HOMOTOPY TYPES OF GAUGE GROUPS RELATED TO S3-BUNDLES OVER S

INGRID MEMBRILLO-SOLIS

ABSTRACT. Let M; ,, be the total space of the S3-bundle over S* classified by the element lo +mp €
m4(SO(4)), I, m € Z. In this paper we study the homotopy theory of gauge groups of principal G-bundles
over manifolds M; ,, when G is a simply connected simple compact Lie group such that mg(G) = 0.
That is, G is one of the following groups: SU(n) (n > 4), Sp(n) (n > 2), Spin(n) (n > 5), Fa, Eg, E7,
Eg. If the integral homology of M; ,, is torsion-free, we describe the homotopy type of the gauge groups
over M ,, as products of recognisable spaces. For any manifold M; ,, with non-torsion-free homology,

we give a p-local homotopy decomposition, for a prime p > 5, of the loop space of the gauge groups.
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1. INTRODUCTION AND MAIN RESULTS

Let P — X be a principal G-bundle over X classified by a map f : X — BG. The (unpointed)
gauge group of the bundle, denoted G/(X), is the group of its bundle automorphisms over X. That is,
an element ¢ € G/(X) is a G-equivariant automorphism of Py lying over the identity map on X. The
subgroup of G/ (X) that fixes one fiber is called the pointed gauge group and it is denoted gl (X). In
this work we aim to classify, up to homotopy, the gauge groups of principal G-bundles over manifolds
that arise as total spaces of S3-bundles over S* for G a simply connected simple compact Lie group.

The study of the topology of the gauge groups and their classifying spaces, when G is a Lie group and
X is a compact low dimensional manifold, has played a prominent role in the development of elementary
particle theories in physics and the classification of 4-manifolds. Considerable attention has been paid
in counting the number of homotopy types of gauge groups and their classifying spaces (see for instance
[25, 24, 26, 2]). Crabb and Sutherland proved that if X is connected and G is a compact connected Lie
group, the number of homotopy types of principal G-bundles over X is finite [5]. In [7] Donaldson and
Thomas introduced some ideas to extend the study of gauge theories to analogous situations in higher
dimensions, where some special geometric structures over X are required. It has been shown that certain
compact 7-dimensional manifolds present the desired geometric properties. Moreover, the homotopy type

of some of these manifolds has been described as a connected sum of total spaces of S3-bundles over S*

[4].
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An S3-bundle over S* is a 7-manifold M with a projection map 7 : M — S*, such that for all z € S*,

there is a homeomorphism 7~ !(z) = §3. We can write

8L M T 54,
where 7 is the inclusion of the fibre. All the manifolds M are compact, closed, orientable and 2-connected.
The group 73(S0(4)) = Z x Z classifies S*-bundles over S* [23], and the generators of this group are
homomorphisms p : $3 — SO(4) and o : S3 — SO(4) defined so that if ¢,¢' € S3 then

pla)d =aq-¢-q7",

ola)d =q-4q,

where x - y represents quaternionic multiplication. Let M = M; ,, be the manifold that arises as the
total space of the S3-bundle over S* classified by an element lp + mo € 73(SO(4)), where I,m € Z. All
the bundles 7 : M, — S* with m = 0 admit cross sections. Sometimes the manifolds M, o are referred
to as twisted products and are denoted by S%x;S3. The manifolds M, ,, with |[m| = 1 are homotopy
equivalent to S7. If |m| > 2, then M, , has torsion in homology.

We are interested in the homotopy theory of principal G-bundles over manifolds M; ,, when the group
G is a simply connected simple compact Lie group. Given a pointed space X, we denote by Pring(X)
the set of isomorphism classes of principal G-bundles over X. In Section 2 it is showed that if 76(G) = 0
then Pring(M;m) = Zy,. Here Zg = Z and Z, = 0. The simply connected simple compact Lie groups
satisfying the condition m(G) = 0 are the following: SU(n) (n > 4), Sp(n) (n > 2), Spin(n) (n > 5),
Fy, Eg, E7 and Fg.

Our first main result is to prove that the homotopy type of gauge groups over manifolds M ,,, with
torsion free homology depends on the homotopy type of gauge groups over S*. It is well known that
Pring(S*) = Z. Let G*(S*) be the unpointed gauge group over S* classified by k € Z. Given a map
represented by & € 75(S?) = Zja, let Y] be its homotopy cofibre. In Section 4 we prove the following
theorem.

Theorem 1.1. Let G be a simply connected simple compact Lie group such that 7(G) = 0 and let M, o
be the total space of an S3-bundle over S* with a cross section. Let Py — Mo be a principal G-bundle
classified by k € 7. There is a homotopy equivalence

gk(Ml,O) =~ gk(S4) X Ma‘p*()/la G)
Moreover, if | =0 (mod 12) there is a homotopy equivalence
GF(My o) =~ G*(S*) x 3G x Q'G.

Theorem 1.1 implies that the determination of the homotopy type of G*(M;.,,) is reduced to determ-
ining that of G¥(S%). These gauge groups have been computed for different G. For example, from [27,
Theorem 1.1] we obtain the following corollary. Let (n1,n2) be the greatest common divisor of ny and

no.

Corollary 1.2. Suppose M is either S® x S* or any twisted product S®x;S*. Let P, — M and Py — M
be principal SU(5)-bundles. There is a homotopy equivalence GF(M) ~ G*' (M), if (120, k) = (120, k'),

when localised rationally or at any prime p.

The proof of Theorem 1.1 relies on the splitting of the homotopy cofibre Cj ,, of the projection map.
For the case of manifolds with torsion in homology, it is not clear if analogous splittings exist, however,
we are able to obtain a splitting of 3Cj ,,. As such, the results in Theorem 1.3 are stated in terms of
the loop spaces of the gauge groups rather than the gauge groups themselves.

The cofibration S™ 8 S™ — P"*+!(m) induces a fibration

Map, (P™+'(m), BG) — Map, (", BG) ™ Map, (S", BG),
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where m, is the m-th power map. Let Q" BG{m} denote the space Map, (P"*!(m), BG). Let v,(m) be

the p-adic valuation of m at p. If M ,, has torsion in homology we have the following result.

Theorem 1.3. Let G be a simply connected simple compact Lie group such that mg(G) = 0. Let m > 1
be an integer and p > 5 be a prime. Let P, — M, be a principal G-bundle classified by k € Z,,. There
are p-local homotopy equivalences

(1) gO(Ml’m) :(p) Q7G X G7 Zf vp(m) = 0;

(2) QG*(Mim) ~p) WG x Xy, if vy(m) > 1, where there exists a homotopy fibration

QG{m} — Xi — QG.
Moreover, if vy(m) =r > 1 and p"|k then X ~,) QG x Q§G{m}.

We conclude this paper with a classification of gauge groups of principal G-bundles over manifolds

M 1, which are homotopy equivalent to S”. In Section 5 we prove the following result.

Theorem 1.4. Let G be a simply connected simple compact Lie group and let P, — S7 and Py — S7

be principal G-bundles. Then

(1) for G = SU(2) = Sp(1) there is a homotopy equivalence GF(ST) ~ G¥ (S7) if and only if (3,k) =
(3,K);

(2) for G = Ga, there is a homotopy equivalence GF(S7) ~ G* (S7) when localised rationally or at any
prime if and only if (3,k) = (3,k');

(8) for G = SU(3), there is a homotopy equivalence G (S7) ~ G*' (S7) when localised rationally or at a
prime p > 3 if and only if (3,k) = (3,k");

(4) otherwise, the gauge group of the unique principal G-bundle decomposes as
G%(S) ~ Q"G x G.

Remark 1.5. We want to point out that part (1) of Theorem 1.4 contrasts with the results given in
[2, Proposition 2], where it is stated that integrally, if G = S all gauge groups over S7 are homotopy
equivalent. Our results show that given two elements k, k' € [S7, BSU(2)], it is not always true that
GF(ST) ~ GF' (7).

Acknowledgements. I would like to thank Shizuo Kaji for many valuable conversations and the an-
onymous referee for suggesting a reformulation of Theorem 1.4 and for making comments which have
helped to improve the clarity of this paper. I would like to give special thanks to Stephen Theriault for
his advice and encouragement during the development of this research. This research project was suppor-
ted by the Mexican National Council for Science and Technology (CONACyT) through the scholarship
313812.

2. CLASSIFICATION OF PRINCIPAL G-BUNDLES OVER M,

All spaces considered in this work have the homotopy type of CW-complexes with non-degenerate
basepoints. For given spaces X and Y, let Map(X,Y) and Map,(X,Y’) be the spaces of unpointed and
pointed maps from X to Y, respectively. We endow these spaces with the compact-open topology. The
path components of the corresponding mapping spaces containing the map f are denoted Map/(X,Y)
and Mapf: (X,Y). We denote by (X,Y) and [X, Y] the sets of homotopy classes of unpointed and pointed
maps from X to Y, respectively. Given a map f : X — Y, we denote its homotopy class by the same
letter f. The finite cyclic group of n elements is denoted Z,. The localisation of Z at a prime p is
denoted Z ).

Let M; ., be the total space of the S3-bundle over S4, classified by the element

Ilp+mo €m3(SO4)) XZ X Z,
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where [, m € Z. First observe that since all manifolds M; ,, are 2-connected, we can give M, ,,, a minimal
cellular structure

S3 Uy et Uy e,
where ¢’ and ¢ are the attaching maps of the 4-cell and the 7-cell, respectively. There are homeomorph-

isms (23] My & M_j_p and Mj . =2 Migm —m so that from now on we will only consider the case
m > 0. The 4-skeleton Ml‘fm of M, is given by the pushout

(2.1) §8— s pt

g |

4N 4
S —— 63 UW D* = Ml,m

where ¢’ is degree m map and m is the integer associated to the classifying element lp+mo € m4(SO(4))
[12]. If m = 0, then Mfm ~ §3Vv 8%, and in this case we have

Ml,O ~ (53 \% 54) ng 67,

for ¢ € m6(S® v S*). All the sphere bundles M; o =+ S* admit a cross section so that the exact sequences
of the fibre bundles show that the homotopy and homology groups of the manifolds M; ¢ are isomorphic
to those of the total space of the trivial bundle S® x S*. James and Whitehead showed that M; o ~ My o
if and only if [ = I’ (mod 12) [12] .

If m > 0, then the 4-skeleton Ml‘fm is the Moore space P*(m) which is the homotopy cofibre of the
degree m map and satisfies H;(P*(m)) & Z,,, if i = 3, and H;(P*(m)) = 0 otherwise. Thus given
M and My s, if m # m/ then w3(M; ) 2 m3(Mj ), and therefore these spaces are not homotopy
equivalent. A minimal cellular structure for M ., is given by

My ~ P4(m) Uy, e,

for some ¢ € mg(P*(m)). In [6] Crowley and Escher classified the homotopy types of manifolds M; ,, for
m > 0. They showed that there is an orientation preserving homotopy equivalence M; ,,, ~ M ,, if and
only if m = m’ and I’ = al (mod (m, 12)) where a? = 1 (mod (m, 12)). Thus in the case m = 1 we have
P*4(1) ~ x and we have
My~ ST

for all [ € Z.

We make use of the Serre spectral sequence to obtain information on the properties of the projection
maps 7 : My m — St .

Lemma 2.1. The map * : H*(S*) — H*(M, ) is an isomorphism if m = 0, reduction modulo m if

m > 0 and, in particular, the constant map if m = 1.
Proof. Consider the Serre spectral sequence of the sphere bundle
83— My —— S*

which converges to H*(M; ), and let y3 and x4 be suitable generators of H3(S%) =7 and H*(S*) = Z

respectively. Then the F%? page in the spectral sequence has the following form.

31 ys Y374
0 1 X4
KK 4

Thus we have that EY? = EP? = HP(S%) @ H9(S?), and for dimensional reasons there is at most one

non-trivial differential, namely d4(y3) = may4. This implies the result. O
4



In order to obtain a classification of the principal G-bundles over M; ,,, when m # 1, it is necessary

to obtain information on the homotopy cofibre of the inclusion of the bottom cell

A q

(2.2) S3 M., Dy .

Lemma 2.2. There is a homotopy equivalence
Dy~ StV ST
and the homotopy equivalence can be chosen so that the composite
My % Dy = 54y §7 220 g4
is homotopic to the projection 7 : My, — S*.
Proof. Since 73(S%) = 0, the projection M ,, = S* has a homotopy extension 7

i q
Ml,m Dl,m

T -
e T

St

(2.3) S8

Observe that the cofibre D;,, can be built as a CW-complex with one 7-cell attached to a 4-sphere.
Thus Dy, fits into the following cofibration sequence

0 g b

S4 Dy, ST,

(2.4) S6

where ¢ is the inclusion, 6 € 7g(S*) = Zy and b is the connecting map. Let M, ., be a manifold with
m = 0. Then the map m : M;o — S* has a cross section S* — M. Therefore, by the homotopy
commutativity of (2.3), the map 7 also has a right homotopy inverse. Now suppose m > 1. The map
S* % Dy, is the inclusion of the bottom cell and induces an isomorphism g* : H*(D;,,) N H4(S%) > Z.

Consider the commutative diagram:

(2.5) HA (M) <— HY(Dpm).
H4(S4)

By Lemma 2.1, 7* is reduction mod m. From (2.5) we obtain the following composite

*

. .
LT —— T,

which is reduction mod m. Thus 7* = £1 (mod m). Consider the homotopy commutative diagram

(2.6) g3 ™ 5 63 — PA(m) ——s S
{ |
a5t 2 g3 My —2— S

where the top row is a cofibration sequence and the bottom row is a fibration sequence. The connecting
map 60 induces multiplication by m in cohomology. From the left square we obtain that £ is the inclusion
of the bottom cell. By the Peterson-Stein formula the adjoint of the map £ is homotopic to «’. Therefore
7' is a homotopy equivalence. This implies that 7 has a right homotopy inverse. Therefore for all m # 1,
the composite S* 2 Dy, T Stisa homotopy equivalence. There is a coaction o : Dy, — Dy V S7

. inch . . . .
such that the composite Dy, > Dy VST 2% ST is homotopic to the connecting map b in (2.4), and

5



. inch . . . ~ .
the composite D ,, Z Dy Vv ST e, D, is a homotopy equivalence. Since 7 has a right homotopy

inverse, the composite

(2.7) 0: Dy Dy v ST g4y 67
is a homotopy equivalence. Also the diagram
(2.8) Dy —2— Dy v ST 20 51y 67
S
Dim, N

homotopy commutes. Therefore by (2.3) the composite M % Dy ,,, b, gty g7 Pinchy g1 g homotopic to
.

O

Given a compact connected topological space X and a topological group G, let Pring(X) be the
set of isomorphism classes of principal G-bundles over X. It is well-known that there is a one-to-one
correspondence between Pring(X) and (X, BG), where BG is the classifying space of G. The evaluation
fibration

Map, (M} 1, BG) — Map(M, ., BG) = BG

induces an exact sequence of homotopy sets
m1(BG) L My, BG] = (Mym, BG) 22 m0(BG).

The induced map ev* is trivial as BG is connected, and the coset space of 0(m (BG)) coincides with
the orbit space of the action of 71 (BG) = mo(G) on [M;,m, BG]. Since all groups G considered in this
work are connected, this action is trivial, which implies that there is a bijection between [M; ,,, BG| and
(M m, BG). We compute the sets [M;,,, BG| for those manifolds with m # 1. We restrict to the case
when 76(G) = 0, that is, when G is one of the following groups: SU(n) (n > 4), Sp(n) (n > 2), Fy, Fs,
E; or Eg.

Proposition 2.3. Let G be a simply connected simple compact Lie group such that ms(G) = 0.
(1) If m = 0 then [M; ,, BG] = Z;
(2) if m > 2 then [M 1, BG] = Zy,.

Moreover, the projection M, 5 8% induces a map
7 : [S*, BG] — [My,,,, BG]
which is a bijection if m = 0 and a surjection if m > 2.
Proof. For any simply connected simple compact Lie group G there are isomorphisms [11]
(2.9) 73(BG) 2 ma(G) = 0.

Let f : M;,, — BG be a map. By (2.9) the composite S3 M i> BG is nullhomotopic. Using
Lemma 2.2 there is a homotopy commutative diagram

i

(210) SS Ml,m

e

BG

stV ST 5t E S,



where a is the composite M, KN Dy N Y, S7. the top row is a cofibration sequence and f :
S4Vv 87T — B@ is an extension of f. Therefore, applying the functor [—, BG] to the cofibration sequence
in (2.10) we obtain an exact sequence of homotopy sets

(2.11) [S*, BG] —— [S*V ST, BG] —— [M} 1, BG] —— 0
7

Let ¢' : S* Vv 87 — §%Vv STV S be the coaction of S* on S* Vv S7 in the cofibration sequence in (2.10).
The homotopy set [M; ,,,, BG]| might not be a group. Therefore, we will use the action
(") [S*, BG] x [S*Vv 87, BG] — [S* Vv S7, BG],
induced by ¢, to compute [M; ,,,, BG].
Let Ml‘fm be the 4-skeleton of M; ,,. Then Ml‘fm ~ §3v 8% or Ml‘fm ~ P*(m). In either case, Mfm is

a co-H-space. From the exact sequence induced by the attaching map of the 4-cell,

(2.12) CRERS M, S,
we obtain an exact sequence of groups
(2.13) (8%, BG] — [S*, BG] —— [M}',,, BG] —— 0

where 74(BG) 2 713(G) = Z and m* : Z — Z is multiplication by m. The coaction ¢ : §* — §* v §*
associated to the cofibration (2.12) induces an action of homotopy sets

Y* 1 [S*, BG] x [S4,BG] — [S*, BG).

Exactness of (2.13) implies that [M}, , BG] = . By construction, the orbits under the action *

l m?
are equal to the cosets of the image of m*. The map S = M; ., factors through the 4-skeleton Ml‘fm.
Therefore we have a homotopy cofibration diagram

(2.14) S3 M} 5+ "

o

S8y My —2s StV ST 2y 54

where iy : S* — S%V S7 is the inclusion of the first factor into the wedge. From (2.14) we obtain a
homotopy commutative diagram as follows

(2.15) i Y gty

’L‘ll l’il\/l
’

Siv ST Yy giy Ty St

Applying the functor [—, BG] we obtain a commutative diagram of homotopy groups

(2.16) ra(BG) x 71(BG) x ma(BG) s 71(BG) x 72(BG)

i{x]ll lz‘*{
74(BG) x m(BG) —— s 1(BG).

Now assume 77(BG) = m(G) = 0. The vertical arrows in (2.16) are isomorphisms implying that
(W")* =¢*. Since (Y")* = ¢*, [Mym, BG] =Z if m =0, and [M) 1, BG] = Zy,, if m > 1.
Finally, we analyse the induced map 7* : [M,,, BG] — [S*, BG]. By Lemma 2.2 the composite

~ inch
My 5 Dy = S v ST 2D, g1
7



is homotopic to the projection 7 : M; ,,, — S*. Consider the commutative diagram

*

(2.17) (M} n, BG] +~— [S*, BG] x [S", BG]
(54, BG)

where the map p; is the projection onto the first factor. From (2.11) we get that a* is an isomorphism
if m = 0 and a surjection if m > 1. Therefore, by the commutativity of (2.17), the induced map
7* : [Mym, BG] — [S*, BG] is an isomorphism if m = 0, and a surjection if m > 1. O

Now let m = 1. From the homotopy classification of the manifolds M, ,,, the spaces M; ; are homotopy

equivalent to S7. Therefore we obtain
[Ml,l,BG] = [57,BG] = 7T7(BG) = 7T6(G).

From this and Proposition 2.3 we obtain a classification of principal G-bundles over manifolds M; ,, that
holds for most of the simply connected simple compact Lie groups. Using the notation Zy = Z and

Zy = 0 we now state our result for the classification of principal G-bundles over M ,.

Corollary 2.4. Let G be a simply connected simple compact Lie group such that mg(G) = 0. There is a

one-to-one correspondence

) 1-1
Pring(M m) — L,

3. HOMOTOPY TYPES OF XM p,

In this section we discuss the homotopy types of ¥M; ,,,, the suspensions of the manifolds M ,,. The
description of ¥ M, ,,, will be needed later to obtain homotopy decompositions of the gauge groups.

We start with a general result regarding the suspension of total spaces of S™~!-bundles over S™ that
have cross sections. Let X™ be the n-skeleton of X. Let 1x be the identity map on X.

Lemma 3.1. Let 7 : X — S™ be an S" '-bundle over S™, n > 3, with a cross section. Then X" =~

S"=1v S™ and there is a homotopy equivalence
X ~ XY v st

where Y is the homotopy cofibre of the composite S27—2 £y gn=1y gn pinchgn=1 " Here the map
p: 822 & §n=1 v/ 8" is the attaching map of the top cell of X.

Proof. The topological space X is homotopy equivalent to a CW-complex with the following cellular
structure

Sn—l Uel U<p e271—17

where ¢ is the attaching map of the top cell. There is a homotopy commutative diagram

(3.1) gn—1c__y xn 1, gn

gnle—— X —F gn

where the top row is the cofibration sequence induced by the inclusion of the bottom cell into the n-
skeleton, the bottom row is the fibration sequence of the sphere bundle, and ¢ is the quotient map. Since
X" = X?"~2 by connectivity, the map ¢ also has a right homotopy inverse, implying that there is a
homotopy equivalence X" ~ S"~1v S§»,



Now consider the cofibration sequence induced by the attaching map $2"~2 25 §n v §n—1;
4 5 ,
(3.2) g2n=2 % L gn-tygn L,y Py gmo1 TP gny gntl _ZU wix

where 4 is the inclusion and p is the pinch map to the (2n — 1)-cell. By the Hilton-Milnor Theorem
[10, 17] there is an isomorphism

7r2n_2(5m—1 V Sn) = 772n_2(52n_2) X 7T2n_2(5n) X Wgn_g(sn_l).
Thus ¢ € o, 2(S""1V S™) can be expressed as
(3.3) @ =t[lgn-1,1gn] +a+f

Here the Whitehead product [1gn-1,1gn] factors through a generator of ma, 2(S5?"~2) and t € Z; for
any a € mo,_2(S"1) and B € ma,_2(S™), let a and B be the elements of Ton_2(S™1 vV S™) which are
represented by the maps
a: SQn—Q ﬁ> Sn—l N Sn—l vsn
and
52 Bhgn ey gnty gm,
Consider the diagram
S2n72 ¥ Snoy/ Snfl ¢ X
Ny
STL Sn
The triangle homotopy commutes by definition of ¢ and 3, and the square homotopy commutes by the
commutativity of right square in (3.1). Thus 8 ~ 7o i o p, but i o ¢ is nullhomotopic since ¢ and ¢

are consecutive maps in a cofibration. Hence § is nullhomotopic and therefore so is . Hence (3.3) is
reduced to

Y= t[lSnfl’ 1Sn] + a.

After suspension we have Yo = Yo since X[lgn-1,1gn] =~ *. Let Y be the homotopy cofibre of the
map « : $?"~2 — S"~1 Thus if Ya ~ * then Y ~ *. Therefore the map ¥ in (3.2) has a left homotopy
inverse, and XX ~ S§27 v §" v §7*!. If instead Y« is not nullhomotopic, then Y % *. Consider the
following part of the homotopy cofibration sequence (3.2)

. ,
g§2n=1 =¥ gntly gn vy

Thus Y = Ya = j o Za, where j : S» — S™ Vv §”*! is the inclusion into the wedge. Therefore
YX ~ XY v S where Y is defined by the cofibration sequence

S2n72 i> Snfl N }/’
for o € ma,_o(S™7Y). O
Let S¢ %5 53 v §* be the attaching map of the top cell of the manifold M.

Proposition 3.2. There is a homotopy equivalence
YMp~ XY,V S°,

where Y] is the homotopy cofibre of the composite SO 25 83 v §* 245 §3 . Further, if ! = +I (mod 12)
there is a homotopy equivalence ¥M; o ~ XMy o. In particular

YMg~ S8V Sty So,
if 1 =0 (mod 12).



Proof. There is a cofibration sequence

(3.4) LI RV L p— P

where ¢ is the attaching map of the top cell. We can write the attaching map ¢ as
© = [t3,ta] + 1.

Here [13, t4] is the Whitehead product of the identiy maps of S and S* and the map ¢,/ is the composite
56 ML 63 <y §3 v S%, where v/ is a generator of mg(S%) = Zjo 28] and t; € Zpz. Since the map
7 : Mo — S* has a section, by Lemma 3.1 there is a homotopy equivalence

(3.5) Mo~ XYV S?,

where %Y, is the homotopy cofibre of the composite S” 2y gty g5 Pl g4 e map X is
homotopic to the composite S” ﬂ 54 < §% Vv S5 where the element ¥/ generates a subgroup of
order 12 in m7(S?) [28].

Set Y} := Y} o. The J-homomorphism J : 73(SO(3)) — m(S?) which send, [ to t;, is an epimorphism
[12]. Observe that two spaces XY;, XY, are homotopy equivalent if and only if there is a homotopy
equivalence 6 : S* — S% such that

0* (6,2 = tp X/,
where 6* is the automorphism of 77(S*) induced by 6. Any self-equivalence of S* is homotopic to £1g.
Since, t;,t; € Z12, we have that XY; ~ XY if and only if I’ = 4+ (mod 12). Thus if I’ = £’ (mod 12)
then £ M, o ~ XMy o. In particular My o = S%x S% and 2(5%x S3) ~ S8V S5V S%. Identifying summands
in (3.5) we have that Yg o ~ S®V S% and therefore there is a homotopy equivalence XM, o ~ %V S5V §4
ifI=0 (mod 12). O

In order to obtain results on the gauge groups over manifolds M ,,, with torsion in homology we will
require p-localisations of nilpotent spaces in the sense of [9]. A connected CW-complex is nilpotent if
m1(X) is nilpotent and acts nilpotently on 7, (X) for all n > 2. In particular, if X is simply connected
then it is nilpotent. Let X and Y be connected CW-complexes. By [9, Corollary 2.6], given a map
f:X = Y,ifY is nilpotent and X is finite then the path components Map’ (X,Y) and Map! (X,Y) are
nilpotent, and these mapping spaces admit p-localisations, (Mapf(X, Y))(p) and (Map{:(X, Y))p), forpa
prime. Moreover (Map? (X, V) =~ MapI(X(p)7 Y(p)). In our case, we will make use of p-localisations of
simply connected finite spaces X homotopy equivalent to C'W-complexes. We will also need to localise
the mapping spaces Map’ (X, BG) and Map! (X, BG) which is possible to do since we restrict to Lie
groups G with nilpotent classifying spaces BG. We define the p-localisation of the n-th loop space of a

nilpotent space Y, at a prime p, as follows
Q")) = Q" (V)

Thus given a map f : X — BG, where X is a finite connected complex and G is a simply connected
simple compact Lie group, we define the p-localisation of Q”Mapf (X,Y) as follows

(Q"Map’ (X, BG)) () := Q" ((Map’ (X, BG)) )

To keep the notation simple, in the following discussions we will avoid using the subscript (p) when
referring to local spaces. We denote by X =~ Y a (p-local) homotopy equivalence between the p-local
spaces X and Y.

The cofibration sequence S™ ™ S™ — P"+!(m) induces a fibration sequence
Map, (P"*!(m), BG) — Map, (5", BG) ™ Map,(S", BG),

where m, is the m-th power map. Let Q" BG{m} denote the space Map, (P"!(m), BG). Let v,(m) be

the p-adic valuation of m at p.
10



Proposition 3.3. Let M), be the total space of an S®-bundle over S* with m > 2. Localising at p > 5

there exists a p-local homotopy equivalence
SMym =) P*(p") v S°,
where 1 = vy(m).

Proof. There exists a cofibration sequence

i p S
M

)

S?

(3.6) 56— Pi(m) P5(m) —= SMj

where ¢ is the attaching map of the top cell, ¢ is the inclusion and p is the pinch map. Now suppose

that all spaces are localised at a prime p > 5 with r = v,(m). Consider the cofibration sequence
(3.7) §3 ™, 63 L, pi(m).

We have two cases to analyse: r = 0 and r > 1. If » = 0 then the degree map m is invertible in Z,), so
the map m is a homotopy equivalence in the cofibration sequence (3.7), and therefore P*(m) ~ *. From
(3.6) we can see that the attaching map ¢ is nullhomotopic and therefore M; ,, >~ S7. Moreover, we
can write P°(1) = P?(p°) ~ *. Hence there is a homotopy equivalence XM , ~(,) P°(p")V S® for r = 0.

If 7 > 1 then the degree map m is not invertible. Localising at p we obtain P*(m) ~(p) P4(p"). In
[22] Sasao computed the homotopy group mg(P*(m)). He showed that integrally

Z(ﬂ%,l?) D Lm if ’Ug(m) = O7
7T6(P4(m)) = Z(m,12)/2 57 ZQm Y ZQ if 1 < Ug(m) S 2,
Lm,12) © L D Lo if va(m) > 3.
In all above cases, localising at p > 5 we obtain
mo(P*(m)) = Z,.

We give an alternative construction of a p-local generator of ms(P*(m)) to that given by Sasao. Let
o € me(P*(m)) = Z,- be a generator. We can write the attaching map of the top cell as ¢ =t - & with
t € Zy,r. Notice that if X¢ ~ x then Xi has a left homotopy inverse, implying M ,,, ~ P*(p") v 8. We
claim that the generator ¢ suspends trivially.

Let v : P4(p") — P*(p") be the identity map. Since v is a suspension there is a Whitehead product
[v,v] : SP3(p") A P3(p") — P*(p"). There is a homotopy equivalence [3]

ZP?’(pT) A Pg(pr) ~(p) P7(pr) Vv P6(p7").

This homotopy equivalence precomposed with the inclusion of P7(p") into the wedge determines a map
[v,v] : PT(p") — P*(p"). By a result of Cohen, Moore and Neisendorfer [3], there is a p-local homotopy

equivalence
(3.8) ¢:S3{p"} x QA — QP (p")

where A =\/}2, P42k+3(pr) and S™{p"} denotes the homotopy fibre of the degree map p" : S” _L‘Si
This homotopy equivalence is constructed so that the restriction of ¢ to P7(p") is homotopic to Q[v, v].
Using (3.8) we get
m6(PH(p") = w5 (AP (p")) 2= 75(S*{p"}) @ 75(QA).
Notice that there is a homotopy fibration given by
083 — S3{p"} — 53,

As 2 and 3 are inverted we have 75(5%) = 0 and 75(Q25%) = 76(S®) = 0 and therefore m5(S3{p"}) = 0.

~

Now 75(QA) = 76(A) = 76(P7(p")) = Z,r, where the last two isomorphisms are given by the high
11



connectivity of the factors in the wedge defining A and the Hurewicz isomorphism, respectively. Thus a
generator & of mg(P*(p")) is represented by the map

51 5% PT(p) 4 PAgyr).
Since m factors through the Whitehead product [v, v], which suspends trivially, we obtain X7 ~ x, as

claimed. 0

4. HOMOTOPY DECOMPOSITIONS OF GAUGE GROUPS

In this section we give homotopy decompositions of the gauge groups over M; ,, for which m # 1.
We split our results in two cases: manifolds M ,,, with torsion-free homology and manifolds M; ,,, with
non-torsion-free homology.

Let Py — X be a principal G-bundle with classifying map f : X — BG. Recall that the (unpointed)
gauge group of the bundle, denoted G¥ (X), is the group of its bundle automorphisms. That is, an element
¢ € Gf(X) is a G-equivariant automorphism of Py lying over the identity map on X. The subgroup
of G;(X) that fixes one fiber is the pointed gauge group and it is denoted G{(X). Let BG/(X) be the
classifying space of G (X). From [8] or [1] there are homotopy equivalences

(4.1) BG/(X) ~ Map’ (X, BG),
(4.2) BGI(X) ~ Map (X, BG),
and after looping these homotopy equivalences we obtain

(4.3) G7(X) ~ QMap’ (X, BG),
(4.4) Gl (X) ~ QMap! (X, BG).

We will make use of the equivalences (4.1)-(4.4) to obtain homotopy decompositions of the gauge
groups. Following our discussion on localisation of nilpotent spaces (see Section 3), we define the p-
localisation of the gauge groups G/(X) and G/ (X) as (Gf (X)) (p) == QU(BG (X)) () and (QI(X))(I,) =
(B (X)) ).

We specialise to gauge groups of principal G-bundles over M; ,,, where M, ., is the total space of a
sphere bundle with classifying map lp + mo € 73(SO(4)), I,m € Z, and G is a simply connected simple

compact Lie group with 7(G) =2 0. By Corollary 2.4 there are set isomorphisms
Pring(Mym) = [Mimn, BG) = Zy,.

Let Gi(M; ) be the gauge group of the principal G-bundle over M, classified by k € Z,, =
[M; 1, BG]. By Proposition 2.3, the projection 7 : M; ,,, — S* induces a map 7* : [S*, BG] — [M) m, BG]

which is a bijection if m = 0 and a surjection if m > 2.

4.1. Torsion-free case. Let M, ,, be a manifold with torsion-free homology and M, ,,, % S7. Thus in
this case m = 0 and the bundle M; o — 5% has a cross section. The following lemma will be crucial to
identify the spaces that appear in the homotopy decompositions of the gauge groups.

Lemma 4.1. There is a homotopy commutative diagram of cofibrations

|

Mg — Stv ST —2 gt EMo

|

Mg — St Cio XM

s

12



which defines the space Cyo and the maps v and d. Furthermore there is a homotopy equivalence C o =
Y.

Proof. In general, by Lemma 2.2 given a manifold M, ,, there is a homotopy commutative diagram

%

(4.6) 53 M Sty 87
S4

Now let m = 0. Using (4.6) we can generate a homotopy commutative diagram as the one stated in
the proposition, where each column and row is a cofibration sequence. Here v € m7(S*) = Z x Z5 is a
map making the middle upper square of diagram (4.5) commute, which defines the space C; . From the

exact sequence induced by the top row in (4.6)

(4.7) HA(SY) —2 s HAY(S* v ST — s HY(My,m) —— 0
Z

we conclude that § restricted to S* is the degree m map so that Zg = Z. Let s: S* — M o be a section
of the projection map 7. Since m o s = 1g4, then 37 o Xs ~ 1g5. Therefore the map

bS5V Cro =0 Sy,

where b is the connecting map of the cofibration induced by the projection m, is a homotopy equivalence.

By Proposition 3.2 there is a homotopy equivalence
(4.8) 0:%M o= S°V Y,

where Y] is the homotopy cofibre of a map ;X" € 77(S*) and #; depends linearly on I. Let h; = t;3v'.

The suspension of the attaching map generates a homotopy commutative diagram of cofibrations

(4.9) E N\ L

L, L]

S7—>S5\/S4—>2Mm

Jpznch J{C

XY

which defines the map ¢. The homotopy commutative diagram of cofibrations

(4.10) * ——— C o == Clo

[

5 XMy —— XY

]

~ 55 M

shows that there is a homotopy equivalence Cj = ¥Y 0. (]
By Proposition 2.3, the projection map induces a bijection between path components
(4.11) 7 . [S*, BG] = mo(Map, (S*, BG)) — [M;;m, BG] = mo(Map, (M) m, BG)).

Moreover, the projection map 7 induces the following fibration sequences
13



Map, (XY;, BG) — Map, (54, BG)QMap*(MLO, BG),

Ffty — Mapf(S*, BG) ™ Map! (M, 0, BG),

where 7} is the restriction of 7* to the k-th component and Fl’fo is the corresponding homotopy fibre.
Using the bottom row in the commutative diagram of Lemma 4.1 we obtain the following fibration
sequence for k =0

Map, (SYi, BG) — Map? (5%, BG) ™ Map? (M, o, BG),

where we can identify Map, (XY, BG) ~ Map, (Y}, G).
Next we state a general result on the homotopy types of the spaces Fl’fo.

Lemma 4.2. Let G be a simply connected simple compact Lie group with m6(G) = 0. Let Fl]fo be the
homotopy fibre of 7} : Map]:(54,BG) — Mapf(MLo,BG). There are homotopy equivalences

Ffy ~Map, (Y;,G), for allk € Z.
Proof. The inclusion of the bottom cell into M; ,,, induces a fibration sequence
(4.12) Map, ($*V S7, BG) L5 Map, (M0, BG) - Map, (S°, BG)

Applying the functor Map.(—, BG) to the diagram in Lemma 4.1, we can fit the fibration sequence (4.12)
into a homotopy commutative diagram

(4.13) Map, (2Y;, BG) —— Map, (S*, BG) ———— Map, (57, BG)

J (0+v)*

Map, (S%, BG) AN Map, (S%, BG) x Map, (S7, BG) BRI Map, (S7, BG)

Map* (Ml,Ov BG) E— Map* (Mlvo’ BG) *

%

K2

Map, (5%, BG)
where rows and columns are fibrations. Here we have identified Map, (S* v S7, BG) with
Map, (5, BG) x Map, (5", BG),

so that p3 is the projection and ¢* is the inclusion. Notice that the map ¢* induces a bijection between
path components as i* does since mg(G) = 0. For every k € Z there is a homotopy equivalence between
the path components 0, : Q{BG — Q{BG defined by w +— po (w X ko) o A, where p is a homotopy
multiplication in Q*BG, A is the diagonal map and kq is a choice of base point in Qf BG. Thus there is
a homotopy commutative diagram

(4.14) Map, (2Y;, BG) 0BG —

Q"BG
J eor]

0BG —— 5 OBG x Q'BG -2 Q"BG

GKJ/ gkX]lJ/

QBG — 5 QIBG x OBG -2 QTBG
14
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Therefore, by the homotopy commutativity of (4.14), the restriction of ¢* in (4.13) to the k-th component
generates a homotopy commutative diagram

*

(4.15) Map, (2Y;, BG) —— Q*BG ——— Q"BG

| ooty |

*

QBG ——— 5 Q}BG x Q'BG —2— OBG
| ‘|
Map” (Mj,m, BG) === Map/ (M; ,n,, BG) —— *
where each row and column is a fibration sequence. This shows that there are homotopy equivalences
Ffy ~ Map, (XY}, BG) ~ Map, (V;, 2BG) ~ Map, (V;, G)
for all k£ € Z. O

If Y is an H-group, or if X is a co- H-group, then all the path components of Map. (X, Y") are homotopy
equivalent. So for instance, if m = 1, then M;; ~ S”. In this case for any k,k’ € [M; 1, BG], the path
components Map¥® (M1, BG) and Map’,f/ (M1, BG) are homotopy equivalent and, as a consequence, so
are the pointed gauge groups. When M; ., is not homotopy equivalent to S 7. it is not known if the path
components of Map, (M ,,, BG) have the same homotopy type. We prove a result on the homotopy

types of the pointed gauge groups over manifolds M; ,, with torsion-free homology and m = 0.

Theorem 4.3. Let G be a simply connected simple compact Lie group with m¢(G) = 0. Let Mo be
the total space of an S®-bundle over S* with a cross section. Then for all k € Z there is a homotopy

equivalence
gf(Ml,O) = Q4G X Ma‘p* (Yl7 G)
In particular, if =0 (mod 12) then there is a homotopy equivalence

GF(My ) ~ QG x Q*°G x Q7G.

Proof. Let Mo be a manifold with a cross section. Let G¥(M, ) be the gauge group of the principal
G-bundle over M, ,,, classified by k € Z. By Lemma 4.2 there is a fibration sequence

(4.16) Map, (Y;, G) — Map® (5%, BG)“sMap® (M; ,n, BG).
Extend the fibration sequence to the left. Consider the following part of the fibration
Qny
(4.17) QMap? (54, BG) ~ QMap®($*, BG) — QMap* (M, BG) —— Map, (Y;,G).
Let s: M, — S* be a cross section, that is, a map such that the diagram
(4.18) St — My,
\ |

commutes. Applying the functor Map*(—, BG) to the diagram (4.18) we obtain the following homotopy
commutative diagram

(4.19) Map, (S*, BG) «—— Map, (M ., BG)

Map, (S*, BG).
15



Take k-th components to get a similar diagram, so sj, is a right homotopy inverse of 7. Thus after

looping there is a homotopy equivalence
QMap® (M, o, BG) ~ QMap® (5%, BG) x Map, (Y;, G).

We can identify QMap®(S*, BG) ~ Q*G and G¥(M;,,,,) ~ QMap® (M, ,,,, BG). Putting things together
we obtain

gf(Ml,O) = Q4G X Ma‘p*(Yh G)

Finally, by Proposition 3.2 when [ = 0 (mod 12) we have XY; ~ S v S8 and therefore we get

GF (M) ~ Q*G x Q3G x Q7G. O

We can use Theorem 4.3 to compute homotopy groups of the pointed gauge groups.
Corollary 4.4. For all k € Z and for all n > 0 there are isomorphisms
Tn(GE (M) & mppa(G) @ mp (Map, (Y1, G)).
Further, if | =0 (mod 12) then
Tn(GE(M,0)) & Trya(G) ® Ti3(G) @ mryr(G).
O

Corollary 4.4 shows that homotopy groups of GF(M; ) can be obtained using information of the
homotopy groups of the structure group G of the principal bundles.
Now we look at the evaluation map to obtain a homotopy decomposition of the unpointed gauge

groups. The restriction of evaluation map to the k-th component defines a fibration sequence

€V

k
(4.20) OMap® (M, .., BG) — G 2 Map” (M, ,,,, BG) — Map* (M., BG) <% BG

where 0 is the connecting map. Thus the gauge group G*(M;,,) ~ QMapk(Mlﬁm, BQ@) appears as the
homotopy fibre of the connecting map 9*. Hence, it is expected that the properties of 9% determine the
homotopy type of the gauge groups over the manifolds M; ,,.

By Proposition 2.3, if m = 0 the projection M; o T S* induces an bijection between path components
of Map(M o, BG) and those of Map(S*, BG). Therefore, the evaluation map induces a commutative

diagram

(4.21) G o, Map¥($*, BG) ——— Map” (5%, BG) — , BG

* *
Jﬂ-k J'ﬂ—k

G —> Map” (M; o, BG) —— Map® (M, o, BG) =, BG
which defines the map ¢. We write QMap® (5%, BG) ~ G*(54).

Proof of Theorem 1.1. We argue along the lines of [25]. Consider the restriction of the map
7 : Map, (S*, BG) — Map, (M, ,,, BG)
to the k-th component. By Lemma 4.2 there is a fibration sequence

(4.22) OMap! (Mi0, BG) © Map, (¥, G) — Map!(5*, BG) ™“sMap (M, o, BG).
16



We identify Map” (M; o, BG) ~ G¥(M,,,). The left square in (4.21) along with (4.22) induce the following
homotopy commutative diagram

(4.23) ¥ ——————— GF (M) g) =———= GE(M,)
| :
GH(S*) —— GF(Mi0) —"—— Map, (¥}, G)
gr(SY) e Map*(54, BG)
b
* ———— Map” (M, o, BG) == Map® (M, BG)

which defines the map h.
By Theorem 4.3 the map 6* has a right homotopy inverse which implies that the map h also has a
right homotopy inverse. The group structure on G*(M; ) allows to multiply to obtain a composite

G*(S*) x Map, (2Y;, BG) — G*(M,0) x Ge(Mi,0) — G*(My ),

which is a homotopy equivalence.
If I =0 (mod 12) then by Lemma 4.2

Map, (2Y}, BG) ~ Q3G x Q7G.
as required. 0O

Remark 4.5. The evaluation fibration induces exact sequences of homotopy groups
(4.24) o (G (M) 5 mn (GF (M) < 70 (G) = - -

for all kK € Z. Given a simply connected simple compact Lie group we have m,(G) = 0 for n < 2, which
implies that the map ¢* is an isomorphism for n < 2. We can use these isomorphisms and Corollary 4.4
to compute the path components of unpointed gauge groups G¥(M; ). For example, for the manifolds
M; o such that I =0 (mod 12), we compute the path components of the gauge groups using information

of the homotopy groups of Lie groups as given in [11]:

ZxXZXZ G=Spin(8)

ZXZx1Zy G=Spn)n=>2),Spin(5)

ZXxZ G =S5U(n)(n>4),Spin(m)(m =6,7or m >9)
Z G = F,, Eg, Br, Ex.

To(GF (M) =

4.2. Non-torsion-free case. Now we focus on the case of gauge groups of principal G-bundles over
manifolds M; ,, for m > 2, which have non-torsion-free homology. To obtain homotopy decompositions
it will be required that spaces are localised at a prime p > 5. In this case we will obtain results for the
loop spaces of the gauge groups, QG*(M; ). As in the torsion-free case, the following lemma will be

required to identify the spaces that appear in the homotopy decomposition of the gauge groups.

17



Lemma 4.6. There is a homotopy commutative diagram of cofibrations

(4.25) T T . o
l £ l” J J Jm
My —— SV 57— 51 SMy —— $5V 58—y 5
S
My ——— 84— O S Mj g5 21 SChm

)

which defines the space Cyo and the maps v and §. Furthermore, the map S® 4, YC,m is identified
with the composite
S5 S5 s SC1m
and after localisation at p > 5 there are homotopy equivalences
ZCl,m ~(p) 5o v 8.
Proof. Arguing along the lines of Lemma 4.1 there is a homotopy commutative diagram

(4.26) M — S*V 87
54
that we can extend to obtain a homotopy commutative diagram as shown in (4.25). Thus § = 8+ v
where 8 € my(S*) and v € m7(S*) = Z x Z12. Using the long exact sequence that the middle row of
(4.25) induces in homology, we can see that § is the degree m map. Thus we can identify the map Yq
with the composite
55 i> 55 — ZCl’m.

The homotopy group ms(S®) becomes trivial after localisation at a prime p > 5 [28]. Since £C,, is
the homotopy cofibre of the map v € 7g(S°), after localisation at a prime p > 5 there is a homotopy
equivalence

EChm 2 S°V S, O
By Proposition 2.3, the projection map induces a surjection between path components
(4.27) 7™ : [S*, BG] = mo(Map, (S*, BG)) = [Mj.m, BG] = mo(Map, (M, BG)).
Moreover, the projection map induces the following fibration sequences
Map, (8C)m, BG) — Map, (S*, BG)Z>Map, (Mj ., BG),
Ff, = Maph (8%, BG) ZsMap® (M n, BG),
where 7} is the restriction of 7* to the k-th component and Fl’fm is the corresponding homotopy fibre.

More precisely, if m > 2 then Map(M; ,,, BG) has m components and 7* sends the k-th component of
Map(S4, BG) to the k-th component of Map(M; ,,, BG), where k is the reduction mod m of k.

Lemma 4.7. After localisation at a prime p > 5, there is a fibration sequence
0BG x Q9BG ™5 95BG T OMap (M, BG),
where m,, is the m-th power map, and the map ©~ is identified with the composite
OMap®(S*, BG) 2% OMap® (S, BG) mi, OMap¥ (M, ,,,, BG),

where Q0 is a homotopy equivalence.
18



Proof. Applying the functor Map,(—, BG) to the diagram in Lemma 4.25, we obtain a homotopy com-
mutative diagram of fibrations

(4.28) Map, (Cy.m, BG) —— Map, (5%, BG) ——— Map,(S7, BG)

q*l (m+)~

Map, (S, BG) —— Map, (S* v S7, BG) SLEIN Map, (S7, BG)
Tr*l g* J{
Map, (M s, BG) === Map, (M}, BG) ———

-k
K2

Map, (S3, BG).

We can identify Map,(S* Vv S7, BG) with Map, (S*, BG) x Map, (S, BG). The following diagram is
obtained by restricting the map ¢* to the k-th path component and composing with the map

O, x 1:Q3BG x Q'BG — Q1 BG x Q'BG,

where 6y, is the homotopy equivalence given by w — po (w X ko) o A for fixed kg € QiBG, and 1 is the
identity map on Q7 BG:

(4.29) Map, (Cy.m, BG) ———— 5 Q*BG —— 3 Q"BG

| ooty |

Uiez Q402 BG —— (Uiez Q4,1 BG) x Q'BG —— O"BG

| T

Map¥(M; ,,, BG) =—= Map® (M ,,,, BG) ———— %

Here all rows and the middle and right columns, and hence the left column, are fibrations. Note that since
the projection map g* : Map, (S*, BG) — Map, (M, BG) induces a surjection in path components,
the homotopy fibre of ¢* rcstrictcd to the k-th component is not path connected. Choose a basepoint

kM, 0— BGin|| «BG. Then after looping we get

€L zm+
Q(| | k41 BG) = Q4 BG),
i€’
and also
Q| |91 BG) x Q"BG) = Q(Q:BG x Q"BG),
€L
where Q%BG is the path component containing the map k. Observe that this result holds integrally.
Applying the functor Q(—) to the previous diagram, we obtain the following homotopy commutative

diagram

o
(4.30) OMap?(Cym, BG) —— Q5BG ——— 4 QBG

PBG —— s PBG x BBG — 5 O8BG

Wil Qg;’él

OMap) (Mym, BG) == QMap} (My,;n, BG) ——
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where we have identified already Q(Q27BG) with Q®BG, and Q(2}BG) with Q(Q4BG) ~ Q(Q'BG) ~
Q°BG for all k. Take adjoints in the diagram (4.30). The adjoint of Q* is homotopic to (%v)*.
Localising at a prime p > 5 and using Lemma 4.6 we obtain a string of homotopy equivalences

OMap)(Cy,m, BG) ~ Map, (2Cy , BG) ~(,) Q°BG x Q°BG,
and ¢; ~ * x m*, where m* is the m-th power map. (]

Now we give results on the homotopy decomposition of the pointed gauge groups. Recall that for any
space X, the cofibration sequence S™ LNy P"1(k) induces the following fibration sequence
Map, (P"*(k), X) — Q"X %5 o x,
where k* is the k-th power map. Let Q"G{k} := Map, (P""!(k), BG). The following is a result on the
pointed gauge groups.

Theorem 4.8. Let G be a simply connected simple compact Lie group with m6(G) = 0. Let M ,,, be the
total space of an S3-bundle over S* such that m > 2. Localising at a prime p > 5 there are homotopy
equivalences
ga(k](Ml,m) =(p) QSG{pT} X Q7G,
and for oll k € Z,
ng(Ml,m) =(p) Q4G{pr} X QSGa
where 7 = v,(m) is the valuation of m at p.
Proof. Observe that since Map, (M ,, BG) is a pointed space with base point the constant map x* :
M, — BG, there is a homotopy equivalence QMap?(M; ,,, BG) ~ Q(Map, (M; ., BG)). Localise at a
prime p > 5 and let v,(m) = r. By Proposition 3.3, there is a homotopy equivalence
EMl,m Z(p) PS(pT) vV SS.
Thus we obtain a string of homotopy equivalences
QMap) (M, BG) ~(,) Q(Map, (M) m, BG)) ~(,y Map, (M, n, BG) ~,) Map, (P°(p") v 5%, BG).
Taking adjoints we obtain
Map, (P7(p") V S%, BG) =) Map, (P*(") V §7,G) =) Map, (P*(¢"), @) x Map. (57, ).
Since GO(Mj,m) ~(p) QMapd(M, 1, BG), we get GO(M,,) =) Q*G{p"} x QG.
Now let GF(M; ;) be a gauge group with k # 0. By Lemma 4.7 there is a fibration sequence

O°BG x Q°BG ™5 05 BG Zky OMap® (M), BG),

where m* is the m-th power map, and the map 7 is identified with the composite
OMap®(S*, BG) 225 OMap ($*, BG) 2% OMap! (M, BG),

where 0}, : Q. BG — Q3 BG is a homotopy equivalence. Note that the homotopy fibre of the map * x m*
is homotopy equivalent to QQMap],f (M, BG), which can be identified with the loop space of the pointed
gauge group, QG¥ (M. ,,). Now identifying Qf BG with * x Q3 BG it is straightforward to check that there
is a homotopy equivalence

QGF(Mym) =) UG{p"} x Q°G,

as required. O

Given a nilpotent space X, let (m,,(X))(,) be the localisation of the homotopy group 7,,(X) at a
prime p. Using the theory of homotopy groups with coefficient (see [20, Chapter 1]) and Theorem 4.8
we can compute the homotopy groups m, (G (Mim)) () and m ((QGE(Mim)) () For n+j > 2, let
Tt (G Zyr) = [P (p"), GI.
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Corollary 4.9. Let p > 5 be a prime and vy(m) = r. For every n > 0 there are isomorphisms

(1) 7Tn((gf(‘7\4l,m))(p)) = p13(G5 Zypr) © (Mg 7(Q)) (), for k = 0;
(2) m((QGE(Mim))(p) = Tnta(Gs Zyr) ® (T4 8(G)) () for all k € Lupy,. O

Now by Proposition 2.3, M;,, — S* induces a surjection 7* : [S*, BG] — [Mj ., BG] if m > 1.

Therefore, by the naturality of the evaluation map, we obtain a commutative diagram

eV

k
(4.31) QG 2, OMap*(54, BG) —— OMap*(5*, BG) — 5 @

Qo*

0G — QMap® (M, BG) —— QMap”(M; , BG) —— G

which defines the map Q¢*. Recall that if m > 2 then Map(M;.,,, BG) has m components and
Map($*, BG) % Map(Mj,, BG)

sends the k-th component of Map(S4, BG) to the k-th component of Map(M; ., BG), where k is the

mod m reduction of k.

Proof of Theorem 1.3. Localise all spaces at a prime p > 5, so that 74(G) = 0 for any simply connected
simple compact Lie group. Suppose that v,(m) = 0. Then M, = P*(m) ~ x and therefore M; ,, ~ S".
Thus in this case there is only one principal G-bundle over M ,,, up to isomorphism, namely, the trivial
bundle. Since the map evg in (4.20) has a section and this is a principal fibration we obtain a p-local
homotopy equivalence

GO(My.) ~(p) O7G x G.
Now suppose that v,(m) > 1. By Theorem 4.8, there is a homotopy equivalence

QG (M) =) QPG x Q' G{m}.

Moreover, by Lemma 4.7 there is a fibration sequence

k

4G —— OMap® (Mym, BG) =~ GF (M)

Xm

(4.32)  Q8G x Q'G{m} —— Q3G x Q4G =

Here we identify Q°BG with Q*G and Q°BG x Q°BG with Q3G x Q*G. This implies that §* ~ 1 x j,
where j is the inclusion map. The left-hand side square of the homotopy commutative diagram (4.31)
shows that the bottom square of the diagram (4.33) homotopy commutes. The whole diagram (4.33) is
generated taking fibres along the maps Q¢*, Q0% and 7y, which defines the map h.

5 O8G x QIG{m} =——— Q3G x Q*G{m}
J{ J' Ixj
QGF(SY) —— QGF(M, ) —— 2 Q3G x Q4G
(4.33) e
OGk (5% 0G 20 e
Qo* P
* —— OMap® (M, ., BG) =——= QMap”(M; ., BG)

Let h be the composite

QGF (M) — Q3G x Q1G —2 Q3G
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where p; is the projection onto the first factor. The top square of (4.33) shows that h has a right
homotopy inverse. Let X}, be the homotopy fibre of the map h. Then there is a homotopy equivalence

(4.34) QG (My,m) ~(p) X1 x Q*BG.

Finally from (4.33) and (4.34) there exists a homotopy pullback square

QG{m} == Q*'G{m}
0GH(54) X e
OGH(S4) oG — 2", i

Let = v,(m) and let ¢* be the connecting map of the fibration sequence
2G{m} — Q*a "5 9*a.

Observe that after localisation ¢* o Q¢F ~ ¢* o Q@F if k = &/ (mod p"). It follows that if p" divides k
then ¢* o Q¢* is nullhomotopic, and the map Q¢F lifts through m*. Therefore, by the properties of the
pullback there is a map (¢ : QG — X which is a homotopy section. Thus in this case we have a splitting
X ~(p) QG x Q*G{m}. O

Remark 4.10. As in the torsion-free case, the inclusion of the pointed gauge group G¥(M;.,,) < GF(M; )
induces isomorphisms ., (G¥(M,)) AN 7 (GF(My)) if n < 2. Using Corollary 4.9 and the exact
sequence (see [20, Chapter 1])

(4.35) 0= Tp43(Q) ® Zpr — Tpy3(GZ) — Tor(mp12(G), Zyr) — 0
we compute the path components of the p-localisations of GO(M; ,,,) at p > 5

Ly X Lpy % Ly G = Spin(8)

ro((G° (M) ) = 7 W G = Sp(n)(n 2 2), SUn)(n = 4),
o Spin(m)(m =5,6,7 or m > 9)
Zp" G:F47E63E77E8'

Notice that if k # 0, we cannot compute 7o((G*(Mj,m))(p)) With our results.

5. COUNTING HOMOTOPY TYPES OF GAUGE GROUPS OVER S”

In this section we discuss the classification of the homotopy types of the gauge groups over manifolds
M, for m = 1. As all manifolds M;; are homotopy equivalent to S7, the following results will be
expressed in terms of S7. The set Pring(S7) of isomorphism classes of principal G-bundles over S7 is in
one-to-one correspondence with the set (S7, BG). Observe that, by connectivity of G, (S7, BG) = 74(G).
In Table 1 we collect information on the homotopy groups 7(G). Here G* is any of the simply connected
simple compact Lie groups not isomorphic to SU(3), G or SU(2) = Sp(1).

G SU(2) SU@B) Gy G*
WG(G> Zlg Z6 Zg 0
TABLE 1. Homotopy groups 7g(G) of simply connected simple compact Lie groups G.
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Let P, — S7 be a principal G-bundle classified by the map ke, where € is a generator of the group

76(G) and k € Zjr(c)|- We have seen already that as S 7 is a co-H-space, there are homotopy equivalences
Map”(S7, BG) ~ Map®(57, BG),
which implies that there exist homotopy equivalences
G (ST) = G2(S"),

for all k € m6(G). In what follows we discuss the results on the homotopy classification of the unpointed
gauge groups over S”.

Consider the fibration sequence

(5.1) GF(ST) —— G —2 5 Map*(S7, BG) —— Map*(57, BG) —— BG

where ev is the evaluation map. In [15] Lang showed that the adjoint of the connecting map 0" of the

evaluation fibration is a Whitehead product. Since there is a homotopy equivalence
Map, (57, BG) ~ Map, (5°,G),
we restate the result of Lang in terms of Samelson products.

Lemma 5.1 (Lang [15]). Let G be a simply connected simple compact Lie Group. The adjoint SCAG RN
G of the composite

. N
0+ G L5 Map®(S°,G) = Map?(S°, G)
is homotopic to the Samelson product (ke,1¢). (]

It is clear that the order of O is bounded by both the number of principal G-bundles and the order
of [5G, G]. There is a general result proved by Theriault [24, Lemma 3.1, that can be used to get
information on the p-local homotopy types of the gauge groups. Let Y be an H-space with a homotopy
inverse, let k£ : Y — Y be the k-th power map, and let Fj be the homotopy fibre of the map ko f, where
f: X =Y is a map of finite order m.

Lemma 5.2 (Theriault [24]). Let X be a space and Y be an H-space with a homotopy inverse. Suppose
there is a map X Ly of finite order m. If (m,k) = (m, k') then Fy and Fy are homotopy equivalent
when localised rationally or at any prime. O

Now we are ready to give the proof on the classification of gauge groups on manifolds homotopy
equivalent to S7.

Proof of Theorem 1.4. Let € be a generator of ms(G). Given a principal G-bundle over S” classified
by an element ke € 76(G), we identify the gauge group G*(S7) and its classifying space BGF(S7) with
QMapk(S7, BG) and Mapk(S7,BG), respectively.

(1) Let G = SU(2). We identify the Lie group SU(2) with the unit quaternions S®. By Lemma
5.1, the adjoint O of the connecting map 9* is homotopic to the Samelson product (ke,t3), where
t3: 5% — 83 is the identity map on S3. Observe that

(ke,13) € [2°G, G] = [2053, 53] = 719(S?).
According to [28], 79(S%) = Z3, and so the order of 9* is at most 3. From the evaluation fibration

Q853 ~ Map*(S7, BS?) —-— Map*(S7, BS?) — BS?
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we obtain the following commutative diagram

(5.2) 73(S%) —— m3(Q85%) ——— w3(Map”®(S7, BS3)) —— 0,

e T

(S0 A S3, 59

where Ox(f) = (ke, f) for any f € m3(S3) = Z. Thus m3(Map®(S7, BS?)) is isomorphic to the
cokernel of 9. Linearity of the Samelson product implies that (ke,t3) =~ k(e, ¢3). Thus we only have
to determine the order of (e, ¢3), that is, the order of the adjoint of 9.
Notice that if G¥(S7) ~ G¥ (87) then 7, (G*(S7)) = 7, (G* (S7)) for all n > 0. In particular, from
(5.2) we obtain
ma(GH(S7)) & my(GH(ST)) 2 my(GF(ST)) = ma(G(S7))-

The Samelson product (13,:3) € m6(S3) is a generator of mg(S3) = Z1 [21]. Hence, the adjoint
of the map 9 is homotopic to the iterated commutator map ({t3,3),3) € 79(S3) = Z3. According
to [13, Theorem 2|, SU(2) = S® localised at p = 3 is nilpotent of class 3. This implies that,
integrally, 01 ~ ({t3,13),t3) is essential and it is a generator of m9(S?). Let B = BS3 = HP> and
v = ((t3,13),13). Since the map ~ is a generator of 73(27B) = 19(S3) = Z3, there are homotopy
commutative diagrams

ky

(5.3) GH(ST) s OB
l’\‘ h
Gt (57) ss ", o1

if and only if (3, k) = (3, k"), where h : Q"B — Q7B is either the identity or the homotopy equivalence
defined by the rule z — 1.
Let G = G5 and let ¢+ : S < G5 be a generator of m3(G53). The map (i,) represents a generator of
76(G2) [18]. Thus we have 9' ~ ((1,1),1¢g,) : S® A G2 — G. Consider the following composite
6 3 1AL 6 <<L!L>71G2>

0:S5°NS° ——— S°NGy ————— Gs.
Thus 6 = ({¢,¢),t). We claim that € is not nullhomotopic. Localise at p = 3. According to [11,
Chapter 19], there exists a p-local homotopy fibration

S3 s Gy —» S

Thus by connectivity the map induced by the inclusion of the bottom cell into G2 induces a homo-
morphism i* : 7,,(S%) — 7, (G2) which is an isomorphism for m < 9. By our previous argument, the
map ((t3,13,),t3) € mo(S?) is essential at p = 3. Therefore the map 6 has order 3. Thus # generates
79(Ge) =2 Zs3. By definition, 6 is the restriction of 8; to S¢ A S3 C S5 A Gy. Thus localising at 3, the
order of 9y is divisible by 3. Now, from Proposition 2.3 we know that Pring,(S7) = m6(G2) = Zs3.
Thus, as there are 3 isomorphism classes of principal Gp-bundles over S7, the order of the map d; is
at most 3. The upper and the lower bounds of the order of 0y coincide. Therefore the order of the
connecting map 9! is 3. Using an exact sequence as in (5.2) and the homotopy groups of spheres we
obtain an exact sequence

7 -2 75— my(Maph (87, BG,)) —— 0.
Therefore |cokerdy| = (3,k). Thus if m3(Map®(S7, BGy)) = ﬂg(Mapk/(57,BG2)) then (3,k) =
(3, ).
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Finally a simple application of Lemma 5.2 shows that localised rationally or at any prime Gy, (S7) ~
Gir(ST) whenever (3,k) = (3,k") and G = Gj.

(3) Suppose all spaces are localised at a prime p > 3. We can get an upper bound on the order of 9;
at a prime p > 3 as follows. Integrally, the attaching map of the 5-cell in SU(3) has order 2 [19].
Therefore, after localising at p > 3, there exist p-local homotopy equivalences

SU(3) ~ §% x §°
»SU(3) ~ 8% v sty st
Using the previous equivalences we obtain
[X6SU(3), SU(3)] [S2v St v st 83 % 5]
= 7T9(53 X 55) & 7T11(53 X S5) D 7T14(53 X 55)

From the homotopy groups of the spheres [28] we obtain [X6SU(3),SU(3)] = Z3 ® Z;. Let 3 be
the order of 9 € [X6SU(3),SU(3)]. Then B divides |Z3 & Z7| = 63. We also have that 8 <
\PrinSU(3)(S7)| = 6. Therefore the order of 9; localised at a prime p > 3 is at most 3.

Localised at p = 3, the composite ¢ : S3 < SU(3) is a generator of m3(SU(3)). Let (,¢) be a
generator of 7m6(S3) =2 m6(SU(3)) = Z3. Consider the composite

S GO NS M g6 Sur(g) O ey

The element ({¢,¢),t) is non-trivial in 79(SU(3)) = Zs3. Therefore localised at p = 3 the map
({1, 1), 1) has order 3. Thus using an exact sequence as in (5.2), we see that if G¥(S7) ~ G*' (S7) then
(3,k) = (3,k). Finally, applying Lemma 5.2 we complete the proof of (2).

(4) If G # SU(2),SU(3), G2 or Sp(1), then m7(BG) = 0. Thus there is a single principal G-bundle over
S7 which must be the trivial bundle, implying that the map 9! is nullhomotopic. Therefore the
principal fibration

OMap, (S”, BG) — G°(S") —» @
splits and G°(S7) ~ QG x G. O

Remark 5.3. In [14], A. Kono obtained an integral classification of the homotopy types of SU(2)-gauge
groups over S* by using information on the p-local homotopy types of the gauge groups for all primes
p along with fracture theorems for nilpotent spaces (see [16, Chapter 13]). In the case of SU(3) gauge
groups over S7, arguing along the lines of [14] it would be also possible to upgrade Theorem 1.4 for

G = SU(3) to an integral statement, if the order of the the connecting map 9! at p = 2 was known.
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