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We study the generalised conformal structure of the low-energy dynamics of D-branes
in all dimensions and its implications on correlation functions. We begin by consid-
ering conformal symmetry and the way it acts on fields. Symmetries and the way they
constrain correlation functions are discussed through the derivation of Ward identities.
These are used in order to put constraints on CFT n-point functions. The low-energy
dynamics of D-branes are discussed and an extensive proof of their generalised con-
formal symmetry is given. Next, we investigate the analogy of Ward identities for the
generalised conformal structure and derive similar equations with an additional term
which compensates for the transformation of the coupling constant. Such an equation
is used to prove the constraints of generalised dilatations and later in order to study a
specific example of this structure - the free massive boson. The thesis ends with a dis-

cussion on the implications of this study and possible future steps.
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CHAPTER 1

Introduction

1.1 Solving for the dynamics of a system

The dynamics of a physical system are usually encoded in a Lagrangian. In classical
(deterministic) physics the Euler-Lagrange equations are used to produce a set of partial
differential equations which describe the evolution of the system in space-time. There
exist, therefore, a straightforward algorithm that someone needs to follow in order to
apply the general description of the Lagrangian to a particular system (although solving
the equations can be rather daunting).

In quantum theory, though, the world is probabilistic. The dynamics are again encoded
in a Lagrangian, but the Euler-Lagrange equations only give the classical limit of the sys-
tem. A general system is described by a quantum state with the Lagrangian (or a Hamil-
tonian) dictating its time evolution. The end product of this evolution can be a number
of potentially infinite states, each accompanied by a certain probability. These proba-
bilities are the main observables in a quantum theory.

The objects that are used in describing those probabilities are the correlation functions.
These are in a sense the square root of the probability of an initial state transitioning into
another. The difficulty of solving for a specific system given its Lagrangian description
depends on two main factors. One is considering all the possible final states given your

initial state and the other is actually calculating each correlation function. The later issue
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is in most cases rather complicated, as exact solutions are most of the times unobtain-
able. Hence, a lot of techniques have been developed over the years. The most widely
used is perturbation theory, where the correlation function is calculated approximately

in orders of the coupling constant.

A lot of non-perturbative techniques have been developed as well. One of the most
elegant ones is using the symmetries of the system to constrain, if not completely deter-
mine, the correlation functions. This technique does not require a specific Lagrangian
description for the system. In this report we will investigate the generalised conformal
symmetry obeyed by the low energy dynamics of D-branes and the constraints it puts

on correlations functions.

1.2 Correlation functions and symmetries

Symmetries are a concept of great significance in physics. They are rather commonly
used in classical mechanics in order to simplify descriptions and calculations. In quan-
tum physics they have had a binaryrole. First, they have been used in order to explainina
simple and concise manner extremely complicated data, such as those arising from par-
ticle physics interactions. The foundations of the Standard Model, which is now known
to be governed by an SU(3) x SU(2) x U(1) symmetry, were laid by various attempts to
describe experimental data, starting from the initial nuclear experiments all the way to
what are now thought to be the elementary particles. Second, symmetries have more
recently been used axiomatically, in order to produce new models, such as SUSY and
string theory, that are hoped to answer some more fundamental questions without hav-

ing available experimental data to start with.

As mentioned earlier, though, beyond using symmetries to describe the dynamics of
quantum theories, they can also be used in order to solve for specific systems. In classi-
cal physics, Noether’s theorem states that for every continuous symmetry of the system
there is a corresponding conserved quantity, a current. Similarly, one finds that in quan-

tum physics symmetry generators have a vanishing time derivative.

More importantly symmetries apply direct constraints to correlations functions. Specif-
ically, the Ward identity states that the correlation functions of the conserved currents
can be written in term of correlation functions of the fields, as follows [1]

Ou(jt(x)® (1) ... D(wn)) = —i Y _ (2 — 2:)(D(21) ... Ga®(xs) ... B()). (1.2.1)
=1

Here @ is the dynamical field of the theory, ji the conserved currents and G, the gen-

erators of the symmetries. By integration of equation (1.2.1) over a region that includes
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all points of the RHS, z;, one obtains the following equation
{(P®(z1)...P(xyn)) =0, 1.2.2)

where § indicates an infinitesimal change in the correlation function. This is the corner-
stone of this report. Its meaning, though, is rather simple. It says that all the correlation
functions of our fields, the observables of the theory, are left intact by a transformation
that is a symmetry of the system. This equation, as we will see later on, gives rise to dif-
ferential equations involving the correlation functions, which after being solved imply
constraints on them.

1.3 The generalised conformal symmetry

String theory has emerged over the past years as the best candidate of a theory of quan-
tum gravity. All particle physics theories obey the Poincare symmetry (Lorentz + trans-
lations), but string theory obeys a much larger symmetry that includes the later. This
symmetry is called conformal symmetry. Conformal field theories have a wide vari-
ety of applications in particle physics, condensed matter physics and more. One of the
striking features of these kinds of theories is that their correlation functions are highly

constrained by the symmetry, as we shall see later on.

D-branes are higher-dimensional dynamical objects that arise in string theory. They
are the hypersurfaces on which strings’ ends lie on and, therefore, can give rise to in-
teresting field theories. The low energy dynamics of 4-dimensional branes turn out to
be conformal, hence, making the investigation of their dynamics a lot more straightfor-
ward. This gave rise to a quest of trying to find a possible symmetry that would govern all
of D-branes. As we shall see later, such a symmetry is called the generalised conformal
symmetry [4] [5] [6], being a generalisation of the former. It is therefore believed that this
symmetry shall again put some constraints on the dynamics of D-branes and this will
be the goal of this project.

1.4 Outlook

As we have discussed above, the dynamics of a quantum system are encoded in its cor-
relation functions. The later in return can become rather constrained when governed by
a symmetry, such as the of D-brane obey. In recent years D-branes, and specifically the
conformal 3-branes, have given rise to the so called AdS/CFT correspondence [3]. This
is a direct duality between gravitational theories in Anti-de Sitter space and conformal
field theories living on its boundary. D-branes of different dimension give rise to more
dualities, as a part of the more general Gauge/Gravity duality.
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Adeeper investigation into the generalised conformal symmetry could give rise to a bet-
ter understanding of the D-branes. In turn this would further contribute in solidifying
the Gauge/Gravity duality by helping us expand the holographic dictionary and give fur-
ther tests of the correspondence beyond AdS asymptotics. Finally, it could be used to
investigate strongly coupled systems via the duality, such as inflationary models [8] or
QCD.

1.5 Structure of the thesis

This report is the beginning of an investigation into the generalised conformal symmetry
and its consequences on physical systems it governs. Chapter 1 was occupied with pro-
viding a short introduction into the area and motivations of the investigation. Chapter 2
provides a thorough investigation of conformal symmetry, CFTs, and the constraints on
their correlators as this is the process we shall later try and generalise. Chapter 3 reintro-
duces generalised conformal symmetry as a generalisation of the conformal symmetry
of D3-branes. Chapter 4 provides a detailed proof of the generalised conformal sym-
metry of the world volume dynamics of Dp-branes and. It also discussed the generali-
sation of Ward identities for the generalised conformal structure. Chapter 5 investigates
the implications of the Ward identities of the generalised dilatations to 2 and 3-point
functions. Chapter 6 probes the generalised conformal structure of the Massive Scalar
theory. Finally, Chapter 7 discussed the results of future paths of this work.



CHAPTER 2

Conformal field theory (CFT)

A Weyl transformation is defined as preserving the metric up to a constant, namely
Guv — 92(1‘&)9;“/- (2.0.1)

On the other hand, a coordinate transformation z# — z'* transforms the metric as

, dx® 0z

gMV = ax,'u 81_/”.9046' (202)

A conformal transformation is defined as a coordinate transformation that acts on the
metric as an (inverse) Weyl transformation. In flat space, which will be our focus, this

reads as
Oz Ozl

%Wncd = Q_2nab. (203)

2.1 Strings and conformal symmetry

Another way to introduce the conformal symmetry is as the symmetry of the bosonic
string worldsheet. A point particle travels through a geodesic determined by extremi-
sation of its length. By analogy a one-dimensional string sweeps out a two-dimensional
worldsheet. It's dynamics are given by extremisation of the worldsheet’s area, described
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by the usual Nambu-Goto action, or the physically equivalent Polyakov action

1

4o

Sp = / d%z/— det(%b)yabaa)(“abxﬂ. (2.11)
Here o' is the Regge slope, 74, the world sheet metric and X* the spacetime coordinates
of the worldsheet.

It is clear from equation (2.1.1) that the system is governed by two worldsheet symme-
tries, namely worldsheet diffeomorphism and Weyl invariance. These two symmetries
give us the ability to gauge fix the metric to be flat. A residual symmetry, though, re-
mains. Namely, a combination of the two initial symmetries that leaves the flat metric

unchanged
, 0x¢ Oz

This, as we have seen, is the conformal symmetry in flat space. String theory s, therefore,
governed by worldsheet conformal symmetry in two dimensions.

2.2 The conformal group

Equation (2.1.2) defines the conformal symmetry. A conformal transformation is, there-
fore, a diffeomorphism that changes the flat metric by an amount proportional to it-
self [1] . Considering an infinitesimal coordinate transformation z# — z# + {#(2z#) and
1 =1+ K and using equation (2.0.3) we acquire the conformal Killing equation

augu + 8l/£u - 2K77u1/7 (2.2.1)

where the proportionality constant can be fixed to K = 10,£” by taking the trace on

both sides of the equation.

Applying, now, 0,05 to equation (2.2.1) and contracting with n%#1%" we have
(d—1)8%0,¢" = 0. (2.2.2)

Keeping this in mind we repeat the procedure of applying 9,93 to equation (2.2.1), but

this time we contract with n®” only and, therefore, after symmetrisation on «, 1 we get

d—2
———020,05€" = —0°0(ak)

d (2.2.3)

= —277(1“82[(.

Hence, using equation (2.2.2) ford > 1 (i.e. atleast one space dimension) and that 93¢” =
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dK we conclude that
(d —2)0,0,K =0, (2.2.4)

i.e. that ford > 2 K can be up to a linear function of the coordinates. For d = 2 the
constraint is automatically satisfied leading to an infinite number of generators that obey
the Witt algebra [2]. We shall, from now on, concentrate on the d > 2 case.

For K = 0 it is clear that equation (2.2.1) becomes the usual Killing equation in flat
space time, which is symmetric under Poincare group, and therefore its solutions are

translations and Lorentz transformations
6Fah = ot & oLt = wha”, Wy = —Wyp- (2.2.5)

Here, for later convenience, we have introduced the notation §z* instead of £* with a
superscript indicating the transformation and a subscript the transformation parameter.

For K = € the solution is a Dilatation (D) with
6Pt = ext, (2.2.6)

as can easily be verified by inserting into (2.2.1). Finally, in the linear level, i.e. for K =
—e, ot the solution is a special conformal transformation (SCT) with

(5653:“ = 2¢ - xat — a2, (2.2.7)
as can again easily be verified.

The Poincare group in d dimensions has the usual generators that form a representation
of the SO(d — 1,1) group. From equations (2.2.6) and (2.2.7) it is clear that the corre-

sponding generators for dilatations and SCTs are
D = —izh9,, K, = —i(2z,2"0, — %9),). (2.2.8)

These can be put together with the Poincare generators and form an extension, a rep-
resentation of the SO(d, 2) algebra in a d-dimensional space. Finally, the finite transfor-

mations for dilations and SCTs are of the form

aH — bHg2
1 —2b-x+ b2’

= Nz, P (2.2.9)

where ) and b* are the finite transformation parameters. The result can easily be verified

by inserting to (2.0.3).
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2.3 Conformal fields

We shall, now, consider scalar fields under conformal transformations. Under dilata-

tions a scalar field, ®, will transform as
(') = A2 D(x), (2.3.1)

where Ag is called the weight of the field. It is already apparent that fields do not trans-
form in the same way as under Lorentz transformations. For a general, now, conformal
transformation a scalar field will transform as

—Ag/d

O O(z). (2.3.2)

(I)/ / N
(@) =15,

The infinitesimal change of a field under a dilatations and the special conformal trans-
formation is defined as
6PI5®(z) = ¥ (x) — B(x). (2.3.3)

Using, also, ®'(2') = ®'(z)+d.2*0, P’ (x) for an infinitesimal transformation we can write

out the infinitesimal changes of a scalar field under dilatations and SCT

P® = —€e(Ap+2-0), °®=—(20pe-z+ 6%z - 0). (2.3.4)

2.4 Ward identities

Asdiscussed in Chapter 1, symmetries can put constraints on correlation functions through
Ward identities. We will be mostly interested in equation (1.2.2) that shall provide us di-
rectly with differential equations of the correlators. As we shall use this procedure later
for the generalised conformal symmetry - which is strictly not a symmetry -, we will
show explicitly now how it is derived. This is done so that we are later able to appreciate
what changes in the Ward identities are caused by using a structure closely related but

not identical to a symmetry.

We shall consider, now, correlation functions of multiple operators, O;[®](z;), that can
be either fundamental fields, which we denote collectively as ®, or composite operators.
They can be thought as a path integral in the following way

(01[®](21) . . . On[®](20)) = % / [d®)] O1[®](21) . . . On[®](2n) exp(—S[®]),  (2.4.0)

where Z is the vacuum functional, S[®] the action as a functional of all the fundamental
fields and [d®] the measure of all the dynamical fields. We now set up the derivation,
where we essentially make use of the invariance of the action under transformation of
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the active fields (the ones appearing in the measure). It follows that [1]

(O1[8]...04(2]) = [ (2] O[0].... O8] exp(~S]®)
/ [d®'] O1[®]... O, [@] exp(—S[®'])
(2.4.2)
_ / [d®] O} [@] ... 0, [®'] exp(—S[®])
]... 0, [@).

Here, from going to the second line we have made a variable change ® — ®'. Going to
the third line, we have used the action invariance under conformal transformations, i.e.
S[®'] = S[®], and the measure invariance, [d®'] = [d®], i.e. that there is no anomaly. The
final result follows from the definition. Using, finally the definition (2.3.3) we arrive to
the desired result

5(O1[®]...0,[®]) = 0. (24.3)

This can now be used to produce differential equations that will constrain the correla-
tors.

2.5 CFT correlation functions

We are now in a position to use what we have seen in this chapter, in order to apply
and solve the constrains to correlation functions due to conformal symmetry. We shall
do this for 2-point scalar field correlation functions, a result long known [9]. 3-point
functions give similar results and we will discuss the issues arising when someone tries

to consider 4-point functions or higher.

The cornerstone of using the symmetry to constrain the correlators is, of course, equa-
tion (2.4.3). To start with, we use the fact that infinitesimal changes as defined by (2.3.3)
obey the Leibniz rule and that the § can be inserted into the correlation function as it
leaves the measure and the action unaffected (see equation (2.4.1)). On a 2-point func-
tion this reads as

(0251 (1) ®a(2)) + (@1(21)02/ 5B (22)) = 0. (251)

Moreover, given the translational and rotational invariance (part of the conformal sym-
metry) the correlators are forced to depend on the position coordinates onlyvia (z; — xj)2.

The 2-point function is, therefore, a function of (z1 — 22)? [10]

(P1(21)P2(x2)) = f ((a:1 = x2)2> - (2.5.2)
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Now, we shall impose the restrictions due to dilatation symmetry. Using (2.5.1) and the

first equality of (2.3.4) we arrive to a differential equation for the 2-point function

(Aq;.l + Aq>2 +x1-01 + 29 - 82) f ((.%1 — .1’2)2) =0. (2.5.3)
Using that
0 0 23f ((331 _ x2)2> 2(2? o <($1 ~ 962)2) (2.5.4)
xr1 - 1f_.’L'1. 1(.’1}1—1‘2) 8(:1}1—332)2 - (.’L'l—;lj'l-xg) 8(;1:1—1’2)2 o N
and similarly for x5 - 95 f, we reach
A<I>1 + Aq>2 9 0 2\
This simply requires that the function is of order —%, hence we have that
B Clo
<(I>1($1)(I’2(.%'2)> = (xl _ x2)A¢1+A¢2 y (2.5.6)

where C}3 is a constant. Similarly, using the second equality of (2.3.4) and the result
(2.5.6) we derive the differential equation due to SCT invariance
Ciz

S S —
(2Aq>16 Tl + 2Aq>26 I + (56 I - 81 + (56 X9 - 82) (xl _ $2)A¢1+A¢2 =0. (257)

Using a similar argument to (2.5.4) and acting with the derivatives we have that

[(QAq,le -1 + 2Ag,€ - x2)

1
72] Ci2 = 0.

— (Aq;l + Acpz)(&fxl - X1 — 551)1 “ X9 — I - 55.%2 + 551‘2 . .1‘2) )
X1 — T2

(2.5.8)

Inserting for the definition of §%x from (2.3.4) in the large factor of the second term we
have that

((551‘1 - X1 — (553?1 s X9 — X7 - (55%2 + (551‘2 . xg) = (6 X1+ €- .%'2) (acl — 1'2)2 (2.5.9)
Using this and canceling term out we reach
[(Ag, — Ag,)(e- 21+ € 22)]Cra = 0, (2.5.10)

meaning that for the equation to be satisfied forall z;, zo we need to have Ag, —Ag, =0,

for anon zero 2-point function. Hence, the constraint to the 2-point function of the full
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conformal symmetry is

Ci2
— A =A=A
(P1(x1)P2(22)) = ¢ (21 — :U2)2A7 He 2 (2.5.11)

0, otherwise.

Therefore, remarkably, conformal symmetry completely fixes the 2-point function of

scalar field, up to a normalisation constant.

We are able to follow a similar analysis the 3-pt function. Using the same argument as

before, due to Lorentz symmetry, the correlator can only have the following dependence
(®1(21) @2 (22)@3(23)) = g (a5, 233, 215) , (2.5.12)

where we have introduced the notation z;; = x; — z;, and as for the 2-point function

constraint (2.5.3) due to dilatation invariance we have that
(Ap, + Ag, + A, + 2101 +22-02+2x3-03)9g=0 (2.5.13)

Following similar step as from equation (2.5.4) we have that

<A¢1+A¢,2+A¢3 , 0 , 0

0
2
9 + T19 8.%'%2 + -’Ezga + .’Elgax%:)))g =0. (2514)

2
L33

Ag +Apo+Ap.
=1 =2272% in the norms,

Hence, as for the 2-pt case, the function is or total order —

ie.

C123

a b ,.c
T12T23%713

<‘1>1(121)(I)2(l‘2)q)3($3)> = , a+b+c= A‘I’l + A(pQ + Ac1>3, (2515)
where Cj23 is again a constant. We are, now, ready to use SCT invariance to constraint

this further. In the same way as with equation (2.5.7) we have

<2Aq>16 - X1+ 2Aq>26 - X9 + 2A<1>36 - T3
C
+ 551’1 - 01 + 55%2 <Oy + 565.%'3 . 63) % =0. (2.5.16)
AN ) A
12723773
Following, now, similar steps to those leading to equation (2.5.10), with the difference
that this time we need to consider that z; - 19 = z1 - 8195%2% + - 81:75%38%, we reach

the result

[e-21(2Ap, —a—c) +€-22(2Ag, —a—b) + €-23(2Ap, —b—¢)] =0. (2.5.17)
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For this to hold for all =, 2, x3 the respective factors in each term must independently
be equal to zero. Solving them using also that a+b+c = Ag, + Ag, + Ap, we determine
the values of a, b and ¢, giving the final result due to CFT invariance

C123

<<I>1(:c1)<I>2(x2)(I>3(a:3)> = Al+A7—As AotAs—A; AstA—Ag" (2518)
12 Tog 13

Hence, we see that conformal invariance also completely fixes the 3-point function.

The discussion becomes more complicated when one starts considering higher-point
correlation functions. This is due to the transformation properties of z;; under con-
formal transformation. It is clear that ratios of these quantities shall be invariant under
dilatations. Under SCTs, though, they transform as

:c,-j

e ()

o (2.5.19)

Consequently, for four or more distinct coordinates (i.e. four or more fields in the cor-
relator) one can form cross ratios that are invariant under the whole group
Tijj Tl

Tijkl = . (2.5.20)
TikTjl

As these term are invariant, they can appear in the correlators in a way unconstrained
by the Ward identities. Hence, these correlators would be of the form

(@1(21)Po(z2)P3(3) ... Pp(xn)) = g(rijr) f(xi5), (2.5.21)

with ¢(r;;r) being an unknown function of the cross ratios and f(x;;) a constrained
by the Ward identities in a similar way to the one above. Methods that constrain these
correlators further have been found, such as conformal bootstrap [11], but this is beyond

our scope.



CHAPTER 3

The Generalised Conformal Structure

Within the framework of string theory, D-branes consist of the region where open string
end points lie on. On the one hand, their world volume dynamics are described by
the gauge fields of the string end points and the Higgs fields, X,,, that describe their
transverse coordinates. For a (p+1)-dimensional brane the gauge fields dynamics are
described by the (p+1)-dimensional super Yang-Mills theory [6]. The bosonic part is de-
scribed by the following Lagrangian

1 1 1
Shosomic = Tr / dartlz {—492FWFW — Q—QZDMXmD“Xm + 4—92[Xm, Xn]2} ., (3.00)
with D, = 0, + A,,. It is well known that for p = 3 the branes are conformal.

On the other hand, the mass of the D-branes curves spacetime, giving rise to supergrav-
ity theories. In the context of the AdS/CFT correspondence [3], the gauge theory is seen
as living in the boundary of the AdS space. In this setup, the conformal symmetry is
of central importance. More specifically, both the Yang Mills theory and the AdS® x Ss
obey the same conformal group SO(4, 2). This symmetry, along with supersymmetric
non-renormalization theorems, was constraining enough to fix the action of the D3-
brane. Given that the dual nature of D-branes mentioned above is not a special feature
of D3-branes and the constraining power of the conformal symmetry, [4] [5] and [6] have
explored its generalisation to arbitrary dimensions.

13
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3.1 D-particles

As thoroughly discussed in the next chapter, it is easy to see from (3.0.1) that the Yang-
Mills theory scalar fields of the D3-brane are transformed with a Ay = +1, i.e. the scale
transformation has the form:

X(zl) = AXi(za) & 2, =2 "'z, (3.11)

where z,, are the world volume coordinates of the brane and X;(z,,) the Higgs fields
representing the transverse coordinates to the brane. Hence the subscripts run as i =
1,...,6 and a = 0,1,2,3. This symmetry is seen in [4] as a symmetry leaving invariant
the space-time uncertainty relation

ATAX ~ o/, (3.1.2)

where T represent the longitudinal (world volume) coordinates and X the transverse.
Hence, they interpret the full conformal symmetry as the set of general symmetries that

leave this space-time uncertainty invariant.

Given that the space-time uncertainty principle is not restricted to the D3-branes, it is
natural to extend the symmetry to other dimensions. The first such extension consid-
ered was for the D-particle. Its effective super Yang-Mills theory is found to be invariant
under the scale transformation, provided that the string coupling constant is simultane-
ously transformed, i.e.:

X)) =2X;(t) & =24 & ¢ =Ny (3.1.3)
Herei = 1,...,10 and ¢ is the (only) world volume coordinate. g is the string coupling,
which in this case is seen as a dynamical field corresponding to the vacuum expecta-
tion value of the dilaton. It was found that the action of the supersymmetric Yang-Mills
matrix quantum mechanics is also invariant under the corresponding special conformal

transformation as well.

From the supergravity point of view an identical transformation is derived in the near
horizon limit. Hence, it is found that, as in the D3-branes case, both sides of the theory

obey the same (generalised) conformal symmetry.

In the case of the D3-brane, it has been shown that the conformal symmetry, combined
with a supersymmetric non-renormalization theorem, determines the bosonic part of
the action. It is shown that the generalised conformal symmetry has the same constrain-
ing power in the D-particle case. The scattering of a probe D-particle in the background

of the source system with a large number N of coincident D-particles is considered. U(t)
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is the distance between the probe and the source. Using some simplifying assumptions

and the scaling symmetry it is shown in [4] that the action take the form

B dUN? (g5 1 (dU\?
S—/dt (dt> F<U3,U4 (dt> ) (3.1.4)

Expanding the function F' as a series, applying the special conformal transformation and

1
295

the supersymmetric non-renormalization theorem for supersymmetric particle me-
chanics fixes completely the expression for S. This is found to agree up to at least two
loops with other calculations. Hence, it is found that the constraining power of the con-

formal symmetry is not a feature of only the D3-brane.

3.2 Dp-branes

Following a similar route, the generalisation to all Dp-branes of the generalised confor-
mal symmetry is discussed in [6]. The supergravity metric of N coincident Dp-branes is,
first, shown to be invariant under the generalised conformal symmetry, similarly to the
DO case. This holds for all p other than p = 5. This symmetry is found to constraint the
action of a probe Dp-brane in the field of N coincident Dp-branes placed at the origin,
resulting the BDI action calculated elsewhere. Finally, the (p+1)-dimensional super Yang-
Mills theory describing the low energy dynamics of near-coincident N Dp-branes is also

found to be invariant. An extended proof of the later is presented in the next chapter.

This underlying generalised conformal structure is used in [7], where precision hologra-
phy is set up for non-conformal branes. This structure is given as the reason that the du-
ality for non-conformal branes can be set up in a similar manner to the D3-brane, which
is conformal. It is shown that the generalised dilatation constants two-point functions
to a form similar to 2.5.11, with an extra function of an invariant combination of the string

coupling and the fields. This is proven and explored further in Chapter 5.
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CHAPTER 4

The Generalised Conformal Structure of Dp-branes and their

correlation functions

As discussed in the previous chapter, Dp-branes are higher dimensional dynamical ob-
jects that arise in string theory. It was mentioned below (3.0.1) that for p = 3 the branes
are conformal. As we will discuss bellow, there is a certain structure that remains in all
dimensions, namely the generalised conformal structure, which in turn constraints their
correlation functions. This chapter provides a proof of the former claim for the world
volume and explores the latter.

4.1 The generalised conformal structure of D-branes

As we have seen above, the low-energy dynamics of (p+1)-dimensional D-branes are
conformal for p = 3. As discussed in Chapter 2, this applies major constraints on the
correlation functions of such a system and, therefore, allows us to investigate its dy-
namics in a straightforward manner. Hence, given the fact that D-branes play a central
role in string theory and the more recent Gauge/Gravity duality, one would like to in-
vestigate the possibility of them obeying a more general symmetry. Such a symmetry

could then apply constraints to a much more general class of branes that just 3-branes.

It turns out that such a structure does exist. It was first introduced in [4] and further
investigated in [7]. The structure includes a conformal transformation of the dynamical

17
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fields, which for p = 3 leaves the action invariant. For general p, though, in order for the
action to be invariant, one also needs to consider the coupling g? as a background field
transforming like a scalar.

Considering, at first, finite dilatations, z* — Az#, A, must transform like 9, due to D,
hence A, — A"1A,,. Considering then the first and last term of the RHS of (3.0.1) we fur-
ther conclude the following transformations X,,, —+ A~!1X,, and g?> — A?~3¢2, and hence
Ax =land A2 = 3 — p (which is zero for p = 3, giving rise to a non-transforming cou-

pling constant and, hence, simplifying the structure to the usual conformal symmetry).

Given the above we can now evaluate the infinitesimal changes for the fields under di-
latations and special conformal transformation (SCT), as defined in equation (2.3.3). We
use (2.3.2), the usual vector transformation and ®'(z') = ®'(z) + 6.2#9,®’(z) for an in-
finitesimal spatial transformation 2’ = x+d.z. This leaves us with the following dilatation
and SCT of the fields and the coupling constant:

6PaH = ext, P X = —e(l+2-0) X, @11)

GPAM = —e(1+2-0)A", 6Pg* = —e((3—p)+2-0)g” -
and

0%aH = 2¢ - zat — ta?, 00Xy = —(2¢-2+ 072 - 0) X,

05 AP = —(2e -z + 6% - D) AP — 2(x - Ae" + € - AzP), (4.1.2)

009> = =23 —pe-x + 5z - 9)g,
where for dilatation the parameter is the scalar ¢ and for SCTs the vector .

It is clear from equation (3.0.1) the action can be written as S = Tr [ dp“xg%ﬁ. For
further convenience we shall also extract the factors out of the three terms of £ and
define

Ly =F,F", Ly =D, X, D'X™, L3 = [Xpm, X,)?. (4.1.3)

We can, therefore, now write the action variations that we are interested in as

08; = Tr/dp“x <5 <912> L+ 9125£z‘> ; (4.14)

fori = 1,2, 3. We shall now investigate the invariance of each of these terms separately,

for both transformations, starting from Ls.



4.1. The generalised conformal structure of D-branes 19

4.11 S;5invariance
We shall first evaluate equation (4.1.4) for the dilation of £3. We start by concidering
5L3 =26 ([Xom, Xn]) [X™, X" = 2([6 X m, Xn] + [Xom, 6X0]) [X™, X", (4.1.5)

where we have used that ¢ acts as a derivation. Substituting, now, for the case of a di-

latation, using (4.1.1) one aquires
2 1k 2
0L3 = —2¢ | 2[Xom, Xn]* + 37 Ok ([Xm, Xnl?) ) - (4.1.6)

Inserting this into (4.1.4) and using (4.1.1) to acquire 6° <g%) = —((p—3)+x- 8)5%2 we
get

1
053 = —eTr/deﬂU [(p + I)E[XWX”]Z

1 1
+ 2to, (92> [Xon, X2+ 540 ([Xm,XnP)]

= —eTr/de:z: <8k <1za:k[Xm,Xn}2>>
g

=0.

(4.1.7)

Here, on going to the second line we have used the second and the third term, that
respectively come from the g% variation and the L3 variation, and combined them in
one derivative. The reminder term is canceled out using that ;2" = p 4+ 1. On going
into the final line we have used, as usual, the divergence theorem and integrated over a
surface at infinity, assuming the field fall to zero fast enough.

We continue, now, to show invariance of £3 under SCTs as well. Using equation (4.1.5)
and the variation of X,,, from (4.1.2) we get

§L3 = —2 <4e - [ Xy X + %6§xkak ([Xm,Xn]2)) : (4.1.8)

In parallel to the dilatation discussion, we insert this into (4.1.4) and use (4.1.2) to acquire
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55 (L) = —(2(p = 3)e -z + 652 - 9) )5 to get

053 = —Tr/dp+1x |:2(p + 1)6 . .1‘912[Xm7Xn]2

1 1
+ 652% 0y, <92> (X, X% + ?5533’%% ([Xm,Xn]Q)]

= —eTr/dea: <0k <125§xk[Xm,Xn]2>>
g

=0.

(4.1.9)

Here, the cancelations folowed the dilatation case, with the only difference that the rem-
nant term going to the second line was canceled using 9y 6°z% = 2¢ - 2(p + 1).

4.1.2 S, invariance

In a similar way to the previous calculation, we shall now prove the invariance of S; as
well. Using the definition Fj, = 28[#/11‘1] + fg“CAZAlC, we have

5Ly =2 (5F%,) Fi = 2F™ (23[#5Ag] +fo (5AZA§ + AgaAg)) . (4.110)

Specifying, now, for the dilatation case and using (4.1.1) for the vector field variation, one
gets

OL1 = —e |2 (20,48 + 2*00, AL ) + fi. (240545 + ko, (ALA7) )|

(4111)
— ¢ (2% + 2", (F?)).

where in going to the second line we have used the definition of F}, and the abbreviation
F? = F{ F}" Inserting this into (4.1.4) as before we have

1 1 1
55 = —eTr/dp+1a: ((p + 1)g—2F2 + 280y, <92> F? + ?l'kak (FQ)) =0, (4112

having used identical steps to those in (4.1.7). Accordingly, we now move to prove SCT
invariance. We use equation (6.2.6) and follow a similar calculation to the dilatation case.
The additional terms in §° A} and 652" in equation (4.1.2) compared to the dilatation case

turn out to cancel due to indices symmetry arguments. Hence, we reach the result

6Ly = —2 <4e aF? + %5§xk6k (F2)> : (4.1.13)
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Finally, following the steps of equation (4.1.9) we reach the result

] 1 1
55y = —Tr/dp+1:n <2(p+ ez F* + 52" 0, (2> F? + —82%0, (F2>) =0
g g g
(4.1.14)

4.1.3 S, invariance

We now continue with the second term in the action. As in the previous calculations,

we start with the Lagrangian variation which reads
6Ly =26 (DyX,m) D*X™ = 2 (A, X, D" X™ + (D6 X ) DFX™) . (4.1.15)
For a dilatations, using the variations as in the previous case one gets
6Ly = —2¢ <2D#XmD“Xm + %x %) (DuXmD“Xm)> . (4.1.16)

Hence, in an identical way as for the other terms we reach S = 0. The SCT case be-
comes a bit more complicated than the rest. Starting again from (4.1.15) and using the
SCT variations we reach the result

Tr (6Ls) = —2 <4e - 2Tr (D, X, DFX™) + %55:75 0T (DX, D*X™) + € 0Tx (an)) :

(4.1.17)
Here, a lot of extra terms have canceled due to symmetry arguments as in the previous
SCT case. We have also reintroduced the trace in order to be able to make some manip-
ulations on the non-commuting fields, specifically to use the formula 9 (Tr (M M')) =
Tr (D, M)M'")+Tr (M(D,M'")) for two matrices M and M’. [12]. It is clear that the third
term is not one that has appeared in the other calculations. Inserting this to get the action
variation and following the steps in the previous calculations we reach

2
68y = — / dP“xg—Qe SOTr(X2). (4.1.18)
It is, therefore, clear that the action in this form is not SCT invariant. Before the trans-
formation, though, where g is not a function of time, one can integrate by parts and get
another form of the action, namely
1
Sy =Tr / d"*t'e— X, D, DF X (4.119)
g

Following the same procedure as above one finds that the variation of this action reads

5 = /derlxng(p_g)e ) 8Tr(X3n). (4.1.20)
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It is possible then to build an invariant action out of (3.0.1), partly integrating the second

term by parts. This action is the following

1 11
Sinvariant = Tr/dpﬂw{ - fggFm/FW - ngpfg)((p ~3)D, X, D' X™
1
F2Xn DD X™) X, Xn]2}. (4.1.21)

We did, therefore, prove that the low-energy dynamics of D-branes obey the generalised
conformal symmetry in all dimensions. The action above is not well defined for p = 5,

something that appears in other parts of the brane investigation as well [7].

4.2 Correlation functions

We have, finally, reached the point where we can apply all we have seen in our system
of interest. We have talked about symmetries and how they put constraints on systems
that obey them. We later saw that D3-branes obey the conformal symmetry, and that
there exists a more general structure - the generalised conformal symmetry - which

D-branes obey in any dimension.

In Chapter 2 we discussed how conformal symmetry can be used to constrain the dy-
namics of a system. We shall now follow a similar route in order to acquire the equiva-
lent constraints that generalised conformal symmetry applies on D-branes. In the dis-
cussion of conformal symmetry we used the general Ward identity (2.4.3) and then used
the transformation properties of scalar field in order to obtain the constraints. This
equation, though, was based on the analysis of equation (2.4.2) which used the action
invariance. We have mentioned, thought, that the generalised conformal symmetry is
not a symmetry in the strict sense. What is meant by that is that the action is not invari-
ant under transformation of the dynamical fields only - i.e. the ones appearing in the

path integral measure -, but also needs the coupling constant to transform as well.

Having this in mind, let us repeat the procedure in (2.4.2), but this time for the gener-
alised conformal symmetry. As it is explained under (2.4.2), going from the second to the
third line one is using the action invariance. This means that one considers S[®’, g] —
S[®, g] + 6S. Under the full generalised conformal transformation we have that §S = 0.
In the path integral, though, only the dynamical fields are transformed, i.e. not the cou-
pling constant g. Hence, defining d4 as the variation of the dynamical fields and §, the

variation of the coupling constant we have

0S5 + 045 =0 (4.2.)
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We, therefore, have

(©1[8]...0,(¢) = [ [d9]0s[a]...0u[8]exp (~S[0.g)
/ [d®'] O1[@"]...0;,[®] exp (—S[®', g]) @2.2)
/ [d®] O1[®']... O, [®] exp (—S[®, g] + 645)

L OL®')) + (01[@'] ... O,[9']6,5).

Here, as we said, going from the second to the third line we have used equation (4.2.1)
and in going to the last line we have used the fact that the transformation is infinitesimal
in order to write the usual exponential series in this limit, exp(14+45) = 144S. Renaming
the variables as O[®] +» O'[®'] we have that

(65 (01[®] ... Ou[®])) = (01[] ... 0,[]6,5). (4.2.3)

We, now, consider the following variation of the correlator

55(01[8]...0,[]) = 5, [ 4] 01[8]...0,[8] exp (~S[8.)
/ [d2] O1[2]. .. O, [®] (645) exp (—S[@, g]) (4.2.4)
[®]... 0,[®]5,5),

where in going to the second line we have used that we vary only the coupling constant
and not the fields. Therefore, combining equations (4.2.3) and (4.2.4), we arrive to our
final result

(00 (O1[D] ... On[P])) + 64(O1[P] ... O,[P]) = 0. (4.2.5)

This is the equivalent to the Ward identity (2.4.3) for the generalised conformal structure.
One is, therefore, now able to produce equations similar to (2.5.6) and use them to con-
strain correlation functions. For this example of a 2-point function of a theory obeying
the generalised conformal symmetry equation (2.5.2) still holds due to the same argu-
ment. Hence, one gets the following differential equation due to the generalised dilata-
tion

1 0
(Aq;l + 21 - 81) + (Acpz —+ X9 - 82) + /dp+lx—6598g] <(I)1(.%'1)(I)2(332)> =0. (4.2.6)

Therefore, we now have similar constraints to those for a CFT. The next step is to try and
solve this equation, either directly or perturbatively, both for generalised dilatations and
SCTs in order to realise the constraints applied on a system that respects this structure.
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CHAPTER b

Ceneralised dilatation of 2 & 3-point functions

We shall, now, apply these constrains to 2 & 3-point functions of a theory obeying the
generalised conformal symmetry. In this chapter we will analyse the constraints due to
the generalised dilatations. and in the next the generalised SCTs. Along with these two
new symmetries we also have Poincare symmetry as for CFTs. Hence we can borrow
the arguments used in Chapter 2 to state again that the correlation functions must be
functions of the z7; variables.

First have a look at equation (4.2.5). What this equation states is that the transformation
of the coordinates, as in the CFT Ward constraint (2.4.3), together with the transforma-
tion of the coupling constant should leave the correlation function invariant. For dilata-
tions the finite transformation is just multiplication by the parameter to the power of the
weight, i.e. z;; — Az;; and g> — AB7P)g2. Hence in dimensional grounds we expect the

answer to be a function of dimensionless combinations that we shall call the effective
2

. : . . g .
coupling constant and for the 2-point function will have the form ggf F= W. This

12
can, then, of course be multiplied by a function invariant under the usual conformal
transformation alone.

Equations (4.1.1) and (4.1.2) give the infinitesimal change of g2 for generalised dilatations
and SCTs. We remember, though, that the coupling constant is considered as a back-
ground field only during the transformation and then a constant. As the Ward identity

25
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is true in general we can take it to be a constant and hence ignore derivatives of g2. For
dilatations this means that we have

6% = —€(3 —p)g?, (5.0.1)

therefore independent of z. In this case, we can simplify the third term in equation
(4.2.6), by considering

592532@1[@]...0 @) — g 2552;/[dq)]Ol[q)]...On[<I>]exp(—S[<I>,g])
1 / 4% Ou[#]..0,[@]exp (~S[2.0)) 6”2 (502)
= —(04[®)]...0.[®]5,5)

=<59<01[ |- On[®]),

where in going to the last line we have used equation (4.2.4). Using this, then, in the
Ward identity we would write 8%2 instead of 5% as g2 in the correlation is just a constant.
Hence, for the 2-point function (®;(z1)®2(z2)) the Ward identity now reads

(Acpl +x - 81) + (A(I,Q +x9 - 62) + (3 — p)g2 <q)1($1)q)2($2)> =0. (5.0.3)

9
0g?
5.1 2-point functions

We now focus on the 2-point function (®;(x1)®2(z2)) that shall obey equation (5.0.3).
First we use our dimensional argument and prove that it holds true non-perturbatively.

Let a function R (ggf f), where ng ;= %, multiplied by the usual dilatation invariant
Z12
2-point function (2.5.6)

C
<<I>1(.’E1)(I)2(1'2)> = ﬁR (ggff) . (511)
L12

Plugging this into equation (5.0.3) the first two terms acting on the conformal part cancel
as in the conformal case and leave an equation for the function R

0
|:£U1 . al + xTo - 82 + (3 —p)g2aig2 R (ggff) =0. (512)

Using, now, z1 - O\ R (ggff) = ¢*(p — 3)aly,° (23 — 931:1:2)%]{ similarly for zo and that
eff

aing (ggf f> =aly 3&]% one can easily verify that the equation indeed holds.

The next step is to repeat the calculation perturbatively, without using the initial dimen-
sional argument. This is done in order to see if the function R was over-constrained by
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the our assumption and dilatations alone can be satisfied by a more general solution.
Also this will help us prepare for more complicated cases where we will only be able to
find a solution perturbatively. So, we start by doing a convenient expansion in g?of the
2-point function regarded, now, a function of g2 and z1, separately

(D1 (21)Po(22)) = Ang%ZR (22,) (¢%)". (5.1.3)

Inserting this into equation (5.0.3) the first two terms when acting on the conformal part

cancel again, and we are left with an equation for each order in g2
0 )
[:cl 01+ 202+ (3 - p)926g2] R; (v3,) (¢%)' = 0. (5.1.4)

Using z1 - 1 R; (21,) = 2(x} — z122), similarly for 2, and acting with the g* derivative as
well we reach

[2w%28f%2 + (3 - p)z] fi=0. (5.1.5)

This is a simple differential equation with solution f; = clzvg 3 with ¢; unconstrained.

We, therefore, have
R(g% 12) Zczxg P
- ZCZ' 02 ) (5.1.6)
i

= R (g2y)

confirming the non-perturbative result.

5.2 3-point functions

Now we turn to 3-point functions. We shall follow the same route as in the 2-point case,
by using our dimensional argument to calculate non-perturbatively first and confirming

the result in a perturbative way:.

As in this case we have three different coordinates one can construct various effective

couplings in the following manner

9erp, = g athadiaty, where a; +b;+¢ =p—3. (5.2.1)

The 3-point function can be a function of any number of them, as they are all invariant

under the generalised dilatation. We proceed to prove that as earlier by assuming the
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following form with the convenient conformally invariant normalisation

Ci23

b

(P1(21)Pa(z2)P3(x3)) = Ta b o
T19T23T73

where, as in Chapter 2, a + b + ¢ = Ag, + Ag, + Asp,. The Ward identity derived in

the same way as equation (5.0.3), but with an extra term arising from the first term of

equation (4.2.5) when dg is acting on ®3, is the following

(A<1>1 + a1 81) + (A‘Pz + x9 - 82) + (Aq>2 + x3 - 83)

(5.2.3)

+(3—-p) 0 ] (®1(21)Po(z2)P3(23)) = 0.

2 —_
Inserting now (5.2.2) the conformal part cancels out as expected and we are left with

0

Using, now that

0

——R (5.2.5)
) )
e+,

2 2 2
r1-O1R (geffvgeffw )= E :951 “O1Gery,
i

and

w1 D1glss, = Geps, (ai (27 — 2 w2) w3 + ¢ (o] — 21 - ws) 27y) (5.2.6)

and similarly for x5 and z3, we have
0 0 &) R (g2, 92 = 3 2 9 p (5.2.7)
(2101 + 22 - O2 + 23 - O3] (gefflageffz,---)—(p_ )deffiaggff ) e

where we used the fact that a; + b; + ¢; = p — 3. Working similarly for the g2 term we
have that

0 0

0 0
2 2 _ 2 _ =2 2
892R(geff1’g€ff2"") - E: 89296ffi892ff‘R_g z:geffiag R (52.8)

2
effi

Inserting, now, these two equations into (5.2.4) we see that R (ggf o 9sz2’ .. ) indeed
satisfies the Ward identity.

We are now ready to proceed as in the 2-point function and repeat the calculation per-
turbatively. We do this by not using the dimensional argument and instead expanding

the function R in g2 in the following way

R= Z R; (x%Q, 3, x%?)) (gQ)i , (5.2.9)

7
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which is to satisfy equation (5.2.4). Using once again z1 - 61 R; (21,) = 2(z§ — z129),
similarly for 22 and x3 acting with the ¢g? derivative as well we reach

0

2
L3

0 p—3

2 .

2 9 2
$12 ax%Q + x238

It is clear that the solution must be a sum of term of order i(p — 3), i.e.

Loy ,
R; =c¢; Z njxiémzéxi%, where a;- + b;» + c;- =i(p—3), (5.2.11)
J

where we see that there is an implicit i dependence on each term through the constraint.

Inserting this into (5.2.9) we reach
i b e \!
R, = Z C; an <g2x(féx2§$§§>
¢ J

. (5.2.12)
:anzci <ngfj> ) where a;+bj+c¢;=(p—3).
j i



30

Chapter 5. Generalised dilatation of 2 & 3-point functions




CHAPTER O

Generalised Conformal Structure of the Free Massive Scalar

Next, we proceed with solving the SCT Ward identity. As this is a more complicated
equation, we begin by examining a how a specific example satisfies the equation. It
is well-known that the free massless scalar is a conformal theory. The introduction of
the mass, and hence of a scale, brakes this symmetry. It is easy to show, though, that
it exhibits generalised conformal symmetry. Starting with the Klein-Gordon action in

Euclidean space

1 1
S = / de+1§ [(6@)2 + 2m2<I>2] , (6.0.1)
it is easy to see from the first term that, in order for finite generalised dilatations to be a
symmetry, we must have Ag = 2! and from the second term that A,, = 1. Hence, in

a similar way to (4.1.1) and (4.1.2) we have that

6Pt = ext, 56D(I):—€<l)_1+$-6)¢),
2 (6.0.2)
6Pm=—e(14z-0)m
for the dilatations and
0% xh = 2¢ - zat — ta?, °d = —((D—1)e-z+ 6%z - 0),
(6.0.3)

62m = —(2¢-x + 6%z - d)m,
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for the SCTs. Working in a similar way to above, we have that for the dilatation

58 = % / dP Tz [20® - 0 (6®) + 2mdmP? + 2m> 5D

D—-1
:—e/dD+1x[a<I>-a<2+x-a>q>

+m<1><q>(1+$.a)m+m<l72—1+x_a>¢,>] (6.0.4)

= —e/dD“a; KD2+1 + %x : 8) (09)* + (D +1) + - ) (m2<1>2)]
=0,

where integration by parts was used in the last equation. And in the same way for SCT
1
08 =3 / APtz [200 - 0 (6@) + 2mom®d? + 2m*Did|

:—/dDHx[@(I)-@((D—1)6'x+6x-8)<1>

+m® (D (2-x+6z-0)m+m((D—1)e-x+ 6z -0)d)

- —/dDHx [((D+ e ot gor a) (00)? + ((D+ Ve x4 iax.a> (m2q)2)]
- (6.0.5)

where again integration by parts was used for the final results and the fact that 0 - dz =
2(D+1)e-x.

6.1 Ward Identities for (®(z)®(0))

We shall use this simple example as a guide to solve the general equations. First of all we
shall prove that the 2-point function of the free massive scalar satisfies the initial Ward
identity (4.2.3), namely

Lopr{(®(2)®(0)) = (®(2)P(0)6,,5), (6.1.1)

where Lo pr is the operator of the CFT Ward identity, i.e. Loepr = (D —1)e-x + dz - 0.
We do this calculation first in momentum space, where the propagator has the same
form in all dimensions. The CFT operator in momentum space can be computed in the
following way
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Lorr(®®) () = (2A¢-z + 0z 0) (27T)1D+1 /dp<<I><I>> (p) eP®
= (27T)1D+1 /dp<<1><1>> (2A6 -x 4+ ipy (26 g 6’u$2)) (ipe

— 0 o 0 o 0\] ,
= dP) |2Ac - — %= 2 _n 2 )| g
e f antem pae Zotn (20 g - )

- (gmlzm/dp[mﬁ'ap@@ + (p- 0p(P®) + (D +1/2) (®D)) 2¢ - 9,

— e p(0,, (D)) 9] 7
1 -
= (27r)D+1/dpe’p i[2(A—=(D+1))e-0p,—2p-Ope- Oy + €-poy - Op| (PP).
(6.1.2)

Hence, for the free scalar theory where Ag = 231 we have that in momentum space

Lopr(®®) = —i (D +3)e- 8, + 2p- Ope - Oy — € - pd, - 3, (BD) (6.1.3)

Using, now, the well known result (d®) = m and that % = %@, 0.0 — [ﬂ - &] 8%4—

P p3
Ppw 92 \yhere p = r have that
R p = /pup”, we have tha

Lepr (9®) (p):_ie‘p{ 1d & ] 1

Ypip TR | e
- (6.1.4)
_ i8mTe-p
(p? +m2)*
Now, moving on to calculate the right-hand-side of (6.1.1), we have
(©()2(0)5,5) = (80 [ g Imdmd?(y))
= —<§>®/dyD+1m (2¢ -y + 5y - ) mP%(y))
1
= —(0® / dyPt1 <2e Y+ S0y a) m2®2(y)) (6.1.5)

= m2<<1>(1)/dyD+1 <26 cy — %8 S0y — %&y : 8) d2(y))
= —m2<<1><1>/dyD“ (2¢ - y) D*(y)).

Up to this point, we integrated by parts going to the last two lines. In twice so we pulled
out m? out of the integral, as know that physically m is not a function of y and hence
we should be able to take constant at some point of the calculation. It becomes clear,

though, by the final result that we can also take m to be constant earlier on the second
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line. Moving on we have,

(®()2(0)6,,5) = —2m” / dyP e - y(@ () D(0)B(y)D(y))

= —4m2/dyD+16 -yD(z — y)D(y)

1 e (a=y)  gigy
— A2 D+1,
= —4m (27T)2(D+1)/dpdqdy € yp2+m2 2 m?

— Am? D+1 e ey) O\ gy

B —W(Dm/dpdqdy (2 + m2)(q% + mg)e' _ZéTq e (6.1.6)
4im2 eipm 0 1 D1 in-(g—

= _Ww/dpdqwe. (8(1(12—1—7712) /dy etv-(a—p)

4im? / etPr 0 1
—_ — dp 6 . e —
(27T)D+1 p2 + m2 8p p2 + m2
_ 1 / ipw SIMPE-p
(2m)D+1 (p? + m2)3’

where in going to the line before the last we have used that [ dy?+1e(@=P) = (27)P+15(q—

p). Hence, we see that the Ward identity (6.1.1) is indeed confirmed.

Now, we shall repeat the calculation in position space as well. We first calculate the left-
hand side of (6.1.1) using (2.5.7). We shall do so for D = 2 where the propagator is of the
form

(®(2)®(0)) = D(z) = ———e ™7, (6.1.7)

Hence, given thatin D = 2 Ag = } we have
(®(x)®(0)) =[x+ 0z - 0] D(x)

:e-x[ux;ﬂ D()

; ) ) (6.1.8)
=€-x <> [1 +x <(1 + zm:v))] —e M
4m x T
= —ime - zxD(x),
where in going from the first to the second line we have used again that -2- = 2--2 and
Opp p Op

that §z - # = € - z2%. Moving on to compute the right-hand side we use the momentum
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space calculation. Starting from the line before the last of (6.1.6) we have that

where in moving to the fourth line we again used the D = 2 result for the position space
propagator. Hence, the Ward identity is confirmed in position space as well.

As alast exercise on this two-point function, we return to momentum space and assume
we do not know the actual form of the propagator. As in position space, the generalised
dilatations constrain the propagator to the conformal propagator (i.e. for m=0) times a
function of the weightless factor y = p?/m?. Hence we have that

2
@)o) =51 (23). 6110

We shall, now, see what constraints does the Ward Identity (6.1.1) impose on f. Comput-
ing the left-hand side first, we have from equation (6.1.4) that

d & 2
Lorr(@®) () = —ic-p 312+ 2] | (23]

, 4 d*f
= _Ze‘pmdif.

(6.1.11)

For the right-hand side we start with the first two lines of equation (6.1.6) and we have
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that

(®(x)®(0)0,,5) = —4m2/dyD+1e ~yD(x —y)D(y)

e Lo (o R )
o e G2
gt e [ ()] 4 ()] e
et e [ ()] 2 (5)
2

2im? , o1 P2
_ 2 2 =
-~ (2m)bH /dp6 < op [pr (mzﬂ

m2
P 1
m?) ] ¢
0
dq
1

3

2
f

(6.1.12)
Hence, using once more that % = %ai we have that
d[1 2\1?
(@86,,5) = —2im* L2 | Zp (L
p dp [p*7 \m?
) (6.1.13)
__uerd [ f)
mtdy | y ’
and equating with the result of (6.1.11) we acquire the ODE
f_d[fW)]°
—5 = —|—= 6.1.14
dy>  dy [ y | G119
which can be integrated once to give
2
& _ {f(y)] e (6.115)
dy y
Making a change of variable z = a//y we get
daf 5 Qc
— = - — 6.1.16
dz of 22’ ( )
which, using the substitution f = dr ;dz and choosing o = 1, gives the Euler equation
d*F
Z g+ eF =0, (6.117)

which has a solution

F — 0321/2(14’\/1*40) + 6421/2(17\/1740). (6118)
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Forc < 1/4 ¢; = /1 —4cisreal. Inverting back y = 1/2z and defining ¢z = c4/c3 we have
that

(6.1.19)

Fy) = % {1 4 61102961]

1 4 coyer

which for ¢; = ¢y = 1 give f(y) = 1, resulting to the propagator (¢®) = L f <ﬁ> =

1+y P m?2

p2+m2 .

For ¢ > 1/4 we can define ¢; as 2ic; = /1 — 4c. Inverting again y = 1/z and doing some
algebra we arrive at the result

fly) = % [1 4 2¢; tan(cz + ¢1 Iny)] (6.1.20)
identity fan(@)ttan(3) _ i — tan~1 (es=ca)
were the identity T—tan(a) tan(5) — tan(a+p5) was used, and ¢z is defined as ¢y = tan ( e )

Since we have used the infinitesimal change of the action due to the mass transforma-
tion, these peculiar propagators may correspond to theories with the same infinitesimal
change but a different full Lagrangian. It is expected that the General Conformal Sym-
metry does not fully constraint the propagators, as it is obeyed by very different theories,

such as the free boson and D-branes.

These results reveal the implications of the Generalised Conformal Structure, as, given
only the infinitesimal change of the action due to the mass transformation (and not the
full Lagrangian), we have been able to largely constrain the propagator of the theory,

assuming no prior knowledge of it.

6.2 Ward Identities for (®?(x)®?(0))

In order to probe the constraining power of the generalised conformal structure even
further we, now, turn into the composite operator O(z) = ®2(x). We shall first prove

that the two-point function of this operator satisfies the corresponding Ward identity
Lorpr(O(2)0(0)) = (O(2)0(0)0,,S), (6.2.1)
where Lcopr has the usual form with Ap = D — 1. Using Wick contraction we have that
(O(2)0(0)) = (92 (2)D?(0)) = 2(P(x)®(0))>. (6.2.2)
Inserting this result into the LHS of (6.2.1) we get

[2(D —1)e-x+ dx -] 2(®(2)®(0))?
2(0(x)®(0)) [2(D — 1) ez + 25z - 8] ((2)®(0)) (6.2.3)
4@ (2)®(0)) Lorr(®(2)2(0)).

Lopr(®®) (z) =

() ®(
() ®(
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Moving on to the RHS and working as for the ® case we have

(0@)00)5,3) = (0)0() [ aPH1y (~2me- y2(y)))
— om? / AP+ Lye - (2 ()2 (0)2 (y)
= —16m? [ a7 e y(@(@)BO) @)D @MD(0) 629

= 4(2(2)®(0)) [—2m2/dD+1y6-y@(x)‘I’(O)‘I’Q(y))
= 4((2)®(0))(®(x)®(0)5,m5),

where in going to the third and fourth line we used Wick contraction. Compering now
the results of (6.2.4) and (6.2.3) we see that the Ward identity for O(x) is satisfied if the
Ward identity (6.1.1) is. As this was proven above to be true, we have shown that the Ward

identity is indeed satisfied for the composite operator O(x) as well.

The proof above has been heavily based on Wick contraction and did not result in a dif-
ferential equation that ought to be solved. In a more general scenario one would need to
solve such an equation. Hence, we shall proceed to do the same calculation but relying
less on Wick contraction, namely by seeing O(z) as an operator of its own right for the
LHS of the equation with weight Ap = D — 1. To start with, we will calculate explicitly
the two-point function using the Feynman rules, so that we can later on compare this to

the results of the differential equation. We therefore that in momentum space

_ 2 D1 1 1 B 2
(00)(p) = (2m)D+1 /d T Tm2q+p2+m?~ (2m)PH L 62.5)

We now move on to evaluate the integral L; using various standard techniques

1 1
Ly = dD+1
' / T+ m? (g + p)? + m?

= / P+t / dx 1
o [(1—2)(2+m?) +a((qg+p)?+m2)
1
1
:/ dx/dD+1q 3
0 [(q +xp)? + A
1 [e’s)
:/ dx/dD+1q/ dtte @ +A)
0
1 0
:/ dx ditt =" e tA/dD‘qu_qQ
0 0
1 D=3
:7r F<3 D>mD—3/ dxA22 ,
2 0

where in going to the second line we used Feynman parametrisation and the definition

(6.2.6)

A = xp? + m? — 2?p?. In going to the fourth line the change of variable ¢ — ¢ + xp and
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Schwinger parametrisation were used, in going to the next line the change of variable
D+1

q — V/tq and arriving to the final result the standard integrals [ dP+lge=% = 72 and
fo7 dtt¥e ' = A717°T (1 4 «) were used along with Ay = A/m?.

We are now ready to proceed to solve the Ward identity. As we stated above we will do
so without using Wick contraction for the LHS and instead calculate it regarding O(z)
an operator in its own right. A similar calculation to equations (6.1.3) - (6.1.4) for general

operator weight and unknown propagator results to

. 1 d d?
Lerr(00)p) = iep | (2(80 — (D + 1))+ D) - = 15| (00)0)
L (6.2.7)
=1e-p [(D - )Ech - dpg] (00)(p),

where Ap = D — 1 was used. We shall now use the constraint due to generalised dilata-
tions as in the ®(p)®(—p)) case. This means that the correlator (OO)(p) will be equal to
a conformal part multiplied by a function of the weightless y = 7’7’1—22. The conformal part
ought to be annihilated by Leopr, i.e.

1d d?

—— | p* = 6.2.8
vip  dp? P 0, ( )

Leprp™ =te-p |(D —4)
which has as non-zero solution @ = D — 3. Hence the O(x) two-point function is con-

strained to be
(00)(p) = p”*h(y). (6.2.9)

Inserting this into the LHS of the Ward identity, i.e. into equation (6.2.7), we arrive (after

some algebra) to

. € .
LerrpP=3h(y) = —zﬁpr 39 [th

"

+(D— 1)h’]

L€ _ p—1_,\1 D—1 _n D-1 D—1_+1 1
:—zm—pr 34 (y p 1) [y > h + 5y 1h} (6.2.10)

D—-1

= —je- pdmP > (yThl)

We now move one to the RHS of the Ward identity, which we have calculated so far in

equation (6.2.4). To proceed further we use equation (6.1.12). For this calculation we will

1

. 2
assume we are in the usual scalar theory, such that L) = L.
D m pe+m

Inserting this
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into equation (6.2.4) we have

(O(2)0(0)0mS) = 4(2(2)2(0))(2(2)2(0)0mS)

2im’ D11, ipz. . O 1 ?

1 /dD+1qu+1p€iq~x 1 eip.xe.ﬁ 1 ?
(27)2(0+D) 2+ m? Bp | p? + m2

— _8 2. 1 dD+1 dDJrll il-x 1 0 1 2
oo Z(277)2(’3“) ‘ c (1—2)2+ m2 9z |22+ m?

I SR T —Sm/ SO S C N S
‘(%)Dﬂ/ L S ol AL Fspn el vl Poprapercy I

where in going to the third line we used the Fourier transform of the ®(z) propagator,

= —8m?i
e (6.2.11)

then used the change of variables z = p and [ = p + ¢ which has a Jacobian equal to 1
and in the we renamed | — p and z — ¢. Hence we arrive at the result that the RHS of

the Ward identity in momentum space is

8im?

(006:,,5)(p) = T2

Lo, (6.2.12)

where

1 0 1 2
Lo — dD+1 e
2 / Tp—q2+m2 g [q2+m2]
) 1 1
- _ dD+1 L2
/ 1" g ((p—Q)2+m2> (¢? +m?)?

0 1 1
.2 dD+1
‘ ap/ o=@+ m2 (@& + m2)2
gi /dD+1 1 1 (6.2.13)
Op mP q<£—%>2+1((‘1)2+1)2
1 1
_ D-7 D+1
=m- ‘2 -p— /d q
dy (VI—a)?+1(g2+1)?

d
=mP 2. p—Ls,
dy

where in going to the second line we have integrated by parts and then used that 8% flg—
p) = —8% f(q — p). In going to the fifth line the change of variables ¢ — - was made,
the fact that e - 6% = 2;—2% was used and finally the integral L3 was defined. We now
turn to calculate this integral in a similar manner to L;. We start by making a change of
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variables ¢ — —¢ and we get

L3 /dD+1 1 1
(VI+a?+1(¢2+1)°

— /dD+1/dZE‘ZC q—i—f) 1) + (1—x)(q2+1)]_3

/dD+1q/ dzz [(¢* + 2\/Y) Ag]_g
JA
|

dD+1 6.2.14
. / — AQ) (6.2.14)

d
d.T.’E/dD+1Q/ dtth—t(q2+A2)

/ dww/ dtti —tA3 /dD'qu
D+1 1
—I‘<>7T /d:)::):AQ.
2 0

Putting everything together we have that the RHS of the Ward identity is

8'lm2 D—7 d 5_D D+1 =5
m = =5 2ep—T1 | —— | m A, oz ,
(006,,5)(p) (2m)D m €D ” < 5 ) /0 drx

1675 . (5-D ! s\’
= =5 € " pm —_— Tx .
(2m)PH1 P(257) ([ )
T 0
Equating this with the LHS (6.2.10) we have
/ . D+1 1 ’
, pos( b1 16ir e s (5-D b=s
—i€ - pdm (y 2 h) ——We-pm F<2 ; drxA,*?
D+1 /
D1\’ A2 5—D 1 D-5
<:>(y 2 h) :(27T)D+1P< 5 ></0 dxxA,* )
D+1
/ 42 5—D\ 1o [! b-s 1-D
“h :(27r)D+1F< 2 )y 2 /0 dexly® +cy 2
D+1
42 5—D 1o 1 D—
< h(y) = (27T)D+1F< 5 )/dyy 2 /0 drzAy? T +cly En + co,

where we defined ¢; = 03_%. In order to compare this with the result calculated in
(6.2.5) - (6.2.6), we shall insert the exact result into the decomposition (6.2.9), so that we
get that the exact result for the scalar theory is

(6.2.15)

(6.2.16)

(6.2.17)



42 Chapter 6. Generalised Conformal Structure of the Free Massive Scalar

Hence, in order to make it easier for comparison, we write the exact result as

g(y) = Dt1
(2m)PH1 2 (6.2.18)

Similarly for the solution of the differential equation (6.2.16) we can write

1o [1 D=5 3-D
Mw=%3—D{/@w2 /‘MmAf +eay z +oe, (6.2.19)
0

where we have absorbed the dividing constants into ¢; and ¢; and used that I'(z + 1) =
zI'(xz). In order, finally, to see the constraining power of the Ward identity we shall
present the exact results of equations (6.2.18) and (6.2.19) in various dimensions. We
shall start from D = 2 as for D = 1 the scalar field ® is not primary [1] and therefore our
analysis does not hold. We shall denote the results as g; and g, respectively (the integrals
are calculated with Mathematica). For D = 2 we have

2
g1 =2cot™! <>
VY

5 (6.2.20)
g2 = 2 cot™? <> + cly1/2 + co,
VY
which are equal for¢; = ¢y =0. For D =3
o=t (6.2.21)
g2 = c1 +c2, B
giving the same results for ¢; + ¢ = 1 and for D = 4
20y + (y +4) cot™? (%)
g1 =
4y , (6.2.22)
-1( 2
e (3)
g2 = 1 +c1y + c2,
Y
equal for ¢; = ¢ = 0. Movingonto D =5
1 1
g1 = -+ 6
! (6.2.23)
gp==+cy "+,
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being equal forc; =0,¢c2 = 1/6 and for D =6

2(3y +20)/y + 3(y + 4)* cot ™ (%)
a1 = 6492 ( )
6.2.24
2(3y +20)/y + 3(y + 4)* cot ™ (%) s
92 = 61,2 +cay + c2,

giving the same result once again for ¢; = co = 0. And for a final confirmation D =7

y+3 1
g1 = 2 on
y?’_yF 5 30 (6.2.25)
— —2
92 = 342 tay ~+e,
being equal for ¢; =0, ca = 1/30 and for D = 8
) 2(5y(3y + 32) + 528),/ + 15(y + 4)3 cot ™! (%)
L= 3
1536y , (6.2.26)
2(5y(3y + 32) + 528), /7 + 15(y + 4)° cot L (ﬁ) _5/2
g2 = 15367 + c1y + c2,

giving the same result for ¢; = ¢3 = 0. A similar pattern seems to hold for all dimensions
calculated. It is, therefore, clear that the Ward identity largely constrains correlators of
composite operator as well, given that we used as an input only the propagator of the

scalar field in our theory.
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CHAPTER /

Discussion

In this thesis we have discussed the generalised conformal symmetry of D-branes and
the restrictions it applies to their correlation functions. We have found that, with a small
manipulation, the low-energy dynamics of D-branes in all dimensions respect this sym-
metry. Following a similar procedure to that of the usual Ward identities we have found
that even if this is not a symmetry in the strict sense one is still able to derive a differential

equation involving correlation functions.

We started by considering conformal symmetry and its generators. Then we investi-
gated the way fields transform in a CFT. We saw how symmetry in a QFT puts constrains
toits correlation functions via the Ward identities. When these are applied on CFT corre-
lators it turns out that completely fixes the 2-point and 3-point functions. Higher-point
functions are still highly constraint but there is some functional freedom.

We later reviewed D-branes and their low-energy dynamics. These are described a
super Yang-Mills Lagrangian. The discussion that followed was concentrated on the
bosonic part of the theory; the fermionic part shall be investigated in the work to fol-
low. The bosonic part is conformal in 4 dimensions and it is indeed D3-branes that
gave rise to AdS/CFT. Having seen the extend to which conformal symmetry constrains
the dynamics of D3-branes we investigated whether an extension of this symmetry is
obeyed in general dimensions. It is proved that indeed D-branes obey generalised con-

formal symmetry in all dimensions, a structure where the coupling constant transforms

45
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as a scalar field under conformal transformations along with the dynamical fields. It is
noted, thought, that for 6-dimensional branes some issues arise.

We, finally, start the procedure of using this symmetry in order to constrain the dynam-
ics of D-branes. Although the generalised conformal symmetry is not a symmetry in the
strict sense, as the coupling constant is not a dynamical field, we are able to derive Ward-
like identities. This relies on the fact that g can be thought as a background field and
hence the non-invariance under conformal transformations is compensated by adding
an extra term to the usual Ward identity. The equation derived, namely (4.2.5), involves
the usual differential operator acting on the correlation function as in the typical Ward
identities and an additional term due to the transformation of the coupling constant.
Once again, as in the case of conformal symmetry, the constraints make no mention of
the Lagrangian of the system. It can there become a powerful tool that would allow us

to achieve a better understanding of a wide class of theories.

The most obvious of these would be a better understanding of D-brane dynamics as they
are. D-branes are fundamental objects in string theory, hence it could provide further
investigations with a strong tool. Most importantly, though, one would be able to use it
in order to achieve a more clear image of Gauge/Gravity duality and its consequences.
D3-branes gave rise to the most famous and better understood example, the AdS/CFT
correspondence. The latter provides an image of space-time being emergent from CFT
data living on the boundary. It is, therefore, a great case of interest to see wether such a

holographic description is realised more generally.

Non-conformal branes [7] give rise to such more general Gauge/Gravity dualities. Hence,
finding constraints due to the generalised conformal symmetry they obey could lead to
a much better understanding of the holographic dictionary. That in turn would be use-
ful in a number of specific examples other than the better understanding of the duality
itself. Such examples can include recent work on early universe models [8] or other
strongly coupled systems. Hence, future work could have applications in a variety of
problems.

The original goal of this work was to solve the Ward identities of the generalised con-
formal structure in full generality. That could, furthermore, be combined with a similar
generalisation of conformal bootstrap, in order to constraint higher order correlation
functions as well. It has been seen, though, that various difficulties arise from the extra
term of the Ward identities due to the transformation of the coupling constant, i.e. the
second term of (4.2.5). These difficulties have in their core the fact that for the action to
be invariant the coupling constant has to be transformed, i.e. the coupling constant de-
pends on some coordinates, but the Ward identity describes the correlation functions

of the theory, and hence should be independent of these coordinates. That is become
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the coupling constant is a constant and, hence, independent of any set of coordinates.

A first attempt was to treat the coupling constant as a field, then in the context of the
two-point function the only coordinate it could be allowed to depend on is z12. When
this assumption was combined with the transformations (4.1.1) and (4.1.2) the resulting
Ward identity had no solution other than the trivial zero two-point function - therefore
the assumption turned out to be too restrictive. The second attempt that lead to the
concrete results of Chapter 5 did not put any constraints on the coordinated, but used
the fact that at some point the coupling constant should be taken as a constant - namely
that the second term in the coupling constant transformations in (4.1.1) and (4.1.2) should
be taken to be equal to zero. That led to the transformation (5.0.1), which crucially does
not depend on the coordinate of the coupling constant. A similar attempt to solve the
SCT Ward identity run into trouble, given that the first term of the transformed coupling
constant in (4.1.2) does depend on that coordinate.

Hence we focused on solving a specific example - namely the free massive boson - in
order to gain a better understanding of the dynamics of the SCT. A more complete un-
derstanding of this problematic term would allow to solve the system in general, most

likely in a perturbative form.



48

Chapter 7. Discussion




Bibliography

[1] P. Di Francesco, P. Mathieu, D. Senechal “Conformal Field Theory,” Springer, New
York, 1997

[2] J. Polchinski “String Theory, Volume 1, Cambridge University Press, Cambridge, 1998

[3] J. M. Maldacena, “The large N limit of superconformal field theories and supergrav-
ity,” Adv. Theor. Math. Phys. 2, 231(1998) [Int. ]. Theor. Phys. 38, 1113 (1999)] [arXiv:hep-
th/9711200].

[4] A.Jevickiand T. Yoneya, “Space-time uncertainty principle and conformal symme-
try in D-particle dynamics,” Nucl. Phys. B 535, 335 (1998) [arXiv:hep-th/9805069].

[5] A.Jevicki, Y. Kazama and T. Yoneya, “Quantum metamorphosis of conformal trans-
formation in D3-brane Yang-Mills theory,” Phys. Rev. Lett. 81, 5072 (1998) [arXiv:hep-
th/9808039].

[6] A.Jevicki, Y. Kazama and T. Yoneya, “Generalized conformal symmetry in D-brane
matrix models,” Phys. Rev. D 59 (1999) 066001 [arXiv:hep-th/9810146].

[7] 1. Kanitscheider, K. Skenderis and M. Taylor, “Precision holography for non-
conformal branes,” JHEP 0809 (2008) 094 doi:10.1088/1126-6708/2008/09/094
[arXiv:0807.3324 [hep-thl].

[8] P. McFadden and K. Skenderis, “Holography for Cosmology,” Phys. Rev. D 81 (2010)
021301 doi:10.1103/PhysRevD.81.021301 [arXiv:0907.5542 [hep-th]].

49



50 Bibliography

[9] A. M. Polyakov, “Conformal symmetry of critical fluctuations,” JETP Lett. 12 (1970) 381
[Pisma Zh. Eksp. Teor. Fiz. 12 (1970) 538].

[10] P. H. Ginsparg, “Applied Conformal Field Theory,” hep-th/9108028.

[11] R. Rattazzi, V. S. Rychkov, E. Tonni and A. Vichi, “Bounding scalar operator di-
mensions in 4D CFT,” JHEP 0812 (2008) 031 doi:10.1088/1126-6708/2008/12/031
[arXiv:0807.0004 [hep-th]].

[12] S.Treiman, R. Jackiw, B. Zumino, E. Witten “Current Algebra and Anomalies” Prince-

ton Series in Physics, Princeton, 1985



	Title Page
	Abstract
	Table of Contents
	Declaration of Authorship
	Acknowledgements
	Introduction
	Solving for the dynamics of a system
	Correlation functions and symmetries
	The generalised conformal symmetry
	Outlook
	Structure of the thesis

	Conformal field theory (CFT)
	Strings and conformal symmetry
	The conformal group
	Conformal fields
	Ward identities
	CFT correlation functions

	The Generalised Conformal Structure
	D-particles
	Dp-branes

	The Generalised Conformal Structure of Dp-branes and their correlation functions
	The generalised conformal structure of D-branes
	S3 invariance
	S1 invariance
	S2 invariance

	Correlation functions

	Generalised dilatation of 2 & 3-point functions
	2-point functions
	3-point functions

	Generalised Conformal Structure of the Free Massive Scalar
	Ward Identities for "426830A (x) (0) "526930B 
	Ward Identities for "426830A 2(x) 2(0) "526930B 

	Discussion
	Bibliography

