y,2)|zr +y = z (mod 2)}, and for n even, Im(a)
is {(z,y,2)|ly =0 (mod 2)}.
Proof. When n is odd, C is X*""SCP? and the (2n + 3)-skeleton of QW,, is ¥?""2CP%. To
say (z,y,2) € Im(a) means there exists f € [CP? A C, QW,] such that
(13) f(azn) = 2uPvay—g + yuvo,—o and  f*(azni2) = 2ulv2n—2.
Reducing to homology with Z/27Z-coefficients, we have

Sq*(u) = u?, Sq*(van-4) = Von-2, S¢*(a2n) = a2ny2-

Apply S¢? to (13) to get z+y = z (mod 2). Therefore Im(a) is contained in {(x, y, z)|z+y =
z (mod 2)}. To show that they are equal, we need to show that (1,0, 1), (0,1,1) and (0,0, 2)
are in I'm(a). Consider maps

fi:CP2AC -2 SN C ~ X20-2CP2 < QW
fo: CP2 A C 25 CP? A 52" 2y QW,
fs: CP2 A C 25 52042 25 qu,

where ¢, g2 and g3 are quotient maps and 6 is the generator of 7y, 3(W,,). Their images are

a(fl) = (1,0, 1) a(f2) = (07 L, 1) a(fB) = (07072)
respectively, so Im(a) = {(z,y,2)|z +y = z (mod 2)}.

When n is even, C is §?"72 Vv $?"* and the (2n + 3)-skeleton of QW,, is S22 v S,
Reducing to homology with Z/2Z-coefficients, Sq?(vs,_4) = 0 and Sq*(as,) = 0. Apply Sq¢?
to (13) to get y =0 (mod 2). Therefore Im(a) is contained in {(z,y, z)|y =0 (mod 2)}. To
show that they are equal, we need to show that (1,0,0),(0,2,0) and (0,0,1) are in Im(a).
The maps

fl:CP2AC — S*A (S22 §2n—4) 2Ly G4 A §2n—4 <y QTY,
fi:CP2AC =5 SEA (8272 §2n=4) 2y G4 A S22 <y QT
where ¢} and ¢ are quotient maps and p; and p, are pinch maps, have images a(f]) = (1,0,0)
and a(f}) = (0,0,1). To find (0,2,0), apply [— A S22, QW,] to cofibration (4) to obtain
the exact sequence
Tonts(Wi) — [CP2 A S22 QW] 5 Tonit (W) — Tansa(W,)

where i* is induced by the inclusion i : S? < CP? and n* is induced by Hopf map 1. The
third term 7y, 1 (W,) = Z is generated by ' : S*"*! — W,,, the inclusion of the bottom
cell, and the fourth term 7o, o(W,,) = Z /27 is generated by i’ on, so n* : Z — Z/27 is a
surjection. By exactness [CP? A S?"~2 QW,,| has a Z-summand with the property that *
sends its generator g to 2i'. Therefore the composition

fi: CP? A (82072 v §2n—) P9 CP2 A §202 25 W,
has image (0,2,0). It follows that Im(a) = {(z,y,2)|ly =0 (mod 2)}. O

Now we split into the n odd and n even cases to calculate the order of I'm(9dy)..
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5.1. The order of Im(3}). for n odd. When n is odd, C is ¥**~°CP?. First we find Im(®)
in Im(a). For 1 <i < 4, let L; be the generators of K°(CP*AC) = Z%* with Chern characters

ch(Ly) = (u+ %uQ) - (vap—a + %’Ugn_g) ch(Ls) = (u+ %UQ)U%_Z

Ch(L3) = U2<Ugn,4 + %Ugnfg) Ch(L4) = U2U2n,2.
By Theorem 4.3, we have

! ! 1!
O(Ly) = %U2U2n74 + %Uvznq + (nz ) U9y s
1!
D(Ly) = nluvg_g + (n—;— ) UV, o
1!
d = nlulvy, 4 + (”Z ) U Vg _o

SIS
N
I

(
(I)< (TL + ].)!U2712n_2.

By Lemma 5.1, I'm(a) is spanned by (1,0,1),(0,1,1) and (0,0,2). Under this basis, the
coordinates of the ®(L;)’s are

O(Ly) = (i! n! M)y ®(Ly) = (0,nl, (n—i).n!)’

®(Ly) = (n!,0, 2= &(L,) = (0,0, @1,

We represent their coordinates by the matrix

n(n—1) n(n—1) n(n—1)(n—3)
2 2 ( 8 1)2
-1 nn—2)”
Mgy =L 0 n(n ) n(n§1)2 )

2
where L = (n — 2)!. Then I'm(®) is spanned by the row vectors of M. )

Next, we find a preimage of Im(d}). in [CP? A C, QW,,]. In exact sequence (11) K°(X2C)
is Z ® 7. Let a1 and ay be its generators with Chern classes

Cooi(en) = (n— 21220, 4 cpar) = S 220,

Cno1(ag) =0 calag) = (n — 1)!1%%0y, .
Lemma 5.2. Fori=1,2, &(a;) has a lift &, : CP2 A C — QW,, such that
a(@iy) = ku® @ X%, (i) @ kv @ 7%, (ay).
Proof. For dimension and connectivity reasons, «; : ©2C' — BSU(o0) lifts through BSU (n) —
BSU(00). Label the lift 22C — BSU(n) by a; as well. Let o} : ©C — SU(n) be the adjoint
of ;. Then (0},)«(c;) is the adjoint of the composition

Tkina lev,ev

CP? A 20 25 £8° A 20 ™S 25U (n) A SU(n) % BSU(n).
By Lemma 4.5, (9;).(c;) has a lift &; such that &, (agy) = ku® ® X7 (a/)*(2;-3). Since

o(cj_1) = wy;-3, we have &;; (ay;) = ku? ® ¥7%¢;_1(a;) and

a(@;y) = ku® ® X %c, 1 (i) @ ku®* @ X%, ().
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By Lemma 5.2, (0;,)«(a1) and (0;,).(az) have lifts
a1 = (n— 2)kutvg, 4 + @ku%%_g and  agx = (n — 1)ku*vg,_s.
We represent their coordinates by the matrix

(10
s (} 055,

2

Let 0y = span{Gyx, o} be the preimage of Im(8,), in [CP2AC, QW,]. Then 9y is spanned
by the row vectors of M.

Lemma 5.3. When n is odd, the order of Im(0),). is

N I
[Im(0,)«| = (In(n? = 1),k) . (n, k)

2

Proof. Suppose n = 4m + 3 for some integer m. Then

2m+1 2m+1 2m? +m
0 dm+2 dm?+4Am+1
dm + 2 0 4m? 4+ 4m +1
0 0 8m?+12m +4

My = (4m + 3)L

and

1 0 m
Ma:kL(o 0 2m+1)'

Transform Mg into Smith normal form

(2m+1)
B (2m +1)
A-Mo- B = (4m+3)L 2m+1)dm+4) |
0
where

Lo o0 | —m —2m+1)
A= 20 1 01 wnd B=[0 o 1
“lam+2 1 —@m+1) 0 “\y )

4 -2 9 1

The matrix B represents a basis change in Im(a) and A represents a basis change in Im(®).
Therefore [CP? A C, SU(n)] is isomorphic to

Z o Z © V/
(A4m+3)1Z ~ (Am+3)Z ~ L(4m+4)\Z

1 1
2 2
We need to find the representation of O under the new basis represented by B. The new
coordinates of &; j and dpy, are the row vectors of the matrix

L o—m —(2m+1) :<k;L 0 kL )

Mo\ ; 0 (2m+ kL (4m+2)kL



16 TSELEUNG SO

Apply row operations to get

( 1 0) ‘ (k‘L 0 —kL > _ ( kL 0 —/{;L)
dm+2 1 0 @Cm+1DEL (4m+2)kL) \(4m+2)kL (2m+ 1)L 0 )°
Let pp = (kL,0,—kL) and v = ((4m + 2)kL, (2m + 1)kL,0). Then

O = {xpu+ yv € [CP2 A C,QW, ]|z, y € Z}.
If xp+ yv and 2’y + y'v are the same in I'm(®), then we have

okL + (4m +2ykL = o'kL+ (dm+2)y'kL  (mod (2m + 1)(4m + 3)L)
(2m + 1)ykL (2m + 1)y'kL (mod (2m + 1)(4m + 3)L)
kL 2'kL (mod (2m + 1)(4m + 3)(4m +4)L)

These conditions are equivalent to

zk = 2’k (mod (2m + 2)(4m + 3)(4m + 2))
yk = y'k (mod (4m + 3))
2 2)(4 4 2 4
This implies that there are ( (2(mm++2> ()imm++3?()imm++2) 7) 3 distinct values of x and (47:1——#3?]6)
distinct values of y, so we have
2 2)(4 3)(4 2 4 3
(@), = (2m+2)(4m +3)(4m+2)  4m+

(2m +2)(4m +3)(4m +2),k) (4m +3,k)’
When n = 4m + 1, we can repeat the calculation above to obtain
2m(4dm +2)(dm + 1) dm +1

ImO)-| = G+ 2)am T 1.8 Gm+ LA’

O

5.2. The order of Im(d,). for n even. When n is even, C'is S*"~2V 5?74 For 1 <i < 4,
let L; be the generators of K°(CP? A C') = Z%* with Chern characters

ch(Ly) = (u+ 2u?)van_s  ch(Ls) = u?vo_4

ch(Ls) = (u + %u2)v2n_2 ch(Ly) = u*ve, .
By Theorem 4.3, we have

n!

(I)<Ll) = 3162?)271—4
D(Ly) = nluvg,_y4
1!
O(L;) = nluvg, o+ n+l) w9y _o

®(Ly) = (n+ 1)uPve, o
By Lemma 5.1, Im(a) is spanned by (1,0,0),(0,2,0) and (0,0,1). Under this basis, the
coordinates of the ®(L;)’s are
®(Ly) = (%,0,0), ®(Ly) = (n!,0,0),

O(Ly) = (0,2, 7 p(L,) = (0,0, (n+ 1)),
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We represent the coordinates of ®(L;)’s by the matrix

1 0 0

nn—1) 2 0 0
Mo = 2 Llo 1 n+1
0 0 2n+2

Then I'm(®) is spanned by the row vectors of Mg.
In exact sequence (11) K°(X2C) is Z ® Z. Let a; and s, be its generators with Chern
classes
Co1(ay) = (n—2)1%%v9, 4 culag) =0
Cn-1(ag) =0 cn(ag) = (n — 1)1%%09, .
By Lemma 5.2, (0},)«(a1) and (9;,).(az) have lifts

a1 = (n—2)kutvy, 4 and dop = (n — 1)ku?vg, o

We represent their coordinates by a matrix

10 0
Ma:kL(O 0 n—1>'

Then the preimage O = span{dn g, G2} of Im(0},). is spanned by the row vectors of M.
We calculate as in the proof of Lemma 5.3 to obtain the following lemma.

Lemma 5.4. When n is even, the order of Im(0},). is

o =) ()
[Im(0)+| = (3n(n—1),k) (n(n+1),k)’

2

5.3. Proof of Theorem 1.4. Before comparing the orders of Im(d,). and Im(0})., we
prove a preliminary lemma.

Lemma 5.5. Let n be an even number and let p be a prime. Denote the p-component of t
by v,(t). If there are integers k and | such that

(5, k) vy, K) = vy, 1) - (o 1),

2
then v,(n, k) = vp(n,l).

Proof. Suppose p is odd. If p does not divide n, then v,(n, k) = v,(n,l) = 1, so the lemma
holds. If p divides n, then v,(3n, k) = v,(n, k). The hypothesis becomes v,(n, k)? = v,(n,1)?,
implying that v,(n, k) = v,(n,1).

Suppose p = 2. Let 15(n) = 2", va(k) = 2" and 5(1) = 2°. Then the hypothesis implies

(14) min(r — 1,t) +min(r,t) = min(r — 1, s) + min(r, s).

To show v5(n, k) = va(n,l), we need to show min(r,t) = min(r,s). Consider the following
cases: (1) t,s>r, (2)t,s<r—1,3)t<r—1,s>rand (4) s<r—1,t>r.
Case (1) obviously gives min(r,t) = min(r, s). In case (2), when ¢, s < r—1, equation (14)
implies 2¢t = 2s. Therefore t = s and min(r,t) = min(r, s).
It remains to show cases (3) and (4). For case (3) with ¢ < r — 1,s > r, equation (14)
implies
2t = min(r — 1,8) +r.
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Since s > r, min(r — 1,s) = r — 1 and the right hand side is 2r — 1 which is odd. However,
the left hand side is even, leading to a contradiction. This implies that this case does not
satisfy the hypothesis. Case (4) is similar. Therefore v5(n, k) = va(n,l) and the asserted
statement follows. 0O

Proof of Theorem 1.4. In exact sequence (11), [C,Gr(CP?)] is Coker(d,).. By hypothe-
sis, Gx(CP?) is homotopy equivalent to G,(CP?), so [Im(d,).] = [Im(d}).]. The n odd
and n even cases are proved similarly, but the even case is harder.

When n is even, by Lemma 5.4 the order of Im(0},). is

o sn(n—1) - n(n+1)
[1m(9))+| = (%n(n —1),k) (n(n+1),k)’
so we have
(15) (%n(n —1),k)- (n(n+1),k) = (%n(n —1),0) - (n(n+1),1).
We need to show that
(16) vp(n(n® — 1), k) = vp(n(n* —1),1)

for all primes p. Suppose p does not divide %n(n2 —1). Equation (16) holds since both sides
are 1. Suppose p divides %n(n2 —1). Since n — 1, n and n + 1 are coprime, p divides only
one of them. If p divides n — 1, then v,(3n, k) = v,(n, k) = v,(n + 1,k) = 1. Equation (15)

implies v,(n — 1,k) = vp(n — 1,1). Since
vp(n(n® —1),k) = v,(n — 1,k) - vp(n, k) - vp(n + 1, k),

this implies equation (16) holds. If p divides n + 1, then equation (16) follows from a similar
argument. If p divides n, then equation (15) implies v,(3n, k) - vp(n, k) = v,(3n,1) - v,(n, ).
By Lemma 5.5 v,(n, k) = v,(n, 1), so equation (16) holds.

When n is odd, by Lemma 5.3 the order of Im(9}). is

tn(n?*—1) on
(in(n?-1),k) (n,k)’

|[Im(0))+| =

so we have ) )
(5”(”2 - 1)a k) ’ (n7 k) = (§n(n2 - 1)7 l) ’ (na l)
We can argue as above to show that for all primes p,

l/p(%n(n2 —1),k) = yp(%n(n2 —1),0).
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